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I. IN'J'RODUC'I'ION 

The impetus for this pa.per comes mainly from work done in recent 

years by a number of physicists on a statistical theory of spectra. The 

book by M. L. Mehta (1967) .and the collection of reprints edited by 

C. E. Porter (1965) are excellent references for this work. The discus-. 

sion in section 1.1 is an attempt to present a rationale for such investi-

gations. Our interpretation of linear operators as used. in quantum mechan-

ics is based largely on the book by T. F. Jordan (1969). 

1.1 Statistical Theory of Spectra 

In quantum mechanics knowledge of the value of' measurable q_uantities 

of a system is expressed in terms of probabilities. A state of the system 

specifies these probabilities. Measurable quantities are represented. by 

self-adjoint linear operators on a separable HiJ.bert space. The only pos-

sible values of the measurable quantities are _those in the spectrum,of t:he 

self-adjoint operator which represents the measurable quantity. 

Experience :tnclicates that energy is represented by the HamiJ.tonian 

operator. We a.re interested in the point spectrum of the Hamiltonian, 

which is its set of eigenvalues. The eigenvalues, E, of the Hamiltonian 

operator, H, which are 1·eal since H is self-adjoint_, are those values of 

energ~r for which some state of the system specifies a probability of one 

that the ene1·gy is exactly equal to E ._ Thfa is expressed in the Schrodinger 

time-independent equation, 

where t/1 is an eigenvector associated with E. 
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In ordinary statistica.1 mechanics· renunciation of exact knowledge of 

the state ofa system is made and only :properties of averages are consi-

dered. A.ri exact knowledge of the system itself is assumed known; it is 

the impossibility in practice of observing the state of the system in all 

its detail that leads to the consideration.of properties of averages. 

An analogous situation exists with respect to the Hamiltonian opera-

tor. · It is possible to choose an orthonormal basis for the separable 

Hilbert space in such a way that the matrix representation of the Hamil-

tonian with respect to this basis is in a form with blocks (finite dimen-

sional square matrices) along the diagonal and zeros elsewhere, Each block 

· corresponds uniquely to each set of values of a certain set of parameters. 

These .parameters are variables which may be used to describe certain 

aspects· of the system, whatever state it may be in. We are interested in 

the eigenvalues of the very large bJcc_:,cks. There are two difficulties. 

First, we do not know the Hamiltonian and, second, even if we did, it would· 

be far too complicated to attempt to solve it. These difficulties lead to 

a renunciation of an exact knowledge of the system itself (i.e., of the 

Hamiltonian); one considers an ensemble of possible Hamiltonians, subsets 

of which are assigned weights according to some assumed relative frequency 

.of occurrence. In other words the elements of the matrices are random 

variables. It is de sira.ble, due to our ignorance of the system, that the 

statistical properties of the eigenvalues be independent of as many of 

the properties of the distributions of the elements of the matrices as 

possible. At best the elements of these matrices ar\~ random variables 

whose distributions are restricted only by the general symmetry proper-

ties we might impose on the ensemble of operators. 



For our study we impose. certain conditions (viz., time reversal sym-

metry and rotational symmetry·, or time reversal symmetry with no rota-

tional symmetry but integral spin) which lead to the consideration of 

real symmetric rratrices. In the last cha~ter a further restriction is 

imposed on the ensemble of operators and the resulting distributions of 

the matrix elements is derived. 

1.2 Outline of Contents 

There are three basic parts. Chapter III contains the combinatorial 

arguments which are essential for the proofs of the theorems in the sec-

ond part, Chapters TV,~, and VI. These chapters all deal with the 

asymptotic distribution of the empirical distribution function of the 

eigenvalues of a symmetric random matrix fram the points of view of weak-

ening the conditions placed on the distribution of the elements of the 

matrix and of strengthening the mode of convergence of the empirical dis-

tribution :t'\m.ctions. The last pa.rt, Chapter VII, is on the Gaussian 

orthogonal ensemble, a model.with which the physicists have worked exten-

sively. 



II. NOTATION, DE:B"INl"TIONS AND PRELIMINARIES 

2 .1 Ra,ndom 11..at:t:Lces 

The definition of random nIB,trix is established in this section. 

Let (O,:T,P) denote a probab_ility spat:e, i.e., 0 is a nonempty 

abstract set, :T is a cr--algebra of subsets of O, and P is a probabiltty 

measure on :T; and let (R , /3 ) be the measurable i:rpace where R is n-n n n 

dimensional Euclidean space and 13· is the Borel er-algebra of subsets of n . . 
R • n 

A mapping X : 0 -, R is called a raridom vector if [w e: 0 : X(m) e: B} n 
e: :;r for all B e: /3 • When n = 1, X is called a. random variable. n 

A mapping A : 0 X R .... R is called a rand.om opera.tor if A(w)[x] is n n 

f'or every x e: R a random vector. A random.operator A is said to be n 

linear if A(w) [ax1 + /3x2 J = a A(w) [x1 J + /3 A(w) [x2 J for ever-y w e: O., 

x1, x2 -e: Rn and o:, /3 e: R1 . 

A linear random opera.tor defined py- the n x n :m.at:d.x 

n 
A = (a .. ) . . l l.J l., J= 

where the a .. are random variables is· called a rand.om matrix. Thus, a l.J 

random matrix is a linear rand.om operai:;or on O X R to R • n n 
Throughout the paper all random quantities will be assumed to be 

defined en. some fixed probabi.lity space (0,3",P) 

2.2 Contin~ity of Ordered Eigenvalues 

It is established in thi.s section that ordered eigenvalues of sym-

metric random matrices are indeed random variables., 

The following lemma is needed. Denet~ by Ai (A}, i -- I, ..• ,n, the 
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eigenvalues of'any (n x n) matrix A. 

Lenmia 1.: Let A be an (n X n) matrix and suppose e: > 0 is given. Then 

there 
n 

.I:. 1 J.,J= 

exists a 5 > O such that l'or any matrix D = (d .. ) . ·1 such that 
. J.J J.,J= 

Id .. I < o, there exists a. permutation O' of' (1,2, ... ,n} for which , 
J.J 

lx.(A) - x c·) (A+D)I < e:, l. O' J. i = 1, •.. ,n • 

A proof of this lenmia may be found in Ostrowski (1960) . 

Denote by x1 (A) _.:5 x2 (A) .:5 ••• .:5 Xn(A) the ordered eigenvalues of any 

(n x n) Hermitian matrix A. 

Corollar;y:: ;\ 1 ,A 2. , ... ,;\ are continuous functions of the elements of . n 
A = (a .. ). J.J 

Proof: The proof is by contradiction. Let A = (a .. ) be given. By the 
J.J 

above lemma it is known that for a given e: > 0 there exists a o > O such 
n 

that for any A'= (a .. ') such that .I:. 1 la .. - a., .I < o one has for_ a .. J.J 1,J= . J.J J. J· 

suitable permutation, O', of (1,2, ... ,n}, 

for i = 1, •.• , n. Assume I;\. (A) - ;\. (A') I > e:; to be definite assume . J. J. 

Then ;\1 (A) .:5 ... .:5;\i(A) <Xi(A') .:S:•·•.:S:An(A'). With each 

X/A), j = 1, ••• ,i, is associated ;\o-(j) (A') such that 

IX j (A) - ~\o- (j) (A') I < e:. But only x1 (A'), .•• ,x1_1 (A') are available for 

this purpose since ;\. (A') - ;\. (A) > e and hence L (A') - ;\ . (A) > e:, J. J. J. J 

j = l, ••• ,L Thus, one must conclude lxi(A) - ;\i(A')I < e, i = l, ••• ,n. 

This completes the proof. 



n Let A = (a .. ) . . 1 be a. ratldom matrix such tr.i.a t 
J.J J.,J= 

(referred to as symmetric random matrix), and denote 

a •. = a .. a.s • . l.J J J. 

by X1 (A) _s X2 (A) 

< ... < X (A) its ordered eigenvalues. TherI by the above corollary the - - n 
eigenvalues x.(A) are random variables s:i..nce they are continuous functions 

l. . 

of random variables. 

2.3 Modes of Convergence 

Three types of convergence of a sequence of random variables are 

considered in this paper: convergence i..n law, convergence in probability, 

and convergence almost surely. Let S be a random variable and let 

{X } 001 be an infinite sequence of random variables; let Fn and F denote 
D n= 

the distribution :functions of X and X respectively. n 

The sequence [Xn}n:l is said to converge in law to X as n co, writ--

ten Xn X as n ....,. ro, if Frl (x) ....,. F(x) as n ....,. c:o at all points of continuity 

of F. 
. co . ,' 

The seg_uence (X } 1 is said to converge in :probability to X as .n ll= 

n ....,. c:o, written JC -~ X as n --,. c:o, if for any given e: > O, n 

P ( I Xn - xi > e: ) o as n ....,. oo • 

The sequence [Xn}n:l is said to converge a.s. to X as n co, written 

Xn -~ X a. s. as n ....,. r:n, if 

P({m lim Xn(m) = X(w)}) = 1 
Il"-'>co 



The following implication structure exists among these modes of con-

vergence: Xn - X a. s. as n -• co implies Xn R X .as n - co implies Xii X 

as n - co. 

2 .4 Empirical Distribution Function 

Let (JS_,X2 , ••• ,Xn} be a·. set of random variables. For ariy B e :r, let 

1:s denote the indicator function 9f B, i.e., 

The empirical distribution function of (X1,x2 , •.• ;Xn} -is a mapping 

Fil . XO - [O,l] de:fined by 

F (x) (m) n . 

Let A = (a .. ) . 1 be ii. random :ma:brix such that a .. = a .. a. s. Let n 1J 1,J= - J.J J1 
x1 (A ) <. x2 (A ) < .•. < i-. (.A ) denote the a.s. real ordered random eigen-n - n- -n-n · · , 

values of An. Denote byWn the empirical distr~butiq:n function. of (X l (An), 

x2 (A ) , ••• ,X (A ) } . . A basic question examined in this paper is (for any n n n 

X € ~): how does W (x) behave as n -1 co? n 

2. 5 Some Lemmas 

In this section are listed some le:mmas which will be used below. 

-Gi-yen a random variable X and a sequence of random variables (Xn.J:n:l' 

let F and F denote the distribution functions of X and X respectively·. n · n 
Furthermore, let 



define the kth moment of the distribution function F, if it exists. 

If F possesses subscripts, we affix the same subscripts to its moments. 

lemma 2: 
. . . . . . . · (k) (k) 

If', for k .~ k0 arbitrary but fixed, the sequence mn m 

finite, then these sequences converge for every value of k, and .if the 

sequence (m(k) }~1 uniquely determines F, then Fn(x) F(x) as n-+ c:o 

at all points of continuity of F. 

A proof of this lemma may be found in Loeve (1963). 

F · f" ·t f t (A } c:o A :r defi"ne or any 1.n 1.n1 e sequence o se s, n n=l' n € , 

lemma 3: 

lim sup A n n-,co 
= n U A 

m=l n==Ill. n 

X -+ 0 a.s. as n c:o if and only if for all e > O n 

P(lim sup (m 
n--tti 

A proof of this lemma may be found in Chung (1968),. 

c:o 
lemma 4: (Borel-Cf.m.telli) If. r:1 P(A) <c:o, then P(lim sup A) = O. , n= n n--i!X) n 

A proof of this may be found, in Loeve (1963) • 

Let Wn be the empirical distribution function of (x1 ,x2 , .•• ,XnL Let 

W be a. dj_stribution function which is uniquely determined by its sequence 

of moments, (1St}k:l. I.et us define 

M. (w) = J xk dW (x) (m) -""k,n R p 



Lemma 5: 
p . p . 

If 1'\:,n ..... ·~ as n ..,. c:o for all k == 1,,2, ••• , then Wn (x) _, W(x) as 

n __. oo, at all points of conti..'r!uity of W. 

Proof: The·following result is used to establish the lemma: 
p 

X _, X as n 

n ... m if and only if every subsequence [X ) contains a subsequence which 
!L 

1 
converges a.s. to X. Let [ni! be any subsequence of the positive inte-

gers. Then 

k P k J x dW (x)-> J x dW(x) 
R ni R 

for all k = 1,2,... • By the diagonal procedure it is possible to select 

a subsequence [n!} of [n.} such that 1 1 . 

for all k = 1,2, ~.. • Then b;y" Lemma 2 

w I ( X) ... w( X) a. s • 
ni . 

The above quoted result then gives W (x) R W(x) as n -> °' at all points of' n 
continuity of W. This completes the proof. 

Lemma 6: (Cramer's Theorem) Le~ X and Y be independent random variables. 

If X + · Y is distributed normally, then X and Y are each distributed nor-

mally. 

A proof of this may be found in Lceve (1963). 



III. COMBINATORIAL ARGUMENTS 

The following combinatorial lemmas are of central importance in the 

proofs of the limit theorems to follow. 'l'hey are slight extensions of 

results given by Wigner (1955} •. 

Denote by Ak n' k 1, n ~· 1, the class of all finite sequences 
' 

f : (1,2, •.. ,k + l} -• {1,2, ... ,n}. Any ordered pair of positive integers, 

(i,j), will be called a step. The step (j,i} will be called the reverse 

step of (i,j). With each f € A_ is associated a sequence gf. : (1;2, · -K, n 

••• ,k}-> (all steps} defined as follows: gf(v) = (f(v), f(v+l)), 

1 v k. The sequence gf will be called the sequence of steps asso-' 

ciated with f. The cardinality of any set A will be denoted by #=A. Let 

Df = f f(i), 2 < i < k+l : f(i) rj (f(l), .•• ,f(i-1)}} , 

and let df = #Df + 1. By definition, f has b different members if and 

only if df = b. Let # (i ,_j) f denote 

· #(gf(v) = (f(v), f(v+l)), 1 < v < k f(v) = i, f(v+l) = j} • 

For 1 v ~- k, gf(v) = (f(v), f(v+l)) is called a free step if and only 

if f(v+l) rj (f(l), ••• ,f(v)} and a repetitive step if and only if f(v+l) 

e {:f(l), ••. ,f(v)}. L€t 

Ff= (g:f(v), 1 < v < k g/v) is free} , 

Rf =·(gf(v), 1 < v < k gf(v) is repetitive} • 

It is immediate tha.t 

10 



11 

and #Ff= #(gf(v), l v k: gf(v) is free} 

. 

= #( f(v+l), l V :5 k f(v+l) i [ f(l), .•. , f(v)}} 

= #(f(v), 2 :5 v k+l f(v) r/. (f(l), •.. ,f(v-l)}} 

Lemma 7: Let f e: Pic,n be such that if (i,j) e: (gf(l), gf(2), .•. ,gf(k)}, 
k then #(i,j)f + #(j,i)f;: 2. Then df [2] + 1. 

Proof: Let f e A.. satisfy the conditions of the lemma. If f(i) -K,n 

e: (f(v), 2 v k+l: f(v) i, (f(l), .•. ,f'(v-1)}} then (f(i-1), f'(i)) is 

a free step. The condition of the lemma implies at least one step among 

gf(i), ••. ,gf(k) must equal (f(i-1), f(i)) or (f(i), f'(i-1)) (no step 

· among gf(l), .•. ,gf(i-2) equals (f'(i-1), f(i)) or (f(i), f(i-1)) since 

f(i) ¢ (f(i), •.. ,f(i-1)}). Any such occurrence, say (f(.t-1), f(.t)), must 

be repetitive since f(i) s ( f(l), ••. , f(.t-1)}. Hence with each free step 

is associ&,ted a repetitive step which is equal to the free step or its 

reverse. This implies #Ff ::: ¾Rf'' since all free steps are different. 

This, with (1), implies #Ff~ [~]. Hence, by (2), df - 1 =#Ff~ [!], or 
k df [2] + 1. This completes the proof' of L.emma 7. 

Lemma 8: Let f e: A,. be such that : 
J.{J n 

(i) if (t,j) e: (gf(l), gf(2), ... ,gf(k)}, then #(i,j)f + #(j,i)f ,2: 2; 

(ii) f(.e) = f(..e.,..1) for some .t, 1 < J, < k . 



Proof: If f is constant one· is through. Assume f is not constant. If 

f(l) = f(l+l) for some t, l J, k, anew .. seq_uence of steps may be formed 

from gf(l),. gf(2), ••• ,gf(k) by omitting ·a.11 those. steps equal to (f(.e), 

f(l+l)) (there will be two or more such ste:PJ:1, by condition (1)). The 

sequence of steps thus formed is associated with a sequence h : (l,2, 
. 

• • • , 1} - (1,2, •• ,n}, 2 i k-1, (a lower bound of 2 since f is not con-

stant) which satisfies condition (i) and which is such that~= df. 
- ~l · - ~2 k · · lemma 1 then gives df-= dh 5 [2 ] + 1 [2 ] + ,l = -[-2]. This completes 

the proof of Lemma 8. 

lemma 9:_ Let k be even, say k = 2\1. Let f e A~. be such that: cv,n 

(i) if (i,j) e (gf(l),gf(2), •• -.,gf(2\I)}, then #(i,j)f + #(j,i)f 2: 2; 

(ii) f(l) = f(2v+l); 

Proof: Let f € A2v,n satisfy conditions (i), (ii), and (iii) of the lemma. 

(For n 2: v + 1 such an .f is easily constructed. For example, let f(l) = 1, 

f(2) = 2, f(\I) = v, f(v+l) = v + 1, f(v+2) = v, ••• ,f(2v) = 2, f(2v+l)= l. 

Lemma 7 shows df v + 1. By Lemma 8 one must have f (.e) 'f :r(.e+l), 

1 < .e < 2v. Equation (2) holds: 

Consider the first step gf(l) = (f (1), f(2)). If f{l) i [f(3), ••• , 

f(2v-1)}, then by condition (i) the last.step must be the reverse of the 

first since f(l) i (f(2), ••. ,r°(2v)}. On the other band, if f(l) e (f(3), 



1:3 

••• ,f(2\l-l} the following argument appl:les. Let .R,, 3 .R, 2\1-1 be the 

least integer such that f'(J,) = f(l). Assurtle f(.R,-1) /: f(2). Condition 
' 

· (i) implies the repetUive step gf(.R,-1) = (f'(.t-1), f'(l)) must be matched 

by at least one further occurrence among g:f(..e), ... ,gf(2\I) of a step equal 

to (f(.R,-1), f(l)) or (f(l), f(i-1)), these occurrences being repetitive 

steps, since no free step equals (f(.R,-1)', f(l)) or (f(l), f(..e~1)); which 

is so because: (1) the first step does not since f(.R,-1) /: f(2); (2) no 

step among gf(2), ... ,gf(..e-2) involves an f(l); and (3) any further 1 f':r:ee 

step among gf(.t), .•. ,grC2\I), say(f(i-1), f(i)), could not have f(i) 

= f(l) or f(i) = f(.R,-1) because in either case f(i) e: ,[f(l), ••• ,f(i-1)}. 

For each free step there is an occurrence in the sequence of steps of a 

repetitive step equal to the free step itself or its reverse, by condi-

tion (i). Since there are \I diffe1•ent free steps one must have at least 

2\1 steps in the sequence equaling these or their reverses. This is apart 

from the 2 or more repetitiv'e steps eq1!!.aling -(f(t-1), f(l)) or (f(l), 

f(.R,-1)), since no free step equaJ_s either. Altogether one would need at 

least 2\1 + 2 steps; but only 2\1 are available. Hence· one must have 

f(.€.-1) = f(2). Thus the reverse of the first step occurs. 

Now define a sequence h : [1,2, .•. ,2v + l} .... [1,2, ••• ,nJ as follows: 

h(l) = f(2), h(2) = f(3), .•. ,h(i) = f(i+l), •.• , . 

h(2\I) = f (2\1+1) = f(l), h(2\l+l) = f(2) • 

· Associated with his the sequence of steps gh(l) = (f(2), f(3)), 

gh ( 2 ) = ( f (3 ) , f (4 ) ) , .•• , gh ( 2v- l} = ( f ( 2\1 ) , f( 1) ) , gh ( 2\1 ) = ( f ( 1) , f ( 2 ) ) • 

It is immediate that h satisfies conditions (i), (ii),. and (iii) of the 

lemma. The above argument shows that the .reverse of gh (1) = (f(2) ,. f(3)) 



(f(l) ,f(2)). Continuing 
' 

in the same manner one concludes if (i,j\ € {gf(l),gf(2), ••. ,gf(2v)}, 

then (j,i) € (gf(l),gf(2), .•. ,gf(2v)}. SLnde there are v different free 

steps and 2v steps altogether,_ one must have #(i,j)f = l, #(j,i)f = l 

for each (i,j) € (gf(l),gf(2), ... ,gf(2v)}. This completes the proof of 

.Lemma 9. 

. Lemma 10: Let k be odd, say k = 2v + 1. Let f € A~. 1 be such that: 
c.v+ ,n 

(i) if (i,j) € (gf(l),gf(2), ... ,g:f(2v+l)}, then #(i,j)f + #(j,i)f?: 2; 

(ii) f(l) f(2v+2) ·. 

k Th~n d-"' < v = [-2 ] • 
J. -

Proof:. Let f e: A~. 1 satisfy conditions (i) and (ii) of the lemma. 
c.v+ ,n 

Lemma 7 shows df v + l. Assume df = v + 1. Then by Lemma 8, 

f(t) f f(J,+l), l J, 2v + l. There are #Ff= #Df = df - l = v differ-

ent free steps. For each free step there is a repetitive step equal to 

the free step itself or its reverse. This occupies 2v of the 2v + l 

steps associated with f. By condition (i) the remaining step must equal 

one of the free steps or its reverse. In other words, #(i,j)f+ #(j,i)f=2 

for all (i,j) e: (gf(l), ... ,gf(2v+l)} except one:, say (k,t), for which 

#(k,t)f + #(1,k)f = 3. 

All possibilities are now considered. First consider the case 

#,(k,t)f = 3. (The case #-(l,k)f = 3 is the same.) With f is associated· 

a sequence of steps gf(l), ... ,gf(r), •.. ,gf(s), ..• ,gf(t), ..• ,gf(2v+l), 

where gf(r) = gf(s) = gf(t) = (k,.e) and s - r?: 2, t - s?: 2. Let g}(i) 

denote the reverse of gf(i). From the sequence of steps gf(l),gf(2), 



••. ,gf(2v+l) form. a sequence of steps associated with a sequence 

h : (1,2, ..• ,2v-l} _. (1,2, ... ,n} in the following manner: 

gh(l) = gf(t+l) = (.t,f(t+2)) ""(h(l),h(2)). 

gh(2) = gf(t+2) = (f(t+2),f(t+3)) = (h(2),h(3)) 

. . . 
gh((2\J+l)-t) = gf(2v+l) = (f(2v+l),f(2v+2)) 

= (h( (2v+l)-t), h( (2v+l)- (t-1))) 

gh((2\J+l)-(t-1)) = gf(l) = (f(l),f(2)) 

-

= (h( (2v+l)- (t-1)), h( (2'.i+l)- (t-2))) 

. . 
gh((2\J+l)-(t-r+l)) == gf(r-1) = (f(r-1),k) 

= (h((2v+l)-(t-r+l)) ,h( (2\1+1)- (t-r))) 

gh((2\J+l)-(t-r)) = g¥(s-1) = (k,f(s-1)) 

= (h( (2\1+ 1)- (t-r)) ,h ( (2v+l)- (t-r:-1))) 

gh ( (2v+l)- (t-r-1)) = g}(t-2) = (f(s-1) ,f(s-2)) 

= (h( (2v+l)- (t-r-1)) ,h( (2v+l)- (t-r-2))) 

gh ( (2v+l)- (t-s+2)) = gf(:r+l) = (f'(r+2) ,.e) 

= (h( (2v+l)- (t-s+2)) ,h( (2v+l)- (t-s+l))) 

gh ( (2v+l)-(t-s+l)) = gf(s+l) == (.e,f(s+2)) 

= (h( (2v+l)-(t-s+l)) ,h( (2\1+1)-(t-s))) 

gh((2v+l)-4) = gf(t-,2) = (f(t_:E),f(t-1)) = (h((2v+l)-4),h((2\J+l)-3)) 

gh((2v+l)-3) = gf(t-1) = (f(t-1),k) = (h((2v+l)-3),h(2v+l)'."2)). 



• • l • 

gf(s+l), ••• ,.gf(t-1) ,gf(t+1),, _ ••• ,gf(2V+l) m other words, the same as 

those associated-with_f excep_t all steps equaling (k,..t) have. been dropp~d_ 

and some. of the steps associated_ with f have-been reversed. It is easily 

and <\i = df =" + 1. But Lemma 1 shows <\i :5 "· 
contradiction, that df ,:5 "• 

One must conclude, by 

The other possiblity is #(k,.R,)f i= 2, #(t,k)f = 1 (6r, wha~ is the 

same thing, #(k,.t)f = l; #(t,k)f = 2) for which an argument similar to 

the above may be given. The details ~re not given here. This completes 

the_proof of Lemma 10. 

Wigner's Combinatorial Theorem 

Let B~. be the set of all f e A~. such that: cv,n cv,n 
(1) if (i,j) e (gf(l),gf(2),~•·,gr_(2")}, then 

#(i,j)f + #(j,i)f 2; 

(11) f(l) = f(2V+l); 

(iii) df = " + l • 

_Then 

:fl, _ (2V) I _ "+1 · ( "+1 
B2V ,n - "! ("+l) ! n _ + o n ) 

Proof: Let f e B2" ,n. By Lemma 8, f(.R,) I= f(i,+l), l J, 2". By Lemma 

9, if (i,j) e {gf(l), ••• ,gf(2V)}, then #{i,j)f = 1, l(j,i)f = 1. A 

sequence t : (1,2, •• ,m} .... (integers} is called a type sequence if and 

only if t(.R,) o, l :5 i, :5 m, t(l) = 1, t(m) = o, and t(l+l) - t(.e) 

= !1, 1,,:5 .e :S m-1. _ For each f e B2" ,n define· the type sequence 

tf : (1,2, ••• ,2"}:.:.. (integers} as .follows: -
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For a given type sequence t : [1,2, ••. ,2v} _, (integers} one has 

This is so because: (1) there are n choices for f(l); (2) for 2 < i < 2v, 
' - -

if t (i) - t (i-1) = 1, then (f(i-1), f(i)) is a free step and f(i) may be 

any number which has not been used yet; and (3) for 2 < i .:5 2v, if 

t (i) - t (i-1) = -1, then (f'(i-•l), f(i)) is a repetitive step and must be 

the reverse of the step which originally led to f(i-1) · (Lemma 9) and 

. hence f(i) is completely determined. 

sequences with domain (1,2, •.. ,2v}. 

Let S denote the number of type 
V 

Then 

To find Sv one argues as follows. The number of type sequences t such 
' 

that t(i) > o, 1 .:5 i .:5 2v-l, t(2v) = o, i.e., no O before the last value, 

will be denoted by S' . From such sequences one can obtain a type· sequence 
. V 

with domain (l,2, .•. ,2v-2} by omitting t(l),t(2v) and subtracting 1 from 

each t (i), 2 < i < 2v-l. Hence 

S' -->s 
V - 'J-1 (S' 1 == 

Given a type sequence wUb. domain [1,2, •.• ,2v} let 2k be the smallest 

intege1: such that t(2k) = 0 for the first t:iJne. Then t 1 .: (1,2, ••• ,2k} 

- (integers} forms a O free type sequence while t 2 .: (2k+l, ••• ,2v} ·-, 

{integers} forms an arbHrary type s.equence. Hence 



\) \) 

(3) s I: S' s = I: C' s .. \) = 1,2, ••• ' 0 k-l . 
\I k=l k v-k k==l v-k'. 

These recursive equations permit the successive calculation of the Sv. 

Formally one can obtain a closed formula for them by writing 

,t (x) = 

The recursive formula (3) then gives 

2 t(x) = l + xt. (x) 

The 1 on the right hand side is necessary because (3) is not valid for 

v = 0. It follows that 

.!. 
t(x) == (l i (1-4x) 2 )/2x 

Actually, the lower sign has· to be taken. It gives 

S = _21 ( ½ ) (-4)v + 1 = 2v ! 
\I · v+l v ! v+l 

And finally, 

, v = l, 2, .•. 

JJ. ! v+l ( v+l 1rB"),... . =. 1 l) 1 n + O ·ll ) • cv ,n v. v+ . 

This completes the proof of the theorem. 

Let c2k, n · denote the set of all f E: A · such tha.t : 2k,n 
(i) f (1) ;,, f(~k+l); 

(ii) f(i) t f(i+l), l f 2k; 



(i:i.i) if (i,j) e {gf(l);gf{2),. • • .,gf(2\J }, 

then #(i,j)f + ~(j,i)f is even. 

1et cgk,n denote the set of~ ail f e c2k;n such that df = j • By Lemma 7, 
k+l j 

if f e c2k,n' then df k + 1. Thus c2k,n = j~l c2k,n and 

Lemma 11: #cgk,n = (~)(#cgk,j) 

Proof: The relation~ dete:r,n.ined by f ~ f* iff f e cgk,:n' f* e c&k,n and 

{f(l),f(2),~ •• ,f(2k+l)} = {f*(l),f*(2), •. ~,f*(2k+l)) is an equivalence 

relation. cj is 2k,n split into (~) equivalence classes by~; each contain--
J . 

ing #cgk, j members. Hence #c2jk · = (~) (#C 2jk . ) • This completes the proof ,n J ,J 
of the lemma. 

Using Lemma 11, one has 

- -. 1 2 •. · k+l · 
Thus #C2k,n is determined for all n by #c2k; 1,#c2k, 2, •.• ,#C2k,k+l •. · An 

unsuccessful attempt to determine these numbers in a closed form was made. 

In an attempt to solve the problem the enumerations found in Table 1 were 

made on a computer. It will be pointed out in the next chapter in what 
. ' 

context _these numbers may be of interest. 



20 

·~ 

Kn 2 3 l,. "'i 6 .... .,, 

3,2 1 

3,3 2 20 
3,4 3 60 30 

\ 

3,5 4 120 120 
3,6 5 200 300 
4,2 )_ 

4,3 2 84 
4 4 , 3 252 390 
4,5 4 5o4 1,560 . 336 
4,6 5 81.~o . 3,900 1,680 
5,2 1 

5,3 2 340 
5,4 3 1,020 c.3,840 
5,5 ,.~ 2,04-o 15,360 8,541+ 
i:;;.· •. 6 .,,, 5 3,400 ·38,400 4-2,720 5,040 
6,2 l 
63 A 2 l,364 
El 4 ,., 3 4,092 34,980 
6,5 4 8,184 139,920 153,600 
6,6 5 13,640 3l+9,800 768,ooo 211~ ,080 
6,7 6 20 460 ' 699,600 2,301.;. ,ooo 1,284,480 95,040 

Table I. Enumerations. The numbers in the body of' the table a.re 

\ 



IV. RANDOM SIGT-! · ENSEMBLE AlID "\{!ONER'S CONJECTURE 

In 1955, Wigner proved -bhe result discussed below. 

Let A =(a .. )~ . 1 be a random matrix such that: n . J.J i,J= 

(i) a .. =a .. a.s.; 
J.J. . J J, 

(ii) (aij' i j l is independent; 

(iii) P ( a . . = er) = ½, i -/= j, l.J 

P(aij =-a)=½, i-/= j, 

P(a .. = 0) = 1 • 
l.l. 

Let Bn denote the normalized matrix 

B = l A • 
n 2 0'/n n 

Denote by A1 (Bn) A2 (Bn)· ~-. -~ An (Bn) the ordered random eigenvalues of 

Bn and by Wn (x) the empirical distribution function of (A1 (Bn) ,A2 (Bn) , 

•••,An(Bn)}, i.e., 

1 n 
I: I[~ l._. (Bn)' € ( -oo, x) ] ( w) • n i=l 

Then one has the following theorem. 

Theorem 1 (Wigner, 1955): lim E (W (x)) = W(x) for all x E: R.1, where _W is n-lCO . n 
the absolutely contj_nuous distribution function with semi-circle density 

2 2 J.. 
Il(l~x ) 2 , !xi < 1 

w(x) = 
0 , .I xi > 1 • 
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Proof: The distribution f'1Jnction W is uniquely determined by its moment 

sequence since. 

E - ( ik) t ( ! ) 2k - _g J ( t) 
00 yk ·00 Mk 

k=O k! = k---0 J! 2 - t l 

where J1 denotes the Bessel function of order 1 of the first kind and 

0 

k! 

, fork odd 

. fork even 

It is innnediate that EWn(x) is a distribution function ink. Thus, if it 

can be established that 

for all k = 1,2, •.• , then Lermna 2 will yield the desired result. 

Consider the set, T, of all ordered (n-l)n/2-tuples of the numbers 

-+a and -a. For each (i12, ••• ,iln,i23, ••• ,i2n,···,in-l,n) e T define 

D(i12,···,in-l n) =(we O: all(w) = o, a1~/w) = i12,···,a1n(w) = iln' , 
a.22(w) = O, a23(w) = i23' ••• ,a2n(w) = i2n' ... ,an-1,n'ann(w) = OJ. Then 

usingassumptions (i), (ii), and (iii), we have 



for all points in T. 
N-(x) 

- _n_~::..., where N (x) equals the number 
n n 

of eigenvalues of Bn less ·bhah x. Wn (x) is constant on each Di' i € T; 

N (x). 
denote these values byW (x). = n 1 , i €: T. Then, since n 1 n 

0=(.U D.)UN,where(U D.)nN=qiandP(N)=O, 
ieT 1 iE:T 1 

1'W (x) = J W (x) dP 
n . U D. n 

ieT 1 

This shows that EWn(x) is a discrete distribution function with jumps of 

1 gth 1 . t. . . (n-l)n/2 en (n-l)n/2 or mul iples thereof at the eigenvalues of the 2 1 

n2 . 

possible (i.e., occurrence with positive probability) values of B • Each . . n 
i e; T represents one of the ~ossible 2(n-l)n/2 values of B. on O; denote . • n 
these values by Bn(i), i € T. let e1 ,e2 , ... ,en2 (n-l)n/2 be the set of 

all eigenvalues of all possible values of B. Then we have n 

1 
= n2 (n-l)n/2 

2 (ri-l)n/2 
n k 
I: e. 

·. l J J= 



where jk+l = jl and ajk (i) equals the value a,jk assumes on Di.. Inter-

changing the order of surm:l'.l.8:'tioh and den6ting by A_. the class of all --ic, n 

sequences f : (1,2, ••• ,k+l} -, [l,2, ... ,h}, ohe has 

where Bk = (f € Ak· : f(l) = f(k+l)},. or ·,n ,n 

J xk d.EWn (x) = __ l_k_ I: 

k -2+1 feBk 
(2cr) n ,n 

= 1 I: J 
k !+l feBk ( U D.) U N = 0 

(2cr) n ,n ieT 1 

1 =---- L, 
k 

k ~2 l fE:Bk 
(2cr) n ,n 

Since a .. = 0 a.s. this becomes 
11. 

k 
E II ..e=J. af'(..e)f(..e+l) 

k 

..e~l af(..e)r(..e+l) dP 

k J xk dEWn(x) = --'--1-· -k- .r. E II a ( ) ( ) 
· -+l feCk ..e=l f i, f ..e+l 

(2cr)kn2 ,n 

where 

Ck = ( f € Bk : f ( ,e) f: f ( .t + 1) , ,n ,n ..e=l, ••• ,k}. 

Two cases are now considered, k odd and k even. Note that all the 

random variables a .. ·are symmetric about o, so that all odd moments 
1J 

vanish. Letk=2'v+l. For f e C2\l+l,n one has · 



2\J+l m 
TI a . <> . n a . a. s • ·' . fi'.)T some i, where m is odd and l=l f{i, )f(l+l) = c.f(i)f(1.+l) . jk 

the product TI ajk involves rib af(i)f(i+l) or a.f(i+l)f(i). Then, by inde-

pendence and symmetry, 

Thus, 

J 2V+l x · clli'W (x) = 0 = Yr... 1 • 
R . n c.v+ 

Now assume k = 2\J. One need only consider those f e Cr.., for which 
CV ,n . 

if (i,j) e (gf.(1),gf(2), ... ,gf(2v)}, then #(i.,j)f + f(j,i)f is even, for 

oth,erwise the argument of the odd case applies and the term vanishes. 

Thus, 

r x2v dEW (x) 
JR n 

where D()., = {fe C,.,_, . : if (i,j) e [gf(l),gf(2), ... ,gf(2v)}, then c.v,n c.v,n 
#(i,j)f + #(j,i)f is even}. For f e D one has, by Lemm.a 9, 2v,n 

Thus, 

. 2v 

E L~l af(l)f(l+l) 
2V = cr 

#D . 
dEW ( ) - 2v ,n n x - 2v v+l · 

2 n 



By Le:rmna 7, f e: D2v ,n is such that df ,:5 v + 1. Thus, 

j where D,,., 
c.v ,n = ( f e: D : d.f ·= j}. As with Lemma 11, one has 2v,n 

#D,.,.~ = t) (#D,.,,~ . ) • 
!c.v,n J c.v,J 

Let 

#D\J+l · 
f -( ) 2\J,n 

1. \J ,n = r).. ,1 ' 
. . 2c.v n\l+ 

\1 . n j 
.I:l (. )(#D,.. . ) 

f (\) n) = J= J CV 1 J • 
2 ' 22-v nv+l 

Then 

. (~) 
Since -L - 0 as n - oo for j = l, ••• ,\J, one has f 2 (\J,n) - 0 as n - oo • n\J+l 

By Wigner's Combinatorial Theorem 

11D\J+l __ 2v ! n\J+l ( \J+l) ) + o n • ·. 2v,n v ! \J+l ! 

Thus, 

and 



as n --+ ex,. Thus, 

J x2v aEW (x) --+ (2v) ! _> y 
R · n · 2~ \l ! (v+l) ! - 2\l 

as n -+ ex,. This completes the proof of Theorem 1 .. 

Note the equation, 

derived during the course of the proof. A knowledge of #D2,; n would give 
' 

the sequence 6f moments of the distribution function EW (x). , As men-n 

tioned at the end of the Chapter III, these numbers are determined for 

1 2 \l+l 
all n by a lmowledge of only #-D2\l, 1 #D2\l, 2 , •.• ,#D2\l ,v + 1 • 

¼-.• 2 Wigner's 1958 Conjecture 

In 1958 Wigner (1958) conjectured the following result. Let 

= (a .. ).n. 1 be a random matrix such that: 
J.J 1, J= 

(i) a .. = a .. l.J J J. a. s; 

(ii) (a .. , i < j} is independent; 
J.J -

(iii) the distribution function of each a .. is absolutely continuous 
J.J 

(iv) 

(v) 

wtth density p .. ; 
l.J 

each a .. is symmetric; 
J.J 

E 2 2 for all 1< a .. = (J J.J i, j < n· - , 



where Ck is independent of n. 

Let B ·= 1 A and denote by W (x) the empirical distribution func-
, n _2cr/n n _n 

tion of (A1 (Bn),A2 (Bn),~ •• ,An(Bn)} where A1 (Bn) ,:SA2 (Bn) :S··•:SAn(Bn) are 

the ord'ered random eigenvalues of Bn. Under the ·above conditions one has 

Wigner's-Conjecture: EW (x) W(x) as n oo for all x € R1, where W(x) n . 
is the _absolutely continuous distribution function 1>fith semi-circle den-

sity 

h 2.J.. lxl (1-x )2 ; <l 
w(x) = I 0 , lxl >l. 

In the next chapter we, shall discuss work of, Grenander (1963) ·.who 

sketched a proof of convergence in probability of the empirical distribu-

tion functions to the semi-circle law. We shall aiso discuss the work 

of Arnold in this connection. 



V. THE RESlJL'1S OF GBENJIJ{bER AND ARl'\fOLD 

5.1 Convergence in Probability 

Grenander (1963) sketches a proof lee.ding to _the result given in this 

section. 

Let A = (a .. )~ . 1 be a random matrix such that: _ n 1J 1,J= 

(1.) a .. = a .. a.s.; 
1J J1 

(ii) (aij' i j) is independent; _ 

(iii) a .. is symmetric; 
1J . 

2 2 (iv) E a .. -=· er ; 1J 
(v) I, E a~ .I < ck, k = 1,2, ••• , where ck is independent of n. . 1J - . 

Let B = 1 A and denote by W (x) the empirical distribution function n r. n n 2cr~n - -
of 0..1 (B ),l2 (B ), ••• ,A (B )}, where l 1 (B) < ),. 2 (B) < ... < A (B) are the n n -n n n - n - - n n 
ordered random eigenvalues of B. - n 

. p 
Theorem 2 (Grenander (12§211: Wn(x)-+ W(x) as n.:... ex, for all x-e: R1 , where 

W is the absolutely continuous distribution function with semi-circle· 

density 

Jxl < l 
w(x) = 

0 , J xi > l . 

Proof: Let 

- k 
M. = J A dW .(x) • -1c,n R n 

1 

By Le.mma 6 it will be sufficient to prove· t-1:k,n -+ yk = J xk dW(x) as n·-+ ex, 
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for all k = J_,2,... • This will be achieved in two steps. First it will 

be shown that E l\,n '-> yk as n oo as for a]J_ k = l,2,... • Then it will 

2 be shown tha_t E(~,n - E~,n) 4 0 as n -, ::o for all k = 1,2, •.. 

Tchebichev's inequality, 

E(M. - EM. )2 > €) .:'.:: -K,n 2 -K,n , 
€ 

p ! 
then gives M -· EM -+ 0 as n oo for all k = 1,2, ••. -K,n -K,n · This and 

. p f k . _ El\,n -+ Yk l.Illply l\,n ~, yk as n '-> oo or all = 1,2,... . 

It is now shown that E~,n -+ yk as n -+ c:,, Let ~,-n denote the class 

of all sequences f : (J_,2, .•. ,k+l} -+ (1,2, ••. ,n}. Then 

= E .! trace Bk n n 

1 = E -----'----
k + 1 

(2al n2 

k 
I: l1 a 

feBk i~l f(i)f(t+l) 
,n 

1 =------
k + 1 

(2cr)k n2 

where Bk . = (f 8 A_ : f(l) = f(k+l)} • As in Theorem 1, two cases are . . ,n --ic,n 
considered, k odd and k even. For exactly the reasons given in the proof 

of' 'I'heorem 1 one concludes i:irlmediately that for k = 2'J + 1 

E~+l,n = 0 = Y2V+l • 



Now let k = 2V. If f € B2v is such that there exists an (f(i) ,f(i+l)) ,n 
such that #(f(i.),f(i+l))f + #(f(i+l),f(i))f = l, then by independence and 

2\' 2V 
symmetry, E .R,~l af(i,)f(i+l) == E af(i)f(i+l) E ,e~1 af(.R,)f'(i+l) = O. Thus 

t=}i 

where c2v,n = (f e B2v,n: if (i,j) e (gf(l),gf(2), .•• ,gf(2v)}, t,hen 

#(i,j); + -#(j,i)f 2}. By Lemma 7, df' v+l f'or all f e c2v,n • 

Let 

l 
fl (v, n) -- --2v--v-+-l I: 

(2cr) n feCv+l 
. 2v,n 

2v 
E II a 
t=l f(i, )f(i,+l) ' 

l 2v 
f 2 (v,n) = ----..,... " E TI a 

(2cr)2V nv+l f; U cj i=l f(.t)f(.t+l) ' 
j=l 2V ,n 

where Cj == (f € C : df = j} • Then 2v,n 2v,n 

By assumption (v) one has 

D,.,.., v . I f'2 (v ,n) I < __ c_v_ I: #CJ 
(2 ) 2v v+l . 1 2v,n 

CJ n J= 

for some constant D2v < oo, or 
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Since 
(~) 
J o as n _. oo for j = l, ••• ,v, one has f 2 (v,n) .... 0 as n 00 • 

v+l n 
Let -r e: Cv+l • Then, using Lemma 9, one has 2v,n 

2v 

E t~l a-f(i)f(i+l) 

Hence 

By Wigner's Combinatorial Theorem 

Hence 

2v = O' 

as n .... cc. Thus Et\,n .... yk as n .... co for all k = 1,2, ••.• 

It :will now be shown that E (M. - EM. )2 -> O as n -> cc -for all . --k,n -K,n 
k 

k == 1,2, •••• For f e: A2k+l,n let E(f) denote E i~l af(i)f(i+l) 
2k+1 k 2k+l 
-11.1~+2 af(")f("+l) - E.!1_1 af-(")fl-· l) E.!lk,.., ac.(•)rf· l) • One has after J--n. J, J 1- _ J.. 1_:L+ J- +c I J ,J+ 

some manipulation 

2 E (M_ - EM. ) -1c,n ---it,n 



where B2k+l,n = (f € A2k+l~n ": (i)f(l) = f(k+l); (ii) f(k+2) = f(2k+2); 

(iii) if' (i,j) € (gf(l), •.. ,g/k),gf(k+2), .•. ,gf(2k+l)}, then #(i,j)f 

+ #(j,i)f 2.}. Condition (iii) follows from the independence and sym-• 

metry conditions. It allows on,'.::! to conclude, by arguments exactly as 

those of the proof of Le:nrma 7, t.hat df _< k+l for all f e B By 2k+l,n. 

assumption (v), 

IE(f)I Ok <oo 

i 

where ok is independent of n. Thus 

Now 

k+l . 
#B2k l = #BJ · ~+ .. ,n . 1 2k+l,n . J= 

j . 
where B2k+l,n = (f € B2k+l,n df == j) •. Thus 

t) . 
Since kJ 2 .... 0 as n _. oo for j = 1,2, ••• ,k+l, one has + __ 

n 

E (M. - EM_ )2 .... 0 ·1c,n · 0k,n 

as n .... 00 • This completes the proof of Theorem 2. 



5 .2 CorrVergence AJJGost Surely 

Arnold (1967) sketche:s a proof' leading to the result given in this 

section. 

(i) 

= (a .. ) 1: . 1 be a random ma tr:i.:x such that : 
1.J 1., J= 

a .. = a .. 
1.J . J 1. 

a.s.j 

(ii) (a .. , i < j} is independent; 
1.J -

(iii) the aij' i f- j are identically distributed with distribution 

function F, and the a .. are identically distributed with dis-
1.1 . 

tribution fu>1ction G; 

(iv) E a .. = J xdF == O, i f- j; 
1.J 

(v) 2 = J x2 dF = er 2 i f- j; E a .. , 
1.J 

(vi)(a) E 2 
=Jx 

2 dG < co a .. , 
1.1. 

E 4 =f 4 dF < co a •. X ; 
1.J 

(b) E a~.=Jx4 dG< co , 
1.1. 

E 6 = J x6 dF' < co a .. . 
1.J 

Let B = 1 A and denote by W (x) the empirical distribution function 
n c'.<:r ,/ii n n 

of (A1 (B ),),_.2 (B ), ••• ,.),_ (B )} where A1 (B) < A2 (B) < ••. < A (B) are the . n n nn n- n- -:nn 

ordered. random eigenvalues of Bn. Arnold (1967) then gives the 

Theorem 3: Under conditions (i)-(v) and (vi)(a), W (x) R W(x) as n-> co . n 
for all x_ e: R, and under conditions (i)-(v) and (v:i.)(b), Wn(x) _, W(x) a.s. 

as n -> co for all x e: R1 , where W is an absolutely continuous distribution 

function with semi-circle density 

r ft 
2 l. (1-x_ )2, · Ix! < 1 

w(x) = 

\ 0 , !xi >l. 



VI. ON WIGNER I S CONJECTurtE (1958) 

· 6 .1 The orern . 

We shall prove in this section the following theorem. 
, n 

I.et A = (a .. ) . . 1 be a random matrix such tJ:,..at: n J.J i,J= 

(l..) a .. = a .. a.s.; l.J J l. 
(ii) (a .. , i < j) is independent; 

l.J - / 
(iii) Ea .. = O, 1 < i, j < n; 

l.J - -
(iv) Ea~.= a2 , 1 < i _L j < n; 

J.J - r -
(v) E I aij I k 1\, 1 i, j n, where is not independent 

on n. 

Let B = n 
1 An and denote by Wn (x) the empirical distribution function 

2a/"n . · 

of p.1 (B ) ,:\2 (B ) , ••• ,;\ (B ) } , where :\1 (B ) < :\ 2 (B ). < ... < :\ (.B ) are the n n n:n n- n- -nn 

ordered random eigenvalues of B • . n 

Theorem 4: Wn(x) W(x) a.s. as n oo for all x e R1 , where Wis an abso-

lutely continuous distribution function with semi-circle density 

/ 
1 

~(1-x2)2, lxl <l 
w(x) = 

0 , !xi >l. 

Proof: It is to be proved that 

P(lim wn (x) = w(x)) = 1 • 
:n-,co 

Let 
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and 
ro k 

yk = J x dW(x) 
-co 

odd k 

even k 

' By Lemma 2, it will be sufficient to prove 

P(lim ~,n = yk,. k £: 1) = 1. 
J.r-to::> 

. This will be true if 

P (lim = y ) = 1 
n-,co , n k 

for all k > 1. By the triangle inequality 

I M. - Y I I M_ - EM- I + I EM_ n · - Ykl , --k,n k -""k,n -""k,n --k, 

and it will be sufficient to prove: 

(1) lim E~,n = yk, k::: l; 
n-ic:o 

(2) P(lim (M. ._ EM. ) = 0) = 1, k > 1~; -""k,n -""k,n 
n-,co 

For (2) it will be sufficient to prove 

This is seen as follows. The statement 

P (lim (M. - EM. ) = 0) = 1 - -k, n --k, n 



is equivalent to 

P(lim sup {w 
n-,co 

IM n(w) - EMk I > e}) = 0 -""k, ,n 

for every e >.O, by Lemma 3. Let A11 =(CD: II\,n(w) - El\,nl > e}. It 

is to be shown that P(lim sup A)= O. Tchebichev's inequality gives 
ll--iO:> n 

E(M_ - EM_ )2 
P(jM_ . - EM I > €) -""k,n 2 -""k,n -""k,n -""k,n 8 

co 2 co 
This and I:1 E (M - EM. ) < co implies I:1 P(A ) < co. Then Lemma 4 n= -""k,n -""k,n n= n 
(Borel-Cantelli) gives P(lim sup A ) = O. Altogether, then, it will be 

n-tco n 
sufficient to prove: 

(i) lim El\,n = yk, k 2: l; 
n-= 

(ii) ;l E(M_ - EM ) 2 < co, k > 1 n= --k,n -""k,n 

The proof of (i) follows. 

One has, letting A_ .denote the class of all sequence f:(1,2, ••• ,k+l} · --k,n 

-+ (1,2, ... ,n}, 

n 
EM_ = E J }.. k dW (x) = E _! I: A~ (B ) --k,n n n i=l 1 n 

=El: trace Bk n n 

1 k = E ----·~·- I: TI a 
~+l feB .t=l f(.t)f(.t+l) 

(2 ,k 2 k,n cr 1 n 

k 1 
= ---k- E E n~-1 af(.t)f(.t+l) , 

k 2+1 feBk n T, 

(2cr) n ' 



where Bk = (f e: A_ : f(l) = f(k+l)}. Let f e: Bk be such that there ,n --ic,n . ,n . 
exists (f(i), f(i+l)) e: (gf(l) ,gf(2), ••• ,gf(k)} such that # (f(i), f(i+l))f 

+ #(f(i+l),f(i))f = 1. 
k· 

Then, by the independence and zero mean assum.p-
k 

tions, E .t~l a:f(.t)f(.t+l) = E af(i):f(i+l) E ,e,[j_ af(t)f(.t+l) = O. Thus 
tfi 

one has 

E Nk = ,n 
1 k 

k I: E af(t) f (.t+l) 
k 0 +1 fe:Ck ,x, 

(2cr) n"' ,n 

where ck,n = (f e: Bk,n: if (i,j) e: (gf(l),g:f(2), ••• ,gf(k)}, then #(i,j)f 

+ l(i,j)f:: 2}. Two cases are now considered, k odd and k even. Let 

k=2'v +l. By Lemma 7, d+> :S -v +_ l for all f e: C l • 
J.. 2-v+ ,n Thus 

v+l 2-v+l 1 
E ~+l,n = 3 

V +::-
( 2cr) 2'v + l n 2 

-~1 f C j E n~J- af(.t)f(.t+l) 
J- e: 2-v+l,n ;,.,- -

where C j = 2-v+l,n (f e: C2'v+l,n _: df = j} • By assumption (v), 

2-v+l 
IE /,~l af'(i, )f(.t+l) I :S Dv < 00 , 

for some constant D. Hence 
\) 

v+l · 
D .l:l #Cr-.'~ 1 < V J= c:.v+ n 

- (2o·)2v+ln (v+l)-i½ 



(~) 
Since lv+i)#- _,. 0 as n _, ro for j = l,2, .• ,,\,+l, one has EM_ l _, O as n 2 . - -2v-+ ,n , . 
n -+ ro. Now consider k = 2v • By· Lemma 7, df .5 v+l for all f e: C2v ,n. 

2v l .fl (v ,n) = --2v--v-+-l I: . 
(2cr) n fe:Cv+l E J,~l af(J,)f(J,+l) ' 

2v,n 

· where c~,n = (f e: c2v,n : df = j} . Note that 

By assumption (v), 

2v 
jE J,~l af(i,)f(J,+l)I .Sov_<<Xl, 

for some constant o • Thus 
\) 

\) . 
o .I:. #C J 

lf2(v,n)I < v J=l 2v,n 
(2cr)2\J nv+l 

V n j o .I:1 ( .)(#C0. .. ) 
- ~_:J,= J c:v 'J 
- (2cr)2v nv+l 

t) 
Since -¾i .... 0 as.n-+ CX) for j = 1, ••. ,v, one has r2 (v,n) _,Oas n _, ex:,. 

n 
By Lennna 9, 

Let 



2v 

E .t~l af(.P,)f(.t+I) 
2v = O' 

for all f e: Cv+l • Thus · · . 2v,n 

-By Wigner's Combinatorial Theorem, 

Thus 

f (\) n) -> . . (2v) ! y 
l' 2v =2v 

2 v ! (v+l) ! 

as n .... co. Altogether 

E~ .... . (2v}! ~. = Y~. ,n ?CV. I ·c ··l)! CV v. v+ . 

as n .... co. This completes the proof of (i). · The proof of (ii) follows. 
. 2 

Consider E(M. - EM. ) . For f e: A2k l let E(f) denote -"k,n '1c,n . + ,n 

k . 2k+l k 2k+J. 
EiIT=l af(1.· )f(1· +l) IT af(" )f( .. 1)- E IT af·. (. )·f'(. 1) E TI af(. \f'(. 'l) • j=k+2 J J+ i=l 1 i+ j=k+2 ·~ 1 .J·, 

One has 

E(M. - EM. )2 = . l E(f) 
--ic,n --k,n (2cr)2k nk+2 

feB2k+l,n 
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where B2k . l = ( f e: A2. k l . : + ,n + ,n. (i) f(l) = f(k+l); (ii) f(k+2) = f(2k+2); 

(iii) ( gf (1) ,gf(2), ••• ,gf'(k}} n {gf (k+2), ..• ,grC2k+l) ,g}(k+2), ••• , 

~(2k+l)} =¢,where g}(,e) denotes the-reverse of gf(1,); (iv) E(f) == O}. 

Reasons for conditions (i) and (ij.) are obvious. If condition (iii) is 

not met by f, the term in the summation corresponding to f will be zero,. 

· by the independence assurnption. Condition (iv) is triV-ial. It will now 

be shown that if f e: B2k+l n then df -~ k. Using condition (iii), sup-, ' 

pose, for the sake of definiteness, that gf(s) = gf(t) for some s, 

l :5 s S k, and some t, k + 2 :5 t :5 2k+l. (The only other case to consider 

is when gf(s) = gt(t) fo! some s, l :5 s :5 k, and some t, k+2 :5 t :5 2k+l, 

for which the following· argument also applies.) Define a new sequence 

h e: A2k+l,n as follows: h(l) = f(s) ,h(2) = f(s+l), ••• ,h(k-s+l) = f(k), 

h(k-s+2) = f(l),h(k-s+3) = f(2), ••• ,h(k) = f(s-l),h(k.+l)=f(s),h(k+2) 

= f(t+l) ,h(k+3) = f(t+2), ••• ,h(2k-t+2) = f(2k+l) ,h(2k-t+4) = f(k+3), ••• , 

h(2k+l) = f(t-1).,h(2k.+2) = f(t). It is immediate that dh = df. The 

sequence of steps associated with his 

gh(l) = (f(s),f(s+l)), •.. ,gh(k-s+l) = (f(k),f(l)), 

gh(k-s+2) = (f(l),f(2)), ... ,gf(k) = (f(s-1,f(s)), 

gh(k+l) = (f(s),f(t+l)) = (f(s),f(s+l)), .... , 

gh(2k-t+2) = (f(2k+l),f(k+2)),gh(2k-t+3) 

= (f(k+2),f(k+3)), ... ,gh(2k+l) = (f(t.-1),f(t)) • 

It is true that: 

(i) h(l.) = h(2k+2); 

(ii) if(i,j) e:.(gh(l),gh(2), .•• ,gh(2k+l)}, 

then #(i,j)h + #(j,i)j;:: 2. 



(i) is immediate. To see (ii) one proceeds as follows. If (1,j) equals 

~(k+l) =. (f(t),f(t+l)) or g£(k+l) = (f(t+l),f(t)), then #(1,j)h + #(j,i)h 

2 since gb, (1) = gh (k+ 1) • On the other hand if ( 1, j) equals any other 
. . 

step among gh(l), .•• ,gh(k),gh(k+~), ••• ,gh(2k+l, and #(i,j)_ + #(j,i)h = 1, 

then the independence assumption implies 
\ 

k 2k+l 

E(i~laf(1)f(i+l)j~k+2af(j)f(j+l) 

k - 2k+l 

- E\~l af(i)f(i+l) j~k+2 af(j)f(j+l)) 
I 

k 2k+l k 2k+l 
. _ =E (i~lah(i)h(i+l) j~k+2 ah(j )h(j~l)) - E (i~lah(i)h(i+l) j~;~ah(j )h(j+l)) = O 

contrary to the assumption that for f e: B2k+l,n this term is nonzero~ 

Hence h must. satisfy condition (ii) above. Lemma 10 then applies, giving 

df = ¾ ,:5 k. Now consider 

where B2kj 1 · = (f e: B2k 1 df = j). By assumption (v), one has . + ,n _ + ,n 

for some constant G • Thus 
" 



Since 
00 (~) . 
I: __ J_ < 00 

k+2 n=l n 

for j == 1,2, ••• ,k, one has, by the comparison test for series 

which i_mplies 

which was to be proved. This completes the proof of Theorem 4. 

6 .2 Comments 

A little reflection will reveal that the assumption of zero means 

for the diagonal elements is not necessary. For, in proving E1\,n _, Yk 

as n-+ oo it was established that the only sequences of i.nterest were 

those f e A. for which (i) f(l) == f(k+l) and {ii) if (i,j) e --ic, n 

(gf(l), ••. ,gf(k)}, then #(i,j)f + (j,i)f' _:: 2. Condition (ii) alone impl:i.es 
k df :S [2] + l. If one assumes, however, that (iia) if (i,j) e 

(gf(l), ... ,gf'(k) }, where i I= j, then #(i,j)f + #(j,i)f _:: 2, then condi-

tions (:i.) and (i:ia) together imply df :S [!J + 1. For odd k, say k == 2V+l, 

one has EM- 1 -+ 0 == Y~. 1 as n oo exactly as before. For even k, say 
"2\l+ ,n . c:v+ 

k = 2v, the only sequences of interest are those f such that df == \J + 1. · 

If df' == v + 1, then f(i) == f(i+l) for some i is not possible, since under 

conditions (i) and (iia) arguments similar to those of the proof of Lennna 8 

would give elf \J. Thus Wigner's Combinatorial Theorem holds under condi-



tions (i), (iia), and (iii) ~f = v + l; application of this theorem then 

give.s E~ ,n -:-> y 2" as n o:i :xactly as before. Note that use of the p1·0-

perty of zero expectation of diagonal elements has been eliminated by 

substitution .of condition (iia) · for condition -(ii). Similar arguments 
. · . CXl ... . . ,. 2 
also hold for the proof that · z1 E (M. - EM. ) < cc. . n= -'k,n K,n 

. 2 That· the off~diagonal elements all have second moments equal to CJ 

is not necessary. An examination of the proof shows that it is suffi-

cient to assume that the ratio of the number of elements of' the matrix 

having the same second moment to the total number of' elements of the 

matrix approach 1 as the dimension becomes arbitrarily large. 

It should be noted· that Wigner's conjecture of' 1958 is a special 

case of Theorem 4. The result indicated.by Grenander is a special case. 

of Theorem 4. Wigner's conjecture is not a special case of the theorem 

indicated by Arnold, for Arnold assumes the diagonal random variables 

are identically distributed. and the off-diagonal random variables are 

identically distributed. AI'r\old does drop the requirements, given by 

·Wigner, of symmetric random variables and the existence of higher order 

moments. Theorem 4 is not only more general than the result conjectured 

by Wigner in the sense that it d.eals wtth almost sure convergence, but 

it also drops Wigner's requirement of syrrnnetric random variables •. 



VII. ROTATIONAL TINARIA.NCE 

7 .1 Characterization o-f the Distribution of a Random Matrix 

In quantum mechanics, under certain symmetry conditions, energy is 

represented by a real symmetric matrix X. If f'or a first observer energy 

is represented by X, then for a second observer with a rotated coordinate 

system energy is represented by OXO 1 , where O is the orthogonal matrix 

relating the axes of the observers. Descriptions based on X and· OXO' are 

completely equivalent physically (Wigner, 1959). Thus if a statistical . 

hypothesis is made on X then it is natural to II1:1.ke the same statistical 

hypothesis on OXO'. The following makes this precise and characterizes 

the possible statistical hypotheses. 

Let (xij \sV i, j == 1, 2, ••• , n be an independent set of random varia-• 

bles on a probability space (0,.7,P). Let 

xll x12 xnJ 
X 

X I x2l x22 ... 2n' .. . . . 
xnl xn2 X nn: 

.J. 

where x .. = x.. a.s., and let 
l.J J l. 

where O is any orthogonal matrix. Let x = (x11, ... ,xln,x22 , ••• ,x2n, ... ,xnn) 
-0 0 0 . 0 

_and Yo= (Y11, ••• ?y1n,Y22 , •.• ,y2n,···,Ynn). Let /3n denote the Borel 

c·--algebra of subsets of the n-dimensional Euclidean space R • We do not n 
· consider the cas.e where x = O a.s. 
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This theorem seems to have been first :proved in this context under 

more restrictive conditions tha.n those given here by Porter and Rosenzweig 

(1960). 

Theorem 5: P(a € B) = P(yo € B) 

J 
for all B € ~n(n+l)/2 and all orthogonaJ_ 0 if and only if xii is normal 

with mean µ, and variance 2a2 and x .. , i < j, is normal with O and vari-
l.J 

2 2 ance a , for some constants µ, and a > O. 

Proof: Assume the x .. are normal as stated in the theorem and let l.J . 

0 = (0 .. ) by any orthogonal matrix. Then 
l.J 

is normal since it is a linear combination·of independent normal random 

variables. Elementary calculations show: 

. 0 
E(y ij) 

0 Var(y .. ) 
l.J 

= 5 .. µ, l.J 

= a2 + 5 .. a 2 
l.J 

0 0 Cov(y .. ,y,r~) = 0 l.J :r.J., 

for all i j, k l, where i I= k or j f. I, and o ij is the Kronecker symbol. 

Thus y~. has the same distribution as x .. and [ y?.}. . is independent 
l.J . l.J l.J l. ~J 

since covariance between normal random variables equaling zero implies 

their independence. Thus x and y0 have the same multivariant normal dis-

tribution. 



Now assume P(x € B) = P(y0 € B) for all Be ~n(n+l)/2 and all ortho-

gonal O. This implies P(xij e I)= P(y~j € I) for all I€ and all 

orthogonal 0. By considering orthogonal matrices formed from the identity 

matrix by permuting rows and columns in any manner one concludes:, using 
. . 0 . ' the :relation P(x .. € I) = P(y .. € I), the x .. , J_ = 1, ... ,n, have the same 

1J J.J · 1J. .. 

distribution, and the xij' i < j, have the same distribution. 

der the special orthogonal matrix 

where 

= r· cos e 
ol l 

L_-sin 9 

sin 9] , 
cos 9 

Now consi-

In_2 is the (n-2) X (n-2) identity matrix and o2 is the 2 x (n-2) matrix 

with elements equal to zero. The transformation 

Y.O = (y~.) = OXO' 
1J 

gives rise to'the following equations: 

0 2 9 2 . . 2 Y11 = x11 cos + x12 sin 0 cos 0 + x22 sin 0 

Y~2 = x11 (-sin 9 cos 9) + x22 (cos2 9 - sin2 9) + x2~1 sin 0 cos 9 
0 . 2 2 Y22 = x11 sin 0 + x12 (-2 sin 9 cos 9) + x22 cos 9 
0 

ylj = x1j cos 0 + x2. sine, -J . 
0 

Y2j = ,xlj (-sine)+ x2. cos 0, ' . J 

y .. = x .. l.J 1J 
, i :S j, i fo 1,2 • 



.,.-... ,- ...... -•-. '", •.(" -~- ·-y:'3: ~--
·, ;-,,_,•.: -
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Consider 

Using this equation f'or 9 = o, 'rr./2 (say) and. t.he relation P(x .. e: I) J.J 
= P(y?. ·e: I), one concludes the of'f'-diagonai elements are symmetric about 

' J.J ' 
zero mean. Let cpd and cp0 denote the characteristic functions of' the 

diagonal and of'f'-diagonal elements, respectively. Then cp0 is real valued . 

and since cp0 (t) cp0 (-t)-,cp0 (o) = 1, one need determine cp ··· only f'or t > o •. 
' ' 0 

The equation 

gives rise to the functional equation 

cp0 (t) = l'f'o (t cos e) cp0 (t sin e )" 

by the independence of' x1j and x2j. Letting a= cos 9, ~=sin 9, one 

has 

2 2 where a + = 1. 

For t > 0 define 

Then 

f'(t) =cp0 Vt). 

2 f'(t) = cpo(t) = cpo(<Xt) ~o(~t) 

= f'(a2t 2 ) f'(rit2 ) 



I 
I 
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f(u + v) = f(u) f(v), for all u,v > 0 • 

Every solution of f (u + v) = f (u) :f'(v), u, v > 0, is either everywhere or 

nowhere zero. For if there were a z0 with f(z0 ) = O, then it would fol-

low that 

for all t z0 . If there were a t 0 € (o,z0 ) such that f(t0 ) to, then 

there would be an n such that nt0 z0 . Thus O = f(nt0 ) = [f(t0 )Jnt o, 

which is impossible. Hence f(t) = 0 for all t > 0 if f(t) = 0 for some 

t > O. But since ~0 (t) - 1 as t o, one has f(t) 1 as t - 0 and thus 

f nmst be nowhere zero. t Let u = v = 2; then 

Thus f(t) > 0 for all t > O. Then 

Let g = ..tn f. 

..tn f(u + v) = ..tn f(u) + ..tn f(v) • 

Then for u. > o, i = l, ••• ,n, 
l 

Let 1-\: = u > o, k = l, .•• ,n; then 

m If u = - t, n 

g(nu) = n g(u) • 



and 

or 

or 

Let t = l; then 

or 

f'or all rational A > 0. 

nu= mt 

g(riu) = g(mt) 

n g(u) = m g(t) 

g (E:1: t ) = g ( t ) . n n 

g(11.) = A g(l) 

For any real x > 0 there exists a sequence (11. } n 
of' rationals 11. > 0 such that 11. _. x as n _. oo. By the continuity of g, n n 

f'or all x > 0 • 

Thus 

i.e., 

. g(x) ·= g(lim A ) = lim g(A ) n n n-t> n--,co 

= lim 11. g(l) n n.-.co 

= X g(l) 

g(x) = ex, c = g(l) 

J,n f(x) = ex. 



Since If (x) I < 1 for at least one x > 0 (the distl':1.butions are not degen-
a2 

erate, at_ O by assumption), one has c < 0 •. , Let -c = Then 

a2 

f(x) 
--x 2 =·e 

and thus 

t 2 2 - -a . 
2 = e 

:for all t s ~- This is- the characteristic function of a normal distri-

.:bution with mean O and variance a 2 • -The equation for y~2 with 9 =*is 

Thus the sum of two independent random variables is normally distributed 

and hence each component is normally distributed by Lennna -6. Denote by 

2 . µ, and er the mean and variance of the diagonal elements. The above 

equation gives 

2 2 or er = 2a. This completes the proof of the theorem. 

7.2 Gaussian Orthogonal Ensemble 

If one assumes that Xis a random matrix such that: (1) Xis sym-

metric; (ii) the set of diagonal and superdiagonal elements of X form an 

independent set of random variables; and (iii) the distribution of Xis 



. . 
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invariant under orthogonal sjJnilarity transforms.,. then Theorem 5 allows 

one to say the elements of X are nonmlly distributed as indicated in 

the theorem. The physicists ce.11 this model. the Gaussian orthogonal 

ensemble. Theorem 4 gives the semi-circle la.w as the almost sure limit 

of the empirical distribution function of the eigenvalues of the normal-

ized random matrix X/2a/"n. 

Mehta and Gaudin (1961) examine the asymptotic eigenvalue distribu-

tion for the Gaussian orthogonal ensemble. Using standard methods of 

:multivariate analysis (see Theorems 13.3.4 and 13.3.5 in Anderson (1958)) 

they derive the joint density of the eigenvalues. Due to exchangeabil-

ity of the unordered eigenvalues the marginal densities of the same num-

ber of variables are the same (see Loeve (1963) for the concept of 

exchangeability). An eJ-..-pression for the marginal density of a single 

random eigenvalue is given and indications o±' why this tends asymptot:i,;:-

cally to the semi-circle density are outl.ined by Mehta and Gandi:c1. 
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ASYMPTOTIC DISTRIBUTION OF EIGENVALUES OF RANDOM 

MATRICES AND CF.AFJi.C'rERIZATION OF THE GAUSSIAN 

DISTRIBUTION BY ROTATIONAL INVARIA..NCE 

by 

William H. Olson 

Abstract 

'l'he study falls in the area of random equations; in particular 

properties o:f random matrices have been studied. The dissertation makes 

precise some ·statistical theories of spectra developed.in recent years 

by a number of physicists. Two basic results have been achieved. 

The first result is a characterization of the distribution of a 

symmetric random matrix. Assuming independence of the diagonal and super-• 

diagonal random variables of' the s;y111ID.etric random matrix the following 

theorem is p::coved: the distribution of the matrix is invariant under 

orthogonal similarity transforms if and only if the diagonal random varia-
2 bles are normally distributed with meanµ, and variance 2a, and the off-

2 diagonal elements are normally distributed with mean O and variance ~. , 

2 :for some constants µ, and a . > O. The proof is achieved by solving a 

functional equation in characteristic f1mctions~ This seems to have been 

f~rst proved in this cont,~xt by Porter and Rosenzweig (Ann. Acad. Sci. 

Fennicae. AVI, No. 44, 1960) by a different method and under more restric•-

tive conditions thanthose g:l.ven here. 

The second result deals with the asymptotic distribution of eigen-

values of a synnnetric random matrix as the dimension approaches infj_nity. 

Let A be an appropriately normalized n X n symmetric random matrix and n 

l 



2 

let Wn(x) denote the empirical distribution :function of the eigenvalues 

of A • Under suitable conditions on the random variables · of the matrix n 
it is proved that W (x) -, W(x) as n _, ro, where W is the absolutely con-n 
tinuous distribution :f'u.nction with a semi--circle density, 

w(x) = 
0 , 

The proof is achieved by an intricate combinatorial analysis in conjunc-

tion with the method of moments. This result extends a conjecture made 

by E. P. Wigner ("On the Distribution of the Roots of Certaj_n Symmetric 

Matrices," Ann. Math. 67, 1958, 325). 




