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by 
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(ABSTRACT) 

Analysis of the flow field in a laser engine represents a difficult 

computational problem involving combinations of complex physical and 

gasdynamical processes. Following a brief discussion of these processes a 

calculation procedure using primitive variables formulation on a non-staggered 

grid system is introduced. Based on this procedure, a Pressure Based 

Navier-Stokes Solver (PBNS) is developed using a generalized curvilinear 

coordinate system. The solver is first tested in application to a subsonic 

compressible flow over an insulated flat plate and to a flow in an axisymmetric 

converging-diverging nozzle. Next, the PBNS code is used to analyze the flowfield 

and performance of a laser thruster. The physical/numerical model includes the 

geometric ray tracing for the laser beam, beam power absorption, plasma 

radiation losses, and plasma thermophysical and optical properties. Equilibrium 

hydrogen is used as a flowing gas and its properties are calculated using the 

Hydrogen Properties Calculation (HPC) based on the the methods of statistical 

thermodynamics. Two thruster configurations, two laser types ( CO, and iodide), 

various laser power levels, and various injection conditions are tested. The results



of these tests include the temperature, pressure, velocity and Mach nubmer 

contours, as well as table of the laser beam power absorbed, radiation losses to 

the thruster walls, thrust level and specific impulse. The maximum specific 

impulse obtained in these tests is 1537 sec for a CO, laser thruster and 827 sec 

for an iodide laser thruster. Up to 100% power absorption can be achieved, 

however, the radiation losses from the hot plasma are quite high disallowing a full 

conversion of the absorbed power into the thermal energy of the propellant. The 

PBNS code can be used to study the effects of various design parameters on the 

performance of a laser thruster and provide guidelines for the preliminary design 

of a laser engine.
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Chapter I 

INTRODUCTION 

1.1 Background 

After Space Station Freedom becomes operational, the next century will 

observe a variety of new challenges for the space program. These challenges will 

include missions such as the transportation of cargos from low earth orbit (LEO) 

to geosynchronous earth orbit (GEO), or to low lunar orbit (LLO). There will be 

also missions to intermediate high earth orbit and trans-geosynchronous orbits 

as Well as missions involving interplanetary spacecraft. 

An orbit transfer vehicle (OTV) may serve as the key element in completing 

these missions successfully and economically. This has been pointed out in several 

NASA studies [10, 16, 18, 47, 59]. Several powering schemes may be utilized for 

providing the required thrust for the future OTV. These could include chemical , 

solar-electric (SEP), nuclear-electric (NEP) and laser propulsion systems. 
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Chemical OTV can provide high thrust but a relatively low specific impulse 

limited to about 490 sec. This shortens the mission time, but at the cost of using 

large quantities of propellant. SEP or NEP OTV’s operate at high specific 

impulses (2000 - 9000 sec) allowing significant reduction of the required 

propellant. However, they are low thrust systems which implies long propulsive 

maneuvers and trip times. In addition, nuclear waste from NEP may be 

considered an environmental hazard for missions near LEO. 

Laser OTV (LOTV) represents a midpoint between these two systems. 

LOTYV can achieve a relatively high specific impulse of 1000 to about 1500 sec 

[36, 18, 10], yet it can provide medium thrust, whose magnitude depends on the 

laser power available. LOTV has high payload-to-weight ratio, because the 

power source (laser) is not carried on the spacecraft. Because of the relatively 

high specific impulse that can be produced, LOVT may be well suited to high 

AV orbital transfer missions. In addition, because the thrust level is relatively 

high compared to electric propulsion, LOTV offers shorter orbital transfer times 

than either SEP or NEP systems. Further economical and technical comparison 

between the above systems is discussed in many studies [16, 59, 10]. 

1.2 Laser Propulsion Classification 

The fundamental concept of laser propulsion is based on converting the 

energy from high-power laser beam into thermal or kinetic energy of a propellant 

(typically hydrogen). Figure 1.1 illustrates this idea for an OTV using a 

space-based laser source to produce the laser power. The laser beam is aimed at 

the OTV which will utilize the beam power and produce the required thrust. 
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Figure 1.1. Schematic diagram of LOTV elements (ref. 17). 
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Two different schemes are available for the production of the thrust in 

LOTV. These are a continuous wave laser (CW) and a repetitively-pulsed laser 

(RP) systems. 

In a CW laser concept, Fig. 1.2(a), a remote high-power laser which can be 

based either on the earth or in space is aimed at an OTV, which collects the laser 

beam and focuses it into the absorption chamber. There, it is absorbed by the 

flowing propellant. The propellant is heated through the absorption process to a 

temperature as high as 20,000 K. The hot core, which is in plasma state, is mixed 

with the cold flow of the propellant thereby increasing its thermal energy. The 

thermal energy is then converted into the kinetic energy by expanding the flow 

through a conventional nozzle to produce the thrust. 

The RP laser, schematically illustrated in Fig. 1.2(b) is based on producing 

high-frequency pulses of an intense laser beam. The beam is fired into the nozzle 

where it is focused. This produces high intensity radiation field, which causes the 

electrical breakdown of a solid propellant, initiating a high-pressure plasma blast 

wave. This wave, called a ” laser-supported detonation” or ” LSD wave ”, 

propagates up the laser beam. To keep the high-pressure gas in the vicinity of the 

nozzle wall, the pulse time should be minimized [10, 18]. 

This study deals with the CW laser propulsion field. Feasibility studies 

indicate that the CW laser is most likely to be adapted for the future LOTV [47, 

59]. 
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Figure 1.2. Typical representation of (a) Continuous wave laser engine (ref. 31), 
(b) Repetitive-pulse laser engine (ref. 9). 
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1.3 CW Laser Propulsion 

A successful simulation of the CW laser propulsion should include both the 

physical model and technological features of the laser-supported propulsion 

system. The physical model includes an absorption mechanism of the laser 

power, plasma radiation losses, heat transfer and fluid dynamics. The 

technological problems include laser-power level, laser type, and lens and 

windows used for focusing the beam. All these mechanisms and aspects will affect 

the the laser-engine performance such as specific impulse, thrust level and 

thermal efficiency of the engine. 

1.3.1 Specific Impulse 

Specific impulse is one of the most important parameters in rocket 

propulsicn, since it affects the payload and the propellant requirement of OTV. 

The specific impulse /,, may be written 

  

  

  

V —| P 

W 

where F is the thrust and Wp is the rate of propellant weight consumed, V,, is 

the exit velocity, g is the acceleration of gravity, R is the universal gas constant, 

T, is the chamber temperature, P, is the chamber pressure, and M is the 

molecular weight of the exhaust gas. Since, the specific impulse is inversely 

proportional to the square of molecular weight of the exhaust gas, hydrogen 

which becomes fully dissociated at high temperatures, is an excellent candidate 

propellant for laser propulsion. A specific impulse of 700-1500 sec has been 
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reported experimentally in small model tests performed by NASA [10], Lockheed 

[47] and others [38, 39, 49]. Based on these studies, hydrogen is selected as a 

propellant for this study. 

1.3.2 Efficiency and Thrust Level 

Thermal efficiency is used to relate the level of laser power to the propulsive 

energy of the propellant, and is given by 

_ Flsp& FV., 
1=—3P OP (1.2) 
  

where F= mV,, is the thrust, P is the laser power, and m is the mass flow rate 

of the propellant. Equation (1.2) demonstrates that increasing the specific 

impulse will reduce the thrust level for a given power level. To improve the 

performance of the system, laser power or efficiency must be maximized. 

For a thruster design to be of a practical use, an efficiency of 70% or higher 

should be obtained. The recent experimental results by Mazumder et al [49] 

showed that it is possible to absorb 100% of the incident laser power, but only 

60% was converted into useful kinetic energy of the propellant. The remaining 

energy was radiated to the nozzle wall and was considered as loss. However, the 

radiation to the nozzle wall may be used to heat the incoming propellant. Jeng 

et al reported an efficiency of 67% [34]. It is believed that 90% efficiency may 

be achievable for an optimum system design [18]. 

The thrust level that can be expected for laser engine ranges from 10-20000 

N [37]. Obviously, the thrust level increases if the thermal efficiency is improved, 

which stresses the importance of having a good mathematical model for designing 
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and studying the effects of various design parameters. The effective mathematical 

model must incorporate the real physics involved in the CW laser thruster. One 

of the most important phenomena to be considered is the absorption mechanism 

which allows the energy to be transferred from the laser beam to the flowing 

fluid. 

1.3.3 Laser Power Selection 

The feasibility of using laser propulsion for OTV relies heavily on the ability 

of the industry to produce a high-power lasers on the order of megawatts [37, 18]. 

Rapid progress in the development of high-power laser indicates that this would 

be possible by the year 2020. Unclassified reports show that a 1 MW design 

already exists [8]. 

Both theoretical and experimental studies of laser propulsion suggest the use 

of a CO, laser with 10.6 wm wave length. Also, the promising characteristics of 

a solar-pumped iodide laser make it a strong candidate for space missions. An 

iodide laser beam has the ability of traveling long distance with minimum 

scattering, because of its shorter wave length. Also, iodide laser may be 

economically suitable for high power level and space application. A cost analysis 

and design for such a system may be found in Young et al [80]. However, 

compared with CO , an iodide laser with a wave length of 1.315 wm will reduce 

the absorption coefficient of hydrogen as discussed later in Appendix B . In this 

study, both iodide and CQ, lasers are tested as propellants for laser propulsion. 

The best arrangement for the laser source is a space-based laser system which 

includes several relays in LEO. This will reduce the distortion and the scattering 
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of the laser beam caused by both the turbulence in the atmosphere and the 

refraction caused by the inadvertent heating of the air in the beam path known 

as thermal blooming. These drawbacks will be expected if a ground-space system 

were selected for LOTV. 

1.3.4 Absorption Processes 

The success of laser propulsion depends on successful coupling of laser energy 

to the propellant (hydrogen). In practice, two methods are available to 

accomplish such coupling: inverse Bremsstrahlung and molecular resonance. 

In molecular resonance, the molecules absorb the photons of the laser beam 

during their transitions from one state to another . This method suffers from the 

need of matching the frequency of the laser to the frequency of the transition. 

Also, at a higher temperature, the absorption coefficient drops due to the 

dissociation of the molecules. Since hydrogen has zero absorption at temperatures 

below 10000 K, this method is of little use for laser propulsion. 

In inverse Bremsstrahlung (IB), the free electron in a partially ionized gas can 

be made to oscillate in a varying electric field caused by the transmitted 

electromagnetic beam generated by the laser photons. The electrons then enter 

inelastic collisions with other particles such as neutral atoms (neutral-electron 

absorption) , or with ions (ion-electron absorption). The collisions will transfer 

the energy from the beam to the propellant, resulting in formation of additional 

free electrons and increasing the absorption. Actual experiments have indicated 

that IB is the highly recommended method to insure the absorption of the 

photons in hydrogen flow [41, 38] 
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One of the factors that will increase the absorption coefficient of hydrogen is 

the chamber pressure (see Appendix B). However, this pressure is restricted by 

the strength of the chamber windows. A pressure value above 30 atm. is not 

considered practical for the projected technology in the next century. 

1.3.5 Plasma Initiation and Stability 

The drawback of IB absorption mechanism is its inefficiency at temperatures 

below 10000 K in hydrogen flow. Thus, hydrogen is transparent to a laser beam 

unless heated to high temperatures. Three different approaches have been 

suggested to overcome this drawback. 

One approach is to seed the hydrogen flow with molecules of other gases 

(such as HO or NH3 ) that have the desired resonance-transition. These 

resonances should match the laser frequency. This will boost the absorption 

ability of hydrogen, but at the cost of reducing the specific impulse, due to 

increased molecular weight of the exhaust gases. 

The second approach is the artificial injection of a large number of free 

electrons into the hydrogen. This may be accomplished by focusing the laser 

beam into a small area and jumping an electric arc through it. This process 

creates a large number of free electrons at the focal point, increasing the IB 

absorption. Another alternative for creating free electrons is the use of a second 

high power laser pulse near the focal point instead of the electric arc. 

The third approach involves the use of small particles suspended in the 

hydrogen. These particles absorb incident laser energy, reach a high temperature 

rapidly, and then transfer the heat to the propellant through radiation and 
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conduction. These particles should have high boiling point to survive the high 

temperature. The problem with this method is that these particles have a 

tendency to scatter the incoming beam. Also, special care must be used to 

maintain particle suspension in the hydrogen. Some researchers have 

demonstrated the ability of using carbon, tungsten, cesium and some ceramics as 

a seedant in hydrogen [10]. 

Once the hydrogen begins to absorb the laser beam, additional free electrons 

are produced, and the plasma begins to form near the focal point of the beam. 

Heat is transferred to the cold hydrogen through conduction and radiation, and 

hydrogen becomes more opaque to the laser. Then, the plasma starts to 

propagate itself downstream of the laser beam. Cold hydrogen must be injected 

in the opposite direction of plasma propagation to maintain a steady plasma core 

and stabilize the flow. In this way, if any upstream perturbations occur the 

plasma will move into the region of less laser intensity that can be created by 

tightly focusing the beam. There, the plasma will not be able to sustain itself and 

will return back to its original position. The phenomenon known as the laser 

sustained plasma (LSP) is one of the key features of laser propulsion. In depth 

analysis for LSP is found in [49, 42, 38, 67] . 

1.4 Flow Field of a Laser Engine 

In summary, the cold hydrogen is injected into a chamber in which the laser 

beam is focused to create a plasma core which will heat the incoming propellant 

to a high enthalpy level. The propellant is expanded through a nozzle to produce 

thrust. A typical engine configuration is shown in Fig. 1.2(a). A mathematical 
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model of the flow field is essential for optimal laser engine design and for 

analyzing the main parameters of the laser engine before any full scale engines 

can be produced. The flow field within the laser absorption chamber is very 

complex and features large energy absorption, energy loss from the hot core 

plasma via radiation and conduction, laser power conservation, mixing of the hot 

plasma and cold propellant, high temperature and density gradients in both axial 

and radial directions, flow regimes ranging from subsonic in the absorption 

chamber to supersonic at the nozzle exit, and equilibrium thermodynamics with 

a possibly nonequilibruim flow in the supersonic region. A realistic model should 

include all of the above elements. 

1.4.1 Current Modeling Status 

Several models for laser engines have been proposed to analyze the 

mechanism by which the plasma propagates in a flow field. This mechanism is 

sometimes called the laser supported combustion (LSC) wave. The models range 

from a simple one dimensional energy equation to axisymmetric Navier-Stokes 

equations. Raizer [67] introduced the LSC wave model, assuming one 

dimensional flow at constant pressure which reduced the governing equation to 

the energy equation with the temperature as the only unknown. Heat conduction 

was the principal heat transfer mechanism. The plasma was considered optically 

thin and in thermal equilibrium, and the Saha equation was used to calculate the 

electron density. IB absorption was assumed as the absorption mechanism. The 

heat loss by radiation was given as a function of pressure and temperature. 

Further, it was assumed that the ratio of specific heat to thermal conduction and 
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�J�e�n�g� �a�n�d� �K�e�e�f�e�r� �[�3�2�,� �3�3�,� �3�4�]� �d�e�v�e�l�o�p�e�d� �s�e�v�e�r�a�l� �m�o�d�e�l�s� �f�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�f� 

�l�a�s�e�r� �e�n�g�i�n�e� �f�l�o�w�.� �T�h�e�i�r� �f�i�r�s�t� �m�o�d�e�l� �[�3�2�]� �a�s�s�u�m�e�d� �i�n�c�o�m�p�r�e�s�s�i�b�l�e�,� �s�t�e�a�d�y� �s�t�a�t�e�,� 

�a�x�i�s�y�m�m�e�t�r�i�c� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�.� �T�h�e�y� �n�e�g�l�e�c�t�e�d� �t�h�e� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n� �i�n� 

�t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�,� �a�n�d� �p�r�o�v�i�d�e�d� �r�e�s�u�l�t�s� �f�o�r� �h�y�d�r�o�g�e�n� �a�n�d� �a�r�g�o�n� �a�s� �p�r�o�p�e�l�l�a�n�t�s�.� 

�T�h�e�y� �f�u�r�t�h�e�r� �a�s�s�u�m�e�d� �l�o�c�a�l� �t�h�e�r�m�o�d�y�n�a�m�i�c� �e�q�u�i�l�i�b�r�i�u�m� �a�n�d� �u�s�e�d� �r�e�a�l� �r�a�y� �t�r�a�c�i�n�g� 

�o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m� �t�o�g�e�t�h�e�r� �w�i�t�h� �a�c�t�u�a�l� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e�i�r� �r�e�s�u�l�t�s� �s�h�o�w�e�d� 

�t�h�a�t� �t�h�e� �p�r�e�v�i�o�u�s� �o�n�e� �a�n�d� �q�u�a�s�i�-�t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �w�e�r�e� �i�n�s�u�f�f�i�c�i�e�n�t� �f�o�r� 

�p�r�o�v�i�d�i�n�g� �a�c�c�u�r�a�t�e� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �f�l�o�w� �f�i�e�l�d�s�.� �T�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�l�a�s�m�a� �a�n�d� 

�i�t�s� �s�i�z�e� �w�e�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �f�o�r� �a�r�g�o�n� �a�n�d� �w�e�r�e� 

�s�t�r�o�n�g�l�y� �a�f�f�e�c�t�e�d� �b�y� �f�l�o�w� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �o�p�t�i�c�a�l� �a�r�r�a�n�g�e�m�e�n�t�.� �T�h�e�i�r� �m�o�d�e�l� 

�u�s�e�d� �a� �1�0�.�6� �w�m� �C�O�,� �l�a�s�e�r�,� �w�i�t�h� �a� �l�o�w� �l�a�s�e�r� �p�o�w�e�r� �l�e�v�e�l� �o�n� �o�r�d�e�r� �o�f� �k�i�l�o�w�a�t�t�s�.� 

�T�h�e�y� �u�s�e�d� �a� �S�I�M�P�L�E� �a�l�g�o�r�i�t�h�m� �w�i�t�h� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s� �s�o�l�v�e�r� �a�n�d� �s�t�a�g�g�e�r�e�d� 

�g�r�i�d�.� �R�e�c�e�n�t�l�y�,� �J�e�n�g� �i�m�p�r�o�v�e�d� �h�i�s� �m�o�d�e�l� �t�o� �i�n�c�l�u�d�e� �t�h�e� �c�o�m�p�r�e�s�s�i�b�l�e�,� �s�t�e�a�d�y� �s�t�a�t�e� 

�I�N�T�R�O�D�U�C�T�I�O�N� �1�4



�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �a�s� �w�e�l�l� �[�3�5�]�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �w�a�s� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� 

�t�h�e� �S�I�M�P�L�E� �a�l�g�o�r�i�t�h�m� �t�o� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �a�s� �d�e�v�e�l�o�p�e�d� �b�y� �R�h�i�e� �[�7�0�]� �o�n� �a� 

�n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d�.� �T�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �c�e�l�l� �v�e�l�o�c�i�t�y� �y�i�e�l�d�s� �a� �f�l�o�w� �f�i�e�l�d� �w�h�i�c�h� 

�d�e�p�e�n�d�s� �o�n� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �a�n�d� �s�l�o�w�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �c�o�n�t�i�n�u�i�t�y� 

�e�q�u�a�t�i�o�n�.� �T�h�e�i�r� �r�e�s�u�l�t�s� �a�r�e� �l�i�m�i�t�e�d� �t�o� �l�o�w� �l�a�s�e�r� �p�o�w�e�r� �(�3�0� �k�W�)�,� �w�h�i�c�h� �w�o�u�l�d� �n�o�t� 

�b�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �p�r�o�d�u�c�e� �t�h�e� �r�e�q�u�i�r�e�d� �t�h�r�u�s�t� �f�o�r� �O�T�V�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�y� 

�w�a�s� �n�o�t� �r�e�p�o�r�t�e�d�.� 

�M�e�r�k�e�l� �e�t� �a�l� �[�5�6�]� �d�e�v�e�l�o�p�e�d� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �l�a�s�e�r� �t�h�r�u�s�t�e�r�.� 

�T�h�e�i�r� �m�o�d�e�l� �a�s�s�u�m�e�d� �e�q�u�i�l�i�b�r�i�u�m� �h�y�d�r�o�g�e�n� �s�e�e�d�e�d� �w�i�t�h� �1�%� �c�e�s�i�u�m�,� �r�a�t�h�e�r� �t�h�a�n� 

�p�u�r�e� �h�y�d�r�o�g�e�n�.� �T�h�i�s� �a�l�l�o�w�s� �h�i�g�h� �a�b�s�o�r�p�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m� �e�n�e�r�g�y� �a�t� �r�e�l�a�t�i�v�e�l�y� 

�l�o�w� �t�e�m�p�e�r�a�t�u�r�e�s�.� �T�h�e� �m�i�x�t�u�r�e� �y�i�e�l�d�s� �a� �s�t�r�o�n�g�l�y� �a�b�s�o�r�b�i�n�g� �p�l�a�s�m�a� �a�t� �a� 

�t�e�m�p�e�r�a�t�u�r�e� �o�f� �6�0�0�0� �K� �a�n�d� �r�e�s�u�l�t�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�d�v�a�n�t�a�g�e�s� �s�u�c�h� �a�s� �r�e�d�u�c�e�d� 

�t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s�,� �r�e�d�u�c�e�d� �n�e�c�e�s�s�i�t�y� �o�f� �u�s�i�n�g� �a� �f�i�n�e� �g�r�i�d�,� �a�n�d� �r�e�d�u�c�e�d� 

�n�u�m�e�r�i�c�a�l� �i�n�s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s�.� �T�h�e� �a�u�t�h�o�r�s� �u�s�e�d� �a�n� �E�u�l�e�r� �i�m�p�l�i�c�i�t� �a�l�g�o�r�i�t�h�m� 

�w�i�t�h� �a� �f�a�c�t�o�r�i�z�a�t�i�o�n� �s�c�h�e�m�e�.� �I�n� �a� �p�r�e�v�i�o�u�s� �w�o�r�k�,� �M�e�r�k�e�l� �[�5�5� �]� �t�r�i�e�d� �b�o�t�h� �t�h�e� 

�M�a�c�C�o�r�m�a�c�k� �a�n�d� �B�e�a�m� �W�a�r�m�i�n�g� �s�c�h�e�m�e�s� �w�i�t�h� �s�t�r�o�n�g� �h�e�a�t� �a�d�d�i�t�i�o�n�s�.� �H�e� 

�r�e�p�o�r�t�e�d� �d�i�f�f�i�c�u�l�t�y� �f�o�r� �c�o�n�v�e�r�g�i�n�g� �t�h�e�s�e� �s�c�h�e�m�e�s� �w�i�t�h� �s�t�r�o�n�g� �h�e�a�t� �a�d�d�i�t�i�o�n� �f�i�e�l�d�s�.� 

�M�e�r�k�e�l� �e�t� �a�l� �n�e�g�l�e�c�t�e�d� �t�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s�,� �w�h�i�c�h� �c�a�n� �b�e� �j�u�s�t�i�f�i�e�d� �a�t� �a� �l�o�w� 

�t�e�m�p�e�r�a�t�u�r�e� �p�l�a�s�m�a� �b�u�t� �n�o�t� �f�o�r� �a� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�s�m�a�.� �T�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�d� 

�t�h�a�t� �a� �s�t�a�b�l�e� �p�l�a�s�m�a� �o�c�c�u�r�r�e�d� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �w�i�t�h� �s�u�b�s�o�n�i�c� �f�l�o�w� 

�f�i�e�l�d�,� �b�u�t� �a�t� �a� �r�e�l�a�t�i�v�e�l�y� �l�o�w� �t�e�m�p�e�r�a�t�u�r�e�.� 

�A�l�l� �t�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �m�o�d�e�l�s� �u�s�e�d� �a� �C�O�,� �l�a�s�e�r� �b�e�c�a�u�s�e� �o�f� �i�t�s� �a�v�a�i�l�a�b�i�l�i�t�y� 

�f�o�r� �h�i�g�h� �p�o�w�e�r� �l�e�v�e�l�s�.� 

�I�N�T�R�O�D�U�C�T�I�O�N� �1�S



�R�e�v�i�e�w� �o�f� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �o�n� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �f�l�o�w� �f�i�e�l�d� �r�e�v�e�a�l�s� �t�h�a�t� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �L�S�C� �h�y�d�r�o�g�e�n� �t�h�r�u�s�t�e�r� �r�e�p�r�e�s�e�n�t�s� �a� �f�o�r�m�i�d�a�b�l�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �p�r�o�b�l�e�m� �t�h�a�t� �t�a�x�e�s� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�s�t� �r�o�b�u�s�t� �a�l�g�o�r�i�t�h�m�.� �T�h�e� 

�p�r�o�b�l�e�m� �i�n�v�o�l�v�e�s� �c�o�m�p�l�e�x� �a�n�d� �d�i�v�e�r�s�e� �p�h�y�s�i�c�s� �t�h�a�t� �i�n�c�o�r�p�o�r�a�t�e� �a�b�s�o�r�p�t�i�o�n� �o�f� �t�h�e� 

�l�a�s�e�r� �b�e�a�m� �e�n�e�r�g�y�,� �e�n�e�r�g�y� �c�o�n�v�e�r�s�i�o�n�,� �p�l�a�s�m�a� �r�a�d�i�a�t�i�o�n�,� �a�n�d� �t�h�e�r�m�o�d�y�n�a�m�i�c� �a�n�d� 

�t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �p�r�o�p�e�l�l�a�n�t�.� �S�p�e�c�i�f�i�c� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�c�h�a�l�l�e�n�g�e�s� �i�n�v�o�l�v�e� �a� �s�t�r�o�n�g� �e�n�e�r�g�y� �s�o�u�r�c�e� �t�e�r�m� �w�h�i�c�h� �t�e�n�d�s� �t�o� �d�e�s�t�a�b�i�l�i�z�e� �t�h�e� 

�a�l�g�o�r�i�t�h�m�,� �s�t�e�e�p� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �r�e�q�u�i�r�i�n�g� �f�i�n�e� �g�r�i�d�s�,� �p�l�a�s�m�a� �i�n�i�t�i�a�t�i�o�n� �a�n�d� 

�s�t�a�b�i�l�i�t�y�,� �a� �v�e�r�y� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d�,� �l�o�w� �M�a�c�h� �n�u�m�b�e�r� �f�l�o�w� �i�n� �t�h�e� �a�b�s�o�r�p�t�i�o�n� 

�c�h�a�m�b�e�r� �w�h�i�c�h� �i�s� �n�e�v�e�r�t�h�e�l�e�s�s� �c�o�m�p�r�e�s�s�i�b�l�e� �b�e�c�a�u�s�e� �o�f� �t�h�e� �h�e�a�t� �a�d�d�i�t�i�o�n� �w�h�i�c�h� 

�c�o�n�t�r�i�b�u�t�e�s� �t�o� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �c�o�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�,� �a�n�d� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� 

�d�i�f�f�e�r�e�n�t� �f�l�o�w� �r�e�g�i�m�e�s� �(�s�u�b�s�o�n�i�c�,� �t�r�a�n�s�o�n�i�c�,� �a�n�d� �s�u�p�e�r�s�o�n�i�c�)� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� 

�r�e�g�i�o�n�s� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�n�i�t�i�a�l� �g�u�e�s�s�e�s� �w�i�t�h� �e�n�o�u�g�h� �a�c�c�u�r�a�c�y� 

�m�a�y� �b�e� �r�e�q�u�i�r�e�d� �t�o� �i�n�i�t�i�a�t�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �p�l�a�s�m�a�.� �F�a�i�l�u�r�e� �o�f� �a� �s�o�l�u�t�i�o�n� �t�o� 

�c�o�n�v�e�r�g�e� �m�a�y� �i�n�d�i�c�a�t�e� �n�u�m�e�r�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� �o�r� �s�i�m�p�l�y� �t�h�e� �a�b�s�e�n�c�e� �o�f� �a� �s�o�l�u�t�i�o�n� 

�f�o�r� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�1�.�5� �O�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �S�t�u�d�y� 

�T�h�e� �g�e�n�e�r�a�l� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �t�o� �d�e�v�e�l�o�p� �a� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�o�d�e�l� 

�t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �c�o�n�c�e�p�t�u�a�l� �d�e�s�i�g�n� �t�o�o�l� �f�o�r� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e�.� 

�A�s� �a� �f�i�r�s�t� �s�t�e�p�,� �a� �f�u�l�l� �N�a�v�i�e�r�-�S�t�o�k�e�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�o�d�e�l� �f�o�r� �c�o�m�p�r�e�s�s�i�b�l�e�,� 

�a�x�i�s�y�m�m�e�t�r�i�c� �h�y�d�r�o�g�e�n� �f�l�o�w� �w�i�t�h�i�n� �a� �t�h�r�u�s�t�e�r� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �m�o�d�e�l� 

�h�a�v�e� �t�h�e� �a�b�i�l�i�t�y� �t�o� �p�r�e�d�i�c�t� �t�h�e� �f�l�o�w� �f�o�r� �a� �s�t�i�f�f� �n�o�z�z�l�e� �i�n� �w�h�i�c�h� �t�h�e� �f�l�o�w� �r�a�n�g�e�s� �f�r�o�m� 

�s�u�b�s�o�n�i�c� �t�o� �s�u�p�e�r�s�o�n�i�c�.� �E�q�u�i�l�i�b�r�i�u�m� �t�h�e�r�m�o�d�y�n�a�m�i�c� �a�n�d� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �f�o�r� 
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�t�h�e� �h�y�d�r�o�g�e�n� �a�r�e� �u�s�e�d�.� �N�e�x�t�,� �t�h�e� �l�a�s�e�r� �b�e�a�m� �a�n�d� �i�t�s� �e�f�f�e�c�t�s� �h�a�v�e� �b�e�e�n� �i�n�t�e�g�r�a�t�e�d� 

�i�n� �t�h�e� �m�o�d�e�l�.� �T�h�i�s� �h�a�s� �i�n�v�o�l�v�e�d� �r�e�a�l� �r�a�y� �a�n�a�l�y�s�i�s� �a�l�o�n�g� �t�h�e� �b�e�a�m� �l�i�g�h�t� �g�r�i�d�,� �t�h�e� 

�r�a�d�i�a�t�i�o�n� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �h�o�t� �c�o�r�e� �p�l�a�s�m�a�,� �p�l�a�s�m�a� �i�n�i�t�i�a�t�i�o�n� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t�,� 

�t�h�e� �e�n�e�r�g�y� �s�o�u�r�c�e� �t�e�r�m� �t�r�e�a�t�m�e�n�t�,� �a�n�d� �f�i�n�a�l�l�y� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�r�u�s�t� �l�e�v�e�l� �a�n�d� 

�s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �a�r�e� �p�e�r�f�o�r�m�e�d�.� �A�l�l� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �h�a�v�e� �b�e�e�n� 

�d�o�n�e� �f�o�r� �h�y�d�r�o�g�e�n� �a�s� �a� �p�r�o�p�e�l�l�a�n�t� �a�n�d� �f�o�r� �b�o�t�h� �C�O�,� �a�n�d� �i�o�d�i�d�e� �l�a�s�e�r�s�.� �T�h�e� 

�s�e�l�e�c�t�i�o�n� �o�f� �a�n� �i�o�d�i�d�e� �l�a�s�e�r� �h�a�s� �b�e�e�n� �m�o�t�i�v�a�t�e�d� �b�y� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�i�s� �l�a�s�e�r� 

�(�a�p�p�r�o�v�e�d� �b�y� �N�A�S�A� �L�a�n�g�l�e�y�)� �f�o�r� �a� �c�o�n�c�e�p�t�u�a�l� �d�e�s�i�g�n� �o�f� �a� �s�p�a�c�e�d�-�b�a�s�e�d� �L�O�T�V� 

�d�e�v�e�l�o�p�e�d� �a�t� �V�i�r�g�i�n�i�a� �T�e�c�h� �1�9�8�9�/�1�9�9�0�.� 

�T�h�i�s� �s�t�u�d�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �f�i�r�s�t� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �a� �l�a�s�e�r� �e�n�g�i�n�e� �u�s�i�n�g� 

�h�i�g�h� �p�o�w�e�r� �l�e�v�e�l� �o�f� �l�a�s�e�r� �b�e�a�m� �w�i�t�h� �p�u�r�e� �h�y�d�r�o�g�e�n� �a�s� �a� �p�r�o�p�e�l�l�a�n�t�.� �I�t� �a�n�a�l�y�z�e�s� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �s�u�c�h� �a�s� �p�o�w�e�r� �l�e�v�e�l�,� 

�e�n�g�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �a�n�d� �l�a�s�e�r� �t�y�p�e� �o�n� �t�h�e� �e�n�g�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� �s�t�u�d�y� �s�h�o�w�s� 

�t�h�e� �a�b�i�l�i�t�y� �o�f� �u�s�i�n�g� �a�n� �i�o�d�i�d�e� �l�a�s�e�r� �f�o�r� �p�r�o�p�u�l�s�i�o�n�.� �T�h�e� �s�t�u�d�y� �a�l�s�o� �d�e�m�o�n�s�t�r�a�t�e�s� 

�t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�-�b�a�s�e�d� �N�a�v�i�e�r� �S�t�o�k�e�s� �s�o�l�v�e�r� �t�o� �h�a�n�d�l�e� �c�u�r�v�i�l�i�n�e�a�r� �2�-�D�,� 

�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w� �p�r�o�b�l�e�m�s� �o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �M�a�c�h� �n�u�m�b�e�r�.� 
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�C�h�a�p�t�e�r� �I�I� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� 

�E�N�G�I�N�E�S� 

�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �f�a�s�t� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �c�o�m�p�u�t�e�r� �t�e�c�h�n�o�l�o�g�y� �i�n� �t�h�e� �l�a�s�t� �d�e�c�a�d�e� �h�a�s� �h�a�d� �a� 

�g�r�e�a�t� �i�m�p�a�c�t� �o�n� �t�h�e� �u�s�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� �s�o�l�v�i�n�g� �c�o�m�p�l�e�x� 

�p�r�o�b�l�e�m�s� �i�n� �t�h�e� �f�i�e�l�d�s� �o�f� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� �a�n�d� �h�e�a�t� �t�r�a�n�s�f�e�r�.� �T�h�e� �s�c�i�e�n�c�e� �k�n�o�w�n� 

�a�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�l�u�i�d� �d�y�n�a�m�i�c�s� �(�C�F�D�)� �h�a�s� �g�a�i�n�e�d� �c�r�e�d�i�b�i�l�i�t�y� �f�o�r� �r�e�s�o�l�v�i�n�g� 

�c�o�m�p�l�e�x� �p�r�o�b�l�e�m�s� �t�h�a�t� �w�o�u�l�d� �o�t�h�e�r�w�i�s�e� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�m�p�r�a�c�t�i�c�a�l� �o�r� �e�x�t�r�e�m�e�l�y� 

�d�i�f�f�i�c�u�l�t�.� �C�e�r�t�a�i�n�l�y�,� �a� �f�l�o�w� �i�n� �l�a�s�e�r� �e�n�g�i�n�e� �b�e�l�o�n�g�s� �s�u�c�h� �p�r�o�b�l�e�m�s�.� �T�h�e� �g�o�v�e�r�n�i�n�g� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�l�o�w� �w�i�t�h�i�n� �a� �l�a�s�e�r� �e�n�g�i�n�e� �c�a�n� �b�e� �a�n�a�l�y�z�e�d� �a�s� �t�h�e� �f�u�l�l� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �i�n� �a�x�i�s�y�m�m�e�t�r�i�c� �f�o�r�m�,� �w�i�t�h� �b�o�t�h� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �a�n�d� �l�a�s�e�r� 

�a�b�s�o�r�p�t�i�o�n� �h�e�a�t� �s�o�u�r�c�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�.� 
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�T�w�o� �m�a�i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�t�h�o�d�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �s�o�l�v�i�n�g� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�e�q�u�a�t�i�o�n�s�.� �T�h�e�s�e� �a�r�e�  ��d�e�n�s�i�t�y�-�b�a�s�e�d� �m�e�t�h�o�d�  �� �a�n�d�  ��p�r�e�s�s�u�r�e�-�b�a�s�e�d� �m�e�t�h�o�d�  ��.� �T�h�e� 

�e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �t�h�e�s�e� �t�w�o� �m�e�t�h�o�d�s� �h�a�s� �l�o�n�g� �b�e�e�n� �d�e�b�a�t�e�d�,� �[�5�7�,� �3�7�,� �7�0�]�.� 

�I�n�  ��d�e�n�s�i�t�y�-�b�a�s�e�d �� �a�l�g�o�r�i�t�h�m�s�,� �d�e�n�s�i�t�y� �i�s� �c�h�o�s�e�n� �a�s� �a� �p�r�i�m�a�r�y� �v�a�r�i�a�b�l�e�,� �a�n�d� 

�p�r�e�s�s�u�r�e� �i�s� �t�h�e�n� �s�p�e�c�i�f�i�e�d� �u�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �s�t�a�t�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �h�a�s� �b�e�e�n� �u�s�e�d� 

�m�a�i�n�l�y� �f�o�r� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s�,� �b�u�t� �h�a�s� �b�e�e�n� �e�x�t�e�n�d�e�d� �t�o� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �[�1�1�,� 

�5�7�]�.� �A�t� �l�o�w� �M�a�c�h� �n�u�m�b�e�r�s�,� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �d�e�n�s�i�t�y� �b�e�c�o�m�e� �w�e�a�k�l�y� �r�e�l�a�t�e�d�,� 

�a�n�d� �t�h�e� �d�e�n�s�i�t�y� �d�e�p�e�n�d�s� �o�n� �t�e�m�p�e�r�a�t�u�r�e� �a�l�o�n�e�.� �R�o�u�n�d�-�o�f�f� �e�r�r�o�r� �a�n�d� �c�o�m�p�u�t�e�r� 

�a�c�c�u�r�a�c�y� �c�a�n� �c�a�u�s�e� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �b�e� �t�o�t�a�l�l�y� �i�n�a�c�c�u�r�a�t�e� �[�3�7�]� �.� �T�o� �r�e�m�e�d�y� �t�h�i�s� 

�p�r�o�b�l�e�m�,� �S�t�e�g�e�r� �e�t� �a�l� �[�5�7�]� �s�u�g�g�e�s�t�e�d� �t�h�e� �u�s�e� �o�f� �a�r�t�i�f�i�c�i�a�l� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y�.� �A� 

�f�i�c�t�i�t�i�o�u�s� �d�e�n�s�i�t�y� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e� �t�e�r�m� �i�n� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�.� 

�H�o�w�e�v�e�r�,� �a� �p�r�o�b�l�e�m� �a�r�i�s�e�s� �w�h�e�n� �b�o�t�h� �c�o�m�p�r�e�s�s�i�b�l�e� �a�n�d� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� 

�e�x�i�s�t� �i�n� �t�h�e� �s�a�m�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� 

�A�  ��p�r�e�s�s�u�r�e�-�b�a�s�e�d �� �m�e�t�h�o�d�,� �i�n� �w�h�i�c�h� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �u�s�e�d� �a�s� �a� �p�r�i�m�a�r�y� 

�v�a�r�i�a�b�l�e�,� �d�o�e�s� �n�o�t� �s�u�f�f�e�r� �f�r�o�m� �t�h�e� �a�b�o�v�e� �p�r�o�b�l�e�m�s�.� �T�h�i�s� �m�e�t�h�o�d�,� �k�n�o�w�n� �a�s� 

�p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s� �f�o�r�m�u�l�a�t�i�o�n�,� �w�a�s� �o�r�i�g�i�n�a�l�l�y� �u�s�e�d� �[�6�1�,� �6�2�]� �f�o�r� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� 

�f�l�o�w�s� �a�t� �l�o�w� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�,� �a�n�d� �l�a�t�e�r� �w�a�s� �e�x�t�e�n�d�e�d� �t�o� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �a�t� 

�h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �[�3�7�,� �4�4�]�.� �T�h�e� �o�r�i�g�i�n�a�l� �a�l�g�o�r�i�t�h�m� �u�s�e�s� �a�n� �u�n�c�o�u�p�l�e�d� �a�n�d� 

�s�e�q�u�e�n�t�i�a�l� �s�o�l�u�t�i�o�n� �o�f� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�.� �S�e�v�e�r�a�l� �a�d�d�i�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� 

�t�o� �t�h�e� �o�r�i�g�i�n�a�l� �m�e�t�h�o�d�,� �s�u�c�h� �a�s� �S�I�M�P�L�E�,� �[�6�1�]� �(�s�e�m�i�-�i�m�p�l�i�c�i�t� �p�r�e�s�s�u�r�e� �l�i�n�k�e�d� 

�e�q�u�a�t�i�o�n�)�,� �S�I�M�P�L�E�X�,� �a�n�d� �S�I�M�P�L�E�R�,� �t�o� �i�m�p�r�o�v�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �[�1�,� �5�,� �1�2�,� �1�7�,� �2�1�,� �2�3�,� �2�4�,� �2�8�,� �7�9�]�.� �R�e�c�e�n�t�l�y�,� �K�a�r�i� �e�t� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �1�9



�a�l�,� �R�h�i�e�,� �a�n�d� �K�o�b�a�y�a�s�h�i� �e�t� �a�l� �[�3�7�,� �7�0�,� �4�4�]� �h�a�v�e� �e�x�t�e�n�d�e�d� �t�h�e� �m�e�t�h�o�d� �t�o� 

�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �i�n� �c�o�m�p�l�e�x� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

�T�h�i�s� �s�t�u�d�y� �w�i�l�l� �u�t�i�l�i�z�e� �t�h�e� �p�r�e�s�s�u�r�e�-�b�a�s�e�d� �m�e�t�h�o�d� �t�o� �r�e�s�o�l�v�e� �t�h�e� �f�l�o�w� �w�i�t�h�i�n� 

�a� �l�a�s�e�r� �e�n�g�i�n�e�.� �T�h�e� �m�e�t�h�o�d� �i�s� �r�o�b�u�s�t�,� �e�a�s�y� �t�o� �p�r�o�g�r�a�m�,� �r�e�q�u�i�r�e�s� �l�e�s�s� �u�s�e�r� 

�i�n�t�e�r�v�e�n�t�i�o�n�,� �a�n�d� �p�r�o�v�i�d�e�s� �a� �s�o�l�u�t�i�o�n� �t�h�a�t� �i�s� �a�p�p�l�i�c�a�b�l�e� �f�o�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �M�a�c�h� 

�n�u�m�b�e�r�s�.� �A�l�s�o�,� �i�n� �r�e�a�l� �g�a�s� �f�l�o�w�s�,� �t�h�e� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �u�s�u�a�l�l�y� �e�x�p�r�e�s�s�e�d� �i�n� 

�t�e�r�m�s� �o�f� �p�r�e�s�s�u�r�e� �r�a�t�h�e�r� �t�h�a�n� �d�e�n�s�i�t�y�,� �w�h�i�c�h� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �t�h�e� �h�y�d�r�o�g�e�n� 

�p�r�o�p�e�r�t�i�e�s� �c�a�l�c�u�l�a�t�i�o�n�s� �c�o�d�e� �(�H�P�C�)� �d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�i�s� �s�t�u�d�y�.� �T�h�u�s�,� �t�h�e� �s�e�l�e�c�t�i�o�n� 

�o�f� �t�h�e� �p�r�e�s�s�u�r�e� �a�s� �t�h�e� �p�r�i�m�a�r�y� �v�a�r�i�a�b�l�e� �f�a�c�i�l�i�t�a�t�e�s� �t�h�e� �u�s�e� �o�f� �t�h�e� �H�P�C� �c�o�d�e�.� 

�2�.�2� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �f�l�o�w� �p�r�o�b�l�e�m�s� �.� 

�T�h�e�y� �i�n�c�l�u�d�e� �t�h�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �m�o�m�e�n�t�u�m�,� �a�n�d� �e�n�e�r�g�y�.� �I�n� �o�r�d�e�r� �t�o� �c�l�o�s�e� 

�t�h�e�s�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�s�t�a�b�l�i�s�h� �a� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� 

�t�h�e�r�m�o�d�y�n�a�m�i�c� �v�a�r�i�a�b�l�e�s�:� �p�r�e�s�s�u�r�e�,� �t�e�m�p�e�r�a�t�u�r�e�,� �e�n�t�h�a�l�p�y�,� �a�n�d� �d�e�n�s�i�t�y� 

�(�p�,�T�,�h�,� �p�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�l�o�w�:� �v�i�s�c�o�s�i�t�y� �a�n�d� �t�h�e�r�m�a�l� 

�c�o�n�d�u�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �(� �u�,�k� �)� �m�u�s�t� �a�l�s�o� �b�e� �r�e�l�a�t�e�d� �t�o� �t�h�e�s�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� 

�v�a�r�i�a�b�l�e�s�.� �T�h�e�s�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �a�r�e� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A� �f�o�r� �e�q�u�i�l�i�b�r�i�u�m� �h�y�d�r�o�g�e�n�.� 

�T�h�e� �c�o�d�e� �H�y�d�r�o�g�e�n� �P�r�o�p�e�r�t�i�e�s� �C�a�l�c�u�l�a�t�i�o�n�s� �(�H�P�C�)� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �e�v�a�l�u�a�t�e� 

�t�h�e�s�e� �r�e�l�a�t�i�o�n�s� �a�n�d� �w�a�s� �u�s�e�d� �a�s� �a� �s�u�b�r�o�u�t�i�n�e� �i�n� �t�h�e� �m�a�i�n� �c�o�d�e� �f�o�r� �t�h�e� �P�r�e�s�s�u�r�e� 

�B�a�s�e�d� �N�a�v�i�e�r�-�S�t�o�k�e�s� �S�o�l�v�e�r� �(�P�B�N�S�)�.� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �c�a�n� �b�e� 

�W�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�m�p�a�c�t� �f�o�r�m� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �2�0



�0�Q� �O�F� �.�1�0�°�G� �_�.�H� �O�F� �,� �t�L� �O�F�G� �_� �i�t� �2�.�1� 
�O�t� �+� �O�x� �p� �O�r� �J� �P�a� �(�2�.�1�)� 
� � 

� � � � � � � � 

� � � � � � � � 

� � 

� � 

�w�h�e�r�e� 

�;� �p� �]� �:� �p�u� �|� 

�p�u� �p�u�?�  �� �O�x�x� 
�Q�=� �F�=� �(�2�.�1�a�,� �b�)� 

�p�v� �P�u�y�  �� �T�x�y� 

�|� �p�e� �|� �|� �p�u�e� �+� �x� �U�b�y�y�  �� �V�T� �y�x�y� �|� 

�i� �p�y� �/� �;� �0� 

�p�u�r�  �� �T�y� �0� 
�G�=�|� �,� �H�=� �(�2�.�1�¢�,� �d�)� 

�p�y�  �� �G�r�y�  �� �O�H� 

�|� �p�v�e� �+� �4�,�  �� �U�T�y�p�  �� �V�O� �y�y� �|�  ��G�r�a�d� �+� �a�l� 

�w�h�e�r�e� 

�2� �y� �0� �O�x�y�,� �= ��p�  �� �F�u�V�e�V� �+� �2�u� �a� �(�2�.�2�a�)� 

�o�,�= ��p�-� �A� �y�V�e�V� �+� �2�p� �O�e� �(�2�.�2�6�)� 
 �� �3� �O�r� 

�2� �=� �2�u�v� 
�O�f� �= ��-�p�  �� �3� �V�e�V� �+� �r� �(�2�.�2�c�)� 

�O�u� �l�y�  �� �4� �(�e�e� �2�.�2� �r�e�p� �=�u� �(�S�E� �+� �E�Y� �(�2�.�2�4�)� 
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�O�T�  ��~�_�k�, ��*� �2�.�2 ¬� 
�I�x� �a� �a�x� �(� �)� 

�q�r� �=�  �� �k�e� �(�2�.�2�/�)� 

�y�a�o� �O�y� �M�v� �V�e�V�=� �a� �+� �2� �4�4�5� �(�2�.�2�g�)� 

�I�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �j� �=� �1�,� �0� �f�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �a�n�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�2�.�3� �T�h�e�o�r�e�t�i�c�a�l� �M�o�d�e�l� �o�f� �a� �L�a�s�e�r� �E�n�g�i�n�e� 

�T�h�e� �a�b�o�v�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �m�a�y� �n�o�w� �b�e� �w�r�i�t�t�e�n� �f�o�r� �l�a�s�e�r� �e�n�g�i�n�e� �f�l�o�w� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �f�l�o�w� �i�s� �s�t�e�a�d�y�,� �a�x�i�s�y�m�m�e�t�r�i�c� �a�n�d� �l�a�m�i�n�a�r�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�t�h�e� �p�r�e�s�s�u�r�e� �i�s� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h�,� �s�o� �t�h�a�t� �l�o�c�a�l� �t�h�e�r�m�o�d�y�n�a�m�i�c� �e�q�u�i�l�i�b�r�i�u�m� �m�a�y� 

�p�r�o�d�u�c�e� �a� �S�a�t�i�s�f�a�c�t�o�r�y� �s�o�l�u�t�i�o�n� �[�3�3�,� �3�8�,� �4�2�]�.� �R�a�d�i�a�t�i�v�e� �t�r�a�n�s�f�e�r� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �h�o�t� 

�h�y�d�r�o�g�e�n� �p�l�a�s�m�a� �i�n� �t�w�o� �w�a�y�s�.� �H�y�d�r�o�g�e�n� �p�l�a�s�m�a� �e�m�i�t�s� �r�a�d�i�a�t�i�o�n� �o�v�e�r� �a� �w�i�d�e� 

�r�a�n�g�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�.� �A� �p�o�r�t�i�o�n� �o�f� �t�h�a�t� �r�a�d�i�a�t�i�o�n� �e�s�c�a�p�e�s� �f�r�o�m� �t�h�e� 

�p�l�a�s�m�a� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a�n� �e�n�e�r�g�y� �l�o�s�s� �t�e�r�m� �i�n� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�e�q�u�a�t�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �s�o�m�e� �o�f� �t�h�e� �r�a�d�i�a�t�i�o�n� �i�s� �t�r�a�n�s�p�o�r�t�e�d� �i�n�t�o� �t�h�e� �c�o�l�d� �g�a�s� �a�n�d� 

�i�s� �a�b�s�o�r�b�e�d� �t�h�e�r�e�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �K�e�m�p� �m�o�d�e�l� �[�4�1�]�,� �t�h�e� �r�a�d�i�a�t�i�o�n� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� 

�a�n� �o�p�t�i�c�a�l�l�y� �t�h�i�n� �p�a�r�t� �(�l�o�n�g� �w�a�v�e� �l�e�n�g�t�h�)�,� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �a�l�l� �r�a�d�i�a�t�i�o�n� �e�s�c�a�p�i�n�g� 

�f�r�o�m� �t�h�e� �p�l�a�s�m�a�,� �a�n�d� �a�n� �o�p�t�i�c�a�l�l�y� �t�h�i�c�k� �p�a�r�t�,� �w�h�i�c�h� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� 

�d�i�f�f�u�s�i�o�n� �p�r�o�c�e�s�s� �[�3�2�]�.� �D�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �r�a�d�i�a�t�i�o�n� �m�o�d�e�l� �i�s� �g�i�v�e�n� �i�n� 

�A�p�p�e�n�d�i�x� �C�.� �T�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c� �a�n�d� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �a�r�e� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �2�2



�e�x�p�l�a�i�n�e�d� �i�n� �A�p�p�e�n�d�i�c�e�s� �A�,� �B�,� �a�n�d� �D�.� �T�h�e� �a�x�i�s�y�m�m�e�t�r�i�c� �f�o�r�m� �o�f� �t�h�e� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �u�s�e�d� �h�e�r�e�.� �T�h�e�y� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 
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�S�u� �f�e�y� �4�t� �_�o� �(�u�r� �O�v� �-�£�<� �=� �=�~� �C�u� �(�O�H� �4� �1� �e�v�r�)� �)�]� �}� 
�a�r� �T�a�x� �a�x�!� �O�F� 

�O�(�p�u�v�)� �=� �1� �O�r�p�w�)� �d�a�.� �a�y� �a� �a�v� 
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�2� �6�7� �d�u�d� �a�n�  ��2�H� �d�u�,� �1� �A�r�)� 
�3� �p�a�p� �L�u�n�a� �+� �+� �o�r� �)�J� �3� �7� �a�y� �t�e� �o�r� �>� 

�A�(�p�u�h�)� �_� �1� �A�r�p�v�h�)� �9� �k�e� �O�h�,� �1� �8�,� �R�e�f� �a�h� 
�e�r� �a� �o�x�)� �t�r� �o�r� �s�e� �G�r�?� 

�(�2�.�3�e�)� 

�+�u� �c�e� �D�i� �q� �r�a�d� � � � � � � � � � 

�w�h�e�r�e� �©� �i�s� �t�h�e� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n� �t�e�r�m� �g�i�v�e�n� �b�y� 

�2� 

�w�b� �u�t� �H�y� �4� �M�Y� �+� �w�t� �S�H�Y� �+� �S�H�Y�T� �+� �2�5� �H�y� �(�M�)� �o�y� �|� 
 ��h�y� �B�e�y� �4�4� �F�l�e� �+� �S�Y� 

�H�e�r�e�,� �«�*� �i�s� �t�h�e� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �t�h�a�t� �b�e�e�n� �c�a�l�c�u�l�a�t�e�d� �b�a�s�e�d� �o�n� �i�n�v�e�r�s�e� 

�B�r�e�m�s�s�t�r�a�h�l�u�n�g� �(�A�p�p�e�n�d�i�x� �B�)�,� �g�,�4�q� �i�s� �t�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �(�e�s�t�i�m�a�t�e�d� �i�n� �d�e�t�a�i�l� �i�n� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �2�3



�A�p�p�e�n�d�i�x� �C�)�,� �a�n�d� �k�K�,� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �i�n�c�l�u�d�i�n�g� �t�h�e� �r�a�d�i�a�t�i�o�n� 

�c�o�n�d�u�c�t�i�o�n� �t�e�r�m� �(�d�i�s�c�u�s�s�e�d� �i�n� �A�p�p�e�n�d�i�x� �C�)�.� �T�h�e� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�h�y�d�r�o�g�e�n� �a�r�e� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �D�.� 

�T�h�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �l�a�s�e�r� �b�e�a�m� �e�n�e�r�g�y� �i�s� �g�i�v�e�n� �b�y� �[�5�6�]� 

 ��+� �~�_�4�'�P�,� �(�2�.�4�)� 

�w�h�e�r�e� �P�;� �i�s� �t�h�e� �l�a�s�e�r� �p�o�w�e�r� �o�f� �t�h�e� �r�a�y�  ��i �� �a�n�d�  ��s �� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �a�l�o�n�g� �t�h�e� �r�a�y�.� 

�2�.�4� �N�o�n�d�i�m�e�n�s�i�o�n�a�l� �C�o�m�p�a�c�t� �F�o�r�m� �o�f� �t�h�e� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �p�u�t� �i�n�t�o� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �f�o�r�m�.� �T�h�i�s� �e�n�a�b�l�e�s� �t�h�e� 

�f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�u�c�h� �a�s� �M�a�c�h� �n�u�m�b�e�r�,� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�,� �P�r�a�n�d�t�l� �n�u�m�b�e�r�,� 

�e�t�c�.� �t�o� �v�a�r�y� �i�n�d�e�p�e�n�d�e�n�t�l�y� �[�4�]�.� �T�h�e� �p�r�e�v�i�o�u�s� �e�q�u�a�t�i�o�n�s� �a�r�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� 

�u�s�i�n�g� �t�h�e� �d�e�n�s�i�t�y� �v�a�l�u�e� �a�t� �t�h�e� �s�t�a�g�n�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�,� �p�p�,� �t�h�e� �n�o�z�z�l�e� �l�e�n�g�t�h�,� �L�,� �a� 

�r�e�f�e�r�e�n�c�e� �v�e�l�o�c�i�t�y�,� �U�g�,� �t�h�e� �v�i�s�c�o�s�i�t�y� �a�t� �i�n�l�e�t�,� �u�p�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� 

�a�t� �i�n�l�e�t�,� �k�g�,� �t�h�e� �s�t�a�g�n�a�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �i�n�l�e�t�,� �7�)� �a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �s�p�e�c�i�f�i�c� �h�e�a�t� 

�a�t� �i�n�l�e�t�,� �C�9�9� �.� �T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �u�s�e�d� �f�o�r� �n�o�z�z�l�e� �f�l�o�w� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �d�e�f�i�n�i�t�i�o�n�s� �f�o�r� �t�h�e� �f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �a�d�a�p�t�e�d� 

� � 

�p�o� �U�L�  ¬�p�0� �p�o� �U�p�?� 
�R�e�=� �7� �P�r�=�  ��k�y�.� �L�o� �Q�r�e�f� �=� �L� �(�2�.�5�a�,�b�,�c�)� 

�A�f�t�e�r� �s�o�m�e� �m�a�n�i�p�u�l�a�t�i�o�n�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �m�a�y� �b�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �c�o�n�s�e�r�v�a�t�i�v�e� �t�r�a�n�s�p�o�r�t� �f�o�r�m� �(�s�e�e� �T�a�b�l�e� �2�.�1�)� 

�o�(�r�p�u�g�)� �1� �O�l�r�p�v�e�)� �2� �y�p�e� �8�0�)� �8� �G�r�e� �9�)� �R�o�e�)� �(�2�.�6�)� �O�x� �O�r� �O�x� �O�x� �o�r� �o�r� 
� � 
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�2�.�5� �F�i�n�i�t�e� �V�o�l�u�m�e� �F�o�r�m�u�l�a�t�i�o�n� 

�2�.�5�.�1� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �C�u�r�v�i�l�i�n�e�a�r� �C�o�o�r�d�i�n�a�t�e�s� 

�A� �m�o�r�e� �a�c�c�u�r�a�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �b�y� �u�t�i�l�i�z�i�n�g� 

�c�u�r�v�i�l�i�n�e�a�r� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�u�s�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� �d�o�m�a�i�n� �i�n�t�o� �a� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�s�o�l�v�e� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s� �.� �A�p�p�e�n�d�i�x� 

�E� �g�i�v�e�s� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �a�c�c�o�u�n�t� �o�f� �t�h�e� �g�r�i�d� �g�e�n�e�r�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �T�h�e� 

�g�r�i�d� �l�i�n�e�s� �d�i�v�i�d�e� �t�h�e� �f�l�o�w� �f�i�e�l�d� �i�n�t�o� �s�m�a�l�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e�s�,� �w�i�t�h� �s�c�a�l�a�r� �g�r�i�d� �p�o�i�n�t�s� 

�l�o�c�a�t�e�d� �a�t� �t�h�e�i�r� �c�e�n�t�e�r�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�2�.�1�)�.� 

�T�w�o� �m�e�t�h�o�d�o�l�o�g�i�e�s� �m�a�y� �b�e� �u�s�e�d� �t�o� �r�e�s�o�l�v�e� �t�h�e� �f�l�o�w� �b�y� �t�h�e� �f�i�n�i�t�e� �v�o�l�u�m�e� 

�m�e�t�h�o�d�.� �I�n� �t�h�e� �f�i�r�s�t�,� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �u�s�i�n�g� �o�n�e�-�t�o�-�o�n�e� �m�a�p�p�i�n�g�.� �T�h�e�r�e�,� �t�h�e�y� �a�r�e� �i�n�t�e�g�r�a�t�e�d� �o�v�e�r� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �I�n� �t�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d�,� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� 

�i�n�t�e�g�r�a�t�e�d� �d�i�r�e�c�t�l�y� �i�n� �t�h�e� �p�h�y�s�i�c�a�l� �d�o�m�a�i�n�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �a�n�d� �t�h�e� �p�h�y�s�i�c�a�l� �d�o�m�a�i�n� �c�a�n� �b�e� �i�n�t�r�o�d�u�c�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�m�a�t�r�i�x� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �f�i�r�s�t� �m�e�t�h�o�d�o�l�o�g�y� �w�a�s� �s�e�l�e�c�t�e�d�.� �T�h�e� �n�o�n�-�s�t�a�g�g�e�r�e�d� 

�g�r�i�d�,� �i�n� �w�h�i�c�h� �a�l�l� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �l�o�c�a�t�e�d� �a�t� �t�h�e� �c�e�l�l� �c�e�n�t�e�r�,� �w�a�s� �a�l�s�o� �u�s�e�d�.� �T�h�e� 

�n�o�n�-�s�t�a�g�g�e�r�e�d� �m�e�t�h�o�d� �a�l�l�o�w�s� �f�o�r� �t�h�e� �u�s�e� �o�f� �C�a�r�t�e�s�i�a�n� �c�o�m�p�o�n�e�n�t�s� �o�f� �v�e�l�o�c�i�t�y� 

�r�a�t�h�e�r� �t�h�a�n� �t�h�e� �o�r�i�e�n�t�e�d� �c�o�v�a�r�i�a�n�t� �o�r� �c�o�n�t�r�a�v�a�r�i�a�n�t� �c�o�m�p�o�n�e�n�t�s� �i�n� �a� �s�t�a�g�g�e�r�e�d� 

�g�r�i�d� �[�4�3�,� �4�6�,� �6�4�,� �5�8�,� �5�2�,� �1�,� �2�,� �6�9�]�.� �O�n�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �i�n� �t�h�e� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d� 

�r�e�d�u�c�e�s� �t�h�e� �a�l�g�e�b�r�a�i�c� �c�o�m�p�l�e�x�i�t�y� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �n�u�m�b�e�r� �o�f� �m�e�t�r�i�c� �t�e�r�m�s� �t�h�a�t� 

�m�u�s�t� �b�e� �s�t�o�r�e�d�.� �A�l�s�o�,� �t�h�e� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �a� �m�u�l�t�i�g�r�i�d� 

�s�y�s�t�e�m� 
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�F�i�g�u�r�e� �2�.�1�.� �F�i�n�i�t�e� �v�o�l�u�m�e� �g�r�i�d� 

�2�7� �C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S



�a�p�p�l�i�c�a�t�i�o�n�.� �T�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� �m�u�l�t�i�g�r�i�d� �s�y�s�t�e�m� �f�o�r� �s�t�a�g�g�e�r�e�d� �g�r�i�d� �r�e�q�u�i�r�e�s� �a� 

�c�o�m�p�l�e�x� �c�a�l�c�u�l�a�t�i�o�n� �a�n�d� �h�i�g�h� �c�o�s�t� �[�7�0�]�.� 

�T�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e�s� 

 ¬� �a�n�d� �y� �s�u�c�h� �t�h�a�t� 

�C�=�e�(�x�,�r�)� �y�n� �=�n�(�x�,�r�)� �(�2�.�7�a�,�b�)� 

�T�h�e� �j�a�c�o�b�i�a�n� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �g�i�v�e�n� �a�s� 

�(�2�.�8�)� 
� � � � 

�U�s�i�n�g� �t�h�e� �c�h�a�i�n� �r�u�l�e� �o�f� �c�a�l�c�u�l�u�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �d�e�r�i�v�a�t�i�v�e�s� 

�m�a�y� �b�e� �u�s�e�d� 

� � �d�o� �t�y�,� �@� � �,� �d�o� �a�x� �O�T� �(�7�,� �B�E� �r�e� �a�n� �)� �(�2�.�9�a�)� 

�O�o� �o�c�.� �i�l�y� �8� �_�,� �2� �a�r� �o�O� �(�x�,� �a�n� �X�y� �3� �)� �(�2�.�9�5�)� 

�U�s�i�n�g� �t�h�e� �a�b�o�v�e� �d�e�f�i�n�i�t�i�o�n�s� �i�n� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�.� �(�2�.�6�)�,� �y�i�e�l�d�s� 

� � � � 

�a�t�r�e�U�d�)� �|� �a�v�e�V�6�)� �_� �a� �p�r� �|� �O�b� �|� �d�o�,� 
�a�e� �o�n�t ��!� �O�E� �G�y� �0�.�1�0�)� 

�a�.� �+�l�?� �d�p� �d�d� 
� � �G�y� �L� �7� �(�3�G�,� �7� �a�o�e� �U�t� �r�s� �S�e�m� 

�W�h�e�r�e� �U� �a�n�d� �V� �a�r�e� �t�h�e� �c�o�n�t�r�a�v�r�a�i�a�n�t� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �g�i�v�e�n� �a�s� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �2�8



�U� �=� �u�r�,�  �� �v�x� �V� �=� �v�x�,�  �� �u�r�s� �(�2�.�1�1�a�,�b�)� 

�a�n�d� �q�,� �q�2� �a�n�d� �q�3� �a�r�e� �g�i�v�e�n� �b�y� 

�g�q�,� �=� �x�y�"� �+� �r�y�?� �G�z� �=� �X�x�X�,� �+� �r�e�r�,� �R�B� �=� �x�5�"� �+� �r�y�?� �(�2�.�1�2�a�,�b�,�c�)� 

�2�.�5�.�2� �I�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s� �f�o�r� �u�,�v� �a�n�d� �h�k� �m�a�y� �n�o�w� �b�e� �i�n�t�e�g�r�a�t�e�d� �o�v�e�r� �t�h�e� 

�c�o�n�t�r�o�l� �v�o�l�u�m�e� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �F�i�g�.� �2�.�1�(�b�)�.� �T�h�e� �v�a�l�u�e�s� �a�t� �t�h�e� �c�e�l�l� 

�f�a�c�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� �o�v�e�r� �t�h�e� �f�a�c�e� �a�n�d� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s�s�u�m�i�n�g� 

�a� �g�i�v�e�n� �p�r�o�f�i�l�e� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �b�e�t�w�e�e�n� �t�h�e� �g�r�i�d� �p�o�i�n�t�s�.� �T�h�i�s� �p�r�o�f�i�l�e� �w�i�l�l� �b�e� 

�d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �l�a�t�e�r�.� �T�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �w�i�l�l� �a�l�w�a�y�s� �b�e� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �c�e�n�t�r�a�l� 

�d�i�f�f�e�r�e�n�c�e�,� �w�h�i�c�h� �i�m�p�l�i�e�s� �a� �l�i�n�e�a�r� �p�r�o�f�i�l�e� �b�e�e�n� �t�h�e� �c�e�l�l ��s� �c�e�n�t�e�r�s�.� �M�o�r�e�o�v�e�r�,� �i�t� �i�s� 

�a�s�s�u�m�e�d� �A ¬� �=� �A�y�n� �=� �1�.� �T�h�u�s�,� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �f�o�r� �a�n� �a�x�i�s�y�m�m�t�e�r�i�c� �g�r�i�d� �m�a�y� �b�e� 

�w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s� 

�P�r�e� �a�(�r�p�U�¢�)� �1� �a�(�r�p�V�¢�)� 

�0� 

� � 

�s� �U�w� �o ¬� �O�n� 

�0� �r�l�?� �d�g� �d�d� 
�a�e� �L� �7� �(�1� �o�e� �O�n� �2� �(�2�.�1�3�)� 

�a� �O�o� �0�d� 
�+� �B�n� �[ �� �(�9�3� �o�n� �t�a� �G�e� �V�4� �r�d� �S�y� �E�s� �|� �a� � � � � 

�T�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �e�q�.� �(�2�.�1�3�)� �g�i�v�e�s� 

�F�j�?�  ��F�,�°� �+� �F�x�?� �-�F�,�?� �=� �S�,� �(�2�.�1�4�)� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �2�9



�w�h�e�r�e� �F�,� �i�s� �t�h�e� �t�o�t�a�l� �f�l�u�x� �o�f� �@� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �f�a�c�e� �e�,� �a�n�d� 

�S�s� �i�s� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �a�v�e�r�a�g�e� �o�f� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �i�n�t�e�g�r�a�t�e�d� �o�v�e�r� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e� 

�a�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �F�.� 

�T�h�e� �t�o�t�a�l� �f�l�u�x� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �e�l�e�m�e�n�t�s�:� �c�o�n�v�e�c�t�i�o�n� �a�n�d� �d�i�f�f�u�s�i�o�n� �f�l�u�x�e�s�,� �w�h�i�c�h� 

�a�r�e� �d�e�n�o�t�e�d� �a�s� �F�°� �a�n�d� �F�%� �,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e�s�e� �t�e�r�m�s� �i�s� �g�i�v�e�n� �i�n� 

�t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�2�.�5�.�3�.� �F�l�u�x� �C�a�l�c�u�l�a�t�i�o�n�s� 

�2�.�5�.�3�.�1� �C�o�n�v�e�c�t�i�v�e� �F�l�u�x� 

�C�o�n�v�e�c�t�i�v�e� �f�l�u�x� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �h�e�r�e� �i�n� �d�e�t�a�i�l� �f�o�r� �t�h�e� �e�a�s�t� �f�a�c�e� �i�n� �F�i�g�.� �2�.�1�(�b�)�.� 

�T�h�e� �d�i�s�c�u�s�s�i�o�n� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �a�l�l� �t�h�e� �o�t�h�e�r� �f�a�c�e�s� �a�n�d� �w�i�l�l� �n�o�t� �b�e� �r�e�p�e�a�t�e�d� �l�a�t�e�r�.� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �f�l�u�x� �a�t� �t�h�e� �e�a�s�t� �f�a�c�e�,� �F�,�°�,� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 

�f�o�l�l�o�w�s� 

�F�f� �=� �(�r�p�U�)�,� �P�e� �(�2�.�1�5�)� 

�S�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� �i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�b�l�e� �@� �a�t� �t�h�e� 

�c�e�l�l� �f�a�c�e�s�.� �I�t� �i�s� �k�n�o�w�n� �t�h�a�t� �l�i�n�e�a�r� �p�r�o�f�i�l�e�s�,� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e�s�,� �w�i�l�l� �p�r�o�d�u�c�e� 

�o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �[�6�2�]�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �a� �p�o�w�e�r�-�l�a�w� �p�r�o�f�i�l�e� �g�i�v�e�n� �b�y� 

�P�a�t�a�n�k�a�r� �e�t� �a�l� �[�6�1�]� �w�a�s� �u�s�e�d�.� �T�h�e� �p�o�w�e�r� �l�a�w� �s�c�h�e�m�e� �i�s� �a� �c�u�r�v�e� �f�i�t� �t�o� �t�h�e� �e�x�a�c�t� 

�s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l�,� �s�t�e�a�d�y� �s�t�a�t�e�,� �d�i�f�f�u�s�i�o�n�-�c�o�n�v�e�c�t�i�o�n� �e�q�u�a�t�i�o�n�.� �I�t� 

�i�s� �a�c�c�u�r�a�t�e� �t�o� �t�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �f�o�r� �a� �P�e�c�l�e�t� �n�u�m�b�e�r� �l�e�s�s� �t�h�a�n� �1�0� �a�n�d� �t�o� �t�h�e� �f�i�r�s�t� 

�o�r�d�e�r� �u�p�w�i�n�d� �a�t� �a� �h�i�g�h�e�r� �P�e�c�l�e�t� �n�u�m�b�e�r�.� �P�e�c�l�e�t� �n�u�m�b�e�r� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� 

�o�f� �R�,� �a�n�d� �P�,� �a�n�d� �g�i�v�e�s� �t�h�e� �r�a�t�i�o� �o�f� �c�o�n�v�e�c�t�i�o�n� �t�o� �d�i�f�f�u�s�i�o�n�.� �T�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� 

�a�t� �t�h�e� �e�a�s�t� �f�a�c�e� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �3�0



�r�p�U� 
 � � �� �(�2�.�1�6�)� 

�W�P� �?�q�y�/�J� �,� � � � � 

�B�a�s�e�d� �o�n� �P�a�t�a�n�k�a�r� �[�6�3�,� �1�2�]� �,� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �f�l�u�x� �a�n�d� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�a�r�t� �o�f� 

�t�h�e� �d�i�f�f�u�s�i�v�e� �f�l�u�x� �a�t� �t�h�e� �e�a�s�t� �f�a�c�e� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s� 

�F�e� �=� �A�(�P�.�)�D�A�b�,�  �� �P�z�)� �+� �(�r�p�U�)�,� �(�2�.�1�7�)� 

�w�h�e�r�e� 

�A�(�P�)� �=� �m�a�x� �[�0�,�(�1�  �� �0�.�1� �\�P�I�)� �J� �|� �(�2�.�1�8�a�)� 

�a�n�d� �D�,� �i�s� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �g�i�v�e�n� �b�y� 

�r�?� 
�f�l� �)� �(�2�.�1�8�5�)� �D�,� �=� �(� �J� 

�e� 

� � 

�T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �m�a�s�s� �f�l�u�x� �t�e�r�m� �(�r�p�U�)� �a�t� �t�h�e� �c�e�l�l� �f�a�c�e� �(�e�a�s�t� �i�n� �t�h�e� �a�b�o�v�e� 

�e�q�u�a�t�i�o�n�s�)� �m�u�s�t� �b�e� �c�a�r�r�i�e�d� �o�u�t� �c�a�r�e�f�u�l�l�y� �f�o�r� �a� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d� �s�y�s�t�e�m�.� �L�i�n�e�a�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �w�i�l�l� �p�r�o�d�u�c�e� �w�i�g�g�l�e�s� �i�n� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �a�s� �a� �r�e�s�u�l�t� �o�f� �d�e�c�o�u�p�l�i�n�g� 

�b�e�t�w�e�e�n� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �d�e�n�s�i�t�y� �i�n� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �p�r�o�b�l�e�m�s� �[�6�2�,� �6�9�]�.� �T�h�i�s� 

�i�s�s�u�e� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �s�o�m�e� �d�e�p�t�h� �l�a�t�e�r�.� 

�2�.�5�.�3�.�2� �D�i�f�f�u�s�i�o�n� �F�l�u�x�e�s� 

�T�h�e� �d�i�f�f�u�s�i�o�n� �f�l�u�x�e�s� �a�r�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�a�r�t�s�,� �t�h�e� �c�r�o�s�s� �s�t�r�e�a�m� �d�i�f�f�u�s�i�o�n� �a�n�d� 

�t�h�e� �o�r�t�h�o�g�o�n�a�l� �d�i�f�f�u�s�i�o�n�.� �T�h�e�s�e� �f�l�u�x�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� 
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�s�c�h�e�m�e�.� �T�h�e� �d�i�f�f�u�s�i�o�n� �f�l�u�x�e�s� �f�o�r� �t�h�e� �e�a�s�t� �f�a�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�o�l�u�m�e�,� �s�h�o�w�n� �i�n� �F�i�g�.� 

�2�.�1� �(�b�)�,� �a�r�e� �g�i�v�e�n� �b�y� 

�F�4�,� �=� �D�A�G�E�  �� �d�p�)� �+� �D�°� �(�P�n�  �� �P�s�e� �(�2�.�1�9�)� 

�w�h�e�r�e� �D�*�,� �i�s� �t�h�e� �c�r�o�s�s� �s�t�r�e�a�m� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �w�h�i�c�h� �f�o�r� �t�h�e� �e�a�s�t� �f�a�c�e� �i�s� �g�i�v�e�n� 

�b�y� 

�D�e� �=� �(�r�T�?�q�y�)� �j� �l�.� �(�2�.�2�0�)� 

�T�h�e� �l�a�s�t� �t�e�r�m� �i�n� �e�q�.� �(�2�.�1�9�)� �i�n�v�o�l�v�e�s� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �¢�,� �a�t� �t�h�e� �p�o�i�n�t� �e�.� �T�h�i�s� �m�a�y� 

�b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �a�d�j�a�c�e�n�t� �n�o�d�a�l� �v�a�l�u�e�s�,� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �2�.�1�(�b�)�,� �a�n�d� �i�s� �g�i�v�e�n� �b�y� 

�(�O�,� �~� �P�s�e� �=� �I�X�(�O�n� �~�~� �O�S�E� �+� �(�1�  ��f�x�)�(�O�n� �~� �b�s�)�p� �(�2�.�2�1�4�)� 

�w�h�e�r�e� �f�x� �i�s� �t�h�e� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�a�c�t�o�r�.� �F�o�r� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �g�r�i�d� �s�y�s�t�e�m� �e�q�.� 

�(�2�.�2�1�a�)� �b�e�c�o�m�e�s� 

�(�b�n �� �b�s�e� �=� �(�O�n�e� �-� �b�s�e� �+� �b�n� �-� �o�s�)� �(�2�.�2�1�6�)� 

�T�h�e� �s�c�h�e�m�e� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �i�s� �i�m�p�l�i�c�i�t� �f�o�r� �t�h�e� �d�i�f�f�u�s�i�o�n� �f�l�u�x�e�s�.� �H�o�w�e�v�e�r�,� 

�a� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �h�a�s� �b�e�e�n� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�.� �T�h�u�s�,� �t�h�e� 

�c�r�o�s�s� �s�t�r�e�a�m� �f�l�u�x�e�s� �a�r�e� �t�r�e�a�t�e�d� �e�x�p�l�i�c�i�t�l�y� �a�n�d� �a�d�d�e�d� �t�o� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �o�f� �t�h�e� 

�e�q�u�a�t�i�o�n� �t�o� �a�v�o�i�d� �p�r�o�d�u�c�i�n�g� �a� �n�i�n�e� �p�o�i�n�t� �i�m�p�l�i�c�i�t� �s�c�h�e�m�e�.� �T�h�i�s� �t�r�e�a�t�m�e�n�t� �w�i�l�l� 
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�g�u�a�r�a�n�t�e�e� �a� �f�i�v�e� �p�o�i�n�t� �s�c�h�e�m�e� �w�h�i�c�h� �c�a�n� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �a� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �b�y� 

�s�w�e�e�p�i�n�g� �i�n� �b�o�t�h� �d�i�r�e�c�t�i�o�n�s�.� 

�2�.�5�.�4� �F�i�n�a�l� �F�o�r�m�u�l�a�t�i�o�n� 

�S�u�b�s�t�i�t�u�t�i�n�g� �w�i�t�h� �f�l�u�x� �v�a�l�u�e�s� �g�i�v�e�n� �b�y� �e�q�.� �(�2�.�1�7�)� �a�n�d� �(�2�.�2�1�)� �i�n�t�o� �t�h�e� �t�r�a�n�s�p�o�r�t� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �m�a�k�i�n�g� �u�s�e� �o�f� �t�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �l�i�n�e�a�r�i�z�a�t�i�o�n�,� �t�h�e� �r�e�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �t�h�e� �u�n�k�n�o�w�n� �v�a�l�u�e�s� �a�t� �p�o�i�n�t� �P� �a�n�d� �t�h�e� �n�e�i�g�h�b�o�r�i�n�g� �n�o�d�e�s� �m�a�y� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� �f�o�l�l�o�w�s� 

�a�p�h�p�"�*�!� �=� �a�g�b�g�"�*�'� �+� �a�n�d�y�"� �*�!� �+� �a�n�d�y�"� �*�!� �+� �a�s�b�s�"�*�*�  �� �D�i�)� �+� 

�D�M� �G�r�)�  �� �D�A� �G�e�)� �+� �D�A�S�E�)� �+� �S�e�b� �p�+� �I�S�M� !"� 

�w�h�e�r�e� 

�a�n� �=� �D�,�A�(�P�.�)� �+� �m�a�x�(�0�.�0�,�  �� �F�,�)� �(�2�.�2�3�a�)� 

�a�y� �=� �D�,�A�(�P�,�,�)� �+� �m�a�x�(�0�.�0�,� �F�,�)� �(�2�.�2�3�5�)� 

�a�s� �=� �D�,�A�(�P�,�)� �+� �m�a�x�(�0�.�0�,� �F�,�)� �(�2�.�2�3�c�)� 

�a�y� �=� �D�,�A�(�P�,�,�)� �+� �m�a�x�(�0�.�0�,�  �� �F�,�)� �(�2�.�2�3�)� 

�O�p�=�a�r�t�+�a�y�t�a�s�t�a�y� �t�+� �m�a�x�L�0�.�0�,�(�F�,�  ��F�,�+� �F�f�,�  ��F�)�J� �(�2�.�2�3�e�)� 

�S�p� �=� �m�a�x�L�0�.�0�,�  �� �(�F�,�  �� �F�y� �+� �F�y�  �� �F�x�)� �]� �6�,�"� �(�2�.�2�3�/�f�)� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �3�3



�T�h�e� �l�a�s�t� �t�e�r�m� �i�n� �e�q�.� �(�2�.�2�3�e�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� 

�t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�.� �M�a�n�y� �a�u�t�h�o�r�s� �h�a�v�e� �n�e�g�l�e�c�t�e�d� �t�h�i�s� �t�e�r�m� �a�s�s�u�m�i�n�g� �t�h�a�t� 

�t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �a�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�t�e�r�a�t�i�o�n�s� �w�i�l�l� �f�o�r�c�e� �i�t� �t�o� �b�e� �z�e�r�o�.� �H�o�w�e�v�e�r�,� 

�d�u�r�i�n�g� �t�h�e� �i�t�e�r�a�t�i�o�n�s�,� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �w�i�l�l� �n�o�t� �b�e� �s�a�t�i�s�f�i�e�d� �i�m�m�e�d�i�a�t�e�l�y�.� 

�T�h�u�s�,� �t�h�i�s� �t�e�r�m� �s�h�o�u�l�d� �b�e� �i�n�c�l�u�d�e�d� �t�o� �i�n�s�u�r�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�c�h�e�m�e�,� �e�s�p�e�c�i�a�l�l�y� 

�a�t� �h�i�g�h�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �f�l�o�w�s�.� �T�h�e� �c�r�o�s�s� �s�t�r�e�a�m� �d�i�f�f�u�s�i�o�n� �i�s� �c�a�l�c�u�l�a�t�e�d� 

�e�x�p�l�i�c�i�t�l�y� �a�n�d� �i�s� �l�u�m�p�e�d� �i�n�t�o� �t�h�e� �s�o�u�r�c�e� �t�e�r�m�,� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �5� �P�.� 

�2�.�5�.�5� �R�e�l�a�x�a�t�i�o�n� 

�T�h�e� �a�b�o�v�e� �s�c�h�e�m�e� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�h�i�s� �s�t�u�d�y� �t�h�e� �s�y�s�t�e�m� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �i�s� �h�i�g�h�l�y� �n�o�n�l�i�n�e�a�r�.� �T�o� �p�r�e�v�e�n�t� 

�d�i�v�e�r�g�e�n�c�e� �a�n�d� �t�o� �s�l�o�w� �d�o�w�n� �t�h�e� �c�h�a�n�g�e� �b�e�t�w�e�e�n� �i�t�e�r�a�t�i�o�n�s�,� �a�n� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� 

�f�a�c�t�o�r� �i�s� �a�p�p�l�i�e�d�.� 

�I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �w� �i�n�t�o� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �m�a�y� �b�e� �d�e�v�e�l�o�p�e�d� 

�o�p� �+�1� �1� �1� �\� �l� �=�>� �b�p� �=� �a�g�h�e�"�*� �+� �a�p�b�y�"�*� �+� �a�n�b�y�"�*�*� �+� �a�s�h�s�"�*� 
�1�  �� �A� �w� �(�2�.�2�4�)� 

�+� �r�J�S�?�(�n�,�  ¬�)� �+� �a�p�p�"� � � 

�A� �t�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �w� �i�s� �s�e�l�e�c�t�e�d� �t�o� �b�e� �l�e�s�s� �t�h�a�n� �o�n�e� �t�o� �g�u�a�r�a�n�t�e�e� �a� �s�m�o�o�t�h� 

�c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�u�g�g�e�s�t�e�d� �s�c�h�e�m�e�.� 

�2�.�6� �C�e�l�l� �F�a�c�e� �V�e�l�o�c�i�t�y� 

�T�o� �e�s�t�i�m�a�t�e� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �f�l�u�x�,� �t�h�e� �c�e�l�l� �f�a�c�e� �v�e�l�o�c�i�t�i�e�s� �m�u�s�t� �b�e� �c�a�l�c�u�l�a�t�e�d�.� �I�f� 

�a� �S�t�a�g�g�e�r�e�d� �g�r�i�d� �i�s� �u�s�e�d�,� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�t� �t�h�e� �c�e�l�l� �f�a�c�e�s� �a�r�e� �d�i�r�e�c�t�l�y� �g�i�v�e�n� �a�s� �t�h�e� 

�v�e�l�o�c�i�t�y� �v�a�l�u�e�s� �a�t� �t�h�e� �g�r�i�d� �s�y�s�t�e�m� �u�s�e�d� �f�o�r� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s�.� �T�h�u�s�,� �n�o� 
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�i�n�t�e�r�p�o�l�a�t�i�o�n� �i�s� �n�e�e�d�e�d� �b�e�t�w�e�e�n� �t�h�e� �n�o�d�a�l� �p�o�i�n�t�s� �t�o� �f�i�n�d� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�t� �t�h�e� �c�e�l�l� 

�f�a�c�e�s�.� �F�o�r� �a� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d�,� �i�n�t�e�r�p�o�l�a�t�i�o�n� �i�s� �n�e�e�d�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�e�l�o�c�i�t�i�e�s� 

�a�t� �t�h�e� �c�e�l�l� �f�a�c�e�s�,� �s�i�n�c�e� �t�h�e�y� �a�r�e� �k�n�o�w�n� �a�t� �t�h�e� �n�o�d�a�l� �p�o�i�n�t�s� �o�n�l�y�.� �S�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� 

�m�u�s�t� �b�e� �g�i�v�e�n� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s� �a�s�s�u�m�e�d� �b�e�t�w�e�e�n� �n�o�d�e�s�.� �L�i�n�e�a�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �n�o�d�e�s� �w�i�l�l� �d�e�c�o�u�p�l�e� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �f�r�o�m� �t�h�e� �m�o�m�e�n�t�u�m� 

�f�i�e�l�d�,� �y�i�e�l�d�i�n�g� �a� �c�h�e�c�k�e�r�b�o�a�r�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �[�6�1�,� �1�,� �2�,� �4�8�,� �5�2�,� �5�8�,� �6�9�,� �6�4�]�.� �T�o� 

�o�v�e�r�c�o�m�e� �t�h�i�s� �s�h�o�r�t�c�o�m�i�n�g� �o�f� �a� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d� �t�r�e�a�t�m�e�n�t�,� �a� �m�e�t�h�o�d� �w�a�s� 

�d�e�v�e�l�o�p�e�d� �t�o� �a�v�o�i�d� �t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �o�s�c�i�l�l�a�t�o�r�y� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �[�6�9�,� 

�6�4�]� �.� �T�h�e� �m�e�t�h�o�d� �c�o�n�s�i�s�t�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �c�e�l�l� �f�a�c�e� �v�e�l�o�c�i�t�i�e�s� �f�r�o�m� �t�h�e� 

�d�i�s�c�r�e�t�i�z�e�d� �f�o�r�m� �o�f� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s�,� �t�h�e�r�e�f�o�r�e� �e�n�s�u�r�i�n�g� �t�h�e� �c�o�u�p�l�i�n�g� �o�f� 

�t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d�.� 

�T�h�e� �p�r�i�m�a�r�y� �t�e�s�t� �c�o�d�e� �f�o�r� �t�h�i�s� �m�e�t�h�o�d�,� �(�r�e�p�o�r�t�e�d� �a�l�s�o� �b�y� �M�a�j�u�m�d�a�r� �a�n�d� 

�M�i�l�l�e�r� �e�t� �a�l� �[�4�8�,� �5�8�]� �)� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� 

�u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r�.� �T�h�i�s� �d�e�p�e�n�d�e�n�c�y�,� �w�h�i�c�h� �i�s� �c�a�u�s�e�d� �b�y� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e� �u�s�e�d� �i�n� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�,� �c�a�n� �b�e� �r�e�m�o�v�e�d� 

�i�f� �t�h�e� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �t�e�r�m� �i�s� �t�r�e�a�t�e�d� �s�e�p�a�r�a�t�e�l�y� �i�n� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� 

�m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �[�4�3�,� �4�8�,� �5�8� �]�.� �R�e�c�e�n�t�l�y�,� �K�o�b�a�y�a�s�h�i� �[�4�4�]� �s�u�c�c�e�e�d�e�d� �i�n� 

�i�m�p�l�e�m�e�n�t�i�n�g� �M�a�j�u�m�d�e�r�  ��s� �m�e�t�h�o�d� �[�4�8�]� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �c�e�l�l� �f�a�c�e� �v�e�l�o�c�i�t�i�e�s� 

�w�i�t�h�o�u�t� �t�h�e� �d�e�p�e�n�d�e�n�c�y� �o�n� �t�h�e� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �a�n�d� �p�r�o�v�i�n�g� �t�h�e� �v�a�l�i�d�i�t�y� 

�o�f� �t�h�e� �m�e�t�h�o�d� �f�o�r� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �a�t� �a�l�l� �M�a�c�h� �n�u�m�b�e�r�s�.� �T�h�e� �m�e�t�h�o�d� �i�s� 

�e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �o�n�e� �s�u�g�g�e�s�t�e�d� �b�y� �R�h�i�e� �[�7�0�]�,� �h�o�w�e�v�e�r� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� 

�o�f� �t�h�e� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �t�e�r�m� �h�a�s� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �d�i�f�f�e�r�e�n�t�l�y�,� �a�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� 

�b�e�l�o�w�.� 
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�C�o�n�s�i�d�e�r� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�s� �f�o�r� �p�o�i�n�t�s� �P� �a�n�d� �E� �o�f� �t�h�e� �g�r�i�d� �s�y�s�t�e�m� 

�s�h�o�w�n� �i�n� �F�i�g�.� �2�.�1�(�b�)�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �x�-�m�o�m�e�n�t�u�m� �a�r�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s� 

�u�p�"�*�+�!� �=� �B�u�p�  �� �h�u�p� �o�r� �+� �h�u�c�p� �o�T� �+� �S�u�p� �+�(�1 ��q�@�)� �u�p�"� �(�2�.�2�5�a�)� 
�P� �P� 

�u�p �� �t�}� �=� �B�u�y�  �� �h�u�r� �a� �+� �h�u�c�r� �F� �4� �S�u�p� �+� �(�1�  �� �@�)� �u�p �� �(�2�.�2�5�5�)� 

�E� �E� 

�w�h�e�r�e� 

�d�,� �m�e� �r�r� �.� �1� �r�r� 

�B�u�p�=�  �� �h�u�p� �=� �i�e� �h�u�c�p� �=� �=� �(�2�.�2�6�a�,�b�,�c�)� 

�T�h�e� �s�o�u�r�c�e� �t�e�r�m� �g�i�v�e�n� �i�n� �t�h�e� �e�q�.� �(�2�.�2�5�)� �i�s� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� �e�q�.� �(�2�.�2�4�)� �e�x�c�e�p�t� �f�o�r� 

�p�r�e�s�s�u�r�e� �b�e�i�n�g� �i�n�c�l�u�d�e�d� �s�e�p�a�r�a�t�e�l�y� �i�n� �e�q�.� �(�2�.�2�5�)�.� �T�h�e� �c�e�l�l� �f�a�c�e� �v�e�l�o�c�i�t�y� �a�t� �p�o�i�n�t� 

�e� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �,� �s�i�m�i�l�a�r�l�y�,� �t�o� �b�e� 

�O�P�.� �O�P� �e�k� �t�a�w�n�y� �a�g�,� �+� �M�c�e� �a�n� �+� �S�u�,�+�(�1 ��o�)�u�,� �(�2�.�2�7�b�)� �u�,�"�*�!�=� �B�u�,�  �� �h�u�,� 
�é� 

�A� 

�w�h�e�r�e� �B�u�,� �a�n�d� �S�u�,� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e� �v�a�l�u�e�s� �a�t� �t�h�e� 

�t�h�e� �g�r�i�d� �p�o�i�n�t�s� �i�n� �t�h�e� �p�h�y�s�i�c�a�l� �p�l�a�n�e� �a�n�d� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �f�o�l�l�o�w�s� 

�L�e�E� �B�u�p� �+� �P�e� �B�u�r�]� 

�(�P�e� �+� �e�£�)� 
� � �B�u�,� �=� 
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�T�h�e�s�e� �f�o�r�m�u�l�a�t�i�o�n�s� �c�a�n� �b�e� �a�p�p�l�i�e�d� �f�o�r� �b�o�t�h� �u�-�v�e�l�o�c�i�t�y� �a�n�d� �v�-�v�e�l�o�c�i�t�y� �a�t� �a�l�l� 

�c�e�l�l� �f�a�c�e�s� �.� �T�h�e� �m�e�t�h�o�d� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �a� �s�t�r�o�n�g� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� 

�a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �t�e�r�m� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�a� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �a�t� �a�l�l� �c�e�l�l� �f�a�c�e�s�.� 

�2�.�7�.� �P�r�e�s�s�u�r�e� �C�o�r�r�e�c�t�i�o�n� 

�G�e�n�e�r�a�l�l�y�,� �t�h�e� �t�e�n�t�a�t�i�v�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�,� �o�b�t�a�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �m�o�m�e�n�t�u�m� 

�e�q�u�a�t�i�o�n�s�,� �w�i�l�l� �n�o�t� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�.� �T�h�e� �r�e�a�s�o�n� �i�s� �t�h�a�t� �t�h�e� �p�r�e�s�s�u�r�e� 

�f�i�e�l�d� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�e�p�,� �a�n�d� �i�t�,� �t�h�e�r�e�f�o�r�e�,� �i�s� �i�n�a�c�c�u�r�a�t�e� �f�o�r� �t�h�e� �n�e�w� 

�v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �T�h�u�s�,� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �m�u�s�t� �b�e� �u�p�d�a�t�e�d� �[�6�1�]�.� �S�i�n�c�e� �t�h�e�r�e� �i�s� �n�o� 

�e�x�p�l�i�c�i�t� �e�q�u�a�t�i�o�n� �f�o�r� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�,� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� 

�u�s�e�d� �t�o� �c�o�r�r�e�c�t� �t�h�e� �p�r�e�s�s�u�r�e�,� �a�n�d� �t�h�e�n�,� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�n� �f�o�r�m� �o�f� �a� 

�p�r�e�d�i�c�t�o�r�-�c�o�r�r�e�c�t�o�r� �s�c�h�e�m�e�.� �T�h�e� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �u�s�e�d� �f�o�r� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �c�a�s�e�s� �[�6�2�,� �1�,� �5�,� �8�,� �1�2�,� �2�3�,� �3�1�,� �4�3�,� �5�8�,� �6�6�,� �6�8�,� �7�4�,� �7�6� �]�.�.� �K�a�r�k�i� 

�e�t� �a�l� �[�3�7�]� �e�x�t�e�n�d�e�d� �t�h�a�t� �m�e�t�h�o�d� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �c�a�s�e� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �a�t� 

�v�a�r�i�o�u�s� �M�a�c�h� �n�u�m�b�e�r�s� �f�o�r� �a� �s�t�a�g�g�e�r�e�d� �g�r�i�d� �s�y�s�t�e�m�.� �R�h�i�e� �e�t� �a�l� �a�n�d� �o�t�h�e�r� �h�a�d� 

�e�x�t�e�n�d�e�d� �t�h�e� �m�e�t�h�o�d� �t�o� �a� �n�o�n�-�s�t�a�g�g�e�r�e�d� �g�r�i�d� �[�7�0�,� �4�4�,� �5�2�,� �6�4�,� �2�9�]�.� �T�h�e� �c�o�d�e� 

�d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�i�s� �s�t�u�d�y� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �t�h�a�t� �w�e�r�e� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� 

�a�b�o�v�e� �m�e�n�t�i�o�n� �r�e�s�e�a�r�c�h�e�r�s�.� 

�I�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �u�s�e�d� �b�e�l�o�w�,� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t�  ��a�s�t�e�r�i�s�k �� �i�n�d�i�c�a�t�e�s� �t�h�e� 

�m�o�d�i�f�i�e�d� �p�r�e�s�s�u�r�e� �a�n�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� 

�T�h�e� �u�-�v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �m�a�y� �b�e� �d�e�t�e�r�m�i�n�e�d� �i�m�p�l�i�c�i�t�l�y� �a�s� �g�i�v�e�n� �b�y� �e�q�.� �(�2�.�2�2�)� 

 �� �a�e� �a�p�"� �6� �P�"�  �� �n� �u�p� �=� �B�u� �p ��h�u�p� �B�e� �|� �p� �+� �A�u�c�p�  ��B�y� �|� �p� �+� �S�u�p� �+� �(�1�  �� �@�)� �u�p� �(�2�.�2�8�a�)� 
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�T�h�e� �d�e�n�s�i�t�y� �f�i�e�l�d� �w�i�l�l� �r�e�s�p�o�n�d� �t�o� �t�h�e� �c�o�r�r�e�c�t�i�o�n� �i�n� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �a�s� �f�o�l�l�o�w�s� 

�p�=�(�S�6�)� �P�p� �K�=�(�2�2�)� �=�  �� �2�.�3�3�a�,�b� �S�P�.� �a�2� �(�2�.�3�3�a�,�5�)� 

�T�h�e� �f�l�o�w� �i�s� �a�s�s�u�m�e�d� �t�o� �u�n�d�e�r�g�o� �a�n� �i�n�s�e�n�t�r�o�p�i�c� �p�r�o�c�e�s�s�,� �s�o� �t�h�a�t� �t�h�e� �<�e� �i�s� �e�q�u�a�l� 

�t�o� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d�,� �w�h�i�l�e� �o�t�h�e�r� �r�e�f�e�r�e�n�c�e�s� �h�a�d� �a�s�s�u�m�e�d� �a�n� 

�i�s�o�t�h�e�r�m�a�l� �p�r�o�c�e�s�s� �[�2�4�,� �3�7�]�.� �H�o�w�e�v�e�r�,� �a�t� �c�o�n�v�e�r�g�e�n�c�e�,� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �a�n�d� 

�t�h�e� �d�e�n�s�i�t�y� �c�o�r�r�e�c�t�i�o�n� �w�i�l�l� �v�a�n�i�s�h�.� �B�o�t�h� �o�f� �t�h�e� �a�b�o�v�e� �a�s�s�u�m�p�t�i�o�n�s� �h�a�v�e� �b�e�e�n� 

�a�p�p�l�i�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �s�h�o�w� �t�h�a�t� �t�h�e� �i�s�e�n�t�r�o�p�i�c� �p�r�o�c�e�s�s� �p�r�o�d�u�c�e�s� 

�f�a�s�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� �t�h�a�n� �t�h�e� �i�s�o�t�h�e�r�m�a�l� �o�n�e�.� �T�h�u�s�,� �i�n� �a�l�l� �t�h�e� �c�a�s�e�s� �o�f� �t�h�i�s� �s�t�u�d�y�,� 
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�E�a�c�h� �t�e�r�m� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �m�u�s�t� �b�e� �e�x�a�m�i�n�e�d� �c�a�r�e�f�u�l�l�y� �t�o� �i�n�s�u�r�e� �t�h�e� 

�p�r�o�p�e�r� �c�o�r�r�e�c�t�i�o�n� �a�n�d� �h�e�n�c�e� �c�o�n�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n�.� �T�h�e� �f�i�r�s�t� �t�e�r�m� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�m�a�s�s� �u�n�b�a�l�a�n�c�e� �a�t� �t�h�e� �e�a�s�t� �f�a�c�e� �w�h�i�c�h� �r�e�s�u�l�t�s� �f�r�o�m� �u�s�e� �o�f� �t�h�e� �p�r�e�d�i�c�t�e�d� �v�e�l�o�c�i�t�y� 

�f�i�e�l�d�.� �A�s� �s�t�a�t�e�d� �p�r�e�v�i�o�u�s�l�y�,� �t�h�e� �c�e�l�l� �f�a�c�e� �v�e�l�o�c�i�t�y� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�d�i�s�c�r�e�t�i�z�e�d� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �t�o� �i�n�s�u�r�e� �a� �s�t�r�o�n�g� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� 

�v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� �C�e�l�l� �f�a�c�e� �d�e�n�s�i�t�y� �m�a�y� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �a�n�y� �s�c�h�e�m�e�.� �I�n� �t�h�i�s� 

�s�t�u�d�y�,� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �h�a�s� �b�e�e�n� �u�s�e�d�.� 

�T�h�e� �s�e�c�o�n�d� �t�e�r�m� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�f�f�u�s�i�o�n�-�l�i�k�e� �t�e�r�m�.� �A� �s�e�c�o�n�d� �o�r�d�e�r� �s�c�h�e�m�e� 

�w�a�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �n�e�e�d�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �c�e�l�l� �f�a�c�e� 

�v�e�l�o�c�i�t�i�e�s�.� �T�h�i�s� �w�i�l�l� �e�n�s�u�r�e� �t�h�e� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� 
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�T�h�e� �c�r�o�s�s� �d�e�r�i�v�a�t�i�v�e� �t�e�r�m� �o�f� �e�q�.� �(�2�.�3�8�)� �w�a�s� �e�x�p�l�i�c�i�t�l�y� �e�s�t�i�m�a�t�e�d�.� �T�h�i�s� �a�l�l�o�w�s� �f�o�r� 
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�T�h�e� �t�h�i�r�d� �t�e�r�m� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�n�v�e�c�t�i�v�e�-�l�i�k�e� �t�e�r�m�.� �S�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� �s�h�o�u�l�d� 

�b�e� �g�i�v�e�n� �t�o� �i�t�s� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �P�r�e�l�i�m�i�n�a�r�y� �r�u�n�s� �h�a�v�e� �s�h�o�w�n� �t�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� 

�c�o�n�v�e�c�t�i�v�e� �t�e�r�m� �o�n� �t�h�e� �s�c�h�e�m�e ��s� �s�t�a�b�i�l�i�t�y�.� �T�h�e� �t�e�r�m� �i�n�c�l�u�d�e�s� �t�h�e� �d�e�n�s�i�t�y� 

�c�o�r�r�e�c�t�i�o�n� �a�t� �t�h�e� �c�e�l�l� �f�a�c�e�.� �T�h�i�s� �c�o�r�r�e�c�t�i�o�n� �m�u�s�t� �v�a�n�i�s�h� �f�o�r� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� 

�l�i�m�i�t�s�.� �T�h�u�s�,� �M�a�c�h� �n�u�m�b�e�r� �s�h�o�u�l�d� �b�e� �u�s�e�d� �a�s� �t�h�e� �g�o�v�e�r�n�i�n�g� �p�a�r�a�m�e�t�e�r� �f�o�r� �t�h�e� 

�c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�,� �i�n�s�t�e�a�d� �o�f� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �u�s�e�d� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� 

�t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s�.� �T�h�u�s�,� �t�h�e� �c�o�n�v�e�c�t�i�v�e�-�l�i�k�e� �t�e�r�m� �s�h�o�u�l�d� �e�x�h�i�b�i�t� �t�h�e� �c�o�r�r�e�c�t� 

�d�e�p�e�n�d�e�n�c�y� �o�f� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n� �o�n� �t�h�e� �M�a�c�h� �n�u�m�b�e�r�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�e�q�u�a�t�i�o�n� �s�h�o�u�l�d� �b�e� �e�l�l�i�p�t�i�c� �f�o�r� �a� �s�u�b�s�o�n�i�c� �r�e�g�i�m�e�,� �a�n�d� �h�y�p�e�r�b�o�l�i�c� �i�n� �t�h�e� �s�u�p�e�r�s�o�n�i�c� 

�r�e�g�i�m�e�,� �w�i�t�h� �a� �s�m�o�o�t�h� �t�r�a�n�s�i�t�i�o�n� �f�o�r�m� �s�u�b�s�o�n�i�c� �t�o� �s�u�p�e�r�s�o�n�i�c�.� �A� �f�i�r�s�t�-�o�r�d�e�r� 

�u�p�w�i�n�d� �s�c�h�e�m�e�,� �b�a�s�e�d� �o�n� �t�h�e� �c�o�n�t�r�a�v�a�r�i�a�n�t� �f�a�c�e� �v�e�l�o�c�i�t�y�,� �h�a�s� �b�e�e�n� �u�s�e�d� �i�n� �t�h�e� 

�p�r�e�s�e�n�t� �s�t�u�d�y�.� �T�h�i�s� �s�c�h�e�m�e� �h�a�s� �b�e�e�n� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �K�a�r�k�i� �e�t� �a�l� �a�n�d� �I�s�s�a� �[�3�7�,� 

�2�9�]�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�n�s�i�t�y� �c�o�r�r�e�c�t�i�o�n� �a�t� �t�h�e� �c�e�l�l� �f�a�c�e� �i�s� �w�r�i�t�t�e�n� 
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�I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e�-�d�e�n�s�i�t�y� �r�e�l�a�t�i�o�n�s� �g�i�v�e�n� �b�y� �e�q�.� �(�2�.�3�3�)� �i�n�t�o� �e�q�.� �(�2�.�3�9�)�,� �t�h�e� 

�t�h�i�r�d� �t�e�r�m� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 

�r�e�|� �K�p�P�*�p� �m�a�x�0�,�U�,�]�  �� �K�g�p ��z� �m�a�x�L�0�,�  ��U�,�]� �|� �(�2�.�4�0�)� 

�w�h�e�r�e� �t�h�e� �c�o�n�t�r�a�v�a�r�i�a�n�t� �v�e�l�o�c�i�t�y� �i�s� 
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�T�h�e� �f�o�u�r�t�h� �t�e�r�m�,� �n�e�g�l�e�c�t�e�d� �b�y� �m�o�s�t� �r�e�s�e�a�r�c�h�e�r�s�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�c�o�r�r�e�c�t�i�o�n�.� �A�s� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�n�v�e�r�g�e�s�,� �t�h�i�s� �t�e�r�m� �w�i�l�l� �b�e� �n�e�g�l�i�g�i�b�l�y� �s�m�a�l�l�.� �H�o�w�e�v�e�r�,� 

�d�u�r�i�n�g� �i�t�e�r�a�t�i�o�n�s�,� �t�h�i�s� �m�a�y� �n�o�t� �b�e� �t�h�e� �c�a�s�e�.� �S�h�y�y� �e�t� �a�l� �[�7�6�]� �r�e�c�o�m�m�e�n�d�e�d� �t�o� 

�i�n�c�l�u�d�e� �t�h�i�s� �t�e�r�m� �t�o� �i�n�s�u�r�e� �t�h�e� �s�c�h�e�m�e ��s� �s�t�a�b�i�l�i�t�y�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� 

�t�h�i�s� �t�e�r�m� �i�n�c�r�e�a�s�e�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e� �o�f� �t�h�e� �s�c�h�e�m�e�.� �T�h�u�s�,� �i�n� �t�h�e� �d�e�v�e�l�o�p�e�d� 

�c�o�d�e�,� �t�h�i�s� �t�e�r�m� �i�s� �t�r�e�a�t�e�d� �e�x�p�l�i�c�i�t�l�y� �a�n�d� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �o�f� �t�h�e� 

�p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n�.� 

�T�h�e� �a�b�o�v�e� �d�e�r�i�v�a�t�i�o�n� �w�a�s� �g�i�v�e�n� �f�o�r� �t�h�e� �e�a�s�t� �f�a�c�e�.� �S�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� 

�o�t�h�e�r� �f�a�c�e�s� �m�a�y� �b�e� �d�e�d�u�c�e�d� �f�o�l�l�o�w�i�n�g� �t�h�e� �s�a�m�e� �d�i�s�c�u�s�s�i�o�n�s� �a�s� �f�o�r� �t�h�e� �e�a�s�t� �f�a�c�e�.� 

�I�n�t�r�o�d�u�c�i�n�g� �a�l�l� �t�h�e�s�e� �t�e�r�m�s� �f�o�r� �a�l�l� �t�h�e� �f�a�c�e�s� �i�n�t�o� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�,� �t�h�e� �f�i�n�a�l� 

�f�o�r�m� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�a�p�P�'�p� �=� �a�g�P�\�y� �+� �a�w�P�'�y� �+� �a�y�P�'�y� �+� �a�s�P�'�s� �+� �S�c� �(�2�.�4�2�)� 

�w�h�e�r�e� 
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�a�y� �=�r�y�p�"�y�L�r�,�h�u� �+� �x�,�h�v�e� �1�,� �+� �r�,�K�y� �m�a�x�L�0�,� �U�,�,�]� �(�2�.�4�3�5�)� 

�a�y� �=� �t�a�p�"�»�L�x�e�h�v� �+� �r�e�h�u�c� �|� �+� �r�,�K�y� �m�a�x�L�0�,�  �� �V�,�,�]� �(�2�.�4�3�c�)� 

�a�s� �=�r� �p�"�.�L�x�e�h�v� �+� �r�e�h�u�c� �]� �+� �r�,�K�s� �m�a�x�L�0�,� �V�,� �]� �(�2�.�4�3�4�)� 
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�a� �l�a�y� �b�u�n� �f�n� �I�n�a�)� �L�u�p� �a�p�=�r�p�"�L�r�,�h�u� �+� �x�,�h�v�e� �1� �+� �t�y�p�"� �L�r�,�h�u� �+� �x�,�h�v�e� �J� �|� 
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�n� �*� �*� �n� �*� �*� 

�S�e�=� �-� �|� �r�e�p�"� �e�L�r�,�u�  �� �X�,�V� �1�,�  �� �H�y�p� �h�r�y�  �� �X�,�v� �I� 

�+� �r�n�?� �n�L�x�e�v ��  �� �r�u�  �� �r�s�p�"� �L�x�e�V�v�"�  �� �r�u� �|� �|� 
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�~� �|� �r�e�P� �e�C� �r�y� �_� �x�v�  �� �F�P� �w�h� �r�u� �_� �x�v�]� 

�+� �t�n� �n�L� �x�e�v�'�  �� �r�u�]�  �� �r�p�'�s�L�x�g�v ��  �� �r�a�t ��)� �|� �(�2�.�4�3�f�)� 
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�+� �r�n�b� �n�L� �(�x�z�h�v�e� �+� �r�s�h�)� �a�E� �]�  ��r�s�p�"�s�L� �(�x�z�h�v�e� �+� �r�¢�h�u�)� �a�E� �J� 

�T�h�e� �f�i�r�s�t� �b�r�a�c�k�e�t� �t�e�r�m� �i�n� �t�h�e� �e�q�.� �(�2�.�4�3�f�)� �,� �f�o�r� �s�o�u�r�c�e� �t�e�r�m�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�s�s� 

�f�l�o�w� �r�a�t�e� �u�n�b�a�l�a�n�c�e� �c�a�u�s�e�d� �b�y� �t�h�e� �i�n�a�c�c�u�r�a�t�e� �v�e�l�o�c�i�t�y� �a�n�d� �d�e�n�s�i�t�y� �f�i�e�l�d�s�.� �T�h�e� 

�p�u�r�p�o�s�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �i�s� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�i�s� �m�a�s�s� �u�n�b�a�l�a�n�c�e� 

�t�h�r�o�u�g�h� �a� �s�e�r�i�e�s� �o�f� �p�r�e�d�i�c�t�o�r�-�c�o�r�r�e�c�t�o�r� �p�r�o�c�e�d�u�r�e�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �f�i�e�l�d�s� �a�r�e� 

�a�c�c�u�r�a�t�e� �e�n�o�u�g�h� �i�f� �t�h�e� �E�u�c�l�i�d�e�a�n� �(�L�2�)� �n�o�r�m� �o�f� �t�h�i�s� �t�e�r�m� �h�a�s� �b�e�e�n� �r�e�d�u�c�e�d� �b�y� �s�i�x� 

�o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e�.� �T�h�e� �s�e�c�o�n�d� �b�r�a�c�k�e�t� �t�e�r�m� �i�s� �d�u�e� �t�o� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n ��s� 

�l�i�n�e�a�r�i�z�a�t�i�o�n�.� �T�h�i�s� �t�e�r�m� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �p�r�e�v�i�o�u�s� �c�o�r�r�e�c�t�i�o�n� �v�a�l�u�e�s�,� 

�a�n�d� �i�t� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �v�e�r�y� �u�s�e�f�u�l� �f�o�r� �a�c�c�e�l�e�r�a�t�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�e�.� 

�T�h�e� �l�a�s�t� �b�r�a�c�k�e�t�e�d� �t�e�r�m� �i�s� �d�u�e� �t�o� �t�h�e� �n�o�n�o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �t�h�e� �g�r�i�d�.� �T�h�i�s� �t�e�r�m� �i�s� 

�t�r�e�a�t�e�d� �e�x�p�l�i�c�i�t�l�y�,� �b�a�s�e�d� �o�n� �p�r�e�v�i�o�u�s� �v�a�l�u�e�s�,� �t�o� �a�l�l�o�w� �f�o�r� �t�h�e� �u�s�e� �o�f� �a� �t�r�i�d�i�a�g�o�n�a�l� 

�s�o�l�v�e�r�.� 
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�I�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �b�y� �s�o�l�v�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� 

�c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �j�u�s�t� �o�n�c�e�.� �I�n�s�t�e�a�d�,� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �s�h�o�u�l�d� 

�b�e� �s�o�l�v�e�d� �t�h�r�e�e� �o�r� �m�o�r�e� �t�i�m�e�s� �b�e�f�o�r�e� �u�p�d�a�t�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �d�e�n�s�i�t�y� �f�i�e�l�d�s�.� 

�A�p�p�e�n�d�i�x� �G�,� �d�e�s�c�r�i�b�e�s� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �f�o�r� �a�c�c�e�l�e�r�a�t�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �a� 

�t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �g�i�v�e�n� �b�y� �P�a�t�a�n�k�a�r� �[�6�2�]� �a�n�d� �V�a�n� �D�o�o�r�m�a�l� �e�t� �a�l� �[�7�9�]�.� 

�2�.�8� �A�r�t�i�f�i�c�i�a�l� �D�i�s�s�i�p�a�t�i�o�n� 

�A�t� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�,� �a�r�t�i�f�i�c�i�a�l� �d�i�s�s�i�p�a�t�i�o�n� �m�a�y� �b�e� �n�e�e�d�e�d� �t�o� �s�u�p�p�r�e�s�s� 

�c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�p�a�t�i�a�l� �o�s�c�i�l�l�a�t�i�o�n�s�.� �A� �m�e�t�h�o�d� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �S�h�a�m�r�o�t�h� �e�t� 

�a�l� �[�7�4�]� �u�s�i�n�g� �e�x�p�l�i�c�i�t� �a�d�d�i�t�i�o�n� �o�f� �a�r�t�i�f�i�c�i�a�l� �d�i�s�s�i�p�a�t�i�o�n�.� �T�h�e� �e�x�p�l�i�c�i�t� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� 

�a�r�t�i�f�i�c�i�a�l� �d�i�s�s�i�p�a�t�i�o�n� �a�l�l�o�w�s� �t�h�e� �p�r�o�g�r�a�m�m�e�r� �t�o� �c�o�n�t�r�o�l� �t�h�e� �a�m�o�u�n�t� �o�f� �d�i�s�s�i�p�a�t�i�o�n� 

�t�h�a�t� �i�s� �a�d�d�e�d�.� �H�e�n�c�e�,� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �c�a�n� �b�e� �e�n�o�u�g�h� �t�o� �s�u�p�p�r�e�s�s� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n� 

�w�i�t�h�o�u�t� �d�e�t�e�r�i�o�r�a�t�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �a�c�c�u�r�a�c�y�.� 

�R�e�f�e�r�r�i�n�g� �t�o� �t�h�e� �g�e�n�e�r�a�l� �t�r�a�n�s�p�o�r�t� �e�q�.� �(�2�.�1�0�)�,� �t�h�e� �l�o�c�a�l� �c�e�l�l� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� 
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�R�e�e�c�e� 

�w�h�e�r�e� �R�e�,�,� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �c�e�l�l� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �b�e�l�o�w� �w�h�i�c�h� �n�o� �a�r�t�i�f�i�c�i�a�l� 
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�e�t� �a�l� �[�7�4�]�.� �T�h�e� �a�r�t�i�f�i�c�i�a�l� �d�i�s�s�i�p�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �e�q�.� �(�2�.�4�5�)� �i�s� �a�d�d�e�d� �t�o� �t�h�e� 

�e�f�f�e�c�t�i�v�e� �d�i�s�s�i�p�a�t�i�o�n� �a�n�d� �i�s� �u�s�e�d� �i�n� �t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�s�.� 

�I�n� �t�h�i�s� �s�t�u�d�y� �n�o� �a�r�t�i�f�i�c�i�a�l� �d�i�s�s�i�p�a�t�i�o�n� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �n�e�c�e�s�s�a�r�y�.� �A�l�l� �t�h�e� 

�r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �w�i�t�h�o�u�t� �a�d�d�i�t�i�o�n�a�l� �d�i�s�s�i�p�a�t�i�o�n�.� 

�2�.�9� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�A� �p�r�o�p�e�r� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �b�o�u�n�d�a�r�i�e�s� �i�s� �e�x�t�r�e�m�e�l�y� 

�i�m�p�o�r�t�a�n�t� �t�o� �c�o�n�v�e�r�g�e�n�c�e�.� �T�h�e� �d�e�t�a�i�l�e�d� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �n�e�c�e�s�s�a�r�y� �p�h�y�s�i�c�a�l� �a�n�d� 

�m�a�t�h�e�m�a�t�i�c�a�l� �b�o�u�n�d�a�r�i�e�s� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �R�e�f�e�r�e�n�c�e�s� �[�3�,� �8�,� �1�5�,� �2�5�,� �2�6�]�.� �T�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �p�r�o�b�l�e�m� �d�e�p�e�n�d�e�n�t� �a�n�d� �t�h�e�y� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� 

�I�T�.� 

�2�.�1�0� �O�p�t�i�c�a�l� �L�a�s�e�r� �B�e�a�m� �S�i�m�u�l�a�t�i�o�n� 

�T�o� �c�l�o�s�e� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �l�a�s�e�r� �c�o�n�s�e�r�v�a�t�i�o�n� �e�q�.� �(�2�.�4�)� �m�u�s�t� �b�e� 

�s�o�l�v�e�d� �f�o�r� �t�h�e� �l�a�s�e�r� �b�e�a�m� �p�o�w�e�r�.� �T�h�e� �i�n�c�o�m�i�n�g� �l�a�s�e�r� �b�e�a�m� �i�s� �f�o�c�u�s�e�d� �b�y� �a� �l�e�n�s� 

�w�i�t�h� �a� �f�o�c�a�l� �l�e�n�g�t�h�  ��f ��.� �J�e�n�g� �e�t� �a�l� �[�3�5�]� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �b�e� �p�l�a�c�e�d� �a� 

�s�h�o�r�t� �d�i�s�t�a�n�c�e� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �n�o�z�z�l�e� �t�h�r�o�a�t�.� �T�h�e� �f�o�c�a�l� �p�l�a�n�e� �m�a�y� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �a� �p�o�i�n�t� �o�r� �a� �c�i�r�c�l�e� �w�i�t�h� �a� �c�e�r�t�a�i�n� �r�a�d�i�u�s�.� �T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� 

�m�o�d�e�l� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �i�n�c�o�m�i�n�g� �b�e�a�m� �c�o�n�s�i�s�t�s� �o�f� �a� �n�u�m�b�e�r� �o�f� �r�a�y�s�.� �N�e�g�l�e�c�t�i�n�g� 

�b�e�a�m� �r�e�f�r�a�c�t�i�o�n�,� �t�h�e� �t�r�a�c�e� �o�f� �e�a�c�h� �r�a�y� �w�i�l�l� �b�e� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�2�.� 

�A�s�s�u�m�i�n�g� �a� �G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �t�h�e� �l�a�s�e�r� �i�n�t�e�n�s�i�t�y� �7� �m�a�y� �b�e� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �t�o�t�a�l� �l�a�s�e�r� �p�o�w�e�r� �P�r� �a�s� �f�o�l�l�o�w�s� 
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�a�e� �R� 
�w�h�e�r�e� �o� �=� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �=� �s�o� �.� 

�T�h�e� �p�o�w�e�r� �o�f� �a�n�y� �r�a�y� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 
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�P�;�=� �2�n�|� �I�T�r�a�r� �i� �=� �r�a�y� �n�u�m�b�e�r� �(�2�.�4�7�)� 

�T�h�e� �e�q�u�a�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �l�o�c�a�l� �b�e�a�m� �e�n�e�r�g�y� �a�t� �a�n�y� �p�o�i�n�t� �i�n� �t�h�e� �n�o�z�z�l�e� �i�s� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �g�e�o�m�e�t�r�i�c�a�l� �o�p�t�i�c�s�.� �T�h�e� �i�n�c�o�m�i�n�g� �b�e�a�m� �i�s� �s�p�l�i�t� �i�n�t�o� �a� �n�u�m�b�e�r� �o�f� 

�s�e�p�a�r�a�t�e� �r�a�y�s�,� �e�a�c�h� �p�r�o�p�a�g�a�t�i�n�g� �i�n� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�2�.� �T�h�e� 

�e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �l�a�s�e�r� �b�e�a�m� �a�b�s�o�r�p�t�i�o�n� �i�s� �w�r�i�t�t�e�n� �a�s� 

� � �a�p� �a�.� �P�;� �(�2�.�4�8�)� 

�T�h�e� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �« ��,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �g�a�s� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�.� 

�T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �d�e�v�e�l�o�p�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�,� �i�s� �b�a�s�e�d� 

�o�n� �t�h�e� �w�o�r�k� �o�f� �K�e�m�p� �[�4�2�]�.� �T�h�e� �l�a�s�e�r� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �a�p�p�l�i�e�d� �t�o� �t�w�o� �s�t�a�t�i�o�n�s� �t�h�a�t� 

�r�e�p�r�e�s�e�n�t� �e�a�s�t� �a�n�d� �w�e�s�t� �f�a�c�e�s� �o�f� �a� �c�e�l�l�,� �w�i�t�h� �t�h�e� �g�r�i�d� �p�o�i�n�t� �i�n� �t�h�e� �c�e�l�l� �c�e�n�t�e�r�,� �c�a�n� 
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�s�i�d�e�s� �o�f� �e�q�.� �(�2�.�4�9�)� �a�n�d� �i�s� �g�i�v�e�n� �b�y� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �4�7



� � 

�.� �x� �r�0�0�*� 
�P�a�g� �=� �P�i� �|� �1�.�0�  ��e�x�p�(� �- ��* ��)� �(�2�.�5�0�)� 

�c�o�s� �0�;� 

�T�h�i�s� �p�o�w�e�r� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �e�n�e�r�g�y� �a�d�d�e�d� �f�o�r� �a�l�l� �t�h�e� �c�e�l�l�s� �t�h�a�t� �l�a�y� �o�n� �t�h�e� �p�a�t�h� 

�o�f� �a� �l�a�s�e�r� �r�a�y�.� 

�2�.�1�1� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �L�i�n�e�a�r�i�z�e�d� �E�q�u�a�t�i�o�n� 

�A�s� �s�t�a�t�e�d� �p�r�e�v�i�o�u�s�l�y�,� �a� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �m�o�m�e�n�t�u�m�,� 

�p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n�,� �a�n�d� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �l�i�n�e�a�r�i�z�e�d� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n� �i�s�,� 

�h�o�w�e�v�e�r�,� �b�a�s�e�d� �o�n� �f�i�v�e� �p�o�i�n�t� �a�l�g�o�r�i�t�h�m�.� �T�h�u�s�,� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �d�i�r�e�c�t�i�o�n� �s�w�e�e�p� �i�n� 

�b�o�t�h�  ¬� �a�n�d� �y� �i�s� �u�s�e�d�.� �A� �t�y�p�i�c�a�l� �e�q�u�a�t�i�o�n� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 
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�T�h�e� �s�w�e�e�p� �i�n� �t�h�e�  ¬� �d�i�r�e�c�t�i�o�n� �i�n�d�i�c�a�t�e�s� �s�o�l�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �l�i�n�e� �b�y� �l�i�n�e� �i�n� �t�h�a�t� 

�d�i�r�e�c�t�i�o�n� �w�h�i�l�e� �s�u�b�s�t�i�t�u�t�i�n�g� �a�v�a�i�l�a�b�l�e� �v�a�l�u�e�s� �o�f� �@� �a�l�o�n�g� �t�h�e� �n�e�i�g�h�b�o�r�i�n�g� �l�i�n�e�s�.� �T�h�e� 

�r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �b�e�c�o�m�e�s� 

�a�p�h�p�  �� �a�y�b�y�  �� �a�s�h�s� �=� �(�a�e�d� �z�+� �a�w�h� �w�)� �+� �S�c� �(�2�.�5�2�)� 

�T�h�e� �*� �d�e�n�o�t�e�s� �t�h�e� �a�v�a�i�l�a�b�l�e� �v�a�l�u�e�s� �o�f� �@� �.� �E�q�u�a�t�i�o�n� �(�2�.�5�2�)� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �a� 

�t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �A�n�d�e�r�s�o�n� �e�t� �a�l� 

�[�3�]�.� �A�f�t�e�r� �c�o�m�p�l�e�t�i�n�g� �t�h�e� �s�w�e�e�p� �i�n� �t�h�e�  ¬� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �s�w�e�e�p� �i�n� �d�i�r�e�c�t�i�o�n� �c�a�n� 

�b�e� �a�p�p�l�i�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �n�e�i�g�h�b�o�r�i�n�g� �n�o�r�t�h� �a�n�d� �s�o�u�t�h� �l�i�n�e�s� 

�w�i�t�h� �t�h�e� �m�o�s�t� �r�e�c�e�n�t� �v�a�l�u�e�s�.� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �4�8



�V�e�c�t�o�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �r�e�d�u�c�e�s� �t�h�e� �C�P�U� �t�i�m�e� �a�n�d� �t�h�e� �c�o�s�t� �o�f� 

�t�h�e� �p�r�o�g�r�a�m�.� �T�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �p�h�a�s�e� �i�s� �p�e�r�f�o�r�m�e�d� �i�n� �a� �v�e�c�t�o�r�i�z�e�d� �s�e�n�s�e� 

�o�v�e�r� �t�h�e� �v�e�c�t�o�r� �o�f� �l�i�n�e�s� �t�o� �b�e� �s�o�l�v�e�d�.� �T�h�e� �b�a�c�k� �s�u�b�s�t�i�t�u�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �i�n� �s�c�a�l�a�r� 

�m�o�d�e�,� �s�i�n�c�e� �t�h�e� �m�o�s�t� �r�e�c�e�n�t� �v�a�l�u�e�s� �f�o�r� �¢� �a�r�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �i�n� 

�t�h�e� �e�q�u�a�t�i�o�n� �(�2�.�5�2�)�.� 

�T�o� �i�n�c�r�e�a�s�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e� �o�f� �t�h�e� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r�,� �t�w�o� �m�e�t�h�o�d�s� �c�a�n� 

�b�e� �u�s�e�d�.� �V�a�n� �D�o�o�r�m�a�l� �e�t� �a�l� �[�7�9�]� �s�u�g�g�e�s�t�e�d� �t�h�e� �u�s�e� �o�f� �o�v�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �f�o�r� 

�t�h�e� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �i�t�e�r�a�t�i�o�n�.� �P�a�t�a�n�k�a�r� �e�t� �a�l� �s�u�g�g�e�s�t�e�d� �t�h�e� �u�s�e� 

�o�f� �a� �b�l�o�c�k� �c�o�r�r�e�c�t�i�o�n� �p�r�o�c�e�d�u�r�e� �[�6�1�]�.� �T�h�e� �d�e�t�a�i�l�s� �a�r�e� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �G� �.� 

�2�.�1�2� �C�o�n�v�e�r�g�e�n�c�e� �C�r�i�t�e�r�i�a� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �h�i�g�h�l�y� �n�o�n�l�i�n�e�a�r�.� �T�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �i�s� �i�n�t�e�n�d�e�d� 

�t�o� �r�e�d�u�c�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �a�n�d� �a�l�l�o�w� �f�o�r� �t�h�e� �u�s�e� �o�f� �a� �t�r�i�d�i�a�g�o�n�a�l� �s�c�h�e�m�e�.� 

�S�e�v�e�r�a�l� �c�r�i�t�e�r�i�a� �w�e�r�e� �t�e�s�t�e�d� �t�o� �i�n�s�u�r�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�e�.� 

�D�u�r�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a� �g�i�v�e�n� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n� �(�m�o�m�e�n�t�u�m�,� �p�r�e�s�s�u�r�e� 

�c�o�r�r�e�c�t�i�o�n� �o�r� �e�n�e�r�g�y�)� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �a�r�e� �c�o�n�t�i�n�u�e�d� �u�n�t�i�l� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�i�s� 

�e�q�u�a�t�i�o�n� �i�s� �r�e�a�c�h�e�d�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �c�h�e�c�k�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �E�u�c�l�i�d�e�a�n� 

�n�o�r�m� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�.� �A� �t�y�p�i�c�a�l� �v�a�l�u�e� �o�f� �t�h�e� �E�u�c�l�i�d�e�a�n� �n�o�r�m� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �i�s� 

�s�e�l�e�c�t�e�d� �t�o� �b�e� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �1�0�~�®�.� �T�h�i�s� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �a� �c�o�n�v�e�r�g�e�n�c�e� �w�i�t�h�i�n� 

�a� �g�i�v�e�n� �S�t�e�p�.� 

�T�h�e� �s�c�h�e�m�e� �r�e�a�c�h�e�s� �a�d�e�q�u�a�t�e� �c�o�n�v�e�r�g�e�n�c�e� �w�h�e�n� �t�h�e� �t�o�t�a�l� �m�a�s�s� �u�n�b�a�l�a�n�c�e� �i�s� 

�r�e�d�u�c�e�d� �t�o� �a� �v�e�r�y� �s�m�a�l�l� �v�a�l�u�e�.� �T�h�e� �m�a�s�s� �u�n�b�a�l�a�n�c�e� �i�s� �c�h�e�c�k�e�d� �l�o�c�a�l�l�y� �f�o�r� �a� �g�i�v�e�n� 

�c�e�l�l� �a�n�d� �g�l�o�b�a�l�l�y� �f�o�r� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�v�e�r� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �T�h�e� �t�o�t�a�l� 

�m�a�s�s� �u�n�b�a�l�a�n�c�e� �f�o�r� �t�h�e� �d�o�m�a�i�n� �i�s� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �4�9



�l�l� �
M

�
i
�
 

�_�)� �[�(�r�e�U�)� �4� �l�i�n� �(�r�p�U�)� �;�_� �i�y� �+� �(�Y�P� �V�y� �i�p�a�  �� �(�r�p� �V�)� �i� �i �� �(�2�.�5�3�)� 

�A� �t�y�p�i�c�a�l� �v�a�l�u�e� �o�f� �e�=� �1�0�7�°� �.� �T�h�i�s� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�e�.� 

�T�h�e� �s�a�m�e� �v�a�l�u�e� �o�f�  ¬� �i�s� �u�s�e�d� �t�o� �c�h�e�c�k� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �t�h�e� �m�a�s�s� �u�n�b�a�l�a�n�c�e� 

�o�v�e�r� �a� �c�e�l�l�.� 

�T�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �i�s� �r�e�a�c�h�e�d� �b�y� �c�h�e�c�k�i�n�g� �t�h�e� �E�u�c�l�i�d�e�a�n� �n�o�r�m� �o�f� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �f�o�r� �a�l�l� �v�a�r�i�a�b�l�e�s� �o�v�e�r� �a�l�l� �g�r�i�d� �p�o�i�n�t�s�,� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �t�h�e� �i�n�i�t�i�a�l� 

�E�u�c�l�i�d�e�a�n� �n�o�r�m�.� �A�t� �l�e�a�s�t� �a� �t�h�i�r�d� �o�r�d�e�r� �r�e�d�u�c�t�i�o�n� �i�n� �m�a�g�n�i�t�u�d�e� �i�s� �r�e�q�u�i�r�e�d� �b�e�f�o�r�e� 

�t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �s�t�o�p�p�e�d�.� �T�h�e� �E�u�c�l�i�d�e�a�n� �n�o�r�m� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n� �f�o�r� �a� �g�e�n�e�r�a�l� 

�v�a�r�i�a�b�l�e� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s� 

�1�/�2� 
�i�=�m�x�j�=�m�y� 

�l�e�*�l�|� �=� �»� �d�,� �(�g�"�t�'�-� �g�o�"�?� �(�2�.�5�4�)� 
�i�=�l�]� �j�=�1� 

�2�.�1�3� �C�a�l�c�u�l�a�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�A�l�l� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �s�c�h�e�m�e� �h�a�v�e� �b�e�e�n� �e�x�a�m�i�n�e�d� �a�n�d� �a�r�e� �r�e�a�d�y� �t�o� �b�e� 

�i�n�t�e�g�r�a�t�e�d� �i�n�t�o� �t�h�e� �m�a�i�n� �c�o�d�e�.� �T�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �F�i�g�.� �2�.�3�.� 

�T�h�e� �m�a�i�n� �s�t�e�p�s� �o�f� �t�h�e� �c�o�d�e� �P�B�N�S� �a�r�e� 

�1�.� �G�u�e�s�s� �t�h�e� �v�e�l�o�c�i�t�y�,� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d�s�.� �T�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �o�r� 

�t�h�e� �p�r�e�v�i�o�u�s� �s�t�e�p� �s�o�l�u�t�i�o�n� �m�a�y� �b�e� �u�s�e�d�.� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �5�0



�~
� �U�p�d�a�t�e� �t�h�e� �d�e�n�s�i�t�y�,� �e�n�t�h�a�l�p�y�,� �s�p�e�c�i�f�i�c� �h�e�a�t�,� �v�i�s�c�o�s�i�t�y� �a�n�d� �a�l�l� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� 

�f�r�o�m� �t�h�e� �a�s�s�u�m�e�d� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �f�i�c�l�d�s�.� 

�E�v�a�l�u�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�n�d� �s�o�l�v�e� �f�o�r� �t�h�e� �n�e�w� 

�v�e�l�o�c�i�t�y� �f�i�e�l�d�s� �u �� �a�n�d� �v ��.� 

�C�a�l�c�u�l�a�t�e� �t�h�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �u�s�i�n�g� �e�q�.� �(�2�.�2�5�)� �a�n�d� �t�h�e� �m�a�s�s� 

�u�n�b�a�l�a�n�c�e� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �n�e�w� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� 

�C�a�l�c�u�l�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �g�i�v�e�n� �b�y� �e�q�.� 

�(�2�.�4�2�)�.� �T�h�e� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s� �i�n� �t�h�i�s� �e�q�u�a�t�i�o�n� �a�r�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �c�u�r�r�e�n�t� 

�a�v�a�i�l�a�b�l�e� �v�a�l�u�e�s�.� 

�S�o�l�v�e� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �f�o�r� �P ��.� �C�o�r�r�e�c�t� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �b�y� 

�e�q�.� �(�2�.�3�0�a�)�,� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s� �b�y� �e�q�.� �(�2�.�3�1�)�,� �a�n�d� �d�e�n�s�i�t�y� �f�i�e�l�d� �b�y� �e�q�.� �(�2�.�3�3�)�.� �S�i�n�c�e� 

�a� �t�r�i�d�i�a�g�o�n�a�l� �s�o�l�v�e�r� �i�s� �u�s�e�d�,� �s�e�v�e�r�a�l� �c�y�c�l�e�s� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �e�n�s�u�r�e� �s�u�f�f�i�c�i�e�n�t� 

�c�o�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n�.� 

�S�o�l�v�e� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �e�q�.� �(�2�.�4�8�)�,� �a�n�d� �c�o�m�p�u�t�e� �t�h�e� 

�h�e�a�t� �e�n�e�r�g�y� �a�d�d�e�d� �t�o� �e�a�c�h� �g�r�i�d� �c�e�l�l� �.� 

�E�v�a�l�u�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �a�n�d� �s�o�l�v�e� �f�o�r� �t�h�e� �s�t�a�t�i�c� 

�e�n�t�h�a�l�p�y�.� 

�C�O�M�P�U�T�A�T�I�O�N�A�L� �M�O�D�E�L� �F�O�R� �L�A�S�E�R� �R�O�C�K�E�T� �E�N�G�I�N�E�S� �5�1



�9�.� �C�a�l�c�u�l�a�t�e� �t�h�e� �n�e�w� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d� �u�s�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �e�n�t�h�a�l�p�y� 

�f�i�e�l�d�s�.� 

�1�0�.� �U�p�d�a�t�e� �a�l�l� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �a�n�d� �t�r�a�n�s�p�o�r�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�l�o�w� �u�s�i�n�g� �t�h�e� 

�n�e�w� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �p�r�e�s�s�u�r�e� �f�i�e�l�d�s�.� 

�1�1�.� �C�h�e�c�k� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �t�o�t�a�l� �m�a�s�s� �u�n�b�a�l�a�n�c�e� �o�f� �t�h�e� 

�c�o�n�t�i�n�u�i�t�y� �e�q�.� �(�2�.�5�3�)�.� �A�l�s�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �E�u�c�l�i�d�e�a�n� �n�o�r�m� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n�.� 

�1�2�.� �R�e�p�e�a�t� �s�t�e�p�s� �2� �t�h�r�o�u�g�h� �1�1� �u�n�t�i�l� �a� �s�t�e�a�d�y� �s�o�l�u�t�i�o�n� �i�s� �r�e�a�c�h�e�d�.� 

�2�.�1�4� �S�u�m�m�a�r�y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �m�o�m�e�n�t�u�m�,� �a�n�d� �e�n�e�r�g�y� �i�n� �a� �s�t�e�a�d�y� 

�a�x�i�s�y�m�m�e�t�r�i�c� �f�o�r�m� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �g�e�n�e�r�a�l�i�z�e�d� �c�u�r�v�i�l�i�n�e�a�r� �t�r�a�n�s�p�o�r�t� 

�e�q�u�a�t�i�o�n�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �u�s�i�n�g� �a� �f�i�n�i�t�e� �v�o�l�u�m�e� �t�e�c�h�n�i�q�u�e� �i�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �p�o�w�e�r�-�l�a�w� �f�o�r� �c�o�n�v�e�c�t�i�o�n�-�d�i�f�f�u�s�i�o�n� �o�v�e�r� �n�o�n�-�s�t�a�g�g�e�r�d� 

�c�u�r�v�i�l�i�n�e�a�r� �g�r�i�d�.� �T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�-�w�e�i�g�h�t�e�d� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�m�e�t�h�o�d� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�v�o�i�d� �a� �d�e�c�o�u�p�l�i�n�g� �o�f� �p�r�e�s�s�u�r�e� �a�n�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �i�s� �d�e�r�i�v�e�d� �a�n�d� �d�i�s�c�r�e�t�i�z�e�d�.� �T�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� 

�d�e�n�s�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �t�e�r�m�s� �i�s� �d�i�s�c�u�s�s�e�d� �a�n�d� �i�t� �i�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� �d�e�n�s�i�t�y� 

�c�o�r�r�e�c�t�i�o�n� �s�c�h�e�m�e� �s�h�o�u�l�d� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �a�n� �u�p�w�i�n�d� �b�i�a�s�e�d� �s�c�h�e�m�e�.� �T�h�e� 

�t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �t�e�r�m�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �l�i�n�e�a�r� 

�s�y�s�t�e�m�s�,� �i�s� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �c�o�n�s�e�r�v�a�t�i�o�n� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �l�a�s�e�r� �e�n�e�r�g�y� �i�s� �d�i�s�c�r�e�t�i�z�e�d� 

�a�l�o�n�g� �t�h�e� �b�e�a�m� �r�a�y�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�a� �a�r�e� �a�p�p�l�i�e�d� �t�o� �i�n�s�u�r�e� �a� �f�a�s�t� �a�n�d� 
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�s�t�a�b�l�e� �s�o�l�u�t�i�o�n�.� �F�i�n�a�l�l�y�,� �t�h�e� �o�v�e�r�a�l�l� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �s�u�g�g�e�s�t�e�d� �m�e�t�h�o�d� �a�r�e� 

�s�u�m�m�a�r�i�z�e�d�,� �a�n�d� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �e�n�t�i�r�e� �s�c�h�e�m�e� �i�s� �p�r�o�v�i�d�e�d�.� 
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�F�i�g�u�r�e� �2�.�3�.� �F�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �s�o�l�v�e�r� �(�P�B�N�S�)� 
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�C�h�a�p�t�e�r� �I�I�I� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� 

�P�R�O�B�L�E�M�S� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�I�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �s�o�l�u�t�i�o�n�s� �t�o� �t�w�o� �t�e�s�t� �f�l�o�w� �p�r�o�b�l�e�m�s� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� 

�p�r�e�s�s�u�r�e�-�b�a�s�e�d� �N�a�v�i�e�r� �S�t�o�k�e�s� �s�o�l�v�e�r� �(�P�B�N�S�)�.� �T�h�e� �f�i�r�s�t� �p�r�o�b�l�e�m� �i�s� �f�l�o�w� �o�v�e�r� �a�n� 

�i�n�s�u�l�a�t�e�d� �w�a�l�l� �w�i�t�h� �a� �z�e�r�o� �a�n�g�l�e� �o�f� �a�t�t�a�c�k�.� �T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �t�e�s�t�e�d� 

�b�y� �c�o�m�p�a�r�i�n�g� �i�t� �w�i�t�h� �a�n� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�b�l�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� 

�e�q�u�a�t�i�o�n�s�.� �T�h�e� �s�e�c�o�n�d� �p�r�o�b�l�e�m� �i�s� �a�n� �i�n�t�e�r�n�a�l� �f�l�o�w� �i�n� �a�n� �a�x�i�s�y�m�m�e�t�r�i�c� �n�o�z�z�l�e� 

�w�h�e�r�e� �b�o�t�h� �s�u�b�s�o�n�i�c� �a�n�d� �s�u�p�e�r�s�o�n�i�c� �r�e�g�i�o�n�s� �e�x�i�s�t�.� �T�h�e� �g�o�a�l� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� 

�t�e�s�t� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �P�B�N�S� �t�o� �h�a�n�d�l�e� �v�a�r�i�o�u�s� �f�l�o�w� �p�r�o�b�l�e�m�s� �b�e�f�o�r�e� �a�n� 

�a�p�p�l�i�c�a�t�i�o�n� �t�o� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 
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�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S



�3�.�2� �V�a�l�i�d�a�t�i�o�n� �o�f� �P�B�N�S� �c�o�d�e� �b�y� �C�a�l�c�u�l�a�t�i�n�g� �B�o�u�n�d�a�r�y� �L�a�y�e�r� �o�v�e�r� �a� �F�l�a�t� 

�W�a�l�l� 

�A� �f�l�o�w� �o�v�e�r� �a� �f�l�a�t� �w�a�l�l� �i�s� �s�e�l�e�c�t�e�d� �t�o� �b�e� �t�h�e� �f�i�r�s�t� �t�e�s�t� �c�a�s�e� �o�f� �t�h�e� �d�e�v�e�l�o�p�e�d� 

�P�r�e�s�s�u�r�e�-�B�a�s�e�d� �N�a�v�i�e�r�-�S�t�o�k�e�s� �S�o�l�v�e�r� �c�o�d�e� �(�P�B�N�S�)�.� �T�h�i�s� �f�l�o�w� �i�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r� �e�q�u�a�t�i�o�n�s�,� �f�o�r� �w�h�i�c�h� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �e�x�a�c�t� 

�s�o�l�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �L�e�v�y�-�L�e�e�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�r�e�s�u�l�t�s� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �P�B�N�S� �c�o�d�e�.� �A� �s�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �f�l�o�w� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �u�s�e�d�:� �s�u�b�s�o�n�i�c� �f�l�o�w� �w�i�t�h� �a� �f�r�e�e� �s�t�r�e�a�m� �M�a�c�h� 

�n�u�m�b�e�r� �o�f� �0�.�5�,� �i�n�s�u�l�a�t�e�d� �f�l�a�t� �p�l�a�t�e�,� �p�e�r�f�e�c�t� �g�a�s� �r�e�l�a�t�i�o�n�s�,� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �o�f� 

�1�0�*� �b�a�s�e�d� �o�n� �t�h�e� �p�l�a�t�e� �l�e�n�g�t�h�,� �a�n�d� �P�r�a�n�d�t�l� �n�u�m�b�e�r� �o�f� �0�.�7�2�.� 

�3�.�2�.�1�.� �C�o�m�p�u�t�a�t�i�o�n�a�l� �M�e�s�h� 

�T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�s�h� �u�s�e�d� �f�o�r� �t�h�e� �f�l�a�t� �w�a�l�l� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�.� �T�h�e� �g�r�i�d� 

�i�s� �c�o�n�s�t�r�u�c�t�e�d� �o�f� �9�1� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �g�r�i�d� �p�o�i�n�t�s� �i�n� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �d�i�r�e�c�t�i�o�n� �a�n�d� 

�3�1� �p�o�i�n�t�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� �A�n� �a�l�g�e�b�r�a�i�c� �s�t�r�e�t�c�h�i�n�g� �a�l�o�n�g� �t�h�e� �t�o�p� �s�o�l�i�d� 

�w�a�l�l� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �r�e�s�o�l�v�e� �t�h�e� �l�a�r�g�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �v�i�s�c�o�u�s� �b�o�u�n�d�a�r�y� �l�a�y�e�r�.� 

�F�i�g�u�r�e� �3�.�1� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�e�l�l� �c�e�n�t�e�r� �p�o�i�n�t�s�.� �S�i�n�c�e� �e�q�u�a�l� �c�o�n�t�r�o�l� �v�o�l�u�m�e� �c�e�l�l�s� �a�r�e� 

�p�r�e�f�e�r�a�b�l�e�,� �a� �s�h�i�f�t�i�n�g� �f�o�r� �t�h�e� �c�e�l�l� �c�e�n�t�e�r�s� �a�l�o�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �i�s� �u�s�e�d�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�.� �3�.�1�.� 

�3�.�2�.�2� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�3�.�2�.�2�.�1� �I�n�l�e�t� �C�o�n�d�i�t�i�o�n� 

�S�i�n�c�e� �t�h�e� �f�l�o�w� �i�s� �s�u�b�s�o�n�i�c� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �o�f� �t�h�e� �p�l�a�t�e�,� �t�h�r�e�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�e�n�t�e�r� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�,� �a�n�d� �o�n�l�y� �o�n�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �c�o�m�e�s� �f�r�o�m� �t�h�e� 

�i�n�t�e�r�n�a�l� �s�o�l�u�t�i�o�n�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�r�e�e� �p�r�o�p�e�r�t�i�e�s� �h�a�v�e� �t�o� �b�e� �i�m�p�o�s�e�d� �o�n� �t�h�e� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �5�6



�0�0�°� 
�0�6�°�O

�  ��j�a�k�e�y� �A
�J�E

�p
�U

�N
�O

� 
�d�y�}� �J�O� �U�O

�I�P�E�[�N�I�[�V�d� 
�d�y�}� �J�O�J� �p�a�s�n� �$�J�9�}�U�9�9� 

�]�]�9�9� �P�l�s� �[ ¬� �X�1�6�  ��T�E� �a�i�n�d�L�y� 

�W
�X

� 
�0�8�°�0� 

�0�2�°�0� 
�o�g�'�°�O

� 
�0�S�'�*�O

� 
�O

�r� �'�O� 
�Q

�E
�*�O

� 
�0�2�°�0� 

�O
�l�'�O

� 

�
 
�
 

�A
�x� 

�
a
�
g
�
 

� �<�|�¢ ��_ � �� 

�1�9�K�e� 
�m

�H
� 

�|� 
�M

�e�p�u�n�o�g� 
�_

�_
�_

� �3�.� 

�=
 �� �§� 

�a
� �3� 

 ��q
 ��_

� 
�<�=� 

 
�
�
 

�S
�V

�S
�T

�A
�O

�T
�T

�T
�T

�I�T
�T

�T
�T

�I�T
�T

�T
�T

�T
�T

�I�T
�T

� 
�A

�T
�T

� 
�T

�T
�T

�T
�7

�7
�7

�7
�7

�7
�.� 

�
 
�
 

� � 

�0�0�°� �0�.� �S�O�°�O� �O�L �� �0�0�°�0�8� 

�V�A� 

�5�7� �T�w�o� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �P�r�e�s�s�u�r�e�-�B�a�s�e�d� �S�o�l�v�e�r� �t�o� �F�l�o�w� �P�r�o�b�l�e�m�s



�b�o�u�n�d�a�r�i�e�s�,� �w�h�i�l�e� �o�n�e� �p�r�o�p�e�r�t�y� �s�h�o�u�l�d� �b�e� �e�x�t�r�a�p�o�l�a�t�e�d� �f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �d�o�m�a�i�n�.� 

�I�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�,� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �w�a�y�s� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e�s�e� �s�u�b�s�o�n�i�c� �i�n�l�e�t� 

�c�o�n�d�i�t�i�o�n�s� �a�r�e� �u�s�e�d�.� �T�h�e�s�e� �a�r�e� �d�i�s�t�i�n�g�u�i�s�h�e�d� �b�y� �c�a�s�e� �I�,� �I�I� �,� �a�n�d� �I�I�I�.� 

�C�a�s�e� �I�:� �T�h�e� �f�l�o�w� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�s�e�n�t�r�o�p�i�c� �w�h�i�c�h� �c�a�n� �c�o�r�r�e�c�t�l�y� �b�e� �m�o�d�e�l�e�d� �b�y� 

�s�e�t�t�i�n�g� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �t�o� �b�e� �c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l� �t�o� 

�t�h�e� �f�r�e�e� �s�t�r�e�a�m� �c�o�n�d�i�t�i�o�n�.� �T�h�e� �f�l�o�w� �d�i�r�e�c�t�i�o�n� �h�a�s� �b�e�e�n� �a�s�s�u�m�e�d� �t�o� �p�r�o�d�u�c�e� 

�h�o�r�i�z�o�n�t�a�l� �f�r�e�e� �s�t�r�e�a�m� �l�i�n�e�s� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e�.� �T�h�e� �u� �v�e�l�o�c�i�t�y� �i�s� �e�x�t�r�a�p�o�l�a�t�e�d� 

�f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �d�o�m�a�i�n� �u�s�i�n�g� �z�e�r�o� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�.� �T�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �m�a�y� 

�b�e� �c�a�s�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�h�e�m�a�t�i�c�a�l� �f�o�r�m� 

�P�,� �=� �c�o�n�s�t�a�n�t� �T�,� �=� �c�o�n�s�t�a�n�t� �t�a�n� �'�L�v�/�u�]� �=� �0�.�0�0� �(�3�.�1�a�,�b�,�c�)� 

�u�i�;� �=� �U�s� �l�y� �;� �i�=� �1� �(�3�.�1�d�)� 

�C�a�s�e� �I�I� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �f�l�o�w� �i�s� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� �c�a�s�e� �I� �,� �e�x�p�e�c�t� �t�h�a�t� �t�h�e� �u� 

�v�e�l�o�c�i�t�y� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �u�p�s�t�r�e�a�m�-�r�u�n�n�i�n�g� �R�i�e�m�a�n�n� �i�n�v�a�r�i�a�n�t�.� �T�h�e� 

�d�o�w�n�s�t�r�e�a�m�-� �r�u�n�n�i�n�g� �R�i�e�m�a�n�n� �i�n�v�a�r�i�a�n�t� �R�7�!� �,� �b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �v�e�l�o�c�i�t�y�,� �i�s� 

�e�x�t�r�a�p�o�l�a�t�e�d� �f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �u�s�i�n�g� �z�e�r�o� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n� �b�y� 

� � �R�y �� �=� �(�V� �-� �4� �(�3�.�2�)� 
�p�O�)� �a�l�y� 

�w�h�e�r�e� �a� �i�s� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d�.� �K�n�o�w�i�n�g� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �u�s�i�n�g� �t�h�e� 

�i�s�e�n�t�r�o�p�i�c� �r�e�l�a�t�i�o�n�s�,� �t�h�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �i�s� �g�i�v�e�n� �b�y� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �3�8



� � 

�J�4�y� �+� �D�h�,�  �� �2�  ��1�)�(�R�7�1�P� 
�(�y� �+� �1�)� �I� �C�G�)� 

� � �V�i�n� �=� �L�(�y�  ��1�)�R�7�!� �+� 

�w�h�e�r�e� �h�,� �i�s� �t�h�e� �t�o�t�a�l� �e�n�t�h�a�l�p�y� �a�t� �t�h�e� �i�n�l�e�t�.� �T�h�e� �i�n�d�i�v�i�d�u�a�l� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� 

�m�a�y� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �f�l�o�w� �a�n�g�l�e� �r�e�l�a�t�i�o�n� �g�i�v�e�n� �b�y� �t�h�e� �e�q�.� �(�3�.�1�c�)� �T�h�e� 

�p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �m�a�y� �t�h�e�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� �i�s�e�n�t�r�o�p�i�c� �r�e�l�a�t�i�o�n�s�.� �T�h�e� 

�d�e�t�a�i�l�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �a�r�e� �f�o�u�n�d� �i�n� �R�e�f�.� �[�1�1�]�.� 

�C�a�s�e� �I�I�I�:� �T�h�i�s� �c�a�s�e� �i�s� �c�a�l�l�e�d� �a� �n�o�n�-�r�e�f�l�e�c�t�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �I�t� �u�s�e�s� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �v�a�r�i�a�b�l�e�s� �a�t� �t�h�e� �i�n�l�e�t�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �a�r�e� �g�i�v�e�n� �i�n� 

�A�p�p�e�n�d�i�x� �H�.� 

�3�.�2�.�2�.�2�.� �E�x�i�t� �C�o�n�d�i�t�i�o�n� 

�A�t� �t�h�e� �s�u�b�s�o�n�i�c� �e�x�i�t�,� �t�h�r�e�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�l�l� �b�e� �u�p�s�t�r�e�a�m� �r�u�n�n�i�n�g�.� �T�h�r�e�e� 

�f�l�o�w� �v�a�r�i�a�b�l�e�s� �a�r�e� �e�x�t�r�a�p�o�l�a�t�e�d� �f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �u�s�i�n�g� �z�e�r�o� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�s�.� 

�T�h�e�s�e� �a�r�e� �u�,� �v�,� �a�n�d� �h�.� �O�n�l�y� �o�n�e� �v�a�r�i�a�b�l�e� �i�s� �i�m�p�o�s�e�d� �o�n� �t�h�e� �e�x�i�t� �f�l�o�w�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �i�s� �s�e�l�e�c�t�e�d� �t�o� �b�e� �f�i�x�e�d� �o�n� �t�h�e� �o�u�t�l�e�t� �f�l�o�w�,� �a�n�d� �i�t�s� �v�a�l�u�e� �i�s� �s�e�t� �t�o� �b�e� �e�q�u�a�l� 

�t�o� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �o�f� �t�h�e� �f�r�e�e� �s�t�r�e�a�m�.� �T�h�e� �e�x�i�t� �f�l�o�w� �i�n�c�l�u�d�e�s� �b�o�t�h� �t�h�e� �r�i�g�h�t� �(�i� 

�=� �I�m�a�x�)� �,� �a�n�d� �t�h�e� �l�o�w�e�r� �(�j� �=� �J�m�a�x�)� �b�o�u�n�d�a�r�i�e�s�.� 

�3�.�2�.�2�.�3�.� �W�a�l�l� �C�o�n�d�i�t�i�o�n� 

�A�t� �t�h�e� �w�a�l�l� �(�y� �=� �0�.�0�)�,� �t�h�e� �n�o�-�s�l�i�p� �a�n�d� �n�o� �p�e�n�e�t�r�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �h�a�v�e� �b�e�e�n� 

�a�s�s�u�m�e�d� �f�o�r� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�.� �T�h�e� �w�a�l�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n�s�u�l�a�t�e�d�,� �i�.�e�.�,� �t�h�e� 

�g�r�a�d�i�e�n�t� �o�f� �t�h�e� �t�e�m�p�c�r�a�t�u�r�e� �i�s� �s�e�t� �t�o� �b�e� �z�e�r�o�.� �T�h�e� �f�o�u�r�t�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� 

�i�m�p�o�s�e�s� �a� �z�e�r�o� �n�o�r�m�a�l� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �w�a�l�l�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� 

�j�u�s�t�i�f�i�e�d� �f�o�r� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �v�i�s�c�o�u�s� �f�l�o�w�.� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �5�9



�3�.�2�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �A�n�a�l�y�s�i�s� 

�A� �f�u�l�l� �N�a�v�i�e�r� �S�t�o�k�e�s� �e�q�u�a�t�i�o�n� �f�o�r� �2�-�D� �l�a�m�i�n�a�r� �f�l�o�w� �h�a�s� �b�e�e�n� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� 

�p�r�e�s�s�u�r�e�-�b�a�s�e�d� �s�o�l�v�e�r� �(�P�B�N�S�)�.� �A� �R�e�y�n�o�l�d�s ��s� �n�u�m�b�e�r� �o�f� �1�0�0�0�0� �i�s� �d�e�f�i�n�e�d� �a�s� 

�R�=� �P�r�e�f�U�r�e�f�l� �=� �(�3�.�4�)� 

�w�h�e�r�e� �y�e�r� �i�s� �t�h�e� �r�e�f�e�r�e�n�c�e� �d�e�n�s�i�t�y� �o�f� �1� �k�g�/�m�?� �a�n�d� �U�,�¢� �i�s� �t�h�e� �f�r�e�e� �s�t�r�e�a�m� 

�v�e�l�o�c�i�t�y� �o�f� �1� �m�/�s�e�c�,� �L� �i�s� �t�h�e� �w�a�l�l� �l�e�n�g�t�h� �o�f� �1� �m�,� �t�h�e� �r�e�f�e�r�e�n�c�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �1� 

�K�,� �t�h�e� �i�s�e�n�t�r�o�p�i�c� �e�x�p�o�n�e�n�t� �y� �i�s� �1�.�4�,� �a�n�d� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �t�o�t�a�l� 

�t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �i�n�l�e�t� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �i�n�l�e�t� �M�a�c�h� �n�u�m�b�e�r� �a�n�d� �t�h�e� 

�i�s�e�n�t�r�o�p�i�c� �r�e�l�a�t�i�o�n�s�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �v�i�s�c�o�s�i�t�y� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �g�i�v�e�n� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r�.� �A�l�l� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �u�s�i�n�g� �t�h�e� �r�e�f�e�r�e�n�c�e� �v�a�l�u�e�s� �a�s� 

�d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�T�.� 

�T�h�e� �p�o�w�e�r� �l�a�w� �s�c�h�e�m�e� �i�s� �u�s�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s� �a�s� �g�i�v�e�n� 

�i�n� �C�h�a�p�t�e�r� �I�I�.� �T�h�e� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�s� �f�o�r� �m�o�m�e�n�t�u�m�,� �p�r�e�s�s�u�r�e�-�c�o�r�r�e�c�t�i�o�n� �a�n�d� 

�e�n�e�r�g�y� �a�r�e� �s�o�l�v�e�d� �i�m�p�l�i�c�i�t�l�y� �u�s�i�n�g� �a� �f�i�v�e� �p�o�i�n�t� �a�l�g�o�r�i�t�h�m� �b�y� �A�D�I� �m�e�t�h�o�d� 

�(�A�l�t�e�r�n�a�t�i�v�e� �D�i�r�e�c�t�i�o�n� �I�m�p�l�i�c�i�t�)�.� �A�n� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �0�.�6�0� �h�a�s� �b�e�e�n� 

�s�e�l�e�c�t�e�d� �a�f�t�e�r� �s�e�v�e�r�a�l� �t�r�i�a�l�s� �a�s� �a�n� �o�p�t�i�m�u�m� �v�a�l�u�e� �f�o�r� �o�b�t�a�i�n�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� 

�f�l�a�t� �w�a�l�l� �p�r�o�b�l�e�m�.� �N�o� �l�i�m�e�t�e�r�s� �o�r� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �i�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �i�n�l�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �c�a�s�e�s� �I� �,� �I�I� �a�n�d� �I�I�I�,� 

�a�r�e� �p�r�o�v�i�d�e�d� �i�n� �F�i�g�.� �3�.�2� �-� �3�.�4�.� �T�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �f�o�r� �a� �c�o�m�p�r�e�s�s�i�b�l�e� 

�f�l�o�w� �o�v�e�r� �i�n�s�u�l�a�t�e�d� �f�l�a�t� �p�l�a�t�e� �b�y� �u�s�i�n�g� �L�e�v�y�-�L�e�e�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �o�b�t�a�i�n� �t�h�e� 

�s�i�m�i�l�a�r� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �e�q�u�a�t�i�o�n�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �h�a�v�e� �b�e�e�n� 

�n�o�r�m�a�l�i�z�e�d� �u�s�i�n�g� �f�r�e�e� �s�t�r�e�a�m� �v�e�l�o�c�i�t�y�,� �f�r�e�e� �s�t�r�e�a�m� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �t�h�e� �l�o�c�a�l� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �6�0



�R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �T�h�e� �f�i�g�u�r�e�s� �s�h�o�w� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�o�f�i�l�e�s� �s�t�a�r�t�i�n�g� �f�r�o�m� �s�t�a�t�i�o�n� 

�5� �(�x� �=�0�.�0�3�8�9�)� �t�o� �s�t�a�t�i�o�n� �9�1� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �p�l�a�t�e� �(�x�=� �1�.�0�0�)�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�a�s�e� �I� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�(�a�,�b�,�c�)�,� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�x�a�c�t� 

�s�i�m�i�l�a�r� �s�o�l�u�t�i�o�n�.� �F�i�g�u�r�e� �3�.�2�(�a�)� �s�h�o�w�s� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �n�o�r�m�a�l�i�z�e�d� 

�n�u�m�e�r�i�c�a�l� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �X�-�d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �s�e�l�f� �s�i�m�i�l�a�r� �u�-�v�e�l�o�c�i�t�y� �w�h�i�c�h� �i�s� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �1�0�0� �p�o�i�n�t�s� �i�n� �t�h�e� �Y�-�d�i�r�e�c�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �c�o�m�p�a�r�i�s�o�n� �s�h�o�w� �a� 

�v�e�r�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �P�B�N�S� �c�a�l�c�u�l�a�t�i�o�n�s� �a�n�d� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n�s� 

�e�s�p�e�c�i�a�l�l�y� �n�e�a�r� �t�h�e� �w�a�l�l� �w�h�e�r�e� �a� �d�e�n�s�e� �g�r�i�d� �i�s� �u�s�e�d�.� �F�i�g�u�r�e� �3�.�2�(�b�)� �s�h�o�w�s� �t�h�e� 

�c�o�m�p�a�r�i�s�o�n� �f�o�r� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �t�e�m�p�e�r�a�t�u�r�e� �p�r�o�f�i�l�e�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �r�e�s�u�l�t�s� 

�a�g�r�e�e� �v�e�r�y� �w�e�l�l�,� �w�i�t�h� �a� �m�a�x�i�m�u�m� �t�e�m�p�e�r�a�t�u�r�e� �r�a�t�i�o� �o�f� �1�.�0�4�2� �a�t� �t�h�e� �w�a�l�l� �s�u�r�f�a�c�e�.� 

�F�i�g�u�r�e� �3�.�2�(�c�)� �s�h�o�w�s� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �n�u�m�e�r�i�c�a�l� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �Y�-�d�i�r�e�c�t�i�o�n� �f�o�r� �t�h�e� 

�d�i�f�f�e�r�e�n�t� �s�t�a�t�i�o�n�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �s�h�o�w� �a� �g�o�o�d� �p�r�o�f�i�l�e� �e�s�p�e�c�i�a�l�l�y� �n�e�a�r� �t�h�e� �w�a�l�l�.� �T�h�e� 

�S�l�i�g�h�t� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�r�o�f�i�l�e�s� �n�e�a�r� �t�h�e� �f�r�e�e�-�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �m�a�y� �b�e� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �v�a�n�i�s�h�i�n�g� �o�f� �t�h�e� �v�-�v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �a�t� �t�h�e� �l�e�a�d�i�n�g� 

�e�d�g�e� �p�l�a�n�e� �o�f� �t�h�e� �w�a�l�l�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �h�a�s� �b�e�e�n� �r�e�p�o�r�t�e�d� �b�y� �o�t�h�e�r� �r�e�s�e�a�r�c�h�e�r�s�.� 

�F�i�g�u�r�e� �3�.�2�(�d�)� �s�h�o�w�s� �t�h�e� �c�o�n�v�e�r�g�i�n�g� �h�i�s�t�o�r�y� �o�f� �t�h�e� �E�u�c�l�i�d�e�a�n� �(�1�3�)� �n�o�r�m� �f�o�r� �t�h�e� 

�v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �u� �a�n�d� �v� �c�o�m�p�o�n�e�n�t�s� �,� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e�s�e� 

�v�a�l�u�e�s� �h�a�v�e� �b�e�e�n� �n�o�r�m�a�l�i�z�e�d� �u�s�i�n�g� �t�h�e� �n�o�r�m� �v�a�r�i�a�t�i�o�n� �a�t� �t�h�e� �f�i�r�s�t� �s�t�e�p�.� 

�F�i�g�u�r�e�s� �3�.�3�(�a�,�b�,�c�)� �s�h�o�w� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �f�l�a�t� �w�a�l�l� �f�o�r� �t�h�e� 

�c�a�s�e� �I�I� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �b�o�u�n�d�a�r�y�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t�,� 

�h�o�w�e�v�e�r�,� �i�t� �i�s� �n�o�t�i�c�e�d� �t�h�a�t� �t�h�i�s� �c�a�s�e� �o�f� �t�h�e� �i�n�l�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �y�i�e�l�d�e�d� �a� 

�m�a�x�i�m�u�m� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �1�.�0�4�1�8� �a�t� �t�h�e� �w�a�l�l� �w�h�i�c�h� �i�s� �l�e�s�s� �t�h�a�n� �f�o�r� �t�h�e� �c�a�s�e� �I�.� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �6�1
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�7�7� �T�w�o� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �P�B�N�S� �c�o�d�e� �t�o� �F�l�o�w� �P�r�o�b�l�e�m�s



�3�.�3�.�2� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�3�.�3�.�2�.�1� �E�n�t�r�a�n�c�e� �c�o�n�d�i�t�i�o�n�s� 

�F�o�r� �s�u�b�s�o�n�i�c� �i�n�l�e�t�,� �t�h�e� �m�e�t�h�o�d� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� 

�s�p�e�c�i�f�i�c�a�t�i�o�n�s� �o�f� �t�h�r�e�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �n�e�c�e�s�s�a�r�y�.� �A� �f�o�u�r�t�h� �c�o�n�d�i�t�i�o�n� �m�a�y� �b�e� �g�i�v�e�n� 

�m�a�t�h�e�m�a�t�i�c�a�l�l�y� �f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �s�o�l�u�t�i�o�n�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �,� �t�o�t�a�l� 

�t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �t�h�e� �f�l�o�w� �a�n�g�l�e� �a�r�e� �s�p�e�c�i�f�i�e�d� �a�t� �t�h�e� �i�n�l�e�t� �p�l�a�n�e�.� �T�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �f�o�l�l�o�w�s� 

�P�r�.� �=� �c�o�n�s�t�a�n�t� �T�y�,� �c�o�n�s�t�a�n�t� �t�a�n�7�!�(�v�/�u�)� �=� �0�.�0�0� �(�3�.�6�a�,�,�c�)� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e�s�e� �v�a�l�u�e�s� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�y�p�i�c�a�l� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n�s�,� �w�h�e�r�e� �t�h�e� 

�g�a�s� �c�o�m�e�s� �f�r�o�m� �a�n� �u�p�s�t�r�e�a�m� �r�e�s�e�r�v�o�i�r�.� �T�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �i�s� �e�x�t�r�a�p�o�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�i�n�t�e�r�i�o�r� �d�o�m�a�i�n� �u�s�i�n�g� �f�i�r�s�t� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�.� �I�n� �a�l�l� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�s�e�s�,� �t�h�e� 

�t�o�t�a�l� �p�r�e�s�s�u�r�e� �i�s� �s�e�t� �a�t� �1�5� �a�t�m�.� �a�n�d� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �2�0�0�0� �K�.� 

�3�.�3�.�2�.�2� �O�u�t�f�l�o�w� �c�o�n�d�i�t�i�o�n�s� 

�A�t� �t�h�e� �e�x�i�t� �p�l�a�n�e�,� �t�w�o� �c�o�n�d�i�t�i�o�n�s� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �l�o�c�a�l� 

�M�a�c�h� �n�u�m�b�e�r� �a�t� �t�h�e� �e�x�i�t�.� �F�o�r� �s�u�p�e�r�s�o�n�i�c� �e�x�i�t� �f�l�o�w�,� �a�l�l� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� 

�c�o�m�i�n�g� �f�r�o�m� �t�h�e� �i�n�s�i�d�e�,� �i�m�p�l�y�i�n�g� �n�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �r�e�q�u�i�r�e�d�.� �T�h�u�s�,� �a�t� �a� 

�s�u�p�e�r�s�o�n�i�c� �e�x�i�t�,� �t�h�e� �t�e�m�p�c�r�a�t�u�r�e�,� �p�r�e�s�s�u�r�e�,� �a�n�d� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�e�x�t�r�a�p�o�l�a�t�e�d� �f�r�o�m� �u�p�s�t�r�e�a�m� �c�o�n�d�i�t�i�o�n�s� �u�s�i�n�g� �f�i�r�s�t� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�.� �A�n� 

�i�m�p�l�i�c�i�t� �t�r�e�a�t�m�e�n�t� �i�s� �u�s�e�d� �a�t� �t�h�e� �e�x�i�t�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �m�a�y� �b�e� �w�r�i�t�t�e�n� �f�o�r� �a� �g�e�n�e�r�a�l� 

�v�a�r�i�a�b�l�e� �@� �a�s� �f�o�l�l�o�w�s� 

�O�n�t�;� �=� �O�n�g�.� �1� �+� �0�S�L�O�R�F�!� �|�,�  �� �O�n�t�!� �(�3�.�7�)� �m�x� �m�x �� �l�y� �m�x�  �� �2�7� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �7�8



�w�h�e�r�e� �®� �r�e�p�r�e�s�e�n�t�s� �u�s�v�,�h�a�n�d�p� �.� 

�D�u�e� �t�o� �t�h�e� �v�i�s�c�o�u�s� �e�f�f�e�c�t�s� �n�e�a�r� �t�h�e� �w�a�l�l� �a�t� �t�h�e� �e�x�i�t� �p�l�a�n�e�,� �a� �l�o�c�a�l� �s�u�b�s�o�n�i�c� �f�l�o�w� 

�r�e�g�i�o�n� �m�a�y� �e�x�i�s�t�.� �T�o� �g�e�t� �a�n� �a�c�c�u�r�a�t�e� �m�o�d�e�l� �o�f� �t�h�e� �f�l�o�w� �i�n� �t�h�i�s� �r�e�g�i�o�n�,� �t�h�e� �s�u�b�s�o�n�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �l�o�c�a�l� �s�u�b�s�o�n�i�c� �r�e�g�i�o�n� �i�s� �t�r�e�a�t�e�d� �i�n� �a� 

�s�i�m�i�l�a�r� �w�a�y� �a�s� �t�h�e� �s�u�b�s�o�n�i�c� �e�x�i�t� �f�l�o�w� �o�v�e�r� �a� �f�l�a�t� �p�l�a�t�e� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �I�I�I�.� 

�3�.�3�.�2�.�3� �S�y�m�m�e�t�r�y� �c�o�n�d�i�t�i�o�n�s� 

�A�l�o�n�g� �t�h�e� �l�i�n�e� �o�f� �s�y�m�m�e�t�r�y�,� �t�h�e� �n�o�r�m�a�l� �g�r�a�d�i�e�n�t�s� �m�u�s�t� �b�e� �s�e�t� �t�o� �b�e� �z�e�r�o�.� �T�h�i�s� 

�r�e�q�u�i�r�e�s� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �n�o�r�m�a�l� �t�o� �t�h�a�t� �l�i�n�e�.� �T�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 

�o�P� �_�¢� �v� �=�0� �(�3�.�8�a�,�b�)� 

�R�e�p�l�a�c�i�n�g� �t�h�e� �n�o�r�m�a�l� �d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �a� �d�e�r�i�v�a�t�i�v�e� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� 

� � � � 

�y�i�e�l�d�s� 

�o�D� �9�4�2� �G�6� 
�é�n� �=� �9�B� �a�g� �(�3�.�9�)� 

�w�h�e�r�e� �q�>� �a�n�d� �q�3� �a�r�e� �d�e�f�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�]�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e� �o�n� �t�h�e� �l�e�f�t� �h�a�n�d�s�i�d�e� 

�i�s� �t�r�e�a�t�e�d� �i�m�p�l�i�c�i�t�l�y� �u�s�i�n�g� �s�e�c�o�n�d� �o�r�d�e�r� �o�n�e�-�s�i�d�e�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e� �r�i�g�h�t� 

�h�a�n�d�s�i�d�e� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �e�x�p�l�i�c�i�t�l�y� �b�y� �u�s�i�n�g� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e�.� �T�h�u�s�,� �e�q�.� 

�(�3�.�9�)� �m�a�y� �b�e� �d�i�s�c�r�e�t�i�z�e�d� �a�s� �f�o�l�l�o�w�s� 

�I� �3�,� �@�?� 
�o�f�f� �l�=�>� �f�o�o�p�e�!� �o�n�t� �3� �(�B�y� �C�O�P� �=� �O�P�]� �(�3�.�1�0�)� 

�i�,�l� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �7�9



�3�.�3�.�2�.�4� �W�a�l�l� �c�o�n�d�i�t�i�o�n�s� 

�A�t� �t�h�e� �n�o�z�z�l�e� �w�a�l�l�,� �t�h�e� �n�o�-�s�l�i�p� �n�o�-�p�e�n�e�t�r�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �i�s� �i�m�p�o�s�e�d� �,� �L�e�.�,� 

�u�=�Q�a�n�d� �v� �=�0�.� �T�h�e� �w�a�l�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n�s�u�l�a�t�e�d� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �h�e�a�t� 

�f�l�u�x� �(�0�7�/�d�n�)� �n�o�r�m�a�l� �t�o� �t�h�e� �w�a�l�l� �i�s� �s�e�t� �t�o� �b�e� �z�e�r�o�.� �T�h�e� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �w�a�l�l� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �i�t�s� �n�o�r�m�a�l� �d�e�r�i�v�a�t�i�v�e� �a�t� �t�h�e� �w�a�l�l�.� �T�h�i�s� 

�m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �a�s� 

�P�h�i�i�y� �=� �s�p�a� �=� �P�h�y� �a�t� �(�)� �C�P� �a�m�y�  �� �P�m� �(�3�.�1�1�)� 
�i�s�m�y� 

�F�o�r� �s�o�l�v�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �h�a�v�e� �a�n�y� 

�a�s�s�u�m�p�t�i�o�n� �f�o�r� �p ��,� �s�i�n�c�e� �n�o� �c�o�r�r�e�c�t�i�o�n� �i�s� �n�e�e�d�e�d� �a�t� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �H�o�w�e�v�e�r�,� �i�t� �h�a�s� �b�e�e�n� �f�o�u�n�d� �t�h�a�t� �b�e�t�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� �m�a�y� 

�b�e� �o�b�t�a�i�n�e�d� �i�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�r�r�e�c�t�i�o�n� �a�t� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �p�o�s�s�e�s�s�e�s� �t�h�e� �s�a�m�e� 

�b�e�h�a�v�i�o�r� �a�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �t�h�e�r�e�.� 

�3�.�3�.�3� �R�e�s�u�l�t�s� 

�T�o� �e�x�a�m�i�n�e� �t�h�e� �c�o�d�e� �p�e�r�f�o�r�m�a�n�c�e� �a�n�d� �a�b�i�l�i�t�y� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �c�a�s�e�s� �h�a�v�e� �b�e�e�n� 

�t�e�s�t�e�d� �f�o�r� �t�h�e� �n�o�z�z�l�e� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�5�.� �T�h�e�s�e� �c�a�s�e�s� �i�n�c�l�u�d�e� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �a�n�d� �d�i�f�f�e�r�e�n�t� �g�a�s� �p�r�o�p�e�r�t�i�e�s�.� �H�y�d�r�o�g�e�n� �i�s� �t�h�e� �f�l�o�w�i�n�g� �g�a�s� �f�o�r� �a�l�l� �t�h�e�s�e� 

�t�e�s�t� �c�a�s�e�s�.� �T�a�b�l�e� �3�.�2� �g�i�v�e�s� �t�h�e� �d�i�f�f�e�r�e�n�t� �i�n�p�u�t�s� �f�o�r� �t�h�e�s�e� �c�a�s�e�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �s�e�l�e�c�t�e�d� �t�o� �n�o�n�d�i�m�e�n�s�i�o�n�a�l�i�z�e� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� 

�u�w� �=� �3�1�8�.�2�7 �� �N�s�e�c� �/�m�?� �k� �=� �0�.�8�7�8�W�/�m�K� �p� �=� �0�.�1�8�1�5�k�g�/�m�>�?� �T� �=� �2�0�0�0�.�0�K� 
�U�,�e�r� �=� �5�0�.�0�m�/� �s�e�c� �X�r�e�f� �=�0�.�7�S�5�M� �C�o�r�e�r� �=� �1�8�.�2�5�K�i�/�k�g�K� � �y� �=� �1�.�4�0�8� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �8�0
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�8�1� �T�w�o� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �P�B�N�S� �c�o�d�e� �t�o� �F�l�o�w� �P�r�o�b�l�e�m�s



�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �c�a�s�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�s�.� �3�.�6� �t�o� �3�.�1�0�,� �s�h�o�w�i�n�g� �a�x�i�a�l� 

�v�e�l�o�c�i�t�y�,� �r�a�d�i�a�l� �v�e�l�o�c�i�t�y�,� �p�r�e�s�s�u�r�e� �,� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �a�n�d� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�h�i�s�t�o�r�y� �f�o�r� �e�a�c�h� �c�a�s�e�.� 

�3�.�3�.�3�.�1� �C�a�s�e� �1� 

�T�h�e� �r�e�s�u�l�t�s�,� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�.�6� �a�-�e� �s�h�o�w� �a�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �i�n�v�i�s�c�i�d� �s�o�l�u�t�i�o�n�,� �n�e�a�r� �t�h�e� �c�e�n�t�e�r� �l�i�n�e�.� �T�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�o�l�u�t�i�o�n� 

�i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� 

�A� �J�A� �5� �y�-�1� �y� �+�1�/�y�  ��1� 
�=� �_�_� �3�.�1�2� �4�°� �+�-�|� �p�0�4� �,�  ��)�]� �(�3�.�1�2�)� 

� � 

� � � � � � 

�w�h�e�r�e� �A �� �i�s� �t�h�e� �s�o�n�i�c� �n�o�z�z�l�e� �a�r�e�a�.� �S�o�l�v�i�n�g� �f�o�r� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �a�t� �v�a�r�i�o�u�s� 

�l�o�c�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �n�o�z�z�l�e�,� �t�h�e� �p�r�e�s�s�u�r�e�,� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �u�-�v�e�l�o�c�i�t�y� �m�a�y� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �i�s�e�n�t�r�o�p�i�c� �r�e�l�a�t�i�o�n�s�.� �T�h�e� �v�i�s�c�o�u�s� �e�f�f�e�c�t�s� �a�r�e� �c�l�e�a�r� �i�n� �t�h�e� �f�l�o�w� 

�n�e�a�r� �t�h�e� �w�a�l�l�,� �h�o�w�e�v�e�r�,� �i�t� �i�s� �n�o�t�i�c�e�d� �t�h�a�t� �m�o�r�e� �p�o�i�n�t�s� �a�r�e� �n�e�e�d�e�d� �n�e�a�r� �t�h�e� �w�a�l�l� �t�o� 

�a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �f�l�o�w�.� �T�h�e� �v�-�v�e�l�o�c�i�t�y� �s�h�o�w�s� �a� �n�e�g�a�t�i�v�e� 

�v�a�l�u�e� �i�n� �t�h�e� �c�o�n�v�e�r�g�e�n�t� �p�a�r�t� �a�n�d� �a� �p�o�s�i�t�i�v�e� �v�a�l�u�e� �i�n� �t�h�e� �d�i�v�e�r�g�e�n�t� �p�a�r�t� �o�f� �t�h�e� 

�n�o�z�z�l�e�,� �w�i�t�h� �z�e�r�o� �v�a�l�u�e� �a�t� �t�h�e� �w�a�l�l� �a�n�d� �t�h�e� �s�y�m�m�e�t�r�y� �a�x�i�s�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�i�n�c�r�e�a�s�e�s� �g�r�a�d�u�a�l�l�y� �f�r�o�m� �i�t�s� �v�a�l�u�e� �a�t� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �t�o� �t�h�e� �a�d�i�a�b�a�t�i�c� �v�a�l�u�e� �a�t� �t�h�e� 

�w�a�l�l� �f�o�r� �t�h�e� �s�u�b�s�o�n�i�c� �p�a�r�t� �o�f� �t�h�e� �n�o�z�z�l�e�.� �A� �w�a�l�l� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �1�9�9�9�.�5�4� �K� �e�x�i�s�t�e�d� 

�a�t� �t�h�e� �w�a�l�l�.� �F�o�r� �t�h�e� �s�u�p�e�r�s�o�n�i�c� �p�a�r�t�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�e�c�r�e�a�s�e�s� �f�r�o�m� �t�h�e� �c�e�n�t�e�r� 

�l�i�n�e� �d�u�e� �t�o� �t�h�e� �a�c�c�e�l�e�r�a�t�i�n�g� �e�f�f�e�c�t� �o�f� �t�h�e� �f�l�o�w�.� �T�h�e�n�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�n�c�r�e�a�s�e�s� 

�d�u�e� �t�o� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �e�f�f�e�c�t� �a�t� �t�h�e� �w�a�l�l�.� �T�h�e� �M�a�c�h� �n�u�m�b�e�r� �c�o�n�t�o�u�r� �i�s� �r�e�l�a�t�e�d� 

�t�o� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�e�m�p�c�r�a�t�u�r�e� �c�o�n�t�o�u�r�.� �N�o� �s�u�b�s�o�n�i�c� �z�o�n�e� �n�e�a�r� �t�h�e� �w�a�l�l� �i�s� 

�r�e�p�o�r�t�e�d� �f�o�r� �t�h�e� �e�x�i�t� �p�l�a�n�e�,� �s�i�n�c�e�,� �a�t� �t�h�a�t� �p�l�a�n�e�,� �a�l�l� �t�h�e� �g�r�i�d� �p�o�i�n�t�s� �w�e�r�e� �a�s�s�u�m�e�d� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �8�2



�t�o� �h�a�v�e� �a� �s�u�p�e�r�s�o�n�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �b�a�c�k�g�r�o�u�n�d� �p�r�e�s�s�u�r�e� �i�s� 

�l�o�w� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� �f�o�r� �s�u�p�e�r�s�o�n�i�c� �f�l�o�w� �a�t� �t�h�e� �e�x�i�t� �p�l�a�n�e�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� 

�i�n�s�u�r�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �n�o�r�m� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n�s� �o�f� �a�l�l� �t�h�e� �v�a�r�i�a�b�l�e�s�.� �A�l�s�o�,� �t�h�e� 

�g�l�o�b�a�l� �a�n�d� �l�o�c�a�l� �m�a�s�s� �i�m�b�a�l�a�n�c�e� �a�r�e� �c�h�e�c�k�e�d� �t�o� �b�e� �l�e�s�s� �t�h�a�t� �1�0�7�8�.� �T�h�e� �i�n�n�e�r� �l�o�o�p� 

�i�s� �r�e�p�e�a�t�e�d� �t�i�l�l� �t�h�e� �n�o�r�m� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �d�r�o�p�p�e�d� �t�o� �1�0�7�!�°�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�(�f�)�.� �A�l�l� �t�h�e� �s�e�c�o�n�d� �n�o�r�m�s� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�v�a�r�i�a�t�i�o�n�s� �w�e�r�e� �r�e�d�u�c�e�d� �t�o� �s�i�x� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �w�i�t�h� �t�h�e� �p�r�e�s�s�u�r�e� �t�o� �b�e� �t�h�e� �l�a�s�t� 

�v�a�r�i�a�b�l�e� �t�o� �c�o�n�v�e�r�g�e�.� 

�3�.�3�.�3�.�2� �C�a�s�e� �2� 

�T�h�e� �c�a�s�e� �2� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �c�a�s�e� �1� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�2� �e�x�c�e�p�t� �t�h�a�t� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �U�)� �;�=� �U�2�,� �f�o�r� �a�l�l� �j� �a�l�o�n�g� �t�h�e� �i�n�l�e�t�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �c�a�s�e� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� 

�c�a�s�e� �1�.� �T�h�e� �c�o�n�t�o�u�r�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �,�M�a�c�h� �n�u�m�b�e�r�,� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�p�r�e�s�s�u�r�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�.�7� �a�-�e�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �L�,� �n�o�r�m� �o�f� 

�t�h�e� �v�a�r�i�a�t�i�o�n�s�,� �F�i�g�.� �3�.�7�(�f�)�,� �i�s� �f�o�u�n�d� �t�o� �b�e� �s�i�m�i�l�a�r� �t�o� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� 

�p�r�e�v�i�o�u�s� �t�e�s�t� �c�a�s�e�.� �T�h�i�s� �s�h�o�w�s� �t�h�a�t� �b�o�t�h� �t�h�e� �n�o�n�-�r�e�f�l�e�c�t�i�n�g� �b�o�u�n�d�a�r�y� �a�n�d� �t�h�i�s� 

�t�r�e�a�t�m�e�n�t� �a�r�e� �i�d�e�n�t�i�c�a�l�,� �w�i�t�h� �a� �s�m�a�l�l� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �C�P�U� �t�i�m�e� �f�o�r� �t�h�e� �l�a�t�t�e�r� �o�n�e�.� 

�3�.�3�.�3�.�3� �C�a�s�e� �3� 

�T�h�i�s� �c�a�s�e� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �c�a�s�e� �2� �w�i�t�h� �a�n� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �f�a�c�t�o�r� �o�f� 

�0�.�4�5� �i�n�s�t�e�a�d� �0�.�2�5� �u�s�e�d� �f�o�r� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�s�.� �T�h�i�s� �v�a�l�u�e� �o�f� �u�n�d�e�r�-�r�e�l�a�x�a�t�i�o�n� �h�a�s� 

�b�e�e�n� �f�o�u�n�d� �t�o� �b�e� �o�p�t�i�m�u�m� �f�o�r� �t�h�e� �n�o�z�z�l�e�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �t�e�s�t� �c�a�s�e� �s�h�o�w� 

�i�d�e�n�t�i�c�a�l� �b�e�h�a�v�i�o�r� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �t�e�s�t� �c�a�s�e�s� �a�n�d� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�s�.� �3�.�8� �a�-�e�.� 

�T�W�O� �A�P�P�L�I�C�A�T�I�O�N�S� �O�F� �P�B�N�S� �C�O�D�E� �T�O� �F�L�O�W� �P�R�O�B�L�E�M�S� �8�3
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�L�A�S�E�R� �E�N�G�I�N�E� 

�T�h�i�s� �c�h�a�p�t�e�r� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�a�r�t�s�.� �T�h�e� �f�i�r�s�t� �p�a�r�t� �i�s� �a� �s�t�u�d�y� �o�f� �t�h�e� �m�a�i�n� 

�p�h�y�s�i�c�a�l� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�s�p�e�c�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �l�a�s�e�r� �e�n�g�i�n�e�.� �T�h�i�s� �i�n�c�l�u�d�e�s� 

�l�a�s�e�r� �p�o�w�e�r� �a�b�s�o�r�p�t�i�o�n�,� �p�l�a�s�m�a� �r�a�d�i�a�t�i�o�n�,� �a�n�d� �n�o�z�z�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �N�o� �a�t�t�e�m�p�t� 

�i�s� �m�a�d�e� �t�o� �i�m�p�r�o�v�e� �t�h�e� �e�n�g�i�n�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e�,� �a�n�d� �t�h�e� �m�a�i�n� �g�o�a�l� �i�s� �t�o� �g�a�i�n� 

�u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �s�i�m�u�l�a�t�i�o�n� �i�n� �g�e�n�e�r�a�l�.� �T�h�e� �s�e�c�o�n�d� �p�a�r�t� �a�i�m�s� 

�a�t� �a� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e�.� �S�e�v�e�r�a�l� �a�t�t�e�m�p�t�s� �a�r�e� �m�a�d�e� �t�o� 
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�c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e�,� �e�q�.� �(�2�.�3�)�,� �i�n�c�l�u�d�e� �t�h�e� 

�a�x�i�s�y�m�m�e�t�r�i�c� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�,� �a�n�d� �e�n�e�r�g�y� �c�o�n�s�e�r�v�a�t�i�o�n� �e�q�u�a�t�i�o�n�s�.� 
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�t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� 

�I�n� �t�h�e� �f�i�r�s�t� �p�a�r�t� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�,� �s�e�v�e�r�a�l� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �a�r�e� �i�n�f�l�u�e�n�c�i�n�g� �l�a�s�e�r� 

�e�n�g�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �a�r�e� �a�n�a�l�y�z�e�d�.� �T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�n�c�l�u�d�e� �g�e�o�m�e�t�r�i�c�a�l� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �b�o�t�h� �t�h�e� �e�n�g�i�n�e� �a�n�d� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �l�a�s�e�r� �p�h�y�s�i�c�a�l� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�u�c�h� �a�s� �t�h�e� �t�y�p�e� �o�f� �l�a�s�e�r� �u�s�e�d�,� �a�n�d� �f�l�o�w� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s�.� �A� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �t�e�s�t�e�d� �t�o� �s�t�u�d�y� �t�h�e�i�r� �e�f�f�e�c�t�s� �o�n� �t�h�e� �e�n�g�i�n�e� 

�p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �e�x�a�m�i�n�e�d� �t�h�r�o�u�g�h� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �m�a�s�s� 

�f�l�o�w� �r�a�t�e�,� �t�h�r�u�s�t�,� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e�,� �l�a�s�e�r� �p�o�w�e�r� �a�b�s�o�r�b�e�d�,� �a�n�d� �r�a�d�i�a�t�i�o�n� �l�o�s�s�e�s� �b�y� 

�t�h�e� �o�p�t�i�c�a�l�l�y� �t�h�i�n� �a�s�s�u�m�p�t�i�o�n�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �d�e�s�i�g�n�s� �o�f� �t�h�e� �t�h�r�u�s�t� �c�h�a�m�b�e�r� �a�r�e� 

�c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �f�i�r�s�t� �o�n�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�(�a�)�.� �I�t� �c�o�n�s�i�s�t�s� �o�f� �a� �c�y�l�i�n�d�r�i�c�a�l� �t�u�b�e� 

�f�o�l�l�o�w�e�d� �b�y� �a� �c�o�s�i�n�e� �s�h�a�p�e� �c�o�n�v�e�r�g�i�n�g�-�d�i�v�e�r�g�i�n�g� �n�o�z�z�l�e�.� �T�h�e� �p�r�o�p�e�l�l�a�n�t� �i�s� �i�n�j�e�c�t�e�d� 

�i�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �a�l�o�n�g� �t�h�e� �l�e�f�t� �p�l�a�n�e�.� �T�h�e� �s�e�c�o�n�d� �d�e�s�i�g�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�(�b�)�.� 

�T�h�e� �p�r�o�p�e�l�l�a�n�t� �i�s� �i�n�j�e�c�t�e�d� �r�a�d�i�a�l�l�y� �f�r�o�m� �t�h�e� �r�a�d�i�a�l� �o�p�e�n�i�n�g�s� �t�o� �t�h�e� �a�b�s�o�r�p�t�i�o�n� 

�c�h�a�m�b�e�r�.� �T�h�i�s� �w�i�l�l� �p�r�o�d�u�c�e� �g�o�o�d� �m�i�x�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �h�o�t� �p�l�a�s�m�a� �c�o�r�e� �a�n�d� �t�h�e� �r�e�s�t� 

�o�f� �t�h�e� �p�r�o�p�e�l�l�a�n�t�.� 

�P�l�a�s�m�a� �i�s� �i�n�i�t�i�a�l�i�z�e�d� �i�n� �t�h�e� �f�l�o�w� �b�y� �t�w�o� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�s�.� �I�n� �t�h�e� �f�i�r�s�t� �o�n�e�,� 

�a� �r�e�g�i�o�n� �o�f� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �(�a�b�o�v�e� �1�2�0�0�0� �K�)� �n�e�a�r� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �i�s� �i�n�i�t�i�a�l�l�y� 

�a�s�s�u�m�e�d� �a�s� �a�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� �f�l�o�w�.� �T�h�e� �p�o�s�i�t�i�o�n� �a�n�d� �s�i�z�e� �o�f� �t�h�i�s� �r�e�g�i�o�n� 

�i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�r�i�a�l� �a�n�d� �e�r�r�o�r�.� �T�h�e� �s�e�c�o�n�d� �s�c�h�e�m�e� �a�s�s�u�m�e�s� �a� �h�i�g�h� �a�b�s�o�r�p�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �f�l�o�w� �r�e�g�i�o�n� �n�e�a�r� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �a�n�d� �i�s� �k�e�p�t� �f�i�x�e�d� �i�n� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n� �a�n�d� �s�u�c�c�e�s�s�i�v�e� �i�t�e�r�a�t�i�o�n�s� �u�n�t�i�l� �t�h�e� �h�y�d�r�o�g�e�n� �t�e�m�p�e�r�a�t�u�r�e� �r�e�a�c�h�e�s� �a� �h�i�g�h� 

�v�a�l�u�e� �o�v�e�r� �a� �s�m�a�l�l� �r�e�g�i�o�n� �a�r�o�u�n�d� �t�h�e� �f�o�c�a�l� �p�o�i�n�t�.� �T�h�e�n� �t�h�i�s� �h�i�g�h� �n�u�m�e�r�i�c�a�l� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�0�8



�a�b�s�o�r�b�a�b�i�l�i�t�y� �i�s� �b�y�p�a�s�s�e�d� �a�n�d� �t�h�e� �t�r�u�e� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �f�l�o�w� �i�s� �u�s�e�d�.� 

�N�o� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �s�c�h�e�m�e�s� �i�n� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �h�a�s� �b�e�e�n� 

�n�o�t�i�c�e�d�.� 

�4�.�1� �C�o�m�p�u�t�a�t�i�o�n�a�l� �M�e�s�h� 

�T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�s�h�e�s� �u�s�e�d� �f�o�r� �t�h�e� �t�h�r�u�s�t� �c�h�a�m�b�e�r�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� 

�4�.�2�(�a�,�b�)�.� �E�a�c�h� �g�r�i�d� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �o�f� �9�1� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �g�r�i�d� �p�o�i�n�t�s� �i�n� �t�h�e� 

�S�t�r�e�a�m�w�i�s�e� �d�i�r�e�c�t�i�o�n� �a�n�d� �3�1� �p�o�i�n�t�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� �A�n� �a�l�g�e�b�r�a�i�c� 

�s�t�r�e�t�c�h�i�n�g� �a�l�o�n�g� �t�h�e� �t�o�p� �s�o�l�i�d� �w�a�l�l� �a�n�d� �a�t� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �r�e�s�o�l�v�e� 

�t�h�e� �l�a�r�g�e� �g�r�a�d�i�e�n�t�s� �i�n� �t�h�e� �v�i�s�c�o�u�s� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �a�n�d� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �t�h�e� 

�l�a�s�e�r� �b�e�a�m� �f�o�c�a�l� �p�o�i�n�t�.� �S�u�c�h� �a� �g�r�i�d� �s�y�s�t�e�m� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �a� �f�a�i�r� �c�o�n�t�o�u�r� �r�e�s�o�l�u�t�i�o�n� 

�w�i�t�h�o�u�t� �e�x�c�e�s�s�i�v�e� �t�a�x� �o�f� �t�h�e� �t�o�t�a�l� �C�P�U� �t�i�m�e�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�s�h� �f�o�r� �s�o�l�v�i�n�g� 

�t�h�e� �l�a�s�e�r� �e�n�e�r�g�y� �c�o�n�s�e�r�v�a�t�i�o�n�s� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �o�f� �1�1� �b�e�a�m� �r�a�y�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� 

�4�.�2� �(�a�,�b�)�.� 

�4�.�2� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �t�h�r�u�s�t� �c�h�a�m�b�e�r� �I� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �f�o�r� �t�h�e� �c�a�s�e� �4� �a�n�d� �5� �i�n� �C�h�a�p�t�e�r� �I�I�I�.� �F�o�r� �t�h�e� �t�h�r�u�s�t� 

�c�h�a�m�b�e�r� �I�I�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� �t�h�r�u�s�t� �c�h�a�m�b�e�r� �I� 

�a�l�o�n�g� �t�h�e� �s�y�m�m�e�t�r�i�c� �l�i�n�e�,� �e�x�i�t� �a�n�d� �t�o�p� �t�h�r�u�s�t�e�r� �w�a�l�l�.� �A�t� �t�h�e� �l�e�f�t�m�o�s�t� �w�a�l�l� �(�i�=�1�)� 

�t�h�e� �n�o�-�s�l�i�p�,� �n�o� �p�e�n�e�t�r�a�t�i�o�n�,� �a�n�d� �v�a�n�i�s�h�i�n�g� �o�f� �t�h�e� �n�o�r�m�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� 

�t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �p�r�e�s�s�u�r�e� �a�r�e� �u�s�e�d�.� �T�h�e� �f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �r�a�d�i�a�l� �s�l�o�t�s� �i�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �s�u�b�s�o�n�i�c�.� �F�o�r� �t�h�e� �s�u�b�s�o�n�i�c� �s�l�o�t�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �u�s�e�d� 

�P�y�,� �=� �c�o�n�s�t�a�n�t� �T�y�,� �=�c�o�n�s�t�a�n�t� �t�a�n� �!�(�u�/�v�)� �=� �0�.�0� �(�4�.�1�)� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�0�9
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�T�h�e� �f�o�u�r�t�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� �e�x�t�r�a�p�o�l�a�t�i�n�g� �t�h�e� �r�a�d�i�a�l� �v�e�l�o�c�i�t�y� 

�f�r�o�m� �t�h�e� �i�n�t�e�r�i�o�r� �d�o�m�a�i�n� �u�s�i�n�g� �f�i�r�s�t� �o�r�d�e�r� �e�x�t�r�a�p�o�l�a�t�i�o�n�.� 

�4�.�3� �I�n�i�t�i�a�l� �T�e�s�t�i�n�g� �o�f� �L�a�s�e�r� �E�n�g�i�n�e� �P�a�r�a�m�e�t�e�r�s� 

�T�h�e� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �t�e�s�t� �e�n�g�i�n�e�s� �u�s�e�d� �i�n� �t�h�i�s� �p�a�r�t� �o�f� �t�h�e� 

�s�t�u�d�y� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �4�.�1�.�a�.� �t�h�e� �t�h�r�u�s�t� �c�h�a�m�b�e�r� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1� �(�a�)�,� 

�a�n�d� �n�o�z�z�l�e� �I�I� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�(�b�)�.� �T�h�e� �r�a�d�i�a�l� �s�l�o�t� �f�o�r� �n�o�z�z�l�e� �I�I� �e�n�d�s� �a�t� �t�w�o� �g�r�i�d� 

�l�i�n�e�s� �f�r�o�m� �t�h�e� �i�n�l�e�t� �c�o�r�n�e�r� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�o�n�e�.� 

�4�.�3�.�1� �R�e�s�u�l�t�s� �a�n�d� �A�n�a�l�y�s�i�s� 

�T�h�e� �c�o�n�t�o�u�r� �p�l�o�t�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �t�e�s�t� �c�a�s�e�s� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�s�.� �4�.�3� �t�o� �4�.�1�1�.� �A�l�t�h�o�u�g�h�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �a�n�a�l�y�z�e� �t�h�e� �f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� 

�l�a�s�e�r� �t�h�r�u�s�t�e�r� �f�r�o�m� �t�h�e�s�e� �c�o�n�t�o�u�r� �d�u�e� �t�o� �t�h�e� �s�m�a�l�l� �p�l�a�s�m�a� �s�i�z�e�,� �s�o�m�e� �i�m�p�o�r�t�a�n�t� 

�f�e�a�t�u�r�e�s� �o�f� �a� �l�a�s�e�r� �t�h�r�u�s�t�e�r� �m�a�y� �b�e� �p�o�i�n�t�e�d� �o�u�t�.� �A�l�l� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r� 

�s�h�o�w�s� �a� �p�l�a�s�m�a� �f�l�o�w� �t�h�a�t� �o�c�c�u�p�i�e�d� �o�n�l�y� �a� �s�m�a�l�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �i�n� �t�h�e� 

�t�h�r�u�s�t�e�r�,� �e�x�c�e�p�t� �f�o�r� �t�h�e� �c�a�s�e� �3�.� �T�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �d�e�n�s�e� 

�l�i�n�e�s� �n�e�a�r� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �w�i�t�h� �t�h�e� �m�a�x�i�m�u�m� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �c�e�n�t�e�r�l�i�n�e�.� 

�T�e�m�p�e�r�a�t�u�r�e� �d�e�c�r�e�a�s�e�s� �i�n� �t�h�e� �r�a�d�i�a�l� �d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e�n� �i�n�c�r�e�a�s�e�s� �a�g�a�i�n� �n�e�a�r� �t�h�e� 

�t�h�r�u�s�t�e�r� �w�a�l�l�.� �T�h�e� �p�l�a�s�m�a� �f�r�o�n�t�s� �a�r�e� �a�l�w�a�y�s� �l�o�c�a�t�e�d� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �f�o�c�a�l� �p�o�i�n�t�.� 

�L�a�r�g�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t� �i�s� �r�e�c�o�r�d�e�d� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �o�f� �t�h�e� �t�h�e� �p�l�a�s�m�a� 

�b�e�c�a�u�s�e� �a�t� �t�h�a�t� �p�l�a�c�e� �h�e�a�t� �t�r�a�n�s�f�e�r�s� �b�y� �c�o�n�v�e�c�t�i�o�n� �a�n�d� �c�o�n�d�u�c�t�i�o�n� �a�r�e� �i�n� �o�p�p�o�s�i�t�e� 

�d�i�r�e�c�t�i�o�n�s�.� �T�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �p�l�a�s�m�a� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �r�e�p�o�r�t�e�d� �b�y� 

�J�e�n�g� �e�t� �a�l� �[�3�5�]�.� �T�h�e� �u�-�v�e�l�o�c�i�t�y� �c�o�n�t�o�u�r� �s�h�o�w� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� 

�c�o�m�p�o�n�e�n�t� �t�o�w�a�r�d�s� �t�h�e� �e�x�i�t� �o�f� �t�h�e� �t�h�r�u�s�t�e�r� �w�h�i�c�h� �i�s� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �n�o�z�z�l�e� 

�f�l�o�w�.� �H�o�w�e�v�e�r�,� �a� �g�r�e�a�t�e�r� �i�n�c�r�e�a�s�e� �i�s� �f�o�u�n�d� �a�l�o�n�g� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �d�u�c� �t�o� �t�h�e� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�1�3



�e�x�p�a�n�d�i�n�g� �o�f� �t�h�e� �h�o�t� �c�o�r�e� �g�a�s�e�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �c�o�n�v�e�r�t�i�n�g� �t�h�e� �t�h�e�r�m�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� 

�p�r�o�p�e�l�l�a�n�t� �i�n�t�o� �k�i�n�e�t�i�c� �e�n�e�r�g�y�.� �T�h�e� �v�-�v�e�l�o�c�i�t�y� �c�o�n�t�o�u�r� �s�h�o�w� �t�h�a�t� �t�h�e� �f�l�o�w� �t�e�n�d�s� 

�t�o� �m�o�v�e� �u�p�w�a�r�d� �a�t� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �o�f� �t�h�e� �p�l�a�s�m�a� �d�u�e� �t�o� �t�h�e� �g�r�e�a�t� �r�e�d�u�c�t�i�o�n� �i�n� 

�t�h�e� �d�e�n�s�i�t�y� �c�a�u�s�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �h�y�d�r�o�g�e�n�.� �A�t� �t�h�e� �t�a�i�l� �o�f� �t�h�e� 

�p�l�a�s�m�a�,� �t�h�e� �f�l�o�w� �t�e�n�d�s� �t�o� �h�a�v�e� �m�o�v�e� �d�o�w�n�w�a�r�d� �d�u�e� �t�o� �t�h�e� �c�o�o�l�i�n�g� �o�f� �t�h�e� �p�l�a�s�m�a�.� 

�C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e�s�e� �c�a�s�e�s� �(�T�a�b�l�e� �4�.�1�.�b�)� �a�g�a�i�n�s�t� �t�h�e�i�r� �t�e�s�t� 

�p�a�r�a�m�e�t�e�r�s� �(�T�a�b�l�e� �4�.�1�.�a�.�)� �s�e�v�e�r�a�l� �c�o�n�c�l�u�s�i�o�n�s� �m�a�y� �b�e� �d�r�a�w�n�.� �S�i�n�c�e�,� �t�h�e� �t�h�r�u�s�t�e�r� 

�I�I� �-� �c�a�s�e�s� �|� �t�h�r�o�u�g�h� �6�-� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �t�h�r�u�s�t�e�r� �I� �-� �c�a�s�e�s� �7�,�8� �a�n�d� �9� �-� �l�o�w�e�r� �m�a�s�s� 

�f�l�o�w� �r�a�t�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�h�r�u�s�t�e�r� �I�]�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� �u�s�e� �o�f� �m�u�c�h� �s�m�a�l�l�e�r� 

�l�a�s�e�r� �p�o�w�e�r�.� �H�o�w�e�v�e�r� �t�h�e� �a�b�s�o�r�p�t�i�o�n� �o�f� �t�h�i�s� �p�o�w�e�r� �i�s� �b�e�t�t�e�r� �f�o�r� �t�h�e� �t�h�r�u�s�t�e�r� �I�,� 

�e�x�c�e�p�t� �i�n� �t�h�e� �c�a�s�e� �5� �w�h�e�r�e� �5�4�%� �a�b�s�o�r�p�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �a� �l�a�s�e�r� �p�o�w�e�r� �o�f� �3�0�0� 

�k�W�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�a�s�e�s� �1� �a�n�d� �2�,� �w�h�i�c�h� �a�r�e� �i�d�e�n�t�i�c�a�l� �e�x�c�e�p�t� �f�o�r� �t�h�e� 

�i�n�l�e�t� �t�e�m�p�e�r�a�t�u�r�e�,� �s�h�o�w�s� �t�h�a�t� �t�h�e� �b�o�t�h� �t�h�e� �p�l�a�s�m�a� �s�i�z�e� �a�n�d� �t�h�e� �a�b�s�o�r�p�t�i�o�n� �o�f� �t�h�e� 

�l�a�s�e�r� �p�o�w�e�r� �a�r�e� �n�o�t� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �i�n�l�e�t� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �h�y�d�r�o�g�e�n�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �i�n�c�r�e�a�s�e�s� �b�y� �a�b�o�u�t� �2�0�%� �f�o�r� �t�h�e� �c�a�s�e� �2� �o�v�e�r� �t�h�e� �c�a�s�e� �1�.� �D�o�u�b�l�i�n�g� 

�t�h�e� �i�n�l�e�t� �p�r�e�s�s�u�r�e� �f�o�r� �t�h�e� �c�a�s�e� �3� �a�t� �t�h�e� �s�a�m�e� �l�a�s�e�r� �p�o�w�e�r� �a�s� �i�n� �t�h�e� �c�a�s�e� �2�,� �r�e�s�u�l�t�s� 

�i�n� �d�o�u�b�l�i�n�g� �t�h�e� �m�a�s�s� �f�l�o�w� �r�a�t�e� �w�h�i�c�h� �a�p�p�e�a�r�s� �t�o� �b�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� 

�t�h�e� �l�a�s�e�r� �b�e�a�m� �w�o�u�l�d� �a�l�l�o�w�.� �T�h�e� �i�n�i�t�i�a�l� �p�l�a�s�m�a� �n�e�a�r� �t�h�e� �f�o�c�a�l� �p�o�i�n�t� �i�s� �u�n�a�b�l�e� �t�o� 

�S�u�S�t�a�i�n� �i�t�s�e�l�f� �a�t� �t�h�i�s� �f�l�o�w� �r�a�t�e� �a�n�d� �n�o� �a�b�s�o�r�p�t�i�o�n� �i�s� �r�e�p�o�r�t�e�d� �f�o�r� �t�h�e� �c�a�s�e� �3�.� �T�r�y�i�n�g� 

�t�o� �i�m�p�r�o�v�e� �t�h�e� �a�b�s�o�r�p�t�i�o�n�,� �t�h�e� �c�a�s�e� �4� �h�a�s� �b�e�e�n� �t�e�s�t�e�d� �f�o�r� �a� �l�a�s�e�r� �p�o�w�e�r� �o�f� �8�0� �k�W�.� 

�A� �1�6�%� �a�b�s�o�r�p�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d� �i�n� �t�h�i�s� �c�a�s�e�.� �T�o� �a�n�a�l�y�z�e� �t�h�e� �e�f�f�e�c�t� �o�f� �l�a�s�e�r� �p�o�w�e�r� 

�l�e�v�e�l�,� �t�h�e� �c�a�s�e� �5� �i�s� �t�e�s�t�e�d� �f�o�r� �t�h�e� �s�a�m�e� �c�o�n�d�i�t�i�o�n�s� �a�s� �c�a�s�e� �1�,� �b�u�t� �w�i�t�h� �a� �l�a�s�e�r� �p�o�w�e�r� 

�o�f� �3�0�0� �k�W�.� �A� �5�4�%� �a�b�s�o�r�p�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �a�l�t�h�o�u�g�h� �n�o�t� �m�u�c�h� �i�m�p�r�o�v�e�m�e�n�t� �i�s� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�1�4



�f�o�u�n�d� �i�n� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e�.� �L�o�o�k�i�n�g� �a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r� �(�F�i�g�.� �4�.�7�.�a�)� �t�h�i�s� 
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�t�h�e� �c�a�s�e� �9�.� �H�e�r�e�,� �a� �l�o�w�e�r� �m�a�s�s� �f�l�o�w� �r�a�t�e� �o�f� �h�y�d�r�o�g�e�n� �i�s� �u�s�e�d� �a�n�d� �a� �b�i�g�g�e�r� �p�l�a�s�m�a� 

�i�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �a�n� �a�b�s�o�r�p�t�i�o�n� �o�f� �a�b�o�u�t� �6�0�%�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e�s� �f�o�r� 

�a�l�l� �t�h�e� �p�r�e�v�i�o�u�s� �t�e�s�t� �c�a�s�e�s�,� �s�e�e� �T�a�b�l�e� �4�.�1�.� �(�b�)�,� �a�r�e� �s�t�i�l�l� �b�e�l�o�w� �w�h�a�t� �i�s� �e�x�p�e�c�t�e�d� �f�r�o�m� 

�a� �l�a�s�e�r� �t�h�r�u�s�t�e�r�.� �T�h�i�s� �l�o�w� �p�e�r�f�o�r�m�a�n�c�e� �m�a�y� �b�e� �a� �r�e�s�u�l�t� �o�f� �i�n�s�u�f�f�i�c�i�e�n�t� �m�i�x�i�n�g� 

�b�e�t�w�e�e�n� �t�h�e� �h�o�t� �p�l�a�s�m�a� �c�o�r�e� �a�n�d� �t�h�e� �c�o�l�d� �f�l�o�w�.� 

�T�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s�e�s� �t�o� �t�h�e� �t�h�r�u�s�t�e�r� �w�a�l�l�s� �-� �o�p�t�i�c�a�l�l�y� �t�h�i�n� �r�a�d�i�a�t�i�o�n�-� �i�s� 

�c�a�l�c�u�l�a�t�e�d� �f�o�r� �a�l�l� �t�h�e� �a�b�o�v�e� �c�a�s�e�s� �a�n�d� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �i�n�s�u�f�f�i�c�i�e�n�t� �t�o� �r�a�i�s�e� �t�h�e� 

�p�r�o�p�e�l�l�a�n�t� �t�h�e�r�m�a�l� �e�n�e�r�g�y� �t�o� �i�t�s� �a�s�s�u�m�e�d� �v�a�l�u�e�s� �a�t� �t�h�e� �i�n�j�e�c�t�i�o�n� �s�l�o�t�s�.� 

�T�o� �i�m�p�r�o�v�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e�,� �a� �h�i�g�h�e�r� �p�o�w�e�r� �o�f� �l�a�s�e�r� �m�a�y� �b�e� �n�e�e�d�.� �H�o�w�e�v�e�r�,� 

�t�h�i�s� �a�l�o�n�e� �w�i�t�h�o�u�t� �s�u�f�f�i�c�i�e�n�t� �m�i�x�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �c�o�l�d� �a�n�d� �h�o�t� �g�a�s�e�s�,� �w�i�l�l� �n�o�t� 

�r�e�v�e�a�l� �t�h�e� �f�u�l�l� �a�b�i�l�i�t�y� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e�.� �R�o�c�k�e�t�d�y�n�e� �d�e�s�i�g�n� �g�r�o�u�p� �[�7�2�]� �s�u�g�g�e�s�t�e�d� 

�i�n�j�e�c�t�i�o�n� �o�f� �s�m�a�l�l� �c�a�r�b�o�n� �p�a�r�t�i�c�l�e�s� �,� �l�e�s�s� �t�h�a�n� �1� �y�m� �r�a�d�i�u�s�,� �t�o� �e�n�h�a�n�c�e� �t�h�e� 

�e�f�f�i�c�i�e�n�c�y� �o�f� �r�a�d�i�a�t�i�o�n� �a�b�s�o�r�p�t�i�o�n� �i�n� �t�h�e� �v�i�s�i�b�l�e� �a�n�d� �i�n�f�r�a�r�e�d� �w�a�v�e�l�e�n�g�t�h� �r�e�g�i�o�n�.� 

�H�o�w�e�v�e�r�,� �c�a�r�b�o�n� �h�a�s� �h�i�g�h� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t�,� �a�n�d� �w�i�l�l� �r�e�d�u�c�e� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� 

�o�f� �t�h�e� �e�n�g�i�n�e�.� 

�4�.�4� �I�m�p�r�o�v�e�d� �D�e�s�i�g�n� �f�o�r� �L�a�s�e�r� �E�n�g�i�n�e� 

�T�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s� �i�s� �a� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� �o�n�e�.� �T�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �m�a�y� �b�e� 

�r�e�a�c�h�e�d� �t�h�r�o�u�g�h� �s�e�v�e�r�a�l� �t�e�s�t� �c�a�s�e�s�.� �H�o�w�e�v�e�r�,� �b�a�s�e�d� �o�n� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �i�n�i�t�i�a�l� �t�e�s�t� 

�c�a�s�e�s�,� �t�h�e� �b�a�s�i�c� �p�h�y�s�i�c�s� �t�h�a�t� �m�a�y� �h�e�l�p� �t�o� �d�e�f�i�n�e� �s�t�e�p�s� �t�o�w�a�r�d� �a�n� �i�m�p�r�o�v�e�d� 

�t�h�r�u�s�t�e�r� �d�e�s�i�g�n�.� �I�n� �t�h�i�s� �p�a�r�t�,� �t�h�r�u�s�t�e�r� �I�I� �i�s� �s�e�l�e�c�t�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �t�e�s�t� �c�a�s�e�s� 

�b�e�c�a�u�s�e� �i�t� �a�c�h�i�e�v�e�s� �g�o�o�d� �m�i�x�i�n�g� �a�n�d� �r�e�c�i�r�c�u�l�a�t�i�n�g� �f�l�o�w� �w�h�i�c�h� �i�s� �b�e�l�i�e�v�e�d� �t�o� 

�i�m�p�r�o�v�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �a� �l�a�s�e�r� �t�h�r�u�s�t�e�r�.� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�1�8



�T�h�e� �f�o�c�a�l� �p�o�i�n�t� �o�f� �t�h�e� �l�e�n�s� �i�s� �c�h�o�s�e�n� �t�o� �b�e� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �n�o�z�z�l�e� �t�h�r�o�a�t�.� 

�T�h�e� �c�o�n�t�r�a�c�t�i�o�n� �r�a�t�i�o� �s�h�o�u�l�d� �b�e� �s�e�l�e�c�t�e�d� �s�u�c�h� �t�h�a�t� �w�i�l�l� �f�o�r�c�e� �a� �l�a�r�g�e� �p�e�r�c�e�n�t�a�g�e� 

�o�f� �t�h�e� �f�l�o�w� �t�o� �p�a�s�s� �t�h�r�o�u�g�h� �a� �n�a�r�r�o�w� �a�r�e�a� �w�h�e�r�e� �i�t� �i�s� �e�x�p�o�s�e�d� �t�o� �a� �h�i�g�h� �i�n�t�e�n�s�i�t�y� 

�l�a�s�e�r� �b�e�a�m�.� �T�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �t�h�r�u�s�t�e�r� �1�0� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�c�k�e�t�d�y�n�e� �[�7�2�]� �f�o�r� �a� �5� �M�W� �l�a�s�e�r� �e�n�g�i�n�e�.� �T�h�e� 

�t�e�s�t� �c�a�s�e�s� �f�o�l�l�o�w�i�n�g� �t�h�e� �t�e�s�t� �c�a�s�e� �1�0� �a�r�e� �a�d�d�i�t�i�o�n�a�l� �i�m�p�r�o�v�e�m�e�n�t�s� �o�n� �t�h�r�u�s�t�e�r� �1�0�.� 

�T�h�e�s�e� �i�m�p�r�o�v�e�m�e�n�t�s� �i�n�c�l�u�d�e� �s�m�a�l�l�e�r� �c�o�n�t�r�a�c�t�i�o�n� �r�a�t�i�o�,� �s�m�a�l�l�e�r� �t�h�r�u�s�t�e�r� 

�d�i�m�e�n�s�i�o�n�s�,� �l�a�r�g�e�r� �l�a�s�e�r� �p�o�w�e�r�,� �a�n�d� �h�i�g�h�e�r� �i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e�.� �T�h�e�s�e� �f�a�c�t�o�r�s� �a�r�e� 

�f�o�u�n�d� �t�o� �b�e� �e�f�f�e�c�t�i�v�e� �i�n� �i�m�p�r�o�v�i�n�g� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �l�a�s�e�r� �e�n�g�i�n�e�s�.� 

�P�a�r�a�m�e�t�e�r�s� �f�o�r� �n�e�w� �l�a�s�e�r� �e�n�g�i�n�e� �t�e�s�t� �c�a�s�e�s� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�3�.�a�.�,� �w�h�i�l�e� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e�s�e� �c�a�s�e�s� �i�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�3�.�b�.� �F�i�g�u�r�e�s� �4�.�1�2� �t�o� �4�.�2�3� �s�h�o�w� �t�h�e� 

�c�o�n�t�o�u�r� �p�l�o�t�s� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �t�e�s�t� �c�a�s�e�s�.� �T�h�e� �c�o�n�t�o�u�r� �s�h�o�w�s� �b�e�h�a�v�i�o�r� �o�f� 

�f�l�o�w� �f�i�e�l�d�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�s� �b�u�t� �o�n� �a� �l�a�r�g�e�r� �s�c�a�l�e�,� �s�i�n�c�e� �t�h�e� �p�l�a�s�m�a�s� 

�p�r�o�d�u�c�e�d� �i�n� �t�h�e�s�e� �c�a�s�e�s� �a�r�e� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �f�o�r� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�s�.� �A�l�s�o�,� �t�h�e� 

�v�e�l�o�c�i�t�y� �c�o�n�t�o�u�r� �p�l�o�t�s� �s�h�o�w� �t�w�o� �r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e�s�,� �o�n�e� �n�e�a�r� �t�h�e� �i�n�l�e�t� �a�t� �t�h�e� �w�a�l�l� 

�c�o�r�n�e�r� �a�n�d� �t�h�e� �o�t�h�e�r� �n�e�a�r� �t�h�e� �f�o�c�a�l� �l�e�n�s�.� 

�T�h�e� �d�e�s�i�g�n� �u�s�e�d� �i�n� �t�h�e� �c�a�s�e� �1�0� �a�c�h�i�e�v�e�s� �9�7�%� �a�b�s�o�r�p�t�i�o�n� �w�i�t�h� �a� �l�a�r�g�e�r� �p�l�a�s�m�a� 

�s�i�z�e�,� �F�i�g�.� �4�.�1�2�.�a�.�,� �t�h�a�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�s�.� �T�e�s�t� �c�a�s�e� �1�1� �r�e�p�r�e�s�e�n�t�s� �a�n� 

�i�m�p�r�o�v�e�m�e�n�t� �o�f� �t�h�e� �d�e�s�i�g�n� �u�s�e�d� �i�n� �t�h�e� �c�a�s�e� �1�0� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �n�o�z�z�l�e� �d�i�m�e�n�s�i�o�n�s� 

�t�o� �a�l�l�o�w� �f�o�r� �b�e�t�t�e�r� �m�i�x�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �h�o�t� �a�n�d� �c�o�l�d� �g�a�s�e�s�.� �A�b�o�u�t� �a� �f�u�r�t�h�e�r� �1�0�%� 

�i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �i�s� �g�a�i�n�e�d� �f�o�r� �t�h�i�s� �c�a�s�e�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �i�n�p�u�t� �l�a�s�e�r� 

�p�o�w�e�r� �t�o� �6�0�0�0� �k�W� �i�n� �t�h�e� �c�a�s�e� �1�2� �w�i�t�h� �t�h�e� �s�a�m�e� �d�e�s�i�g�n� �a�s� �u�s�e�d� �i�n� �t�h�e� �c�a�s�e� �1�1�,� 

�i�n�c�r�e�a�s�e�s� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �t�o� �7�2�5� �s�e�c�.� �H�o�w�e�v�e�r�,� �a� �r�e�l�a�t�i�v�e�l�y� �a� �s�m�a�l�l� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�1�9



�i�m�p�r�o�v�e�m�e�n�t� �i�s� �g�a�i�n�e�d� �i�n� �t�h�e� �c�a�s�e� �1�3� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �l�a�s�e�r� �p�o�w�e�r� �t�o� �1�0� �M�W�.� 

�T�h�e� �r�a�d�i�a�t�i�o�n�-� �o�p�t�i�c�a�l�l�y� �t�h�i�n�-� �i�n�c�r�e�a�s�e�s� �b�y� �a� �f�a�c�t�o�r� �o�f� �2�,� �w�h�i�l�e� �t�h�e� �a�b�s�o�r�p�t�i�o�n� 

�i�n�c�r�e�a�s�e�s� �b�y� �a� �f�a�c�t�o�r� �o�f� �1�.�1� �o�n�l�y�.� �T�h�i�s� �e�x�p�l�a�i�n�s� �a� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �i�m�p�r�o�v�e�m�e�n�t� 

�g�a�i�n�e�d� �i�n� �t�h�e� �c�a�s�e� �1�3� �o�v�e�r� �t�h�e� �c�a�s�e� �1�2�.� �T�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �t�o� �t�h�e� �w�a�l�l�s�,� �w�h�i�c�h� �i�s� 

�1�4�1�.�2� �k�W�,� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �r�a�i�s�e� �t�h�e� �p�r�o�p�e�l�l�a�n�t� �i�n�j�e�c�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �t�o� �2�0�0�0� �K�.� 

�T�h�e� �a�n�g�l�e� �o�f� �t�h�e� �d�i�v�e�r�g�i�n�g� �c�o�n�e� �i�s� �r�e�d�u�c�e�d� �f�r�o�m� �3�0� �d�e�g�r�e�e�s� �i�n� �t�h�e� �c�a�s�e� �1�3� �t�o� 

�1�5� �d�e�g�r�e�e�s� �f�o�r� �t�h�e� �c�a�s�e� �1�4�.� �O�t�h�e�r� �t�h�a�n� �t�h�a�t�,� �t�h�e� �c�a�s�e� �1�4� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �c�a�s�e� �1�3� 

�a�n�d� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �e�x�p�a�n�s�i�o�n� �a�r�e�a� �r�a�t�i�o� �(�e�x�i�t� �a�r�e�a� �t�o� �t�h�r�o�a�t� �a�r�e�a�)� �o�n� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �e�n�g�i�n�e�.� �T�h�e� �r�e�s�u�l�t�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �4�.�1�6� �a�-�e�,� �s�h�o�w� �a� 

�g�r�a�d�u�a�l� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�l�o�w� �i�n� �t�h�e� �s�u�p�e�r�s�o�n�i�c� �p�a�r�t� �o�f� �t�h�e� �n�o�z�z�l�e�,� �w�h�i�c�h� �r�e�d�u�c�e�d� 

�c�o�o�l�i�n�g� �r�a�t�e� �o�f� �t�h�e� �e�x�h�a�u�s�t� �g�a�s�e�s�.� �T�h�i�s� �t�e�s�t� �s�h�o�w�s� �t�h�a�t� �a� �b�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �c�a�n� 

�b�e� �a�c�h�i�e�v�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �e�x�p�a�n�s�i�o�n� �r�a�t�i�o� �o�f� �t�h�e� �n�o�z�z�l�e�,� �j�u�s�t� �a�s� �w�i�t�h� �a� 

�c�h�e�m�i�c�a�l� �t�h�r�u�s�t�e�r�s�.� �T�h�e� �c�a�s�e� �1�5� �u�t�i�l�i�z�e�s� �t�h�e� �s�a�m�e� �n�o�z�z�l�e� �u�s�e�d� �i�n� �t�h�e� �c�a�s�e� �1�3�,� �b�u�t� 

�w�i�t�h� �a� �p�o�w�e�r� �l�e�v�e�l� �o�f� �1�5� �M�W�.� �T�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �j�u�m�p�s� �t�o� �8�1�4� �s�e�c� �w�i�t�h� �a� 

�p�l�a�s�m�a� �o�c�c�u�p�y�i�n�g� �m�o�r�e� �t�h�a�n� �5�0�%� �o�f� �t�h�e� �f�l�o�w� �f�i�e�l�d� �n�e�a�r� �t�h�e� �t�h�r�o�a�t�,� �s�e�e� �F�i�g�.� 

�4�.�1�7�(�a�)�.� �A� �1�0�%� �i�n�c�r�e�a�s�e�s� �i�n� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �c�a�s�e� �1�6�,� 

�w�h�i�c�h� �u�s�e�s� �a� �s�m�a�l�l�e�r� �t�h�r�u�s�t�e�r�.� �A� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �o�f� �8�9�0� �s�e�c� �i�s� �o�b�t�a�i�n�e�d� �i�n� �t�h�i�s� 

�c�a�s�e�,� �w�i�t�h� �a� �s�m�a�l�l�e�r� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �t�h�a�n� �i�n� �t�h�e� �c�a�s�e� �1�5�.� �T�h�e� �c�a�s�e� �1�7� �u�s�e�s� �t�h�e� �s�a�m�e� 

�t�h�r�u�s�t�e�r� �a�s� �t�h�e� �c�a�s�e� �1�6� �b�u�t� �w�i�t�h� �a� �l�a�s�e�r� �p�o�w�e�r� �o�f� �2�0� �M�W�.� �S�m�a�l�l� �i�m�p�r�o�v�e�m�e�n�t� 

�o�c�c�u�r�s� �i�n� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �w�i�t�h� �a�l�m�o�s�t� �d�o�u�b�l�e�d� �t�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �o�v�e�r� �t�h�e� 

�p�r�e�v�i�o�u�s� �c�a�s�e�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �f�r�o�m� �h�a�v�i�n�g� �a� �b�i�g�g�e�r� �p�l�a�s�m�a�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�9� 

�(�a�)�,� �f�o�r� �t�h�i�s� �c�a�s�e� �t�h�a�n� �t�h�e� �c�a�s�e� �1�6�.� �T�h�e� �c�a�s�e� �1�8� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �o�n� �t�h�e� �p�l�a�s�m�a� �f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �c�a�s�e� �u�s�e�s� �t�h�e� �s�a�m�e� �n�o�z�z�l�e� �a�n�d� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �1�2�0



�s�a�m�e� �p�o�w�e�r� �l�e�v�e�l� �a�s� �t�h�e� �c�a�s�e� �1�7�,� �b�u�t� �a�n� �i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �o�f� �1�0� �a�t�m� �i�n�s�t�e�a�d� �o�f� �3� 

�a�t�m�.� �T�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �j�u�m�p�s� �t�o� �1�5�3�7� �s�e�c� �w�i�t�h� �a� �1�0�0�%� �a�b�s�o�r�p�t�i�o�n� �a�c�h�i�e�v�e�d� 

�i�n�s�i�d�e� �t�h�e� �c�h�a�m�b�e�r�.� �H�o�w�e�v�e�r�,�t�h�e� �r�a�d�i�a�t�i�o�n� �l�o�s�s� �f�r�o�m� �t�h�e� �p�l�a�s�m�a� �i�n�c�r�e�a�s�e�s� �t�o� �7�.�7� 

�M�W�.� �A� �v�e�r�y� �e�f�f�e�c�t�i�v�e� �c�o�o�l�i�n�g� �i�s� �n�e�e�d�e�d� �t�o� �p�r�o�t�e�c�t� �t�h�e� �t�h�r�u�s�t�e�r� �f�o�r� �t�h�i�s� �d�e�s�i�g�n�.� 

�T�h�i�s� �c�a�s�e� �s�h�o�w�s� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �l�a�s�e�r� �e�n�g�i�n�e� �t�o� �p�r�o�d�u�c�e� �a� �h�i�g�h� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� 

�o�f� �m�o�r�e� �t�h�a�n� �1�0�0�0� �s�e�c�.� 

�T�h�e� �c�a�s�e�s� �1�9� �t�h�r�o�u�g�h� �2�1� �u�t�i�l�i�z�e� �a�n� �i�o�d�i�d�e� �l�a�s�e�r� �b�e�a�m�,� �w�h�i�c�h� �h�a�s� �a� �1�.�3�1�6�u�m� 

�w�a�v�e�l�e�n�g�t�h�.� �H�y�d�r�o�g�e�n� �h�a�s� �a� �m�u�c�h� �l�o�w�e�r� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�t� �t�h�a�t� 

�w�a�v�e�l�e�n�g�t�h�.� �H�o�w�e�v�e�r�,� �a� �h�i�g�h�e�r� �a�b�s�o�r�p�t�i�o�n� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� 

�i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e�.� �T�h�e� �c�a�s�e� �1�9� �u�s�e�s� �t�h�e� �s�a�m�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �t�h�r�u�s�t�e�r� �a�s� �t�h�e� 

�c�a�s�e� �1�8� �a�n�d� �t�h�e� �s�a�m�e� �l�e�v�e�l� �o�f� �p�o�w�e�r�,� �b�u�t� �w�i�t�h� �a�n� �i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �o�f� �1�5� �a�t�m�.� 

�T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�,� �s�e�e� �F�i�g�.� �4�.�2�1�(�a�)�,� �s�h�o�w� �a� �s�l�e�n�d�e�r� �p�l�a�s�m�a� �w�i�t�h� �s�m�o�o�t�h� 

�c�o�n�t�o�u�r� �l�i�n�e�s�.� �O�n�l�y� �2�2�%� �o�f� �t�h�e� �l�a�s�e�r� �p�o�w�e�r� �i�s� �a�b�s�o�r�b�e�d�.� �S�t�i�l�l� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� 

�i�s� �c�a�l�c�u�l�a�t�e�d� �t�o� �b�e� �7�7�8� �s�e�c�.� �A�n� �i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �o�f� �2�0� �a�t�m� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �c�a�s�e� 

�2�0�,� �w�h�i�c�h� �u�s�e�s� �t�h�e� �s�a�m�e� �t�h�r�u�s�t�e�r� �a�n�d� �l�a�s�e�r� �b�e�a�m� �a�s� �t�h�e� �c�a�s�e� �1�9�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�a�b�s�o�r�p�t�i�o�n� �i�n�c�r�e�a�s�e�s� �t�o� �3�7�%� �a�n�d� �t�h�e� �t�h�r�u�s�t� �l�e�v�e�l� �i�s� �i�m�p�r�o�v�e�d�,� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� 

�i�n�c�r�e�a�s�e�s� �o�n�l�y� �s�l�i�g�h�t�l�y� �t�o� �7�8�3� �s�e�c�.� �T�h�i�s� �s�m�a�l�l� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �m�a�y� 

�b�e� �r�e�l�a�t�e�d� �t�o� �a� �s�i�g�n�i�f�i�c�a�n�t�l�y� �i�n�c�r�e�a�s�e�d� �r�a�d�i�a�t�i�o�n� �l�o�s�s�e�s�.� �T�h�e� �l�a�s�t� �c�a�s�e� �(�2�1�)� �u�t�i�l�i�z�e�s� 

�a� �l�a�s�e�r� �p�o�w�e�r� �o�f� �2�5� �M�W� �a�n�d� �a�n� �i�n�j�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �o�f� �2�0� �a�t�m�.� �A�l�l� �t�h�e� �o�t�h�e�r� �d�e�s�i�g�n� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �k�e�p�t� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� �c�a�s�e� �2�0�.� �A�l�t�h�o�u�g�h� �a� �h�i�g�h�e�r� �p�o�w�e�r� �l�e�v�e�l� 

�i�s� �u�s�e�d�,� �t�h�e� �s�a�m�e� �a�b�s�o�r�p�t�i�o�n� �r�a�t�i�o� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�e� �p�l�a�s�m�a� �s�i�z�e� �i�s� �l�a�r�g�e�r� �a�n�d� �t�h�e� 

�s�p�e�c�i�f�i�c� �i�m�p�u�l�s�e� �i�n�c�r�e�a�s�e�s� �t�o� �8�2�7� �s�e�c�.� 

�A�P�P�L�I�C�A�T�I�O�N� �O�F� �P�B�N�S� �T�O� �A�N� �A�X�I�S�Y�M�M�E�T�R�I�C� �L�A�S�E�R� �E�N�G�I�N�E� �i�2�1


