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Algebraic Methods for Modeling Gene Regulatory Networks

David Murrugarra

(ABSTRACT)

So called discrete models have been successfully used in engineering and computational sys-
tems biology. This thesis discusses algebraic methods for modeling and analysis of gene
regulatory networks within the discrete modeling context. The first chapter gives a back-
ground for discrete models and put in context some of the main research problems that have
been pursued in this field for the last fifty years. It also outlines the content of each subse-
quent chapter. The second chapter focuses on the problem of inferring dynamics from the
structure (topology) of the network. It also discusses the characterization of the attractor
structure of a network when a particular class of functions control the nodes of the network.
Chapters 3 and 4 focus on the study of multi-state nested canalyzing functions as biolog-
ically inspired functions and the characterization of their dynamics. Chapter 5 focuses on
stochastic methods, specifically on the development of a stochastic modeling framework for
discrete models. Stochastic discrete modeling is an alternative approach from the well-known
mathematical formalizations such as stochastic differential equations and Gillespie algorithm
simulations. Within the discrete setting, a framework that incorporates propensity proba-
bilities for activation and degradation is presented. This approach allows a finer analysis
of discrete models and provides a natural setup for cell population simulations. Finally,
Chapter 6 discusses future research directions inspired by the work presented here.

This work received support from grants NSF CMMI-0908201 and ARO 56757-MA.
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Chapter 1

Introduction

Understanding the precise mechanisms that drive the functioning of organisms is one of
the most important goals of biology [I]. Systems biology aims to understand a biological
system as an integrated unit by focusing on the interactions of its constitute components . In
doing so, it uses two complementary approaches: top-down systems biology and bottom-up
systems biology. Top-down systems biology starts from the whole and aims to characterize
the biological mechanisms of the parts while bottom-up systems biology starts from the
components, formulating the interactive behavior and then integrates these formulations to
predict the behavior of the system [I]. Mathematical modeling can be very helpful for both
of these approaches. Different modeling strategies can be found in the literature. Dynamic
mathematical models can be broadly divided into two classes: continuous, such as systems of
differential equations (and their stochastic variants) and discrete, such as Boolean networks
and their generalizations (and their stochastic variants). This thesis will focus on the later
class of models.

Discrete models have a long tradition in engineering and computational biology, including
finite state machines, Boolean networks, logical models [65], Petri nets [40, 66], and agent-
based models [38]. Discrete models play an important role in modeling processes that can
be viewed as evolving in discrete time, in which state variables have only finitely many
possible states. Decision processes, electrical switching networks, or intra-cellular molecular
networks represent examples. Discrete models do not require detailed information about
kinetic rate constants and they tend to be more intuitive. In turn, they only provide quali-
tative information about the system. The most general setting is as follows. Network nodes
represent genes, proteins, and other molecular components of gene regulation while network
edges describe biological interactions among network nodes that are given as logical rules
representing the biochemical mechanisms governing their interaction. Time in this frame-
work is implicit and progresses in discrete steps. More formally, let x4, ..., x, be variables,
which can take values in finite sets Xi, ..., X,,, respectively. Let X = X; x --- x X, be the
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Cartesian product. A discrete dynamical system in the variables x4, ..., x, is a function
=0 ) X=X
where each coordinate function f; : X — X; is a function in a subset of {1, ..., z,}. Dynam-

ics is generated by iteration of f, and can use different update schemes, e.g. synchronous
and asynchronous. As an example, if X; = {0,1}, then each f; is a Boolean rule and f
is a Boolean network where all the variables are updated simultaneously. We will assume
that each set X; comes with a natural total ordering of its elements (corresponding to the
concentration levels of the associated molecular species).

As described, such systems are set functions without additional mathematical structure. It
is therefore advantageous to impose additional mathematical structure on X, namely that
of a finite field. This is of course utilized in the case of Boolean networks. Evaluation of
Boolean functions is equivalent to carrying out arithmetic in the Boolean field with two
elements. The translation between Boolean functions and polynomials is straight-forward,
with the Boolean operator AND corresponding to multiplication, addition corresponding to
XOR, and negation corresponding to addition of 1. Once we have a finite field structure on
X, which we shall now denote by K, it is well-known that any function K* — K can be
represented as a polynomial function [53, p. 369]. Thus, we can focus on systems

f=0U1, fa) K" — K",

for which each f; is a polynomial function in the variables xi,...,z,. We will call such a
system a polynomial dynamical system (PDS) over a finite field F. A powerful consequence is
that one can use algorithms and theoretical results from computer algebra and computational
algebraic geometry, such as the theory of Grébner bases.

It has been shown [44, [9] that discrete models in several different frameworks can be trans-
lated into the rich and general mathematical framework of PDS, namely k-bounded Petri
nets, so-called logical models used in molecular biology, and many agent-based models, which
are becoming very prominent in biology. Thus, the framework of PDS provides a common
theoretical formulation. Using algorithms from polynomial algebra, (Software to carry out
this translation is available at http://dvd.vbi.vt.edu/adam.html [83] and is very efficient
in analyzing various features of PDS, including their dynamics). Thus, any theoretical results
about PDS apply to all these model types.

On the other hand, stochasticity is an inherent property of any biological system, therefore
the development of a stochastic modeling framework for the discrete strategy is of espe-
cial importance. To account for stochasticity within the discrete setting several methods
have been considered. Probabilistic Boolean networks [67, [68] introduce stochasticity in the
update functions, allowing a different update function to be used at each iteration, chosen
from a probability space of such functions for each network node. For other approaches
see [69] [70l [71]. This thesis presents a model type (see Chapter |5) that introduces activation
and degradation propensities. This approach allows a finer analysis of discrete models and
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provides a natural setup for cell population simulations to study cell-to-cell variability. It
is worth to mention that these stochastic variants for discrete models can be studied in the
context of Markov chains [67, [68].

1.1 Problems to Study Within the Discrete Modeling
Strategy

Given a discrete dynamical system in the variables x1, ..., z,,

f:(flaafn)X_)X

we will associate to it two directed graphs (see Chapter [2): its dependency graph or wiring
diagram and its state space. The dependency graph is referred as the structure of the
network and the state space is referred as the dynamics of the network. In this setting there
are several interesting questions one can ask about the structural and dynamical properties
of networks and how these two correlate to each other.

1.1.1 On the Structure of Networks

1. Identification of network motifs in the dependency graph that constrain network dy-
namics, e.g. feedback and feedforward loops. See Chapter 2]

2. Understanding the regulatory logic of molecular interaction networks.

e Identification of patterns in the mechanisms that govern network dynamics, see

Chapter 3

e Analysis of biologically inspired functions: nested canalyzing functions and thresh-
old functions. See Chapters [2] [3] [

1.1.2 On the Dynamics of Networks

1. Characterization of dynamics of biologically inspired functions. See Chapter [3]
2. Stable dynamics: few attractors and large basins. See Chapter [3|
3. Probability of maintaining same dynamics under small perturbations. See Chapter

4. Perturbation propagation analysis: probability of maintaining same dynamics under
small perturbations. See Chapter [3]
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5. Effect of different update schemes, e.g., Synchronuos versus Asynchronous. See Chap-
ter Bl

6. Stochastic dynamics, see Chapter [5

See Chapter [0] for other types of questions to study within the discrete modeling context.

1.2 Overview of content

Here we outline the content of each subsequent chapter.

1.2.1 Overview of Chapter

This chapter focuses on the problem of inferring dynamics from the structure of gene regu-
latory networks. Results are presented for two especial cases: Acyclic directed networks and
undirected bithreshold networks. This chapter is based on published papers [2], 3] 4].

1.2.2 Overview of Chapter

This chapter focuses on the study of multi-state nested canalyzing functions as biologically
inspired functions. It presents a computational analysis about the dynamics of networks con-
trolled by multi-state nested canalyzing functions. It also presents statistics about how often
this functions appear in published models. This chapter is based on published paper [16].

1.2.3 Overview of Chapter

This chapter focuses on the study of multi-state nested canalyzing functions from an algebraic
point of view. It gives a parametrization for the class of multi-state nested canalyzing func-
tions and a formula for the number of multi-state nested canalyzing functions. Asymptotic
properties of such a formula are also given. This chapter is based on published paper [47].

1.2.4 Overview of Chapter

This chapter focuses on stochastic methods, specifically on the development of a stochastic
modeling framework for discrete models. Stochastic discrete modeling is an alternative
approach from the well-known mathematical formalizations such as stochastic differential
equations and Gillespie algorithm simulations. Within the discrete setting, a framework
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called SDDS is presented. SDDS allows a finer analysis of discrete models and provides a
natural set up for cell population simulations. SDDS incorporates trajectories from different
update schemes, e.g., synchronuos versus asynchronous. This Chapter has an appendix
where the relationship between SDDS and the Gillespie algorithm is discussed. This chapter
is based on published paper [59].

1.2.5 Overview of Chapter [6]

This chapter presents a list of open problems and research directions inspired by the work
presented in this thesis.

1.3 Papers discussed in this thesis

Most of the material discussed in this thesis is published or is under review. Below is the
list of papers coauthored by me and a description of my contribution to each of them.

1. Modeling Stochasticity and Variability in Gene Regulatory Networks. David Murru-
garra, Alan Veliz-Cuba, Boris Aguilar, Seda Arat, Reinhard Laubenbacher. EURASIP
Journal on Bioinformatics and Systems Biology, 2012: 2012:5. doi:10.1186/1687-4153-
2012-5.

Author’s Contribution: My contribution to this paper were the following: 1. Played a
major role on the design of the study. 2. Model construction and analysis of results.
3. Writing of the manuscript.

2. The Number of Multi-state Nested Canalyzing Functions. David Murrugarra and
Reinhard Laubenbacher. Physica D: Nonlinear Phenomena, 241, 921-938, 2012.
Author’s Contribution: My contribution to this paper were the following: 1. Played a
major role on the design of the study. 2. Formulation and proofs of theorems. 3. Part
of the writing of the manuscript.

3. Regulatory Patterns in Molecular Interaction Networks. David Murrugarra and
Reinhard Laubenbacher. Journal of Theoretical Biology, 288, 66-72, 2011.
Author’s Contribution: My contribution to this paper were the following: 1. Played a
major role on the design of the study. 2. Model construction and analysis of results.
3. Part of the writing of the manuscript.

4. Bifurcations in Boolean Networks. Chris J. Kuhlman, Henning S. Mortveit, David
Murrugarra, V. S. Anil Kumar. Discrete Mathematics and Theoretical Computer
Science, proc, AP, 29-46, 2012.

Author’s Contribution: My contribution to this paper was the proof of one the main
theorems.
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5. Structure and Dynamics of Acyclic Networks. David Murrugarra, Alan Veliz-Cuba,
Reinhard Laubenbacher. Under Review.
Author’s Contribution: My contribution to this paper were the following: 1. Played a
major role on the design of the study. 2. Model construction and analysis of results.
3. Part of the writing of the manuscript.

6. Structure and Dynamics of Polynomial Dynamical Systems. Reinhard Laubenbacher,
David Murrugarra, Alan Veliz-Cuba. Proc. 2011 NSF Engineering Research and
Innovation Conference, Atlanta, GA, January 2011.

Author’s Contribution: My contribution to this paper were the following: 1. Played a
major role on the design of the study. 2. Model construction and analysis of results.
3. Part of the writing of the manuscript.

1.3.1 Papers that I coauthored and that are not discussed in this
thesis

1. A Mathematical Framework for Agent Based Models of Complex Biological Networks.
Franziska Hinkelmann, David Murrugarra, Abdul Jarrah, Reinhard Laubenbacher.
Bulletin of Mathematical Biology, 73(7):1583-1602, 2011.

2. Boolean nested canalizing functions: a comprehensive analysis. Yuan Li, John O.
Adeyeye, David Murrugarra, Boris Aguilar, Reinhard Laubenbacher. Under Review.

3. The Characterization and Enumeration of Canalyzing Functions over Finite Fields.
Yuan Li, David Murrugarra, John Adeyeye, Reinhard Laubenbacher. Submitted.



Chapter 2

From Structure to Dynamics:
Discrete Dynamical Systems

Understanding how the model structure constrains its dynamics is of particular importance.
This chapter addresses this problem for two particular classes of networks: acyclic directed
networks and undirected bithreshold networks. In the first section, the systems are given by
mappings on an affine space over a finite field whose coordinate functions are polynomials.
They form a general class of models which can represent many discrete model types. As-
signing to such a system its dependency graph, that is, the directed graph that specifies the
variable dependencies, provides a mapping from systems to graphs. A basic property of this
mapping is derived and used to prove that dynamical systems with an acyclic dependency
graph can only have a unique fixed point in their phase space and no periodic orbits. This
result is then applied to a published model of in vitro virus competition. In the second
section, the attractor structure of undirected bithreshold networks is characterized, they can
only have fixed points or 2-cycles as attractors.

This chapter is based on published papers [2, [3| 4]. My contribution to [4] was the proof of
one the main theorems and my contribution to [2, [3] were the following: 1. Played a major
role on the design of the study. 2. Model construction and analysis of results. 3. Part of the
writing of the manuscript.

2.1 Structure and Dynamics of Acyclic Networks

In this section the attractor structure of directed acyclic networks is characterized.

Discrete models play an important role in modeling processes that can be viewed as evolving
in discrete time, in which state variables have only finitely many possible states. Deci-
sion processes, electrical switching networks, or intra-cellular molecular networks represent
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examples. There is a long tradition in the engineering literature of work related to an un-
derstanding of how the structure of such models constrains their dynamics, see, e.g., [7, 48].
This problem is important both for the design of networks as well as for their analysis. In
both theoretical and applied studies of dynamical systems, the problem of predicting dy-
namic features of the system from structural properties is very important, see, e.g., [11], [13].
An instantiation of this problem is the question in systems biology whether the connectivity
structure of molecular networks, such as metabolic or gene regulatory networks, has special
features that correlate with the type of dynamics these networks exhibit. (This type of
application motivated the present study.) Some progress has been made on this question.
For instance, in [5] it was shown that certain small network motifs appear much more often
in such networks than would be expected in a random graph. The work in this section was
motivated by the desire to provide a theoretical framework within which the relationship
between structure and dynamics of certain families of dynamical systems can be studied.
We briefly describe this framework and show one example of a result and its implications.

The type of dynamical system studied here is discrete in time as well as in variable states.
That is, we consider a collection x1, ..., z, of variables, each of which can take on values in
a finite set X. We consider time-discrete dynamical systems

f: X" — X"

A well-known instantiation of such systems are Boolean networks, which have many appli-
cations in molecular biology as well as engineering. In this case, X = {0,1}. As described,
such systems are set functions without additional mathematical structure. It is therefore
advantageous to impose additional mathematical structure on X, namely that of a finite
field. This is of course utilized in the case of Boolean networks. Evaluation of Boolean func-
tions is equivalent to carrying out arithmetic in the Boolean field with two elements. The
translation between Boolean functions and polynomials is straight-forward, with the Boolean
operator AND corresponding to multiplication, addition corresponding to XOR, and nega-
tion corresponding to addition of 1. Once we have a finite field structure on X, which we
shall now denote by K, it is well-known that any function K® — K can be represented as
a polynomial function [53] p. 369]. Thus, we can focus on systems

=0, fu) Kt — K",

for which each f; is a polynomial function in the variables xq,...,x,. We will call such
a system a polynomial dynamical system (PDS) over K. A powerful consequence is that
one can use algorithms and theoretical results from computer algebra and computational
algebraic geometry, such as the theory of Grébner bases.

In this section, we are concerned with the family P of all PDS of a given dimension n over a
finite field K. The structural information for a PDS includes a directed graph that indicates
the dependency relationships between variables. In the context of a molecular network model,
this graph would represent the wiring diagram of the network. Graphs can be represented
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by their adjacency matrices. The set of n X n matrices carries an algebraic structure using
max and min operations, which has been studied previously over the real field, see, e.g., [§].
Here we prove a result about the relationship between properties of dynamical systems in P
under composition and properties of the corresponding adjacency matrices in the max-min
algebra. As a consequence of this result, we derive a dynamic property of PDS with acyclic
dependency graphs. Finally, we give an application of this consequence to a published model
of in wvitro virus competition.

2.1.1 The algebra of dynamical systems

Let K be a finite field. We consider dynamical systems
F= (fh‘"afﬂ) :KnHKn7

where f; : K" — K for i = 1,...,n. As observed in the previous section, any such F' is a
PDS. Let P denote the family of all such systems. It is well-known that P has the structure
of an associative algebra under coordinate-wise addition and composition of functions.

To F' we can associate a directed graph with the n nodes z1,...,x,. Let [F] be the n x n
adjacency matrix of this graph. That is, [F| = (a;;) is defined as follows:

— 1, f; depends on z;
] 0, otherwise

Equivalently, a;; = 1 if and only if there are p # ¢ € K such that
fi(oc(j”’)) £ fi(x(j7Q))
where 2UP) = (zy, ..., 2, 1,p, Tj11,...,7,) € K"

The adjacency matrix has binary entries, and we now define two operations on such matrices.
Let B denote the Boolean field with two elements, with the natural order 0 < 1.

Definition 2.1.1. Given a,b € B, we let:

1) a®b=max{a,b} and
2) a*b=min{a,b}

Definition 2.1.2. Given A = (a;;) and B = (b;;) matrices with entries in B, we define the
following operation:

3

A% B =C = (¢;j), where ¢;; = (@i * byj)
k=1
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Remark 2.1.1. ¢;; = 1 if and only if there is k such that a;, x by; =1
Definition 2.1.3. We define A < B if and only if a;; < b;; for all 4,7.

Forming the adjacency matrix of the dependency graph of a PDS then gives a mapping
P — M.

where M = B"*". And we also have a mapping that associates to an element in P its phase
space, a directed graph on the vertex set K™ and edges © — y whenever F'(z) = y , which
encodes the dynamics of the system. We will denote by S the set of all directed graphs on
K™ with the property that each vertex has a unique outgoing edge (the requirement for being
the phase space of a deterministic PDS). Hence, we have mappings

P —

s/
s
s
»

S

The result in the next section relates information in M to information in S.

2.1.2 A property of P — M

The main result of this section is the following theorem. It describes a basic property of the
mapping that extracts the adjacency matrix from the system.

Theorem 2.1.4. We have that
[F oG] < [F]*|G]

in M for all F,G € P.

Proof. Let A, B, and C' be the adjacency matrices for F, GG, and F o GG, respectively. It
suffices to prove that, if ¢;; = 1, then a;;by; = 1 for some k. Let us assume that ¢;; = 1, then
there are p # ¢ € K such that

(FoG)i(zYP) # (F o G)y(«7),
where 2UP) = (z1,..., 2, 1,p,Tj41,- .., Tn) € K" Now, since (FoG); = fi oG we have that

fi(y17 v ;yn) # fi(gla .. 7@“)7

where y, = g5(zU?)) and g5 = gs(z99) for s = 1,...,n. Then there is an index k such that
fi depends on x and

Yk 7 Uks
or A
Ge(29P)) £ g (209),

Therefore, a;; = 1 and by; = 1 and, consequently, a;;bx; = 1. O
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Let [F]" = [F] % -+ [F] (r times). Then we have the following corollary.

Corollary 2.1.5. [F"| < [F]" for all f € P, and for any r > 1.

Proof. Replace G by F in Theorem [2.1.4] O

2.1.3 Networks with acyclic dependency graph

As an easy application of our main result we now consider networks that have an acyclic
dependency graph, that is, no feedback loops in their structure. For any F': K® — K" with
acyclic dependency graph we can see easily that its adjacency matrix [f] can be written (re-
indexing variables if necessary) as a strictly triangular matrix, i.e., with zeros in the diagonal
(otherwise, there would be loops in the graph).

0 0 O 0
* 0 0 0
x x 0 0
* % ... *x 0

Corollary 2.1.6. Any discrete dynamical system F : K* — K" with acyclic dependency
graph has a unique fixed point.

Proof. Let r be the nilpotency index of [f]. Then by Corollary [f"1 < [fI"=0so0 f"

is constant: f" = xq. Therefore, xy is the unique fixed point of f.

[]

A similar result to Corollary is also true for discrete time continuous space dynamical
systems and for ODE systems with acyclic dependency graphs, see [2].

2.1.4 Application

In this section we will present an application of Corollary to a published model of an in
vitro competition between two strains of a murine coronavirus studied in Jarrah et. al. [2§].
The model is presented as a hexagonal grid of cells, with color coding of cells to indicate
their infection status. Normal cells are represented as white. Infected cells are represented
as red or green, or yellow, in the case of dual infection. The infection spreads from the center
outwards. At each time step one ring of new cells is infected. The outcome of a cell in the
new ring depends on the infection status of its two neighbors in the previous infected ring.
The local update function for each cell is constructed using the following rules:
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e If a cell has only one infected neighbor, it will get the same type of infection.

e If a cell has two infected neighbors, then we use the following table to determine the
type of infection of that cell.

Rules for the update function
Green | White | Red | Yellow
Green | Green | Green | Yellow | Green
White | Green | White | Red | Yellow
Red | Yellow | Red Red Red
Yellow | Green | Yellow | Red | Yellow

The dynamics of this system is represented in Figure 2.1} In this example we will use 169
cells. In order to simulate experimental conditions described in [28] we initialize the infection
using the 37 center cells. Each cell can have only one of four colors at a time. We use the
field with four elements, Fy = {0, 1,2, 3}, to represent the set of different colors. The color
assignment is as follows.

Color assignment
Color | Field element
Green 0
Red 1

White 2

Yellow 3
We represent the 169 cells by the variables xq, ..., x169, With x1,..., 237 representing the
center cells. The variables xysg, ..., X169 represents the cells in the outermost ring.

In [28] the system was studied from the point of view of the experimental system. There, a
collection of cells was infected in the center of the dish, and the infection was then observed
to spread to the rest of the Petri dish in a pattern that showed distinct segmentation,
matching the experimental results. In order to mimic the biological system, it was assumed
that the cells initially infected did not change their infection state subsequently, so that
the model is constrained and heterogeneous with respect to the rules assigned to all the
nodes. This, in effect, changes the dynamical system since those cells are now assigned
constant functions rather than the rules described above. The outcome is a steady state
that shows a characteristic segmentation which coincides with experimental observations.
See Figure for an example. In this case Corollary applies, since the dependency
graph of the network is acyclic. See Figure [2.2] If we now assume that a larger number of
cells in the center is infected, that is, is assigned a color that does not change subsequently;,
as in the initial experiments, then the color distribution along the edge of the infected region
propagates and produces a steady state that show the segmentation patterns observed in
[28].
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Figure 2.1: Dynamics of the constrained model

Figure 2.2: Adjacency graph for virus competition
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2.1.5 Conclusions

In this paper we have shown that it is fruitful to study the relationship between the structure
and the dynamics of discrete dynamical systems by looking at the algebraic properties of
the mapping P — M from the algebra of PDS to the algebra of adjacency matrices. With
a very straightforward proof we have shown that dynamics is very simple in the absence
of feedback loops. It is worth observing that this result, Corollary 2.1.6] could also have
been obtained as a consequence of a more general result that says that for the existence of
more than one fixed point, a positive feedback loop is required in the dependency graph, and
for periodic orbits to exist a negative feedback is necessary (but not sufficient). This result
implies that in order to obtain more than one fixed point or periodic orbits, it is necessary
that the dependency graph of the system have feedback loops [I3]. However, the proof we
have given here of this same result is very simple and stems from a basic property of the
mapping P — M rather than complicated phase space arguments. It emphasizes our belief
that the proper framework for studying the relationship between structure and dynamics of
PDS is the algebra inherent in this mapping.

Furthermore, we have shown that one can use Corollary to draw non-obvious conclu-
sions about a system of interest. This conclusion would be very difficult to arrive at through
simulations, due to the combinatorial complexity of the dynamics on a large grid.

2.2 Attractor Structure of Bi-Threshold Networks

This section contains results about dynamics of synchronous bi-threshold networks. Further
analysis of bithreshold networks and results for asynchronous bithreshold networks can be
found in [4]

2.2.1 Synchronous Bi-Threshold Networks

Let K = {0,1} as before, let A = (a,;) be a real-valued symmetric matrix, let (k!)7_, and
(/’{;Z-l)?:1 be vertex-indexed sequences of up- and down-thresholds, and define the function
F=(f1,..., fn): K* — K" by

1 ifz;=0and > ajx; > kJ
j=1

j=1
x; otherwise.

The following theorem is a generalization of a result for standard threshold functions (main
result of [I5]) to the case of bi-threshold functions.
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Theorem 2.2.1. If F': K" — K" is a synchronous bithreshold network, i.e., each coordinate
function is given as in FEquation (2.2.1)), then for all v € K", there exists s € N such that
Fst2(x) = F*3(x).

Proof. See the proof of this theorem in [4]. O

An immediate consequence of Theorem [2.2.1]is the following:

Corollary 2.2.2. A synchronous bi-threshold network may only have fized points and 2-
cycles as attractors.



Chapter 3

Multi-state Nested Canalyzing
Functions

Understanding design principles of molecular interaction networks is an important goal of
molecular systems biology. Some insights have been gained into features of their network
topology through the discovery of graph theoretic patterns that constrain network dynamics.
This chapter discusses the identification of patterns in the mechanisms that govern network
dynamics. The control of nodes in gene regulatory, signaling, and metabolic networks is
governed by a variety of biochemical mechanisms, with inputs from other network nodes that
act additively or synergistically. This chapter focuses on a certain type of logical rule that
appears frequently as a regulatory pattern. Within the context of the multi-state discrete
model paradigm, a rule type is introduced that reduces to the concept of nested canalyzing
function in the Boolean network case. It is shown that networks that employ this type of
multivalued logic exhibit more robust dynamics than random networks, with few attractors
and short limit cycles. It is also shown that the majority of regulatory functions in many
published models of gene regulatory and signaling networks are nested canalyzing.

This chapter is based on published paper [16]. My contribution to this paper were: 1. Played
a major role on the design of the study. 2. Model construction and analysis of results. 3.
Part of the writing of the manuscript.

3.1 Introduction

Elucidating the large-scale graph structure of complex molecular interaction networks, from
transcriptional networks [I§] to protein-protein interaction networks [46] and metabolic net-
work [23] is an important step toward an understanding of design principles of the cellular
architecture. For instance, it has been shown that certain graph theoretic network patterns
are much more prevalent in such networks than could be expected. See, e.g., [35]. The

17
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next step is to understand cells as complex nonlinear dynamical systems. There now exist
many dynamic models of gene regulatory, signaling, and metabolic pathways that provide
snapshots of cellular dynamics using a range of modeling platforms. Many of these models
represent the interactions of different molecular species as logical rules of some type that
describe the combinatorics of how the species combine to regulate others; see, e.g., [36] 33].
The logical rules of Boolean network models are an example of such a description, in which
network states are reduced to binary states, with a species either present or absent. It
was shown in [51) 52] that a special type of Boolean logical rule which appears frequently
in published Boolean network models [27] exhibits robustness properties characteristic of
molecular networks. These rules, so-called nested canalyzing functions, capture the spirit
of Waddington’s concept of canalization in gene regulation [57]. Several other classes of
Boolean functions have also been investigated in the search for biologically meaningful rules
to describe molecular interactions, including random functions [29], hierarchical canalyzing
function [41} [55], chain functions [24], and unate functions [26].

In many cases the regulatory relationships are too complicated to be captured with Boolean
logic, and more general models have been developed to represent these. Common other
discrete model types, in addition to Boolean networks, are so-called logical models [65],
Petri nets [40], and agent-based models [38]. In [44] and [9] it was shown that many of these
models can be translated into the rich and general mathematical framework of polynomial
dynamical systems over a finite field F. (Software to carry out this translation is available at
http://dvd.vbi.vt.edu/adam.html [83]). Since the algebraic structure of F is not relevant
for our purposes, we will consider a slightly more general setup. Let x1,..., z, be variables,
which can take values in finite sets X1, ..., X, respectively. Let X = X x --- x X, be the
Cartesian product. A dynamical system in the variables x1,...,z, is a function

=01 fa): X=X

where each coordinate function f; is a function on a subset of {zi,...,z,}, and takes on
values in X;. Dynamics is generated by iteration of f. As an example, if X; = {0, 1}, then
each f; is a Boolean rule and f is a Boolean network.

Here, we use this very general framework to give a definition of the notion of nested canalyz-
ing rule, which then applies to all different model types simultaneously. We show through
extensive simulations that dynamical systems constructed from such rules as coordinate func-
tions have important dynamic properties characteristic of molecular networks, namely very
short limit cycles and very few attractors, compared with the set of all possible functions.
Furthermore, we show that many published models use logical interaction rules whose poly-
nomial form is nested canalyzing, thereby providing evidence that general nested canalyzing
rules represent a frequently occurring pattern in molecular network regulation.
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3.2 Nested Canalyzing Rules

Here we present the general definition of a nested canalyzing rule in variables x4, ..., z, with
state space X = X x --- x X,,.

Definition. Assume that each X; is totally ordered, that is, its elements can be arranged
in linear increasing order. In the Boolean case this could be X; = {0 < 1}. Let S; C X;,i =
1,...,n, be subsets that satisfy the property that each S; is a proper, nonempty subinterval
of X;, that is, every element of X; that lies between two elements of S; in the chosen order
is also in S;. Furthermore, we assume that the complement of each S; is also a subinterval,
that is, each S; can be described by a threshold s;, with all elements of S; either larger or
smaller than s;.

e The function f; : X — Xjis a nested canalyzing rule in the variable order x5y, . . ., Zy(n)
with canalyzing input sets Sy, ..., S, C X and canalyzing output values by, ..., b,, b, 1 €
X; with b, # b, 11 if it can be represented in the form:

b1 if 130(1) € Sl

by if To(1) ¢ S, To(2) € So
by if 2,1) € S1, To(2) & S2,To(3) € S3

flz, .. x,) = :

b, if ZTo(1) ¢ Sl, < To(n) € Shn

bn+1 if To(1) §é Sl, co 3y Lo(n) §é Sn

\

e The function f; : X — X, is a nested canalyzing function if it is a nested canalyzing
function in some variable order z,(1,. .., Zs@) for some permutation o on {1,...,n}.

It is straightforward to verify that, if X; = {0, 1} for all 4, then we recover the definition in [51]
of a Boolean nested canalyzing rule. As mentioned above, several important classes of multi-
state discrete models can be represented in the form of a dynamical system f: X — X, so
that the concept of a nested canalyzing rule defined in this way has broad applicability.

3.3 The dynamics of nested canalyzing networks

Aside from incorporating the biological concept of canalyzation, networks whose nodes are
controlled by combinatorial logic expressed by nested canalyzing rules have dynamic prop-
erties resembling those of biological networks. In particular, they are robust, due to the fact
that they have a small number of attractors, which are therefore large. That is, perturba-
tions are more likely to remain in the same attractor. In addition, limit cycles tend to be
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very short, compared to random networks, which implies that these networks have very reg-
ular behavior. We have performed extensive simulation experiments for this purpose, whose
results we report here.

Computer experiments

We have generated random network topologies with in-degree distribution k& ranging between
2 and 5, i.e., each node depends on at least two inputs and at most on five inputs. This
assumption is not unrealistic and is based on the observation that gene regulation networks
are sparse [32]. For each network topology we have generated two discrete dynamical systems:
one where the update rules are all nested canalyzing and the other where the update rules are
randomly chosen (and non-degenerate, in the sense that all inputs indicated in the network
topology are realized).

Attractor distribution for nested canalyzing networks versus random networks

We present our results concerning attractor distributions in Figure [3.1} For each histogram,
on the x-axis we represent the number of attractors, and on the y-axis we represent the
percentage of networks that show the given number of attractors specified on the x-axis.
The parameters N, k and p correspond to the number of nodes, the range for the in-degree
distribution, and the number of states for each node respectively. For the experiments
performed here we have generated the in-degree distribution from a uniform distribution,
independently for each node and network realization. Figure [3.1] shows very clearly that the
number of attractors in nested canalyzing networks is dramatically smaller than for general
networks. Thus, attractor sizes are larger on average than in general networks, leading to
more robust behavior under perturbations.

Cycle length distribution for nested canalyzing networks versus random networks

We present the results concerning cycle lengths in Figures - B8 For each figure, the
upper subfigures show the mean number of attractors of length specified on the z-axis (solid
lines) and their standard deviations (dashed lines), the z-axis of these subfigures has a
logarithmic scale. The bottom left subfigures show the mean number of attractors of lengths
specified on the z-axis in a log-log plot, and finally the bottom right subfigures show the
percentage of networks that returned a particular cycle of length specified on the z-axis.
The parameters N, k and p correspond to the number of nodes, the range for the in-degree
distribution, and the number of states for each node, respectively. For all of the experiments,
we have generated the in-degree distribution from a uniform distribution, independently for
each node and network realization. Figures - show clearly that networks with nested
canalyzing rules exhibit significantly smaller cycle lengths, leading to more regular behavior.
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Figure 3.1: Attractor distribution for networks with nested canalyzing functions (solid cir-
cles) and networks with random functions (open circles). The figures show the percentage
of networks that returned the number of attractors specified in the z-axis. The parameters
N, k and p correspond to the number of nodes, the range for the in-degree distribution, and
the number of states for each node, respectively. The figures for n = 5,10 and p = 2,5 were
generated for 1000000 networks, the figure for n = 10 and p = 3 was generated for 100000
networks, and the figure for n = 20 and p = 2 was generated for 10000 networks.
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Figure 3.2: Cycle length for networks with nested canalyzing functions (solid circles) and
networks with random functions (open circles). The parameters N, k and p correspond to
the number of nodes, the range for the in-degree distribution, and the number of states for
each node, respectively. The figures were generated for one million networks. The upper
figures show the mean number of attractors of length specified in the z-axis (solid lines)
and their standard deviations (dashed lines), the z-axis of these figures are in a logarithmic
scale. The bottom left figure shows the mean number of attractors of lengths specified in the
x-axis in a log-log plot (here rnd means random), and finally the bottom right figure shows
the percentage of networks that returned a particular cycle of length specified on the x-axis.
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the number of nodes, the range for the in-degree distribution, and the number of states for
each node, respectively. The figures were generated for 10000 networks. The upper figures
show the mean number of attractors of length specified on the z-axis (solid lines) and their

standard deviations (dashed lines), the z-axis of these figures is a logarithmic scale. The

bottom left figure shows the mean number of attractors of lengths specified on the z-axis
in a log-log plot (here rnd means random), and finally the bottom right figure shows the

percentage of networks that returned a particular cycle of length specified on the z-axis.
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Figure 3.4: Cycle length for networks with nested canalyzing functions (solid circles) and
networks with random functions (open circles). The parameters N, k and p correspond to
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the number of nodes, the range for the in-degree distribution, and the number of states for
each node, respectively. The figures were generated for 100000 networks. The upper figures
show the mean number of attractors of length specified on the z-axis (solid lines) and their

standard deviations (dashed lines), the z-axis of these figures are in a logarithmic scale. The

bottom left figure shows the mean number of attractors of lengths specified on the z-axis
in a log-log plot (here rnd means random), and finally the bottom right figure shows the

percentage of networks that returned a particular cycle of length specified on the z-axis.
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Model References | n #| % NCFP
lysis-lysogeny decision in the lambda [87] 4 | 100%
phage

p5H3-Mdm2 regulation [84] 4 | 100%
Signalling pathways controlling Th cell [36] 42 | 92.8%
differentiation

Budding yeast exit module [22, 139 9 | 77.7%
Dorsal-ventral boundary formation of [25] 24 1 5%
the Drosophila wing imaginal disc

Control of Th1/Th2 cell differentiation | [34,20] | 14 | 71.4%
Yeast morphogenetic checkpoint [22, 21] 8 50%

Table 3.1: Nested canalyzing functions for multi-state models

2 Number of nodes. Only nodes with in-degree > 1 are considered,
i.e. non-constant nodes.
b Percentage of nodes regulated by nested canalyzing functions.

3.4 Nested canalyzing rules are biologically meaningful

We hypothesize that nested canalyzing rules are biologically meaningful. To test this hy-
pothesis we have explored a range of published multi-state models as to their frequency of
appearance. Table shows that they are indeed very prevalent, providing evidence that
the nested canalyzation is indeed a common pattern for the regulatory logic in molecular
interaction networks. To illustrate this phenomenon we discuss specific examples. For a
complete list of models we have studied see the supporting materials.

3.5 Examples

Lambda Phage Regulation

Thieffry and Thomas [87] built a multi-state logical model for the core lambda phage reg-
ulatory network. This model encompasses the roles of the regulatory genes CI, CRO, CII,
and N, see Figure |B.2

The state space for this model is specified by [0,2] x [0,3] x [0,1] x [0, 1], that is, the first
variable has three levels {0, 1,2}, the second variable has four levels {0, 1,2, 3}, and the third
and fourth variables are Boolean.

The update rule for CI, f¢y, has inputs CRO and CII and is nested canalyzing in the variable
order CII, CRO, with canalyzing input sets S; = {1}, and Sy = {1,2,3} and canalyzed
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Figure 3.5: Cycle length for networks with nested canalyzing functions (solid circles) and
networks with random functions (open circles). The parameters N, k and p correspond to
the number of nodes, the range for the in-degree distribution, and the number of states for
each node, respectively. The figures were generated for one million networks. The upper
figures show the mean number of attractors of length specified on the z-axis (solid lines)
and their standard deviations (dashed lines), the z-axis of these figures are in a logarithmic
scale. The bottom left figure shows the mean number of attractors of lengths specified on
the z-axis in a log-log plot (here rnd means random), and finally the bottom right figure
shows the percentage of networks that returned a particular cycle of length specified on the
x-axis.
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output values 2,0, 2, i.e., (see the supporting materials for complete truth tables)

2if CII € S,
fer(CRO, CI = { 0if CI[ ¢ Sy, CRO € Sy
2if CII ¢ Sy, CRO ¢ S,.

The update rule for CRO, fcro, is nested canalyzing in the variable order CI, CRO, with
canalyzing input sets S; = {2}, and S, = {0, 1,2}, and canalyzed output values 0, 3,2, i.e.,

0if CIe S,
fCRO(CL ORO) = 3 if C[¢ S1, CRO € 9,
2if CI¢ Sy, CRO ¢ S,.

The update rule for CII, foy7, is nested canalyzing in the variable order CI, CRO, N, with
canalyzing input sets S; = {2}, So = {3}, and S3 = {1}, and canalyzed output values
0,0,1,0, i.e.,

0if CIe 5,

0 if O]¢ Sl,CROGSQ

1if O]¢51,0R0¢SQ,N€ S
0if CI¢ Sy, CRO & Sy, N ¢ S,

ferr(CI, CRO, N) =

Finally, the update rule for N, fy, is nested canalyzing in the variable order CI, CRO, with
canalyzing input sets S; = {1, 2}, and Sy = {2, 3}, and canalyzed output values 0,0, 1, i.e.,

0if CI€ S,
Fx(CLCRO)={ 0if CI¢ S, CRO€ S
1if CI¢ Sy, CRO & Ss.

3.5.1 Regulation in the p53-Mdm2 network

The following model comes from Abou-Jaude W., Ouattara A., Kauffman M.(2009) [84]. The
model represents the interactions of the tumor supressor protein p53 and its negative regula-
tor Mdm2. Here, P, Mn, Mc, and Dam stand for protein p53, nuclear Mdm2, cytoplasmic
Mdm?2, and DNA damage, respectively.

The state space for this model is specified by [0, 2] x [0, 1] x [0, 1] x [0, 1], that is, except for
the first variable P that has three levels {0, 1,2}, all the other variables are still Boolean.

As shown in Figure [B.I, Mn acts negatively on P. The update rule of P, fp, is nested
canalyzing with canalyzing input set S; = {0} and canalyzed output values Kp, Kp{rm},
i.e., we can represent fp as,
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- Kp if Mn € Sl
fp(Mn) = { Ky (amy if M & Sy

Here Kp is the basal value and Kp s, is the parameter value under the influence of Mn.

Similarly, for Me¢, its update rule, fj., is nested canalyzing with canalyzing input set S; =
{0,1} and canalyzed output values Ky, Kpre(py, i.€., we can represent fyr. as,

. Kire it Pe Sl
JuelP) = { Kirepy if P ¢ 51

Here Ky is the basal value and K. ¢p) is the parameter value under the influence of P.

For Mn, a set of possible parameters for its truth table is given in [84]. We have checked
all these cases and found that for each case we either get a nested canalyzing function or a
constant function. For example, for the second column of Figure 3 (a) in [84] we get that the
update rule for Mn, fy,, is nested canalyzing in the variable order M¢, P with canalyzing
input sets S; = {1}, So = {1,2} and canalyzed output values 1,0, 1, i.e.,

1if Mce S,
an(P,MC): OifMC%Sl,PESQ
11fMC¢SI,P¢SQ

When DNA damage is introduced, it has a negative effect on Mn. From the set of all
possible parameters for its truth table given in inequalities (3)-(5) at [84], we check that we
can always find a nested canalyzing function for its truth table. For example, for the third
column of Figure 3 (a) in [84] we get that the update rule for Mn (under DNA damage) is
nested canalyzing in the variable order Mc¢, Dam, P, with canalyzing input sets S; = {1},
Sy = {1}, S3 = {1,2} and canalyzed output values 1,0,0, 1, i.e., we can represent [y, as,

1if Mce S,

0if Mc ¢ Sy, Dam € S,

0if Mc ¢ Sy, Dam ¢ So, P € S3
1if Mc ¢ Sy, Dam & Sy, P ¢ Ss.

fam (P, Mc, Dam) =

Finally, the update rule for DNA damage, fpum, is nested canalyzing in the variable order
P, Dam, with canalyzing input sets S; = {2}, So = {1} and canalyzed output values 0, 1,0,
ie.,
1if Pe S,
fDam<f)7 Dam) = 1if P ¢ Sl, Dam € Sy
0 if P ¢ Sl,Dam ¢ SQ.
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Figure 3.6: Four-variable model for the lambda phage regulatory network.

DNA
1 \damage

Figure 3.7: Four-variable model for the p53-Mdm2 regulatory network.
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3.6 Discussion

In this chapter we have given a definition of a nested canalyzing rule, inspired by the special
case of Boolean networks, and we have shown that it appears as a frequent pattern for the
regulatory logic of many molecular interaction networks. We have shown that this regulatory
pattern leads to networks that have robust and regular dynamics, as a result of having very
small numbers of attractors and very short limit cycles, compared to random networks.
This behavior is also characteristic of many molecular interaction networks. An important
application of this result is to the construction of discrete models, both via a bottom-up or
a top-down approach. For both approaches, the possibility of restricting the choice of rules
to the family of nested canalyzing rules is a significant reduction in the possible model space
that is available.

Another interesting aspect of our results is suggested by [28]. There is was shown that in
the Boolean case, the class of nested canalyzing Boolean rules is in fact identical to the
class of unate cascade functions. These functions have been studied extensively in computer
engineering and have been shown [48] to have the important property that they comprise
exactly the class of Boolean functions that lead to binary decision diagrams with shortest
average path length. Thus, they make good candidates for the representation of efficient
information processing. It would be interesting to study this property for general nested
canalyzing rules.

The results in [28] were derived by using a special representation of Boolean functions, namely
as polynomial functions over the Boolean number field, with arithmetic given by addition
and multiplication "tables,” with the key rule that 1+ 1 = 0. Using a parametrization of the
family of all nested canalyzing Boolean polynomials, it was shown in [28] that the family of
all nested canalyzing polynomials in a given number of variables is in fact identical to the
class of unate cascade functions, which, in turn, is equal to the class of Boolean functions
that result in binary decision diagrams of shortest average path length [48]. In a paper in
preparation we have shown that one can give a similar parameterization of the variety of
general nested canalyzing rules, and we use this parameterization to derive a formula for the
number of nested canalyzing rules for a given number of variables. It would be interesting
to investigate whether this general class of nested canalyzing rules leads to N-ary decision
diagrams that have similar properties to those of Boolean nested canalyzing rules.



Chapter 4

The Number of Multi-state Nested
Canalyzing Functions

Identifying features of molecular regulatory networks is an important problem in systems
biology. It has been shown that the combinatorial logic of such networks can be captured in
many cases by special functions called nested canalyzing in the context of discrete dynamic
network models. It was also shown that the dynamics of networks constructed from such
functions has very special properties that are consistent with what is known about molecular
networks, and that simplify analysis. It is important to know how restrictive this class
of functions is, for instance for the purpose of network reverse-engineering. This chapter
contains a formula for the number of such functions and a comparison to the class of all
functions. In particular, it is shown that, as the number of variables becomes large, the ratio
of the number of nested canalyzing functions to the number of all functions converges to
zero. This shows that the class of nested canalyzing functions is indeed very restrictive. The
principal tool used for this investigation is a description of these functions as polynomials
and a parameterization of the class of all such polynomials in terms of relations on their
coefficients. This parametrization can also be used for the purpose of network reverse-
engineering using only nested canalyzing functions.

This chapter is based on published paper [47]. My contribution to this paper were: 1. Played
a major role on the design of the study. 2. Formulation and proofs of theorems. 3. Part of
the writing of the manuscript.

4.1 Introduction

A central problem of molecular systems biology is to understand the structure and dynam-
ics of molecular networks, such as gene regulatory, signaling, or metabolic networks. Some
progress has been made in elucidating general design principles of such networks. For in-

31
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stance, in [54] it was shown that certain graph theoretic motifs appear far more often in
the topology of regulatory network graphs than would be expected at random. In [51] 52]
it was shown that a certain type of Boolean regulatory logic, encoded by so-called nested
canalyzing Boolean functions, has the kind of dynamic properties one would expect from
molecular networks. In [16] we showed that the Boolean functions studied there do have a
multi-state generalization that shows similar dynamic properties. Furthermore, we showed
that the large majority of regulatory rules that appear in published models of molecular
networks, whether Boolean or multi-state, do indeed have this form. Thus, there is evidence
that multi-state nested canalyzing rules capture key features of molecular regulation and
deserve further study.

These rules, so-called nested canalyzing rules, are a special case of canalyzing rules, which
are reminiscent of Waddington’s concept of canalyzation in gene regulation [57]. Nested
canalyzing Boolean rules were shown in [28] to be identical with the class of unate cascade
functions, which have been studied extensively in computer engineering. They represent
exactly the class of Boolean functions that result in binary decision diagrams of shortest
average path length [48]. This in itself has interesting implications for information processing
in molecular networks. One consequence of this result is that a recursive formula derived
earlier for the number of unate cascade functions of a given number of variables [56] applies
to give a formula for the number of nested canalyzing Boolean functions, described in [28].
A formula for the number of canalyzing Boolean functions had been given in [49].

Many molecular networks cannot be described using the Boolean framework, since more
than one threshold for a molecular species might be required to represent different modes
of action. There are several frameworks available for multi-state discrete models, such as
so-called logical models, Petri nets, and agent-based models. It has been shown in [44] and
[9] that all these model types can be translated into the general and mathematically well-
founded framework of polynomial dynamical systems over a finite number system. In [16] the
concept of nested canalyzing logical rule has been generalized to such polynomial systems.
It has been shown there, furthermore, that a large proportion of rules in multi-state discrete
models are indeed nested canalyzing, showing that this concept captures an important feature
of the regulatory logic of molecular networks.

As was pointed out in [49] and [28], knowing the number of nested canalyzing rules for a given
number of input variables and for a given number of possible variable states is important
because on the one hand it provides an estimate of how plausible it is that such rules have
evolved as regulatory principles and, on the other hand, provides an estimate of how restric-
tive the set of rules is. The latter is important, for instance, for the reverse-engineering of
networks [50]. If the set of rules is sufficiently restrictive, then the reverse-engineering prob-
lem, which is almost always underdetermined due to limited data, becomes more tractable
when restricted to a smaller model space. Knowing the proportion of regulatory rules that
are nested canalyzing gives an estimate of how much one can additionally constrain the
problem by limiting the search space of reverse-engineering algorithms to these rules. That
this is indeed the case is an important consequence of the results in this paper. We present
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a formula for the number of nested canalyzing functions in a given number of variables and
show that the ratio of nested canalyzing functions and all multi-state functions converges
to zero as the number of variables increases. We follow the approach in [28] and solve the
problem within the framework of polynomial dynamical systems, which makes it possible to
frame it as a problem of counting solutions to a system of polynomial equations.

4.2 Nested Canalyzing Functions

As mentioned in the previous section, it is possible to view most discrete models within
the framework of dynamical systems over a finite number system, or finite field. For our
purposes we will use the finite fields F, = {0,1,...,p — 1}, p an arbitrary prime number,
otherwise known as Z/p, the integers modulo p. Furthermore, we will assume that F,
is totally ordered under the canonical order, that is, its elements are arranged in linear
increasing order, F, = {0 <1 < --- < p—1}. Let F = F, for some prime p. We first recall
the general definition of a nested canalyzing function in variables z1,...,z, from [?]. The
underlying idea is as follows: A rule is nested canalyzing, if there exists a variable x such
that, if x receives certain inputs, then it by itself determines the value of the function. If
x does not receive these certain inputs, then there exists another variable y such that, if y
receives certain other inputs, then it by itself determines the value of the function; and so
on, until all variables are exhausted.

Definition 4.2.1. Let S; C F, fori=1,...,n, be subsets that satisfy the property that each
S; 1s a proper, nonempty subinterval of F; that is, every element of F that lies between two
elements of S; in the chosen order is also in S;. Furthermore, we assume that the complement
of each S; is also a subinterval, that is, each S; can be described by a threshold s;, with all

elements of S; either larger or smaller than s;. Let o be a permutation on {1,...,n}.
e The function f : F" — F is a nested canalyzing function in the variable order x,(1y, . . ., Tg(n)
with canalyzing input sets Sy, ..., S, CF and canalyzing output values by, ... by, b1 €
F, with b, # b,.1, if it can be represented in the form
flxy,...,x,) =

( b1 ifxg(l) € Sy,
by if To(1) & S1, To(2) € So,

b, if (1) §é Sty s To(n) € Sh,
L bn+1 Zf .770(1) ¢ Sl, Ce ,SCU(n) §é Sn

o The function f : F* — T is a nested canalyzing function if it is a nested canalyzing
function in some variable order x5 (1, ..., Towm) for some permutation o on {1,...,n}.
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It is straightforward to verify that, if p = 2, that is F = {0, 1}, then we recover the definition
in [51] of a Boolean nested canalyzing rule. We emphasize that several important classes of
multi-state discrete models can be represented in the form of a dynamical system f : F" —
F", as mentioned above, so that the concept of a nested canalyzing rule defined in this way
has broad applicability.

Example 4.2.2. Let T be the field with three elements, i.e. F = {0,1,2}. The function
f:F? = TF given by
1 Zf 1 € {0, 1},
f(x1,29) =<2 ifwy ¢ {0,1}, 25 € {2},
0 Zf'Il ¢ {07 1}’1'2 ¢ {2}7

is nested canalyzing in the variable order xy,xs, with canalyzing input sets S; = {0,1}, 55 =
{2} C F, and canalyzing output values by = 1,by = 2,b3 =0 € F.

4.3 Polynomial form of nested canalyzing functions

We now use the fact that any function f : F* — F can be expressed as a polynomial in n
variables [53 p. 369]. In this section we determine the polynomial form of nested canalyzing
functions. That is, we will determine relationships among the coefficients of a polynomial
that make it nested canalyzing. We follow the approach in [28]. Let B, be the set of
functions from F” to F, i.e., B, = {f : " — F}. The set B, is endowed with an addition
and multiplication that is induced from that of F, which makes it into a ring. Let I be the

ideal of the ring of polynomials F[z1, ..., z,] generated by the polynomials {a¥ — x;} for all
i =1,...,n, where p is the number of elements in F. There is an isomorphism between B,,
and the quotient ring F[z1, ..., z,]/I which is also isomorphic to
p{ ¥ et
(i150mrin)
i+ €F
t=1,....n

Now we use this identification to study nested canalyzing functions as elements of R.

Given a subset S of F, we will denote by (g the indicator function of the complement of .S,
ie., for g € F, let

. 0 ifxgesS,
@s(x0) = { 1 ifazg ¢ S.

We will derive the polynomial form for Qg(z) in LemmalA.1.2| The following theorem gives
the polynomial form of a nested canalyzing function.
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Theorem 4.3.1. Let f be a function in R. Then the function f is nested canalyzing in the
variable order x4, ..., x, with canalyzing input sets Si,...,S, and canalyzing output values
b1, ..., bu, byi1, with b, # b,y1, if and only if it has the polynomial form

f(xy,. .. xp) = Z{Bn_jﬂ Qs, (g;i)} + by, (4.3.1)
j=0 i=1

where Qg, is defined as in Lemma and B,_; = (by—js1 — bp—j) for j=0,...,n—1.

Proof. Let f be a nested canalyzing function as in Definition [£.2.1], and let

n—1 n—j
g(T1, . Tn) = Z{Bn—jH Qsi(%)} + b1.
=0 i=1

Since g has the right form to be in R, we can use the isomorphism between B, and R, to
reduce the proof to showing that

glar,...,ay) = f(ay,...,a,)
for all (ay,...,a,) € F™.
If a; € Sy, then Qg,(a1) = 0, therefore
g(ay,...,a,) = by whenever a; € 5.
If a; ¢ Sy and ay € Sy, then Qg,(a1) =1 and Qg,(az) = 0, therefore
glay, ... ;a,) = (by — by) + by = by.

Iterating this process, if ay ¢ S1,a2 ¢ Sa,...,a, € Sy, then Qg,(a1) = 1, Qg,(az) = 1,...,
and Qs, (a,) = 0, therefore

g(ala"-aan):(bn_bn—1)+"'+(b2_bl)+bl:bn-

Finally, if a1 ¢ Si,...,a, ¢ S,, then Qg,(a1) = 1, Qs,(az) = 1,..., and Qg, (a,) = 1.
Therefore,

glay, ... a,) =
(bps1 —bn) + -+ (b —b1) + by = bpia

This completes the proof. O

Example 4.3.2. The polynomial form of the nested canalyzing function in Example[].2.3 is

f(z1,22) = Qs, (71)Qs, (72) + Qs, (1) + 1,
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where
Qsl (.Tl) = 2(1’% + 21’1),
Qs,(12) = x5+ 215+ 1.
The expanded form of f is
f(zy, 1) = 22323+ x1x2 + 221,
+2x119 + xl + 2z + 1.

Theorem 4.3.3. Let f be a function in R. Then the function f is nested canalyzing in
the variable order Ty, . .., To@m) with canalyzing input sets Sy, ..., S, and canalyzing output
values by, ..., by, byy1, with b, # byi1, if and only if it has the polynomial form

n—1

f(xlv"' 7:En :Z{ n— jHQSU(Z) T }+b17

7=0

where Qs ,, s defined as in Lemma and By,—; = (by—ji1 —by—j) for j=0,...,n—1.

Proof. The proof is very similar to the proof of Theorem [4.3.1]

4.4 The algebraic variety of nested canalyzing func-
tions

Here we derive a parametrization for the coefficients of any nested canalyzing function. We
will use this parametrization to derive a formula to compute the number of nested canalyzing
functions for a given number of variables and a given finite field in the next section.

Recall that elements of B, = {f : F" — [} can be seen as elements of

i1 .12 in
{ § Ciy gy T3 - n}
7/17 7/7L)

ltGIF
t=1,....n

. . . n .
Now, as a vector space over [, R is isomorphic to F?" via the correspondence

Z i1.. anlllxé2 ’ x’fln N <7CZ11n7)
(’le :Zn)
i+ €F
t=1,....n
We will identify the set of nested canalyzing functions in R with a subset V"¢ of FP" by
imposing relations on the coordinates of its elements. We are going to use the following

notation:
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Notation 4.4.1. Forr € F and for S CF,

o O[r} = O’I“...T"

° C N} = C,_j..r where j goes in the i-th position.

° C’[Z;\{Zf N C’il,,,,7ij7r,,,r where iy,...,1; go in the 1,..., 7 positions, respectively.
® Ciin; = Ciyin_j0..0, 06, in_j # 0 and iy = 0 for all s >n — j.

o SC=I\\5, i.e., S denote the complement of S.

Theorem 4.4.2. Let f € B, be given by

flay,. .. = Y Cigaita---ai (4.4.1)
(llj 7Zn)
i+ €F
t=1,...,n
The polynomial f(xy,...,x,) is a nested canalyzing function in the variable order x, . .., x,
with canalyzing input sets Sy, ..., S, and canalyzing output values by, ... b, 1 if and only if

its coefficients satisfy the following equations:

— P 17 P 1 —1 %
Civcin- = Oy 1L O 0 (4.4.2)
j=1
for u=20,...,n—1, where
C[p—l] == (anrl - bn)H a‘;717 (443)
i=1
Chomaniy = G (05-1) " oy, (4.4.4)
forg=1,....n—1.
p—1,....p—1
N
" (4.4.5)
n—p n—p+1 n—j
Z{Bn_ja;_l cap_tag M ag j},
=0
Cloy = OO]\{I}C[p 1]\{1}07 + b (4.4.6)
where a;_l and a{j is defined as in Lemma [A.1.9 and B,_; = (by—jt1 — by—j) for j =

,...,n—1.
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Example 4.4.3. The parametrization for the polynomial in Example is given by

f(x1,2q) = Z Cirintia — (Coo, Con - - ., Oa),
(

i1,32)
i €F
t=1,2

where from Lemma we get
a=@p-1)|5=2 ag=p-1)]5]=1,
a=(2)(27") =1, af = (2)(0* " +1771) =2,

a(l) = QS1 (O) =0, a(Q) = Q52<O) =1,
and from Equation [{.4.3 we get

C[Q] = 022 = (b3 — bg)aéag
= 1(2)(1) mod 3
2.

Similarly, from Equation[{.4.4, we get
Al _ 1 _
Co = Cppzy = 1 Cra=Cppy = 1,

and COQ = C[%]\{l} =0.
From Equation[{.4.5 we get

Co = C'[%}\{l} = Byayal + Biay = 1.
From Equation[{.4.3 we get

_ 22 —1,1 —1 1
Cii = Cir(Cg Conga))(Cg Congay)
= (1905 Ch' =2,

o 22 —1,~0 —1,1
Coi = Cion123(Chy Clan 1) (Cgy Ciopngzy)
= CpC2Ch' =0,

Cio = Clonguy(Ch Cingry)
— Oyl = 2.

Finally, from Equation [f.4.0 we get

Coo = CiopyCnguyCp + b1
- 0200020521 + b1 - O

Thus, the function f(x1,xs) corresponds to the point (0,0,0,2,2,1,1,1,2) € F3°.
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The proof of Theorem [£.4.2] is given in Appendix [A.2l We now need to provide a similar
parametrization for functions that are nested canalyzing with respect to an arbitrary variable
ordering.

Theorem 4.4.4. Let f € B, be given by

f(z1, .. Z i, T2 (4.4.7)
G
t=1,...,n
The polynomial f(x1,...,x,) is a nested canalyzing function in the variable order To(1)y - -+ Lo(n)
with canalyzing input sets Sy, ..., S, and canalyzing output values by, ..., b,y if and only if
Ciiny =
n—p
p—1,...,p—1 -1 %5 (448)
Chniotinsatinoy 11 CotuClomininn
j=1
for u=20,...,n—1, where
C[p,l] = n+1 - b HCLU (449)
=1
g j -1
forg=1,....n—1.
p—1,....,p—1 .
CloN{o(in)orlin_)} =
" | (4.4.11)
S B gL
§=0
p—1
O[O C[O]\{o‘ C[p 1]\{0(1)}0 1] "‘ bl (4412)
where a, () and a oW s defined as in Lemma |A.1.9 and B,,_; = (by—j41 — by—j) for j =
1,...,n— 1

Proof. The proof follows the same line of reasoning used for the proof of Theorem [4.4.2| [
Remark 4.4.1. Notice from Equation that a nested canalyzing function f(z1,...,z,)

with canalyzing input sets Si,...,S, and canalyzing output values by,...,b,, b, is also a
nested canalyzing function in the same variable order with canalyzing input sets Si,...,S;
and canalyzing output values by, ...,b,1,b,. In fact, Equation [4.4.9| implies that

C[p—l] = (bn+1 H

n—1
= (bn = bug1) | Somy | (0= D" | S50 |
=1
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Note that — | S5,y [=[ So@m) | (mod p).

Remark 4.4.2. For every nonzero b € T and for every nested canalyzing function f(xq, ..., z,)
in the variable order ,(1),..., %) With canalyzing input sets Si,...,S, and canalyzing
output values by, ..., b,1, f(x1,...,2,) + b is also a nested canalyzing function in the same
variable order and with the same canalyzing input sets Si,...,.S5, and canalyzing output
values by +b,...,b,41 + 0. In fact, for Sy,...,S, and by +0,...,b,41 + b, Equations
- stay the same and Equation becomes

_ -1 0 ~1
Co = Clon 4o Clo-11n o1y Clpmy) T 01 + 0.

4.5 Number of nested canalyzing functions

Here we derive a formula to compute the number of nested canalyzing functions in a given
number of variables n and a given finite field F with p elements.

Let us denote the number of distinct nested canalyzing functions in n variables by NC'F(n)
and the number of distinct nested canalyzing functions that can be written as a product
of r nested canalyzing functions by RNCF(n,r) (‘R’ for reducible). It is clear from For-
mula that any nested canalyzing function can be written as a product of at most n
nested canalyzing functions. Hence RNCF(n,r) = 0 for all » > n. We will denote the
number of distinct nested canalyzing functions in n variables that cannot be written as a
product of two or more nested canalyzing functions by INCF(n) (‘I for irreducible) and
the number of distinct nested canalyzing functions in n variables that can be written as a
product of two or more nested canalyzing functions by RNCF'(n). Then

RNCF(n) = i RNCF(n,r).

r=2

Example 4.5.1. Let n = 3. From formula[{.53.1],

f(x1, 29, 23) = B3Qsg, (11)Qs,(72)Qs,(23)
+B2Qs, (21)Qs, (72)
+B1Qs, (71) + b

If by =0, then f(z1,22,23) = Qs,(71)g(22, ¥3), where
9(72, 73) = B3Qs, (72)Qsy(13) + BaQs, (72) + b

Note that Qs, and g(xs,x3) are nested canalyzing functions. Therefore, f € RNCF(3)
whenever by = 0.

The following lemma relates RNCF(n) and INCF(n).
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Lemma 4.5.2. For each natural number n, we have INCF(n) = (p — 1)RNCF(n).

Proof. Taking b = —b; in Remark 4.4.2) one can see that for each f € RNCF(n), there

are p — 1 functions in INCF(n) (see Example 4.5.1)). Conversely, let f € INCF(n). From
formula [4.3.1

Let b =p — b;. Then

Therefore, any element of INCF(n) can be obtained from an element of RNCF'(n). O

The following theorem gives us a formula to compute the number of nested canalyzing
functions for a given number of variables n.

Theorem 4.5.3. The number of nested canalyzing functions in n variables, denoted by
NCF(n), is given by
NCF(n) =pRNCF(n),

where

RNCF(1) = (p— 1)
RNCF(2) =4(p —1)*,

and, for n > 3,
RNCF(n)=

n—1
2:@[:)?*@—&YRNCFW—T+1)
r=2

+207(p = )" (2 + n(p — 2)).

Proof. From Remark[4.4.2] in order to calculate NC'F'(1) it is enough to calculate the number
of nested canalyzing functions with canalyzing output values (0, bs), with by # 0, and then
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multiply by p, because of the isomorphism between the sets of vectors {(0,b2)} and {(b1,b2)}
with by # by. This isomorphism is given by

b1,b1
(0,bs) 2 (b by 4 by)

for by = 1,...,p — 1. For output values of the form (0, b3), Formula m gives us
f(@1) = b2Qs, (1)

There are p — 1 choices for by and p — 1 choices for Qg (7). Note that we do not consider
2(p — 1) choices for Qs, (1) because a nested canalyzing function with canalyzing input set
S1 and canalyzing output values (0, by) is also a nested canalyzing function with canalyzing
input set S{ and canalyzing output values (bs, 0) (see remark [4.4.1)). Therefore,

RNCF(1) = (p— 1%,

Similarly, in order to calculate NC'F(2), it is enough to calculate the number of nested
canalyzing functions with canalyzing output values (0, by, b3), with b3 # by, and then multiply
by p, because of the isomorphism between the sets of vectors {(0,bo,b3)} and {(by, by, b3)}
given by

(0, ba, b3) Horbb), (b1, b1 + ba, by + bs)

for by = 1,...,p — 1. For output values of the form (0,0, b3) Formula [£.3.1] gives us

f(x1) = 03Qs, (21)Qs,(72).

There are p — 1 choices for b3 and 2(p — 1) choices for each of the Qg,(x;) for i = 1,2.
Therefore, for (0,0, bs) there are 4(p — 1) functions.

For (0, bs, bs), where by # 0, bg # 0, and b3 # by, Formula m give us

f(z1) = Qs (z1) ((53 — ba)@s, (72) + bz)

There are 2(p — 1) choices for Qg, (1), p — 1 choices for by, p — 2 choices for b3, and p — 1
choices for Qg,(x2). Note that we do not consider 2(p — 1) choices for Qg,(x2) because a
nested canalyzing function with canalyzing input sets Si, Sy and canalyzing output values
(0,0, b3) is also a nested canalyzing function with canalyzing input sets S;, S5 and canalyzing
output values (0, b3,0) (see Remark [4.4.1)). Therefore, there are 2(p — 1)3(p — 2) functions.
If we count the number of functions after permuting the variables, we get

RNCFR) = 1(p- 1+ (] )20~ 120~ 2)

Simplifying the formula above we get

RNCF(2) =4(p— 1%
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For n > 3 let us compute the number of distinct nested canalyzing functions that can be
written as a product of n nested canalyzing functions, RNC'F(n,n). From Formula it
is clear that a nested canalyzing function can be written as a product of n nested canalyzing
functions if and only if the output values must have the form (0,...,0,b,,b,.1), where
bpy1 # b,. First consider the case where b, = 0, i.e. the output values have the form
(0,...,0,b,11), with b,41 # 0, for which we have:

f(ﬁﬂl, T ,%) = bn+1Q81 (1‘1) e an(%)-

There are p — 1 choices for b,,1 and 2(p — 1) choices for each of the Qg,(z;) fori =1,... n.
Therefore, there are 2"(p — 1)"™! functions. Note that if we permute the variables, we will
still get the same functions.

For (0,...,0,b,,b,41), where b,,1 # 0, b, # 0, and b, 1 # b,, Formula m gives us
f(l'b"' 7In) -
Qs (0. Qs.s(n-)] (s — ), (20

Fon

There are 2(p—1) choices for each Qg, (z;) fori = 1,...,n—1, p—1 choices for b,, p—2 choices
for b,11, and p — 1 choices for Qg, (x,). Note that we do not consider 2(p — 1) choices for
Q@s, (r,,) because a nested canalyzing function with canalyzing input sets S, ..., .S, and can-
alyzing output values (0,...,0,b,,b,11) is also a nested canalyzing function with canalyzing
input set S1, ..., S,_1, 5% and canalyzing output values (0, ..., 0,b,.1,b,) (see Remark[4.4.1]).
Therefore, there are 2"~ !(p—1)""!(p—2) such functions. If we count the number of functions
after permuting the variables, we get

RNCF(n,n) =
217+ ()2 - 0 - 2)

=2""(p—1)""" (24 n(p—2)).

Let us now compute the number of distinct nested canalyzing functions that can be written

as a product of n — r nested canalyzing functions, RNCF(n,n —r) for r = 1,...,n —

2. From Formula [4.3.1], it is clear that a nested canalyzing function can be written as a

product of n — 1 nested canalyzing functions if and only if the output values have the form

(0,...,0,bp—p, ... by, byi1), where b, # 0 and b, 11 # b,,. In this case we have:
flxy,...,x,) =

n—r—1
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There are 2(p—1) choices for each Qg,(x;) fori =1,...,n—r—1and INCF(r+1) functions
for the summation part. Note that here we do have repetition coming from Remark
because b,_, # 0. Therefore, there are 2"""!(p — 1)" "' INCF(r + 1) such functions. If
we count the number of functions after permuting the variables, we get

RNCF(n,n—r)=

i (4.5.1)
2 l(p — )" INCF 1).
(1)) v tmere )
Now, since
RNCF( ) =
n—2
ZRNCF n,r) =Y RNCF(n,n—r),
r=2 r=0
we have
n—2

RNCF(n) =Y RNCF(n,n—r)+RNCF(n,n).

r=1
Replacing Equation in the previous formula, we have

RNCF(n) =

n—2
n
2n—'r—1 -1 n—'r—lIN F 1
] R e e )

+RNCF(n,n).

If we make the change of variables y =n—7r,then y—1=n—r—landr+1=n—pu+1.
Therefore,
RNCF(n) =

n—1
p=lcn _ 1\p—1 —
MZ (n s 1) 2~ Y(p — 1) NINCF(n — pn+1)

+RNCF(n,n).

(n—<2—1>> B (uil)’

But since,



David Murrugarra Chapter 4. The Number of Multi-state Nested Canalyzing Functions 45

we have

RNCF(n) =

n—

( n1>2“%p—1V”]NCFOr—u+1)
-

1
n=2
+RNCF(n,n).
From Lemma [£.5.2]
RNCF(n)=

1
(7AJQ“%p—1WRNCFm—u+&)
b
2

=

+RNCF(n,n),
where
RNCF(n,n) =2""1p—1)"""(2+n(p - 2)). (4.5.2)

Finally, again using Lemma {4.5.2]
NCF(n) = RNCF(n)+ INCF(n) = pRCF(n).
This completes the proof. O

Example 4.5.4 (Boolean case). Jarrah et. al. [28] show that the class of Boolean nested
canalyzing functions is identical to the class of unate cascade functions. Sasao and Ki-
noshita [50] found a recursive formula for the number of unate cascade functions. Therefore,
the same formula can be used to compute the number of Boolean nested canalyzing functions.
Below is the formula originally given by Sasao and Kinoshita [56] which is a particular case

of our formula in Theorem namely when p = 2:
NCF(n) =2E(n),

where
E(1) =2, E(2) =4,

and

EM%szCZS)T*Em—T+D+Q¢

r=2

Example 4.5.5. The number of nested canalyzing function for n = 3 and p = 3 is given by

NCF(3) = 3RNCF(3),
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Table 4.1: Number of nested canalyzing functions forp =3 andn=1,...,8.
n NCF(n)
12
192
5568
219648
10834944
641335296
44288360448
3495313145856

QO | O U b= | W N —

Table 4.2: Number of nested canalyzing functions forp=5and n=1,...,8.

n NCF(n)
1 80
2 5120
3 547840
4 78561280
5 14082703360
6 3029304606720
7| 760232846295040
8 | 218043057365319680
where 5
RNCFB%:(JZ@UNCF@J)+RNCF@3%
RNC%K&3):23x24+(ﬁ)f24:]28+192=3%1
and
INCF(2,1) =2RNCF(2) =2 x (4 x 2*) =2 x 64 = 128.
Therefore
RNCF(3) =3 x 4 x 128 + 320 = 1536 + 320 = 1856.
Finally,

NCF(3) = 3 x 1856 = 5568.

Tables [4.1]- [4.2] show the number of nested canalyzing functions for p = 3,5 andn =1,...,8.
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4.6 Asymptotic properties of NCF(n)

In this section we examine the asymptotic properties of the formula given in Theorem [4.5.3]
i.e. we want to know the behavior of NCF(n) as n becomes large. First we derive the
following inequalities:

Lemma 4.6.1. For fixed n andr =2,...,n — 1, we have

2" p—1)"RNCF(n —r+1) < RNC(n)

Proof. 1t is a direct consequence of the formula given at Theorem [4.5.3] m

Lemma 4.6.2. For all natural numbers n, we have

RNCF(n,n) < 2°"(p—1)"*2

Proof. From Equation [4.5.2]

RNCF(n,n) 20 p = )" (2 +n(p —2))
2" p — 1)"“(2 +2"p—1))
2 p— "2 (p - 1))
22n(p _ 1) +2

NN N

Lemma 4.6.3. For all natural numbers n > 3, we have

RNCF(n) <2M=U(p— 1)
Proof. We prove this by induction over n. First note that for n = 3,

RNCF(3) = G’) 2'(p — 1)’RNCF(2)

+22(p — 1)"(2 + 3p — 6)
=2(p—-1)°+4(p-1)'Bp—14)
<2%(p—1)°+4(p-1'Br-1)-1)
<2(p-1)°+22(p—1)°

— 26(p _ 1)6 — 23(3—1)<p _ 1)2(3)
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Now, assume that
RNCF(n) <2"M=Y(p — 1),

Then
RNCF(n+1)=

En: (n i 1) 2" (p—1)’RNCF(n—r +2)

-1
r=2 r

+RNCF(n+1,n+1)
— (” Jlr 1) 2(p — 1)>RNCF(n)

= 1
+ (7; i 1) 2"~ 1(p — 1 RNCF(n — 1 +2)
r=3

+RNCF(n+1,n+1).
From Lemma [4.6.1] we have

Xn: (n i 1) 2" (p—1)’RNCF(n—r +2)

-1
r=3 r

—_

- (ni—l) 2"(p— )" RNCF(n —r +1)

T

I
¥

< - (" ': 1) 2(p — 1)RNCF(n).

r=2
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Therefore,
RNCF(n+1)=

N

(” T 1) 2p — 1)2RNCF(n)

n—1

+> (n ;r 1> 2(p — 1) RNCF(n)

r=

+RNCF(n+1,n+1)

—_

<2(p— 12RNCF(n) (” ;f 1)
r=1

+RNCF(n+1,n+1).
Using the inductive hypothesis and Lemma we have

RNCF(n+1) =

n—1
1
< 2p— 122D — 1y (”+ )

r
=1

<

_|_22(n+1) (p _ 1)n+3

n—1
= gnlnD¥1( _ 1y2t) § (” + 1)
,
r=1

+22(n+1) (p _ 1)n+3_

Now, since

n—1
1
g (n—{— ):2"+1—n—3
r
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we have

RNCF(n+1) <

Qn(nfl)Jrl(p _ 1)2(n+1)(2n+1)
+22(n+1)(p _ 1)n+3

< 2n2+2(p _ 1)2(n+1)
+2n2+n—1(p _ 1)2(n+1)

< 2(n+1)n<p _ 1)2(n+1)'
Note that n — 1 > 2. This completes our proof.
O

Let us denote the number of all possible functions on n variables by ¢ (n). The following
theorem show that the set of all nested canalyzing functions is an increasingly smaller subset
of the set of all functions.

Theorem 4.6.4. The ratio NCF(n)/v¥(n) converges to 0 as n becomes large.

Proof.
NCF(n) _  NCF(n) _ pRNCF(n)
() T op" T pr”

p(E D (p-1)21)

< s
2n(n—1)p2n+1

<
n(n—1),2n+1
p p

S T
n2+n+1

= Fo— —0asn— oo,

because the exponential function p™ grows much faster than the quadratic function n?+n+1
as n becomes large. O

4.7 Discussion

The concept of a nested canalyzing rule has been shown to be a useful approach to elucidating
design principles for molecular regulatory networks, and such rules appear very frequently
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in published network models. But how much of a restriction do such rules impose on the
regulatory logic of the network, that is, how “special” are such rules? It was shown in [10]
that networks with nested canalyzing rules have very special dynamic properties. In this
paper we have shown that nested canalyzing rules do indeed make up a very small subset of
all possible rules. In particular, we provide an explicit formula for the number of such rules
for a given number of variables.

This was done by translating the problem into the mathematical context of polynomial
functions over finite fields and the language of algebraic geometry. The formula we provide
uses a parametric description of the class of all nested canalyzing polynomials as an algebraic
variety. In particular, this provides a very easy way to generate such polynomials through
particular parameter choices, which is very useful, for instance, for large-scale simulation
studies.

Another interesting aspect of the formula derived in this chapter is as a future discovery
tool. The formula for Boolean nested canalyzing functions in [28] was obtained essentially
through serendipity. Once the parameterization of this class was obtained it was possible to
explicitly compute the number of solutions of the parametric equations for small numbers of
variables. The resulting integer sequence, giving the number of Boolean nested canalyzing
rules for small numbers of variables was matched to the number of Boolean unate cascade
functions, for which a formula is known. It was shown in [28] that the two classes of functions
are in fact identical. This is of independent interest, since Boolean unate cascade functions
have been shown to lead to binary decision diagrams with smallest average path length,
suggesting that they are very efficient in processing information. The formula for multi-state
nested canalyzing rules provides a similar opportunity. While there is no obvious match to
other function classes for small fields, it is worth, in our opinion, to pursue this discovery
approach further for larger fields.



Chapter 5

Stochastic Discrete Dynamical
Systems

Modeling stochasticity in gene regulatory networks is an important and complex problem in
molecular systems biology. To elucidate intrinsic noise, several modeling strategies such as
the Gillespie algorithm have been used successfully. This chapter discusses an approach as
an alternative to these classical settings. Within the discrete paradigm, where genes, pro-
teins, and other molecular components of gene regulatory networks are modeled as discrete
variables and are assigned as logical rules describing their regulation through interactions
with other components. Stochasticity is modeled at the biological function level under the
assumption that even if the expression levels of the input nodes of an update rule guaran-
tee activation or degradation there is a probability that the process will not occur due to
stochastic effects. This approach allows a finer analysis of discrete models and provides a
natural setup for cell population simulations to study cell-to-cell variability. Applications
are presented using two of the most studied regulatory networks, the outcome of lambda
phage infection of bacteria and the p53-mdm2 complex.

This chapter is based on published paper [59]. My contribution to this paper were the
following: 1. Played a major role on the design of the study. 2. Model construction and
analysis of results. 3. Writing of the manuscript.

5.1 Introduction

Variability at the molecular level, defined as the phenotypic differences within a genetically
identical population of cells exposed to the same environmental conditions, has been observed
experimentally [60, 61, [62], [63]. Understanding mechanisms that drive variability in molec-
ular networks is an important goal of molecular systems biology, for which mathematical
modeling can be very helpful. Different modeling strategies have been used for this purpose

52
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and, depending on the level of abstraction of the mathematical models, there are several
ways to introduce stochasticity. Dynamic mathematical models can be broadly divided into
two classes: continuous, such as systems of differential equations (and their stochastic vari-
ants) and discrete, such as Boolean networks and their generalizations (and their stochastic
variants). This article will focus on stochasticity and discrete models.

Discrete models do not require detailed information about kinetic rate constants and they
tend to be more intuitive. In turn, they only provide qualitative information about the
system. The most general setting is as follows. Network nodes represent genes, proteins,
and other molecular components of gene regulation, while network edges describe biological
interactions among network nodes that are given as logical rules representing their interac-
tions. Time in this framework is implicit and progresses in discrete steps. More formally,
let x1,...,x, be variables, which can take values in finite sets Xi, ..., X,,, respectively. Let
X = X; x -+ x X,, be the Cartesian product. A discrete dynamical system (DDS) in the
variables x4, ..., x, is a function

f:(f177fn)X_>X

where each coordinate function f; : X — X; is a function in a subset of {z1,...,z,}.
Dynamics is generated by iteration of f, and different update schemes can be used for this
purpose. As an example, if X; = {0,1} for all i, then each f; is a Boolean rule and f
is a Boolean network where all the variables are updated simultaneously. We will assume
that each X; comes with a natural total ordering of its elements (corresponding to the
concentration levels of the associated molecular species). Examples of this type of dynamical
system representation are Boolean networks, logical models and Petri nets [65] 66], 64].

To account for stochasticity in this setting several methods have been considered. Proba-
bilistic Boolean networks (PBNs) [67, [68] introduce stochasticity in the update functions,
allowing a different update function to be used at each iteration, chosen from a probability
space of such functions for each network node. For other approaches, see [69, [70, [71]. These
models will be discussed in more detail in the next section. In this article we present a model
type related to PBNs, with additional features. We show that this model type is natural
and a useful way to simulate gene regulation as a stochastic process, and is very useful to
simulate experiments with cell populations.

5.1.1 Modeling stochasticity in gene regulatory networks

Gene regulation processes are inherently stochastic. Accurately modeling this stochasticity
is a complex and important goal in molecular system biology. Depending on the level of
knowledge of the biological system and the availability of data for it one could follow differ-
ent approaches. For instance, viewing a gene regulatory network as a biochemical reaction
network, the Gillespie algorithm can be applied to simulate each biochemical reaction sepa-
rately generating a random walk corresponding to a solution of the chemical master equation
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of the system [72] [73]. At an even more detailed level one could introduce time delays into
the Gillespie simulations to account for realistic time delays in activation or degradation such
as in circadian rhythms [74] [75 [76]. At a higher level of abstraction, stochastic differential
equations [77] contain a deterministic approximation of the system and an additional random
white noise term. However, all these schemes require that all the kinetic rate constants to be
known which could represent a strong constraint due to the difficulty of measuring kinetic
parameters, limiting these approaches to small systems.

As mentioned in the introduction, discrete models are an alternative to continuous models,
which do not depend on rate constants. In this setting, several approaches to introduce
stochasticity have been proposed. Specially for Boolean networks, stochasticity has been
introduced by flipping node states from 0 to 1 or vice versa with some flip probability [T,
78, [79, [80]. However, it has been argued that this way of introducing stochasticity into the
system usually leads to over-representation of noise [70]. The main criticism of this approach
is that it does not take into consideration the correlation between the expression values of
input nodes and the probability of flipping the expression of a node due to noise. In fact,
this approach models the stochasticity at a node regardless of the susceptibility to noise of
the underlying biological function [70].

Probabilistic Boolean networks [67), 68, 81] is another stochastic method proposed within
the discrete strategy. PBNs model the choice among alternate biological functions during
the iteration process, rather than modeling the stochasticity of the function failure itself.
We have adopted a special case of this setting, in which every node has associated to it two
functions: the function that governs its evolution over time and the identity function. If the
first is chosen, then the node is updated based on its logical rule. When the identity function
is chosen, then the state of the node is not updated. The key difference to a PBN is the
assignment of probabilities that govern which update is chosen. In our setting, each function
gets assigned two probabilities. Precisely, let xz; be a variable. We assign to it a probability
pZ-T, which determines the likelihood that x; will be updated based on its logical rule, if this
update leads to an increase/activation of the variable. Likewise, a probability pf determines
this probability in case the variable is decreased/inhibited. The necessity for considering
two different probabilities is that activation and degradation represent different biochemical
processes and even if these two are encoded by the same function, their propensities in general
are different. This is very similar to what is considered in differential equations modeling,
where, for instance, the kinetic rate parameters for activation and for degradation/decay are,
in principle, different.

Note that all these approaches only take account of intrinsic noise which is generated from
small fluctuations in concentration levels, small number of reactant molecules, and fast and
slow reactions. Another source of stochasticity is related to extrinsic noise such as a noisy
cellular environment and temperature. For more about intrinsic vs extrinsic noise see [82] 62].
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5.2 Method

Our aim is to model stochasticity at the biological function level under the main assumption
that even if the expression levels of the input nodes of an update function guarantee activation
or degradation there is a probability that the process will not occur due to stochasticity, for
instance, if some of the chemical reactions encoded by the update function may fail to occur.
This is similar to models based on the chemical master equation. This model type introduces
activation and degradation propensities. More formally, let x4, ..., x, be variables which can
take values in finite sets X, ..., X, respectively. Let X = X; x --- x X, be the Cartesian
product. Thus, the formal definition of a stochastic discrete dynamical system (SDDS) in
the variables x4, ..., z, is a collection of n triplets

F: {flapzupf ?:1
where
o f,: X — X, is the update function for x;, for alli =1,... n.
° pg is the activation propensity.

° pf is the degradation propensity.

pl.pi € 0,1].

We now proceed to study the dynamics of such systems and two specific models as illustra-
tion.

5.2.1 Dynamics of SDDS

Let F' = {fi,pz,pf ", be a SDDS and consider = € X. For all i we define 7; ,(z; — fi(2))
and m; ,(x; — ;) by
Dis if x; < fi(x),
Tiz(z: — filx)) = Spy, i > fi(w),
1, if x; = fi(x).
1—pZT, if x; < fi(x),
Tialwi — x) =S 1—pl,  ifz; > fi(2),
1, if x; = fi(x).

That is, if the possible future value of the i-th coordinate is larger (smaller, resp.) than the
current value, then the activation (degradation) propensity determines the probability that
the i-th coordinate will increase (decrease) its current value. If the i-th coordinate and its
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possible future value are the same, then the i-th coordinate of the system will maintain its
current value with probability 1. Notice that m; ,(z; — v;) = 0 for all y; & {x;, fi(z)}.

The dynamics of F' is given by the weighted graph X which has an edge from x € X to
y € X if and only if y; € {x;, fi(x)} for all i. The weight of an edge x — y is equal to the
product

n
Wy = Hﬂ-z‘,m(xi — ;)
=1

By convention we omit edges with weight zero. See Appendix [B|for pseudocodes of algorithms
to compute dynamics of SDDS. Software to test examples is available at http://dvd.vbi.
vt.edu/adam.html [83] as a web tool (choose SDDS in the model type).

Given F = {f;, pg, p}}?zl a SDDS, it is straightforward to verify that F' has the same steady
states (fixed points) as the deterministic system G = {f;}7., (see Appendix [B). It is also
important to note that the dynamics of F' includes the different trajectories that can be
generated from G using other common update mechanisms such as the synchronous and
asynchronous schemes (see Appendix .

Example

Let n =2, X ={0,1} x {0,1}, FF = (f1, f2) : X — X, where

Ty | T2 fl f2
O[O0 010
011 110
110 011
1 1 1 0
and
1 X9

Activation .1 .5
Degradation .2 .9

prob(01 — 10) = (.1)(.9) = .09, prob(01 — 00) = (1 — .1)(.9) = .81
prob(01 — 01) = (1 — .1)(1 — .9) = .09, prob(01 — 11) = (.1)(1 — .9) = .01
prob(10 — 10) = (1 — .2)(1 — .5) = .4, prob(10 — 01) = (.2)(.5) = .1
prob(10 — 00) = (.2)(1 —.5) = .1, prob(10 — 11) = (1 — .2)(.5) = .4
prob(11 — 11) = (1)(1 —.9) = .1, prob(11 — 10) = (1)(.9) = .9
prob(00 — 00) = (1)(1) = 1.


http://dvd.vbi.vt.edu/adam.html
http://dvd.vbi.vt.edu/adam.html
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Figure 5.1: State Space. There is a 9% chance that the system will transition from 01 to
10. There is an 81% chance that the system will transition from 01 to 00. The latter was
expected because there is a high degradation propensity for f,. Note that 00 is a fixed point,
i.e., there is 100% chance of staying at this state.

5.3 Applications

We illustrate the advantages of this model type by applying it to two widely studied biological
systems, the regulation of the p53-mdm2 network and the control of the outcome of phage
lambda infection of bacteria. These regulatory networks were selected because stochasticity
plays a key role in their dynamics.

5.3.1 Regulation in the p53-Mdm2 network

The p53-Mdm2 network is one of the most widely studied gene regulatory networks. Abou-
Jaude et al. [84] proposed a logical four-variable model to describe the dynamics of the tumor
suppressor protein p53 and its negative regulator Mdm2 when DNA damage occurs. The
wiring diagram of this model is represented in Figure [B.I] where P denotes cytoplasmic p53,
nucleic p53, and the gene p53. Mc and Mn stand for cytoplasmic Mdm2 and nuclear Mdm?2,
respectively. DNA damage caused by ionic irradiation decreases the level of nucleic Mdm?2
which enables p53 to accumulate and to remain active, playing a key role in reducing the effect
of the damage. There is a negative feedback loop involving three components: p53 increases
the level of cytoplasmic Mdm2 which, in turn, increases the level of nuclear Mdm2. Nucleic
Mdm?2 reduces p53 activity. This model also contains a positive feedback loop involving two
components where p53 inhibits its negative regulator nucleic Mdmz2. Note the dual role of
P, as it positively regulates nucleic Mdm2 through cytoplasmic Mdm2. On the other hand,
P negatively regulates nucleic Mdm2 by inhibiting Mdm2 nuclear translocation [84]. For
more about the p53-Mdm?2 system (see [84), 85 [63]).

The dynamic behavior of the system is represented in a network of transitions called its
state space (see Figure . This specifies the different paths to follow and the probabilities
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of following a specific trajectory from a given state. Dynamics here is not deterministic,
i.e., most of the state vectors have different trajectories they can follow. The propensity
parameters in Table determine the likelihood of following certain paths. The state 0010
is a steady state, which is differentiated from the others by its oval shape.

The state space for this model is specified by [0,2] x [0,1] x [0,1] x [0,1], that is, except
for the first variable P which has three levels {0, 1,2}, all other variables are Boolean. The
update functions for this model are provided in the supporting material and also in the
model repository of our web tool at http://dvd.vbi.vt.edu/adam.html.

Individual cell simulations render plots similar to the ones shown in Figure Each sub-
figure shows oscillations as long as the damage is present with a variability in the timing of
damage repair. On the other hand, cell population simulations, Figure 5.5 exhibit damped
oscillations of the expression level of p53 as the degradation propensities of the damage in-
creases. This is correlated with the fact that, if the intensity of the damage is increased,
more cells exhibit oscillations in the level of p53 which was experimentally observed in [63].
The initial state for all simulations was 0011 which represents the state when DNA damage
is introduced (0010 is the steady state without perturbation).

To highlight the features of our approach we compare our model with the one presented in [84]
in which variability has been analyzed. The main difference between these two models is in
the way the simulations are performed. In [84], the transition from one state to the next is
determined by parameters called “on” and “off” time delays. For instance, to transition from
2001 to 2101 it is required that ¢y, < tg;; which means that the “on” delay for Mc (time
for activating) is less than the “off” delay (time for degrading) of the damage. Otherwise,
it tpre > tg;; the system will transition from 2001 to 2000. In this article, transitions from
one state to others are given as probabilities which are determined from the propensity
probabilities. Therefore, the complexity of the model presented here is at the level of the
wiring diagram (i.e. the number of variables) while the complexity of the model in [84] is
at the level of the state space (i.e. number of possible states) which is exponential in the
number of variables. Another key difference is the way DNA damage repair is modeled.

In [84], a delay parameter t3— is associated with the disappearance of the damage, and this

is decreased by a certain amount 7 at each iteration so that tdi) = ( Uy > 0 where

n is the number of iterations. In order to simulate DNA damage Wlth this approach it is
required to estimate 7,n, and tim. Within our model framework a single parameter, the
degradation propensity, is used to model the damage repair which is a more natural setup.

5.3.2 Phage lambda infection of bacteria

Control of the outcome of phage lambda infection is one of the best understood regulatory
systems [86], 87, 62]. Figure depicts its core regulatory network that was first modeled
by Thieffry and Thomas [87] using a logical approach. This model encompasses the roles
of the regulatory genes CI, CRO, CII, and N. From experimental reports [87, [88], 89 [62] it
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DNA
1\damage

MDD

Figure 5.2: Four-variable model for the p53-Mdm2 regulatory network. P, Mc, and
Mn stand for protein p53, cytoplasmic Mdm2, and nuclear Mdm?2, respectively.

Table 5.1: Propensity probabilities for the p53-Mdm?2 regulatory network

P Mc Mn Dam
Activation 9 9 9 1
Degradation .9 .9 9 .05

Note that there is a low degradation propensity for DNA damage.
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Figure 5.3: State space diagram for parameters described in Table[5.1] The numbers
next to the edges encode the transition probabilities. The order of the variables in each
vector state is P, Mc, Mn, DNA damage. Self-loops are not depicted. States with darker
background comprise the cycle with DNA damage. A second cycle with a lighter shaded
background corresponds to the cycle with no DNA damage. The oval shaped state is a
steady state.



David Murrugarra Chapter 5. Stochastic Discrete Dynamical Systems 61

Expression level
Expression level

o 20 40 60

Time steps Time steps
2
—— P58
—6&— Mn

Expression level
Expression level

Time steps Time steps

Figure 5.4: Individual cell simulations for parameters described in Table [5.1] Each
subfigure shows oscillations as long as the damage is present. This figure shows variability in
the timing of damage repair and in the period of the oscilations. Each frame was generated
from a single simulation with sixty time steps. The z-axis represents discrete time steps and
the y-axis the expression level. The initial state for all simulations is 0011.
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Figure 5.5: Cell population simulations. Each subfigure was generated from 100 sim-
ulations, each representing a single cell with sixty time steps. Starting from the top left
frame to the right bottom frame the degradation propensity for DNA damage was increased
by 5%, i.e. pilam = .05 (top left), péam = .10 (top right), péam = .15 (bottom left), and
pém = .2 (bottom right). The z-axis represents discrete time steps and the y-axis the aver-
age expression level. The initial state for all simulations was 0011. This figure shows that,
if the intensity of the damage is increased more cells exhibit oscillations in the level of p53,
in agreement with experimental observations [63].
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Table 5.2: Propensity parameters for Figure (top frame)

CI CRO CII N
Activation 8 .2 9 9
Degradation .2 .8 9 9

There is a high activation propensity for C'I while a low activation propensity for CRO.

is known that, if the gene CI is fully expressed, all other genes are off. In the absence of
CRO protein, CI is fully expressed (even in the absence of N and CII). CI is fully repressed
provided that CRO is active and CII is absent.

The dynamics of this network is a bistable switch between lysis and lysogeny, Figure [5.7]
Lysis is the state where the phage will be replicated, killing the host. Otherwise, the network
will transition to a state called lysogeny where the phage will incorporate its DNA into the
bacterium and become dormant. It has been suggested [90, [87] that these cell fate differences
are due to spontaneous changes in the timing of individual biochemical reaction events.

The state space for this model is specified by [0, 2] x [0,3] x [0, 1] x [0, 1], that is, the first
variable, C'I, has three levels {0, 1,2}, the second variable, C' RO, has four levels {0, 1,2, 3},
and the third and fourth variables, C'II and N, are Boolean. Update functions for this
model are available in our supporting material. This model has a steady state, 2000, and
a 2-cycle involving 0200 and 0300. The steady state 2000 represents lysogeny where C1T is
fully expressed while the other genes are off. The cycle between 0200 and 0300 represents
lysis where C'RO is active and other genes are repressed.

Cell population simulations were performed to measure the cell-to-cell variability. Figure[5.8
was generated using the probabilities given in Tables[5.2| (top frame) and [5.3] (bottom frame).
The z-axis in both subfigures represents discrete time steps while the y-axis captures the
average expression level. The initial state for all simulations was 0000 which represents
the state of the bacterium at the moment of phage infection. Figure [5.8| shows variability
in developmental outcome, some of the networks transition to lysis while others transition
to lysogeny. To measure how sensitive the dynamics of the network is to changes in the
propensity probabilities, we have plotted the outcome of lysis-lysogeny percentages for dif-
ferent choices of these parameters. Figure [5.9[shows the variation in developmental outcome
as a function of the propensity parameters of C'I and CRO. Star points indicate the percent-
age of networks that transition to lysogeny and circle shaped points indicate the percentage
of networks that end up in lysis. The bottom z-axis contains activation propensities for C'1
and degradation propensities for C'RO while the top z-axis contains activation propensities
for CRO and degradation propensities for C'I. The activation and degradation propensi-
ties for C'II and N were all set equal to .9. Although the probability distributions for C'I
and C'RO are very symmetric in Figure [5.9, it gives a good idea of how the variability in
developmental outcome will change as the propensity parameters change.
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<

Figure 5.6: Wiring diagram for phage lambda infection model.

Table 5.3: Propensity parameters for Figure (bottom frame)

CI CRO CII N
Activation 3.7 .9 9
Degradation .7 .3 9 9

There is a high activation propensity for C RO while a low activation propensity for C'I.



David Murrugarra Chapter 5. Stochastic Discrete Dynamical Systems 65

Figure 5.7: State space for phage lambda model. The order of variables in each vector
state is C'I,CRO,CII,N. The steady state 2000 represents lysogeny where C'I is fully
expressed while other genes are off. The cycle between 0200 and 0300 represents lysis where
CRO is active and other genes are repressed. Self-loops are not depicted.
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Average expression level

Average expression level

Time steps

Figure 5.8: Cell population simulations. Both figures were generated from 100 simula-
tions, each representing a single cell iteration of ten time steps. Top frame for parameters in
Table shows 93% lysis and 7% lysogeny while bottom frame for parameters in Table [5.3
shows 4% lysis and 96% lysogeny. The z-axis represents discrete time steps while the y-axis
shows the average expression level. The initial state for all the simulations is 0000. Solid
(circle) points correspond to the average of C'I (CRO), and dashed lines represent standard
deviations.
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Figure 5.9: Variation in developmental outcome as a function of the propensity
parameters. Star points indicate the percentage of networks that transition to lysogeny
and circle shaped points indicate the percentage of networks that end up in lysis. Bottom
axis represents the activation (and degradation) propensities for C1 (CRO) in increasing

order. Likewise, the top axis represents the activation (and degradation) propensities for
CRO (CI) in decreasing order.



David Murrugarra Chapter 5. Stochastic Discrete Dynamical Systems 68

5.4 Conclusions

Using a discrete modeling strategy, this article introduces a framework to simulate stochastic-
ity in gene regulatory networks at the function level, based on the general concept of PBNs.
It accounts for intrinsic noise due to spontaneous differences in timing, small fluctuations in
concentration levels, small numbers of reactant molecules, and fast and slow reactions. This
framework was tested using two widely studied regulatory networks, the regulation of the
p53-Mdm2 network and the control of phage lambda infection of bacteria. It is shown that
in both of these examples the use of propensity probabilities for activation and degradation
of network nodes provides a natural setup for cell population simulations to study cell-to-cell
variability. The new features of this framework are the introduction of activation and degra-
dation propensities that determine how fast or slow the discrete variables are being updated.
This provides the ability to generate more realistic simulations of both single cell and cell
population dynamics. In the example of the p53-Mdm2 system, one can see that individual
simulations show sustained oscillations when DNA damage is present, while at the cell pop-
ulation level these individual oscillations average to a damped oscillation. This agrees with
experimental observations [63]. In the second example, A-phage infection of bacteria, it is
observed that differences in developmental outcome due to intrinsic noise can be captured
with this framework. Due to the lack of experimental data we are unable to calibrate the
model so that it reproduces the correct difference in percentages due to intrinsic noise. So
instead we present a plot of the difference in developmental outcome as a function of the
propensity parameters.

It is worth noting that this article addresses only intrinsic noise generated from small fluc-
tuations in concentration levels, small numbers of reactant molecules, and fast and slow
reactions. Extrinsic noise is another source of stochasticity in gene regulation [82] 62], and
it would be interesting to see if this framework or a similar setup can be adapted to account
for extrinsic stochasticity under the discrete approach. This framework also lends itself to
the study of intrinsic noise and it is useful for the study of developmental robustness. For
instance, one could ask what the effect of this type of noise is on the dynamics of networks
controlled by biologically inspired functions.

Relating the propensity parameters to biologically meaningful information or having a sys-
tematic way for estimating them is very important. A preliminary analysis shows that it is
possible to relate the propensity parameters in this framework with the propensity functions
in the Gillespie algorithm under some conditions (see Appendix B where for a simple degra-
dation model, the degradation propensity is correlated by a linear equation with the decay
rate of the species being degraded). More precisely, in the Gillespie algorithm [72] [73], if one
discretizes the number of molecules of a chemical species into discrete expression levels such
that within these levels the propensity functions for this species do not change significantly,
then one obtains the setup of the framework presented here as a discrete model. That is, sim-
ulation within the framework presented here can be viewed as a further discretization of the
Gillespie algorithm, in a setting that does not require exact knowledge of model parameters.
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For a similar approach see [69].
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Chapter 6

Future Directions

Building off of the research presented in this thesis, I have compiled a list of research problems
that one could pursue.

1. Characterize more finely the dynamics of multi-state nested canalyzing functions [58],
taking into account the level of influence of individual variables.

2. The framework presented in Chapter [5]is ideal for the study of developmental robust-
ness, e.g. intrinsic noise. Precisely, changes in the propensity parameters account for
different degrees of intrinsic noise. In this setting, understanding how dynamics of a
network is affected by this kind of noise is of particular importance. One could start
testing the robustness of nested canalyzing functions against this type of noise.

3. Expand the framework in Chapter 5[ so that it can account for extrinsic noise as well.

4. Comparing the framework in Chapter |5| with the Gillespie algorithm and with stochas-
tic differential equations to correlate the propensity probabilities with biologically
meaningful information such as reaction rates and concentrations.

5. For Chapter [3] design a project to experimentally test some of the theoretical results
about nested canalyzing functions.

6. For Chapter [2], the study bithreshold system for directed graphs, specially to find out
how the loop number of the network would constrain its dynamics.

Other research directions to follow within this context include,

1. Study the relationship of mutational robustness (structure) and developmental robust-
ness (dynamics).

70
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2. Characterizing minimal bistable systems within the discrete setting, i.e. determining
necessary and sufficient conditions under which the system undergoes bistability.

3. Development of bifurcation theory for discrete dynamical systems. See [4] for a pre-
liminary approach.
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Appendix A

A.1 Appendix for Chapter

In this appendix we derive the polynomial form for the indicator functions Qg. First, for
each r € F we denote the indicator function of the singleton set {r} by P, i.e., for zy € T,

1 if.’E():?",

P’“(“j‘]):{ 0 if 2o 7.

The polynomial form of P, is given in the following lemma.

Lemma A.1.1. Forr € F, we have

Po(z) = (p - D] [z - a),
a€lF
a#r
which has the expanded form

P.(x) =

(p—1) [Pt +raP™2 +r22P3 + . P20 + H al .

a€F
a#r

Proof. Let g(x) = (p — 1)H($ —a). We want to prove that g(x) = P.(z) for all x € F.

a€F
aFr

Clearly, g(x¢) = 0 if zy # r. It remains to prove that g(r) = 1. From the definition of g, it

can be expanded as

glx) = (p-D@@-1)--- (- (r-1)
(= (rt1)-- (= (1))
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Then
g(r) = (p—r!(=)Pr""(p—1-r)
= (- (=1)(=2) - (=r)
(=) (p—1-1)
Now, since p —i = —i (mod p) fori =1,...,r, we get
g(r) = (-1 p—1(p-2)
(p—r)p—1=1)
= (p—D-1)
= (p—1)(p—1) (from Wilson’s Theorem)
= 1.

This proves the first assertion. For the second claim, from the previous formula for P,., we
see that P, is a polynomial of degree p — 1, so P, can be written in the form

P(z) = (p—1a*" +apoa??
ta, 32?72 4+ - 4+ a1z + ag,

where

b1,...,b;€F
b1,....b;#r
for j € {2,...,p—1}. Then
Gp—j =
p—1 p—1
(—1)7) - [Z by . bj_lbj]
b1=0 bj_1:0 bjE]F
biF#r bjfl#’r' bj;éf‘
p—1 p—1
= (1) [bl iy b]]
b1=0 bj_1:0 bjGF
bi#r bjfl;é?“ bj;ﬁT
p—1 p—1
SCS) DT DR RSINIEE]
b1=0 bj_1=0
b17£7" bj,1;£1”
p—1 p—1
= (—1)]2 N |:b1 c. bj,g(—r) Z bj—1:|
b1=0 b371=0 bj,leF
by #r bj_1#r bj—17#r
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= (—1)j§- --blizlo{bl . ..bjz(—r)(—r)}

bi#r bj,1;£1”

=7,
Finally,
ap = (—1)p_1Ha = Ha.
aclF a€F
aFr a#r

Remark A.1.1. Note that p — 1 is even for p > 2 and 1 = —1 for p = 2.

This completes the proof. O

Finally, the polynomial form of ()g is given in the following lemma.

Lemma A.1.2. For S C IF, we have

Qs(x) = Y Pla)

ref\ S

— -1 -2
=ap 127 +ap 22" + - -+ a1x + ap,

where a; = (p — 1) Z P fori=1,....p—1and ag = (p — 1) Z (Ha).

ref\.S ref\.S “a€F
a#r

Proof. Clearly, if g € S, then P,(x¢) = 0 for all » € F\ S. Therefore

Qs(zo) = > Pu(xo) = 0.

reF\ S

Similarly, if o ¢ S, then P, (z9) = 1 and P.(zo) = 0 for all r # xy in F\S. Therefore

Qs(ro) = > Pi(zo) =1.

reFp,\.S

The second equality follows from Lemma This completes the proof.
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A.2 Proof of Theorem 4.4.2

Proof. Let us first assume that the polynomial f is a nested canalyzing function with canalyz-

ing input sets Sy, ..., S, and canalyzing output values by, ..., b,+1. Then, by Theorem [4.3.1]
f can be expanded as

n—1

flxy, ... xy) :Z{ . JHQS T; }+b1

where (g, is defined as in Lemma e,
Q52<£L‘1) :a; 1T —|—ap gxp +...+aé'
Then we have that
Cpp—1] = (g1 — bn)ay -+~ ay
NOW7 1f] 7é n, then
P

p=1N{7} P
(g1 — bn)ay_; ... afojagjai:} Sap
Then ' ' A
Ch-ingt = Cb-u(ap) ' a,
So

J
@iy = C[p lcp INA5} (A.2.1)
forj=1,....,n—1. Now,

m
n—up+1 n—j
anE:{ n—jo R }

Jj=0

and R
CloN{ oy =
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Therefore

(A.2.2)

n—p -1
i p—1,...p—1
{ | ap—l] C[O]\{l,...,nﬁu}'

Now, using Equations and

n—p
_ J -1 ij
=11 {%—1%110[511\{]’}}

n—p
_ wp—1,...,p—1 -1 i)
= Ol e 1L CotuCooiniy-
j=1

Conversely, suppose Equations - hold for the coefficients of the polynomial
f(z1,...,2z,) in Equation We need to show that f(z,...,z,) is a nested canalyz-
ing function. Let @), = (p —1) | S5 |,
agj =(p— 1)2 r?1 7 and @) = Qg,(0) for j =1,...,n. Then

res;

n

C([pfl} = (bn-i-l - bn) H a;—la

i=1

and

Cfl

-1 -1y = 941G (A.2.3)
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as well as e
CloN e
n—p "
o> {ma )
=1 7=0

From Equation [£.4.2] we get

n—p
p—1,....p—1
Cirvin = COoNTIL n—u}HC Cp IN{}
7=1
and from Equation we get
n—p
1,..p-1 i -1
Corcin = O ey [T el o)™
j=1
Then, from Equation [A.2.4] we get
Ciy iy =
n—p p
n— 1 n—j
{Ha }Z{ sl }
=1 7=0

From Equation [£.4.6] we get

Ciop = b1 = Oy Cp-ny Cp )
From Equation [A.2.4 we get
n—1
-1 n—j
=0
and from Equation we get
(C[%—l]\{l}c[;iﬂ) = a(l)(a';—l)_l‘

Then, from Equations we get

n—1
C[O] = bl + Z{ana(l] e ag]}.
7=0
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(A.2.6)
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Now,
flzy, - m,) =
n—1 ]
Z{ S ot .x:;»_—;}
},LZD (il,...,’in_u)
’itEFp
t=1,...n—p
+C[O].
We have
f(xb : axn) =
n—1
YRR SRS R
=0 (i1yommrin—j)
it €F
t=1,....n—j
n—1
+b1 + Z{(bn—ﬁ-l bn—j)ag ag—g}
=0
Therefore '
n—1 n—j
o, ) = Z{Bn_jn Qsi@i)} b,
§=0 i=1

which is nested canalyzing by Theorem 4.3.1} O



Appendix B

B.1 Stochastic Discrete Dynamical Systems: (SDDS)

Let x4, ..., x, be variables which can take values in finite sets X1, ..., X,,, respectively. Let
X = X1 x -+ x X, be the Cartesian product. A stochastic discrete dynamical system in the
variables x1,...,x, is a collection of n triplets

F={f,p,py,

Let mq, ..., m, be the number of elements of finite sets X,..., X, respectively. Let m =
my X --- X m,. The state space of F' = {fi,pl,p} » , over X consists of m states. The
network may transition from one state to other possible states. Algorithm describes
how to calculate a next state starting from an initialization. The probability of transition
from state z = (z1,...,2,) to state y = (y1,...,yn) is calculated using Algorithm [B.1.2]

B.1.1 SDDS includes trajectories from the synchronous and asyn-
chronous schemes

If F=A{fi, pg, p% ? . a stochastic discrete dynamical system, then F' has the same steady
states as the deterministic system G = {f;}*_,. This follows from the fact that

prob(z — x) =1 <= prob(z; — ;) =1 Vi <= z; = fi(zr) < f(z) = .
Note that prob(x — y) = prob(zy — y1)---prob(z, — y,). Above, ‘ <=’ means ‘if and
only if’.

It is also important to note that the dynamics of F' includes all the different dynamics that
can be generated from G using different update schemes. For instance, for the synchronous
case, consider z, y such that f(z) =y, that is f;(x) = y; for alli = 1,... n. There are two
cases to consider:

80
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o If x; =y, = fi(x) , then prob(z; — y;) = 1.

o If x; # vy, = fi(z), then prob(z; — y;) = (pzT or pzl) > 0.

In any case, prob(x; — y;) > 0. Then,
prob(z — y) = product(positive numbers) > 0.

Then x — y is an edge in the state space of the SDDS. Note that if pZT = pll = 1 for all
1=1,...,n, then F is a synchronous deterministic system.

For the asynchronous case: assume all propensities are in (0,1). Consider z, y such that
x; =y, for all i # k and fi(z) = yp # x. For i # k: two cases:

o if x; =y, = fi(x), then prob(z; — y;) = 1.
o if z; = y; # fi(x), then prob(z; — y;) = (1 —pg or 1 —pf) > 0.

1

In any case prob((z; — ;) > 0. For i = k: then prob((z; — y;) = (p! or p!) > 0. Then, for

alli=1,...,n we have prob(x; — y;) > 0. Then,
prob(x — y) = product(positive numbers) > 0.

Therefore x — y is an edge in the state space of the SDDS.

B.1.2 SDDS can be written as a PBN but needs more parameters

Forn =2, X ={0,1} x {0,1}, F = (f1, f2) : X — X, where

Xy | T2 f1 f2
0] 0 010
011 110
110 01
1 1 1 0
and
1 X9

Activation .1 .5
Degradation .2 .9




David Murrugarra Appendix B. 82

81%

0% 0% 409 100%

Now, suppose that there is a PBN that has the same state space. Let us focus on the Boolean
functions for the first variable, which we denote F; = {hy, hs,...,h,}. Notice that for the

first variable we have the following transitions:

prob(00 — 0) = 1.

prob(01 - 0)=.9=1— p{
prob(01 — 1) =
prob(10 — 0) =

prob(10 - 1) = 8 =1 —p{

prob(11 — 1) =1

From these equalities it follows that the number of Boolean functions for the first variable
is 4 (all other Boolean functions would have probability 0), namely:

H(— H—)

h

Ty | X || hy | hy | hs 4
0|0 01010 0
0 1 010 1 1
110001101
1 1 1 1 1 1

Now, denote with py, ps, p3, p4 the probabilities corresponding to hy, ho, hs, hy, resp. Then,

we have the following equations:
1= p3+ pa,

8 = P2 +p47

and
p1+p2+p3+ps=1.
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It follows that
p2=9—pi,ps=2-—p,ps=p1—.1

If we want to keep the number of functions in the PBN as small as possible, we can consider
ps =0 or py = 0 (but not both). Hence, the PBN needs at least 3 Boolean functions for the

first variable.

Now, suppose that a PBN has the same state space and let us focus on the Boolean functions
for the second variable, which we denote Fy = {g1,¢2,...,gm}. Notice that for the second
variable we have the following transitions:

prob(00— > 0) =1

prob(01— >1)=.1=1—p}
prob(01— > 0) = .9 = p}
prob(10— > 1) =

prob(10— > 0) = .5=1—pl

prob(11— >1)=.1=1—p}
prob(11— > 0) = .9 = p}

From these equalities it follows that the number of Boolean functions for the first variable
is 3 (all other Boolean functions would have probability 0), namely:

5=p)

Ty | T2 91| 92| g3
010 010710
0|1 01011
110 01111
1 1 11110
P2 = '17
p2+ps =5,
P2 = '17

p1+p2+p3 =1,

Then,
p1=.5,p2=.1,p3 =4

This shows that the PBN needs at least 3 Boolean functions for the second variable. There-
fore, the PBN needs a total of at least 6 Boolean functions and 6 parameters. Notice that
the SDDS has only 2 functions and 4 parameters.
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B.1.3 Pseudo-Codes

Algorithm describes how to calculate a next state starting from an initialization. The
probability of transition from state x = (z1,...,z,) to state y = (y1,...,y,) is calculated
using Algorithm [B.1.2]

Algorithm B.1.1 Next state for Stochastic Discrete Dynamical Systems

input : Initial state g, and a SDDS F = {fi,pg,pf n.
output: y = one of the next states of x.

Let z = F(xo) = (fi(zo), .-, fu(z0))-
for =1 tondo
Let r be a random number in [0,1].
if z; < z; then
if r < pg then

‘ y; = 2; with probability pZT
else

‘ y; = x; with probability 1 — plT
end

else if z; > z; then

if r < pil then

| y; = 2 with probability p!

)

else
‘ y; = x; with probability 1 — pf
end
else
| y; = x; with probability 100%
end

end

B.2 Regulation in the p53-Mdm2 network

The p53-Mdm2 network is one of the most widely studied gene regulatory networks. W. Abou-
Jaude, D. Ouattara, M. Kauffman [84] proposed a logical four-variable model to describe
the dynamics of the tumor suppressor protein phH3 and its negative regulator Mdm?2 in the
presence and absence of DNA damage. The wiring diagram of this model is represented in
Figure [B.I| where P, Mc, Mn, and Dam stand for protein p53, nuclear Mdm2, cytoplasmic
Mdm?2, and DNA damage, respectively.

The state space for this model is specified by [0, 2] x [0,1] x [0, 1] x [0, 1], that is, except for
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Algorithm B.1.2 Transition probability between two states for SDDS.

input : Two states z,y, and a SDDS F = {fi,pg,p} .
output: P, , = The probability of transitioning from x to y.

Let z = F(z) = (fi(z), ..., fu(2)).

P, =1
fori=1to n do
Let ¢ = 0.

if z; < z; then

| e=p!
end

| e=1-p)]
end

else if z; > z; then
if Y; = 24 then

| e=p
end
if Y = Iy then
| e=1-p;
end
else
if y; = x; then
I c=1
end
end
P,,=P,,*c

end
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DNA
1 \damage

Y L
(M) ()
Figure B.1: Four-variable model for the p53-Mdm2 regulatory network. P, Mc, and Mn
stand for protein pH3, nuclear Mdm2, and cytoplasmic Mdm?2 respectively.

Table B.1: Truth table for P
MnP |P

00
01
02
10
11
12

_— o O NN

the first variable P that has three levels {0, 1,2}, all the other variables are Boolean.

As shown in Figure Mn acts negatively on P. The update rule for P, fp, is specified
by the truth table given at Table

The update rule for Mec, fyr., which is specified by the truth table given at Table
The update rule for Mn, fym,, which is specified by the truth table given at Table [B.3]

Finally, the update rule for DN A-damage, fpum, which is specified by the truth table given
at Table [B.4l

Table B.2: Truth table for Mc

P | Mc
0] 0
110
21 1
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Table B.3: Truth table for Mn
P Mc Dam | Mn

000
001
010
011
100
101
110
111
200
201
210
211

— = OO = =, OO = O

Table B.4: Truth tables for DNA-damage

P Dam | Dam
00 0
01 1
10 0
11 1
20 0
21 0




David Murrugarra Appendix B. 88

Figure B.2: Four-variable model for the lambda phage regulatory network.

Table B.5: Truth table for CI
CRO CII | CI

00 2
01
10
11
20
21
30
31

DO NN ONIN

B.3 Lambda phage infection of bacteria

Thieffry and Thomas [87] built a multi-state logical model for the core lambda phage regu-
latory network. This model encompasses the roles of the regulatory genes CI, Cro, CII, and

N. See Figure :

The state space for this model is specified by [0, 2] x [0,3] x [0, 1] x [0, 1], that is, the first
variable has three levels {0, 1,2}, the second variable has four levels {0, 1,2, 3}, and the third
and fourth variables are still Boolean.

The update rule for CI, fo;, has inputs C RO and C'II which is specified by the truth table
given at Table
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Table B.6: Truth table for CRO
CI CRO | CRO

00
01
02
03
10
11
12
13
20
21
22
23

w

S OO DN W W WN WwWWw

The update rule for CRO, foro, which is specified by the truth table given at Table [B.6]
The update rule for CII, fcyr, which is specified by the truth table given at Table [B.7]
Finally, the update rule for N, fy, which is specified by the truth table given at Table [B.§|

B.4 Relating the propensity parameters with biologi-
cal information

Consider the following simple degradation model from [73], page 40,
St o
The propensity function (in the Gillespie context) is a(x) = kx and the state vector change

is v = —1. The expected value of the solution of this stochastic model is given by X (t) =
xgexp(—kt), where X (t) represent the state of the system at time t.

Let us discretize the number of states even further, into two states 0 and 1.

5 0 X(t m
X<t):{ 1 thgzm

where m is a fraction of the initial number of molecules, i.e. m = f7—0 Now, from the expected

value estimate we have .

m = =2 = zqexp(—kit) for some {.
Ui

then

1
In(

R
n)
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Table B.7: Truth table for CII
CI CRO N | CII

000
001
010
011
020
021
030
031
100
101
110
111
120
121
130
131
200
201
210
211
220
221
230
231

e}

SO OO OO OO OO O H O RO OO OO

Table B.8: Truth tables for N
CICRO | N

00
01
02
03
10
11
12
13
20
21
22
23

DO DD DD DO OO
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then
In(n)
k

The probability distribution for the time to go from 1 to 0 in SDDS is a geometric distribu-
tion [91] (Pg. 65) with expected value 1/pt, i.e. the average ‘waiting time’ to go from 1 to
0 in SDDS is 1/pt. Therefore

[

In(n) 51
EoT b
Y41
Then 5
l ~ k
P ()
Therefore
p% ~ ck
_ _6
where ¢ = MOR

In Figure we compare SDDS simulations with Gillespie simulations. In order to fit both
plots in a single figure, we have normalized the number of molecules so that it goes from 0
to 1. Number of simulations for SDDS is 1000 and number of steps for each simulation was
6. The number of molecules for Gillespie was normalized so that it goes from 0 to 1. The
scale parameter § for SDDS was set equal to 20, i.e., 1 second in the scale of Gillespie is
equivalent to 20 time steps in the scale of SDDS. Thus

c= 0 = 20 = 12.4267

In(n) In(5)

Therefore
pi ~ (12.4267)(0.05) = 0.6213.
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Gillespie
—— SDDS
091 ||

Average expression level
o i~ o o o o
w £ (6] » ~ oo
T T T T T T
| | | | | |

N
o
T
!

|
0 20 40 60 80 100 120
Time steps

Figure B.3: SDDS vs Gillespie. Number of molecules for Gillespie is 1000 and degradation
rate £k = 0.05. Number of simulations for SDDS is 1000 and number of steps for each
simulation was 6. The number of molecules for Gillespie was normalized so that it goes from
0 to 1. The scale parameter ¢ for SDDS was set equal to 20, i.e., 1 second in the scale of
Gillespie is equivalent to 20 time steps in the scale of SDDS. Thus, p% = 0.6213 (see text for
better description).
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