CHAPTER 2

NUMERICAL RECONSTRUCTION OF SCALAR-VALUED LOCALIZED
WAVE PULSES GENERATED FROM DYNAMIC APERTURE ANTENNAS

2.1 Introductory Remarks on Localized Wave Pulses

The possibility of exact solutions of the scalar wave equation that describe localized
dowly decaying transmission of energy in space-time has been suggested by severa
groups in recent years [1-137]. These exact solutions [focus wave modes (FWM),
modified power spectrum pulse (MPS), X waves, etc.], termed localized waves (LWS),
can be obtained, among various methods, by means of two fundamental superposition
schemes: the bidirectional and the boost variable representation [24,131].

The main characteristics properties of localized wave solutions can be summarized as

follows:

(@) They are ultra-wideband, carrier-free pulses, compact in space and time;

(b) They are nonseparable functions of space and time;

(c) They consist of highly focused centra portions embedded in sparse extended
backgrounds;

(d) Ideal (nonredlizable) LWs propagate without any distortion, or with only local
deformations;

(e) Finite energy LWs have large focusing depths and extended ranges of localization,

(f) Very close approximations to finite energy LWs can be launched causally from
dynamic aperture antennas; the latter are characterized by time-varying effective
radii;

(g) LWs display a strong coupling between their spatial and temporal spectral
components. As they travel in the near-to-far region, the depletion of their spectral
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content is different from that of quasi-monochromatic or broadband Gaussian

pulses launched from static apertures.

Due to the aforementioned properties, LW pulses may have potential applications in
different research areas, e.g., remote sensing, imaging, medical radiology, tissue
characterization, impulse radar, nondestructive evaluation, plasma physics, directed energy
transfer and secure communication. Experimental measurements confirming the feasibility
of acoustic directed energy pulse trains (ADEPTS) for ultrasonic wave propagation in
water were reported by Ziolkowski et al. [28,33]. In that experiment, localized waves
were generated by an acoustical line array and were detected by a pseudopoint receiver.
The measurements yielded both the amplitude and phase of the pressure field as a function
of time. In a separate acoustic experiment [73], the backscattering properties of a MPS
pulse incident on steel and aluminum spheres were used to extract target parameters (e.g.,
the radii and material properties of the spheres.) In that case, the MPS pulse was launched
synthetically using a hydrophone system. Bandlimited X waves produced with an acoustic
annular array transducer were used by Lu and Greenleaf [60] in experiments involving
medical imaging. The time history for each annulus was first determined from the incident
field; then a polynomial waveform synthesizer was used to generate the broadband signals
required as inputs to the array elements. A demonstration of the LW effect in the optical
frequency regime was reported recently by Songjalg et al. [126].

2.2 Radiated Wavefield

Consider the three-dimensional scalar wave equation (SWE)
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where Y (r,t) denotes the scalar-valued wavefield and ¢ is the speed of propagation.
Severa types of exact localized wave solutions to the homogenous scalar wave equation
(2.2.1) are known. Some of these LW solutions are not causal. This is the case for the
FWM and MPS pulses, but not for the X wave. Our goa in this section is to examine
various formulations that will alow us to compute purely causal or almost causal versions
of such localized wave solutionsin the region z > 0 given information about the wavefield
distribution, as well as its time derivative and its normal derivative, at the aperture plane

z=0 as a function of x,yandt. Assuming an axisymmetric wavefield, viz.,

Y(r,t) = Y(r,zt), where r =/x? +y? , solutions satisfying Eq. (2.2.1) can be obtained

by means of four distinct representations:

(a) The positive Frequency Weyl representation [24,106]:

¥y ——
Y(r,zt) = 2—1pc‘x‘)‘ ap(C.w)cdo(cr Je™te’! Wel™= %2 4cgw . (2.2.2)
00

Here, w is the tempora angular frequency and c is the transverse spatial spectral

variable. Restricting (w/c) - ¢? tored positive values ensures the forward illumination

of the aperture at z = 0. As a consequence, the radiated field is causal and the integrand is

expressed only in terms of outgoing Fourier components. Once the initial field distribution

Y(r ,O,t) U fap(c,w) is defined on the aperture plane z = 0, the radiated field value in

region z > 0 can be determined through this formulation.
(b) Huygens' construction [143]:

1 N s 1 TR&TYd 1aTY i
YH(r,t):—(‘o‘)dS(ﬁl’[Y] 1 %1(_) TR &Y u ény ul

o » IRelvu  2elly w 223
g 1 neERG cR et R &My 229

13



Here, Y isthe scadar wavefield satisfying the SWE, n¢ is the inward unit vector normal

to the surface S and R is the distance between the source point (xd; vy zcr) on S and the

observing point (x, Y, z) contained within it. The square bracket in (2.2.3) indicates that the
function inside it is to be evaluated at the retarded time t- R/c. Huygens construction

form is convenient for the practical realization of LW pulses and transient beams due to its

dependence on the source parameters. The interpretation of Eq. (2.2.3) is as follows: The
construction of the wavefield Y (r,t) can be performed inside a volume enclosed by the

surface S knowing the time derivative of Y , the normal derivative of Y and the value of

Y on this surface. For our specific application, S consists of two surfaces: S, , the plane
z =0, and a hemispherical surface S, in the region z > 0. Application of the radiation
condition as R ® ¥ shows that the integration over S, vanishes. Account must also be
taken of the fact that the illuminated finite aperture A is only a part of S;. These

considerations lead to the Kirchhoff representation

Tolo 1 TRETYQ L&Y
y 1 224
n(r.zt) = CP' ‘WI[ ]'ﬂncn%Rﬂ cRneE 1t B Rs‘”nd% .

A

In Appendix 2-A we show the equivalence of the Huygens representation and the positive
frequency Weyl representation. This means that the radiated fields based on Huygens

construction are completely causal.

(c) The Rayleigh-Sommerfeld Integral |1 Representation [153,154]:

Talo 1 TRETY W
Y 2t) = — e = RENy 225
roi (2 Gj qf[ ]'nncn%Rz cR ﬂn¢8ﬂt% (2.2:5)

A
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In Appendix 2-B we show the equivalence between the Weyl representation and the
Rayleigh Sommerfeld integral |1 representation, as long as the wavefield Y contains only

causal components.

(d) The Rayleigh-Sommerfeld Integral | Representation [154]:
1 1 1é i
Yoo (rt)=——0dSq- —a—a- (2.2.6)

The equivalence between the Weyl and Rayleigh-Sommerfeld integral | representations
under the constraint that the wavefield Y contains only causa components is established

in Appendix 2-C.

In summary, Huygens' representation filters out any acausal components of the wavefield
Y . This is not true for the Rayleigh-Sommerfeld integral representations | and I1.
Therefore, certain precautions must be taken when they are used in conjunction with
wavefields Y containing acausal components, e.g., the MPS pulse. It should be noted that
Huygens construction given in Eq. (2.2.4) is the average of the Rayleigh-Sommerfeld
integral 1, 11 representations.

2.3 Generation of Infinite Energy Localized Waves

Based on the positive frequency Weyl representation [cf. EqQ. (2.2.2)], a rea-valued,

azimuthally symmetric excitation field on the aperture plane z = 0 has the form

Y,(r.t) = Re{¥,(r )} (23.)
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We introduce two distinct spectra as follows [43,96]:
~ 1 .2
f ey (c.0) = 7w ((c2/40) +bJcle =/, (233)
o) = 2w cnle ™ 5, = 2
fow\Cw) = de-cyoe ; Yo =C coshb. (2.3.4)

They correspond to the restriction on the z = 0 plane of the two exact solutions of the
homogeneous SWE, namely the Focus Wave Mode (FWM) and the X wave (XW).
Inserting Egs. (2.3.3) and (2.3.4) into Eq. (2.3.1), we obtain the following solutions:

1) = b o~ or /(2 #i(z-ct)) i(z+er) e(bal) , (2.3.5)

Y 4p(a1 +i(z- ct))

FWM (

Z
Yw(rt)= 0 77+ 2o = Ysinhb. (2.3.6)

gzor)2 + (alzO + i(z - ctcothb))zg

The first term on the right hand side of Eq. (2.3.5) is the source-free FWM pulse Y ; it

consists of a complex envelope propagating in the positive z - direction with speed c,

modulated by a plane wave propagating in the negative z - direction with speed c¢. The

second term, of O(bal) relative to the first one, arises because for the positive vaue of

w/c = (cz/4b) +b the quantity \/(w/c)z- c? acquires either the value of ((cz/4b) - b) or
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- ((02/4b)- b), depending on whether ¢ >2b or ¢ <2b, respectively. To ensure that

YFWM resembles the source-free solution st , one must choose ba1 << 1. With this

restriction, the causal (forward) components of Y dominate over the backward ones.

The radius of the excitation wavefield at z = 0 is time dependent (dynamic aperture). It
shrinks from an infinite radius at t ® ¥ to a minimum effective radius of order \/a /b at
t = 0, then extends again to an infinite radiusas t ® ¥ . The energy content of the FWM
is infinite because of the infinite time required for its excitation at the source plane. The
envelope of the FWM propagates away from the aperture without any distortion. The
entire pulse propagates in the z3 0 half-space undergoing only local deformations. Its
initial amplitude at z = 0 is periodicaly recovered at distances z = np/b, where n is

integer.

The unidirectional solution given in Eq. (2.3.6) is identica to the zeroth order X wave
derived by Lu and Greenleaf [59] if the following substitutions are made:

a,2,® a,/cosz, z,r ® rtanz, ccothb® c/cosz. In the notation used by Lu and
Greenleaf, a, is afree parameter and z is the axicon angle. The energy content of the X
wave is infinite because of the infinite time required for its excitation. In contrast to the
FWM, the field amplitude of the X wave at the centroid (r =0, z = ct cothb) holds

constant for all distances z away from the aperture.

2.4 Generation of Finite Energy Localized Waves

In this section, we will discuss two distinct classes of finite energy localized waves. The
first one is based on a superposition of elementary infinite energy localized waves. The

second is obtained by limiting the illumination time of the aperture.
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2.4.1 Superposition of Source-Free Focus Wave Mode

Ziolkowski [5,27] has shown that a finite energy solution to the homogeneous SWE can
be obtained as a weighted superposition of FWMs. The modified power spectrum (MPS)

pulse arises from such superposition; specifically,

¥

v, 1 ~ - bs
Y(r,t)= - F : 24.1.

(r.) (alﬂx)?db (b)e (2411
where

r2
S= —-1h; x=z-ct,h=z+ct. (24.1.2)
a, +ix

The substitution of the spectrum

F(b) =] p(pb - b)*/G(0)|e ™ ™ H, (b - b/p), (24.13)

where Hs(b - b/ p) denotes the Heaviside unit step function, yields the following explicit

closed form expression for the MPS pulse:

5 1 ~bs/
Y wps (1,1) = e P, 24.14
MPS (ag+ ix)((s/ o)+ az)q ( )

Without loss of generality, we restrict our analysis to the case q =1, for which

~ _ p -(br 2/p(a1+ix)) i
Y yps (F1) (r2+(a1+ix)(pa2- ih))e gh/p. (2.4.15)
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It is known that the source-free MPS pulse contains acausal components. However, by
tweaking the parameters incorporated in the solution, we can obtain a predominantly

causal solution.

At z =0, the wavefield given in Eq. (2.4.1.5) takes the following form:

V.(r,2=0,t)= P oD/ p(awiet) gibct/p (2.4.1.6)
(r 2 +(ay - ct)(pa, - ict))

The Fourier spectrum of this expresson can be derived from its bidirectional

representation [24] and is given explicitly as [159]
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(2.4.1.79)
where

ba - §W/C+1,(W/C)2- czgaz/z e- gw/c- wl(w/c)z- czgpaz/z

L(w,c) =e 2e (2.4.1.7b)
If the expression given in Eq. (2.4.1.6) is used to illuminate a flat aperture situated at
z=0, it can be established [159] that the field radiated into the z > 0 half-space is
approximately equal to Y ypg (r,t) as long as pa, >>a,. This constraint is needed in

order to minimize the acausal (backward propagating components) present in the solution
given in Eq. (2.4.1.5). Thisis especialy true around the highly focused central portion of
the field. It follows from Eq. (2.4.1.5) that the amplitude of the MPS at observing points
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z> pa2/2 decays as 1/z . The radius of the focused region of the MPS pulse is equal to

,/pal / b and the initial amplitude at the pulse center is recovered periodically at distances

z =np/b, n being any positive integer.

2.4.2 Time-Limited Excitation Wavefields

A finite energy, causal version of the FWM can be obtained using a Gaussian time window
in order to turn off the illumination of the source plane after a certain time |t| = 4T . We

choose, specifically, the time-limited FWM excitation field [106]

b - (br?/(a,-ict)) ipet - t2/aT2
TLFWM(r’t):me ( I t))ebte tfate, (24.2.1)

Y
This is precisely the FWM at z = 0 multiplied by the Gaussian time window. The time-

dependent radius of the excitation field and its maximum and minimum values can be

deduced from the exponential factor [99,106]; they are given specifically as

dlt| cH AcT
R{t)=——; R =.]—";R__ =—F—. 24.2.2
( ) bal min b max \/b_al ( )
The Fourier spectrum of the excitation field in Eq. (2.4.2.1) isgiven by
f(c.w) =d(w- wy(c)T)e c'a,/4b. w,(c) = (cz/4b) +b, (2.4.2.3)

where
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a(w- WO(C);T) = Tpe' ) : (2.4.2.4)

Along the same lines, the spectrum of the finite time X wave on the aperture plane z =0

is chosen as

f o (cw) = % e C""161(w- cyo) Y, = C coshb, (2.4.2.5)
where

a(w- cyo) = %pe'Tz(W' o) | (2.4.2.6)

The corresponding space-time distribution at the aperture plane is given by

2 2
et /4T

Y.(r.t)= il (2.4.2.7)

éz +(a1 - iyot) E

Finite energy solutions corresponding to the time-limited FWM and X wave excitations
can be obtained by substituting Egs. (2.4.2.3) and (2.4.2.5) into Eq. (2.2.2), viz.,

(ﬁle' T - wyfe) e Cz/"’chO(cr Jeite ! Vw20 gy (2.4.2.8)

rt)=—Q00——¢ 7w ox,) e ey (cree” (we)- %2 e gw (2.4.2.9)
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The Wey!l representations of the TLFWM and the TLXW given in Egs. (2.4.2.8) and
(2.4.2.9), respectively, will be computed numerically in the sequel. In addition, these two
representations will be used to obtain the corresponding wavefields, their time derivatives
and their normal derivatives on the aperture plane z = 0. This information will be used in
conjunction with the Huygens and Rayleigh-Sommerfeld integral 1, 11 representations in
order to obtain numerically the wavefields in the z 3 0 half-space. This procedure will be
repeated for the MPS pulse. Once the solutions are known in the region z 3 0, al the
propagation characteristics of the radiated wavefields, e.g., decay of the centroids, spatial
spectra, diffraction lengths, etc. can be analyzed.

The positive frequency Weyl representation provides explicit expressions for the axia and
transverse wavefield distributions. However, it does not lend itself to the physica
realization of time-space aperture sources capable of generating LW pulse solutions
propagating in the z23 0 half-space. The main purpose of using the reconstruction
procedures embodied in the Huygens and Rayleigh-Sommerfeld integral |, I
representations is to focus on the possibility of using space-time sources on the aperture

plane to generate LW pulsesin theregion z 2 0.

2.5 Numerical Implementation of the Huygens and Rayleigh-Sommerfeld Integral I,

Il Representations

Numerical implementation of Huygens construction, as well as Rayleigh-Sommerfeld’'s
integral | and Il representations, for observation points along the z - axis (r = O) can be

carried out using the following discrete forms:

N t Z-1 z-z
vy(0z)=a %[‘HNY] [ |2 1Y] Rzof,’ (25.)
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g (25.2)

N } i L
A l’['ﬂ G N joy. (25.3)
Rn b

In these expressions, A isthe area of the annular section labeled n, N is the number of
the annular sections, r ¢ = nDr ¢ is the radius of the annular section labeled n, Dr ¢ is the
width of an annular section and z is the distance at which the field of the radiated pulse is
reconstructed. The distance from the source point to the observation point (r = O) can be

evaluated by

R, = \/(nDr(I)Z +(z - 20)2 : (2.5.4a)

A geometrical configuration of the source plane and the discrete annular sections is shown
inFig. 4.1.

The time history is calculated at certain instances expressed as the following retarded
times:
z-z, R

_ 0. "
g =t +— - (2.5.4h)

Here, t, is the time incrementation around z/c. To use the reconstruction formulas, we

first calculate the fields and their derivatives at the source plane, and then substitute their
values at the retarded times trc]tj :
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It is important to illustrate the effect of the radiator elements, situated at different radial
positions, on the field value at a specific range away from the aperture. This can be done
by calculating the amplitude of the centroid of the pulse generated by a specific number of
annular rings m< N. The parameter m specifies the position of the annular rings

contributing to the field at the specific range.

2.6 Numerical Results

We consider, first, the infinite time FWM and the MPS pulse. As mentioned earlier, these
two LWs are exact solutions to the homogeneous SWE, and both contain acausal
components. The former has infinite and the latter finite energy content. We shall use the
Huygens construction method to obtain causal versions of these two LWs. For
comparison purposes, the initia excitations have the same tempora bandwidths, they
attain equal focused waists and are applied to apertures having equa radii. For the MPS

pulse we use the following parameter values:a, =2" 10° 6 m, a,=01 m, b=8000 m L and

p=4000. These vaues result in an excitation wavefield having a focused radius
R yin =+ P3,/b = 10 3m and a maximum temporal frequency equal to (wmax/c) = 4/a
=27 10°m™. The natural maximum cutoff radius has the value R = 23,4/ pba, =1.6
m. For the FWM pulse we choose the parameters a, = 2° 10°® mand b=2m*. These
values yield the same temporal bandwidth (wmx/cg = 4/a, = 2" 10° m" and minimum

radius R . =./a / b =103m. The decay rates of the amplitudes of the centroids of the

two pulses are compared in Figs. (2.2a8) and (2.2b), respectively, where the absolute values
of the amplitudes are plotted as functions of z . The plots shown in the figures correspond
to the fields generated by discrete concentric annular arrays having radii R =1, 1.6, 2, 2.2
and 2.5 m. The width of each annular section is set equal to Dr = 1mm. The decay of the
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centroid of the FWM pulse, shown in Fig. 2.2a, displays a uniform increase in its focused
range as the effective aperture radius R is increased. On the other hand, it is clear from
Fig. 2.2b that the improvement in the performance of the MPS pulse is less pronounced

once the radius of the aperture becomes larger than the natural cutoff radius R = 16
m. This means that if we use an MPS aperture having R >R, we are not utilizing the

full size of the aperture efficiently.

Fig. 2.3 shows a comparison of the decay pattern of the TLFWM field computed directly
from the positive frequency Weyl representation [cf. EQ. (2.4.2.8)], with parameters

cT=10°mR_ = 4cT/\/51= 2m, and that of a FWM pulse generated by means of

Huygens construction. We have chosen the radius of the array R to be equal to the
natural cutoff radius of the TLFWM dynamic aperture R __ =2 m. It is clear, from the

figure, that the TLFWM exhibits a faster decay in the near field. This may be attributed to
the Gaussian turn off of the amplitude of the excitation wavefield. In such a case, the
power of the illumination of the source is continuously reduced before the excitation field

expands to illuminate the natural extension of the aperture R __ . One should, also, note

the faster decay of the FWM pulse generated from a circular array at farther distances.
This may be explained as follows: Having a physical boundary is equivaent to illuminating
a dynamic aperture by a wavefidd whose w-windows become wider for higher c¢

components [109,110]. This causes the decay rate to increase as the pulse travels to

farther distances.

Next, we compare the decay rate of the exact MPS pulse to a fully causal MPS field
obtained by the restriction ¢ > 2b/p in the spectrum [cf. Eq. (2.4.1.7)] and using only

the positive root of (w/ c)z- c? inthe positive frequency Weyl superposition given in

Eq. (2.2.2). It isshown in Fig. 2.4 that for small ranges from the aperture the causal MPS
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decay rate is identical to that of the exact MPS pulse. At farther distances, however, the
causal MPS decay actually slows down. This indicates that the parameter tweaking

pa,>>a, resultsin apredominantly forward traveling wavefield. The acausal components

obviously do not support the forward traveling ones to the extent of slowing down their

decay rate. Moreover, we know that the exact MPS pulse decays in the far-field region as

(]/ z) . Consequently, the rate of decay of the centroid of the causal MPS pulse, shown in

Fig. 2.4, is dlower than (]/ z) as the pulse propagates deeper in the far-field region.

The decay of the normalized field value of a zeroth-order X wave, computed by Huygens
construction method, is demonstrated in Fig. 2.5. It is seen that the decay becomes slower

as the excitation time corresponding to the radius of the discrete arrays increases. The
parameters used for the X wave are the following: a, = 0004 m?l, b=74 and

¢ =1500 m/s. The variation of the field value with the distance z and the radius of the
discrete arraysis shown in Fig. 2.6. As the effective radius of the aperture becomes larger,
the decay rate slows down to zero. In other words, we obtain the physically unrealizable

exact zeroth-order X wave solution.

As mentioned earlier, the source-free MPS pulse contains acausal components. However,
by tweaking the parameters incorporated in the solution we obtain a predominantly causal
solution. Huygens construction filters out the incoming acausal components, and the
generated field istotally causal. Thisis not the case for the Rayleigh-Sommerfeld integral |
and Il constructions. Nevertheless, the latter constructions are useful in checking the
effectiveness of the “parameter tweaking” criterion. In particular, if such an argument is
true, one should not be able to detect any differences in the fields generated using the
Rayleigh-Sommerfeld integral |1 and Il representations when compared to those generated
by Huygens construction. As an illustration, we choose a MPS pulse with parameters

such that predominance of the outgoing (causal) field components is ensured; specificaly,
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we st a,=1lcm, a =1667" 10°cm, p=6"10" and b=1" 10" cm™. The
reconstructed pulses at 1km and 10km are shown in Figs. (2.7a) and (2.7b),
respectively. These figures show the time history of the exact MPS pulse and one
reconstructed using the Rayleigh-Sommerfeld integral | representation. The finite radii of
their sources are equal to 0.5 and 5 m, respectively. The pulses reconstructed using the
other two methods are indistinguishable from the ones in the figures. This
indistinguishabilty of the fields resulting from the three methods confirms the validity of
the “parameter tweaking” approach when one tries to construct causal LW solutions. The
same conclusion was reached earlier by Ziolkowski who compared the exact MPS pulse to
one generated by Huygens construction [27]. In Fig. 2.8 we display the decay of the
centroid of the MPS pulse as a function of the distance z. The effective contribution of

the circular array elements to the field amplitude at different distancesis given in Fig. 2.9.

Asafina example, we consider the case of the second derivative X-wave pulse, which can

be written as

Z(ao- i(zcosz- ct))z- (r sinz)2

52
gao- i(zcosz- ct))2 +(r sinz)zg

Y (r2,t) = (2.6.1)

2

Unlike the MPS pulse, the components of this wavefield are all causal. In this case, we
compare the time history of the reconstructed pulse to the source-free solution. The pulses
are reconstructed at z = 200 mm from a finite source of radius R =30 mm using the

parameter values a, = 0.35mm, z = 0115 rad and ¢ = 1500 m/s. The fields reconstructed

using the three techniques are identical. The one plotted in Fig. 2.10 is calculated using the
Rayleigh-Sommerfeld integral | representation. One should expect such a resemblance
because the three construction methods yield identical radiated fields when the Fourier

components of the excitation wavefield are al diverging from the aperture (causal).
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Furthermore, our analysis has aso confirmed the capability of generating LW pulses with
close resemblance to the exact ones by using discrete circular elements. In Fig. 2.11 we
display the decay of the center of the second derivative X wave pulse as a function of the

distance z .

2.7 Reconstruction of LW Pulses in the Frequency Domain

It is often convenient to carry out the reconstruction of LW pulses in the frequency

domain, especidly if the spectrum on the aperture plane is available as a function of r and
k =w/c. The frequency domain formulations of Huygens' construction and the Rayleigh-

Sommerfeld integral | and |1 representations assume the forms

. 2p D2 - ikR 120 D2 o iR
Y iy (12:K) = Oodfctgycurw(rcufc;k) 2 Oodfd:gy(ﬂr(h((r@f(tk)?z
2p D2 5 - ikR
P qv(refezek)| e
+4— odf cg @r¢ ( e )I R (2.7.1)
P 0 0 z2¢=0
. 2p D2 A o~ IkR 2p D2 A o™ IR
YRS”(r,z,k)zF Oodf¢g)r<urw(r¢f¢k) 2 Oodfd:oor(mw(rd;fq;k)?z;
(2.7.2)
2p D)2 5 -ikR
N Y\r¢f ¢zgk
YRSI(r,z,k)=—c‘)o|f¢c‘;¢jr¢ﬂ refeza) e , (2.7.3)
2p 0 0 Tz¢ |z¢:0

where | isthe wavelength (k =2p/l ),D is the diameter of the circular radiator on the

aperture plane z = 0 andR is the distance between the point a which the reconstructed
pulse is required (observing point) and a source point. These forms can be computed

numerically for each frequency value and at a specific observing point in order to obtain
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the spectrum of the radiated pulse. In the presence of axisymmetry (no dependence on

f ¢), the double integration in Egs. (2.7.1)-(2.7.3) reduces to a single integration over r ¢.

For illustrative purposes, consider the temporal spectrum corresponding to the second

derivative X wave, viz.,

A

.2 -
V,qlr.f.2.k) :%pgg Jo(kr sinz)H(k)e oo-izcosz). (2.7.4)

where a, is an arbitrary constant, z is the axicon angle and H(k) denotes the Heaviside

unit step function. This spectrum contains contributions from both low and high frequency
components. The energy content of the space-time second derivative X wave is infinite.
To generate a finite energy version of this pulse, we multiply the spectrum given in Eq.
(2.7.4) by a band-limited function B(k), corresponding to the transfer function of a

redlistic transducer. We have, then,

V(r.f,z,k) = B(K)Y 5y (1 F,2.K). (2.7.5)

The space-time pulse is obtained as

Y(r.zt) = F'l[B(W/c)\?an(r ,z,k)] =F YB(k)] A F'l[\?2nd (r,z,w/c)] . (2.7.6)

where F~1 denotes the inverse fast Fourier transform and A convolution in time.

The spectrum Y (0,2,w/c) and the time history Y(0,z,t) along the z- axis (r = 0) and
at a distance z = 20 cm have been calculated using Egs. (2.7.4)-(2.7.6) for the second

derivative X-wave with parameter values z = 6.6°, a, = 035mm, ¢ =1500 m/sand aflat

window function B(w/c) =a,. These results are compared in Fig. 2.12 with those

obtained using the frequency domain Rayleigh-Sommerfeld integral |1 representation given
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in Eq. (2.7.2), with D/2=3 cm and Df °© Dw/2p =50 KHz. It is clear that the exact

results match very well the reconstructed ones, primarily because the second derivative X

wave contains no acausal components.

2.8 Concluding Remarks

In this chapter, we have carried out a detailed comparison of three well-known field
construction methods, both in the time and frequency domain. We claim that a notable
difference among them depends on how they deal with acausal incoming field components
incorporated in their excitation wavefields. This can occur if one uses source excitations
that are superpositions of source-free FWM solutions [27]. An example of this category is
the MPS pulse. We have shown in Appendix 2-A that even if the excitation wavefield
contains acausal components, the radiated field is totally causal if one uses Huygens
construction. This is the case because such an approach filters out the acausal
components. On the other hand, the Rayleigh-Sommerfeld integral | and Il constructions
support the acausal components in the radiated field [cf. Appendices 2-B and 2-C]. It has
been previoudly argued that tweaking the parameters of the MPS pulse can make the
outgoing (causal) components predominant in the radiated field [106]. As such, the
radiated field should resemble the corresponding source-free pulse. This has been
confirmed by this work. Furthermore, we have shown that the acausal components can be
made so small that the fields reconstructed using the Rayleigh-Sommerfeld integral | and
Il representations are indistinguishable from those reconstructed from Huygens formula
If the acausal components are negligible, or we are sure that the excitation field is
completely causal, then choosing among the three formulas is a matter of preference.
Huygens construction is the most complicated; the choice between the other two

formulas depends on which derivatives are easier to evaluate.
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Appendix 2-A

The Equivalence of the Huygens and Weyl Representations of
the Solution to the 3-D Scalar Wave Equation

Consider the scalar wave equation

- 1 7%y
N2y - _211_2 = (2-A.1)
c? 1t

The Huygens representation of the field Y (r,t) inside awave front surface (zero field

outside) is given as [143]

_ 1

Y(rt) = ™ Telo 1 IRIY(rgtg 1 9v(rgtgu

1
MRS cRN¢ ft¢ R n¢ Aq;t_R/C’

i
oS Y (rtg (2-A.2)
S |
where R =|r - r¢. Choosing S to be the aperture plane z = 0 and assuming axisymmetry
[Y(r,t) =Y(r ,z,t)] , the Huygens representation specializes to
1% ¥ ioav(rezatd

Y(I’,Z,t)zﬁ C)df(I(‘j(HrQ;_ s
0

tgu

+Y(r ¢O,t(1)i2+iRMy
z¢=0 R ¢ e Pto=t- R/c
(2-A.3)

where R = \/r 2 41 & - 2rr ¢cosf ¢+ 22 . Our goal isto show that (2-A.3) is equivalent to

the positive frequency Weyl representation

¥¥

Y(r ,z,t) = % ocf ap(c,w)cJO(cr)ei""te'i (w/e)*- CZZdch, z >0, (2-A.4)
00

where f ap(c ,w) denotes the spatio-temporal spectrum on the aperture plane (z = 0), viz,

f ap(c,w) Uy (r ,O,t) . We use, next, (2-A.4) in order to compute the value of the scalar
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field and its space and time derivatives required in the Huygens representation given in (2-
A.3). Specificaly, we obtain

¥ ¥
Y(r G;O,tq) = 2_1p (‘;jwc‘)jchO(cr (I)ei"‘”f ap(c,w) : (2-A.5)
0 0

f(v(reotg) 1% ¥ "
————— = Jwgwedc (cr ge"F (2-A.6)
D) 2 et de o)
Mv(rezatd) 1% %e v o "
T :Z—pojwcg?l (w/c) -C EcchO(cr (I)e' ¢fap(c,w). (2-A.7)
2¢=0 0 0

Substituting these expressions into (2-A.3), we have

1 2p ¥
Y(r.z,t) == df ay @r o (r 6z,tq, (2-A.8)
Po o
where
v, (reztq ——o:ch (crtl) o (c.w ""”Rg\/ w/c)” R ded::t R/de
(2-A.9)

We use, next, the identity
q €e iWR/Cl;' giwz  z U
Ei - 0= - 8. R2_+ 3 iwR/c (2-A.10)
e U C

Inserting (2-A.10) in (2-A.9), we obtain

1% ¥ éi w/c 2.2 &é-in/cb@
Yl(l’ Gz,t- R/c) :Z_pgpdCJO(Cr(ggjap(c’w)g(T)eIWR/c' %g - ;uijW
€ s

(2-A.11)

Consider the identity given in Ref. [157], p. 435, viz.,
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-iwR/c ¥ .
(2-A.12)

€ <
- :gdeJO(Ir i1 ,2)
wherer*:\/r2+rq?-2rrdnosf¢and
1¥ e-ikzz
1(1,2)==9 dk, . (2-A.13)
p-¥k22-[(wc)2-l ] :

The integration over k, can be evaluated using Caushy’s theorem with the residues [158]

K, ® -y(w/c)*- 1% for <0 and k, ® y/(w/c)’ - 1% for 2 >0. Thisleadsto
ge-ilzlﬂ(w/c)z-l2 l;'
u (2-A.14)

1(1,2) =-ig 7

g/ (wie)- 12

Since we are interested in the region z > 0, we obtain

M (| ,Z) -z (W/C)2-|2
o e (2-A.15)
and
i(w/e)?- 1211 2) = W17 (2-A.16)
We use, next, the identity
. 2 2 ¥
i (W C) -C WR/C q & 'WR/09 - "
R nE r 5 997 A )g (wie)*- ¢21(1 ,2)-
g_ e-iz (W/C)Z-Izg'gl
e 09
(2-A.17)

Using (2-A.17) in conjunction with Eg. (2-A.11), we obtain
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¥ ¥
Yl(r Gzt - R/c) = % O‘g:chO(cr)O(‘)‘ ap(c,w)ei‘"’tdw

¥

" Qd JO(I r*)g (wye)® - 211 ,z)+%'iZ (W/C)Z'IZL;L:J’J
0 é e wi

(2-A.18)
When this expression is substituted into (2-A.8), the integration over f ¢ can be carried out

by using Eq. (6.684.1) of Ref.[144],viz.,

2p 2p
Off ¢]O(cr ) odfd:] (c\/r +r@- 2rr¢cosf¢) 2pJ (cr(I)J (cr). (2-A.19)
0
As a consequence,
1¥ 1¥ ¥ _ ¥
Y(r,zt) = Eoc‘jcrjr ¢2—p O‘o:chO(cr (I)O(‘)‘ ap(c,w)e""’tdwoc‘j di 2pJO(I r)’
JO(I r(l)g (w/c)z- 21l ,z)+(?@'iZ (W/C)Z_lz%-
e e uw
(2-A.20)
We use next the orthogonality property
¥
d(cl' AN & ar d (crdd (i ra. (2-A.21)
0
Substituting (2-A.21) in (2-A.20) and integrating over | , we obtain
1 ¥¥ _
1wt -
Y(r,z t) ) ydc\] (cr)f ap(c,w)e dw
(o] - e1(e.z) vl
é e
(2-A.22)
From (2-A.16), we have
é (w/c)? - ‘I(c ) = %‘iz (W/C)z'czg, (2-A.23)



Substituting (2-A.23) into (2-A.22), we obtain
¥y

Y(r,zt) = % o0 (,j\p(c,w)c\lo(cr)ei""te'i (we)™-*2ge g, (2-A.24)
00

which is the desired Weyl representation of the radiated field (w/ c> c) in the region

z>0. This proof shows that Huygens construction passes only the forward (causal)

components even if the exciting field includes acausal ones.
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Appendix 2-B

The Equivalence of the Rayleigh-Sommerfeld Integral | and Weyl Representations
of the Solution of the 3-D Scalar Wave Equation
The Rayleigh-Sommerfeld integral | representation of the solution Y (r,t) to the scalar

wave equation [ cf. Eq. (2-A.1)] inside a wavefront surface (zero field outside) is given as
follows [153]:

(2-B.1)

Choosing S to be the aperture plane z = 0 and assuming axisymmetry[Y(r,t) =v(r ,z,t)] ,

(2-B.1) specializesto

2p ¥ i
1 11 1Y t
Y(F,Z,t):?pédfﬁmr¢ﬁ!w+s‘;© y
°l f 26=0Pteet. R/c

(2-B.2)

where R = \/r 2 41 @ - 2rr ¢cosf ¢+22 . Our goal is to show that (2-B.2) is equivaent to

the Weyl representation [cf.(2-A.4)], viz.,

¥¥

Y(r ,z,t) = % ocf ap(c,w)cJO(cr)ei""te'i (w/e)*- *Zdcdw .z >0, (2-B.3)
00

where f ap(c,w) denotes the spatio-temporal spectrum on the aperture plane (z = 0)
f ap(c,w) U Y(r ,O,t). We use, next, (2-B.3) in order to compute the value of the

quantity (‘ﬂ/'ﬂz(I)Y(r ¢z,t(1)|zq;orequired in Rayleigh-Sommerfeld integral | representation.

Specificaly, we obtain
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ay(rezat 1¥ Yo ) |
% :Z—pSﬂwf '\/W%deo(cr @ewtﬂ‘f ap(C,W)-

2¢=0 0

Substituting this expression into (2-B.2), we obtain

2p ¥
1 N N

Y(r ,z,t) = E Odf ¢ @r d>(1(r q;z,t(l) :
0 o0

¥ ¥

= 1e c2 o
Y,(r 6z, tcl) o:ch (cr(l) ( )Ré (w/c)” - c2e™ A R/de
1 ) ) W 1é R/
2p — Ocded (crtl)o ¢ R \/ w/c He “IWR/C .

Consider, next, the identity

——=0d ),

where " =/r2+r@- 2rr @osf ¢ and

11 ,z) = piok [(3\//”;)2 z]dkz

According to the identity in Ref. [157], p.435, thisintegration yields
ge ilz| (W/C)z-lzg

¢ 2 W
8 (W/C) - A

I(I Z)—-I

Substituting (2-B.9), for z > 0, into (2-B.7) and the latter into (2-B.6), we obtain
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(2-B.5)

(2-B.6)

(2-B.7)

(2-B.8)

(2-B.9)



¥ ¥
Yq(r6z,t- R/c) = %c‘pdc\lo(cr )¢J ap(c w)e™dw

0 0

¥ ¢ S (w17 U

gd JO(I r )g (w/c)” - c*(- 2pi) - u

0 H 2p\/ N

(2-B.10)

When this expression is substituted into (2-B.5), the integration over f ¢ can be carried out
explicitly, viz.,
2p 2p
it (1) = Odf dﬂo(l Jri+r@- 2rrqnosf¢) 2p3,(11)34(1 1 9. (2-B.12)
0 0

As a consequence, we have
¥ ¥ ¥ ¥

17, 1 . i .
Y(r ,z,t) = Eogcur ¢2—p g}:cho(cr (I)Oo‘ aIO(c,w)e"“’tdwod dl 2pJO(I r)JO(I r(I)
¢ iz (w/c)2 12 u
3 (w c)2 R =
é (W C) - 2 g
(2-B.12)
We use next the orthogonality property
dc-1) *
(CI ). g‘ycur W (crga irg. (2-B.13)
Substituting (2-B.13) in (2-B.12) and integration over | , we obtain
Y(r,z,t) = a—j ap(C.w)cdo(cr )ei""te'i“(w/c)z' ““hcdw, (2-B.14)

which is the desired Weyl representation of the radiated field (w/ c> c) in the region

z > 0. Thus, the Rayleigh-Sommerfeld integral | representation given in (2-B.2) provides
an exact solution to the 3-D scalar wave equation. As a consequence, it can be applied to

the reconstruction of localized wave pulses at any distance z in front of the aperture. Its
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equivalence to the positive frequency Weyl representation has been established only in the
absence of acausal exciting field components at the source plane. In other words, the
Rayleigh-Sommerfeld integra | representation incorporates acausa components, in
contradistinction to Huygens method. In the case of localized wave pulses, the acausal

components can be minimized by tweaking the available free parameters.
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Appendix 2-C

The Equivalence of the Rayleigh-Sommerfeld Integral 11 and Weyl Representations
of the Solution to the 3-D Scalar Wave Equation

The Rayleigh-Sommerfeld integral 11 representation of the solution Y(r,t) to the scalar

wave equation [ cf. Eq. (2-A.1)] inside a wavefront surface (zero field outside) is given as
follows [153]:

1 | (2-C.1)
2ps 7 R qn¢ cR fit¢  qn¢ et Ric

Choosing S to be the aperture plane z = 0 and assuming axisymmetry [Y(r,t) =v(r ,z,t)] ,

(2-C.1) speciaizesto

1% ¥ 1} z TY(r¢ot
Y(r,zt) = Eoodfagcu ¢R% ;% rmt%

=t- R/c

(2-C.2)

where R = Jr2+r @- 2rr tcosf ¢+22 . Our godl is to show that under certain conditions

(2-C.2) is equivalent to the positive frequency Wey! representation [cf.(2-A.4)], viz.,

¥¥

Y(r ,z,t) = % o (c,w)c\]o(cr)ei‘”te'i (w/e)*- *Zgcdw .z >0, (2-C.3)
00

where f ap(c,w) denotes the spatio-temporal spectrum on the aperture plane (z = 0)

fap(c,w) U Y(r ,O,t) . We usg, next, (2-C.3) in order to compute the value of the quantities

(ﬂ/‘ﬂtﬂ)Y(rd;O,t(l) and Y(r(I;O,t(I) required in the Rayleigh-Sommerfeld integral |1
representation. Specifically, we obtain
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(2-C.4)

‘I](Y(r (I;O,t(l)) 1¥ ¥ -
e "2 O(jjwoowccho(cr de' ‘Ifap(c,w) ,
1¥ ¥ .
Y(r G;O,tq) = Z—poc;jwocﬂcho(cr (I)e"’"mf ap(c,w), (2-C5)
Inserting Egs.(2-C.4) and (2-C.5) into (2-C.2), this leads to
1 2p ¥
Y(r,z,t) = = Odf oy & o, (r gz,td), (2-C.6)
Z I '
where
Y (rgztg = iaz‘):dc\] (crtl)i‘)‘ (c w)ei""“tiéjﬂ+il:J dw.
! 2p 0 0 0 » R 8CR R2 dﬁ:t- R/c
(2-C.7)
Next, we make use of the identity
ée- iwR/c y AWz 70
g G= - S8y L U iwRie (2-C.8)
26 R § &R? R
As a consequence, Eq.(2-C.6) takes the form
2] = oot e e fordomt e TE
Y(r,zt) = Odf &y @r aieded \(cr § e (c,w)e™ —e——u. (2-C.9)
(Zp)2 0 0 0 0 0 a ﬂZé R Q
Consider, next, the identity
~ iwR/c ¥ .
=g di (e )i 2), (2-C.10)
0

where 1’ :\/r2 +r@- 2rrecosf ¢ and 1(1 ,z) is defined in (2-B.9). Proceeding as in
Appendix 2-B, we obtain
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q ee iwR/cy ¥ q
ws R 4=99% ol 7))

¥ . 2 5
=-gd JO(I r*)e'IZ (we)™
0

(2-C.11)
for theregion z > 0. Substituting (2-C.11) into (2-C.9), we have
1 ¥ ¥ 2p ¥
_ \ \ NE iwt
Y(r,zt) = 20)? O @r (IU:chO(crd) Ofif aopiwf ap(c,w)e'
0 0 0 o0
¥ . 2 .,
g JO(I r*)e'IZ (w17,
0
(2-C.12)

We carry out the integration over f ¢ using the formulain (2-B.11); as aresult, we obtain

¥ ¥ ¥ ¥

Y(r,zt) = @g‘j(ﬂr Gg‘pcho(cr (I)O(‘jjvvf alo(c,w)ei""toc‘j di 2pJO(I rg

, ~izyf(wyc)?-12
JO(Ir)e (e :
(2-C.13)
We use, next, the orthogonality property in (2-B.13) and integrate over | . The find

expression for Y(r ,z,t) isgiven asfollows:

Y(r,zt) = %i‘;‘j (,j\lo(c,w)c\lo(cr)ei""te'i (we)- “Zicdw . (2-C.14)
00

Thisisthe Weyl representation of the exact solution to the 3-D scalar wave equation. This

proof shows that the Rayleigh-Sommerfeld integral |1 representation is equivalent to the

Weyl representation only if the causal components of the exciting field are considered at

the aperture plane. In genera, the Rayleigh-Sommerfeld integral Il representation

incorporated acausal components. In the case of localized wave pulses, the latter can be

minimized by tweaking the available free parameters.
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Observing point

The reconstruction of LWSs using Huygens' principle

AoAad 2% g1 Tt
YH(O,Z,t)—na=_14pRn_Tl_[ﬂz¢Y]-[ﬂmY] R - [v] RZ )I;

Figure 2.1: Geometrical configuration of the source plane and the discrete annular sections
for launching alocalized wavefield.
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Figure 2.12: Comparison between the reconstructed second derivative X wave and
the exact oneat z =200 mm and r = 0. The reconstruction has been carried out in
the frequency domain using the Rayleigh-Sommerfeld integral 11 representation:

(@) time domain; (b) frequency domain.



