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A qualitative assessment and optimization of URANS modelling for
unsteady cavitating flows

Dhruv Girish Apte

(ABSTRACT)

Cavitation is characterized by the formation of vapor bubbles when the pressure in a working

fluid drops sharply below the vapor pressure. These bubbles, upon exiting the low-pressure

region burst emanating tremendous amounts of energy. Unsteady cavitating flows have been

influential in several aspects from being responsible for erosion damage and vibrations in

hydraulic engineering devices to being used for non-invasive medical surgeries and drilling for

geothermal energy. While the phenomenon has been investigated using both experimental

and numerical methods, it continues to pose a challenge for numerical modelling techniques

due to its flow unsteadiness and the cavitation-turbulence interaction. One of the princi-

pal aspects to modelling cavitation requires the coupling of a cavitation and a turbulence

model. While, scale-resolving turbulence modelling techniques like Direct Numerical Simula-

tions (DNS) and Large Eddy Simulations (LES) upto a certain extent may seem an intuitive

solution, the physical complexities involved with cavitation result in extremely high com-

putational costs. Thus, Unsteady Reynolds-Averaged Navier-Stokes (URANS) models have

been widely utilized as a workhorse for cavitating simulations. However, URANS models

are unable to reproduce the periodic vapor shedding observed in experiments and thus, are

often corrected by empirical correction. Recently, some models termed as hybrid RANS-LES

models that behave as RANS or LES depending on location of flow have been introduced and

employed to model cavitating flows. In addition, there has also been a rise in defining some

frameworks that use data from high-fidelity simulations or experiments to drive numerical



algorithms and aid standard turbulence modelling procedures for accurately simulating tur-

bulent flows. This dissertation is aimed at (1) evaluating the abilities of these corrections,

traditional URANS and hybrid RANS-LES models to model cavitation and (2) optimizing

the URANS modelling strategy by designing a methodology driven by experimental data

to augment the turbulence modelling to simulate cavitating flow in a converging-diverging

nozzle.



La cavitation est caractérisée par la formation de bulles de vapeur quand la pression dans

le fluide actif chute brutalement en dessous de la pression de vapeur. Ces bulles sortent la

région de basse pression, éclatent en dégageant d’immense énergie. L’écoulement cavitant

est importante dans plusieurs aspects, depuis les dommages causés par l’érosion et les vi-

brations dans les appareils d’ingénierie hydraulique, à aider pour les opérations chirurgicales

non-invasives et le forage pour l’énergie géothermique. Bien que le phénomène ait été étudié

à l’aide du techniques expérimentales et numériques, il continue à poser un défi aux les tech-

niques de modélisation numérique à cause de l’instabilité de l’écoulement, et de l’interaction

entre la cavitation et la turbulence. L’un des principaux aspects de la modélisation de la

cavitation a besoin d’un couplage d’un modèle de cavitation et d’un modèle de turbulence.

Bien que les techniques de modélisation à résolution d’échelle telles que les

et les puissent sembler une solution

intuitive, les complexités physiques impliquent à la cavitation entraînent des coûts des cal-

culs extrêmement élevés. Alors, les

a été bien utilisé pour les simulations de cavitation. Néanmoins, les modelés URANS sont

incapables de reproduire le détachement périodique de vapeur observé dans les expériences

et sont donc souvent corrigés par des corrections empiriques. Récemment, certains modèles

appelés les modèles qui se comportent comme des RANS ou des LES en

fonction de l’emplacement de l’écoulement ont été présentent et utilises pour la modélisation

d’écoulements cavitants. En plus, il y a également eu une augmentation d’introduire certains

cadres qui utilisent des données provenant d’expériences ou de simulations d’haute-fidélité

pour conduire les algorithmes numériques et aider les processus standard de modélisation

de la turbulence pour simuler avec précision les écoulements turbulents. Cette thèse vise a

(1) évaluer les capacités de ces corrections, les modèles URANS traditionnels et les modèles



hybrid RANS-LES pour modéliser la cavitation et (2) optimiser la stratégie de modélisation

d’URANS en dessinant une méthodologie basée sur des données expérimentales pour aug-

menter la modélisation de la turbulence à simuler l’écoulement cavitant dans la géométrie

d’un Venturi.



A qualitative assessment and optimization of URANS modelling for
unsteady cavitating flows

Dhruv Girish Apte

(GENERAL AUDIENCE ABSTRACT)

The famous painting by the French artist François Boucher shows a

dolphin rescuing the poet Arion from the choppy seas after being thrown overboard. Today,

seeing silhouettes of dolphins swimming near the shore as the Sun sets is a calming sight.

However, as these creatures splash their fins in the water, these fins create a drastic pressure

difference resulting in the formation of ribbons of vapor bubbles. As the bubbles exit the

low-pressure zones, they collapse and release tremendous amounts of energy. This energy

manifests in the form of shockwaves rendering this pleasant sight to the human eye, extremely

painful for dolphins. These shocks also impact the metal blades in hydraulic machinery like

pumps and ship propellers. This dissertation aims to investigate the physics driving this

phenomenon using accurate numerical simulations. We first conduct two-dimensional simu-

lations and observe that standard numerical techniques to model the turbulence are unable

to simulate cavitation accurately. The investigation is then extended to three-dimensional

simulations using hybrid RANS-LES models that aim to strike a delicate balance between

accuracy and efficiency. It is observed that these models are able to reproduce the flow

dynamics as observed in experiments but are extremely expensive in terms of computational

costs due to the three-dimensional nature of the calculations. The investigation then switches

to a data-driven approach where a machine learning algorithm driven by experimental data

informs the standard turbulence models and is able to simulate cavitating flows accurately

and efficiently.
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�B�b �`�2�;���`�/�2�/ ���b �� �H�2���/�B�M�; �K�2�i�?�Q�/ �i�Q �T�`�Q�/�m�+�2 �#�B�Q�/�B�2�b�2�H�- ���M �2�M�p�B�`�Q�M�K�2�M�i�@�7�`�B�2�M�/�H�v ���H�i�2�`�M���i�B�p�2

�i�Q �2�M�;�B�M�2 �7�m�2�H�b�X �h�?�m�b�- �B�i �B�b �p�B�i���H �i�Q �B�M�p�2�b�i�B�;���i�2 �i�?�2 �K�2�+�?���M�B�b�K�b �/�`�B�p�B�M�; �+���p�B�i���i�B�Q�M �m�b�B�M�;

�i�?�2�Q�`�2�i�B�+���H�- �2�t�T�2�`�B�K�2�M�i���H ���M�/ �M�m�K�2�`�B�+���H �b�i�m�/�B�2�b�X �6�Q�` �� �#�2�i�i�2�` �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �T�?�v�b�B�+���H

�T�`�Q�+�2�b�b�2�b �m�M�/�2�` �T�B�M�B�M�; �+���p�B�i���i�B�Q�M�- �#�Q�i�? �2�t�T�2�`�B�K�2�M�i�b ���M�/ �?�B�;�?�@�7�B�/�2�H�B�i�v �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b

�M�2�2�/ �i�Q �#�2 �+�Q�M�/�m�+�i�2�/�X

�"���b�2�/ �Q�M �i�?�2 �+���p�B�i���i�B�Q�M �;�2�M�2�`���i�B�Q�M �K�2�+�?���M�B�b�K�b�- �+���p�B�i���i�B�Q�M �+���M �#�2 �+�H���b�b�B�7�B�2�/ �B�M�i�Q ���+�Q�m�b�i�B�+ �+���p�@

�B�i���i�B�Q�M�- �Q�T�i�B�+ �+���p�B�i���i�B�Q�M ���M�/ �?�v�/�`�Q�/�v�M���K�B�+ �+���p�B�i���i�B�Q�M�X ���+�Q�m�b�i�B�+ �+���p�B�i���i�B�Q�M �m�b�2�b �m�H�i�`���b�Q�m�M�/

�;�2�M�2�`���i�2�/ �#�v �T�B�2�x�Q�2�H�2�+�i�`�B�+ �i�`���M�b�/�m�+�2�`�b �r�?�B�H�2 �Q�T�i�B�+���H �+���p�B�i���i�B�Q�M �m�b�2�b �H���b�2�`�b �7�Q�+�m�b�2�/ �B�M�i�Q �H�Q�r�@

���#�b�Q�`�T�i�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i �b�Q�H�m�i�B�Q�M�b �7�Q�` �+���p�B�i���i�B�Q�M �;�2�M�2�`���i�B�Q�M�X �>�v�/�`�Q�/�v�M���K�B�+ �+���p�B�i���i�B�Q�M �U�>�*�V �B�b

�;�2�M�2�`���i�2�/ �#�v �i�?�2 �H�Q�r �T�`�2�b�b�m�`�2�b ���b �� �`�2�b�m�H�i �Q�7 �+�2�`�i���B�M �i�m�`�#�m�H�2�M�i �/�v�M���K�B�+�b �H�B�F�2 �7�H�Q�r ���+�+�2�H�2�`�@

���i�B�Q�M�b ���M�/ �b�i�`�Q�M�; �p�Q�`�i�B�+���H �K�Q�i�B�Q�M�b�X �h�?�2 �7�Q�+�m�b �Q�7 �i�?�B�b �b�i�m�/�v �B�b �Q�M �?�v�/�`�Q�/�v�M���K�B�+ �+���p�B�i���i�B�Q�M

�U�>�*�V�X

�h�?�m�b�- �i�Q �+�Q�M�i�`�Q�H �i�?�2 �m�M�7���p�Q�m�`���#�H�2 �2�7�7�2�+�i�b ���M�/ �m�i�B�H�B�x�2 �i�?�2 �T�?�2�M�Q�K�2�M�Q�M �B�M �T�`�Q�/�m�+�i�B�p�2 ���T�T�H�B�+���@

�i�B�Q�M�b�- �i�?�2 �K�2�+�?���M�B�b�K�b �#�2�?�B�M�/ �+���p�B�i���i�B�Q�M �M�2�2�/ �i�Q �#�2 �b�i�m�/�B�2�/ �K�Q�`�2 �2�7�7�B�+�B�2�M�i�H�v�X
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�R�X�R�X�R �*���p�B�i���i�B�Q�M �`�2�;�B�K�2�b

�*���p�B�i���i�B�Q�M �B�M �2�M�;�B�M�2�2�`�B�M�; ���T�T�H�B�+���i�B�Q�M�b �2�t�B�b�i�b �Q�p�2�` �/�B�7�7�2�`�2�M�i �`���M�;�2�b �7�`�Q�K �+���p�B�i���i�B�Q�M �B�M�+�2�T�i�B�Q�M

�i�Q �+���p�B�i�v �+�H�Q�m�/�b �H���`�;�2 �2�M�Q�m�;�? �i�Q �2�M�;�m�H�7 �i�?�2 �;�2�M�2�`���i�B�M�; �#�Q�/�v�X �h�?�2 �T�`�Q�+�2�b�b �+���M �#�2 �[�m���M�i�B�7�B�2�/ �#�v

�i�?�2 �+���p�B�i���i�B�Q�M �M�m�K�#�2�`� �r�?�2�`�2� = p1 � psat
0:5� 1 u2

1
�r�?�2�`�2p1 ; u1 ; � 1 ���`�2 �i�?�2 �7�`�2�2�b�i�`�2���K �T�`�2�b�b�m�`�2�-

�p�2�H�Q�+�B�i�v ���M�/ �i�?�2 �/�2�M�b�B�i�v �r�?�B�H�2psat �B�b �i�?�2 �b���i�m�`���i�B�Q�M �T�`�2�b�b�m�`�2�X �>�v�/�`�Q�/�v�M���K�B�+ �+���p�B�i���i�B�Q�M

�+���M �i�?�m�b �#�2 �Q�m�i�H�B�M�2�/ �#�v �7�Q�m�` �`�2�;�B�K�2�b �, �R�V �*���p�B�i���i�B�Q�M �B�M�+�2�T�i�B�Q�M �k�V �A�M�+�B�T�B�2�M�i �*���p�B�i���i�B�Q�M �j�V

�.�2�p�2�H�Q�T�2�/ �+���p�B�i���i�B�Q�M ���M�/ �9�V �a�m�T�2�`�+���p�B�i���i�B�Q�M

�*���p�B�i���i�B�Q�M �B�M�+�2�T�i�B�Q�M

�A�M�+�2�T�i�B�Q�M �+���M �#�2 �Q�#�b�2�`�p�2�/ �r�?�2�M �i�?�2 �H�B�[�m�B�/ �T�`�2�b�b�m�`�2 �/�`�Q�T�b �#�2�H�Q�r �i�?�2 �p���T�Q�m�` �T�`�2�b�b�m�`�2�X �A�i �B�b

�;�2�M�2�`���H�H�v �/�2�i�2�+�i�2�/ �#�v ���+�Q�m�b�i�B�+ �b�B�;�M���H ���b �i�?�2 �#�m�#�#�H�2 �M�m�+�H�2�B �b�B�x�2 �B�b �i�Q�Q �b�K���H�H �i�Q �#�2 �p�B�b�B�#�H�2�X �h�?�2

�T�`�2�b�b�m�`�2 �/�B�7�7�2�`�2�M�+�2 �/�2�T�2�M�/�b �Q�M �i�?�2 ���#�B�H�B�i�v �Q�7 �i�?�2 �H�B�[�m�B�/ �i�Q �b�m�b�i���B�M �i�2�M�b�B�Q�M �r�?�Q�b�2 �K���;�M�B�i�m�/�2

�B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �b�B�x�2 ���M�/ �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �K�B�+�`�Q�#�m�#�#�H�2�b �i�?���i �;�`�Q�r �i�Q �#�2�+�Q�K�2 �p�B�b�B�#�H�2

�#�m�#�#�H�2�b�X �A�M �i�m�`�#�m�H�2�M�i �b�?�2���` �7�H�Q�r�b�- �+���p�B�i���i�B�Q�M �+���M �#�2 �Q�#�b�2�`�p�2�/ �B�M �[�m���b�B �b�i�`�2���K�r�B�b�2 �p�Q�`�i�B�+�2�b

�i�?���M �b�T���M�r�B�b�2 �p�Q�`�i�B�+�2�b ���i �?�B�;�?�2�` ���K�#�B�2�M�i �T�`�2�b�b�m�`�2�b �(�e�)�X

�A�M�+�B�T�B�2�M�i �+���p�B�i���i�B�Q�M

�S�Q�b�i�@�B�M�+�2�T�i�B�Q�M�- �i�?�2 �K�B�+�`�Q�#�m�#�#�H�2�b �;�`�Q�r �H���`�;�2�` �i�Q �#�2�+�Q�K�2 �Q�#�b�2�`�p���#�H�2 �#�m�#�#�H�2�b �B�M �H�Q�r �T�`�2�b�b�m�`�2

�`�2�;�B�Q�M�b �r�B�i�? �/�2�+�`�2���b�B�M�;� �X �:���M�2�b�? �2�i ���H �(�d�) �Q�#�b�2�`�p�2�/ �B�i ���b �� �H�Q�r �p���T�Q�` �p�Q�B�/ �7�`���+�i�B�Q�M �#�m�#�#�H�v

�K�B�t�i�m�`�2�X
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�.�2�p�2�H�Q�T�2�/ �+���p�B�i���i�B�Q�M

���b �i�?�2� �`�2�/�m�+�2�b�- �i�?�2 �p���T�Q�` �`�2�;�B�Q�M�b �;�`�Q�r �B�M �b�B�x�2 ���M�/ �i�`���M�b�B�i�B�Q�M �7�`�Q�K �b�?�2�2�i�@�H�B�F�2 �b�i�`�m�+�i�m�`�2�b

�i�Q �B�M�i�2�`�K�B�i�i�2�M�i �b�?�2�/�/�B�M�; �H�B�F�2 �� �+�H�Q�m�/ �Q�7�i�2�M �/�2�7�B�M�2�/ ���b �� �ô�b�?�2�2�i �i�Q �+�H�Q�m�/ �i�`���M�b�B�i�B�Q�M�ô�X �h�?�B�b

�T�?���b�2 �B�b �M�Q�i���#�H�2 �7�Q�` �+���m�b�B�M�; �p�B�#�`���i�B�Q�M ���M�/ �M�Q�B�b�2 �B�M �?�v�/�`���m�H�B�+ �K���+�?�B�M�2�`�v�X ���H�i�?�Q�m�;�? �i�?�B�b

�T�?���b�2 �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �`�2�@�2�M�i�`���M�i �D�2�i ���i �+���p�B�i�v �+�H�Q�b�m�`�2�- �:���M�2�b�? �2�i ���H�X �(�d�) �Q�#�b�2�`�p�2�/ �B�7

�i�?�2� �B�b �b�B�;�M�B�7�B�+���M�i�H�v �H�Q�r�- �i�?�2 �i�`���M�b�B�i�B�Q�M �+�Q�m�H�/ ���H�b�Q �?���T�T�2�M �/�m�2 �i�Q �#�m�#�#�H�v �b�?�Q�+�F �T�`�Q�T���;���i�B�Q�M

�r���p�2�b�X �6�B�;�R�X�R�b�?�Q�r�b �/�2�p�2�H�Q�T�2�/ �+���p�B�i���i�B�Q�M �r�B�i�? �b�?�2�2�i �i�Q �+�H�Q�m�/ �i�`���M�b�B�i�B�Q�M �h�?�2 �+�H�Q�m�/ �+���p�B�i�B�2�b

�6�B�;�m�`�2 �R�X�R�, �.�2�p�2�H�Q�T�2�/ �+���p�B�i���i�B�Q�M �r�B�i�? �b�?�2�2�i �i�Q �+�H�Q�m�/ �i�`���M�b�B�i�B�Q�M�X �(�R�)

���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�B�b �`�2�;�B�K�2 �;�`�Q�r ���i �i�?�2 �H�2���/�B�M�; �2�/�;�2 �Q�7 �i�?�2 �?�v�/�`�Q�7�Q�B�H �m�M�i�B�H �`�2���+�?�B�M�; ���M �Q�T�i�B�K���H

�b�B�x�2 ���M�/ �/�2�i���+�?�B�M�; �B�M�i�Q �� �b�2�+�Q�M�/���`�v �+�H�Q�m�/�X �h�?�2 �b�2�+�Q�M�/���`�v �+�H�Q�m�/ �B�b �+�Q�M�p�2�+�i�2�/ �/�Q�r�M�b�i�`�2���K

���M�/ �+�Q�H�H���T�b�2�b �m�T�Q�M �`�2�@�2�M�i�2�`�B�M�; �i�?�2 �?�B�;�? �T�`�2�b�b�m�`�2 �x�Q�M�2 �r�?�B�H�2 �i�?�2 �T�`�B�K���`�v �+�H�Q�m�/ �/�B�K�B�M�B�b�?�2�b

�b�B�;�M�B�7�B�+���M�i�H�v�X �h�?�2 �/�2�+�`�2���b�2 �B�M �b�B�x�2 �Q�7 �i�?�2 �T�`�B�K���`�v �+�H�Q�m�/ �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �� �`�2�@�2�M�i�`���M�i �D�2�i �`�m�b�?�B�M�;

�i�Q�r���`�/�b �i�?�2 �H�2���/�B�M�; �2�/�;�2 �/�m�2 �i�Q ���M ���/�p�2�`�b�2 �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i�X �h�?�2 �T�`�Q�+�2�b�b �B�b �2�t�i�`�2�K�2�H�v

�T�2�`�B�Q�/�B�+ ���M�/ �?���b �Q�7�i�2�M �#�2�2�M �� �+�?���H�H�2�M�;�2 �i�Q �`�2�T�`�Q�/�m�+�2 �B�M �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b
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�a�m�T�2�`�+���p�B�i���i�B�Q�M

�q�?�2�M �i�?�2� �/�`�Q�T�b �2�p�2�M �H�Q�r�2�`�- �i�?�2 �+���p�B�i�v �B�M�b�i�2���/ �Q�7 �+�H�Q�b�B�M�; �Q�M �i�?�2 �b�m�`�7���+�2�- �2�M�+�Q�K�T���b�b�2�b

�i�?�2 �r�?�Q�H�2 �Q�#�D�2�+�i �i�`���p�2�H�H�B�M�; �i�?�`�Q�m�;�? �i�?�2 �7�H�m�B�/�X �h�?�2 �`�2�;�B�K�2 �?���b �;���B�M�2�/ �+�Q�M�b�B�/�2�`���#�H�2 �B�M�i�2�`�2�b�i

�`�2�+�2�M�i�H�v �/�m�2 �i�Q �B�i�b �M�Q�B�b�2 �`�2�/�m�+�i�B�Q�M ���M�/ �b�m�T�T�`�2�b�b�B�Q�M ���M�/ �/�`���; �`�2�/�m�+�i�B�Q�M �B�M �m�M�/�2�`�r���i�2�` �i�`���M�b�@

�T�Q�`�i�X ���H�i�?�Q�m�;�? �B�i �`�2�[�m�B�`�2�b �?�B�;�?�2�` �b�T�2�2�/�b ���M�/ �H�Q�r�2�` �T�`�2�b�b�m�`�2�- �B�i �+���M �#�2 ���+�?�B�2�p�2�/ �#�v �m�b�B�M�;

�?�B�;�?�2�` ���K�#�B�2�M�i �T�`�2�b�b�m�`�2 �#�v �B�M�b�2�`�i�B�M�; �� �M�Q�M�@�+�Q�M�/�2�M�b���#�H�2 �;���b �U�L�*�:�V ���`�Q�m�M�/ �i�?�2 �+���p�B�i���i�B�M�;

�Q�#�D�2�+�i�X �6�B�;�m�`�2�R�X�k�b�?�Q�r�b �p�2�M�i�B�H���i�2�/ �b�m�T�2�`�+���p�B�i���i�B�Q�M�X

�6�B�;�m�`�2 �R�X�k�, �o�2�M�i�B�H���i�2�/ �a�m�T�2�`�+���p�B�i���i�B�Q�M �Q�#�b�2�`�p�2�/ ���i �a���B�M�i ���M�i�?�Q�M�v �6���H�H�b �G���#�Q�`���i�Q�`�v�- �l�M�B�p�2�`�@
�b�B�i�v �Q�7 �J�B�M�M�2�b�Q�i�� �(�k�)
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�R�X�k �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r

�R�X�k�X�R �J�2���b�m�`�2�K�2�M�i �i�2�+�?�M�B�[�m�2�b �7�Q�` �+���p�B�i���i�B�Q�M

�h�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �i�?�2 �Q�T���[�m�2 �H�B�[�m�B�/�f�p���T�Q�` �K�B�t�i�m�`�2�b �K���F�2 �p�B�b�m���H �Q�#�b�2�`�p���i�B�Q�M �m�b�B�M�; �� �?�B�;�?�@

�b�T�2�2�/ �+���K�2�`�� ���M �B�M�i�m�B�i�B�p�2 �K�2�i�?�Q�/ �i�Q �+���T�i�m�`�2 �i�?�2 �i�`���M�b�B�i�B�Q�M �7�`�Q�K �b�?�2�2�i �i�Q �+�H�Q�m�/ �+���p�B�i�v ���M�/
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�/�`�Q�T �M�2���` �i�?�2 �+���p�B�i���i�B�M�; �x�Q�M�2 �/�m�2 �i�Q �i�?�2 �H�Q�r �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�V�X �h�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b

�;�2�M�2�`���H�H�v �m�b�2 �� �b�T�H�B�M�2 �i�2�+�?�M�B�[�m�2 �i�Q �;�2�M�2�`���i�2 �� �i���#�m�H���` �1�P�a �7�Q�`�K �7�`�Q�K �i�?�2 �L���i�B�Q�M���H �A�M�b�i�B�i�m�i�2
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+ r (�� vu) = _R �U�R�X�R�y�V

R =
�A init (psat � p)
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Cdestmin (p � psat ; 0)�� v

0:5U2
1 t1 � l

�U�R�X�R�j�V

_m+ =
Cprodmax(p � psat ; 0)(1 � � )� 2� v

t1
�U�R�X�R�9�V
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_m+ =
Cprodmax(p � psat ; 0)(1 � � )
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_m+ =
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