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(ABSTRACT) 

The increasing penetration of inverter based renewable generation in the form of solar photo-

voltaic (PV) or wind has introduced numerous operational challenges and uncertainties. Among 

these challenges, one of the major ones is the impact on the transient stability of the grid. On 

the other hand, the direct methods for transient stability assessment of power systems have 

also fairly evolved over the past 30 years. These set of techniques inspired from the LyapunovΩǎ 

direct method provide a clear insight into the system stability changes with a changing grid. The 

most attractive feature of these types of techniques is the heavy reduction in the 

computational burden by cutting down on the simulation time. These advancements were still 

aimed at analyzing the stability of a non-linear autonomous dynamical system and the existing 

power system perfectly fits that definition. Due to the changing renewable portfolio standards, 

the power system is undergoing serious structural and performance alterations. The whole idea 

of power system stability is changing and there is a major lack of work in the field of direct 

methods in keeping up with these changes. This dissertation aims at employing the pre-existing 

direct methods as well as developing new techniques to visualize and analyze the stability of a 

power system with an added subset of complexities introduced by PV generation. 
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Chetan Mishra 

 

(General Audience Abstract) 

The increasing penetration of inverter based renewable generation in the form of solar photo-

voltaic (PV) or wind has introduced numerous operational challenges and uncertainties. Among 

these challenges, one of the major ones is the impact on the transient stability of the grid. A set 

of techniques called the direct methods significantly cut down the simulation time required for 

transient stability studies. However, these techniques did not keep up with the changing power 

system dynamics due to renewable generation and thus there is a need to develop new 

methods to study this changing system which is the aim of this thesis. 
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Chapter 1 Introduction 

With the continuous increase in electric load, power generation must increase at a similar rate 

to keep up with the demand. In the last few decades, the sources of power generation were 

mainly coal, nuclear, and natural gas. In recent years, however, it has become mandatory to 

include a percentage of clean electric power generation. The Department of Energy has set 

requirements by 2030 to use renewable resources that do not produce harmful by-products, 

like CO2, coal ash and nuclear waste [1]. While other sources of renewable energy resources 

can be more efficient, solar energy can be optimum to use in certain locations when the 

amount of sun radiation is high and the price of land is relatively inexpensive [2]. One of the 

ways to convert solar radiation into electricity is using Photovoltaic (PV) cells. PV cells can 

convert solar radiation into DC electricity, which then is converted to AC through inverters 

before integrating it to the grid [3]. Owing to the EPA regulations [4], utilities are driven to 

heavily reduce their carbon footprints. In the case of Dominion VA Power, this drive is further 

fueled by a 30% tax credit for solar developers. Thus, a lot of distribution and transmission 

interconnected PV is expected. To get the maximum economic benefits, it seems attractive to 

displace the more expensive conventional peaking units. While being an economically as well as 

environmentally justifiable option, this has led to serious unprecedented reliability concerns 

due to uncertainty in solar output coupled with the nature of this type of generation. Currently 

PV is not thought of as a support for the grid owing to its output uncertainties. While being an 

inverter based generation provides tremendous flexibility in controlling, it comes at an added 

cost. Some of the popular case studies highlighting the reliability issues due to renewable 

generation in utilities around the world are discussed below. 
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1.1 Industry Experiences 

1.1.1 DŜǊƳŀƴȅΩǎ рлΦн IȊ tǊƻōƭŜƳ  

This is a very popular case study of the German system showing the implications of having 

inverter protection standards not keeping up with the changing grid. The detailed analysis of 

the issue was done in [5] which is summarized here. Around 2005/2006, protection 

requirements were introduced in Germany for generating plants connected to low voltage 

network (majorly renewable) to trip offline immediately if the frequency exceeded 50.2 Hz (50 

Hz is nominal there as opposed to 60 Hz in North America). This was justifiable since this type of 

generation was never considered for grid support and also the installed capacity was really low. 

However the following years saw a great increase in renewable energy in Germany due to the 

promotion of Renewable Energy Sources Act. Around 2010 for example, around 14 GW of solar 

was installed ŀǘ ƭƻǿ ƪ± ƭŜǾŜƭΦ .ŀǎŜŘ ƻƴ ǘƘŜ ƭƻŎŀǘƛƻƴǎ ƻŦ ǘƘŜǎŜ ŎƻƴƴŜŎǘŜŘ t±ΩǎΣ ƛƴ ǘƘŜ ǿƻǊǎǘ ŎŀǎŜ 

scenario, the system would see a loss of around 9000 MW generation from PV if the frequency 

reaches above 50.2 Hz. Now this frequency value is highly unlikely in normal operations. 

However, since PV and other renewables are intermittent sources of generation and the energy 

market (where power generation is bid to match load) has a longer forecast horizon (how much 

time before the bidding is done) which is not suitable for a resource which fluctuates rapidly a 

lot, seeing higher frequency deviations might not have been out of question. Large scale 

unexpected disturbances could lead to insufficient transmission to supply the generated power 

thus posing over frequency risk in regions due to over generation. For example in the European 

grid failure in 2006, Germany was a major exporter to rest of the European grid and the 

frequencies reached 50.2 Hz during the event. Now, the European grid can deal with a sudden 

loss of only 3000 MW of generation so having such disturbances on a peak PV day would be 

very dangerous. The installed PV capacity is still growing and has long surpassed the 3000 MW 

value as shown in figure below. 
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Figure 1.1 Germany Installed PV Capacity 

Due to this issue, Germany had to retrofit a significant portion of the installed PV to reduce the 

impact on network stability and operations during high frequency levels along with 

modifications to PV system transition rules and generation interconnection standards.  

1.1.2 /ŀƭƛŦƻǊƴƛŀΩǎ 5ǳŎƪ /ǳǊǾŜ 

This case study [6] helped foresee the challenges faced when trying to reliably operate a grid 

with high penetration of PV. In California, the electric grid is seeing significant changes due to 

energy and environmental policy initiatives. These entail having 50% of electricity from 

renewable power by 2030 and major reductions in greenhouse gas emissions to the 1990 levels 

to name a few. California ISO performed detailed generation planning studies for cases up to 

the year 2020 and realized that there would be some major challenges in operating the grid 

with so much renewableς  

1. Limited generation ramping. 

2. Risk of over-generation (leading to increasing frequency). 

3. Reduction in frequency response due to displaced conventional generation (having 

inertia and governor controls) with renewable.  

Some of the major requirements need from the grid that stemmed from the concerns above for 

operating a green grid were ς  
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1. Quicker generation ramping rates so more peaking units rather than base load units. 

2. Stored energy for better balancing short term generation-load imbalances. 

3. Reduced startup costs for generating plants. 

4. More accurate forecasts for better system operations planning. 

These requirements are important because renewable generation is not controllable and highly 

variable. Thus, when fluctuations happen, ISO has to use other controllable conventional 

generators to match an generation-load imbalances emerging from load and now generation 

uncertainties (renewable). This can also be seen through the projected net load curves (net 

load = load ς renewable generation vs time of the day) popularly known as the duck curve 

which is what the ISO generation is expected to match in successive years (increasing PV).  

 

Figure 1.2 Solar Profile (top), California Duck Curve (bottom) [7] 

Around 4 AM, there is a pickup in load while at this time solar is not there to this would be met 

totally by conventional generation. Now from 7 AM onwards, a lot of load rapidly transfers to 

solar generation from the conventional generation which will mostly be switched off. Now 

during these periods the grid has a significant reduction in inertia and frequency control. This is 

because the conventional generators have speed governors which sense deviations and 

accordingly change the fuel inputs to the generation thus speeding or slowing them down 
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which is coupled to frequency. Displacing these generators by PV which are not required to 

have these capabilities would result in a grid which cannot heal itself well against bigger 

generation-load imbalances during system disturbances/major events like loss of line, etc 

leading frequency excursions. Moving on with the duck curve, the most important portion is 

around 4 PM when solar starts declining to 0 and now generators are needed to quickly ramp 

up and pick up all that load which shows a major requirement for faster peaking units 

(expensive). Immediately following this generation ramp up with solar not in picture anymore, 

load demand decreases seen by the downward ramp so a lot of generation has to be reduced 

or shut down. The situation seems to get worse marked by steeper generator ramping required 

with increasing PV penetration. 

Summarizing the above two case studies, some of the key challenges faced by a grid with 

considerable PV are the uncertain nature of generation which requires fast acting conventional 

generators to balance cycle, reduction in the overall system inertia leading to worsening of 

frequency response and inverter protection standards not keeping up with the evolving grid. 

These issues have serious consequences when it comes to power system stability which we 

plan on exploring in our work. But first, let us understand what exactly means by transient 

stability and the necessary tools required to study it.        

1.2 Transient Stability of Power Systems 

Transient stability is defined as the ability of a system to return to the equilibrium following a 

severe disturbance such as faults, loss of generation, etc. The phenomenon is marked by large 

excursions in generator rotor angles, voltages, etc requiring non-linear models to simulate and 

study. This type of instability is usually evident within few seconds of the disturbance.  Before 

diving further into the idea of transient stability, we would first give the reader a general 

background on the electromechanical dynamics (swing equation) that go on inside a 

synchronous machine during these disturbances. This will be followed by an insight into the 

phenomenon of how a multi machine system typically loses stability. This section is derived 

from [8] . 
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1.2.1 Swing Equation 

A synchronous machine (conventional generators) is comprised of a cylindrical rotor covered by 

coils carrying DC current, rotating to create a magnetic field rotating in space with the same 

speed in space. These rotating magnetic field lines cut the spatially distributed windings on the 

fixed component of the generator (called the stator) to induce an electrical potential in them 

όǘƘǊƻǳƎƘ CŀǊŀŘŀȅΩǎ ƭŀǿύΦ ¢Ƙƛǎ ǇƻǘŜƴǘƛŀƭ ƛǎ !/ ǘȅǇŜ ǿƛǘƘ ŀƴ ŀƴƎǳƭŀǊ ŦǊŜǉǳŜƴŎȅ ό‫ ) related to the 

ŦǊŜǉǳŜƴŎȅ ƻŦ ǊƻǘƻǊΩǎ ƳŜŎƘŀƴƛŎŀƭ ǎǇŜŜŘ ό‫ ) having ὖ magnetic poles on the rotor as ς  

 
‫

ς

ὖ
‫  

(1.1) 

This denotes the relationship between electrical and mechanical quantities in a synchronous 

machine. The current resulting from this induced potential creates a rotating magnetic field of 

its own (due to AC nature) rotating at same speed as that of rotor creating a counter torque on 

it [9]. There are also damper windings embedded in the rotor which are not energized by any 

external source and thus under ideal situation do not carry any current. However when the 

rotor and stator fields rotate at different speeds, these windings see a flux rotating at an 

angular velocity equal to the relative angular velocity between rotor and stator fields which 

cuts them inducing a current. This current creates a counter torque Ὕ which resists this flux 

cutting by trying to bring this relative speed to 0. Thus the net torque on rotor is 

Ὕ άὩὧὬὥὲὭὧὥὰὝ ὩὰὩὧὸὶὭὧὥὰὝ which leads us to the equation of motion [8] ς  

 ὐ‌ ὐ‫ ὐ— Ὕ Ὕ Ὕȟ ὔ ά (1.2) 

Where ὐ is the generator rotor + turbine inertia and ‌ is its mechanical angular acceleration 

(άὩὧὶὥὨȾί). Multiplying both sides by rotor speed ‫  and dividing by base values to get 

per unit representation,  

 ὐ‫ ‫

ὠὃ

ὖ ὖ ὖ

ὠὃ
ȟὴό 

(1.3) 

ὠὃ  is power base/rated power and ‫  is rated mechanical angular velocity. Define Ὄ (per 

unit inertia constant) as ς  
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Ὄ

ρ
ςὐ‫

ὠὃ
 

(1.4) 

Equation becomes ς 

 ςὌ

‫
‫ ‫ ὖ ὖ ὖ ȟὴό 

(1.5) 

 

In the left hand side expression,  is the per unit mechanical speed (‫ ) and is equal to per 

unit angular frequency on electrical side   (‫ ). Here  sign denotes per unit.  Rewriting,  

 ςὌ

‫
‫‫ ὖ ὖ ὖ ȟὴό 

(1.6) 

 

Now, we define ‏ὸ as the relative angular difference in electrical radians wrt a reference 

frame rotating at nominal angular frequency ‫  at time ὸ ς  

ὸ‏   ‫ὸ ‫ὸ ὸ‏ π Ў‫ὸ ὸ‏ π (1.7) 

Now, we define ‏ὸ as the relative angular difference in electrical radians wrt a reference 

frame rotating at nominal angular frequency ‫  at time ὸ ς  

ὸ‏   ‫ὸ ‫ὸ ὸ‏ π Ў‫ὸ ὸ‏ π (1.8) 

‏  Ў‫ ‫Ў‫  (1.9) 

‏  ‫ Ў‫ ‫Ў‫  (1.10) 

 

Rewriting the equation of motion in terms of ‏ and its derivatives after simplifications, 

 ςὌ

‫
‏‫ ὖ ὖ ὖ ȟὴό 

(1.11) 

 

Define ὓ‫ ‫ ,  

 ὓ‫ ‏ ὖ ὖ ὖ ȟὴό (1.12) 

Assuming under normal conditions ‫ ͯ‫ , substitute ὓ  which is a constant to get the 

final swing equation, 
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 ὓ‏ ὖ ὖ ὖ ȟὴό (1.13) 

As defined before, the damping torque is proportional to relative speed between stator and 

ǊƻǘƻǊΩǎ ǊƻǘŀǘƛƴƎ ŦƛŜƭŘǎ ς  

 
ὓ‏ ὖ  ὖ ὑ Ўὖ ‫  ὖ ὑ

‏

‫
 ὖ  ὖ Ὀ‏ 

(1.14) 

 

Multiplying both sides by angular speed ‫  and assuming ‫ ͯ‫  under normal conditions, we 

convert RHS to power,   

 ὓ‏ ὖ ὖ Ὀ‏ ȟὴό (1.15) 

This is often written as two single order equations ς  

‏  (1.16) ‫ 

 ὓ‫ ὖ ὖ Ὀ(1.17) ‫ 

Here, ‫ Ў‫  (relative angular speed in electrical radians/s wrt synchronously rotating frame). 

1.2.2 Power-Angle Relationship and Stability Phenomenon 

In this section we discuss the relationship between the interchange power and angular position 

of the rotor of synchronous machines which is an important characteristic governing power 

system stability [8]. The power exchange in a two machine system given below with machine 1 

(generator) feeding machine 2 (motor) is of the form -  

 

Figure 1.3 Two Machine System 

 
ὖ

ὉὉ ÓÉÎ‏

ὢ ὢ ὢ
ὖ ÓÉÎ ‏  

(1.18) 

 

In a synchronous machine, the rotor creates a rotating field which induces potential in the 

ǎǘŀǘƻǊΦ ¢Ƙƛǎ ƛƴŘǳŎŜŘ ǇƻǘŜƴǘƛŀƭ ŎǊŜŀǘŜǎ ŀ ǊƻǘŀǘƛƴƎ ŦƛŜƭŘ ƻŦ ƛǘǎ ƻǿƴ ό[ŜƴȊΩǎ ƭŀǿύΦ !ƴƎƭŜ ‏ is the 
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overall phase difference between the rotating field of generator and motor and is comprised of 

the following angles : ‏ (angle with which the generator rotor field leads the stator field called 

the generator rotor angle), ‏ (the angular difference between generator and rotor stator 

voltages) and ‏  όŀƴƎƭŜ ǿƛǘƘ ǿƘƛŎƘ ǘƘŜ ǊƻǘƻǊΩǎ ǊƻǘŀǘƛƴƎ ŜƭŜŎǘǊƛŎŀƭ ŦƛŜƭŘ ƭŀƎǎ ǘƘŀǘ ƻŦ ǎǘŀǘƻǊύΦ  ¢Ƙƛǎ 

power angle relationship is for a simplified classical generator model which is not the same in 

case of more complex generator models. However the structure would be similar. Ὁ  is the 

generator internal voltage while Ὁ  is that of the motor. It can be seen that the power 

transferred is proportional to the sine of ‏ (maximum at ‏ ). This can be further increased 

by increasing internal voltages (through increased excitation/current in rotor) and decreasing 

impedance ὢ coupling the machines. However in a multi machine system things get more 

complex in terms of transfer limits.  Regardless, at steady state, ‏ is expected to be constant 

leading to constant power exchanges. This can only happen if the speed with which each 

ƳŀŎƘƛƴŜΩǎ ǊƻǘƻǊ ƳŀƎƴŜǘƛŎ ŦƛŜƭŘ ƛǎ ǊƻǘŀǘƛƴƎ ƛǎ ǘƘŜ ǎŀƳŜ ƭŜŀŘƛƴƎ όŎŀƭƭŜŘ ǎȅƴŎƘǊƻƴƛǎƳύ ǘƻ ŀ ŦƛȄŜŘ 

angle difference maintained.  

When a multi machine system is at steady state, the two opposing forces acting on each 

generator (mechanical input and electrical output) are equal (as seen in swing equation). Any 

disturbance that creates imbalance results in the machine accelerating/decelerating. When a 

machine runs faster than the others temporarily, its angle deviation from other machines 

increases thus increasing the net electrical power output from that machine (as formulated 

before) up to a certain extent. What this means is that a part of the electrical load is transferred 

from the other machines to the accelerating machine. This increase in output at that machine 

helps slow it down. However beyond a certain value of angle difference as seen in the 

sinusoidal nature of power, the output power starts decreasing thus further accelerating the 

machine making it impossible to run again at the same speed as others (referred to as losing 

synchronism). This is detected by out of step protection at the machine which trips it offline. 

The loss of synchronism phenomenon can be more complex in some systems where a group of 

machines lose synchronism with rest of the grid while remaining synchronized with each other.  
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1.2.3 Multi -machine System Network Reduced Model 

The overall power system model consists of buses (nodes) inter-connected through 

transmission lines. These buses have devices attached to them (say for simplicity generators 

with its controls and loads). Loads can range from simple static ones like constant power 

consumption to complex dynamic ones like induction motors. The generator and its controls 

(AVR,governor,PSS) can have very sophisticated complex models [10].  

In power systems transient stability analysis, a popular simplified representation of the 

electromechanical dynamics is by modeling generators using the so called classical model [11] 

which makes it much more easier to handle multi machine systems. This model represents 

generators as constant voltage sources leading/lagging in phase wrt the synchronously rotating 

frame. This was found to be adequate by power engineers for transient stability analysis mainly 

for capturing the instability phenomenon observed within the first second. As for the loads, we 

use a simplified representation modeling them as constant impedances. This makes it possible 

to include them into the network admittance matrix itself thus leaving us with only generator 

buses interconnected through impedances. The network reduction process for creating such 

model for any network configuration (pre fault, fault or post fault) for a particular transient 

stability study is summarized below ς 

Algorithm 1.1 Creating a network reduced model 

1. Run load flow [12] for the pre-fault system to get steady state voltage magnitudes and 

angles at each network bus. For Ὥ  bus, use the pre-fault load flow voltage magnitude 

ὠ to convert the complex load ὖ Ὦὗ  into an admittance ὣ . This is 

added to the Ὥ  diagonal element of admittance matrix for the given system 

configuration. For details on creating the initial network admittance matrix for any 

network, please refer to [12]. Do this for all buses to obtain the new admittance matrix 

ὣ . 

 

2. Create an internal bus for each generator. This is connected to the corresponding 
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ǘǊŀƴǎƳƛǎǎƛƻƴ ǎȅǎǘŜƳ ōǳǎ ōȅ ǘƘŜ ƎŜƴŜǊŀǘƻǊΩǎ ƛƴǘŜǊƴŀƭ ƛƳǇŜŘŀƴŎŜ ὼ. Append these buses 

to create a new extended admittance matrix ὣ Ȣ  This matrix includes generator 

internal buses with current injections besides the original network buses with no 

injection (loads converted to passive impedances). Here  ὣ ὣ  contain elements of 

connection between internal generator buses and original network buses while ὣ  

contains only elements of interaction between internal generator buses. 

 
ὣ

ὣ
ὣ
ὣ
ὣ

 
(1.19) 

3. Now, writing the current balance equations in matrix form (Kirchoffs eqn) for this 

extended network, 

 π
Ὅ

ὣ
ὣ
ὣ
ὣ

ὠ
Ὁ

 
(1.20) 

Simplifying, we get, 

 

 

Ὅ ὣ ὣ ὣ ὣ Ὁ (1.21) 

             The ǊŜŘǳŎŜŘ ƴŜǘǿƻǊƪΩǎ ŀŘƳƛǘǘŀƴŎŜ ƳŀǘǊƛȄ ƛǎ ƎƛǾŜƴ ƛƴ ǘƘŜ first bracket on the right. 

Finally, the state equations for ὲ machine system for the network reduced classical model,  

‏  ‫ 

ὓ‫ ὖ Ὀ‫ Ὁ ὉὋ ÃÏÓ‏ ‏ ὄ ÓÉÎ‏ ‏  

 ᶅὭ ɴ ρȟὲ  

 

 

(1.22) 

 

It can be seen that there are ςὲ first order differential equations. It is also evident that at 

equilibrium ‫ π ᶅὭ. Since the equations are in the form of angle differences, if ‏ ᶰὙ  

represents the angles at an equilibrium, so does ‏ ὥ , where ὥ is any constant. Thus the 

actual number of states are ςὲ. To overcome this problem, relative angles rather than 

absolute angles are assessed [11]. Two most widely used reference frames are center of angle 

(COA) and single machine reference. Here, we will only deriving the formulation for center of 

angle which is more popular in stability studies due to it being related to system frequency up 
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to a certain extent. One machine reference frame will be discussed later in our work as a part of 

polynomial formulation of the state equations.  

Assuming uniform damping in generators ( ‗, the dynamics in terms of COA reference 

frame (‏ȟ‫  can be easily written as ς 

‏   ‫  

ὓ‫ ὖ ὖ
ὓ

ὓ
ὖ Ὀ‫  

ὖ Ὁ Ὁ Ὃ ÃÏÓ‏ ‏ ὄ ÓÉÎ‏ ‏  

‏ ‏  ‏

‏
Вὓ‏

ὓ  Вὓ
ȟ‫

Вὓ‫

ὓ  Вὓ
 

ὖ  ὖ ὖ  

 

 

 

(1.23) 

 

In the system above, Вὓ‏ π, and so we can represent ὲ  ƎŜƴŜǊŀǘƻǊΩǎ ŀƴƎƭŜ ŀƴŘ ǎǇŜŜŘ 

in COA reference frame as a linear combination of those of other generators. So, the state 

equations for only first ὲ ρ machines are required in the COA reference frame giving us 

ς ὲ ρ  state equations. The state vector 

ὼ ‏ ȟ‏ ȟȣȟ‏ ȟ‫ ȟ‫ ȟȣȟ‫ .   

1.2.4 Transient Stability During Power System Faults (Concept of 

Critical Clearing Time) 

The most severe types of disturbances when it comes to maintaining transient stability are 

transmission network faults. These refer to situations when one more phases of a transmission 

line get unintentionally connected to each other or to the ground or both. This type of an event 

is usually marked by dangerously low voltages and high currents in the system. The system 

usually does not have a satisfactory equilibrium as long as the fault sustains. So, these need to 
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be cleared which is usually done by relays which isolate the faulted region (line, generator, etc) 

of the system.  

Let us analyze a system with a single machine with internal impedance ὼ providing power to 

an infinite bus through 2 parallel lines with ὢ and ὢ reactances respectively as shown in figure 

below.  

 

Figure 1.4 Single Machine Infinite Bus System 

An infinite bus is a node with constant voltage and angle/phase (say 0). It can be thought of as a 

hypothetical generator with infinite inertia and very small internal impedance with constant 

voltage source behind that impedance. Let ‏ be the rotor angle difference between the study 

machine and infinite bus. Then, we can write the governing dynamics /swing equation for this 

system ς 

‏  ‫ 

ὓ‫ ὖ ὖ ÓÉÎ‏ 

ὖ
Ὁὠ

ὢ
ÓÉÎ‏ 

ὢ  ὼ
ὢὢ

ὢ ὢ
 

 

 

(1.24) 

 

Suppose the machine is at steady state supplying ὖ  power = mechanical input power 

(constant). Thus, we can estimate the system states (‏ȟat equilibrium by substituting (‫ 

ὖ ὖ  and (‏ȟ,and solving for states to get 0 = (‫ ‫ πȟ‏ ÁÓÉÎ  

Now suppose a 3 phase line to ground fault happens at the infinite bus followed by tripping of 

line 2 (ὢ). During a ground fault in power systems, the voltage at the point of fault is driven to 
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0 ie. ὠ π resulting in ὖ π. Thus the power angle curve for faulted system is x axis (ὖ

π). The net impedance for post fault system between the machine and infinite bus is 

ὢ ὼ ὢ ὢ  thus changing the power angle curve once the fault is clear.  

The equilibrium point (EP) for post fault system can be computed as, ‫ πȟ‏

ÁÓÉÎ . The power angle curves for all 3 conditions are shown.  

 

Figure 1.5 Power Angle Curve for Different Network Topologies 

Now when a fault happens, ὖ ὖ πÓÉÎ‏ π so start increasing and the ‏‫ȟ 

system starts moving right on the fault on power angle curve. Suppose the fault is cleared at 

ὸ ὸ when state values are ‏ȟ‫ . When the fault is cleared, ‏ȟŘƻƴΩǘ ŎƘŀƴƎŜ ‫ 

instantaneously. At this moment the system starts operating on the post fault power angle 

curve with generator output power given by ÓÉÎ‏ . Since this value > ὖ , there is a 

negative power acting on the generator and it starts decelerating and the becomes 0 ‫ 

followed by negative. Now ‏ starts decreasing till it crosses ‏ after which ὖ  electrical 

output. Thus the system keeps oscillating about the equilibrium and we can assume the system 

has a chance at being stable. Now suppose the fault was cleared at a later time say ὸ ὸ  

where ȟ‫ ‏ 
 
‫ȟ‏ ‫  . The generator starts decelerating but assume ‏ȟ‫ 

continue to increase due to inertia and cross “ “) Here it is easy to see that .‏  ȟπ)  is‏

another EP. At this moment, output power becomes < ὖ  thus the generator again begins 

accelerating and is not able to come back the post fault equilibrium ‏ȟπ thus becoming 
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unstable. This means that the threat of instability increases with increasing fault time which 

gives a maximum fault clearing time at which the system can safely return to its equilibrium, 

referred to as the critical clearing time (CCT/ὸ . Here it should be noted that this correlation 

between the degree of instability and the fault clearing time is valid only in the systems with no 

discrete changes in the post fault system which we will see in later sections. Clearing the fault 

after the CCT of the given post fault system results in an unstable trajectory if the given post 

fault system sustains. Situations where a few generators further trip after clearing the fault and 

stabilize the system though w.r.t. a new EP. The system responses for clearing of a fault at 

ὸ ὸ  and ὸ ὸ  are shown below.  

 

Figure 1.6 CCT 

Based on our discussion, some of the factors that evidently impact transient stability are ς  

1. Generator parameters (ὓǪὈ). Lower the value of these parameters, more is the speed 

gained during disturbance. 

2. Base loading on the generator (ὖ ). Higher the ὖ , more is the acceleration (for the 

same amount of power mismatch), more is the speed gained and more changes of ‏ 

reaches unstable value. 

3. Terminal voltage Ὁ. Lower the Ὁ, lesser the impact of ὖ for same increase in ‏ after the 

fault is cleared. We can see that when ‏ increases, ὖ increases and becomes more than 

ὖ  which is the only force that opposes the generator which has gained speed during 

fault. 
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4. Post fault system impedances. Lower the impedance value, higher is the power angle 

curve and thus lower is the angle for same amount of output power. 

Now the question comes, does having high penetration of PV generation have any impact on 

the transient stability? Some peculiar characteristics of this type of generation which seems to 

directly influence the parameters listed above are ς  

1. Inverter based generation is 0 inertia: While the conventional generation has rotating 

mass i.e. kinetic energy to provide inertia to certain system disturbances, inverter based 

generation does not [13]. Thus, displacing generation with inertia with a non-inertia one 

will effectively reduce the system inertia. 

2. Inverter protection standards: As discussed in previous sections, renewable generation 

is made to trip offline during system abnormalities as these are not fully considered for 

grid support. This translates to losing generation even in events that may require excess 

generation.  

3. Location dependence: The best solar resources may be at sites which are not grid 

optimal. Since the transmission systems are built around existing generation, this could 

mean requiring new transmission infrastructure. As the PV penetration increases, this 

could mean major changes in the network flows which means shifting the normal 

operating point of the system.    

1.3 Multi -Machine Test System 

²Ŝ ǿƻǳƭŘ ōŜ ǳǎƛƴƎ !ǘƘŀȅΩǎ о ƳŀŎƘƛƴŜ ǘŜǎǘ ǎȅǎǘŜƳ [14] for all our studies with modifications 

pertaining to each study.  For simplicity uniform damping is assumed for all machines. 

DŜƴŜǊŀǘƻǊ оΩǎ ǎǘŀǘŜǎ ǿƛƭƭ ōŜ ŜƭƛƳƛƴŀǘŜŘ ǿƘŜƴ ǘŀƪƛƴƎ ŀ ǊŜŦŜǊŜƴŎŜ ŦǊŀƳŜ ŀƴŘ ǘƘǳǎ ǿƻƴΩǘ ōŜ 

analyzed.  



 17 

 

Figure 1.7 3-Machine System 

Also, a network reduced model as discussed before would be used for modeling dynamics. 

While we restrict ourselves to a small system, our current focus is addressing the complexities 

associated with transient stability assessment that PV generation brings to the system. It makes 

it easy to visualize the problem. Here, it is also important to mention that while in theory it is 

possible to extend these techniques to large scale practical systems, it requires a great deal of 

computational resources as well as several rigorous simplifications to the model which in itself 

is a major challenge faced by the power systems community and is therefore is not within the 

scope of our current work.  

1.4 Thesis Overview and Contribution 

The thesis outline is as follows ς  

Chapter 2 gives the required background on the direct methods for transient stability 

assessment of power systems which make online assessment possible. The first part of the 

chapter provides a brief overview of the developments in the characterization of SRs for non-

linear systems. This is followed by the energy function theory and the concept of controlling 

unstable equilibrium point (CUEP) for estimating the relevant portion of the stability region. 

Also discussed is the BCU method which is by far the most successful computationally feasible 

technique for finding the CUEP. The associated algorithms for implementing it are presented 

and their use is illustrated through a classical multi-machine system example. The second part 

of this chapter gives an overview of the application of sum of squares (SOS) programming to the 
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estimation of SRs of generalized non-linear systems.  Starting with a background in polynomial 

algebra, relevant concepts in SOS programming are discussed. Finally, a systematic 

methodology using those concepts referred to as the expanding interior algorithm is revisited 

with its applications in transient stability assessment of power systems explored. Comparisons 

are drawn between the two methods. In order to reduce the inherent conservativeness in CCT 

ŜǎǘƛƳŀǘŜ ŦƻǊ ŀ ƎƛǾŜƴ ŘƛǎǘǳǊōŀƴŎŜ ǿƘŜƴ ǳǎƛƴƎ [ȅŀǇǳƴƻǾΩǎ ŘƛǊŜŎǘ ƳŜǘƘƻŘΣ a technique is proposed 

which takes into account the disturbance trajectory to estimate the more relevant portion of 

the SR inspired by the idea of CUEP.       

Chapter 3 deals with studying the impact of locational inertia displacement due to 

asynchronous generators (PV). Modeling the PV as a zero inertia machine, for a multi-machine 

power system, various scenarios are studied differing in the amount of generator displacement 

by PV and fault location. The impact on CCT for network faults is studied using the BCU method. 

Also, a visualization of the problem using a projection of relevant portion of stability region 

through constant energy surface is proposed. Next, studies are done to understand the changes 

in stability due to various redispatching strategies when accommodating PV. The percentages of 

PV accommodated by each generator are varied in a multi-machine system and the changes to 

the Potential Energy Boundary Surface (PEBS) are studied to draw conclusions on the stability.  

Chapter 4 addresses the challenges associated with using the traditional direct methods for 

transient stability assessment of power systems having PV generation prone to tripping under 

disturbances. Two approaches differing in their treatment of the PV tripping phenomenon are 

proposed. Within each category, multiple techniques for stability assessment are developed 

using Lyapunov functions constructed through SOS programming.  The first category treats the 

tripping of PV as an instability phenomenon since it puts the system under the risk of cascading 

outages. The aim here is the estimation of a SR with an added constraint of not allowing any PV 

to trip. To make the problem more tractable, multiple time independent formulations of the PV 

ride through constraints are developed. Finally, the constrained stability region (CSR) estimates 

are compared in terms of size to identify the best approach. The second category of techniques 

treats the power system as a switched system with the switching representing the tripping of 
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PVs. This treatment of the phenomenon is shown to be much less conservative. The non-

monotonic relationship of the fault clearing time vs stability margin in such systems is 

demonstrated through an example which shows the need for revision of the widely accepted 

idea of CCT. The typical characteristics of switching due to cascaded PV tripping events are 

discussed. Starting with a demonstration of the limitation of the BCU method to the stability 

assessment of such systems, a technique is proposed which uses multiple CSRs with its 

effectiveness as well as the reliability demonstrated through a few examples. Another 

methodology is developed to study the repercussions of cascading tripping of PVs in a network. 

A metric called risk of instability is proposed that combines stability with probability of 

cascading scenarios. The benefit of blocking mutual tripping of some PVs in reducing the overall 

risk is demonstrated through an example. While still in the conceptual phase, this could have 

potential applications in strategizing the ride through curves to better deal with cascading 

events. 
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Chapter 2 Review of Direct Methods for 

Transient Stability Assessment 

In a fault scenario, the power system broadly goes through three different configurations viz. 

pre fault system (usually at steady state), fault system (sustained disturbance) and post fault 

system (fault is removed along with changes in system topology usually tripping of line(s)). The 

stability is studieŘ ŦƻǊ ǘƘŜ Ǉƻǎǘ Ŧŀǳƭǘ ǎȅǎǘŜƳ ǎƛƴŎŜ ƛǘΩǎ ǘƘŜ Ŧƛƴŀƭ ŎƻƴŦƛƎǳǊŀǘƛƻƴ ƛƴ ǘƘŜ ǘƛƳŜƭƛƴŜ ƻŦ 

events. A trivial way of studying it would be to simulate the whole system trajectory [15] 

starting with pre fault system leading up to the post fault system and continue simulating till 

the system becomes stable/unstable [16]. While this is an attractive option, it is extremely slow. 

The eastern grid in US comprises of around 70,000 nodes which means a system of minimum 

140,000 state equations to integrate. Normally on an 8 CPU, 3GHZ system it takes close to 60 

minutes to simulate a single 30 second trajectory. Now imagine a utility wants to know the CCT 

in order to check if the response of the protection system meets the reliability requirements. 

For that, they will have to simulate the whole trajectory multiple times with different fault 

durations. On top of that if they want to analyze 1000 such faults, it might take months to do so. 

Thus, there was a need for techniques that bypassed the requirement to simulate the whole 

trajectory or particularly the post fault trajectory which is a major portion (> 95%) of the overall 

simulation. So, a lot of techniques were developed [14] [17] [18] which were derived from the 

ƛŘŜŀ ƻŦ [ȅŀǇǳƴƻǾΩǎ ǎŜŎƻƴŘ ƳŜǘƘƻŘ thus having a theoretical justification and these fall under 

the category of direct methods for transient stability assessment.  If there is a neighborhood Ὀ 

of 0 and a continuously differentiable positive definite function ὠ s.t. along all trajectories 

ὠ π ᶅ ὼɴ Ὀ then π is an asymptotically stable solution [19]. Thus, the idea is to formulate a 

scalar function of system states which decreases in the neighborhood of the equilibrium (say 

the origin) along all the trajectories starting within it. One or multiple thresholds on its value 

are used as the stability limit. If the value for this function calculated at the time of fault 

clearing violates that limit, it means there are higher chances of the emerging post fault 

trajectory being unstable. The idea can be understood by using an analogy of a ball inside a 
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bowl [8] where the position at the bottom of the bowl is a stable equilibrium point (SEP) for this 

system and the inside of the bowl is the corresponding SR with the bowl itself representing the 

potential energy surface. The ball has a kinetic energy (determined by its velocity) and potential 

energy (determined by its position on the bowl). Now, when a disturbance is introduced say a 

push to the ball, it gains kinetic energy and it starts travelling up the walls of the bowl. As its 

climbing, a part of the kinetic energy gets converted to potential energy and the ball slows 

down. As long as the total energy does not make the ball cross the rim of the bowl and get out, 

ƛǘ ǿƛƭƭ ŜǾŜƴǘǳŀƭƭȅ ǊŜǘǳǊƴ ǘƻ ǘƘŜ {9t όƎǊŀƴǘŜŘ ǘƘŜǊŜΩǎ ƭƻǎǎ ƻŦ ŜƴŜǊƎȅ ƛƴ ǎƻƳŜ ŦƻǊƳ ŜƭǎŜ ƛǘ ƻǎŎƛƭƭŀǘŜ 

forever). In direct methods, the search is for a function that characterizes the energy in this 

bowl and as well as the rim (boundary). As long as the energy injected is lower than that 

required reaching the rim, system will remain inside the bowl and thus stable. 

 

Figure 2.1 Rolling Ball Analogy 

These techniques became really popular and the application of the most successful one out of 

those called the BCU method [17] has been demonstrated on a practical system of the east 

coast utilities [20]. Due to its success as well as a strong theoretical justification, we will be 

using BCU in our work to analyze the impact of inertia displacement and generator dispatch due 

to PV on stability. However, BCU as well as the rest of the energy function theory is built to deal 

with unconstrained autonomous non-linear systems. The inverter protection adds complexity 

to the system making the applications of BCU limited. Therefore, for studying the impact of 

inverter protection on transient stability, we taking a classical LyapunovΩǎ ŘƛǊŜŎǘ method 

approach. A systematic way of constructing Lyapunov functions would also be discussed using 

sum of squares (SOS) programming. 
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With the growth of synchrophasors [21][22][23] in the last decade which provide time 

synchronized high frequency voltage and current phasor measurements as well as 

advancements in power system linear state estimation [24][25], data driven techniques have 

emerged aimed at solving a lot of problems such as system parameter validation [26], stability 

assessment [27][28] , control [29][30][31], islanding detection [32] etc. For stability assessment, 

these mainly operate by interpolating/ extrapolating the results from offline assessments made. 

One of the prohibitive requirements of these techniques is the creation of offline data base 

which is done through time domain simulations. Also, these techniques require a considerable 

portion of the post fault trajectory to be simulated online in order to make a decision and are 

also plagued by major reliability concerns as with changing system the offline data base may 

not be able to capture all types of instabilities.  

2.1 Boundary of Stability Region Based Controlling Unstable 

Equilibrium (BCU) Method and its Development 

The BCU method is based on the idea of approximating the portion of stability boundary 

relevant to the disturbance under study. Before proceeding with the details of the technique, it 

is important to give the reader a general background in non-linear dynamics.  

Definition 2.1 (Manifold): It is a topological space that locally resembles a Euclidean space near 

each point. An n dimensional manifold has a neighborhood that is homeomorphic (continuous 

invertible function mapping) to Euclidean space of dimension n.  

Definition 2.2 (Tangent Space of a Manifold): The tangent space Ὕ ὓ  [33] of a manifold ὓ at 

point ὴ is a collection of all possible directions (vectors) from that point along the manifold. In 

the figure below, the tangent space of the point on sphere is shown. 
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Figure 2.2 Tangent space (grey) of a manifold (sphere) at point (0,0,1) 

Definition 2.3 (Transverse Intersection of Manifolds): Two manifolds ὃ and ὄ injectively 

immersed in a manifold ὓ intersect transversally when ς  

1. Ὕὃ Ὕὄ Ὕὓ  at all points of intersection. 

Or 

2. ¢ƘŜȅ ŘƻƴΩǘ ƛƴǘŜǊǎŜŎǘ ŀǘ ŀƭƭΦ  

 

Figure 2.3 Transverse (left) vs Non Transverse (right) Intersection of Manifolds (sphere and 
plane) 

Definition 2.4 (Equilibrium Point (EP)): Given an autonomous time invariant system defined by, 

 ὼ Ὢὼ (2.1) 

An EP ὼ  is a stationary point s.t. Ὢὼ π. The various types of EPs are ς 
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1. Hyperbolic: 

a. Stable: Attracts all the trajectories near it to itself. Characterized by all eigen 

values of   having negative real part. This can be visualized as bottom of a bowl 

where any ball (trajectory) starting inside it settles to it as shown in Figure 2.1. 

b. Type k Unstable: Can be visualized as repelling trajectories on a k dimensional 

manifold. Characterized by k eigen values of   having positive real part.  

 

                            Figure 2.4 Type 1 UEP 

For example, Figure 2.4 shows the dynamics around a type 1 UEP (at origin). It attracts 

trajectories approaching it along x axis while repels along y axis.   

2. Non Hyperbolic: EPs with one or more eigen values having 0 real part. Example of 

dynamics around such points are shown in the following figures. 
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Figure 2.5 Some Non-Hyperbolic EPs. . Left Plot: Both Imaginary Eigen Values. Right Plot: Both 
Real Eigen Values - One Negative One 0. 

 Definition 2.5 (Stable/Unstable Manifold): For a given EP ὼ , these are defined as ς 

1. Stable Manifold: Manifold on which all trajectories eventually converge to ὼ . The 

dimension of stable manifold is equal to the number of Eigen values having negative 

real parts [33].   

 ὡ Ὢȟὼ  ὼ ίὸȢ ὼπ ὼᵼἴἱἵ
 O
 ὼὸ ὼ  (2.2) 

 

2. Unstable Manifold: Manifold on which all reversed (negative time) trajectories 

converge to ὼ . The dimension of stable manifold is equal to the number of Eigen 

values having negative real parts. 

 ὡ Ὢȟὼ ὼ ίὸȢ ὼπ ὼᵼ ἴἱἵ
 O

ὼὸ ὼ  (2.3) 

It also means that that there could be points in the immediate neighborhood of an EP that 

ŘƻƴΩǘ ōŜƭƻƴƎ ǘƻ ŜƛǘƘŜǊ ƻŦ ǘƘŜ ƳŀƴƛŦƻƭŘǎΦ ¢ƘǳǎΣ ƛǘ ǿƻǳƭŘ ōŜ ƛƴŎƻǊǊŜŎǘ ǘƻ ŀǎǎǳƳŜ ǘƘŀǘ ŀƭƭ ǘƘŜ 

trajectories repelled by equilibrium belong to its unstable manifold. 

Definition 2.6 (Invariant Set): A set of points in state space st. all the trajectories starting inside 

it remain in it.  

Definition 2.7 (Stability Region & Stability Boundary): A set of all the points lying on the stable 

manifold of a SEP ὼ  make up its SR. It is an open and invariant set and denoted by the symbol 
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ὃὼ .  The stability boundary ‬ὃὼ   (also called the separatrix) is defined as a set of 

limiting points in the immediate neighborhood of SR and is not a part of SR itself. In a system 

with two or more EPs, the dimension of the stability boundary is ὲ ρ while that of the SR is ὲ 

where ὲ is the dimension of the state space (ὼ).  

Definition 2.8 (Limit Cycle): It is an isolated close trajectory. Shown below is an example of a 

stable(attracts nearby trajectories) limit cycle (green). 

 

Figure 2.6 Attracting Limit Cycle (green) 

Now we move on to characterizing the number and types of EPs lying on the stability boundary 

based some concepts from Morse Theory followed by the idea of Energy functions and BCU 

method. 

2.1.1 Characterization of Stability Boundary for Non Linear Dynamical 

System  

In many emerging research areas, estimating SRs continues to play an important role. In this 

section, derivations of dynamical and topological properties of stability boundary are presented. 

This section is a derived from [34]. We begin by assuming that all the EPs of the system under 

study are hyperbolic. Now a few theorems are discussed that characterize the equilibrium or 

limit cycles on the stability boundary. The derivations for these are omitted.  



 27 

Theorem 2.1 Consider a general nonlinear continuous dynamical system ὼ Ὢὼ. Let ὃὼ  

be the SR of an asymptotically stable equilibrium ὼ. Let ὼ be a hyperbolic EP. Then: 

(a) If ὡ ὼ ὼ᷊ὃὼ ᶮ  then ὼɴ ‬ὃὼ ; conversely if ὼɴ ‬ὃὼ  then 

ὡ ὼ ὼ᷊ὃὼ .ɲ 

(b) Suppose ὼ is not a source then ὼ ɴ‬ὃὼ   iff ὡ ὼ ὼ᷊‬ὃὼ  ɲ

A similar thing can be said about closed orbits. 

Theorem 2.2 (Further characterization of EP on stability boundary) Assuming the following 

about the stability boundary ς 

(A1) All the EPs on ‬ὃὼ  are hyperbolic 

       (A2) The stable and unstable manifolds of EPs on ‬ὃὼ  intersect transversally 

(A3) Every trajectory on ‬ὃὼ  approaches one of the EPs as ὸO Њ 

Then 

(1) ὼɴ ‬ὃὼ  iff ὡ ὼ ὼ᷊ὃὼ  ɲ

(2) ὼ ɴ‬ὃὼ   iff ὡ ὼṖ‬ὃὼ  

Here it is easy to show that due to assumption (A3), ὡ ὼṖ‬ὃὼ  implies ‬ὃὼ

᷾ὡ ὼ  .This result can be extended to other hyperbolic critical element (closed orbit). 

Lemma 2.3 If hyperbolic critical elements ὼ and ὼ satisfy the following condition regarding 

intersection of manifolds ς ὡ ὼ ὼ ᷊ὡ ὼ ὼ  ɲthen ÄÉÍ ὡ ὼ

ÄÉÍ ὡ ὼ  

Theorem 2.4 (Structure of EPs on stability boundary) For nonlinear autonomous dynamical 

system containing two or more SEPs, if assumptions (A1) and (A3) are satisfied then the stability 

boundary contains atleast one type-1 UEP. If furthermore the SR is bounded then the boundary 

must contain a source as well. 
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2.1.2 Energy Function 

Consider a general nonlinear autonomous dynamical system ς 

 ὼ Ὢὼ (2.4) 

We say a ὅ  function ὠȡᴙ ᴼᴙ is an energy function for this system if the following 

conditions are satisfied ς 

(E1) Derivative of ὠ along any system trajectory is non positive i.e.  

 
ὠὼ

‬ὠ

‬ὼ
Ὢὼ π 

(2.5) 

 

(E2) If ὼὸ is not an equilibrium then, 

 ὠὼ π (2.6) 

(E3) Bounded value of ὠ for trajectory ὼὸ implies ὼὸ is bounded. 

While properties (A1) and (A2) are generic, it is easy to show that systems admitting energy 

functions satisfy property (A3) as well (using the properties (E1) and (E2) of energy functions).   

2.1.3 Energy Function for Power Systems Network Reduced Model 

Revisiting the power system network reduced model in COA frame as discussed in 1.2.3ς  

‏   ‫  

ὓ‫ ὖ ὖ
ὓ

ὓ
ὖ Ὀ‫  

ὖ Ὁ Ὁ Ὃ ÃÏÓ‏ ‏ ὄ ÓÉÎ‏ ‏  

‏ ‏  ‏

‏
Вὓ‏

ὓ  Вὓ
ȟ‫

Вὓ‫

ὓ  Вὓ
 

ὖ  ὖ ὖ  

 

 

 

 

(2.7) 

 

To find the energy function of the above system, we write ‫  ‫   to get ς  
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ὓ ‫ Ὠ‫  ὖ ὖ

ὓ

ὓ
ὖ Ὀ‫ Ὠ‏  

(2.8) 

 

For the time being assume states of ὲ  generator not replaced by those of others. Now adding 

the equation ᶅ Ὥ ρȡὲ, rearranging and the substituting the expression for ὖ  as before, 

 В ὓ᷿‫ Ὠ‫  В ᷿ὖ ὋὉ Ὠ‏ В В ὄ᷿ ÓÉÎ‏

‏ Ὠ‏ ‏ В В Ὃ᷿ ÃÏÓ‏ ‏ Ὠ‏ ‏

В Ὀ᷿‫ Ὠ‏ȡ В ὓ᷿Ὠ‏ȡ   

(2.9) 

 

The last term on the RHS (containing ὖ ) becomes 0 since В ὓὨ‏ȡ π. The left hand 

side can be used as an energy function ὡ. To check the first 2 properties of energy functions, 

differentiate wrt time. The right hand side gives ς 

 
ὡ Ὀ‫

Ὠ‏

Ὠὸ
ȡ

Ὀ ‫  

ȡ

π 
(2.10) 

 

ὡ is 0 only when ‫ π ᶅὭ which is only at EPs. The boundedness of trajectories for 

bounded value of energy function can also be proven [34].  

Further simplifying the terms for energy function by integrating them from state vector ὼ  to 

ὼ and writing them separately ς 

 

ὑὭὲὩὸὭὧ ὉὲὩὶὫώ ὓ‫ Ὠ‫
ρ

ς
ὓ ‫  

ὟὉ ὖ ὋὉ ‏ ‏  

ὟὉ ὄ ÓÉÎ‏ ‏ Ὠ‏ ‏

 ὄ ÃÏÓ‏ ‏ ÃÏÓ‏ ‏  

 

 

 

 

(2.11) 
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ὟὉ Ὃ ÃÏÓ‏ ‏ Ὠ‏ ‏  

   

The last term (containing conductances Ὃ) is a path dependent term and does not have a closed 

form expression. This term is usually evaluated analytically using one of the following two 

schemes [35] ς  

1. Ray Approximation ς Writing ‏  as a linear combination of ‏ ȟ‏ ȟ‏  by 

assuming a linear trajectory and integrating in one variable. No mathematical 

justification. 

2. Trapezoidal Rule ς Standard multi step trapezoidal rule. Known to be more accurate 

than Ray approximation. As an example of using single step trapezoidal rule for 

integration of one of the path dependent terms say Ὃ᷿ ÃÏÓ‏ ‏ Ὠ‏

‏  from time ὸ to ὸ,  we compute it as ς  

Ὃ᷿ ÃÏÓ‏ ‏ Ὠ‏ ‏ Ὃ ὧέί‏ ὸ ‏ ὸ

ὧέί‏ ὸ ‏ ὸ   

A generic network reduced model for power systems is of the form  

 
Ὕὼ

‬ὟὉ

‬ὼ
ὼȟώ Ὣ ὼȟώ 

ώ ᾀ 

ὓᾀ Ὀᾀ
‬ὟὉ

‬ώ
ὼȟώ Ὣ ὼȟώ 

ὉὲὩὶὫώ ὊόὲὧὸὭέὲ 
ρ

ς
ᾀὓᾀ Ὗὼȟώ Ὗ ὼȟώ 

 

 

(2.12) 

 

Where ὼȟώ Ǫ ᾀ are state variables, Ὗ denotes the potential energy term corresponding to the 

gradient part of the field (path independent) while Ὗ  is the path depended term resulting 

from the non-gradient portion of vector field (ὫȟὫ . It has been seen that for power systems 

with high lossy terms (marked by large values of Ὃ(not too common)), energy functions are not 

possible due to a possibility of having non equilibrium critical elements (like limit cycles). In case 
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of a limit cycle, having an ever decreasing energy function would mean it will go to negative 

infinity ie unbounded but the trajectory in a limit cycle is bounded as we know which leads to a 

contradiction of energy function property (E3). To deal with this, the concept of generalized 

energy functions was proposed in [36]. These are no longer forced to decrease along all 

trajectories. In the present work, we will not be exploring this idea further.  

2.1.4 Controlling Unstable Equilibrium (CUEP)  

For systems admitting energy functions, the task is to estimate the SR for a given SEP. Here, we 

will present a few theorems that will help characterize the SR using level sets of energy function.  

Theorem 2.5 (Constant Energy Surface and Stability Region) Let ὼ be a SEP of system 

ὼ Ὢὼ then the set Ὓὶ ὼɴ ᴙȿὠὼ ὶ contains only one connected component 

having a non empty intersection of with SR ὃὼ  iff ὶ ὠὼ  where ὠ is the energy function.  

Based on the above theorem, one way of to estimate SR would be to choose the biggest level 

set of ὠ contained inside the SR. As we know based on Theorem 2.2 that the stability boundary 

is the union of stable manifolds of some UEP and ὠ decreases along all trajectories (point on 

the stable manifold of an EP with minimum energy is the EP itself), the point on the stability 

boundary with minimum energy should be a UEP and is referred to as the closest UEP [18] and 

thus the connected component of level set ὠ ὠὧὰέίὩίὸ ὟὉὖ intersecting with the SR is 

ǘƘŜ ƻƴŜ ŎƻƴǘŀƛƴŜŘ ƛƴǎƛŘŜ ƛǘΦ CƻǊ ǘƘŜ ŜȄŀƳǇƭŜ ƎƛǾŜƴ ōŜƭƻǿ ŀ ǎȅǎǘŜƳ ƘŀǾƛƴƎ ǘǿƻ ¦9tΩǎ ό‏ȟ‏) on 

the stability boundary of SEP ‏ with the true SR as ᶅ‏ᶰ‏ȟ‏ . The estimate of SR by this 

method is using the minimum energy UEP ‏Ωǎ ŜƴŜǊƎȅ ŦǳƴŎǘƛƻƴ ǾŀƭǳŜ ƛǎ ᶅ‏ᶰ‏ȟ‏ ‏ . 
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Figure 2.7 Closest UEP Stability Region Estimate by Min Energy UEP ♯ 

This is however seen to give a conservative estimate since a significant portion of the SR given 

by ᶅ ‏ȟ‏ᶰ‏  has higher energy. Thus, the direction in which stability boundary is to be 

estimated should be taken into account which leads us to the idea of controlling unstable 

ŜǉǳƛƭƛōǊƛǳƳ ό/¦9tύ ƳŜǘƘƻŘ ǇǊƻǇƻǎŜŘ ƛƴ ǘƘŜ улΩǎ [37]. This method utilizes the fault on 

trajectory to estimate the part of stability boundary relevant to the particular fault. By Theorem 

2.2, under given assumptions, the stability boundary is the union of stable manifolds. Thus, the 

point at which the fault trajectory intersects the stability boundary (exit point) should lie on 

stable manifold of some equilibrium on the stability boundary referred to as the CUEP. It is safe 

to say that the energy of the exit point should be greater than the CUEP. Thus, the constant 

energy surface passing through CUEP can be used to accurately approximate the relevant part 

of the stability boundary which the fault on trajectory is approaching. Thus if the energy 

function value at the time of fault clearing is less than ὠὼ , the post fault trajectory 

starting at that point would remain stable. It should be kept in mind that the CUEP for each 

fault on trajectory depends on the direction it takes the system in state space. This implies that 

there could be multiple faults which share the same CUEP. Continuing the previous example, 

the SR estimated for disturbances in positive and negative x direction respectively from the SEP 

are as shown below. We can see that this technique covers a larger portion of SR.  
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Figure 2.8 Controlling UEP Stability Region estimates for faults approaching the left boundary 
(left) and the right boundary (left) 

2.1.5 BCU Method 

Based on the previous discussion, computing the CUEP is vital for direct stability analysis. The 

Boundary of SR-based Controlling Unstable Equilibrium Point (BCU) method [17] is a method 

that uses the special structure of the power systems stability model to find the CUEP. This 

makes it computationally efficient for large scale power systems. First, an artificial reduced 

state model is defined that captures all the EPs on the stability boundary of the original model. 

This is followed by computing the CUEP of this reduced model which is much easier to compute.  

The expressions for generic network reduced power systems model as introduced before along 

with a reduced state model chosen for the BCU are shown below. 

Original System Model Reduced State Model 

Ὕὼ
‬ὟὉ

‬ὼ
ὼȟώ Ὣ ὼȟώ 

ώ ᾀ 

ὓᾀ Ὀᾀ
‬ὟὉ

‬ώ
ὼȟώ Ὣ ὼȟώ 

Ὕὼ
‬ὟὉ

‬ὼ
ὼȟώ Ὣ ὼȟώ 

ώ
‬ὟὉ

‬ώ
ὼȟώ Ὣ ὼȟώ 

 

IŜǊŜΣ ƛǘ Ŏŀƴ ōŜ ƴƻǘƛŎŜŘ ǘƘŀǘ ǘƘŜ ǊŜŘǳŎŜŘ ǎǘŀǘŜ ǎȅǎǘŜƳΩǎ ŜƴŜǊƎȅ ŦǳƴŎǘƛƻƴ ƛǎ ǘƘŜ ǎŀƳŜ ŀǎ ǘƘŜ 

numerical potential energy function (including loss terms) of the original system. This system is 

also called the gradient system and the terms would be used interchangeably through rest of 
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the work. The required properties for the chosen reduced state model to be valid and favorable 

for BCU are as follows ς 

Static Properties 

ό{мύ ¢ƘŜ ƭƻŎŀǘƛƻƴ ƻŦ ǊŜŘǳŎŜŘ ǎǘŀǘŜ ƳƻŘŜƭΩǎ EPs should correspond to that of the original system. 

For example in the above model,ὼȟώ is an equilibrium of reduced model iff ὼȟώȟπ is that of 

the original model. 

(S2) The corresponding EPs of both systems are of the same type. i.e. if ὼȟώȟπ) is a type -1 UEP 

for original system, ὼȟώ) is a type-1 for reduced state system. 

Dynamic Properties 

(D1) Reduced state model should admit an energy function. 

(D2) An EP ὼȟώ is on stability boundary ‬ὃὼȟώ  of reduced state system iff ὼȟώȟπ is on 

‬ὃὼȟώȟπ of the original system. 

(D3) It is computationally feasible to detect when the fault on trajectory intersects the stability 

boundary of the reduced state model. 

The properties (S1), (S2), (D1) and (D2) for comparing static and dynamic relationships between 

original model and reduced state model are tested incrementally by comparing a list of 

intermediate systems [35].  

The two necessary conditions to prove the properties (S2) and (D2) for the chosen reduced 

state system are ς  

1. Loss terms sufficiently low (almost always true for transmission networks). 

2. ¢ǊŀƴǎǾŜǊǎŜ ƛƴǘŜǊǎŜŎǘƛƻƴ ƻŦ ǎǘŀōƭŜ ŀƴŘ ǳƴǎǘŀōƭŜ ƳŀƴƛŦƻƭŘǎ ƻŦ ¦9tΩǎ ƻƴ ǘƘŜ ǎǘŀōƛƭƛǘȅ 

boundary of the original system (majorly impacts (D2)). 

The condition number 2 (transverse intersection) is almost impossible to test for practical 

systems. However it has been shown [38] [39] that failure of this property does not always 
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mean failure of BCU in computing the correct CUEP. A weaker version of this pǊƻǇŜǊǘȅ ό5нΩύ ƛǎ 

sufficient for BCU to still give accurate estimates. 

ό5нΩύ ¢ƘŜ ǊŜŘǳŎŜŘ ǎǘŀǘŜ ŎƻƴǘǊƻƭƭƛƴƎ ¦9t ƭƛŜǎ ƻƴ ǘƘŜ ǎǘŀōƛƭƛǘȅ ōƻǳƴŘŀǊȅ ƻŦ ǘƘŜ ǊŜŘǳŎŜŘ ǎǘŀǘŜ 

system iff the corresponding UEP lies on the stability boundary of the original system. 

The reduced state system exit point along a given fault on trajectory is the first local maxima of 

ǇƻǘŜƴǘƛŀƭ ŜƴŜǊƎȅΦ ¢ƘǳǎΣ ƛǘ Ŏŀƴ ōŜ Ŝŀǎƛƭȅ ŎƻƳǇǳǘŜŘ ǿƛǘƘƻǳǘ ǊŜǎƻǊǘƛƴƎ ǘƻ Ǉƻǎǘ Ŧŀǳƭǘ ǎȅǎǘŜƳΩǎ ǘƛƳŜ 

domain simulation also proving property (D3).  

We will now obtain expressions for the familiar ὲ machine power system network reduced 

model in COA reference frame while formulating the numerical tricks for implementing BCU for 

this type of system. We start by writing the reduced-state systemς 

 
‏ ὖ ὖ

ὓ

ὓ
ὖ  

ὖ Ὁ Ὁ Ὃ ÃÏÓ‏ ‏ ὄ ÓÉÎ‏ ‏  

ὖ ὖ ὖ  

 

 

(2.13) 

 

The lie derivative of numerical potential energy function along the fault on trajectory 

‏) ȟ‫ ) can be formulated as ς 

 В ὖ ὖ ‏ ὖ ‏ ‫ В ὖ

ὖ ‏ ‫   

(2.14) 

 

Now the second term on the right hand side is 0 because В ὓ‫ π (explained 

previously). Thus, whenever the above metric changes sign from positive to negative means a 

local numerical ὟὉmaxima has occurred and the given point is the exit point of reduced state 

system as discussed before. Under ideal conditions, the BCU algorithm would be as shown 

below.  

Algorithm 2.1 Conceptual BCU Method 



 36 

1. Obtain SEP of post fault system (‏ ȟπ). 

2. Integrate the fault on trajectory (‏ ȟ‫ ) till the exit point ‏  of reduced state 

system is detected i.e. the point at which the projected fault trajectory exits the SR of 

reduced system. 

3. Using ‏  as initial condition, integrate the post fault reduced-state system till the 

controlling UEP ‏  is reached for the reduced state system. 

4. The controlling UEP for original system is then assumed to be (‏ ȟπ). Use the energy 

at (‏ ȟπ) as the threshold for losing stability.   

 

There are however multiple issues when it comes to implementation. While step 2 can be 

implemented as discussed before, step 3 is difficult to get correct. Even a slight error in the 

reduced state system exit point could result in a trajectory either converging to the SEP or going 

out of it. Thus, a stability boundary following procedure presented in [35] inspired by the idea 

proposed in [40] ǿŀǎ ǳǎŜŘΦ ¢ƘŜ ƛŘŜŀ ƛǎ ōŀǎŜŘ ƻƴ ǘƘŜ ǘƻǇƻƭƻƎȅ ƻŦ ǊŜŘǳŎŜŘ ǎǘŀǘŜ ǎȅǎǘŜƳΩǎ ǎǘŀōƛƭƛǘȅ 

boundary which has maximum potential energy transversal to it [41] and is comprised of stable 

manifolds of UEPS on it as discussed before.  

Algorithm 2.2 Stability Boundary Following (From Exit point to Controlling UEP) 

1. i = 1, ‏ ‏  (Starting the trajectory with exit point of reduced state system) 

2. Integrate post fault reduced state system trajectory starting from ‏ for ~ 0.3 s to get ‏. 

3. If  В ȿὖ ὖ ὖ ȿȡ  reaches a local minima at point ‏ , GOTO 

Step 5. 

4. Find local maxima (‏) of numerical UE along the ray ‏ᴼ‏  starting from ‏. Set 

‏  .i = i + 1. GOTO Step 2 .‏

5. Stop. ‏  is called the Minimum Gradient Point (MGP)   

 

As for steps 1 (finding SEP of post fault system) and 4 (finding CUEP for post fault system) for 

BCU, we know that power system equations admit fractals when using Newton Raphson 

Algorithm [42] [43] for solution. Thus, it is a necessity for the starting point of Newton Raphson 
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to be sufficiently close to the equilibrium of interest. A good initial condition for SEP of post 

fault system is the SEP of pre fault system (usually the steady state solution where we begin the 

BCU). However, in rare cases when the technique fails, a method proposed in [44] can be used. 

As for the CUEP, the MGP obtained from stability boundary following procedure as presented 

above serves as a good initial condition. If the equilibrium found by the found MGP is the SEP 

itself, continue the algorithm from step 2.   

Algorithm 2.3 Computing SEP and CUEP for Post-Fault System (Newton-Raphson) 

The EPs of the gradient system (consequently those of original system) are solutions to the 

equations (according to the definition of equilibrium) ς  

Ὢ‏ ὖ ὖ
ὓ

ὓ
ὖ π ᶅὭɴ ρȟὲ ρ  

Where ‏ᶰὙ  

Here care must be taken that the ὲ  generator angle is not modeled as an independent state 

(correspondingly ὲequations being solved) else the system of equations is overdetermined as 

discussed before. 

1. k = 0. ‏ ‏ Ὢέὶ ὅὟὉὖ ὕὙ ‏ Ὢέὶ ὛὉὖ 

‏ .2 ‏ ‏ Ὢ‏  

3. If Ὢ‏ ρπ , k = k + 1. GOTO Step 2. 

‏ .4 ‏  

Since BCU relies on some big assumptions in order to find the CUEP through the reduced state 

system, there have been numerous counter examples that showed where BCU failed. One key 

example can be seen in [45] where the failure is shown for under-damped system and high 

impedance fault. In order to deal these situation, a BCU-Exit Point method is used [35] which is 

basically checking if the CUEP found by BCU is actually on the stability boundary or not. This is 

called the boundary check and is done through simulating a single post fault trajectory. If this 

test fails then it means that the BCU results are wrong for the fault under study and the 

transient stability assessment is done through the traditional time domain simulation.  
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Algorithm 2.4 Boundary Check  

1. Select a point in state space (ὼ ) in the immediate neighborhood of the found CUEP 

(ὼ ), likely to be inside the SR of the SEP (ὼ ). 

ὼ πȢωωὼ πȢπρὼ  

2. LƴǘŜƎǊŀǘŜ ǘƘŜ ƻǊƛƎƛƴŀƭ ǎȅǎǘŜƳΩǎ trajectory starting from this point.  

3. If it converges to ὼ , the found CUEP is on the stability boundary else not.  

Let us now try to go over the whole BCU process through the following example to help the 

reader better understand it. 

Example 2.1 Given the following 3-machine system. We want to estimate the CCT for the fault 

at bus 1 cleared by tripping the line connecting between bus 1 and 2. 

 

Figure 2.9 Example 2.1 Test System 

Damping coefficient assumed is τ. The fault impedance is ὮυὩ . First step is creating 

the network reduced model (only internal generator nodes). Following the Algorithm 1.1, the 

resulting reduced system Y matrices for pre, fault and post fault configurations are  

ὣ
πȢφυρς  τȢπρχφÉπȢρφυρ  ρȢπυσσÉπȢυωυρ  ςȢσφτρÉ
πȢρφυρ  ρȢπυσσÉπȢτωρφ  χȢχψψσÉρȢρυυω  φȢπςςψÉ
πȢυωυρ  ςȢσφτρÉρȢρυυω  φȢπςςψÉψȢφπςφ ρςȢστττÉ

 

ὣ
πȢππππ ρρȢσφσπÉπȢππππ  πȢπππρÉπȢππππ  πȢπππςÉ
πȢππππ  πȢπππρÉ πȢτυχυ  χȢωσψφÉρȢπτχς  υȢφψχφÉ
πȢππππ  πȢπππςÉρȢπτχς  υȢφψχφÉψȢςψυς ρσȢπψυπÉ
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ὣ
πȢψρυσ  σȢρπςχÉπȢπχςω  πȢςυπτÉπȢυχςω  ςȢςςπσÉ
πȢπχςω  πȢςυπτÉπȢυςχχ  χȢπψφφÉρȢρφχσ  φȢρτψψÉ
πȢυχςω  ςȢςςπσÉρȢρφχσ  φȢρτψψÉψȢφπυυ ρςȢσςρψÉ

 

The pre fault equilibrium ‏ȟ‏ȟ‫ȟ‫  in COA reference frame is πȢςτχσȟπȢςτσπȟπȟπ. Here 

it should be noted that the unit for ‏ is radians. The post fault SEP (ὼ) found using Algorithm 

2.3 is πȢςτφψȟπȢςτσρȟπȟπ which can be seen as quite close to pre fault one due to high 

impedance of line tripped so no major changes in ὣ matrix. Next, the fault on trajectory is 

simulated till the gradient system exit point (ὼ ) is found at ςȢρπψρȟπȢπφωωȟπȟπ using the 

change in sign of exit metric value (lie derivative of UE along fault trajectory) as defined before.  

 

Figure 2.10 Example 2.1 Fault On Trajectory in Post Fault UE Surface 

The trajectory in angle domain is shown above on the UE surface.  

 

Figure 2.11 Example 2.1 Exit Metric and Potential Energy along Fault Trajectory 
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The value of exit metric is also plotted along the trajectory in Figure 2.11  where it is evident 

that max of UE occurs at the same time when exit metric changes from positive to negative. 

Now, the MGP is found using Algorithm 2.2 where the gradient system stability boundary is 

traced. Now using MGP as starting for Algorithm 2.3, CUEP is found at ςȢρρχυȟπȢπρυφȟπȟπ.  

Both the points are shown on the UE surface.  

 

Figure 2.12 Example 2.1 MGP Tracing 

Now we do a test to see if the found CUEP is on the stability boundary using Algorithm 2.4. We 

can see that the original system trajectory starting from the neighborhood of found CUEP 

reaches SEP thus the boundary check is passed.  

 

Figure 2.13 Example 2.1 Boundary Test 
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Finally calculating the energy at CUEP ╦╬◊▄▬ 2.0062 to get CCT = 0.2355 s. This is seen from 

the plot of energy function value along fault trajectory as shown below where the energy 

crosses ὡ  at 0.2355 s. 

 

Figure 2.14 Example 2.1 Energy Function Value Along Fault Trajectory 

We also obtain the CCT from time domain simulation by simply doing a binary search over 

different clearing times and found the value to be ὸ πȢςχυπ ί which can also be seen from 

the system states vs time plot below. 

 

Figure 2.15 Example 2.1 ● ●▼▄▬ 
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2.2 Lyapunov Functions Approach to Transient Stability 

Assessment using Sum of Squares Programming 

In this section, we will present a systematic way of constructing a Lyapunov function for a 

generalized non-linear system.  This technique estimates the SR through an algorithm that 

solves a convex optimization problem. We will start by giving the required background in 

ǇƻƭȅƴƻƳƛŀƭ ŀƭƎŜōǊŀΦ ¢Ƙƛǎ ǿƻǳƭŘ ōŜ ŦƻƭƭƻǿŜŘ ōȅ ŀ ǎǇŜŎƛŀƭ ŎŀǘŜƎƻǊȅ ƻŦ ǇƻƭȅƴƻƳƛŀƭǎ ŎŀƭƭŜŘ ǘƘŜ Ψ{ǳƳ 

ƻŦ {ǉǳŀǊŜǎ ό{h{ύΩ ŀƴŘ [aL ŎƻƴŘƛǘƛƻƴǎ ŦƻǊ ŀ ǇƻƭȅƴƻƳƛŀƭ ǘƻ ōe one. Using those ideas, an 

algorithm for estimation of SR will be presented with its application to power systems transient 

stability problem. In the end, comparisons to the BCU method would be drawn through an 

example. Let us start by presenting some important definitions to give a background to the 

reader.   

Definition 2.9 (Positive Semidefinite Polynomials) A polynomial ὴὼ  is called positive 

semidefinite (PSD) if ὴὼ π ᶅ ὼɴ ᴙ   

Definition 2.10 (Sum-of-Squares Polynomials) A polynomial ὴὼ is classified as a Sum-of-

Squares(SOS) polynomial denoted by  if there exist polynomials Ὤὼ, Ὥ ρȣὶ such that 

ὴὼ  В Ὤ ὼ. For e.g. ὴὼ ςὼ ρ ςὼ ὼ ρ ὼ ᶰ  

SOS polynomials are PSD but the converse is not always true [46]. Also note that SOS 

polynomials are always even degree. 

2.2.1 SOS Problem 

Checking if a polynomial is SOS can be done through efficient semidefinite programming test 

which will be discussed here. Gram matrix approach can be used to obtain a full 

parameterization of all even degree (ςὨ) polynomials in ὲ variables. Let ᾀȟ be a vector of all 

monomials of degree Ὠ in the same ὲ variables. Then a polynomial ὴ of degree ςὨ in the 

same variables can be written as ς 

 ὴὼ ᾀȟ ὼὗᾀȟ ὼ (2.15) 
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Where ὗ is called a Gram matrix. Thus iff a ὗ can be found such that ὗ π and symmetric,  

ὴὼ is an SOS [47]. One thing to note here is that there are many symmetric matrices Gram 

matrices that may not be positive semi definite. For e.g. [47] for ὴὼ ὼ ὼὼ ὼ two 

options for Gram matrix are ς  

ὗ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π π π π π
π π π π π π
π π π π π π
π π π ρ π π
π π π π ρ π
π π π π π ρỨ

ủ
ủ
ủ
ủ
Ủ

ȟὗ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π π π π π
π π π π π π
π π π π π π
π π π ρ π ρ
π π π π ρ π
π π π ρ π ρỨ

ủ
ủ
ủ
ủ
Ủ

 

Where ρȟὼȟὼȟὼȟὼὼȟὼ   , ὗ π and ὗ π. 

The set of such matrices was shown to be an affine subspace ὗ  of symmetric matrices [48] as 

follows ς 

 

ὗ ὗ ‗ὗ 

(2.16) 

Where ὴὼ ᾀὼ ὗᾀὼ & ᾀὼ ὗᾀὼ π. Existence of ὗ πɴ ὗ  was solved as an 

LMI problem as proposed by Parrilo [49] through the following theorems.  

Theorem 2.6 Given polynomial ὴ, find the relevant affine subspace ὗ ὗ В‗ὗȿ‗ᶰᴙȢ 

ὴ is SOS iff the following LMI is feasible 

 ‗ɱ 

ίȢὸȢὗ ‗ὗ π 

 

(2.17) 

 

Theorem 2.7 Given ὴᴂί, the existence of ‌ί such that 

 ίȢὸȢὴ ‌ὴᶰ  (2.18) 

 is an LMI feasibility problem.  

These can be better understood with the following example [47].  



 44 

Example 2.2 Let us take any polynomial ὴὼ of degree 4 with ὼȟὼȟὼȟὼ  . We start with 

any symmetric matrix ὗ  as defined above. Now, in order to find ὗᴂί, we write the equation ς  

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ
ὼ
ὼ

ὼ
ὼὼ

ὼ Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ή ή ή ή ή ή
ή ή ή ή ή ή
ή ή ή ή ή ή
ή ή ή ή ή ή
ή ή ή ή ή ή
ή ή ή ή ή ή Ứ

ủ
ủ
ủ
ủ
Ủ

 

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ
ὼ
ὼ

ὼ
ὼὼ

ὼ Ứ
ủ
ủ
ủ
ủ
Ủ

π 

Term Coefficient Term Coefficient 

ρ ή ὼὼ ςή ςή  

ὼ ςή ὼ ςή  

ὼ ςή ὼ ή  

ὼ ή ςή ὼὼ ςή  

ὼὼ ςή ςή ὼὼ ή ςή  

ὼ ή ςή ὼὼ ςή  

ὼ ςή ὼ ή  

ὼὼ ςή ςή    

Equating terms to 0, we pick each term and write a matrix corresponding to it. For example, for 

the term ὼὼ, a ὗ matrix with ςή ςή π and rest ήί π would be sufficient. So, it can 

be written as ς  

ὗ ςὉ ςὉ where Ὁ has all zero elements except for Ὥ ή ρ and ÄÉÍ Ὁ ÄÉÍ ὗ . 

It is referred to as a basis matrix for matrices ᶰᴙ  . Thus the subspace of matrices 

satisfying ᾀὗᾀ π for the given example is ς  

ὗ

‗ ςὉ Ὁ ‗ Ὁ Ὁ ‗ ςὉ Ὁ ‗ Ὁ Ὁ ‗ Ὁ Ὁ ‗ ςὉ Ὁ ȿ‗ȣ‗ᶰᴙ

 ‗ὗ 

We use SOSOPT [50] software package that converts the problem of finding if some 

polynomials are SOS to a relevant LMI problem and solves it through standard SDP solvers. 
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2.2.2 Positivstellensatz (P-Satz) Theorem 

Definition 2.11 (Multiplicative Monoid) Given functions ὫȟὫȣȢὫ , Multiplicative Monoid 

generated by Ὣί is 

 ὓὫȟȣὫ  ȡ Ὣ Ὣ ȣȢὫ ȿὯȟȣὯᶰὴέίὭὸὭὺὩ ὭὲὸὩὫὩὶί (2.19) 

 

Definition 2.12 (Cone) Given functions ὪȟὪȣȢὪ  , Cone generated by Ὢί is  

 ὅὪȟȣȢὪ ȡ ί ίὦȿίᶰ ȟὦᶰῼὪȟȣȢὪ   (2.20) 

 

Definition 2.13 (Ideal) Given functions ὬȟὬȣȢὬ , Ideal generated by Ὤί is 

 ὍὬȟȣȢὬ ḧ Ὤὴȿὴ  (2.21) 

 

Theorem 2.8 (Positivstellensatz) Given polynomials ὪὼȟὪὼȣȢὪὼ  , 

Ὣ ὼȟὫ ὼȣȢὫ ὼ  , Ὤ ὼȟὬ ὼȣȢὬ ὼ  the following are equivalent -   

1.  

ὼ ɴ Ὑ 

Ὢὼ π ȟὪὼ πȣȢὪὼ π

Ὣ ὼ πȟὫ ὼ πȣȢὫ ὼ π

Ὤ ὼ πȟὬ ὼ πȣȢὬ ὼ π

 ɲ 

(2.22) 

 

2. There exist polynomials  

Ὂ ᶰὅέὲὩὪὼȟὪὼȣȢὪὼ ȟ ὋᶰὓέὲέὭὨίὫ ὼȟὫ ὼȣȢὫ ὼ ȟ Ὄᶰ

ὍὨὩὥὰίὬ ὼȟὬ ὼȣȢὬ ὼ  st. 

 Ὂ Ὃ Ὄ π (2.23) 

The following simple example shows how this theorem can be applied to formulating the 

problem of checking if a function is non-negative (much less stricter condition that SOS check) 

which is an NP hard problem as an SOS problem easily solved as an LMI. 

Example 2.3 Check if a polynomial ὴὼ π. We start by writing the corresponding set 

emptiness equation which would be acted on my P-Satz theorem as introduced before. 

ὴὼ π ḳ ὼɴ ᴙȿ ὴὼ πȟὴὼ π  ɲ
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Using P-Satz, the above equation is equivalent to ς  

ὅ ὴὼ ὓ ὴὼ π 

ί ὴί ὴ πȟίᶰ  

ὴί ὴ ᶰ ȟ ȟίᶰ  

Degree of ί and value of Ὧ need to be carefully chosen such that the corresponding SOS 

problem is feasible. Ὠ ÍÁØὨὩὫὴ ÄÅÇ ίȟςὯ ὨὩὫὴ  . For example in the above 

problem, ὴ π and ί π so as an initial guess, the degree of first term as chosen to be  

that of the second term for the overall expression to have a chance at being a SOS. While there 

is surely a lower bound on the degrees, there also exists an upper bound apart from the 

computational burden. We will now be presenting how SR can be estimated for a general non-

linear system using SOS programming. Several important applications of this theorem coupled 

with LMI formulation of SOS problem in control theory are summarized in [51]. 

2.2.3 Estimating Region of Attraction (Expanding Interior Algorithm) 

[Ŝǘ ǳǎ ŦƛǊǎǘ ŦƻǊƳŀƭƭȅ ŘŜŦƛƴŜ [ȅŀǇǳƴƻǾΩǎ ǎŜŎƻƴd method for stability [19].  

Theorem 2.9 Consider the system  

 ὼ Ὢὼ (2.24) 

Let ὈṖ ᴙ  be a neighborhood of the origin. If there is a continuously differentiable function 

ὠȡὈᴼᴙ  such that the following conditions are satisfied: 

1. ὠὼ π ᶅὼɴ Ὀ͵ π and ὠπ π 

2. ὠὼ  Ὢὼ π ᶅὼɴ Ὀ͵ π 

then the origin is a stable equilibrium. If ὠὼ is negative definite in Ὀ then its asymptotically 

stable. If Ὀ  ᴙ  and  ὠὼᴼЊ as ᴁὼᴁO Њ then result holds globally. Now, given a 

Lyapunov function ὠ defined in Ὀ, the next theorem shows how SR can be estimated from it.  
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Theorem 2.10 [47] Let ὈṖ ᴙ  be a domain containing equilibrium ὼ π of the system 

ὼ Ὢὼ with ὠὼ being a corresponding Lyapunov Function defined in Ὀ. Any region 

  Ḋ ὼɴ Ὀȿὠὼ  ‍ is a positively invariant ǊŜƎƛƻƴ ŎƻƴǘŀƛƴŜŘ ƛƴ ǘƘŜ ŜǉǳƛƭƛōǊƛǳƳΩǎ {wΦ 

Proof: 

Let us take a trajectory starting at any point ὼᶰ   with value of ὠ ὠ ‍ (by definition). 

Now since ὠ π, all successive points on trajectory have ὠ ὠ ‍. Thus, all points on the 

trajectory ɴ   ǿƘƛŎƘ ǎƘƻǿǎ ƛǘΩǎ ŀ ǇƻǎƛǘƛǾŜƭȅ ƛƴǾŀǊƛŀƴǘ ǎŜǘΦ bƻǿ ǘƻ ǎƘƻǿ ǘƘŀǘ ǘƘŜ ǘǊŀƧŜŎǘƻǊȅ 

converges to origin, since ὠ π and monotonically decreases along the trajectory, ὠ reaches 0 

eventually which is only possible at the origin (as defined). Hence proved that     is contained 

in SR.     

Thus, we see that Lyapunov function level sets can be used to estimate a portion of the SR. 

Since there are multiple possible Lyapunov functions, we are in search for the one whose 

associated    is the largest or in simple words, the one whose one of the level set 

approximates largest portion of the SR and is contained in it. The Expanding Interior Algorithm 

as proposed in [47]  which will be discussed in the following section helps solve this problem 

through SOS programming making the algorithmic construction of Lyapunov Functions to 

estimate SR possible. 

2.2.4 Expanding Interior Algorithm 

The aim of the discussed problem is to maximize the level set of an unknown Lyapunov function 

contained within the SR of the corresponding equilibrium. There are two approaches to this 

problem that will be considered in our work. The first approach referred to as the expanding 

Ὀ algorithm expands a known semi algebraic set Ὀ which contains the origin (equilibrium) and 

is contained inside the set ὼȿὠὼ πȟὠὼ π followed by level set of ὠ constrained in it. 

A major problem with this approach was that it was possible to have a large Ὀ with a very small  

ὠ level set. The second approach, which is more successful expands the ὠ level set from inside 

and is called the Expanding Interior Algorithm. The two approaches can be visually compared 

through the following figure where the larger purple ellipse is the Lyapunov level set inscribing 
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the smaller ὖ(blue) for expanding interior while the smaller one (red) circumscribes larger 

Ὀ(yellow) for expanding D algorithm.  

 

Figure 2.16 Expanding D vs Expanding Interior Algorithm SR Estimates 

In this section, the formulation for dynamical systems with equality constraints would be 

discussed since later on we will see that the polynomial version of the power systems classical 

model has an inherent equality constraint. Given the following system ς 

 ὼ Ὢὼ 

π Ὣὼ 

(2.25) 

 

Here it should be kept in mind that Ὢὼ is defined such that the trajectories starting in the 

constraint manifold Ὣὼ π are restricted to evolve over it. i.e. Ὣὼ Ὢὼ

π ᶅ ὼȿὫὼ π . Let us define a variable sized semi algebraic set ὖ ὼɴ ᴙȿ‍ ὴὼ

πȟὫὼ π where ὴ is a known positive semi definite polynomial. For a given initial Lyapunov 

Function ὠὼ, the optimization problem in terms of set emptiness constraints (for P-Satz 

theorem) can be written as ς 

 □╪●Ȣ  ♫ 

ίȢὸȢ 

╥● cannot be negative:ὠὼ πȟ Ὣὼ πȟὼ π  ɲ

╟♫ Is contained inside the SR estimate (╥● ) :  ὴὼ ‍ ȟ Ὣὼ πȟ ὠὼ

 

 

(2.26) 

 



 49 

ρȟ ὠὼ ρ  ɲ  

Inside the SR estimate,╥● strictly decreases along all trajectories: 

ὠὼ ρȟὠὼ πȟ Ὣὼ πȟὼ π  ɲ

The first constraint forces ὠ to be π at all points besides the origin (SEP of interest) since in 

this algorithm the true SR is unknown beforehand. So, using a Lyapunov function that can take 

a 0 value at points other than origin will mean that  ὠ π will not always mean a movement 

towards the origin. Writing the SOS formulation using P-Satz theorem, 

 □╪●Ȣ  ♫ 

ὠȟὠπ πȟὯίɴ ὴέίὭὸὭὺὩ ὭὲὸὩὫὩὶίȟίίɴ ȟ‗ᴂί 

ίὸȢ 

ί ίὠ ‗Ὣ ὰ π 

ί ί‍ ὴ ί ὠ ρ ί ‍ ὴ ὠ ρ ‗Ὣ ὠ ρ π 

ί ί ρ ὠ ίὠ ί ρ ὠὠ ‗Ὣ ὰ π 

 

 

(2.27) 

 

Here it should be noted that since ‗ᴂί are not SOS functions, the trick is to assume them to be 

comprised of any terms that simplify the final expression. For example in 2nd constraint, when 

we assumed ί ί π, the constraint became ί ὠ ρ ί ‍ ὴ ὠ ρ ‗Ὣ

ὠ ρ . Now you can assume ‗ to be of the form ὠ ρ ‎ὼ to take out ὠ ρ 

common from the expression to get the final simplified expressions for constraints ς  

 ὠ ‗Ὣ ὰᶰ  

ί ‍ ὴ ‗Ὣ ὠ ρᶰ  

ί ρ ὠ ίὠ ‗Ὣ ὰᶰ  

 

(2.28) 

 

where  denotes sum of squares function of the given ὲ variables. Here it should be 

mentioned that equality constraints got converted to SOS condition by taking an SOS multiplier 

to the other side. For example in first constraint equation taking ί to RHS would result in the 

SOS constraint above. Now, the given formulation has bilinear constraints (for e.g. the term ίὠ 

for both ί Ǫ ὠ unknown. However if we fix one, then the resulting constraints can easily be 

written as a linear combination of functions which can be solved through SOS programming. 

Using this idea, an iterative scheme was proposed in [47]. There is however one shortcoming to 
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this approach. The size of the estimate would heavily depend on the choice of expanding region 

ὴ. To deal with this situation, a scheme was proposed in [52] where once the iteration 

converges for a given ὴ, the ὴ is replaced by ὠ obtained at the end and algorithm repeats. The 

overall algorithm is presented below. Here it is important to acknowledge that the LMI 

formulation of SOS conditions is valid for only polynomial functions. Thus, only systems with 

polynomial state equations can be handled. That being said, most non polynomial systems can 

be converted to polynomial ones through variable transformations [53].   

Algorithm 2.5 Expanding Interior Algorithm for Region of Attraction Estimation 

 

1. Initializing degrees for unknown functions : Choose a maximum degree Ὠ  for ὠ. Also 

since ὠπ πȟ the constant term in the expression for ὠ is set to 0 from the start. Also 

initialize degrees for multiplier polynomials as Ὠ ȟὨ ȟὨ ȟὨȟὨȟὨ ȟὨ ȟὨ . A rule of 

thumb for picking these degrees for a given Ὠ  such that the corresponding SOS constraints 

are feasible yet not of a very high dimensionality is that for every constraint, try to keep the 

degree of each term same. Using this idea, the following rules can be made ς 

a. ίί , ὰ need to have even degrees due to being SOS. 

b. For first constraint, set Ὠ ÍÁØÄÅÇ ‗ὫȟὨ  

c. For second constraint, Ὠ Ὠ άὥὼὨȟÄÅÇ ‗Ὣ  

d. For third constraint, Ὠ Ὠ ÍÁØ ÄÅÇὠ Ὠ ȟÄÅÇ‗ὫȟὨ   

2. j = 1. Initialize with ὴ  В ȿὥȿὼ 

3. Set ὴ ὴ   , ὴ iteration, outer loop 

4. i = 1. expanding interior for a given ὴ, inner loop 

5. Fix ὠ ὠ ȟ perform a line search on ‍ starting from ‍  (= 0 if j = 1) till the following 

SOS is infeasible. 

ὠ ‗Ὣ ὰᶰ  

ί ‍ ὴ ‗Ὣ ὠ ρᶰ  

ί ρ ὠ ίὠ ‗Ὣ ὰᶰ  

Physically it means expanding ὖ still it touches boundary of a fixed ὠ ρ. We get ίȟίȟ‍ 
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6. Set ί  ίȟί ί. Perform the following optimization starting from ‍ ‍  

ÍÁØ ‍ 

ὠȟὠȟίȟ‗ȟ‗ȟ‗ 

ίὸȢ 

ὠ ‗Ὣ ὰᶰ  

ί ‍ ὴ ‗Ὣ ὠ ρᶰ  

ί ρ ὠ ίὠ ‗Ὣ ὰᶰ  

        To get ὠȟὠȟ‍ 

7. If ‍ ‍ πȢπρ,  i = i + 1. GOTO 5. 

8. If ȿÍÁØὧέὩὪὪ  ὴ ὠ ȿ πȢπρ,  j = j + 1. ὴ ὠȟ‍ ρ. GOTO 3. 

9. STOP. Stability region estimate = ὠ ρ 

ὖ ὠ ρ when the outer iteration ends. As seen above, the algorithm needs an initial 

estimate of ὠ to start which can be obtained easily through a single iteration of expanding D 

algorithm. For detailed derivation of the algorithm below, please refer to [47]. Once the initial 

ὠȟὧ pair is found, we scale down ὠ as  to get the initial estimate of SR as ὠ ρ to take 

out the variable ὧ from the formulation. 

Algorithm 2.6 Initial Estimate of Lyapunov Function for Expanding Interior Algorithm 

1. For finding ὠ for a given ὴ 

ÍÁØ‍ 

ὠȟὠȟίȟίȟ‗ȟ‗ 

ίὸȢ 

ὠ cannot be  π inside ὖ ᾀᶅ π : ί ‍ ὴ ὠ ‗Ὣ ὰᶰ  

ὠ cannot be  π inside ὖ ᶅᾀ π: ί ‍ ὴ ὠ ‗Ὣ ὰᶰ  

2. For finding correct level set (ὠ ὧ)  

ÍÁØὧ 

ίȟίȟίȟ‗ 

ίὸȢ 

ὠ ὧ contained in ὖ: ίὧ ὠ ί ὴ ‍ ί ὧ ὠ ὴ ‍ ‗Ὣ ὴ ‍ ᶰ  
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2.2.5 Application to Transient Stability Assessment of Power Systems 

Classical Model 

In 2.1, the characterization of stability boundary in terms of the number and types of UEPs on it 

was presented. A list of assumptions were made regarding the system dynamics and manifold 

topology thus revealing further details about the stability boundary.  The idea of energy 

functions which can serve as Lyapunov functions was also discussed. Further, the stability 

boundary of a special category of models, the ones that admit energy functions was discussed 

which lead to the idea of CUEP and BCU methods. While the assumptions on which the whole 

theory is based (low loss terms, transversality condition, hyperbolic EPs) hold true for most 

power systems and the techniques based on those have been proven to be a great success, not 

much is said about more complex systems like those with other types of limit sets (non-

hyperbolic equilibrium, limit cycles, etc), state/output constrained systems, switched systems 

to name a few. With the grid being operated near the limit with increasing load demand and 

growing penetration of renewable resources, the possibility of more complex dynamics is not 

rare [54]. While we acknowledge that there is some work by Alberto et.al [36] [55] [56] on the 

idea of Generalized Energy Functions in order to deal with some of the assumptions failing to 

satisfy like having non hyperbolic EPs, it is still based on the assumption that the system has 

almost negligible loss terms. Besides that, a bigger problem plaguing the current systems is that 

from inverter based generation which operates at tighter limits. Any deviation from those could 

result in tripping a large amount of generation with the example of Germany discussed in 1.1.1. 

Also, the uncertainty in their outputs would require the estimation of a robust stability region. 

Thus, it is expected that the future systems would have to deal with a lot of constraints making 

the stability studies more challenging.  

While the Lyapunov function approach for transient stability does not rely on any of those 

system related assumptions, traditionally there was a lack of a computationally feasible 

systematic methodology to construct one [57] [58]Φ ¢ƘŜ ½ǳōƻǾΩǎ ƳŜǘƘƻŘ [59] however is an 

exception which in principle can find a Lyapunov function as well as the exact stability boundary. 
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Its applications to power systems transient stability problem have been explored in the past [60] 

[61]. It requires solving a partial differential equation which does not have a general closed 

form solution and is computationally difficult. Also, the presence of conductance (lossy) terms 

in power systems model has been proven to be a serious difficulty [37] [62]. This led to the 

dependence on physical insights, intuition, etc to search for similar functions for example the 

Energy function as discussed before. However, with the advances in SOS concepts, an 

algorithmic construction of Lyapunov function of any general non-linear system is possible as 

seen in 2.2.3.  Also, it can be seen that using P-Satz theorem makes it a lot simpler to formulate 

some otherwise difficult problems like stability assessment of complex systems (switched, time 

delayed, constrained, uncertain). Thus, we plan on pursuing this for formulating the problem of 

studying transient stability of power systems with operating constraints (as seen in the case of 

PV). In this section, we will simply be showing how the expanding interior algorithm can be 

used with a power systems classical model. This direction was first explored in [52] and we will 

be revisiting those ideas here. Here, it is important to say that analysis of a large scale system is 

not possible using the technique in its current form due to the prohibitive size of the 

corresponding SOS problem. This is an active area of research, however outside the scope of 

this work.  

We first start by writing the power systems classical model in one machine reference frame for 

uniform damping, 

‏  ‫
  

 

ὓ‫ ὖ ὖ В ὉὉ Ὃ ÃÏÓ‏ ‏ ὄ ÓÉÎ‏ȡ

‏ В Ὁ Ὁ Ὃ ÃÏÓ‏ ὄ ÓÉÎ‏ȡ Ὀ‫   

‏ ‏ ‏ ȟ‫ ‫ ‫  

Ὥ ρȟςȣ ὲ ρ 

 

 

 

(2.29) 

 

Since the system of equations is non-polynomial, we do the following processing to convert it 

into a polynomial system with equilibrium at the originς 
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Algorithm 2.7 Transforming Power Systems Classical Model to Polynomial System 

1. Expand the sine and cosine terms of angle differences to get the equations in the 

following form (treating ὉίȟὋȟὄȟὓȟὈ as constants) ς 

‏  ‫  

‫  В ὛὅÓÉÎ ‏ ÃÏÓ ‏
ȟ

В ὛὛÓÉÎ ‏ ÓÉÎ ‏
ȟ

В ὅὛÃÏÓ ‏ ÓÉÎ ‏
ȟ

В ὅὅÃÏÓ‏ ÃÏÓ ‏
ȟ

В ὅÃÏÓ ‏ В ὛÓÉÎ ‏ ὑ ‫   

For some constant matrices ὛὅȟὛὛȟὅὅȟὅὛȟὅȟὛȟὑ 

 

 

(2.30) 

 

   

2. Shift the origin to the relevant SEP ‏ȟπ by replacing ‏  with  ‏ ‏  . 

3. Introduce variables ᾀɴ ᴙ  st. 

 
Table 2.1 Variable Transformation for Power System Model 

New Variable Function of Original States 

ᾀ ‫ ‫ π  ‫  

ᾀ  ÓÉÎ ‏ὭὲὫ ὭὲὫ‏  

ᾀ  ρ ÃÏÓ ‏ὭὲὫ ὭὲὫ‏  

It can be seen that the new states ᾀ ȟᾀ  are not independent. The final 

equations are of the form ς 

 ᾀ

 Вὥᾀ ᾀ Вὦᾀ ᾀ Вὧᾀ ᾀ

ВὨᾀ ᾀ ВὩᾀ ВὪᾀ άᾀ  

ᾀ ρ ᾀ ᾀ 

ᾀ ᾀ ᾀ 

π ᾀ ρ ᾀ ρ 

Ὥ ρȟςȣὲ ρ 

 

 

 

(2.31) 

 

 

Thus the system is a constrained quadratic system in the new transformed variables.  
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 ᾀ Ὢᾀ 

π Ὣᾀ 

(2.32) 

 

Now, we can easily apply the expanding interior algorithm as discussed before to get the 

estimate of SR. Let us continue the 3-machine system Example 2.1 introduced in 2.1.5 and try 

finding the CCT through SOS programming as discussed in this section. 

Example 2.1 Continued ²Ŝ ŦƛǊǎǘ ǎǘŀǊǘ ōȅ ǿǊƛǘƛƴƎ ǘƘŜ Ǉƻǎǘ Ŧŀǳƭǘ ǎȅǎǘŜƳΩǎ {9t ƛƴ ƻƴŜ ƳŀŎƘƛƴŜ 

reference frame which is given by Ȣ ȟȢ ȟȟ . Now, converting the equations in 

one machine reference frame to an equivalent polynomial system using Algorithm 2.7 with the 

following variable transformation and final polynomial system given as,  

Table 2.2 Example 2.1 Variable Transformation for Polynomial System 

New Variable In terms of Original System State 

ᾀ ‫  

ᾀ ‫  

ᾀ ÓÉÎ ‏ πȢστψχ 

ᾀ ρ ÃÏÓ ‏ πȢστψχ 

ᾀ ÓÉÎ ‏ πȢστυρ 

ᾀ ρ ÃÏÓ‏ πȢστψχ 

ᾀ  σπȢππσᾀ  υσȢχυᾀ  σȢωωᾀ  ρφȢςφᾀ  υȢπρᾀ  ρȢυχᾀ

ᾀ  υȢσυᾀ ᾀ  υȢσυᾀ ᾀ  ρȢυχᾀ ᾀ  

ᾀ  ρȢψπᾀ  τȢυσᾀ  σȢωωᾀ  ρππȢφςᾀ  τψȢωςᾀ  ρȢπςᾀ

ᾀ  σȢυχᾀ ᾀ  σȢυχᾀ ᾀ  ρȢπςᾀ ᾀ  

ᾀ  ᾀ  ρȢπ ᾀ ᾀ 

ᾀ  ᾀ ᾀ 

ᾀ  ᾀ  ρȢπ ᾀ ᾀ 

ᾀ  ᾀ ᾀ 
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We choose the following degrees for unknown functions (refer Algorithm 2.5) for expanding 

interior algorithm with initial value of ὴ ᾀᾀ - 

Table 2.3 Example 2.1 SOS Degrees 

Function Degree Function Degree 

ὠ 2 ί 0 

ὴ 2 ‗  0 

ὰ 2 ‗  0 

ὰ 4 ‗  0 

ί 0 ‗  0 

ί 2 ‗  1 

The final values of SOS multipliers (refer to Algorithm 2.5) as well as ὠ in terms of ᾀ are ς 

ὠ  χȢςωᾀ ψȢχρᾀ πȢππρςᾀ ᾀ πȢπσχᾀ ᾀ  πȢπρςᾀ ᾀ 

πȢππςᾀ ᾀ πȢππτᾀ ᾀ πȢππσzᾀ ᾀz πȢππςᾀ ᾀ  πȢπςᾀς ᾀυ

πȢπρτᾀ ᾀ πȢππτᾀ ᾀφ πȢπρςᾀ ᾀ πȢππρφᾀ ᾀ πȢπρσᾀ

ᾀ πȢρρσᾀ ᾀ πȢπρυᾀ ᾀ  πȢππφzᾀ πȢππσᾀ τȢππυᾀ σȢωφ

ᾀ τȢχρᾀ τȢφχᾀ  

ί πȢωωω  

ί πȢπςτᾀ  πȢπρςχᾀ ᾀ  πȢρψφᾀ ᾀ  πȢρπρᾀ ᾀ  πȢσρᾀ

ᾀ  πȢπρπψᾀ ᾀ  πȢπρφᾀ  πȢρωᾀ ᾀ  πȢπψφᾀ ᾀ  πȢτρᾀ

ᾀ  πȢρτᾀ ᾀ  ρτȢρχᾀ  πȢσρzᾀ ᾀ  ρȢυψᾀ ᾀ  πȢρπφᾀ ᾀ 

 ρφȢτςᾀ  πȢωχᾀ ᾀ  σȢωφᾀ ᾀ  ρσȢσψᾀ  πȢσσᾀ ᾀ  ρφȢσφ

ᾀ  

ί ωȢρψ, ‗ σȢχχψ, ‗ τȢυπ, ‗ πȢρσς, ‗ πȢρτσ 

‗ ρȢςωφυφρυωσππςφωχ ᾀ  πȢστπρωρφρρτσρχτρχ ᾀ  τȢπχυσψπφωυφωπχπψ 

ᾀ  ρσωȢσρσρφφςχψρψτχ ᾀ  ψȢφχτωπσχψχυψχψφτ ᾀ

 ρςπȢςχφχςυψπυσχφυ ᾀ 
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‗

πȢπςωωυυςωστυφωρωςς ᾀ  πȢψσχςωσπυρρπχςωτχ ᾀ  τȢσςπυπφψρψφψυυφω  

ᾀ  ρτσȢτρςφσφτφφψυυψ ᾀ  χȢψυρυυςρυςτςσσυ ᾀ  ρυωȢυχυςππτφρπφυχ ᾀ  

The progression of SR estimate is shown in the figure below in angle domain with ‫ Ȣ‫  

kept constant.   

 

Figure 2.17 Example 2.1 Expanding SR Estimate 

Writing the expression in terms of original state variables,  

ὠ  πȢπρτ ‫  πȢππρ ‫  πȢτωρ ÃÏÓ‏  πȢτψσ ÃÏÓ‏

 πȢρφρ ÓÉÎ‏  πȢρχρ ÓÉÎ‏  πȢπςπ ÓÉÎ‏ ÓÉÎ‏  σȢωχρ 

ÃÏÓ‏  τȢφψ ÃÏÓ‏  σȢωω ÓÉÎ‏  τȢχ ÓÉÎ‏  πȢππρ 

‫ ‫  πȢπςτ ‫ ÃÏÓ‏  πȢπππψ ‫ ÃÏÓ‏  πȢππσ 

‫ ÃÏÓ‏  πȢπρπ ‫ ÃÏÓ‏  πȢπσρ ‫ ÓÉÎ‏  πȢππυ 

‫ ÓÉÎ‏  πȢπππω ‫ ÓÉÎ‏  πȢπρχ ‫ ÓÉÎ‏  πȢππυ 

‫  πȢππσ ‫  πȢρπυ ÃÏÓ‏ ÃÏÓ‏  πȢπσω ÃÏÓ‏

ÓÉÎ‏  πȢπςπ ÃÏÓ‏ ÓÉÎ‏  πȢπσυ ÃÏÓ‏ ÓÉÎ‏

 πȢπσφ ÃÏÓ‏ ÓÉÎ‏  χȢτωπ   

Now, this can be transformed to COA reference frame using linear mapping given below ς  
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‏  ὓὥὴ ‏ ȟ‫ ὓὥὴ ‫  

ὓὥὴ ᶰὙ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὄ

Ὄ
ȣ
Ὄ

Ὄ

ể ể ể
Ὄ

Ὄ
ȣ
Ὄ

Ὄ Ứ
ủ
ủ
ủ
ủ
Ủ

Ὅ  

 

 

 

(2.33) 

 

Where, 

‏ ‏ ȟ‏ ȟȣȟ‏ ȟ‫ ‫ ȟ‫ ȟȣȟ‫ ȟ‏

‏ ȟ‏ ȟȣȟ‏ ȟ‫ ‫ ȟ‫ ȟȣȟ‫   

The expression for ὠ in COA reference frame can be obtained through the above 

transformation is. Finally, we calculate the value of ὠ along fault on trajectory and whenever its 

value first reaches 1 is denoted as the CCT. From the graph below, we can see that this happens 

at ὸ πȢςυ ίȢ This estimate is quite close to the estimate of πȢςσυυ ί by BCU, actually better as 

seen from the time domain simulation estimate of πȢςχυπ ί. Here it should also be noted that 

since the variable transformation used sin and cosine of angles, the Lyapunov function values 

would be periodic in angle space (repeating every ς“) which is the reason for it crossing 1 

multiple times along fault on trajectory. So, we only use the first crossing to determine stability. 

 

Figure 2.18 Example 2.1 Value of Lyapunov Function along Fault Trajectory 

To compare their performance for disturbances in any direction for the same post fault system, 

we plot the SR estimate by both the techniques. While for Lyapunov approach its 
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straightforward (ὠ ρ), BCU estimates it piece by piece using multiple level sets of energy 

ŦǳƴŎǘƛƻƴΦ {ƻΣ ƛƴ ƻǊŘŜǊ ǘƻ Řƻ ǘƘŀǘΣ ǿŜ ƴŜŜŘ ǘƻ ƪƴƻǿ ŀƭƭ ǘƘŜ ¦9tΩǎ ƻƴ ǘƘŜ ǎǘŀōƛƭƛǘȅ ōƻǳƴŘŀǊȅ ŀƴŘ 

plotting the constant energy surface passing through each to get relevant stability boundary in 

each direction. For finding all the EPs, we employ a continuation based technique proposed in 

[63].  The idea is to use loading at each bus as a separate parameter in the state equations. 

Now, the value of each parameter is varied in individually which shifts the SEP in a particular 

ŘƛǊŜŎǘƛƻƴ ƛƴ ǎǘŀǘŜ ǎǇŀŎŜ ŀǎ ǿŜƭƭ ŀǎ ǘƘŜ ¦9tΩǎ ƻƴ ƛǘǎ ǎǘŀōƛƭƛǘȅ ōƻǳƴŘŀǊȅ ǘƛƭƭ ŀ ǎŀŘŘƭŜ ƴƻŘŜ 

ōƛŦǳǊŎŀǘƛƻƴ ƛǎ ǊŜŀŎƘŜŘ ǿƘŜǊŜ ǘƘŜǊŜΩǎ ƴƻ ŜǉǳƛƭƛōǊƛǳƳ for the parameterized state equation [64] 

due to maximum power transfer reached. It has been shown in [65] that at this point the SEP 

and a UEP on its boundary come close, meet and get destroyed. Now the idea is to reverse the 

change in load to go back to the original system (parameter value same as initial) but not 

returning to the same SEP, rather to that UEP that the SEP got destroyed with. To do so, a 

continuation method [66] is used which safeguards against any convergence problems 

happening around bifurcation. As can be seen from the power angle curve for a single machine 

infinite bus (as studied before), corresponding to same generator loading there are multiple EPs. 

Let us change the orientation of the curve and mark the two EPs (SEP on bottom and UEP on 

top) in the domain πȟ“. Continuation method will trace this curve starting from the SEP and 

reach the UEP. 

 

Figure 2.19 Generator Angle vs Loading Curve 

Algorithm 2.7 Finding all EPs on the Stability Boundary 

Let steady state equations for power system model be of the form Ὢὼ  
Ὢὼ
ể
Ὢὼ

π where 
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for network reduced model, Ὢὼ ὖ ὖ ὖ  ȟὭ ɴ ρȟὲ ρ , ὼ  

‏
ể

‏
 

1. Formulate multiple sets of parametric equations where each set corresponds to a 

continuation parameter ‌ and is expressed as  ς  

Ὂὼȟ‌  

ụ
Ụ
Ụ
Ụ
ợ
Ὢὼ
ể

Ὢὼ ‌
ể
Ὢὼ Ứ

ủ
ủ
ủ
Ủ

, where ‌ is a continuation parameter. 

2. Initialize record keeping table as ς  

EP ♪  ♪   

 

ȣ 

♪▪ 

ὼ     

ὼ     

ể    

    

 Where first column has all the EPs found. When a continuation trace is started from Ὦ  

equilibrium ὼ  along Ὂ‌ Ὥί ὴὥὶὥάὩὸὩὶ, a  is placed on ὮȟὭ  position in table. Each 

new (not in table) equilibrium encountered in this trace is appended to this table as a new 

row and the Ὥ  column of it is marked with .  Initialize with ὼ ὼ  (known SEP) 

3. Randomly choose a combination of starting equilibrium ὼ  and parameter ‌ such that 

ὮȟὭ  position on table does not have . Run continuation trace on Ὂὼ starting at 

ὼ . 

4. Update table rows by appending rows for new EPs found.  

5. If no cell in table is blank, STOP else GOTO Step 3. 

6. Boundary test (using Algorithm 2.4) on ὼ  ᶅὮ ρ and eliminate ones that fail the test. 

7. Repeat process replacing ‌ with ‌ ᶅὭ. 

8.  

Obtaining Continuation Trace and EPs 

For tracing the solution branch along Ὂ starting at ὼ , follow these steps ς  
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New states ώ
ὼ
‌   

Formulate Jacobian ὐώ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ ȣ π

ể

ể

ể ȣ ể

ȣ

ể ȣ ể

ể
ρ
ể

ȣ πỨ
ủ
ủ
ủ
ủ
ủ
Ủ

 

 

1. ώ
ὼ

π
. Initialize step size Ὤ. Set continuation parameter index Ὧ ὲ ρ, 

ὨὭὶὩὧὸὭέὲρ. Iter = 1. 

2. Predictor: Tangent vector ὸ
ὐώ
Ὡ

π
π

ὨὭὶὩὧὸὭέὲ
 where Ὡ is an all 0 row vector 

with Ὧ  position as 1.  ώ ώ Ὤ ὸ. 

3. Continuation parameter index Ὧ = ὥὶὫάὥὼȿὸȿ ȣ ȿὸ ȿ.  

4. Corrector: Solve system of equation 
Ὂώ

ώὯ ώ Ὧ
 using ώ  as initial condition to 

update ώ  using Newton-Raphson similar to Algorithm 2.3.  

5. Equilibrium Test If ώ ὲ ρ πȟ  EP found = 

ώ

ể
ώ

  

6. If Iter < Itermax AND ώ ρȡὲ ρ within constraints, Iter = Iter + 1 , ὨὭὶὩὧὸὭέὲ

 ώ Ὧ ώ Ὧȟώ ώ ,  GOTO Step 2.   

7. STOP 

¦ǎƛƴƎ ǘƘŜ ŀōƻǾŜ ŀƭƎƻǊƛǘƘƳ ǿŜ ŦƛƴŘ ǘƘŜ ŦƻƭƭƻǿƛƴƎ ¦9tΩǎ ŦƻǊ ƎǊŀŘƛŜƴǘ ǎystem (same as original 

system) and filtering out the ones not lying on the stability boundary of original system. The 

continuation traces are shown below for understanding the process visually. The parameter ‌ 

values are in x axis while y axis has state values ‏ ȟ‏ . Each graph has a collection of 2 

vertically integrated graphs corresponding to 2 state values respectively for the same 

continuation trace. The graphs in the top row are for positive direction of ὥὰὴὬὥ while lower 
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row is for tracing in negative direction. To understand a trace, whenever the trace intersects 

the y axis, we obtain an equilibrium. The trace is restricted to the state values within “ of ὼ . 

 

Figure 2.20 Example 2.1 Continuation Traces for Locating All EPs 

Now, out of those we select only the ones relevant to BCU (which have stable manifolds in 

angle domain) to get the following ς  

Table 2.4 Example 2.1 Type 1 UEP on Stability Boundary 

UEP♯ȟ♯  Energy 

σȢτςφυȟπȢχςσφ 10.3794 

πȢψχςωȟσȢπψφω 25.2977 

ςȢρρχυȟπȢπρυφ 1.9279 

πȢςσυωȟςȢπψχυ 5.7426 

We now superimpose the intersection of SR estimate from SOS programming and BCU with 

constant ‫ȟ‫  surface. It can be noticed that SOS programming based Lyapunov approach 

ŘƻŜǎ ŀ ŦŀƛǊƭȅ ŘŜŎŜƴǘ Ƨƻō ŀǎ ŎƻƳǇŀǊŜŘ ǘƻ ./¦Ωǎ ǇƛŜŎŜǿƛǎŜ ŜǎǘƛƳŀǘŜ ŀƴŘ ǘƘǳǎ Ŏŀƴ ōŜ ǳǎŜŘ ŦƻǊ ƻǳǊ 

work in dealing with more tricky applications due to its flexibility.  
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Figure 2.21 BCU vs SOS SR Estimate 

2.2.6  Estimating the Relevant Portion of Stability Region for Power 

Systems Classical Model 

The Lyapunov approach using SOS programming discussed as seen before aims at maximizing 

the interior of the SR estimate. While the knowledge of the overall stability region of a system is 

essential when carrying stability analysis, in many applications such as power systems transient 

stability analysis, only the relevant portion of the stability region is needed. During a typical 

disturbance, power system goes through pre-disturbance, disturbance-on and post-disturbance 

phase with the stability obviously defined w.r.t post disturbance system. When seen from that 

perspective, the disturbance-on trajectory usually moves away from the post-disturbance SEP.    

 

Figure 2.22 Comparing SR Estimates for a Fault Trajectory 
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Let us take an example of a two machine system whose actual SR is shown in Figure 2.22 along 

with two different Lyapunov estimates in the ‫ ‫ π plane. The disturbance trajectory is 

also shown. Here, the fault seems to have a more local effect on machine 1 thus resulting in a 

more horizontal trajectory. The Lyapunov estimate ὠ gives a very good overall estimate of the 

stability region in terms of size. It can be seen that longer the disturbance sustains, closer the 

system is pushed towards the stability boundary which is usually the case with power system 

faults. Now, the question that needs to be answered is how long can we sustain the disturbance 

without going outside the stability region of the post disturbance system which is basically the 

CCT as discussed earlier. A good stability region estimate in this regard would be the one which 

contains the disturbance trajectory for the longest time. From that point of view, it can be seen 

that the estimate from ὠ is better that that from ὠ. Thus, the CCT estimate from ὠ will be 

higher than that from ὠ and needless to say that both the estimates are lower than the actual 

CCT and therefore reliable.  

As mentioned before in 2.1.4, this is the governing idea behind CUEP where the UEP on the 

portion of the stability boundary that the disturbance trajectory is trying to head towards is 

found with the constant energy surface passing through it serving as the relevant stability 

region. There is however a fundamental difference in what can be achieved when trying to 

estimate the relevant portion of the SR through a single Lyapunov function vs the CUEP idea. 

While we may be able to choose along what axes the Lyapunov estimate needs to be expanded 

more relatively, it is tricky to also incorporate the direction in the expansion process. For 

example, in Figure 2.22, the disturbance trajectory heads towards positive and not negative ‏ 

direction but the choice of ὴᾀ will be an ellipse whose axis length along ‏ axis is longer than 

 This however can be overcome by choosing non ellipsoidal ὴᾀ making the strategy more .‏

computationally intensive and therefore outside the scope of the current work. Next, we 

discuss how to algorithmically choose ὴᾀ for the expanding interior algorithm discussed 

previously given a disturbance trajectory data. 

Looking for higher degree Lyapunov functions for multi machine systems is not practical 

computationally. Thus, we need to find a positive quadratic function ὴᾀ which belongs to a 
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family of elliptical contours. A good candidate for an ellipse would be one whose axes are 

aligned in the directions of maximum variances of the disturbance trajectory dataset. The 

successive level sets of such ellipse would expand more in the direction of disturbance 

trajectory and less in other directions. We propose a simple candidate for this ellipse using 

principle component analysis (PCA) [67]. PCA gives a set of orthogonal variables called the 

principle components with the first component in the direction of maximum variance in the 

data followed by the second and so on. These principle components are actually eigen vectors 

of the data covariance matrix with the eigen values giving the variance in data in those 

directions. Normally the data is centered and normalized before carrying out the PCA which 

results in principle components centered at the data center and with the eigen values scaled 

down. However, this is not we are looking for. We are interested in an ellipse centered at the 

origin (SEP of the post fault system) with axis lengths truly representing the true distances the 

disturbance trajectory travels in each direction. Thus, we will be working with raw trajectory 

data. Let ὢ denote the data matrix as represented below.   

 ὢ ὼ ȣ ὼ  (2.34) 

Where ὼ is a vector with values of Ὥ  state variable at different times along the disturbance 

trajectory. The PCA on this raw data gives the principle components ὩȟὩȣὩ  which are 

vectors aligned in the direction of maximum variance while the associated eigen values 

‗ȟ‗ȣ‗  representing the variances in each direction. We propose the following choice 

of ellipse ὴᾀ for expanding interior algorithm. 

 ὴᾀ ᾀὃᾀ 

ὃ Ὁάὥὸ

ở

ỞỞ
ờ

ρ

‗
Ễ π

ể Ệ ể

π Ễ
ρ

‗ Ợ

ỡỡ
Ỡ
Ὁάὥὸ 

ὉάὥὸὩȟὩȣὩ  

 

 

(2.35) 

 

There are a few things to note about the proposed matrix. Since PCA is basically eigen analysis 

of covariance matrix of the data matrix which is a real symmetric matrix, the eigen values are 

real. Also, the covariance matrix is positive semi definite giving positive eigen values.  
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Now, we evaluate the choice of square root of ‗ vs ‗ itself in the diagonal elements. Usually, a 

sustained disturbance displaces some states more than the others giving majorly differing ‗ΩǎΦ 

Using ‗ itself in the ὃ matrix defined resulted in an extremely eccentric ellipse (large major to 

minor axis lengths) as compared to Ѝ‗ which is a smaller ratio and thus more rounded ellipse. 

Having such an eccentric expanding region gave a final Lyapunov estimate prone to giving 

highly conservative CCT estimate in some cases. The problem can be visualized for a 

hypothetical disturbance trajectory data in the figure below. Here, when expanding the lower 

ellipse (more eccentric), it quickly hits the stability boundary in the major axis direction with the 

minor axis still being negligibly small. This increases the chances of the disturbance trajectory 

leaving this ellipse early on in time yielding a low CCT estimate. 

 

Figure 2.23 p(z) contours using  ⱦ░  (lower) vs  ⱦ░
1/2  (upper) 

Let us now demonstrate the effectiveness of this initial choice of ὴᾀ for expanding interior 

algorithm for transient stability assessment of a multi machine system. 

Example 2.2  Given 3 machine system with damping coefficient of 2. 
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Figure 2.24 Example 2.2 Test Case 

The first fault studied in the above system is on line connecting 1-2 on the bus 2 side. This fault 

is carefully based on the prior knowledge of the Lyapunov estimate shape which has a shorter 

axis in the direction of machine 2 states (‏ȟ‫ . The SEP of the post fault system is 

πȢστψχȟπȢςπχπȟπȟπ. Ideally, the portion of the fault trajectory data lying inside the actual 

stability region should be used to estimate the start ὴᾀ but since its known beforehand, we 

use the data from the sustained fault trajectory for 2 seconds. PCA on the transformed 

variables ᾀ yields the following results, 

‗ σχȢψσȟπȢχωφυȟπȢτςτφȟπȢπχφωȟπȢππςτȟςȢςὩ υ 

Ὁάὥὸ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢπρψσπȢφτρπ πȢπρωσ
πȢωψτππȢπρτψ πȢρχπσ
πȢπτωτπȢπςρωπȢπωφρ

πȢχφφωπȢπρτσπȢππρφ
πȢπσωφπȢπσρςπȢππχυ
πȢππςφπȢωτπω πȢσςπσ

πȢππψφπȢππφφπȢπσσπ
πȢππςφπȢχυπσπȢςςυψ
πȢρχπςπȢρυωφπȢωυσφ

πȢππρψπȢσρψυπȢωτχσ
πȢφςρτπȢππτχπȢππςς
πȢρυυτ πȢρρπππȢππρτỨ

ủ
ủ
ủ
ủ
Ủ

  

 

Figure 2.25 Example 2.2 SR Estimate for Fault on Bus 2  
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ὃ matrix can be found using the earlier discussion. The final SR estimates using the identity 

matrix for ὃ and the proposed matrix are shown in Figure 2.25 which considerably differ in the 

shape with the proposed approach covering more area along the ‏ axis. 

Let us now plot the value of the two Lyapunov functions along the fault trajectory. The CCT 

estimate for this fault as given by the proposed methodology is 0.44 s while original estimate is 

0.37 s which shows a significant reduction in the conservativeness of the estimate. 

 

Figure 2.26 Example 2.2 Lyapunov Value Along Fault Trajectory for Fault on Bus 2  

We take the previous case with the same line fault but closer to bus 1. This case is chosen since 

it was previously seen that the SR estimate with ὃ Ὅ was significantly bigger in the ‏ 

direction and thus we need to make sure that the proposed technique is able to do as well if 

not better in terms of the CCT estimate. The SR estimates are as shown below. It can be seen 

that there is a marginal expansion of the SR estimate along the machine 1 states axes due to 

the disturbance trajectory taking the system to that region. 

 

Figure 2.27 Example 2.2 SR Estimate for Fault on Bus 1 
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Plotting the Lyapunov values along the fault trajectory we can see that there is no improvement 

in the CCT estimate. This can be attributed to the fact that the default choice of ὴᾀ resulted in 

the Lyapunov estimate expanding in a similar direction as with the proposed ὴᾀ thus no 

further scope for improvement. 

 

Figure 2.28 Example 2.2 Lyapunov Value Along Fault Trajectory for Fault on Bus 1 
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Chapter 3 Impact of Inertia Displacement and 

Generator Redispatch 

In this chapter, we will start by studying the impact of locational inertia reduction to power 

system stability through the BCU method as well as time domain simulations. This would be 

followed by a visualization of how SR changes with changing the way conventional generators 

are dispatched when accommodating PV. Here it should be noted that for the studies using 

BCU/Energy functions, the states (‏ȟare assumed to be in COA reference frame and so we (‫ 

eliminate the need for using the notation ‏ ȟ‫  and simply use ‏ȟunless stated ‫ 

otherwise.    

3.1 Inertia Reduction Issues 

A majority of the generation in power systems has been through synchronous machines whose 

simplified dynamics were studied in the previous section. Revisiting the idea of power systems 

stability, a grid consists of multiple synchronously rotating machines driven by fuel (gas,nuclear, 

etc) together supply electrical loads. At steady state, there is an input(mechanical)- 

output(electrical load)  balance at each machine and thus machines rotate at fixed speeds. On 

the electrical side, the power flow between machines is dependent on their relative rotor 

angles. Any disturbance to the balance results in some machines speeding or slowing down wrt 

others and beyond certain limit (defined in terms of relative rotor angles and speeds) they 

become unstable and cannot be synchronized again and have to trip offline. Now, as seen from 

the swing equation (the equation of motion of a synchronous machine), these machines have 

inertia which resists these speed changes during an imbalance. The grid frequency is coupled to 

the generator speeds and thus relies a lot on this inertia. A heavy machine is less likely to reach 

the instability limit during a disturbance as its slow in responding to responding to disturbances 

thus giving more time for control. With the increasing penetration of inverter based generation 

like solar and wind, these normally do not have any inertia though theoretically it has been 
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shown that with a storage unit, they can simulate inertia [68]. However, there are still practical 

limitations to it.  

3.1.1 Literature Review 

The impact of low inertia on the power systems transient stability is a well-studied problem. 

hƴŜ ƻŦ ǘƘŜ ŜŀǊƭƛŜǎǘ ǿƻǊƪǎ ƛƴ ǘƘƛǎ ǊŜƎŀǊŘ ŘŀǘŜǎ ōŀŎƪ ǘƻ ǘƘŜ тлΩǎ ǿƘŜǊŜ ǘƘŜ ǘǊŜƴŘǎ ƛƴ ǎǘŜŀƳ 

turbine generator design which maximized output per pound was shown to reduce the CCTs by 

2-3 cycles [69] [70]. Basu, et al [71] shows the dependence of settling time on the relative 

inertia of remote machine to rest of the network for a two machine system. The work in [72] 

showed the importance of having a higher damping in low inertia machines. The first rigorous 

study in understanding the impact of inertia on transient stability was done by Nakorn [73]. He 

explored in detail the combined influence of generator coupling and inertia to the overall 

system dynamic performance during disturbances. Also, the impact of low inertia on remote 

hydro units on the small signal performance was studied through linearized analysis.  This was 

before the popularity of ideas in SR and direct methods and thus most of these studies used 

time domain simulations to study the impact. Also, during that period, the inertia reduction 

problem was negligible due to the absence of inverter based generation and thus was not a 

prime focus.  

With the increasing deployment of renewable resources all over the world leading to a 

downwards trend in the grid inertia, this area of research was revived and became increasingly 

popular. Andersson et.al [13] did a parametric study on the inertia and damping of a single 

machine equivalent system to analyze the changes in the SR obtained using time domain 

simulations. Since inertia acts as a nullifying agent on the synchronizing torque, for a single 

machine system, the reduction in inertia was seen to rotate the SR such that for the same 

starting synchronization torque, lower speeds were allowed. While this work helped giving us 

an insight into the expected changes in true SR, it is not practical when trying to visualize 

changes in larger practical systems due to computational limitations. Vittal et.al [74] analyzed 

the eigen sensitivity to inertia reduction and also assessed the modes excited by large 

disturbances using time domain simulations under high wind generation penetration. Various 
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scenarios showed both positive and negative impact of wind generation on mode damping. 

While important extremely important in its contribution, it did not give an insight into the SR 

changes and the reason for the particular dynamics observed. Bell et.al [75] did a parametric 

study on the effect of inertia reduction and fault location on CCTs using closest UEP method. 

While our work is along on the same lines, the difference is that not only we use a much less 

conservative approach (BCU) but also develop a way to visualize the problem without extra 

computations. Also, since the closest UEP estimates the SR according to the minimum energy 

UEP on the stability boundary, it would be difficult to correlate the amount of impact on the 

CCT with the estimated SR. Naik [76] did a similar work but using the PEBS method which has 

been proven to be unreliable in the estimates. Thus, there is a need for a parametric study that 

gives an insight into the relevant stability boundary changes as well besides the impact on the 

CCT. Also, this study should be extendable to large scale systems. 

3.1.2 Inertia Case Study 

We would be using the standard 3 machine system introduced before with PV incorporated at 

different buses. PV is modeled as a 0 inertia/0 damping synchronous machine. This means that 

the added PV has reactive support capabilities. For this study, the internal impedance of the 0 

inertia PV is set according to that of the synchronous machine connected at the bus it was 

connected. It is important to view a single generator is being comprised of multiple small 

identical units connected in parallel. Thus in these studies, switching off a percentage of a 

generator translates to switching off appropriate number of those small component generators. 

Effectively in this study, the impact of replacing generators with 0 inertia machines is seen with 

the study details as shown below, 

1. 100 % displacement ratio [77] is assumed i.e. for each PV MW added, a MW of 

conventional generator is switched off. The size of PV added is varied wrt the amount of 

generation at that bus. This is a very realistic scenario as due to the absence of 

associated fuel costs, PV will likely displace the much more expensive conventional units 

in the system. Let us define ὖὠὶὥὸὭέ
  

      
 which represents 
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the penetration level. The parameters of the pseudosynchronous  PV generator [76] at 

each bus are assumed to be - 

Table 3.1 PV Generator Model Parameters as Pseudosynchronous Machine for Inertia Studies 

Parameter Value 

╜ ░▪▄►◄░╪ ╬▫▪▼◄ 0 

╓▀╪□▬░▪▌ ╬▫▪▼◄ 0 

●▀░▪◄▄►▪╪■ ░□▬▄▀╪▪╬▄  where ὼ is that of generator 

connected to same bus 

╔▄□█ Same as Ὁ of the generator at that 

bus. 

2. For ὖὠὶὥὸὭέ as a parameter and 100% displacement ratio, the net equivalent generator 

parameters become  ς 

 ὓ Ὧ ὓ  

Ὀ Ὧ Ὀ  

ὼ ὼ  

Ὧ ρ ὖὠὶὥὸὭέ 

(3.1) 

(3.2) 

(3.3) 

 

This assumption assumes a linear dependence of inertia with PV penetration level which 

may not always hold true. However, since we are interested in impact of inertia 

displacement, this study will help us capture it completely. 

We start by studying a case with single PV added to the 3 machine system shown in 1.3. In this 

study the location of this PV as well as the penetration level is varied. As discussed before, the 

generator present at the same bus is the only one assumed to be impacted. The BCU results for 

a single PV scenario are as given below.  

Table 3.2 Inertia Case Studies BCU Results for Single PV 

PV 

Bus 

Fault 

Bus 

Trip 

Line 

Local PV 

Penetration 

╟╥

╟▌
  

SEP ♯ȟ♯  CUEP♯ȟ♯  Ecr 

(pu) 

BCU CCT 

(s) 

TDS CCT 

(s) 

1 1 1-2 0 % (0.2468,0.2431) (2.1175,-0.0156) 2.0062 0.2355 0.2750 
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50 % (0.2622,0.2586) (2.1987,0.1185) 1.8767 0.1425 0.1650 

90 % (0.27605,0.27238) (2.2669,0.23337) 1.7673 0.0538 0.0550 

2 2 1-2 0 % (0.2468,0.2431) (-0.2359,2.0875) 5.8376 0.2585 0.2850 

50 % (0.2704,0.2667) (-0.0420,2.2369) 5.4407 0.1587 0.1750 

90 % (0.29273,0.28906) (0.13468,2.3708) 5.0854 0.0605 0.0650 

1 2 1-2 0 % (0.2468,0.2431) (-0.2359,2.0875)  5.8376 0.2585 0.2850 

50 % (0.20419,0.26108) (-0.1341,2.0764) 5.8974 0.2599 0.2850 

90 % (0.27605,0.27238) (-0.019355,2.0785) 5.9577 0.2620 0.2950 

2 1 1-2 0 % (0.2468,0.2431) (2.1175,-0.0156) 2.0062 0.2355 0.2750 

50 % (0.2704,0.2667) (2.1305,0.0103) 2.0358 0.2385 0.2850 

90 % (0.29273,0.28906) (2.1398,0.040818) 2.0658 0.2444 0.2850 

 

To begin with, in the COA reference frame, there are minor changes in the SEP with changing 

penetration of PV. Now one might argue that SEP should not change with inertia as seen 

through the nature of state equations. While it is correct to say so when talking about the 

relative angle values wrt one machine, the same cannot be said for angles in COA reference. 

¢Ƙƛǎ ƛǎ ōŜŎŀǳǎŜ ǘƘŜ ŎƘŀƴƎƛƴƎ ŀ ƳŀŎƘƛƴŜΩǎ ƛƴŜǊǘƛŀ ŎƘŀƴƎŜǎ ƛǘǎ ǇŀǊǘƛŎƛǇŀǘƛƻƴ ŦŀŎǘƻǊ όƛƴŦƭǳŜƴŎŜύ ƛƴ 

the center of angle as  ‏
В

 . For example let equilibrium in terms of 

actual rotor angles be (‏ȟ‏) for both machines with ὓ  ς ὴό in a two-machine system. This 

gives equilibrium in COA angles as ( ȟ ). Now we increase ὓ  to Њ. Recalculating the 

equilibrium in COA reference gives (πȟ‏  which is different. Moving on with analyzing the (‏

results, it can be seen that as the PV penetration increases at the same bus where the fault 

happens, the CCT decreases making the system less stable. However, when the displacement is 

done at a bus electrically far from the fault bus, there is no impact on stability (e.g. fault at bus 

2 PV at bus 1). It is also evident that the estimate of CCT by BCU is quite close to that obtained 
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by time domain simulation but on the conservative side due to the conservativeness associated 

with the CUEP approach as discussed before. The relative location of the CUEP wrt the SEP is in 

the direction of the angle of the accelerating generators during the fault. For example in first 

case (fault at generator 1), the CUEP found has a higher value for ‏ than ‏. This means that 

the CUEP should be able to capture the participation of individual generators in the mode of 

interest, the one that could result in instability. 

 

Figure 3.1 Inertia Studies - Fault Bus 1, Trip Line 1-2 CCT changes vs Local PV Penetration 

 

Figure 3.2 Inertia Studies - Fault Bus 2, Trip Line 1-2 CCT changes vs Local PV Penetration 

The next set of studies is done to understand the combined impact of multiple PVs resulting in 

inertia reductions in various locations in the grid. For these, we add a PV each at buses 1 and 2 

and obtain the CCT estimates for 3 phase to ground faults at different locations and varying PV 
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penetrations. The visualization strategy used was proposed in [78] and is a 2 dimensional plot 

shown in Figure 3.1, Figure 3.2 and Figure 3.3 with the axis representing the percentage PV 

penetration at each conventional generator location while the color denotes the severity in 

CCTs (decreasing stability from light to dark). 

The trends in the CCT wrt to the relative location of inertia reduction can be seen more clearly. 

There is effectively no dependence of CCTs for faults electrically far from the areas with PV 

penetration as seen in Figure 3.1 and Figure 3.2. It is easy to explain in terms of the modes 

excited due to the disturbance. Since the farther generator does not have any participation in 

those, its parameters do not influence the risk of instability.  

 

Figure 3.3 Inertia Studies - Fault Bus 3, Trip Line 1-3 CCT changes vs Local PV Penetration 

However, the mode of interest for fault at generator 3 has significant participations from 

generators 1 and 2 due to electrically being close. This is evident in Figure 3.3 in the variation of 

CCTs for changing inertia at those generators as seen in the figure above.   

Now, in order to better visualize the impact of inertia reduction to explain the changes in CCTs, 

we need to represent the portion of the stability boundary most expected to be breached by 

the mode of interest (relevant stability boundary) on 2 dimensional planes. According to [79], 

the best estimate of relevant stability boundary can be obtained using the algorithm discussed 

below.  
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Algorithm 3.1 Estimating Relevant Stability Boundary 

1. Obtain controlling UEP from BCU method for the disturbance under study. 

2. Plot the constant energy surface passing through the controlling UEP found. 

3. The SR estimate is the connected component containing the SEP. 

Since for an ὲ dimensional system, the stability boundary is ὲ ρ dimensional, we need a 

visualization over relevant lower dimensional (2D) surfaces for varying inertia. Also, the impact 

of inertia reduction cannot be seen clearly in the angle domain thus requiring domain. As ‫ 

discussed before, we use the CUEP to identify the interesting machines from the point of view 

of stability. Finally, we plot the intersection of the relevant stability boundary with multiple 

planes for varying PV penetration at each PV bus individually. Each plane corresponds to a 

unique machine of interest, has ‏ and and ‏ of that machine as its axes. All other machines ‫ ‫ 

are set to the values at the SEP.    

We start by analyzing the faults at bus 1 and 2. For the first two figures below, the PV is at the 

same bus as the fault. Based on the CUEPs for these cases (from BCU results table), we see that 

only the local machine as well as machine 3 participate in these faults. Since we eliminate the 

ƳŀŎƘƛƴŜ оΩǎ ǎǘŀǘŜǎ ŀƴȅǿŀȅǎΣ ǘƘŜ ƻƴƭȅ ƳŀŎƘƛƴŜ ƻŦ ƛƴǘŜǊŜǎǘ ƛǎ ǘƘŜ ƻƴŜ ŀǘ ǿƘƛŎƘ ǘƘŜ Ŧŀǳƭǘ ƻŎŎǳǊǎΦ  

 

Figure 3.4 Inertia Study ς FB = 1, PB = 1, L = 1-2 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 
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Figure 3.5 Inertia Study ς FB = 2, PB = 2, L = 1-2 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 

So, plotting the intersection of the relevant stability boundaries with states of machines of 

interest for varying PV penetration, we get figures Figure 3.4 and Figure 3.5. In these plots, FB = 

fault bus, PB = PV Bus and L = Tripped Line. We can notice from these figures that the values of 

with which the post fault trajectory can start and still remain inside the SR are higher for the ‫ 

higher penetration case (lower inertia) for local faults. Inertia plays the role of reducing the 

impact of synchronizing torque (which increases with increasing ‏ upto a certain extent) as 

seen through the swing equation. Thus, the same amount of synchronizing torque (same ‏) 

has more impact on a lower inertia generator than on a higher one and thus is able to bring 

back the lighter generator moving at the same speed more easily than heavier one. This can 

also be also be physically understood as the amount of effort (synchronizing torque) required to 

stop a heavy body (high inertia machine) is more than that required for a lighter body moving at 

the same speed (.(‫  

Moving on, we study cases with PV is introduced at a bus electrically far from the fault bus. As 

seen in the previous cases, only the local machines are interesting. Plotting the projection of 

relevant stability boundary with varying PV penetration, we obtain the estimates shown below.    
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Figure 3.6 Inertia Study ς FB = 2, PB = 1, L = 1-2 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 

 

Figure 3.7 Inertia Study - FB = 1, PB = 2, L = 1-2 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 

Using the above figures, we can clearly explain the changes in CCTs as seen before. The 

displacement of inertia in electrically farther regions of the grid has no major influence on the 

relevant stability boundary thus not influencing the stability for those faults. Finally, we analyze 

a case where the fault is at a bus electrically close to both the machines with inertias displaced. 
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Figure 3.8 Inertia Study - FB = 3, PB = 2, L = 1-3 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 

 

Figure 3.9 Inertia Study - FB = 3, PB = 1, L = 1-3 Estimated Relevant Stability Boundary 
Projection vs Local PV Penetration 

In the above two figures, the fault is at bus 3. Based on the CUEP values as seen before, both 

machines 1 and 2 had considerable participation in this fault. Now, varying the PV penetration 

at each of the machines individually we see that the relevant stability boundary is impacted 

considerably in terms of states of both the machines as expected from our discussion. 
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3.2 Impact of Generation Dispatch 

While inertia reduction is a big threat to stability, another quantity that impacts stability is 

generation dispatch/loading.  Power system operation revolves around maintaining an 

economical and a reliable generation load balance. Since the generators are not capable to pick 

up rapid changes in loads, the load is forecasted day ahead to generate the operating schedule 

for each generator [80] for the whole day which included what periods it would be online and 

how much power would it produce. Since the forecasts cannot be 100% accurate, in real time 

some of the units (called peaking units) which are much more capable in picking up loads 

quickly balance out the net generation to loads while the other heavier/larger units (called the 

base load units) operate at their max normally and do not adjust their powers. Now with the PV 

coming into picture which is an unreliable generation, the system operations currently does not 

treat PV as dispatchable units and thus treated as a load reducer. Now PV is seen to develop in 

areas with cheaper lands [81] and those areas are not necessarily provided with a good enough 

transmission networks. Thus there is an increased flows in parts of the network  which did not 

see much before which increases the normal operating angle differences between some 

regions in the system while decrease between some others. This can be dealt with up to a 

certain extent by changing the dispatch on units but this is heavily constrained by fuel costs. 

Increase in angle difference reduces the synchronizing torque between generators of those 

regions making it more difficult to maintain synchronism between them during disturbances 

thus threatening the stability.  

3.2.1 Generation Dispatch Case Study 

In this study, we vary the way a fixed amount of PV at a given location in the system is 

accommodated by generators through re-dispatch. We try to visualize how the structure of SR 

changes due to the changes in operating point (SEP) to draw conclusions regarding the impact 

on stability.  The details of the study modeling are as follows ς  

1. Power generated by PV is 4 pu ~ 30% of total load. It is introduced at bus 3 as a negative 

real load. 
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2. % of PV accommodated by generator 1 & 2 are used at parameters (rest absorbed by 

generator 3). This is modeled for a generator i as a decrease in steady state loading ς 

 ὖὫ ὖὫ ὖὠίὭᾀὩϷὖὠ ὥὧὧέάά ὦώ ὭὫὩὲ (3.4) 

The loading and dispatch changes impact the potential energy of the system directly [82]. 

According to [83], under the ./¦ ŀǎǎǳƳǇǘƛƻƴǎ ǎŀǘƛǎŦƛŜŘΣ ǘƘŜ ƎǊŀŘƛŜƴǘ ǎȅǎǘŜƳΩǎ ǎǘŀōƛƭƛǘȅ 

ōƻǳƴŘŀǊȅ όŀƭǎƻ ƪƴƻǿƴ ŀǎ ǘƘŜ t9.{ύ ƛǎ ǘƘŜ ƛƴǘŜǊǎŜŎǘƛƻƴ ƻŦ ƻǊƛƎƛƴŀƭ ǎȅǎǘŜƳΩǎ {w ǿƛǘƘ ǘƘŜ ǇƭŀƴŜ 

characterized by ‫ π ᶅὭɴ ρȟὲ . Thus, we will be plotting the changes in PEBS to visualize 

the stability region changes with changing generation dispatch in this study. We are primarily 

interested in the relative location of the SEP to the PEBS in order to get an insight. For tracing 

the stability boundary of the gradient system, there are two popular algorithms (dynamic 

gradient [41] and the ray method [40]) for the same task. Both of these utilize the topological 

ǇǊƻǇŜǊǘƛŜǎ ƻŦ ǘƘŜ ƎǊŀŘƛŜƴǘ ǎȅǎǘŜƳΩǎ ǎǘŀōƛƭƛǘȅ ōƻǳƴŘŀǊȅ ŀƴŘ ǊŜǉǳƛǊŜ ƻƴƭȅ ǘƘŜ ǎǘŀǘŜǎ ƻŦ ǘƘŜ 

gradient system. The ray method constructs several rays emerging from the SEP while 

calculating the energy function (potential energy of original system) value along each. The 

stability boundary is characterized by first local maxima of energy function value along each ray 

starting from SEP. The drawback of this scheme is that it assumes that each ray is transversal to 

the stability boundary. An improvement over this scheme was proposed referred to as the 

dynamic gradient method involves integrating the gradient system trajectory for a few big steps 

(along the gradient of potential energy) and then evaluating a metric whose value is supposed 

to be positivŜ ŜǾŜǊȅǿƘŜǊŜ ƛƴǎƛŘŜ ǘƘŜ ƎǊŀŘƛŜƴǘ ǎȅǎǘŜƳΩǎ {w ŀƴŘ ƴŜƎŀǘƛǾŜ ŀǘ ƭŜŀǎǘ ƛƴ ǘƘŜ 

immediate neighborhood of the boundary lying outside the SR. The algorithm for it is as shown 

below. 

Algorithm 3.2 Dynamic Gradient for PEBS Estimation 

1. Define a meshgrid of points in ƎǊŀŘƛŜƴǘ ǎȅǎǘŜƳΩǎ ǎǘŀǘŜ ǎǇŀŎŜ ό‏). 

2. For j = 1:num points 

3. Computing Metric Ⱨ-  

a. Set ‏ Ὦ ὴέὭὲὸ ‏Ὦ. Initialize Ὤ as number of steps. 

b. k = 1 



 83 

c. Calculate distance Ὠρ from SEP to ‏. Set ‏  ‏

d. Compute normalized unit vector ό in direction of potential energy gradient 

(given by RHS (Ὢὼ) of gradient system equation) at ‏ς 

 
ό ὖ ὖ ‏

ὓ

ὓ
ὖ Ⱦᴁόᴁ 

(3.5) 

 Where ό όȟόȣό  

e. Advance angle along the gradient ς  

 
‏ ‏ ό

Ὠρ

Ὤ
 

(3.6) 

f. If k < h, k = k + 1. ‏ ‏   GOTO d. 

g. STOP. Compute distance Ὠς from SEP to ‏. Metric = ‘‏Ὦ Ὠρ Ὠς.  

4. The connected component made by points with value of ‘ >= 0 gives the estimate of SR. 

Now, we obtain results for the given two parametric studies to study the impact of dispatchς  

1. PV accommodated by generator 2 fixed, PV accommodated by generator 1 varied. 

2. PV accommodated by generator 1 fixed, PV accommodated by generator 2 varied. 

The gradient system SR is plotted in angle domain ‏ȟ‏  with the SEP shifted to the origin. 

The UEPs lying on the stability boundary are marked by thick dots (found using Algorithm 2.7). 

 

Figure 3.10 PEBS Changes with Increasing PV Accommodated by Generator 1 
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!ǎ ǎŜŜƴ ƛƴ ǘƘŜ ŦƛƎǳǊŜǎ ŀōƻǾŜΣ ǘƘŜ ǎǘŀōƛƭƛǘȅ ōƻǳƴŘŀǊȅ ǎƘƛŦǘǎ ƛƴ ǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ƎŜƴŜǊŀǘƻǊ мΩǎ ŀƴƎƭŜ 

with increasing under-loading of generator 1 to accommodate PV. This means that the system 

has more chances of being stable for faults at generator 1. The same can be observed at 

generator 2. However, it can also be seen that this has a negative impact for negative angle 

excursions. Loss of generation is one such event for which the dynamics are negatively 

impacted on increasing under-loading. The number of these types of events is expected to rise 

if the ride-through requirements are not revised in accordance with the growing inverter based 

generation. 

 

Figure 3.11 PEBS Changes with Increasing PV Accommodated by Generator 2 
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Chapter 4 Studying the Impact of Low Voltage 

Ride Through (Inverter Protection) using Direct 

Methods 

Traditionally, the inverter based generators were made to trip offline during major disturbances 

as they were not treated like regular generation for grid support. Since large amounts of PV are 

being incorporated into the grids all over the world, this translates into large amounts of 

generation lost during disturbances. This poses a serious threat of system collapse. Inverter ride 

through capabilities safeguard against these scenarios. The ride through standards defines 

operating requirements for PV to not trip offline. These are primarily arrived at keeping the 

protection of inverter as well as utility preferences in mind. However, these generators still are 

tripped offline due to various reasons. Firstly, the fault current contribution of these generators 

is determined by the solar irradiance and current limiter logic unlike conventional generators 

which can provide extremely high fault currents. Thus, effectively, the internal impedance of 

the solar PV generator changes a lot throughout the day. Specifically for distribution systems, 

the protection system is overcurrent based which makes it challenging to design for distribution 

connected PV systems. Therefore, these need to be deliberately tripped offline during nearby 

faults in order to stop feeding the fault from the point of view of safety of the personnel. Also, 

utilities do not have total control over most of these generators because they are mainly 

privately owned. As for the larger sites, they are a mix of utility owned and privately owned 

with full control over the former type but these still need to follow the NERC standards for ride 

through characteristics [84]. There is also a level of uncertainty associated with this type of 

generation which further puts a doubt over dependability and therefore another reason why 

the utilities trip them offline during major events. However, the ride through standards for both 

transmission and distribution connected PV are still under development [85]  [84] and not fully 

adopted yet by inverter manufacturers adding more complexity to the system. These standards 

are mainly voltage and frequency ride through curves which define the time dependent 



 86 

operating limits (upper and lower) on voltage and frequency respectively at the point of 

interconnection to the grid. Power system faults which result in depressed voltages constitute 

the major portion of the events that threaten the transient stability and therefore will be the 

focus of our studies. The low voltage ride through (LVRT) curves defined for each inverter which 

as the name suggests give a lower limit on the voltage as a function of time are the main 

culprits for tripping PVs during these events. For the remainder of this thesis, we will be 

treating the tripping of the PV synonymous to its lower voltage limit (from LVRT curve) violated. 

However, the techniques that will be developed can be easily extended to incorporate other 

ride through constraints as well. The standard ride through curves vary a lot and are carefully 

designed based on the characteristics of the grid they are deployed in. For example, a system 

with a lot of induction motor loads is known to have a much slower voltage recovery than 

systems with static loads [86]. So, voltage recovering to nominal values in 5 minutes might be 

normal for the former cases while abnormal for latter. Shown below are LVRT curves defined by 

various standards. As we can see that these can be quite different from each other.  

 

Figure 4.1 LVRT Standards 

Thus, with increasing renewable penetration, we will have power systems relying on generation 

which is made more prone to trip offline. This added complexity makes the problem of studying 

power system transient stability using direct methods much more complicated. To the best of 

our knowledge, this problem has not been tackled in its entirety and thus we plan on taking the 

first steps. In this chapter, multiple approaches will be proposed differing in the way this 

uncertainty is handled. We will be majorly relying on SOS programming by demonstrating its 
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effectiveness in dealing with complex systems such as this. It should be kept in mind that in this 

section of work, the power system model in single machine reference frame (with ὲ  machine 

as the reference) is used as opposed to COA frame in the previous section. Also, PV will be 

modeled as a negative real load in accordance with the common modeling practices. Thus, the 

inverter dynamics are totally ignored with no reactive support from them.  

4.1 Constrained System Approach 

Traditionally, the aim of transient stability assessment used to be to capture the mode that 

resulted in loss of synchronism of synchronous machines. This was characterized by the post 

disturbance system trajectory leaving the SR of the corresponding SEP as discussed before. 

However, another potentially severe scenario that has emerged in systems with prone to 

tripping renewable generation is a single generation tripping event triggering a cascading 

sequence. Since the PV location is heavily dependent on the land prices, it is common to see 

multiple PVs connected in the same region of the grid. This makes increases the chances of 

cascaded tripping which could potentially lead to system collapse. Thus, in this section, we treat 

tripping of even a single PV as an instability phenomenon, an idea that was first discussed in 

[87].  

Let us now give a brief background in the type of systems we will be dealing with called the 

constrained systems. There are mainly two types of commonly present constraints in dynamical 

systems viz. equality and inequality constraints. Equality constraints when present, force the 

systems to evolve over a manifold. Thus, if we restrict the starting point of a trajectory to the 

given constraint manifold, the emerging trajectory will always stay on it. An example is the 

power system which is constrained to satisfy a balance in nodal injections όYƛǊŎƘƻŦŦΩǎ ƭŀǿǎύ. The 

inequality constraints usually stem from the physical limitations of the system or system 

designerΩǎ preferences. Since we are only focusing on the LVRT, the inequality constraint in our 

case requires is that the ǾƻƭǘŀƎŜ ŀǘ ŜŀŎƘ t±Ωǎ Ǉƻƛƴǘ ƻŦ ƛƴǘŜǊŎƻƴƴŜŎǘƛƻƴ should be above the 

respective LVRT curve. Due to the presence of these inequality constraints, the state space is 

divided into feasible and infeasible regions. In our problem, the former consists of all those 

points that do not violate the ride through constraints of any of the connected PVs in the 
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system. Unlike the equality constraints, the inequality constraints do not influence the system 

dynamics. What this means is that the system will behave as though it did not have any 

inequality constraints.  

From the point of view of stability, an added characteristic of a stable trajectory is that it should 

not enter the infeasible region. This requires us to define a CSR vs an SR for the desired SEP. 

Here the word constrained represents only inequality constraints. This could be thought of as 

the largest ƛƴǾŀǊƛŀƴǘ ǇƻǊǘƛƻƴ ƻŦ ǘƘŜ ŎƻǊǊŜǎǇƻƴŘƛƴƎ ǳƴŎƻƴǎǘǊŀƛƴŜŘ ǎȅǎǘŜƳΩǎ {w ǘƘŀǘ ŘƻŜǎ ƴƻǘ 

intersect the infeasible region. It is important to keep in mind that CSR is smaller than 

unconstrained SR minus the infeasible region which an be understood from the following figure. 

The ellipse represents the SR of the unconstrained system for the SEP ὼ. Everything lying 

above the feasibility boundary is infeasible while below it is feasible. Now, one big requirement 

for the CSR is that it should be invariant. This is because we want the trajectories to always 

remain in the feasible region as well as the SR (which ensures they converge to ὼ). In this case, 

we can clearly see that the region defined by unconstrained SR minus the infeasible portion 

(upper sector) is not invariant. This is because the trajectory starting from the marked test point 

which is still inside the feasible region and SR breaches the feasibility boundary thus not a part 

of the CSR (shaded grey area).    

 

Figure 4.2 Constrained Stability Region (Grey) 
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4.1.1 Challenges in Analytical Energy Function Based Methods for TSA 

of Systems with Inequality Constraints 

Previously it was discussed in 2.1.1 that the analytical energy function based methods are 

developed for autonomous non-linear systems and thus are not capable of handling 

constrained systems. In [88], a way to convert a constrained system to an unconstrained one 

was shown with the CSR of constrained system same as the SR of the transformed system. This 

appears to make the applicability of the energy function based methods straightforward for TSA 

of such systems. The idea was that any given ὲ dimensional constrained system, 

 ὼ Ὢὼ 

Ὤὼ π ᶅὭ 

(4.1) 

Can be converted to the following unconstrained system, 

 ὼ Ὤὼ Ὢὼ (4.2) 

4.1.1.1 Critical Points of Transformed Unconstrained System  

!ǎ ŜǾƛŘŜƴǘΣ ǘƘŜǊŜ ŀǊŜ ǘǿƻ ǘȅǇŜǎ ƻŦ 9tǎ ǾƛȊΦ ƻǊƛƎƛƴŀƭ ǎȅǎǘŜƳΩǎ 9tǎ denoted by  ὼ ᶰ

ὼȿὪὼ π  and points on feasibility boundary (pseudo EPs) denoted by 

ὼ ᶰὼȿБὬὼ π. Linearizing the system around any EP ὼ  we get, 

 

Ўὼ Ὤ ὼ
‬Ὢὼ

‬ὼ
Ὤ ὼ

‬Ὤ ὼ

‬ὼ
Ὢὼ Ўὼ 

(4.3) 

Let us first try to understand the dynamic properties of the original ǎȅǎǘŜƳΩǎ 9ts and how they 

get modified due to this change in vector field. The linearized system becomes, 

 
Ўὼ Ὤ ὼ

‬Ὢὼ

‬ὼ
Ўὼ 

(4.4) 

CƛǊǎǘ ǘƘƛƴƎ ǘƘŀǘΩǎ ŜǾƛŘŜƴǘ ƛǎ ǘƘŀǘ ǎǘŀōƭŜ ƳŀƴƛŦƻƭŘ ὡ ὼ  and unstable manifold 

ὡ ὼ  of ὼ  swap if БὬ ὼ π thus type Ὧ becomes type ὲ Ὧ. 

Furthermore, the shape of ὡ ὼ  and ὡ ὼ  are unchanged inside the region 



 90 

БὬὼ π due to the vector field transformation being just a mere scaling in the original 

vector field Ὢὼ with no changes in direction.    

Now, let us move on to the points on the feasibility boundary ( ὼȿБὬὼ π) of the original 

constrained system which serve as pseudo EPs for the transformed system. We are mainly 

concerned with the feasible region of state space when estimating the CSR. The feasibility 

boundary is a union of individual sections of maximal dimension ὲ ρ [88] where a Ὦ  section 

is characterized by ὼὬὼ πȟὬὼ π ᶅὭ ὮȢ  The intersection of these sections is an ὲ 

dimensional manifold.  

Firstly, let us focus on the points on an individual section Ὦ with Ὢὼ πȟὬ ὼ π 

and Ὤ ὼ π ᶅὭ Ὦ.  The linearized system becomes, 

 

Ўὼ Ὤ ὼ

Ὢὼ π π

π Ệ π
π π Ὢ ὼ

ụ
Ụ
Ụ
Ụ
ợ
‬Ὤ

‬ὼ
ȣ
‬Ὤ

‬ὼ
ể ȣ ể
‬Ὤ

‬ὼ
ȣ
‬Ὤ

‬ὼỨ
ủ
ủ
ủ
Ủ

Ўὼ 

(4.5) 

Since the last matrix on the right has rank 1, we have ὲ ρ eigen values as 0. The eigen vectors 

forming the local center manifold (corresponding to 0 eigen value) are tangential to the 

feasibility boundary itself. Thus, the vector field for the transformed unconstrained system is 0 

on the center manifold.  Since trace of a matrix = sum of eigen values, the only possible non 0 

eigen value can be  Б Ὤ ὼ Ὢὼ  whose corresponding eigen vector is not 

tangential to the feasibility boundary. We can further classify the nature of those points 

according to the sign of this eigen value, sink if negative, source if positive and saddle if 0 which 

is when Ὢὼ is tangential to Ὤὼ. It is important to mention that the dimension of manifold 

defined by the set of all saddle points is ὲ ς. The dynamics around source and sink type 

pseudo EP surrounded by pseudo EPs of the same type can be understood through the Figure 

4.3. For the saddle pseudo EP, we take a closer look at the field lines around it in Figure 4.4. The 

unidimensional center manifold ὡ  transverse to the feasibility boundary can be divided into 

stable ὡ  and unstable ὡ  manifolds marked. Needless to say, on a section of the 
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feasibility boundary, assuming smoothness, the source and sink EPs are always separated by 

saddle EPs. 

 

Figure 4.3 Dynamics Around Pseudo EPs 

 

Figure 4.4 Field Lines Around Saddle Pseudo EP 

Furthermore, all other points at the intersection of such sections have all 0 eigen values since 

the state matrix on linearization has all zeros elements.  

4.1.1.2 Stability Boundary of Transformed Unconstrained System 

Since the characterization of the stability boundary on which the mentioned direct methods 

rely is only for systems with hyperbolic EPs [34] or limit cycles, there is a need to characterize 

the constrained ǎȅǎǘŜƳΩǎ ǎǘŀōƛƭƛǘȅ boundary. In [89], the characterization of stability boundary 

of systems with equality constraints (DAE systems) was discussed which has certain similarities 

to the system being dealt with in our case. Loparo et.al [88] further went ahead to study the 
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stability boundary for systems with inequality constraints, the ones we are interested in. We 

will however be approaching the results from a different direction with the final outcome same 

ŀǎ [ƻǇŀǊƻΩǎ ǊŜǎǳƭǘǎΦ The general progression of this section starts by drawing comparisons to the 

DAE systems and deriving the stability boundary for constrained systems using 5!9Ωǎ results 

[89].  

The DAE systems have a singular surface where the dynamics do not exist and thus a 

transformed unconstrained system is constructed which has dynamics existing everywhere. In 

those systems, intersecting the singular surface is treated as a phenomenon for instability 

which is equivalent to intersecting the feasibility boundary in our system. The critical points for 

that transformed unconstrained representation of DAE systems has original systemΩǎ EPs, 

pseudo EPs which lie on the singular surface with at most 2 non zero eigen values and semi 

singular points which also lie on the singular surface but have non zero vector field tangential to 

the singular surface. In our system, we do not have an equivalent of semi singular points as all 

the points on the feasibility boundary (equivalent of singular surface) are pseudo EPs. The ὡ  

and ὡ  of the pseudo EPs if exist are free to be tangential to the singular surface (those that 

do not have tangentiality are called pseudo transverse EPs) while in our case they are always 

transversal to the feasibility boundary.  

Now, moving on to the characterization of the stability boundary for DAE systems, it could be 

thought of as being comprised of parts of stable manifolds of original systemΩǎ EPs and points 

from which the emerging trajectories intersect the singular surface. The latter part is actually 

made up of sections of the singular surface, stable manifolds of some pseudo EPs and semi 

singular points for the DAE system. Equivalently for our system, it should be comprised of some 

sections of the feasibility boundary and the stable manifolds of the points on it (pseudo EPs).  

It was shown for the DAE systems that the pseudo EPs with both negative eigen values (pseudo 

sink) cannot lie on the stability boundary while ones with both positive eigen values (pseudo 

sources) can lie on the boundary but are unimportant for characterization. Only the pseudo EPs 

which have eigen values of opposite signs (pseudo saddles) were shown to be important for 

stability boundary characterization. In our case, we do not have those types of points due to 
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only a single possible non zero eigen value which requires the derivation of sufficient conditions 

on the invariant manifolds of those critical points necessary for them to lie on the stability 

boundary. Since the stability boundary is ὲ ρ dimensional, the points lying on the intersection 

of individual sections ie the pseudo equilibrium points having Ὤ π at more than one  Ὦ cannot 

lie on the stability boundary. Also, the sink type pseudo EPs on the individual sections cannot lie 

on the stability boundary. This is because any point in the immediate neighborhood of such 

point will be attracted to the feasibility boundary if not to the same EP as seen in Figure 4.3. 

Thus, the only pseudo EPs that can possibly lie on the stability boundary are unstable ones and 

saddle ones.  

Before proceeding with the characterization, it should be mentioned that we take the following 

assumptions related to the system under question. 

(F1) Original system EPs are hyperbolic. 

(F2) The intersection of stable and unstable manifolds of original system EPs and pseudo EPs 

lying on the stability boundary is transversal except for at the pseudo saddle points. 

(F3) The trajectory starting on the stability boundary converges to one of the EPs. 

Now, it was shown that for the transformed DAE system [89], a critical point ὼ (original system 

EP, pseudo EP or semi singular) lies on the stability boundary if ὡ ὼ  intersects the SR. Due 

to the maximal dimension of stability boundary being ὲ ρ, the most important elements for 

characterizing were expected to be type 1 hyperbolic EPs for original system and connected 

ὲ ς dimensional component of transverse pseudo saddle EPs and transverse semi singular 

saddle. Since all our pseudo EPs are transverse and there are no semi singular points, we are 

mainly interested in individual sections of feasibility boundary which are ὲ ρ dimensional 

connected components of pseudo EPs. Using the result for DAE systems, we can say that only 

the source type pseudo EPs whose unstable manifold intersects the SR lie on the stability 

boundary. Furthermore, the following theorem  [34] gives the necessary conditions for a 

connected component of such source type pseudo EPs to make up a portion of the stability 

boundary.   
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Theorem 4.1 Let ὃὼ  be the stability region of an asymptotically stable equilibrium point ὼ of 

a DAE system. Let ὺɴ  connected component of source type pseudo EPs. ὺɴ ‬ὃὼ  if there 

exist ‏ such that ὡ ὺ‏ ᷊ὃὼ  is dense in ὡ ὺ for every ‏-neighborhood of ὺ in that 

connected component.   

Characterization of the saddle type pseudo EPs is a bit tricky. In [90], the presence of type-0  

saddle node EPs (ὲ ρ negative eigen values and single 0 eigen value) on the stability 

boundary was studied. This was possible only if ὡ  part of the ὡ  of those points intersected 

the SR. In the saddle pseudo EP of interest to us, vector field is 0 in the part of the center 

manifold tangential to the feasibility boundary while non-zero otherwise. Since the feasibility 

boundary cannot intersect the SR, the only way this point can lie on the stability boundary is if 

its ὡ  intersects the SR. On fulfilling this condition, the ὡ  of this point serves as a part of the 

stability boundary.   

Shown below is a constrained single machine infinite bus system. 

‏ ‫ 

πȢρ ‫ πȢψ
ÓÉÎ‏

πȢυ
πȢς ‫ 

Ὤ ὼ ρ ‏ π 

Ὤ ὼ ρ ‫ π 

Here, ὲ ς and state vector ὼ ‫ȟ‏ . Firstly, in Figure 4.5, we show the stable trajectories 

near the section of the feasibility boundary characterized by ‏ȟ‏‫ȿ ρ Ὤ ὼ πȟ‫

ρ Ὤ ὼ π . The pseudo EPs are marked red if source type and blue of sink type. The 

relevant portion of the stability boundary is highlighted in black. It can be seen that the part of 

the feasibility boundary on the right ‏ ρ that serves as the stability boundary is comprised 

of pseudo EPs whose ὡ  intersects the SR. Also, there are 2 saddle pseudo EPs (marked in 

green). The  ὡ  of these intersects the SR thus ὡ  of both of them serves as a part of the 

stability boundary. We can also see that the sink type pseudo EPs (blue) do not lie on the 

stability boundary. 



 95 

 

Figure 4.5 Stable Trajectories Around Feasibility Boundary ▐ ●  

Now, let us plot the stable trajectories emerging from the other connected component of the 

feasibility boundary ‏ȟ‏‫ȿ ρȟ‫ ρ in Figure 4.6. 

 

Figure 4.6 Stable Trajectories Around Feasibility Boundary ▐ ●  
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The same thing is observed in these trajectories as well where only the source type pseudo EPs 

whose ὡ  intersects the SR lie on the stability boundary.  

Now, after the characterization of the original system and pseudo EPs on the stability boundary 

is done, a need for a direct method arises. Loparo et.al introduced a modification to PEBS 

method for estimating the critical energy for a given disturbance. If the disturbance trajectory 

intersected the PEBS first then the potential energy of the intersection point was used as the 

critical energy as is the case with traditional PEBS which has been shown to be reliable only 

when this exit point is sufficiently close to the CUEP [35]. As for the case with the disturbance 

trajectory hitting the feasibility boundary at one of the constraints first say Ὤὼ π, he 

proposed using the potential energy at that point to get lower bound on CCT and proposed 

finding the nearby pseudo saddle point with maximum energy using quadratic programming on 

the same section of the feasibility boundary to get an upper bound on CCT. There are however 

major problems to this part of the approach. One is that the section of the saddle type pseudo 

EP whose ὡ  is intersected by the disturbance trajectory can lie on a completely different 

section Ὤὼ π  of the feasibility boundary as compared to the section of the feasibility 

boundary intersected by the sustained trajectory. For example, in Figure 4.5, a disturbance 

trajectory intersecting Ὤ ὼ π near the point of intersection both sections Ὤ ὼ π and 

Ὤ ὼ π has the CUEP as saddle1. However, the proposed approach will search for saddle2 

point as upper bound and energy at point of intersection as lower bound. Thus, both the 

bounds obtained could be wrong. Another limitation was that the constraints being dealt with 

did not contain terms which means that the constrained emerging from frequency ride ‫ 

through curves cannot be dealt with using this technique. These problems were mentioned as 

limitations of that approach but were not addressed leaving a major scope for future research. 

As for the application of BCU method to this type of a system, one major roadblock is proving 

the existence of an energy function under all sorts of ride through constraints which is an 

impossible task. Also, defining a gradient system satisfying the dynamic properties as defined in 

2.1.5 is not straightforward. The feasibility boundary can comprise of pseudo EPs with non-zero 

Furthermore the type of pseudo EPs (on feasibility boundary) is determined by the lie .‫ 
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derivative of the constraint at that point. This means that the EP type is not independent of .‫ 

Thus, simply removing the .terms as done before does may change the type of those EPs ‫ 

That being said, Lyapunov based direct method can be easily employed for constrained systems 

since SOS programming provides a way to systematically find it and the associated CSR. Thus, 

we will be using it to directly deal with the original constrained system without any 

transformation necessary. In this chapter we will be developing techniques to estimate this CSR 

using various proposed approximations for the LVRT constraints. These would also provide a 

framework for dealing with several other operating constraints like frequency ride through, line 

limits, etc commonly found in practical power systems.  

4.1.2 Modeling 

One issue that might bother us is that in a power system network reduced model, all the buses 

are eliminated except for the internal generator buses. So the question comes, how to model 

the tripping of the eliminated PV bus as well as the LVRT constraint. To answer these questions 

let us go back to Algorithm 1.1 which deals with forming the network reduced model. For the 

former question, when the PV is first converted to an impedance load connected as shunt, we 

can remove this shunt and then continue with the elimination process to get the reduced 

network admittance matrix corresponding to PV tripped system configuration. For the latter 

question, we will derive the explicit expression for the voltage magnitudes at network buses for 

any general network in terms of system states ‏ȟand network admittances in a single ‫ 

machine reference frame.  Here it should be noted that since the loads are modeled as purely 

impedance types, thus the impasse surface corresponding to no network solution does not exist 

[91]. Let us write the nodal equation for extended system (network buses + internal generator 

buses) after converting loads to impedances as done before in Algorithm 1.1 - 

π
Ὅ

ὣ
ὣ
ὣ
ὣ

ὺ
Ὁ  

Where ὺ are voltages at network buses that we are interested in. Here it should be kept in mind 

that all the variables above are complex numbers. Here the internal emf of generator can be 
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written in polar form as Ὁ ȿὉȿ  Thus using the upper block of the matrix equations we .‏

get ς  

 

ὺ ὣ ὣ

ụ
Ụ
Ụ
Ụ
ợȿὉȿÃÏÓ‏ ‏ ὮίὭὲ‏ ‏

ể

Ὁ ÃÏÓ‏ ‏ ὮίὭὲ‏ ‏ Ứ
ủ
ủ
ủ
Ủ

 

 

(4.6) 

All the terms are constants in the above expression except for ‏ which is the state vector. The 

magnitude of ὺ can easily be represented as a function of ‏. Since the SOS formulation requires 

all the functions to be polynomials, the constraint of ὺ ὒὠὙὝ ὅόὶὺὩπ requires both 

ὺ  and ὒὠὙὝ  curve chosen to be polynomials in transformed states. Let us show how ὺ can 

be formulated in terms of transformed variables ᾀ defined in [52]. In the above expression, 

ȿὉȿ ‏ ‏ ‏  can be written as,  

 ȿρȿ ‏ ȿὉȿ ‏ ‏ ÃÏÓ‏ ὮίὭὲ‏ ȿὉȿ

ÃÏÓ‏ ‏ ὮίὭὲ‏ ‏   

(4.7) 

Expressing it in terms of transformed variables ᾀ and clubbing together all the constant terms 

we get the following expression ς  

 ȿὉȿ ‏ ‏ ὥ Ὦὦ ρ ᾀ Ὦᾀ ȟᶅὭɴ ρȟὲ  (4.8) 

Substituting in the matrix equation for ὠ and clubbing together all constant matrix terms we 

get, 

 

ὺ ὑ

ụ
Ụ
Ụ
ợ
ρ ᾀ Ὦᾀ

ρ ᾀ Ὦᾀ

ể
Ὧ Ứ

ủ
ủ
Ủ

 

(4.9) 

Since the expression for ȿὺȿ will contain square root terms, we define the constraints in terms 

of ȿὺȿ which is a quadratic function of transformed states ᾀ.  
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Since the LVRT constraint is time dependent, in order to make the problem tractable, we need 

to make it time dependent. We use the following two ways ς  

1. Representing the LVRT curve by a constant value equal to the maximum of it. 

2. Introducing an artificial system with a state ὧ with state equation ὧ Ὢὧ. A particular 

trajectory •ὧȟὸ of this system starting from some value ὧ will be used to 

approximate the LVRT curve by being above it at all times. This approach was proposed 

in [87]. 

Let us now discuss the applications of SOS programming to estimate the CSR for the above two 

approximations to the LVRT curve. 

4.1.3 Using Max LVRT Curve 

The system under study can be written in the following form,  

 ᾀ Ὢᾀ 

π Ὣᾀ 

Ὤᾀ π ȟὒὠὙὝ ὅέὲίὸὶὥὭὲὸ 

 

(4.10) 

Where Ὤᾀ ƛǎ ŀ ǾŜŎǘƻǊ ŦǳƴŎǘƛƻƴ ƻŦ ƭŜƴƎǘƘ Ґ ƴǳƳōŜǊ ƻŦ t±Ωǎ ǿƘŜǊŜ ƛǘΩǎ Ὥ  element can be 

written as ς  

 Ὤᾀ ὺ ᾀ ÍÁØ ὒὠὙὝὸ  ȟᶅὭɴ ρȟὲ  (4.11) 

Let us write the optimization problem for the expanding interior algorithmς 

 □╪●Ȣ  ♫ 

ίȢὸȢ 

╥◑ cannot be negative except at the origin (SEP) : ὠᾀ πȟ Ὣᾀ πȟᾀ π

 ɲ

╟♫ Is contained inside the SR estimate (╥◑ ) :  ὴᾀ ‍ ȟ Ὣᾀ πȟ ὠᾀ

ρȟ ὠᾀ ρ  ɲ  

Inside the SR estimate,╥◑ strictly decreases along all trajectories:  

ὠᾀ ρȟὠᾀ πȟ Ὣᾀ πȟᾀ π  ɲ

 

 

 

 

(4.12) 
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Inside the SR estimate, ▐░◑ is never :   ὠᾀ ρȟὬᾀ πȟὬᾀ

πȟ Ὣᾀ π  ɲ

 

The SOS formulation for first three constraints has been derived before and therefore directly 

shown, 

 ὠ ‗Ὣ ὰᶰ  (4.13) 

 ί ‍ ὴ ‗Ὣ ὠ ρᶰ  (4.14) 

 ί ρ ὠ ίὠ ‗Ὣ ὰᶰ  (4.15) 

For the last constraint, we will derive the SOS equation here. Using P-Satz theorem,  

 ί ί ρ ὠ ί ρ ὠὬ ίὬ ‗Ὣ Ὤ π (4.16) 

For simplification assume ί ί πȟὯ ρȟ‗ Ὤ ‗  and taking Ὤ common we get, 

ί ρ ὠ ί ‗Ὣ Ὤ π 

Taking everything besides ί  to RHS and representing multipliers by unique names gives us the 

final SOS formulation of the constraint ς  

 ί ρ ὠ ‗ Ὣ Ὤᶰ  (4.17) 

Let us demonstrate the effectiveness through an example. 

Example 4.1 Given 3-machine system with a single PV at bus 1 with a shown LVRT curve, 

 

Figure 4.7 Example 4.1 Test System 
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Figure 4.8 Example 4.1 LVRT Curve 

The max of the LVRT curve is at 0.85 pu meaning that the non tripping of PV translates to its 

voltage being above 0.85 pu.  ¢ƘŜ ǇǊŜ t± ǘǊƛǇ ǎȅǎǘŜƳΩǎ Ǉƻǎǘ Ŧŀǳƭǘ {9t ƛƴ ƻƴŜ ƳŀŎƘƛƴŜ ǊŜŦŜǊŜƴŎŜ 

frame is at πȢσρφυȟπȢστυρȢπȟπ. Thus, the variable transformation for this system is given as ς 

Table 4.1 Example 4.1 Max LVRT Approach Variable Transformation 

New Variable In terms of Original System State 

ᾀ ‫  

ᾀ ‫  

ᾀ ÓÉÎ ‏ πȢσρφυ 

ᾀ ρ ÃÏÓ ‏ πȢσρφυ 

ᾀ ÓÉÎ ‏ πȢστυρ 

ᾀ ρ ÃÏÓ‏ πȢστυρ 

Here we will only mention the degrees chosen for the new multiplier functions (not present in 

standard unconstrained system formulation in 2.2.5) with rest of the degrees chosen to be the 

same as Table 2.3 (quadratic Lyapunov) ς  

Table 4.2 Example 4.1 Max LVRT Approach SOS Multiplier Degrees 

Function Degree 

ί 0 

‗  0 
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‗  0 

We get the following quadratic Lyapunov Function in terms of the transformed states ς  

ὠᾀ πȢπρω ᾀ  σȢχὩ σ ᾀ ᾀ  πȢπςυ ᾀ ᾀ  πȢπρω ᾀ ᾀ  πȢπρψ 

ᾀ ᾀ  πȢπρς ᾀ ᾀ  σȢσὩ σ ᾀ  ςȢτὩ σ ᾀ ᾀ  τȢτὩ σ 

ᾀ ᾀ  πȢπςρ ᾀ ᾀ  τȢψὩ σ ᾀ ᾀ  ρȢπ ᾀ  πȢςρ ᾀ ᾀ

 πȢρτ ᾀ ᾀ  τȢπὩ σ ᾀ ᾀ  πȢφυ ᾀ  πȢπρψ ᾀ ᾀ  πȢρω 

ᾀ ᾀ  πȢςρ ᾀ  πȢχτ ᾀ  πȢπςτ ᾀ ᾀ  πȢχ ᾀ  πȢχσ ᾀ   

Here, the expression in terms of the original system states in single machine reference frame 

can be easily obtained by substituting the expression for ᾀᴂί given in Table 4.1 and is therefore 

not mentioned here. In order to do a time domain validation of obtained results, we start 

various trajectories from the estimated constrained system stability boundary ὠ ρ. Plotting 

their projection on the angle plane in Figure 4.9 shows us that they converge to the relevant 

SEP. On the other hand, plotting the PV bus voltage for each trajectory will validate if these are 

restricted to the feasible region. It is easy to see that the voltage at bus 1 in Figure 4.10  is never 

under the max of LVRT curve marked by black dotted line and also the trajectories converge to 

the SEP (marked in black). 

 

Figure 4.9 Example 4.1 Max LVRT Approach Trajectories on Angle Plane Starting from 
Estimated SR Boundary 














































































































