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Abstract 

 

 Conventional two-dimensional phased arrays face two major shortcomings: the presence of 

ambiguities in direction of arrival measurements and beam broadening endfire effects. The 

literature provides methods for addressing and minimizing these problems on conventional 

planar phased array structures, but there has been no investigation into solving these issues with 

three-dimensional geometries. In this thesis, the design and performance of a cubic phased array 

that can eliminate endfire effects and dramatically improve direction of arrival ambiguity 

resolution is investigated. Both beamforming and direction of arrival simulations are performed 

in MATLAB and 4nec2 simulation environments for cubic phased arrays of various sizes and at 

different frequencies and demonstrate that the endfire effects are eliminated and direction of 

arrival ambiguity resolution is dramatically improved. These findings are expected to lead to new 

designs of high fidelity three-dimensional phased arrays.       
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General Audience Abstract 

 

Conventional two-dimensional, flat, plane antenna arrays have revolutionized how sensing 

and detection systems perform. These systems, however, face two major shortcomings due to 

their ñflatò geometry. The computation that determines the direction from which an object is 

approaching or a signal has been transmitted will have two solutions that are opposite each other 

in the same way that the polynomial expression x2 = +2 or -2 has two solutions that are opposite 

each other. This is known as the ambiguity problem and presents major uncertainty in direction 

finding or direction of arrival measurements. The second major shortcoming has to do with 

transmitting a signal at different directions. The antenna elements in the array are stationary, but 

the beams that each element transmits can be aimed in specific directions by controlling the 

phase of the voltage sources for each respective antenna. This is why it is called a phased array. 

When every element is transmitting directly forward, it is known as broadside. As the voltage 

sources for the elements are shifted, or steered, away from this direction, it is known as beam 

steering. When the beam is steered 90 degrees from the broadside direction, the beams of one 

column of elements are actually transmitting into the next column of elements, effectively 

transmitting out of a one-dimensional line array. This is known as endfire and has significant 

negative effects that are often desired to be avoided.  

Current scientific literature provides methods for addressing and minimizing these problems 

on conventional two-dimensional planar phased array structures, but there has been no 
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investigation into solving these issues with three-dimensional geometries. In this thesis, the 

design and performance of a cubic phased array is presented. The cubic phased array eliminates 

endfire effects entirely because each face of the cube is identical; when transmitting at 90 

degrees off broadside, the transmit area of the cube is identical to that of the broadside direction. 

The cubic geometry also dramatically improves the direction-finding process. By introducing a 

third dimension, the mathematics can more precisely determine the direction from which the 

object or the signal is coming, thus dramatically decreasing the ambiguity simply as a function of 

geometry.  

Both beam steering and direction of arrival simulations are performed in MATLAB and 

4nec2 simulation environments for cubic phased arrays of various sizes and at different 

frequencies. This demonstrates that the endfire effects are eliminated and direction of arrival 

performance is dramatically improved. These findings are expected to lead to new designs of 

high fidelity three-dimensional phased arrays for a multitude of applications, especially for space 

applications where the three-dimensional geometry has the added benefit of resolving the 

requirements for compensation for the tumbling motion of objects in orbit.  
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Chapter 1 ï Motivation and Introduction  

 

This chapter presents the motivation for the research presented in thesis. Some background 

information providing the context of the research is provided in the first section. The second 

section identifies the problem statement for the research. In the third section, the overall 

approach for how the research will be accomplished is presented. The final section of the chapter 

provides the outline of the thesis. 

1.1 Motivation of the Research  

Space observatories provide the scientific community with a plethora of information about 

astronomical bodies and atmospheric effects. One such observatory of national recognition is the 

Arecibo Observatory. The Arecibo Observatory was the built in 1963 by Cornell University and 

the National Science Foundation and was the largest single aperture radio telescope in the world 

until 2016 [1]-[2]. Scientists utilized the Arecibo Observatory to perform radio astronomy, detect 

near-earth objects, study pulsars, monitor space weather events, and perform atmospheric studies 

[3]-[4]. The Arecibo Observatory featured a 305 m diameter spherical reflector dish. A collection 

of sensors could be moved around the stationary dish, fixing the focal point of the radio 

telescope to specific regions of the sky, allowing the Arecibo telescope to perform scans and 

tracking activities of astronomical bodies of interest [1], [5]. The frequency range of the Arecibo 

telescope was between 50 MHz to 10 GHz [6]-[7]. 

Unfortunately, the Arecibo facility was damaged in 2017 during Hurricane Maria. Over time, 

the damage became worse until the instrument collapsed in December of 2020. The loss of the 

Arecibo Observatory has had an impact on the scientific community, and demand for a 

replacement has been high [8]. 
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While an incredibly useful radio telescope, Arecibo was more akin to a traditional antenna. 

Another nationally recognized observatory that utilizes the advantages of electronically steerable 

phased arrays is the Long Wavelength Array (LWA). LWA, located in New Mexico, utilizes a 

phased array approach to perform radio astronomy and other measurements. LWA consists of 

two separate array stations, with more planned for construction, that operate independently as 

radio telescopes, but can also be operated together as a very large collection area for lower 

frequency operations. The current operational frequency range of LWA is 10 MHz to 88 MHz 

[9]-[10].  

 
Figure 1.1 The (a) Arecibo Observatory radio telescope and (b) Long Wavelength Array. 

Figures taken from [9] and [11]. 

A phased array implementation of Arecibo will still face a major limitation in performance. 

In fact, every ground-based radio telescope faces the same challenge; electromagnetic 

propagation through the ionosphere becomes significantly more challenging at frequencies 

approaching and below HF band [12]. Rather than attempting to model trans ionospheric 

propagation, the concept in this thesis is to place the array in orbit. In this way, the ionosphere no 

longer acts as an obstacle for radio telescope operations. This is similar to the idea behind the 

Hubble telescope and the obstacles to optical imagery presented by atmospheric effects [13]. The 

motivation for this thesis is utilize a similar approach to that used in LWA to create an in-orbit 

electrically steerable phased array that can act as a replacement for the Arecibo Observatory. 
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There is an additional benefit to putting the array into orbit. The ionosphere no longer 

impacts the operation of the array as a radio telescope for radio astronomy. However, the array 

could also be directed to transmit into the ionosphere from above rather than below like ground-

based radio telescopes. This operation paves the way for further advances in atmospheric studies 

and for calibration purposes for existing ground-based radio telescopes.  

1.2 Problem Statement for the Thesis  

An electrically steerable phased array with the same aperture size of the Arecibo radio 

telescope would be excessively large. Launching such an array into orbit would be unfeasible. 

However, advancements in in-space robotic assembly are leading to realizable techniques for 

launching smaller components into orbit and integrating them to form larger overall structures 

[14]-[15].  

Objects in orbit also experience a tumbling motion as they move around the earth [18]. A 

conventional, planar array undergoing this kind of motion requires attitude control to keep the 

array directed where desired [17]. Attitude control, however, may be challenging to implement 

on large structures. Therefore, a three-dimensional array design is proposed as an alternative to 

account for the tumbling motion of the in-orbit environment. As the array tumbles, electrical 

steering can be applied to the array elements to maintain operation in the desired angular 

direction because one face of the array will always be facing in the desired direction.   

1.3 Approach  

The ratio of the highest to lowest operational frequencies of the Arecibo radio telescope is 

200:1. Rather than designing an array that can replicate this full bandwidth, this thesis focuses on 

the design and simulation performance of a resonant structure array at the HF band with the 

ability to tune to different frequencies within the HF band. HF is selected because the ionosphere 
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layer of the atmosphere is usually studied using signals of HF frequencies, [16] but the concept 

can be extended to any frequency band.  

1.4 Thesis Outline  

The outline of this thesis is as follows. Chapter 2 explores the theoretical foundation of 

antenna theory, phased arrays, and the HF frequency band. Chapter 3 then describes the 

geometry considerations, the design of the three-dimensional in-space assembled phased array. 

In Chapter 4, simulation tests are performed to characterize the array design performance. 

Chapter 5 discusses the results from the simulations in Chapter 4 and extends the principles to a 

full -scale model of the proposed array. The thesis then concludes in Chapter 6 with a summary 

and a discussion of future work that could be done on this project. An appendix is added at the 

end of the thesis which provides further simulation results for a more comprehensive view of the 

array performance, and practical design considerations for a prototype of the array design for 

laboratory measurements.   
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Chapter 2 ï Background Information and Literature Review  

 

This chapter covers the background information necessary for the principles implemented in 

this thesis. The literature review begins with basic concepts of electromagnetic wave 

propagation. The key principles of antenna theory relevant to this thesis are then introduced. A 

discussion of phased array theory and how it differs from general antenna theory then follows. 

Different challenges encountered in array theory as well as the theory behind applications such 

as beam steering and direction of arrival are presented. The literature review then shifts to the 

challenges faced by HF frequency transmission and propagation.  

2.1 Basic Principles and Terminology 

The high-level concepts of electromagnetic propagation are introduced in this section. 

Understanding the terminology and concepts in this section paves the way for an understanding 

of antenna theory and the analysis presented in the following sections.  

2.1.1 Coordinate Systems 

A number of different coordinate systems that can be used in antenna and phased array 

systems. In most coordinate systems for antenna applications, spherical coordinates are used with 

the geometric center of the antenna at the origin [1]-[4]. The coordinate system used for this 

thesis is shown in Figure 2.1 [5]. The x-axis is defined as the direction normal to the antenna 

centered at the origin. Starting at the x-axis and rotating counterclockwise to the positive y-axis 

is known as ◖ or the azimuth angle. The upward angle from the xy plane is known as ɗ or 

elevation. This is not the standard system used in engineering and physics, but it is consistent 

with the simulation software used for this thesis. ɗ and ◖ are used interchangeably with elevation 

and azimuth respectively throughout this thesis.    
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Figure 2.1 Coordinate System for azimuth (◖) and elevation (ɗ) used for this thesis. Image was 

adapted from [5] with (◖) and (ɗ) swapped. 

2.1.2 Electromagnetic Wave Basics 

Electromagnetic waves consist of an electric field and a magnetic field that propagate 

together in space and time [6]. The electric and magnetic fields are orthogonal to each other and 

propagate in the same direction, known as the propagation direction [7]. An example of an 

electromagnetic propagating wave is shown in Figure 2. This wave can be viewed either as 

propagating over space at a given time or as propagating over time at a given point in space.  

 

Figure 2.2 Electromagnetic wave propagation. Image taken from [8]. 
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Electromagnetic waves can be characterized their properties: wavelength, frequency, phase, 

and polarization. The wavelength ɚ is defined by the distance between two consecutive maxima 

peaks. Frequency is inversely proportional to wavelength and is defined as a v/ɚ where v is the 

propagation speed of the electromagnetic wave [9]. Typically, v is taken to be the speed of light, 

c [7]. Phase can be thought of as the angular offset of the sinusoidal wave [10]. Phase is directly 

related to applying a time delay in the propagation of the electromagnetic wave as seen in 

equation (100) or equation (104).  

 

Figure 2.3 Polarizations of electromagnetic waves with propagation direction out of the page. 

Image reproduced from [11]. 
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The polarizations of the electric and magnetic fields are orthogonal to each other and 

determined by the oscillation of the fields at a fixed point in the observation area over time. 

These polarizations can be linear, circular, or elliptical [7], [11]-[12]. 

The different polarizations are shown in Figure 2.3. Note that there are left- and right-hand 

polarizations for both circular and elliptical polarizations. This is determined using the left-hand 

rule. If the electromagnetic wave is traveling towards the observer and the field vector rotates 

clockwise, it is left-hand polarized; if the field vector rotates counterclockwise, it is right-hand 

polarized [11]. 

While each of the three polarizations is considered separately, it is important to note that all 

electromagnetic polarizations are elliptical. The circular polarization is the special case where the 

semi-major and semi-minor axes of the ellipse are equal. Linear polarization occurs when the 

ellipse collapses into a line [11]-[12]. It is also worth mentioning that there are electromagnetic 

waves that have no polarization. Because antennas cannot generate these electromagnetic waves, 

they are disregarded [11]. 

2.1.3 Plane Wave and Phase Front 

When an electromagnetic wave is transmitted from a source, it can be thought of as a 

spherical wave propagating radially outward [9], [11]. As the electromagnetic wave propagates 

over large distances radius r gets larger. If a detector is placed far enough away from the source, 

the curvature of the electromagnetic wave in the localized spatial region of the detector will be 

small such that the wave can be treated as a plane [9], [11]. This is known as a plane wave. The 

electromagnetic analysis for antenna theory predominately assumes plane wave behavior [7], 

[11]. These planar electromagnetic regions near the detector are also considered in 

approximately constant phase and are also known as a phase fronts [11]-[12]. 
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2.1.4 Near Field vs Far Field 

In antenna theory there are two basic regions of operation for electromagnetic waves. These 

are known as the near field region and the far field region. The far field region is of most interest 

and is generally used for analysis. In the far field region, the antenna radiation pattern discussed 

in Section 2.2.3 becomes independent of distance from the source [11]. The far field distance rff 

for an element of length L is [4], [9], [11], [13]-[15]  

 
Ò

ς,

ʇ
 

 

(1) 

The far field region then exists for r  rff. Three conditions must also be met for distance r to be 

considered the far field region. These three conditions are shown mathematically as [11] 

 
Ò
ς,

ʇ
 

 

(2) 

 Òḻ, (3) 

 Òḻ ʇ (4) 

Generally, equation 

(1) is sufficient enough for determining the far field region for antennas operating in the UHF 

region, defined in Section 2.4, or above. For lower frequencies, however, the far field distance 

may be greater than that defined in equation  

(1) to ensure that all three conditions are met [11].  

The near field is the space surrounding the antenna before reaching the far field distance. The 

near field is broken into two regions. The reactive near field region is the region closest to the 

antenna. The reactive field caused by the reactive component of antenna element impedance 

dominates the radiated fields of the antenna. This region exists to distance r  0.62 ,Ⱦʇ [1], 

[9], [11], [15]. Between the far field and the near field reactive region is the near field radiating 
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region. Within the near field radiating region, the radiated fields dominate the reactive fields, but 

vary with respect to distance. This is sometimes referred to as the Fresnel region [9], [11], [13]-

[16]. A summary of the field regions is provided in Table 2.1 [12]. 

Table 2.1 Near Field and Far Field Regions [1], [11], [13]-[15] 

Region Distance r from antenna 

Reactive near field region 0   r  0.62 ,Ⱦʇ 

Radiating near field region 0.62 ,Ⱦʇ  r    

Far field region   r  Њ 

 

2.2 Antenna Theory 

 
This section introduces the basics of antenna theory from Maxwellôs equations to radiation 

patterns. Much of the material in this section was primarily taken from Stutzman [11] and the 

sequence of topics largely follows the same sequence as [11]. 

2.2.1 Electromagnetic Radiation  

Antenna theory and performance metrics are based upon the radiation of electromagnetic 

fields from current distributions on conductive elements. This section provides the understanding 

of electromagnetic radiation for antenna theory based on Maxwellôs equations.  

2.2.1.1 Maxwellôs Equations 

Maxwellôs equations are a set of well-known equations in engineering and physics that 

describe the propagation and interaction of electromagnetic fields. The electromagnetic fields are 

assumed to be time-harmonic fields, meaning that they vary sinusoidally over time at angular 

frequency ɤ [6], [11]-[12]. This assumption is reasonable because in most cases of interest, the 

bandwidth of the signal is small enough that the spread of frequencies around the carrier formed 
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by modulation techniques can be ignored [11]. Phasor fields can be substituted into the time 

domain versions of Maxwellôs equations to derive the following phasor form [11]-[12] 

  ɳØ Ἇ  ÊʖАἒ Ἑᴂ (5) 

  ɳØ ἒ ÊʖʀἏ ἔ  (6) 

 
ϽἏ

ʍ

ʀ
 

Ͻἒ π 

 

(7) 

 

(8) 

where E, H, and J represent the electric field, magnetic field, current density complex phasor 

vectors respectively and ɟ is charge density complex phasor. Mᴂ represents a fictitious magnetic 

current density that can be useful as a substitute for complicated electric fields in calculations. Ů 

and µ denote the permittivity and permeability of the propagation medium. It should be noted 

that the time derivatives have been replaced with the jɤ factor for the phasor form of the 

equations.  

A fifth equation that is often taken into consideration with Maxwellôs equations is the 

continuity equation given by [11]     

 Ͻἔ Êʖʍ (9) 

The boundary conditions for the time-harmonic forms of Maxwellôs equations between two 

homogeneous media m1 and m2 are given by [11]-[12] 

 ἶ Ø ἒ ἒ  ἔἻ (10) 

 Ἇ Ἇ  Ø ἶ ἙἻ (11) 

where Js and Ms represent the surface electric and magnetic currents on the boundary between m1 

and m2. Unless an equivalent magnetic sheet is used in this condition, Ms = 0. ἶ represents the 

unit vector normal to the boundary surface that is directed from m1 into m2. The cross product 

with ἶ forms components that are tangential to the boundary surface [1], [11]-[12]  
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 ( ( * (12) 

 % % -  (13) 

If conductor 1 is a perfect conductor, the boundary conditions simplify to [11]-[12]  

 ( * (14) 

 % π (15) 

These equations apply for the fields at every point along the boundary.  

Another important concept that can be derived from Maxwellôs equations and the continuity 

equation is the conservation of power equation, also known as Poyntingôs theorem [6], [11]-[12]. 

This theorem states that the complex power Ps delivered by a volume v enclosed by a surface s 

equals the sum of the power Pout flowing out of s, the time-averaged power Pavg dissipated in v, 

and the time-average stored power in v. Stated mathematically, the conservation of power is 

[11]-[12] 

 0 0 0 Êςʖ7 ͺ 7 ͺ  (16) 

The complex power that flows out through closed surface s is given by [1], [11]-[12]  

 
0

ρ

ς
Ἇ Ø ἒᶻϽÄÓἶ 

 

(17) 

where H* represents the complex conjugate of the magnetic field vector.   

The inside of the integrand of the above equation is defined as the Poynting Vector [6], [11]-

[12]. The Poynting Vector represents the complex power density at a given point. Therefore, the 

total complex power flowing out through any surface s can be determined by taking the integral 

of the Poynting Vector over the surface. Of particular interest is the real power. The real power 

flowing out of any surface s is given by [11]-[12]   
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(18) 

2.2.1.2 Maxwellôs Equations and Radiation Fields 

For antenna theory, the electromagnetic fields E and H need to be determined. In antennas, 

these fields are caused by an excitation current along the conductive element. Therefore, a 

method is needed for determining E and H from a given J. This is accomplished using scalar 

potentials and vector potentials in Maxwellôs equations.  

From equation  

(8) the divergence of H = 0 indicating that H only has curl. For this reason, H is known as a 

solenoidal field and can be represented by [1], [11]-[12]  

 
ἒ

ρ

А
 ɳ Ø Ἃ 

(19) 

where A represents the magnetic vector potential. By substituting equation (19) into equation (5) 

the electric scalar potential can be found as [11]-[12]  

 Ἇ ÊʖἋ   ɮ  (20) 

where ɮ is the electric scalar potential.  

E and H can be expressed in terms of the scalar and vector potentials by substituting 

equations (19) and (20) into equation (6). Simplifying using a Lorentz condition results in the 

following equation known as the vector wave equation [11]-[12].  

 Ἃ ʖАʀἋ  Аἔ (21) 

It should be noted that the scalar and vector potentials have been decoupled and the vector 

wave equation is only in terms of the magnetic vector potential A. Assuming that J is known, the 
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vector wave equation can be solved for A by decomposition into the rectangular coordinates and 

solving for a point source. This solution takes the form of equation (22) [7], [11]. 

 ᶯʕ ɼʕ  ɿØɿÙɿÚ (22) 

where ɣ represents the response to a point source located at the origin and ŭ is Dirac delta 

function. ɓ represents the phase constant of the plane wave and is defined as [6]-[7], [11]-[12]  
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If the point source is assumed to be z-directed [11] 

 ʕ  ! (24) 

This implies that the point source is 0 everywhere except at the origin. Applying this 

simplification to equation (22) yields [11]  

 ᶯ ɼʕ π (25) 

everywhere except for the origin.  

This equation is known as the complex scalar wave equation, or the Helmholtz equation [7], 

[11]-[12]. The Laplacian is applied in spherical coordinates to maintain consistency with the 

coordinate frame from Section 2.1.1 This means that ɣ varies only with radius r and equation 

(25) has two solutions: e-jɓr/r and e+jɓr/r which represent waves propagating radially outward and 

inward respectively. The only feasible solution is for waves propagating outwardly from the 

point source. Therefore, the solution for the Helmholtz equation is [11] 

 
ʕ

Å

τʌ2
 

 

(26) 

where R represents the distance between the arbitrary source location and the observation point.  

If the point source is z-directed, then current density, and therefore the vector potential, will 

also be z-directed. Furthermore, if the current density is treated as an accumulation of point 
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sources, then the vector potential can be thought of as the sum of the individual responses for 

each point source in a given source volume Öᴂ [11]-[12]. This is expressed mathematically as 

[11]-[12] 

 

Ἃ  Аἔ
Å ἠ

τʌἠ
ÄÖᴂ 

  

(27) 

where R is the vector rp-rᴂ, rp is the vector from the origin to a field point P, and rᴂ is the vector 

from the origin to the source point. A pictorial representation of the vector representations is 

shown in Figure 2.4.  

 

Figure 2.4 Vectors for radiation problems with Maxwellôs Equations. Figure recreated from 

[11]-[12]. 

The solution for H can be solved by substituting equation (27) above into equation (19). The 

solution for E, however, can be found by substituting equation (27) into the vector wave 

equation (21), which gives [11]-[12]  

 
Ἇ ÊʖἋ Ê
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(28) 

More conveniently, equation (21) can be substituted into equation (19), which gives [11]-[12]  
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(29) 

Another approach for solving the vector and scalar potentials is to solve the following scalar 

wave equation [11]-[12]  

 
ᶯɮ ʖАʀɮ

ʍ

ʀ
  

(30) 

In this approach, both the scalar and vector wave equations need to be solved. Note that J is 

related to ɟ by the continuity equation (5). In this approach E is determined by equation (20).  

2.2.2 Element Types 

While there are many types of antenna elements that can be used [9], [11]-[12], [17]-[19] this 

thesis focuses on line sources, specifically dipoles. There are three dipole models that are used in 

practice: the short dipole, the half-wave dipole, and the long dipole [11], [17]-[19]. It should be 

noted that far field approximations are used for all calculations in this section. All dipole 

elements are considered centered at the origin with the power supply connected to the geometric 

center. This is known as a center fed element [11]. 

2.2.2.1 Line Sources 

The easiest way to model an antenna element is as a z-directed line source. A line source is a 

finite thin wire antenna and can be thought of as a line current. The vector potential from 

equation (27) becomes one-dimensional in the z-axis and takes the form [1], [11]  

 
Ἃ  А )Ú

Å

τʌ2
ÄÚᴂ 

 

(31) 

Due to the symmetry of the source, an observer can move around the source with respect to 

◖, assuming r and z are kept constant. From the observerôs perspective, the appearance of the 

source does not change. Therefore, the radiation fields do not vary with ◖, and ◖ can be 

considered a fixed value. ◖ is chosen as 0Ј for simplicity, fixing the observation to the yz plane. 
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The scenario is visualized in Figure 2.5. From Figure 2.5 [11]  

 

Figure 2.5 Geometry for far field calculations of a z-directed line source. Figure adapted from 

[11]. 

 Ò Ù Ú (32) 

 Ú ÒÃÏÓʃ (33) 

 Ù ÒÓÉÎʃ (34) 

Applying the R definitions from equation (27) and Figure 2.4, rp = r = y◐ + z ◑ and rᴂ = zᴂ◑. 

Therefore, R = y◐ + (z-zᴂ)◑. The magnitude of R is then [11]   

 2  Ò ςÒÃÏÓʃÚ Úᴂ (35) 

Applying a binomial expansion for R gives [11]  

 
2 Ò ÚÃÏÓʃ

ÚÓÉÎʃ
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(36) 

Since zᴂ << r, the second and following terms of R rapidly decrease to 0. Therefore [1], [11]  

 2 Ò ÚᴂÃÏÓ ʃ (37) 

The denominator of equation (31) only impacts the amplitude of the vector potential, so R 

can be further simplified as 2 Ò because r is very large compared to the length of the line 

source. However, in the phase term, path length differences can be comparable sizes to the  
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wavelength and a more precise approximation is necessary [1], [11]. The substitution into 

equation (31) for the vector potential gives [1], [11]  

 
Ἃ◑  А

Å Ἲ

τʌÒ
)ÚÅ  ÄÚᴂ 

 

(38) 

Substituting Az into equations (19) and (29) gives H and E [1], [11] 
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(39) 

 Ἇ  Êʖ! ÊʖÓÉÎ ʃ !  (40) 

Equations (39) and (40) define the magnetic and electric fields in the far field region of the 

line source antenna. They are known as the radiation fields of the line source and are denoted as 

Eɗ and H◖ [11]-[12], [20].  

2.2.2.2 Ideal Dipole Elements 

The ideal dipole is functionally an infinitesimally small line source with a uniform current 

distribution. This is represented as a dipole with length ȹz << ɚ and a current that is constant in 

both magnitude and phase along the entire length ȹz [11]. This is shown pictorially in Figure 2.7. 

A z-directed element of length ȹz centered at the origin excited with current of constant 

amplitude I is used for the derivation in this section. The vector potential for this element defined 

in equation (27) is simplified to a one-dimensional integral of the form [11], [21]  

 

Ἃ  ὂА)
Å

τʌ2
ÄÚ 

 

(41) 

Because ȹz is very small, R and r are approximately equal, as seen in Figure 2.6. This allows the 

simplification of equation (41) to [11], [21]   
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Figure 2.6 Geometry used for field calculations of the ideal dipole. Figure adapted from [11]. 
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(42) 

Substituting A from equation (42) into equations (19) and (29) and simplifying in spherical 

coordinates gives the radiation fields H◖ and Eɗ as [11], [20]-[21]  
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(44) 

If the medium surrounding the dipole is free space, then the above equations simplify to [11], 

[20]-[21]  
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(46) 

In the far field region, r >> ɚ, or ɓ >> 1, and every term with a ɓ in the denominator is much 

less than 1. In this case, the equations (45) and (46) reduce to [11]-[12], [21]  
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(49) 

It should be noted that the radiation fields vary inversely with 1/r. The ratio of these fields is 

defined by the variable ɖ seen in equations (46) and (49) which is equal to the intrinsic 

impedance of the medium, a property of plane waves [11]-[12], [21].  

Substituting Eɗ and H◖ into the Poynting Vector integrating as defined in equation (18) gives 

the real power flowing out of a sphere with radius r surrounding the ideal dipole [11], [21]  

ἜἷἽἼ ἡ ϽἬἻ
ἓ ὂ

А Ἤ Ἳἱἶ Ἤ
А
ἓ ὂ 

 

(50) 

In contrast to the radiation fields, the output power does not vary with radius r of the sphere. 

This indicates that the power is the same regardless of the size of the sphere surrounding the 

dipole. This is known as the far field radiated power. As the distance is taken closer to the dipole 

the simplifications from equations (43) and (44) do not apply. Another set of equations known as 

the near field equations must be used [11], [20]. 

The input impedance for an ideal dipole is given by equation (51) [11], [22]-[23]. 

ἨἋ ἠἋ ἲἦἋ  (51) 
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RA represents the radiated power losses caused by radiative resistance Rr and the heating of the 

antenna caused by ohmic losses Rohmic. The input reactance XA represents the stored power in the 

near field region. The input resistance can be solved with Ohmôs Law as [11], [22]-[23]  

ἠἋ
Ἔἱἶ
ȿἓἋȿ

 
 

(52) 

where |IA| represents the magnitude of the time current at the input of the antenna element and Pin 

represents the input power of the dipole which is defined as the sum of the radiated power and 

the ohmic power losses [11], [23]  

   Ἔ Ἔἱἶ ἜἷἰἵἱἫ  (53) 

The radiated resistance is found by substituting the radiated power Pout from equation (18) into 

equation (52). The radiated resistance for the ideal dipole is [11]  

    ἠἺ   
Ўὂ
   

 

(54) 

Because ȹz << ɚ, Rr << 1. The ohmic losses for an ideal dipole of length ȹz and radius a can be 

approximated as [11], [23]  

    ἠἷἰἵἱἫ
Ў◑

Ἡ
   

 

 

(55) 

where ů is the conductivity of the dipole element. Because ȹz is infinitesimally small, the input 

reactance XA for an ideal dipole is infinite [24]. This is shown in equation (59) in the next 

section.   

2.2.2.3 Short Dipole Elements 

Ideal dipoles are non-realizable elements. However, a very small line source could be 

fabricated that is much shorter than a wavelength. In this way, the same ȹz << ɚ condition from 

the ideal dipole can be met. This is known as a short dipole and can also be described using 

Figure 2.6. Figure 2.6 shows the electrical length of the short dipole as half of its physical length. 
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Unlike the ideal dipole, the current distribution for the short dipole is not uniform but is instead 

triangular and is given by [11], [25]  

    ἓὂ ἓἋ
ȿὂȿ

Ўὂ
ȟ         ȿὂȿ

Ўὂ
  

 

(56) 

This is shown in Figure 2.7. However, if proper terminal loading is applied, the charge, and 

therefore the current, reduces to 0 at the ends of the dipole. This restricts the radiation fields to 

the peak of the current distribution which is approximately uniform. Because the short dipole 

meets these conditions, the ideal dipole is approximated. Therefore, the radiation fields of the 

short dipole are those of the ideal dipole [11].  

The radiative and ohmic resistances and input reactance for a short dipole of length ȹz and 

radius a are given by [11], [23] 
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(58) 
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(59) 

Equation (59) shows that electrically short dipoles have very high input reactance. It should 

be noted that the radiative resistance of the short dipole is less than that of the ideal dipole. This 

is because radiation resistance is proportional to the radiated power, discussed in Section 2.2.3, 

which is proportional to the square of the radiated electric field. Because the short dipole has an 

electrical length that is half its physical length, the radiation resistance is ¼ that of the ideal 

dipole [11]. It should be noted that the ɚ/4 curve in Figure 2.9 looks very similar to that of the 

short dipole in Figure 2.7.  
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Figure 2.7 Current distributions for the ideal dipole (a), the short dipole (b), and the half-wave 

dipole (c). Figure adapted from [11]. 

2.2.2.4 Half-Wave Dipole Elements 

A half-wave dipole is a line source with a current amplitude that varies as one-half of a sine 

wave with a maximum exactly in the center [11], [26]. This is shown in Figure 2.7. It should be 

noted from Figure 2.7 that the current distributions for the ideal, short, and half-wave dipoles are 

all in phase. The radiation fields from these dipoles will be strongest in the direction normal to 

the dipole, where the peak of the current distribution is, and weakest along the axis of the dipole 

[11]. The length of a half-wave dipole is ½ the wavelength of the operational frequency. This 

means that half-wave dipoles can only be operated at one frequency or at very narrow 

bandwidths as discussed at the end of this section [22], [27]. 

The half sine wave current distribution for the z-directed half-wave dipole from Figure 2.7 is 

mathematically defined as [11]-[12]  
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(60) 

As stated, this current goes to 0 at the ends with its maximum in the center. Taking the half-

wave dipole as a z-directed line source and substituting equation (60) into equation (38) gives the 

electric radiation field as [11]-[12], [23]  
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which simplifies to  
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Half-wave dipoles have an input impedance is found using the induced IMF method [11], 

[23], [28]. The simplified form of the input resistance and reactance of a dipole of length L can 

be approximated as [23]  
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where XA Short is the reactance of the short dipole found in equation (59). The ohmic resistance 

for the half-wave dipole is given by [11]  
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(65) 

The input impedance for the half-wave dipole can be approximated as 73 + j42.5 ɋ with an 

inductive reactance [11]. This impedance for varies slightly with respect length and thickness as 

illustrated in Table 2.2 [11], [22], [27].  

One major advantage of half-wave dipoles is that they are resonant structures. The reactance 

of the half-wave dipole varies with frequency as is seen in equation (64). This is shown visually 

in Figure 2.8. As the frequency is increased, the reactance of the half-wave dipole transitions 

from capacitive to inductive. The peak of the curve indicates where the capacitive reactance and 

the inductive reactance cancel, giving a total reactance of 0. This is known as resonance, and it 

significantly simplifies impedance matching at the input of the half-wave dipole antenna [11], 
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[22]-[23]. Under resonant conditions, the input impedance of the half-wave dipole becomes 70 ɋ 

[11], [22]-[23], [26]. 

Table 2.2 Impact of Dipole Thickness on Resonance Length. Table adapted from [11]. 

Length: Diameter Ratio  

(L/2a) 

Shortening 

Required 

Resonant Length  

(L)  

Dipole 

Thickness 

5000 2% 0.49ɚ Very thin 

50 5% 0.475ɚ Thin 

10 9% 0.455ɚ Thick 

 

Half-wave dipoles also have a bandwidth [11], [22]. The bandwidth of an antenna element is 

defined as the range of frequencies in which antenna performance meets a desired threshold [11], 

[22]. Resonance and bandwidth are usually measured over the S11 parameter. The bandwidth for 

half-wave dipoles is usually narrow [11].  

 
Figure 2.8 Example resonance curve for half-wave dipole antenna. Figure adapted from [29]. 

2.2.2.5 Long Dipole Elements 

Dipoles that are longer than a half-wavelength can also be used in practice. The current 

distribution for these dipoles is also a sine wave with a value of 0 at the ends of the dipole [11], 

[23], [30]. Figure 2.9 shows the current distributions for dipoles of various lengths. As the length  
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Table 2.3 Radiation Resistance of Dipole vs Length L [11] 

Length L Input Radiation Resistance [ɋ] 

0 < L <  20ˊ2  

< L <  24.7ʌ
Ȣ

 

 < L < 0.637ɚ 11.14ʌ
Ȣ

 

 

is increased, the current distribution in some sections of the dipole drifts out of phase with the 

current in other sections of the dipole [11]. This causes cancellations in the radiation fields in the 

direction normal to the dipole and reinforcement of the radiation fields along the dipole axis. 

This is generally considered a negative effect in antenna theory, and dipole lengths are typically 

limited to one wavelength [11]. The impedance for long dipoles can be approximated using 

equations (63) and (64) [23]. A summary table of the approximate input radiation resistance for a 

dipole of length L is given in Table 2.3.  

 

Figure 2.9 Current distributions on dipole antenna of various lengths. Figure taken from [30].  
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2.2.3 Antenna Patterns 

One of the most important characteristics of any antenna is the radiation pattern. The 

radiation pattern in simple terms is the angular variation of the far field radiation intensity around 

the antenna at a given spatial coordinate [11], [23].   

In the case of the z-directed ideal dipole, the fields Eɗ and H◖ radiate from the dipole over a 

sphere of radius r in the far field region. From equations (47) and (48), Eɗ and H◖ vary angularly 

over the sphere as sin(ɗ). Any plane through the sphere containing the z-axis will be parallel to, 

and contain, Eɗ, the electric field vector in the direction of maximum radiation. These are known 

as E-planes. The radiation patterns in all of these E-planes are identical because there is no ◖ 

dependence. These are known as E-plane patterns. The plane perpendicular to the E-plane that 

cuts through the dipole is known as the H-plane and contains H◖, the magnetic field in the 

direction of maximum radiation. In the z-directed dipole case, the H-plane is the xy plane. 

Patterns taken in the H-plane are known as H-plane patterns. The E- and H-planes are known as 

principal patterns or principal sweeps [11], [23]. 

It is important to note that the full radiation pattern is a three-dimensional pattern covering 

the entire sphere surrounding the antenna, while the E- and H-planes patterns are two-

dimensional cross sections of that pattern [11], [23]. However, much of the information 

necessary for analysis can be obtained from the two-dimensional principal patterns [23]. In this 

thesis, the dominant radiation pattern metric will be on the two-dimensional principal patterns. 

Figure 2.10 shows the magnitude of the E- and H- principal patterns and the three-dimensional 

radiation pattern for a half-wave dipole. It should be noted that the E- and H-plane patterns are 

taken for the spatial range for which the radiation pattern is optimal. However, in the three-

dimensional pattern, as the elevation is increased (or decreased) from the optimal range, the 



29 
 

radiation patten begins to decrease in strength. When the elevation reaches 90Ј along the z-

axis, the radiation pattern is taken across the axis of the dipole and the magnitude dramatically 

decreases. This was predicted from the current distribution of the half-wave dipole in Section 

2.2.2.4. This rapid decrease in the radiation power pattern is known as a null [27].  

  In practice, the radiation fields are normalized to a maximum value of unity. The phase is 

also set to zero at a chosen pattern maximum, because only relative phase information is needed 

[11]. The normalized field pattern for a z-directed line source element is [11] 
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(66) 

Eɗ can be complex valued because it has a magnitude and a phase term. Therefore, F(◖, ɗ) can 

also be complex valued. Note that there is no ◖ dependence for the z-directed element [11]. 

The normalized pattern for the uniform line source from equations (38) and (40) in Section 

2.2.2.1 is given by [11]  
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(67) 

where sin(ɗ) is the maximum of Eɗ, ɓ is the phase constant, and L is the length of the line source 

in terms of ɚ. The appearance of the sinc function sin(x)/x in equation (67) should be noted. The 

sinc function occurs very frequently in antenna theory [11]. 

In general, the normalized field pattern can be written as the following product [11]  

ȟʃה&  ÇהȟʃÆהȟʃ (68) 

where g(◖, ɗ) represents the element factor and f(◖, ɗ) is the pattern factor. The element factor 

can be thought of as the effect on the radiation pattern from individual points along the current 

distribution of the dipole. The pattern factor, however, is the normalized sum of all of the 
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Figure 2.10 The (a) E-plane radiation pattern, (b) H-plane radiation pattern, and (c) three-

dimensional radiation pattern of a single half-wave dipole in 4nec2 simulation software. 

radiation contributions from the infinitesimally small current distributions. This is represented by 

the integration given in equation (38) [11]. 



31 
 

Eɗ for a half-wave dipole from equation (62) can be normalized as shown in equation (66) to 

give [11] 
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The element factor g(◖, ɗ) from equation (61) is sin(ɗ) and the pattern factor f (◖, ɗ) is [11] 
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The complete normalized far field pattern for a half-wave dipole is then [11] 
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Typically, in antenna theory, the power of the radiation pattern is of most interest. The power 

pattern, as it is called, is [11] 

ȟʃה0  ȿ&הȟʃȿ (72) 

The power pattern is generally calculated in log scale as decibels (dB). It should be noted that the 

radiation magnitude pattern and the power pattern are the same in decibels [11], [23].  

 ςπÌÏÇ ȿ&הȟʃȿ  ρπÌÏÇȿ0הȟʃȿ  ρπÌÏÇ ȿ&הȟʃȿ (73) 

Power patterns can be taken in either polar or in rectangular coordinates. An example power 

pattern for both coordinate systems is shown in Figure 2.11. The power pattern has a several 

different parameters. The most notable and important are the lobes of the pattern. The lobe with 

the greatest power is known as the main lobe, major lobe or main beam. This lobe points in the 

direction of maximum radiation for the antenna. The radiation in this direction arrives in the far 

field more nearly in phase than in other directions. It is possible for power patterns to have more 

than one main lobe. There are also special cases known as back lobes that direct energy in the 

opposite direction as the main lobes. Sometimes back lobes have the same magnitude as the main 

lobe. The other lobes are known as minor lobes or side lobes [11], [22]-[23], [27].   
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Figure 2.11 Radiation power pattern of a 4x4 rectangular array in (a) polar coordinates and (b) 

cartesian coordinates. Figure generated in MATLAB. 

A metric of how well the power is concentrated in the main lobe can be obtained by taking 

the ratio of the peak of the maximum side lobe to the main lobe. This is known as the relative 

side lobe level (SLL) ratio and is defined as [11], [23], [27]  
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For a normalized power pattern, F(max) = 1.  

Another important metric is the width of the main beam. This is quantified as the half-power 

beamwidth HP [11], [23], [27]  

 (0 ȿʃ  ʃ  ȿ (75) 

The values of ɗHP left and ɗHP right are the points that have a value of 1/Ѝς or 3dB down on the 

main lobe of the power pattern. In three-dimensional pattern plots the HP contour becomes a 

continuous curve rather than a single value. If the HP curve forms an ellipse, pattern cuts that 

contain the major and minor axes of the ellipse are referred to by IEEE as principal half-power 

beamwidths [11]. 
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Figure 2.12 Visual representation of beam solid angle ɋA with respect to antenna pattern 

directivity. Figure taken from [31]. 

2.2.3.1 Directivity and Gain 

A very important concept for antenna theory is directivity. Directivity is the measure of how 

much energy the antenna can concentrate in a given direction and is equal to the antenna gain if 

100% efficiency is achieved. Directivity is determined in terms of the radiation intensity in a 

given direction and the beam solid angle ɋA [11], [23]. The beam solid angle is the solid angle 

through which all power would be radiated if the radiation intensity equaled the maximum value 

over the entire beam area. Mathematically this is defined as [11] 
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where Um is the maximum radiation intensity. A visualization for beam solid angle is provided in 

Figure 2.12. Expressed in more relevant terms, beam scan angle can be defined by [11] 
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Directivity D can be expressed as [11], [23] 
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It should be noted that both beam scan angle and directivity are completely dependent on the 

pattern shape. It should also be noted that when the pattern is normalized, the maximum 

directivity is D = 4ˊ/ɋA [11].  

Another important concept to consider in antenna analysis is the gain. Gain is directly related 

to directivity. Whereas directivity considers the maximum possible gain in a specified direction 

without taking into consideration parameters that can affect the efficiency of the antenna, gain 

takes into account the efficiency of the antenna element. Thus, while gain and directivity are 

referring to the same concept, directivity assumes perfect performance while gain gives a 

realizable value. Gain is mathematically defined as [11], [23]  

 '  Å$ (79) 

where D is the directivity and er is the radiation efficiency defined as P/Pin. P is radiated power 

and Pin is the input power to the antenna. Radiation efficiency can also be defined in terms of the 

input impedance of the antenna [11], [23] 
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Units for both directivity D and gain G are generally in dB. 

 $  = 10log(D) (81) 

 '  = 10log(G) (82) 

The values for all of these parameters are tabulated for the ideal dipole, short dipole and half-

wave dipole in Table 2.4.  



35 
 

Table 2.4 Parameters for Different Dipole Elements [11] 

Dipole Type Length L Current 

Distribution 

Pattern F(ɗ, ◖) HP 

(degrees) 

D (dB) Rr (ɋ) Rohmic 

(ɋ) 

Ideal L << ɚ Uniform sin(ɗ) 90 1.76 
ψπ ʌ

ЎÚ

ʇ
 
Ўᾀ
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Short L << ɚ Triangular sin(ɗ) 90 1.76 
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ЎÚ
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Half-Wave L = ɚ/2 Sinusoidal ÃÏÓʌȾς ÃÏÓ ʃ 

ÓÉÎʃ
 

78 2.15 ~ 70 ʇ
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2.2.3.2 Polarization 

The polarization of the antenna is the same as the polarization of the electromagnetic wave 

radiated by the antenna. The polarization of the radiation from the antenna can vary with 

direction but is constant over the main lobe of the antennaôs radiation pattern. Therefore, the 

polarization of the main lobe is considered the polarization of the antenna. By convention, the 

polarization is taken to be the polarization of the radiated electric field [11], [23]. 

At a given instant, the electric field E propagating along the z-axis is a vector in the xy plane 

with both x- and y-components Ex and Ey. If Ey is leading Ex by phase ŭ, then the vector 

representation of E is given by [11] 

 Ἇ ȿ%ȿὀ  ȿ%ȿÅὁ (83) 

or [11] 

  
Ἇ ȿ%ȿ ȿ%ȿ ÃÏÓɾὀ ÓÉÎ ɾÅὁ 

 

(84) 

where ɔ is defined as [11] 

 
ɾ ÔÁÎ

ȿ%ȿ

ȿ%ȿ
ȟ   πЈɾ ωπЈ 

 

(85) 
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In this thesis, only the vertical linear polarizations are utilized. However, if the antenna is not 

perfectly oriented in the desired vertical z-axis direction, then the electric field will not be 

perfectly vertically polarized with respect to the z-axis. Therefore, only a component of the 

electric field will interact with the antenna as desired. Equations (84) and (85) can be used to 

compute that vector component for more accurate results.  

2.3.3.3 Reciprocity  

One final, but very powerful concept in antenna theory is known as reciprocity. The 

reciprocity concept simply states that the characterizations of the antenna are the same when the 

antenna is transmitting and when it is receiving. Therefore, antennas are generally characterized 

in one mode and assumed to operate identically in the other [11], [23]. 

2.3 Electrically Steered Arrays  

The focus of the literature review thus far has been on single array element analysis. This 

thesis focuses on phased arrays. An array antenna consists of several antennas of the same 

orientation placed in a certain configuration to form a larger antenna. A phased array or an 

electronically steered array (ESA) is an array antenna that has digital control on each element 

that allows phase changing of the currents that excite each element in the array. In this way, the 

array can digitally scan through space while the physical array is mechanically stationary [11], 

[23]. This section discusses the nuanced changes of antenna theory for an array of elements and 

some applications for these arrays. 

2.3.1 Array Radiation and Pattern  

The theory behind a phased array is mostly identical to standard antenna theory with a few 

changes. Because arrays are formed by bringing multiple antenna elements together, the array 

properties are determined by the cumulative effects of each individual element [11], [23]. 
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Fortunately, Maxwellôs equations are linear, so the radiation analysis can be performed for each 

element and summed together to obtain the overall behavior for the array. 

 

Figure 2.13 A line array of n z-directed line sources. The first element is centered at the origin. 

The distance between the centers of adjacent line sources is d. Figure adapted from [11]. 

This process is performed by summing the vector potentials and radiation fields for each 

element. This shown below for n z-directed line sources placed in a line as shown in Figure 2.13 

  Each element has current distribution [11]  
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The vector potential and far field electric field are then determined as [11] 
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The above analysis assumes that there is no symmetry or equal spacing d between elements. 

If there is equal spacing d between elements, symmetry simplifies the analysis. The vector 

potential and the electric field for an equally spaced linear array of z-directed line sources are 

[11]  
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Normalizing Eɗ gives 

 

% ÎÏÒÍÁÌÉÚÅÄÓÉÎʃ )Å  

 

(92) 

This is a much simpler form. Array elements can be spaced equally to take advantage of this 

symmetry and computational simplicity. The arrays in this thesis will be regarded as equally 

spaced. From equation (40) it can be shown that the element pattern for a line source is sin(ɗ) 

[11]. The remaining term is what is known as the array factor (AF) [3], [11]-[12], [23]  

 

!& )Å  

 

(93) 

The array factor represents the sum of the radiation fields if each element in the array were 

replaced by an ideal point source that radiates equally in all directions [11], [23]. These 

theoretical ideal point sources are called isotropic elements and are located at the center of each 

element [11], [27]. In this way, the isotropic elements maintain the positions and current 

magnitudes and phases of the array elements. The element pattern ge(◖, ɗ) contains the radiation 
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pattern of the individual element taking into account current distribution and spatial orientation 

[3], [11]-[12], [23]. The array factor can be extended to arrays of multiple dimensions as [11], 

[23]  

 

ȟʃה&!  )Å Ͻ ȟ  

 

(94) 

where 0is the position vector of each element in the cartesian coordinates and r(◖, ɗ) is the far 

field direction of interest in spherical coordinates. The dot product represents the projection of 

the element coordinates into spherical coordinates relative to far field direction of interest. This 

is shown explicitly in equations (101) to (103) and Figure 2.17.   

For a single antenna, the pattern was determined as the product of a pattern factor and an 

element factor. For an array, the radiation pattern is the product of the array factor with the 

element factor. This is known as the principle of pattern multiplication and is shown below [3], 

[11], [23], [32]  

ȟʃה&  Ç  ȟʃ (95)ה&!ȟʃה

where ge is the element pattern. Note the similarity between equation (95) and equation (68). 

Pattern multiplication is a very good approximation, given the elements in the array have 

identical current distributions and are oriented in the same direction [11]. 

Similarly, the normalized power pattern is given by [11] 

ȟʃה0  ȿ&הȟʃȿ (96) 

and is measured in dB. The principles discussed in Section 2.2 for the single antenna are also 

applicable to phased arrays. In this thesis, SLL for an array pattern is taken at the firs sidelobe. 
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2.3.2 Array Conventions and Properties 

This section discusses common terminologies and properties that apply to phased arrays that 

do not necessarily apply to single element antennas. These topics include standard array 

geometries, important spatial directions for phased arrays, and element spacing considerations 

for phased arrays. Understanding these concepts is crucial for the discussion for the rest of the 

thesis.   

2.3.2.1 Conventional Array Geometries 

Phased arrays exist in various forms. Several examples of standard configurations are shown 

in Figure 2.14. The simplest array is known as a line array. In a line array, individual antenna 

elements are spaced in a one-dimensional line. These arrays can scan in one dimension, either 

azimuth or elevation, depending on whether the elements are placed in the azimuth or the 

elevation direction [11], [33]. If the array elements are equally spaced, the structure is known as 

a uniform line array or ULA [34]-[35].  

Another popular array design is the extension of the line array into two-dimensions to form a 

rectangular grid. This is known as a rectangular array. If the spacing between elements is the 

same the rectangular array is known as a uniform rectangular array or URA. URAs do not have 

to have equal spacing in both dimensions. Consider a URA with a normal to the positive x-axis. 

The array elements lie in the yz plane. As long as the y-spacing between elements is consistent 

and z-spacing between elements is consistent, the array is considered a URA. If there is equal 

spacing in both dimensions, the URA takes the form of a square [36]-[37]. 

There are also two-dimensional arrays that take different geometries. Hexagonal arrays and 

circular arrays are not uncommon. If uniform spacing is implemented on these structures, they 

are known as uniform hexagonal arrays (UHAs) and uniform circular arrays (UCAs) respectively 
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[38]-[40]. Finally, there are what are known as conformal arrays that have an arbitrary geometry. 

These are generally used when the array needs to fit a contour of an arbitrary surface [41]. Any 

of these two-dimensional arrays is capable of scanning in both azimuth ◖ and elevation ɗ [33]. 

 

Figure 2.14 Examples of array configurations: (a) line arrays, (b) rectangular arrays, (c) circular 

arrays, and (d) hexagonal arrays. Figure generated in MATLAB. 

2.3.2.2 Broadside and Endfire 

There are two special orientations and directions in phased array theory. Broadside is the 

term used to refer to the direction that is perpendicular to the plane of the array elements [23]. 

Using z-directed dipoles in the coordinate system from Section 2.1.1, the positive x-axis is 

broadside. Broadside can also be considered the array normal. At broadside, the antenna or array 

will have optimum performance with respect to beamwidth, directivity, and gain. As soon as the 

transmitted or received signal is shifted away from the broadside direction, array performance 
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will continue to degrade until the worst performance is reached [3], [11], [23]. This occurs at 

endfire.  

Endfire is the direction that is orthogonal to the broadside direction and the dipole axis [11]. 

For an array of z-directed dipoles in the coordinate system used from Figure 2.1 the endfire 

direction is the positive y-axis. At endfire, the beamwidth is at its maximum and directivity is at 

its minimum [11]. While there are arrays specifically designed to operate at endfire, [3], [11], 

[23] this thesis focuses on broadside antennas. Therefore, endfire effects are considered 

something to be avoided. Figure 2.15 illustrates the difference in performance of an 8x8 URA 

with half-wavelength spacing at broadside and endfire. The very broad beamwidth at endfire 

should be noted. This is the undesired effect that is sought to be avoided in this thesis.  

 
Figure 2.15 8x8 URA normalized radiation power pattern at (a) broadside and (b) endfire in 

rectangular coordinates. Figure generated in MATLAB.  

2.3.2.3 Element Spacing, Grating Lobes and Aperture Size 

One of the most important concepts to consider when designing an array is the spacing 

between the individual elements. Jonson [42], Van Trees [43] and Balanis [23] apply the theory 

proposed by Woodward [44] to phased array spacing. According to this theory, element spacing 

in an array is analogous to sampling theory in the spatial domain. As such, sampling theory 
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concepts like the Nyquist limit apply. Just like too few samples in frequency can result in a 

frequency alias, taking too few samples by spacing the elements too far apart can lead to a spatial 

alias [26]. From the geometry in Figure 2.17 the time delay between two adjacent elements is 

given as ȹt = ɓdsin(ɗᴂ)/c in equation (100). More about the time delay and its derivation are 

explored in the next section. The phase difference between adjacent elements must be kept below 

ˊ to avoid incorrect time delay calculations [46]. This imposes the restriction (2ˊ)(ȹt)(f)  ˊ. 

Therefore, the distance between elements is given by [3]  
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This means that the maximum possible spacing to avoid aliasing in the spatial domain is [3], 

[11], [23], [46]  
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If spacing larger than or ɚ/2 is implemented, a spatial alias will appear in the antenna pattern 

as a second major lobe that has equal gain as the main lobe. This is what is known as a grating 

lobe. To avoid grating lobes, spacing must be kept at or below ɚ/2 [1], [11], [23].  

The aperture of the array is the effective area over which the electromagnetic wave can be 

collected [23]. Figure 2.16 illustrates the relationship between element spacing, aperture size, 

HP, and grating lobes. Aperture size can be increased by adding more elements with constant 

spacing. Figure 2.16a and c show that as the aperture size is increased HP decreases, and array 

performance is improved [11]. This increase in aperture, however, comes at the SWAP-C cost of 

adding extra elements to the array. Another way to increase aperture size is by increasing spacing 

as in Figure 2.16b and d. As element spacing is increased, the HP of the array decreases but with 
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increasing presence of grating lobes. If the element spacing is decreased, the grating lobes will 

disappear, but the HP will increase. This is a significant tradeoff in array design [45].  

 

 
Figure 2.16 Radiation power patterns at (a) broadside with fixed ɚ/2 spacing and differing 

number of elements, (b) broadside with fixed 4x4 array size and differing element spacing, (c) 

endfire with fixed ɚ/2 spacing and differing number of elements, (d) endfire with fixed 4x4 array 

size and differing element spacing. Figure generated in MATLAB. 

2.3.3 Practical Phased Array Operation 

This section introduces applications of phased arrays and introduces some details about their 

operation. For the scope of this thesis, the phased array is used for direction of arrival, beam 

steering and beamforming. These are discussed in detail in this section. In order to understand 
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how the array can be used for these applications, an understanding of how an electromagnetic 

wave interacts with the array elements is first necessary.  

2.3.3.1 Wave Propagation through Array Elements 

An example of an electromagnetic wave propagating through an array is shown in Figure 

2.17. As the wave front propagates through the array, it will encounter element 1 before 

encountering element 2 ȹt later in time, element 3 ȹt2 later in time etc.  

Simple trigonometry similar to that performed in Section 2.2.1 and Figure 2.5can be used to 

compute a phase difference between when two elements interact with a present wave front. 

Considering only element 1 and element 2, a right triangle can be formed consisting of the  

 

Figure 2.17 Incident plane wave propagating through an m-element uniform linear array 

arranged in the ɗ direction. Figure adapted from [47] 

distance d between the elements, the distance ȹd2 from element 2 to the wave front and the 

length of the wave front between element 1 and element 2. The wave front forms an angle ɗᴂ 

with respect to the array. It should be noted that the angle ɗᴂ is equal to 90 ï ɗ, where ɗ is the 

elevation variable in the coordinate system given in Figure 2.1. Because the array is assumed to 

be in the far field region with respect to the source, every point on the wave front over the area of 
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the array is assumed to be at the same phase [11]. Therefore, the angle formed between the wave 

front and each element can be considered to be approximately equal to ɗ [11]. The length ȹd2 is 

then dcos(ɗᴂ) which represents the path length difference between the two elements [48].  

The phase difference between adjacent elements can be found by multiplying this path length 

difference by the phase constant ɓ. However, there may be an intentional phase shift ŭ applied 

between elements. Therefore, the total phase shift ɣ between elements is given by [48] 

 ʕ  ɼÄÃÏÓʃᴂ ɿ ɼÄÓÉÎʃ ɿ (99) 

The time delay ȹt between when the wave front interacting with element 1 and element 2 is 

defined as [49] 
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(100) 

The above procedure was performed on a one-dimensional ULA, but the concept can be 

extended to higher dimensional arrays by including spacing and distances between elements in 

other dimensions. 

The cartesian coordinates of the element positions must be projected onto spherical 

coordinates in terms of azimuth ◖ and elevation ɗ using the following equations [50] 

 Ø ÓÉÎʃÃÏÓה  (101) 

 Ù ÓÉÎʃÓÉÎ ה  (102) 

 Ú ÃÏÓʃ (103) 

The time shift ȹt for this case is represented by [50] 

Ἴ
ὀ ὁ ὂ

Ἣ
 

(104) 

The procedure as presented here is performed on receive and can be utilized in direction of 

arrival (DOA) calculations. However, this same process can be applied to the array on transmit 
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for beam steering and beamforming. Beamforming, beam steering, and DOA are discussed in the 

following sections.  

2.3.3.2 Beamforming vs Beam Steering 

The pattern discussed in Section 2.3.1 is the overall radiation pattern when every element in 

the array is transmitting simultaneously when no steering is applied. As defined, a phased array 

allows for the phase shifting of the excitation currents on each element to steer the main lobe or 

beam in a desired direction [11]. This is known as beam steering [51]. An important feature in 

beam steering is that only the phase of each element is affected; the magnitudes of the currents 

remain unchanged [23], [50], [52]. 

Beamforming is a more advanced version of beam steering where both the magnitudes and 

the phases of the excitation current for each element are manipulated. In this way multiple beams 

can be formed in multiple directions simultaneously [52]. Beamforming can be utilized in 

conjunction with null forming, forming nulls in specified directions, to filter out interference 

signals and improve the signal-to-interference-plus-noise ratio (SINR) [33], [53]-[54].  

 
Figure 2.18 Illustration of beamforming. Figure taken from [55]. 
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Figure 2.18 shows a visual representation of beamforming with a ULA of n elements. Every 

element has a weight wn applied which will manipulate the phase and amplitude of the current 

such that the radiative response xn of the elements combine into an output signal in the desired 

direction (◖, ɗ). The radiative response signals of each element xn are assumed to be identical  

except for a phase shift. This phase shift is computed from the previous section and converted 

into a time delay ȹtn as in equation (100) or equation (104). The effective response of each 

element xnᴂ is [56] 

 Ø Ø ÔÅ  (105) 

The total output signal y is [50], [56]-[57] 

 

ÙÔ  × ᶻØ ÔÅ Ἷ ἦ ÎÏÉÓÅ 

 

(106) 

where X is the element response vector, wH is the Hermitian conjugate transpose of the weighting 

vector, and the noise is assumed as white Gaussian noise. It should be noted in equation (106) 

and Figure 2.18 that the conjugate of the weight of each element wn is used for this calculation.  

The variance of the output signal is determined by the value of the power of the signal. This 

is expressed mathematically as [50] 

 0Ù  ʎ %ȿÙÔȿ  (107) 

 % × ἦ × ἦ  (108) 

  % × ἦἦ×  (109) 

 × %ἦἦ× (110) 

 × ἠ× (111) 

where R is the covariance or correlation matrix of the element responses and is defined as [43], 

[50]  
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Equation (111) represents the output signal y(t) in the specific steered direction. The challenge is 

to determine the exact values for the weight vector w. This is accomplished by solving for the 

variance of the signal as a function of steering direction [43], [50], [57]. 

The phase shift information is stored in a time shift vector as Å  for each term and is 

known as the steering vector sv [50]. The steering vector represents the phase information for 

each element at each steering direction. The covariance matrix R at an arbitrary direction will 

have phase shifts associated with the steering direction. This indicates that R is a function of 

steering direction R(sv) = svHRsv + noise [50]. 

The power can be calculated with respect to steering vector sv as [50] 

 0ÓÖ  × ἠÓÖ×  × ÓÖἠÓÖ× (113) 

This is known as the steered response of the array at a given steering direction and gives the 

power spectrum of the array in a given direction in the frequency domain [50]. When uniform 

spacing is implemented in the array and all elements have been given equal weight, the 

normalized steered response reduces to [43], [50], [58] 

 0 ÓÖ  ÓÖἠÓÖ (114) 

The similarity between equation (114) and equation (111) should be noted. This implies that 

the normalized weight vector w for an equally weighted uniform array is simply the steering 

vector sv [50]. Because all the sensors have equal weight |w| = 1, [50], [59] the only factor that is 

changing is the phase. Therefore, this solution can be thought of as a phase-only beamformer or a 

beam steerer. It is also known as the delay and sum beamformer, conventional beamformer and 

Bartlett beamformer [43], [50]. In this thesis, it will be referred to as a Bartlett beamformer.  
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More advanced beamforming methods are also be used in practice. One such beamformer is 

the Minimum Variance Distortion-less Response (MVDR). The MVDR beamformer changes the 

weights in magnitude and phase for each element based on the element response in a given 

direction. For this reason, MVDR is known as an adaptive beamformer [50], [60]. The goal of 

MVDR beamforming is to minimize the power in all directions except for the direction of 

interest. This is achieved by applying the following constraint [50], [57] 

 ÍÉÎ0Ù × ἠ× (115) 

 ÓÕÂÊÅÃÔ ÔÏ × ÓÖρ   

The constraint given in equation (115) is a Lagrange optimization problem and can be solved 

using Lagrange multipliers [60]. The solution for w can be found as [43], [57], [60]  

 
×

ἠ ÓÖ

ÓÖἠ ÓÖ
 

 

(116) 

If the spacing of the array is such that grating lobes will be present, they will manifest in the 

beamforming pattern as well. Back beams may also appear in the opposite direction as the main 

beam, such as in Figure 2.11. Back beams may also form in the opposite direction any grating 

lobes that are present in the pattern as in Figure 2.16 

2.3.3.3 Direction of Arrival 

The same principles that were implemented for beamforming can be applied to determine the 

direction from which a given signal was transmitted. This direction-finding process is known as 

a direction of arrival or DOA measurement. It should be noted that for a DOA measurement the 

power spectrum in the frequency domain is utilized rather than a beam pattern [50]. Therefore, 

maxima are referred to as peaks rather than lobes or beams. All noise in these measurements is 

assumed to be white Gaussian noise [57].  
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The simplest form of DOA measurement is to perform a beam scan of space. This is 

achieved using the Bartlett beamformer to form a beam for each direction in ɗ and ◖ for a given 

scanning area and compute the power in each direction using equation (114). The direction for 

which maximum power is found is the direction from which the signal was transmitted. Bartlett 

is a special case where the DOA power spectrum is identical to the beam pattern [50], [59]. 

MVDR can also be used for DOA measurements. MVDR sweeps through the directional area 

of interest one direction at a time, minimizing the power in all directions except for the desired 

direction. It is important to note that for a DOA measurement, MVDR does not form a beam; 

MVDR only computes a power for a given direction while minimizing power elsewhere. This 

allows for much narrower peaks in the power spectrum than the Bartlett DOA calculation. The 

power spectrum for the MVDR DOA calculation is found by solving equation (111) using the 

weights w from equation (115). The normalized MVDR steering response is [43], [50], [57] 
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It should be noted that the covariance matrix R is required to compute the power spectrum for 

MVDR. Therefore, MVDR is more computationally expensive than the Bartlett DOA approach. 

The final DOA approach considered in this thesis is the multiple signal classification 

(MUSIC) technique. In the music technique, the covariance matrix undergoes eigenvalue 

decomposition for both signal and noise subspaces. This is expressed mathematically as [57]  

 ἠÓÖ  ÓÖἠÓÖÎÏÉÓÅ ἣɤἣ ἣɤἣ  (118) 

where Us and Un are the matrices of eigenvectors that span the signal subspace and the noise 

subspace respectively and ȿs and ȿn are the diagonal vectors of eigenvalues of the signal and 

noise subspaces respectively. Because the noise is assumed to be white Gaussian noise, the 

signal and noise subspaces, and therefore ȿs and ȿn, are assumed to be orthogonal to each other. 
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The eigenvalues of ȿs and ȿn are positive, real values arranged from greatest to least. If there are 

n signals and s sources present, then the largest n eigenvalues of ȿs and ȿn correspond to the 

signal while the smaller n-s eigenvalues correspond to the noise [57]. 

The objective of MUSIC is very similar to that of MVDR. MUSIC sweeps through the 

directional area of interest one direction at a time and computes a power for each steering 

direction. Instead of finding where the maximum power is, however, MUSIC looks where the 

noise is minimal. This is achieved by projecting onto the noise subspace ἣἣ . Substituting 

ἣἣ  for ἠ  in equation (117) gives the MUSIC power spectrum [43], [57] 
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The desired the peak power from equation (119) occurs when the noise is at a minimum. 

Like MVDR, the MUSIC approach requires the covariance matrix R, but must also perform 

eigenvalue decomposition. MUSIC is therefore the most computationally expensive approach 

out of the three.  

All three DOA algorithms are presented for a 4x4 URA with ɚ/2 and 3ɚ/4 spacing in Figure 

2.19. Bartlett has a very wide main peaks with side peaks throughout the spectrum. These are the 

two major disadvantages to Bartlett as a DOA approach. If a second signal is present but at a 

lower SNR the power level in the spectrum will be lower. If the power level of the weaker signal 

is lower than the side peak level of the Bartlett power spectrum, then the signal will be masked 

and unresolvable. Similarly, because the width of the main peak, Bartlett is said to have low 

resolution [43], [59]. Resolution refers to how spatially distant two signals can be and still be 

resolvable [43], [57]. 
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Figure 2.19 DOA spectra comparisons for a 4x4 URA with (a) ɚ/2 spacing and (b) 3ɚ/4 spacing. 

Figure generated in MATLAB. 

MVDR and MUSIC do not have either of these issues. From Figure 2.19 MVDR and MUSIC 

have negligibly high side peaks. Therefore, secondary signals of lower power can easily be 

resolved as peaks of lower power level in the spectrum and will not be masked. Furthermore, 

Signals can be spatially close together for both MVDR and MUSIC and still be resolved. MUSIC 

exhibits the best resolution of the three [43], [57] and will be used exclusively for the simulations 

in Chapter 4. 

As aperture size is increased, the performance of all three DOA algorithms improves [57], 

[61]. This is illustrated in Figure 2.19b. When element spacing increases beyond ɚ/2, however, 

the effects of grating lobes are introduced into the spectrum as extra spectrum peaks. Grating 

lobes form a kind of ambiguity because without external information identifying which peak in 

the spectrum is the real signal of interest cannot be determined. There are, however, other 

ambiguities that can occur. These ambiguities are discussed in the next section. All of these 

ambiguities will manifest as peaks in the DOA power spectrum.  
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2.3.3.4 Ambiguities in Direction of Arrival  

If there exists a set of distinct DOA calculations for which the steering vector is rank 

deficient, there will be ambiguities in the spectrum [62]. In other words, if there is more than one 

steering vector that result in the same DOA calculation, an ambiguity is present [63]. Consider a 

URA in place of the ULA in Figure 2.17 performing a DOA measurement for a signal incident at 

broadside (◖, ɗ) = (0, 0) for the coordination system in Figure 2.1. The plane wave will excite 

every element in the array at the same time. Therefore, the time delay ȹt from equation (100) or 

equation (104) will be 0. However, a plane wave incident on the array at (◖, ɗ) = (180, 0) will 

also excite every element in the array at time t with no time delay. Therefore, a DOA 

measurement taken with the steering vector for either direction will result in detection of two 

signals: one signal from each direction. This means an ambiguity will be present at 180 when the 

plane wave is at broadside and vice versa. Every incident direction for two-dimensional URAs 

arrays will inherently result in an ambiguity [64].  

These ambiguities converge with the incident plane wave signal at endfire [52]. This 

convergence of the two power spectrum peaks or beam patterns causes the increase in width for 

both the power spectrum and the beam pattern in Figure 2.15 [52]. This convergence is shown 

for the DOA spectrum of a 4x4 URA with half-wavelength spacing in Figure 2.20. It should be 

noted that a grating lobe also forms at endfire for this array, and the DOA spectrum detects a 

second peak.    
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Figure 2.20 DOA Power spectrum of a 4x4 URA with ɚ/2 spacing performing a MUSIC DOA 

measurement. The incident signal is located at an azimuth of (a) 35 (b) 65 and (c) at 90 (endfire). 

The ambiguity and the incident signal converge at endfire. 

These ambiguities exist for all linear and two-dimensional planar arrays as result of their 

planar geometry [64]. Effort has been made to utilize uniform circular arrays and arrays with no 

phase centers to eliminate and resolve ambiguities [65]-[66]. Rectangular planar arrays, however, 

are the focus of this thesis and the ambiguities for these geometries cause significant operational 

concerns. 

2.3.4 Mutual Coupling Effects 

Antenna operation is defined by the current distribution, and the magnitude and phase of the 

currents on the radiating elements. When elements are spaced in close proximity to one another 

as in an array, the radiated fields from one element will interact with those of the other elements. 

This interaction is known as mutual coupling and leads to deviations from ideal behavior. As the 

current distribution on each element changes, the impedance on each respective element will also 

change. Therefore, mutual coupling effects can be computed by looking at the impedances of the 

array elements. This is conveniently done by modeling each element as having its own generator 

with generator impedance. An array of n elements can be modeled as n-port network using 

circuit analysis as [11], [67]-[68] 

 6  : ) : ) Ễ: ) (120) 
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 6  : ) : ) Ễ: ) (121) 

 ể 

6  : ) : ) Ễ: ) 

 

(122) 

 

where Vn and In are the applied voltages and currents to each element and Znn is the self-

impedance of each element when the other elements are open-circuits. Zmn represents the mutual 

impedance between elements in the array [11]. 

Dividing equation (122) by ) gives the input impedance of any element in the array with all 

mutual coupling effects included. This is known as active impedance and is given by [11] 

 
:  :

)

)
  :

)

)
Ễ:

)

)
 

 

(123) 

 Mutual coupling effects impact more than just the input impedance of the array elements. As 

discussed, the radiating behavior of one element impacts the radiating behavior of another 

element in the array. This has significant impacts on the radiation pattern and beam steering 

behavior of the array as a whole [11], [67], [69]. It should be noted that the active impedance 

depends on the current in each element which contains phase information. Therefore, at different 

steering directions, different mutual coupling effects occur [11]. Mutual coupling also impacts 

DOA measurements [68], [70].  

To compensate for mutual coupling, the mutual impedance terms from equations (122) and 

(123) must be determined. Once these mutual impedances are found, the mutual coupling matrix 

for the array can be generated. Applying the inverse of this mutual coupling matrix to the array 

excitation sources will offset the mutual coupling effects for the specified direction and 

approximate the ideal performance. There are several ways that the mutual coupling matrix can 

be calculated [55], [71]-[73].  
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2.4 HF Fundamentals 

This section of the literature review transitions into HF propagation. The basic principles and 

operation of electromagnetic waves is maintained at HF as well as at other frequencies. 

However, HF signals interact with the ionosphere in ways that higher frequency signals do not. 

These interactions present an additional challenge for ground-based radio telescopes. An orbiting 

array, such as the one proposed in this thesis, would avoid many of these challenges.  

2.4.1 Frequency Spectrum 

To understand the fundamentals of HF, the basics of the electromagnetic spectrum must first 

be discussed. The electromagnetic spectrum is the range of frequencies and wavelengths of all 

electromagnetic radiation propagating in space [74]. A visual representation of the 

electromagnetic spectrum is shown in terms of wavelength below in Figure 2.21.  

 

Figure 2.21 The electromagnetic spectrum. Figure taken from [75]. 
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As can be seen in Figure 2.21, the electromagnetic spectrum covers a wide range of 

wavelengths and frequencies for an equally wide variety of purposes. The part of the 

electromagnetic spectrum that is of interest to this thesis is the radio wave spectrum, also called 

the radio frequency (RF) spectrum. The RF spectrum is defined as the subset of the 

electromagnetic spectrum with frequencies between 30 Hz and 300 GHz [76]. This is the section 

of the electromagnetic spectrum over which wireless communication and broadcasting takes 

place. The RF spectrum is broken down into even further subsets listed in Table 2.5. 

From Table 2.5, HF is found to have frequencies ranging from 3 ï 30 MHz, which 

corresponds to wavelengths of 10 ï 100 m. Arrays built to operate at HF with half-wavelength 

spacing have element spacings on the order of 5 ï 50 m for optimal performance. This is one 

major constraint imposed by HF operation. The other major constraints of the HF operating 

frequency band are given in terms of the ionospheric environment discussed in the next section. 

Table 2.5 RF Spectrum Breakdown. Table taken from [76] 

 Frequency ɚ Band Description 

30 ï 300 Hz 104 ï 103 km ELF Extremely Low Frequency 

300 ï 3000 Hz 103 ï 102 km VF Voice Frequency 

3 ï 30 kHz 100 ï 10 km VLF Very Low Frequency 

30 ï 300 kHz 10 ï 1 km LF Low Frequency 

0.3 ï 3 MHz 1 ï 0.1 km MF Medium Frequency 

3 ï 30 MHz 100 ï 10 m HF High Frequency 

30 ï 300 MHz 10 ï 1 m VHF Very High Frequency 

300 ï 3000 MHz 100 ï 10 cm UHF Ultra-High Frequency 

3 ï 30 GHz 10 ï 1 cm SHF Super-High Frequency 

30 ï 300 GHz 10 ï 1 mm EHF Extremely High Frequency  
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2.4.2 Ionospheric Effects on HF Signals and Electromagnetic Propagation  

While many signals will reflect off the ionosphere and bounce back to earth, signals near the 

HF band can penetrate into the ionosphere and propagate through it. However, the ionosphere is 

not a static medium for radio signal propagation. Rather, it is split into layers based on the 

distribution of the density of charged particles. Furthermore, the density in each of these layers is 

time varying and is highly dependent on the geomagnetic field of the earth and can be affected 

by solar activity from the sun. This constant shifting of ionization causes electromagnetic waves 

to experience dispersive effects as they propagate through the ionosphere [7], [76]-[77]. 

Another effect experienced by electromagnetic waves in the ionosphere is known as Faraday 

rotation. Faraday rotation is the gradual rotation of the polarization of an electromagnetic wave 

as it propagates through the plasma medium of the ionosphere. This effect is usually experienced 

by linearly polarized signals [7]. A change in the polarization of a signal has a significant impact 

on the receiving array, especially if the array is designed to operate only at a specific 

polarization.  

Similarly, the charged particles in the ionosphere interfere with the electromagnetic wave 

causing the propagating velocity to decrease. This ionosphere induced time delay depends on the 

frequency of the electromagnetic wave and the density of the charged particles in the ionosphere 

[7], [77]. This can have significant impacts on DOA measurements, as the time delay used for 

those calculations assumes a propagation speed equal to the speed of light. If a high enough 

density of charged particles is present for a transmitted signal at a given frequency in the 

ionosphere, then the propagation velocity may be delayed enough to cause errors in the DOA 

calculations. 
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Finally, a third major impact caused by the ionosphere is known as scintillation. Because 

different distributions of the ionosphere have different ionization densities, the propagation speed 

the amplitude, and the phase can be varied by different amounts across the spatial distribution of 

the propagating wave [7]. When this wave encounters the receiving phased array, the 

electromagnetic wave that illuminates the array is no longer in phase and is therefore not a phase 

front. Thus, the DOA calculations from Section 2.3.3.3 no longer identifies the exact position of 

the source of the electromagnetic wave, and additional, more complex analysis must be 

performed. 

This thesis does not provide solutions for these issues and instead focuses exclusively on the 

design and operation of the three-dimensional array. In orbit, the proposed array will only be 

faced with these challenges when it is implemented for ionospheric and atmospheric studies and 

calibration for ground-based systems. For studies beyond the atmosphere, the ionosphere no 

longer acts as an obstacle and the array will avoid the challenges presented in this section. 
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Chapter 3 ï Three-Dimensional Array Design and Geometry   

 

This chapter presents the design considerations for the space-assembled three-dimensional 

phased array. Geometry considerations for the design are presented with corresponding 

solutions. The components for the array design are then discussed. The chapter transitions to a 

discussion of geometric terms for the array that will be used in the rest of the thesis. Finally, a 

theoretical analysis is presented with the expected results due to the cubic geometry of the array.     

3.1 Geometry Selection 

The first decision regarding the three-dimensional array design was which geometry to 

implement. There were two major factors to be considered in selecting a geometry. The first 

factor to be considered was the simplicity of the design for simulation models and prototyping 

fabrication. Simplicity in the geometry can not only simplify the design but can also lead to 

simpler analysis. The second factor to be considered was practical application of the geometry to 

the end use-case of a space-assembled HF radio telescope. Ideally, a simple geometry with a 

regular, modular structure was desired for this use case. A cubic structure met both requirements 

and was readily selected for the end design and the prototypes developed for this thesis.  

There are additional benefits to using a cubic structure for the array geometry. A cubic 

structure is inherently symmetric on all sides. This symmetry will make analysis far simpler than 

arbitrary three-dimensional geometries. Secondly, a cubic array is the natural extension of a two-

dimensional URA. Thus, the performance of a cubic array can be easily compared to that of a 

conventional URA of the same number of elements.  
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3.2 Cubic Three-Dimensional Geometry Design  

The end goal is for the array design to be easy to simulate and simple to fabricate, especially 

when considering the in-space assembled HF radio telescope end use-case. For this reason, the 

design presented in this thesis consists of small pieces that are integrated together in a regular 

structure.  

 

Figure 3.1 Proposed array design for in-space assembled HF radio telescope 

The entire array structure consists of four major components: conductive rods for array 

dipole elements, nonconductive rods for spacing and support, spacers to connect the rods 

together, and feed-points (or excitation sources) for the array elements. The integration of these 

components to form the cubic design is shown in Figure 3.1. The vertical yellow rods represent 

the conductive rods for the array half-wave dipole elements, the horizontal blue rods represent 

the nonconductive rods that provide the spacing between the elements and structural support, and 
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the spacers are represented by the hexagonal-sphere shapes. It should be noted that the spacers 

are modeled with a size of 10 cm for easy implementation with 1U CubeSats. 

This design implements the desired regular, modular structure with the added capability of 

tunability. Radio frequency integrated circuit (RFIC) switches within each spacer would allow 

for opening or shorting the spacer itself to connect or disconnect conductive elements. Through 

this process, dipole element sizes and spacings can be reconfigured for operation at different 

frequencies within the HF band. RFIC switches are not implemented in this thesis, however, the 

design presented herein intentionally includes the RFIC tunability as a feature that can be 

explored as future work on the project. A more detailed discussion is presented in Chapter 6.  

One shortcoming of the design in Figure 3.1 is the limited polarization capability. The z-

directed nature of the dipoles in the design limits the performance of the array to linear 

polarizations. As seen in Chapter 2, the polarization of an electromagnetic wave can be captured 

by two orthogonal vector components. To operate at all polarization states for antenna and array 

operation, two orthogonal sets of conductive rods are required. However, as the array tumbles, 

one of those sets of rods may align with the propagation direction of the electromagnetic wave. 

Therefore, a third set of orthogonal rods is needed. With three sets of orthogonal rods at each 

feed-point, no matter what the orientation, both vector components of the electromagnetic wave 

for any polarization will be measured. This is known as a hexapole and would be implemented 

by replacing the blue, nonconductive rods with conductive rods. More information on the 

hexapole is provided in Chapter 6. 

The dipole element and the resulting polarization limitation was chosen intentionally for 

simplicity in simulation and analysis. The simulation environments assume co-polarized 

conditions; therefore, orthogonal sets of rods result in unnecessary computational complexity. 
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Additional rods also present scaling limitations for the array in the 4nec2 simulation discussed in 

Chapter 4. Finally, the dipole simplification also makes a prototype fabrication and laboratory 

measurement much more practical.  

3.2.1 Detailed Analysis of Cubic Array Structure  Design 

The array elements for the cubic geometry design are z-directed half-wave dipoles. As 

mentioned in Chapter 2, these are dipoles that have a length that is approximately half of the 

wavelength, ɚ/2, of the dipoleôs resonant frequency. For the design in Figure 3.1, the smallest 

half-wave dipole element consists of a single feed-point in the center of two conductive rods. 

The regular structure of conductive rod, spacer, conductive rod, spacer, etc. is utilized for the 

purpose of tunability. If the spacers are shorted, rather than serving as feed-points for smaller 

dipole elements, they can contribute the length of the dipole element and connect conductive 

rods to form larger dipole elements. Regardless of operational frequency, dipole elements cannot 

physically touch or overlap in space. Therefore, a hollow spacer is required between dipole 

elements in the z-direction.    

Another representation of the array design in a 4x4x4 configuration is presented in Figure 

3.2. This is the same representation from Figure 3.1 with some helpful visualization. There are 

four different colored hexagonal-like shapes and two different colored rods. The dark colored 

vertical rods represent the z-directed half-wave dipole conductive rods. The orange hexagonal 

solids at the intersections of vertical dark rods and the horizontal blue rods represent spacers or 

CubeSats that act as feed-points for the half-wave dipoles. The horizontal blue rods represent 

nonconductive structural components which are used to provide the desired spacing in the x- and 

y-directions between array elements. The white hexagonal shapes between the blue rods 

represent hollow spacers or CubeSats which are used to connect the spacing/structural rods to 



70 
 

maintain the x- and y-spacing between array elements. Finally, the maroon-colored hexagonal 

shapes placed between the vertical dark rods represent hollow, empty spacers that maintain the z-

spacing between array feed-points. It should be noted that the hollow and empty spacers along 

the z-axis would still contain RFIC switches in a full implementation of the design.  

 
Figure 3.2 4x4x4 64-element array design on (a) all x-, y-, and z-axes and (b) on the YZ plane  

 

Figure 3.2b shows the YZ two-dimensional plane of this three-dimensional array design. The 

half-wave dipoles are directed vertically along the z-axis. Between two vertically adjacent feed-

points, there are two conductive rods and one hollow spacer. However, the actual feed-point 

connection is the exact center of the spacer with respect to the z-axis. Therefore, there is an 

additional spacer length between two feed-points. The vertical feed-point to feed-point distance 

is then: length of dipole + length of spacer. The horizontal distance is computed the same way. 

The spacing in the x-direction is identical to the spacing in the y-direction due to the symmetrical 

geometry. In this configuration, the spacing in all three directions is identical and the cubic 

geometry is maintained.  
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Figure 3.3 4x2x4 32-element array reconfiguration of the 4x4x4 64-element array from Figure 

3.2 on (a) all x-, y-, and z-axes and (b) on the YZ plane 

The RFIC switches inside the spacers between conductive elements could be opened or 

closed to reconfigure the array into other forms such as the one shown in Figure 3.3. In this 

configuration, the array operates at approximately half the frequency as that in Figure 3.2. The 

green hexagonal shapes for this configuration represent spacers or CubeSats that have been 

shorted to connect conductive elements together to form larger dipoles. In this configuration, the 

z-distance from feed-point to feed-point is maintained around approximately one half-

wavelength. Likewise, the dipole length itself is kept at approximately one half-wavelength. 

However, the x- and y-spacings have not changed and are approximately one quarter-wavelength 

spacing for this configuration. Because the spacing is not symmetric in all three dimensions, the 

cubic nature of the geometry is lost. This is an important consequence that will be discussed in 

the next section.   

It should be noted that the physical dimensions of the array in Figure 3.2 and Figure 3.3 have 
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not changed. Only the size of the dipole elements and the spacing between the dipole elements is 

changed. It is also worth re-emphasizing that RFIC switches are not implemented in this thesis, 

however, the reconfiguration of the array can be implemented in simulation by restructuring a 

model as was done in Figure 3.3. 

3.2.2 HF Cubic Geometry Considerations  

As mentioned in Chapter 2, an HF array operates between 3 and 30 MHz. This frequency 

range corresponds to wavelengths between 10 and 100 m. For half-wave dipoles, the element 

size and the spacing between elements is limited to between 5 and 50 m. The design for the array 

approximates that of a cubic geometry. The goal is to maintain that approximate cubic geometry 

at different frequencies within the HF band. As seen in the previous section and in Figure 3.3, 

certain reconfigurations can cause the cubic geometry to be lost. For the purposes of this thesis, 

such reconfigurations are not useful. To maintain cubic geometry for the HF frequency band, a 

cube must be designed at the lowest frequency of 3 MHz. The goal is to implement elements that 

are sized to operate at the highest frequency of 30 MHz such that a cube that operates 30 MHz 

can be reconfigured to an approximate cube that operates at 3 MHz.  

The smallest cube possible is an 8-element 2x2x2 configuration. As mentioned, at 3 MHz, 

the element size and spacing required is 50 m. The element size for 30 MHz is approximately 5 

m. Therefore, ten 30 MHz-elements can be combined to form a single 3 MHz-element, as shown 

in Figure 3.4. To form two vertical 3 MHz-elements would then require approximately twenty 30 

MHz-elements. Furthermore, these elements cannot physically overlap in space, therefore 

additional empty spacers or CubeSats between each of the 30 MHz elements as well as one to 

separate the 3 MHz elements are required. A total of 19 spacers per 3 MHz element and one 

spacer between 3 MHz elements results in 39 spacers for 2 z-directed 3 MHz half-wave dipoles 
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in a single column. To maintain the cubic geometry, a 39x39x39 spacer structure is required.  

 

Figure 3.4 Ten 30 MHz elements combine with nine spacers to form a single element at 3 MHz 

 

In Figure 3.5, all the dots represent the spacers or CubeSats. Figure 3.5a shows 19 spacers 

being combined to form individual 3 MHz elements. It should be noted in Figure 3.5a where the 

elements are formed; the yellow lines represent where the elements are formed in the 3 MHz 

configuration whereas the red boxes provide useful illustration for the reader. There are enough 

spacers to form additional 3 MHz elements. However, by forming these elements, the cubic 

geometry of the array is lost and a rectangular solid is formed as was shown in Figure 3.3. 

Because this thesis focuses specifically on cubic geometry, these extra elements are non-

desirable. Therefore, the additional 3 MHz elements are excluded. For symmetry purposes, the 

central elements in Figure 3.5a are selected to form the 3 MHz cube.  

At 30 MHz, there are a lot more elements that can be implemented. The 2x2x2 3 MHz cube 

becomes a 20x20x20 30 MHz cube with each element consisting of a single spacer acting as a 

feed-point and 2 conductive rods, as in Figure 3.2. Every other spacer acts as an open circuit. 

This structure is shown in Figure 3.5b. Therefore, the design shown in Figure 3.1 can be 

implemented to form a regular structure that can be in-space assembled that could be tunable to 

operate at 3 MHz and 30 MHz in the HF band with while retaining cubic array geometry with 

various aperture sizes.
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Figure 3.5 A single face of a 39x39x39 spacer cube that can be configured into (a) a 2x2x2 8-

element 3 MHz cube or (b) a 20x20x20 8000-element 30 MHz cube. The yellow lines in (a) 

represent the actual location of the array elements. 

 

One final note regarding the example in Figure 3.5 is that of the mutual coupling effects. The 

same amount of metal is present in the array regardless of the frequency of operation. At 30 

MHz, every conductive rod in the array is being used by an array element. At 3 MHz, however, 

there are spacers with conductive elements that are not in use by the array that are placed 

between and around the larger elements that are being used in the array. This excess metal from 

the elements that are not in use could have substantial effects on the mutual coupling 

performance at different frequencies.  

3.2.3 Array Element Specifications 

As mentioned, the ideal component to implement as a spacer would be a 1U CubeSat that is a 

10 cm cube. The overall size of a single dimension of the cubic array structure from Figure 3.1 

for N 30 MHz elements is 

 3ÉÚÅς.z ,ÅÎÇÔÈ ÏÆ #ÏÎÄÕÃÔÉÖÅ 2ÏÄ . . ρ πzȢρ Í (124) 

At 3 MHz, the size of the half-wave dipole needs to be slightly shorter than 50 m. Using Figure 
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3.4 and substituting 50 m for Size in (124) results in   

 υπ Í ςz ρπz ,ÅÎÇÔÈ ÏÆ #ÏÎÄÕÃÔÉÖÅ 2ÏÄ ρπ ρπ ρ πzȢρ Í 

,ÅÎÇÔÈ ÏÆ #ÏÎÄÕÃÔÉÖÅ 2ÏÄ ςȢτπυ Í 

(125)  

 

(127) 

Additionally, in order to avoid grating lobes, the spacing between elements in all three 

dimensions is kept under 0.5ɚ. Therefore, the length of the conductive rod components needs to 

be reduced slightly to ensure that grating lobes are avoided. For this reason, the length of the 

conductive and nonconductive rod lengths are identically selected as 2.3 m. The results for the 3 

MHz and 30 MHz elements are shown in Table 3.1 

Table 3.1 Array Element Specifications 

Frequency Wavelength Element Length Element Spacing % Shorter than ɚ/2 

3 MHz 100 m 47.9 m 48 m 4.2 

30 MHz 10 m 4.7 m 4.8 m 6 

 

3.2.4 Design Pros and Cons 

The major benefit to the design in Figure 3.1 is the regular, modular structure for an in-space 

assembly process. The solid cube geometry provides symmetry for the analysis and fabrication 

process as well as allowing for tunability to different frequencies.  

However, in order to achieve the desired cubic geometry that is desired, a substantial number 

of elements is required. The high element count increases the cost of the system as well as 

introducing complexity in the assembly process. Furthermore, high number of elements leads to 

increase power consumption, increased data processing requirements, and an increase in mutual 

coupling effects. 
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3.3 Geometric Terms 

Throughout this thesis there are references to different groups of elements within the array 

structure. Some definitions for these terms and visual representations for each are provided: 

¶ Panel is used to refer to a singular face of 16 elements of the cubic array. The panels are 

listed in terms of letters A, B, C, and D with A being the outermost and broadside face. Using 

the coordinate system in Figure 2.1, Panel A is the furthest along the +x-axis. The panels are 

represented in Figure 3.6a. 

¶ Stack is a vertical grouping of 4 elements in the same panel. There are 4 stacks in each panel. 

The first stack of each panel A1, B1, C1, and D1 is represented in Figure 3.6b. 

¶ Plane refers to a grouping of stacks from different panels. Stacks A1, B1, C1, and D1 from 

Figure 3.6b form the plane shown Figure 3.6c.  

¶ Cut refers to a cross section that is not defined by a plane, panel, or stack. There are four cuts 

in the array structure. Figure 3.6d represents cut 1. The other cuts proceed vertically 

downward.   

Each element in the array also has a corresponding index number. Panel A consists of 

elements 1-16, Panel B consists of elements 17-32, etc. Therefore, Stack A1 consists of elements 

1-4, Stack A2 consists of elements 5-8, etc. From these notations any grouping of any size of 

elements within the array can be properly identified.  

3.4 Predictions of Cubic Three-Dimensional Geometry Performance  

This section briefly presents the hypothesis and expectations of the proposed array 

performance based on its three-dimensional geometry.   

As seen in Chapter 2, two-dimensional arrays face two major shortcomings: the ambiguity 

seen in DOA measurements and the broadening of the beam and DOA spectrum peak when 
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Figure 3.6 Geometric terms for cubic geometry: (a) panels, (b) stacks, (c) planes, and (d) cuts 

operating near endfire. Consider again the URA in Section 2.3 with the plane wave incident at 

broadside. The reason the ambiguity is observed at 180 is because the time delay between when 

the plane wave interacts with all the elements in the array is identical from both directions. For a 

cube, however, this is not the case. If a plane wave is incident at broadside for the cube in Figure 

3.7, the elements in Panel A will be excited before the elements in Panel B, which will be excited 

before the elements in Panel C, etc. However, if the plane wave is incident from 180, then the 

elements in Panel D will be excited before the elements in Panel C, etc. Therefore, by adding the 

third dimension to the array, an incident signal from any direction in space should have a unique 

DOA solution. Therefore, it is hypothesized that these ambiguities are not seen by the cubic 

structure DOA measurements.  

   It should be noted that there could still be ambiguities caused by grating lobes. These 

ambiguities are brought about by the spatial aliasing caused by an insufficient spacing of 

elements. A third geometric dimension should not remove these effects. Therefore, the element 

spacing effects for two-dimensional arrays are expected to be maintained at three-dimensions. 

However, the spacing in this design is intentionally decreased in order to remove grating lobes 

from the analysis altogether.  
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Furthermore, because the proposed design is a cube, each face of the array is identical. At 90 

degrees off broadside (endfire), the signal will be incident on an identical surface as that of a 

signal incident at broadside. Therefore, the cubic geometry should completely remove the beam 

broadening endfire effects as there is no endfire for the array. Rather, the array performance at 

ñendfireò should be identical to that at broadside shifted by 90. It is hypothesized, therefore, that 

the cubic geometry should solve both major shortcomings of two-dimensional URAs.  

  It was shown in Chapter 2 that performance of an array is best at broadside and gradually 

decreases until endfire. Because endfire for the cubic array is another broadside face, it is 

anticipated that the array performance will degrade until about 45Ј off broadside, and then 

increase until ñendfireò where another broadside face is reached. However, as Figure 3.7 shows, 

the aperture area of the cubic array at 45Ј off broadside is larger than the aperture at broadside. 

Additionally, the spacing between elements as viewed at azimuth = 45, is smaller than when 

viewed at broadside. Therefore, it is possible that azimuth = 45 could have the best performance 

of any orientation of the cube.  

The cubic design from Figure 3.1 is a filled cube. It is not anticipated that the additional 

elements in the interior of the cube will increase performance. As seen in Chapter 2, the aperture 

of the array is determined by the area of the array, not its volume. Therefore, the aperture area of 

the 4x4x4 configuration is the same as that for a 4x4 URA on a single face at broadside. 

Therefore, a two-dimensional URA with the same number of elements should out-perform the 

cubic structure at broadside in terms of HP and SLL. However, a two-dimensional URA will 

exhibit ambiguities and endfire effects, whereas the cubic geometry will not.  
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Figure 3.7 Near-top view of cubic geometry with wave fronts incident at different angles  

As mentioned, the interior elements are present in the array to allow a tunable structure that 

can be reconfigured to different dipole sizes and spacings at different frequencies. It is highly 

anticipated that these elements will have significant impact on mutual coupling effects.  
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Chapter 4 ï Array Design Simulations   

 

The focus of this chapter is the simulation behavior of the three-dimensional cubic array from 

Chapter 3. All simulations are run assuming the design given in Figure 3.1. Each array 

configuration is simulated to determine the performance of beamforming and the performance of 

(DOA) measurements. Simulations are performed using MATLAB 2022a and 4nec2.  

Of specific interest in this chapter is the performance of the cubic phased array structure at 30 

MHz at broadside, endfire, and the azimuth = 45 out of the corner edge of the cube as the array 

increases in size. The focus then shifts to tunability and reconfiguration, performing the same 

simulations at 10.34 MHz. The mutual coupling effects at both frequencies are also investigated. 

Additional figures for each section are provided in Appendix A1.  

4.1 Modeling Software Selection and Assumptions  

4.1.1 MATLAB  

MATLAB conveniently includes a phased array toolbox. This toolbox allows rapid modeling 

and characterization capabilities of arbitrary array geometries in terms of pattern generation, 

beamforming, DOA measurements and much more. However, these models ignore mutual 

coupling effects and only present ideal behavior. One useful feature of these toolboxes is user 

control over element size, type, and material. It is important to note that MATLAB will model 

the dipoles as open-ended hollow cylinders and assumes a co-polarized environment.  

4.1.2 4nec2 

The 4nec2 software includes the mutual coupling in array pattern generation through the 

method of moments numerical approach. The method of moments is a numerical technique for 

approximating electromagnetic integrals in the frequency domain with a system of linear 
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simultaneous equations [1]-[2]. The analysis in Chapter 2 was performed assuming specific 

current distributions. With the method of moments, however, any arbitrary current distribution 

can be used because electromagnetic radiation can always be stated in the form of the following 

integral [1] 

 
 )Ú+ÚȟÚÄÚ  %Ú 

(127) 

 where )Ú  is the unknown current distribution, % Ú represents the inhomogeneous source 

term, and +ÚȟÚ  is a kernel that depends on the integration that is performed. A popular form 

used for this integral kernel is the Pocklington form [1]. The integral in equation (127) can be 

solved as a set of linear simultaneous equations for )Ú . Once )Ú  is found, analysis from 

Chapter 2 can be used to find the impedance terms. For more information on the method of 

moments and how it can be used to solve radiation problems, see [1] and [2]. 

In contrast to MATLAB, 4nec2 models the array element exclusively as a solid cylinder. 

4nec2 also includes ability to perform beamforming operations by implementing phase and 

magnitude shifts on the excitation sources if the required beamforming weights are computed 

from an external source. Therefore, 4nec2 can be used to investigate mutual coupling effects on 

patterns and beamforming applications. However, 4nec2 cannot be used to perform direct DOA 

calculations. Similarly to MATLAB, 4nec2 also assumes a co-polarized environment.  

Because both software packages fall short in one way or another, both will be used in 

conjunction to perform the simulations in this thesis. Because certain assumptions such as the 

hollow vs filled cylinder are inconsistent between the software packages, results may vary 

slightly. Finally, the precision for the MATLAB simulations is far greater than the precision 

permitted in the 4nec2 simulations. As a result, there is a margin of error in the 4nec2 simulation 

results.   
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4.1.3 4nec2 Limitations  

To perform the integration in equation (127), the individual dipole antenna elements must be 

broken into segments, and the analysis is performed per segment per element. The more 

segments per element, the more accurate the simulations. However, there are limitations to the 

size of the segments that be used in 4nec2 as well as a maximum number of segments that be 

implemented in a system, approximately 11,000. Furthermore, 4nec2 restricts the number of 

excitation sources, and therefore elements in a system, to 256.   

 
Figure 4.1 Single face of an 11x11x11 spacer cube that corresponds to (a) a 2x2x2 8-element 

10.34 MHz cube that can be reconfigured to a (b) 6x6x6 216-element 30 MHz cube. The blue 

dots represent every spacer in the array configuration. In (b) every second dot represents a 30 

MHz array element. 

4.2 Three-Dimensional Array Configuration Software Models  

Due to the constraints imposed by 4nec2, the largest array that can be modeled is a 6x6x6 

216-element cube. This cube consists of 11x11x11 spacer components and is not nearly large 

enough to be reconfigured to a cube that operates at 3 MHz. The simulations in this chapter will 

focus on the frequency range that is achievable through the simulation tools. The simulation 

models presented in this chapter are a 4x4x4, a 5x5x5 and a 6x6x6 cube at 30 MHz. Each of 

these models is designed to operate at 30 MHz and be reconfigured to a smaller cube that 

operates at a lower frequency in the HF band. The process from Chapter 3 is used to determine 
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the minimum operational frequency for each configuration. The 6x6x6 216-element 30 MHz 

cube can be reconfigured to a 2x2x2 10.34 MHz cube as illustrated below in Figure 4.1. The 

results for all the models are presented in Table 4.1.  

Table 4.1 Operational Parameters for Simulation Models 

Spacers Elements (30 

MHz) 

Maximum 

Length 

Lowest 

Frequency 

Number of Elements at Lowest 

Frequency 

7x7x7 4x4x4 9.5 m 15.8 MHz 2x2x2 

9x9x9 5x5x5 11.9 m 12.5 MHz 2x2x2 

11x11x11 6x6x6 14.3 m 10.34 MHz 2x2x2 

39x39x39 20x20x20 47.9 m 3 MHz 2x2x2 

 

 
Figure 4.2 4nec2 software models of the (a) 4x4x4 64-element configuration, (b) 5x5x5 125-

element configuration, and (c) 6x6x6 216-element configuration. All models consist of 

identically sized components that are identically spaced and operated at 30 MHz. The pink solids 

represent the excitation sources and indicate the number of elements in each configuration.  

The half-wave dipole conductive rods for each simulation model are identical and are equal 

to the 2.3 m as determined in Chapter 3. Furthermore, the conductive rods are chosen as 0.25-

inch-thick aluminum rods. The nonconductive rods are modeled as free space, as they have no 

direct impact on the electrical performance of the array. Likewise, the spacers that are hollow are 

represented as free space, whereas the spacers that act as feed-points are represented by the 
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voltage excitation sources. Spacers that are shorted together to form longer dipole elements are 

represented in the longer dipole element length. In all cases, the spacer is modeled as a 10 cm 

increase in length, or gap of free space. Each of the models is presented in Figure 4.2.  

4.3 30 MHz Simulations  

Each of the array configurations shown in Figure 4.2 is simulated at 30 MHz to determine the 

beamforming performance and the performance of DOA measurements. These simulations are 

presented in their own respective sections below. General array patterns and more 

comprehensive plots are presented in Appendix A1.1.  

4.3.1 Beamforming Simulations 

Each of the array configurations undergoes beamforming simulations. The MATLAB Phased 

Array Toolbox permits the user to calculate the beamformer weights for the elements in an 

arbitrary array to form a beam in a specified direction with respect to azimuth ◖ and elevation ɗ 

in the coordinate system from Figure 2.1. These weights are determined per element using a 

conventional beamformer in MATLAB. To accurately reflect the beamformer weights from the 

MATLAB model in the 4nec2 software model, the indices of each element were designed with a 

1 to 1 mapping between simulation tools as defined in Section 3.3. Therefore, the weights 

computed in MATLAB could be directly applied as real and imaginary components to the 

excitation sources in the 4nec2 software.  

The beam directions chosen for this thesis are the broadside (azimuth, elevation) = (0,0) 

direction, the endfire (azimuth, elevation) = (90,0) direction, and out of the corner edge (azimuth, 

elevation) = (45,0) direction. The plots for the ideal MATLAB model and the mutual coupling 

model are provided for each direction. Because the elevation is constant, the main observation 

between broadside and endfire is observed in the H-plane pattern. Therefore, only the H-plane 



85 
 

patterns are presented in this chapter. The E-plane patterns are presented in Appendix A1. All of 

the plots in are normalized, but the pattern parameters of interest are tabulated for each angular 

direction following each figure. Both rectangular and polar plots are provided for each 

simulation.  

 

Figure 4.3 H-Plane pattern beamforming behavior for ideal cubic model in rectangular and polar 

coordinates at 30 MHz    
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Table 4.2 Simulation H-Plane Pattern Parameters for the Ideal MATLAB Plots in Figure 4.3 at 

(◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 27.22 -16.3127 14.6668 

 

5x5x5 21.54  
 

-15.0124 

 

16.6552 

 

6x6x6 17.84 -14.4211 18.3098 

 

 

Table 4.3 Simulation H-Plane Pattern Parameters for Ideal MATLAB Plots in Figure 4.3 at  

(◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 27.22 -16.3127 14.6668 

 

5x5x5 21.54 

 

-15.0124 

 

16.6552 

 

6x6x6 17.84 -14.421 18.3098 

 

 

Table 4.4 Simulation H-Plane Pattern Parameters for the Ideal MATLAB Plots in Figure 4.3 at 

(◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 27.72 -16.0769 16.7763 

 

5x5x5 21.92 

 

-20.0887 

 

18.772 

 

6x6x6 18.16 -23.4624 20.5108 
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Figure 4.4 H-Plane pattern beamforming behavior for cubic model with mutual coupling effects 

in rectangular and polar coordinates at 30 MHz  

 

 

 

 



88 
 

Table 4.5 Simulation H-Plane Pattern Parameters for the Mutual Coupling 4nec2 Plots in Figure 

4.4 at (◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 26 -13.77 14.86 

 

5x5x5 20 -16.98 16.46 

 

6x6x6 16 -16.29 18.45 

 

 

Table 4.6 Simulation H-Plane Pattern Parameters for the Mutual Coupling 4nec2 Plots in Figure 

4.4 at (◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 28 -12.84 114.86 

 

5x5x5 21 -12.34 16.47 

 

6x6x6 18 -12.51 18.45 

 

 

Table 4.7 Simulation H-Plane Pattern Parameters for Mutual Coupling 4nec2 Plots in Figure 4.4  

at (◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

4x4x4 26 -12.84 14.86 

 

5x5x5 20 -12.34 16.47 

 

6x6x6 18 -12.51 18.45 

 
 

4.3.2 Direction of Arrival Simulations  

Additionally, each configuration undergoes DOA simulations with simulated sources located 

at the same angles as the beamforming directions in the previous section. All DOA simulations 

are performed using MATLAB and represent ideal performance. When the Bartlett DOA 
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algorithm is used, identical behavior to that of the beamformer results from Section 4.3.1 is 

found. Therefore, reciprocity is maintained for the three-dimensional cubic geometry. However, 

as mentioned in Chapter 2, the Bartlett DOA spectrum is not high resolution. Therefore, the 

MUSIC algorithm is used. The MUSIC DOA simulation results are shown in Figure 4.5. The 

plots have been normalized for this simulation as well.  

 
Figure 4.5 The MATLAB ideal DOA power spectrum plots for the full cube simulation models 

at (a) (azimuth, elevation) = (0,0) (broadside), (b) (azimuth, elevation) = (90,0) (endfire), and (c) 

(azimuth, elevation) = (45,0) at 30 MHz 
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4.3.3 Mutual Coupling Effects 

Up until this point, each array model has been compared within the respective simulation 

environments. In this section, the ideal and non-ideal models are compared. Because the 6x6x6 

full cube is the largest array and most closely approximates the in-space assembly array, it will  

 

Figure 4.6 Ideal behavior vs mutual coupling effects of the 6x6x6 full cube model at 30 MHz 
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be used for the mutual coupling comparisons. The plots for the 6x6x6 array from the previous 

sections are repeated comparing the ideal MATLAB model to the effects of mutual coupling in 

4nec2. Once again, these plots are normalized and the parameters for each angular direction are 

provided in separate tables. The E-plane patterns are provided in Appendix A1. 

Table 4.8 Simulation Pattern Parameters for plots in Figure 4.6 at (◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H-Plane) [dB] Gain [dB] 

Ideal 17.84 

 

-14.4211 

 

18.3098 

 

Mutual 

Coupling 

16 

 

-12.51 

 

18.45 

 

 

Table 4.9 Simulation Pattern Parameters for plots in Figure 4.6 at (◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

Ideal 17.84 

 

-14.4211 

 

18.3098 

 

 

Mutual 

Coupling 

18 

 

-12.51 

 

18.45 

 

 

 

Table 4.10 Simulation Pattern Parameters plots in Figure 4.6 at (◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

Ideal 18.16 

 

-23.4624 

 

20.5108 

 

Mutual 

Coupling 

15 

 

-16.29 

 

18.45 
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4.4 10.34 MHz Simulations  

Because 4nec2 limits the number of elements to 256, the largest cubic array that can be 

simulated is a 6x6x6 216-element array at 30 MHz. As discussed in Section 4.2, the lowest 

frequency cubic structure that can be reconfigured from the 6x6x6 30 MHz cube is a 2x2x2 cube 

that operates at 10.34 MHz. This new configuration is shown below in Figure 4.7. In this 

configuration, the 10 cm spacers for the 10.34 MHz elements would be shorted together to form 

the 14.3 m long elements while the spacers for the surrounding 30 MHz elements remain open. 

Therefore, surrounding each 10.34 MHz element are stacks of four 30 MHz elements that have 

their feed-point excitation sources turned off. While 10.34 MHz is not the lower bound of the HF 

band of interest, the concept of a reconfigurable resonant cubic array that operates in the HF 

band is still demonstrated. The same simulations from Section 4.3 are performed for this new 

array configuration at 10.34 MHz.  

 
Figure 4.7 The 6x6x6 30 MHz full cube model from Figure 4.7 reconfigured into a 2x2x2 10.34 

MHz cube surrounded by 30 MHz elements that have been turned off in (a) isometric view, (b) 

top view, and (c) side view. 
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4.4.1 Beamforming Simulations 
 

The beam patterns for the 10.34 MHz configuration of the array at broadside, endfire and 45 

degrees off broadside are presented below. The E-plane patterns are presented in Appendix A1. 

 

Figure 4.8 H-Plane pattern beamforming behavior for ideal and mutual coupling models in 

rectangular and polar coordinates at 10.34 MHz    
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Table 4.11 Simulation H-Plane Pattern Parameters for 4nec2 Plots in Figure 4.8 at (◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

MATLAB  58 -- 10.6875 

4nec2 56 -- 8.61 

 

Table 4.12 Simulation H-Plane Pattern Parameters for 4nec2 Plots in Figure 4.8 at (◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

MATLAB  58 -- 10.6875 

4nec2 58 -- 8.61 

 

Table 4.13 Simulation H-Plane Pattern Parameters for 4nec2 Plots in Figure 4.8 at (◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

MATLAB  60 -2.6629 

 

11.0369 

 

4nec2 56 -5.85 

 

8.61 

 

4.4.2 Direction of Arrival  Simulations 

The same MUSIC DOA analysis from Section 4.3.2 is performed on the 10.34 MHz 

configuration. The sources are located at broadside, endfire, and 45 degrees off broadside 

respectively. The results of these simulations are presented in Figure 4.12. 

4.4.3 Mutual Coupling Effects 

The mutual coupling effects and comparison to the ideal performance for the 10.34 MHz 

configuration are captured in the results from the simulations in Section 4.4.1. 
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Figure 4.9 The MATLAB ideal DOA power spectrum plots for the 6x6x6 30 MHz cube 

reconfigured to the 2x2x2 cube (a) (azimuth, elevation) = (0,0) (broadside), (b) (azimuth, 

elevation) = (90,0) (endfire), and (c) (azimuth, elevation) = (45,0) at 10.34 MHz 

4.5 Comparison of the 30 MHz and the 10.34 MHz Configurations  

Section 4.3 and Section 4.4 investigate the performance of the array at 30 MHz and 10.34 

MHz individually. The goal of this chapter is to present the performance of the array structure 

that can be reconfigured to operate at both 30 MHz and 10.34 MHz. It is useful, therefore, to 

compare the performance of the same array at these different frequencies. The comparison of the 

array performance at 30 MHz and 10.34 MHz is presented in this section. 
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4.5.1 Beamforming Simulations 
 

This section overlays both the ideal and the mutual coupling results from Section 4.3.1 and 

Section 4.4.1 to compare the beamforming performance at the specified angular directions. Once 

again, the plots are normalized, and the parameters are tabulated per direction. The E-plane  

 

Figure 4.10 H-Plane pattern beamforming behavior for ideal models at 30 MHz and 10.34 MHz 

in rectangular and polar coordinates    
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results are available in Appendix A1. 

Table 4.14 Simulation Pattern Parameters for MATLAB Plots in Figure 4.10 (◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 17.84 

 

-14.4211 

 

18.3098 

 

10.34 MHz 58 

 

-- 10.6875 

 
 

Table 4.15 Simulation Pattern Parameters for MATLAB Plots in Figure 4.10 (◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 17.84 

 

-14.421 

 

14.6668 

 

10.34 MHz 58 

 

-- 10.6875 

 
 

Table 4.16 Simulation Pattern Parameters for MATLAB Plots in Figure 4.10 (◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 18.16 

 

-23.4624 

 

20.5108 

 

10.34 MHz 60 

 

-2.6629 

 

11.0369 

 
 

Table 4.17 Simulation Pattern Parameters for 4nec2 Plots in Figure 4.11 (◖, ɗ) = (0,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 22 

 

-12.51 

 

18.45 

 

10.34 MHz 54 

 

-- 8.61 

 
 

Table 4.18 Simulation Pattern Parameters for 4nec2 Plots in Figure 4.11 (◖, ɗ) = (90,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 18 

 

-12.51 

 

18.45 

 

10.34 MHz 58 

 

-- 8.61 
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Figure 4.11 H-Plane pattern beamforming behavior for mutual coupling models at 30 MHz and 

10.34 MHz in rectangular and polar coordinates    

Table 4.19 Simulation Pattern Parameters for 4nec2 Plots in Figure 4.11 (◖, ɗ) = (45,0) 

Configuration HP [deg] SLL (H -Plane) [dB] Gain [dB] 

30 MHz 15 

 

-16.29 

 

18.45 

 

10.34 MHz 54 

 

-5.85 

 

8.61 
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4.5.2 Direction of Arrival Simulations  

The direction of arrival simulations from Section 4.3.2 and Section 4.4.2 are also overlayed 

and compared in this section. 

 
Figure 4.12 The MATLAB ideal DOA power spectrum plots for the 6x6x6 cube at 30 MHz and 

the reconfigured 10.34 MHz cube at (a) (azimuth, elevation) = (0,0) (broadside), (b) (azimuth, 

elevation) = (90,0) (endfire), and (c) (azimuth, elevation) = (45,0)   

4.5.3 Mutual Coupling Effects 

The mutual coupling effects for the 30 MHz and the 10.34 MHz configurations have been 

established in Section 4.3.5 and Section 4.4.5 respectively.  
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Chapter 5 ï Results and Discussion   

 

This chapter presents a discussion of the key findings from the simulations in Chapter 4. 

After a discussion of the important results from Chapter 4, the full -scale proposed structure is 

simulated in MATLAB at 30 MHz, 15.46 MHz, and 3 MHz.  

5.1 30 MHz Simulations  

The results from Section 4.3 verify several key concepts. One obvious result is that as the 30 

MHz cube increases in size from a 4x4x4 to a 6x6x6, the HP and gain performance of the array 

improves. In all cases in both the MATLAB and the 4nec models, increasing the number of 

elements decreases the 3-dB half-power beamwidth HP and increases the gain. This is not a 

surprising result as increasing the size of the cube increases the aperture area of the array, which 

in turn decreases HP. At the same time, increasing the number of elements in the aperture 

increases the gain.  

5.1.1 Beam Pattern Results 

5.1.1.1 Broadside vs Endfire 

The results from Section 4.3.1 illustrate that the beam patterns at broadside and endfire are 

identical. Not only is the shape of the beam pattern the same, the SLL for the H-plane patterns 

are identical as are the gains of the beams and the HP. These results are maintained in the E-

plane results in Appendix A1 and confirm the hypothesis presented in Chapter 3 regarding the 

broadside and endfire behavior of the cubic geometry. Therefore, the cubic geometry 

successfully eliminates endfire effects. 

The 4nec2 mutual coupling results agree with these results as well with regard to E- and H-

plane pattern SLL and gain. The HP at broadside and endfire, however, do not perfectly match. 
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This could be caused by two factors. One factor is the mutual coupling effects introduced by the 

4nec2 method of moments calculation. However, the coupling environment at broadside is the 

same as the coupling environment at endfire. Therefore, mutual coupling is not likely the 

primary source of this discrepancy. The more likely cause of this discrepancy is the difference in 

precision between the two simulation environments. The 4nec2 simulations are run with 1-

degree increments, whereas the MATLAB simulation could get within 2 decimal places of a 

degree of precision. As such, the HP calculations in 4nec2 are estimated and inherently have a 

margin of error. A combination of both effects explains the minor discrepancy in the data 

between broadside and endfire effects in the 4nec2 data. 

  5.1.1.2 Corner Edge: (Azimuth, Elevation) = (45, 0) 

The results from Section 4.3.1 at the angular direction of 45 degrees off broadside illustrate 

the results for the case where the beam is formed out of the corner edge of the cube. In the ideal 

model, both the HP and the gain increase. The increase in gain is not surprising as at azimuth = 

45, there are more elements in the aperture than at broadside or endfire, as was illustrated in 

Figure 3.7, and with an increase of elements comes an increase in gain. However, the increase in 

HP indicates that the aperture is smaller than at broadside. This is contrary to the result predicted 

in Chapter 3. At broadside and endfire, all of the elements in the aperture are in the same plane 

of space. At azimuth = 45, however, the elements in the aperture are no longer in the same plane 

of space. This is the expected cause of the result. Further investigation into three-dimensional 

aperture where elements are distributed in different planes of space is necessary to fully explain 

this result.  

The 4nec2 data is mostly consistent with these results as well. The gain in the 4nec2 data 

increases, consistent with the ideal model behavior. However, the HP in the 4nec2 models is 
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either identical, or even slightly improved over that of the broadside and endfire cases. Once 

again, this is likely explained by a combination of mutual coupling effects and the difference in 

precision between the two simulation environments. Furthermore, as illustrated in Table 4.2 and 

Table 4.4, the difference in HP for the ideal models is between 0.32 and 0.5 degrees. This is well 

within the margin of error caused by the imprecision of the 4nec2 simulation. 

One final observation regarding the corner at 45 degrees off broadside and the HP is the 

effect of adding more elements. As the cube is increased from a 4x4x4 to a 6x6x6 the decrease in 

performance at the corner edge steadily declines. Therefore, with a large enough cube structure, 

the corner edge performance may approximate equivalent performance than at the broadside 

face. Further investigation into this effect is necessary in order to make that determination. 

5.1.2 Direction of Arrival Results 

The DOA results from Section 4.3.2 further confirm the identical behavior at broadside and 

at endfire. However, at broadside and at endfire, there is still the formation of an ambiguity. The 

ambiguity is reduced by 33 or more dB, and therefore resolvable. However, an ambiguity is still 

present in the spectrum. This, too, is contrary to the hypothesis from Chapter 3. By adding more 

elements, the ambiguity is further reduced. Therefore, a large enough cube may also remove the 

ambiguity from the spectrum entirely.  

The DOA spectrum for source located out of the corner edge at azimuth = 45 degrees 

illustrates another interesting result. At azimuth = 45, the ambiguity practically disappears from 

the spectrum. This is likely caused by the fact that viewed from that direction, the spacing 

between elements is reduced. This can also be seen from Figure 3.7.    
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5.2 10.34 MHz Simulations  

The results at 10.34 MHz mirror those from the 30 MHz simulations. The broadside and 

endfire behavior are identical. Furthermore, the azimuth = 45 corner edge case demonstrates 

greater HP and greater gain. Similarly, the DOA behavior follows the same trend as that of the 

30 MHz results.  

The 10.34 MHz configuration has only 8 elements compared to the 216 elements in the 30 

MHz configuration. Therefore, it is not surprising that the performance at 10.34 MHz is 

substantially worse than at 30 MHz. The ambiguity in the DOA spectrum at broadside and 

endfire, for example, is only reduced by approximately 11 dB as opposed to 33-35 dB in the 30 

MHz configurations. This lends credibility to the idea that increasing the array size at the same 

spacing will resolve the ambiguity entirely.  

5.3 Mutual Coupling Effects and Tunability/Reconfiguration 

The mutual coupling effects for each configuration can be seen in the respective simulations 

from Chapter 4. Of note, however, is the change in the mutual coupling effects at 10.34 MHz 

versus the effects of mutual coupling at 30 MHz. At 30 MHz, there is noticeable distortion in the 

beamforming patterns and shifts in the SLL and gain. However, at 10.34 MHz, while there is 

reduction in the SLL and the gain, there is almost no distortion apart from the nulls for the 

broadside and endfire patterns. Therefore, the extra metal from the 30 MHz elements that are not 

in use, does not substantially affect the behavior of the array at 10.34 MHz. This is not surprising 

as the 30 MHz elements are unlikely to resonate at 10.34 MHz. This result shows a major 

advantage of narrowband resonant dipole elements for the array implementation.  
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5.4 Full System Simulation 

The verification of the results at 30 MHz and at 10.34 MHz with the predictions of the array 

behavior from Section 3.4 indicate that a reconfigurable resonant cubic array could be 

implemented that operates at frequencies across the HF band. A full model of the array is 

simulated in MATLAB that consists of a 20x20x20 8000-element array that operates at 30 MHz 

that can be reconfigured to a 10x10x10 1000-element array that operates at 15.46 MHz and a 

2x2x2 8-element array that operates at 3 MHz. In this way, simulations can be run to predict 

performance at both ends and near the middle of the HF band.     
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Figure 5.1 The MATLAB ideal plots for the (a) rectangular coordinate H-plane pattern, (b) 

rectangular coordinate E-plane plot, (c) polar coordinate H-plane pattern and (d) polar coordinate 

E-plane pattern of the proposed structure at 30 MHz, 15.46 MHz, and 3 MHz 

Table 5.1 Simulation Pattern Parameters for Ideal Plots in Figure 5.1 

Configuration HP [deg] SLL (E-Plane) [dB] SLL (H -Plane) [dB] Gain [dB] 

20x20x20 7 -13.0879 -13.6009 51.5609 

 

10x10x10 5.5 -4.0361 

 

-0.7729 

 

24.689 

 

2x2x2 38 -- -- 5.4099 

 
 






























































































