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The method of multiple scales is used to derive an expression for the population difference in an absorbing
atomic system due to a running pulsed field. The main contribution to this expression comes from a quasi-
steady-state part which has the same functional form as the hole produced by a continuous running field,
except that the saturation parameter contains the time dependence of the field. The expression includes also
an oscillatory term and a quasisteady term, which decay with a rate that is equal to the inverse of the

lifetime of the levels.

PACS numbers: 32.10.D

I. INTRODUCTION

We consider the effect of pulsed running waves on the
population difference of a two-level atomic system
(i.e., modified hole burning model). This study is
motivated by recent spectroscopic measurements
(saturation spectroscopy with a pulsed dye laser)' in
which strong and weak running pulsed waves are sent in
opposite directions in a resonant medium to determine
the shape and wavelength of its resonant lines.

For simplicity, we assume the lifetimes of the levels
to be equal in the absence of collisions. Using a matrix
density formulation, one can show that the system is
governed by the following two equations in a reference
frame moving with the atom?:

b 9 R
(5; wd +y) An = —ii(Ep* = ce) +yN), (1)
Z
2y 2 i) pmiii @
at Vg T TY)P=LCAR,

where An=p,, = Dpp; P=Pa»> Pi; are the elements of the
density matrix, ¢ is the time, z is the distance in the
direction of the propagation, v is the speed of the atom,
y7! is the lifetime of the levels a and b, £ is the complex
excitation, w, is the natural frequency of the transition,
4=u/%, uis the dipole moment of the transition, 7 is
Planck’s constant, N(v) is the normalized population
difference in the absence of any radiation field, and p*
is the complex conjugate of p.

Equations (1) and (2) can be easily solved for the case
of a continuous-wave excitation (see for example, Refs.
2 and 3). In this paper, we extend these analyses to
determine the effect of a long pulsed running wave
excitation; that is,

Elz, 8) = f() exp[ilkz = wt)], (3)

where w and % are the frequency and wave number of the
excitation, 7=¢f, € is a small dimensionless parameter
of the order of w™, and f is a real function. Thus, the
amplitude of the excitation is a slowly varying function

of ¢ with respect to w™.
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1. APPROXIMATE SOLUTION
We seek a solution of Egs. (1)—~(3) of the form

p=Nw)u,t) +iut) | exp[i(kz — wt)], (4)

An = N(v)u,(t), (5)

where u,, u,, and u, are real functions. One can easily
show that &z is real by taking the complex conjugate of
Eq. (1). Substituting Eqs. (4) and (5) into Eqs. (1) and
(2) and separating the real and imaginary parts yields

(dit +y) u, = (kv = Q)u, =0, (6)
(% +y) u, + (kv = Qu, = i f(Thug, ™
(d_(ti +7’>u3 +24 f(Tuy=v, ®

where £ = - w,.

Since the coefficients in Eqs. (6)—(8) are slowly vary-
ing functions of time, we determine an approximate
solution to these equations by using the method of multi-
ple scale.* We seek a uniform expansion in the form

u, =F,(1, €) exp(’fl) +G(7,€), (9)

u, = F,(7,€) exp(n) + G,(7,¢€), (10)

u3=F3(T; G)exp('n) +G3(T’€), (11)
where

dan _

i £(7). (12)

Substituting Eqs. (9)—(12) into Egs. (6)~(8) and equat-
ing the coefficients of exp(7n,) with with n=0 and 1 on
both sides, we obtain

eF; +(y+§)F1—(kv—Q)F2=0, (13)
€F, +(y +£)F, + (kv =Q)F, - i f(T)F,=0, (14)
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eFy +Hy +E)F; +2f(1)F,=0, (15)
€G{ +vG, - (kv -Q)G, =0, (16)
€G; +vG, +(kv =Q)G, - 1 f(T)G,=0, (17
€G5 +yG, +20F(T)G, =y, (18)

where primes denote differentiation with respect to 7.
Equations (13)—(18) admit expansions of the form

F,=F (1) +eF, (T)++--, =~ (19)

G, =G {7)+eG {1y +--- . (20)

Substituting Eqs. (19) and (20) into Eqs. (13)~(18) and
equating coefficients of like powers of €, we obtain the
following:

order €
(y +E)F, =(kv = Q}F =0, (21)
(y +E)F, + (kv = Q)F - A f(T)F3,=0, (22)
(y +E)Fyy +2[0f(T)Fy =0, (23)
yGyg = (B =G, =0, (24)
¥Ggyo +{kv -Q)G,, - lIf(T)Gso= 0, (25)
YGyo +211f(7)620=7; (26)
order ¢” for n=1
(7+£)F1n‘(kv‘Q)F2n=-F;(n-m (27)

(Y +E)F,, + (kv = Q)F |, = Lf(T)Fy==Fi1ys (28)

(v +E)F,, +20F(T)F,, = ~ Fine1y (29)
Gy, = (kv = Q)Gy = = G(, 1> (30)
YG,, + (kv =Q)G,, = L F(T)G3,= = Giyerys (31)
¥Gy, +2iF(T)Gy, = = Gi(ey)- (32)

The solution of Eqs. (24)—(26) is

- 2[%F¥(1) B

Gso=1 - (B = Q)2 +92 +205F¥(7) =1-H(7), (33)
__yH(71)

Co=3nr(n)’ (34)
_ (kv =Q)H(T)

Co="3nf 0 (35)

Equations (21)—(23) have a nontrivial solution if, and
only if, the determinent of the coefficient matrix
vanishes. This condition leads to the following
eigenvalues:

g_: =% (363.)
E==—y2il2L% (1) +(kv - Q)22
==-yiia, {36b)
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Hence, the solution of Eqs. (21)—(23) is

Fyo=A(T), Fy=% z,—ﬁ;%TA(T),
(kv - Q)
Fro==270n AT (372)
when £ +y=z%i@ and
Fu=B(1), Fu=0, Fo=2Lpmn, — (m)

when £ +y =0, The functions A(7) and B(7) are still
undetermined at this level of approximation; they are
determined by invoking the solvability condition at the
next level of approximation.

Since the homogeneous parts of Eqs. (27)—(29) are
the same as Eqs. (21)—(23) and since the latter have a
nontrivial solution, the inhomogeneous equations (27)—
(29) have a solution if, and only if, the inhomogeneous
parts are orthogonal to every solution of the adjoint
homogeneous problem. This solvability condition pro-
vides a relationship among the F{.,,. When n=1, this
condition yields

(k_vz% - 2&72)F;0 +[1 - Bk —Q)f | F}y=0,  (38)

when £ +y=0 and
(kv = Q)? Fly ¥ ilkv - Q)aFl, — i(kv - Q) fFjy=0, (39)
when £ +y+0.

Eliminating the F’s from Eqs. (37b) and (38) and
solving the resulting equation for B(7), we obtain

B(T)=¢,a’’, (40)

where c, is an arbitrary constant. Similarly, eliminat-
ing the F’s from Eqs. (37a) and (39) and solving the
resulting equation for A(T), we obtain

A(T) =07 Y(7) f(7), (41)
where ¢, is an arbitrary constant.

Combining Eqs. (5), (9)—(12), (19), (20), (33)~(37),
(40), and (41), we obtain the following approximate
solution:

An=Nw)a ™ (1)[c,f(T) cosd +c,] exp(—yt)

+N@)[1 -H(1)] + e), (42)
(kv —Q)c, de f(7)
o=t (- G coms + G2 oot
(ko =Q)H(1)  fc2 yH(T)
B il smo et + 0 )
xexpli(kz - wt)] + O(€), (43)
where
o= L' alet)at +¢, (44)

and ¢, is an arbitrary constant. The constants ¢,, c,,
and ¢, can be determined from the initial conditions of
the specific problem.
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If the system is initially not polarized, the appropri-
ate initial conditions are

p(0)=0, An=N().

Since the pulsed field is slowly built, f(0)=0, ¢,=c,
=0, and Eqs. (42) and (43) become

an=N(@)[1 = H(7)] +O(e),

__H(7)
P= 2™

(45)

(46)
(kv = Q +iy)N(v) exp[ilkz — wt)] +O(e). (47)

We note that the decaying oscillatory and quasisteady
terms in Eq. (42) vanish in this case. However, when
the system is initially polarized, c¢,; and ¢, do not vanish
in general.

11l. CONCLUDING REMARKS

The general expression (42) for the population dif-
ference of a two-level atomic system due to a pulsed
running wave consists of three terms, in contrast with
the case of a continuous running wave. One term is
oscillatory and has a lifetime equal to those of the
atomic levels. The second is quasisteady and decays
like the first term. The third term is quasisteady be-
cause the saturation parameter x =2 p?y"2f%(7) is a func-
tion of time.
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The hole burned in the Maxwell distribution due to the
quasisteady term is centered at kv =Q with a full width
at half-maximum of 2y(1 +x)!/2. Thus, the width and
height of the hole burned due to the quasisteady term
are time dependent because the saturation parameter
is time dependent.

The amplitude and frequency of the oscillatory term
in the hole burned are time dependent. Moreover, the
oscillatory term maximizes at a finite time and it de-
cays as time increases with a decay rate equal to the
inverse of the lifetime of the levels. The contribution
of this term attains its maximum when kv =Q. The
height and half-width of the hole burned due to this term
are time dependent, as are those of the quasisteady
term.
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