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Parametric Dynamical Systems:
Transient Behavior and Data Driven Modeling

Alexander R. Grimm

(ABSTRACT)

Dynamical systems are a commonly used and studied tool for simulation, optimization and
design. In many applications such as inverse problem, optimal control, shape optimization
and uncertainty quantification, those systems typically depend on a parameter. The need
for high fidelity in the modeling stage leads to large-scale parametric dynamical systems.
Since these models need to be simulated for a variety of parameter values, the computational
burden they incur becomes increasingly difficult. To address these issues, parametric reduced
models have encountered increased popularity in recent years.

We are interested in constructing parametric reduced models that represent the full-order
system accurately over a range of parameters. First, we define a global joint error mea-
sure in the frequency and parameter domain to assess the accuracy of the reduced model.
Then, by assuming a rational form for the reduced model with poles both in the frequency
and parameter domain, we derive necessary conditions for an optimal parametric reduced
model in this joint error measure. Similar to the nonparametric case, Hermite interpolation
conditions at the reflected images of the poles characterize the optimal parametric approxi-
mant. This result extends the well-known interpolatory Hs optimality conditions by Meier
and Luenberger to the parametric case. We also develop a numerical algorithm to construct
locally optimal reduced models. The theory and algorithm are data-driven, in the sense that
only function evaluations of the parametric transfer function are required, not access to the
internal dynamics of the full model.

While this first framework operates on the continuous function level, assuming repeated
transfer function evaluations are available, in some cases merely frequency samples might
be given without an option to re-evaluate the transfer function at desired points; in other
words, the function samples in parameter and frequency are fixed. In this case, we construct
a parametric reduced model that minimizes a discretized least-squares error in the finite set
of measurements. Towards this goal, we extend Vector Fitting (VF) to the parametric case,
solving a global least-squares problem in both frequency and parameter. The output of this
approach might lead to a moderate size reduced model. In this case, we perform a post-
processing step to reduce the output of the parametric VF approach using H, optimal model



reduction for a special parametrization. The final model inherits the parametric dependence
of the intermediate model, but is of smaller order.

A special case of a parameter in a dynamical system is a delay in the model equation, e.g.,
arising from a feedback loop, reaction time, delayed response and various other physical
phenomena. Modeling such a delay comes with several challenges for the mathematical
formulation, analysis, and solution. We address the issue of transient behavior for scalar
delay equations. Besides the choice of an appropriate measure, we analyze the impact of
the coefficients of the delay equation on the finite time growth, which can be arbitrary large
purely by the influence of the delay.

This work received support from NSF grant DMS-1217156, NSF grant DMS-1720257 and
the Department of Mathematics at Virginia Tech.



Parametric Dynamical Systems:
Transient Behavior and Data Driven Modeling

Alexander R. Grimm

(GENERAL AUDIENCE ABSTRACT)

Mathematical models play an increasingly important role in the sciences for experimental design,
optimization and control. These high fidelity models are often computationally expensive and may
require large resources, especially for repeated evaluation. Parametric model reduction offers a remedy
by constructing models that are accurate over a range of parameters, and yet are much cheaper to
evaluate. An appropriate choice of quality measure and form of the reduced model enable us to
characterize these high quality reduced models. Our first contribution is a characterization of optimal
parametric reduced models and an efficient implementation to construct them.

While this first framework assumes we have access to repeated evaluations of the full model, in some
cases merely measurement data might be available. In this case, we construct a parametric model that
fits the measurements in a least squares sense. The output of this approach might lead to a moderate
size reduced model, which we address with a post-processing step that reduces the model size while
maintaining important properties.

A special case of a parameter is a delay in the model equation, e.g., arising from a feedback loop,
reaction time, delayed response and various other physical phenomena. While asymptotically stable
solutions eventually vanish, they might grow large before asymptotic behavior takes over; this leads to
the notion of transient behavior, which is our main focus for a simple class of delay equations. Besides
the choice of an appropriate measure, we analyze the impact of the structure of the delay equation on
the transient growth, which can be arbitrary large purely by the influence of the delay.
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Chapter 1

Introduction

Dynamical systems are a common tool in modeling physical phenomena. Particularly linear
systems are used in many applications. In this chapter, we introduce the main concepts used
throughout this dissertation, followed by a summary of contributions and an outline of the

thesis.

1.1 Linear System Theory

A dynamical system is commonly modeled by an internal state x(t), input/force u(t) and

output/observation y(t). Throughout this thesis, we assume systems are discrete in space,



i.e, x(t) € R", t > 0. A linear, time invariant dynamical system is represented by

Ex(t) = Ax(t) + bu(t), and
(1.1.1)

y(t) = c'x(t),
where E; A € R™" and b,c € R” are the system matrices. We assume x(0) = 0 and E to
be nonsingular. Using the Laplace transformation, the input-output map of in the
frequency domain is given by

Y (s) =H(s)U(s), (1.1.2)

where the transfer function H(s) of a stable system is defined by
H(s) =c' (sE—A) 'b, s¢ o(AE), (1.1.3)

where o(A, E) denotes the spectrum of the matrix pencil sE — A, also denoted by (A, E).
Using high fidelity models, for example, arising from high accuracy finite element discretiza-
tions, yield a large state-space dimension n, making the time simulation of (1.1.1)) computa-

tionally challenging. One remedy is model reduction.

1.2 Projection-based Model Reduction

Model reduction has become a common and effective tool in many branches of applied
sciences to construct high fidelity models that are computationally tractable, i.e., to find a

surrogate model for (1.1.1)) with a smaller state-space dimension r < n; see [3, [19]. More



precisely, we want to find

EX(t) = AR(t) + bu(t), ~ N
with H(s) =¢" (sE - A) b, (1.2.1)

g(t) =e'x(t),
where X(t) € R", E,A € R™, b,¢c € R’ (r < n). Observe that (1.2.1) has the same

structure as ([1.1.1)). For a good approximation, we require ¥ ~ y which, in turn, implies

H ~ H.

Projection based model reduction, in particular, assumes the state-space representation of
(1.1.1)) is available, i.e., we have access to the system matrices (E, A, b, ¢); see, for example,
[3,{106]. With the model reduction basis matrices V, W € R"*" the reduced system matrices

(1.2.1) can be found by

E=W'EV, A=W'AV, b=W'b, and ¢=V'ec. (1.2.2)

In the literature, a number of ways to find V and W in have been investigated. If time
samples of the state vector x(t) are available, proper orthogonal decomposition (POD) [21} 71,
83, [87] is a widely used tool. POD is based on a snapshot matrix X := [x(t1),...,x(tx)] €
R™M A (truncated) singular value decomposition of X leads to V and W =V, chosen as

the r leading left singular vectors of X.

From a system theoretic perspective, we can categorize the states x(t) € C" by their reacha-
bility and observability, using the (infinite) reachability and observability Gramians. These
yield a balancing state-space transformation T, transforming the matrices A= TAT !,

E = TET !, b=Tband ¢ = c"T~!, so that the state vector is ordered according to



reachability and observability. In balanced truncation [94, 95| unreachable / unobservable
states are truncated to reduce the state-space dimension while capturing the main informa-

tion of the system in the input-output map.

Rational interpolation methods construct an approximation ﬁ(s) by interpolating the origi-
nal model #H(s) at certain points o1, ..., 0,. Interpolation conditions to choose those points
optimally are implemented in the Iterative Rational Krylov Algorithm (IRKA) [59] as a fixed

point iteration. This approach is presented in more detail in Section [2.4]

1.3 Data Driven Model Reduction

The state-space representation ({1.1.1)) may not always be available, but only transfer function
evaluations H(s) as in (1.1.3) may be accessible. We then speak of data driven modeling
or data driven model reduction or, at times of a black-box approach. In this setting, the
optimal rational interpolation from [59] can be adapted to find an optimal approximant by
using only (repeated) transfer function evaluations (TF-IRKA) instead of system matrices
[14].

Assume further that our access to H(s) is restricted to a finite set of measurements of H(s)
at sampling points &1,...&, in s. Given such measurements, {&;, H(&)}, € C x C, we

aim to construct a model ﬁ(s) that approximates the given measurements in an appropriate

sense.

Interpolation and least-squares approximation are two widely used approaches. First, for



interpolation, ﬁ(s) can be constructed by matching the given measurements {&;, H(&)}i-,

exactly:
H(E) =HE), i=1,...,m. (1.3.1)

This leads to the Loewner framework as introduced in |74, |90] and presented in Section 2.5.1]

Next, for least-squares approximation, we construct 7/-2(3) to solve the least squares problem

zm: ‘ﬁ &) — ()| — min, (1.3.2)

which leads to the Vector Fitting algorithm introduced by [107] and presented in Sec-

tion [2.5.2]

1.4 Model Reduction of Parametric Dynamical Sys-

tems

In applications, dynamical systems often depend on a parameter. Examples include vi-
bration models with varying damping or convection-diffusion models with varying diffusion

coefficients. To reflect the parametric dependency, consider

E(p)x(t;p) = A(p)x(t;p) + b(p)u(t),
(1.4.1)
y(t;p) = ¢’ (p)x(t;p),

with transfer function

H(s,p) =<' (p) (sE(p) — A(p))”" b(p). (1.4.2)



For parametric systems, the problem now has two variables: time/frequency and a parameter,
thus increasing the computational burden even more if function evaluations over several

parameters are required, for example in optimization [18, [20]

One might ask of a useful reduced model to carry the parametric dependence of ([1.4.1)), with

reduced system matrices:

-~

E(p)x(t;p) = A(p)X(t;p) + b(p)ult),

J(t;p) =<' (p)X(t;p),
(1.4.3)

This clearly increases the complexity of the task to construct a parametric reduced model
that approximates the original function. In addition, we aim for reduced models that are

valid not only for a fixed parameter value, but for p ranging over a parameter domain.

We review common approaches to construct a parametric reduced model as in ((1.4.3)). For
more details, we refer to an overview of projection based methods by Benner, Gugercin and

Wilcox in [1§].

In Chapter [3land Chapter [d] we extend the non-parametric approaches from Section [I.3] to

the parametric case.



1.5 Delay as a Parameter and Transient Analysis

As a particular example of a parametric dynamical system, delay equations are of great

interest in both theory and applications. A simple example is the scalar delay equation
(t) = azx(t) + bx(t —7), t>0 with x(t) = ¢(1), t € [—,0]. (1.5.1)
Here the derivative 2(t) depends on the state of the system x(t — 7) as well as z(t).

Applications range from biology, chemistry, finance and traffic pattern analysis to control
implementations and regulators. We remark that those applications usually come in the
form of delay dynamical systems with inputs and observations, similar to . For our
analysis of transient behavior, we focus on the evolution of the state x(t) over time without

inputs and outputs.

Asymptotically stable solutions, that is z(t) — 0 for ¢ — oo may grow large for finite ¢ before
following the asymptotic behavior. Transient analysis aims to characterize the magnitude
of sup;s [x(t)| for asymptotically stable solutions. For ODEs, transient growth can only
appear in dimensions n > 2 [114]. For delay differential equations, however, even the scalar

case, can exhibit arbitrarily large transient growth [110].

Insight into the stability and asymptotic behavior of a delay system can be gained through
spectral analysis, which leads to a nonlinear eigenvalue problem (NLEVP) [64]. The NLEVP
is used to analyze the influence of perturbations of the coefficients and the delay parameters
on stability. Using the NLEVP, however, gives limited insight into transient growth of a

particular solution.



We analyze a rather simple case of a delay equation: the scalar, linear, constant coefficient
case. Here, other influences from higher dimensional state-space or nonlinear behavior are

deliberately excluded, to concentrate on the influence of the delay.

Even in this simple case, we show in Chapter [5| that solutions to (asymptotically) stable
systems can exhibit enormous growth over finite time, for a specific set of coefficients for the
terms in the delay equation. Furthermore, we give methods to find such configurations and

investigate the corresponding transient behavior.

1.6 Motivating Examples

To illustrate our approaches, we use several typical examples from the NICONET benchmark
collection |27, 81]. We introduce them in this section to familiarize the reader with the types

of problems we address in this thesis.

1.6.1 Vibrating Cantilever Beam

Consider a vibrating cantilever beam [96] with proportional damping, modeled by the second

order dynamical system

M3 (t) + (M + pK) x(t) + Kx(t) = bF(t),  y(t) = c¢'x(t), (1.6.1)



where I represents a forcing function, and the parameter p represents a damping coefficient,

normalized, so that p € [0, 1]. We can rewrite ((1.6.1]) into a system of first order equations

I 0] |x(t) 0 I 0 o x(t) 0
= +p + F(t)
0 M| |x(¢) -K —-M 0 -K x(t) b
- ~ ~ (1.6.2)
i x(t)
y(t) = |cT o

We illustrate the influence of p on the system by showing Bode plots in Figure [I.1}

0
—100 |-
—50
o —200 |
?; —100 E
= a
= —-150 = —300 |
—200
—400 |-
| | | | | |
100 102 104 106 108 100 1012

—250

0 07 100 100 100 100 10
Frequency Frequency
(a) p =0.0001 (b) p=10.2

Figure 1.1: Bode plot for the vibrating Cantilever beam model (|1.6.2)) for different choices

of the damping coefficient p.

The Bode plots in Figure illustrate how the dynamics of the model (1.6.1)) change with

different damping coefficients.
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1.6.2 Convection-Diffusion Equation
We model convection-diffusion on a rectangle Q = [0,1] x [0,1] by the following partial

differential equation |11]. Boundary conditions are chosen as Dirichlet conditions. The

resulting PDE is

% = Ap(t,x) + p - Vo(t,x) + b(x)u(t) x €1,
t (1.6.3)
¢(X) =0, x € 01},

where b(x) represents the characteristic function for a point source in €. The parameter
T
p = {m pg} represent the magnitude of convection in x and y direction. Discretizing

(1.6.3) with a finite difference scheme leads to the dynamical system

x(t) = (Ag + p1A; + paAs) x(t) + bu(t),
(1.6.4)

To illustrate (1.6.4), we show a sample transfer function Bode plot in Figure [1.2]
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Figure 1.2: Bode plot for the convection-diffusion model (|1.6.4)) for different values of p; and

fixed po = 0.1.

In Figure , we show the variation of the transfer function #(s,p) over the parameter

range. Since we focus on a scalar parameter, we fix p, and vary p = p;.

1.6.3 Delay as a Parameter

The particular case when the parameter represents a delay is illustrated by the scalar delay

differential equation

x(t) = ax(t) + bx(t — 1), 7>0, a,b,e R,
(1.6.5)

x(t) = ot + 1), t e [-T,0].
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Observe that to solve (|1.6.5)), we require an initial history function ¢(t) : [0,7] — R. In
Figure [L.3) we show a time plot of the initial history function and solution to (1.6.5) for

different parameter configurations (a,b) and 7 = 1.

80 - 100
— Initial History
60 - == Solution 80 I B
40 |+ 60 - *
20 | 40 + .
= =
K 0 ; 20
—-20 |- 0 .
—40 - —20 = Initial History i
— Solution
_60 | | | | | 740 | | | |
0 10 20 30 40 50 —20 0 20 40 60 80
Time ¢ Time ¢
(a) (a,b) = (0.5, 1) (b) (a,b) = (-1,1)

Figure 1.3: Solution to (1.6.5)) for ¢(t) = 2€?* — 1 and different (a, b).

Observe how the solution in Figure with (a,b) = (—1,1) grows larger and over a longer
time span compared to the solution in Figure with (a,b) = (0.5,—1). Examining
the effect of parameter choices (a,b) on the transient behavior is the main subject of our

investigation concerning delay equations.

1.7 Summary of Contributions and Organization

This thesis achieves three main goals:
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1. Extending rational interpolation methods to the parametric case, with a particular

choice of error norms and structure for the approximating system (Chapter |3)).

2. Using parametric least squares approximation for measurement based system modeling,

given a fixed set of measurements (Chapter [4]).

3. Analyzing and understanding transient behavior in delay differential equations (as
opposed to non-delay equations) as an example of a particular parametric system

(Chapter [5)).

The work presented here distinguishes itself in the following ways:

e We extend the interpolatory rational H, optimal approximation to parametric set-
ting and construct a parametric model with respect to a joint optimality measure in

frequency and parameter domain.

e For a given fixed set of measurement data, we solve a joint discrete least-squares

problem in frequency and parameter.

e We emphasize that both cases aim for a global optimality measure in the frequency

and parameter simultaneously.

e For the case that the parameter represents a delay, we analyze transient behavior in
detail. Therefore, we propose the use of a transformation matrix. This approach is
considerably simpler than other methods and enables further insight into transient

behavior and corresponding values of the coefficients.
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The structure of the document is as follows: Prerequisites and current approaches are re-

viewed in Chapter 2

An interpolatory approach to parametric model reduction with joint optimality conditions is
investigated in Chapter [3] Here we derive first order optimality conditions in the parametric
setting. This allows us to find jointly selected optimal sampling points in both frequency and
parameter space with respect to a global optimality measure. We implement our method
with a gradient descent algorithm and demonstrate its approximation properties on various

examples.

In Chapter [4, we focus on measurement based modeling. For the parametric case, our
approach relies on local models at each parameter sample point, which are combined to

solve a global least-squares problem.

Delay systems are investigated in Chapter [5] as a particular example of parametric systems
where the delay is viewed as the parameter. We chose a spectral discretization to evolve
the system in time, which leads to new insight into transient behavior of the solution. A
machinery is presented to construct coefficients for strong transient growth for asymptotically

stable models.

We conclude with finishing remarks and future work in Chapter [0



Chapter 2

Background

In this chapter, we summarize the necessary prerequisites from linear system theory and
model reduction, as well as current approaches for non-parametric model reduction, which
form the base for the parametric case. Starting with a brief overview of non-parametric
model reduction approaches, we continue with an overview on current parametric model

reduction methods for comparison to our approaches in later chapters.

15
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2.1 Notation

Let us introduce a slightly non-standard notation for subsets of C, where R(z) denotes the

real part and (z) the imaginary part of z € C:

Cri={2z€C: R(z) >0} the open right half plane,
Cyp={z€C: J(z) >0} the open upper half plane,
CL:={2€C: R(z) <0} the open left half plane, (2.1.1)
D:={zeC: |z| <1} the (open) unit disc,
D:={2€C: |2/ <1}  the (closed) unit disc.
Furthermore, transfer functions will be denoted by H or G, with corresponding reduced
models ”;Q, QA . We emphasize that we operate in the frequency, or Fourier domain in this
chapter, and use s for the frequency variable or z if the emphasis is on the complex analysis
point of view. A common notation is C_ and C, for C;, and Cg. Koosis in [80], for example,
uses C; = {z € C: J(z) >0}. To avoid any confusion, we use the notation in ({2.1.1)

instead.

2.2 Linear System Theory

The main objects in this dissertation are linear dynamical systems. By linear we mean x()
depends linearly on the state variable x(¢) and input u(t). Discretizing a physical system

in space using finite elements or finite differences, for example, results in a system that we
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make precise in the following definition.

Definition 2.2.1 A linear dynamical system (E,A,B,C,D) (sometimes denoted by

3(E,A,B,C,D) [4]) is given by

Ex(t) = Ax(t) + Bu(t);
x(0) = xo, (2.2.1)
y(t) = C'x(t) + Du(t),
where x(t) € R™ denotes the state variable, u(t) € R™ the input, and y(¢) € R” the output,
A e R B eR™" CeR"™ and D € R"*™. The system has n internal states, m inputs
and v outputs. Further, we assume that E is nonsingular. For the case that m =p =1, we
speak about a single-input-single-output system (SISO). Similarly for m > 1, v > 1 a multi-

input-multi-output system (MIMO), m = 1 and v > 1 a multi-input-single-output system

and m > 1, v = 1 a single-input-multi-output system.
Unless otherwise mentioned, we assume the initial state xo to be zero. This restriction can
be lifted [15} 67].

The solution of (2.2.1)) can be expressed via a convolution integral with kernel h(#):

S:ut) —»yt) =S)(t) = /OO h(t — 7)u(r)dr, teR. (2.2.2)

[e.e]

Explicitly, for E invertible, the integral kernel has the form h(t) = CTe'® '"AE~'B + Dd(t),

where 0(t) denotes a delta impulse.

Definition 2.2.2 Given a dynamical system (E, A, B, C,D), we refer to the function

H(s)=C'(sSE—A)'B+D, s¢o(AE), (2.2.3)
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as the transfer function or external description of the dynamical system.

The transfer function relates the Laplace transforms U(s) of input functions and Laplace

transforms Y (s) of output functions by
Y(s) = H(s)U(s). (2.2.4)
Moreover, the transfer function H(s) relates to the integral kernel h(¢) from by
H(s) = L[h(t)](s), s¢ o(AE). (2.2.5)
Choosing the input u(t) = d(¢) to be a delta impulse and noting that L[§(¢)](s) = 1, the
transformation to the frequency domain yields
Y(s) =H(s)U(s) =H(s)-1=C" (sE—A)"'B+D. (2.2.6)

Hence the delta impulse as a particular input yields precisely the transfer function as the

frequency domain output.

If H(s) has finitely many poles, we can express H(s) in pole-residue form as

His) =) - g_bix, ¢, € Cvm, (2.2.7)
i=1 v

where the eigenvalues Aq,..., A, of (A, E) are simple. In fact, if E = I and A is diagonal,

then ¢; = cibiT are rank 1 matrices.

For ease of exposition, we focus on SISO systems, where B, C € R™! D € R and

use lower case b, ¢ and d in (2.2.1)) and (2.2.3) instead.
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2.2.1 Time-Discrete Dynamical Systems

Instead of advancing the state of a system continuously in time, we can consider a dis-
crete time movement, for example from ¢; to fp.;. Such a discrete dynamical system
(Ea, AA,ba, ca,da) may arise naturally from a physical phenomenon or come from a time-
discretization of a continuous system. We denote the system matrices of such a time-discrete

system with a subscript A, so the system is

Eaxji1 = Aax; + bauy;
k=1,2,.... (2.2.8)
Vi = CAXg + daug,

Stability for such time-discrete systems corresponds to the eigenvalues of the pencil (Aa, Ea)

being inside the open unit disc, i.e., 0(Aa, Ea) C D.

In the following subsection, we introduce the function spaces for transfer functions H(s).

2.2.2 Function Spaces and Norms

Hardy spaces have been introduced by F. Riesz [103] and named after G.H. Hardy in reference
to [66]. Our focus on SISO dynamical systems leads to the scalar valued Hardy space Ha

with the corresponding inner product and (induced) norm.

Definition 2.2.3 For the open right half plane, we define the space by

Ho(CRr) = {7—[ :C — C: H analytic in Cg, sup/ |H(z +iy)|* dy < oo} . (2.2.9)

x>0 —00
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with the inner product and induced norm as

R : L[~ ...
<H7 g>H2(CR) - %/ H(lu))g(lu)) dw, ||H||;2(CR) = %/ |H(1w)|2dw. (2210)

Recall that a dynamical system is said to be asymptotically stable if all the eigenvalues of
the matrix pencil (A, E) lie in the open left half plane Cr. Hence the transfer function #(s)

of a stable system only has poles in C; and is analytic in Cg, which is one motivation for

Definition 2.2.31

Definition 2.2.4 Consider the Hardy space on the open unit disc:

2m
Ho(D) = {7—[ :C — C: H analyticin D, sup / |H (re'?)|*d6 < oo} : (2.2.11)
0

0<r<1
with the inner product and induced norm

1 27 ' ) 1 o .
M, Gty = 52 H(e®)G () db, 1H3 @) = —/0 IH(EDPds.  (2.2.12)

2m Jo 2m

To be clear, we note that Hy(D) contains functions that are analytic on . Recall that
stability for discrete time systems requires 0(Aa, Ean) C D, leading to the complementary

Hardy space Hy(C\D) = Ly(0D)\Hz(D).
Let us further introduce the notation of rational Hardy spaces [47, [79):

RH2(Cr) :={H € H2(Cg) : H is rational }, and
(2.2.13)

RH2(D) :={H € Hz(D) : H is rational }.
Example 2.2.5 To highlight the difference between RHo(Cr) and H2(Cg), consider f(z) =

||

e 1*l. It is clear that f(z) € Ha(Cg) since the function has no poles and certainly a finite

integral on iR. But f € Ha(Cgr)\RH2(Cg).
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We simplify notation and write Hy for Ho(Cgr) and Ho (D) when the underlying space if clear

from the context.

Why are we interested in the Hardy spaces above in the context of model reduction? The
following lemma ([3]) establishes a connection between time domain error and approximation

error in the norm ([2.2.9)).

Lemma 2.2.6 Let H € H2(Cr) and u € Ly(RY). Then we can bound the norm of the
output y(t) in as

1Yo < 1 ll3s - lullz,- (2.2.14)

Therefore the L, time domain energy of the output can be bounded by the Ho norm of the

transfer function and the Ly energy of the input u(t).

Proof Let U(s) be the Laplace transformation of the input u(t), Y(s) that of the output

y(t). Using Holder’s inequality, we compute

9]l oo = max |y (t)]

1 [ .
= max —/ Y (iw)e™! dw
>0 |21 J_
<o [ W
<o) iw)| dw
1 oo
<o |H (iw) | |U (iw)| dw (2.2.15)

< (5 )t av) " (5 [ Wwira) "
< (5 )t av) " ([ wwpar) "

= [[Hle, - [l .-
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Corollary 2.2.7 Let H € Ho(Cr) with output y, H e Ho(Cr) with output y and u €

Ly(RT). Then Lemma implies

1y = Yllze <H = Hllp[lull .- (2.2.16)

For a special case of H(s), the Hs norm has a simple expression that we present in the

following lemma.

Lemma 2.2.8 Given a transfer function H € Ho(Cpr) in pole-residue form H(s) = Z . (bk)\
= Ak
k=1
and G € Ha(CRr), the Hy inner product and norm can be expressed as
(H, Gy =D 0G (—N), and [Hlpw = | > oH (=) (2.2.17)
i=1 i=1

Proof We compute the H, inner product by direct computation. First consider a simple

pole Ho(s) =

. Using the residue theorem on the contour I'g, a semi-circle of radius
S — Ao

R on the imaginary axis large enough to enclose the pole Ay, we see that

1 [~ 1 )
(oo G = 5 | =G0

1 1
= — — d

211 Jr, —2 — Aog(Z) ’ (2.2.18)
= Res { _1_9’(2), z = —)\_0]

—Z — /\0

— lim _<z—+)‘0)g(2) =G(=Xo).

z——Xo —Z — )\0

By linearity of the integral, we find that

(", G, ZZ@< 1A : Q> G (=i, (2.2.19)
k=1 5Tk Ha
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which proves the claim for the inner product. By definition of the induced norm, it then

follows that

Ml = /(M H)py = | D oM (=) (2.2.20)

With our focus on Hy model reduction, we assume d = 0, since for [|H—H ||z, < oo,

it needs to hold that d = d.

2.3 Model Reduction

In this section, we review the main concepts of model reduction for linear, time-invariant
dynamical systems. Many approaches are available to approximate various types of mod-
els. We focus on models applicable to linear dynamical systems with particular focus on

approaches that can be extended to the parametric case.

2.3.1 The Gramians

Reachability and observability Gramians [3] characterize the states of the system x(t) € R"
by how reachable and observable they are. For reachability, the metric is the input energy
required to steer the system (A, b, c) from 0 to a target state x; € R™. High required energy
represents a difficult to reach state. The observability Gramian uses the adjoint concept and
gauges the energy observed from driving a given state to 0. To simplify notation, we assume

E=1L
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Definition 2.3.1 Given a dynamical system (A, b, c), we define the reachability Gramian
P = / eAbbTeA Tdr, (2.3.1)
0
and the observability Gramian

Q::/ A TecTeAdr. (2.3.2)
0

The Gramians satisfy the following Lyapunov equations.

Lemma 2.3.2 The Gramians P and Q satisfy

AP+PAT +bb' =0, and
(2.3.3)

ATQ+ QA +cc' =0.
Note that the Lyapunov equaions (2.3.3) have a unique solution if and only if the eigenvalues

of A and AT satisfy \;(A) +X;(AT)£0fori,j=1,...,n.

For the discrete time case, the following definitions parallel Definition [2.3.1] in the discrete

time case.

Definition 2.3.3 Let A(A4, by, cg) be a discrete dynamical system. Define the (discrete)

observability Gramian

o0

Qn =Y (A])fcici Al (2.3.4)

k=0

and the (discrete) reachability Gramian

Pa =Y _ Albgb;(A;)". (2.3.5)
k=0
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Instead of Lyapunov equations, for the discrete time case, the Gramians satisfy so called

Stein equations as shown in the following lemma.

Lemma 2.3.4 The discrete gramians Pa and Qa from Definition satisfy
A PAA] +bsb) =Pa, and
(2.3.6)
A;lrQAAd + CdC;lr = QA.

The Stein equations in (2.3.6)) have a unique solution if and only if the eigenvalues of Ay

and A satisfy N;(A)- N (AT)#1fori,j=1,...,n.

We extend the notion of Gramians from (2.3.3) to the parametric case in Section [3.2.3]

2.3.2 Projection Based Model Reduction

In case a state-space representation as in ([2.2.1)) is available, a common approach to model

reduction is projection.

The underlying assumption is that the relevant dynamics of the state x(t) of the system
(E, A, b, c) evolve in a low dimensional subspace V, where dimV = r < n, spanned by the
columns of the matrix V, so that x(¢) ~ VX(t). We consider a Petrov-Galerkin projection
onto an r-dimensional subspace V. Let V, W € R"*" where V represents the target subspace

for X(t) and W the trial subspace, along which we project.

The projected system matrices have the form

E=W'EV, A=W'AV, b=W'b, and ¢=V'ec. (2.3.7)
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Many approaches have been investigated to constructing V and W. One particularly useful
type of projection based model reduction is balanced truncation [94, 95| Since balanced
truncation is not the main topic of this dissertation, we refer the reader to [3, 58] and the

references therein. In this thesis, we mainly focus on interpolation.

2.4 Interpolatory Model Reduction

In this section, we construct a reduced model ’;Q(s) by matching the original model H(s) at
some selected points. One can construct the projection matrices V. and W in such a way
that ﬁ(s) interpolates the system at certain points. Let oq,...,0, be chosen interpolation

points. Let V and W be such that

[(:E—A)7'b,...,(0,E — A)"'b] C span(V), and
(2.4.1)

[(iE—A) Tc,....(0,E—A) Tc| Cspan(W).

Then H(o;) = H(0:) and H'(0;) = H'(0;) for i = 1...,r. This leads to the concept of
interpolatory model reduction, where the reduced system is constructed by enforcing an

exact match with the original model at certain selected points.

To make this discussion largely self-contained, we review some results in (non-parametric)
model reduction that are used in the parametric case in a similar way. Consider the non-

parametric dynamical system with a single input and output

Ex(t) = Ax(t) + bu(t),  y(t)=c'x(t), (2.4.2)
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with the initial condition x(0) = 0 and matrices A, E € R™*" and b, c € R"*!| E invertible,
focusing on the SISO case. The transfer function mapping Laplace transforms U(s) of inputs
to Laplace transforms Y (s) of outputs is H(s) = ¢T (sE — A)""b. Our goal is to arrive at

a reduced model of order » < n with the same structure:

o~ ~

EX(t) = AX(t) + bu(t),  y(t) =€ %(t), (2.4.3)

and associated transfer function ﬁ(s) =c' <SE — fA) 1 b and A,E € R™" and b,¢ € R"
and we assume E to be invertible. The reduced model should approximate the output well,
given the reduced order r, for any input u(t); more precisely ||y(t) — y(¢)|r., — min. Note
here that the reduced model does not depend on the input function u(¢) but should be a
good approximation for all inputs u(t).

Recall from Lemma that the time-domain L., norm of the output, the Ly energy of

the input and frequency domain quantities are related through
1Y = llzo < 17 = Hlla o, (2.4.4)

In essence, a small difference in the Hs norm between transfer functions guarantees a low

maximum mismatch of the outputs rements over time. For more details, see [3].

Constructing a good reduced model corresponds to minimizing ||H — 7’:[\||H2 Optimality

conditions for this case have been derived by Meier and Luenberger in 1967.

Theorem 2.4.1 ([91], SISO Optimality Conditions) Let H(s) = S i

i:15—>\i GHQ be

a transfer function in pole-residue form. Then H(s) minimizes | H — H||p, if

H(=N) =H(=N), and  H(E=N)=H(=N), i=1,....r (2.4.5)
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The Iterative Rational Krylov Algorithm (IRKA, [59] - Algorithm [2.4.1)) performs an iterative
refinement of an initial pole selection {\;}/_,, rather than sampling the transfer function at
greedy points. Upon convergence, the resulting model ’;Q(s) is guaranteed to be locally
optimal in the H, sense because local maxima and saddle points are repellant [46]. We

emphasize that IRKA automatically selects interpolation points in the frequency domain.

Note that the reduced model interpolates the original model at the mirror images of the

reduced poles (which are not known a priori).
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Algorithm 2.4.1 Iterative Rational Krylov Algorithm - SISO - State Space

1. Make initial selection of sampling points {oy,...,0,} C Cg, closed under conjugation

2. Construct projection matrices

V=[cE-A)"'b,...,(0,E—A)'b]
(2.4.6)
W=[E-A)"c,....,(c,E—A)" "¢

3. Until convergence
(a) Project system matrices A = WAV, E=WTEV,b=W'band¢=V'c
(b) Compute eigenvalues A, ..., A, of the pencil (A, E)
(c) Assign o; < —X\; fori=1,...,r
(d) Update projection matrices as in
V=[cE-A)"'b,...,(0,E—A)'b]
(2.4.7)

W=[cE-A)"c,...,(0,E—A) "]

4. Set A=WTAV,E=W'EV,b=W'band¢=V'ec

For completeness of this exposition, IRKA can also be performed for MIMO systems. In this
case, in addition to sampling points o;, left and right tangent directions for interpolation are

selected.
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Algorithm 2.4.2 Iterative Rational Krylov Algorithm - MIMO - State Space

1. Make initial selection of sampling points {0, ...,0,} C Cg, closed under conjugation,

right tangent directions ry,...,r, and left tangent directions £4, ..., #,.

2. Construct projection matrices

V =[(c1E—-A)'Bry,...,(c,E— A) 'Br,]
(2.4.8)

W =[(c,E-A)""C¥,...,(0,E—-A)""Ct]
3. Until convergence
(a) Project system matrices A = WTAV, E=WTEV, B=W'BandC=V'C

(b) Compute pole-residue expansion of 7(s):

H(s) = Z - l—iAi (2.4.9)

(c) Assign 0; < —\;, r; < 1; and ¥£; <—Zl- fori=1,...,r
(d) Update projection matrices as in ([2.4.1])
V= [(UlE - A)_lBI'l, ceey (O'TE - A)_lBrr]
(2.4.10)

W =[(c,E—A)""C¥,...,(0,E - A)""Ct]

4. Set A=WTAV,E=W'EV,B=W'Band C=V'C

The improvement of the model subspace given by the poles {\;}/_; during IRKA is not

monotone; the error may increase at one iteration and decrease at the next - even if the
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algorithm converges. An improvement of this behavior is made by a trust region method
[13] that ensures a strict improvement of the error function with each pole update step until

convergemnce.

2.5 Data Driven Methods

In this section, we introduce some of the main methods to construct a system of desired
order given a set of measurements instead of an internal or external description of a given
model. There is little assumption of where the measurements are taken from, whether it
be numerical simulations or real, physical measurements. The methods presented here can
be categorized in two ways: interpolatory methods and least-squares fit. First, we present
the Loewner framework [90] as a popular method to constructs a system that matches the
set of measurements exactly. The second method, called Vector Fitting [63], presented here

construct a least-squares approximant to the data set.

2.5.1 The Loewner Framework

Let {&,H(&)}™, € C x C be a set of frequency-measurement pairs. Those need not come
from a known transfer function H(s) but can be physical measurements. The following

lemma is from [74].

Lemma 2.5.1 Given measurements {&;, M;}", and a partition of those in (almost) equal
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sets
{&, . &mt ={, s pmt U{v, . vm )
(2.5.1)
{H(E), - H(Em)} = {H (i), Hpm) } U{H (1), - H(vm) ],
with iy #v;, i =1,...,m, j=1,...,m, m+m = m. Measurement points and values are

partitioned in the same way. Define the Loewner matrix (divided difference matriz) L as

[ H(w) — H(w) H(m) — Hvm) |
H1— o M1 — Vm
L:= : : . (2.5.2)
H(Nm) - H(Vl) /H<,um> - 7"(’/%)
| - flm — Vi |

Let ¢ be in the null space of L, i.e., Lc = 0 and b; = H(&;). Then the barycentric rational

function
— ebs
2t
o) =) - Zs o 253
dls) ¥, —
TS =V
interpolates the measurements, meaning r(&) = H(&), i =1,...,m.

So far, we split up the measurements points into two distinct sets (and the measurements
accordingly). If derivative information on #(s) is available, we can introduce the notion of

a shifted Loewner matriz [90].

Lemma 2.5.2 Let {&, H(&), H'(&)}iey € C x C x C be measurement data. Define the
Loewner and shifted Loewner matrices as

HE) -AE) EH(E) — HEE
[L];; = S and [Ly);; = §i—¢&

H'(&), =7 &GH' (&), i =]
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Further let

b=¢=[H(&),...,H(n)] (2.5.5)

Then the transfer function G given by
G(s) :=¢" (L, — sL)"'b (2.5.6)
interpolates the measurement data in both a Lagrange sense (G(&) = H(&)) and Hermite

sense (G'(&) = H'(&)).

We can view Lemma [2.5.1] as a special case of Lemma with repeated measurements

[617515527527 “ee 7€m,£m]—r < CQm.

Using the Loewner framework, we can construct a state space model given any set of sampling
points of a full order transfer function H(s). With that, Algorithm can be extended to
not require an internal formulation of the dynamical system but merely repeated function

and derivative evaluations of any given H(s) [14].

2.5.2 Least Squares Approximation

In preparation for our extension to the parametric case, we review the non-parametric ap-

proximation methods of the Snathanan-Koerner iteration and Vector Fitting.

Problem 2.5.3 We consider the following problem.
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For a given data set {&;, H(&)}i—, C CxC, find a stable rational transfer function

ﬁ(s) of degree r that minimizes the (weighted) discrete least squares problem

ms

S

=1

A — 1) = min, (2.5.7)

for some weights w; >0, 1=1,...,ms,.

Note that the data may not come from a known transfer function #H(s), but can be physical
measurements. The problem (2.5.7) above can be considered for MIMO systems, replacing

|| by || - [|F in (2.5.7). We focus our attention on the SISO case, .

2.5.3 The SK-Iteration

One way to solve Problem is the Sanathanan-Koerner iteration (SK Iteration) [105].
A proper rational function ﬁ(s) is fitted to the measurements in a least squares sense with

the representation

Zaksk
7:[\(5) = n(S) = kjo , ap, B €C, k=1,...,r. (258)
d(s) ;
D Bs
k=0
r—1 T
Hereby we call n(s) = Zaksk the numerator and d(s) = Z/Bksk the denominator. If
k=0 k=0

d(&) #0,i=1,...,m, werearrange ([2.5.7) to arrive at the equivalent minimization problem

ms wZ .
> TEIE In(&) — d(&)H (&) — min. (2.5.9)
i=1 ’

Observe that (2.5.9)) is a nonlinear least squares problem. Let x = [ag, ..., a,_1, B0, ..., 3] =

[, 3]T € C?*1 be the vector of numerator and denominator coefficients in (2.5.8) and
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b = [H(&),...,H(&n)]"T € €™ the measurement vector. The least squares problem

(2.5.9) is solved for x via a sqeuence of linear least squares problems

JA®) (Ax*TD —b) |2 — min, k=0,1,2,..., (2.5.10)
with the matrix
1 & & - g “HE&a -HE&E - —HE)E
1 & & - &' —H&E -H&)E - —H(E)E
A= . (25.11)

Here the weights A®) in (2.5.10)) are iteratively refined based on the numerator d*=1)(s)

from the previous iteration:

k) 7 Wi " o

i=1
We note that the superscripts d®) represent iteration indices, not derivatives here. The

procedure is summarized in Algorithm [2.5.1]
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Algorithm 2.5.1 Sanathanan-Koerner (SK) Iteration - Monomial Basis

INPUT: Weights w;, i = 0, ..., m, measurement vector b = [H (&), ...,

OUTPUT: Rational function H(s).

1. Set A = diag][1,...,1] € C™™,

2. Assemble A from as
A= [«40 «41} 7 [Aoli; = &7, [Alij = —H(&)E!

3. For k=0,1,2, ..., until convergence

(a) Solve the least squares problem

A% (Ax(kH) —b) > = min

k+1) _ wi 1"
(b) Assemble A¥+D) = diag {W}i:1

4. Assemble the approximant
r—1 k
7:[\(3) e i

Zk o Brsk

H(Em)]"-

(2.5.13)

(2.5.14)

(2.5.15)

The SK iteration remains valid for other representations of the approximating function ’;Q(s)

It is well known [22, |118] that the barycentric representation of rational functions has nu-

merical advantages over the representation in (2.5.8)), such as increased numerical stability
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of function evaluation |70]. Thus instead of (2.5.8)), it is standard to use the representation
U,

n(s) ZZ:l s — )\k

TS
- Ak

(2.5.16)

Here Ay € C are the poles of n(s) and d(s) (not of ﬁ(s)), Yy and ¢y, are referred to as
residues, k = 1,...,r of n(s) and d(s), respectively. Even though in (2.5.8)), both n(s) and
d(s) are polynomials, in they represent rational functions; we keep the notation n(s)
and d(s) for the numerator and denominator functions of H(s). With H(s) as in ,

the least squares problem ([2.5.10|) has the left hand side matrix

1 1 1 “H(&) —H(&) —H (&)
G—-M &G-XN  a-A HG-M G-  L-A
1 1 1 “H(&) —H(&) —H(&)
A= S—M S—A S — A §2— M1 §2— Ao S —Ar i (2‘5'17)
_gm_/\l fm_/\2 gm_/\r gm_>\1 ém_)‘2 fm_/\r_
Since the poles \; (i = 1,...,7) are fixed a priori and remain unchanged throughout the
SK-iteration, the unknowns are the residues for d(s) and n(s), namely x := [¢p", ¢']T =

[}, ..., Pry 01, .., 0] € C*. The implementation in Algorithm extends by replacing

A by the modified version in ([2.5.16)) for the barycentric form of ﬁ(s)

2.5.4 Vector Fitting

In the SK-iteration, the poles \; (i = 1,...,7) of the approximating function ﬁ(s) remain
fixed. A natural next step is to choose the poles \; from (2.5.16|) adaptively. Such a pole se-

lection necessarily improves the conditioning of the linear least squares problem ([2.5.14)) [62].
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The Vector Fitting algorithm [63] also transforms the non linear least squares problem ([2.5.9))

into a sequence of linear least squares problems with an additional updating of the poles \;

Pk
S — Ak

in ([2.5.16)), using the zeros of the denominator d(s) = 1+ Z . Note that the zeros of
k=1

d(s) can be computed through an eigenvalue problem, detailed in the following lemma [51].

Lemma 2.5.4 Let d: C — C be a rational function with simple zeros of the form

d(s):1+zsfik7 with A=)y @i=[on o], (2.5.18)
i=1 !

where ¢; #0, 1 =1,...,n. Further define

AL — 1 —¥1 T —P1 —P1
—p2 A —2 ... —p2 —¥2
A = diag(\) — pe' = : : : : . (2.5.19)
—¥Pn-1 —Pp-1 - An—1 — $Pn-1 —Pn-1
| ¢ —Pn —¥n An = n |

Then the (simple) eigenvalues of A are the (simple) zeros of d(s).

With this preparation, we are now able to present Vector Fitting in Algorithm
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Algorithm 2.5.2 Vector Fitting (VF) Iteration

INPUT: Weights w;, i = 0, ..., m, measurement vector b = [H(&1),...,H ()]

OUTPUT: Rational function H(s).

1. Make initial selection poles A;, for i = 0,...,r and set A = diag{wy,...,wn}.

2. For £k =1,2,... until convergence

(a) Assemble A% by (2.5.17)

-
(b) Solve the least squares problem for x = [qu @T]

A (AR x*H) —b) || — min

(¢) Find zeros z; of d*)(s) by Lemma , assign poles AT

%

3. Assemble the approximant as

(2.5.20)

1 .
)<—zi,z:1,...,7“

(2.5.21)

More details of the Vector Fitting framework can be found in 23| |30} |34} [35, [61]. Tt is worth

noting that the convergence of Vector Fitting in general remains an open problem [55, |62,

68, 85, (107, [108|. In practice, we observe convergence in few iterations, even with poorly

selected initial poles, but that is not always guaranteed. A choice of better conditioned

basis functions, such as orthogonal or orthonormal rational functions [2, 36, [77] improves

the numerical condition of (2.5.20]) and the convergence rate of Algorithm [2.5.2]
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2.5.5 Connection to Continuous H,; Spaces

In the previous section, the frequency sampling points & were given. When we are free
to choose sampling points, e.g., by designing the physical experiment accordingly, there is
a remarkable connection to continuous Hy norm approximation [40]. If the & are chosen
according to a quadrature scheme with corresponding weights w; > 0, the H, norm can be

approximated by
1 oo

2r ) o

H(iw)Pdw ~ Y wiH (&) (2.5.22)
k=1
Then Vector Fitting can be considered as minimizing a discretized Hy error measure

1 oo

2 ) o

H(iw) — H(iw)Pdw ~ > wil H&) — H(&) (2.5.23)

k=1
where we select §; according to, for example, Boyd / Clenshaw-Curtis points [25] with the

corresponding weights w;, i = 1,..., m. For more details, see [40].

2.6 Parametric Model Reduction

Function evaluations H(s,p) often depend on parameters of the physical model which we

represent with the linear, parametric dynamical system

E(p)x(t;p) = A(p)x(t;p) + b(p)u(t); B
} with  H(s,p) = c'(p) (sE(p) — A(p))" b(p).

y(t;p) = ¢’ (p)x(t;p),
(2.6.1)
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We want to reflect the parametric dependence in our reduced model of the same structure

E(p)x(t;p) = A(p)X(t; p) + b(p)u(t);
(2.6.2)
Y(t:p) =<' (D)X(t;p),

with transfer function
~ e - -1
His,p) =€"(p) (sE() —A(p)) Bp). (2.63)

In this section we review common approaches for finding low order approximations as in
in the literature. Some of the methods presented here extend concepts from non-
parametric model reduction from Section 2.3, A complete survey of parametric model
reduction methods is beyond the scope of this document, so we concentrate on relevant
approaches in our context. A more extensive review can be found in [18] and the references

therein.
To give an overview, we propose to group existing model reduction approaches into the
following categories:
e Projection-based approaches using the system matrices A(p), E(p),b(p) and c(p) of
the original system, possibly with a structure in the parametric dependence.

e Data driven approaches that

1. Use the transfer function (s, p) — H(s,p).

2. Use measurement data, i.e., a set of samples of H(s, p).
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The latter two approaches differ in the number of H (s, p) evaluations we allow: measurement
driven approaches find a parametric model given a finite and fixed set of data, while transfer
function approaches allow access to the map (s, p) — H(s, p) that can be evaluated as much

as necessary. The following subsections discuss each category in more detail.

2.6.1 Projection Based Methods

We assume a state-space description of H(s, p) is available, i.e., we have access to the system
matrices A(p), E(p), b(p) and c(p). A common assumption is the following affine dependence

of the system matrices in p:

E(p) = > (B Alp) =3 ai(p)As, ) =D 8i(p)bs, ep) = > 1(p)es,

with coefficient functions 7;(p), a;(p), B(p) and v;(p), s =1,..., M.

In case that the original model does not have known affine structure, one can construct an
approximant of the form in (2.6.4)) using, for example, the Empirical Interpolation Method
(EIM) [7, [88] and its discrete counterpart, the Discrete Empirical Interpolation Method
(DEIM) [28, [39]. Both methods iteratively select interpolation points based on a greedy

search algorithm, resulting in a model that has affine dependence in p.

Similar to the non-parametric case, we assume the relevant dynamics of the system evolve
in a lower dimensional subspace V C R", spanned by the columns of V € R™*". Following

the Petrov-Galerkin projection, a test subspace W is chosen, along which the state space
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matrices are projected. There are many approaches to construct V and W for parametric

systems, see |18, 169, [100]

Using rational interpolation guarantees the model subspace to match the original transfer
function at selected frequency and parameter values. For a given set of sampling points
{p1,...,pe} in the parameter p and {oy,...,0,} in the frequency s, local bases can be

constructed by

Vi = [(alE(pk) — A(pk))_1 b(pk), ..., (onE(pk) — A(pk))_1 b(pk)] ) k=1,...,¢,

W, = [(01E(pk) — Apr)” " clpr), - (0mE(pr) — Alpr) ™" C(pk)] ; k=1,....L

Then the global basis V and W are assembled as

V=[V,. .., V], W=[W,. .. W] (2.6.6)

The system matrices (2.6.4]) are projected by

E(p) =Y ()W E,;V, Ap) =) o;(pW'AV,
o - (2.6.7)
b(p) =>_ ()W by, e(p) =Y )V,

Note that (2.6.7)) retains the original affine parametric structure of H(s, p).

The global basis approach (2.6.6)) yields a reduced system ﬁ(s,p) that is a Hermite inter-

polant to the original transfer function at all frequency and parameter sampling points. In



44

particular, for all o; and p;, it holds:

~

%(Uiapj) = H(O—iapj)a

ﬁ/(aiapa‘) =H'(0s,p;), and (2.6.8)
0 ~ 0
5—p7'l(0iapj) = a—pH(ai,pj)-

Such interpolation methods [11} (17, |24] can be extended to interpolate higher order deriva-

tives as well.

2.6.2 Parametric Loewner Framework

The Loewner framework from Section [2.5.1] can be extended to the parametric case. We

present the SISO version for sampling data {&;, u;, H(&;, ,uj)}zz??gn” C CxCxC. Consider

the following partition into sets:
{&,..., 6. = {Al,...,Am}U{m,...,p&}, and

{Ml,...,ﬂnp}:{Wl,...,W@}U{Vl,...,an}.

We assume the partition 1) to be distinct and such that ng +n, = ng and n, +n, = n,,.

(2.6.9)

The measurements #H(&;, p1;) are partitioned accordingly, denoted in the matrix ®:

Wi,1 e W17, ¢17@+1 s ¢1,np
Wis1 o Wmmy | Pmsmptl - Prsng

P = = (2.6.10)
%H,l . ¢n7+1,n7 V1,1 cee Ul

(bns,l Ce (bns,TTp U&,l e Uﬁvni
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With this notation, we are able to present the two-variable Loewner interpolation result in

the following lemma.

Lemma 2.6.1 (Lemma 5.1 & 5.2,[75],[74]) Let #(s,p) interpolate the data set :

The 7—7(3, p) can be written in state-space form with a parametric dependence in¢(p) and A(p)

as
~ e ~ - 1
Als.p) =€ (p) (sSE-AQp)) b, (2.6.11)
with system matrices
S—A1 A—S - - i,
_ . 0 Bi(p)
E-Ap)=| | C b=, ew=| : |. (2612
S — )\1 0 )‘k-f—l — S
1 Brt1(p)
ai(p) ... g1(p) o ) )

We can restrict the parametric dependence to K(p) and construct
~ R ~ - —1
H(s,p) =¢' (sE - A(p)) b, (2.6.13)

with the system matrices (we use the same notation as in , although the matrices are

different)
Jsor 0 0 0 0
sE-AQ)=| A T, 0 b= |7, =0, (2.6.14)
B O [J;(),ﬂ',q77-] O _1
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and the factors A, D and 7 as

Cil Ci1W; 1
q+1 -1
Ai=| |, B= : o= J[ m-m)| - (2.6.15)
j=1,j#i
Ciq+1 Cig+1Wig+1

We emphasize that our goal is a selection of frequency and parameter sampling points (o;, p;)
that yields an optimal reduced model with respect to a joint error norm. Now that all the
necessary background has been introduced, we continue with our investigation of parametric

rational interpolation in the following chapter.



Chapter 3

Jointly Optimal Approximation in

Frequency and Parameter

The main focus of this chapter is on rational interpolation methods for parametric dynami-
cal systems. Specifically we investigate linear, finite dimensional, time invariant, parametric
dynamical systems. For a joint error measure with respect to frequency and parameter, in-
terpolation conditions are derived that characterize an optimal reduced model. The problem

of finding such a model is addressed via a gradient descent algorithm.

We start by introducing norms and notation to precisely formulate the parametric approxi-
mation problem. Then the appropriate function spaces in the two-variable setting are defined
with connections to linear system theory in Section In Section we derive optimality

conditions extending the Meier-Luenberger conditions [91] to the parametric case. Examples

47
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and details on the implementation of our algorithm are provided in Section followed by

a summary of contributions and an outlook on future work in Section [3.5]

3.1 Problem Setting

In this chapter, we focus on a parametric, linear dynamical system of the form

E(p)x(t;p) = A(p)x(t; p) + b(p)u(?),
(3.1.1)

y(t;p) = ¢’ (p)x(t;p),

with bounded parameter domain P C C and analytic matrix functions A, E : P — R™*"
and b,c : P — R". For simplicity, we assume E to be invertible for all p € P. We restrict
ourselves to the case that p € P is a scalar but all the following results in this chapter can be
generalized to multiple parameters, i.e., P C C*. Note that we do not require any particular

structure in the parametric dependency appearing in (3.1.1)).

Remark 3.1.1 Dynamical systems commonly carry a feed-through term d(p), so that y(t; p)

in becomes
y(t;p) = ¢ (p)x(t; p) + d(p)u(t).

The transfer function then becomes

H(s;p) =c' (p) (sE(p) — A(p)) " b(p) +d(p),

and for ||H|l, < co we need d(p) = 0 for each p € P. For a reduced model H(s;p), it is
necessary that d(p) = d(p) (p € P) to ensure that ||H — ||, < co. Hence we omit d(p) in

our model reduction approach.



49

3.1.1 Parametric Dynamical Systems

Stability of non-parametric dynamical systems can be characterized through the eigenvalues
of the matrix pencil involving the matrices A and E. For parametric systems, an extension

is provided in the following definition.

Definition 3.1.2 A parametric dynamical system (E(p), A(p), b(p), c(p)) with the param-

eter p € P, is said to be uniformly stable if the spectrum o(A(p), E(p)) € Cp for all p € P.

Recall that, for a fixed p € P, if (A(p), E(p), b(p),c(p)) is a minimal realization of H(s, p),
the eigenvalues (A (p), E(p)) are precisely the poles of H(s,p). We illustrate how the eigen-
values of the pencil (A(p), E(p)) can change with p in the following two examples. Keep in
mind that the eigenvalues move continuously with p € P, since we assume that A(p) and

E(p) are analytic on P and E(p) is invertible for all p € P.

Consider the convection-diffusion example from Section and the vibrating beam prob-
lem from Section In Figure [3.1, we show the pole movement of the eigenvalues

a(A(p)E(p)) for selected values of p € P = [0, 1].
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Figure 3.1: Eigenvalues of (A(p), E(p)) for two example models with parameter p € [0, 1].

Observe that all poles displayed in Figure[3.1]are in the left half plane, suggesting the system

is uniformly stable by Definition Obviously Figure [3.1] only serves as an illustration;

we need to verify Definition [3.1.2 analytically to claim that a system is, in fact, stable.

3.1.2 Topics to be Discussed

A brief review of common model reduction approaches for parametric dynamical systems is

provided in Section [2.6] Most methods interpolate local reduced models (see [12, [50]) using

various basis functions (Lagrange interpolation, for example). The selection of parameter

values at which local models are constructed is done heuristically or based on measurement
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data. In contrast, we introduce a joint frequency/parameter-based error measure that gov-
erns the choice of parameter interpolation points. Given H(s,p), the goal is to construct a

parametric model (s, p) that is easier to evaluate than H(s,p) and so that
|H — H| — min, (3.1.2)

where || - || denotes a suitable two-variable norm that is introduced in the following section.
We start by presenting the underlying spaces as a basis for a joint optimality measure leading

to the parametric norm in (3.1.2)).

3.2 Hardy Spaces in Several Variables

Transfer functions of non-parametric systems are contained in Hardy spaces; see Defini-
tion and Definition . To make the approximation problem (3.1.2)) precise, we
need to clarify the underlying function spaces for the parametric case. Multi-variable Hardy
spaces have been subject to investigation, see e.g., [32, 38, 49| for an overview. A natural
extension of Hardy spaces to multiple variables, similar to [89], is the following definition,

extending H2(Cpr) using the unit disc as the parameter domain:

Ho(Cr x D) = {H : C? = C: H analytic in Cp x D, and
(3.2.1)

e 2m
sup / / |H(z + iy, sew)|2 dfdy < oo}.
—o0 JO

0<s<l, >0

We think of the first variable as the frequency and the second variable as a parameter.

The inner product on Hz(Cg x D) is defined as follows.
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Definition 3.2.1 For two functions G and H in Hy(Cg x D), let

[e'e) 2m
(G, H)e = 4%#/ / G (iw, e)H (iw, ) df dw. (3.2.2)
—o0 J0

Observe that this inner product makes Hy(Cgr x D) a Hilbert space. The corresponding

induced norm is defined as

1Ml = /TH, H)a = ( / / (i, o dedw) " (3.2.3)

We make use of a standard tensor product construction [102, Chap. 2] to define Hyo(Cpr x D):
HQ(CR X D) = HQ(CR) X HQ(]D)) (324)

Let 4 F€® L 16 a countable dense subset for Ho(Cpr) and < F, @1 one for Ho (D) (which exist
k k

since both spaces are separable). From (3.2.4) it is obvious that

(F»(CR) . F.(D)), (3.2.5)

? J

goae

so the product of the individual bases is dense in Ho(Cgr x D). Note that Ho(D) is a closed
subspace of Ly(0ID). More precisely Lq(0D) = Ho(D)BH2(C\D) [80], with the corresponding
inclusion Hy(D) < Lo(0D). To emphasize the distinction between frequency and parameter

variable, let us introduce the short notation Hs ® Lo for Ha(Cr) @ Ha(D).

Let us further introduce the notion of rational Hardy spaces in two variables:

RHQ(CR X ]D)) = {H S HQ(CR X ]D))  H s rational} . (326)

In this chapter, we focus on P = D, giving us the advantage of a compact parameter

domain. Although many examples give no rise to a physical meaning of a complex value of



53

the parameter away from [—1, 1], this approach enables the use of contour integrals and the

residue theorem and yields good approximation results also for purely real parameters, e.g.

P=[-1,1].
We approximate a given two variable rational function (s, p) with

rs Tp )\iE(CL (i:17-'-ars)7

Hisp) =D o A(% — (3.2.7)

=1 5=l m€C\D (j=1,...,7).

The inner product in can be expensive to evaluate for general functions H € Hy(Cpg X
D), since a suitable discretization of the integration domains in is needed, resulting
in a large number of function evaluations of #H(s, p). For functions of the form we
can find an explicit formula similar to the nonparametric case in Lemma [2.2.8] which aids
in deriving the joint optimality conditions for parametric reduced models in the following

sections.

3.2.1 Basis Functions and Approximation

To illustrate Definition [3.2.1] consider

1
(s = Ai)(p — ;)

Bij<8,p) = >\z € CL, T € C\D, (328)

where the indices ¢ and j are introduced here, since we aim to consider functions in the
span of such B;;. The following lemma derives closed form expressions for the Hs ® Lo inner

product and norm.
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Lemma 3.2.2 Let B;; and By be as in . The Hs(Cr x D) inner product and norm

are given by

1 1

By, Bu)e = = wd IByllg = ’
(Bij, Bro)e (1= 770 O + M) 1Bl V(L= m52) - 2R ()

(3.2.9)

where R(-) denotes the real part.

Proof The proof relies on the residue theorem (see, for example, |48]). Since the denomi-

nator is separable in s and p, we have

1 1 1
B, B / / —_ — df dw
< J ké e16? — Ty (1w — )\z) (1cu _ Akz)

1 1 27 1 1
e W _1
T on oo (1w — i) (w = Ax) 2 Jo e —m ST ——

(3.2.10)
do.

Beginning with the left integral, let I's be a semi-circular contour in the right half plane
with radius R, centered at 0 and oriented so that the imaginary axis is traced upwards in

positive imaginary direction. Then the integral in w is

1 [~ 1 1 1 o 1 1
— —_—— dw = — — dw
21 J o (iw — \) (iw — Ag) 271 ) —w — N\ (W — Ag)
1 1
R—o0 271 Jp, —w — \; (w — Ag)
1 1 _
:—Res{ = , W= =\ (3.2.11)
1 1
=— lim (w+ X\ —
w—)—x( )—w — )\1 (U} - /\k)
-1
i+ A

Note that we gather a minus sign since the orientation of I'g is opposed to the standard

definition for residue contours, which are traversed in mathematically positive direction
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(exterior of the contour to the right). For the integral in 6, we note that el = ¢ o that

for z =€, Z= 21 Then

S| 1 1 11 1
il : = do = —/ - dz
2m Jo el — ;e —my 21 Jop 227t =T 2 —my
1 1
= Res [ — , 2= 7T_j_1
1—27j2—m
1 1
- I _ =1 3.2.12
ZJWL?A(Z " )1 — 2T 2 — ( )
S N
zomt W l—2T 2 —m
-1 1 B 1
S om e m mm =L
Combining (3.2.11)) and (3.2.12)) in (3.2.10)), we get
(B, B 1
ijy Pkl) — _ -~ )
! (1—7Tj7Tg)()\¢+)\k>
which is the desired formula. Further, for the norm:
1 1
1835112, = < : > (3.2.13)
TEONG=N)p-m) T (=M -m) /g
1 1
= — — = . (3.2.14)
A —mm) N+ A) (L= m?) - 2R(N)
|

By conjugate linearity of the inner product, the explicit formula for inner products on the
elementary functions B; ;(s,p) in (3.2.9) can be extended to determine the inner product

between functions of the form in ((3.2.7)).

Corollary 3.2.3 Let G, H € Ha(Cr) @ Hao(D) be of the form
ns Mp (b(g) rs Tp (H)

Glsp) =) ) (S B /\Z(g)i’](p (g))’ andH (s,p) = )\(m)k’Ep (H))’

i=1 j=1 -7 k=1 (=1 (3 - Ak — Ty

(3.2.15)
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" _(9)
7

with simple poles )\l(-g), )\l(€ and WéH). The Ha(Cr x D) inner product then is

(G, H)e = izzz — (b(_i)(b’(:?_ . (3.2.16)
i=1 j=1 k=1 (=1 (( (g)> Wéﬂ)) ()\Z(g)_l_)\é?'l))

Further, the norm is

1/2

ns MNp r

IG6s.p)lle = [ Do )

(3.2.17)

3

<

i)

<
S

Q &
=

<

i=1 j=1 k=1 (=1

While such functions span the space we want to use for the reduced (target) model, it is a
subspace of Ha(Cr x D) (see (3.2.4])), the space of transfer functions we wish to approximate.
To proceed, we require the inner product between a reduced transfer functions in span(B; ;)
and a transfer function H € Hy(Cr x D). For Bj;(s,p) from (3.2.8), the Hy ® Ly inner

product has a simple expression, derived in the following lemma.

Lemma 3.2.4 Let 1 € Hy(Cg x D) and Byj(s,p) as in (5.2.8). Then it holds

(Bij, H)o = Iy (—Xé> (3.2.18)

Proof The proof is performed, again, by using the residue theorem. We note that all poles
of H(s,p) lie in the left half plane in s and outside the unit disc in p. By the definition of

the Hs ® Lo inner product, we need to compute

— 1 = 1 : i0
(Bij, H)g = yw /OO/O RN H (iw,e”) df dw. (3.2.19)

i)(e —m;)
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First, for the integral in p, let w be fixed. Then

L[ 1 - 1 1 :
—_— :H (lw, (§] ) d9 = — _H(lw, Z) dZ
2m Jo (e — ;) 271 Jop 1 — 27
1
= Res L —H(iw, 2), z=7;""
e 1 (3.2.20)
— lim 2 H(iw, 2)
z—7; 71 1— 2T
-1 .
= —H(w,m)

Let I'g be a semi-circular contour in the right half plane. Substituting (3.2.20]) into (3.2.19))

we get:

27
(Bij, H)e / / — )’H (iw,ew) do dw
1w — e1 ;

-1 1
= d
= P B )\i’H(lw 7 ) dw
-1 1 1
T 27 Jr, —w — N
1 1 —
= — Res [ —H(w, 77, w= -\
T —w =\
1 i -1 —
= — lim W H(U) 7T_]_1) = :H(—)\Z‘77T_j_1),
Tj wo—x —W — N i

which is the desired expression in (3.2.18]).

Using the conjugate linearity of the Hy ® Lo inner product, a direct consequence of the

previous lemma is the following corollary.

with

Corollary 3.2.5 Let H € Hy(Cr ® Ly) and G(s,p) = S22, S (s Ad;(;a )
— A\ — Ny
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simple poles Nj, 1 =1,...,rs, m;, j=1,...,1,. Then

ZZ ¢”7—L X757, (3.2.22)

i=1 j=1

Since we aim to extend the classical H2(Cpg) case, we recover the classic Ho norm if H(s, p)

does not depend on p. Let H(s,p) = H(s), then

1 fe'e) 2T ' It [e'e) .
IS = @/ /O Hw)Pdodw = — [ [H{w)’ dw = [H|fc  (3:2:23)

The following corollary is useful in deriving the optimality conditions in Section [3.3]

Corollary 3.2.6 Let H € Ho(Cr x D). Then

1 —-10
< 7%<57p)> = ___H(Sa%'_l) ) and
s—N)(p—m; T 0s e Y
( )1( 2 ¢ ]1 - ; ; (3.2.24)
— Y. =1 290y,
<(S . )\J(p . ﬂ_j)g?H (S7p)>® - ﬁ? H( >\17 7Tj ) + 7T_j3 apH( )‘Z7p) p:fjfl.

Proof The residue for double poles can be computed as follows. If ); is a double pole of a

meromorphic function H(s), then

Res[H(z), z= )\ = ll_r}/l\ diz ((z=A)?H(2)). (3.2.25)

For the inner product in Corollary with a double pole in p, we compute

<<s—Ai)§p—wj)z,H( > 472/ /% — elg_mgﬂ(we)dedw
1

" or oo 1w — )\i o o (el —m;)?

H(iw, ) df dw

7

~
(3.2.26)
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For the inner integral Z, in p, we compute

1 2w 1 )
p = :%(IW, ele) de
2 Jo (el — ;)2
1 1 1 .

= 5= . ;m”ﬂ(lw,z) dz
= Res ! ! H(iw, 2) 7; ' + Res ! H(iw,z), 2=0
= Nr=— oy w,2), 2 =—T; P w, z), 2=
B d [1(z—m;1)? E 1
= I 5 {2 oy w2)| i 2w, 2)
= lim 9 i?—[(lw z)| + lim i H(iw, 2)
B 2o~ 02 7T_j2 ’ =0 [ (1 — zw_j)2 ’
- zl;r? {%’H(lw, 2) ?GpH(M’ z)} +0

1 _ 1 0 _
— ?%(lw,ﬂ'] = = a—p?‘[(lw,ﬂ'] o)

(3.2.27)

Substituting (3.2.27)) into (3.2.26f), we get

1 1 1 1
— | ——— [:ﬁi(w,w_jl) — :Q’H(w,w_jl)] dw

21 Jr, —w — N\ [T 7Tj3 dp

! 1 - ~] 1 19 o -
= ERGS |:_w _)\—ZH(U};W] 1)7 w = _>\2:| - %Res |:T_A_Za—p7'[(w,ﬂ'j 1>’ w = _)\Z:|
1 w4 N o 1 w0 o
= ﬁwgrfl/\f {——w — _i/H(w,Wj 1)] — ?wgrflx [—w — _ia_pH(w’ﬁj 1)]
—1 — 1 0 _
e — _)\Z ——1 i _)\l — 1
W—j2H( )+ W—j3 8pH( T )

(3.2.28)

For the first integral in (3.2.24)):

1 1 [/ 1 1 [~ 1 o
<(8—)\i)2(p—7rj)’7—['(8’p)> :g/o : 5o H(iw,e”) dw db (3.2.29)

® el —; 21 | oo iw — A
~ vV

L
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For the inner integral Z,, we compute

1 1
Ty = — _ i0
AT o ra—— Z)2’7'-[(10,6 ) dw
= Res [ 1 _ QH(w,ei"), w— _/\—Z}
Fw= )" (3.2.30)
. O [ (w+\)? 0
= 1 — s i
oo Bw [(_w _ )\i)zﬂ(w,e )
_ P )
= aSH( i, €7)
Substituting (3.2.30)) into (3.2.29)), we get
1 1 1 0., —
<(8 =) (S’p)>® T2 Jp, 1 zﬁ—jgﬂ(—%a z)dz
1 _
= Res |: —g%(_)\la 2)7 = 7r_j_1:|
Sk (3.2.31)
z—m; 10 _
pr— 1‘ —] — —_— .
i [T )]
-10 —
== W:j%H(_)\i’ﬂ—j )
|

3.2.2 Real Transfer Functions

For applications, it is important that the system response to real inputs yields a real output,
i.e., H(s) maps R to R. An internal description (E, A, b, c) with real matrices guarantees

that H(R) C R.

Definition 3.2.7 A dynamical system #(s) is called real if H(s) = H(3) for all s € Cg and a

parametric dynamical system H(s, p) is called real if H(s,p) = H(3,p) for all (s,p) € CrxD.
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A real system automatically satisfies H(z) € R for z € R and similarly for the parametric
case H(s,p) € Rif s € R, p € [—1,1]. Since the Hardy spaces Ho are defined over C, the
inner product is, in general, complex. To ensure the inner product (H, G) is real for real

systems, we have the following lemma.

Lemma 3.2.8 Let H € RH2(Cr) be as H(s) = >, L}\ Further let T := {1,...,r}
S —

i

and P : T — 1 be a permutation so that Ap) = N, i €. If PPl = ¢; fori € I, then

H(5) = H(s), i.e., the system is real.

Proof Let Zp := {i € Z | \; € R} and Z, so that
T.UP(Z.) =T\Tx, with Z.NP(Z)=0. (3.2.32)

In particular, \;, ¢; € R for i € Zr. By expanding H(s) in pole-residue form, we get

=T - T e ()

€T JEIR JjeET (3.2.33)
Yy +Z( ﬂ) )
J€IR €T J
[ |

The following lemma generalizes this concept to the two-variable case.

Lemma 3.2.9 LetG(s,p) = Y_1* > 0", = /\Q;Z(; —
i j

inp. LetZT :={l,....rs}, J ={Ll,....rp} and Py : T — Z and P, : J — T be

with poles {\;}i=, in s and {Wj};p:l

permutations, so that

)\_k = )\pk(k), ke, and Tk = TP (k) ke J., (3234)
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where we define

IRI:{Z'GI|>\Z'ER}, and lez{j€j|7Tj€R}, (3235)

and L, C T and J. C J so that

Z. UP\(Z,) = IT\Zg, where  L,NP\(Z,) =0, and

(3.2.36)
T UPL(T.) = T\Ir where T, NPL(T.) = 0.
Furthermore, we assume for the numerator values the following relations:
PP, (i).j = PiP.() i €L, je T,
Gij = PiP.(5) i € Jr, j €T,
(3.2.37)
Gij = PP, (i), i € Jey Jj € Tr,
bij = b1 i € Jr, Jj € Ir.
Then H(s,p) = H(s,p), i.e., H(s,p) is real.
Proof Expand H(3,p) as
_ _ Z Z ¢z ]
(5,p) )
€T ]67
gbz _Yij ¢z N sz Pr(j
_zezl;as_ (]EZJ:R +J§J: P p—?T]
_ 5 (3.2.38)
1 (bm’ (bi,j i, Pr(j)
25 <Z DY (ﬁ—m o
1€Z« L JE€EIR JE€ETx

1 PP () OPr)i  DPA@PAG)
T (e p (e e

p_
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We pull out the complex conjugation from each term:

- I b ) bij | PG
’H,(S’P)ZZ ‘ Z(p_] )JF.Z(]?—J?T_jeri:T;)

X 3_)\2
1€LR JEIR JET«
1 bij &ij i P (j)
N D e RN
ez, LS i| jege \P T T cq, NPT PTG
1€°Ly J R J * N——
Ty RS 0 (3.2.39)
1 opyG)y ¢PAu ¢PAaLPWU>
1D vl DD Bl R D e —
ez L% T N | jegp \P T T jea. NP~ _/W] P
¢ O 0
:H(Sap)

The last equality in (3.2.39) comes from applying (3.2.37)) to identify complex conjugate

pairs. We show an example for the terms marked with ¢:

> - _ly Z Oup=() Z Z ¢Pi - (3.2.40)

1€T ¢ jej* 1€T, ]EJ
The other terms in (3.2.39) can be paired similarly. |
Corollary 3.2.10 For s € R and p € R, the previous theorem implies H(s,p) € R.
With Lemma 3.2.9, we now address the inner product (-, ).
She i
Lemma 3.2.11 Let H € H2(Cr x D) be real and G(s,p) Z W] ]
e p— T
i=1 k=1

Hy(Cr x D) be real. Then (G, H), € R



64

Proof We expand the inner product (G, H), using the index sets in (3.2.36]):

(G, H)e, ZZ%H (=X.7 )

i€l jeJ 7

i )\1,71'] i
-y |y MRy SR

‘ T
’LEIR jEJR\ J JEJ* N\ 2 N\ ~ J
€R ¢

+Z Z(b” )\MTJ )+Z ¢z‘,j7'[(;_j\i,ﬂ_jl L % (J’)%W_
-

i T .
n Z Z bp, (i 7(T iy 5 71)
i€ | G€TR J _
f

N Z <¢’Pw H (- >‘_“7T_J_l> n op, )P H (—A_z-, m; ) )
T

JET«

(3.2.41)

Here the symbols indicate terms that are complex conjugates of each other and will lead a
real number when added up. Recall that G(s,p) satisfies G(3,p) = G(s,p). Further observe
that H(s,p) = H(S,p). Using the assumptions on the numerator values ¢; ; from (3.2.37)),

we demonstrate this for the terms marked by &:

» [fﬁm )‘“WJ )+ bp, ). () H (=i, Wj_l)]
M

1€Ly JET«
7 Ala i, _>\’i7_'71
_ZZ ¢J T Y) +¢,JH( ¥ )] (3.2.42)
i€T, jET« T

~Y" Y om {d’w Ao )} R

1€Ls JET j
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Similarly, the other terms are paired up. |

Throughout this work, we assume real dynamical systems H(s, p) and 7/-2(3, p) that

satisfy the complex conjugate symmetry conditions from Lemma [3.2.9,

3.2.3 Gramians for the Parametric Case

First note that the transfer function H(s) = > - L

Py € Hs(Cpr) admits the realization

A = diag[\y, ..., \], b=[1,...,1]" and c=[¢,....b]", (3.2.43)

so that #(s) = ¢ (sI — A) "' b. Then the #, norm of #(s) can be computed via the system

Gramians, introduced in Section (see, e.g., [3, Chap. 5.5]) as
|13, = ¢*Pc = b*Ob. (3.2.44)
In the following, we derive similar expressions for the Hs ® Lo norm.

To derive an expression like (3.2.44)) in the parametric case, we start by finding a particular
internal description from the pole-residue form similar to (3.2.43)). Recall the form for ﬁ(s, P)

from (3.2.7) as

Ts Tp QSZJ )\ZGCL, iZl,...,’f’S;

: i)(p—m;) —
i=1 j=1 J wje(C\]D, J=1...,7p,.

For such a separable, two-variable transfer function 7:[\(5, p), consider the following realiza-

tions:

- ~ N\ 1~ - " y
Hi(s,p) :=C/(p) <sIrs - AS> B,, with [Cs(p)]i = Z p(bi and
j=1

)

. (3.2.45)
7/ a e -1~ ~ 3 ..
Ha(s,p) == C, (s) (pIrp — Ap> B,,  with Cols)]; = i_&

i=1 !



66

Explicitely, Ay = diag[A,..., A\, ] € C*7s, Kp = diag[m,...,m,] € C»*™ as well as

B,=[1,...,1]T € C" and ]§p =[1,...,1]" € C™. Further, let

- ~ JUNNS ~ P .
Hy(s,p) = Cl (sI, ~A,) Bp), with  [Bp)i=). pf—ﬁ and
e (3.2.46)
~ ~ ~ -1 - ) ~ id ¢i,'
Hi(s.p):=C) (pL, = A,) By(s), with  [By(s)l; =Y ",
i=1 v

where C, = [1,...,1]T € C™ and (~3p =[1,...,1]T € C™. Observe that the expressions in

(3.2.45)) are merely different representations of ?:Z(s, p), so that

H(s,p) = Hils, p) = Ha(s,p) = Hs(s,p) = Ha(s, p), for all (s,p) € Cx xD. (3.2.47)

Since all representations in (3.2.45) and (3.2.46) are equivalent, we are free to choose one

that leads to a simple expression of the Hy ® Lo norm.

Lemma 3.2.12 Let ’;Q(s,p) be a two-variable transfer function as in . With the
matrices defined in , let Py € C™=*"s (A-reachability Gramian) be the unique solution

of the Lyapunov equation

AP\ +PyA, +B,B, =0. (3.2.48)
Further let P, € C™*" (m-reachability Gramian) be the solution of the Stein equation
AP:A, +B,B, =P;. (3.2.49)

Then the elements of Py and P, can be expressed as

—1 1
—, 1,7 =1,...,75 and Pl . = —— ,7=1,...,7p.
WDy J [ ] J P

[,PA]i,j =

(3.2.50)
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Proof Bartels and Stewart [§] noted that (3.2.48]) has a unique solution if and only if the
eigenvalues of ;(9 and ZAVS* never sum up to 0. With the eigenvalues Ay,..., A, of A\; and

A_l,...,)\_,,sof&*,it is clear that )\Z-—l—)\_j;é()for any 4,5 =1,...,7.

Observe that

i 11 -1 1]
M M+M A+ A,
APy + ,P)\:’&: =
—1 -1
Ar, — ...
- I LA+ N Arg + Ar,
[ 1 -1 |r_ T
A+ M Mt | ™M
+
—1 —1
S b
L Are + A Arg + AL L - (3.2.51)
-\ -\ -\ —Ar,
AL+ A AL+ A e AL+ A
= +
)\rs )\rs )\_1 _)\rs
_>\rs + )\1 )\7’5 + )\7"5_ _)\7‘5 + )\_1 >\7”S + >\r5_
1 ... 1
- BB,
1 ... 1

Further it is well known that the Stein equation (3.2.49) has a unique solution if and only
if the eigenvalues of Avp and A\;* never multiply to 1. In our case, it is clear that for

T1,..., ., the eigenvalues of Avp and 7, ..., 7,, those of Avp*, it holds that m;7; > 1 for all



t,7=1,...,r,. For P, we compute

T
T
T 1
7T171 —1
7T7-371 1
Wrsﬁl -1

1
Wlfl —1
1
’/Trsﬁl —1
7[-177"5
71'177»S —1
Ty Tr,
T Tp, — 1

1| ™
1L
[ 1
71'171—1
1
_Wrsﬁl_l
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(3.2.52)

The matrices Py and P, in (3.2.50)) are reachability Gramians as in the single-variable case

with respect to the domain of the parameter, leading to Lyapunov and Stein equations since

H(-,p) € Ha(Cgr) and H(s,-) € Ha(D). Let P € C""»*"™» be defined as

P = (Irs ®P7f) © <P>‘ ® ITP)’

(3.2.53)

where ® represents the Hadamard product of point wise multiplication of matrix entries.

We can write the entries of P (we use the same notation P here as for the non-parametric

case) as

Pre =

—1

for

(A + Ag) (T — 1)

k0 =1,...,1rsp.

(3.2.54)
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In a slight abuse of notation, we use a tensor notation for the indices for A and 7 in (3.2.54)):

A:[)\17)\17---7)\1a'--7)\7"57-"7>\r5]7 and

rp times rp times

’ ! (3.2.55)
T =Ty, Moy, Ty, W1, Moy, Ty .

VvV
rs times repeated

The next lemma extends (3.2.44)) to the two-variable case.

Ts Tp
(bl J

Lemma 3.2.13 Let?—[ (s,p) ZZ
P — (s = X)(p— ;)

Then the Ho ® Lo norm can be expressed as

€ Ha(Cgr x D) and P as in (3.2.54).

%% = C;PC,, (3.2.56)
.
with Cy = {%71 bra ... Qgrs’rp} = vec(@).

Proof Recall from Corollary that the Hs ® Lo inner norm can be written as

CE ) SIS AR 3 %Z e

i=1 j=1 i=1 j=1 T

SYYNS e zszzszﬁfﬁ“_)

pur i il Ww_lljlklgl i )(1 =75
(3.2.57)
Then implies
[#]I5, = C5PCo. (3.2.58)
|

After expressing a parametric analogue to the (infinite) reachability Gramian using the pole-

residue formulation of a parametric dynamical system, we obtain the following expression
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based on the observability Gramian. This is made precise in the following Lemma. As for the
reachability Gramians, the two-variable setting decomposes into Gramians for each variable

separately which is a direct result of the separable form of 7?[(3)

Theorem 3.2.14 Let A and C be as in . Let Q. (m-observability Gramian) be the

solution of the Stein equation
A*Q,A+C, C,=Q,. (3.2.59)
Further let Q) (A-observability Gramian) be the solution of the Lyapunov equation
A*Q\+ QA +C, C, = 0. (3.2.60)

Define Q as

Q:i=(1,®09:)0 (AL, (3.2.61)

Then the Hy ® Ly norm of ’;Q(s,p) can be expressed as

172 = B;QB, (3.2.62)

.
with the vector Bo = |¢, | ¢y ... &, | = vec(d).

Proof The proof is analogous to the proof of Lemma [3.2.13| with obvious modifications for

the representations in ((3.2.46]). [ |

After the system theoretic results above, we turn our attention to approximation results for

reduced order models in the next subsection.
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3.3 Optimality Conditions

In this section, we develop conditions for ﬁ(s, p) to be an optimal approximant to H(s,p)

with respect to the combined Hs ® Ly norm in frequency and parameter.

Recall the form of the approximating function from (3.2.7)):

) =33 Afbm L ROW < 0fm| > 1 (3:3.1)

We present two approaches to derive conditions for ﬁ(s, p) to be an Hy ® Lo optimal ap-
proximation of H(s,p). First in Section [3.3.1] by differentiation of the error functional, and

in Section [3.3.2 with variational arguments.

3.3.1 Gradient Based Optimality Conditions

For H € H5(Cg x D), recall the inner product formula from Lemma [3.2.4}

1 —1 — 1
,H> ::H(—)\i,:>,ﬂ" >1, )\ZEC .
<(5—)\1;)(p—ﬂj> o 7 T &l -

The next theorem is the first central piece to approximate functions with separable poles as

in (3.3.1). First consider the case for fixed poles.

Theorem 3.3.1 (Lagrange Optimality Conditions) LetH € Ho(CrxD) and H(s,p) =

ZZ Pi; with fized poles \; € Cr and m; € C\D. Then ﬁ(&ﬁ) minimizes
- s — j

|H — H|s if and only if

— 1 ~( — 1
%(-Ai,:):H(—Ai,:), Vizl,...,’f’s, jzl,...,’f’p. (332)

T T
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Proof With H € span(B; ;) the Hilbert space projection theorem yields that the residual
r(s,p) :== H(s,p) — H(s,p) is minimal with respect to the || - || norm if and only if r is

orthogonal to B; ;. Using Lemma we observe

(i) -2 (u(m ) (£ )0 s

foralli=1,...,ryand j =1,...,r,. Rearranging (3.3.3) directly yields (3.3.2). |

Observe that the conditions (3.3.2)) yield exactly 7,7, equations for the ryr, unknowns ¢; ;,
i=1,...,rs, 7 =1,...,7r,. Finding numerator values ¢; ; for a fixed set of poles (\;, ;) can

be implemented as a single linear system solve using Theorem [3.3.}
Avec(¢p) =b, where A=Ay, =Bij(—\e,7 "), b = vec(H(=Ni,7; 1)), (3.3.4)

In matrix form, that yields

[ 1 1 1| ¢14 H(—A, 7 Y)
N — (- I e e .
A CAEAITE ) | | em
1 1
(A M@ —m) (A =A@ T )] (=, 7o)
:4 L . L .
(3.3.5)

Notice that A has the structure of a two-variable Cauchy matrix.

The Lagrange optimality condition in Theorem [3.3.1] gives information about the choice of
numerator values or residues. To choose the poles A\; and 7; optimally, we differentiate

H?il\ — H||e with respect to the poles. We first make the following observation.
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Proposition 3.3.2 Let H(s, p) be as in . Then,

0 S <Z5w _ 1
a(bz] a¢2jzz 5_ ] _(5—)\1')(20—71')’

iljl (P =)

0 A S ¢z . i ¢i,‘
8/\ O\ ZZ 5N ’ = _;(3—/\,-)2519—79)’ and (3.3.6)

Ts

0 = = ¢zy . ¢i,j
By L) = ZJZ (5— A —w)‘;@—wp—mv'

Proof For the first line in (3.3.6)), note that there is only one term in (s, p) that contains

¢; ;. For the derivatives in \; and 7;, we apply the chain rule. [ |

For ease of presentation, we first consider the case (r,,7,) = (1, 1), i.e., a simple pole in each

variable.

Lemma 3.3.3 Let H € Ho(Crx D) be a real dynamical system. A (locally) Ha® Lo optimal

P
(s =A)(p =)

approximant ﬁ(s,p) = with A\, < 0, m, € R\[—1,1] satisfies the necessary

conditions:
H(~Aem ) =H (A7),
0 _ 0 ~ _
%H (_A*77T* 1) = %H (_A*77T>)< 1) Y (lnd (337)
0 B 0 ~ 1
Do (ren) = LA (rn)

Note that we require A\, 7, ¢ € R to ensure that ﬁ(s, p) is a real dynamical system. The

Lagrange optimality conditions (3.3.2)) automatically imply ¢, € R.

Proof Define the error functional

E(u Ay m) 1= [H = HI = (1, H), — 2R <ﬁ ’H>®+ <ﬁ ﬁ>®, (3.3.8)
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where we observe that the first term (H, ), is independent of the reduced model and any

of its parameters, hence its derivative with respect to the model parameters (¢., A, 7.) is

zero. The real part R <’7Q, ’H> in (3.3.8) can be replaced by the full value <7-A[, 7-[> , since
® ®

we assumed H(s,p) is a real system and ¢,, A, 7, € R. Using Proposition and the

explicit form of the inner product from Corollary we compute

0 OH OH
2 sores-a( ) 2(2)

For the derivative in A\, we get

) OH ~ OH
a)\*E(gb*,)\*,m)—2<a)\ 7—[>®—2<8—M,H>®

:2<<s—x*f€?p—m’ﬁ>®_2<<s—A*;§*<p—7f*>’H>®

= — @_ 1 Eﬁ o) =
N 27r* 3SH( AT >+27T* @s%( M) =0
= Qﬁ(—x,w—*‘l) = 2%(—2,7?*—1).

0s 0s

(3.3.9)

(3.3.10)
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Differentiating in 7 yields

0 OH = OH
or, 0 Ao me) =2 <a7’”> -7 <a7“f‘>

br 50— b, 0 _ (3.3.11)
- - T Ay T — 435 _>\*7 *
47r_*2H( Ay e ) 27r*38pH( )
b 1y 00 O
_>\*7 * e _)\*7 * =
+47T_*2H( )+ - 3pH( )=0
0 =~ 0
—H(A T ) = S HEA T,
= AT = A
where the first term cancels since 7—[( XY = H(=X, 7 ) by (3.3.9). [

Observe that, as in the regular H, case, the conditions from Lemma [3.3.3| are necessary, not
in general sufficient. The following theorem generalizes Lemma m to a function ﬁ(s, D)

as in (3.3.1)).

Theorem 3.3.4 Let H € Hy(Cr x D) be real and H(s, p) ZZ (b” €
(s —

=1 j=1 _Trj)
Ho(Cr x D) be real. If H(s,p) is an Ho @ Ly optimal approzimation of H(s,p), then

H( >\7,77T] ):H( A'L;ﬂ'] ), Z'=1,...,7”s,j:1,...,rp,
¢z] ’\ sz] o
JZ_: T 83 Ao T jz_: T (93 (=77, t=1...,1s (3.3.12)
¢, i, O .
21: g@_pH Ais T 21: ;a_pH Aiy T 31)7 j=1,...,7p.

Proof The first part, the Lagrange conditions, have already been shown in Theorem |3.3.1],

based on the Hilbert space projection:

~ 1
H_Hv > :0’ VZ.:]_,.,,’TS’]':]_’,,,7T‘, (33]‘3)
< (s=X)p—m) /g g
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We proceed in an analogous fashion as in the proof of Lemma Consider again the error

functional from (3.3.8)) in the preceding proof:
o _ 02 B 7 TR
E(¢, A )= |H —H|2 = (H, H), — 2R <7—t H>®+ <% ’H>®. (3.3.14)

We make use of the explicit form of the Hy ® Lo inner product from Corollary [3.2.6] The real

part <ﬁ, 7-[> in (3.3.14]) can be replaced by the full value <7—A[, ’H> , since we assumed
® ®

both H(s,p) and ﬁ(s,p) to be real as in Lemma |3.2.11, For the partial derivatives, we

compute
9 S Pij o N Pij
A — ) . )
ox, PN 2<;<sxi>2<pwj>’ﬂ>® 2<;<8Ai>2<pm>’”>®

er 10 ~, - Y19

Tp%aA__.f—l_rpgsTJa _Y ——1
= ;ﬂ_jas”ﬂ( X T )_;W_jas”ﬂ( X, Y.

(3.3.15)

And for the derivative in 7;, we get

a _ - ¢Z,] P - qbz,]
o, (02 =2 <Z G- ”>® - < G- %>®

b T bij 0 50 +
=—4> fj;H(—Ai,w—j—l) —-2) gi’f —H(—N, 75 )
=1

T

=1 ﬂ-j =1
3 55: ¢ij 0~ ~ ——1 er wa‘ 0 ——1
R _>‘i) j - _7 a_ _)‘17 )
— F?’ apH( T ) p 7Tj3 8]?7_[( J )

(3.3.16)

where we used that ﬁ(—&ﬁj—l) = H(—X;,7; '). Since the systems are real, we sum over

complex conjugate pairs in A, m and ¢ and thus omit the conjugation in (3.3.12)). |
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Remark 3.3.5 With the Hilbert space projection theorem, we get geometric intuition of
the optimality conditions (3.3.12)) as the error function E(s,p) = ﬁ(s,p) — H(s,p) being

orthogonal to the basis functions of ﬁ(s,p) (vielding the Lagrange conditions) and their

derivatives:
0= <H—ﬁ, (s—x);( _W‘)> Vi=1,....r, j=1,...,r,, and
A ' 1 P e (3.3.17)
0= <H—H, (S—)\i)(p—ﬂj)2>® Vi=1,...,1r5, J=1,...,7p.
This leads to the interpolation conditions
0 1 0 = _ . .
a—p?—[ (—)\i,ﬂj ) = a—p?—[ (—)\i,ﬂ'j 1), i=1,...,r5, j=1...,1r,, and
(3.3.18)
%7—[ (—Ai,ﬂj_l) = %’ﬁ (—)\i,ﬂj_l), i=1,...,r5, j=1...,7p.

Observe that (3.3.18)) implies the necessary conditions in (3.3.12)).

The proof of Theorem is based on differentiation of the error functional. In the following

subsection, we present an alternative derivation using a variational approach.

3.3.2 Variational Derivation of Optimality Conditions

Using a variational approach rather then differentiating may provide additional insight into

the parametric optimality conditions from Theorem |3.3.4. Consider an optimal approximant

~

H(s,p) of order (rs,7,) of the form

H(s,p) = Z > - ;ﬁ” (3.3.19)

i1 i1 i)(p— )
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In order for (s, p) to be locally optimal, we require | — H||o < ||H — 6H||s for a stable

perturbed system 6%(s, p) close to H(s, p), i.e., |2 — 6H||s small. Observe that

17— H|E < |H - oHI5
= |H —H+H - H|?2
(3.3.20)
= | H —H|% +2R(H — H,H — 0H)o + ||[H — 6H|%
=0 <2R(H —H,H — 0H)g + | H — 6H|?.
Note that 6ﬁ(s, p) may vary in both the numerators and the poles of ﬁ(s, p). Varying the
numerator values QTJ to Q/STJ + 0; ; yields the familiar Lagrange conditions, so we focus on
varying the poles in s and p. Let us start by looking at the poles in s and picka k € {1,...,7s}

fixed but arbitrary. Denote the complex perturbation in polar form 9, ; = ee' € C and define

§H(s,p) as

¢’” + ZZ “b” . (3.3.21)

_ i6 _ —\. _
7 (s )\k+ee ;) ih =1 ;)

The difference ﬁ(s, p) — 57:[\(5, p) can be simplified as
R ¥ Y
H(s,p) = 6H(s,p) = Y, ——=— — -

Tt e))p-7) S (s— -7

B 1 1 LA
— ((S 5o ci?) (5 Xk)) Z (r—7,) (3.3.22)

Jj=1

i0 p

B €e gbk]
Bl (s — \i)(s — A — €e?) Z (p—7;)

Jj=1
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Substituting (3.3.22)) into (3.3.20)), we estimate

R i6 LI N -
0o (M- — NP N A
(s — Ak)(s — A — €elf) = (p — ;)
e ~ _ 1 ~ s
= 28% 6810 Z¢k’j <H - H, — — > + HH - 57{”%@
; ((s — )2 — et (s — Ak)> v-7)/ _

(3.3.23)

We now turn our attention to the term ||H — 5ﬁ]|3® and observe that

|H — 6H|2 = (H — 6H, H — 6H)q

— e’ SR ce'’ N O
(5 = Me)(s — A — eel?) “= (P — Ti) (s — Mo)(s — A — eel) — (P —7}) .

J1 J2
210127 T
= 1€ brj, Or s

J1,j2

(e )
(s = A)(s = M — ) (p = 5,) (5= Me)(s = A =€) (p = 7) /

= 0(€%), (e = 0).
(3.3.24)

Combining ((3.3.24)) and (3.3.23]), we get

. ~ . 1
0<2eR | ) oy <H —H, - . — > + O(?). (3.3.25)
; (s =202 = ee(s = X)) (p = 7)
®
Since € > 0, we can divide by € and arrive at
0 < 2R | Zdsz <H —H, — : ! — > +0(e).  (3.3.26)
; ((s =207 = (s = ) (0 — 7))

We are still free to choose the angle 6 € [0,27). Let 6 be such that the inner product in
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(3.3.26]) is strictly positive and real. Then, for small enough € > 0, it follows that

J

~ ~ 1
0< E ok ( H—H, — — = o(€). (3.3.27)
k < (15 = )2 — (s = ) (- 'ffj>>

Taking the limit € — 0, we arrive at a contradiction unless

0:25k7j<H—ﬁ,< ! > :<H—ﬁ, ( P _ > . (3.3.28)
J ® J 7 g

s — M) (p — 7))

Since k was chosen arbitrarily among the indices of A, the condition in (3.3.28)) has to hold

for all indices k =1,... r,.

With the same argument for the poles in p, we arrive at a similar conclusion in the second

argument as

Y 7 1 77 gzk
0= i { H—H, - = (H—-H, k . (3.3.29
Z¢< <s—Ai><p—%k>2>® < ;<p—%k)2<s—xi>>® (3320

Combining ((3.3.28]) and (3.3.29), we arrive at the same optimality conditions as in Theo-

rem [3.3.4]

In the following section, we illustrate our approach to implement the optimality conditions

in Theorem or Theorem on several examples with increasing complexity level.

3.4 Implementation and Numerical Examples

For a practical implementation of Theorem [3.3.4] we consider several options:
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e Solve/approximate the nonlinear system of equations from the optimality conditions

from Theorem [3.3.4}

e Minimize |H — ’}QH%@ as a function of the reduced model configuration (poles and

residues). The objective function F' then is

Foam = H-HE  Aep) =YY pos (34D

=1 j=
T T T
where ¢ = ¢1’1 ¢1’2 Ce ¢T5,Tp:| ’ A= |:>\1 e /\7'5:| and = |:7Tl Ce 7T7'p:| .

Both approaches result in a valid reduced model configuration. Our choice of implementation
is a descent algorithm to optimize over the pole locations [\, w]" € C™*"» where the proof
of Theorem yields a direct expression of the necessary gradients of F'(¢p, A, 7) in (3.4.1)
with respect to A\;, 7 =1,...,7, and 7, j = 1,...,7,. The numerator values are updated at

every step by solving ((3.3.4). This corresponds to using the objective function

Fxz(Am) = F(¢p, A ), with ¢ via (3.3.4)). (3.4.2)

We summarize this procedure in Algorithm [3.4.1
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Algorithm 3.4.1 Hy; ® Ly Gradient Descent

INPUT: Real transfer function H € Ho(Cr ® D), order of approximation (rg,7,).

OUTPUT: Rational function H(s,p).

1. Chose initial selection of poles 7w(® and A©.

2. Perform Gauss-Newton optimization of A and 7 using Jacobian Jp of Fj » from (3.4.2)

(computed by (3.3.15)) and (3.3.16))).

3. At every step of the Gauss-Newton optimization, update numerator values ¢ by solving

(3-34).

4. The final reduced model is

) =33 = Ai}’; — (3.4.3)

We emphasize that the model resulting from Algorithm is, in fact, a locally optimal
approximation to H(s, p) with respect to |||/, since the nonlinear optimization method used

in Algorithm [3.4.1} upon convergence, finds a locally optimal subspace of Ha(Cr) ® Ha(D).

Note that, in practice, the ranks of the reduced model (7, r,) are chosen via numerical rank
of the corresponding (parametric) Loewner matrices; see [86]. For the initialization of the
poles, 7@ and A, we use optimal rational interpolation via IRKA in the following way.
Let po be fixed, then H,,(s) := H(s,po) € H2(Cg) is a single variable transfer function.

We can apply H, optimal rational approximation using TF-IRKA [14] to find (locally) H,



83
optimal poles Ay, ..., A\, which depend on pg. In the same way

We proceed with some examples that illustrate the implementation of Algorithm [3.4.1

3.4.1 Small Synthetic Example

To illustrate our procedure, we start with a model H(s,p) of order (ng,n,) = (100,42) of

the form

H(s,p) = ZZ - AQ;(; —, (3.4.4)

i=1 j=1 Wﬂ)

which has the same structure as the reduced model. We aim for a reduced model that has

fewer terms than #H(s, p) to illustrate the reduction of complexity.

In particular, we chose a variation of [101, Example 3] with added parametric dependence.
Poles in p are chosen at random with stability restrictions, i.e., boundedness of the Hs ® Lo
norm (the m; that are added lie outside the unit disc) and closed under conjugation, so
H(s,p) is real. We chose the order ny = 100 (rather than the usual n = 1006). The position

of the poles in s and p are shown in Figure |3.3| on the left and right, respectively.
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Figure 3.2: Pole configuration in s and p for full order model.

The reduced model (s, p) is then constructed using Algorithm [3.4.1 We compare Bode

plots of H(-,p*) and ﬁ(-,p*) at certain, fixed parameter values p*, one chosen as the best

approximation over p € D and one chosen from among the worst. Those, together with

absolute error curves (in dashed lines) are shown in Figure [3.3
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Figure 3.3: Local frequency approximation quality for selected parameter values, compari-
son in Bode plot. Left side parameter for best frequency approximation, right side: worst

frequency approximation.

In Figure [3.3] we also plot the locally best approximation, computed using non-parametric
rational interpolation, IRKA. Note that the locally best H, approximation for fixed param-

eter p = p* of the same order is better than the joint Hs ® Ly approximation.

This is not surprising, since the full degrees of freedom r; are available for a particular param-
eter choice. In the parametric approximation ’;Q(s, p), the poles are used across the parameter
range, hence at every given point p*, IRKA performs better but ﬁ(s, p) approximates H(s, p)

over all p € D with respect to the joint Hy ® Lo norm.
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Figure 3.4: Comparison of pole configuration in s and p between full order model (blue) and

Hs ® Ly optimal reduced model (red).

Since the full model and reduced model are of the same structure, we are able to compare the
poles in s and p directly; see Figure 3.4, Algorithm tends to best match poles closest
to the imaginary axis and the unit circle. To illustrate the approximation quality over the

entire parameter range p € ), we show the pointwise error in Figure [3.5]
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-1 -0.5 0 0.5 1
Real Part

Figure 3.5: Approximation Quality in s norm for fixed p € D on a logarithmic scale.

We observe that the reduced model is a good approximation over the whole parameter range
p € D (note the logarithmic scale in Figure . Even the lowest quality approximation,

found at p ~ 0.83 + 0.29i (shown in Figure [3.3b]) still captures the dominant characteristics

of H(s,p). The joint Hs ® Ly approximation error is

17— Hlls

~ 2.737107. 3.4.5
Tl (3:45)
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3.4.2 Larger Synthetic Example

Similar to the previous example, we construct a function H(s,p) with separable poles of
order (ns,m,) = (220,130) in s and p respectively. The numerator values of H(s,p) are

chosen at random, under the constraint that (s, p) is real.

We determine the order of the reduced model in s and p using the rank of Loewner matrices
for a sufficient number of (s, p) samples. Our choice of tolerance ¢ = 107 to truncate the
singular values of the corresponding (parametric) Loewner matrices yields rank (rg,7,) =

(26, 16). Observe that the order in s is decreased more than the order in 7, compared to the

full model.
150 8
* *
100 ko kK Ok M 6 X *
*
—k—True Model 4 ™ e —&— True Model
50 ——Hy ® Ly Optimal * Ly Optimal
~ 5 2 ® Ly Optima, I korwem . 27* | *k o ——Hs ® Ly Optima
= = *
< < EJ ** *
A~ ol * %
L P o :
< < * % *
50 Xk Ok ok —25 . Lk .
_4 - »
x , *
—100 *
Kk K ke 6l
*
_150 | | Il | i | 78 | | | | | | | | | |
) —2.5 -2 —-1.5 -1 —0.5 0 -8 -6 -4 -2 0 2 4 6 8 10 12
Real Part Real Part
(a) Poles in s (b) Poles in p

Figure 3.6: Poles of the synthetic transfer function H (s, p) and H,o® Ls optimal pole selection.

The poles in s of the full model H(s,p) (see Figure are deliberately chosen with a
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structure (not parallel to the real axis). The poles in p have been chosen at several radii
at randomly generated angles 6, closed under conjugation. The initial pole position for the
gradient descent algorithm is chosen by (non-parametric) IRKA for fixed s and p values.
Performing Algorithm yields the approximation result shown in Figure at some

representative parameter values.
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Figure 3.7: Approximation quality for the synthetic example of order (220, 130), reduced

order (26, 16) at representative parameter values p € D. Full model in blue, IRKA in green,

Hs ® Lo approximation in red, absolute errors in dashed lines.

We observe that the optimal Ho ® Lo approximant matches the transfer function behavior

of H(s,p) well (see Figure ; it captures almost all peaks and the asymptotic behavior
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for w = oo and w — 0. In Figure [3.7, we also compare the Ho ® Ly best approximant
to the locally (fixed p) non-parametric optimal Hs approximation, computed using IRKA.
As one might expect, the Hy optimal approximation for fixed p performs better than the
Ho ® Lo approximation. However, this comparison is only for illustration, since we require

a parametric reduced model 7:[\(3, D).

Since we consider the unit disc D as the range of parameters, we want to observe the quality
of the approximant over the entire parameter range in Figure [3.8 In particular, for fixed p*,

we compare the pointwise Hs error, defined by

IHCp) = HE )l
H( ),

E(p) : (3.4.6)

which is shown in Figure |3.8|
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Figure 3.8: Approximation quality over the unit disc. Displayed are the pointwise relative

errors from ([3.4.6) on a logarithmic scale.

Observe that our approximation ﬁ(s, p*) performs better at some parameter values p* € .
We compare Bode plots of H(-, p*) and ’}/-Z(, p*) in Figure for representative selections of

points p* € D.
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Figure 3.9: Comparison between best and worst solution for Hy ® Lo approximation.

In Figure [3.9] we see that even the worst local approximation in Figure |3.8| still captures
the peaks of the original transfer function #H(s, p), while the best local approximation also

captures the asymptotic behavior. The joint relative error in the Hs ® Ly norm is

”H - %“H2®L2
[GAIFEy

~ 0.0743. (3.4.7)

3.4.3 Convection-Diffusion Example

Recall the convection-diffusion example from Section [1.6.2] as

x(t) = (Ao + pAi1) x(t) + Bu(t),
(3.4.8)

y(t) = Cx(t).
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The parameter p represents the convection coefficient. Note that for this example, the main
interest lies on real values of p, even though the Hy ® Lo norm takes the entire unit disc
under consideration. We fix the convection coefficient in the y-direction at p, = 0.1, the
diffusion as p3 = 0.25. The finite difference discretization has N = 100 degrees of freedom in
both x and y direction, resulting in a matrix dimension of 10,000 x 10, 000. For the reduced

model, we choose the order (rs,7,) = (8, 14).

Figure [3.10] shows the resulting approximation error in Bode plot form for selected real
parameters p € [0, 1]. Observe how both the asymptotic behavior for w — 0 and w — oo is

captured well.

100 E ] 100 E
E = Full Model F = Full Model
. F === Hy ® Lo Approx » t === Hy ® Ly Approx
10 2 —— Ho ® Ly Error 107 £ —— Ho ® Ly Error
1072 | 1072}
o i o i
g 1073 g 1073 L
E i g B
T 1074 E < 1074 E
=} E 8 £
1075 107
1076 | 1070
10777 Lol Lol Lol | \\\HH‘[ N 10777 Lol Lol Lol Lol Lol
1071 10° 10! 102 103 10* 107! 100 10! 102 103 10*
frequency w frequency w
(a) p = 0.09 (b) p = 0.6

Figure 3.10: Bode plot comparison for the convection-diffusion example for representative

parameter choices p € [0, 1]

Similar to the previous experiments, we wish to see how the error behaves for arbitrary
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p € D, not just at sampling points. In Figure [3.11, the Hy norm of the error E(s,p) :=
H(s,p) — ’;il\(s,p) is displayed at fixed p values, p* € D. The color code in Figure

represents the pointwise Hy error from (3.4.6]). on a logarithmic scale.

H2-Norm Error, log scale,

0.5 -

Real Part

Figure 3.11: Approximation quality for the convection-diffusion model over the unit disc.

Displayed is the pointwise relative Ho norm difference on a logarithmic scale.

We observe that the approximation quality over the real interval [0, 1] is better than on
other points on the unit disc. However, values of p; € D\[0, 1] carry no physical meaning.

Also note the dark blue curves in Figure which represent p*-values where H(s, p*) and
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~

H(s, p*) agree up to machine precision, with respect to the H, norm in s.

In Figure [3.12, we compare the position of the poles A\;, i = 1,...,8 and 7;, j = 1,...,14

between the initialization using IRKA and the converged H, ® Lo optimization algorithm.

200 -
* 2 " ¢
“o Initial —— Initial
100 |+ Converged i -+ Converged 00§
- e 1
= <
< Q ol
Dé £ % *
g 0} 3 x 0 % g 0
& 2
¢ f
100 $ %0
% =2 o
7200 | | | | | | | | | | |
—2,500 —-2,000 —1,500 —1,000 —500 0 -3 -2 -1 0 1 2 3
Real Part Real Part
(a) Poles in s (b) Poles in p

Figure 3.12: Comparison of poles in s and p from initial conditions to converged poles of

~

H(s,p)

Observe in Figure that initial poles, generated using IRKA with fixed parameter values
are not optimal in the joint Ho® Ls norm. Our descent algorithm performs a pole reallocation

with respect to the joint error measure.

Since (3.4.8)) has physical meaning, we can compare the full model #H(s, p) and the reduced
model ﬁ(s, p) in the time domain. For simplicity, we chose a backward Euler discretization
and the input u(t) as the chirp signal from the standard MATLAB® library. Note that the

chirp signal oscillates at different frequencies, enabling us to compare the system response
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across a range of frequencies.

10-2 1072
10 3

1,
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-1 L L L L L L L _3 I I | | | | | | |
0 02 04 06 08 1 12 14 1.6 18 2 0 02 04 06 08 1 12 14 16 18 2
Time ¢t Time t
(a) p1 = 0.1 (b) p1 = 0.8

Figure 3.13: Time domain comparison between full order and reduced model for the chirp

input signal at selected parameter values.

To give another comparison, we choose a different input signal, the Dirichlet function

sin(Nt/2)

d(t) = —————= N e Nt >0, 3.4.9
®) Nsin(t/2)’ ( )
from the standard MATLAB® library diric. Here N represents the wavelength of the Dirich-

let function d(t). We pick N = 5 and scale the time samples by 10. In Figure we

compare the time domain output y(¢) and y(¢) in Figure [3.14
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Figure 3.14: Time domain comparison between full order and reduced model for the diric

input signal at selected parameter values.

In Figure .13 and Figure [3.14] we observe that the reduced model matches the full order

model in the time domain reasonably well, considering the reduction of order in ﬁ(s, D).

3.5 Summary of Contributions and Future Direction

We introduced a framework to compute optimal reduced models for parametric systems with
respect to a joint Ho ® Ls norm in frequency and parameter. Similar optimality conditions
now with respect to both variables imply necessary optimality conditions. The theoretical
framework relies on the structure of the inner product and the ansatz of a separable struc-

ture for the reduced model. Implementation details are discussed as well as illustrated by
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numerical examples.

Future work includes a more structured way to determine the reduced order (rg,r,) similar
to the McMillan degree [53| for single-variable systems for the case of separable pole-residue

formulation.

Even though an Hs ® Ly optimal reduced model considers p on the entire unit disc, the last
example of a convection-diffusion problem already showed that this yields a good approx-
imation on the real interval [0, 1] which is of interest in the application. Future directions
include a weighted version of Ho® Lo optimal model reduction focusing on subsets of physical
relevance. This can be achieved by weighted two-variable Hardy spaces, an extension of the

work in 1}, 116] to the parametric case.

Extending optimal rational interpolation in two variables to the MIMO system case is another

natural next step. We expect this to involve tangential interpolation conditions as in [59,

115).



Chapter 4

Parametric Vector Fitting

The Vector Fitting (VF) method, introduced in [63], targets the construction of a rational
model in barycentric form measurement points in the frequency domain. Instead of inter-
polation, VF solves a least squares problem, making it more resistant to outliers in the
measurement data as well as noise; see Section [2.5.2] In this chapter, we extend Vector
Fitting to the parametric case by solving the least squares problem in the parameter and
frequency domains via a special parametrization of the approximation. Several choices of

such parametrizations are investigated and compared.

4.1 Goals and Problem Statement

In many physical situations, the measurements H(¢;) depend on a certain parameter config-

uration of the (physical) problem. It seems desirable to reflect the parameter dependency in

100
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the realization ﬁ(s) Therefore, we would like to extend the SK iteration and Vector Fitting

to the parametric setting.

Problem 4.1.1 The problem for the parametric case is the following.

Given a data set {&;, pj, H(&;, ,uj)}zzn;:]l:m” C CxCxC, find a stable two-variable

rational function that fits the data set in a least squares sense. More precisely, we

want to construct H(s,p) that solves

ms Mp 9

ZZ ‘ﬁ(&vﬂﬂ — H(&, pj)| — min. (4.1.1)

i=1 j=1

We focus on a one-dimensional parameter dependence, p € C and extend the problem to

several parameters in Section [4.3]

4.2 Parametric Vector Fitting

Following the process leading to Vector Fitting, we recall a parametric version of the SK-
iteration with more details on the choice of basis functions as well as its extension to Vector
Fitting in both polynomial and rational settings. The distinction is the allocation of the
poles: for the parametric SK-iteration, a parametric least squares problem is solved with a
fixed set of basis functions, the resulting coefficients are computed from a nonlinear least-
squares problem, which results in an iterative procedure. For our extension of Vector Fitting,

we allow for an adaptive choice of basis functions.

Our contributions can be summarized as follows
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1. We show how to combine local models to solve a global least squares problem.

2. Expand Vector Fitting to the parametric case with a pole reallocation step, based on

local models.

We emphasize that our goal is to construct a parametric model H solving

ms  Mp 9

Z Z ‘ﬁ(&a ty) — H(&, p;)| — min. (4.2.1)

i=1 j=1

We refer to this as the global approximation problem, since, in contrast to the minimization
problem for local models (4.2.8]), the minimization is performed simultaneously over the

frequency and parameter samples.

4.2.1 Problem Setting

To formulate our approximation problem precisely, for the parameter domain P, we consider

the following space of functions:

RuanH2(Cr x P) i= {H : C2 = C | H(-,p) € RH2(Cg) for all p e P} (4.2.2)

The problem at hand is to find a two-variable model ﬁ(s, p) so that
H=  argmin G (&, 1) — H (&, 15)|? (4.2.3)
geRstabH2(CRXP) ; jzl ! ’

The natural generalization of the barycentric form of ’;Q(s) used for VF is the two-variable

barycentric form

re rp Gij
As,p) = M5p) i CE N Y (4.2.4)
o dlsp) ey v 2

(s = Ai)(p—mj)
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for o, j, B, \i,mj; € C, i=1,...,rs, j=1,...,7,. Mimicking the pole-update step in VF,

in the parametric setting requires to find the zeros of

ds,p) =1+Y Z % . (4.2.5)
=1 j5=1 S - o Wj)
Solving d(s,p) = 0 is equivalent to finding (s*,p*) € C? so that
Ts Tp QDLJ
1+ = 0. (4.2.6)
22 ) =)
Which, in turn, leads to the polynomials root finding problem
rs Tp Ts k= rsz Tp
HHS — ) (p" — 7y —l—ZngZJHHs —X)(p"—m) =0 (4.2.7)
k=1 (=1 i=1 j=1 k=1, (=1
ki (F£]

The solutions are curves in C? rather than discrete points as in the non-parametric case and
thus cannot directly provide information for the pole update. Instead, we take a two-step

approach to solving the least squares problem (4.2.3)).

We define local models or macro-models as 7:2]'(8) that solve

H;:=a geglén% Z|g &) —HE w2, for  j=1,...,m,. (4.2.8)

Each ﬁj(s) can be constructed using classical VF on the data set {&;, H(&;, p;)},, resulting

in a set of models models {/;, ﬁj};'n:pl

Our proposed two-step approach is organized as follows.

1. Construct local models {yu;, ?:Zj |
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2. Combine the local models using a joint least squares approach in frequency and pa-

rameter

Z Oék Hk Z (Z 6k ng > ( ) (4.2.9)

k=1

with suitably chosen basis functions Py(p).

The specific choices of P(p) and the computation of 5y determines characteristic properties

of the resulting model.

Let Hi(s) = SO0 4)— be a pole-residue form of the local models Hy(s) in (4.2.9). A

Jj=1 s—

simple computations reveals that

- o~ ik S B j,
A Z(Zﬁu _m)ggs_ 535 3 S ISR

k=1 kl]lﬁl

which we recognize as a two-variable pole-residue form, in constrast to the two-variable

barycentric form of the generalized SK iteration in [54].

The main difference of our approach is that instead of using interpolation as in [10], for ex-
ample, we chose the coefficients S ¢ in to solve a global least squares problem (4.2.3)).
In particular, we explore the choice of polynomial and rational functions. Prior knowledge,
if available, can give rise to a suitable selection of functions P;(p) for the parametric depen-
dence, for example sin/cos, rational functions or various polynomials [56]. Moreover, in the

case of rational functions P,(p), we allow for an adaptive pole update in Section m
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4.2.2 A Note on Sampling Points

Note that, in general, we do not require the (;, ut;) grid of measurement points to be ho-
mogeneous. To clarify our definition of a homogeneous grid: Let [£1,...,&,.]T € C™ be
sampling points in s and [u1, . .., ump]T € C™ sampling points in p. The tensor grid of those

sampling points can be interpreted as ordered pairs

(51, Nl)’ (fla MQ)a cee (51, :ump)7 (527 M1>7 SRR (gms7l“’tmp>7 (4'2'11)

where all combinations of §; and p; are listed. It may be possible, however, that the frequency
sampling points & depend on the parameter p; (or vice versa). Then only a subset of the

combinations in (4.2.11)) are in the set of joint sampling points. This distinction is illustrated

in Figure

ok *
10% % " Sk ek ek ek * 5 4 * * ok ***** % * * %; *,
3 * * * * * * * * * * E o KK o * Ok
ook ok ko x k ok ko ox ok ko « ¥ O ke " <X ¥ o* % *
3 * * * * * * * * * * E * X * * *
kK ¥ x kK
3 * * * * * * * * * * g T * ¥ ST *
10°«  x * * * * * * * * * 3 .k x " * Loy U
ook ok ko ox ok kK ox k% o LS o " e x « N *
& * * * * * * * * * * E Hkok K * * X *
* £ ox *
< * * * * * * * * * * * * " *, x X * X «
* * * * * * * * * * L o ol
102F % o« o« %k % x4+ o+ A 20 % ok w4 F * * £, o
* g * * Hopx
. 3 * * * * * * * * * * X B x * *
> T 7 * Ky * ok *
15} 3 * * * * * * * * * * E , * x * * * * x
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(a) Homogeneous grid (b) Non-Homogeneous grid

Figure 4.1: Examples of homogeneous and non-homogeneous grid in frequency and param-

eter.
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Observe how the grid in Figure is a tensor product of vectors of sampling points in s
and p, while no such structure can be found in Figure [£.Tb] Since this distinction does not
impact the presentation of our algorithm, we assume a homogeneous measurement grid for
ease of exposition. In contrast to, for example, parametric Loewner interpolation |76], which
requires tensor grids in frequency and parameter, our implementation remains valid for any

choice of sampling grid.

4.2.3 Fixed Basis Functions P;(p)

In this section, we solve the joint least-squares problem (4.2.3) using the proposed two-
step approach with a fixed choice of coefficient functions Py(p). For illustration, we chose

polynomial coefficient functions for P;(p). Assume the following form for ﬁ(s, p):

His,p) =Y onlp)Hi(s),  with  ap(p) = BuePre(p), (4.2.12)
k=1 (=1

for a choice of polynomials Py ,(p). N(k) denotes the order of polynomials in ay(p) for the

k-th parameter p, kK =1,...,m,.

Substituting (4.2.12)) into (4.2.3), we have to solve the minimization problem

ms Mp | Mp 2

Z Z Z Zp ﬁk,fpf(ﬂj)f’qk(fi) — H(&, p15)| — min, (4.2.13)

i=1 j=1 |k=1 ¢=1

for f;;, which we can recast as the linear least-squares problem A3 = b (linear in the



coefficients f3; ;) as

Hi(6)Pi ()

Hi (&) Pr(po)

.

Hi(&)Pa(mr)

Hi (&) Palpio)

Hi(En)Pi(tmy) Ha(Ems) Polfim,)

ﬁmp (fl)Prp (Ml)

7qmp (&) P, (p12)

Hony (Em) Pry (tn,)

Brny s

=A

7 N———r
=:vec(3)
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/H(fl,/h)

H(Sl, NQ)

H (gms y Hmy, )

(.

—b
(4.2.14)

The dimensions are A € C™™»*"™ vec(B) € C™™ and b € C™"». The resulting para-

metric model can be evaluated at any parameter and frequency value and requires evalu-

ation of the basis functions P(p), matrix-multiplication with the coefficients B as well as

frequency-evaluations of all local reduced models ﬁk(s) We summarize this procedure in

Algorithm [4.2.1]
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Algorithm 4.2.1 Parametric VF - Fixed Basis Functions P;(p)

INPUT: Weights w;; > 0, ¢ = 0,...,ms j = 1,...,m,, measurement data
18 1y, H(Es, M])}ZZTj:me”, basis fuctions {P};”,

OUTPUT: Rational function (s, p)

1. Define A := diag[wy 1, w1, ..., Wn,m,| and the measurement vector b as
b= [H(éla Nl), 7"(517 ,UQ), Ce 7H(§ms7 Mmp)]T c Cmsmp

2. Construct local VF approximations of order r; for each fixed parameter 1,

~

H; = argmin i G(&) — H(&, 1), (4.2.15)

G(s)eRH2(CRr) ;5

3. Construct the matrix A as in (4.2.14))
4. Solve the linear system ||A(AB — b)||3 — min

5. The final reduced model is given by

mp Tp

H(s,p) = >N BrePe(p)Hi(s) (4.2.16)

k=1 (=1

The main concept in Algorithm [4.2.1]is the two-step process to first find reduced models in

s with fixed p;, then combine those to a final two-variable model. We emphasize that the

coefficients ., in (4.2.14)) are constructed to solve the joint least squares problem (4.2.1]),

rather than interpolation.
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Example 4.2.1 We illustrate Algorithm on the beam example [99], introduced in
Section The state space formulation of the finite difference discretization has n = 4000
degrees of freedom. We sample at ny = 80 logarithmically spaced frequency points between
107* and 10! on the imaginary axis (the main dynamic range of the model) and m, = 7
samples, chosen equally spaced on the interval [0.01,1]. The orders for the local Vector
Fitting models are chosen adaptively in p by the rank of the corresponding Loewner matrices.
We use polynomials of order 7, = 6 for P(p) for the approximation, in particular Berstein

polynomials; see [5, [44].
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Figure 4.2: Error plot of parametric vector fitting using polynomial basis functions. The
original function is shown in blue, the approximation in dashed red lines and the (absolute)

point wise error in green.

The error shown in Figure |4.2|at representative sampling points in 1, . . . , 7 used to generate
the approximation. We observe that the error is small across at the sampled points. Table 4.2

gives the numerical values of the least squares residual from (4.2.13) for several choices of
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polynomial bases for P;(p). Note that our implementation chooses a particular set of basis
functions with the lowest least squares error in (4.2.13)), in this case Bernstein polynomials.

Our algorithm chooses the set of functions P;(p) with the lowest least squares residue.

Choice of Py(p)  Monomial Bernstein Legendre Chebyshev

Rel. LS Residual 0.1047 0.0654 0.0822 0.0758

Table 4.1: Comparison of least squares error from (4.2.3)) for various choices of FPy(p) in

4.2.12

For the functions P,(p) with the minimal least squares residual, chosen by the error from

Table , we compare the approximation error of ﬁ(s,p) at sampled parameter values

{1, - ., g7 in Table [£.2]



Rel. Error
Parameter PVF ||| PVF | - |
0.01 8.17e-04 1.22e-03
0.05 4.74e-04 7.04e-04
0.10 6.35e-04 9.39e-04
0.22 3.96e-04 4.24e-04
0.50 5.23e-04 6.35e-04
0.90 1.34e-04 1.43e-04
1.00 4.33e-04 7.27e-04

112

Table 4.2: Error in the polynomial parametric Vector Fitting approximation. Evaluated at

original sample points u;, 7 =1,...

7

While the approximation at sampled points p;, j = 1,...,m, is low (see Table , it is

appropriate to compare the approximation error on the continuous parameter interval [0, 1].
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Figure 4.3: Error plot of parametric vector fitting using polynomial functions P, (p) over the

paramter interval [0.01,0.8].

InF igurem we show the relative error between ﬁ(s, p) and the original model H (s, p) in the
Ho and H., norm. We observe that even outside of the sampled points, the approximation

performs well.

So far, we assumed the basis function P(p) to be fixed and compute coefficients to solve the
global least squares problem . In the non-parametric setting, VF (see Section
dynamically updates the basis functions (in that case rational functions) to achieve a better
approximation and improved conditioning of the least squares problem. We mimique this

procedure in the parametric case in the following subsection.
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4.2.4 Adaptive Basis Functions P;(p) and Variable Projection

Our choice of adaptive basis functions FP(p) in (4.2.12) are rational functions. Explicitly,

consider
1
Py(p) == , 7 € C\P, £ =1,...,17,. (4.2.17)
p—T
-
Denote 7 : [7?1 e } e Cr.
Our form of ’;Q(s, p) then becomes
R B mp . mp Tp 5]6[ N
s.p) = on(p)Hi(s) = Z - mH (4.2.18)
k=1 =1 =1 P
For fixed 7y, £ = 1,...,7p, the coefficients 35, can be computed via the least-squares problem
| A(m)B — b||3 — min, (4.2.19)

where b = [H(€1, 1), H(&x,p2)s - MG fimy)] T and

[ Hi(&) (&) (&)  Ha(&) Homy (1) ]
ju—m =T =T, =T T,
Hi(&)  Ha(&) H1(61) Ha(61) Hin, (1)
Alm) = | Fo=m  pp=m =Ty, =T =T | (49.90)
Hi(&m)  Hilom.) Hillm)  Ha(om,) Hon, (€m.)
Llhm, — T1  Hm, — T2 o Hmy, — T, fm, — 71 o My, — T, |

Observe that the mapping 7 — A(7) in (4.2.20)) is nonlinear. Hence an adaptive choice of

poles my, ¢ =1, ..., 7, introduces a nonlinear, nonconvex optimization problem.

A standard method to solve a problem like (4.2.19) for both 8 and 7 is variable projection

[52,72]. The main principle in variable projection is that the minimization problem (4.2.19)
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can be solved for 3 directly using the pseudo-inverse A(7)" when 7 is fixed. More precisely,

we use the Moor-Pensore inverse for A(m)™ so that
B(m) = A(m)*b,  with  A(m)* = (A(w) A(mr)) " A(m)". (4.2.21)
Replacing B(7) with A(w)*b in leads to an optimization problem for 7:
| A(m)A(m) b — bl|5 — min. (4.2.22)

Observe that A(m)A(m)" is an orthogonal projection onto the range of A(7), hence the

name variable projection.

To solve (4.2.22)) for 7, one can apply any nonlinear optimization method. We choose a

Gauss-Newton implementation from [31]. This approach is summarized in Algorithm [4.2.2]
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Algorithm 4.2.2 Variable Projection - Implementation via Gauss-Newton

INPUT: Measurement vector b and map « +— A().
OUTPUT: Poles 7 and coefficients 3.

1. Chose initial 7
2. For k=1,2,... until converged

(a) Solve the linear least-squares problem
B® = arg mﬁin HA(T&'(k)),B - b||z

(b) Compute the residue r® =b — A (x*)g®

(c) Assemble Jacobian J® by

(d) Compute update step d*) by
k) . k k) ||
d® = arg min HJ( )d — r! )H2

(e) Update w1 = () - q(k),

(4.2.23)

(4.2.24)

(4.2.25)

Note that one may introduce a weight A = diag(w; ;) to the minimization problem (4.2.23)

and instead solve

IA(A(x*)B —Db)|3 — min.

(4.2.26)
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To improve convergence rates, it may be necessary to include a line search for the update step
kD) = (k) 1 d*) for some applications, which can easily be done with standard methods,
e.g., using Armijo linesearch [97]. Further note that Algorithm is not restricted to

rational functions Py(p) but can be adapted to any basis functions Py(p) that involve a

nonlinear parametrization.

We apply variable projection to the parametric Vector Fitting problem (4.2.13]) by combining

Algorithm and Algorithm [4.2.1] The final algorithm is presented in Algorithm [4.2.3]

Algorithm 4.2.3 Parametric VF - Rational Coefficient Functions & Variable Projection

INPUT: Measurements {&;, 11, H(&, i)}~ map 7 — A(w), order 7,

i=1,7=1
OUTPUT: Rational function (s, p)

1. Construct local Vector Fitting approximations of order 7, at each fixed parameter f;

~

H; = argmin Z|g &) — H(&, ) (4.2.27)

gER’f-lz((CR) i=1

2. Apply variable projection, Algorithm to find w and 3.

3. Assemble 7(s, p) as

ms

ZZ 6_’“; H (4.2.28)

klfl

First, we highlight the properties of the rational approximation by applying Algorithm [4.2.3]

to a synthetic transfer function, that is constructed with explicit rational dependence in p.
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Example 4.2.2 We consider the synthetic transfer function model

6
Hs,p) =Y . f’“ﬁkﬁk(s), m € C, (4.2.29)
k=1

where the 7, are closed under conjugation. Explicitely, we chose

.
™= {0.4 24151 4408 51| - (4.2.30)

The local models ﬁk(s) are chosen as synthetic transfer functions based on [101, Ex. 3.

We sample at 100 frequency samples, logarithmically spaced between 10~! and 10° and 8

parameter samples linearly spaced on P = [1, 5].

To illustrate the approximation quality, we compare the approximation for polynomial and
rational P(p) in over the frequency range via Bode plots in Figure and Figure [1.5]

respectively.
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Figure 4.4: BODE plot comparison between polynomial basis functions in p the original

model H(s,p).
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Figure 4.5: Bode plot comparison between parametric VF result using rational P,(p) and

the full model H (s, p)

Comparing Figure and Figure we note that using rational Py(p) seems to perform

better at the sampled points g, ...

) 8-

For a more detailed comparison, we show the

approximation error over the entire parameter domain P = [1, 5] in Figure [4.6]
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Figure 4.6: Error Comparison between polynomial and rational basis functions P,(p) , com-

puted by Algorithm (4.2.3

In Figure[4.6] we observe that, except for very few points, rational basis functions P (p) yield
superior approximation of ﬁ(s, p). The adaptive choice of poles for the rational functions

Py(p) is show in Figure , where we compare an initial selection of poles and the converged

poles from Algorithm [£.2.3]
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Figure 4.7: Initial and converged pole locations for rational P(p) from Algorithm 4.2.3

The converged pole locations for the 7, = 4 rational poles of P(p) are shown in Figure
above. We note that the algorithm converged in 38 iterations up to a pole movement tolerance

of 1072,

Next, we illustrate Algorithm on a more realistic example closer to engineering appli-

cations.

Example 4.2.3 Consider the vibrating Cantilever beam model from Section [1.6.1} The
parameter p specified the amount of proportional damping. We pick 80 logarithmically
spaced frequency samples in [1072%1, 10%1], 10 linearly spaced parameter samples in [0.01,0.8].

In contrast to Example4.2.1} here we consider rational basis functions P (p) of order r, = 10.
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Figure 4.8: Parametric Vector Fitting results using rational basis functions. Compared at
the sampled points. Original model is displayed in blue, approximation dashed red and the

(absolute) error in green.

In Figure we compare the original function H(s,p) to the approximation result from
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Algorithm using rational basis function P;(p). The corresponding numerical values are

shown in Table 1.3

Rel. Error
Parameter PVF | .| PVF |||«
0.01 2.97e-03 4.44e-03
0.0978 2.19e-03 2.14e-03
0.186 1.57e-03 1.46e-03
0.273 1.67e-03 1.58e-03
0.361 1.58e-03 1.29e-03
0.449 1.27e-03 1.08e-03
0.537 1.12e-03 9.51e-04
0.624 1.05e-03 9.86e-04
0.712 1.83e-03 1.47e-03
0.8 1.78e-03 1.89e-03

Table 4.3: Local relative error in rational parametric VF approximation. All errors are

relative.

Observe in Table [4.3] that the rational basis yields a good approximation with &~ 107 order

of magnitude relative error.
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Figure 4.9: Approximation quality at non-sampled points.

In Figure we compare the approximation quality of ﬁ(s, p) at non-sampled points in the

parameter domain.

Example 4.2.4 Consider the vibrating Cantilever beam example with the setup as in Ex-
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ample [4.2.3] To illustrate the outlier resistance of least-squares approximation, we simulate
a measurement error by choosing local vector fitting orders 7, = 2 for two sampling points,
leading to poor approximation of the corresponding local models. We compare the result

from Algorithm and Algorithm [4.2.1] with polynomial and rational basis functions,

respectively.
10° ¢ ‘ ,
B - Local VF
1071 | -~ PVFE Polynomial
-#- PVF Rational
y 1072 |
o I
@ 1073
T
1074 M
1075
i |

10-6 | | | | |
01 02 03 04 05 06 07 038

Parameter

Figure 4.10: Comparison of discrete Ho approximation error at sampled parameter values.

Observe in Figure how the parametric vector fitting approximation for both polynomial
and rational functions has an almost uniform error across sampled parameter points. Solving
the joint least squares problem compensates for outliers in the measurements at the simu-

lated measurement outliers. We show the converged poles for the rational approximation in

Figure [£.17]
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Figure 4.11: Initial (circle) and converged (star) positions of the reduced order poles in the

rational basis functions for the parametric dependence.

It is interesting to remark that the poles for the rational basis functions in p converge to real

poles, Figure [£.11], where we did not enforce such a constraint.

Our observations from the previous examples can be summarized as follows

1. Choosing rational functions FP,(p) matches the approximation result for polynomial

Py(p), independent of the structure of the original model, see Example [4.2.4]

2. If the underlying model has, in fact, a rational parametrization, using rational basis

functions Py(p) perform better than polynomial P(p), see Example [4.2.2]
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4.3 Vector Fitting for Several Parameters

In this section, we assume that the parameter is no longer a scalar, i.e., p = {pl Py ... D d} T.
For ease of presentation, we restrict ourselves to two parameters (d = 2) and denote them
p= [p q] T. Further, we chose basis functions in p and ¢ independently, following a stan-
dard tensor grid approach similar to [45]. Note that Algorithm remains valid for other

choices of basis functions.

Let Py(p), k = 1,...,r, be the basis functions corresponding to the first parameter, p
of degree r,. Similarly, let Q,(q), ¢ = 1,...,r, the basis functions corresponding to the
second parameter, ¢ of degree r,. Further denote the local Vector Fitting approximations at

parameter samples (pg, q¢) by ﬁk,e(S). Then the function ’ﬁ(s, p,q) is defined as

mp

ﬁ(S,I% q) = Z Z Ay, kg (p, Q);':ka,kq(s)

kep=1kq=1

Z Z Z Z Byt karta e, (P)Qeq(Q)ﬁkp,kq(S)

kp=1kq=1£,=1Ly=1

(4.3.1)

As for the one-parameter case, we are free to chose polynomial or rational basis functions for
Py, (p) and Qg,(q). In terms of implementing Algorithm and Algorithm for higher
dimensional parameters, we remark that a proper ordering and storing of the variables is

important.

Example 4.3.1 We consider the convection-diffusion example, introduced in Section [1.6.2]
A finite difference discretization with orders n, = 100 and n, = 100 in = and y direction

yields a full order model of dimension n = 10.000. The parameters p and ¢ here represent
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the convection in z and y direction on the domain Q = [0, 1] x [0, 1] (in Section denoted

by p = p1 and ¢ = py). For the polynomial approximation order, we chose r, = r, = 12.

p=[10,10] p=[80,10] p = [10,80]
1073 103 L
1074 F 1074
1075 1075
1077]02 163 16" 165 ]65 1077102 16-" 16" ]65 ]65 1077102 16-’* ]64 ]65 166
p = [45,80] p = [45,45] p = [80,80]
1073 103 L
1074 1 1074 1
107° 107° F
10-6 \/\/‘\ 106 \/VYM’»\\
|

Il - Il Il I} X 7 - Il Il X 10—7 Il - Il L - I} X
10? 10% 10t 10° 106 10% 10% 10* 10° 108 10% 10° 104 10° 108

Figure 4.12: Approximation result for two-parameter Vector Fitting using polynomial basis

functions. Original model in blue, approximation result dashed red, the (absolute) error in

green.

The approximation quality of the two-variable parametric Vector Fitting approximation is
shown in Figure Our algorithm selected Chebyshev polynomials through the lowest

least-squares residual.
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4.4 Post-Processing for Parametric Vector Fitting

The previous section shows, how to construct a parametric model to approximate a given
data set in a least squares sense. In the process, we chose local Vector Fitting models of
certain orders 7,. One standard approach is to use parametric Loewner matrices (c.f. [86])
to gauge the required rank of each local model. However, the resulting model carries the
combined orders of the local approximations. For a larger number of parameter samples
this can be cumbersome and yield unnecessarily large reduced models. Assume m, = 20
parameter samples and order r¢ = 50 for the local models. The resulting total degree would
be d = m, - rs = 1000, even though the system dynamics may be similar on parts of the

parameter domain P.

This section aims to resolve this issue by combine parametric Vector Fitting with Hs opti-
mal rational interpolation to approximate parametric models with a lower complexity. Our

proposed approach has three steps:

1. Apply parametric Vector Fitting Algorithm or Algorithm to construct a

surrogate model (s, p) = Soer ar(p)Hi(s).
2. Transform parametric SISO system into MIMO system with equivalent norm.

3. Use MIMO-IRKA, Algorithm to find an optimal reduced model of fixed reduced

degree r.

To implement the last two steps of our post-processing, we review Hy optimal rational
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interpolation for a special parametric dependance in the next subsection.

4.4.1 Review of IRKA for a Special Parametric Dependancy

Baur et all in |11] consider a system of the form
H(s,p) = (co+pici)l (sE — A) " (b + pyby), (4.4.1)

with parameter p = [p1,po]" € P := [0,1] x [0,1]. Note that only the input and output
matrices depend on the parameter and that the parameter dependency is assumed to be

affine.

The error measure to approximate (4.4.1)), || - ||s,@L,(P), is chosen in [11] as

1 [t
Hlhsrae = | 5= [ [[ . o) datp) d (142)
.y

A key observation is that the Hy ® Lo(P) norm equals a weigthed Hs norm of a multi-input

multi-output (MIMO) system. More precisely, let L be Cholesky factor of

LU L]l duomw s

Then we have

Hllss0200m) = [T HL,,, , (4.4.4)

wmmH@w=p)qr@E—A>ﬂm b
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4.4.2 SISO Parametric to MIMO Nonparametric

We need to investigate the form of the transformation in (4.4.4) in more detail for our
application in parametric Vector Fitting. At parameter samples p;, j = 1,...,m,, the

(local) Vector Fitting models #y,(s) from Algorithm can be written as

A~

—~ -1 <
Hul(s) = ¢ (31 - Ak> by, k=1,...m, (4.4.5)

with the matrices A\k e C»*™ and Bk,ﬁk € C™. The resulting parametric model then is

Hyr(s.0) = Y oxp)Hi(s) = 3 aw(p)e] (1 - Ay) b (4.4.6)
k=1 k=1

In order to make use of (4.4.2)), we need to express the summation in (4.4.6|) in a direct state

space form. Define

~ A~

A1 Bl

Y = . c (Crpmpxrpmp, and B = c Creme (447)

-~

A,
Using (4.4.7), we rewrite (4.4.6)) as

oe)

mp

Hor(s,0) = |an()e] as(p)e] ... an(p)el, | (ST—2)7'B (4.4.8)

mp

Recall that the parametric coefficient functions aj(p) have the form ax(p) = >_,2, Br.ePu(p)
with basis functions {F(p)}, yielding
B ¢/

ai(p)e] ... amp(p)eﬁp} = {Pl(p) .. PB,(p)

B Mp, Tp Cmp
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Using (4.4.9), we define the MIMO system matrix € by

Bia ¢/

¢ = (4.4.10)
Bmyp, rp a;p
Let V: P — C'» be defined by
.

V)= 1|P(p) ... P,()| (4.4.11)

then the reduced model from (4.4.6) can be written as
Hyr(s,p) = V(p)T€(sT — A) 1B, (4.4.12)

We emphasize that the parameter only enters in the observation matrix, here V(p)'€, not

in the system dynamics 2.

Similar to [11], the Hs ® Lo(P) norm can be recast as a weighted Hy norm of a MIMO

system.

Theorem 4.4.1 Let Hy (s, p) be as in , P =la,b] C R bounded and define

N b
Hi(s) :=LTe(sI—A)7'B, with LL' = / V(p)V(p)" dp, (4.4.13)
where LL" is a Cholesky factorization and V(p) as in (4.4.11). Then

|Hill2, = HvElHaorap) (4.4.14)

where || - |luoLa0p) is defined as in ({.4.9).
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Proof Recall the definition of the norm || - ||3,L,(p) for our particular parameter domain
P = [a,b]:

1 9] b ‘
HHH%Q(@LQ([OL,IJ]) = %/ / |H (iw, p)|* dp dw (4.4.15)

Since we consider a one-dimensional parameter domain, the area integral dA(p) from (4.4.2)

becomes a scalar integral. We start by computing the following integral

/V(p)V(p)po/ E {Pl(p) ... P (p)|dp=P (4.4.16)

P,,(p)

with Py(p) from (4.4.6). Let P = LLT be the Cholesky factorization of P. Also recall that
it holds

trace (AB) = trace (BA), (4.4.17)

for matrices A, B of suitable dimensions. Then for 7:[\VF(3, p) from (4.4.12)), the norm (4.4.15)
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becomes

el =20

_ _71-/_ / trace (%T(’iwl _ m)iTCTV(p)V(p)TQ:(Z’wI B Ql)fl%) dpdw

dp dw

% trace / V(p dp Cliwl —A)IBB T ((wl —A)" e’ | dw
“L'L from
= :trace (B (iwI —A)" T¢TLTLE(iwl — A)'B) dw
=3 _Z trace (ﬁz(zw)ﬁL(zw)> dw
= "ol
(4.4.18)
with ;QL(S) defined in (4.4.13]). [

Now we are in the position to apply H, optimal model reduction (IRKA) to reduce ﬁL(s)

from (4.4.13]) to a chosen target size r, resulting in a reduced model

~

Hp(s,p) = V(p)T&(sL = A) 1B = [Pi(p), ..., P, (p)]&(sT — 2A) 1B (4.4.19)

Observe that the parametric dependence is unchanged with the transformation ﬁv r(s,p) to

~

Hr(s,p).

Function evaluations of the final reduced model then require evaluating the local models
Hy,(s) at given frequency samples and the evaluation of the basis functions {f,(p)} at the

parameter value. We choose the order r of ﬁp(s, p) so that r < my,r,, the sum of the local

Vector Fitting orders.
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4.4.3 Numerical Example

Again, we consider the vibrating Cantilever beam example from Section [I.6.1. The beam
is discretized with a finite element model resulting in n = 4600 degrees of freedom. We
chose 200 logarithmically spaced sampling points on the imaginary axis between 1072 and
10* and m, = 30 parameter samples, logarithmically spaced in [0.0001,1]. The order of the
local VF models is s = 24 and the polynomial order for ay(p) chosen as r, = 8. For the
IRKA approximation, we chose r = 20. In Figure [£.13] we show an error comparison for

representative parameters in [0, 1].
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Figure 4.13: Comparison between original model H (s, p) (blue) and paramVF-IRKA model

A~

H(s,p) (red) at representative parameter values.

Observe that the approximation 7:[\(3, p), generated from parametric Vector Fitting & IRKA

achieves a comparable approximation as parametric Vector Fitting at a lower order. In

Figure m, the dominant peaks of H(s,p) are matched well by ’;Q(s, D).
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We expect this additional dimensionality reduction, since the choice of reduced model order

rp in (4.2.13)) is made uniformally for each parameter without considering approximation

properties over the whole parameter domain.

1071

— PVF (r = 192)

=== PVF + IRKA (r = 8)
PVF + IRKA (r = 18)
=== PVF + IRKA (r = 38)

Relative Hy error

1073 | | |

Parameter p

Figure 4.14: Local Hs approximation quality over sampled parameter range [0, 0.8].

|
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

In Figure[4.14], we compare the local Hs error, meaning for fixed parameter values, continous

in the frequency, between the parametric Vector Fitting model using r, = 12 basis functions

Py(p) and several post-processed PVF+IRKA models. We vary the final model order r and

observe that the relative local H, error between r = 18 and r = 38 is almost indistinguishable.

The local relative error of parametric Vector Fitting is displayed in red. Since IRKA applies

an additional reduction step, we do not expect to improve the approximation quality but
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reduced the overall model order.

4.5 Summary of Contributions and Future Work

In this section, we presented an extension of Vector Fitting to the parametric case. For
the parametric dependence both polynomials and rational basis functions are investigated.
Adaptively chosen basis functions in p require nonlinear optimization methods. In the case of
rational functions, we reallocate the poles from an initial guess to optimal positions. While
the least squares approach has shown good performance and outlier resistance in several
examples, some questions remain open. Possible future directions include an implementation
of total-least squares-least squares Vector Fitting, as suggested in [40]. The extension of such
an approach to the parametric case may greatly improve pole allocation properties in the

adaptive choice of basis functions.

We observe that parametric vector fitting can lead to a moderate size surrogate model
depending on the number of measurements and chosen orders for the local models. To further
reduce the dimension of the final model, we combined the result of parametric Vector Fitting

with Hs optimal rational interpolation via a state space transformation.



Chapter 5

Delay Differential Equations and

Transient Analysis

In this chapter we consider a particular class of parametric dynamical systems, where the pa-
rameter represents a time delay in the state x(t) € C. More precisely, we consider variations

of the scalar delay differential equation (DDE)

&(t) = ax(t) + bx(t — 1), with a,b€C, t>0,
(5.0.1)

x(t) = ot + 1), te[-1,0],

with initial history function ¢(t) € PC (|0, 7], C), the space of piecewise continuous functions
on [0, 7]. Note that now the information required to solve the equation is a history function
instead of an initial state z(0) € C. It is well known |16] that the solution space to @(t) =
ax(t) + bx(t — 7) is infinite dimensional for any 7 > 0, which is in contrast to the case
7 = 0 corresponding to a regular ODE, where the solution space is finite dimensional (more

140
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precisely, one dimensional). This distinction also surfaces in the spectral analysis of delay
differential equations, where the generator of the solution semigroup has infinitely many
eigenvalues, even though the solution z(t) € C (¢ > —7) evolves in a finite dimensional

space.

5.1 Goals

ODEs in higher dimensions can exhibit transient growth [42, [114], but not so in the scalar
case. Our investigations show that for delay differential equations, even the scalar case

(5.0.1)) can exhibit arbitrary transient growth. Even more, we present methods to

1. Identify examples for maximum transient growth;
2. Construct explicit parameter configurations that yield significant transient growth;

3. Examine transient behavior for several commensurate delays.

In short, the goal of our investigations is to answer the following question: Can an asymp-
totically stable solution to a delay equation grow larger than its initial condition? A more

formal way to state this question is:

Is it possible for the solution of a scalar, asymptotically stable delay equation with

|lollL.. <1 to have |z(t)| > 1 for some ¢t > 07
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5.2 Motivation, Applications and Transients

Delay differential equations arise in multiple applications, including biological models and
control problems in engineering. Interesting areas where delay differential equations play
an essential role include biology [109], physics [6], chemistry [104], traffic flow analysis [98],
population dynamics [82] and chaotic dynamics [111], to mention just a few areas. An

extensive overview of applications for DDEs can also be found, for example, in [73].

While many of the references above are concerned with solution methods, stability anal-
ysis or control, our focus lies on transient behavior. More precisely, we are interested in
asymptotically stable solutions, i.e., systems that satisfy z(t) — 0 (¢ — o0), but for which
max;>o |z(t)| is large. Before analyzing transient behavior in delay equations, we present the

standard methods for analyzing transient behavior in ODEs.

The solution to the ODE x(¢) = Ax(t) is given by
x(t) = e'x(0),  t>0. (5.2.1)

In the scalar case, that means z(t) = ex(0). For stable systems, we require R(a) < 0
and the solution exhibits monotonic decay to 0. No transient behavior can occur for such

systems in the scalar case.

For larger dimensions, transient behavior can be efficiently studied using the concept of

pseudospectra [42, 112} [114].
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Definition 5.2.1 Let A € C™*". For any € > 0, the e-pseudospectrum of A is defined by

1
o (A) = {z eCl|(zI-A)"| > E} ; (5.2.2)
where we define || (21— A)™'|| := oo if z € o(A). With the definition of the resolvent

R(A,z):= (21 — A)~" for z ¢ o(A), (5.2.2) can be rephrased as
1
cea(A) & |RA)> = (5.2.3)
€
Another equivalent characterization of o.(A) comes from perturbation theory:
oc(A)={z€0(A+E): EcC™", |E| <¢}. (5.2.4)
Definition [5.2.1] above can be easily extended from matrices to linear operators. Several
quantities are of particular interest for our analysis of transient behavior.

Definition 5.2.2 For a matrix A € C"*" the e-pseudospectral abscissa is

a.(A) :=sup{R(z) : z€0.(A)}. (5.2.5)

With this definition, one can show [114] that

(A
sup[led| > 2B oy (5.2.6)
t>0 €

Taking the supremum over all such € > 0 in (5.2.6]) leads to the Kreiss constant.

Definition 5.2.3 For a matrix A € C"*", the Kreiss constant K(A) is defined by

K(A) := sup _ae(A)‘

e>0 €

(5.2.7)
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For discrete systems x;1 = Axy, we have analogous quantities. The e-pseudospectral radius
is defined by

pe(A) :==sup{|z]: z€ 0. (A)}, (5.2.8)

and the discrete Kreiss constant is

Ky(A) = sup LA =1 (5.2.9)

e>0 €

Note that the pseudospectra and derived quantities depend on the choice of norm. With
these basic definitions, we continue with the spectral and pseudospectral analysis of delay

equations.

5.2.1 Eigenvalue Analysis for Delay Differential Equations

Stability analysis amounts to understanding the eigenvalues of the governing equation, or,
more precisely, the solution operator / semigroup [33, 43]. For the delay equation (5.0.1)),

we make the ansatz z(t) = e'* for some A € C. Substituting this x(t) into (5.0.1)) leads to
the characteristic equation

AN i=(A—a—be ™) =0. (5.2.10)
This is a simple example of a nonlinear eigenvalue problem [64].

It is well known that solutions to (5.2.10|) can be expressed through the Lambert W function

[84 [119], which generally solves the equation

W(s)eW® =5 seC. (5.2.11)
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Note that the solution W (s) in (5.2.11]) is not unique, but has branches Wy(s), k € Z, every
one of which solves (5.2.11]). Wy(s) is called the principle branch of the Lambert W function.

The solutions of the characteristic equation ([5.2.10)) can be expressed as

1
AN =0 & A€ {—Wk(Tbe“T) +a: ke Z} : (5.2.12)
T

5.2.2 Pseudospectra for the Nonlinear EVP

The authors in (92 93, [110] perform a thorough spectral analysis for understanding how
perturbations of the coefficients affect stability of solutions to delay differential equations
using the corresponding nonlinear eigenvalue problem (5.2.14). They introduce a notion
of pseudospectra that can be used to gather information on sensitivity of the spectrum to
perturbation of the coefficients ay, (k = 1, ..., d) of the DDE and the delay value 7. For higher
dimensions n > 1, pseudospectra are defined in Section It suffices for our investigations

to consider the scalar case.

Since the additional notation is minimal, we present the pseudospectral analysis for scalar

delay equation with several, commensurate delays. Consider the equation

(t) = apzx(t) + arz(t — 7) + - - - + aqgx(t — dr), ao, . ..,aq € C. (5.2.13)

The nonlinear eigenvalue problem for ([5.2.13)) is

d
F(\):=XA—ag— Y are ™ =0, XeC. (5.2.14)
k=1
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The spectrum o(F') consists of all values A € C for which F(\) = 0. For such F(\), Michiels

and Niculescu [93] define a notion of pseudospectra using perturbation of the coefficients ay:

-
[5@0 (5ad]

We can consider A.,(F) for any p € [1,00], corresponding to a different choice of norm

d
Ap(F)=<AxeC: XA— Z(ak + day) e M =0, ‘ <ep. (5.2.15)
k=0

p

-
on the perturbation vector [5% Y d} . For some applications, it may be helpful to

introduce a weight to the perturbations in (5.2.15]). In our case, this will not be necessary.

However, for the nonlinear eigenvalue problem ([5.2.14)), define the following vector-valued
scaling function:

.
w(A)Zb e e)‘dT] e CH! (5.2.16)

For easier computation, we define the scalar-valued function

(v=a= o) | ol A ¢ or
FOup) = (5.2.17)

+OO, )\60'<F)

Here p € [1, 00] refers to the norm used for the scaling function w(A) from (5.2.16). With

f(A;p) from (5.2.17)), the e-pseudospectrum is characterized |93, Thm. 3.2] as

Ap(F)={XeC: fxp) >e'}, pell ool (5.2.18)

We note how the two equivalent characterizations in (5.2.15)) and (5.2.18)) parallel the char-
acterizations of classic pseudospectra in Definition [5.2.1} Indeed, A, ,(F'), generalizes linear

pseudospectra from Definition [5.2.1] To see this, let 7 =0, d = 1. Then F(A) = A — a and
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-
w(A) = {1 0} , with |lw||, = 1 for any p € [1,00]. Since f(A;p) = |(A — a)™!|, we recover

in this case A, (F) = oc(a).

The distance to instability is a quantity often of interest to engineers. In essence, it answers
the question: How much can parameters vary before the system becomes unstable? Using
F(X) from (5.2.14)), the distance to instability can be expressed with a notion of stability

radius r on a set ) C C:

1

(5.2.19)

While the notion of pseudospectra in (5.2.15)) and (5.2.18)) gives insight into the distance to

instability, this approach is not designed to reveal transient behavior of a particular solution.

We illustrate this point with three simple examples.

Example 5.2.4 Consider the trivial delay equation

#(t) = ax(t) + be(t —1),  with  (a,b) = (0,0). (5.2.20)

For simplicity, we choose 7 = 1. The choice of coefficients a and b makes the solution
constant; no transient growth. Working from our intuition from the standard eigenvalue
problem, we might expect the pseudospectra to reveal transient behavior through the level
sets of the resolvent, shown in Figure 5.1, To visualize the pseudospectra, we graph the
boundary dA. ,(F), or, equivalently, {\ | f(A\;p) = e '}, with different colors representing

different € values. The colorbar on the right shows log;,(e).
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Figure 5.1: Level set comparison of f(A;p) for (5.2.20) with structured perturbation from

0.2.17]).

In particular, we might expect the natural generalization of the Kreiss constant to be never
greater than 1, since the solution cannot grow for any initial history function ¢(t). For the oo
norm pseudospectra in Figure |5.1b, we observe that this seems to be the case: For example
examine the level set line for ¢ = 0.1, where max.eas,, , #(2) ~ 0.1. Not so, however, for
the 2-norm pseudospectrum in Figure , where max.eap,, , ®(z) > 0.1. This highlights
that the choice of norms is important, since different norms imply different scalings on the

structured perturbation in (5.2.15]).
Example 5.2.5 Next, we consider an equation similar to (5.2.20)), but with d = 2:
(t) = azx(t) + bx(t — 1) + cx(t — 2), with (a,b,c) = (0,0,0). (5.2.21)

This equation also leads to constant solutions, so we expect the pseudospectrum to behave
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similar to that for (5.2.20). However the perturbation measure in ([5.2.18)) yields different

pseudospectra, shown in Figure [5.2]
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Figure 5.2: Level set comparison of f for

5.2.21
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with structured perturbation from (5.2.17)).

Again, the co-norm pseudospectra in Figure [5.2b| suggest a Kreiss constant no greater than

1, but the level set lines for the 2-norm pseudospectra extend further into the complex plane,

resulting in a larger Kreiss constant. Comparing Figure and Figure [5.2b] the difference

induced by the choice of norm is more prominent than in Example |5.2.4

This example and the last illustrate how the same dynamical system can exhibit different

pseudospectra if one allows for different perturbations to the coefficients a; of the system,

k=1,...,d

Example 5.2.6 As a last example in this section, consider

i(t) = ax(t) + bx(t — 1),

with (a,b) = (—1,1). (5.2.22)
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Here the coefficients are nonzero, and the nonlinear eigenvalue problem (|5.2.10]) has infinitely

many solutions, given by the branches of the Lambert W function from (5.2.12)).
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for the

For (5.2.22)), the contribution of eigenvalues corresponding to k # 0 branches of the Lambert

W function significantly contribute to the Kreiss constant. In Figure we observe how

the pseudospectral level set lines corresponding to branches of the Lambert W function with

k # 0 extend further into the right half plane than those for & = 0 (corresponding to the

eigenvalue A = 0).

The previous examples illustrate how perturbations to the coefficients a; of the delay equa-

tion (k = 1,...

,d) shape the pseudospectra from ([5.2.15)).

Information about transient

behavior, however, does not coincide clearly with the perturbed eigenvalues, as in the (non-
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delay) case, most notably in the first two examples with constant solutions x(t) and d = 1, 2.
Plischke [41] considers stability for delay equations on Ly using the solution semigroup. To
gain information on transient behavior, we investigate a different approach using the solu-
tion operator for the DDE. Stroh in [110] considers pseudospectra of the solution operator

to assess transient growth. In the following, we extend this approach.

5.3 A Related Discrete Time Problem

The nonlinear eigenvalue problem can be challenging to analyze, even for a single
delay, since there are infinitely many eigenvalues. Understanding can be gained instead by
studying the solution operator that advances the initial condition by one 7 interval. We
can then analyze a linear, discrete time dynamical system to gain insight into the transient

behavior.

5.3.1 The Solution Operator

The method of steps is a typical way to solve The history function ¢(t) can be considered
an inhomogeneous contribution to (5.3.4)) on [0, 7]. The variation of parameters formula for
t € [0, 7] yields

x(t) = e”x(0) + /Ot e®=)pe(s) ds, t €[0,7]. (5.3.1)
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The map ¢(t) — z(t) in defines an operator M : PC ([0, 7];R) — PC ([0, 7];R) by
t
(Mz) (t) = e™x(T) +/ e®=9)pa(s) ds, t €0,7]. (5.3.2)
0

The operator M acts on functions z(¢) on [0, 7] by advancing a function x(t) according to
the delay equation by one 7 interval. Note that M acts on functions defined on
[0, 7], which can be thought of as a reference interval. Hence M to advances solutions from
[((k — 1)1, k7] to the next interval [k7, (k + 1)7], k € {0,1,...}. This way, the solution to
the DDE (j5.3.4]) can be computed for any ¢t > 0 by iteratively applying M until the desired

t € [(k— 1)1, k7] is reached:

MEp, keN. (5.3.3)

‘T‘[(k—l)T,kT] =

5.3.2 A Note on Norms

We first examine a simple case of (5.2.13)) with d = 1 to present our approach, which we

extend to d > 1 in Section [5.3.5 Consider

i(t) = ax(t) + bx(t — 1), a,b e R,
(5.3.4)
z(t) = o(t +7), t e [—,0],

with the initial history function ¢(t) € PC([0, 7], C).

Remark 5.3.1 Before continuing our analysis, let us clarify our choice ¢ € PC([0,7],C) in
(5.3.4). In |43, 57, [111], the authors also consider C°(]0, 7], C) as the domain for generator

of the solution semigroup. In contrast, [9] considers the Sobolev spaces W'(]0, 7], C) with
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applications to control theory in mind. Piecewise continuous functions ¢(t) are considered in
[117] with applications to stability analysis. More general L,([0, 7], C) spaces are discussed

in [33] with a perspective on infinite dimensional dynamical systems.

The quest for the least required regularity of the initial history function ¢(¢) so that the
solution to is well defined is of tangential interest to our pursuit in this Chapter. We
choose ¢ € PC([0, 7], C) with the ||-||,., norm, since we are interested in maximum transient
growth of the solution. The following simple example illustrates why Ls([0, 7], C) is not a

suitable choice for transient analysis.

Example 5.3.2 For 7 = 1, consider @(t) = —x(t) + s2(t — 1). Let ¢(t) = e~V for some
¢ > 0 and t € [0,1] be the initial history function. Independent of ¢, ¢(1) = 1 but ¢(¢) is

close to 0 for £ < 0 and large values of c. In particular, the norm of ¢ is

1 1 1— e—2c
o3 = [ loPde= [ e ar— 2 (5.35)
0 0 2c
Observe that [|¢[|7, — 0 for ¢ — oo. A short computation reveals that
wt)= et e (e — et te0] (5.3.6)
2(c+1) T

For the norm, another short computation shows that ||z(|7, — 3(1—e™2?) > 0 for ¢ — co and
hence ||z||, is bounded away from zero for any ¢ > 0 and bounded above. On the interval

0, 1], it follows that

]z,

10l

— 00, ¢ — o0. (5.3.7)

To illustrate the computations above, Figure shows the solution and the initial condition.
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(a) Initial history function ¢(t) (b) Solution on [0, 20].

Figure 5.4: Initial history function ¢(t) and solution for &(t) = —x(t) + 2(t — 1), various

values of ¢, indicated by the color of the curve.

The main point of this example is that while |z(¢)| does not grow beyond 1 = z(0) (see
Figure |5.4Db)), the relative transient behavior in the || - ||z,-norm is large. This seemingly

large transient growth is caused by the small || - ||, norm of the initial condition (compare

Figure rather than growth in the solution.

To avoid such a phenomenon, we consider the || - ||z, norm to assess transient behavior in

the solution.
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5.3.3 Discretizing the Solution Operator

The solution operator M in leads to an infinite dimensional eigenvalue problem on
PC([0,7],C). We follow |26, 78, [110] to discretize M, to approximate function values of
the exact solution z(t) at discrete points in ¢. Chebyshev discretization is known to have
superior approximation properties on finite intervals [113], so we represent z(¢) on [0, 7] by
its values at Chebyshev points t; = 7(1 + cos(kw/N))/2 , k = 0,..., N. For simplicity, we

use Lagrange basis functions ¢ (t) to construct the interpolant, defined by

PP B
=TI k=0....N. (5.3.8)
J k

j=0
J#k

Then the solution z () and initial history function ¢(t) can be approximated on [0, 7] by

N N
ot) = Y ul(t),  and  a(t) &Y w0t (5.3.9)
k=0 k=0
We write the coefficient vectors as ug\’f) = [u(()k), e ,ug\’;)]T, k = 0,1, where the subscript

on the vector notation emphasizes the discretization order N. Note that, by construction,
o(t;) = u§-0). We can use vector norms on the coefficient vector ug\l,f) to approximate the L.,

norm of z(t):

0 1
e ol and  [ul (o, = |2 (5.3.10)

As N — oo, we get equality in (5.3.10)), by the convergence of the discretization. While we
solve the DDE (5.3.4) on PC([0, 7], R), we consider the L, norm to examine the maximum

transient behavior.
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Substituting the approximations ([5.3.9) into ( - ) leads to
t
~ eo(r) +/ bel ™Iy " ()i (s) ds (5.3.11)
0

for ¢ € [0,7]. Due to the interpolation at Chebyshev points in (5.3.9)), at a point ¢; € [0, 7]

(5.3.11]) becomes

z(t;) ~ "%¢(ty +Zb¢ / e *U(s)ds

tj
N | ematas,
0

k=0 _

Vv
= Mk

(5.3.12)

Using my ;. from ((5.3.12)), we can approximate the action of M on discrete values of ¢(t) and

x(t) from (5.3.9)) as a matrix multiplication:

x(to) é(to) ul
~My | =My | @ |, (5.3.13)
(i) 0(tn) u |

where the entries of My € CV+D*(N+1) are given by

tj
[MN]j,k = 5k,0 etja + b/ e“(t]’_s)ﬂk(s) ds = 5k,0 etj“ + bm]"k, j, k= 0, ey N. (5314)
0

N J/

VvV
= my from (5.3.12)

The quantities m;; in (5.3.12)) or (5.3.14) can be precomputed and stored. As for M from

(5.3.2), iterated applications of My yield the approximate solution on intervals [(k —1)7, k7]
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at the discretization points:

r# D (19) =¥ (ty) uy)
~ My : ~MET (5.3.15)
:B(k+1)(tN) 2 (ty) ug\(;)

We emphasize that the discrete solution matrix My advances the solution at discrete points
tj, 7 =0,...,N by one 7 interval. The following decomposition of My in ([5.3.14]) is useful

in our following investigations:

My = My g + bMy , My gl ), = Oroe"®, Mol = Mk (5.3.16)
The coefficient a from (5.3.4) enters both in My g and My, without explicit notation.
The authors in [26] [110] show the convergence of My to M.

It is important to mention that our solution approximation using powers of My is not
exact. On [—7,0], the coefficients of the interpolant u§-0) match ¢(t;) exactly (j =0,...,N)
by construction using Lagrange interpolation in ((5.3.9). The accuracy of the approximation
is lost, however, by evolving the discrete system in time using the solution matrix My

However, for an accurate enough discretization, we retain z(¥)(t;) ~ u§k), t € [kr, (k+1)7],

keN, j7=0,...,N. By refining the discretization, we get
(M§0) (t;) = (M*¢) (t;), N —oo, keEN, j=0,...,N. (5.3.17)

Remark 5.3.3 In our experience, we observe spectral convergence of My to M. This
justifies the relatively low order approximations in our experiments; usually N = 16 or

N = 32 is sufficient.
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To study transient behavior, we connect the NLEVP (5.2.13]) with the solution operator M

from (5.3.2)) in the following lemma; for more details, see [37} 65].

Lemma 5.3.4 Let 7 = 1. If A € C solves the NLEVP, i.e., F(\) = 0 from , then

et is an eigenvalue of M corresponding to )

Proof Rearranging F'(\) = 0 gives
A—a= e (5.3.18)

Apply M to the ansatz z(t) = e to get

t
M e)\t — eta e)\T + b/ e(tfs)a e)\(sfl) ds
0
s=t

— etaJr)\ + eta e)\b|: 1 e()\a)s:|
A—a

5=0 (5.3.19)

_ eta—i—)\ + eta(e()\—a)t i 1)

A At

So we have shown that e is an eigenvalue of M with corresponding eigenfunction e*. W

Hence the map z — €* maps solutions of the nonlinear eigenvalue problem ([5.2.14) to

eigenvalues of the solution operator M.
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We refer to the solutions of the NLEVP, F(\) = 0 with
FA)=XA—a—be ™ (5.3.20)

as \. Stability requires ®(\) < 0 and for transient analysis. The eigenvalue A = 0
on the boundary of the stability region.
The operator M and its discretization My are discrete-time systems. We refer to

the discrete-time eigenvalues as i = e* by Lemma m The eigenvalue on the

stability boundary corresponding to A = 0 then is pu = 1.

We illustrate the convergence of My to M on the simple example #(t) = —x(t) + z(t — 1)

in Figure[5.5

107! -1 =2
=3 4
=) == 0
¢ 10~ 7 =8
Tg =) = 10)
g 7 =11 12
S 10
. i |3 == 14
= 15 == 16
‘o 10710
2
m
1071
~16
10 128

Discretization N

Figure 5.5: Error between eigenvalues of M 5 and those of M for various discretization orders
N. Different colors represent different eigenvalues. Note that we only plot eigenvalues on or

above the real axis since they appear in complex conjugate pairs.
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We label the eigenvalues by absolute value in descending order, i.e., A\;(My) denotes the
largest magnitude eigenvalue of M. We observe the spectral convergence of the eigenvalues
of the discrete solution matrix My to the eigenvalues of the continuous solution operator
M, where the eigenvalues of M are computed using the Lambert W function from ({5.2.12]).
We remark that the largest magnitude eigenvalues of M are approximated best by the
eigenvalues of M. This is important since those are precisely the eigenvalues we expect to

be most closely associated with transient growth of the solution.

5.3.4 A Simple Example

We illustrate the insight from the discrete solution matrix My on transient behavior with

the following simple example. Let 7 = 1 and consider
(t) = ax(t) + bx(t — 1), a,b, € R. (5.3.21)
For My corresponding to ([5.3.21)), we compare the following two quantities:

p(My) = max 1|)\Z-(1\/IN)], and IMy|lz, = max |[|[Mpyv| .- (5.3.22)

i=1,...,N+ IVllLoo=1
Stability of the solution is determined by p(M), which we approximate by p(My), so we
require p(My) < 1 for asymptotic stability of the solution z(¢). On the other hand ||[My/||z_,
suggests maximum growth of x(¢). To analyze transient behavior of solutions to , we
aim to maximize |[My/||,., under the constraint that p(My) < 1. To find such a parameter

configuration (a,b), we examine level sets of p(My) and ||My||;., for varying a and b in

Figure
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Figure 5.6: Level set plot of the spectral radius p(Mjss) and ||[Msa]|L., for varying a and b
values. Here p(Mss) is shown in black ranging from 0.1 to 1, ||[Mss|.., in red from 1.25 to

5, each light to dark.

Visually, we detect the largest transient growth by finding the rightmost point of the ||My/|| 1,
level sets under the constraint p(My) < 1, which yields [|[Myl||r.. &~ 4.43, corresponding to
(a,b) = (1,—1). However, this parameter configuration is on the boundary of the stability
region. To find a stable, nearby system with similar transient behavior, we choose values
(a,b) that lie within p(My) < 1 but close to (a,b) = (1,—1). Specifically, we fix b = —1 and

a < 1 but a close to 1.

In Figure 5.7, we plot the solution corresponding to a = 0.999, b = —1 and the initial history
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function ¢(t) = 220001 _ 1,

5 100
41 80 -
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(a) Solution on t € [0, 1] (b) Solution on ¢ € [0,80]

Figure 5.7: Solution z(t) on [0,1], a = 0.999, b = —1, ¢(t) = 22000t — 1

The maximum value of max,, |My||r., =~ 4.43; note that (1) comes close to attaining
this value in Figure [5.7al However, we observe in Figure that the maximum transient
growth is not attained in [0, 7], but at some time around ¢ ~ 35. In Figure we fix b= —1
and show ||[MX,||... over powers k = 0,1, ... for various values of a — 1, approaching the

boundary of the stability region in Figure [5.6|
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Figure 5.8: |M&,]|z.. for different values of a, b = —1 fixed.

In Figure [5.8] we observe that we can force arbitrary transient growth by choosing a close
to 1. More generally, choosing a parameter configuration (a,b) that yields an My that is

stable but close to the maximum transient one yields such behavior.

Remark 5.3.5 We construct the initial history function ¢(t) that realizes the maximum

transient growth as follows. For (a,b) with maxium transient growth, we find y* € CN*! so

that
*=ar max M 5.3.23
y 8 eon X IMuyllLe ( )
Such a y* necessarily has entries y; = £1 to maximize || - ||,_.. Then ¢ is chosen as a smooth

approximation of y*.

Motivated by the findings in this section, we want to determine parameter configurations
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(a,b) that yield maximum transient growth in more general settings. A natural next step is

the extension of the discrete solution matrix My to several commensurate delays.

5.3.5 Several Commensurate Delays

Consider a scalar delay differential equation with d commensurate delays:

d
(t) = apz(t) + arx(t — 7) + - - + agz(t — dr) = Z apz(t — k7), deN. (5.3.24)
k=0

Investigating the transient behavior of ([5.3.24) via the discrete solution matrix (}5.3.14))
requires a generalization of the discretization My to several commensurate delays. We
present a detailed derivation for d = 2 for illustration; a similar construction holds for the

general case of d commensurate delays. Consider the delay equation

t(t) = ax(t) + bx(t — 1) + cx(t — 27), a,b,c € R,
(5.3.25)

x(t) = o(t + 27), t € [-27,0].

To advance the solution by one 7 interval, we split the initial history ¢(t), defined on [0, 27]

into

p1(t) =p(t+7) t€0,7], and

(5.3.26)
oalt) = 6(0) Le [0,7].
So then we get
2(0) = ¢(27) = ¢u(7),
o(—=7) = ¢(7) = $1(0) = ¢o(7), and (5.3.27)
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We approximate the initial history functions in (5.3.26)) on [0, 7] with the Lagrange basis

functions ¢, (t) from (j5.3.8]) by
N
Zu(‘” and  ¢o(t) = > ul V(t). (5.3.28)
k=0
Then we can write the solution x(t) on [0,7] based on the (given) input functions from

(5.3.26|) as
t t
a(t) = g + / eIy (s) ds + / e=2)9p ¢, () ds. (5.3.29)
0 0

Substituting ([5.3.28)) into (5.3.29)), z(¢) can be approximated at the Chebyshev points {t¢, ..., tx}

as

; y
z(t;) ~ €9 (7) + / (ts S)aczuk "4 (s) ds —|—/ elti=s “Z)Zu(o)€
N

, |
_ () 4 o3 D e / o500, (5) ds +qu / e~ 04(5) ds
0

k':O N /

~~ ~~
=5,k =Mk

= eli® (0 —i—cZuk mjk—l—quk m; -

(5.3.30)
Observe how the precomputed quantities m;; from (5.3.12) reappear in (5.3.30]) for several
delays. The (discrete) solution operator that advances the solution of (5.3.25) by one 7

interval can be expressed in block matrix form as

bMN70 + MN,E CMN’O ] i
My = with [MN,O]j,k: = Mk, and [MN,E]j,k = e 5k70'

I 0
(5.3.31)

The definition of My o and My g matches (5.3.14). Let z(¢) on [0, 7] be approximated as

N
)y~ > uVe(t),  teloT], (5.3.32)
k=0
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with coefficient vector u(® = [uéo), e ,ug\?)]T € C**1, (5.3.30) can be represented by block

matrix multiplication:

11(1) bMN70 + MN,E CMN’O 11(0)

= . (5.3.33)

u(o) I 0 u(_l)

Now consider the case of d commensurate delays, as in ((5.3.24]). Then ¢(t) is split up into
d functions ¢y (t), k = 1,...,d as in (5.3.26). Let ug\lf) = [, ... ,ug\lf)]T € CN¥*! be the

coefficient vector for ¢(t), 7 = 0,...,d. The action of M is approximated by My as

follows:
u® aiMpyo+Mpye aaMpyg -+ agMpp u® i }
u®
u(o) I O u(fl)
u(_d)
ul~d+D) I 0 ul=9 - -

Note that this structure of My resembles the companion linearization of a degree d polyno-

mial eigenvalue problem [64].

5.3.6 Connecting the NLEVP and the Solution Operator M

To compare the eigenvalues of the solution operator M to the solutions of the nonlinear
eigenvalue problem F'(A) = 0 from (5.2.14)), we lay out the details of the corresponding map
® : C — C that maps the solutions of F(A\) = 0 to the eigenvalues of M. This directly

extends the case d = 1 in Lemma to several delays.
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Lemma 5.3.6 Consider the delay equation (5.3.24) with corresponding eigenvalue problem

F(\) =0 from (5.2.1])):

d
F) =X—ag— Y ape ™. (5.3.35)
k=1
If F(\) =0, then e is an eigenvalue of M corresponding to (5.3.24).
Proof Let A € C be such that F(\) = 0. We rearrange (/5.3.35)) so that
d
A—ag =) age ™. (5.3.36)
k=1

Applying the solution operator M to the ansatz z(t) = e yields

d t
M e)\t — elao e)\T + Z/ eao(t—s)ak e)\(S—(k—l)T) ds
k=170
d

t
— etao e)\T + eaotJr/\T § a ek)\‘r/ e(A*ULO)S ds
0

k=1
_ ofaotAT | aotar (e()\—ao)t —1) - _1 - gak‘ oA (5.3.37)
_ ola0tAT | qaotAT ((A=a0)l _ qaotHAT
AT M
Thus z(t) = e is an eigenfunction of M corresponding to the eigenvalue e*7. [
In this case z — €™ maps solutions to the nonlinear eigenvalue problem F(\) = 0 to

eigenvalues of the solution operator M.

To compute solutions of the NLEVP for several commensuare delays in (5.3.24)), we use a
result from [29], summarized in the following lemma. We omit the proof since the methods

are not relevant to our investigations.
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Lemma 5.3.7 Consider the delay differential equation (5.3.24)) with corresponding nonlin-

ear eigenvalue problem F'(X\) =0 from Af F(Asi) =0, then
1 d
Ao = =W [ D ajre 7% et =) Animao)r 5.3.38
&=W <j21 a;Te e + ao, ( )

where Wy, denotes branch k of the Lambert W function and s =1,...,d.

We illustrate the application of Lemma to a delay equation with the following example.

Example 5.3.8 Consider the delay equation

i(t)=—a(t)+z(t—1)+1z(t—-2), t>0, (5.3.39)
with corresponding nonlinear eigenvalue problem
FA)=A+1—et=—1e™ =0, zeC. (5.3.40)

In Figure [5.10] we compare the level sets of F(z), z € C to the solutions of the fixed point

problem (5.3.38). As starting values, we follow the suggestion from [29] and choose

)—1—i(s—2)- (5.3.41)
3r, k>0.

We use a MATLAB®’s fsolve routine to solve the fixed point iteration (5.3.38|) for the delay

equation ([5.3.39)).
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Level Set of NLEVP vs. Lambert W-Fixed Point Iteration
T q__%»_ 2 — T T T
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Real Part

Figure 5.9: Level set plot of log(|F(A)|) together with the computed eigenvalues from

Lemma [5.3.7| (red stars).

In Figure observe how the fixed points of (5.3.38]) correspond to the solutions of the

nonlinear eigenvalue problem F(\) = 0.

With the fixed point characterization of the eigenvalues for (5.3.39)), we can we visualize the

approximation of eigenvalues for N = 32 in Figure |5.10
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Figure 5.10: Fixed points from Lemma

to the eigenvalues of M3, (red).
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5.3.7| (blue), mapped to the unit disc via ®, compared

We observe in Figure the largest magnitude eigenvalues are approximated.

With the approximation properties shown in this section, we can use My to gain insight

into the eigenvalues of the nonlinear eigenvalue problem ([5.2.13). We continue with our

investigation of parameter configuration for maximum transient growth in the next section.
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5.4 Parameter Configuration for Maximum Transient

Growth

With our intuition from Section [5.3.4, we aim to find an explicit representation of the pa-
rameter configuration for ([5.3.24) that yields maximum transient growth for stable solutions

x(t). This far, we have considered the ansatz z(t) = e

which yields the nonlinear eigen-
value problem. In an effort to find parameter configurations that support significant transient
growth, we shall seek solutions of the form x(t) = t¢e*, which we expect to exists only in

cases where e

is an eigenvalue of M, corresponding to a (d + 1) x (d + 1) Jordan block.
We are especially interested in cases where R()\) < 0 is close enough to zero that the # term

in x(t) initially grows fast enough to give transient growth, before the e* term eventually

gives decay in z(t) = t?eM,

We first consider eigenvalues A = 0 on the boundary of the stability region, corresponding to

unstable solutions z(¢) = t¢, then consider stable solutions with R(\) < 0 in Section [5.4.2]

5.4.1 Maximum Size Jordan Block

The problem in this section is to find a parameter configuration a* = {ao e a d} that
solves

a* =arg sup ||[MuyllL., with p(My) <1. (5.4.1)

ag;---,ad
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For maximum transient growth, we construct a maximum (d 4+ 1) X (d + 1) size Jordan
block of M corresponding to i = 1. We chose the point of view of the nonlinear eigenvalue

problem F()\) = 0 and keep in mind that g = e*" yields corresponding eigenvalues for M.

Consider 4 = 1, or, equivalently, A = 0. Substituting the solution ansatz zo(t) = e =1

into (5.3.24) yields

0:a0+a1+--«+ad. (542)

Further consider z4(t) = t as a second, linearly independent solution corresponding the same

putative eigenvalue A = 0 associated with the same Jordan block. Substituting x;(¢) into

the DDE yields
l=apt+a1(t—7)+ -+ aq(t —dr)
=t(ag+ay+ -+ aq) — (Tay + 21as + - - - + dray) (5.4.3)
= —1=r71a; +271ay + -+ -+ dray,
where the coefficients O(t) sum to 0 by (5.4.2). If d > 2, we continue by substituting
2o(t) = t? into to get
2t = apt® + ar1(t — 7)* +as(t —27)* + - + ag(t — dr)?
=t*(ap+a; + -+ ag) —t7 (a; + 2ay + - - + 2dag)
(5.4.4)
+ 7% (a1 + 4as + 9az + - - - + d°ay)
= 0 = ay + 4as + 9as + - - - + d*ay.
Here the coefficients O(t?) cancel, again, by and those of O(t) by (5.4.3). If necessary,

we iteratively substitute x;(t) = t* into (5.3.24)) and find that the coefficients for powers t*
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(k > 1) cancel by previous substitutions of zj_1(t), ..., xo(t) and only the scalar terms

remain. The resulting set of equations can be formulated as a linear system Qjpa = b with

.
b:=|9p -1 ¢ ... 0| €C¥and Q4 € C+Dx(d+1) i the following way:
1 1 1 ap 0
0O 7 - dr ap -1
_ , (5.4.5)
0 7¢ . A |ay 0
= Qup

We show the solution vector amyay to (5.4.5) for several numbers of delays in Table [5.1]

d | ag ai a2 as Q4 as [ Mg4][ 00
1] 1.00 —-1.00 4.44
21150 —=2.00 0.50 10.28
31183 —=3.00 1.50 -0.33 20.11
41208 —4.00 3.00 —-1.33 0.25 36.99
51228 =500 5.00 —-333 125 —-0.20| 66.84

Table 5.1: Parameter configurations for maximum size Jordan block in M for eigenvalue

4 =1 and numbers of delays d =1,...,5, 7= 1.

Observe how the d = 1 line in Table [5.1] corresponds to Section [5.3.4] where (a,b) = (1, —1)

is the rightmost point on the p(My) = 1 line.
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We have designed these examples to give large Jordan blocks at i = 1 on the boundary of
the stability region. This procedure gives no guarantee that all the other eigenvalues of M
will be stable. We observe such stability for d = 1,...,4, with eigenvalues of My getting
increasingly close to the unit circle as d increases. When d =5 (and for all larger d we have
investigated), some of the other eigenvalues fall outside the unit disc, causing the resulting

equations to be unstable. We show the example for d = 5 in Figure |5.11

1 | |
0.5 - |
+
<
A,
o Of 1
<
E
—0.5 =
1Lk i
| | | | |
-1 —-0.5 0 0.5 1
Real Part

Figure 5.11: Eigenvalues of the discrete solution operator Msg for the maximum transient

parameter selection d = 5 from Table

To avoid such instability, we propose two approaches:

e Seek lower order Jordan blocks instead of the maximum possible one, for a given

number of delays d > 5.
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e Force a full order Jordan block for A < 0 small, instead of A = 0.

The following subsections pursue these two approaches.

5.4.2 Lower Order Jordan Blocks

Figure indicates that it may be too demanding to force a maximum (d+1) x (d+1) size
Jorden block in M at =1 (A = 0), causing instability in the resulting equation. Instead,
we investigate lower order d X d Jordan blocks that yield a stable solution. To find those, we
truncate the system and only consider the solution ansatz x(t) = 1, x1(t) = ¢, up to

1q_1(t) = t¢~1. This leads to the following linear system:

1 1 .- 1 ap 0
o = - dr a; -1
= ) (5.4.6)
0 7t oo rd¥ ag 0
=010

Here Q4 1 is full rank of size d x (d + 1). The solution to is no longer unique. To
parameterize the solutions of (5.4.6)), let By_1» = UXV* be the singular value decomposition
of Q4_1,0. The null space of Qg_1 is spanned by the right singular vector corresponding to
the zero singular value, Vey, 1, where e4,1 = [0 e 0 1]T . Let ag := Qj—l,ob? where

Q;_l o denotes the pseudo-inverse of Q4_1 . We parameterize the solutions as follows:

amax(7) = ap + v Vey, v € R. (5.4.7)
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With the parametrization of the solutions in , we can find a v € R that results in a
stable system. By construction, any an.(7y) yields a d x d size Jordan block corresponding
to = 1, the maximum size Jordan block we can expect to be stable. Among all such v, we
aim to find the one that maximizes |[Myl||.. . As Figure shows, many values of v € R

yield a stable system, except for the eigenvalue p = 1.

1.5
1
=y = —10
ey = —0.078
0.5 v =10
5
ol
&
i st ek tototokok
= 0 forok
20
<
&
—0.5
—1
—1.5[ | | | | | | |
—1 —0.5 0 0.5 1 1.5 2

Real Part

Figure 5.12: Movement of the eigenvalues corresponding to a d x d Jordan block for pu = 1.

Parametrization by ~ as in (5.4.7)).

To find v* so that My with a(v*) has maximum transient growth, we compare the spectral
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radius p(My) and |[My/||;.., similar to Figure [5.6| for different values of ~ in Figure [5.13]

100 2.2
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HM64||00

50

40

30

Figure 5.13: Spectral radius p(Miss) and ||[Mog||r.. for varying v, d = 5 delays, Jordan

block of size 5 x 5 corresponding to Figure |5.12 and parametrization ((5.4.7)).

Since only stable solutions are of interest, the maximum transient behavior appears for
v ~ —6.1, leading to ||Myl]|r,, =~ 58.1. For an (unstable) (d + 1) x (d + 1) Jordan block,
we find ||My||r., =~ 58.2, suggesting that a lower order Jordan block can yield a similar
transient growth as the maximum order Jordan block while maintaining stability. In the
next subsection, we investigate maximal (d 4+ 1) x (d 4+ 1) Jordan blocks in My for other,

stable, choices of \.
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5.4.3 Maximal Order Jordan Blocks for Asymptotically Stable So-

lutions

In order to construct maximum order Jorden blocks for A < 0, we require an extension of
the procedure in Section [5.4.1, Let A < 0. Substitute the ansatz e*' into the DDE ((5.3.24)

and factor out e to obtain
A=ag+are ™+ +age ™ (5.4.8)

Note that for A = 0, we recover (5.4.2)). In the case d > 1, we further consider z;(t) = teM
as a second, linearly independent solution corresponding the same putative eigenvalue A < 0
associated with the same Jordan block at u = e of M. Substituting x,(¢) into (5.3.24))

and dividing by the common factor e leads to
L+t =apt +ai(t —7)e ™+ +ag(t —dr)e ™. (5.4.9)

Equating coefficients for the powers of ¢, we note that the coefficients for ¢ cancel by (5.4.8)).

Additional information is contained in the scalars that need to satisfy

0=1+7ae ™+ - +drage ™. (5.4.10)
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Iteratively substituting x4 (t) := t* e* into (5.3.24) (k =0, 1,...,d), and taking cancellations

from previous substitutions of z;_1(¢) into account, we arrive at the linear system

1 e—T/\ . e—dT)\ ao A
0 7e ™ ... dre 9 aq -1

= ) (5.4.11)
0 7¢e ™ ... dirde M| |ay 0

Note that for A = 0, ((5.4.11)) reduces to ((5.4.6]).

By solving , we now are able to find parameter configurations a,,., that yield max-
imum transient growth in My, corresponding to eigenvalues u = . Note that |u| < 1
if A < 0, so p is within the stability region of M and My, respectively. We expect the
resulting parameter configuration to result in a stable system if A is not chosen too close to

0.
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Figure 5.14: Comparison |[MX%||.. and p(My) for various A < 0 .

Similar to Figure [5.13] in Figure we compare ||[Myl/z. and p(My) for values A < 0.

The maximum value of |[My||1.. is ~ 60.34 with p(My) <1 for A\, ~ —0.0411.

In Figure [5.15] we show the level set lines of the pseudospectra for the cases of d = 1 and

d = 2 delays.
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Figure 5.15: Pseudospectral plots for the ||-|| ... norm pseudospectra of the maximum Jordan

block at A = —0.0001.

One can see how the pseudospectral level sets reach outside the unit disc for even large
values of € > 0, indicating a large Kreiss constant (M ). With more delay terms available,

Figure [5.16| shows that the pseudospectra get even larger with the number of delay terms d.
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Figure 5.16: Pseudospectral plots for the ||-|| ... norm pseudospectra of the maximum Jordan

block at A = —0.0001.

Also note that all the systems presented in these figures are stable.

The Kreiss constant is a more precise estimator of the maximum transient growth. In

Figure , we compare K(My) for various A < 0 and apx solving (5.4.11]).
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Figure 5.17: Numerical estimate of the Kreiss constant (M y) for various numbers of delays.

We consider parameter configurations a,,,, for maximal Jordan blocks at A < 0.

In Figure [5.17, we show conservative estimates of the Kreiss constant, computed by a sam-
pling approach of C\D to estimate (M) instead of a line search algorithm . We see

how the Kreiss constant increases at larger rates for higher number of delays.

The max;>¢ |z(t)] need not be attained on [0,7], so we compare |[M%| .., k = 0,1,....

Figure shows ||M%,|| ... for the discretized solution operator and coefficients a. solving

(5.4.11).
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Figure 5.18: Norm [|M&,| 1., for different numbers of delays d and selections of eigenvalues

A <0.

We observe that the d = 4 delay case in Figure yields more transient growth with

increasing matrix powers then the d = 1 case.

5.5 Higher Dimensional State Space

We have focused on scalar systems (n = 1), since transient growth for n = 1 contrasts the
standard ODE case, where no transient growth is possible. Unsurprisingly, delay equations
with n > 1 exhibit transient behavior as well. In this section, we address the generalization

of My to n > 1. We start by introducing the corresponding nonlinear eigenvalue problem.
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Consider the DDE

x(t) = Ax(t) + Bx(t — 7), A BeC™",
(5.5.1)

x(t) = p(t + 1), t € [—T,0],
with history function ¢ : [0,7] — C™, n > 1. In this case, the NLEVP (5.0.1)) becomes

F(A) :=det \I- A —-Be ™) =0. (5.5.2)

If the matrices A and B are simultaneously diagonalizable, i.e., there exists S € C"*" of full

rank and diagonal matrices 3, T" € C"*" so that
A=8S¥S"' and B=SIrs (5.5.3)
then premultiplying by S~! yields
S™'x(t) = XS 'x(t) + 'S 'x(t — 7). (5.5.4)
Changing variables to y(t) := S™'x(¢) then gives
y(t) =Xy(t) + Tyt —71). (5.5.5)

The corresponding characteristic equations F(\) := det ()\I -X-T e_’\T) = 0 has the same
solutions as (5.5.2). Since the delay system in y(¢) has diagonal state space matrices, the
equations fully decouple and can be solved using the Lambert W function for each diagonal

entry, as in the scalar case:

F(A\) =0 & A€ ka(TI‘~e_EjT) +3,: keZy, (5.5.6)
- j j
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where I'; and X; referr to the jth diagonal entries of I' and 3, respectively. Alternatively,

the matriz valued Lambert W function directly provides the solution of ([5.5.2)):

F(\) =0 & )€ U{ Wi (TBe™7) +A} (5.5.7)

keZ

without requiring the simultaneous diagonizability of A and B. We extend Section to
the n > 1 case. The solution of (5.5.1) can be expressed using the variation of parameters

formula for t € [0, 7]:
t
x(t) = e*x(0) + / A9 Bep(s) ds. (5.5.8)
0
Note that for n > 1, we have to be mindful of the order of multiplication since AB # BA

in general. We define the operator M : C' ([0, 7],C") — C ([0, 7],C") as
t
(Mx)(t) = "x(7) +/ A=) Bx(s) ds. (5.5.9)
0

As for the scalar case, we represent the initial history function ¢ and the solution x(t) by

Lagrange interpolation at Chebyshev points in every dimension:

N
~ ) ule(t), Z uet), j=1,...,n (5.5.10)
k=0

Note that u®) € C™*™+1 1 =0, 1. The solution formula (5.5.8) leads to
tj
x(t;) = el %x(T) +/ eti=9ABg(s) ds
0
t N
~ etjAugOO) + etjA/ e_SABZu:(?k)Ek(s) ds
— oAy +Z tA/ e ABY,(s) ds u(O)

oAy (0 +ijku(0)
k=0

(5.5.11)
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where we define

tj
W,k 1= 00 elih 4 etjA/ e *ABl,(s)ds € C™", (5.5.12)
0

For practical purposes and implementation, we vectorize w; ;. More precisely, we vectorize

the coefficients u,(:) (v =0,1) from (5.5.10) in the following way

)

i
Usi= |[u8]" [u9] - [u@]] ecr (5519

Then Uy n corresponds to the same vectorization of the entries in x, where we add the N

to emphasize that Uy y depends on the discretization of [0, 7] in (5.5.10)).

We then can rewrite (5.5.11]) as a matrix-vector product.

X1 (to) Wop1 Wp2 ... Wgon u(%)
X2 (to) W11 ufﬂ)
Uy = ~ =: U, (5.5.14)
X, () WN1 ... W uﬁ%
IR

Note that all the entries of 20 € C*WV+D)>xn(N+1) gre precomputed and stored for fast simu-

lation of the DDE for any given input. We remark that when using (5.5.14)) to simulate a

system, we have to be careful about the ordering of the variables.

For n > 1 the choice of norms becomes more delicate. Both the entries of the vector x(¢)

as well as the discretization order enters into the picture. The notion of combined norms
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applies here as follows. Given p and ¢, we define || - ||, by:
(8],
I Ox|lp.q = : (5.5.15)
1% ()l
L 4llg

For transient behavior, the (0o — co) norm appears to be both insightful and computable,

since [|Ux n|[oo0c0 = [[Ux.n || Lo -

5.6 Summary of Contributions and Future Work

In this section, we presented a method to construct coefficients for delay differential equa-

tions, in particular scalar ones, that yield arbitrarily large transient growth.
We focus on the scalar case, since the distinction to the non-delay case is most prominent.

Unlike other approaches that are based on the nonlinear eigenvalue problem, we chose the
discrete-time solution operator as a basis for our investigation. For our analysis, we use a
particular discretization at Chebyshev points that yields fast convergence of the eigenvalues.
With moderate discretization orders, we can assess stability and transient behavior of the

system.

We derive a system of equations that characterizes coefficients a,,., that yield strong transient
growth. To ensure stability of the solution corresponding to the constructed coefficients a,ay,
we adjust the size of Jordan blocks at the maximum eigenvalue p or, if necessary, consider

eigenvalues |u| < 1 inside the stability region.
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A possible next step is the application to nonlinear delay equations, delay algebraic equations

and neutral delay equations.



Chapter 6

Conclusions

We investigated parametric modeling methods for data driven and measurement driven set-
tings. Model reduction via optimal rational interpolation was extended to the parametric
setting. For parametric interpolatory model reduction, the choice of function spaces and
norms was analyzed. In particular an extension of classic Hardy spaces to the two variable
case was used as a measure for approximating parametric dynamical systems. We chose
a particular form of the reduced model with separable poles in frequency and parameter,
which span a dense subspace in the two-variable Hardy space under consideration. The main
results in Chapter [3| established optimality conditions that characterize (locally) optimal re-
duced models in a tensor norm in frequency and parameter. We showed the approximation
quality on synthetic and realistic models, including a model that does not admit a separable
pole structure in frequency and parameter. Our gradient descent algorithm converged to a

joint set of interpolation points.
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While our implementations perform well on the examples presented here, there are several
possible extensions of our work and new research directions. Since many physical applications
require a real parameter, for example P = [—1, 1], we want to focus the approximation quality
of our algorithm on such a region of interest. This leads to a weighted optimality measure

in frequency and parameter, which is subject to future work.

We used a separable parameterization of the poles in p to establish the theory for optimality
conditions in frequency and parameter. Physical models may not admit such a separable
parametrization. Hence we plan to investigate other parametrizations of the poles in p
that are non-separable, allowing the poles of the optimal reduced model to move with the

frequency variable.

Measurement based model reduction has been extended in Chapter 4] using a least-squares
approach in frequency and parameter, based on the Vector Fitting algorithm. To that
end, we solve a two-variable least-squares problem, directly extending the single variable
case. Our approach is based on local approximations, computed at fixed parameter values
with classic Vector Fitting. The final model is constructed using basis functions in p with
coefficients solving the two-variable least-squares problem. We investigated polynomial and
rational basis functions to combine local models. For rational functions in particular, our
implementation uses the variable projection method, which takes advantage of the problem
structure. This allowed us to adaptively choose poles of the rational functions, based on
the given measurements. In comparison to other interpolatory approaches, our method

exhibits resistance to measurement outliers while remaining feasible from a computational



192
perspective.

Depending on the number of measurements and orders of the local models, parametric Vector
Fitting may result in a moderate size parametric approximation. To further reduce the com-
plexity of the parametric Vector Fitting result, we make use of optimal rational interpolation,

implemented by IRKA for a special parametric dependence.

In Chapter [5 we presented a particular class of parametric dynamical systems where the
parameter enters as a delay. We sought parameter configurations that yield stable systems
with significant transient growth, focusing on the scalar case, since for higher dimensional
state spaces, the non-delay case already exhibits transient behavior. To analyze stability
and transient behavior, we implemented a spectral discretization of the solution operator
that enables the use of classical tools for spectral and pseudospectral analysis. This allows
us insight into possible transient behavior and the parameter configurations associated with
it. Moreover, we have presented a method to construct parameter configurations for delay

equations with several delays that correspond to maximum transient growth in the solution.

A further extension to the nonlinear case is of interest, particularly for control theory. This
would allow us to access how robust a controller needs to be designed to overcome possible
transient behavior of the solution to stabilize a delay dynamical system around an equilibrium

point.
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