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I • INTRO DU CTI ON - - -· -

Device modeling in both the frequency and time doma"ins has been 

a rather undefined process in terms of the many different techniques 

incorporated by design engineers to emulate device responses. Sensi-

tivity function development, initially by Leeds and Ugron [4], and 

later by Director and Rohrer [5], has opened a new frontier to approaching 

the device modeling problem. Sensitivity functions are the first par-

tial derivatives of network functions with respect to parameters contained 

in the network. Taken incrementally, they yield a percentage change in 

the network function created by a percentage change in a parameters 

value. Hence, they lend themselves rather handily to device modeling 

problems where the device circuit structurr. is known and an optimization 

technique is reouired to incrementally adjust the structures element 

values to yield a desired network response [10]. Kokotovic and Heller 

[8] have done extensive work in this area. 

However, Director and Rohrer [5] have introduced a revolutionary 

method for calculating sensitivity functions in a manner other than 

direct partial differentiation of a network function expression with 

respect to an element value contained in the expression. Their tech-

nique relates sensitivity functions to voltages and currents obtained 

from a network structure and the networks adjoint structure. Hence, 

two circuit analysis using a general digital computer electronic circuit 

analysis program such as ECAP [1] will yield these sensitivity func-

tions. The sensitivity functions can then be incorporated into a basic 

1 
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optimization technique such as the negative gradient technique to 

adjust the device models' element values to yield a desired network 

function. Although this technique offers a clearly defined general 

approach to device modeling, it also suffers from many disadvantages. 

Among them are that 

1) a long computer-computation time is required, 

2) the chance of getting stuck in a local valley or flat 

portion of the index of performRnce (IP) surface is possible, 

3) and there is no direct method for choosing the correct 

index of performance to achieve a desired nebmrk response 

function. 

Chapter V of this dissertation indicates how the design engineer 

might circumvent these problems by omitting the optimization process 

from the design procedure in the specific case of small-signal transis-

tor modeling. 

Director and Rohrer 1s technique has another significant advantage, 

however, in that their sensitivity function calculation technique apr>lies 

equally well to a zero-valued circuit structure; i.e. one containing 

only short circuits for current determination and open circuits for 

voltage determination. Hence, initial 11 growth 11 -indicator gradients can 

be calculated for the zero-valued structure and the appropriate grad-

ient indicated elements can then be placed into the structure. This 

yields a variable structure technique by which the structure topology 

can be determined element by element and then developed by an optimization 

process. However, other than having the obvious pitfall of requiring 
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an optimization process, it also requires a circuit analysis program 

capable of analysing circuit structures under continual topological 

change. This places exceptional requirements on an already complex 

circuit analysis program such as ECAP, and is not easily implemented. 

Chapter VI approaches this device modeling concept from a fixed struc-

ture viewpoint with the advantages that 

1) the circuit topology remains the same throughout and each 

block can be analysed with the same circuit analysis program, 

2) the final circuit realization ca.n be reduced to a minimal 

number of elements by omitting those elements used only to 

preserve circuit topology, hence yielding a variable struc-

ture technique, and 

3) the demands made upon ~ie index of performance for the 

device model are kept realizable and minimal by using the 

proposed cascaded-model configuration and having each cascaded 

block meet only a minimal realizagle index of perfonnance 

between the desired network function and the achievable 

response function. 



II. SENSITIVITY COMPUTATION USING TELLEGEN 'S (WEYL 'S) THEOREM 

Tellegen's (Heyl's) Theorem and elementary calculus methods 

show that only two network analyses suffice to determine all element 

sensitivities. Proof of Tellegen's Theorem [6] and its application 

to the 1 inear resi st·ive case [ 3] and frequency domain case (1 O] are 

reviewed in this chapter in order to promote a better appreciation of 

the main results presented in Chapters V and VI. 

2.1 Te11egen 's Theorem 

Consider a network graph having nb branches and n nodes. Let 

(vK» iK) be the complete set of branch voltages and currents (K = 1,2 9 

••• ,nb) with the refer·ence directions of Figure 2.1, but otherwise 

arbitrary. Then Tellegen 's Theorem requires that 

(2. l) 

The proof begins by representing branch connections between all 

nodes (including self-incident branches at all nodes), whel"e appro-

priate CUt"l"Emts are in fact zero in Equation (2.1) ·(Figure 2. lc). 

Let the total number of b~anches be nb, 9 so that 

"b "b' 
I vKiK = I vl,iK 

K=l K=l ' 

Since one and only one b\"c.mch exists betl;reen every pah" of nodess 

this summation oveY' all branches ci1n be r~placed by a swn.mation over 

a 11 nodes. For tlri s purpose, the branch currents and voltages are 

resul>scr·ipted as shown in Figure 2. le, where the node voltages are 
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\' 
iK .. K 

(a) 

(e} 

f2 
I 

·i ll 
3 

1----p--4 
i2 

(b) 

Fisure 2.1. Definiticn in procf of Tellegen's theorem 
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measured H"lth respect to an ai'bitrtry rr-:ference. The vK i K surnrrmt:ion 

of branches incident at the jth node is then 

For· ez1mple~ at node i in Figure 2.1d, tllis sum is 

(2.2) 

Note that the signs of the vKiK terms of Equation (2.2) are always 

positive. If we ~um over all nodes (j = 1J2~ .•• ,n), then it is clear 

that each vKiK prodt-1ct \·Jill be reµresented t\:tice, sc that 
0b~ n n · 
l vKiK = 1/2 l l (v1 ~ vj)iij 

K="l ., ' j:-zl i :::1 

"h... n . n . . n • n j. I v,i = 1/2 l v1 ( l i 1J) + 1/2 I vl( I i 1 ) (2.3) 
K•"1 K K i=l j::l j=l i =l 

\1i1ere identity ;ij == -iji has been used in the second term. But the 

two current Sl!mmatfons in (2.3} are both zero from KCL~ since they 

represt-:nt the tota 1 cw'rents flm·;fog into nodes j and i respect-lvely. 

{2.4) 

Equation {2.4) is not surpl''i!dng en ph,ysica1 groundsp since it repre-

sents the conservatinn of insi~ntaneaus power in a circuit. However~ 
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·ir.spe::ct:ion of Equat'lon (2.3) nnd its deti\'tt'ion reveals n rather 

renm"·kab1e fact~ there is n~ re_guire1~_i:.bat t!]~_]?_rrmch -~r-t _:iij 

m~b_~_I:od:? ~~oJEg~s _y·l_ .a.D.9...Y~. in th~ ... -se.me .!Jl"a.£.t'J.! The vuitage co.n 

be defined in one grci.ph and tht~ cw-rent in another, so 1 ong as both 

lrnve the sarns dfrected structtwe. In fact, if we perm·lt representa.t·ion 

of open~ c:nd shoi"t-ci rcu"ited bri.lnches ~ then the h10 g1·v.phs need only 

have thr.": same number of nod~s ( F·i gure 2 .2) ! 

Therefore~ Tellegen's Theorem applied to Fif1u1·~ 2.2 wou°lc! yield: 

2.2 The Linear Resistive Case 

Let vK(tL ·;K(t)t iJ!K(t) ar.d q,K(t) represent branch var~ab1es 'in 

two nstworks~ N and NA respectively~ wltich have iderrtical graphs in 

the Tellegcn sense. Then 

k vK(t)<!>K(t} ~ 0 

l 1/'K ( t } i K ( t ) = 0 
K 
Now let the vnlt<1g~ and ct.H"r-ent ht N chan9e by amounts lvK(t) and 

Tellegen 's Theorem mLlst sti 11 be satisfied so that 

ICvK(t) + 6vK{t))¢K(t) = O 
K 



which requires both 

~ tv (t)¢ (t) = O I. K K 
K 

l vK(t)~iK(t) ~ 0 
K 

8 

and) subtracting (2.6) from (2.5), 

l{~vK(t)0K(t) - ~iK(t)~K(t)) ~ 0 
K 

(2.5) 

(2.6) 

(2.7) 

Eqtwtion (2. 7) pv·ovides the key to sensitivity calculation rm~thods. 

To see this, consider the pr0blem of calculating the sensitivities 

~v /aR-1 ~nd ~v /aR2 for the circuit 0f Figure 2.3a. 
0 0 

The ovtp:.Jt: is formally replaced by ati infinite resistance branch 

(Fiaure 2.3b), and a network of the same structure is composed vith 

as ye·i: m1knc;1m branch relutionsll"ips (Figure 2.3c}. Equation (2.7) can 

riow be WY'i tten 

(ti\'s<l>s •. bist!15}.,. (twR ¢R - tdr. lJJR) 
1 l ··1 l 

+ (hv-1<. ¢0 - AiR ~p ) + (6v0$0 - Ai ~ ) = 0 (2.8) 
2 "2 ·2 '"2 0 0 

Now a!=>~ume that R1 changes by l>R.1; this wi 11 v in generci.1, o.~t!SC 

dumges in a11 ;·10h:ork btanch currents and vo1ta9es, \·1hkh can be 

calculated as follows: 
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\fl 
1 +-

--llM"./\"v\A----·· 

I+ 

t/13 t + , >)~dr+~ l!J4 
t:J5 + - --

L ______ _ 
-+· li1? 

1-.. 

Figure 2.2. Examp 1 e circuits 

Figure 2.3. Simple n~twork example 
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and 

Now attnmpt. to set the terms of Equv.tion (?..8) to zero. Fir-st» 

tJv5 "" o~ s·ince the volt£:ge v5 dm~s not change vulu~. Setting i/'s = O 

then forces the entire f·i rst term to zero. The th·l rd term is of the 

fonn 

which bccom~s Zf~ro if the adjoint net':'JOrk contciins an ident"ica1 n.:sis·· 

tanc:e R2: ~n that .¢R2 = R2¢R2• If R1 ·ls a.1so dupHc~tGd "ln the adjoint. 

r:etwotk~ the f'P.1;-wining tt•10 terms of Equath:m (2.B) becom2 

(lwR1~'R1 - LiR1i/IR.1) + (!Wo<f>o ~ ~ioij.10) - {"lf<lliR·i1>R1) 

+ (Av ~ - lli W } = 0 0 0 0 0 

~ iR ~R1¢R + av ~ = 0 1 'l 0 0 
(2.9) 

(2.10) 

which che:ks with the calculhtion in Figure 2.3. C~lculation of 



11 

li1 both \:;is es, the adjoint net~·mrk is ·i d~nt.i c~ 1 to the ori giila 1, 

C}{C<=~pt for~ the shorted input ar:d a unit soui"CG c;cross the output. 

lhr::refm'e, en ly two netwcri"I~ analyses need be performc;d to compute~ 

both sensitivities. 

2.3 Frequency Domain Sensitivity Calculation • ...1:_.,_ __________ .. .,,, ... ...._ __ ~-... --.-.--.. --.... -·-· 

In the frequency domain equation (2. 7j can be mq.:r(}S~0d in phasor 

t&rrns as 

IC6VK(jw)tK(jw) - 6IK{jw),K(jw)) = 0 {2.11) 
K 

NO\'J considey- the brcmch relations of the original netuork 1'N 11 • At 

the sarna tirn~ define the branches of the a·c:!jofot net~mrk 11NA 11 'in z;i.ic;i1 

a w~y as to render er.press i Oil ( 2. 11 } 'i ncleper.dent of a 11 /1 V and AI tor·ms, 

wM ch are assocfoted with non source brandies. The rieasoni ng beh·i rn1 

this approach is that c;.n exp1~ession is desired that dapenC:s only on 

par&.m~tm• and source vcn·i atioPs. Next s the derivc.lt:"icm of the adjoint 

elements for resistances, capacitances, and voltage contl~o1 k:d voltcige 

sotJrces is demonstrated. The adjoint models for the remaining e1en:2n-i: 

types are d~riv~d by mr:.!ans of simi 1 ar techniqu2s; the PeS!Jl ts are 

stm::nar)zecl fo Tc1ble 2. i. Conshier resist·ive branches first. Let 

~chem(.~ will be em~11oyed thMughout.. Since the resistance is v~ried~ 

(2,13) 
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Comparing equations (2.12} and (2.13), notice that 

(neglecting second-order terms). Therefore, the terms of equation 

(2.11} associated with resistance branches of N can be written 

l[(R¢R - o/R}61R + IR¢R6R] 
R 

(2.14} 

where the subscripts on the summation indicate that it is to be taken 

over all such branches. To achieve the goal of eliminating the 

dependence of equation (2.14} on 6IR' choose 

which is the branch relation for a resistance of value R in the adjoint 

network "NA". 

The capacitance branch relation is 

IC = jwCVC 

so that 

(neglecting higher-order terms}. Terms of equation (2.11} associated 

with capacitance branches of N can be written as 

}J(¢c - jwCo/c}6Vc - jwVco/ctiCJ 
c 
Thus, the expression describing the adjoint element associated 

with a capacitance is 
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a capacitance branc~ relation it~elf. Thus~ a capacitance i~ the ori-

gfoa1 net\·mrk of value C is assodr1ted \·l'ith a c;Sipacitance in th:: .::l1jofot 

network of value C. 

Coris ·;de\" a b;o~b;~w'1ch mode 1 for- the fOl!i' lrn.s i c typE~s of dep:~1Kl8nt 

sources. The branch relations for voltage controlled voltage (VCV), 

(VDV ·implies voltage dependent voltageL sources are 

Yvov "' µVvcv 
and 

so that 

and 

(negl ec"t:ing second-or'1.foY' terms). Terrns of equa.tion (2. ·11) corr1:;spondbfi 

to voltagt~ controlled voltage soL1rces may now be written as 

so thbt the adjoint branch relations become 

and 

'i'vov ~ 0 



Tab1e?..1 

1·~~~~---,.--·~-----~~,--~--------~-------~~--~,------~--~--+----~----~_,....-------r 

I Element Branch 
1
1 Correspond ng Teim , Branch Relation Sensitivity I Comp. I 

i Tyoe Relatior. of Express on (2. 11) I in Adjoint G-:omp. J of ~P I 
~-· -----·------r----------·---------;-' ---------1----------:!---t 
I "- , , ) I I . 1 Resistance V =RI I \R~ -'f ~I +I 1> tiR , '¥R=R<i>R -I 4> ·i tiR 1 
I R R I RR R RR I RR I I 
I Conductance 11G =GV G I ( ~G-G'l'G)6V G-VG'l'G~G I ~G=G'f'G VG 'l' G I · AG 

f II I 1-----i I Co.pacitar.ce, r.c=jr1JCVc {~c~ji.i'fc)tiVc-jwVc'!'cllC ~c=jwc·rc j:DVc'r'c I ~c i 

: Elastance I SI =jwV c1-s$ -\J' )lL+ l._1 <i> tiS S¢_=jwt;.·s· - _'!_i ~ I 

!nd!Jctance 

I I Reci proc~ 1 I Inductunce 

l I I Transformer! 
. I 

S S jW $ $ ~ jW S S ~ j~ S S 

,, - . ' I vl-Jw1...l 

V =nV T2 Tl 
T =-l"li -T1 .. _T2 

1 1 
{ ¢ - --i''P ) ll v - -v ~' .. ,ti i i j!JJ T T jw 1' I 

-(n~T2+~T1 )llVT1~·(1¥T2-n'fT1). 

t.I -(V ~- +I ':11 \f\n 
T2 Tl 12 T2 Tl' 

n':l'Tl ='±'T2 

-n~ =~ 
T2 Ti 

-jwI. <i>. 
'- L 

1 v .,, 
~- ..... JW I r 

-1.'V C> + 'T1-T2 
I ':I' ) 
T2 Tl. 

t.S 



Table 2.1 (continued) 

~· 

V1. 

'I' - "'i' !CI µ !DI 
¢ .. o-=O J. · 1 



'• v v 

" I .. 
J. 

~I 
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(a) Original network 

Figure 2.4. Lrnnp2d, linear, time-invariant multiport network 
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I " ' 1 •I ~ • •t ~ t I f 1 • wrn en m~scn oe a tu1"rent co1n::··o t 1 co cwT2n c source o · cutrent amp 1 ~ 

fi ~:::.ti on facto1~ - it. Note the d1r.sge of r\J 1 es bctv:een contro11 i ng 

and dependent hranches fo th~: adjofot netvmrk. 

The terms of equatfon {2.11) c4SSociated \'Ji th th~ rernair:ing e1ement 

types of the network N can be manipulated in a sirni'lar manner. The 

results are presented in Table 2.1 along with the appropr~ate branch 

re·1 il ti ens to be chosen f OI" the n? 1 <d:ed adjoint nett·;ork ~!A. 

The neh·md< N v.nd its adjoint N~. are shown syrnbo 1 i ca lly in Fi gur<:: 

2.4. Expression (2.11) can now be written as 

}.[tiVv1>v ~ llly'fv] .... }Jt:.VI<JiI - M1 1i11J = [;T;;·p {2. "IS) 
V I 

whe.rQ tllt:! componer1ts of G ctnd 6p c:.re shown in Table 2. ·1. 

NovJ s assun:r; that the independent vo H.ctge soi;rce vo 1 ti:1ges and 

independent cur:ent source current of N are held constant so that 

and 

~II ~ 0 

Thus~ expression (2.15) becomes 

(2.16) 

Frcm equation (2.16) tile necessary sensitivHics ure eas·ily cal-· 

ctifoted by !ipp1ying th·3 appropriate input$ r.o the adjofot. network. 

Let 
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(2.17) 

be the adjcint n~t~6rk ind~pendent p0rt voltage source excitations and 

(2. '18) 

k~ ti:0. adjoint n~t· .. mrk independent port ctn·rent source ctwn::nt exci ~ 

tation:-;. In other words, the excitation of the Kth port of th~ adjoint 

error between the actual (Iy, v1) and des~red (ivs Q1) r2spun~es of th~ 

Kth port of the or·i gin a 1 network. If there is no des i rncl response at 

c:. port of the original netvmrks then the coi'respond·ing ':iie~ghting func·· 

tfon wrnld have bc~r. set equai to zero, indicat'ing a zero cxdte:tion 

at the Kth port of the adjoint network. Alsos if there is a zero 

error at a given port cf the original network, then the corraspondin~ 

pert of the adjo1nt network has lerc excitation as well. 



III. TIME DOMAIN PARAMETRIC SPACE GRADIENT CALCULATION 

The preceding scnsi t·ivity computations were performed us fog 

Te'llegen's Theorem. However, the initial sensitivity computations, 

i.e. postdating Leeds Cl.nd Ugron 1 s [ 4 ] work, were performed by Di rec-

tor and Roh~'eY' [10] using variational calculus (31]. This m~thod, 

although rigorous, proved to be mu.ch more tedious than the equally 

rigorous computation using Te 11 egen 's Them·em. However, when cons i -

derfog the time dom~rin case the varivtional calculus method will give, 

perhapss a better insight 'into the complexities invo1ved. Thus, the 

following time donm'in derivation has been performed with variational 

calculus [31] hi lioa of Tellegen's Theorenio A'lso, the parmnatric 

space gradients calculated fo this chapter will be used in ChaptE:r VI 

which involves a new concept in the transient modeling of devices. 

work in Figure 3.1 for which the element values are constrained by 

lowel" and uppeY' bounds: 

tR ~ R < pR; 

tL ~ L ~ lll; 

ts ~ s 2. µs; 
tT ~ T .S. µT; 

R-c 2. c ~ llc; 
.e,G :5_ G ~ µG 

(3 .1) 

19 
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These bounds may be dicto.ted a priov-i (by physical OI" economic 

consid~rations, perhaps), or they may be adjusted in the course of 

solution of the problem [31]. 

Now, let the excitation functions vv' tE[t0, tfls and 11, 

tE[t0, tf]s be given for the time interval T::: [t0, tf] and accept 

the response functions for current i , tE[t , tf_], and the voltage v 0 

v., te[t , tf]' as those associated with the excitation sources. 
1 0 ,.. 

While the desired forms of the response functions iv, tE[t0, tf], and 
,.. 
vi' tE[t0, tf] are assumed to be specified a priori over the time 

interval of inter·est, it is safely assumed that they can not be 

attained enactly fo1" the given network structure in general. Hence, 

specify as an approximation critel"ion the minimization of 
tf 

E(R,L,s~r,c~G) :: ! f {Wv(t)[iv(t)~iv(t)/+w.i(t)[v 1 (t)-v 1 (t)J2 }dt (3.2) 
t 

0 

where R, L, S, T, C and G a.re the parameters to be:! optimized and W v 
and W. are the non-negative weighting functions. The following equa-

1 
tions govern the time doir;air. beliavior of the network: 

• 
vv(t) + Riv(t) + Liv(t) + v5(t) - v1(t) ~ O 

. 
Si (t) - v (t) ~ 0 v s (3.3) . 
i 1(t) + Gvi(t) + Cvi(t) + i 1(t) + iv(t) ~ 0 

. 
Tv1(t) - ir(t) ~ o 



21 

Expressions (3.1) and (3.3) constitute the set of mathematical 

constraints under which the approximation criterion of equation {3.2) 
is to be minimized. To proceed to the parameter optimization, first 

append the dynamic constraints of equations {3.3) to the approximation 

criterion of equation (3.2) by means of four Lagrange multiplier func-

tions, Tv' TS' Ti and Tr, in that order to obtain the augmented per-

formance functional [31] 
tf 

E = f {::w21 {t)[i {t) - iv{t)J2 + .!W21 .(t)[v.{t) - ;.{t)]2 
v v 1 1 1 

to 

+ Tv{t)[vv{t) + Riv{t) + Liv{t) + v5{t) - v1(t)] 
{3.4) . . 

+ T5{t)[Siv{t) - vs{t)] + Ti{t)[ii{t) + Gv;{t) + Cvi{t) 

. 
+ ir{t) + iv{t)] + Tr{t)[rvi{t) - ir{t)]}dt 

Upon an integration-by-parts of equation {3.4), applying the 
" necessary condition that the first variation oE ~ O for a local mini-

mum, and also applying the endpoint transversality conditions [31], 
there follow four adjoint Euler differential equations: 

" . 
Wv{t)[iv{t) - iv(t)] + RTV{t) - LTV(t) + STS{t) + Ti{t) = O; 

• 
Tv(t) + T5(t) = O; 

{3.5) 

. 
Ti(t) + Tr(t) = 0. 
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This sut of coupled ffrst-or·der differential eqw:d;fons is virti..:a11y 

be brought foto closer corn2spondence \·tith them upon rrizi!dng the foilovring 

i dentifi cat·ions: 

' (~) = W (t + t - t)[i (t + t - C) - i (t + t - t)] (3.6) v v 0 f v 0 f v 0 f . ' 

a vo1tage source voltage; 

a voltage source current; 

' (~} ~ T (t + t - ~) s s s· o f s ' 

an elastance voltage {note: Ts must be an elastance charge); 

a current source vo1ta~ie; 

a current source current; 

(3. 7) 

(3.8) 

(3.9) 

a r·eciprocal inductcnce current. The transfm~1iK:d ·indc~pend:.mt v.:n-·fab1::: 

~ ~ t + t - t (3.1?.) c f 
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E:"" t .. ~>t = t and dt <» -d~) so that the adjoint-differential Euler r o 
equations {3.5) with the substitutions of equation {3.6) coincide in 

form almost exactly with the original differential equations (3.3): 

. v (s) + R@ {s) y L~ (s) + ~ (~) - ~.(s) = o v ·v v s 1 

. 
s~v(s) - o/s(s) = o 

(3.13) 
• 

~1 {s) + G~1 Cs) + c~1 Cs) + ~r(s) y 0v<s) = o 

. 
T~1 Cs> - ¢1 (~) = o 

Figure 3.2 gives the network repi"esentation of equations {3.13) 

and cofocides exactly with that of Figure 3.1; the only differences 

between the two are the time reve1~sa 1 and tha e>:ci ta ti on by the 

weighted error functions. 

Finally, from the coefficients of the parameter value variations 5 

oR, oL~ oS, al\ oC and oG, in the necessary cond"ition for the f'irst 

variation (omitted here, but found fo reference [3.l], p. 1933), the 

element value parimeter optimization criteria was obtained: 

tf tf ! \Cthv(t)dt • J iv(\ + tf - !;)$v(!;)dt; 

o to 

< 0 = R "' µR 
~ 0 = !R .::_ R ::_ µR 
> 0 ~ R = .9-.R 

(3.14} 
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Figure 3."I. A simple fixed-structure~ lineci.r9 tiin:J··invar'iant netvmr-k 

Figure 3.2. The r.ztwork represent15.tfon of the o.djo'irit-d'if'fernn-::i21 
Euler equation~ (3.13) in reversed time 
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tr: 

J1 i {t + t - t}S-l~ (C)dE V G f . S . . . 
t 

0 

£,. < s < µ~ . s - -- J 

<0:.: l'::.µ 
T 

( ') ~6' ~·. I .., ) 

= 0 u ~T ~ T ~ µr (3.17) 
>0."" 'f:-:~'T 

(3.13) 

< 0 :.' 

= 0 :.:: (3.19) 

> 0 :: 

where each of the right-hand side expressions becom2s convenient in 

subs<.::(1usnt COi~1:1utations. Now, employ the \if.il"i&tiom:.1 condH'lons der-lv.:.•d 

above to cbtafo the gradient of the err.or functional in pc:;rarnete;~ spa(:~.:: 

for the ultimate goal uf proce5sing o.n iterext·ive r.etH::itk des·ign tech-

nique. fir-st, reccgnize that if the tr;rnsversality cor.dH·hm:. are 

sat1sfiw1 along with expn~ssions (3.:i) c:nd (3.13} ~ the exp;~css.for. fot 

the fi r·s t variati t".H1 of the augrHented p2rfonnwce fl!nctfonc11 redt:ces to 



26 

but the fcrmu1 a for the gradient of the augmented performance functiona 1 

with res pee t to the pa rame te rs fo 11 ows from 

so 

-iv(to + tf - t)~v(~) 
' 

t iv(t + tf - ~}¢ (~) 
~ f 0 v 

VE ~ J -iv(t0 + tf - t)s-1 ~5 Cc) dt 
t . 

0 -v1.(t + tf - ~)m.(~) (J . 1 

vi{t + t~ - ~)r- 1 ¢~(t) 
0 , I 

v1(to + tf - t)~i(~) 

is the {mmormal ized) gr-o.dient for 

- [ . ]T op ~ oRt oL, os, or, oC, oG 

(3.22) 

(3.?.3) 



IV. AUTOMATED NETWORK DESIGN 

A fixed structure design algorithm [30], is reviewed in this chaptev-. 

Alsos a basic variable structure design algorithm [31] along with iter-

ative design based on the parameter space error gradients are presented 

in order to enhance an understanding of the present-day techniques. 

4.1 Fixed Structure Design 

The fixed structure case is one in which the node-branch-element 

--netwo1~k configuration has already been synthesized~ leaving only the 

final element values to be determined by an iterative optimizat·ion 

scheme. 

4.1.l Fv-equency domain case 

The fixed structure freqvency domain design problem can be stated 

as follows. Find the element values of the lumped, linear, time-invar-

iant fixed structure network N such that the c.omplex~valued poV't 

excitation phasors 

In {jw), In {jw) $ ... s In '-n {jw) 
V+l V+2 V-. I 

yield the desired complex-valued port response phasors 

27 
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ove1~ u sped fled frequency range M:n. where; nV is the nUffiber of inde~ 

pendent voltage sources and n1 is the number of independent current 

SOiff'CeS. 

A weighted integral squared etror criterion over the specified 

frequency range is employed as a performance measure: 

E = l {lw {jw} I I (jo)) v .2 v v n 
+ f j~w 1 (jw)IV 1 (jw) 

n 

.... 2 
- IV{jw) I dw 

.... 2 
- \I I (jw} I c!w 

(4 .1) 

where subscripts V and I of the summation sign denote summt1tion over 

all voltage and current sources, respectively, and the HV{jt•.J) and w1{jw) 

are real nonnegative weighting functions. The performance function 

h a function of the parameter values of the branch elements {resis-

tances~ capacitances, ••• ) via the response currents and voltages. 

Now, ascertain the variation of the error function~ expr-essfon 

(4.l)r \·tith resp!'~Ct to the element values: 

(4.2} 

where the sm.1~1ation is taken over' all variable parameters. From equa-

tion ( 4 .1) 

E • "* aiv(jw) .L = I jRe{WV(jc.1}[I*(jw) - \,(jw)] - ap J d1J) ap v v 
ft (4.3) 
r . A* aVI(jw) 

+ l _Re{W1(jw}[v;(jo>) - v1(jw)J-·-ap--} cbJ 
I n 
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Hences the requirements are to obtn·ir. an expression for the unnor-

malized network sensitivities 

and 

e>Iv(jw) 
-- ~p -

aVr(jrn) -ap ____ . 

Thus, tak~ng the real part of equation (2.16), after substitution 

of the adjoint excitations of·equations (2.17) and (2.18}s integrating 

over the spE!r.i fied frequency range n, and comparfog the result with 

equations (4.2) and (4.3), 

AE = [ Re{G}dw] ~p f . T 

n 

\·:here p is the n<::t'.-IO'i"k element vector a.nd the "gradient vector" is 

VE = J Re{G}t.fo_i 
n 

(4.4) 

Hence, refer-ring to Ta~le 2.1 for the prP.viously der·ived sensitivity 

G-components, the gradient becomes 

for rt:!sistors, 

;:iE = J Re{V \fl Jdw aG G G for conductances~ 

'2 
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~r: I 1 -·.!:.. = Re{~ --· I 4> }dw ·s · s (' ~. JW ~ J 
for Eilastances, 

rt 

for inductances, 

and 

for reciprocal inductances. 

Consequently~ a fixed structure design algorithm can now ba enunciated. 

l) Make an initial guess as to the network structure and essociated 

element values. 

2) Calculate the gradient and output error. 

3) Adjust th~ element values using a gradient method such as 

steepest descent, conjugate gradient, etc. 

4) Repeat from 2) unt'il a ~uito.bi e termination crHerion is met. 

The fixed structur-e frequency-domain design procedure flo\'t diagram 

is shown in Figure 4.1. 

4.1.2 Time domo.in case 

The fixed structure time dor.iain Ct1Se involves findir.g the struc-

tures (Fig~re 3.1) element values in an optimal fashion so as to best 

depict a desired {optimal) transient r·esponse. For any initial choice 

of paran~ters it is desired to reduce the error of equation (3.20) 
" (i.e. to make oE ::. 0); for example cl1oose to alter the p'1l"&met~rs in 

the direction of steepest descent: 



Read: 
a} Init'ial paranmter values; 
b) Excitatfon-·Response 

situation & weights at 
specified freqv.ency points: 

A 

Vy(jwK}'IV(jwK)sWv(jwK); 
,... 

II(jwK},VI(jwK),WI{jwK)> 
K ~ Osl, ••• ,m. 
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-----r----· _;._ __ 
[~_t 0 

J\i)"P1Yi7l:;LitsYv( jw"j(fITTTwr(> ___ kD 
to :~ltvm_r.ls_. 1 

. --~ B 
Ca11 Analys·is program fit Store 
the branch voltages & currents 
necessary for qradient ccilc: - -----~[.--=--_ 
·or-m error exc'i tat ions: 

\''t "* 2 
Hv{jtuK) I rvLh0K)-·Iv(ju1K) I 
W1(jwK)IVi(jwK)-Gi(jwK)l 2 

and partial integral of error 
(trapezoidal integration rule): 
if K = 0 

E:0 =l i2 (w .,w )e: K 1 0 

if O<K<m 
~K-~K-1~l/9 (w w )~K 
r. -~ 1 '- K+l-""K··l <:. termi~~tion~e:0 to e 

criterion __ ]__. ___ _ 
. met]__ I Prin1_-~~Eia ·1 ci rcui ~J 

NO [IND] 

[
----Adjust i1e.:_t:ork parameters 

Along the negitive gradient 
direction: p.;-f>-aVt:{P) ------·--·---y-- _ ___, 

rr::- to YI 
~---J 

Figure 4. 1 • Fl ow di a gram of frequency-do111.1i n design pi·ocedure 
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where aK is a non-negative parameter. A problem which originally 

entails a. mult·idimensional search in parameter space is reduced to a 

one-dimensional search in the non-negative parameter aK (Appendix A). · 

The following iterative design scheme emerges [31]: 

1) Choose a nominal set of element values, R0 , L0 , S0 , T0 , C0 

and S0 • 

2) For this s~t of element values compute and store the responses . . 
iv, iv, vi and vi, tE[t0 , tf]. 

3) Form the adjoint error excitations "1v [equatfon (3.6)] and <Pi 

[equation (3.10)], ~e[t0 , tf]' in backward time. 

4) For the same set of element values compute the responses c!>v' 

w5, 4>1 a.nd "1; ~ ~E[t0 , tf], in backward time, while simultaneously 

~omputing the grad"ient components of equation (3.22). 

5) Alter the element values according to some gradient technique 

(Negative-gradient technique [ ] with a Fibonacci search (Appendix 

A) on the scalar aK is a useful one), and iterate along the 

parameter boundary, if attained. 

6) Return to step 2) with this set of element values, and continue 

the process until an acceptably small error is obtained [i.e. EK+l 
l'+l ,.. of equation {3.2}, where E' ~ E (acceptable error)]. 

4.2 Variable Structure Dep_sigri. 

It is relatively easy to envision a design procedure that allows 

for network s tructura 1 changes. Re ca 11 that the gradient components 

are dependent only on current and/or voltages, not on any element 
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value. Since voltages across ul\y' node pair (open circuit.) and currents 

in any by·anch {short circuit) can ahrnys be rletermineds ~irudients ccir: 

be calculated with respect to non-existent el~ments. If such a gradient 

indicates nn increase in an element value (i.e. a negative valued 

grv.dient), an element is 11 gr·own 11 in that location. Every time on 

clement is "grown" from an·open c'lrcuit a new branch is added, and 

every time an element is "grown" in a short circtiit a new branch and a 

neH ncde are added to the network. 

It now bec:ornes clear why not on1y resi st[mces, ca.padtances and 

·1 ndvctances were considered, but <11 so n:~ci proca 1 res istnnces) ca.pad tm1c2~; 

and i nducto.nces. That is, b~cause the "growth Ii gradients c~n bG ca 1., 

culated for the open circuit case (voltage~voltage product} for G» C 

and 1' while the 11 growth 11 gradients can also be caicu1ated "in the si·:ott 

cfrcui t case ( cm-r.e:it-current product) for R, S and L. 

For example, an ac-amplifier design could first be approuched 

from de considarations only. Then the de realization could be broad-

bande~i by the examination of it for initial 11 gr0\<1th 11 graci"lcnts of 11 1~ero 

valued 11 C's and S's, chosen to be placed at strategk open drcuH and 

short circuit locations, respectively. Locating the initial "growth" 

gradient-indkai:ed C's and S's into the de circuit and fol1mvin9 the 

procedure of fi gurc 4 .1, tlie amp1 iffor could then be bro~.d-banded at a 

des fred vo Hage~ gii n 011pr a freq1.rz111.y range. 

4.2 .1 Frco,~iency domain case 

The vmiab1e structure frequency dm;win design problem is one in 

which G1s 1 C's ~rid T's ca.n be p1ac:ed in open cir<::•.iit locations o.nd 
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R1 s, S's and L's can be placed in short circuit locations so as to 

change the network to po 1 ogy as •:1e 11 as enhance some ni:!twork response 

to emulate a desired net\·mrk response. Deternrinfog whether an R, S 

or l can be placed in the shor·t d rcu"it locatfon 11 A!! "in Figure 4·.2 

cmd whether a \1 9 C or T can be pl~cecl in the open circtrlt location •:13 11 

in Figure 4 .2 is accomp1 ished by cal c.ufoting the "zero va '!uedl!--e1 ement 

11gr0t'lth 11 i ncli ca tor gradients. 

These 11 gro1:rth 11 incVicator gtadien·~s were derived in sec.tfon 4.1.l 

and for the typkal nehmrk of Figure 4.2 are 

<H:: i R { I )d air ::: J e " Ncr>i~ w 
n 

~ = ( R~{vt.'l'r·ld(Jl aG J - ~ ' -
~2 

~~· = f Re{ju.NN't'N}dw 
n 

~ 

He { •· -~ I ~·4>N!f dw JW I~ 

I' { 1 \I U1 } l 1\e ·-;- v :i-• TN c t•J 
Ji.!J II 

for resistors; 

for condu::tances; 

for capacitors; 

for elasta.nces; 

for i nductnnces; 

for reciprocal inductances. 
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Hence, once these initial "growth" gradients have been calculated as 

outlined in sectfon 2.3 (i.e. G) the fixed m::twork structure can be 

obtained by placing elements in the locction::; indicated by th•:?i\• 

respect-Ive !l~.RatJve_:.Y§._lued 119;--m'l'th" indicator gradients. Posit'iw~~ 

valued 11grm·1th 11 indicator gr,,dients simply mean that the element ·is 

om·ittcd.from the part'icular circuit locatfon for which it was befog 

considered, since its "growth" at that 1oco.t·jcn can in no way enhance 

the network response toward a des i \"(~d response. One~ the fixed network 

sti·ucture has been realized in the prt~c~ding marmer, the digital design 

algorithm shown in Figure 4.1 can then be implemented. 

4.2.2 Time domain case 

The variable structure time domain design problem is similar in 

nature to the frequency domain problem with two irnpoY-tant a>:ceptions: 

1) The basic network building-block is that which is depicto;d 

in r-igure 3.1. This block, or any portion of this block (;..ts 

negative gradient indicated), can be cascaded until a r:rinirnal 

error fl.inction 11 E11 ·js achieved for a desired ri?;sponse. 

2) The 11 growth 11 indicator grad·ients for the 11zero valued 11 

case a re those of express "ion ( 3. 22} . In the •:zero va 1ued 11 

Cc:se for S = 0 \'ie may assume 1j:5{t0) = 0 and make the substitution 
( 

J 4>v{n)d11 = s-\µ5{~) 
to 

"nJ· ·"1·01 ... ,,.. ·- 0 •., .. , 111··y as-u·1··'°' .t (i· ) - 0 anr1 ma·•,.,·~_._. tJ1-,_. s··.J!J~'".1·~:t1i-1"0·,·1 u. ,C! I -· (.,;:: Cl . !) I'"' .jl... .. - ~ ., •;;: ~. ~- ... • 
l 0 

(4.5) 
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Hence. the basic "growth 11 ind"icator gradients become 
4. 
"·<:' I 

a~ r . 
--- :<: J -1 (t + t~ - t"}if- (r.}dr: aR v o r ~ ~v ~ ~ 

t 
0 

for resistance br~nches; 
tf 

" 
a~~ J' i (t + tf - t;)¢ {t;)dt; aL v o . v 

to 

" tf . t; 

~~ :: f -i ( t + t - t;)" r 4> (11)dndF; as v o f . v 
t t 0 0 

for elastanc:e branches [using equation (4.6)]; 

t.t 
"" I aE r - ::: J v. ( t + t - t;) ar 1 o f 

t 
0 

E; 

f w1Cn)dndt; 
to 

for reciprocal inductance [using equation (4.5)); 

t f 

~I= J-~1.ct + tf. - t;)iµ1.cs)d~ ac o · 
to 

for capac·i t·i ve bi·<.:riches; 
tf 

" 
-~- ~ j' v. ( t + t - t;) ,,, • ( c) dE. CIG 1 o f -., ~ . 

t 
{I 

(4.6} 
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for conductive branches. Figure 4.3 d::-p"lcts the foit·ia1 net•!Jork build~ 

ing-blcck as well as the cascadi~g of blocks to attain some desired 

transient \"'0Sponsr::!, Hence, the design procedure is one of determina.tion 

of the init·1e·1 r.Gtwork structui"es optimizing it by the design algorithm 

listed in section 4.1.2, cascading another network ~tructure and opti-

mizing the total configuration~ etc.~ etc., etc., until a final struc-

ture realizes the desired tran:>ient within the required error rr.t.ffgin. 
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IN 

-r·L!::.=J~t-11 + 

I N v. 

_r_t·-
B-r-~ 

+ VN 

r-;r-1 rt___ ____ _ 
NA 

(adjoint) 

Figure 4. 2, A typi ca 1 neh<1ork 

11~ 
l\fv.--·-<J------i-~+~-~ 

unknown 
network 

v 

'---·-· -·· _____ _,,___....... ____ 
(a) 

1 iv iv iv iv 
"'-~-<- -

+++ ... + '. '1 g) i; 
Vi V l Vi Vi V; · 

- - -..._ _____ __.. ....... 

(b) 

Figure 4.3. {a) The basic netwol"k fo:~ the calculation of the initia1 
grcwth gradients 

(b) Basic network cascading configuration 



V. CHARACTERIZATION OF THE AC ERROR GRADIENT 

FOR SMALL SIGNAL TRl\NSISTOR MODELS 

The main contribution of this research is contained in this chap-

ter and the next chapter. This chapter reviews a basic automated design 

algorithm and develops a graphical technique by which small signal tran-

sistor models can be 11 grown 11 in a network, without the automated design 

algorithm requirement of a digital computer optimization process. 

5.1 The Negative Gradient Techniqu~ 

Director and Rohrer [35] have shown that fixed structure transistor 

models can be parametrically adjusted so as to yield desired network 

performances using gradient~adjustment techn·iques. Gradient components 

are obtained after two analyses, one on the original network and one 

on the topologically equivalent adjoint netwm·k. They can also be deter-

mined in the case of 11 zero valued" or non-existing transistors, thus 

indicating to the designer the possibility of "growing" transistor 

models fo a network to obtain a desired response. 

The design algorithm is based on the minimization of a desired 

performance function which adequately reflects the desired network 

response. A useful one is the integral of the squared error between 

the actual and desired responses over the frequency range of interest, 

i.e. 

l I ,... 2 EAc = f [W(w)IV(w) - V(w)IJ dw (5 .1) 

n 

39 
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" where W(w) is a real non-negative weighting functions V(w) is the 

desired voltage-gain phasor, V(w) is the actual voltage-gain phaser 

under unit excitation~ and n is the frequency range of interest. Using 

this performance function Director and Rohrer [10] have shm-m by appl i-

cation of Tellegen's theorem in the weak form that the error gradient 

terms for resistance, conductances capacitance, elastance, inductance, 

and reciprocal inductance in the frequency domain are those of section 

4.2.1. They have also shown that for a transistor in the common-base 

configurat"ioo 

(5.2) 

for the voltage gain. And for the common-collector configuration 

for the current gain. And for the common-emitter configuration 

aEAC aEAC aEAc r 
-=- +-= J aµB aµ as 

for both voltage and current gain. 

(5.3) 

(5.4) 

After two circuit analyses, one on the original network and the 

othei"' on the adjoint ni:~twork~ it is possible to determine if a transis-

tor should be 11 grown"s and the appropriate configuration as indicated 

in Table 5.1. 

Once it has been determined whether a certa 'in tra.nsi stor confi gu-

ration need be "grown", the design algorithm ta~(es the fo11mrlng form: 
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TABLE 5.1 . 

---r----------. ----
Transistor Configuration 

---· -----------+------------··-------·--
> 0 > 0 None needed 

---·--~-i.----- 1--- --------------------· 
< 0 > 0 Common base stage 

--------·----·· 

> 0 < 0 Common collector stage 

---------------
< 0 I < 0 Common 

__ _J ______ ._ ... __ -··--·-----
emitti.:r stage 
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1) Make an initial guess as to the transistor model structure 

(Hybrid 'IT, Ebers Moll, Small signal low frequency, etc.) and the 

structure's associated element values. 

2) Calculate the gradient and output error. 

3) Adjust the element values using a gradient method such as 

steepest descent, conjugate gradient, etc. 

4) Repeat from 2) until a suitable tennination criterion is met. 

Implementation of the previous design algorithm can be costly since 

computer looping between 2) and 4) is time consuming. Also, the nega-

tive gradient optimization technique seeks out only a local minimum 

solution, and generally many local minimum solutions exist to a 

problem. Hence, the local minimum solution converged upon depends en-

tirely on how well the parameters are bounded as well as the initial 

guess made for the structures element values. The forthcoming small 

signal transistor model development with the preceding algorithm is 

indicative of the difficulties encountered with the bounding and 

initial guess problem. Then in section 5.2 a graphical analysis 

routine is developed to circumvent these difficulties by eliminating 

the optimization routine, as well as yielding an insensitive model at 

some desired center frequency point. 

Consider this linear small signal model designed at some desired 

center frequency point. The gradient terms of equations (5.2), (5.3) 

and (5.4) must first be calculated to determine which transistor 

configuration should be grown. 



Thus, if 
Q2 

6w = w = n2 - Ql 
n 
1 
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where the original network and adjoint network notations are indicated 

in Figure 5.1 5 then the gradient terms become 

(5.5) 

and 

ae (5.6) --= 

and 

-= (5.7) 
. aµa 

Now, assuming a network is being examined for possible transistor 

"growth" locations so as to enhance its gain (voltage in this case, 

but it could also be current), the gradient terms of the basic two 

port "zero transistor" block to be placed at this location will be 

developed. Hence, consider Figure 5.2. Thus, 

E· 
V =IR =R( rn.) 
o 1 c c Rb + Re 

E;n 
R + R b c 

E. 
V =V =V =R( in) 
1 2 o c Rb + Re 



4>1 ,-~-=~·~-~ 

-!_l >_J· «dj oi nt 
nett-.:ork 

L---·-..-.....-. ...... -~= .. ~ 

Figu1~e 5.1. Typical two-poi·t notation 

(a) Ori~inal network 

(b) Adjoint network 

--<:;-
+ 
1112 

"' ();::;IV -V I 
- I 0 Q 

Figure 5.2. P. possible trcrnsistor 11 grm'lth 11 location in some metwo:~k 
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¢ = -1> 
2 l 

ThGrefore the grad·j ent "growth 11 terms become: 

--- = _,, <I> 

'1 2 

-~EAc_ = aEAC_ + aEAC 
l{IJe-iiS llwvp 6was 

(5.8) 

(5.9) 

(5.10) 

Now, assu:nh1g that the grad"ient terms above indicate that a common 

emitter (CE) configuration should be grown (Condition #4 of Table 5.1) 

the gradient terms will be developed for the CE-small signal low fre-

quency model of Figure 5.3.a. 
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V ~ -I R = V = (T - I )R c 2 c 2 -2 3 2 

I ::: -V /R 2 0 c 

Therefore, 

and the adjoint model of Figure 5.3.b yields: 

lherefores the gradient terms become: 

ClEAC .. , ~v 4.i :: __ Ei.!l~lRc ___ .-1 E;n~?_RcB _____ .. ~ } 
Awa~ "l 2 (R. + R )(R + R )'(R + R )(R + R ) 'o 

I b 2 c 1 b 2 c 
(5.11) 
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Tl 
1' T I !\b -11-- -··- -· -- - I 2 

+ i--~1J:--1 ~T: -----
; Re 

--r 
1+ 
I 

·-- __ I ~---j __ t.-
L._ --- - - ---' 

(a) Original network 

"' if>,,, Iv -· v I . 0 0 

Gc}=l 

(b) Adjoint nehtork 

Fi~JLir'e 5.3. Sma11 signal lmJ frequency CE-model fo poss·ib1e transistor 
location of Figure 5.2 
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aEAC EinR {R1 + R2) EinR2R,. "' -- = -V <I> - I '¥ = ---c ( w - V ) 
AwaµB l 2 l 2 (Rl + Rb)(R2 + RC) (Rl + Rb)(R2 + RC) 0 

(5.13) 

aEAC EinR2Rc EinR2RcB "' ___._..._ = -I <I> = - ( - V ) 
AwaRl . R1 Rl (Rl + R2) 2(R2 + R~(R1 + Rb){R2 + RC) 0 

(5.14) 

and 

(5.15) 

Now, the second-order partial derivatives will be calculated to 

form the Hessian matrix for use with the negative gradient technique 
"' in finding the optimal values of R1, R2 and f3 at different V0 • By 

direct differentiation of the first-order partial derivatives: 

(5.16) 
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And now the "locally optimal" values of R1, R2 and B can be found 
" for a given V0 , Ein' Rb, Re and 6w using the negative gradient tech-

nique [25]. Hence, iterate the following expression: 

R K+l 
1 

R K 
1 

R K+l = R K 
2 2 aR2aR1 

a2E K 
AC 

<H3aR1 

a2EAcK 

aR1aR2 

a2EACK 
()R 2 

2 

a2E K 
AC 

asaR2 

a2E K 
AC 

aR1 as 

a2E I< AC 
aR2as 
2 K 

<> EAC 
as2 

-1 

K 
aEA~ 

until the ac-error function is minimized (ide~lly~ equal to zero). 

Consider the error function 

and let w2 = 1 so that 

Thus~ it can be seen that this expression reduces to 

(5 .21} 

{5.22) 
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Hence, digital computer iteration is required until 

EAcK+l < EAC (ideally zero) 

K+l st "' where EAC is the (K+l) error and EAc is the maximum acceptable 

error. Shown in Figure 5.4 is a computer flow chart for the calculation 

of the optimal values of R1, R2 and Busing the negative gradient 

Hessian matrix technique [25]. The values converged upon by the nega-

tive gradient technique covered a wide range and convergence was 

largely dependent upon boundary restrictions ~laced on R1, R2, Band 

the initial values picked for R1, R2 and B. Some of these "locally 

optimal" values are listed below for Rc = 3300u and Rb= 300n in 

Table 5.2, and for R = lo,ooon and R = 1,0ooa in Table 5.3. 
c b 

The values listed in Tables 5.2 and 5.3 are "locally optimal 11 for 

R1, R2 and B. Electronic computer iteration began with the initial 

values R10 , R20 and B0 and searched by negative gradient techn·iques 

within the boundary restrictions under R1 ~' R2 ~and B ~· Also, to 

maintain ~ feasible circuit realization, the three search parameters 

were required to be positive definite throughout the iteration cycle. 

In each case the performance function converged to zero within 30 

iterations, and in 80% of the cases converged within 10 iteratfons. 

Any set of values listed in the preceding Tables 5.2 and 5.3 will 
" yield the desired V0 indicated. In fact, there is an entire family 

,., 
of va 1 ues for R1 , R2 and B that yi e 1 d the desired V 0 prov·i ded E1 n, 

Re and Rb are specified by the n~twot'k designei~. And since E;n = lV 

(or any reference, i.e., V, mV, µV, etc.} for standar·d sensit·ivity 

analysis [lOL only R and R remain to be specified. 
b c 
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K=K+l 

< 

cp 
-C-a-.1-cul ate the l 
Hessian matrix 
and invert it J 

using the 
MINV 

subroutine ·-- [ -
r-------·---·-

RK+1_R K H-l'='EK 1 - l .. v 1\1 
RK+ l =R K_H-\7EK 
2 2 R2 

BK+ l =1l-H-l VEK 
f3 .----.! ·------

C~eck par-ameter 
encroachn;er1t 

beyond bounciar"i es 
and iterate alonq 

boundary if violated 

Calculate EAc _ I 

----------

Figure 5.4. Computer flow chart for negative gradient-hessian 
matrix technique 
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Table 5.2 

R < .l-
~~-- -8.::_- -R1~··-R2-0--+--B·01 

300 -~;~ 93 1541 • 5 l 01 . 9 -~~~oo-.-1-s-o_t_oo_o_.--4-3-5_0_1_s_o-+-1-o-oo_·_ -,-oo -r 

250 -;; .37116~4.1 84.9 -1~;;.to,000. 3so 1-~~-j -soo -~~J 
200 -~ 08. 77 r~~;. 2 71 • 9 ] __ ~~: - 5 ~o;ts~J 321~~~ - 54 

150 435.7 i 1733.l 96.9 5,D00., 50~000. ,~3 

l~~t~s.o ' 1588.1 98.6 I 1 ~~o.-Go,ooo. oo 

~~~~131-~2.sJ 2233.~ 2s1 .7 s ,o~ so,ooo.j oo 
-,--~ 

100 330.8 1538.6 60.14 500. ~5~000. 00 

100 525.9 1563.3 77.36 1,000.110,000. f ~ OtJ 

r~o I ;;,4s . s --, 496. ~ -;;;; s. ooo Tso. oo~.- 3~,o-120 1~4-
·---~----------------'·---J-~----· ---··-------~-

.~.--

350 26 

~ 350 50 .. 
I 

350 50 1000 l 

1- 3~·~ __ 5-o I~~~- 1 

. 350 50 1000 1 
--- ·-· 



--
R2 

- ..... l"---
v R 

4948. l 

o I , 
300 r~~~ 
-T -----

300 I 607 .a 4724. 9 
--·-

4508.6 
-··+---
_2o~J~~~ 

J~11.2 1 so I 202 .4 

r---r49.9 
5019.3 

100 2885.4 
----- -·--
100 4984.9 

·---· 
981.i 5172.3 

- -- -i-· 

5r r. "·"6 0 , u • ... >,:.v • 
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Table 5.3 

[-----.----------1-s Rl.:::_ R2~ 8:5_ R10 R20 Bo 

132 .4 500 ~,000. 350 - 50-~0;;--~~-
---- -----

150.3 ., ~ 000. 10,000. :s+~o _ 2000 'l 20 
--·-- :.----·-- -- ~~-01~-202.2 5 , 000. I 50 , 000. 350 65 I (.!) . 

I 

-- 500. , 5,000. -
- -------.----

57.l 350 100 2000 120 

119."I 5,000. 50,000. 350 50 1000 100 

----C--·-·-----·---· -- ·-'·· 

179. l 5~000. 50,000. 350 100 2000 120 
-- --

58 .1 1 sOOO. 10,000. 350 50 1000 1100 
---·-- - . ·1 

92.2 5s000. 50,000. 350 34 
--·-, 

I075.0 54~1 ~6 
15.000. 

--··1··-·-f-----
1W8l .O 9.2 .-, rq•n 25 50, OuO. ~·O'... 400 20 

__ !._ __ _ 

L._~ o ~-"~~~s ·~--- --------------~-----L ____ ---~--~-
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5.2 A Graphical AC-Design Technique 

Recognizing that all the gradient tenns previously calculated have 

the same common factor, it is evident that they simultaneously can be 

made equivalent to zero. When the desired performance function of 

equation (5.1) has been achieved, the gradient tenns .of equations 

(5.11 - 5.15) will be equivalently zero; V0 having been made equal to 
A. 

V • This implies that: 
0 

(5.23) 

This equation involves the three unknown parameters R1, R2 and B 
A. 

along with the four specified parameters V , E.n, Rb and R • Thus 
0 1 c 

there is one equation of three unknown in which t\·iO unknowns may be 

arbitrarily chosen and the third unknown calculated. This lends itself 

to graphical interpretation rather handily since it is possible to 

make a two dimensional plot of R1 vs. R2 at the various feasible values 

of B. Consequently, Figures 5.9 - 5.20 illustrate some of the variations 

possible for different given parameters in this linear resistive model 

case, taken at a center frequency point. Figures 5.9 - 5.20 were 

constructed for typical values of transistor input resistance 
K K · (0 < R1 ~ 6 n), output resistance (0 < R2 ~ 100 n), and current 

gain (0 < B ~ 300). Also, they realize a desired output voltage 

(0 < V < 300V) for the arbitrarily picked values of circuit-base o-
resistance (Rb = 200n, 300Q, 400Q, lOOOn) and the corresponding values 

of circuit-collector resistance (R = 4,300n, 3,300Q, 2,300n, c 
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10,000n). A point on any one of the curves satisfies 

(5.24) 

and stresses the "local optimality" of the solutions. However, a de-

gree of uniqueness may be given these solutions by considering tha 

minimization of the Figure 5.3.a circuit voltage transfer ratio to 

parameter sensitivity. Blostein advanced the multiparameter sensitivity 

approach [21] that the smmnation of the various voltage transfer ratio 

to par-ameteY' sens"itivities should equal zero [21]. Consequently~ 

NR T NL T 
I s v + I s v 

i=l R; i=l Li 
(5.25) 

. T v 
where SK. is 

1 
sensitivity. 

{where NK is 

the normalized voltage transfer function to parameter K 
T 

Each sK.V sensitivity is summed over i = 1 to i = NK 
1 

the number of K-e 1 ements in the network). A 1 sos R. 9 L. 
1 1 

and C. denote individual passive elements 9 and r. and g. denote trans-
l l 1 

fer constraints on the current-to-voltage and voltage-to-current trans-

duction 9 respectively. 

Consider the voltage transfer ratio of the circuit in Figure 5.3.a 

(5.26) 

expressed in bilinear form [21]~ i.e. 
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T = N(K) = Nl + KN2 
V D(K) D + KO 

1 2 
T 

where K is the factored parameter (subscript of SKv). 

expression 5-54 from Mitra [21] 

TV Dl ~ s = - -K D N 

yields 

srv = (Rl + Rb)(R2 + Re) = 1 
B (Rl + Rb)(R2.+ Rc) 

and 

Also, 

and 

and 

(5 .27) 

Hence, using 

(5.28) 

(5.29) 

(5.30) 
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(5.31) 

Hence, applying Blostein 1s equation (5.25) for a totally resistive 

neti·mrk yi e 1 ds 

NR T 
t s v = 0 . ll ri. 1= h•i 

And substituting equations (5.28 - 5.31) into equation (5.32) 

Rb R2 Rl ------·- •. 1 + ---- + _____ , ____ ._ -
(Rl + Rb) (R2 + Re) (Rl + Rb) 

R2 -:· ----·---·- = 0 
(R + R ) 

2 c 
0 = 0 

reduces it to an identity and satisfies B1osttin's requirement. 

(5.32) 

Howsver, since R1 and R~ are ·internal transistor ve.1ues hie and 

h0e r~spectively, a more str·ingent requirement on sensitivity would 
. t . oe c requ·1 i"C 

Ty Ty 
S0 + SR = 0 • 

"1 2 
(5.33) 

Thus, ·it is seen that 

Rb •---r---- -
{R + R ) l h 

and 
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and 

(!;.34} 

is requfred for' the C"ircu"it 11T/ to be insensitive to the trar.sfator 

hie and h0e parameters. 

Expression (5.34) combined with expressio11 (5.23) yields a uniqu~ 

point for each a-value at which the model supplies the desired V0 

to9ethei~ Viith a total vo 1 tc:ge transfci· function t~) res·i stance sens i ·· 

tivH.v of zero. Hence, the resulting contotirs l"(!Semble those depictsd 

in Figure 5.5. The typical curv2s of Figure 5.b are drawn for g·ilfAil 

" values of Rb~ Re~ E1n and V0 at various values of B~ 

Considering the previous development, an ac-design algorithni 

cm8rges which eHminates electronic computer· search techniques to find 

an cptim~\l sGlution. The design algorithm can now be enunciated as 

follows: 

I) Given: A r.~twork s t!"ucture whose over a 11 voltage or curter.t 

gain requires enhancem2rit within some fy-equenc,y range. 

II) Dasie AC-design a1gorith1:1: 

1) Se"lect the possible transistor "grovrth 11 1ocat·lon (points 

A-B-0 in Figure 5.6}. 

2) A$sign the required vuhes to VAO ar.d VBO to yield the 

desired V1 t/V! ratio. 
OU 111 
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Figure 5.5. Typic«1 contours 

l\ B . . I2o-----~ . 

-----L ~:" ___________ .._____ 
--L....-

Fi gm·c: 5. 6. Given network 
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3) Analyze the original and adjoint network using Director 

and Rohrer's technique [35] to determfoe the transistor 

"growth" indicator gradients. 

4) If the "growth" gradients show that a common emitter 

small signal transistor configur~tion is required, then 

equations (5.34) and (5.23} are applied to determine a set 

of curves similar to Figure 5.5. 

5) Select from the curves the best combination of R1, R2 
and B to yield a minimally sensitive model for the required 

v801vAo ratio. 

5.2.l Differential amplifier design example 

Consider the low frequency AC-design of a s·imple differential 

amplifier. The given network appears in Figure 5.7.a including biasing 

circuitry. 

The desired e>:citation-response requirement is the following. If 

then 

for 

0 < w < 1 MHz. 

Now, s'ince the common--mode ampliffor operation has a zero valued 

driving source, consider design for the different'ial mode of operation 

only. In the di fferent"ia 1 mode of operation the given network can be 

reduced to the following for AC-design [10]. 
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<psV (RI. "ro) 

,___J _?_K_n__ \1 1 1 ·~ .. !(
0 

300n •. ~ H r<...--..JI OU t-~ ~b.l . J 3oon 
_ .. __!_1.,A,.IWWVv---

··--~l/VW'-_..;r-_, - -- -,-, R [J- -- - ......___,N-.'Vv-----
1 Ql I . L I Q2 I 
L - - - _, L -- - _J 

I 

figure 5.7.a. Oifferential amplifier 

300Q 
---..!'./~ 

r-- ---, 
I I 
I Q·1 I 

r l_ - --r--- - _J 

J_ 

Figure 5.7.b. Reduced differential amplifier 

.. 
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Now~ considaring the preceding network and analyzing it for the 
1'grcwth 11 indicator gradients of a 11 zero va1uedr: transistor at location 

0 l·+ :r ~~··e11 t 11•~.•·. (1' \.>I;:,.;>\,; I vlU" 

Thus the 11 grovtth" gradie:mts indicate that a common-emitter co~rfiguration 

cca1 be placed at 1ocation Q1 as well as its syrnmetricci.l loco.tier. Qr, 
'· 

(i.e. condition #4 of Table 5.1). Also, if the 30GQ resistor and the 

3.3KQ resistor ·is .included in the develope.d model as Rb and Re, respec-

t·ivelys then \fAO = E. = vd and v80 = V • Ecuatfons (5.34) t1nd (!:i.23) rn out · · 
can now be utii i zed to determine a set of curves for the given Rb:-:300S?, 

R = 3.3Kas E. ~ 1V and V0u~ ~ 100.0v. These curves are depicted in c 111 ... 

Figure 5.10. Con~equently, for a transistor whose B = 100, Figure 5.10 

indicates that R1 (hie of the transistor) ~ 700Q and R2 (h0e of the 

tr-ansh>tor) "' 1414.3Q are also requ1red fol" a minimum vc1tcige transfer 

function to res·ista.nce r.ensitivity of zero. 

The preceding values were determined from the intersection of the 

R1 R.. .., RbR curve with the S = 100 curve. In the second case~· 1 ett i ng . ('. c 
Rb = 400n c.nd l\ "' 2300::t at B ::: 100 t R1 and R2 were f cund from Fi gvre 

5.10 to be: soon and 1 t840rti rc-:specthc-~ly. Similarly, lctt"ing Rb = 2oon 
and Re:, l'!,~~oon~ R1 end R2 were det2rmin~c! to ~qva1 7'iCQ ~(nu 1162.h?.. 

The three previous examples are indicative of th2 ~ariations in 



R1 ~nd R2 as Rb and Re are VJ.r-ied. Considering the values \ "~ 300~2 

and R c 3.3KR, the final realization of Fig~re 5.7.a is shown in c 
Figure 5.e. 
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+17oon 
Vs rv 

- -

$=100 ,---
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1414.3 n 

300Q 

1414. 1oon 

F·j gure 5 .8. The final differential amplifier realization 

'-"" VS 
+ 
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Small s·ignal mode! characteristics at V0 = 100 



......... ,...., 
5,2 ... _., 
.--c; 

S=200 . .... 
{:'.\ --!· 

s~·1so 

0 -0 0 (3=150 

S=150 t5 8 8 B=100 

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 
R2{Kr.) 

Figure 5.11. Sma1i signal model characteristics at V0 =150V 
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VI. TRANSIENT MODEL "GROWTH" ALGORITHM 

Device modeling using the basic variable structure design technique 

presented in section 4.2.2 is advanced in this chapter. Also, it is 

shown mathematically that only three initial 11 growth 11 -indicator gradients 

are required to calculate those of the six elements in the basic building 

block structure needed to emulate a desired transient response. Further-
"' more, these gradients are developed into v (t) and v.(t) explicit form, v 1 

hence making their calculation less tedious. lastly, the basic design 

algorithm is enunciated and example problems are employed. 

6.1 Basic Variable Structure Technique 

The simple fixed structure, linear, time-invariant network of 

Figure 3.1 provides the basic building block for device transient models. 

Previous automated design modeling techniques [30] have been ones in 

which the basic fixed structure was appended with elements in the appro-

priate gradient indicated locations. 

These techniques require a change in network topology with each new 

element added to the model. Consequently, the model circuit solution 

program for subsequent gradient computations requires updating to allow 

for the addition of branch and/or node points. One way to circumvent 

any change in structure topology, and hence updating the circuit solution 

program [required in step 2 of the section 4.1 .2 algorithm], is to 

develop the model only in the basic fixed structure form given in Fig-

ure 3.1. Then a number of these structures can be cascaded with depen-

dent source coupling (Figure 6.1); using the response of each previous 
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vv (t) 
1. 

1st Block nth Block 

Figure 6.1. Basic block cascading configur~tion and overall voltage transfer function in Laplace 
transform 
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V; (t) 
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block as the forcing function of the next block. Unit valued coupling 

(i.e. l.I = 1, B = 1) provides isolation so as to keep each newly cascaded 

block from loading or changing the previous blocks output response. 

Dependent source coupling of the voltage-voltage transducer (VVT) 

variety can be implemented when the model is designed to emulate a 

desired voltage response, and a current-current transducer (CCT} when a 

.current response is desired. Also, greater than unity valued coupling 

(i.e. ll > 1, B > 1} can be used to "boost" a blocks response and hence 

reduce any steady-state error. Coupling build"ing blocks in this manner 

·-·-·-allows ·device transient responses to be more closely ·11fitted 11 • For 

example, a cascade configuration involving three building blocks would 

gener<llly 11fit 11 a 12th order vi(t.} r·esponse to the optimal v1(t) response. 

In gei'lef"al if n is the number of cascaded bu"ilding blocks the order z 

of the "fitted" response would become: 

z = 4n ( 6 .1) 

And, once the device mode 1 has been rea 1i zed in the fixed structure 

form shown in Figuv-e 6.1, the unnecessary elem2nts existing in the fixed 

structure can be omitted v·i C\ short and open circuits. These e lem~nt 
values are usually down by three orders of magnitude or more from the 

next el~ment va1ue [35]. However, the initial 11 growth 11 -fnd1cator grad-

ients prov·ide Cit concise means for discerning those of the elements that 

make negligible contribution toward achieving the desired response 

function. Consequently, these indicated elements can be included in 

the f~xed structure design at very small values in the series element 
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cases (R~ L, S) and very small values in the parallel element cases 

(T, C, G). This 11 protects 11 the fixed structure topology required by the 

circuit analysis program for the section 4.1.2 algorithm and after the 

model has been realized allows these elements to be eliminated by short 

or open circuits, hence making this a variable structure technique. 

6.1.1 Initial "growth" gradients 

Once a block has been inserted into the basic model shown in Figure 

6.1 only three initial 11 growth 11 -indicator gradients need be calculated 

to detennine.which elements should be omitted from the final model 

..realization. 

Consider the initial circuit structure of Figure 6.2.a in which 

v.(t) = -i (t) 
l v 

and 

i {t) :! -v (t)/2 v v 
and 

Also, 

v.(t) = -i {t) 
l v 

and in backward time (t = t + t - t) 
0 f 

v.(t + t - ~) = -i (t + t - ~) 
1 0 f v 0 f (6.2) 

Similarly, for the adjoint network of Figure 6.2.b 9 it is seen that 

= - l]v ( t + t · - t) 
2 v 0 f 

A 

2v.(t + t - ~)] 
1 0 f 
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"ORIGINAL" NETWORK 
i 1(t) = O {open) 

+ 

v1 (t) ln 

Figure 6.2.a 110r·iginal 11 network used for 
calculating initial 11 growth 11 -indicator gradients 

<>v(~) 
ADJOINT NETWORK 
~v(~) = O (short) 

Figure 6.2.b Adjoint network used for 
calculating initial 11 grcwth 11 -indicator gradients 



and 

•v(t) ~ - ! ~i(t) 
requiring 

$;(t) = - ~ ¢i(~) 
and hence 
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(6.3) 

Now~ consider the unnormalized resistor· init'ial 11 growth 11 -indicator 

__ gradient (section 4.2.2) 

tf 
a;_= J -i (t + t - f;;)<P (F;;)d~ aR v o f v 

to 

and substitute equations (6.2) and (6.3) into (6.4) to yield 

tf 

~ = J v1(t0 + tf - t)i)J;(t)dt,; 
to 

{6.4) 

(6.5) 

Hence~ it becomes apparent that the resistance and conductance initial 

"growth"-ind'icator grcid·ients of section 4.2.2 are equai and require one 

integration for both gradients since 

(6.6} 

In a similar manner it .can Ge shown that 
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tf 

aE = ~~ = J i (t ~ t - ~)~ (~)d~ aL ac v o f v 
to 

(6.7) 

and 

(6.8) 

Consequently~ only three gradient calculations are requir~d to determine 

those elements to be omitted from each block in the final realization. 

However~ the equalities presented in (6.6), (6.7) and (6.8} are applicable 

only in the initial sense of Figure 6.2 and should not be confused \tith 

the six independent gradients of section 4.2.2 that are used in the "grO\·J~ 

i ng" process. 

6.1.2 In'itial 11 growth 11 -indicator ~radient~ e>(pressed explicitly in terms 
of v {t) and v.(t) v 1 

The initial 11 growth 11 -indicator gradients required for the final 

structure realization can be expressed explicitly in terms of the mndc1 
A 

defining 11 known 11 or 11 given'1 quantities vv(t) and v1(t). Doing so creates 

a simplistic technique by which the final block by block reali7.ation 

indicated in Figure 6.1 can be reduced to the minimal number of elements 

·capable of producing the des·ired model transient response. Beginning with 

the first building block, vv (t) is the input or forcing function and 
A l 
vi (t) is the desired (optimal) block response. The second block would 

1 
require the v (t) function to be µ2v. (t) of the first block and etc.; 

V2 A 1 1 
with the desired v. (t) the same for each subsequent nth block. Thus, 

ln . 
by knm·Jing the v (t) == 11 v. (t) for the nth building block and the 

vn n ln-1 
"' specified v1 (t)~ it becomes an easy matter to calculate these gradient 

n 
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terms; once the gradient expressions of (6.6), (6.7) and (6.8) have 
" been put into vv (t) and v. (t) explicit foti-n. 

n 1n 
Recall from Figure 6.2 that 

-i {t + tf - t) = v. (t + t - t) = y (t + tf - t)/2 vn o 1n o f vn o (6.9) . 

and 

(6.10) 

and 
• • • 

-iv (t + tf - t) = v1 (t + tf - ~) = v, (t + tf - ~}/2 • (6.11) 
n o n o n o 

Her.ce, substituting equations (6.9) and (6.10) into {6.6) yields 

t ... 
" " T 

aE = aE = l f {v2 (t + t - t) - 2; (t + t - EJ~. (t + tf - iJ}d~ an aG 8 J Vn O f Vn o f ln o 
to (6 .12) · 

and equations (6.10) and (6.11) into (6.7) yields 

" - 2v1 (n) ]d11de. 
n 

(6.14) 

Consequent1y 5 th~ initial "growth 11 -indkator gradients are now il1 

the pi .. uper e;~plicit form and can be calculated by direct differentiatfon 
" if v (t) and v. (t) are in continuous function form. If v (t} 

'n 1n vn 
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" and v. (t) are in discrete data form, then trapezoidal rule or Simpson's 
ln 

rule integration can be easily implemented on the digital computer. 

As an example problem to demonstrate the ease of using the initial 

"growth"-indicator gradients of expressions {6.12), (6.13) and (6.14), 

consider the input and desired output functions 

and 
" v.(t) = 1/2 l(t - 1) . 

1 

Calculation of the resistance and conductance gradient follows: 
00 

"' " 
~ = ~ = l J{[1(-~}]2 - 2·1(-~}· 11(-~ - l)}d~ 
.aR aG B · 2 

" " 
~ = aE = l J {[1 - 1(~)]2 - [1 - 1(~)][1 - l(~ + l)Jld~ aR aG s · 

Also~ calculation of the inductance and capacitance gradient yields: 

" " 
aE = aE = l J{[l ~ 1(~)] - [1 - l(~ + l)]lo(t,)d~ aL ac B 

" "' aE aE 1 
ClL = ac ::: - 16 
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And 9 calculation of the elastance and inverse induct:rnce gradient yields: 

00 co ,... ,... 
aE:;; Ei.= lf [l -1{~)] ( 0(11) -1(11 - l)}dnds ar as s J 

-CIO 

00 ,.. ,., 

.a5_ = ~ = 1 I d~ = co ar as a 

Hence, the initial "growth"-indicator gradients imply that a series 

resi s ta nee and inductancE~ end shunt capacHance and conductance should 

--be-grown. -The elastance and inverse inductance are not required due 

to the posit)ve nature of the "growth"~inclicator g?'adient. Howevers to 

preserve tlw basic structure topology, they can be included in the m::idel 

at small valu.es (three orders of magn·itud~ or more) and eliminated from 

the model with short and open circuits after the model has been para-

metrically developed using the section 4.1 .2 algorithm. 

6.2 Basic Varia~ble Structure Blo~k Cascading Algorithm 

The following iterative de:;ign scheme emerges from the developments 

·;n the three prnv·ious sections: 
"" I) Define the problem with a 11 ~.rivrn 11 vv (t), v1 (t) and maximum 

,.. 1 1 
a11o~wb1e block e1·T·or E' as well as maximum allowable cascnded 

"' configuration error E". 

II) Calcuhd:e the in-ltial "growth"~ind·lcator gr"adients using 

equc:.tions (6.12L (6.13) and (6.14) and assign ver,t~ma11 

values to those e1ements having positive gradients in the 

F"igur'e 3.1 b"loc:k structure. 
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III} Develop the remaining elements in the Figure 3.1 structure 

using the algorithm presented in section 4.1 .2 until the block 

IV) 

,.. 
ev-ror E has satisfied E < E' in step 6). Iterate one or more 

,.. ,.. 
times beyond the iterate satisfying E' to inspect for E" sat~s-

,.. 
faction (i.e. E < E'1). Store the final v. {t). t-The advantage 

ln 
of this technique is encountered in this step since the circuit 

solution program required in step 2) of the section 4.1.2 

algorithm is the same for all subsequent blocks of the cascaded 

configuration. 
,.. ,.. 

If E11 < E < E' then cascade another block into the Figura 6.1 - - ' 
structure picking µ or B by either a) or b} below. Then n n 
assign this new block an input function v (t) = µ Va (t) 

,.. ,.. vn 11 1n-1 
and a desired output functfon v1 (t) = v. (t}. Return to 

n 1n-l 
step II) with the new input and desired output function~, and 

continue the p1~ocess until an acceptably small error E is 
,... 

obtained (E < E"). 

a) 

b) 

For each subsequent block input vv (t) equal to the output 
n 

vi (t) of the prev1ous block, pickµ = 1 or S ~ 1. 
n-1 n n 

If the previous blocks output v. (t) has a steady state 
1 n-1 

error with r·espect to the desired vi ( t) output 9 than pkk 
n-1 

,, 
V; (t) 

n .. 1 
µ r. lim [ ] 

11 t~ v. (t) 
1 n-1 

(6.15) 

m·, fol" a desii"ed current response function i (t) s pick 
Vn. 
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" iv ( t) 
B0 . = lim [ _n_-_l _ ]. 

t.+<x> iv ( t) 
n-1 

(6.16) 

" V) Once E < E11 , omit the positive value gradient-indicated ele-

ments {step II) from the cascaded block structure by shorting 

them out if they are an R, lsor S and open circuiting them 

if they are an r, C, or G. This completes the final device 

mo9e1 realization. 

Figure 6.3. offers a general variable-structure block-cascading 

flow chart by which a maximum 11J 11 -number of blocks can be ca.scaded to 

-·-~· 11 fit 11 , in general, a 11 4n 11 th order transient response curve. The index 
11 ! 11 fixes the number of iterations by which the section 4.1.2 algor'ithm 

" " searches beyond E < E' satisfaction so as to attempt to satisfy E < E11 • 

This technique will generally 11fit 11 a 4nth order curve with a 4nth order 
" curve to within some specified E11 maximum allowable error, or a 4nth 

" " ~rder cu1"ve to a higher order curve satisfying E' but not necessari 1y E11 • 

~.2.1 One block (fourth order) de~ign example 

Consider the problem of realizing a one block (fourth order) response 
" v1(t) to emulate the desired v1(t) r-esponse shown in Figure 6.4.b. Take 

the vv(t) block input to be the following: 

v (t) ~ 125(1 - e-3.449t) v 
A ' Hence, using the prescr·ibed vv{t) and v1(tJ functions, trapezoidal 

ru1 e integrt-iticn \'Jas performed on the i ni tfo l Ii growth "··indicator gru.dients 
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Omit a 11 sma 11 -
valued elements 
from final cascaded 
structure; i.e. as 
indicated by i ni ti & 1 
"growth 11 -ind·j cutov· 
gradients 

-~--r~ 

s 
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Input: 
v (t)~ v; (t} v, l 
E', E11 , I, J 

Calculate nth block 
initial 11 growth 11 -indicator 
gradients using eqs. (6.12), 
(6.13) and (6.14): Assign 
small values to (+)va1ued 
gradient-elements (Figure 3.1) 

Develop the remaining ele-
nrents of the basic Fig. 3.1 
structure using section 
4.1.2 algor·ithm; satisfy 
E < E' 

< 

Pick: 
µn = 1, or" 

vi (t) 
n-1 

lln = lim [v1. -(t} ] 
t-.X\'.) n-1 

Cascade nth 
block into 
structure 

vv ( t) 
n 

" v. (t) 
l n . 

< 

Attach final µ dep. 
source to n ~ 1 tR b 1 ock ...___~ 

Figure 6.3. Variable-structure block-cascading flow chart 



90 

described by equations (6.12}, (6.13} and (6.14). These gradients 

indicated by their negative values that an R, G, S and r can be "grown" 
" to meet the vi(t) response; while the L and C elements of the basic 

structure (Figure 3.1) have positive valued gradients and are therefore 

assigned small values (i.e. lE-8). Four iteration cycles were under-

taken using the negative gradient technique to reduce the block error 

to E4 = 0.00327. Each of the four cycles is shown in Figure 6.4.a, with 

the individual iterative-cycle responses depicted in Figure 6.4.b. 

6.2.2 Two block (eighth order) design realization 
of a DC motor transient torque model 

As a second example problem for implementation of the section 6.2 
,... 

algorithm consider the realization of v. (t) shown in Figure 6.5.b for 
12 

the following truncated romp input vv (t) function: 
1 

v.., (t) = 50t 
1 

vv (t) = 5.00 
1 

0 < t < .1 - -

.l~t~lO.O 

The input function v (t) and output function vi (t) are typical forcing 
vl 2 

and transient response functions for a DC motor loaded by a DC generator. 

The v. (t) function is a brush recorder .voltage response produced by a 
12 

torque transducing helical torsion spring dynamometer [32]. And v (t) . v1 
represents the mechanical load imposed upon the DC motor by the DC gener-

ator when the generator armature is loaded with a truncated ramp function. 

For the 1st block design a maximum allowable error was specified at 

E~ = 0.700. The initial 11 growth 11 -indicator gradients showed that R1, L1, 

c1, and G1 could be grown. In four iterations E~ = 0.197 with the 
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parameter values given in Figure 6.5.a and the response V; (t) function 
. 1 

shown in Figure 6.5.b. Obviously this vi (t) response curve does not 
A 1 

adequately fit the desired vi (t) curve, thus a second block was cascaded 
2 

into the configuration and a maximum allowable two block error was taken 

at f~2 = 0.0200. The initial 11 growth 11 -indicator gradients showed that an 

L2 and c2 could be developed. Subsequently five iterations reduced the 

error to E~2 = 0.00189 and yielded the final realizations depicted in 

Figures 6.5.a and 6.5.b. 

6.2.3 Two block (eighth order) design example 

Now consider the realization of a transient model which fits the 

desired response curve vi (t) shown in Figure 6.6.b. Once again take 
2 

the input forcing function to be the following: 

v (t) = 125(1 - e-3•449t) 
vl 

Calculation of the initial "growth" indicator gradients using vv (t) 
A 1 

and vi (t) show that R1, s1, T1 and G1 may be grown while c1 and L1 
2 A 

need not be grown. A maximum allowable 1st block error El was specified 

at 0.0500 and four iterations reduced the error to Ej = 0.0452. However, 

this error did not give a satisfactory vi (t) [vi (t) coincides with 1st 
1 1 

iteration - Fig. 6.6.b] curve-fit to the desired vi (t). Additional 
2 

iterations failed to improve on the error E~ and hence a second block 
A 

was cascaded onto the first, with a maximum allowable error E1'2 speci-

fication of 0.0099 to insure a closer fit. Once again the initial 11 growth 11 

indicator gradients were calculated and they indicated that the development 

of an s2 and r2 would grow the first blocks response curve vi (t) toward 
1 
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A A 

fitting vi 2(t) with~n E1 2 .. Also, since there was no stea~y-state error 

between vi (t) and v. (t) the VVT multiplier µ was taken to be 1. After 
1 12 

four iterations were performed upon block two the error function Ej2 was 
A 

well within the prescribed error E~ 2 , yielding the results depicted in 

Figure 6.6.b. The first and second block 4th iterate realizations can 

be evidenced in Figure 6.6.a. 
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(1.0} (lE-8) (2.0) 

.--------1 ~-46[o~-fsl-- -
c n-xt) 

{lE-8) (l.O) i 

-----·----'---~-l 
(i) initial circuit 

iteration 1 2 3 4 

R 1.0 .32·1 .195 .100 

s 2.0 40.0 19 .12 21 .oo 
r 2.0 3.205 4.566 8.403 

G __ J 1 .o 
-

0.386 0.337 0.320 I 

(.1) {21.0) 

t 
v (t) v I 

{ii) final circuit 

Figure 6.4.a. A one block realization example 
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(i) 1st block final realization 

iteration 1 2 

Rl 1.00 0.263 

Ll 2.00 1.542 

cl 2.00 1. 762 

Gl 1.00 0.821 

(.561) (.761) 

Cl 
(1.43) 

3 

0.512 

0.839 

1.495 

0.400 

Gl 
(0.405} 

4 

0.561 

o. 761 

1.430 

0.405 

E~ = 0.197 

T 
V; (t) 

2 

_____________ J_ 
(ii) 1st ana lna block final realizations 

iteration 1 2 3 4 5 

L2 6.725 8.611 7.553 6.538 6.321 

c2 0.876 0.197 0.090 0.044 0.024 

Figure 6.5.a. A two block realization for a DC motor transient model 
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{0.12) {20.8) 

rl 
{8.17 

{i) first block, Ej = 0.0452 

iteration 

Rl 

sl 

rl 

Gl 

1 

1.0 

2.0 

2.0 

1.0 

1 
{20.8) 

rl 
(8.17) 

2 3 

0.334 .157 

35.69 24.91 

4.596 6.592 

o. 768 0.456 

4 

0.12 

20.80 

8.17 

0.31 

(ii) first and second blocks, E12 = 0.0028 

iteration 1 2 3 4 

S2 5.0 8.326 16.04 15.560 

r2 0. 1 0.189 0.355 1.014 

Figure 6.6.a. A two block realization example 
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VII. CONCLUSIONS 

New concepts in both frequency and time domain device modeling 

techniques were introduced in Chapters V and VI. These concepts in-

volved approaching the device modeling problem from an error gradient 

minimization viewpoint so as to obtain the minimal index of perfor-

mance function. In Chapter V the AC error gradients for small 

signal transistor models were characterized to provide the advantages 

listed below: 

(i) Simplicity. This technique requires no optimization scheme 

and completely eliminates computer computation costs. Also, it 

guarantees an exact solution to the small signal model since no 

search in an unknown parameter space is involved. 

(ii) Insensitive model. Following th~ procedure listed in 

Chapter V the small signal model not only can be realized to meet 

certain subnetwork performance requirements, but can also be 

designed to be voltage and/or current transfer function insensitive; 

with respect to drifts in hie and h0 e transistor parameters. 

(iii) Basic building block. This small signal model design tech-

nique offers a basic building block upon which higher frequency 

model realizatic:n techniques, the hybrid pi model for example, 

can be implemented. A hybrid pi model constructed from the small 

signal model simply involves placing capacitors into the small 

signal model at the required locations and then "growing" them to 

meet an index of performance [35]. 
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In Chapte;" VI the titrit~ domain c~.scadc:d bJi1ding block mQdeling tech-

( i) Simp1 i city. A 1 thtwgh an optimization pr·oc0dure is l"equi red 

in this tech1rique the circuit analysis program incorporated in the 

sectfon 4.1.2 algorithm is f·ixed in terms of the topological struc~ 

tm~! it must analyse. That is, it need not be upd~ted to culculate 

nev'i gradient t~rms for a to po logi cai ly changing structure as is 

requi r-ed by previous va ri ab 1 e s tructu.ra mode 1 ing tc!chni que~; [ 31]. 

(i'i) Capable of fittfog high order- responses within a rela~~ed b1ock 

by b1ock erro;" margin. Optimi zatfon processGs are notorious for· 

the"ir· ability to become sttF.ck ii'! a iocal valley or flat portion 

of the index of pet"formance SU\'"face. And rmrny times a block in the 

cascaded str·uctur'e can encounter this prob1em$ hence making it more 

liowc~v~H~~ each subsequent block offer-s the ability to begin w"ith the 

previous blocks best 11 fit 11 to v.(t) and the prospect of riot being 
1 

stud in ~n IP flat pov·tior'I O\" valley. Thus, 110 indi\ddual block 

fo the s true tu re may be requi rn·d to achhwe a certc;ri n sb·i ct ern:n~ 

m&rgins whilE: the structure in its errtil"ity may achieve the st1"ict 

( i"i ·1} o·! \'\?:cl: approo.ch. Trt'i s device mode 1 i ng tedmi que offers a 

(!Olld s~ approE\ch to the rnndc~ ·1 ing prob le:m. Thr~ de::d gn engineer"' 

n~~eci only !mow a d2vice chul'acterh::tic resp011se 'in onler to &.ppr'cach 

the pro bi em, 
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Recommendations for further research in th"is area are the fol lowing: 

(i) In the frequency domain!) characterization of error gradients 

for other well known models such as the hybrid pi model inay also 

lead to a graphic model development techn·ique which circumvents 

any optimization. process requirement. 

{ii) In the time domain, perhaps a block by block building struc-

ture approach for the series, parallel, se~·ies-para11e1 ~ or 

parallel-series type of connections [21] \-:ould prove even more 

beilefi·ci a 1 than the cascaded b 1 ock approach presented in Chapter VI. 
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APPENDIX A 

FIBONACCI ~EARCH TECHNIQUE 

There are two types of one dimensional search techniques: those 

that iterate along the search direction until the limits that bound a 

minimal point of the performance function (inteY'val of uncertainty) 

have been reduced to within some interval tolerance, and those that 

assume a particular shape of the performance function and set o, 

equal to the explicitly calculated minimum [34]. 

Interpolation polynomial techniques such as Davidson's [25] are 

repres~ntative of the second of the two types mentioned. Search by 

golden section [34] and Fibonacci search [33] are representative of the 

first type. 

Search by the Fibonacci technique is about 17 percent more effi-

cient than golden section with regard to interval reduction of the 

interval of uncertainty at each step. The Fibonacci search is initi-

ated after tht: ·interval of uncertafrity has been bounded, assuming the: 

performance measLlre to be unimodal [33]. Then the bounded interval of 

uncertainty is divided according to the Fibonacci sequence 

1 1 2 3 5 8 1 3 . • , as shown in Fi.g,ure P •• l • i"he m«j or 

disadvantaga of the Fibonacci technique is that the total number of 

iterations must be specified a priori. Hence~ the search procedure 

begins by choosing a value for N~ a number which can be deter·mined by 

the total interval reduction desired. 

The efficient schem8 can be evolved by assuming~ on the final 

iteration~ the interval is divided into thirds. Proceeding backward 

10.5 
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to the (N - l)st iteration under the assumption that 

(1) inequalities of the form of Equation A.l were applied at the 

(N - l)st iteration (where Ea' Eb, Ec and Ed are performance func-

tion values evaluated at interval points a, b, c and d; and 

either Eb or Ed will be common to any two successive iterations), 

(2) the Nth and (N - l)st iterations share a common interior 

point, 

(3) b and d are symmetric about the center of the interval [a, c], 

then, the intervals between the abcissas at the (N - l)st iteration 

are [26, t:., 21!:.] respectively. By compar"ing Eb and Ed we can shrink the 

bound on ~i since 

and Eb > Ed a < a. i < b 
b > d 

and Ed > Eb d < ai < c 

and Eb > Ed b < ai < c 
d > b 

and Ed > E a < ai < d b 

and ai is the optimal (minimal) value for a calculated at each 

respective iterate. 

(A.1) 

Consequently~ after an N value has been chosen, the interval reduc-

tion factor [33] quickly asymptotes to 0.618, so the total reduction 

for N iterations becomes (0.618}N. For example, ten iterations, re-
. i quiring e 1 even eva 1 ua t·i ons of E, reduces the bound on & by a factor 

of 100. 

Calahan [33] has written a Fortran IV computer program which is 

easily ·implemented as a subroutine pro~Jl''am. It is listed on page 292 



107 

of the preceding reference and requires six input variables for each a 
calculation. The subroutine form is: 

SUBROUTINE FIBMIN(X1,X2,XMIN~ITER,KEY1,F,Fl,F2) where the input 

data is: 

Xl .Lefthand a bounding value 

Fl Performance Function calculated at Xl 

X2 Righthand a bounding value 

F2 Performance Function Calculated at X2 
ITER the number of iterations N 

-KEVl Set equal to 2 initially 

and the resultant output data becomes: 

XMIN the minimal & value· 

· F the performance function calculated at 8. 
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MODEL REALIZATION USING SENSITIVITY FUNCTIONS 

by 

Ernest Edward Saunders, Jr. 

(ABSTRACT) 

New concepts in linear, time invariant model realization using 

sensitivity functions are presented. These concepts involve approaching 

the device modeling problem from an error gradient minimization view-

point. This leads to the attainment of a minimal index of performance 

function (IP) and, consequently, emulates a desired device model 

response either in the frequency or time domain. 

In the frequency domain the problem of characterizing the AC 

error gradients for a small signal transistor model is considered. 

The integral of the weighted squared-error is the IP functional 

incorporated. It is found that the error gradients all contain a 

similar expression whose values, when chosen properly, create zero 

valued gradients and a zero valued (globally minimal) IP functional. 

Hence a graphical analysis routine based on the similarity expression 

is developed to provide the advantages listed below: 

(i) Simplicity. This technique requires no optimization scheme 

and completely eliminates computer computation costs.· 

(ii) Insensitive mddel. A design scheme is affixed to the 

graphical analysis scheme so as to yield insensitive voltage 

and/or current transfer functions; with respect to drifts in 

hie and h0e transistor parameters. 



(iii) Basic building block. The small signal model design 

technique offers a basic building block upon which high 

frequency model realization techniques, the hybrid pi model 

for example, can be implemented. 

In the time domain a variable structure cascaded building block 

technique was designed and provides among its main features: 

(i) Simplicity. Although an optimization procedure is required 

in this technique the circuit analysis program incorporated in 

the negative gradient algorithm is fixed in terms of the topolo-

gical structure it must analyse. That is, it need not be updated 

to calculate new gradient terms for a topologically changing struc-

ture as is required by previous variable structure modeling 

techniques. 

(ii) Capable of fitting high order responses within a relaxed 

block by block IP functional. No individual block in the struc-

ture may be required to achieve a certain strict IP functional, 

while the structure in its entirity may achieve the strict func-

tional. 

(iii) Direct approach. This device modeling technique offers 

a concise approach to the modeling problem. The design engineer 

need only know a device characteristic response in order to 

approach the problem. 

Further research possibilities include characterization of the 

AC error gradients for the hybrid pi transistor model and possibly 



a series, parallel, series-parallel, or parallel-series connection 

would prove even more beneficial than the cascaded block time domain 

approach. 
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