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We study the near-equilibrium critical dynamics of the O(3) nonlinear sigma model describing
isotropic antiferromagnets with non-conserved order parameter reversibly coupled to the conserved
total magnetization. To calculate response and correlation functions, we set up a description in
terms of Langevin stochastic equations of motion, and their corresponding Janssen—De Dominicis
response functional. We find that in equilibrium, the dynamics is well-separated from the statics,
at least to one-loop order in a perturbative treatment with respect to the static and dynamical
nonlinearities. Since the static nonlinear sigma model must be analyzed in a dimensional d =2 + ¢
expansion about its lower critical dimension dj. = 2, whereas the dynamical mode-coupling terms are
governed by the upper critical dimension d. = 4, a simultaneous perturbative dimensional expansion
is not feasible, and the reversible critical dynamics for this model cannot be accessed at the static
critical renormalization group fixed point. However, in the coexistence limit addressing the long-
wavelength properties of the low-temperature ordered phase, we can perform an € = 4 — d expansion
near d.. This yields anomalous scaling features induced by the massless Goldstone modes, namely
sub-diffusive relaxation for the conserved magnetization density with asymptotic scaling exponent
zr = d — 2 which may be observable in neutron scattering experiments. Intriguingly, if initialized
near the critical point, the renormalization group flow for the effective dynamical exponents recovers

their universal critical values z. = d/2 in an intermediate crossover region.

I. INTRODUCTION

The universal scaling behavior near critical points and
in low-temperature ordered phases with spontaneously
broken continuous symmetries has been studied exten-
sively in both equilibrium thermal as well as quantum
systems since the 1960s. Many different powerful meth-
ods have been developed, most prominently Monte Carlo
computer simulations and renormalization group (RG)
analysis, carried out either perturbatively analytically
(see, for example, Refs. [1-3]) or non-perturbatively nu-
merically (e.g., Refs. [4-6]); we also note the recently
developed “conformal bootstrap” approach [7-9].

Yet for systems driven away from thermal equilibrium,
more complicated and intriguing issues arise. It is well-
known that systems in the same static equilibrium uni-
versality class may in fact display distinct universal dy-
namic scaling features. O(n)-symmetric magnetic sys-
tems constitute a paradigmatic example: The associated
order parameter may either freely relax to equilibrium
or be constrained by a strict conservation law for the
total magnetization, whence the magnetization density
relaxes diffusively. These two different variants are de-
scribed by the relaxational models A and B in Hohen-
berg and Halperin’s classification [10]. In addition to
purely relaxational kinetics, the order parameter may be
reversibly dynamically coupled to other conserved modes
(c.f., models E, G, and J).

To distinguish different dynamic universality classes
near equilibrium, a distinct critical exponent, the dy-
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namic scaling exponent z > 1, was introduced to cap-
ture the phenomenon of critical slowing down of a critical
system’s kinetics [11, 12]. As this term implies, near a
critical point the order parameter is governed by slow al-
gebraic relaxation rather than the standard exponential
decay with finite characteristic relaxation time ¢,.. This
power law behavior can be described by a scaling law for
the relaxation time ¢, ~ &%, where £ ~ [T —T.|™" (v > 0)
denotes the diverging correlation length of the system; or
equivalently by the leading wavevector dependence of the
order parameter damping coefficient D(q) ~ |g|* that de-
termines the peak linewidth in the associated scattering
cross section.

One important historical approach to theoretically
classify dynamic universal behavior was mode-coupling
theory, wherein reversible dynamical coupling terms were
added to the relaxation dynamics, and the resulting
stochastic equations of motion subsequently solved by
means of a Hartree-Fock like self-consistent factorization
approximation. This methodology was originally pro-
posed by Fixman for binary fluids [13], later reformulated
by Kadanoff and Swift [14] and Kawasaki, who also ex-
tended this treatment to magnetic systems [15-17]. In
a theory incorporating dynamical mode-coupling terms,
the order parameter is coupled to other slow hydrody-
namic modes, which originate from conservation laws,
during the system’s relaxation. For example, in the still
purely relaxational models C / D, a static coupling term
between a real scalar field and the order parameter is in-
troduced into the Hamiltonian to keep the total energy
conserved [10, 18-20]. Furthermore, when the conserved
modes correspond to specific order parameter symme-
tries, additional reversible dynamical terms can be intro-



duced via the Lie algebra Poisson brackets between the
order parameter and the conserved modes [19-26].

In this work, we utilize the field-theoretic perturba-
tive dynamical renormalization group approach to study
the near-equilibrium relaxation dynamics of the anti-
ferromagnetic O(3) nonlinear sigma model with con-
served total magnetization. We specifically account for
the reversible hydrodynamic mode couplings between
the conserved magnetization density fields and the non-
conserved staggered magnetization serving as the order
parameter for the continuous para- to antiferromagnetic
phase transition. For magnetic systems, these purely
dynamical contributions originate from the microscopic
spin precession in the local effective field. In an anti-
ferromagnetically ordered phase, in contrast with purely
relaxational kinetics, the mode coupling of the staggered
magnetization to the conserved standard magnetization
density causes the emergence of propagating spin wave
modes (magnons) with linear dispersion w(q) = c¢|q
and quadratic wave vector dependence of the damping
D(q) ~ ¢* [see Eq. (20) below]. At T = T, strong or-
der parameter fluctuations induce the critical damping
D(q) ~ Mgq) ~ |q|*¢ for both the order parameter and
the magnetization densities, with the well-stablished dy-
namic critical exponent z. = d/2 in dimensions 2 < d <
d. = 4, which represents the upper critical dimension for
this model G dynamical universality class [10, 19, 20].
This exponent value differs markedly from the corre-
sponding mean-field values zg = 2 and the purely re-
laxational model A result z. = 2 + ¢ 1, where 1 denotes
the static Fisher critical exponent 1 and ¢’ is a universal
constant. These classical results have been amply con-
firmed experimentally, e.g., perhaps most convincingly in
neutron scattering experiments for the isotropic antifer-
romagnet RbMnF3 [27] as well as in detailed numerical
simulations, for example in Refs. [28-30].

In thermal equilibrium, the O(n) nonlinear sigma
model represents a paradigmatic field theory to de-
scribe ferromagnetic or antiferromagnetic systems ex-
hibiting rotational symmetry in order parameter space
[31, 32]. It exhibits spontaneous symmetry breaking
and a continuous phase transition at a critical temper-
ature T,, and its static thermodynamic critical proper-
ties are well-established to be in the same universality
class as the O(n)-symmetric Landau-Ginzburg—Wilson
¢* theory in equilibrium. Out of equilibrium, the O(n)
nonlinear sigma model has to our knowledge only been
studied under the restrictive assumption of purely relax-
ational (model A) dynamics. In 1980, Bausch, Janssen,
and Yamazaki calculated the associated dynamical crit-
ical exponent z and compared it with the correspond-
ing scaling exponent of the relaxational O(n)-symmetric
Landau—Ginzburg-Wilson theory [33]. Only compara-
tively recently in 2006, Fedorenko and Trimper evaluated
the critical aging scaling behavior for the purely relax-
ational O(n) nonlinear sigma model with non-conserved
order parameter [34]; not surprisingly, it belongs to
the model A universality class. Although the O(n)-

symmetric Landau—Ginzburg—Wilson model with mode-
coupling terms have been widely studied in the literature
(for overviews, see Refs. [19, 20]), the O(n) nonlinear
sigma model with non-dissipative reversible mode-mode
couplings appears to have not drawn similar attention.

In this paper, we couple the three-component non-
conserved staggered magnetization order parameter of
the nonlinear sigma model to the conserved magnetiza-
tion density vector field. We employ coupled Langevin-
type stochastic partial differential equations to describe
the dynamics of this system and construct the associ-
ated Janssen—De Dominicis functional [35-37]. In the
resulting field theory framework, we apply the standard
transverse fluctuation loop expansion to perturbatively
compute the model’s dynamical response functions to the
first nontrivial order in the nonlinear couplings. Indeed,
to one-loop order, the dynamics cleanly separates from
the statics, and in the low-frequency limit w — 0, we
properly recover the static susceptibilities. However, it
turns out that the ordinary dimensional d = 24 ¢ expan-
sion about the lower critical dimension dj. = 2 that cap-
tures the nonlinear sigma model’s universal static critical
properties is not capable to access the critical dynamics
in the presence of reversible mode couplings.

Hence we turn our attention to the ordered-phase or
coexistence fixed point; to this end, we tune the effective
temperature to zero and employ an € = 4 — d expan-
sion scheme near the dynamical upper critical dimension
d. = 4 to retrieve the universal dynamical scaling be-
havior in the coexistence regime. Solving the one-loop
RG flow equations, we find that the dynamic scaling ex-
ponents for both the order parameter and for the mag-
netization density flow to the same fixed point values
as in the Sasvari-Schwabl-Szépfalusy (SSS) model [38].
Hence we obtain Gaussian dynamical scaling exponents
zp = 2 and z), = 2 for the order parameter and trans-
verse magnetization components, implying a mean-field
form for the ensuing spin wave dispersion, but our re-
sults remarkably yield anomalous sub-diffusive relaxation
for the longitudinal magnetization density, described by
zr = d — 2. This result indicates that the O(n) non-
linear sigma model with conserved total magnetization
belongs to the same dynamical universality class as the
SSS model. Intriguingly, although the critical regime
is conceptionally not approachable with an e expansion
near the upper critical dimension d. = 4, the numerical
solutions of the near-critical RG flow equations initially
approach the known critical values, recovering the dy-
namic critical exponent z. = d/2, before they ultimately
cross over to their asymptotic scaling behavior at the
ordered-phase coexistence fixed point.

The paper is organized as follows: In the following
section, we introduce the near-equilibrium dynamics of
the antiferromagnetic nonlinear sigma model with con-
served total magnetization, properly incorporating the
crucial non-dissipative mode coupling terms. We formu-
late the coupled Langevin stochastic equations for the or-
der parameter and the magnetization density, construct



the corresponding Janssen—De Dominicis functional, and
utilize this formalism to derive the explicit one-loop ex-
pressions for the dynamic response functions. In Section
II1, we discuss the ensuing scaling behavior of the model
near its RG fixed points. We argue that the critical fixed
point is not reachable in this perturbative approach. Sub-
sequently we present a thorough scaling analysis via the
dimensionally regularized perturbative RG method near
the ordered phase or coexistence fixed point. We numer-
ically solve the resulting RG flow equations and compare
our findings with the SSS model, and discuss relevant ex-
perimental consequences. We conclude with a brief sum-
mary and outlook. The Appendix contains additional
pertinent technical details for the one-loop perturbative
analysis. It also addresses the feasibility of the critical
dynamics of the nonlinear sigma model with conserved
total energy as well as a conserved order parameter field.

II. NONLINEAR SIGMA MODEL WITH
CONSERVED TOTAL MAGNETIZATION

In this section, we introduce the near-equilibrium dy-
namics of the O(3)-symmetric antiferromagnetic nonlin-
ear sigma model with conserved total magnetization. Its
time evolution subject to random thermal fluctuations is
described by appropriate coupled generalized Langevin
equations, and the corresponding Janssen—De Dominicis
response field theory functional that encodes this stochas-
tic nonlinear dynamics. We employ dynamic perturba-
tion theory to derive explicit results for the dynamic re-
sponse functions to one-loop order in the fluctuation ex-
pansion with respect to the transverse modes. The en-
suing dynamic scaling behavior will be discussed in the
next section.

A. Dynamics with conserved total magnetization

We consider a rotationally symmetric three-component
antiferromagnet described by the O(3) nonlinear sigma
model with the coarse-grained mesoscopic Hamiltonian
31]

H[ii] = /ddx B (Vﬁ(m))Q - ho} : (1)

where 7i(z) = (7(z),0(z)) denotes the staggered mag-
netization vector that serves as order parameter for an
antiferromagnet, and the constraint 72 = 1 is imposed at
all locations x. p represents the order parameter stiffness
and h is a (fictitious) external conjugate thermodynamic

J

(Na(@1,t1) N3 (T, t2)) = —2Mubap 8(t1 — ta) V26D (27 — 29) |
(Ca(1,t1) Calxa, t2)) = 2DUbp 6(t1 — t2) 6D (21 — x2)

field pointed along the direction of . (Note that po-
sitions x and later, the corresponding wavevectors and
momenta p, are d-dimensional spatial vectors. We drop
their vector labels in order to not confuse them with the
three-component vector fields in order parameter space.)
To describe the interaction of the antiferromagnet with
the conserved total magnetization, we introduce the mag-
netization density M (z, ) in the Hamiltonian (1),

MV, 7] = /ddx B{M@)? + g(w(z))2 - ho} ,
(2)

where x denotes the static magnetic susceptibility. The
conservation of the total magnetization is intimately re-
lated to the underlying O(3) invariance for the order pa-
rameter. Indeed, M is the generator of the rotational

symmetry, and hence satisfies the standard angular mo-
mentum Lie algebra Poisson brackets

{Ma(2), Ma(y)} = —€apy My (2) 6@ (x ) ,

3
{Ma(2),n5(y)} = —€apyny(2) 8D (2 —y) )

where «, 3,7 = 1,2,3, and Einstein’s summation rule
over repeated indices is implemented (unless otherwise
specified).

Generalized Langevin equations for “slow” modes ¢
with respect to an effective Hamiltonian #[¢] take the
form

b= {6 H) D(z‘vw%‘ T, (4)

where a = 0,2 corresponds to nonconserved and con-
served relaxation dynamics, respectively, D denotes the
relaxation rate or diffusion constant, and 7 represents
Gaussian stochastic noise. With the Hamiltonian (2)
and Poisson brackets (3), the following coupled Langevin
dynamics of the antiferromagnetic order parameter 7
and the rescaled conserved magnetization density m =

M /,/pX ensue [10, 20],
m=ci x Vi + AV2m+ 17,

ﬁ:—cﬁxm+D(v2ﬁ+ﬁ)+5. (5)

Here

c=+/p/x, u=kgT/p (6)

are the spin wave velocity and scaled effective tempera-
ture, and h = ph. 7j(z,t) and ((z,t) represent indepen-
dent additive Gaussian white noise terms with vanishing

—

means (77) = 0 = (¢) and the second moments



The corresponding Janssen—De Dominicis response functional becomes [35, 39]

AlMa, Ny Ma,y Mo = /dt d%z [ma (at — )\Vz) Me + Na (at — DVZ) Na + C€apy (ﬁa NG My — Mo Ng VQnV)

and the probability distribution P[m, ] for any specific
configuration me (z,t), ne(z,t) is

Pl i) o § (72 — 1) / Dlitig, ifg] e~ AlMeiamanal
(9)

As a consequence of the stringent local constraint
fi(z,t)> = 1, only two components of the three-
dimensional order parameter field @7 = (7,0) are inde-
pendent, while the third one is completely determined,
0?2 = 1 — 72. One may thus integrate out the “longitu-
dinal” o0 mode and only consider the “transverse” 7 fluc-
tuations. In order to properly implement the constraint
in the ensuing stochastic dynamics, one also needs to im-
pose the noise field for the order parameter 5 to be per-
pendicular to the instantaneous order parameter itself.

J

A, = / |:’fh1 (6t — )\V2) m; + Mg ((9,5 — FVQ) ms — ceijﬁimj + C€Z‘jﬁliv2ﬂ'j — Cil Gij’ﬁ’Liﬂ'j
t,x

(8)

+>\U ’ﬁ’La Vana - Du ﬁ/a ﬁoci| 9

(

In the framework of the associated Janssen—De Domini-
cis functional this implies ign, = 0 [33, 34].

Deep in the ordered phase, the transverse Goldstone
mode fluctuations 72 should be small and one may ex-
pand

—2
U:\/1—7?2:1—7r—+(9(7r4),
2 (10)

o= 777(1‘71'1'/\/ 1 77?2 = 777(1‘7& —

1
57?1'7'(1‘7?2 + 0(71'4)

(where ¢ = 1,2), which allows the elimination of the
o component and the associated 6 field. The resulting
Janssen—De Dominicis functional becomes A = Ap, + Aint
with

s (at —DV2 4+ Diz) 5 — Du i + iy V2 + Duting Vg + Ot

and

Aint = / |:7Ti27ri (at — sz + DiL) 7?2 - DU(’/’NTZ’]Tl)z + ceijﬁiwjmg - qumgﬂ'iv2ﬂ'j
t,x

~ C€ij - -2
—ceij(wkwk)m—mj + 5

where [, ...= [dtdx...andi,j,k=1,2.

A cutoff in the 72 expansion naturally introduces
explicit symmetry breaking and manifestly leaves us
in the ordered phase region, which is governed by a
so-called coexistence RG fixed point [40]. The explicit
symmetry breaking induces anisotropy for the different
order parameter components. In anticipation of different
renormalizations for the transverse and longitudinal
components of the conserved magnetization, we thus
introduce a distinct diffusivity I" for the m3 component
of the magnetization density. Yet this explicit symmetry
breaking is expected to be resolved by the RG flow upon
approaching the critical point, where one should recover
=M\

CE€j

—_— m—mjﬁ —

C€j .

(fniV27Tj)7_r'2 + mﬂrjvzfr'z + 0(71'4)],

B. Dynamic response functions

To retrieve the dynamical response functions for our
model, we introduce source terms to @ and M in the
Hamiltonian (2)

W[V, 7] = / 'z (pJmi + e MHa),  (13)

where ¢+ = 1,2 and a = 1,2,3. The thus induced source
terms in the Janssen—De Dominicis functional are



AS = [AmZVQHl + Fm3V2Hg - Dﬁ',JZ — Cﬁ’LgEijﬂ'iJj + qu’ﬁ’LiJj CE” T J 7T ceijfrﬂerg,

t,x (14)
+ C(ﬁ'kﬂ'k)Eijﬂ'iHj +ceymiH; — € =

7 H; 722 — ceimymiHs + ceymHymg — cmgeymHy + O(w )} .

With the usual definition of the dynamical response functions

<7Tz(x t))s
S t)
<m1(37 t)s
Hj(', ')
and the probability distribution given by the Janssen—De Dominicis functional, one may express the response functions
in terms of the correlation functions in the field theory,

le (.’E, t7 1./7 t/)
H=0,J=0 (15)

Rij(xat;m/7t/) )

oy O(mg(a,t))s
oo, f) = OH3(2",t) |50 -0

H=0,J=0

Xij(z, t; 2’ t") = D (mi(x, 0)7; (2", 1)) + ceny(mi(z, 6)[msmi] (2, 1)) — ceny(mi(z, t)me (2, 1))

+ 5 ey {mi (o, ) (@', 1) + O

Rij(z,t;2' ') = =X (m;(z,t) V2 (2, 1)) — ceny(my(x, ) [Fimmi] (2, ) + g exj (mi(x, ) [Fe7?] (2, 1))

— cepg(my(z, t) [mema] (2, 1)) + cepj(mi(, t)[mamy] (2, 1)) — cexj(mi(z, )7(a’ 1)) + O(x?) |
Ry(z,t;2' 1) = =T (ms(z, ) Vg (2', 1)) + ceij(ma(z, t) [imim;] (2, 1)) + ceij(ms(a, t)[Fim;] (1)) + O(x?) ( .
1

(

We note that the correlation functions with subscript s which corresponds to a first-order perturbation in the

are calculated in the presence of external source terms, effective temperature u for the statics and the parame-
while the correlation functions without subscripts are cal- ter uc? for dynamical quantities. By means of a Dyson
culated without external sources. equation resummation of the one-loop order results, the
We have evalulated the dynamical response functions dynamical susceptibilities can be written in the following
to one-loop order with respect to the transverse fields, compact form [38],
J
(1.) =30 | 14 i ]
ij \P, W) = 045 ) . . )
Xig P i X\P —iw + A(p,w) + C(p,w)?/ [—iw + A(p, w)]
W
Rii(p,w) =0;;R(p,0) |14+ — - 17
) =B R0.0) |1 e R )
Ay (p,w)
R\(pw) = —F——""—"7—F7—;
1P, ) —iw + Ay (p,w)

some additional computation details can be found in Appendix A. Here we have used the static susceptibilities

0y = — '1—u/k lj, R(p.0) =1, (18)

pP>+hl k% +h
with [, ... = [...d%/(27") and introduced the abbreviations
- 1]
Cp,w)=c 2+h1/2[1—u/ _|, Alp,w) = \p?
(p,w) = c(p”+h) 3 ) el (p,w) = Ap
Au 1 iw—T(p—k)? — \k?

Alp.) =D+ 1) [l "D ek it i (0) + T — k7] i+ i () + T(p— R

w) =Tp? — 2% [kQ_(p_k)z] [iw_/\kQ_D(p_k)Q—Dil]
AH(pv )=TIp 2 /k(k2+il)[(pk:)2l~1] W — ws (k) — wy (p— k)]

(19)

y liw — A(p — k)? — Dh] [iw — Me? — X(p — k)?] + 2c2(k? + h)
w—w_(k) —wi(p— k)] w—w-(k) —w-(p— k)] [w —ws (k) —w_(p— k)]’




with the Gaussian (mean-field) spin wave dispersion relation

wi(p) = —% (D429 + DR + \/02 (02 + 1) — i (D~ 2)p2 + DA ° (20)

In the limit w — 0, the static response functions are
recovered. Thus, the dynamics is cleanly separable from
the statics. From the results (19), we also see that in com-
parison with the SSS model in the ordered phase [38], all
contributions from transverse magnetization fluctuations
are absent, as a result of the truncated 72 expansion.

III. DIMENSIONAL ¢ EXPANSION AND
SCALING PROPERTIES

In this section, we will implement the dimensional € ex-
pansion to approach the scaling behavior near RG fixed
points. We start by explaining why a straightforward
d = 2 + ¢ expansion as appropriate for the static behav-
ior of the nonlinear sigma model fails to capture its dy-
namics in the vicinity of the critical fixed point. We then
explore the dynamical scaling behavior at the ordered
“coexistence” phase fixed point with an € = 4 — d expan-
sion near the model’s dynamical upper critical dimen-
sion, and subsequently discuss the intriguing crossover
features of the ensuing RG flows.

A. Failure of the (static) 2 + ¢ expansion at the
critical fixed point

In the static nonlinear sigma model, it is well-known
that perturbatively the transverse fluctuation loops scale
according to 72 oc u ~ T and consequently the ¢ = d — 2
expansion corresponds to a low-temperature expansion
about the critical temperature 7, = 0 in two dimen-
sions. The effective temperature u has scaling dimen-
sion e, which suggests it is marginal near the model’s
lower critical dimension dj. = 2. Therefore, the standard
procedure to perturbatively access the critical behavior
of the nonlinear sigma model relies on an e expansion
near d. = 2. However, the effective dynamical coupling
for the reversible mode-coupling terms is c?u, as can be
inferred from Eq. (19). Its naive scaling dimension is
[c?u] = 4 — d, resulting in a dynamical upper critical di-
mension d, = 4.

At dimension d = 2+ ¢, we have [c*u] = 2—¢, which is
relevant in the infrared scaling regime, and hence will
tend to infinity under RG scale transformations near
di. = 2. If instead we start near the upper critical di-
mension d. = 4, setting d = 4 — ¢, the scaling dimension
of the static expansion parameter u becomes € — 2, which
is irrelevant in the infrared. Yet in the static nonlinear
sigma model, information about the asymptotic infrared
scaling behavior is extracted from an ultraviolet-stable

2

(

RG fixed point that controls the short-distance diver-
gences for d > di. = 2. For the static ultraviolet fixed
point, near dimension d. = 4, however, the parameter
u becomes relevant. Thus, a standard, straightforward
truncation over 72 o< u is improper as the corresponding
perturbative expansion diverges near d. = 4, and cannot
be controlled at that static fixed point. In order to prop-
erly retrieve the scaling information near the ultraviolet
RG fixed point near dimension d. = 4, we would need
to apply a resummation of all diagrams related to the 72
expansion, which appears to be unfeasible with currently
available tools.

In conclusion, in stark contrast with its counterpart
with purely relaxational kinetics, the dynamical critical
behavior of the nonlinear sigma model with reversible
mode-coupling terms cannot be simultaneously analyzed
along with the static critical properties by means of a
perturbative dimensional expansion either near d. = 2
or d., = 4.

B. Scaling behavior near the ordered phase
coexistence fixed point

In the low-temperature phase with spontaneously bro-
ken rotational symmetry O(n), the vectorial order pa-
rameter separates into an “Anderson—Higgs” mode o and
n—1 massless Goldstone modes 7. We note, though, that
the Higgs mode appears massive only in the mean-field
(Gaussian) approximation, and below d. = 4 is rendered
massless too as a consequence of its coupling to the strong
transverse fluctuations [40—44]. In an infinite system, the
massless Goldstone modes induce universal static and dy-
namic scaling behavior that is distinct from the critical
scaling properties. This coexistence limit is captured in
the RG treatment by an infrared-stable zero-temperature
coexistence fixed point. We thus anticipate novel univer-
sal scaling behavior for the massless Goldstone modes
as well as the conserved magnetization density compo-
nent that is dynamically coupled to the transverse order
parameter fluctuations. In the following, we study the
scaling behavior of the antiferromagnetic nonlinear sigma
model with reversible mode couplings near this ordered
phase fixed point.

To reach the coexistence fixed point, we need to tune
the effective temperature u — 0 and work in a dimen-
sional € = 4 — d expansion near the upper critical dimen-
sion d, = 4. However, since ¢ also scales as we approach
the fixed point and the effective dynamical mode cou-
pling parameter g2 = c?u becomes marginal near four
dimensions, we need to keep g2 fixed when we set u = 0.



In this low-temperature coexistence regime, we define the
multiplicative renormalization Z factors that are to ab-

sorb the ensuing ultraviolet divergences as follows,
Dr=72pD, Ar=2)\\,

9h =249 Agp”",

I'r=2pl,

2 2 -2
CR:ZCC.U“ )

(21)
where p labels an arbitrary momentum scale at which
this renormalization is carried out, and Ay = I'(3 —
d/2)/2¢ 1742 is a geometric factor. Our choice of the
normalization point, which only must reside outside the
infrared-singular region, lies at h = 0, p = 0, and
C(p,w)/R(p,0)x(p,0) = cu [38].

To one-loop order, the Z factors can then be inferred
from the explicit expressions (19), which yields

In="Zy=Zc=1,

_ —€/2
f Ad,u € 2
Zr =14 —"— 14+ ——=
r + 214+ w) € wHtt DAp? ’
— —€/2
f AdM € 2

Zp =1

P +l—H) € +(F+D)(F+/\)u2‘ ’

(22)
where for convenience we have defined the dimension-
less ratios of relaxation times w, v and the effective mode
coupling strength f as

w=D/\, v=D/T, f=g¢*/DI'.  (23)
The scale-dependent anomalous dimensions (Wilson’s

RG flow functions) thus follow

0 AR 0
— L m2E = Y mz =0,
X “oul, ™ n = o,
0 g% 9]
(g=p=—| mh==—€+pu—| InZ, = —¢,
7 Toul, ¢? ol 7
0 I'r 0
—pu s m- =y L mz
(r Mauonr #a’uon r
—(1+€/2)
Ir h
1
2(1 +wr) wrt +DR>\R ’
0 Dpr
—u | m=ZE = 2| mz
§5) MaﬂonD MaOHD
—(1+¢/2)
___Jr [1+ i }
1+ovg (FR+DR)(FR+/\R)

(24)

These anomalous dimensions enter the fundamental
RG equations for the correlation and vertex functions as
well as dynamical susceptibilites, which capture the be-
havior of the model under the change of renormalization
scales [20, 45, 46]. One may then invoke the method of
characteristics to solve the RG partial differential equa-
tions. By introducing the flow parameter p(l) = ul, the
RG equations can be separated into a set of coupled first-
order differential flow equations. Though we seem to
require many parameters, they are not completely inde-
pendent from each other, and in the end we merely need

the following four independent flow equations to describe
the entire RG flow of the system,

O 5,0 = 10 [0~ 00 - G0)]
zdcsl(l) = —2c(), (25)
() ar(@)

ZT =D()¢p(l), ZT =I()¢r)

where the dependence of the RG zeta functions on the
flow parameter [ stems from the [-dependence of all the
parameters on the r.h.s. of Egs. (24). In terms of the
anomalous dimensions, the scale-dependent effective dy-
namical exponents can be defined via

o) =2, ar(l) =2+ ¢o(), 2p(l) =2+ Cp(l) . (26)

Since the transverse magnetization diffusivity A acquires
no fluctuation correction at one-loop order, the dynamic
exponent for the perpendicular direction of the magneti-
zation density retains its Gaussian value z) = 2, indicat-
ing standard diffusive relaxation.

The flow equation for the renormalized spin wave speed
is immediately solved by c(I) = ¢(1)/l with ¢(1) = cg.
Consequently, three distinct fixed points affect the RG
flows: (i) The Gaussian fixed point f¢ = 0 with mean-
field dynamic scaling exponents zp = z) = zr = 2 is
infrared-unstable (in the f direction) below the upper
critical dimension d. = 4, but governs the ultraviolet
region for large [ > 100.

(ii) Setting cr = 0, we obtain the (quasi-)critical fixed
point, albeit with the Anderson-Higgs mode “frozen”:
In contrast with the Landau-Ginzburg-Wilson Hamil-
tonian, the nonlinear sigma model does not permit inde-
pendent longitudinal fluctuations in the o field. Eqgs. (24)
reduce to {r = —fr/2, (p = —fr/(1 + vgr), and the ex-
istence of a nontrivial, finite mode coupling fixed point
0 < f* < oo requires the square bracket in the RG beta
function S to vanish, which implies —(f —(j, = —(; =€
The dimensionless relaxation time scale ratio v is gov-
erned by the beta function 8, = v({p — (r), implying
for v* > 0 strong dynamic scaling with ¢}, = (f: = —¢/2.
This leads to the one-loop fixed point values v} = 1 and
f¥=¢€, and z. = 2 —€¢/2 = d/2. Note that these corre-
spond to the critical fixed point of the n-component SSS
model (with strong dynamic scaling) v} = 2n — 3 and
f¥ =¢€[19, 20, 26] for n = 2, i.e., effectively the planar
model E [47], not the three-component model G applica-
ble to the critical dynamics of isotropic Heisenberg an-
tiferromagnets [21, 47, 48]. This reflects the suppressed
longitudinal o fluctuations; but since the dynamical crit-
ical exponent is in fact independent of n, the system ap-
pears to recover the correct critical scaling properties.

(iii) Finally for ¢(1) = cg > 0, the RG flows asymp-
totically reach the coexistence fixed point as [ — 0,
which govers the universal scaling behavior in the ordered
phase at long wavelengths and low frequencies. With
c(l) = ¢(1)/l = oo, we have {r = —frwr/[2(1 + wgr)]



and (p = 0. Consequently v} = 0, whereas wr assumes a
non-universal value that is determined by the initial con-
ditions of the RG flow. A nontrivial RG fixed point value
0 < f¥ < oo now requires —(j: = €, whence the modified
effective mode-coupling strength frp = frwr/(1+ wg)
must assume the universal fixed point value f* = 2¢. The
original mode coupling strength fr however approaches
non-universal limiting values as [ — 0. For the associ-
ated effective dynamic scaling exponents, we obtain in
the coexistence regime

zp=2, =2, 2r=2—€=d—-2. (27)

We remark that at the upper critical dimension d. =
4, the longitudinal magnetization density would acquire
mere logarithmic corrections to its mean-field diffusive
relaxation. Near four dimensions, therefore, the crossover
to the asymptotic scaling exponent becomes quite slow,
as demonstrated in Fig. 11 in Appendix C.

For the relaxation coefficients D(l), I'(1) and the associ-
ated effective dynamical exponents, we numerically solve
the coupled set of flow equations (25) in three dimensions
(d =3, ie., e =1). (In Appendix C, for illustration we
depict the RG flow at d = 3.9 or € = 0.1, where the per-
turbation expansion is more assuredly applicable.) The
ensuing RG flow for the mode-coupling strength f with
different initial values for ¢(1) is shown in Fig. 1. Note
that while the initial value was set to f(1) = 1, the RG
flow was run both towards the ultraviolet regime (large
1) as well as the here relevant infrared region I — 0. We
plot the resulting flows of the effective dynamic expo-
nents zp(l) and zp (1) with different initial conditions in
Figs. 2, 3, and 4. The RG flows with small initial values
¢(1) depicted in Figs. 1, 2, and 3 indeed approach this
(quasi-)critical fixed point at intermediate scales, but ul-
timately depart from it, since ¢(l) = ¢(1)/l becomes large
in the infrared regime [ < 1.

The explicit numerical solutions of the coupled RG
flow equations shown in the figures for d = 3 (e = 1)
confirm the above stability and scaling analysis near the
three distinct RG fixed points. For [ — 0, both scale-
dependent effective dynamical exponents zp(l) (Fig. 2)
and zp(l) (Fig. 3) flow to their ordered phase fixed point
values zp = 2 and zr = 1. Thus, both dynamical ex-
ponents of the transverse components of the order pa-
rameter and magnetization density are zp = z), = 2 in
the coexistence limit, indicating purely diffusive behav-
ior. In contrast, the dynamical scaling exponent of the
longitudinal magnetization density zp acquires nontriv-
ial fluctuation corrections and anomalous, sub-diffusive
relaxation: mg decouples from the perpendicular com-
ponents of the magnetization density, but its coupling
to the transverse order parameter fluctuations, i.e., the
massless Goldstone modes, yields zr = d — 2, imply-
ing linear scaling in three dimensions. These findings
are consistent with the corresponding analysis of the SSS
model in the ordered phase [38]. In addition, for small
intial ¢(1) values, the RG flows remarkably recover the
correct critical dynamical exponent. Although we know

-------- ¢(1)=1000
1.5f c(1)=100
c(1)=10

1076 0.01 100

(a)

FIG. 1. RG flow of the effective mode-coupling strength
f(1) with initial values f(1) = 1, D(1) = 3, I'(1) = 1,
A(1) = Ar = 1, and different initial values for ¢(1) as indi-
cated, in d = 3 dimensions, i.e., for e = 1. For large ¢(1) > 1
(a), one observes a direct crossover from the unstable Gaus-
sian to the stable coexistence fixed point as [ — 0 (all three
curves essentially coincide). For small ¢(1) < 1 (b), the RG
flow first runs into the critical fixed point fI = ¢, but even-
tually too approaches the asymptotic coexistence regime de-
scribing the scaling properties in the ordered phase. Whereas
f approaches a non-universal value in the coexistence limit,
the effective modified mode coupling f = wf/(1 4+ w) — 2¢
universally for arbitrary initial flow conditions (c).

that we cannot truly capture the critical regime of the
nonlinear sigma model within the ¢ = 4 — d expansion
about the dynamical upper critical dimension, in both
Figs. 2 and 3 we observe a brief crossover region towards
the critical value zp = zr = d/2 for ¢(1) < 1. For
RG flows initialized with larger ¢(1) > 1, Fig. 4 shows
that the crossover to the (quasi-)critical regime dimin-
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FIG. 2. RG flow of the effective dynamical exponent zp(l)
for the relaxation of the transverse order parameter com-
ponents 7, with initial conditions f(1) = 1, D(1) = 3,
I'(l) = 1, A(1) = Ar = 1, and various (small) values of
¢(1) =1,0.1,0.01, for e =1 (d = 3). In (a), the flow parame-
ter I has been rescaled by the initial value ¢(1)? to collapse the
curves near their approach, as [ — 0, to the coexistence RG
fixed point that governs the low-temperature ordered phase.
In (b), in contrast the graphs for the same data collapse near
the initial Gaussian RG fixed point. Both at the Gaussian
and coexistence fixed points, zp = 2; whereas at the critical
RG fixed point, zp = d/2.

ishes gradually and finally disappears. For sufficiently
large ¢(1), the RG flow directly connects the ultraviolet-
stable Gaussian fixed point to the infrared-stable ordered
phase coexistence fixed point.

Even though the nonlinear sigma model and the SSS
model are in the same universality class and acquire the
same anomalous dynamical scaling behavior in the co-
existence limit, we emphasize again that the underlying
mechanisms differ. In the SSS model, the mass of the
Anderson-Higgs mode ¢ flows to infinity under the RG
transformations, and the longitudinal order parameter
fluctuations hence ultimately become suppressed. In the
nonlinear sigma model, in contrast the magnitude of the
order parameter is rigidly fixed. Thus, we can only con-
sider the Goldstone mode 7 fluctuations, whereas lon-
gitudinal fluctuations are determined by the constraint.
Near the ordered phase fixed point, the system is almost
frozen and the nonlinear sigma model shows identical
asymptotic scaling properties as the SSS model. Yet
away from the coexistence fixed point, the RG flows for

Zr

-------- ¢(1)=0.01
(1)=0.1
c(1)=1

FIG. 3. RG flow of the effective dynamical exponent zr(l) of
the longitudinal component of the magnetization density ms
in d = 3 dimensions, with initial values f(1) = 1, D(1) = 3,
I'(l) =1, A(1) = Ar = 1, and ¢(1) as indicated, plotted
vs. the flow parameter I/c¢(1)? in (a), and vs. [ in (b) to
demonstrate data collapse in the vicinity of the coexistence
and Gaussian fixed points, respectively. At the critical RG
fixed point, zr = d/2; in the ordered phase (I — 0), the lon-
gitudinal magnetization relaxation acquires anomalous sub-
diffusive scaling, described by zr =2 —e=d — 2.

10 0.01 100

(a)

FIG. 4. RG flow of the dynamic exponents zp(l) and zr(l)
with initial conditions f(1) =1, D(1) =3, I'(1) = 1, A(1) =
Ar =1, and large initial values ¢(1) = 10,100, 1000. The RG
flow is then set far away from the critical point, and bypasses
the critical scaling regime entirely.

the various dynamical parameters of these two different
models can be quite different.

We conclude this discussion with a schematic dia-
gram of one possible scan across |¢g| in the temperature—
wavenumber space in Fig. 5, say in an appropriate (neu-
tron) scattering experiment, which actually corresponds
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FIG. 5. Schematic diagram of one RG flow in phase space,
corresponding to a wavevector |g| scan in a (neutron) scatter-
ing experiment at fixed temperature T < T¢.

to the RG flow explored above. If we follow the verti-
cal line in the figure, starting in the ordered region for
T < T, with large momentum |¢| and subsequently de-
creasing the wavenumber, we first observe a crossover
behavior from the short-distance Gaussian fixed point to
critical scaling behavior in the region where |¢|¢ ~ 1.
Upon further decreasing |q|, one reaches the ordered
phase coexistence scaling region and ultimately detects
the crossover from the critical regime to the asymptotic
coexistence fixed point. Deep in the antiferromagnet-
ically ordered phase, and at long wavelengths ¢ — 0,
after traversing the crossover region with nontrivial scal-
ing behavior, the spin waves originating from the coupled
transverse order parameter fields (Goldstone modes) and
transverse magnetization components will be described
asymptotically by the mean-field dispersion relation (20)
with ballistic propagation ~ ¢|q| and quadratic damping
D(q) ~ Mq) ~ ¢?, albeit with renormalized amplitudes
c, D, A= Ccr, Dg, AR-

However, its nonlinear dynamical coupling to the Gold-
stone modes induces anomalous scaling properties for the
longitudinal component mgs of the conserved magneti-
zation density field, namely the sub-diffusive wavevec-
tor dependence of the associated damping coefficient
I'(q) ~ lgI*™ = l|q|%? in d spatial dimensions, i.e.,
T'(q) ~ |q| for d = 3, that replaces the corresponding
diffusive mean-field behavior ~ I'¢%. In a Lorentzian ap-
proximation for the associated dynamical susceptibility
R)(q,w) in (16), A|(q,w) =~ I'(g), this nontrivial wavevec-
tor scaling directly determines the linewidth of the lon-
gitudinal magnetization correlation function C)(q,w) =
(2kT/iw) Im R)|(q,w). This quantity can be measured
experimentally through polarized neutron scattering, al-
though extracting the ultimate long-wavelength behavior
may be challenging. Alternatively, spin-echo measure-
ment techniques could provide access to the anomalous
temporal decay of the longitudinal magnetization auto-
correlations Cj(z = 0,t) ~ t=4/r = ¢=4/(d=2) o 43
in three dimensions, rather than the mean-field decay
C”(O,t) ~ 742 = ¢73/2 for d = 3.
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IV. SUMMARY AND CONCLUSION

In this paper, we have investigated the critical dynam-
ics of the antiferromagnetic nonlinear sigma model with
conserved total magnetization. The Langevin dynamics
then involves reversible, hydrodynamic mode-coupling
terms. We have investigated the ensuing scaling prop-
erties by means of the perturbative field-theoretic RG
approach, and computed dynamical response functions
of both the order parameter and the magnetization den-
sities to one-loop order. As expected near thermal equi-
librium, the response functions show a separation of the
dynamics from the statics. There emerges an explicit
symmetry breaking between the response functions of
the transverse and longitudinal components of the mag-
netization density, which suggests that the critical fixed
point is no longer approachable in this dynamical nonlin-
ear sigma model variant, since the rotational symmetry
cannot be recovered. We have provided a detailed argu-
ment from the RG point of view why approaching the
critical fixed point is not feasible, at least in this pertur-
bative regime.

We have analyzed the dynamical scaling behavior near
the ordered phase RG fixed point that describes the
asymptotic coexistence limit via an € = 4 — d expansion
about the dynamical upper critical dimension d, = 4. We
find Goldstone-mode induced anomalous sub-diffusive
scaling for the longitudinal component of the magnetiza-
tion. The dynamic exponents at the coexistence ordered
phase fixed point coincide with those for the SSS model
which is based on a Landau—Ginzburg—Wilson Hamilto-
nian. We have numerically solved the RG flow equations,
and observe that if initiated near the critical point, they
display a brief crossover regime towards the critical re-
gion, even somewhat fortuituously recovering the correct
dynamical critical exponent z. = d/2, before ultimately
reaching the coexistence limit with zp = z), = 2 and
zr = d — 2. These relaxation predictions should be ex-
perimentally accessible through the dynamic scaling of
neutron scattering linewidths or the temporal decay of
the autocorrelation function for the longitudinal magne-
tization fluctuations.
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Appendix A: One-loop results for useful correlation
functions

In this Appendix, we briefly provide more details and
intermediate results for the explicit computation of vari-
ous correlation functions, from which one may obtain the
response functions, to one-loop order in the dynamical
perturbation expansion. On the tree (mean-field) level,
the non-vanishing propagators of the field theory read

11
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FIG. 6. One-loop order contributions to (m;7;).
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. () i — D(p2 + ]TL) FIG. 7. One-loop order contributions to (msms).
(7)™ (pyw) = dij - ;
[w — w4 (p)][w — w-(p)]
g . %
N —c(p*+h
(miy) D (p,w) = e ( ) ;
[w —wi(p)llw — w-(p)] , .
iw — Ap? All one-loop fluctuation corrections to the propagators
<miﬁ1j>(0) (p,w) = d;; , (A1) ofthe order parameter 7 and the propagator of the paral-
[w—wi(p)][w — w—(p)] lel component of the magnetization density ms are plot-
<7m7lj>(0)(p,w) =€ij —¢ ’ ted in Figs. 6 and 7.. Here, the m, m, an.d mg fields
[w—wi(p)][w — w-(p)] are represented by solid, dashed, and wavy lines, respec-
-\ (0) B 1 tively. The one-loop graphs for the propagator of the
(mams)™ (p,w) = —iw+Ip2’ perpendicular components of the magnetization density

m1,my and the mixed m;m; propagators have the same
loop structures, but just carry different external legs.
The explicit results for the one-loop fluctuation correc-
tions to the propagators read

where we have used the spin wave dispersions (20). In
our convention, time and hence momentum always flow
from right to left in Feynman diagrams.

(mim;) P (p,w) =€ [
2 E(p,w) ,

where

A:‘/;,
kkZ+h
iw—T(p— k)% — \k?

Blew) :/k (k2 1 B[t + iy (k) + T(p — k)2 [—icw + ico_ (k) + T(p — k)?] °
[ R (p— Kl — R~ D(p— k) — DI
) / 12 5 Rl[(p — k)2 — Bl — s (k) — s (p — )]
([iw “A(p — k)2 — Dhfiw — M2 — A(p — k)2 + 22 (k2 + ﬁ))
“ o (k) e (p— R)w —w— (k) —w—(p— k)@ — i (k) —w_(p— F)] |

(

The following relations are obtained by means of ex- plicit calculation, and lead to immediate cancellations in



the evaluation of response functions,

(mi[myms]) (p,w) = (m;[mam;])(p,w) ,
(A4)

(milFrmems]) (p,w) = = (ma[7;7@]) (p,w) -

1
2
The remaining one-loop results for other composite oper-

ator correlation functions that appear in the expressions
for the dynamical response functions (16) are

iw — Ap?

<7Ti[m37rj]>(p7w) = 6ijuc[w _w+(p)][w —w,(p)] B(pvw) )
- .9 e 2uc
N 7 1) PR ) R
(mslims]) (pr0) = €15 g B0)
(45)

and the associated Feynman diagrams are shown in
Figs. 8, 9, and 10.
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FIG. 8. One-loop order contributions to (m;[msm;]).
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FIG. 9. One-loop order contributions to (m;[f;7%]).
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FIG. 10. One-loop order contributions to (ms[7;m;]).

At last, we may assemble these building blocks to con-
struct the dynamical susceptibilities to one-loop order.
The response function for the order parameter compo-
nents becomes

D(iw — \p?) — 2 iw — A\p?) (iw — Dp® — Dh
Yis (s ) = 63 ( P’) ( P°) ( P )UA}
w = wi(p)] [w — w-(p)] [w—wi(p)] [w —w-(p)] (A6)
uc? iw(iw — Ap?)?
+ 52 |:A B p,w :| )
L ER O 1) R )| R PRI ) e 1)
while the response function for the perpendicular components of the magnetization density reads
—DAp? (p? + h) — 2 (p? + h) + iwp? —iwe? (p2 + h)
Rij(p,w) = i; — — i T T 5
w—wr (@)@ — @ ()] o wr )P — v ()] (A7)
X {(zw — Dp? — Dﬁ) uA + (p* + ﬁ)uc2 B(p,w)} ,
and the response function for the parallel magnetization density component is
1 2¢%T'p?
=———_[Ip*—2¢°E - F . A
Ry(pw) = == T [Tp* —2¢° E(p,w)] Ciw 1 T2 (p,w) (A8)

Straightforward algebra then yields the expressions (17), (19) to first order in wu.

Appendix B: Nonlinear sigma model: other
dynamical universality classes

In this Appendix, we briefly analyze other standard
dynamical critical universality classes in the context of
the nonlinear sigma model [10, 19, 20]. We shall argue
that in fact all other types of universal dynamics imposed
on this system turn out either trivial or incompatible with
the rigid nonlinear sigma model constraint.

1. Model C dynamics

In model C dynamics, one allows for the static cou-
pling of the conserved energy density £(z,t) to the order
parameter. With the thermodynamics of a critical sys-

(

tem captured by the Landau—Ginzburg—Wilson effective
Hamiltonian, the energy density becomes directly cou-
pled to the square of order parameter, whence the two-
point correlation function for the energy density fluctu-
ations (£€) is proportional to the specific heat Cy, as
it should [10]. Yet in the nonlinear sigma model, one
imposes the rigid constraint 72 = 1. Coupling the en-
ergy density to 72 in the Hamiltonian through a term
1E(x,t)? 4+ g€(x,t) 7> thus becomes trivial; the field
E(x,t) may be readily integrated out without any effects
on the order parameter fluctuations.

In the hope of incorporating nontrivial fluctuations of
the energy density, we could instead consider the static
coupling

He = 1/cldac {S—g(Vﬁ)ﬂZ.

} (B1)



Note that this term is quadratic in £ and can be inte-
1

grated out to show that £ is proportional to 5 (Vﬁ)Q,
i.e., the Hamiltonian density. However, a naive dimen-
sional analysis then immediately yields that the result-
ing effective coupling g?u has the negative scaling di-
mension —d and is thus irrelevant in the RG sense. In
consequence, near the critical point, the system decou-
ples from the energy density. This suggests that the
dynamic exponent of the order parameter assumes its
model A value z, = 2+ c¢n, while the dynamic scal-
ing exponent for the conserved energy density retains
its Gaussian value zg¢ = 2. This result is consistent
with well-established findings from model C critical dy-
namics based on the O(n)-symmetric Landau-Ginzburg—
Wilson theory, namely that for negative specific heat ex-
ponent o < 0 or vector order parameter component num-
ber n > 2, the energy density asymptotically decouples
from the order parameter in any dimension d > 2, lead-
ing to model A critical scaling for the order parameter
[10, 19, 20, 49].

2. Critical dynamics with conserved order
parameter

In the standard dynamical critical universality classes
with conserved total order parameter, i.e., models B, D
and J, one requires the total order parameter in the sys-
tem to be conserved [10]. In the absence of any nonlinear
couplings (i.e., the Gaussian approximation), the order
parameter field consequently relaxes diffusively. How-
ever, to implement the constraint of the nonlinear sigma
model, one strictly fixes the o component and considers
only fluctuations of the transverse Goldstone modes 7.
Yet to be consistent with the conservation law for the
total order parameter, one would need to properly elimi-
nate the zero-wavevector fluctuations for all modes, and
at finite wavevectors allow diffusive couplings between
the longitudinal o and the transverse 7 sectors. Thus,
the dynamical universality classes with conserved total
order parameter appear inaccessible in the context of the
nonlinear sigma model.

13
Appendix C: Scaling behavior at d = 3.9

We numerically solved the coupled RG flow equations
(25) for € = 0.1 and plot the ensuing flow of the effective
dynamical exponents zp(l) and zr(l) in Fig. 11. While
of course d = 3.9 is not a physically realizable spatial di-
mension, the e expansion is on safer grounds in this case.
However, we observe the same qualitiative flow behavior
as in three dimensions: Starting from the Gaussian fixed
point values on the right, the effective exponents display
a brief crossover to their critical values, and subsequently
approach their asymptotic ordered-phase fixed point val-
ues. The order parameter T behaves purely diffusively,
zp = 2, but the longitudinal magnetization component
mg acquires nontrivial corrections due to its coupling to
the transverse Goldstone modes, and ultimately displays
sub-diffusive scaling in the coexistence limit governed by
zr = 2 — €. Note that the crossover to this asymptotic
coexistence scaling behavior happens exceedingly slowly
for small values of €, as becomes apparent by the huge
range of flow parameters [ required to capture the full
crossover in Fig. 11(b). At d. = 4, this slow power law
approach would be replaced by logarithmic corrections
to the mean-field diffusive relaxation for the longitudinal
magnetization density.

Zp zr
2.00 2.00
1.98} \ / 1.98
1.96f 1.96
1.94f 1.94
1.92f 1.92
1.90f 1.90
10°3° 10°1° 10'° 10%° K 1073 10°1° 10'° 10% t

(a) (b)

FIG. 11. RG flow of the effective dynamic exponents zp (1)
and zr(l) with the initial conditions f(1) = 0.1, D(1) = 1.5,
I'(l)=1, A(1) =Ar =1, and ¢(1) =1, for e = 0.1 (d = 3.9).
Asymptotically as I — 0, zp = 2 and zr = 2—¢; the crossover
for the latter to reach the coexistence scaling regime however
requires extremely small flow parameter values [ < 10720,

[1] K. G. Wilson and M. E. Fisher, Physical Review Letters
28, 240 (1972).

[2] K. G. Wilson and J. Kogut, Physics Reports 12, 75
(1974).

[3] K. G. Wilson, Reviews of Modern Physics 55, 583 (1983).

[4] N. Hasselmann, S. Ledowski, and P. Kopietz, Physical
Review A 70, 063621 (2004).

[5] B. Stoki¢, B. Friman, and K. Redlich, The European
Physical Journal C 67, 425 (2010).

[6] D. F. Litim and D. Zappala, Physical Review D 83,
085009 (2011).

[7] S. El-Showk, M. F. Paulos, D. Poland, S. Rychkov,
D. Simmons-Duffin, and A. Vichi, Physical Review D 86,
025022 (2012).

[8] D. Poland and D. Simmons-Duffin, Nature Physics 12,
535 (2016).

[9] D. Poland, S. Rychkov, and A. Vichi, Reviews of Modern
Physics 91, 015002 (2019).

[10] P. C. Hohenberg and B. I. Halperin, Reviews of Modern
Physics 49, 435 (1977).

[11] R. A. Ferrell, N. Menyhard, H. Schmidt, F. Schwabl, and
P. Szépfalusy, Physical Review Letters 18, 891 (1967).



[12] B. I. Halperin and P. C. Hohenberg, Physical Review
177, 952 (1969).

[13] M. Fixman, The Journal of Chemical Physics 36, 310
(1962).

[14] L. P. Kadanoff and J. Swift, Physical Review 166, 89
(1968).

[15] K. Kawasaki, Journal of Physics and Chemistry of Solids
28, 1277 (1967).

[16] K. Kawasaki, Annals of Physics 61, 1 (1970).

[17] J. D. Gunton and K. Kawasaki, Progress of Theoretical
Physics 56, 61 (1976).

[18] A. N. Vasil’ev, The field theoretic renormalization group
in  critical behavior theory and stochastic dynamics
(Chapman and Hall/CRC, 2004).

[19] R. Folk and G. Moser, Journal of Physics A: Mathemat-
ical and General 39, R207 (2006).

[20] U. C. T&uber, Critical dynamics: a field theory ap-
proach to equilibrium and non-equilibrium scaling behav-
tor (Cambridge University Press, 2014).

[21] B. Halperin, P. C. Hohenberg, and E. D. Siggia, Physical
Review Letters 32, 1289 (1974).

[22] S. K. Ma and G. F. Mazenko, Physical Review Letters
33, 1383 (1974).

[23] L. Sasvéari, F. Schwabl, and P. Szépfalusy, Physica A:
Statistical Mechanics and its Applications 81, 108 (1975).

[24] B. I. Halperin, P. C. Hohenberg, and E. D. Siggia, Phys-
ical Review B 21, 2044 (1980).

[25] L. Sasvéri and P. Szépfalusy, Physica A: Statistical Me-
chanics and its Applications 87, 1 (1977).

[26] C. De Dominicis and L. Peliti, Physical Review B 18,
353 (1978).

[27] R. Coldea, R. A. Cowley, T. G. Perring, D. F. McMorrow,
and B. Roessli, Physical Review B 57, 5281 (1998).

[28] A. Bunker, K. Chen, and D. P. Landau, Physical Review
B 54, 9259 (1996).

[29] S.-H. Tsai and D. P. Landau, Physical Review B 67,
104411 (2003).

[30] R. Nandi and U. C. Tduber, Physical Review E 102,
052114 (2020).

[31] E. Brezin and J. Zinn-Justin, Physical Review Letters
36, 691 (1976).

[32] S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys-
ical Review B 39, 2344 (1989).

[33] R. Bausch, H. K. Janssen, and Y. Yamazaki, Zeitschrift
fiir Physik B Condensed Matter 37, 163 (1980).

14

[34] A. A. Fedorenko and S. Trimper, EPL (Europhysics Let-
ters) 74, 89 (2006).

[35] H. K. Janssen, Zeitschrift fir Physik B Condensed Mat-
ter 23, 377 (1976).

[36] C. De Dominicis, E. Brézin, and J. Zinn-Justin, Physical
Review B 12, 4945 (1975).

[37] E. Brézin and C. De Dominicis, Physical Review B 12,
4954 (1975).

[38] U. C. Téuber, Koezistenzanomalien in der Dynamik
isotroper Systeme, Ph.D. thesis, Technische Universitét
Miinchen (1992).

[39] C. De Dominicis, in J. Phys.(Paris), Collog (1976) p. C1.

[40] 1. D. Lawrie, Journal of Physics A: Mathematical and
General 14, 2489 (1981).

[41] P. W. Anderson, Physical Review 112, 1900 (1958).

[42] E. Brézin and D. J. Wallace, Physical Review B 7, 1967
(1973).

[43] D. R. Nelson, Physical Review B 13, 2222 (1976).

[44] U. C. Tauber and F. Schwabl, Physical Review B 46,
3337 (1992).

[45] J. L. Cardy, Scaling and renormalization in statistical
physics, Vol. 5 (Cambridge University Press, 1996).

[46] J. Zinn-Justin, Quantum field theory and critical phe-
nomena, Vol. 171 (Oxford University Press, 2021).

[47] B. I. Halperin, P. C. Hohenberg, and E. D. Siggia, Phys-
ical Review B 13, 1299 (1976).

[48] F. Schwabl and K. H. Michel, Physical Review B 2, 189
(1970).

[49] V. K. Akkineni and U. C. Tduber, Physical Review E 69,
036113 (2004).

[50] R. Bausch, H. K. Janssen, and H. Wagner, Zeitschrift fiir
Physik B Condensed Matter 24, 113 (1976).

[51] M. Moshe and J. Zinn-Justin, Physics Reports 385, 69
(2003).

[62] G. Eyal, M. Moshe, S. Nishigaki, and J. Zinn-Justin, Nu-
clear Physics B 470, 369 (1996).

[63] U. C. Tauber and Z. Récz, Physical Review E 55, 4120
(1997).

[64] R. Nandi and U. C. Tauber, Physical Review B 99,
064417 (2019).

[55] J. L. Cardy and H. W. Hamber, Physical Review Letters
45, 499 (1980).



