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- I. INTRODUCTICN -

‘The,impéfus for this pépér éomes”mainly‘ffoﬁ Work done in récént‘ 
years by é numbei of physicistsioh é statistical théory of speétrac The
book 5y M. L. Mehfa (1967>;and the collecticn of reprints edited by |
C. E. Poiter (1965) are excellent references for this work. The discus-
sion in section 1.1 is an attémpt to.present a rationale for such investi-
gations. Our intefprefation of linear operators as uSed in qpantum.mecham-'

ics is based largely on the book by T. F. Jordan (1969).

1.1 Statistical Theory of Spectra

In quantum mechanics knowledge'of the value of measurable quantities
of é system is expressed in terms of probabilities; A state of the éjsﬁem-
specifies these probabilities. MEasurable.duanfities are represented by
self-adjoint linear operacors on a separéblé Hiibert space. The only pos-
sible values éf the measurabie quéntitiés are those in the spectrumyof the
self-adjoint oﬁerator which represénts the measurable quanﬁity.

»Experienge indicafes thgt energy is'representéd by the Hamiltonian |
operator. We aré inﬁerestedvin the point spectrum of the Hamiltonian,
Wﬁi¢h'is its set‘bfbéigenvalﬁés. The eigenvalues, E, of the'ﬂhmiltonian
operator, H, which are real since H is self-adjoint, are those values of
,énéfgy for Which sone staté of the system specifies a‘prdbabiiityﬁof one
that the energy is exactly equal to E.. This is expressed in the Schrodinger

vAtime?iﬁdependent equation, | . ' -

where § is an eigenvector associated with E.



In ordinary statistical mechanice'rennnciation of exact knowle@ge of
the state of a System7is.mede”and only piopeitiesvof averages are consi-
‘dered. An exact knowledge of the system itself is assumed known; it 1s
the impossibility in practice of observing the state of the system in all
'its detail that leeds to the consideration:of properties of averages.

An analogons-situation exists with respect to the Hamiltonian opera- .
tor. It is possible to choose an orthonormal basis for the separable
Hilbert space in such a way that the matrix representation of the Hamil-
tonian with fespect to this basis is in a form with blocks (finite dimen-
sional squere-matrices) along the diagonal and zeros elsewhere., FEach block
v'corresponds uniquely to each set of values of a certain set of parameters{
These .parameters aie variables which may be used to describe certain
-aspects of the system, whatever state it may be in. We are interested in
the eigenvalues of the verj large blgcké. There are two difficulties. -
First, we do not know the Hamiltonian and, second, even if we did, it would
be faf too complicated to attempt to solve it. These'diffioulties lead to
a renunciation of an exact-knowledge of the system itself (i.e., of the
Hamiltonian); one considers an ensemble of.possible Hamiltonians, subsets
of which are assigned weights according to. some aesumea relative frequency.
of occurrence. In other words the elements of the matrices are random.
variables. It is desirable, due to our ignorance of the system, that the
statistical propertieslof the eigenvalues be independent of as many of
the properties of the’distributions of the elements of the matrices as
poseible. At best the elements of these matrices are random variables
whose distributions are restricted oniy by the general symmetry proper-

ties we might impose on.the ensemble of operators.b



By
For ouf study we impose certain conditicns (viz:, time reversal sym-
metry and rotational symmetry, or time:ieVQ?sal symmetry with no rota--
tional symmetry but integral spin) which lead to the consideration of
- real symmetric matrices. In the last chapter'aifurther festriction‘is
imposed on the ensemble of‘operators and the resulting,distributions of

the matrix elements is derived.

|

1.2 Qutline of Contents

There are three basic parts. Chapter_III contains thg combinatorial
arguments which afe essential for the proofs of the theorems in the sec-
ond part, Chapters IV, V, and VI. These>chapters all deal with the
asymptotic distribution of the empirical distribufion function of the
eigenvalues of a symmetric random matrix from the points of view of weak-
éning the conditions placed on the distribution of the elements of thé
matrix and of strengthening the mode of convergence of the empirical dis-
tribution functions. The last paxt, Chapter VII, is on the Gaussian
orthogonal{ensemble, a model with ﬁhich the physicists have worked exten-

sively.



 II. NOTATION, DEFINITIONS AND PRELIMINARIES

2.1 Random Matrices

The definition of randém matrix is ésﬁéblished in this section.

let (Q,7,P) dencte a probability space; i.e., Q is a nonempty
abstract sef, 4 is a o-algebra of subsets of Q, and P is a probability
Ameasure on J; and let‘(Rn,Bn)‘be the‘measurable'space where Rn is n-

dimensional Euclidean space and Bn is the Borel o-algebra of subsets of

R .
n

A mepping ¥ : Q - Rh is called a random vector if {weQ : X(w)e B}

€ J for all B ¢ Bn. ‘When n = 1, X is called a random variable.

- A mapping A : Q X R - Rh is called a random operator if A(w)[x] is

‘for every x ¢ Rn’a random vector. ‘A random operator A is said to be
linear if A(w)‘[oxl + Bx2] =a Aw) [xl] + B Aw) [x2] for every w e Q,
X5 ¥, € Ry agd @ B e R;.

A linear random.operatof defined by the n x n matrix

where the 84 are random variables is called a random matrix. Thus,a

'random matrix is a linear random operator on Q X Rn to Rn.

Throughout the paper all random gquantities will be assumed to be

defined cn.some fixed probability space (Q,7,P).

2.2 Continuity of Ordered Eigenvalues

It is established in this section that ordered eigenvalues of sym-

metric random matrices are indeed random veriables.

The following lemma is needed. Denote by xi(A), i=1,...,n, the

T
~
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eigenvalues of any (n x n) matrix A.

Termma 1: Iet A be an (n X n) matrix and suppose ¢ > O is given. Then
- there exists a & > 0 such that for any matrix D = (dlg)l , such that
)
n
izj_l 'dii|'< 5, there exists a permutation o of {l,2,...,n} for which
IJuT d

lxi(A) - xc(i) (ad) <e;, i= 1,...?n .

A proof of.this lemma may be found in Ostrowski (1960).
Denote by xl(A) Ao (A) <...< . (A) the ordered eigenvalues of any

(n X n) Hermitian matrix A.

Corollary: xl,xg,...,xn are continuous functions of the elements of"

A = (aij). 7

Pron: The proof is by contradiction. ILet A = (aij) be given. By the
‘above lemma it is known that for a given ¢ > O there exists a 8 >0 such

that for any A' = ( ') such that Z a.,:] <8 one has for a

L ' j O it

suitable permutation, o, of {1,2,.,.,n},
)y - '
g8 - agqgy @] <e

for i = l,...,n. Assume [xi(A) - xi(A‘)l > ¢; to be definite assume
xi(A') >)\i(A). Then )Ll(A) <...< )\i(A) < xi(A') <..< )\n(A')._ With each
xj(A),...;j =1,...,i, is associated 3 (j)(A') such that

(A) -
'XJ( ) U(J

this purpose since xi(A') - xi(A) > ¢ and hence Ki(A') - xj(A) > e,

an| <e. But only l(A‘),...,xi_l(A') are available for

J=1,...,i, Thus, one must conclude ]xi(A) - xi(Af)! <e,i=1,...,n.

This completes the proof.



Iet A = (a,.). T pe a random matrix such that a,. = &

. .+ G.S.
ij71,3=1 ij —3i

“(referred to as symmetric random matrix), and denote by Xl(A) § xé(A)"
5..§§xn(A) its ordérédveigegvalues. Theﬁ»by the'above corollary the
eigenvalues xi(A) are random variables since they are continuous functions

of random variables.

2.3 Modes of Convergence

!

Three types of convergence of a sequence of random variables are
considered in this paper: converg;enée' in law, convergence in probability,

and convergence almost surely. Iet S be a random variable and let

(-]

n-l be an infinite sequence of random variables; let Fn and F denote

the distribution functions of Xn and X respectively.

(x)

. The sequence .{Xn}n‘:l is said to convei'g;e in law to X as n—> o, writ-
ten X é Xasn—> o, if Fﬁ(x) - F(x) as n ~> » at all points of continuity
of F.

Tbe seq_uencé {'Xn}n:_l is said to coﬁi}erge in probability to X as

n - o, written XI._1 23 X as n »> », if for any given ¢ > O,

P(an—X[ >e)~0 asn > .

The sequence {Xn}r:l is said to converge a.s. to X as n —>'oo, written

Xn--+ X _a.s'. as n-—> o, if

CP({w : lim X (0) =X(w)}) =1
> .



e
The following implication structure exists among these modes of con-
. . . P N 2
vergence: Xn -+ X a.s., as n - o implies Xn = X as n - o implies Xﬁ = X
as n - o.

2.4 FEmpirical Distribution Function

Let (X,X,,..-,X ) be a set of random variables. For any B ¢ 7, let

IB denote the indicator function of E, i.e.,

1if v e B

I (w) =

0ifw ¢ B.

The empirical distribution function of {Xl,Xé yeue ,'.XI-]} is a mapping

: Fn : Rl XQ - [0,1] defined by

n .
1
F(x)w) == g I w} .
n( ) (w) n 7 [Xe (-oo,x)]( /
Iet A = (a..). " pe & random matrix such that a,. = a.. a.s. Let
n ij'i,d=1 S A] Ji

_ xl(An) <, (An) SeeeS (An) denote the a.s. real ordered random eigen~
© values of ’An'. Denocte by 'Wn the empirical distribution function of {)‘i(An)’
l2(An)"°'-")‘n(An)}” A basic question examined in this paper is (for any

X e 'Rl): how does Wn(x) behave as n - ©?

2.5 Some Iemmas

In this section are listed some lemmas which will be used below.
R __m'
n=l’

let Fn and F denote the distribution functions of Xn and X respectively.

- Given a random variable X andA a sequence of random vvariables { Xﬁ}

Furthermore, let

' m(k)‘; %xk dF(x) =



define the kth moment of the distribution funetion F, if it exists.
IfF possesses subscripts, we affix the.same subscrip’csvtof its moments.

(k) ()

lemms 2: If, for k > ko arbltrary but flxed the sequence m
finite, then these sequences converge for every value of k, and if the

(k)
sequence {m }k_l

uniquely determines F, then Fn(x') - F(x) as n F-»_ ©
at all points of continuity of F. |

/
A proof of thls lemma may be found in Loeve (1963)
For any. infinite sequence of sets, {A }n 10 A€ F, define
@ ©

limsup A_ = N U A
T n
N - m:l n=m

Lemma 3: X - O a.s. as n- o if and only if for all ¢ > 0

P(lim sup {0 : [X (w)] >e) =0

A proof of this lemma may be found in Chung (1968) .

Iemma L. (Borel-Ccmtelll) If Z P(A ) < o, then P(l:l.m ‘Sup ‘Ah) - 0.
A proof of this may be found in Loeve (1963)
Let W be the empirical distribution func’clon of {X 12 2, ...,Xn}'. Let
W be a distribution function which is uniquely determined by its sequence

of moments, { Xk}k:1 . Iet us define

M ) = J‘R %" dwn(w ()

1

i_..



Lemms 5: If M Evak as n - o for all k = 1,2,..., then Wn(x) £ W(x) as
2 . : .

n - o, at all points of continuity of W.

Proof: The following result is used to establish the lemma: Xh 3 X as
n - o if and only if every subsequence {Xn } contains a subsequence which
converges a.s. to X. Iet {ni} be any subsequence of the positive inte-

gers. Then

!

f == aw (x) E3 I = aw (x)
n.
R i R

for a1l k = 1,2,... . By the diagonal piocedure it is possible to select

. a subsequence,{ni]»of {ni},such that
f x5 a y (%) - f = aw(x) a.s.
n!
R i R

for all k = 1,2,... . Then by Iemma 2

'Wn,(x) - W(x) a.s.
i
The above quoted result then gives Wn(x) E4 W(x) as n » = at all points of

continuity of W.- This completes the proof}

Temma 6: (Cramer'sATheorem) Iet X and Y be independent random variables.
If X + Y is distributed normally;bthen X and Y are each distributed nor-
mally.

A proof of this may be found in Toeve (1963).



IIT. COMBINATORIAL ARGUMENTS

The following combinatbriai lemmas are of central importance in the
’ proofs of the limit theorems to follow. They are slight extensions of"
results given by Wigner (1955). .

Denote by Ak,n’ k>1,n>1, tl'lle class of all finite sequences
f ‘t {1,2,...,k + 1} = '{1,2,..;,n}. Any ordered pair of positive integers,
(i,3), will be called a step. The step (j.,i) will be called the reverse
sfep of (i,j). With each f ¢ Ak,n 1s associated a sequence g, : {1,2,
.+-sk} = (a1l steps] defined as follows: g.(v) = (£(v), £(v+1)),
1 <v <k. The sequence gf will b‘e called thé sequence of steps asso-

ciated with f. The cardinality of any set A will be denoted by #A. Iet

| Df = (f(1), 2<i<k+l : £(i) ¢ (£(1),...,£(i-1)}} ,

and let df = #Df + 1. By definition, f has b different members if and

only if d, = b. Iet #('i",'j)f denote
-#{gf(\)) = (f(v), £(v4l)), 1 <v <k : £(v) =1, £v+l) = §} .

For 1 <v < k, gf(\))' = (f(v), f(v+l)) is called a free step if and only
if £(v+1) ¢ {(£(1),...,£(v)} and a repetitive step if and only if f(v+l)

e {£(1),...,F(v)}. Iet

‘x
Il

£ fgf<\)): 1<v<k: gf(v) is free} ,

=)
|

_‘fgf(v), 1<v<k: gf(v) is repetitive) .

It is immediste that

10



‘11

(1) = #F, +#Rp =k
gna #F‘f =,#(gf(v),,1 Sv<k: gf(v) 1s frge}

S HEH), 1<y <k ¢ £(41) £ (£(1), 000 E0)))

=HEM), 25y B2 2) £ (£(1),..0,2(0-1)))

(2) #ff=#nf=df-1.

Lemms 7: TLet £ ¢ A, _ be such that if (i,3) ¢ {g,(1), g(2),...,8,(K)},
! )

then #(1,3), + #(3,1)p > 2. Then d, < [5] + 1.

_Ig_g_oj_‘: let T ¢ Ak,n satisfy the conditions of the lémma. If £(1i)

e (£(v), 2 <v <k : £(u) £ {£(1),...,£(v-1)}) then (£(i-1), £(1)) is
a free step. The condition of the lemma implies at least one step among
gf(i),...,gf(k) must equal (f(i-1), ‘f(i)_) or (£(i), £(i-1)) (no step
“among gf(l),...,gf(i-z) equals (£(i-1), £(i)) or (£(i), f(i-1)) since
£(i) ¢ {£(i),...,£(i-1)}). Any such occurrence, say (£(£-1), £(4)), must
be repe’ciﬁixie since f{i,) ¢ (f(1)ye..,£(4-1)}. Hence With each free step
ié associatédl a, repe‘titive 'step which is equal tc the free stép ér its
reverse, This implies’#Ff < #Rf, s‘ince all free steps are different. |
This, with (1), implies #F, < [g‘}. Hence, by (2), d, -1 = #F, < [-'g-],_or

df < [-]5] + 1. This completes the pi*oof of Lemma 7.

Temma 8: Iet f ¢ Alr n‘be’ such that:
. . 3 '

(1) if (1,3) € (8p(1), 85(2),...,85(k)], then #(1,3), + #(3,1), > 2;
(ii) £(2) = £(4+1) for some £, 1 < £ < k ,
1

Then df _<{

NI



Proof: If f is constant one is through. Assume f is not constaht. If
f(z) - £(£4+1) for some £, l 2 <k, a new sequence of steps may be formed
from gf(l),.gf(Q),...,gf(k, by omitting‘all those. steps equal to (f(4),
£(4+1)) (there will be two or more such steps, by condition (i)). The
éequehce of steps thus formed is associated with a sequence h : {1,2,
eesyi} » {1,2,...,n}, 2 <1< k-1, (a lower bound of 2 since f is not con-
stant) which satisfies condition (i) and which is such that 4 = de.

Iemma, 1 then gives df = dh.s [ ] +1< [ ] +1= {g].b This completes

the proof of Iemma 8.

Iemma 9: Iet k be'eVén, éay k=2v. Iet fe AQ» be such that:
}

(i) if (i’j) € (gf(l),gf(2),..;,gf(2v)}, then #(i)j)f + #(jyi)f<2 2g
(11) £(1) = £(2v+1);

(iii) do=v +1.

If (irj) € {gf(l),gf(2),...{gf(Ev)}, then #(i:j)f =‘l, #(jyi)f = 1.

Proof: let f e¢ A,  satisfy conditions (1), (ii), and (iii) of the lemma.
2root , : .

(For n>v +1suchan f is easily constructed. For example; let £(1)=1,
f@):e,f@):v,f@ﬂ)=v+1,f@ﬂ);vp.”ﬂm)=2,f@w®=L

Iemma 7 shows df
1< 2 <2v. Equation (2) holds:

<v + 1. By Lemma 8 one must have £(4) # £(4+1),

#Ff = #Df =dp-1l=v.

Consider the first step gf(l) = (£f(1), £(2)). If £(1) ¢ {£(3),...,
f(2v-1)}, then by condition (i) the last step must be the reverse of the

first since £(1) ¢ (£(2),...,£(2v)}. On the other hand, if £(1) ¢ (£(3),



..;,f(év-l} the following a%gumeﬁtvapplieé; Let £, 3 < 4 < 2v-1 be the
least infeger.éuch that f(ﬂ)'zﬂf(l). ‘Aééﬁﬁé £(2-1) # f(e?; Condition
(1) implieé the repetitive step gf(z:l) = (£(4-1), £(1)) must‘bg matched
| by at least one furthér occurrence among gf(z),...,gf(Ev).of a step equal
to (£(2-1), £(1)) or (£(1), f(ﬁ»l)), these o&cﬁrrences beingvrepetitive
steps, since no free step equals (f(k-l); £(1)) or (£(1), f(zel));fwhich
is so because: (1) the first step does not since £(2-1) £ £(2); (2) no
step among gf(2),...,gf(£-2) involVeg an £(1); and (3) any further free
step among gf(z),...,gf(2v), say'(f(%fl), £(i)), could not have f(i)
= (1) or £(i) = £(4-1) because in either case f(i)~e-{f(i),;..,f(i-l)}.
For eéch free step there is an océurrehce_in the sequence of steps of a
repetitive step equalito the free step itself or its reverse, by condi-
tion (i); Since there aie v different free steps one must have at leést
2v_steps‘ih thé’sequence.equaling ﬁhese or their reverses. This is apart
from the 2 or mbre reﬁétitivé steps eqialing {f(ﬂ-l), £(1)) or (£(1),
£(4-1)), since no free step equals either. Altogether one would need at
least 2v + 2 steps; but only 2v are available. Hence one must have -
f(ﬁ-l)v= £(2). Thus the reverse of ﬁhevfirst'step occurs.

Now define a sequence h : {1,2,...,2v + 1} - {1,2,...,n} as follows:

B(1) = £(2), h(2) = £(3),...,h(i) = £(i41),...,

h(2v) = £(2v’+1) = £(1), h(2v+1) = £(2)

" Associated with h is the sequence of steps gh(l) = (£(2), £(3)),
8,(2) = (£03), £(4)),...,6,(v-1) = (£(2v), £(1)), g,(2v) = (2(1), £(2)).
It is immediate that h satisfies conditions (i), (ii), and (iii) of the

lemma. The above argument shows that the reverse of gh(l),='(f(2), £(3))



occurs among gh(2) = (f@?,’, f(h)),,gh(E\)\ = (£(1),£(2)). ;Covntinuing
in the same manhér one concludes if (i,j) ¢ {gf‘(l),g];.@),',.‘..,gf(év')}, .
then (J,.L) e {gf(l),gf(z),...,gf(zv)} Smce there are \) different free
~steps and 2v steps altogether, one must have #(I,J)f =1, #(3,1) =1
for each (i,3) e {gf(l),gf(2),‘...,gf(2v)}f This completes the proofvof .

Lemma 9.

"Temma 10: ILet k be odd, say k =2v + 1. Iet fe¢ A ~_ be such that:
Lema 0 | 2oy+1,n

(i) if (i,j) e {gf(l),gf(2'),}..,gf(2v+l)}, then #(i)j)f + #_(j)i)f >2;

_(11) £(1) = £(av+2)

Then d, < v = [X] .
- 2

Proof: Let T ¢ Asiin satisfy conditions (i) and (ii) of the lemma.
21oos s _ :
Lemma 7 shows d_ <v + 1. Assume d_. =v 4 1. Then by Lemma 8,

f - v f .
£(4) # £(4+1), 1 < 4 < 2v + 1. There are #F, = #D, = d, - 1 = v differ-
ent free steps. For each f‘re‘ev step théi'e is a repetitive step equal to
t_he frée step Vitself or its reverse. This occupies 2v of the 2v. +1
steps associated‘with f. By condition (i) the remaihing step ﬁlust equal
one of the free steps or its reverse. In other words, #(i,j)f+ #(j,,i)f='2
for all (i,j) e '{gf(l),;..,gf(E\Hl)} exceﬁt one, say (k,‘f,), for which
#(k,2), + #(2,5), = 3. |

A1l poSsibiliti'es are now considered. First consider the case
#(k,2)p = 3. (The Vcase"#(z,k)f = 3 is the same.) With f'isv-associa,ted,'!
‘& sequence of steps gi;(-l),‘. . .,gf(i'), .. .,gf(s), cees8p(t), .,gf(év,+l),
where g‘f(r) = gf‘(s) = gf(’c) = ‘(kA,z) and s - r > 2, 't.- s > 2, Lét‘ g?(i)

denote the -,rew}erse of‘gf(i). From the .seiquence of steps gf(l),gf(z),



IR .
1%

e ,gf(2v+'l) forma sequence of steps aséog:iat'ed with a sequence -

h: {1,2,...,2v-1} » {1,2,...,n} in the following manner:

(1) = gy (611) = (4,2(692)) = (B(1),8(2))

8,(2) = g,(642) = (£(t42),£(643)) = (8(2),1(3))

g, ((av+1)-t) = go(2v+l) = (§(2v+1),f(2v+2)) |
= (a((2v1)-t),m((2v12)-(¢-1)))
g, ((2v+1)-(t-1)) = g,(1) = (£(1),£(2))

= (B((2v41)- (8-1)),B((2v42)- (6-2)))

g, ((2v+1)- (6-741)) = go(r-1) = (£(-1),K)
= (A((2v+1)- (5-241)) 2 (2941)- (£-1))
g, ((2v+1)- (t-1)) =‘g%(s—l) = (k,f(s-1))
= (h((2v+l)-(tar)),h((2v+l)-(t—rrl))) ‘
gy ((2v+1)-(t-1-1)) = g%(¢-2) = (£(s-1),%(s-2))

= (b((2v+1)- (t-7-1)),h((2v+1)- (t-r-2)))

gh((2\)+l)—(‘vt:-s+2‘)) = ‘g%ﬁ(r+l) = (£(r+2),2)
= (h((2v+1)- (t-5+2)),h((2v+1)- (t-s+1)))
&, ((2v41)- (t-5+1)) = go(s+1) = (2,£(s+2))

= (B((2v+1)- (t-5+1)),h((2v+1)- (t-s)))

gy ((2v+1)-4) = g, (t-2) = (f(t;g),r(t-i)) = (h((2v+l)-&),h{(2v+l)-55).

By ((2v11)-3) = gp(6-1) = (2(6-1),1) = (((2v41)-3),n(2v41)-2))
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The steps associated with ﬁ‘éié gf(l),...,gf(r-l),g%(r+l),.Q.,g;(s—l),
gf(s+l),...,gf(t—l),gg(t+l),ff.,gf(2v+l); in other words, the same as
those associated‘with,f exéepﬁ all steps equaling (k,4) have been droppéd_
and some of the steps associated with f have been reversed. It is éasily
seen that if (i,j) e {gh(l),...5gh(2y-2)}, then #(i,j)h + #(j,i)h - 2,
and & =d_,=v + 1, But Iemma 1 shows ah<5 V.  One must conclude, by

h f
contradiction, that dp < v. '
The other possiblity is #(k,/a)f’; 2, #(z;k)f = 1 (or, what is the
same thing, #(k,ﬁ)f =1, #(z,k)f — 2) for which an argument similar to

the above may be given. The details are not given here. This complefes

the proof of Lemma 10.

Wigner's Combinatorial Theorem

Iet By, o be the set of all £ ¢ A, such that:
(1) 3f (1,3) € (8p(1),85(2),---584(2v)}, then
#(1,3)p + 7(351)p > 2;
(11) £(1) = £(av+1);

(iii) dp=v +1.

2v) 1 v+1 v+1
P, n = Siayy o)

By Lemma 8, £(4) # £(4+1), 1< £ < 2. By Lemma

Then

Proof: ILet f e B2v,n' |
9, if (1,3) e (gp(1),...,8,(2)}, then #(1,3)p =1, #(3,1)p = 1. A

sequence t : {1,2,..,m} - {integers) is called a type sequence if and |

only if t(4) >0, 1 < 4 <m, t(1) = 1, t(m) = 0, and t(4+1) - t(4)

=%1,1<4<m1l. For each f ¢ B define the type sequence

2v,n
te : (1,2,...,2v) - {integers) as follows:-
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t.(8) =,#{gf(i);1<i<z:gf(i) is free} - #{gf(i),l<i<£:gf(i)vis repetitive).
For a given type sequence t : {1,2,...,2v} - {integers} one has

#(f ¢ B2v,n : tf(z) ;..t.(’z), 1< ﬂ, < é\;} =n(n-1)...(n-v) .

This is so because: (1) there are n choices for ,f(l)3 (2) for 2 5 i<y,
if t(i) - t(i-1) = 1, then (f(i-1), £(i)) is a free step and £(i) "mayAbe'
any number which has not been used yet; and (3) for 2 <i<av, if

£(i) - t(i-1) = -1, then (£(i-1), (1)) is a repetitive step and must be
the rever-s'e of the step which originally led to f(i-1) (Lemma 9) and
~hence (i) is ‘complefely determined. Let S\) denote the number of type

sequences with domain {1,2,...,2v}. Then

#Bg\, nv +1. + o (n\H-l)
) ’

n = Svn(n-l)...(n-':\)) = 8

To find S\) one argues as follows. The nunfber éf type sequences t'suéh
that t(i) >0, 1 < i g 2v-1, t(2v) =0, i.e., no O before the last value,
will be denoted by S\;.‘ From such sequences o:qe can obtain a typé' sequence'
with domain {1,2,...,2v-2} by omitting t(1),t(2v) and subtracting 1 from

each t(i), 2 < i < 2v-1. Hence

T . v _
8, =81 (sl = 8§y = 1) .

‘Given a type sequence with domain (1,2,...,2v} let 2k be the smallest
integer such that t(2k) = O for the first time. Then ty 2 (1,2,...,2k)
- {integers} forms a O free type sequence while tz.: {2k+l,...,2v} =

.{ integers} forms an arbitrary type sequence. Hence



v

(5) VS\=ZS'

V:l;g,-..;
vV x k vk

k&l v k

F'm <

=1

These recursive equations permit the successive calculation of the Sv‘

‘Formally one can obtain a closed formula for them by writing

. o]
tx) = = t % .
v=0

The recursive formula (3) then gives

t(x) = 1 + xt°(x)
The 1 on the right hand side is necessary because (3) is not valid for
v = 0. It follows that
. i ,
t(x) = (L & (1-bx)®)/2x .

Actually, the lower sign has to bé taken. Tt gives

+1 2
—% (B (Y —%—gr v =1,2,...

And finally,

2v)! v+1 v+ l
#BQV,n =_G§YG%ETT n + o(n .

This compleﬁes the proof of the theorem.
.Let Czk,n denote the set of all T ¢ Aek,n such that:
(i) £(1) = £(2k+1); '

(ii) £(i) # £(i+1), L < i < 2k;



(iii) if (1;3) € {gf(l' 753 .f\g):"';%f-(d\)}’

then'#(i,j)f +>#(3,1)f is even.

Iet cgk genote the set of all f e Cok,n U8 that dp = 3. By Lemma 7,
L6 Oy py Phon dp Sk + 1. Thus Cpy = iy Chie,n 21
| K+l
#C2k,n = gyl #o] 2k,n *

Lema 11: #cgk 2= G )(#02k 9

Proof: The relation ~ determined by f~ ¥ iff f ¢ Cgk , I% e Cgk n and

{£(1),£(2),...,T(2k+1)} = {f*(l),f*(2),..,,f*(2K+l)} is an equivalence
relation. Cgk n is split into (?) equivalence classes by ~, each contain-
’k, :

ing #Cgk,j members. Hence #CJ This completes the proof

2k, nA— ( )(#CER 3

of the lemma.
Using Lemma ll, one has

e+l
.#C2k,n = Z ( )(#CEK it

o -,k
2k, ST PRI An

unsuccessful attempt to determine these numbers in a closed form was made.

Thus #C is determlned for all n by “#ol

In an attempt to solve the problem the enumerations found in Table 1 were
made on a computer. It will be pointed. out in the next chapter in what

\Hcontext these numbers may be of interest.
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k,n 2 3 L 5 6 7
3,21 1 |
3,5 ] 2 20
3,413 . 60 30
3,514+ 120 120
3,6 | 5 200 ' 300
ho | 1
Lo b3 2 8k
bkl 25 390 .
k51 L 504 . 1,560 336
L6 | 5 8w 3,900 1,680
5,2 | 1 o
5312 3o
54 |3 1,020  .3,840 .
5,5 | 4 2,046 15,360 8,5hh »
5,6 | 5 3,500 38500 k2,720 5,040
6,211 ‘ :
§§3 2 1,364 :
64 | 3 4,00 3,080 :
6,5 {4 8,18 139,920 153,600
6,6 | 5 13,660 349,800 768,000 214,080
6,7 1 6 20,460 699,600 2,304,000 1,284,480 95,040

Table I. Enumerations. The numwbers in the body of the table are

Leaod =y e
n(#cek;n) = n(j)‘”°2k,j) .



IV. RANDOM SIGN ENSEMBIE AND WIGNER'S CONJECTURE

od

b3

jitner's 1955 Paper

In 1955, Wigner prdved the result‘diSEussed below.

Let A = (a..)" . . be a random matrix such that:
n - ‘Vij’i,j=1 .

(1) 253 =‘gji‘ a.8.; E

(ii) (a;5, 1< J} is independent;

(1i1) Plagy =0) =3, 1 # 3,
P(aij =-0) =%, 1#3,

Pla,., =0) =1 .

8, .
11

Iet Bn denote the normalized matrix

2o0/n

Denote by xl(Bn) < lg(Bn) <oo.< Xn(Bn) the or@ered random eigenvalues of
B and by W_(x) the empirical distribution function of M B)ALB) S
ooo’)\n(Bn)}, ioeo,

1
n

n
Z

ACIOEEE

() € (=m1 @ -

Then 6ne has the following theorem. S

Theorem 1 (Wigner, 1955): %ig E(Wn(x))vz W(x) for all x e R 5 where W is

the absolutely continuous distribution function With_semi-circle density
2 2

¥ o , |¥ S1.

2l



Proof: The distribution function W is unlgueiv detﬁrmlned by 1ts moment

sequence since.

m'Y' B -} k v
k t 2k 2
v — (ik) = = —17—2—» ( == T (t)
oo K V7 0 k+1) T t “1

1

s ER
“12T 'J" eltx (l—X2)2
-1

dx

where Ji denotes the Bessel function of order 1 of the first kind and

( o

. k!
2°G)1 )

,  for k odd

= I xk aw (x) =

, for k even

Tt is immediate that EWn(x) is a distribution function in k. Thus, if it

can be established that
f = ami (x) >y, as n-
R n k

for all k = 1,2,..., then Lemma 2 will yield the desired result.
 Consider the set, T, of all ordered (n-1)n/2-tuples of the numbers

+0 and -o. For each (ilé"“’i i . ) e T define
. s v

ln,123,°."12n’...’ n_ln
D¢y i

' 122°°*? " n-1,n

. Y = ¢ = i v = 4 -0}

aee(w, 0, a23(w) i3 ,agnﬂn)‘ 12n”"’an-l,n’ann0”) ‘ 0}. Then

)~ {we@: all(w) =0 aléon) =iyp,eesay(0) =1,
using assumptions (i), (ii), and (iii), we have

P(D : =
(o ... 1,0 (n- 5



for all points in T. One has W _(x) = ~3;4L,'where Nﬁ(x) equals the number
of eigenvalues of B less than x. W (x) is constant on each D;, ieT;
N (%)

denote these values by Wn(x) -——E~—— , 1 e T. Then, since

_ _ | PIN) =
= (igT Di) U N, where (igT Di)_ﬂ N = ¢ and P(N) =

EWh(x) I Wn(x) ar

U D.

. i
ieT

> [ W (x) ap
ieT D

I

< Nh(x)i

S S (m-I)n/2 -
1T no\ Pt n/e

This shows that Ewn(x) ig a discrete distribution function with jumps of

1 (n-1)n/2

length n-1)n/2

or multiples thereof at. the éigenvalues of the 2
n2 ‘

possible (i.e., occurrence with pqéitive probability) values of Bn' Each
i ¢ T represents one of the possible egn-l)n/e values of Bﬁ on 2; denote
these values by Bn(l), ieT. Iet el’eE""’eng(n-l)n/Q be the set of

all eigenvalues of all possible valﬁes of Bn. Then we have

ne(nfl)n/e k
2 e
J

K ami (x) =
‘rx nx j=l

-;;(n-l)n/e

1 k,.\
= - Y trace (B (1))
no@-1)8/2 4 n

1 n k
= " X X r I &5 3 (1)
2(n-1)n/2 (2 )k 51 1eT Jq=1 Jy =1 £=1 “4°4+1




gl
j =J i) equs alue a,
where j, ., = J; and ajk(l) erals the value 5k
changing the order of sumabion and denatihg by Ak
. . 2

sequences f : {1,2,...,k+l} =» [1,2,...,n}, ohe has

a.ssumes onvDi.;

Inter-

n the class of all

k 1 )
x dEW (%) = — b (1)
I n k'§+1 £eB, _ (n~1)n]”“ ieT z K f(z)f<£+l)
(20) ™" . &
where B = (f e'Ak,n : £(1) = £(k41)}, or
f
k~§+l feB n ieT Di £=1
(20)™n £
k-
1
—— 3 I a
Eg o, | f( U ppUT-0 ia £(0)£(21) &
(20) ieT
1 k
=— 3 EII a
X feB 2=1 f<z>f(£+l)
(20) 52 k,n
Since aii =0 a.s. this becomes
'k
k 1
k -2-+ fSCk n 4=1
(20)™n ?
where

'ck,n =(fe B o ¢ T(8) £ £(e4),

Two cases are now cons1dered k odd and k even.
- random variables alJ

vanish. Let'k =2v +1. For £e¢C

one has
2v+l,n i

z = l,ooo,k}_o

Note that all the

are symmetrlc ‘about 0, so that all odd moments



v+l
I a
=1

the product 1l a.k 1nvolves felel &9(1)f(1+l) or df(i+l)f(i)' Then, by inde-

m

f(z)f(z+l) = “f(l)fflTk) Hi a. a. s., for some i, Where m is odd and

pendence and symmetry,

2v+l n
B 2eye@e) = Pe(ne(ia) B Fe =0
Thus,
oVl ’
I dEW (x) 0 =Yy,
R
Now assume k = 2v. One need only consider those f € Cév~n'for which
. ’ .

Cif (3,3) e (8p(1),84(2), 00 c,8p(2v)), then #(1,3), + f(j,i)f is even, for

‘otherWise the argument of the odd case applies and the term vanishes.

Thus, | ‘ o (
: 2v
2v 1
¥ &EW (x) =———s——— = = E H a

2v,n

where Dev,n ={fe C2V,n 2 if (3,3) € fgf(l),gf(2),-.-,gf(EY)}, then

#(i;j)f + #(j,i)f is even}. For f ¢ D2v, one has, by ILemma 9,

v
E H a
2=1

e
f(ﬂ)f(£+l) - ‘
Thus,

D ’
2v 2v,n :
l = Y2
: X dEW_(x) = ST



By Temma 7, £ e D is such that d_ <v + 1. Thus,

2v,n f
v+l
4D = X 4~ d
Tevn T 0 4
J _ . L . "
where D2v,n ={fe D?_\),,n : df = j}. As with Lemma 11, ong has

t

>

3 n o3
3 = Gy

Iet
1
#D\H
f~(\) n) _._.__212.2_
I A 22\) n\)+l ’
V .n j A
: 2 () E#DLY .
£ (v,n) = =% (J)( EJJJ) .
2\? 2y v+l
2 n
Then

j‘Rxgv dEWn(x) :.fl(v,n) + fg(y,n) .

n
Q)
Since o Oasn-—-o for j =1,...,v, one has f2(v,n) - 0asn-o .,

By Wigner's Combinatorial Theorem

’ V+1 2v ) ! v+1 v+l
, #D2\),n = -\)—%\—)%l—)-" n + o(n ) .

Thus,

()t . o )

22 vi(v+l)! o2V vt

fl(\},n) =

and



2v)!
£,(v,m) - =5 |
. 277 wi(val)!
as n - o, Thus,
2\) f /. ._) (2\))! )
J‘RX dEWn V:_) - = ye\)v

277 vi(v+l)!

as n » ., This completes the proof,of Theorem 1.

Note the equation,

#D
2v _ 2v,n
J%}c dEWn(x) _.;§;~;j;1 R

derived during the'¢ourse of the proof. A knowledge of #D2v 0 would give
. ) >
the sequence of moments of the distribution function EWn(x). ~As men-
tioned at the end of the'Chapter'III; these numbers are determined for.
] o 1 o v+l
‘all n by a knowledge of only #Dev,l #D2v52’7"’#D2v,v+l .

L.2 Wigner's 1958 Conjecture

In 1958 Wigner (1958) COnjécturéd the following result. ILet

A = (a,;).n. be a random matrix such that:
n ij’i,j=1 S :
| (i) 845 = 835 855

(ii) {aij’ i<j} is independent;

(iii) the distribution function of each aij~is'absolutely continuous
with denglty pij;

(iv) each_aij is symmetric;

(v) E aij - 6> for all 1<1i, §<n;
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(vi) E !aijlk <c forall 1<, j<n,

where Ck is independent of n.

Iet B_ = - An and denote by Wn(x) the empirical distribution func-
= 20 /1 , :
tion of {xl(Bn),x2(Bn),...,Xn(Bn)} where xl(Bn) < kg(Bn) <...< xn(Bn) are

the ordered random eigenvalues of Bn' Under the above conditions one has

Wigner's Conjecture: Ewn(x) - W(x) as n » » for all x ¢ R,, where W(x)
is the absolutely continuous distribution function with semi-circle den-

sity

In the next chapter we. shall discuss work of Grenander (1963) ‘who
sketched a proof of convergence in probability of the empirical distribu-~
tion functions to the semi-circle law. We shall also discuss the work

of Arnold in this connection.



V. THE RESULTS OF GRENANDER AND‘ARNOLDY

5.1 Convergence in ?robability

Grenander (1963) sketches a proof'leading to the result given in this

section.
Iet A = (a..)? . . be a random matrix such that:
n ij71i,3=1
(1) 845 = @44 a.s.;’

(ii) {aij’ i < j} is independent;

(iii) 253 is symmetric;

. 2 2
(iv) E ajy =0 | | ,
(v) |E a?jl < Cp k =1,2,..., where C, is independent of n.
Iet B = 1 : An and denote by'Wn(x) the empirical distribution function
20 /n 4 '

of [Xl(Bn),xe(Bn),...,An(Bn)}; where xl(Bn) < ke(Bn).S"'S xn(Bn) are'the

ordered random eigenvalues of Bn'

Theorem 2 (Grenander (1963)): Wn(x) i3 W(x) as n oo for all x ¢ R,, Where

W is the absolutely continuous distribution function with semi-circle

density

¥ - 0 s | >_1,‘..'
Proof: Iet
o= a0
1

By Lemms 6 it will be sufficient to prove M _ -y, = | QW (x) as 0 - w
) |

29
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for all k = 1,2,... . This will be achieved in two steps. First it will
be shown that E Mk = Y & 1 as for a1l k¥ = 1,2,... . Then it will
s , ‘ : :

f)
be shown that E(Mk,n - EMk)n)C - 0asn-o for all k = 1,2,... .

Tchebichev's inequality,

B0G 5 - B )"
2 2

€

SCEE WD

, P s | .y
then gives - E S5 0asn-owo for all k = 1,2,... . This and.
& Mk,n Mk,n ’ ?
. ' P . -
_EMk,n - Yk imply Mk,n Yk asn=-o for all k =1,2,... .

It is now shown that EMk n - Y asn- o, Ilet Ak-n-denote the class
g s _

k
of all sequences £ : {1,2,...,k+1} = {1,2,...,n}. Then

k 1 B
EMk’n =E f A a Wn(x) =E 3 i§1 A (Bn)
=E 1 trace Bk
n n
k
- 1 s 1 a
K, 1 foB 21 £(4)f(4+1)
k 2 €%, n ¥~
(30)" n ’
= 1 3 E I a

k

'k " £{2)f(4+1) ?
+ 1 fe.Bk n 2=1 v

(Ec)k n° ’

where ?k,n ={fe Ak,n : £(1) = £(k+1)} . As in Theorenm l,vﬁwo cases'are
considered, k-odd and k even. For exactly the reasons given in the proof

of Theorem 1 one concludes iﬁmediately that fof k=2v +1

EMoy1,n =0 = Youuy



Now let k = 2v, If f € B, , is such that there exists an (£(i),f(i+l))
5 3

such that #(f(]) f(1+l))f + #(f(1+1) £(i)); ; =1, then by indepeﬁdence and

symetry, ¥ Hl £(2)£(4+1) =E ap(yyp(is1) F gl Pp(g)e(ge1) = O¢ ThUS
| R P21
: o, 2v
EM = e 5 EI a
2v,n 2v v+l f(z)f(,ul) ’
~ (20)" n feCev,n £4=1
where cg\),n ={f e 32\),n . if (i,3) € {gf(;),gf(e),...,gf(ev)}, t\hen

#(i,j)f + #(j,i)f >2}. By Lemma T, d. _<_ v+l for all f e C2\),n .

Iet
- N , 2y
£ (v,n) = ———— = EI a 5
1 (20_)2\) ! ] f(z)f(z+1)
e 2v,n
(v,n) L >
f (v,n) = ——— E I a
2\’ v v v+l b ‘ £(e)f(s+1)
(20) feJUlcav q A=l
3 P

where Cev,n {fe Cev,n : df =3} . Thep.

' E'MZ\),n = fi‘(\),n) + :f',a(\),n)

By assumption (v) one has

e ¢ | - D v j
£ (v,n)| < —_— T #C
2 (E )2\) nv+l i1 2v,n

for some constant D2v < ®, or

z ()(#c )
1£,0,m)] < 2\)(; ;2\) v+12v.j, ¥
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n :
™) ; | | |
Since _G%l— -~ 0asn-o for § =1,...,v, one has fe(\),n) ~0asn=- e,
K : =z B e - _ o .
v+1 - . ' :
Iet TeC . Then, using Iemma 9, one has
2v,n - ,
P £(2)f(2+1)

Hence |

A#C\Hl
£ (v,n) = —220
1v7’ 22v,nv+l -

By Wigner's Combinatorial Theorem

()1 , ot

2 v+l
n

f (v,n) =
1 2™ yi(v)! 2

Hence

as n- o for 211 k = 1,2,... .

as n - o, Thus EMk,n - Yk
: 2 - for
It will now be shown that E(Mk,n - EMk,n) i){ as n - o for gll
k=1212,... . For fe A2k+l,n let E(f) denote E 15-1 B (1) £ (141)
2k+1 k 2kl

E.II One has after

e 2e(3)e(5+1) T Pl fe(a)e(ia) Eiliee fr(h)e(a) ¢

some manipulation

2 l # '
E - F} = ——— 5 E{T
(M o - B ) (20 )PEE 2 o [E(£)]

2k+l,n .



2k+1,n 2k+l;1;1"'i \13’3(1) - £(k+1); (i) £(k+2) = £(2k+2);

(ddd) if (4,3) e (gf(l),.-.,gf«k),gf<k+a);p..,gf<2k+1)}, then #(1,)

where B = {f e A

+ #(j,i)f >2.}. Condition (iii) follows from the independence and sym-
metry conditions. It allows ones to conciude, bty arguments exactly as
those of the proof of‘Iemma T, that-df < k+1 fo? alllf € 32k+l,n . By

assumption (v),

lE()] < o <

where Sk is independent of n. Thus
-, 8. (#B )
. 2 V' T2k4+1,n’
'E.(Mk,n' EMk,n) = (’20)2}: K
Now
, k+1 3
'#B2k+l,n =2 #B2k+l n
k+1
= X .
& <J> #ha,5)
A i B ' . :
lwhere B2kkl n = {fe B2k+l n i dp = j} . Thus
#8)
2 k;]l ()( EkH_n
E(Mk,n EMk,n) == (20)2k k2 :
n
Since nk+2 - Oasn-owo for j = 1’2"’f’k+1’ one has

B, - B )% = 0

as n -, This completes the proof of Theorem 2.



5.2 Convergence Almost Surely

Arnold (1967) sketches a proof leading to the result given in this:

section.
let A = (a. ) be a random matrix such that:
1,] i,j=1 T o
(L) 855 =2 1 a.8.}

(ii) {a; 37 i< 3} is independent;
(1ii) the aij’ i # j are identically distributed with distribution
function F, and the a5y gre identically distributed with dis-r
_ trbib‘ution function G;
(1v}Fa —IXdF_O, i#3;
(v)Ea —fx dF = 02, i43;

- (vi) (a) Ea —Ix 4G < o ,

1 |
Eai'j:‘rxv iF < ;

Py o b b
(o) Eaii=fx G <o,
E 2, =jx6 dF < o .
1d
let B = 1 A and denote by W_ (x) the empirical distribution function
30' /n

of {xl(B Yohs (B ),y ok, (B )} where )\ (B ) <)\2(B ) e (B ) are the
ordered random eigenvalues of B . Armold (1967) then gives the

Theorem 3: Under conditions (i)-(v) and (vi)(a), Wn(x) 2 W(x) asn- o
for all x ¢ R, and under conditions (i)-(v) and (vi)(b), Wn(x) - W(x) a.s.
as n- o for all x ¢ Rl’ where W is an absolutely cont inuous distribution

function with semi-circle density

v - 0 ,_|x|>1.



VI. ON WIGNER'S CONJECTURE (1958)

6.1 Theorem
We shall prove in this section thé_ following theorem.

Iet A = (a. )n . . be a random matrix such that:
n - ij’i, =1 : .

(1) 85 = 835 8.5+ .
(ii) {aij, i < j} is independent;
(ii1) Ba, =0,1<1i, j<n;

- (iv) Ea§j=02,1_<_i74,j§n;'

(v) E laijlk <M, 1<, 5 < n, where M_is not inc_lépéndent
on n. -

Iet Bn‘=‘ Aﬁ and denote by Wn(x) the empirical distribution function

20/n ° ‘ ‘ _ , |
of U.l(Bn),xg(Bn), .o .,)\n(Bn)}, where )‘1<Bn) < )‘2(Bn). <. ', < )\n(B-n) vare the

ordered random eigenvalues of Bn.

‘Theorem 4 : Wn(x) - W(x) a.s. as n - o for all x € R,, where W is an abso-

lutely continuous distribution function with semi-circle density

/7
L
I%(l"'}f-'e)gy lx' S 1
w(x) =
: o , |l >1.
Proof: It is to be proved that

P(lim W (x) =W(x)) =1 .
. _

Let

Mk,n _ ‘L, X ‘dwn (x)

© 35



Tk
and Yy = f X aw (x)
0 ,  odd k
T k! =, . even k
PRI Y

By Lemma 2, it will be sufficient to brove

P(1lim = Tk >1) =
(n-m IVIR’n Yk)l = )

. This will be true if

P(llkan._‘Yk)——l
oo 2

for all k > 1. By the triangle inequality

14 - vkl S

and iﬁ will be sufficient to prove:
(1) 1m EM o =Yy K2 1;

(2) P(l:Lm (Mk - EMk J=0) =1, k>1.

For (2) it will be sufficient to prove

-‘yk

s B0, " B < E2 L
n=1 ? -

This is seen as follows. The statement

P(lim (Mk’n - EM ) =0) =
N ) 4 :

5



37
is eguiivalent to

P(lixril_jup {w : le,n(w) - EMkJn]- > €}) =0
. for every ¢ > 0, by lemma 3. ILet An = {w : ]Mk n(w) - EMk nl >e}. It
’ ’ ) J

is to be shown that P(lilﬁl_gup'An) = 0. Tchebichev's inequality gives v

3

B, - B )
2

€

P(lka’ﬂ - EMk’nl >e) <

X © 2 -
This and %, E(Mk,n - EMk,n) <« implies 3, P(An) ‘< ©. Then Lemma 4
(Borel-Cantelli) gives P(linnl_éup An) = 0. Altogether,then, it will be

.- sufficient. touprove :

The proof of (i) follows.
One has, le't:tingu!‘,k nLélenote the class of all sequence f:{1,2,...,k+1}"
) .

- {1,2,...,n},

n :
k 1 k
.‘Elv%,n =E [ aw_(x) =E3 §1 Ay (B)

il

B 1 trace Bk
n ‘ n

v _ ' k
I W
(gd)k n2 : k,n .

£(2)F(4+1)

R - E I a
S41 feB - 4=l
CORE S

1

f(e)f(e+1) 2



‘where B = {f € Ak : f‘(l) f(krl);., Ilet £ ¢ Bk be such that there

exists (f(l) f(1+l)) € {gf(l),gf(z),..,,gf(k)} such that #(f(l) f(1+1))
+ #(f(1+l) f(l))f 1. Then, by the 1rdenenaence and zero mean as ssump-

E IT a Thus

z-.l

~ tions, E II

y=Ee T(4)F(4+1) = 0.

1 f(z)f(z+1 f(l)f(1+1)

one has
. 1 * . . k
=+1 feC ,(7,

(20)% 2 “k,n

)

f(z)f(zu)

n B, ¢ if (1,3) e {8p(1),8p(2),...,80(k)), then #(1,3),

+ #(i,j)f >2}. Two cases are now cbnsidered, k odd and k even. Iet

where Ck ={feB

k=2v +1., By Lemma T, de‘\) + 1 for al}_ fe C'2v+l,n° Thus
_ 1 v+l B -SES R
E M‘Zv+1,n = \Hé ;El oo d E_ﬁl' SP()F(2+1)
: (20)2v+l 2 2v+1 n " : _
where C23+1 n = {f e C2v+l,ﬁ : df =j} . By assumption (v),
2v+l
|le @

a <D <o
B ez S <=

for some constant Dv' Hence

v +l

j
Dv Jj= q&CQ\HZL n

'IEM2v+1,n' = (20_)2\)+1n(v+154% |

\)+l n 'l .
: J
_ Dv jél (j)(#cew-l,j) _
= e, ,
'(2c)2\.)+l n(\)+J.)+—2- | o




)

S3i J - V - | -
u}nce ;z;:iT—I Oasn-owo for j = l 2,...,v+1 one has EMév +1,n 0 as

n - . Now consider k = 29. By Iemma Ts d v+l for all f ¢ C2v A

£ (v,n) = ——s—— = . E I a
1 (20)2» v+l et 4L £(8)£(2+1) ,
“2v,n
1 ‘ 2v‘
f2 (\)’n) = T ""2"\)"" \)+l Z .> A E H af(f,)f(f,+l) s
(@) " e B0 &
J=1"2v,n
J _
where C2v, {fe C2v,n .df =3} Note that

EMév,n = fl(v,n) + fg(v,n)’.

By assumption (v),

2v o
B !’H Benye(en)] SO <
for some constant Sv.i Thus
) z #c
2v,n
lf CV:n)l_S v
2 (ao)Ev v+l

v n j
5 .z . C .
v Z1 (DI )
(20)2v nv+l

Since ";%f ~0Oasn-e for j=1,...,v, one has fé(v,n) - 0 as n- o,

By Lemma 9,

‘let



ko

2v
. 2v
E Il a olp.iy =0
g1 £()£(2+1)
for all T ¢ C\)+l . Thus -
2v,n
0_2\) (#C\)+l )
£(v,m) = ——57
(20)°" n
-By Wigner's Combinatorial Theorem,
vil,
f (\) n) R (2\))‘ + (0] n )
S DA A=, V) : v+l :
277 vl (v+1)! (2 )
| Thus
fl(\):n) MY (2v)! = Y2\)
277 vl (v+1)!
as nia o, ‘Altogether
- . (av)! B
FMyn T TR = Yo

v!'(v+l)!

as n » ». This completes the proof of (i). The proof of (ii) follows.

Consider E(Mk n - EMk n)2. For £ ¢ A let E(f) denote
> 2 : .

2k+1,n
k 2k+l k 2k+]
Bl af(l)f(l-!—l) Pe)ea)” Bl af(l)f(1+l) i 2E(DE(D)
One has
(M _ -EM ) e——l & E(f)
Mk,n_- Y n (20) 2K K2 g

2k+1,n



’hi i

where B ={feA (1) £(1) = f/k4l (11) f(k+2) f(ék+2);

2k+1,n ok+1,n’
(iii) {gf(l),gf(e),...,gf(k);ni {gf(k+g),.,.,gf(2k+l) g*(k+2),...,
g§(2k+l)] = @, where g?(z) denotes the reverse of gf(z); (iv) E(f) =
Reasons for conditions (i) and (ii) are cbvious. If condition (iii) is
not met by f the term in the summation corﬂespondlng to £ will be zero,
" by the 1nd¢pendence assumptlon."Condltlon (iv) ls‘tr1v1a1.” It will now
* be shown that if f e Bek¥l,ﬁ thgn‘df < k. Using éondiﬁion (iii), sﬁp—
pose, for the sake of definiteness,-that gf(s) = gf(t) for some s, -
1<s<k, and some t, k + 2 <t <'2k+l. (The only other case to consider
is when gf(s) g*(t) for some s, 1<s<k, and some t, k2 <t < Ok+1,
for which the following argument also applies.) Define a new sequence
he A2k+l , as follows: h(1) = £(s),h(2) = £(s41), o h(kesil) = £(K),
h(k-s+2) = £(1), h(k-s+3) f(2),...,h(k) f(s~1),h(k+1)=F(s),h(k+2) "
= £(t+1),h(k+3) = f(t+2),.,.,h(2k-t+2) - £(2k+1), h(2k~t+h) F(k+3), 000,

h(2k+1) = f(t-1),h(2k+2) = £(t). It is immediate that d_ = d

h £ The

sequence of steps associated with h is

g,(1) = (£(s),f(s+1)),... ;gh(k-s4l) (£(x), f(l)),
g (-512) = (£(1),2(2)), .. 8,(K) = (2(s-1,2(s)),
gy (k1) = (£(s),£(t41)) = (£(s),£(s+1)),....,

g, (2k-t+2) =»(f(2k+l),f(k+é)),gh(ék~t+3)

= (f(k+2),f(k+5)),...,gh(2k+l) = (£(t-1),f (%))

Jt is true that:

(i) h(1) = h(2k+2);
(ii) if.(i)j) €.{gh(l){gh(e)j"°9gh(2k+l)}’:

then #(1,3), +#(3,1); > 2.



. ke
(1) is immediate. To see'(ii) one proceeds as follows. If (i,3) equals

gh(k+1) (f(t) £(t+l)) or gf(k+l) = (f(trl),"(t‘)), then #(1,3)h + #(3,1)h

> 2 since gh(l) = gh(k+l) On the other hand 1f (1,3) equals any other
step among gh(l),...,gh(k),gh(k+2),...,gh(2k+l and #(1,3) + #(J,l)h = l

then the 1ndependencn assunptlon 1mplles

k 21:41 k ?k+1
E - E |
( . af(l)f(l-l—l) K2 f(g)f(g+l) ( f af(l)f(l 1), _k+2 f(J)f(d+l))
,i
k 2k+l ' -k 2k+l

5 —E( - B )h(l+l) k4D h(a)h(a+l)) E( . ah(l)h(‘+l) k42 Pa(h)n(3)) =

contrary to the assumptlon that for f e B2k+lr this térm is nonzerbl -

Hence h must satisfy condition (ii) above. IPmma 10 then applles, giving

= dh'S k. Now consider

s N k' | ,
Bl ,n = Mn) = B2y B0
. : (20)™" n™" =l TeBoke1,n

where B J

2k+l,n

for some constant Gb' Thus

N A j
Gb J=1 (#Bek+l,n)

, (20_)2]:{ 'nk+2

IA

lm%m—E%mﬁT

_ v J= l ( )6# 2k+l J)
- (20)2k nk+2




Since

= (3

J ! .
z k42 <e
n=1l n

vfor J ='l,é;...,k, one has, by the comparison test for series

£ |EQr - B )] <
n=l 2 J

which implies

©

2
nfl E<Mk,n - EMk,n) <e

which was to be proved. This completes the proof of Theorem L.

6.2 Comments

A little reflection will reveal that the assumption of zero means
for the diagonal elemEnﬁs is not necessary. For, in proVing EMk,n - Yk
as n » o it was established that the only sequences of interest were
those f € Ak,n for which (i) £(1) = f(k+i)-andv(ii)vif (i,3) e
[gf(l),...,gf(k)}, then #(i,j)f + (j,i)f'zvé. Cbnditién (ii) alohe'impliés
dp < [g] + 1. If one assumes, however, thaﬁ (iia) ifv(i,j) €
{gf(l),...,gf(k)], where i £ j, then-#(i,j)f + #(j,i)f_z 2, then.condi-
tions (i) and (iia) together imply de < [g] + 1., For odd k, say k = 2v+1,
one Has EMév+l,ﬁ »vo = Y2v+l as n - © exactiy as befo?e. For eVeh k; say
k = 2v, the only seguences of interest are those f such that df =y + 1.'
If d. =v + 1, then f(i) = £(i+l) for some i is not possible, since under
conditions (1) and (iia) arguments similar to those of the proof of ILemma 8

would give d <v. Thus Wigner's Combinatorial Theorem holds under condi-

£



tions (i);‘(iia), and (iii) qf =v + 1; applicatidn of this theqreﬁ then‘
gives EN%v,ﬁ - ng as n - m‘gxéétly asbbefpréa Note_fhat uée ofvthe pro-
petty of zero expeétation of'diagon?l elemanfé has been eliminated‘byA |
sﬁbstiﬁufibﬁ»of éoﬁdition“(iié)‘for=coﬁditidn-(iij. Similar arguménts ”
also hold for the proof that 'I-él E(Mk,h"{EM;’n)2.< ®.

That the off-diagonal elements all have second moments equal to 02
is not necessary. An examination of the p:oof showsxthaﬁ'it is suffiw
cient to assume that the ratio §f fhé number of elements of the matrix
having the same second'moment to the total number of elements of the
matrix approacﬁ:l as the dimension becomes arbitrarily large.

It shouid‘be”noted‘that Wigner's conjecture of 1958 is a special =
_cése»of Théo;em h.b The rggult indicated‘bvareﬁanderviéra special caéé:
6f Theorem.h..>Wigner'é.cohjecﬁuie”is-not a spéciéL case of the theorem

indicated by Arnold, for Arnold assumes the diagonai random variables
are identically distributed énd the off»diagonal‘randomfvariables are
identically'distributed. Arnold déés drop the feqﬁireﬁénﬁs, given by
‘Wignef,vof symmetric‘random variables and the ekistence of higher order
maménts. Theorem 4-is not only more*general than the result conjectured
by Wigner in the sense that it deals witﬁ almost sure éénvergepce, buf

it also dfops Wigner's requirement of symmetric random variables.



VII. ROTATIONAL INVARIANCE

T.1l Characterization of the Distriﬁution of a Random Matrix

In quantum mechanics, under certain symmetry conditions, energy is
represented by a real symmetric matrix.X;_ If for a fifst‘abservef energy
is repfesented by X, then for a‘second‘observer with:a rotated coordinate
systeﬁ energy is représented By OXO‘,‘where 0 is the orthogonal matrix
relaﬁing the axes of the 6bserveré. Desqriptiohé based on X and OXO' are
completely equivalent physically Oﬁig%er, 1959). Thus if a statistical
hypothesis is made on X then it is natural to make the same statistical
hypothesis on 0X0'. The following makes'this‘precise and chargcterizeé
theupossiblé statistical hypotheses.

| g=
bles on a probability space (Q,7,P). Iet

Iet {:

xij > 1, =1,2,...,n be an independent set of random varia-

oy

xll Xlg'... Xln

X1 Fop e Fop
an X X

where x,. =X..
. 7i3

31 a.s., and let

_ -O __.‘l
YO - (Jij) - OXO J

where 0 is gny orthogonal matrix. Iet x.:-(xll,...,xln,xgg,‘..,xgn,...,xhn)
e (O ¢ ' 0

“and yo = (yll""?yln?yQQ’""y2n""’ynn)‘ Iet B denote the Borel

¢-algebra of gubsets of the n-dimensional Fuclidean space Rh. We do not

consider the case where x =0 a.s.

5



This theorem seems to have been first proved in this context under

more restrictive conditions than those given here by Porter and Rosenzweig

(1960).
Theorem 5: P(a e B) P(yb € B)
D) .
for all Be B and all orthogonal 0 if and only if Xs is normal

n(n+l) /2 |
with mean i and variance 2a2‘and,xij, i<j, is normal_With,O,and-varie

ance a?,_for some constants y and a2 > 0.
Proof:"Assume the Xi’ are normal as stated in the theorem and let

=‘(Oij) by any orthogonal matrix. Then

n
0 .
Vi3 =-k§1 041 ojk'xkk + <oik'ojm 0sm Ojk) #km a.s. .

k<m

is normal since it is a linear combination’ of independent normal random

variables. Elementary calculations show:

E(yij) =0,.

Var(yg;) =a% +35,, a

|
o

Cov(yyivy,) -

for all i < j, k < 4, where i £k or j# 4 and a.j‘is the Kronecker symbol.
0 PP - .

‘Thus ¥ i; has the same distribution as Xij and {yla] i<i is independent

since covariance betwcen normal random variables equallﬁg zero 1mp11es

their 1ndependence. Thus x and Yo have the same multlvarlant normal dis-

tribution.



Now assume P(x ¢ B) = P(yO e B) for ail‘B G'Bn(n+l)/2 and all ortho-
gonal O. This implies P(xij'g i) = P(ygj e»;) for all I e B and gllv ’
orthogonal O. By considering oithogonalimaﬁrices formed. from the identity
matrix by pefmuting rows and columns iﬁ ény manner one concludes, using-
the relation P(Xij é I) = P(ygjvé 1), the'xii’ i=1,...,n, héve the‘samg.v
dilgtr'ibution, and the-v X550 1 <35 have the same distributiop.' Now gonéi— ,
der the special orthogonal matrix

- -
oo
0 =
0} I
2 n-2
i
where
fw'cos 0 sin 8
0. = . >
1 -sin 8 cos 6
I, o is the (n-2) x (n-2) identity matrix and 0, is the 2 x (n-2) matrix

with elements equal to zeroc. The transformatibn
— O — . '
Yo = (v35) = oxo'

gives rise to'the following equations:

ygl = X4 cos2 6 + x12'2 sin § cos & + X5 sin2 ev

0o . 2 . 2 . '
Yip = %93 (-sin & cos 8) + X5 {cos 0 - sin” 9) + X,, sin @ cos 8
o .2 : L 2

Vop = %qp sin” 8 + x, (-2 sin § cos B) X,, cos” 8

0 . . .
yij = xlj cos f +}x2j sin 6, 3<Jj<n
0 . '
y2j ,,xlj (-$1n Q) + XEj
Yij = % y isj,»-i;él,z .

cos® , 3 <J<n



BT

Consider

0

Vo3 = % (-sin 8) + x,, cos 9 .

2J

Using this équation for e'= 0, n/2 (say) and the relation P(Xij e I)
= ]?(y'gj € I), one concludes the ofdeiagohai elements are symmetric about
éero mean. IEt.¢d and 9 denote the characteristic fuqctiéns of the‘
diagonal and»off—diégona;,elements, respectively. Thénvmo_is real {alued.
and since @O(t) = wo(—t),wo(o) - 1, one nged'determiné ¢y only for t > 0.

The equation

o _ % . sin
‘ ylj —,le cos 6 + &23 sin ©

)

gives rise to the functional equation
¢0(t) = 9, (t cos 0) ¥y (t sin @)

by the independence of le and xzj. letting @ = cos 6, B = sin 9, one

has
9o (6) = 0, (%) 0, (Bt)

where a? + 62 =1,

For t > 0 define
£(t) =g, (/%) .

Then

2(t%) = gy (t) = o, (at) g, (Bt)

il

f(a?tg) £(87%) .



2.2 2

Iettingu=0t, v= 52'(; s U FV = t2, one ‘has‘

~

flu +v) = £(u) £(v), for all u,v >0 .

Every solution of f(u + v) = £(u) £(v), u,v > 0, is either everywhere or

nowhere zero. For if there were a 2z

o With f(zo) =0, then it would fol-

low that

£(t) = £L(t - z5) + zy] - £(t fizo) £(z,) = 0

for all t > z If there were a t, ¢ (O,zo)- such that f(‘to)- #O, then

Oo

fbhere would be an n such that nt, _>_ z.. Thus O = f(nto‘) = [f(to)]nyé 0,

0
which is impossible. Hence f£(t) =0 for all t+ > 0 if £(t) = O for some
-t > 0. But since cpd(t) - 1last -0, one has f(t) » 1 as t » 0 and thus

f must be nowhere zero. ILet u = v =.':2§5 then

£+ v) = £(t) = £G) >0 .
Thus £(t) > 0 for all t > 0. Then
tn £(u + v) = gn £(u) + 4n £(v) .

Iet g = 4n f. Then for u, >0, i=1,...,n,

g(ul + U, .t un) = g(gl) + g(u2) »+...+ g(un) .

Iet w =u >0, k =1,...,n; then
g(nu) = n g(u) .

,

If u =

S
ct
-



nu = mt
and
g(nu) = g(ut)
or :
n'g(u) =m g(t)
or

gz t) =

|
BIE
]
~
(—f-
~—r

lIet t = 1; then
T m
gx) =4 e() a
or

g(\) =1 g(1)

for all rational A > 0. For any real x > O there exists a sequence {xn}

of rationals Kn > 0 such that xn - X as n - », By the continuity of g,

g(x) = g(lin 1) = lin g(1)
II*xo -0 .
= lim A g(1)
Yi—o
=x g(1)

for all x >0 .
Thus

g() = cx, c = g(1)

i.e.,



Since |£(x)|] < 1 for at least one x > O (the distributions are not degen-
. L 2 .
erate at O by assumption), one has ¢ < 0. ~Iet -c = %? . Then

2,
2

£x) =e
and thus " .

_t 2
9o(t) = £(t7) =e 2

for all t ¢ Rlb This is-the_charactériétic function of a normal distri-

‘bution with mean O and variance ag. -The equation for ygg with 6 = % is

Thus the sum of two independent random variables is normally distributed
-and. hence each component is normally distributed'by Temma 6. Denote by
- and 02 the mean and variance of the diagonal elements. The above

equation gives

or 02 = 2a2‘ This completes the proof of the theorem.

T.2 Gaussian QOrthogonal Ensemble

If one assumes that X is a random matrix such that: (1) X is sym-
metric; (i1i) the set of diagonal and superdiagonal elements of X form an

independent set of random variables; and (iii) the distribution of X is



inveriant under orthogonal similafity transforms, then Theorem 5 allows
one to say the elements of X are nefmally éistributed ae'indicated in
the theorem. The physicists‘call this model the Gaussian orthogonal
ensemble. Theorem 4 gives the semi-circle isw as the almost sure limit
of the empirical distribution fﬁnction of the eigenvalues of the nermal—
ized random matrix X/2a /n.

Mehta and Gaudin (1961) examine the asymptotic eigenvalue distribu-
tion for the Gaussian orthogonal ensemble. Using standard methods of
multivariate analysis (see Theorems 13.3.4 and 13.3.5 in Anderson (1953))
they derive'the joint density of the eigenvalues. Due to exchangeabil-
ity of the unordered eigenvalues the marginal densities of the same num-
ber ofvveriables are the same (see Ioeye (1963) for the conceﬁt of

,exchangeabilityj. An expression for the marginal'density~of:a”single A
random eigenvalue is giveh'and'indiCations4of why this tends asympteﬁir

cally to the semi-circle density are outlined by Mehta and Gaudin.
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ASYMPTOTIC DISTRiBUTION CF EIGENVALUES OF RANDOM
MATRICES AND CHARACTERIZATION OF THE GAUSSIAN

DISTRIBUTION BY ROTATIONAI INVARTANCE

by

William H. Olson

Abstract

The study falls in the area of random equations; in particular
pfoperties of random matrices have been studied. The dissertation makes
precise séme'statistical theories of spectra developed in recent years
by & number of physicists. Two basic results have been achieved.

The first result ié a characterization of the distribution of a
. symmetric random matrix. Assuming independence of fhe diagénal and super-
diagonal random variables of the symmetric random matrix the following
theorem is proved: the distribubion of the matfix is invariant under
orthogonal similarity transforms if and only if the diggonal random varia-
bles are normally distributed with mean y and variance 2a2, and the off-
diagonal elements are normally distributed with mean 0 and variance ag,
for some constanté y and a2.> 0. The proof is achieved by.solving a
functicnal equation in cﬁaracteristic functions. This seems to have been
first proved in this context by Porter and Rosenzweig (Ann. Acad. Sci.
Fennicae. AVI, No. 4k, 1960) by a different method and under more restric-
tive conditions than thﬁse given here.

The second result deals with the asymptotic distribufion of eigen-
values of a symmetric random matrix as the dimensidn approaches-infinityy

Let'An be an appropriately normalized n x n symmetric random matrix and



2
let Wn(x) dendte the empirical distribution function of the eigenvalues
of An. Under suitable conditions on the random variables of the matrix
it is proved that Wn(x) - W(x) as n » o, where W is the absolutely con-

tinuous distribution function with a semi-cirele density,

o .

& 1%, ¢ <2
w(x) = A
: o , x| >1.

The proof is achieved by an intricate combinatorial analysis in conjunc-
tion with the method of moments. This result extends a conjecture made

by E. P. Wigner ("On the Distribution of the Roots ofACértain Symmetric‘

Matrices," Ann. Math. 67, 1958, 325).





