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Abstract

This thesis presents a comparison of correlation methods in risk analysis. A
theoretical solution is given to the correlation problem along with a discussion of
each method.

Each method is compared to a developed test case and two other cost projects.
Restrictions on correlation coefficients are also given followed by the advantages and

disadvantages of each method.
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Chapter 1

Introduction

Cost estimates are important for buying new military systems, protecting our envi-
ronment, and building homes for communities. Cost analysts recognize that uncer-
tainty is inherent in cost estimates, cost estimating models, development schedules,
and the pace of technological maturation. Quantifying these uncertainties into a
range of costs is known as cost risk analysis.

The importance of accurately portraying the range of possible costs for a project
stems from the likelihood that actual costs will differ from estimated costs, usually in
the direction of cost growth. Knowledge of the amount of additional funds required
to successfully complete a project at a specified confidence level may influence a
decision-maker’s decision to proceed or halt a project.

When necessary data is available, a complete cost risk assessment identifies the
cost uncertainty for each component of the total cost estimate. This is done by
estimating a probability distribution for each component. From these individual
distributions, an overall probability distribution is computed for the overall cost
to the project. Computing a closed form overall distribution, however, is extremely
complicated. Consequently, simulations are usually used to compute total cost prob-

ability distributions.



The distributions for each component are determined either from statistical data
or from expert judgment on a range of possible costs for components. The types
of distributions to be used can be chosen from a wide variety of distributions avail-
able in standard literature. Three of the most commonly used distributions in risk
analysis are normals, triangulars, and betas. Normal distributions require only two
parameters, the mean and variance. Triangular distributions require three, a high,
low, and most likely estimate. Betas require four, a low and high estimate as well
as a mean and variance. Although more complicated distributions are sometimes
used, a lack of data often makes their use impractical.

Once the cumulative distribution has been established the cost analyst can pick
off the cost at a desired confidence level such as the 50th, 70th, and 90th percentiles.
With this information, the amount of funding required to obtain a desired confidence
level can be estimated.

A major assumption of this process concerns the correlation between the cost
components. That is, does the probability of the cost of one component affect the
probability of the cost of another component and vice-versa? In many cases, every
component is assumed to be independent. This, however, is usually not the case.

When correlations among cost components exist, several methods are available
to handle these correlations. Some of these methods have been compared, but only
against each other. Thus, no validation against a test case has been done. Further,
these methods have only been compared for a small sample of components. Specif-
ically, these correlation methods have typically been applied to four components or
less. Finally, discussions of these methods have not considered possible restrictions
on correlations when probability distributions for components are chosen.

This research considers the above issues. As background, a theoretical solution



will be given to the correlation problem. Once this is done, a test case will be devel-
oped. Four standard correlation methods will then be implemented with the input
data used in the test case. Their results will be compared to the test’s case results.
Next, the four methods will be compared for a cost project decomposed into 30 cost
components and last is a three cost component project where the cost components
are different orders of magnitude. This will be followed by a theoretical discussion
with a few examples of restrictions to correlations. Finally, the advantages and dis-

advantages of each method will be discussed.



Chapter 2

Background Definitions and
Theorems

2.1 Definitions and Theorems

The following section gives a theoretical foundation for this research. This founda-
tion includes definition, derivations, theorems and proofs of statistical and proba-
bilistic concepts used in this work.

The following definitions are generally quoted from Mathematical
Statistics with Applications by Mendenhall, Wackerly, and Scheaffer [1]. The first

definition, however, is from Probability and Statistics by Degroot [2].

Definition 2.1 For a sample space S, a random variable ts a real valued function
that is defined on the space S. In other words, in a particular experiment a random
variable Y would be some function that assigns a real number Y (s) to each possible

outcome s € S.

The most basic component of probability theory is a random variable. A random
variable Y is said to be discrete if it assumes only a finite or countably infinite num-
ber of distinct values. The expression (Y = y) can be read as the set of all points in

S assigned the value y by the random variable Y. The probability that Y takes on
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the value y, P(Y = y), is defined to be the sum of all the probabilities of all sample
points in S that are assigned the value of y. P(Y = y) will sometimes be denoted
by p(y). p(y) is called the probability function for Y. For any discrete probability
distribution, the following are true: 0 <y <1 for all y and 3_, p(y) = 1, where the
summation is over all values of y with nonzero probability. The probability distri-
bution for a random variable is a theoretical model for the empirical distribution of
data associated with a real population.

The type of random variable that takes on any value in an interval is called
continuous. This leads to probability distributions for continuous random variables.
Throughout this study only continuous random variables will be considered.

First a cumulative distribution function will be defined.

Definition 2.2 Let y denote any random variable. The cumulative distribution

function of y, denoted by F(y), is given by F(y) = P(Y <y),—00 <y < 0.
If F(y) is a cuamulative distribution function, then

1. limyy_o F(y)=0

2. limyoo Fy) =1

3. F(ys) 2 F(ya) if 4 > Ya-

Thus F(y) is always a nondecreasing function and since Y is continuous then F(Y)
must also be a smooth continuous curve. Next, let F(y) be the distribution function

for a continuous random variable Y. If the derivative of F'(y) exists, then f(y) given

by



is called the probability density function for the random variable Y . F(y) can now
be expressed as F(y) = [ f(t)dt where f(y) is the probability density function.
Because F(y) is a nondecreasing function, it follows that the derivative f(y) is never
negative. Also, lim, . F(y) = 1 implies that [0 f(¢)dt = 1. As a result of the

previous discussion, the theorem follows:

Theorem 2.3 If the random variable Y has a density function f(y) and a < b,

then the probability that Y falls in the interval [a,b] is

Plas<y<b)= [ jy)dy

where f(y) is the probability density function forY .

Numerical descriptives of probability functions of continuous random variables
such as their means, variances, and standard deviations are also defined. The next

definition describes the mean (average) for a continuous random variable Y.

Definition 2.4 The ezpected value of a continuous random variable Y is

EY)= [ yf)dy

provided the integral exists.

The symbol p is also used to express the expected value of a continuous random
variable, E(Y) as the mean of a population. The variance and standard deviation

of a continuous random variable are defined as follows:

Definition 2.5 The variance of a random variable Y is defined to be the expected
value of (Y — p?). That is, VAR(Y) = E[(Y — p)?] = E(Y?) — u®. The standard

deviation of Y is the positive square root of VAR(Y).
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Another statistical relationship used in this study is the notion of a normalized
random variable. A normalized random variable is computed from a random variable

with an expected value, u, and a variance, o2.

Definition 2.6 The normalized random variable Z is computed from the random

variable Y using the relationship

Thus the mean value of Z is 0 and its standard deviation is equal to 1.

Suppose that Y;,Y,, Y5, ..., Y, denote the outcomes of n successive trials of an
experiment. A set of specific outcomes, or sample costs can be expressed in terms of
the intersection of n events (Y1 = y1), (Y2 = ¥2), ..., (Y» = y,) denoted (y1,y2, ..., Yn)-
Then to make inferences about the total system cost from which the element samples
were drawn, the probability of the intersection (yi,y2, ..., ¥n) is calculated. Knowl-
edge of their probability is fundamental to making inferences about the system from

which the sample was drawn.

Definition 2.7 Let Y, and Y; be discrete random variables. The joint probability

distribution for Y, and Y, is given by

h(yl,yz) = P(YI =y, Yy = yz)

defined for all real numbers y; and y,.

The function h(y1,y2) is referred to as the joint probability density function. Prop-
erties of the joint probability function h(y;,y2) are h(y1,y2) > 0 for all yy,y, and
>ui.we P(Y1,y2) = 1, where the sum is over all values (y1, y2) that are assigned nonzero

probabilities.



Definition 2.8 For any random variables, Y| and Y, the joint distribution function

H(a,b) is given by
H(a,b)= P(Y1 <a,Y; <D).

Up to this point, the calculation of the probability of the intersection of two events
has been discusssed. There is also a relationship, however, between the probability
distributions for ¥; (and Y2) and their joint density function, i.e. p;(y1) (and p2(y2))
and A(y1,y2). Finding p,(y;) implies summing p(y1,y2) over all values of y, and
hence accumulating the probabilities on the y;-axis (or margin). This leads to the

following definition for continuous random variables.

Definition 2.9 Let Y] and Y, be jointly continuous random variables with joint
density function h(yy,y2). Then the marginal density functions of Y1 and Ys, respec-

tively, are given by

fily) = /_O:O h(y1,y2) dys and fy(y2) = /oo h(y1,y2) di.

— 00

Finally, a definition is given quantifying the degree that Y5 increases (or decreases)

as Y] is increased.

Definition 2.10 The covariance of Y; and Y; is defined to be the expected value of

(Y1 — p1)(Yy — p2). In notation of expectation, the covariance will equal
COV(Y1,Yz) = E[(Y1 — pa)(Ya — p2)]

where iy = E(Y1) and py = E(Y3).

The larger the absolute value of the covariance of Y] and Y, the greater the de-

pendence between Y) and Y5. It is difficult to employ the covariance as an absolute
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measure of dependence because its value depends upon the scale of measurement
and so it is hard to determine whether a particular covariance is large at first glance.
In order to avoid this problem, the measurement of dependence between Y; and Y;
with a coefficient of linear correlation is standardized. The correlation coeflicient,
p, 1s related to the covariance and is defined as
o= covin, Ya)
o102

where o7 and o, are the standard deviations of Y; and Y5, respectively. The correla-
tion coeflicient, p, satisfies the inequality —1 < p < 1. If p = £1 then Y; and Y, are
completely dependent and if p = 0, Y] and Y, have no dependency. The correlation
between any two random variables Y; and Y; will be denoted corr(Y;,Y;) = p;;. The

following theorem is a convenient computational formula for the covariance.
Theorem 2.11 Let Y, and Y, be random variables with a joint density function of
f(y1,92). Then

COV(Yi,Ys) = E[(Yi — (Y — )] = E(¥iYs) ~ E(Y)E(Y2).

At this point, all pertinent terms used in this research have been defined. Next, a

description of a risk method is given.

2.2 Cost Risk Simulation Process

This risk method is based on a simulation process known as a Monte Carlo simula-
tion. Monte Carlo simulation refers to the technique for using random numbers to

sample from a probability distribution. Consider a system with n items. Each item

9



has a marginal distribution for its cost.

Item | Cost Random Variable | Marginal Distribution
1 T fi(z1)
2 T2 fa(z2)
3 3 fa(z3)

The simulation is iterated to obtain a large enough sample size to allow the range
of possible outcomes to be realized. In other words, the overall cost distribution is
approximated. For each iteration, a random sample cost is determined for each
component. The total cost for that iteration is obtained by summing those values
together. The result, when performed over numerous iterations, is an estimate of
the probabilistic distribution of the cost of the system. Statistics such as percentiles
and cumulative distributions are collected to provide information to decision mak-

ers. For a more detailed discussion concerning cost risk process, refer to [3].

2.3 Theoretical Solution to Correlation

The theoretical solution of implementing correlations is described next. As will be
seen, attempting to implement this theoretical solution is extremely complicated
and generally impractical. It, however, will be used for a specific test case in the
next section.

Suppose that the joint distribution of the continuous non-negative random vari-
ables, Y1,Y;,...,Y, is known. Further, this distribution is called A(y;,y2, ..., yn)-

Then, the probability that the sum of the y!s is less than some number S can be

10



expressed as
S S—vyn S—Yn—Yn—1—...—Y2
Plyi+yat.. 4y, < 5) = /0 /0 / h(s1,S2y...,Sn) dsy dsy - - - ds,
0

As can be seen, this computation requires calculating n integrals. Further, note
that this specification required only knowledge of the joint distribution. In many
cases, however, the joint distribution is unknown. Consequently, approximating
methods which use marginal distributions and a correlation matrix are typically

used. Four of these methods will be considered next.

2.4 Properties of Correlation Matrix

In order to incorporate the correlation coefficients they are introduced in matrix
form. The correlation matrix consists of the correlation coefficients between every

pair of components.

P11 P12 T Pin
) , 21 P22 Poan

C = correlation matriz = p ' ) . . ’
Pn1 Pn2 " Pan

Ifi = 7, then p;; = 1 and if 7 # j then p;; = p;;. That is, this matrix is symmetric and
has ones on the main diagonal. Further, the correlation matrix is positive definite
if all random variables have non-zero variance and no z; has an exact relationship

with another z;, i.e. p;; # 1, for ¢ # j. This can easily be proved. First, consider a

11



vector @ of real numbers. Then
arCda = GTE[(iz'— E(Z)

)
E[[@T(Z - E(Z)
E[[@7(Z — E(Z)

— EB(¥)"]a
- B(Z)"d]

~ E[[@'F - E@ D)
— VAR[&TZ] > 0.

Further VAR[GT#] = 0 implies

n—1 n

n n n
Z alol +2 Z Z a;a;0;0ipij = Z a,-afaf + (Z ﬁiaioq)2 =0
i=1 =1 i=1

i=1 j=1

where a; > 0 and o; + 32 = 1. Thus,

n

§ : 2 2
aiO'i —O.

=1

The non-zero variance implies o; > 0 ¢ = 1,...,n. The condition p;; # 1 implies
a; >0 7 =1,...,n. Thus, @ =0, i.e. @7Cd@ = 0 implies @ = 0. One important
consideration is that a correlation matrix and a computed set of marginal distri-
butions cannot be randomly specified. If the marginal distributions are specified
then restrictions exist on the correlation coefficients. The restrictions are defined as

follows:

Theorem 2.12 Let Y; and Yz be any two random variables with a joint probability

distribution H(y1,yz2), then the correlation between Y, and Y; is defined by

corr(Yy,Ys) = I His, t)ydtds — [° Fi(s)ds [5° F(t) dt

0103

where Fi(y1) and F3(y2) are cumulative probability distributions for Y] and Y, and

oy and o3 are the standard deviations of Y1 and Y;, respectively.

12



The maximum correlation between Y; and Y; is found by using the cumulative
joint probability, H*(y1,y2) = min(Fi(y1), F2(y2)) and the minimum correlation
found by using H.(y1,y2) = maz(0, Fi(y1) + F2(y2) — 1). Thus for a set of marginal
distributions and a given set of correlation coefficients (under certain restrictions),
a unique cumulative joint distribution exists. This uniquely specifies the conditions
required to add random variables. Next, a method of incorporating the correlation

coefficients will be discussed.

2.5 Approximating Solutions to Correlation

All four approximation methods of this study specify marginal distributions for each

item and correlation coefficients between every item, i.e. the following problem is

specified:
random variable = marginal distribution
z filzy)
] Z2 fa(z2)
) Z3 f3(z3)
Tn Fulzn)

2. corr(zi, x;) = pi;

Four methods of approximating correlation in risk analysis are described. The
first method fits a beta distribution to data aggregated at the system level. The
next two methods decompose the correlation matrix into LLT. One of these meth-
ods uses a Cholesky decomposition and the other uses an eigenvalue decomposition.
The final method is known as rank correlation and is available in a commercial risk

software package known as Crystal Ball.

13



2.5.1 Beta Fit

The first cost estimating method considered uses a beta fit. The beta density func-
tion is a four parameter density function defined over the closed interval a <y <b.
It requires a mean, variance, minimum, and maximum value. The following is a

definition of the beta density function of the random variable Y.

Definition 2.13 A random variable Y is said to have a beta probability distribution

with parameters o and B if it has the density function

(y —a)* 1(b— )5—1
fly) = g(aaﬂ)(a + b)ay+ﬁ—1 0<y<l1
0

elsewhere

I'(a)l'(8)

where Ga, 8) = fo y* /(1 =)' dy = pra gy

The cumulative distribution function for the beta random variable is

(= a) (b — 1)
PO = |, 1w B £ 7T

The parameters a and § can be found through the computations of

_ —1 2 (u —b)
a*;m(ﬂ—b)(#—a) “6=a)

ﬂ“b)

f=—a(t="

where a is the minimum, b is the maximum, p is the mean (expected value) and

2

o? is the variance of the random variable. a,b, u,o?

are the sum of the individual

elements minimums, maximums, expected values, and variances, respectively. The

14



correlation comes into play since

n n n-~1 n
VAR(Z Yi) = Z VAR(y;) + 2 Z Z o;0;Cov(yi, y;).

G(a,B3) and [¥(t — a)*~'(b— t)’~! dt are approximated using a numerical scheme.
In this study, the numerical scheme used is contained in a mathematical software

package, Matlab.

2.5.2 Choleski Method

The Choleski method factors the correlation matrix C = LLT where L is a lower
triangular matrix. This factorization is possible if the original matrix is positive
definite which is true for correlation matrices, if properly specified.

The following algorithm generates the factor L in the factorization C = LLT.

Set [;; = /ar1and forz =2,...,nset [;; =a;1. For k=2,...,n set

k-1
ek = (ake — D Mk

=1

and fore =k +1,...,n set

1 k-1
Lip = l_(ai,k — > Lialky).
k!k l'—"l

For further information concerning this algorithm, refer to [4].

15



Once the correlation matrix is decomposed, independent random draws,

are taken from the marginal distributions. These draws are then normalized such
that each random variable has a mean equal to zero and a variance equal to one.

This set of random draws are then transformed as follows

ny
Il

h
8

This process was presented by Book and Young at the 24th annual Department of

Defense Cost Symposium [5].

Theorem 2.14 The random vector Z' has the following properties:
E[Z,'] = 0
Var[z] =1 ,7=1,...,n.
Corr(zi, ;) = pij

where p;; is the correlation between 1 and j in the original correlation matriz, C.

Proof:

Since £ is normalized, E[z;] =0, for : = 1,...,n. Thus,

E[Z,'] = E[Z L,‘jl‘j] = Z LijE[CL‘j] = 0.

Let C; = covariance matrix of vector Z and let Cz = covariance matrix of vector ¥

which is equal to the identity matrix. (Since Z are independent draws and Var(z;) =

16



C; = E[757] - E[FE[T)

= E[7Z7]
= E[LZzT LT]
= LE[zzT|LT.
We have
E[ZZT) = Cz — E[ZE[ZT)=1-0= 1.
Thus,
C:=LLT =C
This implies
(Czu =1
or,
Var(z;))=1,1=1,...,n
and
o,=1,1=1,...,n
Consequently,
Corr(z,zj) = g‘i—: = (Cz)i; = pij-

Thus, the correlation structure of the system is maintained in the transformation
Lz. Note that the above proof holds not only for a Choleski factorization, but for

any square root factorization of the form LL7.

17



2.5.3 Eigenvalue Method

The eigenvalue method factors the correlation matrix into three matrices, C' =
UQUT where Q is a diagonal n x n matrix that contains the eigenvalues of the
correlation matrix. U is an n X n matrix whose columns contain the eigenvectors

of the correlation matrix. The eigenvectors in U correspond to the eigenvalues of in

Q, i.e,
A O 0
0 X 0
Q= y
0 0 An
and
U=|vy vo ... v,

where the v;’s are the eigenvectors that corresponds to the eigenvalues A; for ¢ =
L...,n.

Many methods exist for computing the eigenvalues and eigenvectors of a matrix.
Most of these methods are based on a numerical method called a QR factorization.
The QR method along with its algorithm can be found in Matriz Computations by
Golub and Van Loan [6].

As with the Choleski method, the eigenvalue method uses a transformation z =

LZ where
L=UQ:
The correlation structure is also maintained using this method as the previous proof

18



showed.

Although both methods preserve the original correlation matrix, the Choleski
method does not preserve the order of the components while the eigenvalue method
does. That is, the order of the random variables z;, x5, ..., z, does not matter when
using the eigenvalue method. To prove this, a permutation matrix and its properties

are defined.

Definition 2.15 An n xn permutation matriz is a matriz whose columns consist of
a rearrangement of the n unit vectors e\, j =1,...,n in R™, i.e. a rearrangement

of the columns of the n X n identity matriz.

The effect of premultiplying (postmultiplying) a matrix A by a permutation matrix
P is to rearrange the rows (columns) of A into the same order as the rows (columns)
of the identity matrix are ordered in P. Properties of permutations are P(7,k) =
PT(5,k) = P7'(j,k). If the system’s elements are arranged in any order then the
correlation matrix must change to fit the corresponding order of the elements, i.e.

for any change we will do the following:
1. interchange k,!(
2. Crj — Cijand Cip — Cyy
3. Cij = Cyjand C;y — Cix

Interchanging the rows and columns k and ! of the orignal matrix Cj; produces a

A
new correlation matrix (.

Theorem 2.16 The eigenvalue method is order independent.

19



Proof: Recall that a correlation matrix has the following decompostion

C=UQUT

where ) = eigenvalue matrix and U = corresponding eigenvector matrix. Further,

the vector 2,

T

[V

Z=U0

7

contains the correlated random variables and & contains independent random vari-
A
ables. Suppse (' is a matrix derived from interchanging a row and column of C.

Then,

PCP
PUQUTP
PUPPQPPUTP

= (PUP)(PQP)(PUTP).

Q>
1

Let (/= PUP and Q= PQP. It will be shown that () is the eigenvalue matrix of
6* with (} as its corresponding eigenvector matrix. Since CU = U(}, the following

equalities hold,

CU = PCPPUP
— PCUP
— PUQP
— PUPPQP
A A
- 0.

A
Thus C has the eigenvalue decomposition

20



The result now follows. Let 2= PZ. This implies

W >

For the Choleski method, the proof fails at the following place,

implies

But 2: PLP is not lower triangular. Thus é has a Choleski decomposition differ-

Q>

ent than the decomposition above.

2.5.4 Rank Correlation

The final method discussed is known as rank correlation. This method considers

C=LLT

PCP
PLLTP
PLPPLTP

AnT

LL

correlation differently than discussed previously.

As an example of rank correlation, consider k observations of random variables
X and Y. These observations form pairs (z;,¥:),¢ = 1,...,k. Further, suppose
the observations are ranked according to magnitude. For example, if the third

observation of 7 is the lowest of all observations of Z, then the rank of z3 is 1. Thus,

21



the pairs (z;,y;) are transformed into the pairs (r;,s;) where r; = rank(z;) and
si = rank(y;).

The ordinary sample correlation coefficients can then be computed for the & pairs
of ranks (r;,s;),¢ = 1,...,k. The following statistic is known as the Spearman’s

Rank correlation coefficient:

S q(ri—7)(si —73)

TRy (s SR

T3

After numerous calculations r3 becomes

where d; =r; —s;, 1 =1,...,k.

This method is implemented by reodering the rank draws of individual items
using a Choleski decomposition to obtain Spearman’s Rank correlations, which are
the same as the problem’s original correlation matrix. This method is also available
in the commercial risk software package Crystal Ball and is discussed in [7]. The
next section compares the results of these four approximating methods for a few
examples. Also, results from an algorithm which computes maximum and minimum

correlations between elements is given.
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Chapter 3

Results

This section gives results which compare the four different correlation methods using
a twelve element test case, a 30 element example, and a three cost component
example. Examples of maximum and minimum correlations are also included along

with the advantages and disadvantages of each methodology.

3.1 Test Case

A test case with a theoretical solution was constructed as a means for measuring
the accuracy of the different approximating methods. The theoretical problem was
constructed for twelve components as follows. First, it is assumed that the system

has the following marginal distributions

f1($1) =2r; 0<z <1

fo(ze) =322 0< 2, <2

fa(zs) = §$3 0<z3<3

faip1 = fi(z) +=1,2,3
f3i+2:f2($) 2217273
f31’+3 = f3($) 1=1,2,3

23



and the correlations

Corr(z;,z;)=1 1=

Corr(z;,z;)=.9 1# 7.

The corresponding cumulative distributions are

F1($1) = .’E%

$2
Fg(ivz) = zz

1.2
Fg(.’tg) = —93
F3i+1($) = Fl(.'IZ) 1= 1,2,3
F3,‘+2((L‘) = FZ(.T) 1= 1,2,3
F3i+3($) = F3($) 1= 1,2 3

The following joint distribution has the above properties.
H(z1,...,z12) = 1Ho(zy,...,212) + .9H (21, ..., T12)
where
Ho(z1,...,x10) = 12, Fi(z;)
and

H*(Jll, ceey 1,'12) = min{Fl(wl), ceey F12(3312)}-

Note that both Ho(z1,...,z12) and H*(z4,...,z12) have the above marginal distri-
butions. Thus, H(zy,...,z12) will also have the above marginals. Further, for the

joint distributions Ho(zy,...,z12),

Corr(zi,z;) =0 if 1#7
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and for H*(z1,...,z12),

Corr(z1,...,212) =1 of 1 # 7.

Consequently, for the joint distribution H(zy,...,z12)

[---[Hdzy---dxyy — [ F;dz; [ Gdz;

0,0;

Corr(z;,z;) =

ff(1H0+9H*)d$1dx12

0,03

—lfF;d:IJ,fGJ d.’,ﬂj — ngdT,fGJ dwj

0;0;

Jo [ Hodz - dzyy — [ Fydei [ G;dz;

0i0;

_|_gf"'fH*d»Tl"‘diﬂn—sz'diEiijdiCj

O'Z‘O’J'

= .1(0)+.9(1)=.9

The above expression for correlation can be found in [8].
Now to determine P(z; + ...+ z12 < §), the simple case with only z; and z,

is considered. Graphically, the solution to this problem is the area under the curve
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Z2

(t1,S —t1)
Al (t275_t2)
Ay
S _ 1 o = S — a3l N
t ty !

where Al = H(tl.S - tl) and Ag = H(tg,S - tg) — H(tl,S — tg).
Total area under the curve =~ H(t;,S —t1) + H(t2, S —t2) — H(t1,S —t3). Thus

the limiting case gives

AREA = /—H w1, ) dt.

’U,1=t
UQ:S—t

Next, the problem is expanded to three variables. First, let

5 0
A(S’ ;1;3) = A EH(U],U&U:;) up = t dt.
Ug = S —1
Uz = I3
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Then,

s 0
Plzy+ 2,425 <95) = /0 %_ZA(UI,UQ)

Uy =S5 —13
Uy = T3

This derivation is used for
H*(Iﬂl, Ty, .'L'3) = mi'n{Fl (.Z'l), F2($2), F3(.’B3)}

First consider

H*(.’L'l,l'g) = min{Fl(Il),Fz(.fg)}
e} ifz <2

2
T .
—% Zf$1>£2z.

To = 21,

.’Eg:S—JZl

I

wltn
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This gives

Thus, for three variables,

0

s
A(S,xa):/o %H*(ulauz,UB) up =t

Note that

8
-t
IN

©|&,

ul-_-t
'U,2:S—t
S dt
UQ-—_—-S—t
TLQ:S—IL
Uz = I3
T3
- $E1S"-3—
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This gives

s
A(S, .’133) = f03 2'u,1 Uy = dt Zf T3 > 3
Uy = S —1
U3z = I3
x3
= fos 2’(1,1 U = dt Zf I3 S 3
U2 = S —1
Uz = T3
2
2 ifza>3
2
Therefore,
S ° 9 d
<9 =] =
P(z; + 22+ 23 < 5) /0 auzA(uhuz) wy =S —z5 3
Uy = T3
But 23 < .S — z3 implies z3 < % consequently,
_ 3 2u
Plzi+zy+23<S) = [ —gz |up =2 dt
s
_ 28%|3
= 3513
g2
= 36-'

29



This process can be continued for all twelve components to give

52 S?

P14+ zo4+...4212<S5) =

(24)7 ~ 576

The 24 in the denominator is the sum of the twelve right endpoints for the distri-
butions.

The closed form solution for Ho(z1,...,z12) is very complicated to compute but
is very easily simulated since this joint distribution assumes independence among the
components. Consequently, using 10,000 interations, a distribution for Ho(z1, 22, x3)
was simulated. A linear combination of this distribution with the closed form solu-
tion for H*(z1,...,z12) was then computed.

The results of the test cases are contained in the following four tables. The first
table compares all four correlation methods to the actual output computed for the
test case. The next two tables compare the Choleski method and eigenvalue method
using four different orders of the twelve components.

The last table uses a max norm to compare the results. These norms are
computed as follows. Let T(z) = P(S1 + -+ + Sp < z) in the test case. Let
A(z) = P(S1+---+ S, < z) in the approximating case. Then the 5 — 95% norm is
defined as
|z —=|

|

where z,T are such that .5 < T(z) = A(Z) < .95 and the 20 — 80% norm is defined

|z — T|5/95 =maZ;z

as

|z — 7|
]

where z,7 are such that .20 < T'(z) = A(z) < .80

|z — Z|20/80 = Mmaz,z
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Table 3.1: Table 1 Risk Methods with Direct Order
Percentile | Test case | Beta Rank Choleski | Eigenvalue
actual Correlation | method method
5 5.7 5.9 6.0 6.1 5.7
10 8.0 8.1 8.1 8.2 7.9
15 9.8 9.7 9.7 9.8 9.5
20 11.3 11.0 11.0 11.1 10.8
25 12.6 12.2 12.3 12.3 12.0
30 13.6 13.3 13.3 13.3 13.2
35 14.5 14.3 14.3 14.2 14.3
40 15.3 15.2 15.2 15.1 15.3
45 16.0 16.0 16.0 16.0 16.1
50 16.7 16.9 16.8 16.8 17.0
55 17.4 17.6 17.6 17.6 17.6
60 18.1 18.4 18.4 18.3 18.4
65 18.8 19.1 19.1 18.9 19.2
70 19.6 19.8 19.7 19.6 19.9
75 20.4 20.5 20.4 20.2 20.6
80 21.2 21.2 21.1 20.9 21.3
85 21.9 21.9 21.8 21.6 21.9
90 22.6 22.5 22.5 22.4 22.4
95 23.3 23.2 23.1 23.4 23.1
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Table 3.2: Table 2 Choleski Method with Different Orde
. Percentile | Direct | Reverse | Order #1 | Order #2
5 6.1 5.9 6.0 6.0
10 8.2 8.0 8.1 8.0
15 9.8 9.6 9.7 9.7
20 11.1 11.0 11.1 11.0
25 12.3 12.1 12.3 12.1
30 13.3 13.3 13.4 13.2
35 14.2 14.2 14.3 14.2
40 15.1 15.2 15.3 15.1
45 16.0 16.0 16.2 15.9
50 16.8 16.8 17.0 16.8
55 17.6 17.5 17.7 17.5
60 18.3 18.3 18.4 18.2
65 18.9 19.0 19.1 18.8
70 19.6 19.7 19.8 19.5
75 20.2 20.4 20.5 20.2
80 20.9 21.0 21.1 20.9
85 21.6 21.7 21.7 21.7
90 22.4 22.5 22.5 22.4
95 23.4 23.4 23.4 23.5
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Table 3.3: Table 3 Eigenvalue Method with Different Orders

Percentile | Direct | Reverse | Order #1 | Order #2
5 5.7 5.8 5.6 5.7
10 7.9 8.0 7.9 7.8
15 9.5 9.6 9.6 9.5
20 10.8 10.9 10.9 10.9
25 12.0 12.2 12.1 12.1
30 13.2 13.3 13.2 13.2
35 14.3 14.3 14.2 14.2
40 15.3 15.2 15.1 15.2
45 16.1 16.2 16.0 16.1
50 17.0 16.9 16.9 17.0
55 17.6 17.7 17.7 17.7
60 18.4 18.4 18.4 18.5
65 19.2 19.2 19.1 19.2
70 19.9 19.8 19.8 19.9
75 20.6 20.5 20.5 20.6
80 21.3 21.2 21.1 21.2
85 21.9 21.8 21.8 21.8
90 22.4 22.5 22.4 22.4
95 23.1 23.1 23.0 23.1

Table 3.4: Table 4 Accuracy Based on Maximum Norms

Risk Method A% —95%) | A(20% — 80%)
Rank Correlation 5.3 2.7
Beta 3.7 3.0
Choleski (direct) 4.0 4.0
Eigenvalue (direct) 4.5 4.5
Choleski (reverse) 6.9 2.4
Eigenvalue (reverse) 3.4 3.4
Choleski (order #1) 5.1 2.8
Eigenvalue (order #1) 4.0 4.0
Choleski (order #2) 5.3 3.6
Eigenvalue (order #2) 4.0 4.0

where the orders are of the form
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Order Items
direct 1,2,...,12
reverse 12,11,...,1
#1 3,6,9,12,2,5,8,11,1,4,7,10
#2 1,4,7,10,2,5,8,11,3,6,9,12

The results in Table 4 depict the accuracy of each method. Overall the rank
correlation method produced the best results. All four methods, however, provided
reasonably good results especially in the 20-80 percentile range where all methods
gave results accurate to five percent. In reverse order, the Choleski method produce
the best output. Otherwise, the Choleski produced worse results for other orders.
As proved earlier, the order of the components does not matter when using the
eigenvalue method. The minor differences in the eigenvalue results in Table 3 are
due to round off errors. In all methods, the results increased in accuracy towards

the middle of the distributions.

3.2 30 Component Project

The larger system consisting of thirty components with the following triangular dis-

tributions and correlation matrix was also considered:

item | 1| 2| 3|4 |5|6|7]|8] 9 10
min | 01 101523 |50}60|75| 8 | 97
mode | .3 | 4 |11 18|33 |51|65(80| 90 | 99
max | 1 | 10| 15|25 |50 (59| 74|85 | 100 | 110

[tems 11-20 and 21-30 use the same distributions as items 1-10, i.e.,
item 1 distribution = item 11 distribution = item 21 distribution

item 10 distribution = item 20 distribution = item 30 distribution

34



The correlation matrix is symmetric with ones on the diagonal entries. All other

entries are determined in this manner:

1. First row of 30x30 matrix

g =100= ¢ ;=1¢c;-i —.02for y =2,3,...,30

Thus
Cl2 = .98
€13 = .92
C1,30 = 42

2. Second row of 30x30 matrix

C22 = 1.00 — Coj = Cj—i — .02 for _] = 1,2,. .. ,30

Thus
C2 = .98
C2,30 = .44
3. Third row
4. 29th row

C29,29 = 1.00 = C€29,30 = €29,29 — .02 = .98

5. 30th row

C30,30 = 1.00

The results of the 30 component case are given in two graphs. Each graph con-
tains all four correlation methods, the rank correlation, beta, Choleski, and eigen-

value. One graph contains results for the Choleski method in direct order and the
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other is for reverse order.
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Because of its accuracy in the first example, the output for the rank correlation
method is used as the control method. In both graphs, the Choleski method is
farthest from the rank correlation method. Comparing the beta and eigenvalue
methods at the 50th and 70th percentiles of each graph, the beta method is closer
to the control method at the 50th percentile but the eigenvalue method is closer at
the 70th percentile. Overall, all four methods again appeared to be reasonably close
to each other. The last example involves three components with different orders of

magnitude.

3.3 Three Component Case

The following marginal distributions and correlations used are given along with the

results in table form:

item | 1| 2 3
min 0] 0 0
mode | 1 100
max | 1| 10| 100

and the correlations are

corr(z;,z;)=1itf t=7

and

corr(z;,x;) =.9 of 14 7.
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Table 3.5: Table 5 Risk Methods and their Accuracy

Test Rank Beta | Choleski | Choleski | Eigenvalue

Prob Case | Correlation Direct | Reverse
0.05 25.33 26.46 30.00 55.19 6.43 25.88
0.10 35.48 36.37 39.59 59.17 21.56 36.11
0.15 43.32 44.18 46.65 62.30 32.01 43.03
0.20 49.86 50.46 52.49 64.88 40.60 49.63
0.25 55.64 56.24 57.57 67.10 47.74 55.25
0.30 60.82 61.28 62.13 68.96 54.26 60.52
0.35 65.64 66.04 66.33 70.68 60.06 65.46
0.40 70.18 70.18 70.23 72.42 65.24 70.07
0.45 74.38 74.13 73.92 74.02 71.06 74.04
0.50 78.38 78.07 77.42 75.59 76.27 77.89
0.55 82.16 81.52 80.79 77.00 81.30 81.64
0.60 85.78 85.37 84.05 78.29 86.31 85.09
0.65 89.22 88.58 87.23 79.62 91.25 88.44
0.70 92.57 91.94 90.35 80.93 96.47 91.72
0.75 95.79 95.72 93.44 82.20 102.23 94.68
0.80 98.92 98.85 96.52 83.38 108.34 97.97
0.85 101.98 101.95 99.65 84.53 115.29 101.31
0.90 104.95 104.97 102.88 85.59 123.54 104.83
0.95 107.96 107.96 106.35 86.96 134.48 109.02
5/95 Norm 0.0445 0.1841 | 1.1785 0.7462 0.0216
20/80 Norm 0.0120 0.0526 | 0.3011 0.1858 0.0116
5/95 % Norm 4.45% 18.41% | 117.85% | 74.62% 2.16%
20/80 1.20% 5.25% | 30.11% | 18.58% 1.16%

Unlike the previous two examples, the different methods in this example gave
some very different and inaccurate results. The rank correlation and eigenvalue
methods did not appear to be affected by the different orders of magnitude. The

beta method, on the other hand, did not give better results than the rank correlation
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and eigenvalue methods while the Choleski method gave the worst results. As can
be seen by the overall norms, the order made a big difference in the results of the
Choleski method. All methods, however, gave reasonably good estimates at the

50th percentile level.

3.4 Limitations on Correlation Coefficients

As mentioned earlier, given a set of marginal distributions, limitations exist on their
correlation matrix. Examples of marginal distributions and corresponding maxi-

mum and minimum correlations are given below:

item | marginal distribution .
1 fi(zy) =224 Corr(z;,z;) | min | max
T2 Fa(z2) = 322 (z1,22) [ -.901 | .996
z fz(;) = 5;1;3 and (z1,23) -.867 | .984
xi f43(:l}43) = 103}39 (l.l')l'fl) -.834 | .968
Ts f5(:l!5) = 203;;49 (xla .’35) "830 957

Each example has demonstrated varying degrees of accuracy of the four corre-
lation methods. Each method has advantges and disadvantages. Overall, the rank
correlation method produced the most accurate results. The beta method produced
fairly good results. Both of these methods are also commercially available. Un-
fortunately, the beta method lacks the theory to back up its good results and was
impacted somewhat by different orders of magnitudes of components. The eigen-
value method results are good and this method preserves the order. Based on the
three component case, the eigenvalue and rank correlation methods were the only
methods not affected by the orders of magnitude of the components. Both these

two methods are expensive, especially the eigenvalue method. Its factorization is

4

based on a numerical method called a QR factorization and requires $n° multipli-

41



cations and the like number of additions. The Choleski method is also expensive,
but its factorization has Pg multiplications and the like number of additions. These

operation counts are summarized in table 6. Further, these advantages and disad-

vantages, including a few more, are in table 7.

Table 3.6: Table 6: Operation Counts for Different Correlation Methods

Method Order of number of
additions/multiplications
Beta %
Rank Correlation in®
Choleski én3
Eigenvalue Zn’
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Table 3.7: Table 7 Advantages and Disadvantages

Method

Advantages

Disadvantages

Rank Correlation

1. Gives best overall results
2. Do not need to know

the distribution types

3. Commercially available

in risk software (Crystal Ball)

1. Expensive
2. Order dependent

Beta 1. Cheap 1. Correlation matrix (if not

positive definite) is not
a true correlation matrix

2. Gives closed form solution 2. No theory to back up
the “good” results

3. Commercialy available 3. Dependent somewhat on

(spreadsheet) different orders of
magnitude of components

Choleski 1. Available in standard software | 1. Order dependent

packages such as Matlab
2. Expensive
3. Dependent on orders of
magnitude of components

Eigenvalue 1. Order independent 1. Powerful P.C. needed

2. Not dependent on order
of magnitude of components

2. Very expensive
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Chapter 4

Conclusion

The preceding discussion has highlighted four different approximating risk correla-
tion methods that quantify uncertainty inherent in cost analysis. Next, each was
applied and compared to a developed test case, and applied to a cost project de-
composed into 30 elements and one with three elements. These were followed by a
theoretical discussion with a few examples of restrictions to correlations. Finally,
the advantages and disadvantages of each method were discussed.

In general, someone wishing to choose a correlation method should consider var-
lous issues. Since the rank correlation is available in a commercial software package
known as Crystal Ball, a user who does not wish to do any additional programming
may use this method. For projects with many cost components, however, it is very
tedious to input the correlations. A person who does not wish to purchase this addi-
tional software and has a standard spreadsheet, may prefer to fit a beta distribution.
The user, however, must be careful to insure that their correlation matrix is positive
definite since unlike other methods, the beta method will not flag this. A person
with some programming capabilities and with some access to software packages such
as Matlab may choose the Choleski method. This should only be done, however, if

the components have the same magnitude. Further, if the person has the capabil-
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ity to use rank correlation, this research has shown that this method has definite
advantages and is less restrictive than the Choleski method. Finally, if a user must
choose between the Choleski and eigenvalue methods, and no time constraints exist,
then the eigenvalue method is preferred even though the Choleski method is eight
times quicker. The Choleski method would be preferred if quick turnarounds are
crucial, although this method has the potential to give less than accurate solutions
while the eigenvalue method is more consistent in its capability to compute accurate
solutions. Further, the eigenvalue method is order-independent while the Choleski
method is not.

Further research areas exist in risk correlation. First, additional research on the
development of correlation coeflicients is required. Although this study has shown
that accurate risk correltion methods exist, in practice it is extremely difficult to
estimate good correlation coefficients. Second, cases where one item is dependent
on another rather than simply being correlated is needed. With the analysis of
the results of these areas, risk methodology can be more complete in quantifying

uncertainty inherent in a system.
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