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Local and Global Sensitivity Analysis of Thin Ply Laminated Car-
bon Composites

Thomas A. Neigh

(ABSTRACT)

Recent work in the area of composite laminates has focused on the characterization of the

strength of laminates constructed from very thin plies. Interlaminar shear and normal stress

components have been shown to be concentrated on the edges, the so-called edge effect,

of unidirectional laminates at the interface between plies of different fiber orientation. Re-

search has shown that decreasing ply thickness can reduce these interlaminar stress edge

effects, and delay delamination in quasi-isotropic laminate specimen for laminates of equal

total thickness. First ply failure stress has also been shown to increase with decreasing ply

thickness. For these reasons, there has been a great deal of interest in laminated composites

constructed from very thin plies. This work studies the impact of manufacturing tolerances

on ply orientation on the mechanical properties of the constructed laminate. Direct Monte-

Carlo simulation is used to model the variance introduced in the manufacturing process.

First-order variance-based sensitivity analysis using a local analysis of variance technique is

used to study the contribution of each individual ply to the variation in as built mechanical

properties. Variation in mechanical properties of thick-ply and thin-ply laminate designs are

compared to study if thin-ply laminate designs show more or less variation than their thick-

ply counterparts. This work has found potential impacts of ply angle variation on variance of

as-built stiffness in laminates of different ply thicknesses. These differences are attributable

to the total ply count in a laminate. For a fixed height laminate, the ply count is inversely

proportional to thickness, yielding the apparent benefit of thin plies. Using thinner plies



in a sub-laminar stacking arrangement, repeating a sublaminate instead of repeating plies,

reduces sensitivity to manufacturing errors and would suppress tranverse failure modes.



Local and Global Sensitivity Analysis of Thin Ply Laminated Car-
bon Composites

Thomas A. Neigh

(GENERAL AUDIENCE ABSTRACT)

Carbon fiber reinforced polymer composites, a material consisting of carbon fiber filaments

bound within a polymer matrix, are commonly used in aerospace applications for their excel-

lent strength to weight ratio. This class of materials is highly tailorable, with strength and

stiffness controlled by the number of fiber layers, their thickness, and each layer’s respective

orientation. Variability in these characteristics arising from manufacturing processes can

result in changes in the laminate’s engineering properties. This work shows that characteriz-

ing the impacts to the engineering properties through Monte-Carlo simulation of variability

in the orientation is possible. A Monte-Carlo simulation is a type of statistical simulation

where a sample population is generated using an assumed mean and standard deviation.

Engineering and statistical analyses can then be performed on this sample population to

determine the variability in the engineering properties of the population. In addition, the

variability in the population can be studied as a function of each individual fiber layer to un-

derstand individual impacts based on orientation and position within the larger composite.

Using these analysis techniques presented in this work allows for the study of laminate vari-

ability prior to manufacturing, allowing engineers to better understand the material during

the design of complex aerospace structures.
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Thin ply composites are gaining an increasing interest due to their apparent ability to delay

first ply failure of CFRP composites. Analytical evidence of such behavior was first shown in

[11]. Modern manufacturing techniques have allowed for the construction of composites from

thin plies without damaging fibers [16]. Minimizing imperfections in the fiber, cured ply,

and layup are critical to ensuring that laminated composites perform as designed. Statistical

analyses can be completed based on expected errors to determine bounding cases for the

expected performance. These bounds establish an expectation for both stiffness and strength,

which is critical to design of aerospace hardware to meet strength and stiffness requirements

This work is built upon the intersection of these fields of study, composite analysis, statistical

analysis, and thin ply composites. A brief introduction to each of these fields is given in this

chapter, followed by literature review in subsequent chapters.

Laminated CFRP composites are popular due to their high specific strength and specific

stiffness. Engineering properties of these materials, called laminated composites through

the remainder of the paper, are highly tailorable for desirable characteristics [6]. Material

selection for fiber and matrix, processing of raw material during manufacturing, environ-

mental conditions during layup, layup techniques, and stacking sequence all contribute to

1



Chapter 1. Introduction 1.2. Statistical Analysis

the engineering properties of the final layup.

Variation in any step of the manufacturing process can affect the engineering properties

of the final laminate. Fluctuation in temperature during fiber curing, excessive moisture

during cure, and deviations from nominal ply orientation during stacking are all examples of

variation/errors that can contribute to differences between as-designed and as-manufactured

engineering properties. This work focuses on ply angle error that arises in hand layup

techniques. Variation of the ply angle orientation impacts the final laminated composite

engineering properties.

The impact of variation in manufacturing processes on the laminate’s stiffness and strength

can be simulated with statistical models. For a given model of the errors introduced in

manufacturing, the Monte-Carlo method may be used to generate a simulated sample of as-

built composites containing manufacturing defects. Variation in the model output is studied

using a combination of uncertainty and sensitivity analysis. Uncertainty analysis studies

variation in the output, while sensitivity analysis studies how the variation in model output

may be attributed to variation in the model input [15]. In the case of laminated composites,

these processes are applied to studying the resulting stiffness matrices of as built composites.

Sensitivity analysis is used to study how variation in stiffness may be attributed to variation

in the manufacturing process. In this work, the variation of ply angle that arises from errors

during hand layup is focused on as a source of variation. Additional sources of variations,

such as void content, ply thickness, and other defects, could be included in the mathematical

models but are not studied in this work.

2



Chapter 1. Introduction 1.3. Thin Ply Composites

Thin-ply composite laminates are defined by NASA as those that are constructed from plies

that measure 2.5mil or thinner [19]. Such laminates are gaining increasing interest in the

aerospace industry due their ability to suppress through thickness failure modes of a laminate.

This delay in delamination is thought to be due to suppression of interlaminar stresses on

the ply boundaries at the free edge of a laminate. In exchange for damage suppression,

composite laminates constructed from thin plies fail in a more brittle manner [11, 16]. This

research studies how variation from the nominally designed configuration introduced in the

manufacturing process affects the mechanical properties of the laminate.

3



Ply thickness has been shown analytically to be connected to interlaminar stresses, which

are concentrated at laminate edges in specimen subjected to axial extension [11]. These

stresses contribute to transverse micro-cracking and delamination failures. Experimental

studies have shown that decreasing ply thickness in quasi-isotropic laminates suppresses

these failure modes, increasing laminate strength up to the ultimate fiber strength [11, 16,

20]. This increase in strength and simplification of failure mode make thin ply composites

attractive to aerospace designers.

The size effect of ply thickness has been studied extensively by [16, 2, 21]. Four sources of

potential size effect: probability of flaws, crack propagation, laminate scaling, and manufac-

turing were proposed in [2]. Total laminate volume was conserved in all experimental studies

to eliminate this size effect, though the effect of volume of an individual ply on probability

of a defect persists. Crack propagation is thought to be blunted at the boundary of plies

with different orientation angle, due to the discontinuity in ply angle. In-situ strength mod-

els have been proposed by [4, 21] showed that repetition of a sub-laminate [45; 90; �45; 0]n,

4



Chapter 2. Literature Review 2.1. Thin Ply Composites

as opposed to ply block scaling [45n; 90n; �45n; 0n], was critical to laminate performance.

Sub-laminate scaling showed an increase in unnotched tensile strength and increase in onset

of damage stress for open hole tension. In exchange for the increase in onset of damage,

laminates failed in a more brittle manner at a lower ultimate strength than the ply block

scaling. Studies performed by [2, 21] demonstrated that thick ply laminates behave similarly

to ply block scaled thin ply laminates. Thin ply laminates were shown to provide significant

improvements in strength compared to thick ply counterparts. Unnotched tensile specimen

demonstrated an ultimate strength comparable to the ultimate strength of the constituent

fibers [2, 16]. Onset of damage in open hole tension was demonstrated to be at a higher

load than for their thick ply counterparts [2, 16]. In open hole fatigue testing, thin ply

composites were demonstrated to have a quasi-infinite life for sufficiently low loading, which

was not observed for any level of loading for thick ply laminates [2]. Thin ply laminates were

also shown to have improved hot/wet performance and resistance to onset of damage from

impact testing [2].

Ply thickness of carbon fiber composites is controlled by the thickness of the tow of carbon

fiber used to manufacture the ply. Thinner plies are achieved through spreading of fiber

tows. Modern tow spreading techniques reduce tension in the filaments during spreading

using air flow to prevent fiber damage [16, 12]. Air is pulled downwards using a vacuum,

which results in a tension free state in the fibers. A vibrating spreader is then used to

decrease tow thickness uniformly. This technique is referred to as pneumatic tow spreading

or the pneumatic method [12]. Unidirectional laminates studied in [16] of both thin and

thick ply laminates created from prepreg sheets from the same original tow using this tow

spreading technique showed comparable moduli and strength, demonstrating that thin ply

5



Chapter 2. Literature Review 2.1. Thin Ply Composites

laminates can be constructed without introducing any fiber damage. Standard deviations

of the tested samples were also comparable, suggesting that any manufacturing errors are

independent of the ply thickness.

Analytical prediction of experimentally observed laminate failure strengths generated by [2]

using a variety of techniques. Techniques employed included CLT without damage, CLT with

damage considerations, in-situ strength techniques, and shell modeling in Abaqus/CAE [5].

Damage was introduced into the CLT model though progressive load steps where the stiff-

ness of any ply is penalized by 99% when the Tsai-Hill failure criterion of that ply reached a

value of one. Ultimate failure was defined as failure of the 0° ply. Their calculations showed

that strength predictions with CLT reasonably predicted failure strengths of laminates with

predicted first ply failure corresponding with the onset of damage observed in thick ply

laminates. Ultimate strength predictions with damage matched well with observed failure

strength of intermediate ply laminates and ultimate strength predictions without damage.

The in-situ strength model, which was first proposed in [4], postulates that apparent trans-

verse strength of a ply is increased by its neighbors constraining crack propagation. This

model for strength prediction is based on linear elastic fracture mechanics. This method did

not agree well with experimental results in [2], whose results follow a linear relationship as

opposed to an asymptotic relationship proportional to the inverse of the square root of ply

thickness. Other limiting mechanisms such as free edge delamination and matrix damage

are suspected of contributing to these differences [2]. Shell modeling was found to be a poor

predictor of first ply failure in thick ply laminates, with improved accuracy for thin and

intermediate ply laminates. These results have shown that simple model techniques such as

shell modeling and CLT are reliable for predicting strength of laminates with thin plies due

6



Chapter 2. Literature Review 2.2. Composite Analysis

to the suppression of delamination and other transverse failure modes [2].

Composite analysis performed in this work is completed using CLT. The two key assumptions

that accompany this theory are plane stress and the Kirchhoff hypothesis, which states that

a line normal to the mid-plane does not deform, but instead only translates and rotates [6].

This hypothesis assumes no out of plane shear deforms the normal to the mid-plane, which is

typically applicable for a structure whose thickness is small compared to in-plane dimensions.

Through thickness normal and shear stresses are not considered in CLT. Methods such as

first-order shear deformation theory, or higher-order shear deformation theory include the

effects of through the thickness shear effects, but are not considered in this work.

To perform analysis with laminated composites, laminate level properties are developed from

the properties of the individual plies. Using the plane stress assumption, the orthotropic

stiffness properties can be reduced to a 3x3 matrix for in-plane extensional stiffness and

shear stiffness, the so called reduced stiffness matrix. This matrix and subcomponents are

defined in Eqs. 2.1 through 2.5 [6]:

Qij =

266664
Q11 Q12 0

Q12 Q22 0

0 0 Q66

377775 (2.1)

7



Chapter 2. Literature Review 2.2. Composite Analysis

Q11 =
E1

1 � �12�21

(2.2)

Q12 =
�12E2

1 � �12�21

(2.3)

Q22 =
E2

1 � �12�21

(2.4)

Q66 = G12 (2.5)

The stress strain relations for a single ply are given by 2.6:

8>>>><>>>>:
�1

�2

�12

9>>>>=>>>>; =

266664
Q11 Q12 0

Q12 Q22 0

0 0 Q66

377775
8>>>><>>>>:

�1

�2

12

9>>>>=>>>>; (2.6)

Ply orientation is then used to transform the lamina level stiffness into the laminate coordi-

nate system for the transformed reduced stiffness Qij, i=1,2,6. The transformation matrix

T and transformation equation are defined in Eqs. 2.7 and 2.8, respectively. The shorthand

notation m = cos(�) and n = sin(�), where � is the ply orientation angle relative to the lam-

inate -direction is used for cleanliness [6]. Errors in ply orientation at any individual ply

impact the larger laminate stiffness matrix by changing the transformed reduced stiffnesses.

The stiffness of each individual ply is then assembled into the laminate stiffness matrix.

8



Chapter 2. Literature Review 2.2. Composite Analysis

T =

266664
m2 n2 2mn

n2 m2 �2mn

�mn mn m2 � n2

377775 (2.7)

Q = [T ]�1[Q][T ] (2.8)

The laminate stiffness matrix can then be constructed by relating the mid-plane strains and

curvatures to the laminate force and moment resultants, respectively. The matrix shown in

Eq. 2.9, commonly referred to as the Matrix, is comprised of the extensional matrix

, the extensional bending coupling , and the bending matrix . Each of the 3 submatrices

are computed from the transformed reduced stiffnesses of each lamina using the following,

i=1, 2, and 6:

ABD =

264A B

B D

375 (2.9)

Aij =
NX

k=1

Qijk
(zk � zk�1) (2.10)

Bij =
1

2

NX
k=1

Qijk
(zk

2 � z2
k�1) (2.11)

Dij =
1

3

NX
k=1

Qijk
(zk

3 � z3
k�1) (2.12)

Force and moment resultants and , respectively, are related to mid-plane strains and

9
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curvatures, " and �, using:

8><>:N

M

9>=>; =

264A B

B D

375
8><>:"

�

9>=>; (2.13)

Certain classifications of laminates, based on their stacking sequences, result in select terms

of the ABD matrix reducing to 0. Symmetric, balances, and cross-ply laminates each result

in select 0 terms. Definitions of these classifications are given in the following [6]:

• Symmetric: For every ply on one side of the laminate mid-plane with specified thick-

ness, material properties, and ply orientation angle there exists another ply the same

distance from the mid-plane with identical thickness, properties, and orientation an-

gle. For these laminates all components of the B matrix reduce to 0, resulting in the

decoupling of the A and D matrices.

• Balanced: For every ply with a specified thickness, material properties, and ply orien-

tation angle there exists another ply somewhere in the laminate with identical thickness

and properties, but opposite orientation angle. For these laminates, A16 and A26 are

zero.

• Cross-ply: Every ply has its fibers oriented at either 0° or 90°. For these laminates 16

and 26 components of all 3 submatrices are zero. The combination of a symmetric and

balanced laminate is frequently used in engineering applications due to the decoupling

of the extensional-bending behavior, and the decoupling of in-plane shear from in-plane

extensional behavior. Classical techniques exist for writing effective laminate level

engineering properties for these laminates, which are discussed in the next section.

Variation in ply orientation can result in a final laminate that does not satisfy the

symmetric balanced condition. Errors in ply thickness and properties (voids) can also

violate these assumptions but are not investigated in this work.

10
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Effective engineering properties of a laminate are often used to describe how a laminate will

respond to laminate level loading. As the laminate matrix discussed thus far is based on

CLT, the discussion will be limited to in-plane loading. These effective engineering moduli

are defined to relate the average stress in a laminate to the mid-plane strains [6]. Average

stresses can thus be defined as the force resultants divided by laminate thickness H:

�x =
Nx

H
; Nx �

Z H/2

�H/2

�xxdz (2.14)

�y =
Ny

H
; Nx �

Z H/2

�H/2

�yydz (2.15)

�xy =
Nxy

H
; Nxy �

Z H/2

�H/2

�xydz (2.16)

Assuming a symmetric balanced laminate, inverting the ABD matrix, and applying 2-D

Hooke’s law, the effective engineering properties for a laminate can be written as follows [6]:

[abd] =

264 a b

bT d

375 = [ABD]�1 (2.17)

Ex =
1

a11H
(2.18)

Ey =
1

a22H
(2.19)

11
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a b
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>:
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M
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>=

>;
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P2
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�/�Q�K���B�M �Q�7 ���H�H �B�M�T�m�i �T���`���K�2�i�2�`�b�X �A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �B�i �B�b �i�?�2�Q�`�2�i�B�+���H�H�v �T�Q�b�b�B�#�H�2 �i�Q �Q�#�i���B�M

�M�2�;���i�B�p�2 �p���H�m�2�b �Q�7Oi �m�b�B�M�; �i�?�B�b �i�2�+�?�M�B�[�m�2�X �L�2�;���i�B�p�2 �p���H�m�2�b �?���T�T�2�M �B�M �i�?�2 �+���b�2 �i�?���i� i > � orig �-

�r�?�B�+�? �r�Q�m�H�/ �B�M�/�B�+���i�2 �i�?���i �i�?�2 �p���`�B���M�+�2 �B�M�+�`�2���b�2�/ �r�?�2�M �i�?�2i th �p���`�B���#�H�2 �r���b �7�B�t�2�/�X �h�?�B�b �B�b

�K�Q�`�2 �+�Q�K�K�Q�M �B�M �i�?�2 �+���b�2 �Q�7 �+�Q�`�`�2�H���i�2�/ �B�M�T�m�i �p���`�B���#�H�2�b ���M�/ �B�b �� �r�2���F�M�2�b�b �Q�7 �H�Q�+���H �b�2�M�b�B�i�B�p�B�i�v

���M���H�v�b�B�b �i�2�+�?�M�B�[�m�2�b �(�R�y�)�X

�a�Q�#�Q�H�ö�b �J�2�i�?�Q�/ �7�Q�` ���M���H�v�b�B�b �Q�7 �o���`�B���M�+�2

�a�Q�#�Q�H�ö�b �i�2�+�?�M�B�[�m�2 �7�Q�` �;�H�Q�#���H �b�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b �`�2�H�B�2�b �Q�M �7�m�M�+�i�B�Q�M �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �(�R�d�)�X �o���`�B�@

���M�+�2 �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �B�i�b �b�m�#�@�+�Q�K�T�Q�M�2�M�i�b ���M�/ �i�?�2�b�2 �b�m�#�@�+�Q�K�T�Q�M�2�M�i�b ���`�2 �m�b�2�/ �i�Q �+�Q�K�T�m�i�2

�b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b�X �� �i�Q�i���H �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �B�b �i�?�2�M �/�2�7�B�M�2�/ ���b �i�?�2 �b�m�K �Q�7 �i�?�2 �2�7�7�2�+�i�b �Q�7 ���M

�B�M�/�B�p�B�/�m���H �p���`�B���#�H�2 ���+�`�Q�b�b ���H�H �7�B�`�b�i�@�Q�`�/�2�` �2�7�7�2�+�i�b ���M�/ �i�?�2 �2�7�7�2�+�i�b �Q�7 �B�M�i�2�`���+�i�B�Q�M ���+�`�Q�b�b �2�p�2�`�v

�Q�`�/�2�` �Q�7 �i�?�2 �T���`���K�2�i�2�` �(�R�d�)�X ���M �2�t���K�T�H�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �b�m�+�? �� �i�Q�i���H �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�tTS

���+�`�Q�b�b �B�M�/�B�p�B�/�m���H �B�M�/�B�+�2�bS �7�Q�` �� �K�Q�/�2�H �r�B�i�? �B�M�T�m�i �T���`���K�2�i�2�`�bzi �i�?�`�Q�m�;�?zk �,

TS(z1) = S(z1) + S(z1; z2) + : : : + S(z1; zk) + : : : + S(z1; :::; zk) �U�k�X�j�R�V

�a�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�B�b �K�2�i�?�Q�/ ���`�2 �+�Q�K�K�Q�M�H�v �`�2�7�2�`�`�2�/ �i�Q ���b �a�Q�#�Q�H �B�M�/�B�+�2�b�-

�k�y



�*�?���T�i�2�` �k�X �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r �k�X�j�X �a�i���i�B�b�i�B�+���H ���M���H�v�b�B�b

���M�/ �r�B�H�H �#�2 �`�2�7�2�`�`�2�/ �i�Q ���b �b�m�+�? �B�M �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b �r�Q�`�F�X �h�?�2 �7�Q�m�M�/���i�B�Q�M �Q�7 �a�Q�#�Q�H�ö�b

�K�2�i�?�Q�/ �B�b �7�m�M�+�i�B�Q�M �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �� �7�m�M�+�i�B�Q�Mf (x) �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �b�m�K�K���M�/�b �Q�7 �7�m�M�+�@

�i�B�Q�M �Q�7 �B�M�+�`�2���b�B�M�; �/�B�K�2�M�b�B�Q�M���H�B�i�v�- ���b �B�M �1�[�X�k�X�j�k�X �a�2�M�b�B�i�B�p�B�i�v �i�Q �i�?�2 �Q�m�i�T�m�i �u �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M

�B�b �/�2�i�2�`�K�B�M�2�/ �#�v �/�2�7�B�M�B�M�; �B�M�T�m�i �7���+�i�Q�` �b�T���+�2 �T�2�` �(�R�d�)�X �a�Q�#�Q�H�ö�b �K�2�i�?�Q�/ �7�Q�` �Q�#�i���B�M�B�M�; �b�2�M�b�B�@

�i�B�p�B�i�v �B�M�/�B�+�2�b �7�Q�`�K �i�?�2�b�2 �2�[�m���i�B�Q�M�b �B�b �b�m�K�K���`�B�x�2�/ �#�2�H�Q�r �T�2�` �i�?�2 �T�`�Q�+�2�b�b �/�2�7�B�M�2�/ �B�M �(�R�d�) ���M�/

�b�m�K�K���`�B�x�2�/ �B�M �(�j�)�X

f (x1; �� ; xk) = f 0 +
kX

i =1

f i (x i ) +
X

1� i � j � k

f ij (x i ; x j ) + : : : + f 1;2;�� ;k (x1; �� ; xk) �U�k�X�j�k�V

�q�?�2�`�2f 0 �B�b �i�?�2 �ô�x�2�`�Q�i�?�ô �Q�`�/�2�`�- ���M�/f i ; f i;j;:::k ���`�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �B�M�+�`�2���b�B�M�; �Q�`�/�2�`�X

�h�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �K�2�i�?�Q�/ �r���b �+�Q�K�T�H�2�i�2�/ ���b�b�m�K�B�M�; ���M �M�@�/�B�K�2�M�b�B�Q�M���H �m�M�B�i �+�m�#�2 �/�Q�K���B�M


 k �b�m�+�? �i�?���i�,


 k = ( xj0 � x i � 1; i = 1; �� ; k) �U�k�X�j�j�V

�>�Q�r�2�p�2�`�- �i�?�B�b �K�2�i�?�Q�/ �K���v �#�2 ���T�T�H�B�2�/ �i�Q �T�`�Q�#�H�2�K�b �r�?�Q�b�2 �p���`�B���#�H�2�b �2�t�B�b�i �B�M �M�Q�M�@�m�M�B�i �/�Q�K���B�M�b�X

�A�M �Q�`�/�2�` �7�Q�`�k�X�j�k�i�Q �?�Q�H�/ �i�`�m�2 �Q�p�2�` �/�Q�K���B�M
 k �-f 0 �K�m�b�i �#�2 �� �+�Q�M�b�i���M�i ���M�/ �i�?�2 �B�M�i�2�;�`���H�b �Q�7 �i�?�2

�+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�p�2�` ���M�v �Q�7 �B�i�b �Q�r�M �p���`�B���#�H�2�b �K�m�b�i �#�2 �x�2�`�Q �(�R�d�)�,

Z 1

0
f i 1;�� ;is (x i 1; �� ; x is ) dxik = 0; �B�71 � k � s �U�k�X�j�9�V

�q�?�2�`�2f i 1;�� ;is ���`�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �B�M�+�`�2���b�B�M�; �Q�`�/�2�` �r�B�i�? �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �Q�i�?�2�` �Q�`�/�2�`�b�X

�6�`�Q�K�k�X�j�k���M�/�k�X�j�9�- �B�i �+���M �#�2 �b�2�2�M �i�?���i �i�?�2 �B�M�/�B�p�B�/�m���H �b�m�K�K���M�/�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �/�2�+�Q�K�@

�T�Q�b�B�i�B�Q�M �K�m�b�i �#�2 �Q�`�i�?�Q�;�Q�M���H �(�R�d�)�X �h�?�B�b �Q�`�i�?�Q�;�Q�M���H�B�i�v �+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �2�[�m���i�B�Q�M �7�Q�`�K

�k�R



�*�?���T�i�2�` �k�X �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r �k�X�j�X �a�i���i�B�b�i�B�+���H ���M���H�v�b�B�b

���b�,

Z


 k

f i 1;�� ;is � f j 1;�� ;jl dx = 0; �B�7(i 1; �� ; i s) 6= ( j 1; �� ; j l ); ( i; j; s; l = 1; �� ; k) �U�k�X�j�8�V

�a�B�K�B�H���`�H�v �?�2�`�2�-f j 1;�� ;jl ���`�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �B�M�+�`�2���b�B�M�; �Q�`�/�2�` �r�B�i�? �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �Q�i�?�2�`

�Q�`�/�2�`�b�- �B�M�/�2�t�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v �Q�7f i 1;�� ;is �X

�a�B�M�+�2 ���i �H�2���b�i �Q�M�2 �B�M�/�2�t �r�B�H�H �M�Q�i �#�2 �`�2�T�2���i�2�/ �B�M�k�X�j�8�- �i�?�2 �2�[�m���i�B�Q�M �p���M�B�b�?�2�b �/�m�2 �i�Q�k�X�j�9�X

�_�2�b�m�H�i�B�M�; �7�`�Q�K �#�Q�i�? �2�[�m���i�B�Q�M�b �B�b �i�?�2 �+�Q�M�b�i���M�if 0�,

f 0 =
Z


 k

f (x)dx �U�k�X�j�e�V

�h�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �?���b �#�2�2�M �b�?�Q�r�M �i�Q �#�2 �m�M�B�[�m�2 ���M�/ �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �2�t�T���M�b�B�Q�M �B�M�k�X�j�k

�+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H �B�M�i�2�;�`���H�b �(�R�d�)�X �h�?�2�b�2 �B�M�i�2�;�`���H�b �7�Q�` �7�B�`�b�i�@�Q�`�/�2�` ���M�/ �?�B�;�?�2�`

�Q�`�/�2�` �+�Q�K�T�Q�M�2�M�i�b ���`�2 �b�?�Q�r�M �#�2�H�Q�r�X �A�M �i�?�2�b�2 �B�M�i�2�;�`���H�b�-dx/ dxi �B�b �m�b�2�/ �i�Q �B�M�/�B�+���i�2 �/�B�7�7�2�`�2�M�i�B�@

���i�B�Q�M ���+�`�Q�b�b ���H�H �p���`�B���#�H�2�b �2�t�+�2�T�ix i �X

f i (x i ) = � f 0 +
Z 1

0
��

Z 1

0
f (x)dx/ dxi �U�k�X�j�d�V

f ij (x i ; x j ) = � f 0 � f i (x i ) � f j (x j )
Z 1

0
��

Z 1

0
f (x)dx/ dxi dxj �U�k�X�j�3�V

�l�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �7�Q�` �+�Q�K�T�Q�M�2�M�i�b�k�X�j�e�i�?�`�m�k�X�j�3�- �i�?�2 �i�Q�i���H �p���`�B���M�+�2D ���M�/ �T���`�i�B���H �p���`�B���M�+�2�b

D i 1; �� ; is �Q�7 �7�m�M�+�i�B�Q�Mf (x) ���`�2 �/�2�7�B�M�2�/ �#�2�H�Q�r �7�Q�` �B�M�/�B�+�2�b1 � i 1 � �� � i s � k ���M�/i; s = 1; �� ; k

D =
Z


 k

f 2(x)dx � f 2
0 �U�k�X�j�N�V

�k�k



�*�?���T�i�2�` �k�X �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r �k�X�j�X �a�i���i�B�b�i�B�+���H ���M���H�v�b�B�b

D i 1;�� ;is =
Z 1

0
��

Z 1

0
f i 1;�� ;is (x i 1; �� ; x is )dxi 1; �� ; dxis �U�k�X�9�y�V

�h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�Q�i���H ���M�/ �T���`�i�B���H �p���`�B���M�+�2 �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �b�[�m���`�B�M�;�k�X�j�k���M�/

�B�M�i�2�;�`���i�B�M�; �Q�p�2�`k �i�?�2 �7�Q�H�H�Q�r�B�M�; �+���M �#�2 �r�`�B�i�i�2�M ���7�i�2�` ���+�+�Q�m�M�i�B�M�; �7�Q�` �Q�`�i�?�Q�;�Q�M���H�B�i�v �(�R�d�)

D =
kX

i =1

D i +
X

1� i<j � k

D ij + �� + D1;2;�� ;k �U�k�X�9�R�V

�l�b�B�M�; �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �p���`�B���M�+�2�b�- �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �Q�7 ���`�#�B�i�`���`�v �Q�`�/�2�`S(i 1; �� ; i s)

�+���M �#�2 �/�2�7�B�M�2�/ ���b �(�R�d�)�X

Si 1 ;�� ;i s =
D i 1 ;�� ;i s

D
�7�Q�`1 � i 1 < : : : < i s � k �U�k�X�9�k�V

�h�?�2 �7�B�`�b�i�@�Q�`�/�2�` �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �B�b �/�2�7�B�M�2�/ ���bSi �- �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �7�Q�` �B�M�T�m�i �T���`���K�2�i�2�`

x i �X �a�2�+�Q�M�/ �Q�`�/�2�` �B�M�/�B�+�2�bSij ; i 6= j �- �7�Q�` �B�M�T�m�i �T���`���K�2�i�2�`�bx i ���M�/x j �- ���b �r�2�H�H ���b �?�B�;�?�2�` �Q�`�/�2�`

�B�M�/�B�+�2�b ���`�2 �b�B�K�B�H���`�H�v �/�2�7�B�M�2�/ �B�M �i�?�B�b �7���b�?�B�Q�M�X �h�?�2 �i�Q�i���H �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �7�Q�` �� �b�B�M�;�H�2 �B�M�T�m�i

�T���`���K�2�i�2�` �+���M �i�?�m�b �#�2 �/�2�7�B�M�2�/ ���b �i�?�2 �b�m�K �Q�7 �i�?�2 �7�B�`�b�i�@�Q�`�/�2�` �B�M�/�2�t �r�B�i�? �B�M�/�B�+�2�b �Q�7 �B�M�+�`�2���b�B�M�;

�Q�`�/�2�` �7�Q�` �B�M�i�2�`���+�i�B�Q�M �r�B�i�? ���H�H �Q�i�?�2�` �B�M�T�m�i �T���`���K�2�i�2�`�b ���b �b�?�Q�r�M �B�M�k�X�j�R�X �A�i �i�?�2�`�2�7�Q�`�2 �7�Q�H�H�Q�r�b

�7�`�Q�K�k�X�9�R���M�/�k�X�9�k�i�?���i �i�?�2 �b�m�K ���+�`�Q�b�b ���H�H �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �7�Q�` ���H�H �B�M�T�m�i �T���`���K�2�i�2�`�b �K�m�b�i

�#�2 �R�- �B�X�2�X�-
kX

i =1

Si +
X

1� i<j � k

Sij + : : : + S1;2;�� ;k = 1 �U�k�X�9�j�V

�q�?�B�H�2 �� �T�Q�r�2�`�7�m�H �i�Q�Q�H �7�Q�` �+�Q�K�T�m�i�B�M�; �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �Q�7 �� �7�m�M�+�i�B�Q�Mf (x)�- �i�?�2 ���#�Q�p�2 �7�Q�`�K�m�@

�H���i�B�Q�M�b �Q�7 �p���`�B���M�+�2 ���M�/ �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t ���`�2 �/�B�7�7�B�+�m�H�i �i�Q ���T�T�H�v �/�B�`�2�+�i�H�v �i�Q �� �b�2�i �Q�7 �Q�m�i�T�m�i �/���i��

�Q�7 �� �b�i���i�B�b�i�B�+���H �T�Q�T�m�H���i�B�Q�M �7�Q�` �� �b�2�i �Q�7 �B�M�T�m�i �T���`���K�2�i�2�`�b�X �� �/�B�b�+�`�2�i�2 �7�Q�`�K �Q�7 �i�?�2�b�2 �2�[�m���i�B�Q�M�b

�7�Q�` �m�b�2 �B�M �b�i���i�B�b�i�B�+���H ���M���H�v�b�B�b �+���M �#�2 �Q�#�i���B�M�2�/ �m�b�B�M�; �J�Q�M�i�2�@�*���`�H�Q �B�M�i�2�;�`���i�B�Q�M ���b �b�?�Q�r�M �B�M

�k�j



�*�?���T�i�2�` �k�X �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r �k�X�j�X �a�i���i�B�b�i�B�+���H ���M���H�v�b�B�b

�1�[�b�X�k�X�9�9�- �k�X�9�8�- ���M�/�k�X�9�e�(�j�- �k�k�)�X �h�?�2�b�2 �2�[�m���i�B�Q�M�b �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/ �2���b�B�H�v �B�M�i�Q �+�Q�K�@

�T�m�i�2�` ���H�;�Q�`�B�i�?�K�b �7�Q�` �b�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b �r�B�i�? �B�M�T�m�i �T���`���K�2�i�2�` �b�B�K�m�H���i�B�Q�M�b �;�2�M�2�`���i�2�/ �m�b�B�M�;

�i�?�2 �J�Q�M�i�2�@�*���`�H�Q �K�2�i�?�Q�/�X

f 0 =
1
N

NX

k=1

f (xk) �U�k�X�9�9�V

D =
1
N

NX

k=1

[f (xk)2 � f 2
0 ] �U�k�X�9�8�V

D i = D �
1

2N

NX

k=1

[f (xk) � f (x ik � x0
� ik )]2 �U�k�X�9�e�V

D tot
i =

1
2N

NX

k=1

[f (xk) � f (x0
ik ; x � ik )]2 �U�k�X�9�d�V

�q�?�2�`�2

�Ç D �B�b �i�?�2 �i�Q�i���H �p���`�B���M�+�2

�Ç D i �B�b �i�?�2 �7�B�`�b�i�@�Q�`�/�2�` �2�7�7�2�+�i �p���`�B���M�+�2

�Ç D tot
i �B�b �i�?�2 �i�Q�i���H �2�7�7�2�+�i �p���`�B���M�+�2

�Ç N �B�b �i�?�2 �b���K�T�H�2 �b�B�x�2

�Ç x � i = ( x1; : : : ; xi � 1; x i +1 ; xm ) �B�b �� �T���`���K�2�i�2�` �b�T���+�2 �+�Q�K�T�H�2�K�2�M�i���`�v �i�Qx i �X

�k�9



�*�?���T�i�2�` �j

�A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b

�j�X�R ���M���H�v�b�B�b �J�2�i�?�Q�/

�a�i���i�B�b�i�B�+���H ���M���H�v�b�B�b �B�M �i�?�B�b �r�Q�`�F �B�b �+�Q�K�T�H�2�i�2�/ �m�b�B�M�; �i�?�2 �J�Q�M�i�2�@�*���`�H�Q �K�2�i�?�Q�/�X �a���K�T�H�2 �T�Q�T�m�H���@

�i�B�Q�M�b ���`�2 �;�2�M�2�`���i�2�/ �m�b�B�M�; �J���h�G���"�ö�b �`���M�/�Q�K �M�m�K�#�2�` �;�2�M�2�`���i�Q�` �7�Q�` �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M

�7�m�M�+�i�B�Q�M�b�X �h�?�2 �i�v�T�2 �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �b�T�2�+�B�7�B�2�/ �#�v �i�?�2 �m�b�2�` ���M�/ �/�Q�2�b �M�Q�i �?���p�2 �i�Q �#�2 �� �M�Q�`�K���H

�/�B�b�i�`�B�#�m�i�B�Q�M�X �J���h�G���"�ö�b �`���M�/�Q�K �M�m�K�#�2�` �;�2�M�2�`���i�Q�` �B�b �� �T�b�2�m�/�Q�`���M�/�Q�K �M�m�K�#�2�` �;�2�M�2�`���i�Q�`�-

�K�2���M�B�M�; �i�?���i �r�?�B�H�2 �B�i �+���T�i�m�`�2�b �i�?�2 �b�i���i�B�b�i�B�+���H �T�`�Q�T�2�`�i�B�2�b �Q�7 �� �`���M�/�Q�K �b�2�[�m�2�M�+�2 �r�?�B�H�2 �i�?�2

�b�2�[�m�2�M�+�2 �B�b �;�2�M�2�`���i�2�/ �#�v �� �/�2�i�2�`�K�B�M�B�b�i�B�+ ���H�;�Q�`�B�i�?�K �(�R�j�)�X �h�?�2�b�2 �M�m�K�#�2�`�b ���`�2 �i�?�2�M �7�2�/ �B�M�i�Q

�i�?�2 �/�2�b�B�`�2�/ �7�m�M�+�i�B�Q�M �7�Q�` �;�2�M�2�`���i�B�M�; �Q�m�i�T�m�i �p���H�m�2�b�X �l�M�+�2�`�i���B�M�i�v ���M���H�v�b�B�b �B�b �+�Q�K�T�H�2�i�2�/ �i�Q �B�/�2�M�@

�i�B�7�v �K�2���M ���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�X �a�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b �B�b �i�?�2�M �+�Q�K�T�H�2�i�2�/ �Q�M �i�?�2 �b�B�K�m�H���i�B�Q�M

�Q�m�i�T�m�i �i�Q ���b�b�2�b�b �B�K�T���+�i �Q�7 �i�?�2 �B�M�T�m�i �p���`�B���i�B�Q�M�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �i�?�2�M �`�2�T�2���i�2�/ �7�Q�` �� �b�T�2�+�B�7�B�2�/

�M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �i�Q �;�2�M�2�`���i�2 ���M ���p�2�`���;�2 �b�2�i �Q�7 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b�X �h�?�B�b �;�2�M�2�`�B�+ �T�`�Q�+�2�b�b

�B�b �b�?�Q�r�M �B�M �6�B�;�X�j�X�R�X �h�?�B�b �i�2�+�?�M�B�[�m�2 �B�b ���T�T�H�B�2�/ �7�Q�` �#�Q�i�? �i�?�2 �b�B�K�T�H�2 �`�2�7�2�`�2�M�+�2 �T�`�Q�#�H�2�K�b ���M�/

�H���K�B�M���i�2 ���M���H�v�b�B�b�X

�k�8



�*�?���T�i�2�` �j�X �A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b �j�X�k�X �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�6�B�;�m�`�2 �j�X�R�, �*�Q�/�2 �a�i�`�m�+�i�m�`�2 �6�H�Q�r�+�?���`�i

�j�X�k �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�h�Q �p�2�`�B�7�v �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2 ���M���H�v�b�B�b �K�2�i�?�Q�/ �+�?�Q�b�2�M �7�Q�` �i�?�B�b �r�Q�`�F�- �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �+�Q�K�@

�T�m�i�2�/ �m�b�B�M�; �i�?�B�b �+�Q�/�2 �r�2�`�2 �+�Q�K�T���`�2�/ �i�Q �(�R�y�) �7�Q�` �b�2�H�2�+�i �T�`�Q�#�H�2�K�b�X �J�Q�/�2�H ���M�/ �T�`�Q�#���#�B�H�B�i�v

�/�B�b�i�`�B�#�m�i�B�Q�M�b �r�2�`�2 �m�b�2�/ �7�`�Q�K �i�?�2 �`�2�7�2�`�2�M�+�2 �b�Q�m�`�+�2�X ���M���H�v�b�B�b �r���b �+�Q�K�T�H�2�i�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2

�K�2���M �p���H�m�2 ���M�/ �p���`�B���M�+�2 �Q�7 �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �7�Q�` �2���+�? �p���`�B���#�H�2 �i�Q �+�Q�K�T���`�2 �i�Q �i�?�2 �`�2�T�Q�`�i�2�/

�p���H�m�2�b �B�M �i�?�2 �b�Q�m�`�+�2 �i�2�t�i�X �h�Q �2�M�b�m�`�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �`�2�b�m�H�i�b�- �B�M�T�m�i �p���`�B���#�H�2 �T�Q�T�m�H���i�B�Q�M

�b�B�x�2 �r���b �+�?�Q�b�2�M �i�Q �#�2 �R�y�-�y�y�y ���M�/ �R�y�y�y �B�i�2�`���i�B�Q�M�b �Q�7 �J�Q�M�i�2�@�*���`�H�Q ���M���H�v�b�B�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ �i�Q

�;�2�M�2�`���i�2 �R�y�y�y �b�2�i�b �Q�7 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �7�Q�` �2���+�? �K�Q�/�2�H�X �a�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �p���H�m�2�b �Q�#�i���B�M�2�/

�k�e



�*�?���T�i�2�` �j�X �A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b �j�X�k�X �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�K���i�+�? �r�2�H�H �r�B�i�? �p���H�m�2�b �7�`�Q�K �i�?�2 �H�B�i�2�`���i�m�`�2�X �_�2�b�m�H�i�b �7�Q�` �2���+�? �b�i�m�/�v ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �i�?�2�B�`

�`�2�b�T�2�+�i�B�p�2 �b�m�#�b�2�+�i�B�Q�M�b�X

�j�X�k�X�R �"�B�p���`�B���i�2 �S�Q�H�v�M�Q�K�B���H

�h�?�2 �7�B�`�b�i ���M�/ �b�B�K�T�H�2�b�i �2�t���K�T�H�2 �m�b�2�/ �i�Q �i�2�b�i �i�?�2 �+�Q�/�2 �r���b �� �#�B�p���`�B���i�2 �T�Q�H�v�M�Q�K�B���H ���b �/�2�7�B�M�2�/

�#�2�H�Q�r�X �"�Q�i�? �p���`�B���#�H�2�b ���`�2 ���b�b�m�K�2�/ �i�Q �?���p�2 �� �b�i���M�/���`�/ �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �T�2�` �(�R�y�)�X

y = x1 + x2 + x2
2 + x1 � x2 + 3 �U�j�X�R�V

�a�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b �r�2�`�2 �+�Q�K�T�m�i�2�/ �7�Q�` �#�Q�i�? �B�M�T�m�i �p���`�B���#�H�2�b �m�b�B�M�; �#�Q�i�? �i�?�2 �H�Q�+���H ���M���H�v�b�B�b �Q�7

�p���`�B���M�+�2 �U�G���L�P�o���V ���M�/ �a�Q�#�Q�H �B�M�/�2�t �K�2�i�?�Q�/�b�X �J�Q�M�i�2�@�*���`�H�Q �b�B�K�m�H���i�B�Q�M �r���b �m�b�2�/ �i�Q �;�2�M�2�`���i�2

�� �b�B�K�m�H���i�2�/ �T�Q�T�m�H���i�B�Q�M �Q�7 �B�M�T�m�i �T���`���K�2�i�2�`�b�X �� �?�B�b�i�Q�;�`���K �Q�7 �i�?�2 �Q�m�i�T�m�i �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2

�+�?�Q�b�2�M �B�M�T�m�i �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�b �B�b �b�?�Q�r�M �B�M �6�B�;�X�j�X�k�X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �b�F�2�r�2�/

�`�B�;�?�i�- �r�?�B�+�? �B�b �2�t�T�2�+�i�2�/ ���b �i�?�2 �T�Q�H�v�M�Q�K�B���H �B�b �[�m���/�`���i�B�+ �B�Mx2�- �r�B�i�? �#�Q�i�? �p���`�B���#�H�2�b �M�Q�`�K���H�H�v

�/�B�b�i�`�B�#�m�i�2�/ �Q�p�2�` �i�?�2 �/�Q�K���B�M0 � x i � 1; i = 1; 2�X

�6�B�;�m�`�2 �j�X�k�, �"�B�p���`�B���i�2 �S�Q�H�v�M�Q�K�B���H �P�m�i�T�m�i �.�B�b�i�`�B�#�m�i�B�Q�M �o���`�v�B�M�; �#�Q�i�?x1 ���M�/x2

�k�d



�*�?���T�i�2�` �j�X �A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b �j�X�k�X �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�G�Q�+���H ���M���H�v�b�B�b �Q�7 �o���`�B���M�+�2�, �"�B�p���`�B���i�2 �S�Q�H�v�M�Q�K�B���H

�G���L�P�o�� �b�2�M�b�B�i�B�p�B�i�v �B�M�/�B�+�2�b ���`�2 �+�Q�K�T�m�i�2�/ �7�Q�` �i�?�2 �T�Q�H�v�M�Q�K�B���H �#�v �7�B�t�B�M�; �i�?�2 �Q�T�T�Q�b�B�i�2 �p���`�B���#�H�2

���i �B�i�b �K�2���M �p���H�m�2�X �6�Q�` �� �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �i�?�2 �K�2���M �p���H�m�2 �B�b �x�2�`�Q�X �A�M �2�7�7�2�+�i�- �i�?�B�b �K�2���M�b

�i�?���i �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �r�B�i�? �`�2�b�T�2�+�i �i�Qx2 �B�b �+�Q�K�T�m�i�2�/ �#�v �`�2�K�Q�p�B�M�;x1 �i�2�`�K�b ���M�/ �p�B�+�2

�p�2�`�b���X �h�?�2 �b�2�M�b�B�i�B�p�B�i�v �B�M�/�2�t �7�Q�`x2 �B�b �;�`�2���i�2�` �i�?���Mx1�- �B�M�/�B�+���i�B�M�; �� �H���`�;�2�` �7�B�`�b�i�@�Q�`�/�2�` �B�K�T���+�i

�Q�M �i�?�2 �Q�m�i�T�m�i �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�B�b �H���`�;�2�` �B�K�T���+�i �B�b �2�t�T�2�+�i�2�/ �/�m�2 �i�Q �i�?�2 �p���`�B���#�H�2x2 �T�Q�b�b�2�b�b�B�M�;

�� �?�B�;�?�2�` �K���t�B�K�m�K �2�t�T�Q�M�2�M�i �i�?���Mx1�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �i�r�Q �B�M�/�B�+�2�b �/�Q �M�Q�i �b�m�K �i�Q �Q�M�2�-
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�i�B�Q�M�b ���`�2 �b�?�Q�r�M �+�Q�K�T���`�2�/ �i�Q �`�2�7�2�`�2�M�+�2 �p���H�m�2�b �B�M �h���#�H�2�j�X�k�X �*�Q�K�T�m�i�2�/ �B�M�/�B�+�2�b �+�Q�K�T���`�2 �r�2�H�H
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�6�B�;�m�`�2 �j�X�8�, �.�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �+�Q�K�T�m�i�2�/ �a�Q�#�Q�H �B�M�/�B�+�2�b �7�Q�`x1

�j�k



�*�?���T�i�2�` �j�X �A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b �j�X�k�X �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�6�B�;�m�`�2 �j�X�e�, �.�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �+�Q�K�T�m�i�2�/ �a�Q�#�Q�H �B�M�/�B�+�2�b �7�Q�`x2

�j�j



�*�?���T�i�2�` �j�X �A�M�B�i�B���H �a�i�m�/�B�2�b ���M�/ �J�2�i�?�Q�/�b �j�X�k�X �J�2�i�?�Q�/ �o�2�`�B�7�B�+���i�B�Q�M

�j�X�k�X�k �"�2���K �.�2�7�H�2�+�i�B�Q�M
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