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A relerence area
a cOs o cos B
B refereuce length
b body width at vase of unsegmented cone
Fx
Ca axial force coefficient, —~—K
C d fficient ~EE~
rag coefficie
D rag ¢ icient, T A
o Fy,
Cr 1ift coefficient, -—=-
a, A
Cl rolling-moment ccefficient, taken about center line of
My
uvusegmented cone, EZE
o, 4
C o degree
C1 8 E-B-—- y perx Eree
CL,max gaximum lift coefficieat
Cn pitching-moment coefficient, E?,,lﬁ
aCm
Cma v per degree
Fg,
CN normal force coefficient, ——
e A
Mz,
Cn yawing mounent ccefficient,
G AB
aC
Cﬂa -é-;u, per degree
ac
u‘-—g d S YO
CnB 5 » per degree
P ~ Py

Cp pressure coefficient,
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Cy side-force coefficilent, EE;Z

CYB g;l, per degree

c ~-sin B

d sin o cos B

Fp drag force

Fy 1ift force

Fy axial force in direction of X axis
Fy side force in direction of Y axis
F, normal force in direction of Z axis

f(x,y,z) equation of general surface

-~ =

ik unit vectors in direction of X, Y, and Z axes, respectively
X sin ze
)
sin Xy
L length of cone
M Mach number
2 tan exz
2]
tan Xy
My moment about X axis
My moment about Y axis
Mg moment about Z axis
Y unit vector normal to surface
b local pressure
Vg free-stream pressure

free-stream dynsmic pressure

base radius of circulsr cone

<y ™ gJ

unit free-stream wind vector
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X,Y,2 rectangular Cartesian coordinate axes

X3¥,2 rectangular Cartesian coordinates

X059 ¢ylindrical polar coordinstes

e} angle of attack

g angle of sideslip

5 1 -k

1 angle between unit surface normal and wind.vectors

9 circular cone semiapex angle

exy @lliptical cone sewispex angle in the horizontsl direction
sz elliptical cone semiapex angle in the vertical direction
?y upper limit of integration

Po lower limit of integration

¥ 1+ (w2 - 1) sinfp

2 1+ (mfk2 - 1) sin
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V. INTRODUCTION

Newtonien impact theory, in recent years, has proven to be one of
the more useful theories for the prediction of aerodynamic forces and
moments on bodies in the hypersonic flow regimes (5 < M < »). This theory
predicts the pressure coefficient, for the part of the body exposed to
the flow, to be given by twice the square of the cosine of the angle
between the free-stream velocity vector and the normal vector to the
body surface. It does not, however, specify the pressures on surfaces
that are in the expansion region or "shadowed" region. For high speeds
it is usually assumed that the pressure coefficient is zero in this
region. The force and moment coefficients are obtained by integrating
the incrementel forces acting on the body over the part exposed to the
flow.

Current interest in vehicles capable of reentry has indicated a
definite need for closed expressions for the aerodynamic coefficients,
obtained by Newtonian impact theory, of both elliptical and circular cone
bodies.

A theoretical treatment of the full circular cone at angles of attack
in Newtonian flow was performed in reference 1. This analysis was followed
by reference 2 in which the full oblate elliptical cone at angles of attack
was treated. A great deal of experimental work on the cones at hypersonic
speeds followed the work mentioned above. Comparisons of experiment and
Newtonian theory on the cones have been made in references 4, 5, 6, and 8.

This analysis intends to extend the above applications of the theory
to the case of segments of these elliptical cones at both sngles of attack

and sideslip. The prolate as well as the oblate elliptical cone is
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treated, and the circular cone segments are obtained as a special case
of the general resultis.

Comparisons are made with available experimental results to provide
some indication of the usefulness of this theory in the prediction of the
serodynamic coefficients. These comparisons include variations in some
of the longitudinal characteristics and stability derivatives with change
in angle of attack, cone half angle and body cross section. These experi-
mental results were obtained at Mach numbers of 6.8 and 9.6 and are

discussed in more detail in references 4 and 8.
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VI. ANALYSIS

A. Development of Genersl Expressions
for the Elliptic Conic Segment

Newtonian impact theory predicts the pressure coefficlent for the
part of the body exposed to the flow to be given by twice the cosine
squared of the included angle between the normal to the body and the wind
vectors (that is, Cp =2 coseq). The angle, 1, is found by taking
the dot product of the normalized wind and surface gradient vectors.
If £(x,y,z) =0 1is the equation of a general surface, then the sur-

face gradient of this surface is

Of  Of », Of =
V=1 +g=J+<—k 1
=ity (1)
and the unit normal vector is
AL P P, AP
T = = (2)
[vr| §£2+ §£2+ )2
ox Jy. oz
The coordinate system for a general body is shown in figure 1.
The normalized wind vector, VZ for a body inclined to the flowu
at both angles of attack and sideslip, is given as
V = -cos o cos 81 + sin ,63'-» sin « cos Fk (%)

The wind vector and its components are also shown in figure 1.



- 11 -
The pressure coefficient, Cp, 1= then written as
- -3
Cp = 2(n « V)2 (&)

When only pressure forces are considered, the general force

coefflcient is given as

P - P 1

%=%=%~/sr . dsFms-‘/SFcpdsF (5)

In the above expression, £ 1is a reference srea and Sp 1s the

projected area over which the pressure coefficient, Cp, is defined.

The moment coefficient is similarly given as
c, = L rC (6
™ p 45p )
SR Jep

vhere r 1is the moment sxm and R is a reference length.

It is pecessary to determine the part of the body that is shielded
from the flow, since it will be assumed that the pressure on that part
of the body has the free-stream value., This shadowed or shielded region
is shown as the shaded region on the body in figure 1. The curve BAC,
formed by the winds tangency to the surface, outlines the shadowed region
on the surface f. The equation of this curve is given by the condition

that

cos § =0 (7)

The enalysis will be concerned with obtaining closed form expressions

for equetions (5) and (6) for the special case of an ellipticel cone

segment at angles of attack and sideslip.
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The equation of the surface of an elliptic cone can be written as

2 b2l
L
£(x,y,2) =C = -x° + (%?) ye o+ (ﬁ? 22 (8)

where b, t, and L are the maximum thickness, width, and length,
respectlvely, of the elliptic cone body. Another convenient form of
this equation can be obtained by use of the angles, exy and exz,
shown in figure 2 and defined to be the cone half angles in the x-y and
Xx-2 plenes, respectively. This equation is

e 2

- Z
£(x,y,2) = 0 = =x° + Z +— (9)
tan exy tan exz

The analysis will, for convenlence, be done using this notation but the
final expressions will be written with the physical characteristics, t,

2 2
b, and L contained in them. The ratios, % , and %\’%5—3—%§§ will
-+

be defined, for convenicnce, to be m and k, respectively. m and k
be si ten 9, sin 8y, )

are also seen to be simply EEE‘E;; and EIE_§§§’ respectively. The
above definitions of m and k reveael that if m> 1 so is k> 1
or if m<1l sois k< 1l. It is also seen that a value of m< 1
reveals that the ellipse is one such that its major axis is in the width
direction and minor axes in the thickness direction. Similarly for m> 1,
the ellipse is such that the major axes are in the thickness direction
and minor axes in width direction. A value of m = 1 corresponds to
a circular cone vhose major and minor axes are equal. These three cases
are shown in figure 3.

A convenient manner in which to choose arbitrary segments of this

conic body is through the assignment of definite values of the angles,




- 13 -

@, defined in figure 2. 1In this figure, @ 1is seen to be zero at
upper vertical and increase positively in the counterclockwise direction.
For this reason the Cartesian coordinates (x,y,z) will be replaced by

cylindrical polar coordinates (x,p,p). The tranzformation is

X =x
vy=psin @ (10)

Z =p cos @

The surface gradient vector is
VE = -2x i+ Zy cot“8yy J - 2z cot Oy, K (11)

The unit normal is

b = - . =
Xxi-ycot 9, j-zcotd, k
g XZ X2z (12)

\Ix22 + y%ot’*@xy + zecothexz

At the surface f = 0, this gives the following relation between x,

P, and P:

X = -p \lsin2q> coteexy + cos“p cot<0,, (13)

Then in terms of o and ¥, the unit normal becomes

- -gin ze\lm2sin?tp + cosgtp 3?- mk cos ny sinrp?- cos 9y, cos
n = (14)
Vm 57 ',inzqa + cosztp
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The dot product of expressions (3) and (14) gives

cos | = L [Eos a cos B sin sz\[masinch + coslQ
makasinaq; + cos2<p

-mk sin B cos Oyy sin @ - sin @ cos B cos 8y, cos qﬂ (15)

If the following definitions are made,

m
]

cos & cos B

-sin B (16)

o
]

d = sin a cos B

then the pressure coefficient, CP’ is

Cp = 2 (a sin exz\l n2sinfQ + coslP
(rPk2sin29 + cos29)

+ mkc cos Oxy sin @ - d cos B8y, cos q)>2 (17)
The shadowed region on the surface can now be conveniently deter-

mined by letting equation (17) be zero. This gives the following

expression for @ which is the variation of ¢ along the shadow plane

k2cd cosQOXy + am sin exz\/kacacoseew + (dacoszexz - a251n29m>

2 .2 2.2
d%cos ze - 8“sin

® = cot~l

exz

(18)
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The plus and minus sign appearing in the above expression indicates two
values of @ for each angle of attack and conic body. Physically, this

means that one sign is to be taken to give the value of @, P s at which
shadow begins and the second sign is to be used with the value of ¢, Pos

at which shadow ends. The following sketch will serve to illustrate the

manner in which the signs are to be taken for wl and wé.

Sketch 1.

The sign that goes with @, can be determined as follows: first, it

can be seen that for positive values of P (that is, the wind approaching

the body from the right) the point ¢l must fall in either the first
or second quadrant. Similarly @, must be in elther the first or fourth

quadrant since the curved surface associated with the third quadrent is

aslways exposed to the wind. Then for positive values of B, O < P <=

end -x/2 < @, < x/2. Then for B =0

em sin @
@ = cot~l| % X2 (19)

,( 2 2 2.2
d"cos exz - a“sin" 0y,




- 16 -

Thus it is seen that the positive sign is taken for P and the negative

for @2. Then

o = cot-l k°ca cosgexy + am sin exz}dk?CECOSQSxy + dzcosgaxz R azsinaﬂxz
. a%cos?o,, - asine,,
(20)
Pp = cot” ke cosgexz " amsin exz\lkzcecosggxy + dgcosgexz - a?'Sinerz
d200629xz - aesineexz
(21)

These expressions give a simple and quick test to determine what
angles of attack cause shadow to exist. For the above angles to exist
physically, the quantity under the radical must be positive. Therefore,

for

2 29

kac cos 20

- aesinee

7 =~ ©

2-\
Xy + d“cos %z

shadow exists. For
k2c2c0529xy + decos‘?exz - azsinaexz <0
shadow does not occur on the body. For

2,662

k2c cos 29

xy * a%cos %z ~ azsingexz =0
then shadow exists if either B or o are not zero. If shadow does

exist, it is necessary to compute @, and @ from equations (20) and (21)
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and compare these with the valuec of Py and 9, imposed by the body
Limits.

The aerodynamic coeff.icients, CN’ CA’ CY’ Cm’ Cn, and Cl can
be obtained by inte .ation of cquation (5) with the expression for Cp
in equation (17) substitutcd into it.

It is also necessary to determine the elements of ares, dSy, 4S5y,

and dSy in terms of the coordinates (x,9,p). The area elements are

Ix Ix
o &5 tan 9 dx 4
dsy = dx dy = dx dp = — nr"z cos? .,/;p (22)
3 dy (m@sin®p + cosp)”’
& XN
o  x
a5 = dx 4 x %9 ax do xm’tan 8, sin ¢ dx d9 (23)
Yy = 2 = = < fo
3z oz (m®sinp + cc«secp):"/‘2
)
and
¥ X
P Op
dsy = dy dz = dp d9 = p dp dp (2k)
dz 2z
X oo
The force coefficients are then written
CN = —].‘- / (25)

& Jx]_ /‘1’1 (nsing + cc»seq))B/2
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;P2 P2

1 i .
Ca = = C, P dp 49 (26)
i A‘/"lj‘”l ?
;X2 92 ¢, x tan 6y, n’sin @ dx dp

1
Cy == (27)
oA ”/xl “IQl (msinp + cos2¢)3/2

If it is assumed that the body exists in the x-direction from x; =0
to xp = -L (a sharp cone), then the above expressions can be integrated

in the x-directicn to give

2 ;%92C, tan 8y, cos ¢ 4P
L XZ
- R 37 (28)
J; (m2sinZp + coslp)
2 %2  tan®6_, C, dp
Cp = o j == P (29)
2A N (m@sin @ + cos @)
12 | %2 ¢, n°tan 8,, sin @ d¢
Cy = oA - e (30)
91 (msinp + cos<Q)

The pitching-moment coefficient Cp can be obtained by considering
the moments of the normal and axial forces. Thus, if one chooses a

point on the center line at the base
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1 P2 qu’apc cos @ dp 49
°n = 3| /q,l P

51

*2

‘o

P
j 2 Cp x(L - x)m“tan 6,, cos @ dx do
?

If the x integration is performed from Xx; =0 to Xy = L, then

2
- , - P2 Cp, tan 8y, m“cos @ 49
Cm = -G-AI-’;:(]' -2 tanaexz) J 2 - :'/2
?,  (m2sin®p + cosZp)’
Or since
oN = - .LE ;P2 Cp tan 6yy ncos @ de
9; (mPsin®p + 0082@)3/2
then
C, = 21 - 2 tan29,,)C
m - 3p xz /%N
Similarly

L 2
Cq = 531 - 2 tan®0y)C,

(31)

(32)

The rolling moment coefficient about the center line of the cone is



3 P2 tan“8,, Cp sin ® cos P 49
Cy = —E—-(m2 -1) P - (34)
ZAB J 2 2
Py (msinp + cosp)
For brevity, the following definitions are made:
¥ =1+ (@€ - 1)sin% (35)
Q=1+ (02 - 1)siny (36)

If the expression for CP in equation (17) with the above definitions

are substituted into equations (28), (29), (30), and (34), the following

is obtained:

2 P2
Cy = = s1n26,, |28%tan 6, j cos @ a9
2 o VY

+ hacm® j ®2 sin @ cos @ d9 _ Lad j ¥2 COSEQ) a9
?, &y 9 Qy
- hcdmacot Oyz / sin 9 ;;Z 9 a9 + 2c%n®cot sxy ,/ o5 ¥ 8122 9
q’l £y @l y
Q. 3
+ 2a%cot 6, j = 208 ? = (37)
Sy
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Cy =
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2 2 2 .

L“tan“8,_ sin<o ; Po aop . P2 sin ¢ ap
Xz XZlg2 | e + 2acm cotb exy j LA
A 9, 1] cpl Q\N

i P2 oos @ dy P2 cos ® sin @ 49

2 ’
- 2ad cot ze - 2cd cot<o
Xy )
Jo, "y Jo, = o
P2 g4 d P2 cosCy a
+ camecot‘?exy j il—-ni,—%—-?- + decot‘?exz j ,‘;__f’_"ﬁw?___f (38)
% %
2 2 ,
Im~sin<8 . Pz sin @ 4@ Po saingip agp
S X im0, [ T a? | P
¢, @ Vv T, v
;P2 P2 o5
- 28d j cos @ sin @ 49 - c’cdm cot Oy, J cos @ s:.natp dg
2 a2

, L. ) q)g < 2 '
+ micot Byy J -.-—-?L+Si“;;’2d aZcot Oy, | sin 9 27; P d¢ (39)
e 9 oy

1> , P2 cos @ sin @ 49

= J,,

s

?2 sinch cos @ 49 ; P2 sin @ cos ¢ A9

+ bacm cot 8 ] - Yad cot ©
xy jcp 3/2 Xz ® 5/2
. 9o @
- hed coteexy cos @ sinzﬁp do + Eczm‘coteew / sin cp cos @ do
‘9 ay° Qy
; Po cosacp sin @ 4@ (1;0)

+ 24 cot © f
XZ >
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If the integrals in the foregoing equations are for brevity, called

Il, 12, " e IG; Jl’ de, . o 0 J6, Ll, I.K‘B, s s IJC, Ml’ M2, v .

M¢,» then these expressions can be written as

L?Sin2exz 2 el 2
Cy = - — 2a“tan 6., I; + hacm I, - hadIB - bhedm“cot o, I

+ 2c%mPcot Oy, I5 + 28%cot By, I%] (b1)
2.2 2
L"tan“6,, sin“8
Cp = xi ’“E‘?Jl + 2acm cot 6,  J, - 2ad cot O, Js
- 2cd cot®o,, Jy + c“mcot?o,, Iy + aPcotZo,, Jé] (42)
- w25in20_ 1| aPtan o + 2acn®L, - 28d L, - Zcdmcot O
Cy = n'sin"™0y, |8 tan 9, Iy "Ly Ly - Cedm®cot 8y, Ly
+ wclcot Oyy Ls + a%cot 8y, I%J (43)

= (e - 2 2, .Ei - :
C, = (z - 1)sin®e,, tan?o 5@[’3&2"1 + bacm cot Oy Mo bad cot 8,, M,

- hed coteexy M, + ecam?cotaexy M5 + 2d2°°t29xz M%] (Lk)

The above integrals are tabulated in the appendix. fome of these
integrals have different expressions depending on whether m is lescs than,

equal to, or greater than unity. The coefficients then have different
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representations according to whether the major axis of the ellipse

lies along the horizontal or vertical axis.

B. General and Special Cases of the
Static Stability Derivatives
The static stability derivatives CNQ’ Cmu’ Cnﬁ’ and CzB can be
obtained from the force coefficients simply by differentiation. The
differentiation is somewhat simple for the case of no shadow, that is,
c2c0t2exy + dacoteexz < ae, since the variable @ appearing in the
integrated exprecsions is not a function of o and B. For the case
of shadow, however, ¢ is a function of a and B and hence differentia-
tion is rather laborious. In this case, it is easier to get the derivatives
directly from the plots of the force coefficients.

Then for the case of no chadow

-2L7sin?0_, .
CNa = ry - ad tan 8y, Iy - dem® I.- (a% - @) 1, - cam“cot Oy, Iy
+ ad cot 0., 16] (%5)

.
P

CYB = mzsinaexz %t + 2ac cos o tan 9y, Iy - 2 cosa m(1 ~ 2¢2) -
- (4] 2 Fed v - 2 ? - 2
2cd cos Ly + 2m°cot 8, sina (1 - 2¢%) L, - 2m“c cos B cot exy Ly

+ 2cd sin a cot sz L%] (h6)
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clﬁ = (w? - 1)sin®0,, tan?o,, %E&ac cos - My - km cos a cot Sxy(l - 2¢2)

- 8 sin .ac cot Byz My + b sina (1 - ?_’cg)coteexy My - 4 cos’ :mecotgaxy M

+ 4 ac sin a cotzexz M(::] (47)
=Xy .

Cr, = -5—5(1 2 tan Oy )Cy (48)
= L -

Cng -3-5(1 2 tan ew)c,[B (49)

For the very special case of a = 0, P = 0, these expressions reduce

to the following simple expressions

2 P2
Cy = ““—E‘““' sin 20y, tan axy[t;an'lé-?-t«?) -k i;an'l(@f-g) (50)
@ A(k” - 1) m uk /J @y
. 2 o~ 0o
2L m sin 841 ot @ 1 [cot @\ |7 e .
e Ermefentd @l o
B A 1-k° |k mk B /e,

The value of CZ‘B differs in case m< 1l or m> 1.




For m< 1
41 (m 2
ClB = “AD ké)coa A1 - 2c%)tan 8y, s1in“0,,

) +m\‘l-k»incp _Sinq’@e! (52)
P e \[5 m\[1 - k2ein g Vv |,

vl
and for m> 1

L3 (w? - .- in?
-~(; ;)cos :(1 - 2¢<)tan 8, sin“d_,

, P
X 1 -1 m.\‘k2 - 1sin@) sing@ e (53)
m\k? - 1 Ve Ve %

The case of m = 1 will be discussed in the next section.

C. ©Bpecisl Case of the Circular Cone Segment
The special case of m = k = 1 corresponds to the circular cone
segments. The previous general expressions cen be reduced ©o the circular
cone equations by applying a limiting process as k approaches one. It
is to be noted . .jain that voth m and k approach 1 together. The
values of these limits are presented in the appendix. Only the final

results will be given here.
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2
CN 2 - %- asin © cos 6 sin ® + ac cos<9 singtﬂ

- ad coszeEp + sin @ cos qa + -:}: cfcot 8 cos<8 sin5€p

. P2
+ -2— dc cos®@ cot 8 cosp + -3{- dcos28 cot 8 sin @(cos P + 2) (5k)
5

?1

e ,
Cp = 321— 28°51in°6 ¢~ bac sin 8 cos 8 cos ¢ - bad sin O cos O sin @

+ ccos2o(® - sin @ cos @) - 2cd cosO sinQ

2 P2
cos“8(®p + sin @ cos @) (55)
Pl

+ a°

-~

Cy = BI -azsin 8 cos O cos P + ac c0529(<p - sin @ cos @)

- ad cos®6 sin®g -~ ;;- c2cos28 cot 0 cos P(sin‘ + 2)

Pz
dc cos®@ cot 0 sin’p - % d%c0s0 cot 9 cosdp (56)

4o

E:

A



Cy = %% cot 8(1 - 2 tanQG)CN (57)
c_ = cot 8(1 - 2 tan2e)c (58)

n 3 Y
Cy =0 (59)

Equations (20) and (21) with m = k = 1 can be used to calculate

the value of @; and @p. For m=k =1

- 2 . \’ 29 . g2
o, = cot=1 cd cos<9 - a sin 8 \(cos<0 - a (60)

a2sin26 - d2cou29

[5)

-cd cos€6 + a sin 0 \(cos2d - a< (61)

Qo = cot~1 -
aasinee - d200826

It is seen from the above equations that shedow exists if cos<9 2_52.

D. Special Cases of B =0 and
Full sand Half Cone Bodies
Relatively simple expressions result for the special case of B = O,
for both full and half cone bodies. If the reference arca is used as

the base area, then the expressions for the full cone are: For mg- 1,
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and no shadow (8,, > o)

Cy = 2 sin 20 cos®0,, (62)
c0526
CA = Q[EOBEG sin ze sin Sxy + sin®a —E—:—§%] (63)

These expressions were obtained by using B =0, @ =0, and 9, = 2x
in equations (41) and (42).

Whenever shadow occurs (8y, < a), Cy and C, are obtained from
equations (41) and (42) with values of ¢ and ¢, determined from
equations (20) and (21).

The flat top half cone leads to particularly simple results for
B=0 and O0< a< 180 - 8. since the curved surface is never shadowed.

The proper values of @; and o to use in equations (41) and (42) are

9y = % and @p = %§‘ Then for m < 1
o 2 tL cos®a Lol L V1 - X2\ L sin 20

(3)2+1.2 2 1 - k2 1-\1-%2/ t(k+1)
2

, fein®e [ ¥ Loy 1 s\1-2 . (63)
(1 - k'é)\z \Il - k€ 1 - \ll - k2




b“k cosca Lt sin 2a g 1+\V1 - k2

CA = + 1o
> . 2
2[:(%) + L‘ﬂ z[@) + 12 |1 - x° -1 -x?

5T 2
2L -.111120. (65)

+
‘[:(%)2 + L’d](k + 1)

For m> 1
cy = - 2__ L | cosfa o1 Vi -1 - — _ sin 2o
" t 2 . 2
2,12 k2 - 1 tk + 1)

412510 [ k< -
+ tan-1 \lk2 -1-1 (66)
t2(1 - k2)\\lk2 -1 )

2 3 2
cy = b2k cosa + Lt sin 2o tan-1 Vi2 - 1 4+ 2LPsina
2 2 2
2[:@-) + L2] xﬁ%) + 1° \]1 - k2 xl:(%) + 12[(k + 1)
(e7)
For m=1

Cy = %Eosza sin 20 + -g- sin 2a cos?0 + % sin®a cos8 cot 9] (68)




Cyp =2 cos“a sine + % sin 28 sin 20 + sin®a cos<e (69)

an approximation to the half cone case can be obtained for values
of k2 near unity, for elther k> 1 or k < 1, by expanding the log
and tan~l functions into an infinite series and dropping higher order

terms. If 1 - k° is denoted by &, then

L lrVi-e 1, - k2) + M1 - k2)2 4 .
2\1 - x° 1-\'1-1:2 ? 2

S
=1+ > 2n5+ 1
n=l

—--}———-—tan"l~\!k2-l=l-%-(d J.)+—5-( =124 ...

=1 + 24 T
n=1

Thus for & small higher ordered terms may be dropped. Then

o0
c =2 tL cosal+'{“ 3t , 3L sin 2o
N =x [:t 2 / Zn+ L t k+ 1
2 oy
(ég + L n=1
(-
2 2 n
2 b
4+ e sin“ol|l = ~——
+ \>_| Zn + 1 (70)
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(-]
b2k cos®a Lt sin 2q N
Cp = + 14 ) =2
2 o 1. en + 1
2 (—'i) + 12| = (—E) + 12 n=
2 2
HLeeinaa

(71)

+
x[:(-g)‘: + L€|(k + 1)
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VII. DISCUSSION

To illustrate the agrecement of Newtonian estimates with experimental
values, figures 4 through 1l are presented. The experimental results
were obtained at Mach numbers of 6.8 and 9.6. The Mach 9.6 data, plotted
on figures 5 and 6, were taken from reference 4. The remaining Mach 6.8
and 9.6 data were cobtained from reference 8. The theoretical values
wvere obtained from the results of this snalysis.

The variation of 1ift and drag coefficients with angle of attack
for a half cone with different fineness ratios or cone half angle, 9y,,
and different thickness-to-width ratios, t/b, are shown in figure kL.
From this it is seen that, in genersal, the agreement is good. Both lift and
drag coefficients are in excellent agreement with experiment for the lower
angle-of-attack range (a < 25°). At the higher angles of attack, the
1ift coefficient is predicted with greater accuracy than the drag
coefficient. This plot also shows that both coefficients are predicted
with greater accuracy for each cone having its major axis, at the base,
in the vertical direction (t/b = 2). This might indicate that the "bleeding”
of the pressure from the lower to upper surface is nol as great when the cone
is "tall'as when it is "flat".

Inportant parameters for most reentry bodies are the maximum values
of 1ift coefficient and ...i't drag ratio. These parameters are shown
plotted for the case of a full circular cone (t/b = 1) against cone half
angle, 0, in figure 5. This plot reveals that the maximum lift coefficient
is predicted by the theory with a great deal of accuracy for the cone half
angles shown. The maximum lift-to~drag ratio is predicted well at the
higher cone half angles (© > 20°) but is overpredicted for the more slender

cones.
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The slopes Cma and CLU? for the same full circular cone, are
plotted versus cone half angle, 6, in figure 6. Exact inviscid theory
was available (ref. 7) for this case and is shown for comparison purposes.
Tt is seen from this figure that there is good agreement between
Newtonian theory and the experimental results as well as the exact
inviscld theory.

In figure 7, Cp pax @nd (L/D)max for the half cone case are
plotted versus the ratio, t/b, for different fineness ratios, t/2L.

The variation of CL,max is again predicted quite well. The values

of (L/D)mnx’ however, are in poor agreement with experiment especially
at the lower values of fineness ration (t/EL < .2). This poor agreement
is due, in part, to the under prediction of the drag coefficients for the
more slender bodiles.

Figure 8 shows a plot of Cma and Clh, for the body under consider-
ation versus t/b. The agreement is rather poor for the case of the more slender
bodies but ilmproves for the larger values of fineness ratio.

To complete the variation of Cp ngys (L/D)pays Cmy» 8and Cpy with
body parameters, figures 9 and 10 show the veriation with body cut-off
angle, ¢ (a value of @ = 90° corresponds to a flat-top half cone).
Figure 9 shows that both Cp .., and (L/D)psx 8re in poor agreement
with experiment for the case of the slender 10° cone but improves with
increasing cone angle, . Figure 10 shows that the slopes, Cma and Clu
are 8lso 1n poor agreement for the 10° cone but that the agreement is improved
with increacing cone angle.

The lateral derivatives, CYB and Cnﬁ: for a half circular cone

are plotted versus « in figure 11l. Experimental data for CzB were not
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available. Figure 1l indicates that Newtonian theory does a poor job of
predicting the side-force derivative, CYB, but is in excellent agreement
with the yawing moment derivative, an’ for both cone half angles. The
value of Czﬁ (Cz taken about the center line) is predicted to be zero
for this case. For the case of the elliptical cone, however, CIB as
well as the other derivatives are all dependent on the body parameters,

m, ¥, and the body cut-off angle ¢.




VIII. CONCLUSIONS

Newtonian theory was applied, in this snalysis, to the elliptic cone
segment at angles of attack and sideslip. Closed form expressions for the
aerodynamic coefficients and static stebility derivatives were cbtained.
Expressions for the full and half conic bodlies were given and approximate
expression in powers of 1 =~ k? were given for the half cone case. The
circular cone recults were cbtained as a special case Qf the general results.

Comparisons of the theoretical calculation with experimental results
indicate that this theory provides an invalusble tool in obtaining first
approximations to the aerodynamic characteristics of segments of circular
and elliptical cones in the hypersonic flow regime. Tabulated values from
these expressions for various values of t/b, t/2L, and @ through the
angle-of-attack range of 0% to 90° and velues of B from 0° to 15° would
be of great benefit to anyone with need of a quick approximation to the
serodynamic characteristics of these particular bodies. Such tabulated
values will be available in the form of a NASA technical note by the
author which is tc be published at a later date.

Comparisons of the theory with experiment indicate that the Newtonian
results are, in general, in very good agreement with experiment for the
blunter cones at the smaller angles of attack {(a < 25° and blunter -

8 >20° or t/2L > 0.3). All coefficients except (L/D)max and CYB

were predicted with very good accuracy. For higher values of a the
agreement was good only for the blunter cones (t/2L > 0.3). Predictions

of (L,/D)max and CYB were the least successful of all cases shown.

Comparisons with Newtonian theory such as these are presented in more

detail in references 4 and 8. These references indicate the sbove agree-

ment between experiment and theory is typical for conic body shapes.
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©iT. APPENDIX

The values of the integrals I3, Iz, . . . L5, Ls are tabulated

below:

I, = j'cosq)dqg 1 tan-lm\/kz-lsin(p +C, k>1
Vi w2 - 1 Vv

=—--£——-—-log( ‘4f+m\/l—kasinj‘c, k<1
\/\jf_- n Vl - klsin

[ cin @ cos @ 4@ 1 Q
Igﬂj B log =+ C
ay m*(k% - 1)y

_mico:sq;d&p22 1 -1fcot @\ _ «1fcot @

O0K<p<x, #<9< 2n

Ium/sintpcos‘?(,odt:p‘== 1 [_ k tan- cosq)\jl-k
ay3/2 m2(1 - kg)L\ll_-?

- S08 +C, k<1




— ——
zy+i’-‘1]-i-°-‘3 X2 - 1
-~ 1 LS P A R
2y2 V2 - 1
(1l - k*)|2Vkc - 1 \/’;_cozi,/kg_l Ve
L |
I 'j cos(psinztpdq}a 1 [— 1 m-lmngolsinCP
5 ry .
: ay3/2 m (1 - k‘a)l_r_n V2 - 1 Vi
cO8
- ﬁf" +C, k>1
- 1 1 1o \/;+m\h-k2s.1n<p_sinq> e k<1
’ )

23(1 - k%)|2m (1 - k°

A
N-mVl-kzsincp

Vv

k2 Ve + V1 - k%sin o

' cos @ & 1 [-
I6=j cpcpa

1
Qy5/2 l-kglfm\/l - X2 ﬁ»mVl-kgsinqa

+§—i-51»-2 +C, k< 1
Vv
k2
Ig = 1 L tau~L

1-k2m\/k2-1

mdkz-lsin(v +sin€p
Vv Ve

+ C,

k>1
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= [ 88 . L tan-lfS0t 2
Ji jn mktan mk0<q><s(,. 1< P< 2n

ngjsinng)z_ 1 _m_lcoscp\ll-ke? s C, k<
J oavy mk \1 - k2 k\v

\[;* cos @
1 k
dp = = log

2mek (k2 - 1 @_co;gm

+ C, k> 1

\'2
szjcoscpdw m VK 1Sin§)+c,k>l
QW mk
J5= 1l log \l_+mVl-ksian +C, k<1

2m \|1 - \l;-m\ll-k‘?sintp

' in @ d9
Ju_jcoscps = 1
&y

35 ”_/: sinp 49 _ , } 1 m-l(cot 9) . tan-l(cot g) . C
Qy (k2 - 1)k mk m

0<9p<=x, 1<K 2x
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cog P 49
Jénj--m—-ax

[

Iz = Ip

L, = Is

1 r 1

sin @ 49
Iy = | =21t =

tan~l S05 @ 1 - k° .

cos @

@3/2 (k2 - 1)[_1:\[1 - k2 N
k<1
cos ¢ 1

L. = 1 _ Cos @
P

mH(k2 - 1) dk\’ke = o8 @\F T V¥
g = Iy
M = Ip

Vv

+ C,

+ C,

k>1
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M5 =1y,
. / Bin @ cos @ dp _ 1 gin ¢ cos 9 1 tan"l(wt qﬁ
M Qy2 2me(k2 - 1) ¥ m n
—
2 il
+——-—}-:-——-—-£ta.n"1(-c—m> - tan‘l(-(l?-w) +C, 0<p<x, a<p<n
2
w3(1 - k2) e m
[ sin @ cos ¢ 4P 1 [— 1 2 1l 1
My = = - ~ log = + — -+ C
2 j (1% ome( ke - 1)Lm2(k2 - 1) v m? -1y
%gjcos%smq,dq,‘ = [- SRV S S A
oy 2(x° - 1)|m(x° - 1) v mS -1

In the limiting case of m, k = 1 it is necessary to take the
limit of each term of the coefficlents as m, k approaches unity.

These are shown below:

lin 1 \Ef_+ mVl-ksinQ)
ko1 —=— log =2 sin @
m -1 \1- K2 Vv - m\1 - k2s1n @

lim

k—-’l—é-'}——loggasincp
m-1Kk ¥
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lim
k-l -— 1 ta.n‘l(—-—-----"':’t (P) -k tan‘l(mt qa) = }(CP - £ 4 5in 9 cos P)
m-1k%-1 n ke 2 .

lim \{ 2
K »1 —2 l: k mn,g(l-kcosq)-cosq)_____l_cosm

1 1 Y +m l-k‘?sinq:‘ sin @ 1 3
k-1 - log - = =~ sin/Q
m..>11-kfa[:em\[l-kg (\[ -m\ll-kzsinq) /w 5

lim 2 ¢! 2 Fal s
K -1 — = log \[;+m Lokleln@), sin @l 1 4y ¥ cos%p + 2)
\];-m\/l-kasinq} 5

k¥ -1
(- |

m-1j.x32\k° -1 cos ©

<

-
[+ Ve2 -1 @
Lim 1 k k 1
1og _cos @ _ 30
2.1
k

lim
k -1 1l - 1lsino sin @

1 m-}_(ﬂ k2
m»ll-ka):nuke-l \l—\*.f— \/;

lim 2 V2 -
k »1 —1 X mn'lél k ‘151‘”‘)4- 810 @1 = L sin @(cos?p + 2)
3
1

m-11 . k2|2 - Vv v



-~ 45 -

lim
kqlim'l(iir%ki> =Z.9
m-1l

k <1 ~—eee—— tan = cos @
m-1 |1-k° X Vv
lim
k-l 21 1 ‘1(———~00t Cp) tan”l(—-————COt tp) ,_l;(q,-l}- sin ¢ cos @)
a1 K2 - 1k mk m 2 2
2
Ni--—-—l-‘-—-——}-coscp
Lim 1 x
k-1 log = 2 cos §
m-1 \k< -1 Vka-l
- ———2Z co
Vv ——= cos @

1lim [- \{ z
k -1 1 1 tan-1 1 kcos¢_coscp=

m—alk?—-llf\h-k?- X Vv Vv

= cos @(sin @ + 2)

1
5

-
J

lim A
k-1 = 1 - =

n -1 k2 - 12k k2 - 1 _ & -1 Vv

JhHV)

- £ cos (sinfp + 2)

e
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In the case of Cjy, the presence of the term (m° - 1) multiplied
out front causes the entire expresgion to be zero when k —-1 and m — 1.

Thus 1lim C; = O.
gy i

-

it
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Figure l1.- General body coordinate system and wind components.
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Figure 4.- Variation of 1lift and drag coefficients with angle of attack
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THE PREDICTION OF AFRODYNAMIC FORCE AND MOMERT COEFFICIENTS
ON ELLIPTIC CONE BODIES AT BOTH ANGLE OF ATTACK
AND SIDESLIP BY USE OF NEWTONIAN IMPACT THEORY
by
William R. Wells

ABSTRACT

Newtonian theory was applied, in this analysis, to the elliptic cone
segment at angles of attack and sideslip. Closed form expressions for
the aerodynamic coefficients and static stability derivatives were
obtained. Expressions for the full and half conic bodies were given and
approximete expressions were given for the half cone case. The circular
cone results were obtained as a specisl case of the general results.
Comparisons of the theoretical calculations with experimental
results at hypersonic speeds were made of the aerodynamic coefficients
and static derivatives for several conic segments. Generally, good agree-

ment was observed for specified ranges of fineness ratios and engles of

attack.



