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A qualitative assessment and optimization of URANS modelling for

unsteady cavitating flows

Dhruv Girish Apte

(ABSTRACT)

Cavitation is characterized by the formation of vapor bubbles when the pressure in a working
fluid drops sharply below the vapor pressure. These bubbles, upon exiting the low-pressure
region burst emanating tremendous amounts of energy. Unsteady cavitating flows have been
influential in several aspects from being responsible for erosion damage and vibrations in
hydraulic engineering devices to being used for non-invasive medical surgeries and drilling for
geothermal energy. While the phenomenon has been investigated using both experimental
and numerical methods, it continues to pose a challenge for numerical modelling techniques
due to its flow unsteadiness and the cavitation-turbulence interaction. One of the princi-
pal aspects to modelling cavitation requires the coupling of a cavitation and a turbulence
model. While, scale-resolving turbulence modelling techniques like Direct Numerical Simula-
tions (DNS) and Large Eddy Simulations (LES) upto a certain extent may seem an intuitive
solution, the physical complexities involved with cavitation result in extremely high com-
putational costs. Thus, Unsteady Reynolds-Averaged Navier-Stokes (URANS) models have
been widely utilized as a workhorse for cavitating simulations. However, URANS models
are unable to reproduce the periodic vapor shedding observed in experiments and thus, are
often corrected by empirical correction. Recently, some models termed as hybrid RANS-LES
models that behave as RANS or LES depending on location of flow have been introduced and
employed to model cavitating flows. In addition, there has also been a rise in defining some

frameworks that use data from high-fidelity simulations or experiments to drive numerical



algorithms and aid standard turbulence modelling procedures for accurately simulating tur-
bulent flows. This dissertation is aimed at (1) evaluating the abilities of these corrections,
traditional URANS and hybrid RANS-LES models to model cavitation and (2) optimizing
the URANS modelling strategy by designing a methodology driven by experimental data
to augment the turbulence modelling to simulate cavitating flow in a converging-diverging

nozzle.



Qo0ondo

La cavitation est caractérisée par la formation de bulles de vapeur quand la pression dans
le fluide actif chute brutalement en dessous de la pression de vapeur. Ces bulles sortent la
région de basse pression, éclatent en dégageant d’immense énergie. L’écoulement cavitant
est importante dans plusieurs aspects, depuis les dommages causés par ’érosion et les vi-
brations dans les appareils d’ingénierie hydraulique, a aider pour les opérations chirurgicales
non-invasives et le forage pour 1’énergie géothermique. Bien que le phénomene ait été étudié
a ’aide du techniques expérimentales et numériques, il continue a poser un défi aux les tech-
niques de modélisation numérique a cause de l'instabilité de ’écoulement, et de I'interaction
entre la cavitation et la turbulence. L’un des principaux aspects de la modélisation de la
cavitation a besoin d'un couplage d'un modele de cavitation et d’'un modele de turbulence.
Bien que les techniques de modélisation a résolution d’échelle telles que les O0I00I OOCI0OO0
1000 DIODI0N00DoOO0D et les OO0 DDOD 00OODMOOODOOOD puissent sembler une solution
intuitive, les complexités physiques impliquent a la cavitation entrainent des cofits des cal-
culs extrémement élevés. Alors, les OO0N000O0 OO000OI000O0000000 OOOIODOIDOOOOD DOOOOOQO
a été bien utilisé pour les simulations de cavitation. Néanmoins, les modelés URANS sont
incapables de reproduire le détachement périodique de vapeur observé dans les expériences
et sont donc souvent corrigés par des corrections empiriques. Récemment, certains modeles
appelés les modeles 00000 OOOOI000 qui se comportent comme des RANS ou des LES en
fonction de 'emplacement de ’écoulement ont été présentent et utilises pour la modélisation
d’écoulements cavitants. En plus, il y a également eu une augmentation d’introduire certains
cadres qui utilisent des données provenant d’expériences ou de simulations d’haute-fidélité
pour conduire les algorithmes numériques et aider les processus standard de modélisation
de la turbulence pour simuler avec précision les écoulements turbulents. Cette these vise a

(1) évaluer les capacités de ces corrections, les modeles URANS traditionnels et les modeles



hybrid RANS-LES pour modéliser la cavitation et (2) optimiser la stratégie de modélisation
d’URANS en dessinant une méthodologie basée sur des données expérimentales pour aug-
menter la modélisation de la turbulence a simuler I’écoulement cavitant dans la géométrie

d’un Venturi.
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Dhruv Girish Apte

(GENERAL AUDIENCE ABSTRACT)

The famous painting U0I0O 00 000 ODIOOID by the French artist Francois Boucher shows a
dolphin rescuing the poet Arion from the choppy seas after being thrown overboard. Today,
seeing silhouettes of dolphins swimming near the shore as the Sun sets is a calming sight.
However, as these creatures splash their fins in the water, these fins create a drastic pressure
difference resulting in the formation of ribbons of vapor bubbles. As the bubbles exit the
low-pressure zones, they collapse and release tremendous amounts of energy. This energy
manifests in the form of shockwaves rendering this pleasant sight to the human eye, extremely
painful for dolphins. These shocks also impact the metal blades in hydraulic machinery like
pumps and ship propellers. This dissertation aims to investigate the physics driving this
phenomenon using accurate numerical simulations. We first conduct two-dimensional simu-
lations and observe that standard numerical techniques to model the turbulence are unable
to simulate cavitation accurately. The investigation is then extended to three-dimensional
simulations using hybrid RANS-LES models that aim to strike a delicate balance between
accuracy and efficiency. It is observed that these models are able to reproduce the flow
dynamics as observed in experiments but are extremely expensive in terms of computational
costs due to the three-dimensional nature of the calculations. The investigation then switches
to a data-driven approach where a machine learning algorithm driven by experimental data
informs the standard turbulence models and is able to simulate cavitating flows accurately

and efficiently.
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When [ first came to Virginia Tech as a naive, first year student in 2019, I never envi-
sioned spending five years that included dinner table discussions on Fluid Mechanics and
history, drinking weekends where the theme was always buffoonery, bipolar weather, fun
trips and a pandemic that shut down the entire world. The section might be considered
too long but it is not exhaustive for, everyone who helped me during this journey deserves
recognition at the very least.

This PhD would not have happened, had it not been for my advisor, Dr. Olivier Coutier-
Delgosha. Olivier is the shining example of a excellent PhD advisor, always ready to support
his students in difficult and challenging times, and being forever patient with his students
(even though it is painful, as it probably was in my case). I still reminisce the time he spared
for me during my first days, teaching me how calculations work and not be working just for
convergence, but look beyond at the physics driving it. His support during tough times like
lending me a laptop and my first visit to France will remain engraved in my memory. Olivier,
you have changed the way I am, the way I approach a research problem, you encouraged
me, advised me beyond the scope of research and continue to inspire me. I could not have
asked you for anything more. I will miss our Tuesday meetings and the surge of motivation

I always felt after meeting you. While I leave the lab, I will always be excited to collaborate
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with you and keep utilizing the endless bank of knowledge you possess.

Next, I thank my committee members. I thank Dr. Eric Goncalves da Silva for graciously
hosting me for two research visits to the Pprime Institute in France. It was always fun to
talk to Eric about research, French academia, life in France and the US over a beer at Café
des Arts. Eric, you will always have a place to stay at my home in the US! I sincerely thank
Dr. Eric Paterson for sharing his wise comments and outlooks. You always spared some
time from your extremely busy schedule for a grad student who just looked at you for advice
and who consistently bugged you with recommendations. I also thank my other committee
members Drs. W. Nathan Alexander and Heng Xiao for their insightful comments for re-
viewing my thesis and providing insights that helped me grow as a researcher.

A lot can happen over a cup of coffee. For me, I never thought a conversation with Dr.
Nassim Razaaly over some coffee would result in my final PhD project. I sincerely thank
both Drs. Nassim Razaaly and Richard Sandberg for continuing to believe in our collabora-
tion and helping me with my postdoctoral applications. Surely, conducting a multi-national
collaboration is difficult but both of you kept giving regular feedback and helped steer the
project in a very good direction. A special mention to Yuan Fang who painstakingly ex-
plained me the nuts and bolts of EVE without any expectations.

A special thanks to the staff at AOE who never hesitated to help a lost graduate student-
Kelsey Wall, Sherry Gong and Audri for Grad School-related affairs and Mark Brown and
Jeffrey McConnell for computation-related issues.Valerie Picquet who laboriously managed
my clearance for Pprime Institute and helped me regarding accommodation at Poitiers. I
also thank the Kevin T. Crofton Department of Aerospace Engineering and the Department
of Physics for graciously funding me throughout my research in the form of fellowships and
Teaching Assistantships.

[ am also grateful for the labmates I had at the Cavitation Lab: Dr. Xinlei Zhang who taught

me data assimilation. Dr. Mingming Ge who mentored me on writing papers and judging
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the quality of a research work and who continues to inspire me for an academic track.Kaleb
Brookshire for starting the arduous path of graduate school together and chatting at 666.
Naga Nitish Chamala for listening to my rants, exchanging ideas and concepts for each oth-
ers projects, going on that coffee breaks, visiting Portugal together and teaching me to code
efficiently. I realized I was not a pleasant lab-mate at the start but I hope the tide has
turned significantly by now. Special thanks to Pratulya Rajan, Joe Ghossein, Sanjay, Kevin
Fernandez, Basak and Roshan Subramaniam (deude, you got mentioned too!) for making
this journey enjoyable at times.

For my fellow grad students, sinking in the same OO0, I first acknowledge Drs. Adit
Acharya and Aldo Gargiulo for the "No Stupid Questions” (NSQ) discussion group and the
regular "Lunch with Fluids” where a simple question would lead to an extended learning
of fluid mechanics. Adit, it was great sharing an office with you, talking about football all
day, pretending Lauren speaks French and with whom "getting plastered” was always fun.
Dr. Agastya Balantrapu, who was always open to talk with a fresh grad student talking in a
non-realistic sense and for advising me on several aspects. I also made friends along the way
while seeking help from many others in the department, including Shishir Damani, Kavan
Shah, Pranay Anekal, Shreyas Chaware, Humza Butt, Baris Ondes, Dr. David Alexandre,
Siddharth Jain, Will Brown, Will Jordan, Jack, Daniel Binu, Emre, Dr. Javad Javahe-
rian (who made me pass my driving test with flying colors, despite my inability to do so),
Vishvendra Rustagi, Drs. Will Lambert and Carlos Michelén Strofer. Carlos, you were my
first friend at VT AOE and I sincerely enjoyed my time going on hiking trips and breweries
over the weekend, while I was staying home the entire week. Wherever I stay, you will always
have a home! Finally, my colleagues in France, Mickael, Luca, Di, Sai, Megan, Antoine and
Agostino
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had the door always open for a eternally-hungry grad student. Rahul Varma, with whom
I realized I indeed had a knack for cracking great jokes, Vamshi Reddy and Akhileswar
Reddy, a decent human being stuck with a gang of not-so-decent ones. I will always re-
member our Boy’s Nights Out where the so-regarded intelligent MS and PhD students (we)
would drop our armor and spent the evening in buffoonery and eccentric thoughts. I hope we
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I always came for help regarding anything. It was a memorable experience dancing with
you and I desperately hope we go to Spain sometime soon. I look forward to learning more
about Odia culture and cooking seafood from you. As you move to Colorado, remember
that I always will have a place to stay there and you a Gucci handbag that I promised.
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Maya Menon (who consistently brought my Francophilia in full action!) Aishworya, Bharath
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4.2 LES and RANS zones in the diverging section of the venturi on the three
two-dimensional meshes a) 35dotbk b) 51dot6k and c¢) 84k meshes. Here, 0
indicates region modelled by RANS (k-1 SST) and 1 indicates the region is
modelled by LES . . . . . . ..

4.3 Cavity Evolution Plot for the DES model on the 35dot5k mesh. The plot
represents the minimum density value in each cross-section of the diverging
part of the venturi over time on the x-axis and over its distance from the

venturi throat on the y-axis. . . . . . .. ... ... ... ... ...,

4.4  Zoomed-in Cavity Evolution plot demonstrating the development of primary
cavity near the throat and a secondary detached cavity further downstream.

The primary cavities have a near-identical length, approximately 27 mm. . .

4.5 Cavity Evolution Plot for the Delayed DES (DDES) model on the 35dot5k
mesh captured for the last 0.01s. The plot is very similar to the DES model

plot (Fig 4.3) but the cavities here are not uniformly 27 mm in length.

4.6 Cavity Evolution Plot of Improved DDES model on the 35dot5k mesh. Here,

unlike the DDES model, the cloud cavities are of uniform length. . . . . ..
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9Xd * pBiv 1pQHMIBOMSHRQ@HF®@M i?2 j8/Qi8F K2b?X AM b?
+QMi’ bi 7°QK i?2 .1a KQ/2H 7 KBHv THQib- MQ T2 'BQ/B+ b?:
/2i +?K2Mi Bb Q#b2 p2/X DbBM;mH * + pBiv ii?2i?°Q i Bb Q
i72 bBKmH iBQM b KTH2 iBK2- T QK X BXMX XmXi X2 X 4 dKl Wb BKbX

9X3 a2[m2M+2 Q7 + pBiv :'Qri? M/ TBM+?a@R b BKIH2HBJK " i?2
rBi? pQB/ 7  +iBQM 7B2H/X 6Q  pQB/ 7  +iBQM-y K2 Mb Tm" 2
TM 2ri2XXX X X X X X X X X X X X X X X X X X X 8K X X X

9XN 02HQ+Bivbi'2 KHBM2b U#H +F "QrbV rBi? i?2 "Qr?2 /b B
Q7 p2HQ+Biv p2+iQ  bmT2 @BKTQb2/ QM K2!Map@B/ 7" +iBQN
KQ/2H M/ #V .1a KQ/2H bBKmH iBQMbX h?2 # QrM +B +H?2/
"2@2Mi> MiD2i b/2i2 ' KBM2/ #v i?2 QTTQbBi2 p2HQ+Biv /B 2
/QrMbi*2 KBM i?2 .1a bBKmH iBQM i? Mi?21_ LabBKmH iBQN
b? T2b HbQ p "VOBMETBX MiBkvX X X X X X X X X MyX X X X

9XRy J2 M + pBivb? T2 7Q |_La bBKmH iBQMb QM i?2 V j8/Qit
M/ +V 39F +2HH K2b?2bX AM i?2b2 7B;m 2b-i?2 v2HHQr "2 b
70 +iBQM Q7R Q Tm'2ri2° M/ pQB/ 7 +iBQM Q7 x2 Q +Q .
PTOXX X X X X X X XXX XXX XXXXXXXXNKyX X X X

9XRR S'Q7BH2b mb2/ 7Q° HQ+ H +QKT 'BbQMb U/BK2MbBQMb B
mb2/iQ BMp2biB; i2 r?2i?2° ;QQ/ ;°22K2Mi Bb Q#i BM2/ rBi-
i HQ+ HBX2XB¥ HXXX X X X X X X X X X X X X X KR X X X

9XRk hBK2@ p2 ;2/ p2HQ+Biv T Q7BH2b BM i?2 U V bi 2 KrBb2 ,
/IB"2+iBQM 7Q i?72 .1a bBKmH iBQMbX h?2 "2/ /Qib BWMKB+ i2i?
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9XRj hBK2@ p2 :2/ p2HQ+Biv T'Q7BH2b BM i?2 U V bi 2 KrBb2 /
/B 2+iBQM 7Q  i?2 ..1a bBKmH iBQMbX h?2 "2/ /Qib BM/B+ i2
J i XX XX XXX XXXXXXXXXXXXXXXXXNK X X X

9XR9 hBK2@ p2  ;2/ p2HQ+Biv T'Q7BH2b BM i?2 U V bi 2 KrBb2 .
/B 2+iBQM 7Q  i?2 A..1a bBKmH iBQMbX h?2 "2/ /Qib BM/B+ iz
I XX X XXX XXXXXXXXXXXXXXXXXXNg X X X

9XR8 hBK2@ p2  ;2/ p2HQ+Biv T'Q7BH2b BM i?2 U V bi 2 KrBb2 .
/B 2+iBQM 7Q° HH i?°22 KQ/2Hb QM i?2 39F +2HH K2b?X "Qi
"2 B/2MiB+ H7Q  HH KX XKQX2KDBXX X X X X X XNBX X X X

9XRe _2VMQH/b b?2 “bi'2bb U V M/ hm #mH2Mi EBM2iB+ 1M2 ;)\
7Q°i?2 .1a KQ/2H QM HH i?°22 K2b?2bX h?2 "2/ /Qib BM/B+ i
JixXX X XXX XXXXXXXXXXXXXXXXXXNE X X X

9XRd _2vMQH/b b?2 "~ bi 2bb UV M/ hm #mH2Mi EBM2iB+ 1M2 " ;\
7Q° HHi? 22 KQ/2Hb QM i?22 XOF X2HBM K2KE?X X X XNB X X X )

9XR3 hBK2@ p2" :2/ p2HQ+BiB2b BM V bi 2 KrBb2 /B 2+iBQM M
k. M/j..la+ H+mH iBQMbX h?2 TBMF HBM2b +Q "2bTQM/ iQ
iBQM QM i?2 39F K2b?- k. bBKmH iBQM r?BH2 i?2 Qi?2  bBKm
iQi?2j. bBKMHXBQMEX X X X X X X X X X X X X XRyYK X X X

9XRN _2vMQH/b b?2 "~ bi'2bb U V M/ hm #mH2Mi EBM2iB+ 1M2";
M/j..la+ H+mH iBQMbX h?2 TBMF HBM2b +Q "2bTQM/ iQ i?.
QM i?2 39F K2b?- k. bBKmH iBQM r?BH2 i?2 Qi?2  bBKmH iB(
i?72 . bBKmH XBRMbDX X X X X X X X X X X X X X XRyK X X X
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9Xky hBK2@ p2 ;2/ p2HQ+BivT Q7BH2b BMbi 2 KrBb2 /B 2+iBQ
U#V 7Q  j.aah M/.la+ H+mH iBQMbX h?2 KQ/2Hb /BbTH v B/2
2bT2+B HHv M2 “i?2i?2°Q i #mi /BbTH v /B772 2NK RYQ7BH2b .

9XKkR _2VMQH/bb?2 “bi'2bbU V M/ hm #mH2Mi EBM2iB+ 1M2 ;v L
j..la + H+mH iBQMb M/ aah + H+mH iBQM QM i?2 e KBHHBQ
PBQH2i HBM2b +Q "2bTQM/iQ aahbBKmH iBQM QM i?2b K2 k
Qp2 @T 2/B+ib _2vMQH/b bi*2bb M/ mM/2 @T 2/B+ib i?2 hE1
+ H+mH iBQMb- bHB;?i /B772 2M+2b "2 Q#b2 p2/ #2ir22M i?2
j.+ b2bX X X X X X X X X X X X X X X X X X X X XR¥8X X X X

9Xkk hm #mH2Mi EBM2iB+ 1M2 ;v UhE1V T ' Q7BH2b M2 " i?2i?°Q
+ H+mH iBQMb- xQQK2/ BM 7°QK 6B; 9XkR U#VX h?2 T 'QTQEt
i?72 .1a KQ/2Hb BM i?72 7Q°K Q7 i?2 ..1a M/ A..1la KQ/2H "2 Q
iQ 772+ii?2im #mH2M+2 /vM KB+b ?2°2- bi?2 .1a- ..1a M/
KQ/2Hb b?Qr hE1l p Hm2b +HQb2 iQ i?2 2tT2 BK2MRyBM i? i Q

9XKj Z@+ Bi2 BQM +QMiQm  7Q  i?2X X KiXBMEIE M XRYBX X X X

9Xk9 * pBiv AMEIX BBEMK X X X X X X X X X X X X X XR¥3IX X X X

9Xk8 ai 'iBM; iQT H27i- BM +HQ+FrBb2 /B'2+iBQM- +QMiQm b Q
Q7=06V M/ # Q+HBMB+ iQ [m2 b + pBiv Bb BMBIiB i2/ bb
/IBp2 ;BM;@b2+iBQM Q7 i?2p2Mim BX >2 2-i?2r?Bi2QmiHBM
FHEHXX X X X X X X X X X X X X X X X X X X X X RYNX X X}

9Xke Z@+ Bi2 ' BQM +QMiQm > b i?2 X pBX X @rX #BX XR¥NK X X X

9Xkd ai 'iBM; iQT H27i-BM +HQ+FrBb2 /B '2+iBQM- +QMiQm b Q7
=06V M/ pQ i2tbi 2i+?BM; i2 K b i?2 + pBiX ;XQ&bR#BBy; X2 " X
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GBbi Q7 h #H2b

kKXR GBbi Q7 i?2im #mH2M+2 KQ/2Hb 2KTHKQX2¢ BMi XRH X X2 Mi
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*?2 Ti2 R

AMIi Q/m+iBQM

RXR * pBi iBQM

* pBi iBQM Bb /27BM2/ b i?2 T?2MQK2MQM +? * +i2 Bx2/ #v i?2 7Q
r?2M T 2bbm™2 Q7 i?72 HB[mB/ /" QTb #2HQr i?2 p TQm ™ T 2bbm™ 2 i
iI2KT2 im 2X h?2 #m##H2b "2 2Mi BM2/ #v i?2 7THQr M/ +QHH Tbh2
HQr@T 2bbm'2 "2:BQMX AM +QMi" biiQ #QBHBM;- + pBi iBQM Bb /"
AM //BiBQM- + pBi iBQM BM+2TiBQM Bb HbQ bm#D2+i2/iQ MQM@ +
i?72 #m##H2b H2 /biQb?Q+F-pB#  iBQM-2"QbBQM/ K ;2 M/HQ / b\
/2i BK2Mi HiQi?2277B+B2M+v Q7 ?v/°  mHB+ 2M;BM22 BM; /2pB+2l
XH2bX Ai? b HbQ #22M miBHBx2/ BM KmHiBim/2 Q7 TTHB+ iBQM]I
Q7 M mM/2 r i2 #Q/v/ biB+ HHv 2/m+BM; i?2bFBM 7 B+iBQM /" ;
UbmT2 + pBi iBQMV #Q/v+ M +?B2p2 ?B;?2 bT22/b mM/2  r i2" rB|
2M2°;v B7 +QKT “2/iQ #Q/vrBi?Qmi Mv + pBi iBQMX h?Bb TTHB+
bmT2 + pBi iBM; iQ T2/Q Ui?2 o @RRR a?Fp H QTQViX/ MQi?2 _mbl
#2M2pQH2Mi TTHB+ iBQM Bb i?2 miBHBx iBQM Q7 i?2 b?Q+Fb ;2M:
iQ /BbBMi2;  i2H ;2 FB/M2vbiQM2b BM MQM@BMp bBp2 bm ;2 'B2b
ri2>x AM //BiBQM- + pBi iBQM ? b HbQ #22M miBHBx2/ BM i?2 /B
2M2 ;v /2K M/ mbBM; bmbi BM #H2 2M2 ;v "2bQm +2b, + pBi iBM; C
iQ #2 k@9 iBK2b KQ 2 TQr2 7mH i? M +QMp2MiBQM H MQxxH2b 7Q
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2M? M+2/;2Qi?2 K H bvB)XKb?@h2abwpi2Kb "2 2KTHQvV2/iQ ? "M2bb
BM ;2Qi?2 'K H "2b2 ' pQB b rBi? HQr T2 ' K2 #BHBiv #mi ?B;?Hv T Qk
AM //BiBQM- + pBi iBQM ? b #22M T Qp2/ 2ti'2K2Hv 277B+B2Mi BM
ir22M b?Q i@+? BM H+Q?QHb U H+Q?QHb rBi? "2H iBp2Hv bK HH
KQH2+mH “bi'm+im 2V rBi? p2;2i #H2 QBHb iQ 7Q K 7 iiv +B/ K2i-
+? M;2 77QK HB[mB/ iQ p TQ™ M/ pB+2 p2°'b Bb #H2 iQ # 2 F i?2 G
i?mb BMBIiB i2i?72 ;2M2° iBQM Q7 bi #H2 2KmHbBQMbX h?2b2 "2 +il
Bb “2; “/2/ b H2 /BM; K2i?Q/iQ T°Q/m+2 #BQ/B2b2H- M 2MpB Q|
iQ 2M;BM2 7Tm2HbX h?mb- Bi Bb pBi HiQ BMp2biB; i2 i?72 K2+? ME
1?72Q 2iB+ H-2tT2 BK2Mi H M/ MmK2 B+ Hbim/B2bX 6Q" #2ii2 ml
T'Q+2bb2b mM/2  TBMBM; + pBi iBQM- #Qi? 2tT2 ' BK2Mib M/ ?B;?@
M22/iQ #2 +QM/m+i2/X

" b2/ QMi?2 + pBi iBQM;2M2  iBQM K2+? MBbKb-+ pBi iBQM+ M #2
Bi iBQM- QTiB+ + pBi iBQM M/ ?v/ ' Q/vM KB+ + pBi iBQMX +QmbiB
'2M2° i2/ #v TB2xQ2H2+i'B+i° Mb/m+2'br?BH2 QTiB+ H + pBi iBQN
#bQ ' TiBQM +Q277B+B2Mi bQHMIiBQMb 7Q" + pBi iBQM ;2M2° iBQM
2M2° 12/ #v i?2 HQr T'2bbm 2b b  "2bmHIi Q7 +2° i BM im #mH2Mi /
iBOQMb M/ bi'QM; pQ iB+ HKQiBQMbX h?2 7Q+mb Q7 i?Bb bim/v B
U>*VvVX

h?mb-iQ +QMi"QH i?2 mM7 pQm  #H2 2772+ib M/ miBHBx2 i?2 T?2N
iBQMb- i?2 K2+? MBbKb #2?BM/ + pBi iBQM M22/iQ #2 bim/B2/ KQ "



SYSY +2&0 7z Oné j
RXRXR * pBi iBQM "2;BK2b

* pBi iBQM BM 2M;BM22 BM; TTHB+ iBQMb 2tBbib Qp2° /B772 2Mi
iQ+ pBiv+HQmM/bH ;22MQm;?2iQ 2M;mH7i?2;2M2" iBM; #Q/vX h?2
i72 + pBi iIBQM MMK®R2 2P r22°@ jup; , 20?2 7°22bi"2 KT 2bbm’
P2HQ+Biv M/ i?2 /2ph BB i?BW2im" iBQM T 2bbm 2X >v/ Q/vM KB
+ M i?mb #2 QmiHBM2/ #v 7Qm" "2;BK2b , RV * pBi iBQM BM+2TiBQ

.2p2HQT2/ + pBi iBQM M/ 9V amT2 + pBi iBQM

* pBi iBQM BM+2TiBQM

AM+2TIiBQM + M #2 Q#b2 p2/ r?2M i?2 HB[mB/ T 2bbm 2 /" QTb #2HC
;2M2° HHv /2i2+i2/ #v +QmbiB+ bB;M H b i?2 #m##H2 Mm+H2B bBxz
T 2bbm 2 /B772°2M+2 /2T2M/b QM i?2 #BHBiv Q7 i?2 HB[mB/iQ bm
Bb 7mM+iBQM Q7 i?2 bBx2 M/ T'QT2'iB2b Q7 i?2 KB+ Q#m##H2k
#m##H2bX AM im #mH2Mi b?2 °~ 7HQrb- + pBi iBQM + M #2 Q#b2 p2
i? MbT MrBb2 pQ iB+2b i ?B;?2 eR&B2Mi T 2bbm 2b (

AM+BTB2Mi + pBi iBQM

SQbi@BM+2TiBQM- i?2 KB+ Q#m##H2b ;"Qr H ;2 iQ #2+QK2 Q#b2"
"2;BQMb rBi? /24X 2 MRM? 2d) ®#b2 p2/ Bi b HQrp TQ pQB/ 7 +iBC(
KBtim 2X



.2p2HQT2/ + pBi iBQM

bi?2 "2/m+2b-i?2p TQ" "2;BQMb ;:"Qr BM bBx2 M/ i' MbBiBQM 7"
iQ BMi2 KBii2Mi b?2//BM; HBF2 +HQmM/ Q7i2M /27BM2/ b ©6b?22i
T? b2 Bb MQi #H2 7Q" + mbBM; pB# iBQM M/ MQBb2 BM ?v/" mHE
T? b2 Bb bbQ+B i2/ rBi? i?2 "2@2Mi> Mi D2i i + pdBi@ #d2Qm2n " B7 : M
i?2 Bb bB;MB7B+ MiHv HQr-i?2i° MbBiBQM +QmH/ HbQ ? TT2M /m:
rp2bX &BER Qrb /2p2HQT2/ + pBi iBQM rBi? b?22iiQ +HQm/ i MbBIil

6B;m 2 RXR, .2p2HQT2/ + pBi iBQM rBi? bR22iiQ +HQm/ i |

bbQ+B i2/rBi?i?Bb "2;BK2; Qr ii?2H2 /IBM; 2/;2Q7i?27?2v/ Q7QBH
bBx2 M/ /2i +?BM; BMIiQ b2+QM/ v +HQmM/X h?2 b2+QM/ 'v +HQm
M/ +QHH Tbh2b mTQM "2@2Mi2 ' BM; i?2 ?B;? T'2bbm 2 xQM2 r?BH2
bB;MB7B+ MiHvX h?2/2+°2 b2BMbBx2 Q7i?2T BK 'v+HQmM/Bbi?2
iQr /b i?2 H2 /IBM; 2/;2 Im2 iQ M /p2 b2 T '2bbm 2 ;" /IB2MiX h?2
T2'BQ/B+ M/ ? bQ7i2M #22M +? HH2M:2iQ "2T°Q/m+2 BM MmK?2 [



SYSY +28&0 7z Oiié 8

amT2 + pBi iBQM

g?2M i?2/°QTh 2p2M HQr2 - i?2 + pBiv BMbi2 / Q7 +HQbBM: QM i?2
i72 r?QH2 Q#D2+i i  p2HHBM; i?°Qm;? i?2 7THmMB/X h?2 “2;BK2 ? b ;
"2+2MiHV /m2iQ Bib MQBb2 "2/m+iBQM M/ bmTT 2bbBQM M/ /> ;2
TQ'iX Hi?Qm;? Bi "2[mB 2b ?B;?2  bT22/b M/ HQr2 T 2bbm 2- Bi
?B;?2° K#B2Mi T 2bbm 2 #v BMb2 iBM; MQM@+QM/2Mb #H2 ; b U
Q#D2+iX RBIHAQXb p2MiBH i2/ bmT2 + pBi iBQMX

6B:m 2 RXk, 02MiBH i2/amT2 + pBi iBQM Q#b2'p2/ ia BMi Mi?QM
bBiv Q7 JBMII2bQi (



RXk GBi2 im 2 _2pB2r

RXKkXR J2 bm 2K2Mi i2+?MB[m2b 7Q " + pBi iBQM

h?2 2tBbi2M+2 Q7 i?2 QT [m2 HB[mB/fp TQ KBtim 2b K F2 pBbm H
bT22/ + K2° M BMimBiBp2 K2i?Q/iQ + Tim 2i?2 i MbBiBQM 7 QK
i?72 + pBi iBOM@pQ'i2t BMi2' +iBQMX h?mb- S "iB+H2@ AKX ;2 02HC
AM SAo0 2tT2 BK2Mib-i?2 T "iB+H2b KQp2 2H iBp2HvVv bHQr BM +Q
reHH@KBt2/X M BKT Qp2/ SAo T Q+2/m 2-r?2 2 H b2 @BM/m+2/
i? i 2KBi HB;?i rBi? [B772 2Mir p2H2M;i? - i2 ' K2/ b SAo@GA6 K
#22M miBHBx2/X h?Bb i2+?MB[m2 Bb T "iB+mH "Hv /p Mi ;2Qmb B
bi*QM; b+ ii2°BM; M/ 27H2+iBQM 7 QK i?2 HB[mB/fp TQ  KBtim 2 1
HB;?i 7 QK i?2 i +2NRyXBR2HIZPp{BK2i v+ M HbQ #2 T2 7Q K2/ rBi?
+QMi" bi BK ;2b #vi +FBM; TRRX2 BMi2 7 +2b (

RXkXk LmK2'B+ HKQ/2HHBM; 7Q" + pBi iBQM

JQ/2HHBM: + pBi iBM: 7THQrb ? b #22M +QKTHB+ i2//m2iQi?2T? b2
Q7 + pBi iBQM M/ im #mH2M+2X 7mM/ K2Mi H +H bbB7B+ iBQM
bbmKTiBQMb #Qmi2 +? +QKTmi iBQM H +2HH,

RAMi2 7 +2@i° +FBM: K2i?Q/b @ h?2b2 2M+QKT bb K2i?Q/b bb
bQH2HV #v QM2 T? b2X h?2 BMi2'7 +2Bbi° +F2/ mbBM: K “F2'b

kXp2' :2/@BMi2'7 +2 K2i?Q/b @ >2°2-i?2irQ T? b2b ‘2 bbmK2/
i72 +QKTmi iBOQM H 2H2K2Mi M/ + M #2 7m'i?2° +H bbB7B2/ B
20KQ:2M2Qmb /2T2M/BM: QM i?2 p2HQ+Biv- T 2bbm 2 M/ i2KT:
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:Qp2 MBM; 2[m iBQMb

*QMbB/2° 7HMB/2ZRQKHBEMBM: i?2 7HQr 7B2HY MVDQ G M 7 VBN ; -ir Q

bm#/QK BMW/ ; b2T " i2/ #v M BMX217+R27HmB/ Bb ;Qp2 M2/ #v i?2 L
aiQF2b 2[m iBQMb r?B+? 2tT 2bb i?2 *QMb2 p iBOQM Q7 JQK2MimK- i
2tT 2bb2b i?2 *QMb2 p iBQM Q7 J bb M/i?2 *QMb2 p iBQM Q7 1M2°

Q@

@ktﬂ WU =0 URXRV
@L’(_'_r (kUkU) =1 pc r + S URXKkKV
(@]
@ & _ :
E"‘r@kekuk)— r peUe 1 (u)+rgq+S u URX]V

A7 MOM@?QKQ:2M2Qmb KQ/2H Bb #2BM; mb2/- i?2 KQiBQM Q7 :
b2T * i2/ b2i Q7 L pB2 @aiQF2b /2 iBHBWD; rFRT? 2b2MiBM; i?2 #Qm
DmKT +QM/BiBQMb BM i?2 7THQr p "B #H2bX AM + b2 ?QKQ:2M2Qm
/2b+ B#2/ rBi? bBM;H2b2i Q7 2[m iBQMb 7Q° 7HmB/ rBi? p "B #H.

AMi2 7 +2@i° +FBM; K2i?Q/b

PM2 Q7 i?2 7B bi BMi2 7 +2@i  +FBM: TT ' Q +?2b r b brRkRbi2/ #v
h?2v mb2/ K "F2 T "iB+H2b B/2MiB7vBM; p "BQmb 7HmMB/ xQM2b QM
BMi2 7 +2- i2 ' KBM; BiJ "F2'@ M/@*2HH UJ *V TT'Q +? M/ TQi2
HB[mB/ T? b2X

MQi?2  bBKBH ° TT Q +7- i2 K2/ 7°QRji@Y r oF BWBK2I2AQ2 (2 i?2
BMi2 7 +2 Bb 2tTHB+BiHv /27BM2/ #v G ;> M;B M ;"B/X AM i2 Kb
L pB2 @aiQF2b 2[m iBQMb 2 #2BM; bQHp2/ QM 7BMBi2@/B772 2



"B/ 2tTHB+BiHv i° +Fbi?2 b? "TBMi2 7 +2X b "2bmHi- KmHiBTH2
BM bBM:;H2 K2b? +2HH M/ HHQrb bm 7 +2 i2MbBQM iQ #2 BM+Q T
2p2 - 7°QMi@i> +FBM; K2i?Q/b 2 mM #H2iQ + Tim2H ;2iQTQHQ
BMi2 7 +2bX 6Q 2t KTH2- B7 irQ /B772 2Mi b2;K2Mib Q7 2p2M i?2 B
+HQb2 i? ii?2v Q++mTvi?2 b K2 :°B/ TQBMi- i?2B" "2bT2+iBp2 T°Q
+ M+2H 2 +?2 Qi?2°- "2bmHiBM; BM x2 ' Q BM7HM2M+2 BM i?2 7HQrX
i +FBM; K2i?Q/b rBi?Qmi i?2 +QMM2+iBpBiv Q7 BMi2 7 REXTQBMib
h2 K2/ b i?2 SQBMi@a2i J2i?Q/- i?Bb K2i?Q/ BMBiB HBb2b i?2 i A
Bi iQ QM2 BM mM+QMM2+i2/ BMi2 7 +2 TQBMib 7QHHQr2/ #v bQHpl
Bi BM b2T " iBM; i?2 +2HHbX h?2 i’ +FBM; 7mM+iBQM Bb i?2M bKQ
7MM+iBQMX h?mb-i?2v "2 #H2iQ 2ti" +ii?2 MQ K H-+m'p im'2 M
M2+i2/ TQBMibX "mi-i?2 mi?Q bbi i2BMi?2 "iB+H2Bib2H7-i? ii?
+QbiHv M/ 2+QKK2M/2/ 2bi"B+iBM; i?2 MmK#2 Q7 BMi2 7 +2 bm"

MQi?2" Hi2 M iBp2 K2i?Q/ Bb i?2 H2pRp@® b2B K2 i?IQ2bU GEIp2H @b 2 |
iBQMQ i +F i?2 BMiRQpBM: rBi? pR2HIQ#BimM/BM: M QTZMi@ 2;BQ N\
i4yX 2T 2b2Mib i?2 K i2 B HBMi2 7 +2X h?2 H2p2H@b2i 7TmM+iBQ\

(x;t) =0forx 2 (t) URX9V
(x;t) > O;forx 2 URX8YV
(x;t) < O;forx 2 URXeV

h?2 p HmM2B@7+QMp2+i2/ rBi? i?2 p2B,Q+Biv 7B2H/

—+ur =0 URXdV
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h?mb- MBMi2 ' TQH iBQM Q7 i?2 7TmM+iBQM /i Kmbi #2 T2 7Q K2/ i
BMi2 7 +2X AM //BiBEMBMMQImMHX/( +QMb2 p iBp2 BMi2 7 +2 K2i-
i?72 G2p2H@a2i i2+?MB[m2X h?2v i'2 i2/i?2 iQTQHQ:;B+ H +? M;2b
K2i?Q/b rBi? i?2 H2p2H@b2i i2+?MB[m2 r?BH2 HbQ /Bb+ 2iBxBM;
+QMb2 p iBp2 7Q #Qi? 7THmB/b BM/BpB/m HHvX h?2 i2+?MB[m2r b
iBT? b2 7THQr T'Q#H2Kb- HBF2 #m##H2@b?Q+F BMi2" +iBQMb M/ b
MB[m2 Q7 /Bb+ 2iBXxBM; i?2 2[m iBQMb BM +QMb2'p iBp2 K MM2"
T2 bBbi2/ + Qbb i?2 BMi2 7 +2X _RB2MIiHW/23 iMBRii2HRMB[m2 iQ i
IBK2MbBQM H- BM+QKT 2bbB#H2 7HQrb rBi? T? b2 +? M;2- mbBM;
?2 i 7THmt M/ p2HQ+Biv ii?2BMi2°7 +2X h?2v p HB/ i2/i?Bb KQ/2H
HBF2 bBKmH iBM; p TQ #m##H2BM bmT2 2?2 i2/ HB[mB/ M/ / QTH:
HbQ ?B;?HB;?i2/i?2 HBKBi iBQMb Q7 i?2 KQ/2H bBiBb QMHV TTH
M/ Bib BM #BHBiviQ #2 bBKmH iBM; BM T " HH2H T Q+2bbBM;X

aQK2 bim/B2b ? p2i B2/iQ +QK#BM2 i?2 /p Mi ;2b Q7 i?2 G2p2H@ a3
T Q +?2biQ Qmir2B;? i?2 BM/BpB/m H /Bb /pRN+QKXBMR2/M;J W? M;
T°QD2+iBQM H;Q 'Bi?K rBi? MQM@mMB7Q K ;"B/ H2p2H@b2i 7m]
Q7 + pBi iBQM #m##H2X "v BKTH2K2MiBM; bm77B+B2MiHVv bi #H?2
TT'Q +?2r b #H2 iQ bBKmH i2i?2 ;"Qri?- +QHH Th2 M/ 2#QmM/ b
HmiBQM- BM+HmM/BM; i?2 T '2bbm 2 M/ p2HQ+Biv ;" /IB2Mi b i?2 #m
rb+QM/m+i2/ QMHvVv 7Q BMpBb+B/ 7HQrb

h?2i?B/T'BK "VBMi2'7 +2@i +FBM:i2+?MB[m2Bbi?2 0QHMK2 Q7
i?2 /2p2HQTK2Mi Q7 BMi2 7 +2Bb # b2/ QM i?2 pQHmMK2 7> +iBQM i°

—4+ur =0 URX3V



Ry

6B bi- M TT QtBK i2 BMi2 7 +2 Bb "2+QMbi m+i2/ # b2/ QM i?2 ~2+
i?72#QmM/ "v7Hmt2b "2 TT QtBK i2/ M/i?2BMi2 7 +2Bb HBF2rBb:
? b#22M rB/2Hv mb2/ 7Q" + pBi iBQ MklyBibr2H 1iB2QAQIBXKE B? Bi/ HQmM TH
rBi? / TiBp2J2b? _27BM2K2Mi U J_V i2+?2MB[m2iQ bBKmH i2i?2 m
"QmM/ +VHBM/2 X bBKBH " K2i?2Q/QHQ ;i bQnbR K inHqi ®i 23 +HDQ (r
+ pBi iBM; 7HQr "QmM/ *H "F@u ?v/'"Q7QBHX q?BH2 i?2b2 bim/B
Q7 mbBM; 0Q6 K2i?Q/b- i?2v HbQ 2KTHQv2/ G ;2 1//v aBKmH iBQ
i?72 " 2bmHIBM; im #mH2M+2 r?B+? TH v2/ /QKBM Mi 7 +iQ  BM i?2 7
i?72 7THQr T?vbB+b ++m’ iRAQX TUm2i22?/2i BHbVXREQRB2/2iir@X (

T? b2 oP6 M/ +QKT "2/i?2K rBi? i?2 :BHKQ 2 KQ/2H M/ 2tT2 BK2M
H b2 "@BM/m+2/ + pBi iBQM UQTiB+ H + pBi iBQMVXh?2v KQ/B7B2/
kj) i Q BM+Hm/2 MQM@+QM/2Mb #H2 ; bX h?2v Q#b2 ' p2/ ;QQ/ ;
1?72 #m#H#H2 b? T2 M/ #m##H2 KQiBQM 7i2 i?2 7B bi +QHH Tbh2- i
+QHH Tbh2X >Qr2p2 -i?2 bim/vBb mM #H2 iQ KQ/2H 2772+ib 2KBii2
i?72 "2bmHIBM; #m##H2 +QHH Tb2 M/i?2 +QMb2[m2Mi T? b2 +? M;2)
K2i?Q/ ? b #22M rB/2Hv mb2/- Bi ? b Bib QrM HBKBi iBQMb, iQ K BM
*Qm® Mi@6°'B2/'B+?b@G2rv U*6GV +QM/BiBQM MmK#2" H2bb i? M C
Bib/B77B+mHivBM 2+QMbi m+iBM; i?2BMi2 7 +2 BM +QKTH2t ;2Q
M im 2Q7i?2pQHmK2 7" +iBQM 7B2H/X

p2° ;2/@BMi2°7 +2 K2i?Q/b

aBM+2 BirQmH/ #2 /IB77B+mHi iQ + Tim 2 i?2 BMbi Mi M2Qmb p Hm
i?72 HBKBi iBQM Q7 +QKTmi iBQM H+ T #BHBiv- BirQmH/ #2 +QMp2
Q71?22 2[mBHB# BmK 2[m iBQMb iQ mM/2 bi M/ i?2 7THQr T ~ K2i2 b>

h?2b2 K2i?Q/b mb2 BMbi Mi M2Qmb +QMb2 p iBQM H rb Q7 7THmB/
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BMi2 7 +2 +QM/BiBQMb bBM+2 i?2 BMi2 7 +2 Bb /Bb+QMiBMmMQmb 7
p2° ;BM; Q7 i?2 2[m iBQMb + M #2 /QM2 bT iB HHv- i2KTQ  HHv- bi
1?72 #Qp2@K2MiBQM2/ K2i?Q/bX

h?2 p2° ;2/ BMi2 7 +2 KQ/2Hb +QmH/ 2Bi?2° +QKT Bb2 Q7 MQM@
KQ/2H TT ' Q +2r?2°2i?2 MQM@2[MBHB# BmK 2772+ib #2ir22M i?:
BMiQ ++QmMi HQM; rBi? b2i Q7 K bb-KQK2MimK M/ 2M2 ;v 2[m i
HbQ FMQrM b b2p2M@2[m iBQM KQ/2HX h?2 K2i?Q/ Bb KQ 2 bmB
2QK2i'B9K (i i?2 BMi2 7 +2- TT QT B i2 DmKT +QM/BiBQMb "2
p "BQmb 7HQr 7B2H/bX h?2°2 ? p2 #22M bim/B2bi? i T°'QTQb2/ 2/m
7Q°i?2 KQ/2H-7Q 2t KTH2i?2 "2/m+2/ KQ/2H rBi? 7B$R APRVBQMb
bBKTHB7B2/i?2irQ 7HmMB/ KQ/2H #v K FBM;irQ 2[m iBQMb 7Q  i?2 K
KBtim 2 KQK2MimK M/ KBtim 2 2M2 ;v 2bT2+iBp2Hv M/ QM2 2[m i

h?2 Qi?2° ivT2 Q7 p2 :2/@BMi2 7 +2 K2i?Q/b "2 i?2 >QKQ:2M2Qr
KQ/2Hb r?2°2 #Qi? T? b2b "2 BM i?2°KQ/vM KB+ M/ K2+? MB+ H :
Bb ;Qp2 M2/ #v bBM:H2 b2i Q7 +QKT 2bbB#H2 L pB2 @aiQF2b 2[m
i° MbTQ i 2[m iBQM, i?2T? b2 +? M;2 Bb /2i2 ' KBM2/ mbBM; i?2 /2Mt
iBQM Q7 ai i2U1QaVX h?2 T°QT2iB2b Q7 i?2 KBtim 2 "2+ H+mH i2
i72 HB[mB/ M/ p TQ T? b2b r?BH2 i?2 bT22/ Q7 bQmM/ Bb + H+mH
ke,

1 | v
_— + URXNYV
c? sat;l Cﬁam satv Cgat;v

h?2 +QKTmi iBQM H +QbiQ7i?2 KQ/2H /2T2M/b QM i?2 1&a@ mb2/ 7 C
reB+? /Q2b MQi BM+HmM/2 i2KT2 im 22772+ib iQ iRPX+m#B+ S2M; @ _

hQ BM+ 2 b2 bBKTHB+Biv- bim/B2b ? p2 HbQ mb2/i?2 BM+QKT 2b
K bb M/ KQK2MimK +QMb2 p iBQM 2[m iBQMb "2 /2+QmTH2/ 7 QK
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2[m iBQMX >Qr2p2°-i?2°'KQ/vM KB+ 2772+ib "2bB;MB7B+ Mi2bT2-
r?2°2i?22i?22 K HT' QT2 iB2bQ7i?2rQ FBM; 7THmB/bHBF2HB[mMB/ M
/2+BbBp2 "QH2 BM i?2 + pBi iBM; 7THQr T°Q+2bb Ui?2 HB[mMB/@/2N
Bb Km+? bK HH2 i? Mr i2 @p TQ /2MbBiv " iBQc i?2 27Q 2- KQ 2
70 p TQ'Bx iBQM H2 /BM; iQ /2K M/ 7Q° ;2 i2  H i2Mi ?2 i M/

/I"QT M2 " i?2 + pBi iBM; xQM2 /m2 iQ i?2 HQr i?2 K H +QM/m+iBpt
;2M2° HHv mb2 DbTHBM2 i2+?MB[m2iQ ;2M2 i2 i #mH  1Pa 7Q K i
Q7 ai M/ /b M/ h2+?MQHQ;v UkBahV /i # b2 (

M Hi2 M iBp2 TT' Q +? BMi?2 p2 ;2/@BMi2°7 +2 K2i?Q/b HbQ B
“i2 KQ/2Hb r?2°2 i?2 7THQr Bb ;Qp2 M2/ rBi? i?2 L pB2 @aiQF2b 2]
2[m iBQM rBi? i?2 p TQ pQHmMK2 7° +iBQMX h?2 K bbi> Mb72" " i2
M/ iBK2@/2T2M/2MiX PM2 K bbi> Mb72  KQ/2H 7 KBHv /27BM2b QM
Bb# b2/ QM i?2 FBM2iB+ j92Q v Q7 ; b2b (

@

@tv”( W)= R URXRYyV

rR= Ayt (Pa P) URXRRV
2RgTinit

r?2 Rnr Bbi?2 Qp2" HH #m##H2@+HQmM/ BMBD T22EB2 D" 7 b-r2QNb4 M
M/MTnit Bb i?72 i2KT2 im 2 ii?2 #m##H22BMAB2MAtbRX2 /2pB iBQM 7
1?72 KQ/vM KB+ 2[mBHB#BMEBRM®22 i?72 KQ/vM KB+ 2[mBHB# BmK

7 KBHvV Q7 K bbi® Mb72" " i2 KQ/2Hb +QMbB/2 b #Qi? +QM/2Mb iBC
i?2p TQ i° MbTQ'i 2[m iBQM,
@ _
+1( W)= Re+ Ry URXRKV

@t
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r?2°Re MR "2 i?2 +QM/2Mb iBQM M/ 2p TQ  iBQNR 220X EToMx 2|
K bb@i> Mb72 " i2 KQ/2H # b2/ QM i?2 :BMx#m ;@G M/ m i?2Q v
b?22i + pBi iBQM M/ bmT2 + pBi iBQM #v BMi"Q/m+BM: i?2 7TQHHQ

b iBQMi2 Kb,
_ Cdestmin(p psat;o) Y
m =
- 0:5U2t;

URXRjV

mt = Cprod max(p Psat s O)(l ) 2 v URXRO9V

a t,

[?2 Quest MCprog 1?2 2KTB B+ HK bb i’ Mb7Rb +T2MbR [WhiB/ pQHMK2 7° +
, M/, "2i?2p TQ /2MbBiv M/i?2 HB[mB/p2MpBiV 228 Z T+ B @-
M/i?2b im> iBQM T 2bbmt,2 BDbiP2+ B2 bivE K iBKR Bt H22 K/22
bi*2 K p2HQ+BivX J2]RHR QT QH/( bBKBH * KQ/2H #mi +QMbQHB/
#QmM/2/M2bb + Bi2 'BQM 7Q° MmK2 B+ H bi #BHBiv

- Chestmin(p  Psat; 0) |

URXRS8V
T 0507t

- 05U12 t1

aQK2 KQ/2Hb HbQ mb2/i?2 _VH2B;?@SH2bb2i 2[m iBQM Q7 #m##
h?2 KQ/2H T°QTQb2/ #v a$dM2HKbaBV2i?Bb + i2;Q v r?2°2 i?2v Hb
i72 T°2b2M+2 Q7 H ;2 MMK#2 b bT?2 B+ H #m##H2b BM i?2 KBtim :

s
4no R 2 2p pv)

= URXRdV
1+‘§‘n0R3 3,

=

s
+_ MoRZ2 2 p

m = URXR3V
- 1+‘§‘n0R3 3,

g?211% MR "2i?2#m##H2 MmK#2 M/ i?2 #m##H2  /Bmb 2bT2+iBp:



RO

i?72b2 "2H iIBQMbbB;MB7vi?2p TQ pQHMK27  +iBQMBMi2 Kb Q7i?~
rBi?BM ;Bp2M +2HH 7QHHQr2/ #v i?2 b[m 2@ QQi i2 K -i? i /12MQi
#m##H2 ° /IBmbX bB;MB7B+ Mi HBKBi iBQM 2tBbib BM i?2 i?72Q v C
SH2bb2i 2[m iBQM Bb ;Qp2 'MBM; 2[m iBQM 7Q  i?2 /vM KB+b Q7 b
i?2p TQ  +HQmM/ +QMbBbib Q7 KmHIiBTH2 #m##H2b BM +QMi +i rBi?
MQi T2 72+iHv pIFR2ABI#21R/¢ i?2°2 "2 b2p2°  HQi?2 T°QTQb2/ 7Q Kr
i2 KE&je-jd-j3-jNX h?2°2 Bb MQ +QMb2Mbmb BM HBi2  im 2 “2: /B
b2H2+iBQM H2 /BM; iQ i?2b2 /2+ /I2b@QH/ KQ/2Hb biBHH #2BM; i?2
KQ/2HHBM;X L2p2 i?2H2bb-i?72 2 2tBbib T QKBbBM; TT Q +? r?2
+QMbi Mib 2 /2p2HQT2/ Q  i?2 2KTB B+ H +QMbi Mib 2 + HB#" i:
T?vbB+bX
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RXj] h?2bBb QmiHBM?2

* pBi iBM; 7THQrb "2 ?B;?Hvim #mH2Mi M/i?2°27Q°2- M /[/2[m i2 +C
im #mH2M+2 KQ/2H Bb "2[mB 2/iQ KQ/2H i?2 + pBi iBQM@im #mH2
i?72 THQr /vM KB+b bbQ+B i2/ rBi? i?2 T?2MQK2MQMX q?BH2 i?2
+QMb2Mbmb QM + pBi iBQM KQ/2Hb-bim/B2b ? p2 #22M +QM/m+i2/ i
im#mH2M+2 KQ/2Hb M/ T°QTQb2 //BiBQM H im #mH2M+2 KQ/2Hb
#mi 7Q  i?72 2MiB 2 /QK BM Q7 im #mH2Mi 7THQrbX AMbTB 2/ #v bm+
rQ Fb BMi?29yQROB{ MmMK2 B+ Hbim/B2br2 2 +QM/m+i2/iQ #Qi? BM
T?vbB+b 77 QK +QKTmi iBQM H T2 bT2+iBp2 M/ p HB/ i2 i?2 2tT2"
bim/B2b 2M+QKT bb mbBM; | _La- ?v# B/ _La@Gla im #mH2M+2 K
KQ/2Hb i? i "2 KQ'2 K i?2K iB+ HHv Q' B2Mi2/X

h?2 +m "2Mi i?2bBb Bb Q ; MBx2/kbh TQPBHAZIxrb, 2pBR2IRY7 i?72 2tBbiB!
#mMH2M+2 KQ/2HHBM; HBi2 im 2 rBi? bT2+B H7Q+mb QM i?2 ?2v#
? p2 #22M miBHBx2/ bm#bi MiB HHv i?" Qmj ?Rmi B2 ii772b B k) 2*7 BT,
iBOM iQ bBKmH i2 mMbi2 /v +HQm/ + pBi iBM; 7H®QZ K iBAMBQXQMP 2" ; E
mbBM; bQK2I1_La M/ b2p2° H?v# B/ _La@Gla KQ/2HbX h?2 bim/v
"HQ# H bT2+ib HBF2 i?2 bm#@T Q+2bb2b Q7 /2p2HQT2/ + pBi iBQ
BMi2° +iBQM QM i?2 HQ+ Hb+ H2 mbBM; T'Q7BH2 bi iBQMbX h?2 bi
T 2@2tBbiBM; im #mH2M+2 KQ/2Hb M/ i?2 +QKTmi iBQM H ++m" +
7HQrbX

*2 Ti292Mi BHb [m HBi iBp2 BMp2biB; iBQM iQ bBKmH i2 mMbi2 /v
BM; #Qi? irQ@ M/i? 22@/BK2MbBQM H ;"B/b mbBM; i?2 .2i +?2/ 1//\
7 KBHvX >2°2- bT2+B H 7Q+mb QM i?2 i?°22@/BK2MbBQM H 2772
#v +QKT "BM; i?22 im #mH2M+2 bi iBbiB+b /i rBi? k. bBKmH iBQMb-



Re

pQi2t BMi2" +iBQM M Hvx2/ mbBM; i?2 pQ iB+Biv #m/;2i M HvbBbD
r?BH2 j. 2v#' B/ _ La@G1la bBKmH iBQMb ‘2 #H2 iQ 2T °Q/m+2 i?2
b2 p2/ BM 2tT2 ' BK2Mib-i?2B" ?B;? +QKTmi iBQM H +QbibH2 /iQ /2
| La bBKmH iBQMb 7Q 277B+B2M+v #mi 2 B/2/ #v i2+?MB[m2b /°
IQ BM+'2 b2i?2B° ++m +vX

*2 Ti28;:Q2b QM2 bi2T 7m’i?2  #vBMp2biB; iBM; MQp2H/ i @/ Bp2M
MmK2 B+ HQTiBKBxXx iBQMi2+?MB[m2biQ /2pBb2 M //BiBQM H +Q"
2vTQi?2bBb U"QmbbBM2b[ TT QtBK iBQMViQ '2/m+2i?2/Bb+ 2T M
KQ/2HHBM;X h?2 +? Ti2° +QM+HmM/2b #v i?2 TT Q +? /27BMBM; M
#H2 iQ T 2/B+i _2vMQH/b bi*2bb2b KQ 2 ++m’ i2Hvi? M1_ La KQ/
+ H+mH iBQM ?B;?Hv mMbi #H2 QM+2 Bi Bb 7Bii2/ BMiQ i?2 HBp2 'n
*2 Ti26bmKK "Bx2b i?2 K BM +QMi'B#miBQMb Q7 i?Bb rQ " F M/ T C
7T7mim 2 2b2 +7?X



*? Ti2 K

LmK2 B+ HJQ/2HDb

* pBi iBM; 7THQrb "2 im #mH2Mi M/iQ +QM+m rBi? 2tT2 BK2Mib- Mr
? p2 T QT2 +QmTHBM; Q7i?2 + pBi iBQM M/BibBMi2® +iBQMrBi?
Q7 im#mH2M+2 KQ/2H Bb 2[m HHv BKTQ'i Mi BM MmK2 B+ H bBk
i?72 B/2 Q7 mbBM; .B'2+i LmK2'B+ HaBKmH iBQM U.LaV iQ "2bQH|
pBbm HBx2 i?2 + pBi iBQM@im #mH2M+2 BMi2 +iBQM +QK2b iQ KE
7HQrb Bb biBHH ?B;?Hv 2tT2MbBp2 BM i2°Kb Q7 +QKTmiBM; +Qbib
2ti'2K2Hv 7BM2 ;"B/X >B@7B/2HBiv G ";2)1bBimaBXmit? BBQ Mbb QG b2 Y
b+ H2b #Qp2 7BHi2 @H2M;i? ? p2 #22M +QM/m+i2/ #mii?2viQQ

M/ IBK2@+QMbmKBM;X hQ +?B2p2 # H M+2 #2ir22M +QKTmi iBQ
i?72 _2vMQH/b@ p2° ;2/L pB2 ' @aiQF2b 2[m iBQMb U_ LaV M/ ?v# B
miBHBx2/X h?Bb +? Ti2  /Bb+mbb2bi?2 im #mH2M+2 KQ/2Hb mb2/ B
h?2 +? Ti2° Bb Q'; MBx2/ b 7RXHABOQ+mbd2biBA2M_ La KQ/2Hb mb2/ E
bim/B2b 7QHHQkXk#v?8d+b2+iBQM 2H #Q  i2b #Qmi i?2 p "BQmb ?\
KQ/2Hb BM /2i BH HQM; rBi? 2t KBMBM; i?2 p BQmb bim/B2b TTH
i iBM; 7THQrbX h?2 M2ti bRFi@BV2@m2M BMi " Q/m+iBQM iQ /i @/ Bp2
"2+2MiHV@/2p2HQTBM; 7B2H/ iQ K2HBQ  i2i?2 /Bb+ 2T M+B2b /F
KQ/2HHBM; bBKmH iBQMRX§Bu BH2ha22i@@MIBM2 Q7 i?Bb i?2bBb)

Rd



R3

kXR _ La KQ/2Hb

h?2 /Bb+mbbBQM QM _ La KQ/2Hb bi “ibrBi? i?2 L pB2 @aiQF2b 2[nm
Bb # b2/ QM i?2 bi iBbiB+ H p2  ;BM; Q7 [m MiBiB2b BM i?2 #Qp:
_2VMQH/b@ p2° ;2/L pB2 @aiQF2b 2[m iBQMbX >2"2-i?2 HB[mB/
bi'QM;Hv +QmTH2/ M/ i?2 bHBT BM T? b2 BMi2 7 +2 Bb M2;H2+i2/

@u @u_ @P @u @

et YexT ex er@x @x UKXRV
ot @x O

h?2 KBtim 2 /28bB2wwBM2/ b

:(1 )I+ v~ UkXkV

r?2°2Bb i?2 KBtim 2 /BWhiBRvpQB/ 7, +MBQBbL i?2 /2MbBiv Q7 HB[mB/
P TQ - "2bT2+iBp2HVX >2'2-i?22 #BHBiviQ ++m’ i2Hv KQ/2H i?2
i?72 im#mH2M+2 +HQbm 2 T'Q#H2K Bb Q7 T'BK2 BKTQ'i M+2X Ai 4
T Q/m+i Q7 i?2 K2 M p2HQ+Biv ;" /IB2Mib M/ 2//v pBb+QbBiv U2//v ¢
i?72 MBbQi'QTv Q7 i?2 im #mH2Mi T°Q/m+iBQM- /BbbBT iBQM-i' M
pBb+Qmb /B77mbBp2 i2MbQ bX P B;BM HHv /2bB;M2/ 7Q bBKmH
BM+ 2 bBM;Hv mb2/ 7Q"° bBKmH iBM; 2°QM miB+ HQ  im #QK +?BN\
_2b2 "+?22°b? p2T 2pBQmMbHvVvMb2/i?2 #Qp2@K2MiBQM2/ KQ/2Hb i
7THQrbX h?2v Q#b2 ' p2/i? i i?2 bi M/ °/ _ La KQ/2Hb Qp2 @2biBK i
-/ KT2MBM; i?2 "2@2Mi° MiD2i M/i?mb "2 mM #H2iQ 2T Q/m+2i?:

h?Bb bim/v mb2b i?2 bK@/2BIK@h?2 bi M/ 'KE/@H Bb Q7i2M MQi #I
iQ T 2/B+ii?2 /vM KB+b +HQDb2 iQ i?2 r HHX hQ HH2pB i2 i?Bb BEL
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