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by 
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Civil Engineering 

(ABSTRACT) 

A gravel-bed stream's grain size distribution plays an important role in 

determining a river's depth, sediment transport rates, and stream bed stability as well as 

the survival rates of mussels and salmonids. Unfortunately, the material found in gravel- 

bed rivers exhibits vertical stratification as well as spatial variation in the horizontal 

direction and is difficult to sample. Previous research has largely dealt with the ability of 

grid, areal, and bulk sampling techhniques to sample a single spot within a river. Little 

has been done in characterizing an entire river reach. Of the methods suggested, none is 

adequate because they are either inherently biased or are incapable of describing the 

spatial variations within a sampled region. The present research proposes a method that 

overcomes these problems. It shows that a single large grid sample, or composite grid 

sample, can be used to obtain an unbiased estimate of an area's overall grain size 

distribution at a known accuracy level. It then suggests that the arithmetic mean is a 

suitable parameter to characterize the coarseness of individual sediment deposits within a 

sampled area. Thus, by recording the size and location of each stone taken in the



composite grid sample one can use statistical hypothesis testing to systematically analyze 

local means throughout the sampled area and locate sediment boundaries. Once the 

boundaries are located, stones from the composite grid sample falling within the 

boundaries of a particular deposit can be analyzed as separate grid samples representative 

of the individual deposits present and describe the local variability.
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SAMPLING SPATIAL SEDIMENT VARIATION IN 

GRAVEL-BED STREAMS 

CHAPTER 1: INTRODUCTION 

1.1 Overview 

A gravel-bed stream's grain size distribution plays a key role in the hydraulic and 

ecological characteristics displayed by a river. Hydraulically, the size distribution helps 

determine a stream's flood levels, sediment transport rates, and stream bed stability. 

Ecologically, the amount of fines present in a river bed influences the survival rates of 

mussels and fish species, some of which are endangered. Unfortunately, obtaining a 

representative grain size distribution for a gravel-bed stream or river is difficult due to a 

vertical stratification of the bed material as well as sediment variations in the horizontal 

direction. Past research in sediment sampling has mainly dealt with obtaining an 

unbiased, volummetric sample at a single spot within a river; however, little has been 

done to obtain a distribution which represents an entire river reach or depositional bar. 

The few methods that have been suggested, as will be shown later, are either biased, 

require extremely large amounts of material, or are incapable of sampling the armour 

layer of the stream bed. The next few chapters address this issue and propose a sampling 

method that is built on the principles of grid sampling, and is capable of obtaining an 

overall grain size distribution for an area. It also puts forth a statistically based method to 
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locate and describe the spatial variation occurring within the sampled region. Chapter 

one describes the need for such work, the nature of the problem, and the scope of the 

work done here. Chapter two describes some common sediment sampling techniques 

which form an important base for the new procedure along with their limitations, and 

applicability to sampling river reaches. Chapter three then looks at the mechanics of 

combining samples coming from different sediment deposits such that the distribution 

resulting from physically combining the individual samples is an unbiased estimate of the 

areas overall grain size distribution. After this, chapters four and five, through the use of 

computer simulations, develop and test a technique designed to obtain a grain size curve 

for a region and describe any spatial variations within it. Chapters six and seven then 

turn to testing a previously suggested sampling method, along with the one proposed 

here, on materials having known distributions. Chapter 8 concludes with a summary of 

the results and discusses how the results may be used in the field. 

1.2 The Needs for Sediment Sampling 

Many of the problems that are associated with rivers and streams such as flooding, 

erosion, and meandering, are related to the frictional characteristics of the materials found 

on the stream bed. A common procedure to quantify the grain roughness is in terms of a 

particular grain size such as Dso, or Dog, where Ds) and Doo are grain sizes which are larger 

than 50 and 90 percent of the grain size distribution, respectively. However, in order to



obtain these values one must sample the relevant area in an unbiased and accurate 

manner. Once this is done, values from the size distribution are used in equations to 

predict flow velocity and depth, stream bed stability, sediment transport rates, and flood 

levels. For example, in calculating flow velocity with the Manning equation, the 

roughness coefficient is related to D,. (Vanoni, 1977). Likewise, Do is used in Shield’s 

diagram to determine the stability of a river bed and when particle motion will begin 

(Vanoni, 1977). Similarly, common bed load transport equations such as the Einstein, 

Meyer-Peter & Muller, and DuBoy's equations use D,5, D<, and D,, as grain size 

parameters (Vanoni, 1977). Since particle size parameters play a role in all of these 

equations, it is clear that the more accurately the parameter is determined the better the 

calculated value is. In turn, hydraulic structures, based upon the more accurate values 

become more efficient and reliable than those based on less accurate values. 

In 1991 only 191 adult salmon returned to the Sacramento River while at one time 

over 100,000 spawned there each year (Ziemba, 1992). One reason for this decline in the 

salmon population is the introduction of fine particles into the stream by logging, 

construction, and agricultural practices (Diplas and Parker, 1992). With the introduction 

of the fine material to the stream, the geometric mean grain size drops, and as Figure 1.1 

shows, so does the salmonid embryo survival rate (Shirazi and Seim, 1981). With a more 

accurate sampling technique a more precise correlation between embryo survival rates 

and the amount of fines present can be found . Thus it may be possible to create basin



wide erosion management programs that would provide quality spawning grounds to help 

repopulate the species. Similarly, one may be able to monitor the habitats of certain 

endangered mussel species that are destroyed by excessive amounts of fine materials 

(Helfrich et. al, 1986).



  

      

  

      

100 j 

80; - 

~ 7Or - 
<I 
= 

> 60r — 

5S 
” 50 ad - 
_ oO 

rn ) Species Source Ploce - 
O © Coho Koski 1966 Orift Creek, OR 

ane @ Coho Phillips etal. 1975 — Laboratory 4 
oO. 30 @ Coho Tagart 1976 Cleorwoter Creek, WA 

© Coho Cederholm Unpublished Loboratory 
20k © Cutthroat Cederholm and _ 

Leste!'s i974 Stequaleho Creek, WA 

O Sockeye Cooper 965 Laboratory 
IO & Steelhead Phillips et al. 1975 Laboratory _ 

® O Steethead Cederholm and 
oO Lestelle 1974 Stequaleho Creek, WA 

0 l | a | —_ i | 

0 5 10 15 20 25 30 35 

GEOMETRIC MEAN DIAMETER, Dg (mm) 

Figure 1.1; Relationship Between the Geometric Mean Grain Size and Embryo 
Survival Rates of Various Species of Fish. From Shirazi and Seim (1981)



1.3 Coarse-Grained Stream Beds 

While more accurate sediment sampling methods would benefit hydraulic 

calculations and enable the monitoring of spawning grounds, the very nature of gravel- 

bed streams complicates sampling dramatically. The following few paragraphs describe 

the physical makeup of a gravel-bed stream. Once this is done it becomes possible to 

describe common sampling techniques and show their applicability to sampling a river 

reach or depositional bar. 

The composition of gravel-bed sediments typically consists of gravels larger than 

2mm. A vertical cross section typically reveals three distinct sediment populations or 

strata. The top layer, or pavement, is typically the coarsest and impacts the stream's flow 

depth, velocity, bed load transport rate, and probably it's suspended transport rate. The 

second layer, or subpavement, contains substantially finer material and plays a crucial 

role in determining salmonid embryo survival rates (Diplas and Fripp, 1992). Both the 

pavement and subpavement, which represent different sediment populations, are only 

about as thick as the maximum grain size present (Kellerhals and Bray, 1971; Diplas and 

Sutherland, 1988). The third layer, however, has no predetermined thickness (Diplas and 

Fripp, 1992). Figure 1.2 shows a sketch of a typical vertical gravel-bed cross section. 

The next chapter will show that these three different layers play a crucial role in 

determining how a sediment sample must be gathered. However, in addition to having 

vertical stratification, coarse-bed rivers often exhibit a spatial variation in the horizontal



direction. These changes can be sudden or gradual. Sudden changes can be seen in 

gravel bars where sediment sizes may change several times over the width of the river. 

Figure 1.3 demonstrates this for a depositional bar in the Quesnel River in Canada 

(Wolcott and Church, 1991). In contrast, a gradual decrease in grain size occurring over 

long distances, known as downstream fining, is also common for gravel rivers.
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Figure 1.2: Typical Cross Section of Gravel-Bed Stream
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CHAPTER 2: SAMPLING BASICS 

2.1 Sampling at a Point 

The procedure used for sampling a grain size distribution within a gravel-bed 

stream depends largely on the type of material present and which grain size population is 

of interest. Bulk sampling, grid sampling, and areal sampling are the main methods of 

obtaining a sample. However, these techniques are not directly comparable. Each 

sample must be analyzed in accordance to the method by which it was obtained. 

Furthermore, each of these methods can provide biased results if used improperly. A 

brief review of these techniques, their limitations, and their accuracy levels, is provided 

in the next few paragraphs. 

2.1.1 Volumetric or Bulk Sampling 

Volumetric or bulk sampling is the most widely used method of sediment 

sampling. It consists of taking a predetermined volume of material such that its 

dimensions are independent of the grain sizes present (Kellerhals and Bray, 1971). Once 

this is done a sieve analysis is performed. The percent by weight retained on each sieve 

size is calculated and a plot of grain size versus percent passing that sieve size is made. 

Bulk sampling works well for sand streams where the pavement and subpavement layers 

do not exist. In this case, the sediment is simply shoveled into a bucket, dried and 

10



analyzed according to percent by weight. On gravel-bed streams, bulk sampling cannot 

be used to sample the pavement and subpavement because they are only one grain 

diameter thick (Kellerhals and Bray, 1971; Diplas and Sutherland, 1988). Ifa bulk 

sample were taken, it would contain grain sizes from all three populations and be 

representative of none of them. It should be noted that, while the bottom layer can be 

bulk sampled after removing the pavement and subpavement, the pavement and 

subpavement must be sampled by a different method. Despite not being able to sample 

the pavement or subpavement, volummetric samples, because of their unbiased nature, 

are the basis of all comparisons and as will be shown later, all samples regardless of 

sampling technique, must be the equivalent to a volummetric sample. 

The accuracy of a bulk sample depends on the grain sizes of the material being 

sampled and the volume of the sample taken. As with all sampling techniques, the larger 

the sample, the more accurately the size parameters can be determined. Unfortunately, 

large samples are often physically and financially impractical. In an attempt to address 

this problem, considerable research has been done to determine what the smallest sample 

size for a given accuracy level is. In bulk sampling, the samples volume is determined by 

weight. Both de Vries (1970) and Church, et al. (1987) provide guidelines for 

determining minimum volumetric sample sizes at different accuracy levels. De Vries 

provides three accuracy levels and uses D,, to determine the sample size. Church, et al. 

provide similar guidelines, however, they recommend that the maximum grain size 

11



present should be used instead of D,,. Both methods are based on the results of a single 

gravel sample and are expected to apply to all gravel-bed materials. Furthermore, they 

require the operator to assume the D,, or D,,,, before the material is sampled. This is a 

problem because neither of them can be known in advance. Two more drawbacks are 

associated with these criteria. First, these accuracy estimates do not provide confidence 

limits for different individual size parameters such as D,,, and D;, which are measured at 

different accuracy levels for a given weight. Second, very large amounts of material are 

often needed. For example, a D,, of 35 mm requires over a 90 kg of material to satisfy de 

Vries' low precision criterion, while over 10,000 kg is necessary to meet the high 

precision requirements. 

2.1.2 Grid Sampling 

Grid sampling is an appropriate means of sampling the pavement, subpavement, 

and bottom layers of gravel-bed streams. Grid sampling is performed by laying out a grid 

over the area to be sampled and collecting the stones immediately beneath each grid point 

(Kellerhals and Bray, 1970). For small areas a wire mesh can be used, while for larger 

areas a pacing procedure can be used. The pacing procedure, known as Wolman's walk is 

an important basis for the sampling procedure that developed later and should be 

described (Wolman, 1954). In Wolman's walk, the operator steps off regular intervals 
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�a�s� �a� �g�r�a�v�e�l�o�m�e�t�e�r�,� �h�a�v�i�n�g� �s�q�u�a�r�e� �h�o�l�e�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �s�i�e�v�e� �s�i�z�e�s� �c�a�n� �b�e� �c�a�r�r�i�e�d� �w�i�t�h� �t�h�e� 

�o�p�e�r�a�t�o�r� �t�o� �s�i�m�p�l�i�f�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �s�t�o�n�e� �s�i�z�e�s� �(�H�e�y� �a�n�d� �T�h�o�r�n�e�,� �1�9�8�3�)�.� �T�h�e� �s�t�o�n�e�'�s� �s�i�z�e� 

�i�s� �m�e�a�s�u�r�e�d� �a�s� �t�h�e� �s�m�a�l�l�e�s�t� �s�i�e�v�e� �s�i�z�e� �o�p�e�n�i�n�g� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� �j�u�s�t� �p�a�s�s�e�s�.� �A� �t�e�m�p�l�a�t�e� 

�w�o�r�k�s� �w�e�l�l� �f�o�r� �p�a�r�t�i�c�l�e�s� �h�a�v�i�n�g� �a� �d�i�a�m�e�t�e�r� �o�f� �u�p� �t�o� �a�b�o�u�t� �2�1�5� �m�m� �o�r�,� �1�4� �k�g�,� �w�h�i�c�h� �i�s� 

�a�b�o�u�t� �a�s� �l�a�r�g�e� �a� �s�t�o�n�e� �a�s� �a� �p�e�r�s�o�n� �c�a�n� �h�a�n�d�l�e� �w�i�t�h� �o�n�e� �h�a�n�d� �(�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s� �1�9�9�3�)�.� 

�S�t�o�n�e�s� �l�a�r�g�e�r� �t�h�a�n� �2�1�5� �m�m� �m�a�y� �h�a�v�e� �t�o� �b�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �a� �t�a�p�e�.� �F�r�i�p�p� �a�n�d� �D�i�p�l�a�s� 

�(�1�9�9�3�)� �r�e�c�o�m�m�e�n�d� �b�r�i�n�g�i�n�g� �a� �t�a�p�e� �r�e�c�o�r�d�e�r� �a�l�o�n�g� �s�o� �t�h�a�t� �t�h�e� �o�p�e�r�a�t�o�r� �c�a�n� �d�i�s�c�a�r�d� �a� �s�t�o�n�e� 

�a�f�t�e�r� �i�t�s� �s�i�z�e� �a�n�d� �l�o�c�a�t�i�o�n� �h�a�v�e� �b�e�e�n� �r�e�c�o�r�d�e�d�,� �m�a�k�i�n�g� �i�t� �p�o�s�s�i�b�l�e� �f�o�r� �a� �s�i�n�g�l�e� �p�e�r�s�o�n� �t�o� 

�p�e�r�f�o�r�m� �t�h�e� �s�a�m�p�l�i�n�g� �p�r�o�c�e�d�u�r�e�.� �G�r�i�d� �s�a�m�p�l�i�n�g� �i�s� �p�r�o�b�a�b�l�y� �t�h�e� �e�a�s�i�e�s�t� �s�a�m�p�l�i�n�g� �m�e�t�h�o�d� 

�t�o� �p�e�r�f�o�r�m� �i�n� �t�h�e� �f�i�e�l�d� �a�n�d� �c�a�n� �b�e� �u�s�e�d� �o�n� �d�r�y� �g�r�o�u�n�d� �a�s� �w�e�l�l� �a�s� �u�n�d�e�r�w�a�t�e�r�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �g�r�i�d� �s�a�m�p�l�i�n�g�,� �u�n�l�i�k�e� �b�u�l�k� �a�n�d� �a�r�e�a�l� �s�a�m�p�l�i�n�g�,� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �m�a�t�e�r�i�a�l� 

�t�o� �b�e� �w�e�i�g�h�e�d�,� �o�r� �t�a�k�e�n� �t�o� �a� �l�a�b� �f�o�r� �a�n�a�l�y�s�i�s�.� �E�v�e�n� �i�f� �t�h�e� �m�a�t�e�r�i�a�l� �w�e�r�e� �c�o�l�l�e�c�t�e�d�,� 

�C�r�o�w�d�e�r� �a�n�d� �D�i�p�l�a�s� �(�1�9�9�4�)� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �a� �g�r�i�d� �s�a�m�p�l�e� �w�i�t�h� �t�h�e� �s�a�m�e� �a�c�c�u�r�a�c�y� �l�e�v�e�l� 

�a�s� �d�e� �V�r�i�e�s �� �(�1�9�7�0�)� �l�o�w� �a�c�c�u�r�a�c�y� �c�r�i�t�e�r�i�a� �r�e�q�u�i�r�e�s� �a�b�o�u�t� �a� �t�h�i�r�d� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �a� �b�u�l�k� 

�s�a�m�p�l�e� �n�e�e�d�s�.� �S�i�n�c�e� �a� �g�r�i�d� �s�a�m�p�l�e� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e� �(�K�e�l�l�e�r�h�a�l�s� �a�n�d� 

�B�r�a�y�,� �1�9�7�1�)�,� �t�h�e� �g�r�a�i�n� �s�i�z�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �f�o�u�n�d� �b�y� �p�l�o�t�t�i�n�g� �t�h�e� �p�e�r�c�e�n�t�a�g�e� �o�f� �s�t�o�n�e�s� �t�h�a�t� 

�1�3



�p�a�s�s� �e�a�c�h� �s�i�e�v�e� �s�i�z�e�.� �H�o�w�e�v�e�r�,� �a� �m�a�j�o�r� �l�i�m�i�t�a�t�i�o�n� �o�f� �g�r�i�d� �s�a�m�p�l�i�n�g� �i�s� �t�h�a�t� �o�n�e� �c�a�n� �n�o�t� 

�s�a�m�p�l�e� �m�a�t�e�r�i�a�l� �s�m�a�l�l�e�r� �t�h�a�n� �a�b�o�u�t� �1�5� �m�m� �i�n� �a�n� �u�n�b�i�a�s�e�d� �m�a�n�n�e�r� �(�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s�,� 

�1�9�9�3�)� �a�n�d� �t�h�u�s�,� �h�a�s� �a� �t�e�n�d�e�n�c�y� �t�o� �t�r�u�n�c�a�t�e� �t�h�e� �s�m�a�l�l�e�r� �p�a�r�t�i�c�l�e�s� �f�r�o�m� �t�h�e� �g�r�a�i�n� �s�i�z�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�L�i�k�e� �b�u�l�k� �s�a�m�p�l�e�s�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �g�r�i�d� �s�a�m�p�l�e�s� �d�e�p�e�n�d�s� �o�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� 

�s�a�m�p�l�e� �t�a�k�e�n�.� �H�e�y� �a�n�d� �T�h�o�r�n�e� �(�1�9�8�3�)� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �i�f� �a� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�a�i�n� 

�s�i�z�e�s� �i�s� �a�s�s�u�m�e�d� �f�o�r� �t�h�e� �s�e�d�i�m�e�n�t� �t�o� �b�e� �s�a�m�p�l�e�d� �a�n�d� �a� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �w�a�s� �s�p�e�c�i�f�i�e�d�,� 

�t�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�o�n�e�s� �t�o� �o�b�t�a�i�n� �t�h�e� �g�i�v�e�n� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t� �c�o�u�l�d� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�a�s�e�d� 

�o�n� �a� �l�o�g� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �l�i�k�e� �t�h�e� �D�y�,� �o�r� �D�,�,�,�,� �i�n� �b�u�l�k� �s�a�m�p�l�i�n�g�,� �t�h�e� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �i�s� �n�o�t� �k�n�o�w�n� �i�n� �a�d�v�a�n�c�e� �a�n�d� �m�u�s�t� �b�e� �a�s�s�u�m�e�d� �i�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� 

�n�u�m�b�e�r� �o�f� �s�t�o�n�e�s� �n�e�c�e�s�s�a�r�y� �t�o� �o�b�t�a�i�n� �a� �g�i�v�e�n� �a�c�c�u�r�a�c�y� �l�e�v�e�l�.� �F�u�r�t�h�e�r�m�o�r�e�,� �C�h�u�r�c�h�,� �e�t� �a�l�.� 

�(�1�9�8�7�)�,� �a�m�o�u�n�g� �o�t�h�e�r�s�,� �p�o�i�n�t� �o�u�t� �t�h�a�t� �t�h�e� �g�r�a�i�n� �s�i�z�e�s� �f�o�u�n�d� �i�n� �g�r�a�v�e�l�-�b�e�d� �s�t�r�e�a�m�s� �r�a�r�e�l�y� 

�f�o�l�l�o�w� �a� �l�o�g� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�u�s�,� �s�t�a�t�i�s�t�i�c�a�l� �r�e�s�u�l�t�s� �b�a�s�e�d� �o�n� �a� �l�o�g�-�n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �s�u�c�h� �a�s� �H�e�y� �a�n�d� �T�h�o�r�n�e�'�s� �(�1�9�8�3�)� �m�a�y� �b�e�c�o�m�e� �b�i�a�s�e�d� �i�f� �t�h�e� �s�e�d�i�m�e�n�t� �i�s� �n�o�t� 

�l�o�g� �n�o�r�m�a�l�.� 

�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s� �(�1�9�9�3�)� �p�r�o�p�o�s�e�d� �t�h�a�t� �t�h�e� �a�c�c�u�r�a�c�y� �l�e�v�e�l�s� �o�f� �a� �g�r�i�d� �s�a�m�p�l�e� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �b�i�n�o�m�i�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �t�e�s�t� �u�s�e�d� �i�s� �w�h�e�t�h�e�r� �o�r� �n�o�t� �a� 

�s�t�o�n�e� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �a� �g�i�v�e�n� �s�i�e�v�e� �s�i�z�e�.� �I�t� �d�o�e�s� �n�o�t� �a�s�s�u�m�e� �a�n� �u�n�d�e�r�l�y�i�n�g� �p�a�r�t�i�c�l�e� �s�i�z�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� �a�n�y� �g�i�v�e�n� �g�r�a�i�n� 

�s�i�z�e� �p�a�r�a�m�e�t�e�r� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �a�r�e� �g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� 

�1�4



�d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�,� 

�2� 

�_� �s�i�n�e� �(�1�)� 
�n� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �e�r�r�o�r�,� �Z�,�.�)� �i�s� �t�h�e� �z� �v�a�l�u�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �a� 

�1�0�0�x�(�1�-�«�)�c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�,� �p� �i�s� �t�h�e� �p�e�r�c�e�n�t�i�l�e� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �n� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�o�n�e�s� �i�n� 

�t�h�e� �s�a�m�p�l�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �v�a�l�i�d� �o�n�l�y� �w�h�e�n� �n�x�p�a�n�d� �n�x�(�1�-�p�)� �a�r�e� �g�r�e�a�t�e�r� �t�h�a�n� 

�2�0�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �b�i�n�o�m�i�a�l� �c�r�i�t�e�r�i�a� �c�a�n� �n�o� �l�o�n�g�e�r� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �t�h�e� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �(�O�t�t� �1�9�8�8�)�.� 

�S�i�n�c�e� �t�h�e� �b�i�n�o�m�i�a�l� �m�e�t�h�o�d� �i�s� �u�s�e�d� �e�x�t�e�n�s�i�v�e�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �p�a�p�e�r�,� �a� �d�e�s�c�r�i�p�t�i�o�n� 

�o�f� �i�t�s� �u�s�e� �i�s� �g�i�v�e�n� �b�e�l�o�w�.� �A� �c�o�m�m�o�n� �p�r�o�b�l�e�m� �i�s� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�r�r�o�r� �o�f� �a� �s�p�e�c�i�f�i�c� �g�r�a�i�n� 

�s�i�z�e� �p�a�r�a�m�e�t�e�r� �f�o�r� �a� �g�i�v�e�n� �s�a�m�p�l�e� �s�i�z�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �g�i�v�e�n� �a� �2�0�0� �s�t�o�n�e�s� �s�a�m�p�l�e� �(�n� �=� 

�2�0�0�)� �a�n�d� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� �s�i�z�e� �o�f� �i�n�t�e�r�e�s�t� �i�s� �D�s�)� �(�p�=�.�5�0�)� �o�n�e� �c�a�n� �c�a�l�c�u�l�a�t�e� �a� �9�5�%� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �(�Z�,�.�,�.�;�=� �1�.�9�6�)� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �(�1�)�,� �w�h�i�c�h� �y�i�e�l�d�s� �a�n� �e�r�r�o�r� �o�f� �6�.�9�%�.� �T�h�u�s�,� 

�w�e� �c�o�n�c�l�u�d�e� �t�h�e� �t�r�u�e� �p�e�r�c�e�n�t�a�g�e� �o�f� �m�a�t�e�r�i�a�l� �f�i�n�e�r� �t�h�a�n� �t�h�e� �g�r�a�i�n� �s�i�z�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�s�a�m�p�l�e� �D�,�,� �i�s� �b�e�t�w�e�e�n� �4�3�.�1�%� �a�n�d� �5�6�.�9�%�.� �T�h�i�s�,� �h�o�w�e�v�e�r�,� �d�o�e�s� �n�o�t� �i�n�d�i�c�a�t�e� �t�h�e� �e�x�p�e�c�t�e�d� 

�g�r�a�i�n� �s�i�z�e� �e�r�r�o�r� �(�i�n� �t�e�r�m�s� �o�f� �m�m�)� �o�f� �D�,�o�.� �I�n� �o�r�d�e�r� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �g�r�a�i�n� �s�i�z�e� �e�r�r�o�r� �o�n�e� 

�m�u�s�t� �p�l�o�t� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �e�n�t�i�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�i�n�i�m�u�m� �a�n�d� 

�m�a�x�i�m�u�m� �v�a�l�u�e�s� �f�o�r� �t�h�e� �g�r�a�i�n� �s�i�z�e� �o�f� �i�n�t�e�r�e�s�t�.� �A�n� �e�x�a�m�p�l�e� �o�f� �t�h�i�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1� 

�w�h�i�c�h� �d�e�p�i�c�t�s� �a� �s�a�m�p�l�e� �o�f� �2�0�0� �s�t�o�n�e�s� �a�n�d� �h�a�s� �a� �D�,�,� �e�q�u�a�l� �t�o� �1�4�.�2� �m�m�.� �B�y� �f�o�l�l�o�w�i�n�g� �t�h�e� 
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�5�0�%� �p�a�s�s�i�n�g� �l�e�v�e�l� �a�c�r�o�s�s� �t�h�e� �p�l�o�t�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� �i�t� �i�n�t�e�r�s�e�c�t�s� �t�h�e� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �a�t� 

�1�1�.�5�9� �m�m� �a�n�d� �1�6�.�5�9� �m�m� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �t�h�e� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �i�n� �t�e�r�m�s� �o�f� �g�r�a�i�n� 

�s�i�z�e�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �F�i�g�u�r�e� �2�.�1� �i�s� �t�r�u�n�c�a�t�e�d� �a�t� �t�h�e� �e�n�d�s� �f�o�r� �m�a�t�e�r�i�a�l� �l�a�r�g�e�r� �t�h�a�n� �D�o�o� 

�a�n�d� �b�e�l�o�w� �D�,�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �t�h�a�t� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �c�a�n� �n�o�t� �b�e� �p�r�e�d�i�c�t�e�d� �b�e�y�o�n�d� 

�t�h�i�s� �a�s� �n�x�p� �a�n�d� �n�x�(�1�-�p�)� �a�r�e� �l�e�s�s� �t�h�a�n� �2�0� �f�o�r� �t�h�e�s�e� �a�r�e�a�s�.� �I�f� �t�h�e� �s�a�m�p�l�e� �s�i�z�e� �w�e�r�e� �i�n�c�r�e�a�s�e�d� 

�t�o� �4�0�0� �s�t�o�n�e�s�,� �a�s� �i�n� �F�i�g�u�r�e� �2�.�2�,� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �v�a�l�u�e�s� �b�e�t�w�e�e�n� �D�,�,� 

�a�n�d� �D�,� �a�n�d� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �m�o�v�e� �t�o�w�a�r�d� �t�h�e� �s�a�m�p�l�e� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�f�l�e�c�t�i�n�g� �t�h�e� 

�i�n�c�r�e�a�s�e�d� �a�c�c�u�r�a�c�y�.� �S�i�m�i�l�a�r�l�y�,� �a� �1�0�0� �s�t�o�n�e� �s�a�m�p�l�e�'�s� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �w�o�u�l�d� �b�e� �w�i�d�e�r�,� 

�a�n�d� �b�e� �v�a�l�i�d� �o�n�l�y� �b�e�t�w�e�e�n� �D�,�,� �a�n�d� �D�9�.� �A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �t�h�e� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�s� �i�s� �t�h�a�t� �p�a�i�r�e�d� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �D�,�,� �a�n�d� �D�,�,�,� �a�n�d� �D�,�,� �a�n�d� �D�,�,� �h�a�v�e� �t�h�e� �s�a�m�e� 

�p�e�r�c�e�n�t�i�l�e� �e�r�r�o�r� �b�u�t� �d�o� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �h�a�v�e� �t�h�e� �s�a�m�e� �g�r�a�i�n� �s�i�z�e� �e�r�r�o�r�.� �F�i�g�u�r�e� �2�.�1� 

�d�e�m�o�n�s�t�r�a�t�e�s� �t�h�i�s� �f�o�r� �t�h�e� �v�a�l�u�e�s� �o�f� �D�,�,� �a�n�d� �D�,�,�.� �T�h�e� �D�,�,� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �a�r�e� �2�4�.�0�9� �m�m� 

�a�n�d� �3�1�.�9�7� �m�m� �a� �d�i�f�f�e�r�e�n�c�e� �o�f� �7�.�8�8� �m�m� �w�h�i�l�e� �D�,�,� �h�a�s� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �o�f� �.�6�0� �m�m� �a�n�d� 

�4�.�0�2� �m�m� �a� �d�i�f�f�e�r�e�n�c�e� �o�f� �3�.�4�2� �m�m�.� �T�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s� �w�i�l�l� �d�e�p�e�n�d� �o�n� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �i�t�'�s� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� 
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�-� �A�.� �-� �L�o�w�e�r�C�.�I�.� �-�y�.� �U�p�p�e�r�C� �J�.�  ��g�  �� �S�a�m�p�l�e� 

�t�s� �w�i�t�h� �9�5�%� �C�o�n�f�i�d�e�n�c�e� �L�i�m�i� �S�a�m�p�l�e� �o�f� �4�0�0� �S�t�o�n�e�s� �2�.�2� �F�i�g�u�r�e� 
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�2�.�1�.�3� �A�r�e�a�l� �S�a�m�p�l�i�n�g� 

�A�r�e�a�l� �s�a�m�p�l�i�n�g�,� �l�i�k�e� �g�r�i�d� �s�a�m�p�l�i�n�g�,� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�a�m�p�l�e� �t�h�e� �p�a�v�e�m�e�n�t�,� 

�s�u�b�p�a�v�e�m�e�n�t�,� �a�n�d� �b�o�t�t�o�m� �l�a�y�e�r�s� �o�f� �a� �g�r�a�v�e�l�-�b�e�d� �s�t�r�e�a�m�.� �I�t� �a�l�s�o� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�s� �o�f� 

�c�o�l�l�e�c�t�i�n�g� �m�a�t�e�r�i�a�l� �t�h�a�t� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �1�5� �m�m�,� �w�h�i�c�h� �g�r�i�d� �s�a�m�p�l�i�n�g� �c�a�n� �n�o�t� �o�b�t�a�i�n� �i�n� �a�n� 

�u�n�b�i�a�s�e�d� �m�a�n�n�e�r�.� �T�h�e� �s�a�m�p�l�e� �i�s� �c�o�l�l�e�c�t�e�d� �b�y� �r�e�m�o�v�i�n�g� �a�l�l� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�s� �t�h�a�t� �a�r�e� �o�n� �t�h�e� 

�s�u�r�f�a�c�e� �o�f� �a� �s�p�e�c�i�f�i�e�d� �a�r�e�a�.� �S�o�m�e� �c�o�m�m�o�n� �m�e�t�h�o�d�s� �o�f� �d�o�i�n�g� �t�h�i�s� �u�s�e� �c�l�a�y�,� �w�a�x�,� �o�r� �p�a�i�n�t� 

�t�o� �c�o�l�l�e�c�t� �t�h�e� �s�a�m�p�l�e� �(�D�i�p�l�a�s� �a�n�d� �S�u�t�h�e�r�l�a�n�d�,� �1�9�8�8�;� �K�e�l�l�e�r�h�a�l�s� �a�n�d� �B�r�a�y�,� �1�9�7�1�)�.� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�e�c�h�n�i�q�u�e�s� �u�s�i�n�g� �w�a�x� �a�n�d� �p�a�i�n�t� �c�a�n� �n�o�t� �b�e� �u�s�e�d� �u�n�d�e�r�w�a�t�e�r� �a�n�d� �a�r�e� �o�f� 

�l�i�m�i�t�e�d� �v�a�l�u�e� �i�n� �t�h�e� �f�i�e�l�d�.� �H�o�w�e�v�e�r�,� �c�l�a�y� �s�a�m�p�l�i�n�g� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �u�n�d�e�r�w�a�t�e�r� �a�s� �w�e�l�l� 

�a�s� �o�n� �d�r�y� �s�u�r�f�a�c�e�s� �(�D�i�p�l�a�s� �a�n�d� �F�r�i�p�p�,� �1�9�9�2�)�.� �F�r�i�p�p� �a�n�d� �D�i�p�l�a�s� �(�1�9�9�3�)� �s�u�g�g�e�s�t� �u�s�i�n�g� �a� 

�p�i�s�t�o�n�-�l�i�k�e� �d�e�v�i�c�e� �c�o�n�t�a�i�n�i�n�g� �a� �r�o�u�n�d� �f�l�a�t� �b�a�s�e� �s�u�r�r�o�u�n�d�e�d� �b�y� �a� �t�h�i�n� �p�l�a�s�t�i�c� �s�h�i�e�l�d� �t�o� 

�s�a�m�p�l�e� �m�a�t�e�r�i�a�l�s� �t�h�a�t� �a�r�e� �f�i�n�e�r� �t�h�a�n� �a�b�o�u�t� �4�0� �m�m�.� �C�o�m�m�o�n� �m�o�i�s�t� �p�o�t�t�e�r�y� �c�l�a�y� �i�s� �p�l�a�c�e�d� 

�a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �d�e�v�i�c�e� �a�n�d� �p�l�a�c�e�d� �i�n�s�i�d�e� �t�h�e� �s�h�i�e�l�d� �t�o� �p�r�o�t�e�c�t� �t�h�e� �s�a�m�p�l�e� �f�r�o�m� �t�h�e� 

�c�u�r�r�e�n�t�.� �T�h�e� �p�i�s�t�o�n� �h�e�a�d� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �c�l�a�y� �i�s� �t�h�e�n� �p�u�s�h�e�d� �a�g�a�i�n�s�t� �t�h�e� �g�r�a�v�e�l�-�b�e�d� �a�n�d� 

�o�b�t�a�i�n�s� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �s�a�m�p�l�e� �i�s� �"�p�l�a�c�e�d� �i�n�t�o� �a� �s�i�e�v�e� �w�i�t�h� �o�p�e�n�i�n�g�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� 

�s�m�a�l�l�e�s�t� �p�a�r�t�i�c�l�e� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �w�e�t� �s�i�e�v�e�d� �t�o� �r�e�m�o�v�e� �t�h�e� �c�l�a�y�"� �(�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s�,� �1�9�9�3�)�.� 

�T�h�i�s� �s�a�m�p�l�e�,� �l�i�k�e� �a�l�l� �a�r�e�a�l� �s�a�m�p�l�e�s�,� �h�o�w�e�v�e�r�,� �i�s� �n�o�t� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �v�o�l�u�m�e�t�r�i�c� 

�s�a�m�p�l�e�.� �I�t�,� �t�h�e�r�e�f�o�r�e�,� �m�u�s�t� �b�e� �c�o�n�v�e�r�t�e�d� �t�o� �a� �v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e�.� �S�u�b�s�t�a�n�t�i�a�l� �r�e�s�e�a�r�c�h� �h�a�s� 

�a�d�d�r�e�s�s�e�d� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �h�o�w� �t�h�i�s� �s�h�o�u�l�d� �b�e� �d�o�n�e� �(�e�.�g�.� �K�e�l�l�e�r�h�a�l�s� �a�n�d� �B�r�a�y�,� �1�9�7�1�;� �D�i�p�l�a�s� 

�a�n�d� �S�u�t�h�e�r�l�a�n�d�,� �1�9�8�8�;� �D�i�p�l�a�s� �a�n�d� �F�r�i�p�p�,� �1�9�9�2�)�.� �K�e�l�l�e�r�h�a�l�s� �a�n�d� �B�r�a�y� �(�1�9�7�1�)� �p�r�o�p�o�s�e�d� �a�n� 
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�e�q�u�a�t�i�o�n� �w�h�i�c�h� �w�a�s� �a�d�o�p�t�e�d� �w�i�t�h� �m�o�d�i�f�i�c�a�t�i�o�n�s� �i�n� �t�h�e� �e�x�p�o�n�e�n�t� �x�.� �T�h�e� �e�q�u�a�t�i�o�n� �f�o�l�l�o�w�s�:� 

�p�(�V�-�W�)�,� �=� �C� �p�(�S�)�,� �D�?� �(�2�)� 

�w�h�e�r�e� �p�(�V�-�W�)�,� �i�s� �t�h�e� �v�o�l�u�m�e�t�r�i�c� �p�e�r�c�e�n�t�a�g�e� �b�y� �w�e�i�g�h�t� �o�f� �m�a�t�e�r�i�a�l� �r�e�t�a�i�n�e�d� �o�n� �s�i�e�v�e� �s�i�z�e� �i�,� 

�w�h�i�l�e� �p�(�S�)�;� �i�s� �t�h�e� �p�e�r�c�e�n�t�a�g�e� �b�y� �w�e�i�g�h�t� �r�e�t�a�i�n�e�d� �o�n� �t�h�e� �s�i�e�v�e� �s�i�z�e� �i� �f�r�o�m� �t�h�e� �s�u�r�f�a�c�e� 

�s�a�m�p�l�e�.� �D�,� �i�s� �t�h�e� �g�e�o�m�e�t�r�i�c� �m�e�a�n� �o�f� �t�h�e� �s�i�e�v�e� �s�i�z�e�s� �i� �a�n�d� �i�+� �1� �o�r� �D�,� �=� �4�D�x�D�,�,�,�.� �T�h�e� 

�e�x�p�o�n�e�n�t� �x� �d�e�p�e�n�d�s� �o�n� �t�h�e� �t�y�p�e� �o�f� �s�a�m�p�l�i�n�g� �u�s�e�d�.� �F�o�r� �c�l�a�y� �s�a�m�p�l�e�s� �x� �=� �-�1�.�0�,� �a�n�d� �f�o�r� �w�a�x� 

�s�a�m�p�l�e�s� �x� �=� �-�0�.�4�7� �(�D�i�p�l�a�s� �a�n�d� �S�u�t�h�e�r�l�a�n�d�,� �1�9�8�8�)�.� �T�h�e� �e�x�p�o�n�e�n�t� �f�o�r� �a� �g�r�i�d� �b�y� �n�u�m�b�e�r� 

�s�a�m�p�l�e� �(�w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �v�o�l�u�m�m�e�t�r�i�c� �s�a�m�p�l�e�)� �i�s� �z�e�r�o�.� �T�h�e� �c�o�n�s�t�a�n�t� �C� �i�s� �u�n�i�q�u�e� 

�t�o� �e�a�c�h� �s�a�m�p�l�e� �a�n�d� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�)� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� 

�p�a�r�t�i�c�l�e� �s�i�z�e�s� �D�;� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�u�l�a�:� 

�]� �C� �=�  � ��_�_�_� 

�E� �p�(�s�)�,� �D�?� �(�3�)� 

�W�i�t�h�o�u�t� �m�a�k�i�n�g� �t�h�i�s� �c�o�n�v�e�r�s�i�o�n� �t�o� �a� �v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �c�o�m�p�a�r�e� �t�w�o� 

�s�a�m�p�l�e�s� �e�v�e�n� �i�f� �t�h�e�y� �w�e�r�e� �t�a�k�e�n� �b�y� �t�h�e� �s�a�m�e� �a�r�e�a�l� �t�e�c�h�n�i�q�u�e� �a�s� �e�a�c�h� �s�a�m�p�l�e� �h�a�s� �a� �u�n�i�q�u�e� 

�c�o�n�s�t�a�n�t� �a�n�d� �i�s� �n�o�n�l�i�n�e�a�r�l�y� �b�i�a�s�e�d� �(�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s�,� �1�9�9�3�)�.� 

�W�h�i�l�e� �n�o� �a�c�c�u�r�a�c�y� �l�e�v�e�l�s� �h�a�v�e� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d� �i�n� �t�e�r�m�s� �o�f� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� 

�a�r�e�a�l� �s�a�m�p�l�e�s�,� �D�i�p�l�a�s� �a�n�d� �S�u�t�h�e�r�l�a�n�d� �(�1�9�8�8�)� �f�o�u�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �p�r�o�p�e�r�t�i�e�s� �t�o� �b�e� �t�r�u�e� 

�o�f� �a�r�e�a�l� �s�a�m�p�l�e�s�:� 

�2�0



�l�.� �"�O�n� �a� �s�e�d�i�m�e�n�t� �s�u�r�f�a�c�e�,� �e�a�c�h� �g�r�a�i�n�,� �o�n� �a�v�e�r�a�g�e�,� �p�r�o�j�e�c�t�s� �a�n� �a�r�e�a� 
�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�q�u�a�r�e� �o�f� �i�t�s� �s�i�e�v�e� �d�i�a�m�e�t�e�r�.�"� 

�2�.� �"�A� �s�i�z�e� �f�r�a�c�t�i�o�n� �o�c�c�u�p�y�i�n�g� �p�%� �o�f� �t�h�e� �v�o�l�u�m�e� �o�f� �s�o�l�i�d�s� �w�i�l�l� �o�c�c�u�p�y� �p�%� �o�f� 
�t�h�e� �s�a�m�p�l�e� �s�u�r�f�a�c�e�.�"� 

�E�x�p�r�e�s�s�i�n�g� �t�h�e�s�e� �s�t�a�t�e�m�e�n�t�s� �i�n� �a� �s�i�m�p�l�e� �m�a�t�h�e�m�a�t�i�c�a�l� �p�r�o�o�f� �D�i�p�l�a�s� �a�n�d� �F�r�i�p�p� �(�1�9�9�2�)� 

�f�o�u�n�d� �t�h�a�t� �t�h�e� �m�i�n�i�m�u�m� �a�r�e�a� �f�o�r� �a� �s�u�r�f�a�c�e� �s�a�m�p�l�e� �i�s� �e�q�u�a�l� �t�o� �n�x�D� �o�e� �w�h�e�r�e� �D�,�,�,�,� �1�s� �t�h�e� 

�m�a�x�i�m�u�m� �g�r�a�i�n� �s�i�z�e� �p�r�e�s�e�n�t� �a�n�d� �n� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a�n� �a�d�e�q�u�a�t�e� �n�u�m�b�e�r� �o�f� �s�t�o�n�e�s� �f�o�r� �a� �g�r�i�d� 

�s�a�m�p�l�e� �w�h�i�c�h� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �t�o� �b�e� �1�0�0�.� 

�A�n�o�t�h�e�r� �l�i�m�i�t�a�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �c�l�a�y� �i�s� �o�n�l�y� �r�e�l�i�a�b�l�e� �i�n� �p�i�c�k�i�n�g� �u�p� �p�a�r�t�i�c�l�e�s� �t�h�a�t� �a�r�e� 

�u�n�d�e�r� �a�b�o�u�t� �4�0� �m�m� �i�n� �d�i�a�m�e�t�e�r� �(�D�i�p�l�a�s� �a�n�d� �F�r�i�p�p�,� �1�9�9�2�)�.� �T�h�u�s�,� �m�a�t�e�r�i�a�l�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� 

�w�o�u�l�d� �b�e� �t�r�u�n�c�a�t�e�d� �f�r�o�m� �a� �s�a�m�p�l�e�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �b�i�a�s�e�d� �s�a�m�p�l�e�.� 

�2�.�1�.�4� �S�a�m�p�l�i�n�g� �t�h�e� �E�n�t�i�r�e� �P�a�r�t�i�c�l�e� �S�i�z�e� �R�a�n�g�e� 

�S�i�n�c�e� �g�r�a�v�e�l�-�b�e�d� �s�t�r�e�a�m�s� �t�y�p�i�c�a�l�l�y� �c�o�n�t�a�i�n� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e�s�,� �n�e�i�t�h�e�r� 

�g�r�i�d� �s�a�m�p�l�i�n�g� �n�o�r� �a�r�e�a�l� �s�a�m�p�l�i�n�g� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�a�m�p�l�e� �t�h�e� �s�u�r�f�a�c�e� �l�a�y�e�r�.� �T�h�e� �r�e�a�s�o�n�,� �a�s� 

�d�e�s�c�r�i�b�e�d� �e�a�r�l�i�e�r�,� �i�s� �t�h�a�t� �g�r�i�d� �s�a�m�p�l�e�s� �t�e�n�d� �t�o� �t�r�u�n�c�a�t�e� �m�a�t�e�r�i�a�l� �b�e�l�o�w� �1�5� �m�m�,� �w�h�i�l�e� �c�l�a�y� 

�a�r�e�a�l� �s�a�m�p�l�e�s�,� �t�r�u�n�c�a�t�e� �m�a�t�e�r�i�a�l�s� �a�b�o�v�e� �4�0� �m�m�.� �T�h�u�s�,� �a� �m�a�j�o�r� �q�u�e�s�t�i�o�n� �i�s� �h�o�w� �c�a�n� �a�n� 

�e�n�t�i�r�e� �s�u�r�f�a�c�e� �l�a�y�e�r� �b�e� �s�a�m�p�l�e�d� �i�n� �a�n� �u�n�b�i�a�s�e�d� �m�a�n�n�e�r�?� 

�F�r�i�p�p� �a�n�d� �D�i�p�l�a�s� �(�1�9�9�3�)� �a�d�d�r�e�s�s�e�d� �t�h�i�s� �p�r�o�b�l�e�m� �a�n�d� �r�e�c�o�m�m�e�n�d�e�d� �a� �m�e�t�h�o�d� �t�h�a�t� 

�c�o�m�b�i�n�e�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a� �c�l�a�y� �s�a�m�p�l�e� �a�n�d� �a� �g�r�i�d� �s�a�m�p�l�e� �i�n�t�o� �o�n�e� �d�i�s�t�r�i�b�u�t�i�o�n� 

�r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� �g�r�a�i�n� �s�i�z�e�s�.� �T�h�e� �b�a�s�i�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �b�o�t�h� �t�h�e� 

�2�1



�g�r�i�d� �a�n�d� �c�l�a�y� �m�e�t�h�o�d�s� �s�a�m�p�l�e� �m�a�t�e�r�i�a�l� �b�e�t�w�e�e�n� �1�5� �m�m� �a�n�d� �4�0� �m�m� �i�n� �a�n� �u�n�b�i�a�s�e�d� 

�f�a�s�h�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �r�e�s�u�l�t�s� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �s�u�c�h� �t�h�a�t� �b�o�t�h� �c�u�r�v�e�s� �m�a�t�c�h� �w�i�t�h�i�n� �t�h�i�s� 

�o�v�e�r�l�a�p� �r�e�g�i�o�n�.� �I�t� �i�s� �a�s�s�u�m�e�d� �i�n� �t�h�i�s� �p�r�o�c�e�s�s� �t�h�a�t�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �a�n� �a�r�e�a�l� �s�a�m�p�l�e� �h�a�v�i�n�g� 

�a�n� �a�r�e�a� �e�q�u�a�l� �t�o� �n�x�D�*� �i�s� �e�q�u�a�l� �t�o� �t�h�a�t� �o�f� �a� �g�r�i�d� �s�a�m�p�l�e� �c�o�n�t�a�i�n�i�n�g� �n� �s�t�o�n�e�s�.� 

�2�.�2� �S�a�m�p�l�i�n�g� �R�i�v�e�r� �R�e�a�c�h�e�s� �a�n�d� �G�r�a�v�e�l�-�b�a�r�s� 

�W�h�i�l�e� �s�o�m�e� �r�e�s�e�a�r�c�h� �h�a�s� �d�e�a�l�t� �w�i�t�h� �o�b�t�a�i�n�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �s�a�m�p�l�e� �s�i�z�e�s� 

�n�e�c�e�s�s�a�r�y� �f�o�r� �a� �s�p�e�c�i�f�i�e�d� �a�c�c�u�r�a�c�y� �l�e�v�e�l�,� �a�s� �w�e�l�l� �a�s� �m�e�a�n�s� �o�f� �s�a�m�p�l�i�n�g� �s�u�r�f�a�c�i�a�l� �m�a�t�e�r�i�a�l� 

�f�o�r� �a� �s�i�n�g�l�e� �d�e�p�o�s�i�t�,� �l�i�t�t�l�e� �h�a�s� �b�e�e�n� �d�o�n�e� �t�o� �d�e�v�e�l�o�p� �a�n� �u�n�b�i�a�s�e�d� �w�a�y� �o�f� �s�a�m�p�l�i�n�g� �a� �r�i�v�e�r� 

�r�e�a�c�h� �c�o�n�t�a�i�n�i�n�g� �s�e�v�e�r�a�l� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s�.� �S�o�m�e� �q�u�e�s�t�i�o�n�s� �t�h�a�t� �a�r�e� �i�m�p�o�r�t�a�n�t� �t�o� 

�o�b�t�a�i�n�i�n�g� �a�n� �u�n�b�i�a�s�e�d� �s�a�m�p�l�e� �f�o�l�l�o�w�:� �H�o�w� �s�h�o�u�l�d� �a� �s�a�m�p�l�e� �b�e� �t�a�k�e�n� �s�u�c�h� �t�h�a�t� �i�t� 

�a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �a�r�e�a� �o�f� �e�a�c�h� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t� �p�r�e�s�e�n�t�?� �C�a�n� �b�u�l�k� �o�r� �v�o�l�u�m�e� �s�a�m�p�l�e�s� �o�f� 

�e�q�u�a�l� �s�i�z�e� �b�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �l�a�r�g�e� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �e�n�t�i�r�e� �a�r�e�a� �o�r� 

�i�s� �i�t� �m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e� �t�o� �a�v�e�r�a�g�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�s�?� �D�o� �t�h�e� �s�a�m�p�l�e�s� �t�a�k�e�n� �f�r�o�m� 

�e�a�c�h� �d�e�p�o�s�i�t� �h�a�v�e� �t�o� �h�a�v�e� �t�h�e� �s�a�m�e� �a�c�c�u�r�a�c�y� �l�e�v�e�l� �a�n�d� �i�f� �s�o� �h�o�w� �c�a�n� �w�e� �i�d�e�n�t�i�f�y� �t�h�e� 

�b�o�u�n�d�a�r�i�e�s� �o�f� �d�e�p�o�s�i�t�s� �t�h�a�t� �a�r�e� �u�n�d�e�r�w�a�t�e�r�?� �C�a�n� �a� �m�e�a�s�u�r�e� �o�f� �l�o�c�a�l� �v�a�r�i�a�b�i�l�i�t�y� �b�e� 

�o�b�t�a�i�n�e�d� �a�n�d� �h�o�w� �c�a�n� �w�e� �r�e�d�u�c�e� �t�h�e� �a�m�o�u�n�t� �o�f� �l�a�b�o�r� �i�n�v�o�l�v�e�d� �i�n� �s�a�m�p�l�i�n�g� �a� �r�i�v�e�r� �r�e�a�c�h�?� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �d�e�s�c�r�i�b�e� �t�h�e� �r�e�s�u�l�t�s� �o�f� �s�o�m�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d�s� �a�n�d� �h�o�w� �t�h�e�y� 

�a�d�d�r�e�s�s� �t�h�e�s�e� �i�s�s�u�e�s�.� 

�2�2



�2�.�2�.�1� �C�o�m�p�o�s�i�t�e� �B�u�l�k� �S�a�m�p�l�i�n�g� 

�M�o�s�l�e�y� �a�n�d� �T�i�n�d�a�l�e� �(�1�9�8�5�)�,� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �g�r�a�i�n� �s�i�z�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�a� �r�i�v�e�r� �r�e�a�c�h� �c�o�n�t�a�i�n�i�n�g� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �d�e�p�o�s�i�t�s�,� �e�s�t�a�b�l�i�s�h�e�d� �7� �c�r�o�s�s� �s�e�c�t�i�o�n�s� �t�h�r�o�u�g�h�o�u�t� 

�t�h�e� �a�r�e�a� �t�o� �b�e� �s�a�m�p�l�e�d� �a�n�d� �d�e�l�i�n�e�a�t�e�d� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�p�o�s�i�t� �b�o�u�n�d�a�r�i�e�s� �a�l�o�n�g� �t�h�e�m�.� 

�E�i�g�h�t�y� �s�i�x� �b�u�l�k� �s�a�m�p�l�e�s� �o�f� �a�b�o�u�t� �3�0� �k�g� �e�a�c�h� �w�e�r�e� �t�h�e�n� �t�a�k�e�n� �f�r�o�m� �r�a�n�d�o�m�l�y� �c�h�o�s�e�n� 

�p�o�i�n�t�s� �a�l�o�n�g� �t�h�e�s�e� �c�r�o�s�s� �s�e�c�t�i�o�n�s� �i�n� �a� �m�a�n�n�e�r� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �a� �s�t�r�a�t�i�f�i�e�d� 

�r�a�n�d�o�m� �s�a�m�p�l�e� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�t�a�t�i�s�t�i�c�a�l� �b�o�o�k�s� �s�u�c�h� �a�s� �K�r�u�m�b�e�i�n� �a�n�d� �G�r�a�y�b�i�l�l�,� �(�1�9�6�5�)�.� 

�W�h�e�n� �c�o�m�b�i�n�e�d�,� �t�h�e�s�e� �s�a�m�p�l�e�s� �w�o�u�l�d� �r�e�p�r�e�s�e�n�t� �2�.�5� �t�o�n�n�e�s� �o�f� �m�a�t�e�r�i�a�l�.� �B�a�s�e�d� �o�n� �t�h�e� 

�S�t�a�t�i�s�t�i�c�s� �o�f� �t�h�e�s�e� �s�a�m�p�l�e�s� �M�o�s�l�e�y� �a�n�d� �T�i�n�d�a�l�e� �(�1�9�8�5�)� �f�o�u�n�d� �t�h�a�t� �2�2�8� �s�a�m�p�l�e�s� �w�o�u�l�d� �b�e� 

�n�e�c�e�s�s�a�r�y� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �m�e�a�n� �p�a�r�t�i�c�l�e� �s�i�z�e� �t�o� �w�i�t�h�i�n� �+�1�0�%� �a�t� �a� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l�.� 

�R�e�a�l�i�z�i�n�g� �t�h�a�t� �s�a�m�p�l�i�n�g� �i�n�t�e�n�s�i�v�e� �m�e�t�h�o�d�s� �s�u�c�h� �a�s� �t�h�i�s� �a�r�e� �i�m�p�r�a�c�t�i�c�a�l�,� �M�o�s�l�e�y� �a�n�d� 

�T�i�n�d�a�l�e� �(�1�9�8�5�)� �p�r�o�p�o�s�e�d� �t�h�a�t� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �e�a�c�h� �o�f� �t�h�e� 

�e�i�g�h�t�y� �s�i�x� �s�a�m�p�l�e�s� �i�n�d�e�p�e�n�d�e�n�t�l�y� �a�n�d� �c�o�m�p�u�t�i�n�g� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l�s� �f�o�r� �a� �p�a�r�a�m�e�t�e�r� �s�u�c�h� 

�a�s� �t�h�e� �m�e�a�n� �w�o�u�l�d� �b�e� �t�o� �c�o�l�l�e�c�t� �s�a�m�p�l�e�s� �a�n�d� �c�o�m�b�i�n�e� �t�h�e�m� �i�n�t�o� �a� �s�i�n�g�l�e� �s�a�m�p�l�e� �a�n�d� �u�s�e� 

�i�t�'�s� �m�e�a�n� �a�s� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �v�a�l�u�e�.� �W�h�i�l�e� �n�o� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� 

�u�s�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �b�y� �r�a�n�d�o�m�l�y� �s�e�l�e�c�t�i�n�g� �s�o�m�e� �o�f� �t�h�e� �8�6� �s�a�m�p�l�e�s� �a�n�d� 

�a�g�g�r�e�g�a�t�i�n�g� �t�h�e�m� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�e�a�n� �g�r�a�i�n� �s�i�z�e� �f�e�l�l� �w�i�t�h�i�n� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �p�r�e�d�i�c�t�e�d� 

�9�5�%� �c�o�n�f�i�d�e�n�c�e� �w�h�e�n� �4�5� �s�a�m�p�l�e�s� �h�a�d� �b�e�e�n� �c�o�m�b�i�n�e�d�.� 

�W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �e�x�t�e�n�d�e�d� �t�h�i�s� �i�d�e�a� �a�n�d� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �i�f� �s�m�a�l�l� 

�s�u�b�s�a�m�p�l�e�s� �o�f� �e�q�u�a�l� �v�o�l�u�m�e� �a�r�e� �t�a�k�e�n� �i�n� �a� �m�a�n�n�e�r� �s�u�c�h� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �s�u�b�s�a�m�p�l�e�s� 
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�c�o�m�i�n�g� �f�r�o�m� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�p�o�s�i�t�s� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�r�e�a� �o�f� �e�a�c�h� �d�e�p�o�s�i�t�,� �t�h�a�t� �t�h�e�y� 

�c�a�n� �b�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �s�i�n�g�l�e� �s�a�m�p�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �e�n�t�i�r�e� �a�r�e�a� �s�a�m�p�l�e�d�.� 

�I�n� �o�r�d�e�r� �t�o� �t�e�s�t� �t�h�i�s� �h�y�p�o�t�h�e�s�i�s� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �b�e�g�a�n� �b�y� �m�a�p�p�i�n�g� �a� 

�g�r�a�v�e�l�-�b�a�r� �a�c�c�o�r�d�i�n�g� �t�o� �i�t�s� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s� �a�n�d� �t�h�e�n� �d�i�g�i�t�i�z�e�d� �t�h�e� �r�e�s�u�l�t�s� �s�o� 

�t�h�a�t� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n�s� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �t�e�s�t� �t�h�e� �a�b�i�l�i�t�i�e�s� �o�f� �r�a�n�d�o�m�,� �s�y�s�t�e�m�a�t�i�c�,� �a�n�d� 

�s�y�s�t�e�m�a�t�i�c� �u�n�a�l�i�g�n�e�d� �s�a�m�p�l�i�n�g� �m�e�t�h�o�d�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �b�y� �K�r�u�m�b�e�i�n� �a�n�d� �G�r�a�y�b�i�l�l� �(�1�9�6�5�)�,� 

�t�o� �s�a�m�p�l�e� �t�h�e� �f�a�c�i�e�s� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�s�.� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �c�o�n�c�l�u�d�e�d� 

�t�h�a�t� �s�y�s�t�e�m�a�t�i�c� �a�n�d� �s�y�s�t�e�m�a�t�i�c� �u�n�a�l�i�g�n�e�d� �m�e�t�h�o�d�s� �w�o�r�k�e�d� �b�e�s�t� �a�n�d� �w�e�r�e� �o�n� �a�v�e�r�a�g�e� 

�u�n�b�i�a�s�e�d� �p�r�o�v�i�d�e�d� �t�h�a�t� �1�0�0� �t�o� �3�0�0� �s�a�m�p�l�i�n�g� �s�i�t�e�s� �w�e�r�e� �u�s�e�d�.� 

�T�w�o� �s�a�m�p�l�e�s� �w�e�r�e� �t�h�e�n� �c�o�l�l�e�c�t�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �u�s�i�n�g� �t�h�e� �s�y�s�t�e�m�a�t�i�c� �u�n�a�l�i�g�n�e�d� 

�m�e�t�h�o�d� �t�o� �l�o�c�a�t�e� �s�a�m�p�l�e� �s�i�t�e�s�.� �T�h�e� �f�i�r�s�t� �s�a�m�p�l�e� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �"�p�o�o�l�i�n�g�"� �t�h�e� �r�e�s�u�l�t�s� �o�f� 

�4�6� �b�u�l�k� �s�a�m�p�l�e�s�.� �T�h�e� �b�u�l�k� �s�a�m�p�l�e�s� �a�r�e� �o�f� �d�i�f�f�e�r�e�n�t� �s�i�z�e�s� �b�u�t� �p�r�e�s�u�m�a�b�l�y� �o�f� �s�i�m�i�l�a�r� 

�a�c�c�u�r�a�c�y� �l�e�v�e�l�s� �(�p�e�r�s�o�n�a�l� �c�o�m�m�u�n�i�c�a�t�i�o�n� �w�i�t�h� �C�h�u�r�c�h�)�.� �T�h�e� �s�e�c�o�n�d� �s�a�m�p�l�e� �w�a�s� �a� 

�c�o�m�p�o�s�i�t�e� �o�f� �4�6� �s�u�b�s�a�m�p�l�e�s� �o�f� �e�q�u�a�l� �v�o�l�u�m�e�.� �T�h�e� �o�n�l�y� �r�e�q�u�i�r�e�m�e�n�t�s� �o�n� �t�h�e� �s�u�b�s�a�m�p�l�e�s� 

�w�e�r�e� �t�h�a�t� �t�h�e�y� �h�a�v�e� �a� �v�o�l�u�m�e� �a�t� �l�e�a�s�t� �t�h�a�t� �o�f� �t�h�e� �l�a�r�g�e�s�t� �g�r�a�i�n� �s�i�z�e� �p�r�e�s�e�n�t� �a�n�d� �t�h�a�t� �t�h�e� 

�c�u�m�u�l�a�t�i�v�e� �v�o�l�u�m�e� �b�e� �l�a�r�g�e� �e�n�o�u�g�h� �s�u�c�h� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�r� �a�b�s�e�n�c�e� �o�f� �a� �s�i�n�g�l�e� �l�a�r�g�e� 

�s�t�o�n�e� �w�o�u�l�d� �n�o�t� �b�i�a�s� �t�h�e� �r�e�s�u�l�t�s�.� �A� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �w�a�s� �t�h�e�n� �p�l�o�t�t�e�d� �a�r�o�u�n�d� �t�h�e� 

�p�o�o�l�e�d� �s�a�m�p�l�e� �b�y� �"�b�a�s�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �c�u�m�u�l�a�t�e�d� �p�r�o�p�o�r�t�i�o�n� �o�f� �t�h�e� 

�s�a�m�p�l�e� �a�t� �e�a�c�h� �1�/�2� �p�h�i� �s�i�e�v�e� �b�r�e�a�k�"� �(�W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h�,� �1�9�9�1�)�.� �I�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� 

�c�o�m�p�o�s�i�t�e� �f�e�l�l� �w�i�t�h�i�n� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �f�i�n�e�r� �p�a�r�t�i�c�l�e� �s�i�z�e�s� �w�h�i�c�h� �i�t� 
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�o�v�e�r�e�s�t�i�m�a�t�e�d�.� �T�h�i�s�,� �a�s� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �s�u�g�g�e�s�t�,� �m�a�y� �b�e� �a� �r�e�s�u�l�t� �o�f� �a�n� 

�i�n�a�d�e�q�u�a�t�e� �n�u�m�b�e�r� �o�f� �s�u�b�s�a�m�p�l�e�s� �b�e�i�n�g� �t�a�k�e�n�,� �h�o�w�e�v�e�r�,� �a�s� �w�i�l�l� �b�e� �s�h�o�w�n� �i�n� �C�h�a�p�t�e�r� �3� 

�a�n�d� �l�a�t�e�r� �i�n� �C�h�a�p�t�e�r� �6�,� �t�h�e� �o�v�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �f�i�n�e� �m�a�t�e�r�i�a�l�s� �m�a�y� �b�e� �a� �r�e�s�u�l�t� �o�f� �a� �b�i�a�s� 

�i�n�h�e�r�e�n�t� �t�o� �c�o�m�b�i�n�i�n�g� �n�o�n�v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e�s�.� 

�W�h�i�l�e� �t�h�i�s� �a�p�p�r�o�a�c�h� �v�a�s�t�l�y� �r�e�d�u�c�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �l�a�b�o�r� �n�e�e�d�e�d� �t�o� �s�a�m�p�l�e� �a�n� �a�r�e�a� 

�a�n�d� �a�p�p�e�a�r�s� �t�o� �a�c�c�u�r�a�t�e�l�y� �w�e�i�g�h� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�e�d�i�m�e�n�t�s� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�s� 

�w�i�t�h�i�n� �t�h�e� �r�i�v�e�r� �r�e�a�c�h�,� �i�t� �h�a�s� �s�e�v�e�r�a�l� �d�r�a�w�b�a�c�k�s�.� �F�i�r�s�t�,� �t�h�e� �o�n�l�y� �b�a�s�i�s� �f�o�r� �c�o�m�b�i�n�i�n�g� 

�n�o�n�v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e�s� �o�f� �e�q�u�a�l� �v�o�l�u�m�e� �i�n�t�o� �a� �s�i�n�g�l�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �t�h�e� �s�i�n�g�l�e� �e�m�p�i�r�i�c�a�l� 

�e�x�a�m�p�l�e� �p�r�o�v�i�d�e�d� �a�n�d� �t�h�u�s�,� �a�s�s�u�m�e�s� �t�h�a�t� �s�u�c�h� �a� �m�e�t�h�o�d� �w�i�l�l� �w�o�r�k� �i�n� �a�r�e�a�s� �h�a�v�i�n�g� 

�m�a�t�e�r�i�a�l� �c�o�m�p�o�s�i�t�i�o�n�s� �d�i�f�f�e�r�e�n�t� �t�h�a�n� �t�h�e� �o�n�e� �s�a�m�p�l�e�d�.� �S�e�c�o�n�d�,� �i�t� �i�s� �l�i�m�i�t�e�d� �t�o� �t�h�e� �b�o�t�t�o�m� 

�l�a�y�e�r� �o�f� �a� �g�r�a�v�e�l�-�b�e�d� �s�t�r�e�a�m�,� �a�n�d� �e�v�e�n� �t�h�e�n� �t�h�e� �p�a�v�e�m�e�n�t� �a�n�d� �s�u�b�p�a�v�e�m�e�n�t� �m�u�s�t� �b�e� 

�s�c�r�a�p�e�d� �o�f�f� �b�e�f�o�r�e� �i�t� �i�s� �s�a�m�p�l�e�d�.� �I�f� �t�h�e� �p�a�v�e�m�e�n�t�,� �o�r� �s�u�b�p�a�v�e�m�e�n�t� �l�a�y�e�r�,� �i�s� �t�o� �b�e� �s�a�m�p�l�e�d�,� 

�t�h�i�s� �m�e�t�h�o�d� �c�a�n�n�o�t� �b�e� �u�s�e�d�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s�,� �a�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �i�s� �t�h�a�t� �o�n�l�y� �a�r�e�a�l� 

�a�n�d� �g�r�i�d� �s�a�m�p�l�e�s� �a�r�e� �c�a�p�a�b�l�e� �o�f� �s�a�m�p�l�i�n�g� �t�h�e� �p�a�v�e�m�e�n�t� �a�n�d� �s�u�b�p�a�v�e�m�e�n�t� �l�a�y�e�r�s� �w�i�t�h�o�u�t� 

�i�n�c�l�u�d�i�n�g� �m�a�t�e�r�i�a�l� �f�r�o�m� �t�h�e� �o�t�h�e�r� �p�o�p�u�l�a�t�i�o�n�s�.� �A�n�o�t�h�e�r� �d�r�a�w�b�a�c�k� �t�o� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t�,� 

�s�i�n�c�e� �t�h�e� �s�u�b�s�a�m�p�l�e�s� �a�r�e� �n�o�t� �v�o�l�u�m�m�e�t�r�i�c�,� �t�h�e� �s�u�b�s�a�m�p�l�e�s� �c�a�n� �n�o�t� �b�e� �a�n�a�l�y�z�e�d� �s�e�p�a�r�a�t�e�l�y� 

�t�o� �p�r�o�v�i�d�e� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �l�o�c�a�l� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�h�u�s�,� �g�r�a�i�n�s� �s�i�z�e� �p�a�r�a�m�e�t�e�r�s� 

�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �a� �s�p�e�c�i�f�i�c� �p�o�i�n�t� �w�i�t�h�i�n� �t�h�e� �a�r�e�a� �a�r�e� �l�o�s�t�.� �F�i�n�a�l�l�y�,� �t�h�e� �v�e�r�y� �n�a�t�u�r�e� �o�f� 

�c�o�m�b�i�n�i�n�g� �n�o�n�v�o�l�u�m�e�t�r�i�c� �s�u�b�s�a�m�p�l�e�s� �o�f� �e�q�u�a�l� �v�o�l�u�m�e� �p�r�o�m�o�t�e�s� �b�i�a�s�e�d� �r�e�s�u�l�t�s� �a�n�d� 

�s�a�m�p�l�e�s� �t�h�e� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t�s� �p�r�e�s�e�n�t� �a�t� �d�i�f�f�e�r�e�n�t� �a�c�c�u�r�a�c�y� �l�e�v�e�l�s�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �h�o�w� 
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�n�o�n�v�o�l�u�m�e�t�r�i�c� �s�a�m�p�l�e�s� �a�r�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �b�i�a�s�e�d� �a�n�d� �h�o�w� �a� �c�o�m�p�o�s�i�t�e� �c�o�m�p�o�s�e�d� �o�f� �s�u�c�h� 

�s�u�b�s�a�m�p�l�e�s� �i�s� �l�i�k�e�w�i�s�e� �b�i�a�s�e�d� �i�s� �g�i�v�e�n� �i�n� �c�h�a�p�t�e�r� �3�.� �R�e�s�u�l�t�s� �o�f� �t�e�s�t�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�n� �a� 

�m�a�t�e�r�i�a�l� �h�a�v�i�n�g� �a� �k�n�o�w�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �6� �f�u�r�t�h�e�r� �c�o�n�f�i�r�m� �t�h�i�s� �a�s� 

�w�e�l�l�.� 

�2�.�2�.�2� �C�o�m�p�o�s�i�t�e� �G�r�i�d� �S�a�m�p�l�i�n�g� 

�M�o�s�l�e�y� �a�n�d� �T�i�n�d�a�l�e� �(�1�9�8�5�)�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �d�e�s�c�r�i�b�i�n�g� �a� �r�i�v�e�r� �r�e�a�c�h�'�s� �b�o�t�t�o�m� �l�a�y�e�r� 

�t�h�r�o�u�g�h� �b�u�l�k� �s�a�m�p�l�i�n�g� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �l�a�s�t� �s�e�c�t�i�o�n�,� �a�t�t�e�m�p�t�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� 

�s�u�r�f�a�c�e� �m�a�t�e�r�i�a�l� �o�f� �t�h�e� �s�a�m�e� �r�e�g�i�o�n� �w�i�t�h� �g�r�i�d� �s�a�m�p�l�i�n�g�.� �S�p�e�c�i�f�i�c�a�l�l�y� �t�w�o� �g�r�i�d� �s�a�m�p�l�e�s� 

�w�e�r�e� �t�a�k�e�n�.� �T�h�e� �f�i�r�s�t� �c�o�n�s�i�s�t�e�d� �o�f� �1�4�1� �s�a�m�p�l�e�s� �o�f� �7�0� �s�t�o�n�e�s� �e�a�c�h�,� �c�o�m�i�n�g� �f�r�o�m� �1�4�1� 

�d�i�s�t�i�n�c�t� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s� �v�i�s�u�a�l�l�y� �i�d�e�n�t�i�f�i�e�d� �a�l�o�n�g� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�s�.� �T�h�e� �m�e�a�n� �g�r�a�i�n� 

�s�i�z�e� �w�a�s� �2�2�.�3� �m�m�.� �T�h�e� �s�e�c�o�n�d� �s�u�r�f�a�c�e� �s�a�m�p�l�e�,� �c�o�n�s�i�s�t�i�n�g� �o�f� �1�6�8�7� �s�t�o�n�e�s�,� �w�a�s� �o�b�t�a�i�n�e�d� 

�b�y� �c�o�l�l�e�c�t�i�n�g� �a� �s�t�o�n�e� �e�v�e�r�y� �t�w�o� �p�a�c�e�s� �a�l�o�n�g� �1�2� �c�r�o�s�s� �s�e�c�t�i�o�n�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �m�e�a�n� �w�a�s� 

�1�3�.�1� �m�m�.� �O�n�e� �m�a�j�o�r� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �a�s� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �p�o�i�n�t� �o�u�t� 

�i�s� �t�h�a�t� �t�h�e� �f�i�r�s�t� �s�a�m�p�l�e� �t�a�k�e�n� �b�y� �M�o�s�l�e�y� �a�n�d� �T�i�n�d�a�l�e� �(�1�9�8�5�)� �i�s� �b�i�a�s�e�d� �b�e�c�a�u�s�e� �t�h�e� �a�r�e�a�s� �o�f� 

�t�h�e� �1�4�1� �i�n�d�i�v�i�d�u�a�l� �d�e�p�o�s�i�t�s� �w�e�r�e� �n�o�t� �c�o�n�s�i�d�e�r�e�d�.� �T�h�a�t� �i�s� �t�o� �s�a�y� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�o�n�e�s� 

�t�a�k�e�n� �f�r�o�m� �e�a�c�h� �d�e�p�o�s�i�t� �w�a�s� �n�o�t� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �i�t�s� �a�r�e�a�.� �A�s� �s�h�o�w�n� �i�n� �c�h�a�p�t�e�r� �4�,� �i�t� �i�s�,� 

�i�n�d�e�e�d�,� �c�r�u�c�i�a�l� �t�o� �s�a�m�p�l�e� �e�a�c�h� �d�e�p�o�s�i�t� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �i�t�s� �a�r�e�a� �o�r� �e�l�s�e� �t�h�e� �r�e�s�u�l�t� �b�e�c�o�m�e�s� 

�b�i�a�s�e�d�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�e�c�o�n�d� �s�a�m�p�l�e� �w�i�l�l�,� �l�i�k�e�w�i�s�e�,� �d�e�p�e�n�d� �o�n� �t�h�e� �s�u�c�c�e�s�s� �t�h�a�t� 

�t�r�a�n�s�e�c�t� �s�a�m�p�l�i�n�g� �(�g�r�i�d� �s�a�m�p�l�i�n�g� �i�n� �a� �s�t�r�a�i�g�h�t� �l�i�n�e�)� �h�a�s� �a�t� �s�a�m�p�l�i�n�g� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�p�o�s�i�t�s� 
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�i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�,� �w�h�i�c�h� �a�s� �o�f� �n�o�w� �h�a�s� �n�o�t� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d�.� �H�o�w�e�v�e�r�,� �i�t� �c�a�n� �b�e� 

�a�s�s�u�m�e�d� �t�h�a�t� �i�f� �t�h�e� �t�r�a�n�s�e�c�t�s� �a�r�e� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �a�n�d� �f�o�r�m� �a� �s�o�r�t� �o�f� �g�r�i�d� �s�u�c�h� �t�h�a�t� �d�e�p�o�s�i�t�s� 

�p�r�e�s�e�n�t� �a�r�e� �s�a�m�p�l�e�d� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�s� �i�t� �s�h�o�u�l�d� �p�r�o�v�i�d�e� �a�n� �u�n�b�i�a�s�e�d� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �o�v�e�r�a�l�l� �g�r�a�i�n� �s�i�z�e�.� 

�2�.�3� �S�u�m�m�a�r�y� �o�f� �C�u�r�r�e�n�t� �S�a�m�p�l�i�n�g� �T�e�c�h�n�i�q�u�e�s� 

�T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �m�e�t�h�o�d�s� �t�o� �s�a�m�p�l�e� �c�o�a�r�s�e� �g�r�a�i�n�e�d� �m�a�t�e�r�i�a�l� �h�a�s� �b�e�e�n� 

�p�r�i�m�a�r�i�l�y� �f�o�c�u�s�e�d� �o�n� �s�a�m�p�l�i�n�g� �a� �s�i�n�g�l�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �m�a�k�i�n�g� �c�e�r�t�a�i�n� �t�h�a�t� �i�t� �s�a�m�p�l�e�s� 

�o�n�l�y� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�.�e�.� �t�h�e� �p�a�v�e�m�e�n�t�,� �s�u�b�p�a�v�e�m�e�n�t� �o�r� �b�o�t�t�o�m� �l�a�y�e�r� �i�n� �t�h�e� 

�s�t�r�e�a�m�b�e�d�.� �W�h�i�l�e� �b�u�l�k� �s�a�m�p�l�i�n�g� �i�s� �i�n�a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �s�a�m�p�l�i�n�g� �s�u�r�f�a�c�e� �m�a�t�e�r�i�a�l�s�,� �g�r�i�d� �a�n�d� 

�a�r�e�a�l� �s�a�m�p�l�i�n�g� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �l�i�m�i�t�a�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �l�e�a�d� �t�o� �t�r�u�n�c�a�t�e�d� �r�e�s�u�l�t�s�.� �T�h�e� 

�h�y�b�r�i�d� �m�e�t�h�o�d�,� �h�o�w�e�v�e�r�,� �r�e�s�o�l�v�e�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�r�u�n�c�a�t�i�o�n�.� 

�S�a�m�p�l�i�n�g� �a�n� �a�r�e�a� �c�o�n�t�a�i�n�i�n�g� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s� �i�s� �d�i�f�f�i�c�u�l�t� 

�b�e�c�a�u�s�e� �a�n� �u�n�b�i�a�s�e�d� �s�a�m�p�l�e� �m�u�s�t� �r�e�f�l�e�c�t� �t�h�e� �s�i�z�e� �o�f� �e�a�c�h� �d�e�p�o�s�i�t� �p�r�e�s�e�n�t�.� �T�a�k�i�n�g� �b�u�l�k� 

�s�a�m�p�l�e�s� �i�n� �a� �m�a�n�n�e�r� �t�o� �s�a�t�i�s�f�y� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �r�e�q�u�i�r�e�s� �e�n�o�r�m�o�u�s� �a�m�o�u�n�t�s� �o�f� �m�a�t�e�r�i�a�l� �a�n�d� 

�i�s� �o�f�t�e�n� �p�h�y�s�i�c�a�l�l�y� �o�r� �e�c�o�n�o�m�i�c�a�l�l�y� �i�m�p�r�a�c�t�i�c�a�l�.� �T�h�e� �a�l�t�e�r�n�a�t�i�v�e� �o�f� �c�o�m�b�i�n�i�n�g� 

�n�o�n�v�o�l�u�m�e�t�r�i�c� �s�u�b�s�a�m�p�l�e�s� �o�f� �e�q�u�a�l� �v�o�l�u�m�e�s� �i�n�t�o� �a� �s�i�n�g�l�e� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e� �r�e�d�u�c�e�s� �t�h�e� 

�a�m�o�u�n�t� �o�f� �m�a�t�e�r�i�a�l� �n�e�e�d�e�d� �d�r�a�m�a�t�i�c�a�l�l�y�,� �h�o�w�e�v�e�r�,� �a�l�l� �m�e�a�s�u�r�e� �o�f� �l�o�c�a�l� �v�a�r�i�a�b�i�l�i�t�y� �i�s� �l�o�s�t� 

�i�n� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �i�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�o�v�i�d�i�n�g� �b�i�a�s�e�d� �r�e�s�u�l�t�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �3� �a�n�d� 

�c�o�n�f�i�r�m�e�d� �i�n� �c�h�a�p�t�e�r� �6�.� 
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�C�u�r�r�e�n�t� �s�a�m�p�l�i�n�g� �t�e�c�h�n�i�q�u�e�s� �d�e�s�i�g�n�e�d� �t�o� �s�a�m�p�l�e� �t�h�e� �s�u�r�f�a�c�e� �m�a�t�e�r�i�a�l� �o�f� �a�n� �e�n�t�i�r�e� 

�r�e�g�i�o�n� �e�x�h�i�b�i�t�i�n�g� �s�p�a�t�i�a�l� �s�i�z�e� �v�a�r�i�a�t�i�o�n� �a�r�e� �t�h�e�r�e�f�o�r�e� �i�n�a�d�e�q�u�a�t�e� �f�o�r� �o�n�e� �o�r� �m�o�r�e� �o�f� �t�h�e� 

�r�e�a�s�o�n�s� �w�h�i�c�h� �f�o�l�l�o�w�:� 

�1�)� �T�h�e�y� �d�o� �n�o�t� �s�a�m�p�l�e� �t�h�e� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�s�.� 
�2�)� �T�h�e�y� �t�r�u�n�c�a�t�e� �m�a�t�e�r�i�a�l� �s�m�a�l�l�e�r� �t�h�a�n� �1�5� �m�m�.� 
�3�)� �C�o�m�b�i�n�e� �n�o�n�v�o�l�u�m�e�t�r�i�c� �s�u�b�s�a�m�p�l�e�s� �t�h�a�t� �a�r�e� �b�y� �d�e�f�i�n�i�t�i�o�n� �a�l�r�e�a�d�y� �b�i�a�s�e�d�.� 
�4�)� �A�r�e� �i�n�c�a�p�a�b�l�e� �o�f� �d�e�s�c�r�i�b�i�n�g� �s�e�d�i�m�e�n�t� �v�a�r�i�a�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �s�a�m�p�l�e�d� �a�r�e�a� 
�5�)� �H�a�v�e� �n�o� �g�u�i�d�e�l�i�n�e�s� �a�s� �t�o� �t�h�e� �a�c�c�u�r�a�c�y� �l�e�v�e�l� �o�f� �t�h�e� �s�a�m�p�l�e�.� 

�T�h�u�s�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �e�s�t�a�b�l�i�s�h� �a� �m�e�t�h�o�d� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �a�n� �u�n�b�i�a�s�e�d� �g�r�a�i�n� �s�i�z�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �a� �r�i�v�e�r� �r�e�a�c�h�,� �h�a�s� �a� �k�n�o�w�n� �a�c�c�u�r�a�c�y� �l�e�v�e�l�,� �a�n�d� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�s�p�a�t�i�a�l� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �m�a�t�e�r�i�a�l�.� 
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�C�H�A�P�T�E�R� �3�:� �M�E�C�H�A�N�I�C�S� �O�F� �C�O�M�P�O�S�I�T�E� �S�A�M�P�L�I�N�G� 

�3�.�1� �C�o�m�b�i�n�i�n�g� �S�a�m�p�l�e�s� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �2�,� �t�h�e� �i�d�e�a� �b�e�h�i�n�d� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�i�n�g� �i�s� �t�o� �c�o�m�b�i�n�e� 

�s�a�m�p�l�e�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t�s� �(�s�u�b�s�a�m�p�l�e�s�)� �i�n�t�o� �a� �s�i�n�g�l�e� �s�a�m�p�l�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� 

�e�n�t�i�r�e� �a�r�e�a�.� �O�n�e� �a�p�p�r�o�a�c�h� �o�f� �d�o�i�n�g� �t�h�i�s� �i�s� �t�o� �o�b�t�a�i�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �e�a�c�h� �s�u�b�s�a�m�p�l�e� 

�w�e�i�g�h�t� �t�h�e�m� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �a�r�e�a� �t�h�e�y� �r�e�p�r�e�s�e�n�t� �a�n�d� �t�h�e�n� �a�v�e�r�a�g�e� �t�h�e� �c�u�m�u�l�a�t�i�v�e� 

�p�e�r�c�e�n�t�a�g�e� �r�e�t�a�i�n�e�d� �o�n� �e�a�c�h� �s�i�e�v�e� �s�i�z�e�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �a�v�e�r�a�g�e�d� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� �p�l�o�t�t�e�d� �t�o� 

�o�b�t�a�i�n� �t�h�e� �o�v�e�r�a�l�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �s�e�c�o�n�d� �a�p�p�r�o�a�c�h� �i�s� �t�o� �p�h�y�s�i�c�a�l�l�y� �c�o�m�b�i�n�e� �t�h�e� 

�s�u�b�s�a�m�p�l�e�s� �w�i�t�h�o�u�t� �h�a�v�i�n�g� �a�n�a�l�y�z�e�d� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�a�m�p�l�e�s� 

�s�e�p�a�r�a�t�e�l�y�,� �b�u�t� �s�i�m�p�l�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �a� �s�i�n�g�l�e� �s�i�e�v�e� �a�n�a�l�y�s�i�s�.� 

�H�o�w�e�v�e�r�,� �i�t� �w�i�l�l� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �l�a�t�t�e�r� �a�p�p�r�o�a�c�h� �i�s� �v�a�l�i�d� �o�n�l�y� �i�f� �t�h�e� �s�u�b�s�a�m�p�l�e�s� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�p�o�s�i�t�s� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e�i�r� �a�r�e�a�s�,� �a�n�d� �t�h�e� �s�u�b�s�a�m�p�l�e�s� �a�r�e� �e�i�t�h�e�r� 

�v�o�l�u�m�e�t�r�i�c� �a�n�d� �o�f� �e�q�u�a�l� �s�i�z�e� �o�r� �g�r�i�d� �s�a�m�p�l�e�s� �c�o�n�t�a�i�n�i�n�g� �a�n� �e�q�u�a�l� �n�u�m�b�e�r� �o�f� �s�t�o�n�e�s�.� �T�h�e� 

�n�e�x�t� �f�e�w� �p�a�r�a�g�r�a�p�h�s� �w�i�l�l� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �i�d�e�a�s� �b�e�h�i�n�d� �t�h�e�s�e� �m�e�t�h�o�d�s�,� �s�h�o�w� �h�o�w� �u�s�i�n�g� 

�s�u�b�s�a�m�p�l�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �s�i�z�e�s� �o�r� �n�o�n�v�o�l�u�m�e�t�r�i�c� �s�u�b�s�a�m�p�l�e�s� �p�r�o�v�i�d�e� �b�i�a�s�e�d� �r�e�s�u�l�t�s�,� �a�n�d� 

�d�i�s�c�u�s�s� �t�h�e� �a�c�c�u�r�a�c�y� �l�e�v�e�l�s� �o�f� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e�s�.� 

�I�f� �o�n�e� �w�e�r�e� �t�o� �c�o�m�b�i�n�e� �s�u�b�s�a�m�p�l�e�s� �i�n�t�o� �a� �s�i�n�g�l�e� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� 

�o�f� �t�w�o� �o�r� �m�o�r�e� �s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n�s�,� �i�t� �b�e�c�o�m�e�s� �i�m�p�o�r�t�a�n�t� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �p�r�i�n�c�i�p�l�e�s� 

�o�f� �h�o�w� �t�w�o� �k�n�o�w�n� �p�o�p�u�l�a�t�i�o�n�s� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �s�i�n�g�l�e� �o�v�e�r�a�l�l� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �a�n� 
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�u�n�b�i�a�s�e�d� �f�a�s�h�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �c�o�n�s�i�d�e�r� �t�w�o� �k�n�o�w�n� �b�u�t� �d�i�f�f�e�r�e�n�t� �s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n�s� 

�h�a�v�i�n�g� �v�o�l�u�m�e�s� �V�,� �a�n�d� �V�,� �F�u�r�t�h�e�r�m�o�r�e� �l�e�t�s� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �d�e�p�t�h� �o�f� �m�a�t�e�r�i�a�l� �i�n� �e�a�c�h� 

�d�e�p�o�s�i�t� �i�s� �t�h�e� �s�a�m�e�.� �T�h�e� �v�o�l�u�m�e�s� �i�n� �e�a�c�h� �d�e�p�o�s�i�t� �o�c�c�u�p�i�e�d� �b�y� �g�r�a�i�n� �p�a�r�t�i�c�l�e�s� �o�f� �s�i�z�e� �D�,� 

�a�r�e� �p�;�;�x�V�,� �a�n�d� �p�,�.�x�V�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�r�e� �p�,� �i�s� �t�h�e� �p�e�r�c�e�n�t� �b�y� �v�o�l�u�m�e� �o�f� �g�r�a�i�n� �s�i�z�e� �D�,� �,� �a�n�d� 

�D�,� �i�s� �t�h�e� �g�e�o�m�e�t�r�i�c� �m�e�a�n� �o�f� �s�i�e�v�e� �s�i�z�e�s� �i� �a�n�d� �i�+�1�.� �I�f� �t�h�e� �m�a�t�e�r�i�a�l�s� �i�n� �t�h�e� �d�e�p�o�s�i�t�s� �a�r�e� 

�p�h�y�s�i�c�a�l�l�y� �c�o�m�b�i�n�e�d�,� �p�,�;�,� �t�h�e� �p�e�r�c�e�n�t� �b�y� �v�o�l�u�m�e� �o�f� �g�r�a�i�n� �s�i�z�e� �D�,� �f�o�r� �t�h�e� �e�n�t�i�r�e� �v�o�l�u�m�e�,� 

�b�e�c�o�m�e�s� 

�P�,�,�*�V�,�*� �P�*�V�,� 
�P�i�p� �=� �V�V�,� �(�4�)� 

�w�h�i�c�h� �c�a�n� �b�e� �r�e�d�u�c�e�d� �t�o� �(�p�,�,� �+� �p�;�.�)�/�2� �w�h�e�n� �t�h�e� �v�o�l�u�m�e�s� �a�r�e� �e�q�u�a�l� �(�V�,� �=� �V�,�)�.� �F�o�r� �a� �c�a�s�e� 

�h�a�v�i�n�g� �t�h�r�e�e� �o�r� �m�o�r�e� �d�e�p�o�s�i�t�s� �o�f� �m�a�t�e�r�i�a�l� �t�h�i�s� �e�q�u�a�t�i�o�n� �b�e�c�o�m�e�s� 

�P�,�,�*�Y�,�*� �P�,�.�*�V�,� �+� �A�D�V�,� 

�P�i�r� �*� �V�+� �V�i�+�.�+� �V�,� �(�5�)� 
� � 

�w�h�e�r�e� �k� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�s�t�r�i�b�u�t�i�o�n�s� �p�r�e�s�e�n�t�.� �A�g�a�i�n�,� �i�f� �t�h�e� �v�o�l�u�m�e�s� �o�f� �e�a�c�h� �d�e�p�o�s�i�t� �a�r�e� 

�e�q�u�a�l�,� �t�h�i�s� �e�q�u�a�t�i�o�n� �r�e�d�u�c�e�s� �t�o� �a� �s�i�m�p�l�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�e�r�c�e�n�t�a�g�e�s� �r�e�t�a�i�n�e�d� �o�n� 

�e�a�c�h� �s�i�e�v�e� �s�i�z�e�.� 

�P� �i�l� �P� �i�2� �o�w� �4� �i�k� 
�P�y� �=�  � ��,� �(�6�)� 

�O�b�v�i�o�u�s�l�y�,� �i�n� �t�h�e� �f�i�e�l�d� �n�e�i�t�h�e�r� �t�h�e� �v�o�l�u�m�e�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �d�e�p�o�s�i�t�s� �n�o�r� �t�h�e�i�r� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �k�n�o�w�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �s�i�e�v�e� �a�l�l� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�e�s�e�n�t� �t�o� 
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�o�b�t�a�i�n� �t�h�e� �o�v�e�r�a�l�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �o�v�e�r�a�l�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �s�a�m�p�l�e�s� �o�f� �c�o�n�s�i�d�e�r�a�b�l�y� �l�e�s�s� �m�a�t�e�r�i�a�l�.� �H�o�w�e�v�e�r�,� �a�s� �e�q�u�a�t�i�o�n� �5� 

�d�e�m�o�n�s�t�r�a�t�e�s�,� �t�h�e� �v�o�l�u�m�e� �s�a�m�p�l�e�d� �f�r�o�m� �e�a�c�h� �d�e�p�o�s�i�t� �m�u�s�t� �b�e� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� 

�v�o�l�u�m�e�s� �o�f� �t�h�e� �s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n�s� �i�f� �a�n� �u�n�b�i�a�s�e�d� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �t�o� �b�e� �o�b�t�a�i�n�e�d�.� �O�n�e� 

�a�p�p�r�o�a�c�h� �o�f� �g�u�a�r�a�n�t�e�e�i�n�g� �t�h�a�t� �t�h�i�s� �h�a�p�p�e�n�s� �i�s� �t�o� �t�a�k�e� �s�a�m�p�l�e�s� �w�i�t�h� �e�q�u�a�l� �v�o�l�u�m�e�s� �i�n� 

�p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �a�r�e�a� �e�a�c�h� �s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n� �c�o�v�e�r�s� �(�a�s�s�u�m�i�n�g� �d�e�p�t�h�s� �a�r�e� �c�o�n�s�t�a�n�t�)�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �s�e�c�o�n�d� �d�e�p�o�s�i�t� �h�a�s� �t�w�i�c�e� �t�h�e� �v�o�l�u�m�e� �a�n�d� �h�e�n�c�e� �c�o�v�e�r�s� �t�w�i�c�e� �t�h�e� �a�r�e�a� 

�a�s� �t�h�e� �f�i�r�s�t� �d�e�p�o�s�i�t�,� �t�a�k�i�n�g� �o�n�e� �s�a�m�p�l�e� �f�r�o�m� �t�h�e� �f�i�r�s�t� �d�e�p�o�s�i�t� �a�n�d� �t�w�o� �s�a�m�p�l�e�s� �f�r�o�m� �t�h�e� 

�s�e�c�o�n�d� �d�e�p�o�s�i�t� �a�n�d� �c�o�m�b�i�n�i�n�g� �t�h�e�m� �t�o�g�e�t�h�e�r� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �5� �o�r� �e�q�u�a�t�i�o�n� �6� �w�i�l�l� �r�e�s�u�l�t� �i�n� 

�t�h�e� �s�a�m�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �c�o�m�b�i�n�i�n�g� �b�o�t�h� �o�f� �t�h�e� �e�n�t�i�r�e� �p�o�p�u�l�a�t�i�o�n�s� �t�o�g�e�t�h�e�r� �p�r�o�v�i�d�e�d� �t�h�e� 

�s�a�m�p�l�e�s� �a�r�e� �a�c�c�u�r�a�t�e�.� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �u�s�e�d� �t�h�i�s� �p�r�i�n�c�i�p�l�e� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e�i�r� 

�c�o�m�p�o�s�i�t�e� �s�a�m�p�l�i�n�g� �p�r�o�c�e�d�u�r�e�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �W�o�l�c�o�t�t� �a�n�d� �C�h�u�r�c�h� �(�1�9�9�1�)� �d�e�m�o�n�s�t�r�a�t�e�d� 

�t�h�a�t� �s�a�m�p�l�e�s� �t�a�k�e�n� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� �o�v�e�r� �a�n� �a�r�e�a� �r�e�p�r�e�s�e�n�t� �e�a�c�h� �d�e�p�o�s�i�t� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �i�t�s� 

�a�r�e�a�.� �T�h�e�r�e�f�o�r�e�,� �e�a�c�h� �s�u�b�s�a�m�p�l�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�a�m�e� �a�m�o�u�n�t� �(�o�r� �v�o�l�u�m�e� �a�s�s�u�m�i�n�g� �d�e�p�t�h� 

�i�s� �c�o�n�s�t�a�n�t�)� �o�f� �m�a�t�e�r�i�a�l� �a�n�d� �e�a�c�h� �s�e�d�i�m�e�n�t�'�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �a�u�t�o�m�a�t�i�c�a�l�l�y� �w�e�i�g�h�t�e�d� �b�y� �t�h�e� 

�n�u�m�b�e�r� �o�f� �s�u�b�s�a�m�p�l�e�s� �t�a�k�e�n� �f�r�o�m� �i�t�.� 

�I�t� �a�l�s�o� �b�e�c�o�m�e�s� �c�l�e�a�r� �f�r�o�m� �e�q�u�a�t�i�o�n�s� �5� �a�n�d� �6� �t�h�a�t�,� �i�f� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s� �t�a�k�e�n� 

�f�r�o�m� �e�a�c�h� �p�o�p�u�l�a�t�i�o�n� �a�r�e� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�o�l�u�m�e�s�,� �b�u�t� �t�h�e� �s�a�m�p�l�e�s� �a�r�e� �o�f� 

�u�n�e�q�u�a�l� �v�o�l�u�m�e�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �s�a�m�p�l�e� �v�o�l�u�m�e�s� �a�n�d� �t�h�e� �p�o�p�u�l�a�t�i�o�n� 

�v�o�l�u�m�e�s� �a�r�e� �d�e�s�t�r�o�y�e�d� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e� �i�s� �b�i�a�s�e�d�.� �T�h�i�s� �b�i�a�s� �i�s� 
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�d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e�.� �S�u�p�p�o�s�e� �t�h�a�t� �t�h�e� �a�r�e�a� �t�o� �b�e� �s�a�m�p�l�e�d� �h�a�s� �t�w�o� 

�s�e�d�i�m�e�n�t� �d�e�p�o�s�i�t�s� �o�f� �k�n�o�w�n� �d�i�s�t�r�i�b�u�t�i�o�n�s� �c�o�v�e�r�i�n�g� �e�q�u�a�l� �a�r�e�a�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�o� �a�v�o�i�d� 

�s�a�m�p�l�i�n�g� �e�r�r�o�r� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�a�m�p�l�e�s� �t�a�k�e�n� �o�b�t�a�i�n� �t�h�e� �e�x�a�c�t� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �e�a�c�h� 

�d�e�p�o�s�i�t�.� �F�i�n�a�l�l�y� �s�i�n�c�e� �i�t� �i�s� �c�o�m�m�o�n� �p�r�a�c�t�i�c�e� �i�n� �t�h�e� �f�i�e�l�d� �t�o� �a�s�s�u�m�e� �t�h�a�t� �d�e�n�s�i�t�y� �i�s� �c�o�n�s�t�a�n�t� 
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�t�h�o�s�e� �o�f� �d�i�f�f�e�r�e�n�t� �w�e�i�g�h�t� �h�a�v�e� �d�i�f�f�e�r�e�n�t� �v�o�l�u�m�e�s�.� �T�a�b�l�e� �3�.�1� �s�h�o�w�s� �t�h�e� �a�m�o�u�n�t�s� �o�f� 

�m�a�t�e�r�i�a�l� �r�e�t�a�i�n�e�d� �o�n� �e�a�c�h� �s�i�e�v�e� �s�i�z�e� �f�o�r� �t�h�r�e�e� �s�a�m�p�l�e�s� �f�r�o�m� �t�h�e� �f�i�r�s�t� �a�r�e�a� �a�n�d� �a� �s�i�n�g�l�e� 
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�s�a�m�p�l�e� �f�r�o�m� �a�r�e�a� �2�.� �P�l�o�t�t�i�n�g� �t�h�e�s�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �F�i�g�u�r�e� �3�.�1� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�a�t� �t�h�e� 

�p�h�y�s�i�c�a�l� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�a�m�p�l�e�s� �r�e�s�u�l�t�s� �i�n� �a�n� �u�n�b�i�a�s�e�d� �d�i�s�t�r�i�b�u�t�i�o�n� �o�n�l�y� �w�h�e�n� �t�h�e� 
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�s�y�s�t�e�m�a�t�i�c�a�l�l�y� �o�v�e�r� �t�h�e� �a�r�e�a� �t�o� �b�e� �s�a�m�p�l�e�d� �w�i�l�l� �a�u�t�o�m�a�t�i�c�a�l�l�y� �w�e�i�g�h�t� �e�a�c�h� �s�e�d�i�m�e�n�t� 

�p�r�e�s�e�n�t� �a�c�c�o�r�d�i�n�g� �t�o� �i�t�s� �s�u�r�f�a�c�e� �a�r�e�a�.� �T�a�b�l�e� �3�.�2� �a�n�d� �F�i�g�u�r�e� �3�.�2�,� �s�i�m�i�l�a�r� �t�o� �T�a�b�l�e� �3�.�1� �a�n�d� 

�F�i�g�u�r�e� �3�.�2�,� �s�h�o�w� �t�h�e� �r�e�s�u�l�t�s� �o�f� �c�o�m�b�i�n�i�n�g� �g�r�i�d� �s�u�b�s�a�m�p�l�e�s� �o�f� �v�a�r�i�o�u�s� �s�i�z�e�s� �t�o�g�e�t�h�e�r�.� 

�A�g�a�i�n�,� �e�a�c�h� �o�f� �t�h�e� �t�w�o� �d�e�p�o�s�i�t�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �c�o�v�e�r� �t�h�e� �s�a�m�e� �a�m�o�u�n�t� �o�f� �a�r�e�a� �a�n�d� �h�a�v�e� 

�t�h�e� �s�a�m�e� �d�e�p�t�h�.� �A�s� �o�n�e� �c�a�n� �s�e�e� �o�n�l�y� �w�h�e�n� �g�r�i�d� �s�a�m�p�l�e�s� �s�i�z�e�s� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� 

�s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n� �v�o�l�u�m�e�s� �(�a�r�e�a�s� �i�f� �d�e�p�t�h�s� �a�r�e� �a�s�s�u�m�e�d� �t�h�e� �s�a�m�e�)� �c�a�n� �t�h�e�y� �b�e� 

�p�h�y�s�i�c�a�l�l�y� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �g�r�a�i�n� �s�i�z�e� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �e�n�t�i�r�e� �a�r�e�a�.� �I�n� �t�h�i�s� 

�c�a�s�e�,� �s�i�n�c�e� �b�o�t�h� �s�e�d�i�m�e�n�t� �p�o�p�u�l�a�t�i�o�n�s� �c�o�v�e�r� �t�h�e� �s�a�m�e� �a�r�e�a� �t�h�e� �s�a�m�p�l�e�s� �s�i�z�e�s� �m�u�s�t� �b�e� �t�h�e� 

�s�a�m�e� �s�i�z�e�.� 

�T�h�r�o�u�g�h�o�u�t� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �t�h�e� �d�e�p�t�h� �o�f� �e�a�c�h� �o�f� �t�h�e� �d�e�p�o�s�i�t�s� �w�a�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �c�o�n�s�t�a�n�t�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�i�s� �c�a�n� �n�o�t� �b�e� �g�u�a�r�a�n�t�e�e�d� �i�n� �t�h�e� �f�i�e�l�d� �a�n�d� �t�h�u�s�,� �i�f� �t�h�e� �t�w�o� 

�a�f�o�r�e�m�e�n�t�i�o�n�e�d� �d�e�p�o�s�i�t�s� �c�o�v�e�r�e�d� �t�h�e� �s�a�m�e� �a�r�e�a�s�,� �b�u�t� �h�a�d� �d�i�f�f�e�r�e�n�t� �d�e�p�t�h�s�,� �b�o�t�h� �t�h�e� �b�u�l�k� 

�a�n�d� �g�r�i�d� �c�o�m�p�o�s�i�t�e�s� �w�o�u�l�d� �b�e�c�o�m�e� �b�i�a�s�e�d� �a�s� �t�h�e� �p�r�o�p�o�r�t�i�o�n�a�l�i�t�i�e�s� �n�e�c�e�s�s�a�r�y� �i�n� �e�q�u�a�t�i�o�n� 
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�(�5�)� �a�r�e� �d�e�s�t�r�o�y�e�d�.� �T�h�u�s�,� �i�f� �o�n�e� �i�s� �u�n�a�b�l�e� �t�o� �a�c�c�e�p�t� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �d�e�p�t�h�s� �o�f� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �d�e�p�o�s�i�t�s� �m�u�s�t� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �b�o�t�t�o�m� �l�a�y�e�r� �o�f� �a� �g�r�a�v�e�l�-�b�e�d� 

�s�t�r�e�a�m� �i�s� �b�e�i�n�g� �s�a�m�p�l�e�d�.� �H�o�w�e�v�e�r�,� �i�f� �o�n�e� �i�s� �m�a�i�n�l�y� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �e�i�t�h�e�r� �t�h�e� �p�a�v�e�m�e�n�t� 

�o�r� �s�u�b�p�a�v�e�m�e�n�t� �l�a�y�e�r�,� �t�h�e� �d�e�p�t�h� �i�s� �o�f� �n�o� �i�m�p�o�r�t�a�n�c�e� �a�s� �i�t� �i�s� �o�n�l�y� �a�s� �t�h�i�c�k� �a�s� �t�h�e� �m�a�x�i�m�u�m� 

�g�r�a�i�n� �s�i�z�e�.� �H�e�n�c�e�,� �t�a�k�i�n�g� �a� �g�r�i�d� �s�a�m�p�l�e� �i�n� �p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �d�e�p�o�s�i�t�'�s� �a�r�e�a�s� �i�s� 

�s�u�f�f�i�c�i�e�n�t� �a�n�d� �w�i�l�l� �r�e�s�u�l�t� �i�n� �a�n� �u�n�b�i�a�s�e�d� �s�a�m�p�l�e�.� 
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