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CONSTRAINED CONTROL ALLOCATION FOR 

SYSTEMS WITH REDUNDANT CONTROL EFFECTORS 

by 

Kenneth A. Bordignon 

Wayne C. Durham, Chairman 

Aerospace Engineering 

(ABSTRACT) 

Control allocation is examined for linear time-invariant problems that have more 

controls than degrees of freedom. The controls are part of a physical system and are 

subject to limits on their maximum positions. A control allocation scheme commands 

control deflections in response to some desired output. The ability of a control allocation 

scheme to produce the desired output without violating the physical position constraints 

is used to compare allocation schemes. 

Methods are developed for computing the range of output for which a given scheme 

will allocate admissible controls. This range of output is expressed as a volume in the n- 

dimensional output space. The allocation schemes which are detailed include traditional 

allocation methods such as Generalized Inverse solutions as well as more recently 

developed methods such as Daisy Chaining, Cascading Generalized Inverses, Null-Space 

Intersection methods, and Direct Allocation. 

Non-linear time-varying problems are analyzed and a method of control allocation is 

developed that uses Direct Allocation applied to locally linear problems to allocate the 

controls. This method allocates controls that do not violate the position limits or the rate 

limits for all the desired outputs that the controls are capable of producing. The errors



produced by the non-linearities are examined and compared with the errors produced by 

globally linear methods. 

The ability to use the redundancy of the controls to optimize some function of the 

controls is explored and detailed. Additionally, a method to reconfigure the controls in 

the event of a control failure is described and examined. Detailed examples are included 

throughout, primarily applying the control allocation methods to an F-18 fighter with 

seven independent moment generators controlling three independent moments and the F- 

18 High Angle of Attack Research Vehicle (HARV) with ten independent moment 

generators.



ACKNOWLEDGMENTS 

I would like to thank all of those who have helped guide me through wilderness of 

academia and who have helped me navigate the turbulent waters of lite. This list of 

people is quite expansive, covering a wide range of friends, family, and mentors. In the 

interest of brevity, I won’t list them all here, but you know who you are. 

I would like to single out several individuals who have made a particularly strong 

impact on my life. Dr. Eric Jumper from Notre Dame, who gave me good advice, good 

opportunities, and a belief in my abilities. My advisor, Dr. Wayne C. “Bull” Durham, for 

the perfect work environment: I got to do work I enjoyed, with someone I truly enjoyed 

working with. The members of my committee, Dr. Anderson, Dr. Lutze, Dr. Cliff, and 

Dr. Cudney, for all their support and advice. And last but not least, I’d like to thank my 

friends Chris Niven and Jeff Noethe for, well, just being there. Thanks guys! 

1V



CONTENTS 

1. IMtrOGUCTION 2.0... cece cccececeeseneneneceaeeececeeeeeceeseeeesesaauaaasesseuseseeseneeeseeneeseneneseeesenes | 
2. Review Of Literature 2.2.0.0 .... cc ccceccccesecsccecccececececsesesesecenancecececececeneeeseseseeeeeeeseeeeeeeaeasgeaaas 1] 
3. Nomenclature and Conventions ...........cccccccsccccesceceeececeseeeeesseeeetsseeesesssseeseesssteeesesnaees 19 
A. PHELUMINALICS ooo... cece ccc cessssneceeeceeeesseaececeseeseneeeeeseeeeeeeseeeceeeeeeeepeenaaeaeaeueeeeeeeeeseeeen ey 22 

Problem StateMentt ................cccceccceseseseseseseeeeeseeeecececececcceseceeeaaeeseneeeeesssaesaaneeeeeeees 22 
Geometry of the Problem ..............0.cceccccceceeeenceceeeen cece ce eeeeneeeeeceneneseeeseeseneeeseaeeees 24 

5. Generalized Inverse SOLUTIONS 0.0.0.0... cece ceeseececeesnneeeececeeeeeeeceseeaeeserereneneeeeeeteeeeeas 29 
The Geometry of Generalized Inverse Solutions .0........ eee cece ee eetteeeeteenaees 29 
Specifying a Generalized Inverse 0.0.0... ceeecceceeseeeeeesececeeeeeeseeeaeeeeeeeeserepesaeeesy 30) 

Calculating IT for a given Generalized Inverse ............ceccceeeeceeeeseeneeeeeeenneeeeeenes 36 
Example 5-1 

Area Calculations .0........cccccccccccccccesssssececeeececsensneecececeseesensessueeceneaueaneees 43 
Example 5-2 

Volume Calculations .........cccccecccccceccesenscceceeeceeeeeesenseaeeeeeeeeeeeeeeneeeeeeeneens 48 
Best Generalized INverses 20.0.0... ccccccesccceesceceessseeeseeceeeessececsecseeeceneeeceeessenceceesaes 56 
Example 5-3 

Maximizing the Volume Of [1.0.0 eeeccceeneeceeeneneceseteeecesseneeeeeeeneeees 56 
Unattainable MOMEMEUS 0.0.0.0... ccc cccccccecccccececececeneceseaeaeeeseseeseseeceeeceseasenseerereeeees 60) 

6. Daisy Chaining Solutions ....0....0ccccccccccceceecccessecesseeesceceeceecesececseeessseseesseesensesecseseesens 64 
Method Origin ........ccccecccescecssscesscccsseceseceessecssceccssecessecseseccsseeecneteceuseeentseeenesees 64 
Description Of Method ...........cccccccccsssccecececeesesseceeececsesessseeececeesesseeneesenstatssaeaees 64 

Calculating I7 for a given Daisy Chain ...........ccccscccescceecceeceeseeeeseceeeecneeeessasensees 66 
Example 6-1 

4 Controls & 2 MOMENIS ......... ccc ccc cececcsscecesececesececsseeeessecesseeecesseeeesses 69 
Example 6-2 

F-18 HARV ooo cecccccessscccsseceesseceeseeeesseceseseseceesaesecessseeecnesaseeeessesasesenss 77 
Unattainable Moments .........0.....cccccecsscceesscceessececseeecesseeceesseeeceesaeseceusteeeseceeseeees 80 

7. Cascading Generalized Inverse Solutions .0.......0...cccccececcccessceceeeeececeesseseceeeseeeensseaees §2 
Description Of Method 2000.00... ccccscscssnceceeecececececeeeeeeeeeeeeeceeeeseeeeereeeeeeeeeceeeess 82 
Example 7-1 

How the Method WolKS ..0.......cc ccc cccccccccceeceeeeeeetessenseestsenstesestseseseesseneees 85 
Example 7-2 

BUF INQ. ose eecececcccccccecessscececcecccessussecsecececcucusecccceseaueecececeuseaeverseaueneeseeeaees 88 
Example 7-3 

CONCAVILY ooo. ee ee ceccecccecssssececessaeeececeseeececsenseceeeeeesesseeeeceseseeeseeetsesteseeeesenes 92 
Unattainable MOMENMS ..............cccccccessccesssscecsseeecessceceesseeecessseecessseececetsscsecesesecss LOO 

8. Null-Space Intersection Solutions ...........ccccceccccescecssesssecsseeeeeseeseeceseseseseeseeeseseesseensees 101 
Method OFigin oe. ccccesccecssecessceesseceseeeesseceeseeeeseseessecseseececssecesseesestesessseeeereees 101 
Description Of Method ......0 ccc ccc ccc cecseeceesseceeeeeseseeeesseeesseeseeseecessessseeeceeseeees 102 
Example 8-1 

A Low Order Example ....0......ceccceescecesecesscecesececeeeeeeeeeceeeeeeeseteensseeeneeees 105 
Example 8-2 

Revisiting the Cascading Generalized Inverse Buém ...............0.0..0000 112 
Initial SOlUMONS 00... ccc ccesccccsseceessscecssscececssssecssssecessseseessssesessrasevecenstneees 115 
Unattainable MOMEMIS ..0.........ceecccccecccecccseceesscesssesceseceessecessevesssseesececnssecsenaees 115 

9. Direct AllOCation 20... eee ecccecceseessecseeeecesecssccseccseesssesssesscsaccssecsuecatccuscauessetsnecenteeeaeens 118



GeEOMECTULIIC ISSUES ..........cccccccccseceeecceecececccecceccceccatccesecccececcuccceessceesccecesecsesseeeeeneeanss 118 
Description Of Method 00... cee eeccecsceceeeeeeeeceeeeeceeeeeseeeenesecessseesenseeeenseaeenseaeey 120 

Determining the Boundary Of ® oo... cece cee ceeceseeeeeeeeense cesses eseneeeenteeeenteees 121 
Example 9-1 

Determining OCD) ....c.ccccccccccccscessesececeeececeeseveeceeeceeeesenseseseeseeceeeeseseeseeseees 128 
Example 9-2 

Checking a Facet ...........cccccccccececeeeeceececeeeeeesenseaeaeceeceeceteesneeseneaeaneaeaeeees 128 
Unattainable MOMEeRIS ............ccccccecccssccccseneececeenesceeeeesecnceeecesnenseaeeeeecesenesateeeeey 130 
Computational COnSiderations ..........c cee cceceecececeeeesenneaeeececeeeceeeseeseseseesaeeneees 131 
Combining with Tailored Generalized Invefrses 2.0.0.0... ce cece eseseeeestreeaneneees 13] 
Example 9-3 

Tailoring a Generalized Inverse ..........c.ccceecceeseeeeeeceecceeeeeteenereneeeneneeeenees 133 
Example 9-4 

Tailoring to a Set of Desired Momentts ...00...... cece eeeeseeeceseeeceeeeeeeteeeeeeeenas 136 
10. Linear Combinations of Solutions ...........cc ccc cccccccesecessceeeneceeeneeeeseeeeeseeeeenseeesesnaeeneens 140 

Description Of Method 000.0... eee cccccssccescecseeceeseeceeeeeeaeeeeaaeceeneeseeaeesessaeeeeseneeeneaes 140 
Example 10-1 

Combining Direct Allocation and Daisy Chaining ...............cc eee 143 
LL. Performance 00.0... eee cccccsccsscsssesscesecsseessesecesecssecsseesecseecseesesesecseceeseeserseesesenesesteenes 150 

Relating [7 to Performance .......0....c cc cccccccccececssecessescecesseeseeseseceeneseesensseeeeeensaes 150 
Weight RECuction .0..... ccc cccecccscccssscececsssseesesssseeecsessecececsenssseeeeescessseeeeeceesesteaees 152 

12. Discrete Time Direct A] OCation .0........cccecccccceccecsceessececseeceseeeesseecesaeeeesaseeenseecentaeeenes 153 
The Effects Of Time ........cccccccccccccccscesecessceescesscessecessecsaeceaeeessecaecseseecnsetecsseseaees 153 
Description Of Method 0.0... ccc cccccssscesscecesecessecnseeeeeseseesseesesseesesseeeeseeesecesaees 154 
Numerical Considerations ............cccccccccesscccesessececeessecececseneceseeessssseeeesecesesteaeeeeees 161 
Example 12-1 

F-18 with B= BCU) oo... ccc ccccccceseceescecnseseesaesessaesesaasseeeaeesesseteessateenes 165 
Implementation ISSUCS............cccccesscccsscceessssecesacecsssceseseeeeceeseceesseaeeeeeuueeeeseseaees 192 
Example 12-2 

Filtering AU oo. cccccsscecesssececsesseeeceesneeeeesesaeseseenenesaeeeeeeeteesaeseeeseetenes 197 
Error REQUCTION «22.0... eeeccececeseececesececesessseeeeeessceececsecseceeeceseeaaececeesesueeseeceesesneaees 199 
Path Dependency 0... cee eeccecceeescececessteesceeseeceaecsaeceseeeeneeeaaeeaeeseeeessaesseetensseenees 207 

13. Function Optimization oo... ccc cccccssccssecsseceeecesecsseseeseecssecnseseeeecseeesseseessesetseeesess 209 
Capabilities of Redundant Controls ..........0ccccccccsceeceessecesscenecesseesnsecesseeenseeenees 209 
Description Of Method 000.00... eecccccccessecececnsseececssenscececesseseeecceeneseeeseeseesssseseess 209 
Computational Considerations 0.0.0.0... ccecccccessscecesececssnsesecseescceesssseesesssecceesereees 211 
Example 13-1 

P-18 Minimize Wo oo... ccc eccccecsscceessececeesseceessseeseesseeceesseeeesesseeeeaes 215 
14, Control Failures... cccccceccccccececsceessesseesssesssecssecseseeeecseeesseceseeecsseeseceneeessaecessseenes 221 

Types Of Failures .0.........ccccccccccccceececccssesececseneececeesssasceceeesaeeecscessssuseeseesensnaseeess 22) 
Example 14-1 

An Unidentified Control] Failure ............ccccccccecseecessssseesseeeeesssseteesnseees 222 
Example 14-2 

An Identified Control Failure ................0... sneececececeeeceeeceseeeceseeeeeceeeeeeeeess 226 
CONCLUSIONS 20.0... cececeseeessecesecsseesscecesscsccsseesscsecesscesecseecssscsssessesssessesscusseeeseeeseecatesstecess 230) 
REfETENCES 0... eee eeceeeceeceeseeesecescsecscecseeeseccseccssecssccssecssccesscesseesessessesnsseussessaaesetnaveetseseaaee: 233 
Bibliography oo... ec eecceecsseseeesecsseessessesseceaecssceseeseeesscsecssecssecssccssecsecsscestecsasceteestneees 238 

Vi



APPendIx A ou. ceeeecceceeseeceeseeceeneceesceceeaeeeenaeceeseeeeseeecseeeceesusesesaaesceesseseceesseeeeseneseeesesenes 239 
Proof 1 

No Generalized Inverse Will Allocate ue 2 V me @.............0.0c..08.. 239 

Proof 2 
Convexity is Preserved Under Linear Transformations ................eee 239 

Proof 3 

Objects Remain Parallel Under Linear Transformations ...................05 243 
Proof 4 

Points on 0( ®) Map to Unique Points on 0(.Q) ......eccee ee eee eee eeees 243 
VLA oo. eececessssesessseaccecececceecccececscncsssessssnsueesesssccvesesesseesessnrsaussecseauseaaeessseucauaeauceeseanassensesees 252 

Vil



Constrained Control Allocation for Systems with Redundant Control Effectors 

1. INTRODUCTION 

Control allocation algorithms determine how the controls of a system should be 

positioned so that they produce some desired effect. Constrained controls have limits on 

their maximum positions and maximum deflection rates. Systems with redundant control 

effectors have more controls to position than desired effects. For example, two controls 

may be uSed to produce a single output. There are many types of systems which have 

redundant control effectors that are constrained. This dissertation examines control 

allocation techniques applied to modern aircraft. The techniques are general and may be 

applied to other systems. However, some of the terminology used is specific to aircraft. 

When applying these techniques to other systems, be aware that “the aircraft” refers to 

the system being controlled and that “the moments” are the desired effects that the 

controls produce. 

Control allocation is the part of an airplane’s control system which determines how to 

deflect the control surtaces in response to some input of desired effects. In the early days 

of aviation, airplane control systems consisted entirely of mechanical linkages, and 

control allocation was a hardware problem dealt with during the design and construction 

phases. Control systems have greatly increased in their complexity since the inception of 

manned flight. This complexity arises from many different sources, most of which come 

from an attempt to enhance the maneuverability of the piloted vehicle. In many modern 

aircraft, the pilot no longer directly positions the control surfaces with the cockpit 

controls. In fly-by-wire aircraft, the pilot inputs are fed to a computer which uses the 

commands along with other data to calculate the desired forces and moments which need 

to be generated by the controls. A control allocation algorithm (often integral to the
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control law) determines how to deflect the controls to produce these forces and moments. 

Signals are then sent to the system which powers the control surfaces, typically a 

hydraulic system, and the control surfaces are deflected. This dissertation addresses the 

control allocation algorithm portion of this problem. 

Before delving into the intricacies of modern control allocation, a general review of 

how aircraft are controlled is appropriate. Conventional aircraft, which include a broad 

range of past and present vehicles, offer control through the use of various aerodynamic 

surfaces which can be deflected by the pilot via a system of levers, cables, and pulleys. 

Figure 1-1 from Reference 1 shows an example of a conventional aircraft. Of the six 

degrees of freedom a rigid body possesses, a pilot generally has direct control of only 

four: one linear degree of freedom, and the three rotational degrees of freedom. The 

linear degree of freedom (force in the longitudinal direction) is controllable using the 

force generated by the engine and is usually controlled by a lever which varies the thrust 

produced by the engine. 

In airplane terminology, the three rotational degrees of freedom are designated roll, 

pitch, and yaw. These rotational degrees of freedom are controlled by the aerodynamic 

control surfaces. For an aircraft, an aerodynamic control surface is any movable object 

that alters the air flow around the vehicle and thus alters the local aerodynamic force. 

The aerodynamic controls tor a conventional aircraft are ailerons (roll), elevators (pitch). 

and rudder (yaw). 

When the ailerons are deflected, they change the lift of a wing section which 

primarily generates a rolling moment. However, by changing the air flow around the
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Figure 1-1: A Conventional Aircraft
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wing, they also generate drag and alter the pitching and yawing moments produced by the 

wing section. Similarly, the elevators primarily produce a pitching moment, but also 

generate forces in the longitudinal and vertical directions. The rudder is primarily a yaw 

controller, although it also produces an unbalanced force in the lateral direction and a 

tendency to roll. Conventional aircraft do not have direct control of forces in the vertical 

and lateral directions. Most aircraft are equipped with flaps that are primarily used to 

generate lift. However, flaps are not generally used during maneuvering in conventional 

aircraft and are not considered a primary flight control. 

An early example of control complexity can be found in aileron/rudder interconnects. 

AS Stated above, control surfaces do not typically generate purely single axis moments. 

In basic flight instruction, one is taught that during a turn “the outside wing produces 

more drag than the inside wing. This causes a yawing tendency toward the outside of the 

turn, called adverse yaw. You use rudder pressure to counteract this tendency.” Thus it 

iS necessary to deflect the rudders when rolling to produce what is referred to as a 

coordinated turn. Some aircraft are equipped with an aileron/rudder interconnect so that 

the rudders are automatically deflected when the ailerons are deflected to help counter the 

adverse yaw tendency. 

Further complexity arises when additional controls are developed and added to the 

conventional design to produce greater maneuverability. Spoilers are added for 

additional roll control and to effect lift and drag. Existing controls are allowed to move 

independently of one another. In this vein, controls called flaperons, which operate 

symmetrically as flaps and asymmetrically as ailerons, can be introduced. Examples of 

other control surfaces that may exist on modern aircraft include: elevons, tailerons, 

multiple rudders, trailing-edge flaps, leading-edge flaps, canards, maneuvering flaps,
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speed brakes, etc. In the never ending search for control power, new controls are 

constantly being devised. Controls such as thrust vectoring and vortex flow control are 

being examined for next generation aircraft. The search for greater control power 

introduces a new problem in flight control systems. The number of controls is greater 

than the number of pilot inputs. This trend has significantly alters the complexion of the 

control allocation problem. 

To understand control allocation, it is necessary to see how controls enter into an 

aircraft’s equations of motion. These equations are based on Newton’s Second Law of 

Motion which is frequently expressed as force is equal to mass multiplied by 

acceleration. Therefore, an aircraft's controls generate forces and moments which alter 

the aircraft’s acceleration. 

The equations of motion are typically written in the form of 12 non-linear ordinary 

differential equations. They assume that the aircraft is a rigid body and that the Earth is 

flat. Of the twelve equations, three are related to forces and three are related to moments. 

The remaining equations are related to vehicle position and orientation. 

These nonlinear equations are frequently linearized about some reference condition 

and written in the common form: 

x = Ax+ Bu (1-1) 

y=Cx+Du (1-2) 

Where A, B, C, and D are matrices, x is a vector of the states, u is a vector of the 

controls, and y is a vector of the outputs. Many control law implementations for an 

aircraft will interpret the pilot inputs as desired changes to the aircraft rates, xg. These
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changes are partially due to the aircraft’s inherent dynamics, Ax, and partially due to the 

controls, Bu. Once the control law determines the necessary changes in xX due to the 

controls, the control allocation problem is determined. Since most aircraft controls, with 

the exception of throttle, are primarily regarded as moment generators, the desired 

changes in x due to the controls will be designated my. The control allocation problem 

can now be stated as follows: Given a set of desired moments, mg, find the controls 

which satisfy: 

mq= Bu (1-3) 

In conventional aircraft, there are typically three controls (ailerons, elevators, and 

rudders) and three desired moments(roll, pitch, and yaw). Often, the effects of the 

controls on the others states are negligible or non-existent and are ignored. Thus, the B 

matrix in Equation 1-3 is a square matrix and can usually be inverted to yield: u = B-!mg. 

However, for aircraft with redundant controls, B is no longer square, and other methods 

must be used to determine the control deflections. 

The primary objective of a control allocator is to find a set of controls which satisfy 

the equation, mg = Bu. For systems with redundant control effectors, there will, in 

general, exist an infinite number of control combinations which can produce the desired 

forces and moments. Some of these combinations will be impossible for the hardware of 

the aircraft attain due to the physical limitations on the range of motion and rate 

capabilities of the control surfaces. These limitations are mathematically represented as 

bounds on uand u. The primary difficulty in control allocation is to command only 

control deflections which lie within the operational range of the aircraft hardware. Such 

control deflections will be referred to as admissible controls.
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It is important to note that if there are no control combinations that satisfy the 

equation mg = Bu and lie within the operational limits of the aircraft hardware, the 

control allocator is not at fault. A control allocator’s function is to allocate admissible 

controls for any moment which it is possible to generate. Moments which can be 

generated using some combination of admissible controls will be referred to as attainable 

moments. 

The control law should not command moments which are impossible to achieve. 

Saying this, however, does not prevent it from happening. In conventional aircraft, the 

pilot knew the limits of the aircraft controls simply from the fact that the control stick 

didn’t move any farther. To prevent a control law from commanding too much of the 

controls, a complex relationship involving the pilot, the control law, and the control 

allocator needs to be developed. The solution to this dilemma is the subject of much on 

going research. Because this problem has not yet been solved, it is important that any 

method of control allocation to be implemented in a real aircraft will not run into 

numerical difficulties when no valid solutions exist. As a notable professor and ex- 

fighter pilot is fond of saying, “It is unacceptable to have a red warning light in the 

"7? cockpit which reads: Algorithm did not converge, Eject . 

Other difficulties in control allocation arise from the fact that the linearized equation, 

mq = Bu, is only an approximation. As the aircraft flight condition changes over time, 

non-linear effects can introduce errors. A good control allocator should be able to deal 

with these changes in an effective and efficient manner which reduces these errors to an 

acceptable level.
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In addition to solving for controls which satisfy mg = Bu _, control allocators may be 

asked to take advantage of the redundant controls. They do this by attempting to 

minimize or maximize some function, such as drag or lift to drag ratio. Also, in the event 

that one or more controls becomes inoperable, due to some in-flight damage or 

malfunction, the control allocator may be asked to reconfigure the remaining controls to 

allow the pilot to maintain control. 

This dissertation provides a comprehensive compilation of control allocation 

research performed at Virginia Polytechnic Institute and State University under NASA 

Grant NAG-1449, supervised by John V. Foster of NASA Langley Research Center. 

Other related research dealing with implementation issues is ongoing at Virginia 

Polytechnic Institute and State University under U.S. Navy contracts, and will be touched 

upon in this dissertation where appropriate. Archival publications that report results of 

research performed under this grant and Navy contracts may be found in the 

Bibliography. 

Some of the results presented in this dissertation represent the state of research at the 

beginning of the author’s involvement. These results provided a basis for much 

subsequent research. These include seminal results in the geometry of the control 

allocation problem and early attempts at the problem’s solution. The majority of material 

in this dissertation constitutes the author’s original research. 

The author’s contribution to the science and understanding of control allocation is 

primarily as follows: 

¢ Techniques to compute the subset of moments for which a Generalized Inverse 

solution allocates admissible controls.
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¢ Techniques to approximate the subset of moments for which a Daisy Chaining 

solution allocates admissible controls. 

¢ Development of a method called Cascading Generalized Inverses and techniques 

which approximate the subset of moments for which this method allocates 

admissible controls. 

¢ Development of a method called Null-Space Intersection solutions which 

allocates admissible controls for all the attainable moments. 

¢ Techniques developed to apply control allocation to non-linear time 

varying problems. 

¢ The current results of ongoing research conducted by the author and co- 

investigators to optimize functions of the controls and to reconfigure the controls 

in the event of control failures. 

The material presented in this dissertation has been organized as follows: A general 

overview of control allocation is presented in the Problem Statement. The method of 

control allocation currently most widely in use (generalized inverse solutions) is then 

examined. The sections on Daisy Chaining solutions and the method of Cascading 

Generalized Inverses are presented immediately following the section on generalized 

inverses, as both of these methods make use of generalized inverses in finding solutions. 

The method of Null-Space Intersections uses ideas developed in the section on 

generalized inverses to find admissible control solutions for all the attainable moments, 

and is presented after the sections which make use of generalized inverses. Direct 

Allocation is then presented as a superior method for finding admissible controls for all
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the attainable moments. The following sections describe methods for combining 

solutions and compare the previously discussed methods. Next, techniques which apply 

the method of Direct Allocation to non-linear time varying problems are discussed. 

Finally, the results of ongoing research are presented. 

10
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2. REVIEW OF LITERATURE 

Early attempts to perform control allocation for aircraft with redundant control 

effectors involved various control mixing schemes and ad hoc solutions. As mentioned 

in the introduction, deflecting an aerodynamic control surface tends to produce multi-axis 

effects. However, these effects are often much stronger about one of the axes. For 

example, the rudder is much more effective at producing yaw than it is at producing roll 

or pitch. These early allocators would divide the controls into different groups which 

corresponded to different moment commands. For example, a 1982 NASA Conference 

publication describes a YF-16 with stabilators, flaperons and a rudder. For pitch control, 

collective stabilators are used. For roll control, differential stabilators and flaperons are 

used. For yaw control, only the rudder is used. 3 These methods were derived from 

experience and a logical, common sense approach to how surfaces typically acted. 

Unfortunately, these ad hoc methods limited the operational effectiveness of the controls. 

Many aircraft were being given new control surfaces that were intended to provide 

additional capabilities. However, these new controls were not being fully utilized as a 

result of the control allocation methods implemented. The ability to reconfigure controls 

helped spur the movement for better control allocators. Reference 3 includes a 

“conceptual block diagram” which contains a surface allocation block, which is intended 

to reconfigure the aircraft in the event of a control failure. As Edmund G. Rynaski States, 

“These aircraft [AFTI-16, AFTI-111, X-29, and the Space Shuttle] have not a redundant, 

but a superfluous set of controls, and to the best of my knowledge...the restructurable 

control potential was not really considered.” 4 He continues, “Today’s aircraft are not 

configured for redundancy of controls. Also, aircraft control systems are not designed to 
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consider multiple use of existing controls.” 4 The realization of this untapped potential 

provided the impetus for research into control allocation. 

Methods which better utilize the controls came in the form of a generalized inverse 

solution. Generalized inverse solutions are defined as all matrices P which satisfy BP = /, 

when B has more columns than rows. The generalized inverse solution then yields 

controls from a single matrix multiplication. Unlike the early control mixing schemes, 

this method makes better use of the controls’ multi-axis moment generating capabilities. 

Generalized inverses are often preferred for their ease of implementation and numerical 

efficiency. They became quite popular and dominate much of the literature. 5-13 

The generalized inverse known as the pseudo-inverse is frequently used. The 

pseudo-inverse is the matrix which will minimize the 2-norm of the control vector u, and 

it can be calculated using the formula > P= B![BB1|-!. The pseudo-inverse gives rise to 

a family of generalized inverses through the introduction of a weighting matrix N, P= 

N(BN)'[BNBN)"]-!. N is typically a diagonal matrix whose entries are used to 

emphasize/de-emphasize the various controls. This weighting is usually done in an 

attempt to prevent the control solutions from exceeding the physical limitations. 

Reference 6 uses a control allocator “based on generalized inverses which normalize the 

control effectiveness with respect to generalized inputs.”” Their method “normalizes the 

control effectiveness” using a diagonal weighting matrix “to take advantage of available 

control redundancy by allowing for control redistribution...” © In the example in 

Reference 6, once N is chosen, it does not vary. 

Reference 7 suggests using different weighting matrices for different tasks. “By 

using complementary filters and different control selector solutions (through different 
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choices of N), one set of control effectors can be used for high frequency control and 

another set for low frequency, trim control.” ’ In attempting to make the control allocator 

frequency-dependent, this method addresses the problem of rate saturation, which can 

occur at higher frequencies. Allowing for variations of this nature increase the numerical 

complexity of the control allocator since “the control selector transformation matrices 

will have to be calculated on-line or scheduled with flight condition and power setting.” / 

References 8,9, and 10 give further examples of the use of generalized inverses in 

control allocation. 

In the mid-1980’s, Frederick Lallman developed a method he refers to as 

pseudocontrols. 11.12 This method is similar to the above mentioned generalized 

inverses, however, it does have significant differences. The similarity lies in the fact that 

he multiplies a vector of desired quantities by a matrix to get the vector of controls. The 

difference comes from the method he uses to calculate what he calls the control mixing 

matrix. 

Unlike generalized inverses, Lallman’s method uses eigenvalue decomposition and 

modal analysis to compute the control mixing matrix. This procedure is done so that one 

may use the controls to drive the aircraft’s modes (Dutch roll, spiral mode, roll mode, 

etc.). Thus, the method of pseudocontrols offered a new way to compute generalized 

inverses. In some applications of the method !3, the pseudocontrols are related to wind- 

axis moment generators rather than mode controllers. The wind-axis is defined such that 

the longitudinal axis points into the relative wind. By relating the pseudocontrols to 

wind-axis moments, pure wind-axis rolling moments or yawing moments may be 

commanded. 
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The major drawback of generalized inverse solutions lies in their inability to provide 

admissible control solutions for attainable moments. This property is due to the fact that 

the span of the space defined by a single generalized inverse will be less than the 

dimension of the control space. As a result, there are control combinations that are 

inaccessible using a generalized inverse. Some of these inaccessible controls are 

admissible and they map to moments that cannot be produced using only the admissible 

controls which a generalized inverse will allocate. The percentage of attainable moments 

for which a given generalized inverse will produce admissible controls can be quite small, 

which can degrade the system’s performance. 

There are methods that attempt to improve upon the performance of a single 

generalized inverse by using multiple generalized inverses. For example, one method 

deals with saturated controls by redistributing the controls with a second weighted 

pseudo-inverse. !5 This method uses a weighted generalized inverse to get a control 

solution. If any of the controls are commanded to be greater than the physical limits 

allow, the moment produced will not equal the desired moment. To remedy this 

situation, the controls that did not saturate are recomputed using a second generalized 

inverse in an attempt to provide the required moment. “The saturated controls are 

prevented from participating in the redistribution effort by nulling the associated 

weighting elements.” 15 This method can significantly improve upon the performance of 

a single generalized inverse. However, it does not guarantee admissible control solutions 

for all attainable moments. 

Initial concerns about the life-cycle costs of using thrust vectoring spurred the 

development of a control allocation method that utilized a certain set of controls only 

when necessary. 14 This method became known as daisy chaining. The method of daisy 
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chaining divides the controls into primary, uj, and secondary, ug, controls. Initially, only 

the controls in uj are used. They are solved for using either matrix inversion or a 

generalized inverse. If any of the controls in uy are commanded to move further or faster 

than is physically possible, the moment produce by these controls will not be equal to the 

desired moment. The controls in up are used to provide a moment equal to the difference 

between the desired moment and the moment produced by the controls in u,. Again, the 

controls in u2 are allocated using matrix inversion or a generalized inverse. Further 

information about daisy chaining can be found in References 6 and 14. Daisy chaining 

also suffers from an inability to provide admissible controls for all the attainable 

moments. However, it is usually an improvement over the performance of a single 

generalized inverse. 

The topic of redundant controls is one that frequently arises in other fields, most 

notably that of robotics. A redundant robot has more degrees of freedom than rectilinear 

coordinates which specify the position of the end-effector. To position the end-effector, 

one must deal with the problem of mapping the desired manipulator position to a higher 

order control space which describes the joint angles. The equation for this is often 

written as X = e)8. In this expression, x is a vector representing the desired rectilinear 

velocities, similar to the desired moments, mg. Q is a vector of the joint angle velocities 

and is similar to the control vector u. There are two methods commonly used in robotics 

to solve this problem. The first is to use a generalized inverse such as those discussed 

previously. The second method involves adding rows to the J matrix to make it square 

and invertible. !© These additional rows may be constructed in several different ways. 

Often, they are related to some “useful additional task, such as obstacle avoidance.” 16 
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Another aspect of control allocation frequently seen in robotics is the use of 

redundancy to minimize some auxiliary objective function. This minimization is usually 

done by using a pseudo-inverse to generate an initial control solution. Then, the gradient 

of some objective function is projected onto the null-space of the control effectiveness 

matrix and added to the control solution. 17 The null-space contains the directions in 

which the controls can vary without affecting the commanded variables. Thus, the 

additional 9 term has no effect on the resulting x term. The objective functions used in 

robotics are often constructed with the intention of minimizing the joint deflection angles. 

6. 

Linear programming !8. 19 is a method widely used to solve constrained optimization 

problems. Some aspects of the control allocation problem may be cast as a standard 

linear programming problem. The constraints are the control position limits and mg = Bu. 

The cost to be minimized can be control magnitude, drag due to the controls, or some 

other function. Classical linear programming techniques, such as the Simplex method, 

first search for a basic feasible solution, and then improve upon this solution until the 

minimum is reached. 

The major shortcoming of applying the linear programming method to flight controls 

involves unattainable commanded moments. In the event that the basic requirements of 

m, = Bu cannot be satisfied using any combination of admissible controls, it is necessary 

in a real-time application that some rational choice of u be applied. The Simplex method 

may exit gracefully when the constraints cannot be satisfied, but it provides no 

information regarding the best control deflection to apply. 
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A newer method of problem solving that has become quite popular recently is neural 

network computing. Neural networks have been successfully used in a wide variety of 

fields including power conversion, noise filtering, and the effect of solar activity on orbit 

prediction. 29 Neural networks function by constructing a relationship between a set of 

inputs and a set of desired outputs. To construct this relationship, a set of training data is 

required. A neural network can then be used to emulate some existing method of control 

allocation. 

The advantages of using a neural network stem from their ability to learn from 

experience. Research has been conducted to apply neural network technology to control 

allocation problems by Robert L. Grogan. 29 He suggests that “A neural network could 

be trained off-line on existing control effectiveness data. A second neural network could 

be linked in parallel to the first and trained on-line to compensate for modeling errors and 

parameter drift in real time...” 29 The benefits of this technology lie in the application of 

control allocation to real aircraft and adapting to the differences that exist between 

mathematical expressions and physical reality. However, a method of control allocation 

is still needed to provide the training data. 

Additionally, there exist methods which combine several of the above mentioned 

techniques. One rather eclectic method was developed by R.D. Jones for missile control. 

21 Jnitially, a generalized inverse variant is used to get the control deflections. To deal 

with control saturation, a linear programming problem is created. The solution to this 

linear programming problem 1s then obtained using a “Hopfield Artificial Neural 

Network.” This method is a good illustration of the significant increase in the complexity 

of control allocation schemes that has occurred since the first simple control mixers. 
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Many existing methods fail to take full advantage of the capabilities of the controls 

which are available on modern aircraft. These methods fail to produce admissible 

control deflections for attainable moments. A deficiency in this area is a major concern 

because it translates directly to a loss in potential maneuverability or to the extra weight 

of controls which must be borne to achieve some desired level of maneuverability. By 

effectively allocating controls, new levels of performance and safety can be achieved. 
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3. NOMENCLATURE AND CONVENTIONS 

A ecesesseeesescesees The matrix [A] 

Aj ceecceccccceseeees Vector which is the i-th column of A 

Boe ccceeeceeeeeees The vector {a} 

Oj veccceesceeeeeceeees The i-th element of the vector a 

re A sub-vector of a 

By... ee cece cscs The i-th vector a 

d ccecesceeeeeeeneeeeee Subscript meaning desired 

U eeeeecccceceeees Vector of controls 

IN vocececececececeeees Number of controls 

Dive iiccccccccceeees Subset of constrained controls 

O(D) veeccccsccsreees Boundary of the set 2 

B wiieeecccccccceeees Matrix of control effectiveness 

| ee A vector which is the i th column of B 

MM oo eeeceeeees Vector of moments 

TING... eeeececeeeeees Vector of desired moments 
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Nicsessecccceeenssees Dimension of the generalized moment space 

Dioceses Subset of attainable moments 

AMS ........ ee Attainable Moment Subset, the same as ® 

FT eececceeseeteeees Such that 

Fee ceeccceeeeeenes Identically equal to 

N-D oes Abbreviation for n-dimensional 

R(B) woo. The null-space of B 

P viiceeesesteseeeeees A generalized inverse of B 

PS veeeeeeeeceeeeeeees The subspace in R™ defined by the columns of the generalized inverse P 

Bone. eeeeceeeeeeees Subset of admissible controls allocated using a generalized inverse 

Al coecccceesseseseees The pseudo-inverse of matrix A 

TD. eeeceeeececeeeee Subset of moments attainable using some allocation scheme 

NN vieseeccceeeeneeees An mxm weighting matrix, often diagonal 

[pp eeesseesereseseeeees An nxn identity matrix 

GI oceans Abbreviation for Generalized Inverse 

U(sat) --seeeeeeeeeee Denotes that some or all of the controls in u are at their position limits 

S XT we The Cartesian product, S x T = {(s,t):s € Sandt € T} 
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DO weeccceeeee Abbreviation for Daisy Chaining 

CGT oe Abbreviation for Cascading Generalized Inverse 

NSTI oe Abbreviation for Null-Space Intersection method 

Nees Matrix whose vectors form a basis for the null-space of B 

X voecesssesseseeseeeee Vector of dimension (n+-n)x1 

DA 1.0... eeeeeeeees Abbreviation for Direct Allocation 

DTDA............. Abbreviation for Discrete Time Direct Allocation 

U oeeeeeeeeeceeseeees The derivative of u with respect to time 

Wo ccccscesseeccees The subset of 0(Q) which maps to 0( ®) 
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4. PRELIMINARIES 

Problem Statement 

The simplest case of constrained control allocation will be examined initially. 

Consider an m-dimensional control space, ue R”. The controls are constrained by their 

position limits only. These minimum and maximum values define the closed subset £2 

Q={ ue R™1 uj Min S Ui S Ui Max } CR™ (4-1) 

Q is a closed and bounded set. The subset of controls which lie on the boundary of 

Q are denoted by 0(Q). If an element of the control vector, u, is equal to one of its 

limiting values, Uj Min OF Uj Max, it will be referred to as a saturated control. 

The controls generate moments through a mapping B onto n-dimensional moment 

space through the matrix multiplication of u, Bu = m, where B: R’”"— R". Since the 

Class of problems to be examined involves redundant controls, m>n. This mapping 

arises from the linearization of the functional dependency of the moments on the controls. 

m = f(u,x) (4-2) 

The methods and techniques described in this dissertation can be applied to any 

system with redundant control effectors. However, the data and examples in this 

dissertation are aircraft oriented. In general, aircraft controls are thought of as moment 

generators. Sometimes the effects of the controls are expressed in other terms, such as 

changes in accelerations. To simplify terminology, the vector of desired quantities will 

be referred to as moments. It should be understood that f(u,x) need not represent 
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�d�e�f�i�n�e�d�.� �A� �s�u�b�s�p�a�c�e� �i�s� �a� �l�o�w�e�r� �d�i�m�e�n�s�i�o�n�a�l� �p�o�r�t�i�o�n� �o�f� �a� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �w�h�i�c�h� 

�c�o�n�t�a�i�n�s� �t�h�e� �o�r�i�g�i�n� �o�f� �t�h�e� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�n� �i�n�f�i�n�i�t�e� �l�i�n�e� �w�h�i�c�h� 

�g�o�e�s� �t�h�r�o�u�g�h� �t�h�e� �o�r�i�g�i�n� �o�f� �a� �3�-�D� �s�p�a�c�e� �i�s� �a� �s�u�b�s�p�a�c�e�.� �A� �l�i�n�e�a�r� �v�a�r�i�e�t�y� �i�s� �a� �s�u�b�s�p�a�c�e� �w�h�i�c�h� 

�m�a�y� �h�a�v�e� �b�e�e�n� �t�r�a�n�s�l�a�t�e�d� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�.� �A�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� �l�i�n�e�a�r� �v�a�r�i�e�t�y� �i�s� �s�o�m�e�t�i�m�e�s� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �a�n� �n�-�f�l�a�t�.� �T�h�e� �t�e�r�m�  ��o�b�j�e�c�t �� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �r�e�f�e�r� �t�o� �c�l�o�s�e�d� �s�u�b�s�e�t�s� �i�n� �l�i�n�e�a�r� 

�v�a�r�i�e�t�i�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�n� �e�d�g�e� �o�f� �t�h�e� �b�o�x� �i�n� �F�i�g�u�r�e� �4�-�1� �i�s� �a� �c�l�o�s�e�d� �s�u�b�s�e�t� �o�f� �a�n� �i�n�f�i�n�i�t�e� 

�l�i�n�e� �(�1�-�D� �l�i�n�e�a�r� �v�a�r�i�e�t�y�)�,� �a�n�d� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �1�-�D� �o�b�j�e�c�t�.� �T�h�e� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �3�-� 

�D� �b�o�x� �i�n� �F�i�g�u�r�e� �4�-�1� �i�s� �c�o�m�p�o�s�e�d� �o�f� �o�b�j�e�c�t�s� �o�f� �v�a�r�i�o�u�s� �d�i�m�e�n�s�i�o�n�s�:� �v�e�r�t�i�c�e�s� �o�f� �z�e�r�o� 

�d�i�m�e�n�s�i�o�n�,� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �e�d�g�e�s�,� �a�n�d� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �f�a�c�e�s�.� �O�b�j�e�c�t�s� �o�f� �d�i�m�e�n�s�i�o�n� �4� �o�r� 

�g�r�e�a�t�e�r� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �n�-�D� �h�y�p�e�r�-�b�o�x�e�s�.� �T�o� �d�e�f�i�n�e� �a�n� �o�b�j�e�c�t�,� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� 

�k�n�o�w� �t�h�e� �l�o�c�a�t�i�o�n� �a�n�d� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �i�t�s� �v�e�r�t�i�c�e�s�.� �2�2� 

�T�o� �K�e�e�p� �t�r�a�c�k� �o�f� �t�h�e� �v�e�r�t�i�c�e�s�,� �a� �s�i�m�p�l�e� �n�u�m�b�e�r�i�n�g� �s�y�s�t�e�m� �h�a�s� �b�e�e�n� �d�e�v�i�s�e�d�.� �A�t� �a� 

�v�e�r�t�e�x�,� �e�a�c�h� �o�f� �t�h�e� �c�o�n�t�r�o�l�s� �i�s� �a�t� �e�i�t�h�e�r� �a� �m�i�n�i�m�u�m� �o�r� �m�a�x�i�m�u�m�.� �I�f� �a� �c�o�n�t�r�o�l� �i�s� �a�t� �i�t�s� 

�m�i�n�i�m�u�m�,� �i�t� �i�s� �d�e�s�i�g�n�a�t�e�d� �b�y� �a� �0�.� �I�f� �i�t� �i�s� �a�t� �a� �m�a�x�i�m�u�m� �i�t� �i�s� �d�e�s�i�g�n�a�t�e�d� �w�i�t�h� �a� �1�.� �T�h�i�s� 

�w�a�y�,� �a� �p�a�r�t�i�c�u�l�a�r� �v�e�r�t�e�x� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �b�a�s�e�-�2� �n�u�m�b�e�r� �(�i�.�e�.� �{�u�j� �u�2� �u�3�}� �=� �{�1�0�1�}� �=� 

�5�)�.� �T�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �c�a�n� �t�h�e�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �b�a�s�e�-�2� �n�u�m�b�e�r�s�.� �I�f� �o�n�l�y� 
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�{�0�0�1�}�1� 

�{�0�0�0�}�0� � � 
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�F�i�g�u�r�e� �4�-�1�:� �C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �S�u�b�s�e�t�,� �Q� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�o�n�e� �d�i�g�i�t� �i�s� �d�i�f�f�e�r�e�n�t� �f�o�r� �t�w�o� �n�u�m�b�e�r�s�,� �t�h�e�n� �t�h�e� �v�e�r�t�i�c�e�s� �a�r�e� �c�o�n�n�e�c�t�e�d� �b�y� �a�n� �e�d�g�e�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �v�e�r�t�e�x� �5� �{�1�0�1�}� �i�s� �c�o�n�n�e�c�t�e�d� �t�o� �v�e�r�t�i�c�e�s� �1� �{�0�0�1�}�,� �7� �{�1�1�1�}� �a�n�d� �4� �{�1�0�0�}�.� 

�U�n�d�e�r� �t�h�e� �m�a�p�p�i�n�g� �B�,� �t�h�e� �a�d�m�i�s�s�i�b�l�e� �c�o�n�t�r�o�l� �s�u�b�s�e�t� �m�a�p�s� �t�o� �a� �s�e�t� �o�f� �m�o�m�e�n�t�s� �w�h�i�c�h� 

�c�a�n� �b�e� �a�t�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e�s�e� �c�o�n�t�r�o�l�s�.� �F�i�g�u�r�e� �4�-�2�a� �s�h�o�w�s� �t�h�e� �2�-�D� �p�r�o�j�e�c�t�i�o�n� �o�f� �F�i�g�u�r�e� �4�-�1�,� 

�a�n�d� �F�i�g�u�r�e� �4�-�2�b� �s�h�o�w�s� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �a�t�t�a�i�n�a�b�l�e� �m�o�m�e�n�t� �s�u�b�s�e�t�.� �A�s� �c�a�n� �b�e� �s�e�e�n� 

�f�r�o�m� �F�i�g�u�r�e� �4�-�2�,� �s�o�m�e� �o�f� �t�h�e� �e�d�g�e�s� �w�h�i�c�h� �a�r�e� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �£�2� �m�a�p� �t�o� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� 

�@�.� 

�T�h�e� �e�x�t�e�r�i�o�r� �o�f� �m�a�p�s� �t�o� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �®�a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �l�o�s�s� �o�f� �d�i�m�e�n�s�i�o�n� �t�h�a�t� 

�o�c�c�u�r�s� �u�n�d�e�r� �t�h�e� �m�a�p�p�i�n�g� �B�.� �M�o�s�t� �c�o�n�t�r�o�l� �a�l�l�o�c�a�t�i�o�n� �s�c�h�e�m�e�s� �w�i�l�l� �a�l�l�o�c�a�t�e� �c�o�n�t�r�o�l�s� �i�n� �2� 

�f�o�r� �m�o�m�e�n�t�s� �n�e�a�r� �t�h�e� �o�r�i�g�i�n� �o�f� �®�,� �b�u�t� �t�h�e�y� �a�l�l�o�c�a�t�e� �c�o�n�t�r�o�l�s� �o�u�t�s�i�d�e� �o�f� �Q� �f�o�r� �m�o�m�e�n�t�s� 

�n�e�a�r� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �@�.� 

�A� �c�o�n�t�r�o�l�!� �a�l�l�o�c�a�t�i�o�n� �s�c�h�e�m�e� �t�r�i�e�s� �t�o� �e�s�t�a�b�l�i�s�h� �a� �r�u�l�e� �f�o�r� �m�a�p�p�i�n�g� �f�r�o�m� �®� �t�o� �2�.� 

�B�e�c�a�u�s�e� �t�h�e� �c�o�n�t�r�o�l� �s�p�a�c�e� �i�s� �o�f� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n� �t�h�a�n� �t�h�e� �m�o�m�e�n�t� �s�p�a�c�e�,� �a� �p�o�i�n�t� �i�n� �R �� 

�w�i�l�l� �n�o�t� �m�a�p� �t�o� �a� �s�i�n�g�l�e� �p�o�i�n�t� �i�n� �R ��.� �T�h�e�r�e� �w�i�l�l� �e�x�i�s�t� �a� �s�u�b�s�p�a�c�e� �o�f� �R!"� �w�h�i�c�h� �p�r�o�j�e�c�t�s� �t�o� 

�t�h�e� �z�e�r�o� �d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �i�n� �R�"�.� �T�h�i�s� �s�u�b�s�p�a�c�e� �i�s� �c�a�l�l�e�d� �t�h�e� �n�u�l�l�-�s�p�a�c�e� �o�f� �B�.� �I�t� �i�s� 

�d�e�n�o�t�e�d� �w�i�t�h� �b�y� �&� �(�B�)� �a�n�d� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�u�e� �X�(�B�)� �=�{�u�e� �R�1�5� �B�u�=�0�}� �c�R!"� �(�4�-�4�)� 

�A�c�c�o�r�d�i�n�g� �t�o� �S�y�l�v�e�s�t�e�r ��s� �l�a�w� �o�f� �n�u�l�l�i�t�y� �2�3�,� �a� �B� �m�a�t�r�i�x� �o�f� �r�a�n�k� �n� �w�i�l�l� �h�a�v�e� �a� �n�u�l�l�-� 

�s�p�a�c�e� �o�f� �d�i�m�e�n�s�i�o�n� �m�-�n�.� �T�h�e� �c�a�s�e� �o�f� �3� �c�o�n�t�r�o�l�s� �a�n�d� �2� �m�o�m�e�n�t�s� �h�a�s� �a� �n�u�l�l�-�s�p�a�c�e� �w�h�i�c�h� �i�s� 

�a� �S�i�n�g�l�e� �d�i�r�e�c�t�i�o�n� �i�n� �c�o�n�t�r�o�l� �s�p�a�c�e�.� �V�a�r�y�i�n�g� �t�h�e� �c�o�n�t�r�o�l�s� �b�y� �s�o�m�e� �s�c�a�l�a�r� �m�u�l�t�i�p�l�e� �o�f� �t�h�i�s� 

�v�e�c�t�o�r� �w�i�l�l� �h�a�v�e� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �m�o�m�e�n�t� �p�r�o�d�u�c�e�d�.� �F�o�r� �a�n�y� �p�o�i�n�t� �i�n� �m�o�m�e�n�t� �s�p�a�c�e�,� 

�t�h�e�r�e� �e�x�i�s�t�s� �a�n� �i�n�f�i�n�i�t�e� �l�i�n�e� �i�n� �c�o�n�t�r�o�l� �s�p�a�c�e� �w�h�i�c�h� �w�i�l�l� �m�a�p� �t�o� �t�h�a�t� �p�o�i�n�t�.� �F�o�r� �h�i�g�h�e�r� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�t�e�c�t�o�r�s� 

�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s�,� �t�h�e� �l�i�n�e�a�r� �v�a�r�i�e�t�i�e�s� �m�a�y� �b�e� �p�l�a�n�e�s� �o�r� �h�y�p�e�r�p�l�a�n�e�s� �i�n� �c�o�n�t�r�o�l� �s�p�a�c�e� 

�w�h�i�c�h� �w�i�l�l� �m�a�p� �t�o� �a� �s�i�n�g�l�e� �p�o�i�n�t� �i�n� �m�o�m�e�n�t� �s�p�a�c�e�.� 

�I�f� �a� �p�o�i�n�t� �i�n� �m�o�m�e�n�t� �s�p�a�c�e� �l�i�e�s� �i�n� �®�,� �o�n�l�y� �a� �p�o�r�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�a�r� �v�a�r�i�e�t�y� �i�n� �c�o�n�t�r�o�l� 

�s�p�a�c�e� �l�i�e�s� �i�n�s�i�d�e� �2�2�.� �T�h�e� �c�h�a�l�l�e�n�g�e� �o�f� �c�o�n�s�t�r�a�i�n�e�d� �c�o�n�t�r�o�l� �a�l�l�o�c�a�t�i�o�n� �i�s� �t�o� �c�o�n�s�i�s�t�e�n�t�l�y� �f�i�n�d� 

�s�o�l�u�t�i�o�n�s� �w�h�i�c�h� �l�i�e� �i�n� �Q�.� �I�f� �t�h�e� �m�o�m�e�n�t� �i�s� �o�u�t�s�i�d�e� �®�,� �t�h�e�n� �t�h�e� �l�i�n�e�a�r� �v�a�r�i�e�t�y� �d�o�e�s� �n�o�t� 

�i�n�t�e�r�s�e�c�t� �£�2�.� �T�h�e� �m�e�t�h�o�d� �o�f� �c�o�n�t�r�o�l� �a�l�l�o�c�a�t�i�o�n� �w�h�i�c�h� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �9� �o�f� �t�h�i�s� 

�d�i�s�s�e�r�t�a�t�i�o�n� �i�s� �c�a�l�l�e�d� �D�i�r�e�c�t� �A�l�l�o�c�a�t�i�o�n�.� �I�t� �u�s�e�s� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �@� �t�o� �a�l�l�o�c�a�t�e� �t�h�e� �c�o�n�t�r�o�l�s�.� 

�T�h�i�s� �u�s�e� �o�f� �g�e�o�m�e�t�r�y� �w�i�l�l� �i�n�s�u�r�e� �t�h�a�t� �c�o�n�t�r�o�l�s� �i�n� �Q� �a�r�e� �a�l�l�o�c�a�t�e�d� �f�o�r� �e�v�e�r�y� �m�o�m�e�n�t� �i�n� �@�.� 
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�M�4� 

�t� 
�0� �T�H�4� 

�|� �v�m� 
�3� �7� 

�1� �>� 
�F�i�g�u�r�e� �4�-�2�a�:� �P�r�o�j�e�c�t�i�o�n� �o�f� �2� �o�n�t�o� �M�o�m�e�n�t� �S�p�a�c�e� 

� � � � 
�\� 

�a�N� 

�i�r� 
�F�i�g�u�r�e� �4�-�2�b�:� �0�(� �®�)�,� �T�h�e� �B�o�u�n�d�a�r�y� �o�f� �T�h�e� �A�t�t�a�i�n�a�b�l�e� �M�o�m�e�n�t� �S�u�b�s�e�t� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�5�.� �G�E�N�E�R�A�L�I�Z�E�D� �I�N�V�E�R�S�E� �S�O�L�U�T�I�O�N�S� 

�T�h�e� �G�e�o�m�e�t�r�y� �o�f� �G�e�n�e�r�a�l�i�z�e�d� �I�n�v�e�r�s�e� �S�o�l�u�t�i�o�n�s� 

�T�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�o�n�t�r�o�l� �a�l�l�o�c�a�t�i�o�n� �p�r�o�b�l�e�m� �i�n�v�o�l�v�e�s� 

�c�o�n�s�t�r�u�c�t�i�n�g� �a� �m�a�t�r�i�x� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �t�h�e� �e�q�u�a�t�i�o�n� �B�P� �=�,� �w�h�e�r�e� �I�,� �i�s� �a�n� �n�x�n� �i�d�e�n�t�i�t�y� 

�m�a�t�r�i�x�.� �T�h�e� �m�a�t�r�i�x� �P� �h�a�s� �n� �c�o�l�u�m�n�s� �o�f� �l�e�n�g�t�h� �m�.� �T�h�e�s�e� �c�o�l�u�m�n�s� �a�r�e� �v�e�c�t�o�r�s� �i�n� �c�o�n�t�r�o�l� 

�s�p�a�c�e�.� �T�h�e�s�e� �v�e�c�t�o�r�s� �f�o�r�m� �t�h�e� �b�a�s�i�s� �o�f� �a�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� �s�u�b�s�p�a�c�e� �o�f� �R �!"� �t�o� �w�h�i�c�h� �t�h�e� 

�m�o�m�e�n�t�s� �w�i�l�l� �b�e� �m�a�p�p�e�d�.� �T�h�i�s� �s�u�b�s�p�a�c�e� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �P�s�.� �S�i�n�c�e� �t�h�i�s� �s�u�b�s�p�a�c�e� �i�s� 

�e�x�p�r�e�s�s�e�d� �a�s� �a� �m�a�t�r�i�x�,� �i�t� �i�s� �e�a�s�i�l�y� �s�e�e�n� �t�h�a�t� �t�h�e� �z�e�r�o� �v�e�c�t�o�r� �i�n� �m�o�m�e�n�t� �s�p�a�c�e� �m�a�p�s� �t�o� �t�h�e� 

�z�e�r�o� �v�e�c�t�o�r� �i�n� �c�o�n�t�r�o�l� �s�p�a�c�e�.� 

�P�0�=�0� �(�5�-�1�)� 

�T�h�u�s�,� �P�s� �w�i�l�l� �c�o�n�t�a�i�n� �t�h�e� �o�r�i�g�i�n� �o�f� �c�o�n�t�r�o�l� �s�p�a�c�e�.� �A�s� �l�o�n�g� �a�s� �t�h�e� �o�r�i�g�i�n� �o�f� �c�o�n�t�r�o�l� 

�s�p�a�c�e� �i�s� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �2�,� �P�;� �a�n�d� �Q� �a�r�e� �g�u�a�r�a�n�t�e�e�d� �t�o� �i�n�t�e�r�s�e�c�t�.� �T�h�i�s� �i�n�t�e�r�s�e�c�t�i�o�n� 

�r�e�p�r�e�s�e�n�t�s� �a�l�l� �t�h�e� �v�a�l�i�d� �c�o�n�t�r�o�l� �s�o�l�u�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �p�a�r�t�i�c�u�l�a�r� 

�g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�,� �a�n�d� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �a�s� �@�.� 

�6�=�{�P�s� �N�V�Q�}� �C� �Q�D�c� �R�M� �(�5�-�2�)� 

�B�y� �m�a�p�p�i�n�g� �t�h�i�s� �i�n�t�e�r�s�e�c�t�i�o�n� �u�s�i�n�g� �B�,� �t�h�e� �m�o�m�e�n�t�s� �f�o�r� �w�h�i�c�h� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� 

�i�n�v�e�r�s�e� �w�i�l�l� �a�l�l�o�c�a�t�e� �a�d�m�i�s�s�i�b�l�e� �c�o�n�t�r�o�l�s� �c�a�n� �b�e� �s�e�e�n�.� �S�i�n�c�e� �t�h�e� �c�o�l�u�m�n�s� �o�f� �t�h�e� 

�g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �d�o� �n�o�t� �s�p�a�n� �t�h�e� �c�o�n�t�r�o�l� �s�p�a�c�e�,� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �c�a�n�n�o�t� �a�l�l�o�c�a�t�e� 

�a�d�m�i�s�s�i�b�l�e� �c�o�n�t�r�o�l�s� �f�o�r� �a�l�l� �t�h�e� �a�t�t�a�i�n�a�b�l�e� �m�o�m�e�n�t�s�,� �e�x�c�e�p�t� �i�n� �c�e�r�t�a�i�n� �d�e�g�e�n�e�r�a�t�i�v�e� �c�a�s�e�s�.� 

�P�r�o�o�f� �o�f� �t�h�i�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�e� �s�y�m�b�o�l� �J�T� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �d�e�s�i�g�n�a�t�e� �t�h�e� 

�s�u�b�s�e�t� �o�f� �m�o�m�e�n�t�s� �a�t�t�a�i�n�a�b�l�e� �u�s�i�n�g� �s�o�m�e� �c�o�n�t�r�o�l� �a�l�l�o�c�a�t�i�o�n� �s�c�h�e�m�e�.� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�t�e�c�t�o�r�s� 

�I�T�c� �@�,�1�.�e�.� �T�=� �B�e� �(�5�-�3�)� 

�I�n� �t�h�e� �e�x�a�m�p�l�e� �o�f� �t�h�e� �t�h�r�e�e�-�c�o�n�t�r�o�l� �t�w�o�-�m�o�m�e�n�t� �p�r�o�b�l�e�m�,� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� 

�d�e�f�i�n�e�s� �a� �2�-�D� �p�l�a�n�e� �i�n� �3�-�D� �c�o�n�t�r�o�l� �s�p�a�c�e�.� �D�i�f�f�e�r�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�s� �w�i�l�l� �d�e�f�i�n�e� 

�d�i�f�f�e�r�e�n�t� �p�l�a�n�e�s� �w�h�i�c�h� �a�p�p�e�a�r� �t�o� �r�o�t�a�t�e� �a�b�o�u�t� �t�h�e� �o�r�i�g�i�n�,� �a�s� �t�h�i�s� �i�s� �t�h�e� �o�n�l�y� �p�o�i�n�t� �t�h�a�t� �t�h�e�y� 

�m�u�s�t� �a�l�l� �c�o�n�t�a�i�n�.� �F�i�g�u�r�e�s� �5�-�l�a� �t�h�r�o�u�g�h� �5�-�1�d� �s�h�o�w� �d�i�f�f�e�r�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �p�l�a�n�e�s� 

�s�l�i�c�i�n�g� �t�h�r�o�u�g�h� �£�2�.� �N�o�t�e� �t�h�a�t� �t�h�e� �p�l�a�n�e�s� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s� �d�o� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �c�o�r�r�e�s�p�o�n�d� �t�o� 

�t�h�e� �s�a�m�e� �B� �m�a�t�r�i�x�.� 

�S�p�e�c�i�f�y�i�n�g� �a� �G�e�n�e�r�a�l�i�z�e�d� �I�n�v�e�r�s�e� 

�T�h�e� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �i�s� �a� �s�t�a�n�d�a�r�d� �m�e�t�h�o�d� �f�o�r� �s�o�l�v�i�n�g� �a�n� �u�n�d�e�r�d�e�t�e�r�m�i�n�e�d� �s�e�t� �o�f� �l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�s�.� �I�t� �s�o�l�v�e�s� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �a� �m�a�n�n�e�r� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �2�-�n�o�r�m� �o�f� �t�h�e� �v�e�c�t�o�r� 

�u�,� �l�l�u�l�l�z�,� �a�n�d� �i�s� �s�o�m�e�t�i�m�e�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �m�i�n�i�m�u�m� �n�o�r�m� �s�o�l�u�t�i�o�n�.� �I�t� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�f�r�o�m� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�i�n�c�i�p�l�e�s� �a�s� �f�o�l�l�o�w�s�:� 

�M�i�n�i�m�i�z�e� �u�l�u� 

�S�u�b�j�e�c�t� �t�o� �B�u�=� �m� 

�D�e�f�i�n�e� �t�h�e� �s�c�a�l�a�r� �f�u�n�c�t�i�o�n� �H�(�u�,�A�)�:� 

�H�(�u�,�A�)� �=� �0�.�5�u�7�u� �+�A�T�(�m� �-� �B�u�)� �(�5�-�4�)� 

�W�h�e�r�e� �A� �i�s� �a�n� �n�x�1� �v�e�c�t�o�r� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s�.� 

�d�H�(�u�,�A� 
�H�(�u�,�A�)� �i�s� �a�n� �e�x�t�r�e�m�u�m� �w�h�e�n� �m�e�)� �=� �(�0�)� �a�n�d� �a� �=� �(�)� 

�0� 

�O�H�A�)� �_� �y�t� �_�a�T�B�=�0� �(�5�-�5�)� �o�u� 

�3�0



�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

� � 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�d�H�(�u�,�A�)� �_� 

�O�n� 
�m�-� �B�u�=�0� �(�5�-�6�)� 

�F�r�o�m� �E�q�u�a�t�i�o�n� �5�-�5�,� 

�u�l�=�A�T�B�o�S�u�=�B�l�r� �(�5�-�7�)� 

�F�r�o�m� �E�q�u�a�t�i�o�n� �5�-�6�,� 

�B�u�=�m� �(�5�-�8�)� 

�T�h�u�s�,� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�a�t�i�s�f�i�e�d�.� 

�P�l�u�g�g�i�n�g� �u� �f�r�o�m� �E�q�u�a�t�i�o�n� �5�-�7� �i�n�t�o� �E�q�u�a�t�i�o�n� �5�-�8� �y�i�e�l�d�s�:� 

�B�(�B�T�A�)� �=�m� �(�5�-�9�)� 

�S�o�l�v�i�n�g� �E�q�u�a�t�i�o�n� �5�-�9� �f�o�r� �A� 

�d� �=� �(�B�B�1�)�-�1�m� �(�5�-�1�0�)� 

�N�o�t�e� �t�h�a�t� �B�B�T� �i�s� �a�n� �n�x�n� �m�a�t�r�i�x�,� �a�n�d� �w�i�l�l� �h�a�v�e� �r�a�n�k� �=�n�i�f� �B� �h�a�s� �r�a�n�k� �=�n�.� �T�h�u�s�,� �B�B�!� 

�s�h�o�u�l�d� �b�e� �i�n�v�e�r�t�i�b�l�e�.� �P�l�u�g�g�i�n�g� �A� �f�r�o�m� �5�-�1�0� �b�a�c�k� �i�n�t�o� �5�-�7� �y�i�e�l�d�s� 

�u� �=�B�1�!�(�B�B�!�)�-�1�m� �(�5�-�1�1�)� 

�P�=� �B�I�(�B�B�T�)�-�1� �(�5�-�1�2�)� 

�u�=�P�m� �(�5�-�1�3�)� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�d�*�H�(�u�,�A�)� �-� �1� �a�n�d� �d�*�H�(�u�,�A�)� 
�=� �(�)�,� �s�o� �t�h�i�s� 

�o�u�2� �O�n�?� 
�N�o�t�e� �B�P� �=� �B�B�'�(�B�B�1�)�-�!� �=� �J�y� �a�n�d� �t�h�a�t� 

�s�o�l�u�t�i�o�n� �i�s� �a� �m�i�n�i�m�u�m�.� 

�E�q�u�a�t�i�o�n� �5�-�1�2� �i�s� �s�o�m�e�t�i�m�e�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �r�i�g�h�t� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �t�o� �d�e�n�o�t�e� �t�h�a�t� �i�t� �i�s� 

�u�s�e�d� �f�o�r� �m�a�t�r�i�c�e�s� �w�i�t�h� �m�o�r�e� �c�o�l�u�m�n�s� �t�h�a�n� �r�o�w�s�.� �T�h�e� �l�e�f�t� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �i�s� �u�s�e�d� �f�o�r� 

�m�a�t�r�i�c�e�s� �w�i�t�h� �m�o�r�e� �r�o�w�s� �t�h�a�n� �c�o�l�u�m�n�s�.� �T�h�e� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �o�f� �B� �i�s� �s�o�m�e�t�i�m�e�s� �d�e�n�o�t�e�d� 

�B�'�.� �T�h�e� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �i�s� �j�u�s�t� �o�n�e� �o�f� �a�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �m�a�t�r�i�x� �s�o�l�u�t�i�o�n�s� �t�o� �B�P� �=� �I�p�.� 

�T�h�e�r�e� �a�r�e� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �o�f� �c�o�m�p�u�t�i�n�g� �P�.� �A� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �h�a�s� �m�x�n� 

�e�l�e�m�e�n�t�s�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �s�p�e�c�i�f�y�i�n�g� �a� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �o�n�e� �i�s� �n�o�t� �f�r�e�e� �t�o� �s�p�e�c�i�f�y� �a�l�l� 

�m�x�n� �e�l�e�m�e�n�t�s�.� �S�o�m�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �s�a�t�i�s�f�y� �t�h�e� �e�q�u�a�t�i�o�n�,� �B�P� �=� �I�y�.� 

�W�h�e�n� �s�p�e�c�i�f�y�i�n�g� �a� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�,� �o�n�e� �d�e�f�i�n�e�s� �a�n� �n�-�D� �s�u�b�s�p�a�c�e� �i�n� �a�n� �m�-�f�l�a�t�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �o�f� �a� �n�-�f�l�a�t� �i�n� �a�n� �m�-�f�l�a�t� �i�s� �(�m�-� �n�)�(�n� �+� �1�)�.� �I�f� �t�h�e� �n�-�f�l�a�t� 

�h�a�s� �r� �p�o�i�n�t�s� �f�i�x�e�d�,� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �o�f� �t�h�e� �n�-�f�l�a�t� �i�s� �(�m�-� �n�)�(�n�-� �r�+� �1�)�.� �*�>� 

�B�e�c�a�u�s�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �d�e�f�i�n�e�s� �a� �s�u�b�s�p�a�c�e�,� �o�n�e� �p�o�i�n�t�,� �n�a�m�e�l�y� �t�h�e� �o�r�i�g�i�n�,� �t�s� 

�a�l�r�e�a�d�y� �s�p�e�c�i�f�i�e�d�.� �T�h�u�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �p�i�c�k�i�n�g� �a� �g�e�n�e�r�a�l�i�z�e�d� 

�i�n�v�e�r�s�e� �i�s� �e�q�u�a�l� �t�o� �(�m�-�n�)�n�.� 

�O�n�e� �p�o�p�u�l�a�r� �m�e�t�h�o�d� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�s� �i�n�v�o�l�v�e�s� �u�s�i�n�g� �a� �w�e�i�g�h�t�i�n�g� 

�m�a�t�r�i�x� �N�,� �w�h�i�c�h� �i�s� �m�x�m�.� �T�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� 

�e�q�u�a�t�i�o�n� �t�o� �b�e�c�o�m�e�:� 

�P�=� �N�B�N�)� �'�[�B�N�M�B�N�)�*�]�-�1� �(�5�-�1�4�)� 

�T�h�e�s�e� �P ��s� �a�r�e� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �w�e�i�g�h�t�e�d� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�s� �o�r� �w�e�i�g�h�t�e�d� �p�s�e�u�d�o� �-� 

�i�n�v�e�r�s�e�s�.� �M�a�n�y� �a�l�l�o�c�a�t�i�o�n� �m�e�t�h�o�d�s� �u�s�e� �a� �d�i�a�g�o�n�a�l� �N� �m�a�t�r�i�x�.� �© �� �U�s�i�n�g� �a� �d�i�a�g�o�n�a�l� �N� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�o�f�f�e�r�s� �t�h�e� �i�n�t�u�i�t�i�v�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �u�s�i�n�g� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� �e�m�p�h�a�s�i�z�e�/�d�e�-� 

�e�m�p�h�a�s�i�z�e� �t�h�e� �c�o�n�t�r�o�l�s� �t�o� �w�h�i�c�h� �t�h�e�y� �c�o�r�r�e�s�p�o�n�d�.� �F�r�e�q�u�e�n�t�l�y�,� �t�h�e� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �o�f� �N�V� 

�a�r�e� �e�q�u�a�l� �t�o� �t�h�e� �r�e�c�i�p�r�o�c�a�l� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�a�n�g�e� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�,� �N�(�i�,�i�)� �=� 

�1�/�l�U�j� �M�a�x� �-� �U�i� �M�i�n�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�e�r�m�s� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �i�n�e�f�f�i�c�i�e�n�t�.� �F�o�r� �a� �d�i�a�g�o�n�a�l� 

�m�a�t�r�i�x�,� �t�h�e�r�e� �a�r�e� �m� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �p�i�c�k�i�n�g� �N�.� �m�c�a�n� �b�e� �m�o�r�e� �o�r� �l�e�s�s� �t�h�a�n� �t�h�e� 

�n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �w�h�i�c�h� �e�x�i�s�t� �f�o�r� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�.� �F�o�r� �4� �c�o�n�t�r�o�l�s� �a�n�d� 

�3� �m�o�m�e�n�t�s�,� �t�h�e�r�e� �a�r�e� �4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �N�,� �b�u�t� �o�n�l�y� �3� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �P�.� �T�h�i�s� 

�m�e�a�n�s� �t�h�a�t� �t�h�e�r�e� �a�r�e� �d�i�f�f�e�r�e�n�t� �N� �m�a�t�r�i�c�e�s� �w�h�i�c�h� �p�r�o�d�u�c�e� �t�h�e� �s�a�m�e� �P�.� �F�o�r� �5� �c�o�n�t�r�o�l�s� �a�n�d� �3� 

�m�o�m�e�n�t�s�,� �t�h�e�r�e� �a�r�e� �5� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �N�,� �b�u�t� �6� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �P�.� �T�h�i�s� �m�e�a�n�s� 

�t�h�a�t� �t�h�e�r�e� �a�r�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �s�o�l�u�t�i�o�n�s� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� �N�.� �I�f� �a�l�l� �t�h�e� 

�e�l�e�m�e�n�t�s� �o�f� �N� �a�r�e� �a�l�l�o�w�e�d� �t�o� �b�e� �n�o�n�-�z�e�r�o�,� �t�h�e�n� �t�h�e�r�e� �a�r�e� �m�x�m� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� 

�p�i�c�k�i�n�g� �N�,� �w�h�i�c�h� �w�i�l�l� �a�l�w�a�y�s� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �P�.� 

�A� �m�e�t�h�o�d� �f�o�r� �s�p�e�c�i�f�y�i�n�g� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�s� �w�h�i�c�h� �u�s�e�s� �o�n�l�y� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�i�s� �C�a�l�l�e�d� �T�a�i�l�o�r�e�d� �G�e�n�e�r�a�l�i�z�e�d� �I�n�v�e�r�s�e�s�.� �T�h�i�s� �m�e�t�h�o�d� �p�a�r�t�i�t�i�o�n�s� �B� �a�n�d� �P� �a�s� �f�o�l�l�o�w�s�:� 

�B�=�[�B�,� �B�p�]�,� �B�y�  ¬� �R�"�®�"�,� �|�B�y�|� �4�0�,� �B�o�e� �R�o�x�t�m� �-�n�)� �(�5�-�1�5�)� 

�[�N�o�t�e�:� �i�f� �1�B�;�|� �=� �0�,� �r�e�a�r�r�a�n�g�e� �t�h�e� �c�o�l�u�m�n�s� �o�f� �B� �s�o� �t�h�a�t� �|�B�j�|� �¥� �O�]� 

�P�=� �P�l� �P� �1� �©� �R�M�X�N�,� �P�y� �E� �R�(�m�-�n�)�x�n� �(�5�-�1�6�)� 

�T�h�e� �m�a�t�r�i�x� �P�2� �c�o�n�t�a�i�n�s� �t�h�e� �(�m�-� �n�)�n� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�.� �U�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �B�P� �=� 

�I�n� �,� �P�j� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �B� �a�n�d� �P�?�:� 

�B�P� �=�I�n� �&� �B�P�)� �+� �B�o�P�2� �=�1�n� �&� �B�y�P�|� �=�1�n�-� �B�o�P�2� �&� �P�)� �=� �B�y�!� �-� �B�y� �B�o�P�o� �(�5�-�1�7�)� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�t�e�c�t�o�r�s� 

�W�h�i�l�e� �t�h�e� �m�a�t�r�i�x� �P�2� �l�a�c�k�s� �t�h�e� �i�n�t�u�i�t�i�v�e� �a�p�p�e�a�l� �o�f� �a� �d�i�a�g�o�n�a�l� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x�,� �i�t� �h�a�s� 

�t�h�e� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�y� �o�f� �h�a�v�i�n�g� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�s� �P�.� �T�h�i�s� �f�a�c�t� 

�w�i�l�l� �b�e� �u�s�e�d� �l�a�t�e�r� �w�h�e�n� �t�a�l�k�i�n�g� �a�b�o�u�t�  ��b�e�s�t �� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e�s�.� �A�l�s�o�,� �P�2� �c�a�n� �b�e� �u�s�e�d� �i�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �D�i�r�e�c�t� �A�l�l�o�c�a�t�i�o�n� �t�o� �a�l�i�g�n� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �s�u�b�s�p�a�c�e� �t�o� �a�c�h�i�e�v�e� 

�t�h�e� �m�a�x�i�m�u�m� �a�t�t�a�i�n�a�b�l�e� �m�o�m�e�n�t� �i�n� �s�p�e�c�i�f�i�e�d� �d�i�r�e�c�t�i�o�n�s�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �d�e�t�a�i�l�e�d� �i�n� 

�S�e�c�t�i�o�n� �9� �,� �w�h�i�c�h� �d�i�s�c�u�s�s�e�s� �D�i�r�e�c�t� �A�l�l�o�c�a�t�i�o�n�.� 

�T�h�e� �m�e�t�h�o�d� �o�f� �p�s�e�u�d�o�c�o�n�t�r�o�l�s� �!�!� �1�2� �s�p�e�c�i�f�i�e�s� �a� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �s�o�l�u�t�i�o�n� �w�h�i�c�h� 

�c�o�n�t�r�o�l�s� �t�h�e� �v�a�r�i�o�u�s� �m�o�d�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� 

�p�r�i�m�a�r�i�l�y� �t�a�k�e�n� �f�r�o�m� �R�e�f�e�r�e�n�c�e� �1�1�.� �T�h�e� �m�e�t�h�o�d� �o�f� �p�s�e�u�d�o�c�o�n�t�r�o�l�s� �g�e�n�e�r�a�t�e�s� �a� �c�o�n�t�r�o�l� 

�m�i�x�i�n�g� �m�a�t�r�i�x� �b�y� �f�i�r�s�t� �t�r�a�n�s�f�o�r�m�i�n�g� �t�h�e� �s�y�s�t�e�m� �x� �=� �A�x� �+� �B�u� �t�o� �a� �b�l�o�c�k� �d�i�a�g�o�n�a�l� �f�o�r�m�:� 

�y�=�A�y�+�l�u� �(�5�-�1�8�)� 

�y�=� �M�l�y�x� �(�5�-�1�9�)� 

�u�=� �W�u� �(�5�-�2�0�)� 

�A�=� �M�-�1�A�M� �(�5�-�2�1�)� 

�l�=�M�-�!�B�W� �(�5�-�2�2�)� 

�T�h�e� �m�a�t�r�i�x� �M� �i�s� �a� �d�i�a�g�o�n�a�l�i�z�i�n�g� �s�i�m�i�l�a�r�i�t�y� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� �w�h�o�s�e� �c�o�l�u�m�n�s� �a�r�e� 

�t�h�e� �L�e�f�t� �I�n�v�e�r�s�e� �E�i�g�e�n�v�e�c�t�o�r�s� �o�f� �A�.� �T�h�e� �m�a�t�r�i�x� �W� �i�s� �a� �d�i�a�g�o�n�a�l� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �w�h�i�c�h� 

�h�a�s� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �e�a�c�h� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�a�r�i�a�b�l�e�s� �a�s� �i�t�s� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s�.� �N�e�x�t�,� �a� 

�v�e�c�t�o�r� �o�f� �p�s�e�u�d�o�c�o�n�t�r�o�l�s�,� �v�,� �i�s� �c�r�e�a�t�e�d�.� �W�h�e�r�e� �t�h�e� �l�e�n�g�t�h� �o�f� �v� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� 

�m�o�d�e�s� �t�o� �b�e� �c�o�n�t�r�o�l�l�e�d�.� �T�h�e� �v�e�c�t�o�r� �w�u� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �p�s�e�u�d�o�c�o�n�t�r�o�l�s� �t�h�r�o�u�g�h� �t�h�e� �c�o�n�t�r�o�l� 

�m�i�x�i�n�g� �m�a�t�r�i�x�,� �C�.� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�u�=�C�v� �(�5�-�2�3�)� 

�T�h�e� �c�o�l�u�m�n�s� �o�f� �C�,� �¢�;�,� �a�r�e� �f�o�u�n�d� �s�u�c�h� �t�h�a�t� �t�h�e�y� �m�a�x�i�m�i�z�e� 

�J�e�o�l� �v�i�g� �-� �o�f� �w�i�e� �(�5�-�2�4�)� 

�s�u�b�j�e�c�t� �t�o� �c�j�!�q� �=� �1� 

�O�n�c�e� �C� �i�s� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �c�o�n�t�r�o�l�s� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �u� �=� �W�C�v�g�.� �T�h�i�s� �i�s� 

�a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� �u� �=� �P�m�g�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �v�e�c�t�o�r� �o�f� 

�c�o�m�m�a�n�d�s�,� �v�g�,� �i�s� �s�p�e�c�i�f�y�i�n�g� �m�o�d�a�l� �c�o�m�m�a�n�d�s� �i�n�s�t�e�a�d� �o�f� �m�o�m�e�n�t� �c�o�m�m�a�n�d�s�.� 

�C�a�l�c�u�l�a�t�i�n�g� �[�7� �f�o�r� �a� �g�i�v�e�n� �G�e�n�e�r�a�l�i�z�e�d� �I�n�v�e�r�s�e� 

�I�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �I�J�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �b�e� �a�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �a�n� �n�-� 

�D� �s�u�b�s�p�a�c�e� �w�i�t�h� �a� �b�o�u�n�d�e�d� �m�-�D� �s�u�b�s�e�t�.� �T�o� �d�e�s�c�r�i�b�e� �h�o�w� �t�h�i�s� �i�s� �d�o�n�e�,� �i�t� �w�i�l�l� �b�e� 

�n�e�c�e�s�s�a�r�y� �t�o� �u�s�e� �t�h�e� �t�e�r�m�i�n�o�l�o�g�y� �d�e�f�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �4�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �n�u�m�b�e�r�i�n�g� 

�s�y�s�t�e�m� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �{�2� �w�i�l�l� �b�e� �e�x�p�a�n�d�e�d� �s�o� �t�h�a�t� �i�t� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �a�l�l� �o�f� �t�h�e� �o�b�j�e�c�t�s� �w�h�i�c�h� �c�o�m�p�r�i�s�e� �0� �(�Q�)�.� 

�R�e�c�a�l�l� �t�h�a�t� �a� �v�e�r�t�e�x� �o�f� �£�2� �w�a�s� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �a� �b�a�s�e�-�2� �n�u�m�b�e�r�.� �T�o� �d�e�s�c�r�i�b�e� �t�h�e� 

�v�a�r�i�o�u�s� �o�b�j�e�c�t�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �Q�,� �a� �b�a�s�e�-�3� �n�u�m�b�e�r�i�n�g� �s�y�s�t�e�m� �w�i�l�l� �b�e� �u�s�e�d�.� �A�g�a�i�n�,� 

�t�h�e� �c�o�n�t�r�o�l�s� �w�i�l�l� �b�e� �a�r�r�a�n�g�e�d� �i�n� �a�s�c�e�n�d�i�n�g� �o�r�d�e�r�,� �a�n�d� �i�f� �a� �c�o�n�t�r�o�l� �i�s� �a�t� �i�t�s� �m�a�x�i�m�u�m� �i�t� �w�i�l�l� 

�b�e� �g�i�v�e�n� �a� �1� �a�n�d� �i�f� �i�t� �i�s� �a�t� �a� �m�i�n�i�m�u�m� �i�t� �w�i�l�l� �b�e� �g�i�v�e�n� �a�0�.� �F�o�r� �e�x�a�m�p�l�e�,� �{�u�y� �M�a�x� �U�2� �M�a�x� 

�U�3� �M�i�n�}� �=� �{�1�1�0�}�.� �H�o�w�e�v�e�r�,� �o�n�l�y� �v�e�r�t�i�c�e�s� �c�a�n� �b�e� �d�e�f�i�n�e�d� �w�i�t�h� �a�l�l� �t�h�e� �c�o�n�t�r�o�l�s� �s�e�t� �a�t� 

�l�i�m�i�t�i�n�g� �v�a�l�u�e�s�.� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�I�t� �w�a�s� �n�o�t�e�d� �t�h�a�t� �t�w�o� �v�e�r�t�i�c�e�s� �a�r�e� �c�o�n�n�e�c�t�e�d� �b�y� �a�n� �e�d�g�e� �i�f� �o�n�l�y� �o�n�e� �d�i�g�i�t� �i�s� �d�i�f�f�e�r�e�n�t� 

�i�n� �t�h�e�i�r� �d�e�s�c�r�i�b�i�n�g� �n�u�m�b�e�r�s�,� �i�.�e�.� �{�1�1�0�}� �i�s� �c�o�n�n�e�c�t�e�d� �t�o� �{�1�1�1�}� �b�y� �a�n� �e�d�g�e�.� �A�l�o�n�g� �t�h�i�s� 

�e�d�g�e�,� �u�3� �v�a�r�i�e�s� �f�r�o�m� �i�t�s� �m�i�n�i�m�u�m� �t�o� �i�t�s� �m�a�x�i�m�u�m�.� �T�o� �d�e�s�c�r�i�b�e� �c�o�n�t�r�o�l�s� �w�h�i�c�h� �a�r�e� �t�r�e�e� �t�o� 

�v�a�r�y� �i�n� �a� �p�a�r�t�i�c�u�l�a�r� �o�b�j�e�c�t�,� �t�h�e� �n�u�m�b�e�r� �2� �w�i�l�l� �b�e� �u�s�e�d�.� �T�h�u�s�,� �t�h�e� �e�d�g�e� �w�h�i�c�h� �c�o�n�n�e�c�t�s� 

�{�1�1�0�}� �a�n�d� �{�1�1�1�}� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �a�s� �{�1�1�2�}�.� �H�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �o�b�j�e�c�t�s� �c�a�n� �b�e� 

�r�e�p�r�e�s�e�n�t�e�d� �i�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �f�a�c�e�s� �a�r�e� �2�-�D� �o�b�j�e�c�t�s� �w�h�i�c�h� �h�a�v�e� �t�w�o� 

�c�o�n�t�r�o�l�s� �w�h�i�c�h� �v�a�r�y�.� �I�t� �c�a�n� �b�e�e�n� �s�e�e�n� �t�h�a�t� �t�h�e� �f�a�c�e� �w�h�i�c�h� �l�i�e�s� �o�n� �t�h�e� �t�o�p� �o�f� �t�h�e� �b�o�x� �i�n� 

�F�i�g�u�r�e� �4�-�1� �i�s� �{�2�2�1�}�.� �T�h�e� �e�n�t�i�r�e� �b�o�x�,� �2�2�,� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a�l�l� �2 ��s�,� �{�2�2�2�}�.� 

�T�h�i�s� �n�u�m�b�e�r�i�n�g� �s�y�s�t�e�m� �i�s� �e�s�p�e�c�i�a�l�l�y� �u�s�e�f�u�l� �w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� 

�o�b�j�e�c�t�s� �w�h�i�c�h� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �v�i�s�u�a�l�i�z�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�t� �i�s� �e�a�s�y� �t�o� �w�r�i�t�e� �t�h�a�t� 

�{�1�2�0�0�2�1�0�2�1�2�}� �i�s� �a� �4�-�D� �h�y�p�e�r�-�b�o�x� �w�h�i�c�h� �l�i�e�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �a� �1�0�-�D� �h�y�p�e�r�-�b�o�x�.� �T�h�i�s� 

�i�s� �s�e�e�n� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �{�1�2�0�0�2�1�0�2�1�2�}� �i�s� �a� �1�0� �d�i�g�i�t� �n�u�m�b�e�r� �w�i�t�h� �4� �t�w�o ��s�.� �H�o�w�e�v�e�r�,� 

�d�r�a�w�i�n�g� �a� �r�e�c�o�g�n�i�z�a�b�l�e� �p�i�c�t�u�r�e� �o�f� �a� �4�-�D� �h�y�p�e�r�-�b�o�x� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �a� �1�0�-�D� �h�y�p�e�r�-�b�o�x� 

�w�o�u�l�d� �p�r�o�v�e� �m�o�r�e� �d�i�f�f�i�c�u�l�t�.� 

�A�n� �i�m�p�o�r�t�a�n�t� �f�e�a�t�u�r�e� �o�f� �n�-�D� �g�e�o�m�e�t�r�i�c�a�l� �o�b�j�e�c�t�s� �i�s� �t�h�a�t� �t�h�e�y� �a�r�e� �b�o�u�n�d�e�d� �b�y� �(�n�-�1�)�-�D� 

�o�b�j�e�c�t�s�.� �T�h�i�s� �f�a�c�t� �c�a�n� �b�e� �s�e�e�n� �i�n� �l�o�w�e�r� �d�i�m�e�n�s�i�o�n�a�l� �o�b�j�e�c�t�s� �t�h�a�t� �a�r�e� �f�r�e�q�u�e�n�t�l�y� �d�e�a�l�t� �w�i�t�h�:� 

�1�-�D� �e�d�g�e�s� �a�r�e� �b�o�u�n�d�e�d� �b�y� �0�-�D� �v�e�r�t�i�c�e�s�,� �2�-�D� �f�a�c�e�s� �a�r�e� �b�o�u�n�d�e�d� �b�y� �1�-�D� �e�d�g�e�s�,� �3�-�D� �b�o�x�e�s� 

�a�r�e� �b�o�u�n�d�e�d� �b�y� �2�-�D� �f�a�c�e�s�.� �T�h�i�s� �i�s� �l�e�s�s� �e�a�s�i�l�y� �s�e�e�n�,� �b�u�t� �n�o�n�e�t�h�e�l�e�s�s� �t�r�u�e� �f�o�r� �h�i�g�h�e�r� 

�d�i�m�e�n�s�i�o�n�a�l� �o�b�j�e�c�t�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �F�i�g�u�r�e� �5�-�2� �s�h�o�w�s� �a� �4�-�D� �h�y�p�e�r�-�b�o�x� �w�i�t�h� �o�n�e� �o�f� �t�h�e� �3�-� 

�D� �b�o�x�e�s� �w�h�i�c�h� �i�s� �o�n� �i�t�s� �b�o�u�n�d�a�r�y� �s�h�a�d�e�d�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �e�v�e�r�y�t�h�i�n�g� �i�n�s�i�d�e� 

�t�h�e� �3�-�D� �b�o�x� �i�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �4�-�D� �h�y�p�e�r�-�b�o�x�.� 

�T�h�e� �s�u�b�s�e�t� �i�s� �a� �c�o�n�v�e�x� �p�o�l�y�t�o�p�e� �i�n� �R!"�.� �A� �l�i�n�e�a�r� �s�u�b�s�p�a�c�e�,� �s�u�c�h� �a�s� �P�s�,� �i�s� �c�o�n�v�e�x�.� 

�T�h�u�s�,� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �P�,� �a�n�d� �Q� �,� �6�,� �w�i�l�l� �b�e� �a� �c�o�n�v�e�x� �p�o�l�y�t�o�p�e�.� �2�2� �T�o� �d�e�f�i�n�e� �t�h�i�s� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�p�o�l�y�t�o�p�e�,� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �f�i�n�d� �a�l�l� �o�f� �t�h�e� �e�x�t�r�e�m�e� �p�o�i�n�t�s�,� �o�r� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �t�h�e� 

�p�o�l�y�t�o�p�e�.� �2�2� �T�h�e�s�e� �e�x�t�r�e�m�e� �p�o�i�n�t�s� �w�i�l�l� �b�e� �p�o�i�n�t�s� �t�h�a�t� �a�r�e� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �9�2� �a�n�d� �a�l�s�o� �i�n� 

�t�h�e� �s�u�b�s�p�a�c�e� �P�;�.� �T�h�r�o�u�g�h� �a� �s�y�s�t�e�m�a�t�i�c� �m�e�t�h�o�d� �o�f� �e�x�a�m�i�n�a�t�i�o�n� �a�n�d� �e�l�i�m�i�n�a�t�i�o�n�,� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �a�l�l� �s�u�c�h� �p�o�i�n�t�s�.� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�x�t�r�e�m�e� �p�o�i�n�t�s� �o�f� �0�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�e�a�r�c�h� �t�h�e� �o�b�j�e�c�t�s� �w�h�i�c�h� �l�i�e� 

�o�n� �0� �(�2�2�)�.� �T�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �a�n� �n�-�f�l�a�t� �a�n�d� �a� �q�-�f�l�a�t� �i�n� �S�,�,� �s�h�o�u�l�d� �i�n�t�e�r�s�e�c�t� �i�n� �a�n� 

�r�-�f�l�a�t� �i�s� �(�r�+� �1�)�(�m�-�n�-� �q�t�r�)�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t�n�+� �g�s�m�+�r�.� �I�f�n�+�q�>�m�+�r� �t�h�e�y� 

�i�n�t�e�r�s�e�c�t� �i�n� �a� �r�e�g�i�o�n� �o�f� �d�i�m�e�n�s�i�o�n�s� �n� �+� �q� �-� �m�,� �w�h�i�c�h� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �r�.� �2�9� �T�o� �f�i�n�d� �p�o�i�n�t�s� �(�r� 

�=� �0�)� �o�f� �i�n�t�e�r�s�e�c�t�i�o�n� �f�o�r� �t�h�e� �n�-�D� �s�u�b�s�p�a�c�e� �P�s�,� �i�n� �a�n� �m�-�D� �s�p�a�c�e�,� �w�e� �m�u�s�t� �s�e�a�r�c�h� �o�b�j�e�c�t�s� �o�f� 

�d�i�m�e�n�s�i�o�n� �g�,� �s�u�c�h� �t�h�a�t�n�+� �g�<�m�<�q�s�m�-�n�.� �T�h�u�s�,� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�s� �w�h�i�c�h� 

�n�e�e�d� �t�o� �b�e� �s�e�a�r�c�h�e�d� �i�s� �(�m� �-� �n�)�-�D� �o�r� �s�m�a�l�l�e�r�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �2�-�D� �p�l�a�n�e� �m�a�y� �i�n�t�e�r�s�e�c�t� �a� �|� �-� 

�D� �e�d�g�e� �o�f� �a� �3�-�D� �b�o�x� �a�t� �a� �p�o�i�n�t� �(�3� �-� �2� �<� �1�)�,� �b�u�t� �i�t� �c�a�n� �n�o�t� �i�n�t�e�r�s�e�c�t� �a� �2�-�D� �f�a�c�e� �o�f� �t�h�e� �3�-�D� 

�b�o�x� �a�t� �a� �p�o�i�n�t�.� �N�o�t�e�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �a� �2�-�D� �p�l�a�n�e� �m�a�y� �i�n�t�e�r�s�e�c�t� �a� �2�-�D� �o�b�j�e�c�t� �o�f� �a� �4�-�D� �(�o�r� 

�h�i�g�h�e�r�)� �$�2� �a�t� �a� �s�i�n�g�l�e� �p�o�i�n�t�.� �T�h�i�s� �f�a�c�t� �m�a�y� �s�e�e�m� �c�o�u�n�t�e�r�i�n�t�u�i�t�i�v�e�,� �b�u�t� �i�n� �d�e�a�l�i�n�g� �w�i�t�h� 

�h�i�g�h�e�r� �o�r�d�e�r� �p�r�o�b�l�e�m�s�,� �i�n�t�u�i�t�i�o�n� �i�s� �o�f�t�e�n� �u�n�r�e�l�i�a�b�l�e�.� �T�h�i�s� �r�u�l�e� �c�a�n� �a�l�s�o� �b�e� �a�p�p�l�i�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �h�i�g�h�e�r� �o�r�d�e�r� �i�n�t�e�r�s�e�c�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �l�i�n�e�s� �(�7� �=� �1�)� �w�i�l�l� �b�e� �f�o�r�m�e�d� �i�n� 

�i�n�t�e�r�s�e�c�t�i�o�n�s� �w�i�t�h� �o�b�j�e�c�t�s� �o�f� �d�i�m�e�n�s�i�o�n� �<� �(�m�-�n�+�1�)� �a�n�d� �f�a�c�e�s� �(�r� �=� �2�)� �w�i�l�l� �b�e� �f�o�r�m�e�d� �i�n� 

�i�n�t�e�r�s�e�c�t�i�o�n�s� �w�i�t�h� �o�b�j�e�c�t�s� �o�f� �d�i�m�e�n�s�i�o�n� �<� �(�#�-�n�+�2�)�.� 

�T�o� �s�e�a�r�c�h� �f�o�r� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �@�,� �o�n�e� �m�u�s�t� �g�e�n�e�r�a�t�e� �e�v�e�r�y� �(�m�-�n�)�-�D� �o�b�j�e�c�t� �a�n�d� �f�i�n�d� �t�h�e�i�r� 

�i�n�t�e�r�s�e�c�t�i�o�n�s� �w�i�t�h� �P�;�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �a�b�o�v�e�,� �o�n� �a�n� �(�m�-�n�)�-�D� �o�b�j�e�c�t� �n� �c�o�n�t�r�o�l�s� 

�a�r�e� �a�t� �a� �m�i�n�i�m�u�m� �o�r� �m�a�x�i�m�u�m� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �(�m�-�n�)� �a�r�e� �f�r�e�e� �t�o� �v�a�r�y�.� �(�i�m�-�n�)�-�D� �f�l�a�t�s� �a�r�e� 

�g�e�n�e�r�a�t�e�d� �b�y� �s�e�t�t�i�n�g� �e�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �m� �c�o�n�t�r�o�l�s� �t�a�k�e�n� �n� �a�t� �a� �t�i�m�e� �t�o� �e�v�e�r�y� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e�i�r� �m�i�n�i�m�u�m�/�m�a�x�i�m�u�m� �d�e�f�l�e�c�t�i�o�n�s�.� �T�h�e�r�e� �a�r�e� �m�!�/�(�n�!�(�m�-�n�)�!�)� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �c�o�n�t�r�o�l� �g�r�o�u�p�i�n�g�s�,� �a�n�d� �2 �� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�i�n�i�m�u�m�/�m�a�x�i�m�u�m� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

� � 
�F�i�g�u�r�e� �5�-�2�:� �4�-�D� �H�y�p�e�r�-�C�u�b�e� �a�n�d� �3�-�D� �B�o�x� �o�n� �B�o�u�n�d�a�r�y� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�d�e�f�l�e�c�t�i�o�n�s� �f�o�r� �e�a�c�h� �g�r�o�u�p�.� �T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�m�a�i�n�i�n�g� �(�f�r�e�e�)� �(�m�-�n�)� �c�o�n�t�r�o�l�s� �a�r�e� �t�h�e�n� 

�d�e�t�e�r�m�i�n�e�d�.� �I�f� �t�h�e� �v�a�l�u�e� �o�f� �e�a�c�h� �o�f� �t�h�e� �(�m�-�n�)� �c�o�n�t�r�o�l�s� �l�i�e�s� �w�i�t�h�i�n� �i�t�s� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e�n� �t�h�e� 

�i�n�t�e�r�s�e�c�t�i�o�n� �i�s� �w�i�t�h�i�n� �Q�,� �o�t�h�e�r�w�i�s�e� �i�t� �i�s� �n�o�t�.� 

�T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n�s� �i�s� �d�o�n�e� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �P�a�r�t�i�t�i�o�n� �P� �i�n�t�o� �2� �s�e�c�t�i�o�n�s� �s�o� �t�h�a�t� �P�,� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �n� �c�o�n�t�r�o�l�s� �t�o� �b�e� �s�e�t� �t�o� �t�h�e�i�r� 

�m�i�n�i�m�u�m�/�m�a�x�i�m�u�m� �v�a�l�u�e�s�.� �P�a�r�t�i�t�i�o�n� �u� �s�i�m�i�l�a�r�l�y�.� 

�o�t�  ��|� �_� �_� �m�=� �=�>� �P�y�m�=�u�,� �a�n�d� �P�p�m�=�u� �5� �\� �u�y� �1� �1� �2� �2� 

�2�)� �S�e�t� �t�h�e� �c�o�n�t�r�o�l�s� �i�n� �u�y� �t�o� �e�a�c�h� �o�f� �t�h�e� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�i�n�i�m�u�m� �a�n�d�/�o�r� 

�m�a�x�i�m�u�m� �v�a�l�u�e�s�.� 

�3�)� �S�o�l�v�e� �f�o�r� �m�:� �m� �=� �P�y�l�u�y�,� 

�P�;� �s�h�o�u�l�d� �b�e� �s�q�u�a�r�e� �a�n�d� �i�n�v�e�r�t�i�b�l�e�.� �I�f� �P� �i�s� �s�i�n�g�u�l�a�r�,� �t�h�e�n� �t�h�e�r�e� �a�r�e� �a�n� �i�n�f�i�n�i�t�e� 

�n�u�m�b�e�r� �o�f� �s�o�l�u�t�i�o�n�s�.� �T�h�i�s� �c�a�n� �o�c�c�u�r� �i�f� �t�h�e� �n�-�D� �s�u�b�s�p�a�c�e� �c�o�n�t�a�i�n�s� �s�o�m�e� �l�o�w�e�r� �d�i�m�e�n�s�i�o�n� 

�o�b�j�e�c�t�.� �T�h�i�s� �P� �c�a�n� �b�e� �i�g�n�o�r�e�d� �b�e�c�a�u�s�e� �t�h�e� �d�e�f�i�n�i�n�g� �i�n�t�e�r�s�e�c�t�i�o�n�s� �w�i�l�l� �b�e� �f�o�u�n�d� �b�y� 

�s�e�a�r�c�h�i�n�g� �o�t�h�e�r� �o�b�j�e�c�t�s�.� �H�o�w�e�v�e�r�,� �n�o�t�e� �t�h�a�t� �s�u�c�h� �i�n�t�e�r�s�e�c�t�i�o�n�s� �m�a�y� �b�e� �f�o�u�n�d� �b�y� 

�s�e�a�r�c�h�i�n�g� �s�e�v�e�r�a�l� �o�b�j�e�c�t�s�.� 

�4�)� �S�o�l�v�e� �f�o�r� �u�2� �:� �U�z� �=� �P�o�m� �=� �P�2�P�}�-�!�u�y� 

�5�)� �R�e�p�e�a�t� �(�1�)�-�(�4�)� �t�r�y�i�n�g� �a�l�l� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �P�;� �a�n�d� �P�o�.� 

�S�o�l�v�i�n�g� �f�o�r� �t�h�e� �c�o�n�t�r�o�l�s� �i�n� �t�h�i�s� �m�a�n�n�e�r� �g�u�a�r�a�n�t�e�e�s� �t�h�a�t� �t�h�e�y� �l�i�e� �i�n� �P�,�.� �I�f� �c�o�n�t�r�o�l�s� �i�n� �u�2� 

�a�r�e� �a�t� �o�r� �w�i�t�h�i�n� �t�h�e�i�r� �l�i�m�i�t�s� �t�h�e�n� �t�h�a�t� �p�o�i�n�t� �i�s� �a�l�s�o� �o�n� �0�(�Q�)�,� �a�n�d� �i�s� �a� �v�e�r�t�e�x� �o�f� �@�.� �E�a�c�h� 

�v�e�r�t�e�x� �i�s� �d�e�n�o�t�e�d� �b�y� �i�t�s� �c�o�n�t�r�o�l� �v�e�c�t�o�r�,� �u�,� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �o�b�j�e�c�t� �n�u�m�b�e�r�,� �e�.�g�.� �{�1�2�1�}�.� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�O�n�c�e� �t�h�e� �v�e�r�t�i�c�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e�y� �c�a�n� �b�e� �m�a�p�p�e�d� �t�o� �m�o�m�e�n�t� �s�p�a�c�e� �u�s�i�n�g� �B�.� 

�T�h�e� �v�e�r�t�i�c�e�s� �o�f� �@� �w�i�l�l� �m�a�p� �t�o� �b�e�c�o�m�e� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �I�.� �O�n�c�e� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �[�T�a�r�e� 

�k�n�o�w�n�,� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �v�e�r�t�i�c�e�s� �n�e�e�d�s� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d� �t�o� �c�o�m�p�l�e�t�e�l�y� �d�e�f�i�n�e� �I�T�.� 

�T�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�i�t�h�e�r� �o�f� �t�w�o� �m�e�a�n�s�.� �T�h�e� �f�i�r�s�t� �i�n�v�o�l�v�e�s� �u�s�i�n�g� �a� 

�c�o�n�v�e�x� �h�u�l�l� �g�e�n�e�r�a�t�i�n�g� �a�l�g�o�r�i�t�h�m� �s�u�c�h� �a�s� �t�h�e� �q�u�i�c�k�h�u�l�l� �a�l�g�o�r�i�t�h�m� �d�e�s�c�r�i�b�e�d� �i�n� �R�e�f�e�r�e�n�c�e� 

�2�6�.� �S�u�c�h� �a�l�g�o�r�i�t�h�m�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �a�c�c�u�r�a�t�e�l�y� �d�e�t�e�r�m�i�n�e� �[�7� �b�e�c�a�u�s�e� �@� �i�s� �c�o�n�v�e�x�,� �a�n�d� 

�u�n�d�e�r� �t�h�e� �l�i�n�e�a�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �B�,� �I�T� �w�i�l�l� �a�l�s�o� �b�e� �c�o�n�v�e�x�.� �A� �p�r�o�o�f� �o�f� �t�h�i�s� �i�s� �i�n�c�l�u�d�e�d� �i�n� 

�A�p�p�e�n�d�i�x� �A�.� 

�T�h�e� �s�e�c�o�n�d� �w�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �v�e�r�t�i�c�e�s� �i�n�v�o�l�v�e�s� �u�s�i�n�g� �t�h�e� 

�o�b�j�e�c�t� �n�u�m�b�e�r�s�.� �T�h�e� �v�e�r�t�i�c�e�s� �w�e�r�e� �f�o�u�n�d� �o�n� �o�b�j�e�c�t�s� �o�f� �(�m�-�n�)�-�D� �o�r� �s�m�a�l�l�e�r�.� �T�h�e�y� �a�r�e� 

�c�o�n�n�e�c�t�e�d� �i�f� �t�h�e�r�e� �i�s� �a�n� �(�m�-�n�+�1�)�-�D� �o�r� �s�m�a�l�l�e�r� �o�b�j�e�c�t� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �b�o�t�h� �p�o�i�n�t�s�.� �B�y� 

�e�x�a�m�i�n�i�n�g� �t�h�e� �o�b�j�e�c�t� �n�u�m�b�e�r�s�,� �i�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �i�f� �t�w�o� �v�e�r�t�i�c�e�s� �a�r�e� �c�o�n�t�a�i�n�e�d� �b�y� �a� �(�>� 

�n�+�1�)�-�D� �o�b�j�e�c�t�.� �A�n� �(�m�-�n�)�-�D� �o�b�j�e�c�t� �h�a�s� �n� �f�i�x�e�d� �c�o�n�t�r�o�l�s�.� �I�f� �t�w�o� �v�e�r�t�i�c�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� �n� 

�f�i�x�e�d� �c�o�n�t�r�o�l�s�,� �t�h�e�y� �h�a�v�e� �t�h�e� �s�a�m�e� �o�b�j�e�c�t� �n�u�m�b�e�r� �a�n�d� �l�i�e� �o�n� �t�h�e� �s�a�m�e� �(�m�r�-�n�)�-�D� �o�b�j�e�c�t�.� �I�f� 

�t�h�e�y� �h�a�v�e� �n�-�1� �f�i�x�e�d� �c�o�n�t�r�o�l�s� �i�n� �c�o�m�m�o�n�,� �t�h�e�y� �l�i�e� �o�n� �t�h�e� �s�a�m�e� �(�m�-�n�+�1�)�-�D� �o�b�j�e�c�t� �a�n�d� �a�r�e� 

�c�o�n�n�e�c�t�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �e�d�g�e�s� �{�0�0�2�}� �a�n�d� �{�0�2�0�}� �h�a�v�e� �o�n�e� �f�i�x�e�d� �c�o�n�t�r�o�l� �i�n� �c�o�m�m�o�n�,� 

�u�j� �=�U�]� �M�i�n�,� �a�n�d� �l�i�e� �o�n� �t�h�e� �f�a�c�e� �{�0�2�2�}�.� �B�e�c�a�u�s�e� �t�h�e� �c�r�i�t�e�r�i�o�n� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n� �c�o�n�t�a�i�n�s� �a� 

�l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �c�o�n�d�i�t�i�o�n�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �c�h�e�c�k� �t�o� �s�e�e� �i�f� �t�h�e�r�e� �i�s� �a�n� �(�m�-�n�+�1�)�-�D� �o�r� 

�s�m�a�l�l�e�r� �o�b�j�e�c�t� �t�h�a�t� �c�o�n�t�a�i�n�s� �t�w�o� �v�e�r�t�i�c�e�s�.� �I�f� �s�u�c�h� �a�n� �o�b�j�e�c�t� �e�x�i�s�t�s�,� �t�h�e�n� �t�h�e� �t�w�o� �v�e�r�t�i�c�e�s� 

�a�r�e� �c�o�n�n�e�c�t�e�d�.� 

�O�n�c�e� �t�h�e� �v�e�r�t�i�c�e�s� �a�n�d� �t�h�e�i�r� �c�o�n�n�e�c�t�i�v�i�t�y� �a�r�e� �k�n�o�w�n�,� �t�h�e� �v�o�l�u�m�e� �o�f� �[�7� �c�a�n� �b�e� �f�o�u�n�d�.� 

�T�h�i�s� �v�o�l�u�m�e� �c�a�n� �b�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �v�o�l�u�m�e� �o�f� �@� �t�o� �g�i�v�e� �a� �r�e�l�a�t�i�v�e� �m�e�a�s�u�r�e� �o�f� �h�o�w� �w�e�l�l� 

�a� �p�a�r�t�i�c�u�l�a�r� �g�e�n�e�r�a�l�i�z�e�d� �i�n�v�e�r�s�e� �a�l�l�o�c�a�t�e�s� �t�h�e� �c�o�n�t�r�o�l�s�.� �A�l�t�h�o�u�g�h� �n� �i�s� �u�s�u�a�l�l�y� �e�q�u�a�l� �t�o� �3�,� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�t�h�i�s� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �b�e� �a�p�p�l�i�e�d�.� �T�h�e�r�e�f�o�r�e�,� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� 

�c�a�l�c�u�l�a�t�i�n�g� �n�-�D� �v�o�l�u�m�e�s� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d�.� 

�T�h�e� �s�u�b�s�e�t� �o�f� �m�o�m�e�n�t�s� �a�t�t�a�i�n�a�b�l�e� �b�y� �a�n� �a�l�l�o�c�a�t�i�o�n� �s�c�h�e�m�e� �c�a�n� �u�s�u�a�l�l�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� 

�a�s� �a� �c�o�n�v�e�x� �n�-�D�i�m�e�n�s�i�o�n�a�l� �o�b�j�e�c�t� �b�o�u�n�d�e�d� �b�y� �(�n�-�1�)�-�D� �o�b�j�e�c�t�s�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�o�l�u�m�e� 

�o�f� �s�u�c�h� �a�n� �o�b�j�e�c�t�,� �t�h�e� �(�n�-�1�)�-�D� �b�o�u�n�d�i�n�g� �o�b�j�e�c�t�s� �a�r�e� �t�r�e�a�t�e�d� �a�s� �t�h�e� �b�a�s�e�s� �o�f� �n�-�D� �p�y�r�a�m�i�d�s� 

�w�i�t�h� �t�h�e�i�r� �a�p�i�c�e�s� �a�t� �s�o�m�e� �p�o�i�n�t� �o�n� �o�r� �w�i�t�h�i�n� �I�T�,� �t�y�p�i�c�a�l�l�y� �t�h�e� �o�r�i�g�i�n� �o�f� �m�o�m�e�n�t� �s�p�a�c�e�.� �T�h�e� 

�s�u�m� �o�f� �t�h�e� �v�o�l�u�m�e�s� �o�f� �a�l�l� �t�h�e�s�e� �p�y�r�a�m�i�d�s� �i�s� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �n�-�D� �o�b�j�e�c�t�.� �T�h�e� �f�o�l�l�o�w�i�n�g� 

�i�s� �a� �g�e�n�e�r�i�c� �m�e�t�h�o�d� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �v�o�l�u�m�e�s� �o�f� �p�y�r�a�m�i�d�s� �w�i�t�h� �a�r�b�i�t�r�a�r�y� �p�o�l�y�g�o�n�s� �f�o�r� 

�b�a�s�e�s� �t�h�a�t� �m�a�y� �b�e� �a�p�p�l�i�e�d� �t�o� �b�o�t�h� �®� �a�n�d� �t�o� �I�T�.� 

�T�h�e� �n�-�v�o�l�u�m�e� �o�f� �a� �p�a�r�a�l�l�e�l�e�p�i�p�e�d� �i�s� �t�h�e� �(�n�-�1�)� �v�o�l�u�m�e� �o�f� �o�n�e� �o�f� �i�t�s� �f�a�c�e�s� �t�i�m�e�s� �t�h�e� 

�a�l�t�i�t�u�d�e� �o�n� �t�h�a�t� �f�a�c�e�.� �2�7� �I�f� �o� �i�s� �a�n� �n�-�D� �o�b�j�e�c�t� �i�n� �R�®� �d�e�f�i�n�e�d� �b�y� �t�h�e� �p�o�i�n�t�s� �A�o�.�.�.�A�p� �t�h�e�n� �i�t�s� 

�v�o�l�u�m�e� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� �2�/� 

�V�(�G�)� �=� �J� �[�A�o�A�r� �-� �-�A�g�A�g�]� �(�5�-�2�5�)� 

�I�n� �t�h�e� �n�o�m�e�n�c�l�a�t�u�r�e� �o�f� �R�e�f�e�r�e�n�c�e� �2�7�,� �t�h�e� �q�u�a�n�t�i�t�y� �i�n� �s�q�u�a�r�e� �b�r�a�c�k�e�t�s� �i�s� �t�h�e� �o�u�t�e�r� 

�p�r�o�d�u�c�t� �o�f� �t�h�e� �v�e�c�t�o�r�s�.� �T�h�e� �1�/�n�!� �c�o�m�e�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�i�s� �f�o�r�m�u�l�a� �c�a�l�c�u�l�a�t�e�s� �t�h�e� 

�v�o�l�u�m�e� �e�n�c�l�o�s�e�d� �b�y� �t�h�e� �v�e�c�t�o�r�s� �n�o�t� �t�h�e� �p�a�r�a�l�l�e�l�e�p�i�p�e�d� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �v�e�c�t�o�r�s�.� �D�u�e� �t�o� 

�t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �o�u�t�e�r� �p�r�o�d�u�c�t�,� �t�h�i�s� �e�q�u�a�t�i�o�n� �c�a�n� �a�l�s�o� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�:� 

�V�(�6�)� �=� �4�,�D�e�t�(� �A�l�)� �(�5�-�2�6�)� 

�[�A�]� �i�s� �a� �m�a�t�r�i�x� �w�h�o�s�e� �r�o�w�s� �a�r�e� �t�h�e� �v�e�c�t�o�r�s� �A�p�A�;�-�:�-�A�g�A�,�.� �©� �i�S� �a�n� �o�r�i�e�n�t�e�d� �v�o�l�u�m�e�.� 

�T�h�i�s� �m�e�a�n�s� �t�h�a�t� �i�f� �o� �c�h�a�n�g�e�s� �i�t�s� �o�r�i�e�n�t�a�t�i�o�n�,� �t�h�e�n� �o� �c�h�a�n�g�e�s� �i�t�s� �s�i�g�n�.� �2�7� �S�i�n�c�e� �t�h�e� �q�u�a�n�t�i�t�y� 

�o�f� �i�n�t�e�r�e�s�t� �i�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �n�o�t� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e�s�e� �v�o�l�u�m�e�s�,� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� 

�t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �i�s� �t�a�k�e�n�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�o�l�u�m�e� �o�f� �I�J�,� �a�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� �v�o�l�u�m�e�,� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�t�e�c�t�o�r�s� 

�d�i�v�i�d�e� �i�t�s� �b�o�u�n�d�i�n�g� �o�b�j�e�c�t�s� �i�n�t�o� �(�n�-�1�)�-�D� �o�b�j�e�c�t�s� �c�o�n�t�a�i�n�i�n�g� �n� �p�o�i�n�t�s� �(�i�.�e�.� �d�i�v�i�d�e� �t�h�e� 

�p�o�l�y�g�o�n�s� �i�n�t�o� �t�r�i�a�n�g�l�e�s�)�.�T�h�e� �n�-�D� �o�b�j�e�c�t�s� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�h�e� �(�n�-�1�)�-�D� �o�b�j�e�c�t�s� �o�n�c�e� �t�h�e� 

�c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �v�e�r�t�i�c�e�s� �i�s� �k�n�o�w�n�.� �U�s�e� �s�o�m�e� �p�o�i�n�t� �o�n� �o�r� �w�i�t�h�i�n� �[�T�a�s� �t�h�e� �n�+�1� �p�o�i�n�t� 

�f�r�o�m� �w�h�i�c�h� �t�h�e� �v�e�c�t�o�r�s� �a�r�e� �f�o�r�m�e�d�.� �I�f� �t�h�e� �o�r�i�g�i�n� �i�s� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �7�,� �i�t� �i�s� �e�a�s�y� �t�o� �f�o�r�m� 

�t�h�e� �v�e�c�t�o�r�s� �b�y� �t�a�k�i�n�g� �t�h�e� �o�r�i�g�i�n� �a�s� �t�h�e� �n�+�1� �p�o�i�n�t� �a�n�d� �s�i�m�p�l�y� �u�s�e� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� 

�p�o�i�n�t�s� �a�s� �t�h�e� �r�o�w�s� �o�f� �[�A�]�.� �I�f� �t�h�e�r�e� �a�r�e� �k� �s�u�c�h� �b�o�u�n�d�i�n�g� �o�b�j�e�c�t�s�,� �t�h�e�n� �t�h�e� �n�-�v�o�l�u�m�e� �o�f� �I�T� 

�c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �a�s�:� 

�k� 

�V�u�)� �=� �1�)� �D�e�t� �A�)� �(�5�-�2�7�)� 
 ��i�=�l� 

�E�x�a�m�p�l�e� �5�-�1�:� �A�r�e�a� �C�a�l�c�u�l�a�t�i�o�n�s� 

�A�s� �a� �s�i�m�p�l�e� �e�x�a�m�p�l�e� �o�f� �t�h�e� �a�b�o�v�e� �i�d�e�a�s�,� �c�o�n�s�i�d�e�r� �a� �p�r�o�b�l�e�m� �w�i�t�h� �3� �c�o�n�t�r�o�l�s� �a�n�d� �2� 

�m�o�m�e�n�t�s�.� �T�h�e� �c�o�n�t�r�o�l� �e�f�f�e�c�t�i�v�e�n�e�s�s� �m�a�t�r�i�x� �i�s�:� 

�B�u�|� �7�:�3�5�e�-�4� �T�5�0�4�1� �e�-�4�]� �(�5�-�2�8�)� 
�8�.�5�6�e�-�5� �5�.�1�3�e�-�4�-�1�.�3�7�e�-�3� 

�A�n�d� �t�h�e� �l�i�m�i�t�s� �o�n� �t�h�e� �c�o�n�t�r�o�l�s� �p�o�s�i�t�i�o�n�s� �a�r�e�:� 
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�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�F�i�g�u�r�e� �5�-�3� �s�h�o�w�s� �t�h�e� �s�u�b�s�p�a�c�e� �o�f� �t�h�e� �p�s�e�u�d�o�-�i�n�v�e�r�s�e� �i�n�t�e�r�s�e�c�t�i�n�g� �{�2� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m�.� 

�F�o�r� �m� �=� �3� �a�n�d� �n� �=�2�,� �a�l�l� �t�h�e� �e�d�g�e�s� �o�f� �©� �n�e�e�d� �t�o� �b�e� �s�e�a�r�c�h�e�d� �f�o�r� �i�n�t�e�r�s�e�c�t�i�o�n�s�.� �T�a�b�l�e� �5�-�1� 

�S�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �s�e�a�r�c�h�.� 

�T�a�b�l�e� �5�-�2� �s�h�o�w�s� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �[�7�,� �n�u�m�b�e�r�e�d� �i�n� �t�h�e� �o�r�d�e�r� �t�h�e�y� �w�e�r�e� �f�o�u�n�d�,� �a�n�d� �t�h�e�i�r� 

�c�o�n�n�e�c�t�i�v�i�t�y�.� �F�o�r� �m� �=�3� �a�n�d� �n� �=� �2�,� �t�w�o� �v�e�r�t�i�c�e�s� �a�r�e� �c�o�n�n�e�c�t�e�d� �i�f� �t�h�e� �o�b�j�e�c�t� �n�u�m�b�e�r�s� �h�a�v�e� 

�o�n�e� �f�i�x�e�d� �c�o�n�t�r�o�l� �i�n� �c�o�m�m�o�n�.� �F�i�g�u�r�e� �5�-�4� �s�h�o�w�s� �a� �w�i�r�e�-�f�r�a�m�e� �o�f� �®� �w�i�t�h� �[�7� �t�r�o�m� �t�h�e� 

�p�s�e�u�d�o�-�i�n�v�e�r�s�e� �i�n�s�i�d�e�.� �T�h�e� �c�o�n�v�e�x� �h�u�l�l� �o�f� �t�h�e� �A�M�S� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �m�a�p�p�i�n�g� �t�h�e� 

�v�e�r�t�i�c�e�s� �o�f� �$�2� �a�n�d� �u�s�i�n�g� �a� �c�o�n�v�e�x� �h�u�l�l� �a�l�g�o�r�i�t�h�m� �s�u�c�h� �a�s� �t�h�a�t� �o�f� �R�e�f�e�r�e�n�c�e� �2�6�.� �A� �m�o�r�e� 

�e�f�f�i�c�i�e�n�t� �m�e�a�n�s� �o�f� �c�o�m�p�u�t�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �w�i�l�l� �b�e� �d�e�t�a�i�l�e�d� �i�n� �t�h�e� �s�e�c�t�i�o�n� �o�n� �D�i�r�e�c�t� 

�A�l�l�o�c�a�t�i�o�n�.� 

�O�n�c�e� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �i�s� �k�n�o�w�n�,� �t�h�e� �a�r�e�a� �o�f� �[�7� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �d�i�v�i�d�i�n�g� �i�t� �i�n�t�o� 

�t�r�i�a�n�g�l�e�s� �a�n�d� �c�o�m�p�u�t�i�n�g� �t�h�e�i�r� �a�r�e�a�s� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �5�-�2�7�.� �T�h�e� �a�r�e�a� �o�f� �[�T�i�s� �4�.�3�5�2�8�e�-�0�3� 

�w�h�i�c�h� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �8�3�.�6�%� �o�f� �t�h�e� �a�r�e�a� �o�f� �®�,� �5�.�2�0�5�1�e�-�0�3�.� 
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�u�3� �=� �-�3�0� 
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�u�3� �=� �3�0� 

�{�2�0�0�}� �u�2� �=� �-�2�0� �u�y� �=� �-�3�0�.�3�3�9�7� �n�o� 
�u�3� �=� �-�3�0� 

�{�2�0�1�}� �u�2� �=� �-�2�0� �u�j�=� �-�1�0�.�9�1�6�1� �y�e�s� 
�u�3� �=� �3�0� 

�{�2�1�0�}� �u�2�=� �2�0� �u�j�=�_� �1�0�.�9�1�6�1� �y�e�s� 
�u�3� �=� �-�3�0� 

�{�2�1�1�}� �w�=� �2�0� �u�y�=� �3�0�.�3�3�9�7� �n�o� 
�u�3� �=� �3�0� 

� � 

�4�6� 

� 



�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�f�e�c�t�o�r�s� 

�T�a�b�l�e� �5�-�2�:� �V�e�r�t�i�c�e�s� �o�f� �I�T� 

�e�c�t� �e�r�t�i�c�e�s� �i�t� �o�o�r�d�i�n�a�t�e�s� �i�n� 
�c�o�n�n�e�c�t�s� �t�o� �M�o�m�e�n�t� �S�p�a�c�e� 

�-�(�)�.� �(�0�)�.� 

�)�.�0� 
�3� 

�,� �-�0�.� 
�,� �-�0�.� 
�,� �0�.�0�5�2�-� 

� � �4�7



�C�o�n�s�t�r�a�i�n�e�d� �C�o�n�t�r�o�l� �A�l�l�o�c�a�t�i�o�n� �f�o�r� �S�y�s�t�e�m�s� �w�i�t�h� �R�e�d�u�n�d�a�n�t� �C�o�n�t�r�o�l� �E�f�t�e�c�t�o�r�s� 

�E�x�a�m�p�l�e� �5�-�2�:� �V�o�l�u�m�e� �C�a�l�c�u�l�a�t�i�o�n�s� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e� �a�p�p�l�i�e�s� �t�h�e� �a�b�o�v�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �a� �h�i�g�h�e�r� �o�r�d�e�r� �p�r�o�b�l�e�m� 

�i�n�v�o�l�v�i�n�g� �1�0� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�t�r�o�l�s�.� �T�h�e� �d�a�t�a� �i�n� �t�h�e� �B� �m�a�t�r�i�x� �a�r�e� �b�a�s�e�d� �o�n� �a� �l�i�n�e�a�r� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �F�-�1�8� �H�i�g�h�-�A�n�g�l�e�-�o�f�-�A�t�t�a�c�k�-�R�e�s�e�a�r�c�h�-�V�e�h�i�c�l�e� �(�H�A�R�V�)� 

�a�e�r�o�d�y�n�a�m�i�c� �d�a�t�a�.� �T�h�e� �m�o�d�e�l� �w�a�s� �l�i�n�e�a�r�i�z�e�d� �a�b�o�u�t� �a� �f�l�i�g�h�t� �c�o�n�d�i�t�i�o�n� �o�f� �1�0�,�0�0�0� �f�t�.�,� �M�a�c�h� 

�0�.�3�,� �a�n�d� �1�2�.�5�°� �a�n�g�l�e�-�o�f�-�a�t�t�a�c�k�.� �T�h�e� �c�o�n�t�r�o�l�s� �a�r�e�:� �h�o�r�i�z�o�n�t�a�l� �t�a�i�l�s�,� �a�i�l�e�r�o�n�s�,� �r�u�d�d�e�r�s�,� �t�r�a�i�l�i�n�g� 

�e�d�g�e� �f�l�a�p�s�,� �a�n�d� �t�h�r�e�e� �t�h�r�u�s�t� �v�e�c�t�o�r�i�n�g� �c�o�n�t�r�o�l�s�.� �T�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �a�i�l�e�r�o�n�s�,� �h�o�r�i�z�o�n�t�a�l� �t�a�i�l�s�,� 

�a�n�d� �t�r�a�i�l�i�n�g� �e�d�g�e� �f�l�a�p�s� �a�r�e� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �o�n�e� �a�n�o�t�h�e�r� �a�n�d� �a�r�e� �t�r�e�a�t�e�d� 

�a�s� �s�e�p�a�r�a�t�e� �c�o�n�t�r�o�l�s�.� �T�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �r�u�d�d�e�r�s� �a�r�e� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �m�o�v�e� �t�o�g�e�t�h�e�r� �a�n�d� �a�r�e� 

�t�r�e�a�t�e�d� �a�s� �a� �s�i�n�g�l�e� �c�o�n�t�r�o�l�.� �T�h�e� �t�h�r�u�s�t� �v�e�c�t�o�r� �c�o�n�t�r�o�l� �e�f�f�e�c�t�i�v�e�n�e�s�s� �w�a�s� �a�p�p�r�o�x�i�m�a�t�e�d� �f�r�o�m� 

�d�a�t�a� �i�n� �R�e�f�e�r�e�n�c�e� �6�.� �T�h�i�s� �d�a�t�a� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �s�e�v�e�r�a�l� �e�x�a�m�p�l�e�s� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� 

�d�i�s�s�e�r�t�a�t�i�o�n� �a�n�d� �s�h�a�l�l� �i�n� �t�h�e� �f�u�t�u�r�e� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �F�-�1�8� �H�A�R�V� �d�a�t�a�.� 

�-�4�.�3�8�2�e�-�2� �4�.�3�8�2�e�-�2� �-�5�.�8�4�l�e�-�2� �5�.�8�4�1�l�e�-�2� �1�.�6�7�4�e�-�2� 
�B�=�|� �-�5�.�3�3�0�e�-�1� �-�5�.�3�3�0�e�-�1� �-�6�.�4�8�6�e�-�2� �-�6�.�4�8�6�e�-�2� �0�.�0�0�0�e�+�0� �.�.�.� 

�1�.�1�0�0�e�-�2� �-�1�.�1�0�0�e�-�2� �3�.�9�1�l�e�-�3� �-�3�.�9�1�l�e�-�3� �-�7�.�4�2�8�e�-�2� 

�-�6�.�2�8�0�e�-�2� �6�.�2�8�0�e�-�2� �2�.�9�2�0�e�-�2� �1�.�0�0�0�e�-�5� �=� �1�.�0�0�0�e�-�2� 
�6�.�2�3�4�e�-�2� �6�.�2�3�4�e�-�2� �1�.�0�0�0�e�-�5� �3�.�5�5�3�e�-�1� �=�1�.�0�0�0�e�-�5� �(�5�-�3�0�)� 
�0�.�0�0�0�e�+�0� �0�.�0�0�0�e�+�0� �3�.�0�0�0�e�-�4� �1�.�0�0�0�e�-�5� �1�.�4�8�5�e�-�1� 

�F�o�r� �t�h�i�s� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �B� �m�a�t�r�i�x� �a�n�d� �c�o�n�t�r�o�l� �d�e�f�l�e�c�t�i�o�n� �l�i�m�i�t�s�,� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�-�3�,� 

�t�h�e� �s�u�b�s�e�t� �o�f� �a�t�t�a�i�n�a�b�l�e� �m�o�m�e�n�t�s� �i�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�-�5�.� 
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