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(ABSTRACT) 

It is generally recognized that the recovery of particles from a flotation pulp 

is controlled by (i) the flotation rate constant and (ii) the residence time distribution 

of the particles. In the present work, theoretical and experimental analyses have 

been carried out to develop methods for predicting these parameters from first 

principles considerations. 

In order to predict the flotation rate constant, a bubble-particle interaction 

model has been developed using a dynamic force balance to determine the trajectory 

of a particle as it approaches a rising air bubble. The trajectory has been used to 

determine the probability of bubble-particle attachment, from which the flotation rate 

constant can be readily obtained. The model is unique in that it simultaneously 

considers the effects of hydrodynamic and surface forces on the interaction between 

bubbles and particles. Model predictions have been shown to be in good agreement 

with results from bubble-particle attachment experiments for narrowly-sized coal and 

silica samples. 

In the present work, the residence time distribution of particles in column



flotation has been examined by conducting experimental tracer tests. These tests 

have been performed with two tracer materials to characterize mixing for both the 

liquid and the solids in a single system. The measured residence time distributions 

have shown that the assumption of equating liquid and solids residence time 

distributions is inappropriate, except for very small and low density particles. At 

larger sizes and higher densities, the correction formula advocated by Dobby and 

Finch (1985) has been shown to adequately predict the solids residence time.
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Chapter 1 Introduction 

1.1 General 

Froth flotation is a physico-chemical separation process extensively used today 

in a wide variety of processing plants around the world. Its success is founded in the 

selective chemical pretreatment of the feed material to a flotation cell, which renders 

a certain portion of the feedstock hydrophobic (water-hating), leaving the remaining 

portion hydrophilic (water-loving). The particles which have become hydrophobic 

are then able to attach to buoyant air bubbles and "float" away from the hydrophilic 

particles in suspension. The particle-laden bubbles are collected from the top of the 

cell as product, and the hydrophilic particles are discarded as tailings. 

The first known applications of froth flotation were in the early 1900's for the 

processing of zinc ores (Hoover, 1912). Previous technologies, namely bulk-oil 

flotation and skin flotation, had also taken advantage of the hydrophobic/hydrophilic 

nature of certain materials. Bulk-oil flotation, however, suffered from excessive oil 

consumption, and skin flotation was confined to the treatment of coarse particles. 

It was not until the first decade of the 20 century that investigators discovered the 

benefits associated with utilizing rising air bubbles as the transport media for 

hydrophobic particles (Froment, 1902; Sulman and Picard, 1903; Sulman, Picard,



and Ballot, 1905). Required oil dosages were reduced, and a wider size range of 

material was able to be processed effectively. 

Immediate widespread use of froth flotation was hampered by its restricted 

applicability. Only a few systems existed where the mating of oil and air with the 

feed material effected an efficient separation. Many other systems did not respond 

favorably to oil treatment, with the valuable component remaining hydrophilic, 

precluding flotation. Beginning in the 1920's, however, researchers began to develop 

chemicals specifically designed to render substances hydrophobic. These surface 

active reagents, called collectors, revolutionized the flotation industry. The high 

performance, high throughput advantages of froth flotation could now be applied to 

any number of systems. 

Industrial flotation installations can now be found virtually everywhere, 

processing a vast array of materials: coal, graphite, kaolin clays, phosphate, potash, 

copper, molybdenum, lead, zinc, lithium, feldspar, mica, tin, tungsten, titanium, 

vermiculite, sericite, gold, silver, lanthanides, barite, antimony, etc. (Engineering and 

Mining Journal International Directory of Mining, 1991; Ives, 1982). This 

tremendous diversity is a revealing indication of the versatility froth flotation offers 

the processing community. With the continued depletion of high grade ores, and the 

scientific advances into the fundamentals governing flotation, it is no wonder froth 

flotation has attained such a prominent position in the minerals industry. In fact, it 

is estimated that over two billion tons of ore, representing over one hundred different



minerals, are processed annually by flotation worldwide (Schulze, 1983). In the 

United States alone, four to five hundred million tons of ore and raw coal are 

subjected to flotation each year (Mineral Industry Survey, 1987). 

Froth flotation technology has also come to the forefront because of recent 

environmental concerns. Despite the fact that mining ventures occupy but a small 

fraction of the total United States land mass (Table 1.1), less than 1%, powerful 

environmental lobbies have formed to voice their opposition to what they consider 

an evil, destructive entity. Permitting has become more difficult than the actual 

mining and processing, and legislation has threatened to cripple certain mining 

districts. The Clean Air Act severely restricts industrial emissions of various forms 

of pollution, including sulfur compounds, nitrogen compounds, and particulate 

matter. Emission reduction is a complex problem with many potential solutions, one 

of which is the production of cleaner burning fuels. For coal-powered plants, froth 

flotation, and column flotation in particular, can be used for this purpose. 

Column flotation, developed in Canada in the 1960's, is markedly different 

from conventional cell flotation. The basic premise is the same, but the flotation 

environment has been radically restructured. The flow is no longer cocurrent, but 

countercurrent, with a rising stream of bubbles contacting a settling flow of feed 

particles. The hydrophobic particles attach to the air bubbles and are carried to a 

froth layer, while the hydrophilic particles remain in suspension and exit the bottom 

of the column as tailings. The unique feature of flotation columns is in the treatment



Table 1.1 Land Use in the United States, 1980 (Cameron, 1986) 

  

Millions of Acres 
  

  

  

  

  

  

  

  

  

  

      

Land Use 

Agriculture 1589.0 

Wildlife refuge system 88.7 

National Park system 77.0 

Urban and built-up areas 68.7 

Forest Service wilderness 25.1 

Highways 21.5 

Mining 5.7 

Airports 4.0 

Railroads 3.0 

Other 388.1 

Total 2270.8 
   



of the froth. A wash water spray is positioned in the froth zone to wash hydraulically 

entrained particles back into the pulp. This cleaning action results in an improved 

product grade as compared to conventional flotation. 

Column flotation is gaining increased popularity in industry. Advantages over 

conventional flotation include reduced floor space requirements, fewer moving parts, 

higher throughput per unit, improved efficiency (single-pass cleaning), and lower 

operating costs (Moon, 1982). Coupled with fine bubble generators, flotation 

columns are also extremely effective at recovering fine particles from a given circuit. 

For fine coal flotation, columns can produce a superclean product by rejecting the 

liberated mineral matter through the use of the wash water addition (Yoon et al., 

1989). 

Although columns are mechanically simpler than conventional cells, they are 

still subject to the same elementary principles governing flotation. Bubble-particle 

attachment is required, followed by transfer into the froth zone, and subsequent 

removal from the overflow lip as product. The differences between columns and 

conventional cells are design, operating, and performance considerations; improved 

fundamental understanding of flotation would be beneficial to both types of units. 

Flotation, in and of itself, is quite complicated. Numerous physical and 

chemical variables are known to impact the success of a given flotation application. 

Traditionally, obtaining the optimum operating conditions has been a nonscientific 

procedure, relying on trial and error. Gradually, however, processing engineers have



come to realize that fundamental understanding of the flotation process will lead to 

more effective control schemes. This, in turn, will equate with better flotation 

performance, and a more successful mining operation. 

The basic step in flotation - the attachment of a hydrophobic particle to an 

air bubble - has been the focus of numerous researcher investigations for the past 

fifty years. Important discoveries have been made, but many uncertainties still exist. 

Accurate characterization of bubble-particle attachment, both qualitatively and 

quantitatively, remains essential for the development of a comprehensive theoretical 

flotation model. Such a model, relating flotation performance to its fundamental 

constituents, would be invaluable to the processing engineer. Alternate circuit 

designs could be tested, optimum conditions readily defined, and effective control 

strategies easily implemented. 

In the past, too many operations simply applied historical flotation principles 

with little regard for the actual mechanisms involved and the changing physical and 

chemical characteristics of the material being treated. This indifference resulted in 

Stagnation; reliance on dated technology and limited understanding allowed 

continued operation, but with no substantial improvement. Today, this trend is 

quickly turning the other way. Research is being coupled with industry to forge a 

symbiotic relationship. One of the primary duties of research in this partnership is 

the development of fundamental models to fully describe a given process. Flotation 

modeling, and the modeling of bubble-particle attachment in particular, is the subject



of the present work. 

12 Literature Review 

In flotation applications, the operational goal is commonly the attainment of 

maximum recovery at an acceptable grade. The determination of the most 

appropriate strategy for achieving a high recovery is often difficult because of the 

numerous variables which are known to impact flotation performance. Three 

parameters are consistently cited as playing key roles in assessing recovery. These 

are the flotation rate constant, k, the residence time, +, and the Peclet number, Pe, 

which characterizes the degree of axial mixing in a flotation cell. Levenspiel (1972) 

has incorporated these variables into a general expression for calculating recovery, 

R, in an axially dispersed system: 

4aexp(22) 

R-1- 2 [1.1] 
(1 +ayexe| £) Pe - (1 -aPexp| |e 

  

  

  

where: 

Akt [1.2] 

Pe 
a=,(|1   

Equation [1.1] represents the recovery for a flotation column operating under mixing 

conditions intermediate between perfectly-mixed (Pe = 0) and plug-flow (Pe = ~).



The rate constant defines the rate at which flotation occurs. It is dependent 

on both the material properties and the flotation cell conditions. Luttrell et al. 

(1988) have shown that k can be expressed as: 

3P 
k = — V. 1. 

where P is the probability of particle capture, D, is the bubble diameter, and V, is 

the superficial gas velocity. The latter two factors are determined by the operating 

conditions. The probability of particle capture, on the other hand, is a complicated 

function of numerous variables related to the system hydrodynamics and surface 

chemistry (Yoon, 1991). P is often considered to consist of three independent 

probabilistic values, as indicated by the following equation (Sutherland, 1948): 

P=P Pi(1-P) [1.4] 

where P, is the probability of bubble-particle collision, P, is the probability of 

adhesion, and P, is the probability of detachment. Extensive research has been 

conducted into these separate subprocesses and their effects on P. Several equations 

for P., P,, and P; have been proposed, relating to various physical and chemical 

parameters. Which of these equations are the correct ones, if any, remains unknown. 

The residence time and Peclet number, characterizing the mixing in a flotation 

unit, are also known to impact recovery. The residence time indicates how long solid 

particles are present in the cell, engaged in bubble-particle interactions. Therefore,



this parameter places constraints on the physical size of the flotation cell, providing 

a basis for scale-up. Commonly, engineers have simply relied on the liquid residence 

time for predictions and scale-up, ignoring the possibility that the solids may exhibit 

a shorter residence time because of their finite weight. Dobby and Finch (1985) have 

proposed a correction equation for the solids residence time, 7 ,, as a function of the 

liquid residence time, 1 |: 

  

uy tT = “a [1.5] 

where u, is the interstitial liquid velocity and u, is the particle settling velocity. This 

equation has not been validated experimentally, however. 

The Peclet number, Pe, defines the degree of axial mixing in a reactor. A low 

value of Pe indicates well-mixed conditions, while a high Pe corresponds to plug-flow 

conditions. Several investigators (Rice et al., 1974; Dobby and Finch, 1985; Kho and 

Sohn, 1989) have demonstrated the equality of the solid and liquid Peclet numbers 

for fine particles. The validity of this equality is questionable at larger particle sizes 

and densities, however. Also, Mankosa (1990) has utilized a dimensionless analysis 

to develop an expression for the Peclet number in terms of the column geometry and 

operating conditions. Unfortunately, the equation was derived from liquid residence 

time distributions, and may not be applicable to the solids in a flotation system.



1.3 Research Objectives 

The primary objective of the present work is the development of a flotation 

model, founded on first principles, which can predict recovery for a given set of 

conditions. Historically, this has been a difficult task, due to limited understanding 

of the numerous subprocesses involved in flotation. The present work addresses this 

problem by analyzing flotation behavior outside of the framework imposed by these 

subprocesses. The bubble-particle interaction is examined as a single entity by 

concentrating simply on the motion of a particle around a bubble. 

Flotation performance is most commonly assessed in terms of the recovery, 

R, of a certain mineral or component. As shown in Equation [1.1], recovery is a 

function of three main variables, i.e., k,r, and Pe. Despite the extensive amount of 

literature related to these parameters, they are still not completely understood. The 

probability of particle collection, P, used to determine k, demands more attention, 

particularly by considering ail of the forces known to affect the capture mechanism. 

The mixing parameters also deserve additional research. The validity of the 

equations describing tr and Pe need further validation over a wider particle size 

range. 

The present investigation has been divided into two main parts. In the first 

section, the rate constant for flotation will be studied indirectly by conducting a 

fundamental analysis of bubble-particle interaction. A dynamic force-balance will be 

utilized that incorporates both hydrodynamic and surface forces into a bubble-particle 

10



interaction model. The probability of particle collection obtained with this model 

will provide information from which the first-order rate constant for flotation can be 

determined. Also, bubble-particle attachment tests will be performed and compared 

to model predictions in order to assess the validity of the model. 

The second section of this report will be concerned with characterization of 

the mixing in a flotation column. Solid and liquid residence time distributions will 

be acquired from tracer tests for two different materials as a function of particle size. 

The degree of axial mixing and residence time can then be determined for both the 

liquid and the solids. The results will allow conclusions to be drawn concerning the 

relationship between the liquid and solid mixing parameters. This is important 

because scale-up criteria and operating conditions will be erroneous if improper 

values are employed. 

Finally, the results of these two sections will be considered in light of their 

impact on recovery, as alluded to in Equation [1.1]. 

1.4 Report Organization 

Because of the relatively independent nature of each of the topics in this 

report, they will be presented as separate, stand-alone chapters. The formats, though 

not identical, share a similar skeleton. Each chapter consists of an introduction, a 

literature review, an experimental section, results and discussion, and conclusions. 

Chapter 2 focuses on the development of the bubble-particle interaction 

11



model. The structure of the model is described in detail, and sample computer 

simulations are discussed. The effects of various physical and chemical variables on 

the probability of particle collection are theoretically evaluated with the model and 

compared to literature results. Experimentally determined values for the probability 

of collection are shown to correlate well with model predictions. From the model 

results, favorable regions of flotation are identified as a function of various variables. 

Chapter 3 deals with mixing characterization, in terms of the Peclet number 

and the residence time. Mixing parameters for both the liquid and the solids in a 

flotation column are found by using different tracers concurrently: a potassium 

chloride solution for the liquid, and a hydrophilic size fraction for the solids. The 

resulting residence time distributions provide important information concerning the 

equality of liquid and solid mixing parameters. 

Chapter 3 also outlines the procedure that would be used to construct an 

overall flotation model. The results of the mixing studies are integrated with the 

bubble-particle interaction model developed in chapter 2 to provide a method for 

estimating flotation recovery. Such a model, founded on the first principles discussed 

in chapter 2, would be particularly beneficial for performance predictions, control 

purposes, scale-up, and optimization. 

12
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�C�h�a�p�t�e�r� �2� �B�u�b�b�l�e�-�P�a�r�t�i�c�l�e� �I�n�t�e�r�a�c�t�i�o�n� �M�o�d�e�l� 

�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �u�l�t�i�m�a�t�e� �a�i�m� �o�f� �p�r�o�c�e�s�s� �m�o�d�e�l�i�n�g� �i�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �f�u�n�d�a�m�e�n�t�a�l� 

�m�o�d�e�l�s� �f�o�r� �t�h�e� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �a� �g�i�v�e�n� �s�y�s�t�e�m�'�s� �r�e�s�p�o�n�s�e� �t�o� �i�n�p�u�t� �c�o�n�d�i�t�i�o�n�s�.� 

�A�c�h�i�e�v�e�m�e�n�t� �o�f� �t�h�i�s� �g�o�a�l� �h�a�s� �b�e�e�n� �p�a�r�t�i�c�u�l�a�r�l�y� �d�i�f�f�i�c�u�l�t� �f�o�r� �f�r�o�t�h� �f�l�o�t�a�t�i�o�n� �b�e�c�a�u�s�e� �o�f� 

�t�h�e� �v�a�r�i�o�u�s� �s�u�b�p�r�o�c�e�s�s�e�s� �i�n�v�o�l�v�e�d�.� �I�n�t�e�g�r�a�t�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�,� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �d�e�t�a�c�h�m�e�n�t�,� �f�r�o�t�h� �t�r�a�n�s�f�e�r�,� �f�r�o�t�h� �d�r�o�p�b�a�c�k�,� �e�t�c�.�,� �i�n�t�o� �a� �c�o�n�t�i�g�u�o�u�s� �w�h�o�l�e� �i�s� 

�a� �c�o�m�p�l�i�c�a�t�e�d� �m�a�t�t�e�r�.� �C�o�n�s�i�d�e�r�a�b�l�e� �r�e�s�e�a�r�c�h� �h�a�s� �b�e�e�n� �c�o�n�d�u�c�t�e�d� �i�n�t�o� �t�h�e�s�e� 

�p�h�e�n�o�m�e�n�a�,� �b�u�t� �u�n�t�i�l� �e�a�c�h� �o�f� �t�h�e�s�e� �s�u�b�p�r�o�c�e�s�s�e�s� �i�s� �f�u�l�l�y� �u�n�d�e�r�s�t�o�o�d�,� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e� 

�p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �m�o�d�e�l� �f�o�r� �f�l�o�t�a�t�i�o�n� �w�i�l�l� �r�e�m�a�i�n� �u�n�a�t�t�a�i�n�a�b�l�e�.� 

�P�e�r�h�a�p�s� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �o�f� �t�h�e� �s�u�b�p�r�o�c�e�s�s�e�s� �i�n� �f�l�o�t�a�t�i�o�n� �i�s� �t�h�e� �a�t�t�a�c�h�m�e�n�t� 

�o�f� �p�a�r�t�i�c�l�e� �t�o� �b�u�b�b�l�e�.� �B�e�g�i�n�n�i�n�g� �w�i�t�h� �S�u�t�h�e�r�l�a�n�d�'�s� �w�o�r�k� �i�n� �1�9�4�8�,� �n�u�m�e�r�o�u�s� 

�i�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �a�t�t�e�m�p�t�e�d� �t�o� �q�u�a�n�t�i�f�y� �t�h�i�s� �e�v�e�n�t�.� �T�h�e�i�r� �e�f�f�o�r�t�s�,� �t�h�o�u�g�h� �p�r�o�v�i�d�i�n�g� 

�i�n�c�r�e�a�s�e�d� �i�n�s�i�g�h�t� �i�n�t�o� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �h�a�v�e� �f�a�i�l�e�d� �t�o� �p�r�o�d�u�c�e� �a� �u�n�i�f�i�e�d� 

�p�r�o�c�e�s�s� �m�o�d�e�l�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �m�a�y� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �a�p�p�r�o�a�c�h� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�i�n�t�e�r�a�c�t�i�o�n� �f�r�o�m� �a�n� �a�l�t�e�r�n�a�t�e� �v�a�n�t�a�g�e� �p�o�i�n�t� �i�n� �o�r�d�e�r� �t�o� �f�o�r�m�u�l�a�t�e� �a� �f�u�n�d�a�m�e�n�t�a�l� 

�m�o�d�e�l� �c�a�p�a�b�l�e� �o�f� �a�c�c�u�r�a�t�e� �f�l�o�t�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �p�r�e�d�i�c�t�i�o�n�.� 
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�2�.�2� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� 

�T�h�e� �m�o�d�e�l�i�n�g� �o�f� �f�l�o�t�a�t�i�o�n� �h�a�s� �h�a�d� �a� �r�e�l�a�t�i�v�e�l�y� �b�r�i�e�f�,� �b�u�t� �e�v�e�n�t�f�u�l� �h�i�s�t�o�r�y�.� 

�E�a�r�l�y� �r�e�s�e�a�r�c�h� �(�G�a�u�d�i�n�,� �1�9�3�2�;� �S�c�h�u�h�m�a�n�n�,� �1�9�4�2�;� �G�a�u�d�i�n� �e�t� �a�l�.�,� �1�9�4�2�)� �f�o�c�u�s�e�d� �o�n� 

�a�s�s�e�s�s�i�n�g� �f�l�o�t�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �a�n�d� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�e�r�t�a�i�n� �p�h�y�s�i�c�a�l� 

�p�a�r�a�m�e�t�e�r�s�.� �N�u�m�e�r�o�u�s� �s�t�u�d�i�e�s� �w�e�r�e� �a�l�s�o� �c�o�n�d�u�c�t�e�d� �d�u�r�i�n�g� �t�h�i�s� �t�i�m�e� �a�n�a�l�y�z�i�n�g� �t�h�e� 

�n�a�t�u�r�e� �a�n�d� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �r�e�a�g�e�n�t�s� �(�c�o�l�l�e�c�t�o�r�s�,� �f�r�o�t�h�e�r�s�,� �a�c�t�i�v�a�t�o�r�s�,� 

�d�e�p�r�e�s�s�a�n�t�s�,� �p�H� �m�o�d�i�f�i�e�r�s�)� �e�m�p�l�o�y�e�d� �i�n� �f�l�o�t�a�t�i�o�n� �p�r�a�c�t�i�c�e�.� 

�S�u�t�h�e�r�l�a�n�d� �(�1�9�4�8�)� �d�e�v�e�l�o�p�e�d� �t�h�e� �f�i�r�s�t� �t�r�u�l�y� �t�h�e�o�r�e�t�i�c�a�l� �a�p�p�r�o�a�c�h� �i�n�t�o� �t�h�e� 

�i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �f�l�o�t�a�t�i�o�n� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �c�a�p�t�u�r�e� �m�e�c�h�a�n�i�s�m� �o�f� �a� �s�i�n�g�l�e� �p�a�r�t�i�c�l�e� 

�b�y� �a� �s�i�n�g�l�e� �r�i�s�i�n�g� �a�i�r� �b�u�b�b�l�e�.� �H�e� �a�d�a�p�t�e�d� �G�a�u�d�i�n�'�s� �(�1�9�3�2�)� �p�r�o�b�a�b�i�l�i�s�t�i�c� �m�o�d�e�l� �t�o� �h�i�s� 

�a�n�a�l�y�s�i�s�,� �e�q�u�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�a�p�t�u�r�e�,� �P�,� �t�o� �t�h�e� �p�r�o�d�u�c�t� �o�f� 

�t�h�r�e�e� �i�n�d�e�p�e�n�d�e�n�t� �p�r�o�b�a�b�i�l�i�s�t�i�c� �e�v�e�n�t�s�:� �c�o�l�l�i�s�i�o�n�,� �a�d�h�e�s�i�o�n�,� �a�n�d� �d�e�t�a�c�h�m�e�n�t�.� �T�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �e�q�u�a�t�i�o�n� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�P� �=� �P�.�P�(�1�-�P�)� �[�2�.�1�]� 

�w�h�e�r�e� �P�,� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n�,� �P�,� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�d�h�e�s�i�o�n�,� �a�n�d� �P�,� �i�s� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �d�e�t�a�c�h�m�e�n�t�.� �F�o�r� �f�i�n�e� �s�i�z�e� �p�a�r�t�i�c�l�e�s�,� �d�e�t�a�c�h�m�e�n�t� �i�s� �l�i�k�e�l�y� �t�o� �b�e� 

�n�e�g�l�i�g�i�b�l�e�,� �a�n�d� �P� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �p�r�o�d�u�c�t� �o�f� �j�u�s�t� �P�,� �a�n�d� �P�.�.� 

�T�h�e� �c�o�l�l�i�s�i�o�n� �p�r�o�c�e�s�s� �b�e�t�w�e�e�n� �a� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �h�a�s� �l�o�n�g� �b�e�e�n� �c�o�n�s�i�d�e�r�e�d� 

�a� �h�y�d�r�o�d�y�n�a�m�i�c� �e�v�e�n�t�.� �A�s� �a� �r�e�s�u�l�t�,� �n�u�m�e�r�o�u�s� �f�u�n�d�a�m�e�n�t�a�l� �a�n�a�l�y�s�e�s� �t�h�a�t� �m�a�k�e� �u�s�e� 

�o�f� �t�h�e� �p�r�i�n�c�i�p�l�e�s� �o�f� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� �h�a�v�e� �b�e�e�n� �c�o�n�d�u�c�t�e�d� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �c�o�l�l�i�s�i�o�n� 
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�p�r�o�c�e�s�s�.� �S�u�t�h�e�r�l�a�n�d� �w�a�s� �t�h�e� �f�i�r�s�t� �t�o� �d�o� �t�h�i�s�,� �d�e�r�i�v�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �P�,�:� 

�P�,� �=� �t�a� �[�2�.�2�]� 
�b� 

�w�h�e�r�e� �d�,� �a�n�d� �D�,�,� �a�r�e� �t�h�e� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �d�i�a�m�e�t�e�r�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�i�s� �d�e�r�i�v�a�t�i�o�n� 

�w�a�s� �b�a�s�e�d� �o�n� �p�o�t�e�n�t�i�a�l� �(�i�n�v�i�s�c�i�d�)� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�,� �a�n�d� �i�s� �a�p�p�l�i�c�a�b�l�e� �o�n�l�y� �f�o�r� �v�e�r�y� �l�a�r�g�e� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �(�R�e�)�.� 

�G�a�u�d�i�n� �(�1�9�5�7�)� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �o�p�p�o�s�i�t�e� �f�l�o�w� �r�e�g�i�m�e�,� �i�.�e�.�,� �c�r�e�e�p�i�n�g� �f�l�o�w�,� �a�n�d� 

�d�e�r�i�v�e�d� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �P�,� �b�a�s�e�d� �o�n� �S�t�o�k�e�s� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�:� 

�P�.� �=� �a�z�}� �[�2�.�3�]� 

�S�i�n�c�e� �S�t�o�k�e�s� �f�l�o�w� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �l�o�w� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�,� �t�h�i�s� �r�e�l�a�t�i�o�n�s�h�i�p� �i�s� �s�t�r�i�c�t�l�y� 

�v�a�l�i�d� �o�n�l�y� �f�o�r� �e�x�t�r�e�m�e�l�y� �s�m�a�l�l� �b�u�b�b�l�e�s�.� �E�q�u�a�t�i�o�n� �[�2�.�3�]� �m�a�y� �b�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �c�e�r�t�a�i�n� 

�c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �c�i�r�c�u�i�t�s�,� �i�f� �q�u�i�e�s�c�e�n�t� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �s�m�a�l�l� �b�u�b�b�l�e�s� �p�r�e�v�a�i�l�.� 

�I�n� �t�h�e�i�r� �a�n�a�l�y�s�e�s�,� �S�u�t�h�e�r�l�a�n�d� �a�n�d� �G�a�u�d�i�n� �o�p�e�r�a�t�e�d� �o�n� �t�h�e� �p�r�e�m�i�s�e� �t�h�a�t� �t�h�e� 

�p�a�r�t�i�c�l�e� �t�r�a�j�e�c�t�o�r�y� �c�o�u�l�d� �b�e� �e�q�u�a�t�e�d� �w�i�t�h� �t�h�e� �f�l�u�i�d� �f�l�o�w�.� �T�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� 

�w�a�s� �d�i�c�t�a�t�e�d� �s�o�l�e�l�y� �b�y� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �f�l�u�i�d� �f�i�e�l�d� �i�t� �w�a�s� �t�r�a�v�e�l�i�n�g� �w�i�t�h�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �g�r�a�v�i�t�a�t�i�o�n�a�l� �a�n�d� �i�n�e�r�t�i�a�l� �e�f�f�e�c�t�s� �w�e�r�e� �i�g�n�o�r�e�d�.� 

�F�l�i�n�t� �a�n�d� �H�o�w�a�r�t�h� �(�1�9�7�1�)� �i�n�c�o�r�p�o�r�a�t�e�d� �a� �r�e�l�a�t�i�v�e� �a�c�c�e�l�e�r�a�t�i�o�n� �c�o�m�p�o�n�e�n�t� �i�n�t�o� 

�t�h�e�i�r� �c�o�l�l�i�s�i�o�n� �m�o�d�e�l�.� �E�x�p�a�n�d�i�n�g� �o�n� �p�r�e�v�i�o�u�s� �w�o�r�k� �s�t�u�d�y�i�n�g� �c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�i�e�s� 

�f�o�r� �r�a�i�n�d�r�o�p�s� �a�n�d� �d�u�s�t� �p�a�r�t�i�c�l�e�s� �(�P�e�a�r�c�e�y� �a�n�d� �H�i�l�l�,� �1�9�5�7�;� �H�o�c�k�i�n�g�,� �1�9�6�0�;� �F�o�n�d�a� �a�n�d� 
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�H�e�r�n�e�,� �1�9�6�0�;� �S�h�a�f�r�i�r� �a�n�d� �N�e�i�b�u�r�g�e�r�,� �1�9�6�4�)�,� �F�l�i�n�t� �a�n�d� �H�o�w�a�r�t�h� �c�a�l�c�u�l�a�t�e�d� �p�a�r�t�i�c�l�e� 

�t�r�a�j�e�c�t�o�r�i�e�s� �f�o�r� �S�t�o�k�e�s� �f�l�o�w� �a�n�d� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �i�m�p�o�r�t�a�n�t� �c�o�n�c�l�u�s�i�o�n� 

�t�o� �b�e� �d�r�a�w�n� �f�r�o�m� �t�h�e�i�r� �w�o�r�k� �i�s� �t�h�a�t� �f�o�r� �f�i�n�e� �p�a�r�t�i�c�l�e�s�,� �t�h�e� �l�i�m�i�t�i�n�g� �c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� 

�i�s� �t�h�e� �s�a�m�e� �f�o�r� �b�o�t�h� �S�t�o�k�e�s� �a�n�d� �p�o�t�e�n�t�i�a�l� �f�l�o�w�s�.� 

�R�e�a�y� �a�n�d� �R�a�t�c�l�i�f�f� �(�1�9�7�3�)� �c�o�n�d�u�c�t�e�d� �a� �s�i�m�i�l�a�r� �a�n�a�l�y�s�i�s� �o�f� �c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� 

�b�u�t� �a�s� �a�p�p�l�i�e�d� �t�o� �e�f�f�l�u�e�n�t� �t�r�e�a�t�m�e�n�t�,� �w�h�e�r�e� �b�o�t�h� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �s�i�z�e� �a�r�e� �s�m�a�l�l�.� 

�S�t�o�k�e�s� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d�,� �r�e�l�a�t�i�v�e�l�y� �e�a�s�i�l�y� �a�n�d� �a�c�c�u�r�a�t�e�l�y�.� �T�h�e� �a�u�t�h�o�r�s� 

�d�e�m�o�n�s�t�r�a�t�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �s�i�z�e� �o�n� �P�,�,� �c�o�n�c�l�u�d�i�n�g� �t�h�a�t� �P�,� �w�o�u�l�d� 

�t�h�e�o�r�e�t�i�c�a�l�l�y� �b�e� �i�n�c�r�e�a�s�e�d� �u�s�i�n�g� �s�m�a�l�l�e�r� �b�u�b�b�l�e�s� �a�n�d� �l�a�r�g�e�r� �p�a�r�t�i�c�l�e�s�,� �a�s� �h�a�s� �b�e�e�n� 

�p�r�o�v�e�n� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a�n� �i�m�p�o�r�t�a�n�t� �d�i�s�t�i�n�c�t�i�o�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n� �w�a�s� �p�r�o�p�o�s�e�d�,� �s�e�p�a�r�a�t�i�n�g� �P�,� �i�n�t�o� �g�r�a�v�i�t�a�t�i�o�n�a�l� �(�P�,�)� �a�n�d� 

�i�n�t�e�r�c�e�p�t�i�o�n�a�l� �(�P�,�)� �c�o�m�p�o�n�e�n�t�s�.� �G�r�a�v�i�t�a�t�i�o�n�a�l� �c�o�l�l�i�s�i�o�n� �o�c�c�u�r�s� �b�e�c�a�u�s�e� �o�f� �p�a�r�t�i�c�l�e� 

�d�e�v�i�a�t�i�o�n� �f�r�o�m� �t�h�e� �l�i�q�u�i�d� �s�t�r�e�a�m�l�i�n�e�s� �d�u�e� �t�o� �t�h�e� �p�a�r�t�i�c�l�e�'�s� �s�e�t�t�l�i�n�g� �v�e�l�o�c�i�t�y�.� 

�I�n�t�e�r�c�e�p�t�i�o�n�a�l� �c�o�l�l�i�s�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �p�a�r�t�i�c�l�e� �m�o�v�e�s� �w�i�t�h� �t�h�e� �l�i�q�u�i�d� �s�t�r�e�a�m�l�i�n�e�s� 

�a�n�d� �c�o�l�l�i�d�e�s� �b�e�c�a�u�s�e� �o�f� �f�i�n�i�t�e� �g�e�o�m�e�t�r�i�c�a�l� �c�o�n�s�t�r�a�i�n�t�s�.� �R�e�a�y� �a�n�d� �R�a�t�c�l�i�f�f� �d�e�r�i�v�e�d� �a�n� 

�e�x�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �P�,�,� �a�n�d� �a�l�s�o� �s�h�o�w�e�d� �t�h�a�t� �P�;� �w�a�s� �d�i�r�e�c�t�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� 

�s�q�u�a�r�e� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �d�i�a�m�e�t�e�r� �a�n�d� �i�n�v�e�r�s�e�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� 

�b�u�b�b�l�e� �d�i�a�m�e�t�e�r�.� 

�T�h�e� �c�o�l�l�i�s�i�o�n� �m�o�d�e�l�s� �o�u�t�l�i�n�e�d� �a�b�o�v�e� �a�r�e� �i�n�f�o�r�m�a�t�i�v�e�,� �b�u�t� �r�e�s�t�r�i�c�t�i�v�e�,� �b�e�c�a�u�s�e� 

�t�h�e�y� �w�e�r�e� �d�e�r�i�v�e�d� �f�r�o�m� �e�i�t�h�e�r� �S�t�o�k�e�s� �f�l�o�w� �o�r� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� �F�o�r� �m�o�s�t� 

�f�l�o�t�a�t�i�o�n� �a�p�p�l�i�c�a�t�i�o�n�s�,� �t�h�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �i�s� �i�n�t�e�r�m�e�d�i�a�t�e� �b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� 
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�e�x�t�r�e�m�e�s�.� �R�e�c�o�g�n�i�z�i�n�g� �t�h�i�s� �f�a�c�t�,� �W�e�b�e�r� �a�n�d� �P�a�d�d�o�c�k� �(�1�9�8�3�)� �a�n�d� �L�u�t�t�r�e�l�l� �(�1�9�8�6�)� �h�a�v�e� 

�e�a�c�h� �p�r�o�p�o�s�e�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n� �f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �c�o�n�d�i�t�i�o�n�s�.� 

�W�e�b�e�r� �a�n�d� �P�a�d�d�o�c�k� �u�t�i�l�i�z�e�d� �M�a�s�l�i�y�a�h� �(�1�9�7�0�)� �a�n�d� �W�o�o�'�s� �(�1�9�7�1�)� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� 

�t�o� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �a�t� �h�i�g�h�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �(�0�.�2� �<� �R�e� �<� �4�0�0�)� �t�o� 

�d�e�v�e�l�o�p� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �P�.�:� 

�P� �-� �2�(�2�y�/� �+�»�  ��C�N�6�)�R�e�_� �|� �[�2�.�4�]� 
�2�|� �D�,� �1� �+�0�.�2�4�9� �R�e�®�*� 

�E�q�u�a�t�i�o�n� �[�2�.�4�]� �w�a�s� �t�h�e� �f�i�r�s�t� �e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �w�a�s� �a�b�l�e� �t�o� �p�r�e�d�i�c�t� �p�a�r�t�i�c�l�e� �c�o�l�l�i�s�i�o�n� 

�p�r�o�b�a�b�i�l�i�t�y� �o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �b�u�b�b�l�e� �s�i�z�e�s�.� 

�L�u�t�t�r�e�l�l� �a�n�a�l�y�z�e�d� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �c�a�s�e� �f�r�o�m� �a� �m�o�r�e� �t�h�e�o�r�e�t�i�c�a�l� �v�i�e�w�p�o�i�n�t�.� 

�A� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n� �a�p�p�l�i�c�a�b�l�e� �t�o� �i�n�t�e�r�m�e�d�i�a�t�e� �R�e� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �c�o�m�b�i�n�i�n�g� �t�h�e� 

�s�t�r�e�a�m� �f�u�n�c�t�i�o�n�s� �f�o�r� �S�t�o�k�e�s� �f�l�o�w� �a�n�d� �p�o�t�e�n�t�i�a�l� �f�l�o�w�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n� �b�y� 

�i�n�t�e�r�c�e�p�t�i�o�n� �c�o�u�l�d� �t�h�e�n� �b�e� �c�a�l�c�u�l�a�t�e�d�,� �g�i�v�i�n�g�:� 

� � 

� � 

�3�,� �4�R�e!"�|�(� �d�,� �[�2�.�5�]� 
�2�°�1�5� �l�d�,� 

�F�o�r� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �v�e�r�y� �f�i�n�e� �p�a�r�t�i�c�l�e�s�,� �P�;� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �e�q�u�a�l� �t�o� �P�,� �b�e�c�a�u�s�e� �t�h�e� �P�,� 

�t�e�r�m� �b�e�c�o�m�e�s� �n�e�g�l�i�g�i�b�l�e�.� 

�J�i�a�n�g� �a�n�d� �H�o�l�t�h�a�m� �(�1�9�8�6�)� �h�a�v�e� �d�e�v�e�l�o�p�e�d� �a� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �o�f� �c�o�l�l�i�s�i�o�n� 

�b�e�t�w�e�e�n� �a� �p�a�r�t�i�c�l�e� �a�n�d� �a� �b�u�b�b�l�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �i�n�t�e�r�m�e�d�i�a�t�e� �R�e�,� �b�u�t� �t�h�e� �m�o�d�e�l� �a�l�s�o� 

�i�n�c�l�u�d�e�s� �t�h�e� �i�n�e�r�t�i�a� �f�o�r�c�e�.� �A� �f�o�u�r�t�h�-�o�r�d�e�r� �R�u�n�g�e�-�K�u�t�t�a� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e� �w�a�s� �u�s�e�d� 
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�t�o� �s�o�l�v�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �T�h�e�y� �f�o�u�n�d� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �P�,�,� �d�,�,� �a�n�d� 

�D�,� �t�o� �b�e�:� 

�P�.� �=� �a�f�l� �[�2�.�6�]� 
�b� 

�w�h�e�r�e� �A� �a�n�d� �n� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �R�e�.� �F�o�r� �b�u�b�b�l�e�s� �o�f� �d�i�a�m�e�t�e�r� �b�e�t�w�e�e�n� �2�8�0� �a�n�d� �8�6�0� 

�u�m�,� �n� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �c�o�n�s�t�a�n�t� �a�t� �2� �a�n�d� �A� �v�a�r�i�e�s� �b�e�t�w�e�e�n� �6� �a�n�d� �1�2�.� �J�i�a�n�g� �a�n�d� �H�o�l�t�h�a�m� 

�d�i�d� �n�o�t� �d�e�v�e�l�o�p� �a� �g�e�n�e�r�a�l�i�z�e�d� �e�q�u�a�t�i�o�n� �f�o�r� �P�.�,� �p�r�e�f�e�r�r�i�n�g� �i�n�s�t�e�a�d� �t�o� �t�a�b�u�l�a�t�e� 

�e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �P�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �d�,� �a�n�d� �D�,�,�.� 

�A� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �v�a�r�i�o�u�s� �m�o�d�e�l�s� �f�o�r� �c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �i�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �2�.�1� �f�o�r� �a� �1�0� �u�m� �p�a�r�t�i�c�l�e� �a�n�d� �3�0�0� �u�m� �b�u�b�b�l�e�.� �T�h�e� �e�q�u�a�t�i�o�n�s� 

�p�r�o�p�o�s�e�d� �b�y� �W�e�b�e�r� �a�n�d� �P�a�d�d�o�c�k� �a�n�d� �b�y� �L�u�t�t�r�e�l�l� �p�r�e�d�i�c�t� �q�u�i�t�e� �s�i�m�i�l�a�r� �v�a�l�u�e�s� �f�o�r� �P�.�,� 

�w�i�t�h� �b�o�t�h� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �S�t�o�k�e�s� �f�l�o�w� �v�a�l�u�e� �b�e�c�a�u�s�e� �t�h�e� �3�0�0� �1�m� �b�u�b�b�l�e� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �i�n�t�e�r�m�e�d�i�a�t�e� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �h�i�g�h�e�r� �v�a�l�u�e� �o�f� �P�.� �f�o�u�n�d� �u�s�i�n�g� �J�i�a�n�g� 

�a�n�d� �H�o�l�t�h�a�m�'�s� �e�q�u�a�t�i�o�n� �m�a�y� �b�e� �d�u�e� �t�o� �s�e�v�e�r�a�l� �f�a�c�t�o�r�s�.� �F�i�r�s�t� �o�f� �a�l�l�,� �J�i�a�n�g� �a�n�d� 

�H�o�l�t�h�a�m� �d�i�d� �n�o�t� �d�e�r�i�v�e� �a�n� �e�x�p�r�e�s�s�i�o�n� �e�x�a�c�t�l�y� �f�o�r� �t�h�i�s� �p�a�r�t�i�c�l�e� �s�i�z�e� �a�n�d� �b�u�b�b�l�e� �s�i�z�e�;� 

�t�h�e� �v�a�l�u�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�1� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�o�s�t� �s�i�m�i�l�a�r� 

�c�o�n�d�i�t�i�o�n�s�.� �S�e�c�o�n�d�l�y�,� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �i�n�e�r�t�i�a� �i�n� �t�h�e�i�r� �m�o�d�e�l� �m�a�y� �c�o�n�t�r�i�b�u�t�e� �t�o� �a� 

�h�i�g�h�e�r� �v�a�l�u�e� �o�f� �P�,�.� �T�h�e� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �p�r�e�d�i�c�t�i�o�n� �o�f� �P�,� �i�s� �g�r�o�s�s�l�y� �o�u�t� �o�f� �l�i�n�e�.� �T�h�e� 

�r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �t�h�a�t� �a� �3�0�0� �u�m� �b�u�b�b�l�e� �(�R�e� �~� �8�)� �p�r�o�d�u�c�e�s� �f�l�o�w� �p�a�t�t�e�r�n�s� �f�a�r� �r�e�m�o�v�e�d� 

�f�r�o�m� �p�o�t�e�n�t�i�a�l� �f�l�o�w�.� 

�2�0



�T�a�b�l�e� �2�.�1� �V�a�l�u�e�s� �o�f� �P�,� �a�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �v�a�r�i�o�u�s� �e�q�u�a�t�i�o�n�s� �f�o�r� �a� �1�0�-�u�m� �d�i�a�m�e�t�e�r� 
�p�a�r�t�i�c�l�e� �a�n�d� �3�0�0�-�u�m� �b�u�b�b�l�e�.� 

� � 

� � 

� � 

� � 

� � 

� � 

�[� �E�q�u�a�t�i�o�n� �S�o�u�r�c�e� �P�r�o�b�a�b�i�l�i�t�y� �o�f� �C�o�l�l�i�s�i�o�n�,� �P�,� 

�S�t�o�k�e�s� �f�l�o�w� �0�.�0�0�1�6�7� 

�W�e�b�e�r� �a�n�d� �P�a�d�d�o�c�k� �0�.�0�0�3�0�8� 

�L�u�t�t�r�e�l�l� �0�.�0�0�3�0�1� 

�J�i�a�n�g� �a�n�d� �H�o�l�t�h�a�m� �0�.�0�0�6�0�9� 

�P�o�t�e�n�t�i�a�l� �f�l�o�w� �0�.�1�0�0�0�0� � � � � � � � � 

�2�1



�I�t� �s�h�o�u�l�d� �b�e� �o�b�v�i�o�u�s� �t�h�a�t� �c�o�l�l�i�s�i�o�n� �b�e�t�w�e�e�n� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �d�o�e�s� �n�o�t� 

�g�u�a�r�a�n�t�e�e� �a�t�t�a�c�h�m�e�n�t� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �f�l�o�t�a�t�i�o�n�.� �A�d�h�e�s�i�o�n�,� �w�h�e�r�e�b�y� �t�h�e� �p�a�r�t�i�c�l�e� 

�e�s�t�a�b�l�i�s�h�e�s� �t�h�r�e�e�-�p�h�a�s�e� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �b�u�b�b�l�e�,� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �w�e�l�l�.� �I�t� �i�s� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e�s� �i�n� �P�,�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�d�h�e�s�i�o�n�,� �b�e�t�w�e�e�n� �t�w�o� �s�p�e�c�i�e�s� �w�h�i�c�h� �f�o�r�m�s� �t�h�e� 

�f�o�u�n�d�a�t�i�o�n� �f�o�r� �t�h�e� �s�e�l�e�c�t�i�v�e� �s�e�p�a�r�a�t�i�o�n� �i�n�v�o�l�v�e�d� �i�n� �f�l�o�t�a�t�i�o�n�.� 

�A�d�h�e�s�i�o�n� �w�a�s� �i�n�i�t�i�a�l�l�y� �a�d�d�r�e�s�s�e�d� �b�y� �D�e�r�j�a�g�u�i�n� �a�n�d� �K�u�s�s�a�k�o�v� �(�1�9�3�9�)�,� �w�h�o� 

�i�n�t�r�o�d�u�c�e�d� �t�h�e� �c�o�n�c�e�p�t� �o�f� �a� �"�d�i�s�j�o�i�n�i�n�g� �p�r�e�s�s�u�r�e�"� �a�c�t�i�n�g� �b�e�t�w�e�e�n� �t�w�o� �s�u�r�f�a�c�e�s�.� �W�h�e�n� 

�t�h�e�y� �p�r�e�s�s�e�d� �a�n� �a�i�r� �b�u�b�b�l�e� �a�g�a�i�n�s�t� �a� �h�y�d�r�o�p�h�i�l�i�c� �p�l�a�t�e� �o�f� �g�l�a�s�s� �s�u�b�m�e�r�g�e�d� �i�n� �w�a�t�e�r�,� 

�t�h�e� �l�i�q�u�i�d� �f�i�l�m� �t�h�i�n�n�e�d� �t�o� �a� �g�i�v�e�n� �t�h�i�c�k�n�e�s�s� �a�n�d� �t�h�e�n� �r�e�s�i�s�t�e�d� �f�u�r�t�h�e�r� �t�h�i�n�n�i�n�g�.� �T�h�i�s� 

�r�e�s�i�s�t�a�n�c�e� �w�a�s� �t�e�r�m�e�d� �t�h�e� �"�d�i�s�j�o�i�n�i�n�g� �p�r�e�s�s�u�r�e�.�"� 

�D�e�r�j�a�g�u�i�n� �a�n�d� �D�u�k�h�i�n� �(�1�9�6�1�)� �o�f�f�e�r�e�d� �a� �m�o�r�e� �r�i�g�o�r�o�u�s� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �e�v�e�n�t�s� 

�l�e�a�d�i�n�g� �t�o� �f�l�o�t�a�t�i�o�n�.� �P�a�r�t�i�c�l�e�s� �m�u�s�t� �p�a�s�s� �t�h�r�o�u�g�h� �t�h�r�e�e� �d�i�s�t�i�n�c�t� �s�t�a�g�e�s� �p�r�i�o�r� �t�o� 

�f�l�o�t�a�t�i�o�n�:� 

�1�)� �P�a�r�t�i�c�l�e� �a�p�p�r�o�a�c�h� �t�o� �b�u�b�b�l�e� �s�u�r�f�a�c�e�;� 

�2�)� �P�a�r�t�i�c�l�e� �p�a�s�s�a�g�e� �t�h�r�o�u�g�h� �a� �d�i�f�f�u�s�e� �e�l�e�c�t�r�i�c�a�l� �b�o�u�n�d�a�r�y� �l�a�y�e�r�;� �a�n�d� 

�3�)� �T�h�i�n�n�i�n�g� �a�n�d� �r�u�p�t�u�r�e� �o�f� �t�h�e� �d�i�s�j�o�i�n�i�n�g� �f�i�l�m�.� 

�S�t�a�g�e� �1� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �h�y�d�r�o�d�y�n�a�m�i�c�s�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�d�i�s�c�u�s�s�i�o�n� �c�o�n�c�e�r�n�i�n�g� �c�o�l�l�i�s�i�o�n�.� �T�h�e� �l�a�t�t�e�r� �t�w�o� �s�t�a�g�e�s�,� �c�o�n�v�e�r�s�e�l�y�,� �d�e�p�e�n�d� �o�n� �t�h�e� 

�s�u�r�f�a�c�e� �f�o�r�c�e�s� �a�c�t�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e�s�e� 

�s�u�r�f�a�c�e� �f�o�r�c�e�s� �w�i�l�l� �d�i�c�t�a�t�e� �t�h�e� �f�a�t�e� �o�f� �t�h�e� �d�i�s�j�o�i�n�i�n�g� �f�i�l�m�,� �i�.�e�.�,� �w�h�e�t�h�e�r� �o�r� �n�o�t� �i�t� �w�i�l�l� 

�r�u�p�t�u�r�e� �a�n�d� �p�e�r�m�i�t� �a�t�t�a�c�h�m�e�n�t�.� 

�2�2



�F�o�r� �n�e�a�r�l�y� �f�o�r�t�y� �y�e�a�r�s�,� �t�h�e� �c�l�a�s�s�i�c�a�l� �D�L�V�O� �t�h�e�o�r�y� �o�f� �c�o�l�l�o�i�d� �s�t�a�b�i�l�i�t�y� �h�a�s� �b�e�e�n� 

�u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�i�n� �f�i�l�m�s� �b�e�t�w�e�e�n� �t�w�o� �s�p�e�c�i�e�s�.� �A�q�u�e�o�u�s� �c�o�l�l�o�i�d�a�l� 

�s�u�s�p�e�n�s�i�o�n�s�,� �w�h�e�r�e� �o�n�l�y� �e�l�e�c�t�r�o�s�t�a�t�i�c� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� �a�r�e� �p�r�e�s�e�n�t�,� �h�a�v�e� �b�e�e�n� 

�s�u�c�c�e�s�s�f�u�l�l�y� �m�o�d�e�l�e�d� �w�i�t�h� �t�h�e� �D�L�V�O� �t�h�e�o�r�y�.� �T�h�e� �t�o�t�a�l� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r�c�e�,� �F�,�,� �i�s� �g�i�v�e�n� 

�b�y�:� 

�F�,�=� �F�,�+�F�,� �[�2�.�7�]� 

�w�h�e�r�e� �F�,� �a�n�d� �F�,� �a�r�e� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s�.� �T�h�e� �c�o�m�b�i�n�e�d� �e�f�f�e�c�t� �o�f� 

�t�h�e� �r�e�p�u�l�s�i�v�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �a�n�d� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e� �p�r�o�d�u�c�e�s� �a� �n�e�t� 

�i�n�t�e�r�a�c�t�i�o�n� �f�o�r�c�e� �w�h�i�c�h� �e�x�h�i�b�i�t�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�i�m�i�l�a�r� �t�o� �o�b�s�e�r�v�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �f�o�r� �c�o�l�l�o�i�d�a�l� �s�y�s�t�e�m�s�.� 

�M�o�r�e� �r�e�c�e�n�t�l�y�,� �h�o�w�e�v�e�r�,� �n�u�m�e�r�o�u�s� �s�y�s�t�e�m�s� �h�a�v�e� �b�e�e�n� �f�o�u�n�d� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� 

�a�d�e�q�u�a�t�e�l�y� �e�x�p�l�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �o�n�l�y� �F�,� �a�n�d� �F�,� �(�C�h�r�i�s�t�e�n�s�o�n�,� �1�9�8�8�;� �C�h�u�r�a�e�v� �a�n�d� 

�D�e�r�j�a�g�u�i�n�,� �1�9�8�5�;� �C�l�a�e�s�s�o�n�,� �1�9�8�7�;� �X�u� �a�n�d� �Y�o�o�n�,� �1�9�8�9�;� �L�a�s�k�o�w�s�k�i� �a�n�d� �K�i�t�c�h�e�n�e�r�,� 

�1�9�6�9�)�.� �C�l�a�e�s�s�o�n� �(�1�9�8�7�)� �p�e�r�f�o�r�m�e�d� �d�i�r�e�c�t� �f�o�r�c�e� �m�e�a�s�u�r�e�m�e�n�t�s� �b�e�t�w�e�e�n� �m�i�c�a� �s�u�r�f�a�c�e�s� 

�a�n�d� �f�o�u�n�d� �b�o�t�h� �r�e�p�u�l�s�i�v�e� �a�n�d� �a�t�t�r�a�c�t�i�v�e� �f�o�r�c�e�s� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �t�h�e� �c�l�a�s�s�i�c�a�l� 

�D�L�V�O� �t�h�e�o�r�y�.� �X�u� �a�n�d� �Y�o�o�n� �(�1�9�8�9�)� �p�e�r�f�o�r�m�e�d� �c�o�a�g�u�l�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s� �o�n� �c�o�a�l� �a�n�d� 

�m�e�t�h�y�l�a�t�e�d� �s�i�l�i�c�a� �s�a�m�p�l�e�s�,� �a�n�d� �d�i�s�c�o�v�e�r�e�d� �t�h�a�t�,� �w�h�i�l�e� �t�h�e� �c�l�a�s�s�i�c�a�l� �D�L�V�O� �t�h�e�o�r�y� �w�a�s� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �w�e�a�k�l�y� �h�y�d�r�o�p�h�o�b�i�c� �s�o�l�i�d�s�,� �i�t� �f�a�i�l�e�d� �f�o�r� �s�t�r�o�n�g�l�y� �h�y�d�r�o�p�h�o�b�i�c� �m�a�t�e�r�i�a�l�s�.� 

�L�a�s�k�o�w�s�k�i� �a�n�d� �K�i�t�c�h�e�n�e�r� �(�1�9�6�9�)�,� �s�t�u�d�y�i�n�g� �a� �s�o�l�i�d�/�l�i�q�u�i�d�/�g�a�s� �s�y�s�t�e�m�,� �m�e�a�s�u�r�e�d� 

�s�u�b�s�t�a�n�t�i�a�l� �c�o�n�t�a�c�t� �a�n�g�l�e�s� �d�e�s�p�i�t�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s



�w�e�r�e� �r�e�p�u�l�s�i�v�e�.� �T�h�e�s�e� �f�i�n�d�i�n�g�s� �s�u�g�g�e�s�t�e�d� �a� �t�h�i�r�d� �f�o�r�c�e� �w�h�i�c�h� �m�u�s�t� �o�p�e�r�a�t�e� �i�n� �c�e�r�t�a�i�n� 

�s�i�t�u�a�t�i�o�n�s�.� �S�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�s�,� �w�h�i�c�h� �c�a�n� �b�e� �e�i�t�h�e�r� �a�t�t�r�a�c�t�i�v�e� �o�r� �r�e�p�u�l�s�i�v�e�,� �a�r�e� �b�e�l�i�e�v�e�d� 

�t�o� �b�e� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �o�b�s�e�r�v�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�o�m�a�l�i�e�s�.� 

�I�n� �l�i�g�h�t� �o�f� �t�h�i�s� �a�d�d�i�t�i�o�n�a�l� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �t�o�t�a�l� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r�c�e� �c�a�n� �n�o�w� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s�:� 

�F�,� �=� �F�+�F�,�+�F�,� �[�2�.�8�]� 

�w�h�e�r�e� �F�,� �i�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�.� �T�h�e� �r�e�l�a�t�i�v�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �e�a�c�h� �o�f� �t�h�e�s�e� �f�o�r�c�e�s� �w�i�l�l� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �i�n�t�e�r�v�e�n�i�n�g� �f�i�l�m� �b�e�t�w�e�e�n� �t�w�o� �s�p�e�c�i�e�s�.� �S�i�n�c�e� �a�d�h�e�s�i�o�n� 

�r�e�q�u�i�r�e�s� �t�h�e� �r�u�p�t�u�r�e� �o�f� �t�h�i�s� �f�i�l�m�,� �P�,� �i�s� �d�i�r�e�c�t�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �F�,�.� 

�Q�u�a�n�t�i�f�y�i�n�g� �P�,� �f�o�r� �a� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �s�y�s�t�e�m� �h�a�s� �b�e�e�n� �a� �c�h�a�l�l�e�n�g�i�n�g� �t�a�s�k�.� 

�C�o�m�m�o�n�l�y�,� �i�n�d�u�c�t�i�o�n� �t�i�m�e�,� �r� �,�,� �a�n�d� �c�o�n�t�a�c�t� �(�o�r� �s�l�i�d�i�n�g�)� �t�i�m�e�,� �r� �.�,� �h�a�v�e� �b�e�e�n� �e�m�p�l�o�y�e�d� 

�t�o� �a�s�s�e�s�s� �a�d�h�e�s�i�o�n� �i�n� �f�l�o�t�a�t�i�o�n�.� �T�h�e� �i�n�d�u�c�t�i�o�n� �t�i�m�e� �i�s� �t�h�e� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �f�i�l�m� 

�b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �t�o� �t�h�i�n� �a�n�d� �r�u�p�t�u�r�e�.� �T�h�e� �c�o�n�t�a�c�t� �t�i�m�e� �i�s� �t�h�e� �a�m�o�u�n�t� 

�o�f� �t�i�m�e� �i�n� �w�h�i�c�h� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �s�l�i�d�i�n�g� �o�v�e�r� �t�h�e� �b�u�b�b�l�e� �s�u�r�f�a�c�e�.� �I�f� �t�h�e� �c�o�n�t�a�c�t� �t�i�m�e� 

�i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �i�n�d�u�c�t�i�o�n� �t�i�m�e� �(�r�t�,� �>� �1�7�,�;�)�,� �a�d�h�e�s�i�o�n� �w�i�l�l� �o�c�c�u�r�.� �I�n�d�u�c�t�i�o�n� �t�i�m�e�,� 

�t�h�e�n�,� �p�r�o�v�i�d�e�s� �a�n� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �f�l�o�a�t�a�b�i�l�i�t�y� �o�f� �a� �g�i�v�e�n� �s�p�e�c�i�e�s�.� �P�a�r�t�i�c�l�e�s� �w�i�t�h� �a� 

�s�h�o�r�t� �i�n�d�u�c�t�i�o�n� �t�i�m�e� �a�r�e� �e�a�s�i�l�y� �f�l�o�a�t�e�d�,� �w�h�i�l�e� �p�a�r�t�i�c�l�e�s� �w�i�t�h� �h�i�g�h�e�r� �v�a�l�u�e�s� �o�f� �1� �;� �e�x�h�i�b�i�t� 

�p�o�o�r� �f�l�o�t�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�C�o�n�s�i�d�e�r�a�b�l�e� �e�f�f�o�r�t� �h�a�s� �b�e�e�n� �e�x�p�e�n�d�e�d� �a�n�a�l�y�z�i�n�g� �t�h�e� �m�e�c�h�a�n�i�s�m�s� �a�n�d� 

�b�e�h�a�v�i�o�r� �o�f�r�;� �a�n�d�r�.� �R�e�s�e�a�r�c�h� �i�n�t�o� �i�n�d�u�c�t�i�o�n� �t�i�m�e� �h�a�s� �f�o�c�u�s�e�d� �o�n� �r�e�l�a�t�i�n�g� �7� �;� �t�o� �t�h�e� 

�2�4



�f�l�o�t�a�t�i�o�n� �r�a�t�e� �a�n�d� �e�x�a�m�i�n�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �v�a�r�i�o�u�s� �v�a�r�i�a�b�l�e�s� �o�n� �7�,�;�,� �s�u�c�h� �a�s� 

�t�e�m�p�e�r�a�t�u�r�e�,� �c�o�l�l�e�c�t�o�r� �a�d�d�i�t�i�o�n�,� �p�H�,� �f�r�o�t�h�e�r� �c�o�n�c�e�n�t�r�a�t�i�o�n�,� �e�t�c�.� �(�E�i�g�e�l�e�s� �a�n�d� �V�o�l�o�v�a�,� 

�1�9�6�0�;� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� �1�9�8�7�;� �Y�o�r�d�a�n� �a�n�d� �Y�o�o�n�,� �1�9�9�0�;� �L�a�s�k�o�w�s�k�i�,� �1�9�8�9�)�.� �S�l�i�d�i�n�g� 

�t�i�m�e� �h�a�s� �b�e�e�n� �m�o�d�e�l�e�d� �u�s�i�n�g� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s�,� �i�n�c�l�u�d�i�n�g� �s�l�i�d�i�n�g� �(�S�u�t�h�e�r�l�a�n�d�,� 

�1�9�4�8�;� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� �1�9�8�6�)�,� �v�i�b�r�a�t�i�o�n� �(�P�h�i�l�i�p�p�o�f�f�,� �1�9�5�2�)�,� �d�i�s�t�o�r�t�i�o�n� �(�E�v�a�n�s�,� �1�9�5�4�)�,� 

�a�n�d� �d�i�s�t�o�r�i�o�n� �w�i�t�h� �m�o�t�i�o�n� �(�Y�e� �a�n�d� �M�i�l�l�e�r�,� �1�9�8�8�)�.� 

�S�e�v�e�r�a�l� �i�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �d�e�v�e�l�o�p�e�d� �e�q�u�a�t�i�o�n�s� �f�o�r� �P�,� �b�a�s�e�d� �o�n� �t�h�e� �i�n�d�u�c�t�i�o�n� 

�t�i�m�e� �a�n�d� �o�t�h�e�r� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �(�F�i�n�c�h� �a�n�d� �D�o�b�b�y�,� �1�9�9�0�;� �L�u�t�t�r�e�l�l� �a�n�d� �Y�o�o�n�,� 

�1�9�8�8�;� �L�a�s�k�o�w�s�k�i�,� �1�9�8�9�)�.� �F�i�n�c�h� �a�n�d� �D�o�b�b�y� �(�1�9�9�0�)� �d�e�f�i�n�e�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�a�d�h�e�s�i�o�n� �a�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e�s� �t�h�a�t� �a�r�e� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �b�u�b�b�l�e� �l�o�n�g�e�r� �t�h�a�n� 

�t�h�e� �i�n�d�u�c�t�i�o�n� �t�i�m�e�.� �U�s�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p�s� �f�o�r� �t�h�e� �c�l�o�s�e�s�t� �s�t�r�e�a�m�l�i�n�e� �a�p�p�r�o�a�c�h� �a�n�g�l�e� �(�6�.�)� 

�a�n�d� �t�h�e� �m�a�x�i�m�u�m� �a�n�g�l�e� �o�f� �c�o�n�t�a�c�t� �@�,�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �w�a�s� �d�e�r�i�v�e�d�:� 

� � �P�p� �=� �"� �[�2�.�9�]� 

�w�h�e�r�e� �6�,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y�,� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �s�i�z�e�s�,� �a�n�d� 

�i�n�d�u�c�t�i�o�n� �t�i�m�e�.� �L�u�t�t�r�e�l�l� �a�n�d� �Y�o�o�n� �(�1�9�8�8�)� �c�o�n�d�u�c�t�e�d� �a� �m�o�r�e� �t�h�e�o�r�e�t�i�c�a�l� 

�h�y�d�r�o�d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �o�f� �a�d�h�e�s�i�o�n�,� �b�a�s�e�d� �o�n� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n�,� �a�n�d� 

�f�o�u�n�d� �P�,� �t�o� �b�e�:� 
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�-�(�4�5� �+�8�R�e�° ��)� �U�,� �+�,� 

�R�,� �3�0�R�,�| �� �+�1� 

� � �P�,� �=� �s�i�n ��|�2�a�r�c�t�a�n�e�x�p� �[�2�.�1�0�]� 

�l�p� 

�T�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�i�s� �e�x�p�r�e�s�s�i�o�n� �w�a�s� �c�o�n�f�i�r�m�e�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �m�i�c�r�o�f�l�o�t�a�t�i�o�n� �t�e�s�t�s� �w�i�t�h� 

�p�a�r�t�i�c�l�e�s� �l�a�r�g�e� �e�n�o�u�g�h� �s�o� �t�h�a�t� �P�.� �c�o�u�l�d� �b�e� �a�s�s�u�m�e�d� �e�q�u�a�l� �t�o� �o�n�e�.� �E�q�u�a�t�i�o�n�s� �[�2�.�9�]� �a�n�d� 

�[�2�.�1�0�]� �b�o�t�h� �c�o�n�f�o�r�m� �t�o� �a� �p�r�o�b�a�b�i�l�i�s�t�i�c� �d�e�f�i�n�i�t�i�o�n�,� �s�i�n�c�e� �P�,� �c�a�n� �o�n�l�y� �t�a�k�e� �o�n� �v�a�l�u�e�s� 

�b�e�t�w�e�e�n� �z�e�r�o� �a�n�d� �o�n�e�.� 

�A�n� �a�l�t�e�r�n�a�t�e� �w�a�y� �o�f� �a�n�a�l�y�z�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�d�h�e�s�i�o�n� �i�s� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� 

�e�n�e�r�g�y� �b�a�r�r�i�e�r� �w�h�i�c�h� �d�e�v�e�l�o�p�s� �d�u�e� �t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e�s�.� �T�h�e� 

�p�a�r�t�i�c�l�e� �m�u�s�t� �p�o�s�s�e�s�s� �s�u�f�f�i�c�i�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �t�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �b�a�r�r�i�e�r�,� �a�t� �w�h�i�c�h� �p�o�i�n�t� 

�t�h�e� �f�i�l�m� �s�p�o�n�t�a�n�e�o�u�s�l�y� �r�u�p�t�u�r�e�s� �a�n�d� �a�d�h�e�s�i�o�n� �o�c�c�u�r�s�.� �R�e�c�e�n�t�l�y�,� �Y�o�o�n� �(�1�9�9�1�)� �h�a�s� 

�i�n�c�o�r�p�o�r�a�t�e�d� �t�h�i�s� �c�o�n�c�e�p�t� �i�n�t�o� �a�n� �A�r�r�h�e�n�i�u�s�-�t�y�p�e� �e�q�u�a�t�i�o�n� �f�o�r� �P�,�:� 

�2�7� �o�x�o�(� �7� �2�.�1�1�]� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �e�n�e�r�g�y� �b�a�r�r�i�e�r�,� �k� �i�s� �t�h�e� �B�o�l�t�z�m�a�n�n� �c�o�n�s�t�a�n�t�,� �a�n�d� �T� �i�s� �t�h�e� �a�b�s�o�l�u�t�e� 

�t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �p�o�i�n�t� �w�h�e�r�e� �f�i�l�m� �r�u�p�t�u�r�e� �o�c�c�u�r�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� 

�t�o�p� �o�f� �t�h�e� �e�n�e�r�g�y� �b�a�r�r�i�e�r�,� �a�n�d� �i�s� �c�a�l�l�e�d� �t�h�e� �c�r�i�t�i�c�a�l� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �(�h�,�)�.� �I�f� �t�h�e� �p�a�r�t�i�c�l�e� 

�c�a�n� �t�h�i�n� �t�h�e� �f�i�l�m� �s�e�p�a�r�a�t�i�n�g� �i�t� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� �t�o� �a� �t�h�i�c�k�n�e�s�s� �o�f� �l�e�s�s� �t�h�a�n� �h�,�,� �a�d�h�e�s�i�o�n� 

�w�i�l�l� �t�a�k�e� �p�l�a�c�e�.� �R�e�s�e�a�r�c�h� �h�a�s� �f�o�u�n�d� �h�,� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �h�y�d�r�o�p�h�o�b�i�c�i�t�y� �o�f� �t�h�e� 

�s�o�l�i�d�,� �g�e�n�e�r�a�l�l�y� �f�a�l�l�i�n�g� �b�e�t�w�e�e�n� �7�0� �a�n�d� �1�5�0� �n�m� �(�H�e�r�n�a�n�d�e�z�,� �1�9�8�9�)�.� 

�T�h�e� �w�o�r�k� �s�u�m�m�a�r�i�z�e�d� �a�b�o�v�e� �h�a�s� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e�d� �f�u�n�d�a�m�e�n�t�a�l� �u�n�d�e�r�s�t�a�n�d�i�n�g� 
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�o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �c�o�l�l�i�s�i�o�n� �a�n�d� �a�d�h�e�s�i�o�n�.� �T�r�e�m�e�n�d�o�u�s� �s�t�r�i�d�e�s� �h�a�v�e� �a�l�s�o� �b�e�e�n� �m�a�d�e� 

�t�o�w�a�r�d�s� �a�c�c�u�r�a�t�e� �q�u�a�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e�s�e� �f�l�o�t�a�t�i�o�n� �s�u�b�p�r�o�c�e�s�s�e�s�.� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� 

�(�1�9�8�7�)� �h�a�v�e� �d�r�a�w�n� �f�r�o�m� �t�h�e�s�e� �e�f�f�o�r�t�s� �t�o� �d�e�v�e�l�o�p� �a� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n� �m�o�d�e�l� �f�o�r� 

�f�l�o�t�a�t�i�o�n�.� �T�h�e�i�r� �m�o�d�e�l� �a�d�e�q�u�a�t�e�l�y� �s�i�m�u�l�a�t�e�s� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �c�o�r�r�e�c�t�l�y� 

�p�r�e�d�i�c�t�i�n�g� �o�p�t�i�m�u�m�s� �i�n� �r�e�c�o�v�e�r�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �s�i�z�e�,� �a�n�d� 

�d�e�f�i�n�i�n�g� �t�r�e�n�d�s� �b�e�t�w�e�e�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n� �a�n�d� �o�t�h�e�r� �p�h�y�s�i�c�a�l� 

�v�a�r�i�a�b�l�e�s�.� �T�h�e� �e�m�p�i�r�i�c�a�l�/�t�h�e�o�r�e�t�i�c�a�l� �m�e�t�h�o�d�o�l�o�g�y� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� �e�m�p�l�o�y�e�d�,� 

�h�o�w�e�v�e�r�,� �h�a�m�p�e�r�s� �i�t�s� �f�u�n�d�a�m�e�n�t�a�l� �s�o�u�n�d�n�e�s�s�.� �A� �c�o�m�p�l�e�t�e�,� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e�s� �m�o�d�e�l� 

�d�e�s�c�r�i�b�i�n�g� �f�l�o�t�a�t�i�o�n� �i�s� �s�t�i�l�l� �l�a�c�k�i�n�g�.� 

�2�.�3� �R�e�s�e�a�r�c�h� �O�b�j�e�c�t�i�v�e�s� 

�T�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �p�r�e�v�i�o�u�s� �i�n�v�e�s�t�i�g�a�t�o�r�s� �t�o� �d�e�r�i�v�e� �a� �w�o�r�k�a�b�l�e� �f�l�o�t�a�t�i�o�n� �m�o�d�e�l� 

�f�o�u�n�d�e�d� �o�n� �f�u�n�d�a�m�e�n�t�a�l� �p�r�i�n�c�i�p�l�e�s� �m�a�y� �s�t�e�m� �f�r�o�m� �a� �c�o�m�m�o�n� �c�o�n�c�e�p�t�u�a�l� �f�l�a�w�.� �T�h�e�i�r� 

�w�o�r�k� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �i�n�v�o�l�v�e�d� �i�n� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �i�.�e�.�,� �c�o�l�l�i�s�i�o�n� �w�a�s� �t�r�e�a�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �f�r�o�m� �a�d�h�e�s�i�o�n�,� �a�n�d� �v�i�c�e� 

�v�e�r�s�a�.� �S�e�p�a�r�a�t�e� �e�x�p�r�e�s�s�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �g�o�v�e�r�n�i�n�g� �c�o�l�l�i�s�i�o�n� �a�n�d� �a�d�h�e�s�i�o�n�,� 

�_� �a�n�d� �d�i�f�f�e�r�e�n�t� �f�a�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �c�i�t�e�d� �a�s� �a�f�f�e�c�t�i�n�g� �t�h�e�i�r� �b�e�h�a�v�i�o�r�,� �h�y�d�r�o�d�y�n�a�m�i�c�s� 

�i�m�p�a�c�t�i�n�g� �c�o�l�l�i�s�i�o�n� �a�n�d� �s�u�r�f�a�c�e� �c�h�e�m�i�s�t�r�y� �d�e�t�e�r�m�i�n�i�n�g� �a�d�h�e�s�i�o�n�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� 

�d�i�s�s�o�c�i�a�t�i�o�n� �i�s� �p�r�i�m�a�r�i�l�y� �o�n�e� �o�f� �c�o�n�v�e�n�i�e�n�c�e�;� �i�t� �i�s� �f�a�r� �e�a�s�i�e�r� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �a� �p�r�o�c�e�s�s� 

�b�y� �r�e�s�o�l�v�i�n�g� �i�t� �i�n�t�o� �i�n�d�e�p�e�n�d�e�n�t� �c�o�m�p�o�n�e�n�t�s�.� �H�o�w�e�v�e�r�,� �s�u�c�h� �p�a�r�t�i�t�i�o�n�i�n�g� �i�s� 

�i�n�h�e�r�e�n�t�l�y� �r�e�s�t�r�i�c�t�i�v�e� �s�i�n�c�e� �i�t� �p�r�o�h�i�b�i�t�s� �a�n�y� �i�n�t�e�r�a�c�t�i�v�e� �e�f�f�e�c�t�s� �b�e�t�w�e�e�n� �c�o�l�l�i�s�i�o�n� �a�n�d� 
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�a�d�h�e�s�i�o�n�.� �A� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �o�b�v�i�a�t�e�s� �t�h�e� �n�e�e�d� �f�o�r� �s�e�p�a�r�a�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �c�o�l�l�i�s�i�o�n� 

�a�n�d� �a�d�h�e�s�i�o�n� �w�o�u�l�d� �b�e� �f�u�n�d�a�m�e�n�t�a�l�l�y� �m�o�r�e� �s�o�u�n�d�.� 

�T�o�w�a�r�d�s� �t�h�i�s� �e�n�d�,� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �h�a�s� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �a�s� �a�n� 

�i�n�t�e�g�r�a�l� �w�h�o�l�e�.� �C�o�l�l�i�s�i�o�n� �a�n�d� �a�d�h�e�s�i�o�n� �w�e�r�e� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �a�s� �i�n�d�i�v�i�d�u�a�l� �e�n�t�i�t�i�e�s� �i�n� 

�f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �m�o�d�e�l�,� �b�u�t� �a�s� �i�n�t�e�r�m�e�d�i�a�t�e� �p�h�a�s�e�s� �o�f� �t�h�e� �a�t�t�a�c�h�m�e�n�t� �p�r�o�c�e�s�s�.� �T�h�e� 

�m�o�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �h�a�s� �b�e�e�n� �a�n�a�l�y�z�e�d� �s�t�r�i�c�t�l�y� �b�y� �s�t�u�d�y�i�n�g� �t�h�e� �r�e�l�e�v�a�n�t� �f�o�r�c�e�s� 

�i�n�f�l�u�e�n�c�i�n�g� �i�t�s� �t�r�a�j�e�c�t�o�r�y�.� �I�t� �i�s� �b�e�l�i�e�v�e�d� �t�h�a�t� �t�h�i�s� �a�p�p�r�o�a�c�h� �s�u�f�f�e�r�s� �f�r�o�m� �f�e�w�e�r� 

�c�o�n�s�t�r�a�i�n�t�s� �t�h�a�n� �m�o�d�e�l�s� �b�a�s�e�d� �o�n� �c�o�l�l�i�s�i�o�n�/�a�d�h�e�s�i�o�n� �s�e�p�a�r�a�t�i�o�n�,� �a�n�d� �w�i�l�l� �t�h�e�r�e�f�o�r�e� 

�p�r�o�d�u�c�e� �a� �m�o�d�e�l� �m�o�r�e� �s�y�n�o�n�y�m�o�u�s� �w�i�t�h� �a�c�t�u�a�l� �f�l�o�t�a�t�i�o�n� �b�e�h�a�v�i�o�r�.� 

�2�.�4� �M�o�d�e�l� �D�e�v�e�l�o�p�m�e�n�t� 

�E�v�e�r� �s�i�n�c�e� �I�s�a�a�c� �N�e�w�t�o�n�'�s� �t�e�a�c�h�i�n�g�s� �e�n�t�e�r�e�d� �t�h�e� �m�a�i�n�s�t�r�e�a�m� �o�f� �s�c�i�e�n�t�i�f�i�c� 

�t�h�o�u�g�h�t�,� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �m�o�t�i�o�n� �h�a�s� �b�e�e�n� �c�o�n�d�u�c�t�e�d� �p�r�i�m�a�r�i�l�y� �f�r�o�m� �a�  ��f�o�r�c�e� 

�a�c�c�o�u�n�t�i�n�g�"� �f�o�u�n�d�a�t�i�o�n�.� �T�h�e� �v�a�r�i�o�u�s� �f�o�r�c�e�s� �w�h�i�c�h� �c�o�u�l�d� �p�o�s�s�i�b�l�y� �i�m�p�a�c�t� �m�o�t�i�o�n� �i�n� 

�a� �g�i�v�e�n� �s�y�s�t�e�m� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �a�n�d� �c�u�m�u�l�a�t�e�d�,� �i�n� �t�e�r�m�s� �o�f� �d�i�r�e�c�t�i�o�n� �a�n�d� �m�a�g�n�i�t�u�d�e�.� 

�T�h�e� �o�v�e�r�a�l�l� �f�o�r�c�e� �p�r�o�d�u�c�e�d� �i�s� �t�h�e�n� �w�h�a�t� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�o�t�i�o�n� �o�f� �t�h�e� 

�s�y�s�t�e�m�.� �T�h�i�s� �s�i�m�p�l�e� �f�o�r�c�e� �b�a�l�a�n�c�e� �p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �a�n�y� �s�y�s�t�e�m�,� �r�e�g�a�r�d�l�e�s�s� 

�o�f� �c�o�m�p�l�e�x�i�t�y�,� �p�r�o�v�i�d�e�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �a�c�t�i�n�g� �f�o�r�c�e�s� �a�r�e� �a�v�a�i�l�a�b�l�e�.� 

�B�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �p�r�o�v�i�d�e�s� �a� �f�o�r�m�i�d�a�b�l�e� �c�h�a�l�l�e�n�g�e� �f�o�r� �f�o�r�c�e� �b�a�l�a�n�c�e� 

�m�e�t�h�o�d�o�l�o�g�y�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �f�r�a�m�e�w�o�r�k� �r�e�m�a�i�n�s� �s�i�m�p�l�e�,� �b�u�t� �t�h�e� �i�n�d�i�v�i�d�u�a�l� 

�c�o�m�p�o�n�e�n�t�s� �c�o�m�p�l�i�c�a�t�e� �t�h�e� �a�n�a�l�y�s�i�s�.� �N�u�m�e�r�o�u�s� �f�o�r�c�e�s� �i�n�f�l�u�e�n�c�e� �t�h�e� �m�o�t�i�o�n� �o�f� �a� 
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�p�a�r�t�i�c�l�e� �a�r�o�u�n�d� �a� �b�u�b�b�l�e�.� �T�h�e�s�e� �f�o�r�c�e�s� �h�a�v�e� �c�o�m�p�l�e�t�e�l�y� �d�i�f�f�e�r�e�n�t� �n�a�t�u�r�e�s�,� �s�o�m�e� 

�b�e�i�n�g� �r�e�l�a�t�e�d� �t�o� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �o�t�h�e�r�s� �l�i�n�k�e�d� �t�o� �t�h�e� �s�u�r�f�a�c�e� 

�c�h�e�m�i�s�t�r�y� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�n�g� �s�p�e�c�i�e�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �r�a�n�g�e� �o�f� �a�c�t�i�o�n� �o�f� �t�h�e�s�e� �f�o�r�c�e�s� 

�v�a�r�i�e�s� �-� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �f�o�r�c�e�s� �b�e�i�n�g� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �r�e�l�a�t�i�v�e� �p�o�s�i�t�i�o�n� �o�f� 

�b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�.� �D�e�s�p�i�t�e� �t�h�e�s�e� �d�i�s�p�a�r�i�t�i�e�s�,� �a� �f�u�n�d�a�m�e�n�t�a�l� �f�o�r�c�e� �b�a�l�a�n�c�e� �o�f�f�e�r�s� 

�t�h�e� �m�o�s�t� �v�a�l�i�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�.� 

�T�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�n�v�o�l�v�e�d� �i�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� 

�i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�.� �C�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s�,� �d�e�r�i�v�e�d� �t�h�r�o�u�g�h� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�b�u�b�b�l�e�,� �a�r�e� �c�h�o�s�e�n� �f�o�r� �m�a�t�h�e�m�a�t�i�c�a�l� �c�o�n�v�e�n�i�e�n�c�e�.� �T�h�e� �b�u�b�b�l�e� �i�s� �t�a�k�e�n� �t�o� �b�e� 

�s�t�a�t�i�o�n�a�r�y�,� �w�i�t�h� �t�h�e� �s�e�t�t�l�i�n�g� �p�a�r�t�i�c�l�e�s� �f�l�o�w�i�n�g� �p�a�s�t� �a�t� �a� �s�p�e�e�d� �e�q�u�a�l� �t�o� �t�h�e� �r�e�l�a�t�i�v�e� 

�v�e�l�o�c�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�.� �B�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e�h�a�v�e� 

�a�s� �r�i�g�i�d� �s�p�h�e�r�e�s� �(�C�l�i�f�t�,� �G�r�a�c�e�,� �a�n�d� �W�e�b�e�r�,� �1�9�7�8�;� �D�a�v�i�s�,� �H�a�n�s�e�n�,� �a�n�d� �S�u�l�l�i�v�a�n�,� �1�9�8�0�)�.� 

�T�h�e� �l�i�q�u�i�d� �f�l�o�w� �a�r�o�u�n�d� �t�h�e� �b�u�b�b�l�e� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �i�n�f�i�n�i�t�e� �s�e�r�i�e�s� �o�f� 

�s�t�r�e�a�m�l�i�n�e�s�.� �T�h�e�s�e� �s�t�r�e�a�m�l�i�n�e�s� �c�a�n� �b�e� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �e�x�p�r�e�s�s�e�d� �a�s� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n�s� 

�(�y� �)�,� �w�h�i�c�h� �d�e�p�e�n�d� �o�n� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �o�b�s�t�a�c�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�s�t�r�e�a�m�l�i�n�e�s� �o�n� �t�h�e� �m�o�t�i�o�n� �o�f� �a� �p�a�r�t�i�c�l�e� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e�.� �S�m�a�l�l�e�r� 

�p�a�r�t�i�c�l�e�s�,� �l�a�c�k�i�n�g� �c�o�n�s�i�d�e�r�a�b�l�e� �i�n�e�r�t�i�a�,� �a�r�e� �c�a�r�r�i�e�d� �w�i�t�h� �t�h�e� �s�t�r�e�a�m�l�i�n�e�s�;� �l�a�r�g�e�r� 

�p�a�r�t�i�c�l�e�s�,� �w�i�t�h� �g�r�e�a�t�e�r� �i�n�e�r�t�i�a�,� �a�r�e� �a�b�l�e� �t�o� �d�e�v�i�a�t�e� �f�r�o�m� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �t�r�a�j�e�c�t�o�r�y�.� 

�T�h�e� �p�a�r�t�i�c�l�e� �p�o�s�i�t�i�o�n� �a�t� �a�n�y� �p�o�i�n�t� �i�s� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �R�,� �t�h�e� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �c�e�n�t�e�r�s�,� �a�n�d� �6�,� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� 

�a�n�d� �t�h�e� �p�a�r�t�i�c�l�e�.� �R� �a�n�d� �i�n�d�i�c�a�t�e� �t�h�e� �r�a�d�i�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�,� 
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�C�r�i�t�i�c�a�l� �S�t�r�e�a�m�l�i�n�e� 

� � 
�F�i�g�u�r�e� �2�.�1� �C�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �u�s�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�3�0



�r�e�s�p�e�c�t�i�v�e�l�y�.� �B�y� �d�e�t�e�r�m�i�n�i�n�g� �R� �a�n�d� �®� �a�t� �e�a�c�h� �m�o�m�e�n�t� �i�n� �t�i�m�e�,� �t�h�e� �t�r�a�j�e�c�t�o�r�y� �o�f� �t�h�e� 

�p�a�r�t�i�c�l�e� �a�r�o�u�n�d� �t�h�e� �b�u�b�b�l�e� �c�a�n� �b�e� �c�o�n�s�t�r�u�c�t�e�d�.� 

�T�h�e� �r�e�l�e�v�a�n�t� �f�o�r�c�e�s� �i�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �a�r�e� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�2�,� 

�a�l�o�n�g� �w�i�t�h� �t�h�e� �n�a�t�u�r�e� �o�f� �e�a�c�h� �f�o�r�c�e� �-� �e�i�t�h�e�r� �a�t�t�r�a�c�t�i�v�e� �o�r� �r�e�p�u�l�s�i�v�e�.� �T�h�e� �f�o�r�c�e�s� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �a�r�e� �t�h�e� �g�r�a�v�i�t�a�t�i�o�n�a�l� �f�o�r�c�e� �(�F�,�)�,� �t�h�e� �b�u�o�y�a�n�c�y� �f�o�r�c�e� �(�F�,�)�,� �t�h�e� �s�t�r�e�a�m�l�i�n�e� 

�p�r�e�s�s�i�n�g� �f�o�r�c�e� �(�F�,�)�,� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �(�F�,�)�,� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �(�F�,�)�,� 

�t�h�e� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e� �(�F�;�)�,� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �(�F�,�)�.� �I�n� �o�r�d�e�r� �t�o� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d� 

 ��t�h�e�i�r� �i�m�p�a�c�t� �o�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �o�r�i�g�i�n� �o�f� �e�a�c�h� �o�f� �t�h�e�s�e� �f�o�r�c�e�s� �w�i�l�l� 

�b�r�i�e�f�l�y� �b�e� �d�i�s�c�u�s�s�e�d�.� 

�2�.�4�.�1� �H�y�d�r�o�d�y�n�a�m�i�c�s� 

�H�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �i�n�c�l�u�d�e� �g�r�a�v�i�t�y� �(�F�,�)�,� �b�u�o�y�a�n�c�y� �(�F�,�)�,� �t�h�e� �s�t�r�e�a�m�l�i�n�e� 

�p�r�e�s�s�i�n�g� �f�o�r�c�e� �(�F�,�)�,� �a�n�d� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �(�F�,�)�.� �I�n�e�r�t�i�a� �h�a�s� �b�e�e�n� 

�n�e�g�l�e�c�t�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �s�o�l�u�t�i�o�n�.� �I�n�c�l�u�s�i�o�n� �o�f� �i�n�e�r�t�i�a� �i�n�t�o� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�a�t�t�a�c�h�m�e�n�t� �m�o�d�e�l�s� �h�a�s� �r�e�c�e�i�v�e�d� �l�i�t�t�l�e� �t�h�e�o�r�e�t�i�c�a�l� �a�t�t�e�n�t�i�o�n�,� �p�r�i�m�a�r�i�l�y� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �d�i�f�f�i�c�u�l�t�y� �q�u�a�n�t�i�f�y�i�n�g� �i�t�s� �e�f�f�e�c�t�.� �R�e�c�e�n�t�l�y�,� �h�o�w�e�v�e�r�,� �P�l�a�t�e� �(�1�9�8�9�)� �h�a�s� 

�d�e�r�i�v�e�d� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �i�n�e�r�t�i�a�l� �c�o�l�l�i�s�i�o�n� �e�f�f�i�c�i�e�n�c�y� �b�a�s�e�d� �o�n� �w�o�r�k� �b�y� �S�c�h�u�c�h� �a�n�d� 

�L�o�f�f�l�e�r� �(�1�9�7�8�)�,� �H�e�r�n�e� �(�1�9�6�0�)�,� �a�n�d� �F�l�i�n�t� �a�n�d� �H�o�w�a�r�t�h� �(�1�9�7�1�)�.� �S�c�h�u�l�z�e� �(�1�9�8�9�)� 

�i�n�c�o�r�p�o�r�a�t�e�d� �P�l�a�t�e�'�s� �e�q�u�a�t�i�o�n� �i�n�t�o� �h�i�s� �d�i�s�c�o�u�r�s�e� �o�n� �h�y�d�r�o�d�y�n�a�m�i�c�s� �a�n�d� �d�e�m�o�n�s�t�r�a�t�e�d� 

�t�h�e� �i�m�p�o�r�t�a�n�c�e� �i�n�e�r�t�i�a� �p�l�a�y�s� �i�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �e�s�p�e�c�i�a�l�l�y� �a�s� �c�o�m�p�a�r�e�d� �t�o� 

�i�n�t�e�r�c�e�p�t�i�o�n� �a�n�d� �g�r�a�v�i�t�a�t�i�o�n�a�l� �e�f�f�e�c�t�s�.� �T�h�e� �o�m�i�s�s�i�o�n� �o�f� �i�n�e�r�t�i�a� �f�r�o�m� �t�h�e� �m�o�d�e�l� 
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�P�a�r�t�i�c�l�e� 

�B�u�b�b�l�e� � � � � � � 
�F�i�g�u�r�e� �2�.�2� �S�c�h�e�m�a�t�i�c� �o�f� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �i�n�v�o�l�v�e�d� �i�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�i�n�t�e�r�a�c�t�i�o�n�.� 

�3�2



�p�r�o�p�o�s�e�d� �h�e�r�e� �i�s� �a� �w�e�a�k�n�e�s�s�,� �b�u�t� �i�n�f�o�r�m�a�t�i�v�e� �k�n�o�w�l�e�d�g�e� �c�a�n� �s�t�i�l�l� �b�e� �g�l�e�a�n�e�d� �f�r�o�m� 

�t�h�e� �m�o�d�e�l�.� �I�t� �i�s� �p�o�s�t�u�l�a�t�e�d� �h�e�r�e� �t�h�a�t� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �m�a�y� 

�e�f�f�e�c�t�i�v�e�l�y� �o�f�f�s�e�t� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �i�n�e�r�t�i�a� �f�o�r�c�e�,� �t�h�e�r�e�b�y� �d�a�m�p�e�n�i�n�g� �t�h�e� �t�r�e�m�e�n�d�o�u�s� 

�i�n�f�l�u�e�n�c�e� �S�c�h�u�l�z�e� �r�e�p�o�r�t�e�d�.� �A�d�d�i�t�i�o�n�a�l� �r�e�s�e�a�r�c�h� �i�s� �r�e�q�u�i�r�e�d� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�i�s� 

�p�o�s�s�i�b�i�l�i�t�y�.� 

�T�h�e� �g�r�a�v�i�t�y� �a�n�d� �b�u�o�y�a�n�c�y� �f�o�r�c�e�s� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �s�i�n�g�l�e� �t�e�r�m�,� �d�e�n�o�t�e�d� 

�F�,�,�,� �a�n�d� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�F�.�=� 

�w
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 �|� 

�w�h�e�r�e� �r�,� �i�s� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�,� �p�,�,� �a�n�d� �p�,� �a�r�e� �t�h�e� �d�e�n�s�i�t�i�e�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �a�n�d� 

�f�l�u�i�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �g� �i�s� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �d�u�e� �t�o� �g�r�a�v�i�t�y�.� �T�h�i�s� �f�o�r�c�e� �a�c�t�s� �i�n� �t�h�e� 

�v�e�r�t�i�c�a�l� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �w�i�l�l� �b�e� �o�r�i�e�n�t�e�d� �d�o�w�n�w�a�r�d� �a�s� �l�o�n�g� �a�s� �P�r� �>� �P�r� 

�T�h�e� �s�t�r�e�a�m�l�i�n�e� �p�r�e�s�s�i�n�g� �f�o�r�c�e� �(�F�,�)� �a�r�i�s�e�s� �d�u�e� �t�o� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �f�l�u�i�d� 

�s�t�r�e�a�m�l�i�n�e�s� �a�r�o�u�n�d� �t�h�e� �b�u�b�b�l�e�.� �T�h�e� �m�o�m�e�n�t�u�m� �p�o�s�s�e�s�s�e�d� �b�y� �t�h�e� �l�i�q�u�i�d� �a�s� �i�t� �s�k�i�r�t�s� 

�t�h�e� �b�u�b�b�l�e� �i�s� �i�m�p�a�r�t�e�d� �t�o� �t�h�e� �p�a�r�t�i�c�l�e�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �p�r�e�s�s�i�n�g� �f�o�r�c�e�.� �T�h�e� �e�q�u�a�t�i�o�n� �f�o�r� 

�F�,�,� �i�s� �g�i�v�e�n� �b�y�:� 

�F�,� �=� �6�n�p�r�,�U�;�,� �[�2�.�1�3�]� 

�w�h�e�r�e� �p� �i�s� �t�h�e� �f�l�u�i�d� �v�i�s�c�o�s�i�t�y� �a�n�d� �U�,� �i�s� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �v�e�l�o�c�i�t�y� �i�n� �e�i�t�h�e�r� �t�h�e� �r�a�d�i�a�l� �o�r� 

�t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �s�t�r�e�a�m�l�i�n�e� �v�e�l�o�c�i�t�y� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�y�s�t�e�m� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� �N�u�m�e�r�o�u�s� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n�s� �h�a�v�e� �b�e�e�n� 
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�d�e�r�i�v�e�d�,� �s�o�m�e� �t�h�e�o�r�e�t�i�c�a�l�l�y� �a�n�d� �o�t�h�e�r�s� �b�a�s�e�d� �o�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �p�a�r�t�i�c�l�e� �t�r�a�j�e�c�t�o�r�i�e�s� 

�(�K�a�w�a�g�u�t�i�,� �1�9�5�5�;� �M�a�s�l�i�y�a�h� �a�n�d� �E�p�s�t�e�i�n�,� �1�9�7�2�;� �S�e�e�l�e�y� �e�t� �a�l�.�,� �1�9�7�5�;� �P�l�a�t�e�,� �1�9�8�9�)�.� 

�W�i�t�h� �r�e�g�a�r�d� �t�o� �f�l�o�t�a�t�i�o�n�,� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �g�a�m�u�t� �o�f� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� 

�a�r�e� �c�o�n�s�i�d�e�r�e�d� �(�T�a�b�l�e� �2�.�2�)�:� �S�t�o�k�e�s� �f�l�o�w� �(�l�o�w� �R�e�)�,� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �(�h�i�g�h� �R�e�)�,� �a�n�d� 

�i�n�t�e�r�m�e�d�i�a�t�e� �f�l�o�w� �(�i�n�t�e�r�m�e�d�i�a�t�e� �R�e�)�.� 

�G�a�u�d�i�n� �(�1�9�5�7�)� �a�n�d� �S�u�t�h�e�r�l�a�n�d� �(�1�9�4�8�)� �i�n�v�e�s�t�i�g�a�t�e�d� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� 

�f�o�r� �l�o�w� �a�n�d� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �a�p�p�l�i�c�a�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �d�e�r�i�v�e�d� �e�x�p�r�e�s�s�i�o�n�s� 

�f�o�r� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n�,� �P�,�.� �M�o�s�t� �f�l�o�t�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �u�t�i�l�i�z�e�s� �m�e�d�i�u�m�-�s�i�z�e� 

�b�u�b�b�l�e�s� �(�1�0�0�-�1�0�0�0� �u�m�)�,� �w�h�i�c�h� �a�r�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �i�n�t�e�r�m�e�d�i�a�t�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� 

�L�u�t�t�r�e�l�l� �(�1�9�8�6�)� �h�a�s� �c�o�m�b�i�n�e�d� �t�h�e� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n�s� �f�o�r� �S�t�o�k�e�s� �a�n�d� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �i�n�t�o� 

�a� �s�i�n�g�l�e� �g�e�n�e�r�a�l�i�z�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �y� �a�t� �i�n�t�e�r�m�e�d�i�a�t�e� �R�e�:� 

� � �¥� �=� �U�,�R�,�?�s�i�n �� �a�x� �-� �2�x�4� �=� �+� �i�e� �S� �-�l�i�x�-� �|� �[�2�.�1�4�]� 

�w�h�e�r�e� �U�,� �i�s� �t�h�e� �b�u�b�b�l�e� �r�i�s�e� �v�e�l�o�c�i�t�y� �a�n�d� �X� �=� �R�/�R�,�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �r�e�d�u�c�e�s� �t�o� �S�t�o�k�e�s� 

�s�t�r�e�a�m� �f�u�n�c�t�i�o�n� �a�s� �R�e� �a�p�p�r�o�a�c�h�e�s� �z�e�r�o� �a�n�d� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �p�o�t�e�n�t�i�a�l� �f�l�o�w� �s�t�r�e�a�m� 

�f�u�n�c�t�i�o�n� �a�t� �l�a�r�g�e� �R�e�.� 

�T�h�e� �r�a�d�i�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� �v�e�l�o�c�i�t�i�e�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �p�r�e�s�s�i�n�g� �f�o�r�c�e� �a�r�e� �d�e�r�i�v�e�d� 

�f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�e�l�l�-�k�n�o�w�n� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �a�x�i�s�y�m�m�e�t�r�i�c� �f�l�o�w� �a�r�o�u�n�d� �a� �r�i�g�i�d� 

�s�p�h�e�r�e�:� 

�1� �a� 
�R�*�s�i�n�6� �0� 
� � �[�2�.�1�5�]� 
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�T�a�b�l�e� �2�.�2� �D�i�m�e�n�s�i�o�n�l�e�s�s� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� 

� � 

�F�l�o�w� �C�o�n�d�i�t�i�o�n�s� �D�i�m�e�n�s�i�o�n�l�e�s�s� �S�t�r�e�a�m� �F�u�n�c�t�i�o�n� 
� � 

� � 

� � 

� � 

� � � � 

�1� �3� �1� �.� 
�S�t�o�k�e�s� �(�3� �X�x�?�  ��4� �*�*� �q�x�}� �s�i�n ��e� 

�0�.�7�2� �p�x�-�3�x�+� �+�8�8� �(�3� �-�4�+�x�-�2�}�]�s�i�n�r�0� 
�I�n�t�e�r�m�e�d�i�a�t�e� �2� �4� �4�X� �1�5� �\�x�?� �x� 

�P�o�t�e�n�t�i�a�l� �(�5� �X�x�X�?� �-� �3�3�)� �s�i�n�?�6� 
�2�X� 

� � 

�3�5� 

� 



�1� �d�y� �-� �+� �a�v� �2�.�1�6� 
 ��n�s� �R�s�i�n�®� �d�R� �[�2�-�1�6�]� 

�I�n�s�e�r�t�i�n�g� �e�q�u�a�t�i�o�n� �[�2�.�1�4�]� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �[�2�.�1�5�]� �a�n�d� �[�2�.�1�6�]� �r�e�s�u�l�t�s� �i�n�:� 

� � 

� � 

�0�.�7�2� �U�.�,� �=� �U�,�c�o�s�®� �p�-�2� �+�t� �F�R�E�T� �(�i� �t�i�t� �[�2�.�1�7�]� 
�2�X� �2�x�3� �1�S� �\�x�*�+� �x�3� �X� �x�?� 

�0�.�7�2� �U�,�,� �=� �U�,�s�i�n�o�|�1�-�2�-�L� �4�2�)� �1�2�,�1� �[�2�.�1�8�]� 
�4�X� �a�x�3� �1�5� �|�x�?� �x�4� �x�X� 

� � 

�T�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e�,� �F�,�,� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �l�u�b�r�i�c�a�t�i�o�n� �t�h�e�o�r�y�,� �a�n�d� 

�a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �i�n�c�r�e�a�s�e�d� �r�e�p�u�l�s�i�v�e� �f�o�r�c�e� �t�h�a�t� �d�e�v�e�l�o�p�s� �a�s� �t�h�e� �i�n�t�e�r�v�e�n�i�n�g� �f�i�l�m� 

�b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �t�h�i�n�s�.� �T�h�e� �f�o�r�m� �o�f� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� 

�i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �p�r�e�s�s�i�n�g� �f�o�r�c�e�:� 

�F�,� �=� �6�n�p�r�,�U�,�B� �[�2�.�1�9�]� 

�w�h�e�r�e� �U�;�,� �i�s� �t�h�e� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �r�a�d�i�a�l� �o�r� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �§� �i�s� �a� 

�c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� �d�e�p�e�n�d�e�n�t� �o�n� �s�e�p�a�r�a�t�i�o�n� �d�i�s�t�a�n�c�e�.� �A�s� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �b�e�t�w�e�e�n� 

�b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �d�i�m�i�n�i�s�h�e�s�,� �6� �i�n�c�r�e�a�s�e�s�.� 

�T�h�e� �v�a�l�u�e� �o�f� �6� �i�s� �a� �m�a�t�t�e�r� �o�f� �s�o�m�e� �d�i�s�p�u�t�e�.� �T�a�y�l�o�r� �(�1�9�2�5�)� �d�e�r�i�v�e�d� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �l�i�n�e�a�r� �r�e�l�a�t�i�o�n�s�h�i�p� �f�r�o�m� �R�e�y�n�o�l�d�s� �l�u�b�r�i�c�a�t�i�o�n� �t�h�e�o�r�y�:� 

�B� �=� �A� �[�2�.�2�0�]� 
 ��p� 

�w�h�e�r�e� �h� �i�s� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �b�e�t�w�e�e�n� �t�w�o� �i�n�t�e�r�a�c�t�i�n�g� �s�p�e�c�i�e�s�.� �T�h�i�s� �r�e�l�a�t�i�o�n�s�h�i�p�,� 
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�h�o�w�e�v�e�r�,� �w�a�s� �d�e�r�i�v�e�d� �f�o�r� �a� �s�p�h�e�r�e� �a�p�p�r�o�a�c�h�i�n�g� �a� �f�l�a�t� �p�l�a�t�e�,� �a�n�d� �i�s� �v�a�l�i�d� �o�n�l�y� �a�t� �v�e�r�y� 

�s�m�a�l�l� �d�i�s�t�a�n�c�e�s�.� 

�B�r�e�n�n�e�r� �(�1�9�6�4�)� �a�n�d� �M�a�u�d�e� �(�1�9�6�1�)� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�b�t�a�i�n�e�d� �a�n� �i�m�p�r�o�v�e�d� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �6� �t�h�a�t� �i�s� �v�a�l�i�d� �a�t� �g�r�e�a�t�e�r� �s�e�p�a�r�a�t�i�o�n� �d�i�s�t�a�n�c�e�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e�i�r� 

�c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �b�a�s�e�d� �o�n� �a� �f�l�a�t� �p�l�a�t�e� �c�o�l�l�e�c�t�o�r� �a�s�s�u�m�p�t�i�o�n� �a�s� �w�e�l�l�,� �a�n�d� �a�r�e� �n�o�t� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�G�o�r�e�n� �a�n�d� �O�'�N�e�i�l�l� �(�1�9�7�1�)� �i�n�v�e�s�t�i�g�a�t�e�d� �s�p�h�e�r�e�s� �a�p�p�r�o�a�c�h�i�n�g� �s�p�h�e�r�i�c�a�l� �a�n�d� 

�c�y�l�i�n�d�r�i�c�a�l� �c�o�l�l�e�c�t�o�r�s�,� �a�n�d� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �@� �t�e�r�m� �w�a�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �s�m�a�l�l�e�r� �t�h�a�n� 

�t�h�e� �r�e�p�o�r�t�e�d� �v�a�l�u�e�s� �f�o�r� �a� �f�l�a�t� �p�l�a�t�e�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �§� �a�n�d� �h�/�r�,� �i�s� �s�h�o�w�n� 

�i�n� �F�i�g�u�r�e� �2�.�3� �f�o�r� �a�l�l� �t�h�r�e�e� �i�n�v�e�s�t�i�g�a�t�i�o�n�s�.� �T�h�e� �l�o�g�a�r�i�t�h�m�i�c� �s�c�a�l�e� �e�m�p�l�o�y�e�d� �e�m�p�h�a�s�i�z�e�s� 

�t�h�e� �d�r�a�m�a�t�i�c� �i�n�c�r�e�a�s�e� �i�n� �8� �w�i�t�h� �d�e�c�r�e�a�s�i�n�g� �h�.� 

�I�n� �a� �r�e�c�e�n�t� �p�u�b�l�i�c�a�t�i�o�n�,� �L�u�t�t�r�e�l�l� �a�n�d� �Y�o�o�n� �(�1�9�9�2�)� �h�a�v�e� �i�n�c�l�u�d�e�d� �G�o�r�e�n� �a�n�d� 

�O�'�N�e�i�l�l�'�s� �e�x�p�r�e�s�s�i�o�n� �i�n�t�o� �t�h�e�i�r� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �a� 

�b�u�b�b�l�e� �a�n�d� �a� �p�a�r�t�i�c�l�e� �i�n� �f�l�o�t�a�t�i�o�n�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�e� �c�o�r�r�e�c�t�e�d� �f�i�l�m� �t�h�i�n�n�i�n�g� 

�r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �w�a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �e�q�u�a�t�i�n�g� �F�,� �t�o� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �p�r�e�s�s�i�n�g� �f�o�r�c�e�,� 

�F�,�,� �a�n�d� �c�o�m�p�a�r�i�n�g� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�e�l�o�c�i�t�i�e�s�.� �T�h�e� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y� �w�a�s� �r�e�t�a�r�d�e�d� �t�o� �a� 

�m�u�c�h� �g�r�e�a�t�e�r� �e�x�t�e�n�t� �t�h�a�n� �t�h�e� �f�l�u�i�d� �s�t�r�e�a�m�l�i�n�e� �v�e�l�o�c�i�t�y�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �h�a�d� �a� 

�p�r�o�n�o�u�n�c�e�d� �e�f�f�e�c�t� �o�n� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �b�y� �a�l�t�e�r�i�n�g� �t�h�e� �t�r�a�j�e�c�t�o�r�y� �o�f� �t�h�e� 

�p�a�r�t�i�c�l�e�.� 

�T�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �i�s� �c�o�m�m�o�n�l�y� �d�i�s�r�e�g�a�r�d�e�d� �b�y� �m�o�s�t� 

�i�n�v�e�s�t�i�g�a�t�o�r�s� �s�t�u�d�y�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �h�y�d�r�o�d�y�n�a�m�i�c�s�,� �w�h�o� �a�p�p�a�r�e�n�t�l�y� �a�s�s�u�m�e� �i�t� �i�s� 
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�1�0�3� �P�B� �e�e� �P�r�P� �r�r�p�p� �T�r�e� �r�e�e�e�y� �F�O�U� �T�E� �e�r�r�y� �T�P� �G�T�r�r�r�y� �E�T�P� 

�E� �R�e�y�n�o�l�d�s� �.� 
�=� �-�-�-�-� �G�o�r�e�n� �a�n�d� �O�'�N�e�i�l�l� �7� 
�P�N� �m�i�n�i�s� �M�a�u�d�e�,� �B�r�e�n�n�e�r� �A� 

�1�0�2�,� �B�Y� �J� 
�r�N� �4� 
�r� �~�~�.� �q� 
�5� �N�X� �4� 

�a� �r� �~� �|� �.� �S�Q� 
�r� �\� �.� �7� 

�s�y� �\� �1� 
�1�0�1�)� �~� �N�i�:� �4� 

�C� �~� �N�N� �4� �C� �S� �o�e� �4� 
�T� �s�y�  ��\� �7� 

�~� �.� �.� 

�-� �~�N� �~�~�)� �4� 
�s� �~� �a� �.� �=� 

�1�0�0� 
�1�0�-�3� �1�0�-�2� �1�0�-�1� �1�0�0� �1�0�1� 

�F�i�g�u�r�e� �2�.�3� �R�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�a�c�t�o�r�,� �6� �,� �a�n�d� �d�i�m�e�n�s�i�o�n�l�e�s�s� 
�d�i�s�t�a�n�c�e�,� �h�/�r�,� �(�a�f�t�e�r� �L�u�t�t�r�e�l�l�,� �1�9�8�6�)�.� 

�3�8



�n�e�g�l�i�g�i�b�l�e�,� �a�r�e� �u�n�a�w�a�r�e� �o�f� �i�t�s� �e�x�i�s�t�e�n�c�e�,� �o�r� �w�h�o� �b�e�l�i�e�v�e� �i�t� �i�s� �a�c�c�o�u�n�t�e�d� �f�o�r� �e�l�s�e�w�h�e�r�e�.� 

�A� �c�l�o�s�e�r� �l�o�o�k� �a�t� �F�i�g�u�r�e� �2�.�3�,� �h�o�w�e�v�e�r�,� �r�e�v�e�a�l�s� �t�h�e� �i�m�p�a�c�t� �F�,� �c�a�n� �h�a�v�e�.� �F�o�r� �a� �2�0�4�m� 

�p�a�r�t�i�c�l�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �8� �t�e�r�m� �b�e�g�i�n�s� �t�o� �i�n�c�r�e�a�s�e� �c�o�n�s�i�d�e�r�a�b�l�y� �a�t� �h�/� �r�,� �=� �0�.�1�,� �w�h�i�c�h� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �o�f� �2�0�0�0� �n�m�.� �T�h�i�s� �i�s� �s�t�i�l�l� �f�a�i�r�l�y� �f�a�r� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� 

�s�u�r�f�a�c�e�;� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �h�a�v�e� �n�o� �i�n�f�l�u�e�n�c�e� �y�e�t�.� �T�h�e� �8� �t�e�r�m� �w�i�l�l� �c�o�n�t�i�n�u�e� �t�o� �i�n�c�r�e�a�s�e� 

�a�s� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �d�e�c�r�e�a�s�e�s�,� �e�x�e�r�t�i�n�g� �a� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t� �o�n� �F�,� �a�n�d� �r�e�s�i�s�t�i�n�g� �t�h�e� 

�p�a�r�t�i�c�l�e�'�s� �a�p�p�r�o�a�c�h�.� 

�2�.�4�.�2� �S�u�r�f�a�c�e� �F�o�r�c�e�s� 

�E�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �e�x�t�e�n�d�e�d� �D�L�V�O� �t�h�e�o�r�y�,� 

�i�n� �o�r�d�e�r� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� �t�h�r�e�e� �f�o�r�c�e�s� �t�h�a�t� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �a�r�e� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �(�F�,�)�,� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� �(�F�;�)�,� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�f�o�r�c�e� �(�F�,�)�.� �T�h�e� �s�i�g�n�s� �o�f� �t�h�e�s�e� �f�o�r�c�e�s� �m�a�y� �v�a�r�y�,� �b�u�t� �f�o�r� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� 

�f�i�r�s�t� �t�w�o� �a�r�e� �c�o�m�m�o�n�l�y� �r�e�p�u�l�s�i�v�e�,� �w�h�i�l�e� �t�h�e� �l�a�s�t� �i�s� �a�t�t�r�a�c�t�i�v�e� �(�f�o�r� �a� �h�y�d�r�o�p�h�o�b�i�c� 

�m�a�t�e�r�i�a�l�)�.� 

�T�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �(�F�,�)� �d�e�v�e�l�o�p�s� �d�u�e� �t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�e�l�e�c�t�r�i�c�a�l� �d�o�u�b�l�e� �l�a�y�e�r�s� �o�f� �t�h�e� �b�u�b�b�l�e� �a�n�d� �t�h�e� �p�a�r�t�i�c�l�e�.� �O�v�e�r�l�a�p� �b�e�t�w�e�e�n� �t�h�e� �d�o�u�b�l�e� 

�l�a�y�e�r�s� �g�i�v�e�s� �r�i�s�e� �t�o� �a�t�t�r�a�c�t�i�o�n� �o�r� �r�e�p�u�l�s�i�o�n�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e�i�r� �r�e�l�a�t�i�v�e� �s�i�g�n�s�.� �I�f� �t�h�e� 

�d�o�u�b�l�e� �l�a�y�e�r�s� �a�r�e� �o�f� �o�p�p�o�s�i�t�e� �c�h�a�r�g�e�,� �t�h�e� �e�f�f�e�c�t� �i�s� �a� �n�e�t� �a�t�t�r�a�c�t�i�o�n�,� �w�h�i�c�h� �a�s�s�i�s�t�s� �i�n� 

�t�h�i�n�n�i�n�g� �t�h�e� �f�i�l�m� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�.� �W�h�e�n� �t�h�e� �d�o�u�b�l�e� �l�a�y�e�r�s� �a�r�e� �o�f� 

�l�i�k�e� �c�h�a�r�g�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �r�e�p�u�l�s�i�o�n� �a�c�t�s� �t�o� �r�e�s�i�s�t� �f�i�l�m� �t�h�i�n�n�i�n�g�.� �T�h�e� 
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�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�o�u�b�l�e� �l�a�y�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�H�o�g�g�,� �H�e�a�l�y�,� �a�n�d� �F�u�e�r�s�t�e�n�a�u� �(�1�9�6�6�)� �d�e�r�i�v�e�d� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �F�,� �a�p�p�l�i�c�a�b�l�e� �t�o� �t�w�o� 

�i�n�t�e�r�a�c�t�i�n�g� �s�p�h�e�r�e�s� �o�f� �u�n�l�i�k�e� �c�h�a�r�g�e�:� 

�_� �2�B�,�x�[�e!"� �-� �L�e� �|� 
� � �2�.�2�1� 

�°� �1�-�e� �e�e�n� 

�w�h�e�r�e� �B�,� �a�n�d� �B�,� �a�r�e� �g�i�v�e�n� �b�y�:� 

�2�4�u�2� �=� �£�t�R� �i�p� �*� �H�e�)� �[�2�.�2�2�]� 
�4� �(�"�,� �+�R�)� 

�2� 
�B�,� �=� �N�P�N� �[�2�.�2�3�]� 

�(�¥�,� �*�¥�y�)� 

�k� �i�s� �t�h�e� �D�e�b�y�e� �r�e�c�i�p�r�o�c�a�l� �l�e�n�g�t�h�,� �y� �,� �a�n�d� �y�,� �a�r�e� �t�h�e� �s�u�r�f�a�c�e� �p�o�t�e�n�t�i�a�l�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� 

�a�n�d� �b�u�b�b�l�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �¢� �i�s� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�.� �T�h�e� �s�u�r�f�a�c�e� �p�o�t�e�n�t�i�a�l�s� �a�r�i�s�e� 

�d�u�e� �t�o� �a� �b�u�i�l�d�-�u�p� �o�f� �c�h�a�r�g�e� �a�t� �t�h�e� �b�u�b�b�l�e�-�w�a�t�e�r� �a�n�d� �p�a�r�t�i�c�l�e�-�w�a�t�e�r� �i�n�t�e�r�f�a�c�e�s�.� �O�n�e� 

�o�f� �s�e�v�e�r�a�l� �m�e�c�h�a�n�i�s�m�s� �m�a�y� �b�e� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�i�s� �c�h�a�r�g�i�n�g�,� �i�n�c�l�u�d�i�n�g� �u�n�e�q�u�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �l�a�t�t�i�c�e�-�f�o�r�m�i�n�g� �i�o�n�s�,� �d�i�s�s�o�c�i�a�t�i�o�n� �o�f� �s�u�r�f�a�c�e� �g�r�o�u�p�s�,� �p�r�e�f�e�r�e�n�t�i�a�l� 

�a�d�s�o�r�p�t�i�o�n�,� �a�n�d� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �c�r�y�s�t�a�l� �i�o�n�s�.� �T�h�e� �m�e�c�h�a�n�i�s�m� �t�h�a�t� �i�s� �p�r�e�d�o�m�i�n�a�n�t� �i�n� 

�a� �g�i�v�e�n� �s�i�t�u�a�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �m�a�t�e�r�i�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�o� �a�v�o�i�d� �t�h�e� 

�d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�v�a�l�u�a�t�i�n�g� �s�u�r�f�a�c�e� �c�h�a�r�g�e�,� �z�e�t�a� �p�o�t�e�n�t�i�a�l�s� �(�¢�,� �a�n�d� �¢�,�)� �w�i�l�l� 

�b�e� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� �s�u�r�f�a�c�e� �p�o�t�e�n�t�i�a�l�s�.� �Z�e�t�a� �p�o�t�e�n�t�i�a�l�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� 
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�e�l�e�c�t�r�i�c�a�l� �m�o�b�i�l�i�t�y� �o�f� �t�h�e� �s�p�e�c�i�e�s� �u�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n�,� �a�n�d� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �e�a�s�y� �t�o� 

�m�e�a�s�u�r�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �|� 

�D�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� �c�o�m�e� �a�b�o�u�t� �d�u�e� �t�o� �t�h�e� �v�a�n� �d�e�r� �W�a�a�l�s� �f�o�r�c�e�s� �w�h�i�c�h� �o�p�e�r�a�t�e� 

�b�e�t�w�e�e�n� �n�o�n�p�o�l�a�r� �a�t�o�m�s� �a�n�d� �m�o�l�e�c�u�l�e�s�.� �M�u�c�h� �o�f� �t�h�e� �i�n�i�t�i�a�l� �r�e�s�e�a�r�c�h� �i�n�t�o� �d�i�s�p�e�r�s�i�o�n� 

�f�o�r�c�e�s� �w�a�s� �c�o�n�d�u�c�t�e�d� �b�y� �L�o�n�d�o�n� �(�1�9�3�7�)�,� �w�h�o� �e�m�p�l�o�y�e�d� �q�u�a�n�t�u�m� �m�e�c�h�a�n�i�c�s� �t�o� 

�q�u�a�n�t�i�f�y� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �e�n�e�r�g�y� �b�e�t�w�e�e�n� �t�w�o� �a�t�o�m�s� �o�r� �m�o�l�e�c�u�l�e�s�.� �H�a�m�a�k�e�r� �(�1�9�3�7�)� 

�e�x�t�e�n�d�e�d� �t�h�e�s�e� �c�o�n�c�e�p�t�s� �i�n�t�o� �t�h�e� �m�a�c�r�o�s�c�o�p�i�c� �r�e�g�i�m�e� �a�n�d� �s�h�o�w�e�d� �t�h�a�t�,� �d�e�s�p�i�t�e� �t�h�e�i�r� 

�a�t�o�m�i�c� �n�a�t�u�r�e�,� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� �c�o�u�l�d� �b�e� �s�i�g�n�i�f�i�c�a�n�t� �b�e�t�w�e�e�n� �t�w�o� �m�a�c�r�o�s�c�o�p�i�c� �b�o�d�i�e�s�.� 

�T�h�e� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �i�s� �u�s�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �c�o�m�p�o�n�e�n�t� 

�b�e�t�w�e�e�n� �t�w�o� �m�a�c�r�o�s�c�o�p�i�c� �o�b�j�e�c�t�s� �i�n�t�e�r�a�c�t�i�n�g� �i�n� �a� �t�h�i�r�d� �m�e�d�i�u�m�.� �T�h�e� �c�o�m�b�i�n�e�d� 

�H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �i�s� �d�e�n�o�t�e�d� �b�y� �A�,�,�,� �a�n�d� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m�:� 

�A�i�s� �=� �(�A�u� �V�A�s�)� �(�A�z� �~� �/�A�s�s�)� �[�2�.�2�4�]� 
�w�h�e�r�e� �A�,�,� �a�n�d� �A�,�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t�s� �f�o�r� �t�h�e� �t�w�o� �o�b�j�e�c�t�s� �(�b�u�b�b�l�e� �a�n�d� 

�p�a�r�t�i�c�l�e�)� �a�n�d� �A�,�,� �i�s� �t�h�e� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �f�o�r� �t�h�e� �m�e�d�i�u�m� �(�w�a�t�e�r�)�,� �a�s� �m�e�a�s�u�r�e�d� �i�n� 

�a� �v�a�c�u�u�m�.� �T�h�e� �f�o�r�m� �o�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �f�o�r� �b�o�t�h� �a�t�t�r�a�c�t�i�v�e� 

�a�n�d� �r�e�p�u�l�s�i�v�e� �d�i�s�p�e�r�s�i�o�n� �c�o�m�p�o�n�e�n�t�s�.� �A�n� �a�t�t�r�a�c�t�i�v�e� �c�o�m�p�o�n�e�n�t� �(�A�,�,�,� �>� �0�)� �r�e�s�u�l�t�s� �i�f� 

�t�h�e� �i�n�d�i�v�i�d�u�a�l� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t�s� �f�o�r� �t�h�e� �t�w�o� �o�b�j�e�c�t�s� �a�r�e� �e�i�t�h�e�r� �b�o�t�h� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� 

�l�e�s�s� �t�h�a�n� �t�h�e� �m�e�d�i�u�m�'�s� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t�.� �W�h�e�n� �t�h�e� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �o�f� �t�h�e� 

�m�e�d�i�u�m� �i�s� �b�e�t�w�e�e�n� �t�h�a�t� �o�f� �t�h�e� �t�w�o� �b�o�d�i�e�s�,� �h�o�w�e�v�e�r�,� �a� �r�e�p�u�l�s�i�v�e� �d�i�s�p�e�r�s�i�o�n� 

�c�o�m�p�o�n�e�n�t� �(�A�,�,�,� �<� �0�)� �i�s� �p�r�o�d�u�c�e�d�.� �F�o�r� �f�l�o�t�a�t�i�o�n�,� �w�h�e�r�e� �t�h�e� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� 
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�r�e�p�r�e�s�e�n�t� �t�h�e� �t�w�o� �i�n�t�e�r�a�c�t�i�n�g� �s�p�e�c�i�e�s�,� �a�n�d� �w�a�t�e�r� �i�s� �t�h�e� �m�e�d�i�u�m�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n� 

�c�o�m�p�o�n�e�n�t� �i�s� �g�e�n�e�r�a�l�l�y� �r�e�p�u�l�s�i�v�e�.� �T�h�e� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �f�o�r� �w�a�t�e�r� �i�s� �l�e�s�s� �t�h�a�n� �t�h�a�t� 

�o�f� �t�h�e� �p�a�r�t�i�c�l�e�,� �b�u�t� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �a�i�r� �b�u�b�b�l�e� �(�f�o�r� �w�h�i�c�h� �t�h�e� �H�a�m�a�k�e�r� 

�c�o�n�s�t�a�n�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o�)�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �n�e�g�a�t�i�v�e� �c�o�m�b�i�n�e�d� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �z�e�r�o� �H�a�m�a�k�e�r� �c�o�n�s�t�a�n�t� �f�o�r� �t�h�e� �a�i�r� �b�u�b�b�l�e� �m�a�y� �n�o�t� �b�e� �a�c�c�u�r�a�t�e� 

�i�n� �a�l�l� �i�n�s�t�a�n�c�e�s�,� �b�u�t� �s�h�o�u�l�d� �b�e� �a�p�p�l�i�c�a�b�l�e� �f�o�r� �m�i�n�i�m�a�l� �s�u�r�f�a�c�t�a�n�t� �a�d�s�o�r�p�t�i�o�n�.� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�,� �F�,�,� �b�e�t�w�e�e�n� �t�w�o� �s�p�e�c�i�e�s� �i�n� �a� �t�h�i�r�d� 

�m�e�d�i�u�m�,� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �(�S�c�h�e�n�k�e�l� �a�n�d� �K�i�t�c�h�e�n�e�r�,� 

�1�9�6�0�)�:� 

�A�j�3�9�7� �A�S� �F�i� �=� �3� 
�6�h� �(�r�,� �+� �R�,�)� 

�[�2�.�2�5�]� 

�w�h�e�r�e� �f� �i�s� �a� �f�a�c�t�o�r� �i�n�c�l�u�d�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �r�e�t�a�r�d�a�t�i�o�n� �e�f�f�e�c�t�.� �I�t� �i�s� �a�p�p�a�r�e�n�t� �t�h�a�t� 

�t�h�e� �s�i�g�n� �o�f� �A�,�,�)� �w�i�l�l� �d�i�c�t�a�t�e� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �o�r� �r�e�p�u�l�s�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�.� 

�T�h�e� �r�e�t�a�r�d�a�t�i�o�n� �f�a�c�t�o�r�,� �f�,� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�f�e� �2�m� �1�7�7� �0�<�p�<�0�.�5�7� �[�2�.�2�6�]� �A� �(�1�+�1�.�7�7�p�/� 

�_� �2�m�|�_� �2�.�4�5� �4�.�3�4� �1�.�7�7� �O�.�5�<�p�<�o� �[�2�.�2�7�]� � � 

�A� �|� �p�*� �1�5�p�>� �3�5�p� 

�w�h�e�r�e� �p� �a�n�d� �A� �a�r�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �m�e�a�s�u�r�e�d� �p�a�r�a�m�e�t�e�r�s�.� 

�T�h�e� �o�r�i�g�i�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�,� �F�,�,� �i�s� �s�t�i�l�l� �n�o�t� �c�o�m�p�l�e�t�e�l�y� �u�n�d�e�r�s�t�o�o�d�,� �b�u�t� 
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�i�t�s� �i�n�c�l�u�s�i�o�n� �i�n�t�o� �t�h�e� �D�L�V�O� �t�h�e�o�r�y� �i�s� �n�o�w� �g�e�n�e�r�a�l�l�y� �a�c�c�e�p�t�e�d� �a�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�x�p�l�a�i�n� 

�c�e�r�t�a�i�n� �p�h�e�n�o�m�e�n�a�.� �T�h�e� �w�o�r�k� �b�y� �I�s�r�a�e�l�a�c�h�v�i�l�i� �a�n�d� �P�a�s�h�l�e�y� �(�1�9�8�2�)�,� �w�h�o� �f�i�r�s�t� �d�i�r�e�c�t�l�y� 

�m�e�a�s�u�r�e�d� �F�,� �w�i�t�h� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e� �a�p�p�a�r�a�t�u�s�,� �s�p�a�r�k�e�d� �r�e�n�e�w�e�d� �i�n�t�e�r�e�s�t� �i�n�t�o� 

�s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�s�.� �E�x�t�e�n�s�i�v�e� �r�e�s�e�a�r�c�h� �o�v�e�r� �t�h�e� �p�a�s�t� �t�e�n� �t�o� �f�i�f�t�e�e�n� �y�e�a�r�s� �h�a�s� �d�o�n�e� �m�u�c�h� 

�t�o� �e�l�u�c�i�d�a�t�e� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �b�a�c�k�b�o�n�e� �o�f� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�s� �a�n�d� �a�f�f�i�r�m� �t�h�e�i�r� �i�m�p�o�r�t�a�n�c�e�.� 

�W�i�t�h� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e� �a�p�p�a�r�a�t�u�s�,� �i�n�v�e�s�t�i�g�a�t�o�r�s� �n�o�w� �c�a�n� �r�e�a�d�i�l�y� �d�e�l�v�e� �i�n�t�o� �t�h�e� �r�e�a�l�m� 

�o�f� �m�o�l�e�c�u�l�a�r� �i�n�t�e�r�a�c�t�i�o�n� �a�n�d� �o�f�f�e�r� �h�y�p�o�t�h�e�s�e�s� �c�o�n�c�e�r�n�i�n�g� �v�a�r�i�o�u�s� �m�i�c�r�o�s�c�o�p�i�c� 

�h�a�p�p�e�n�i�n�g�s�,� �i�n�c�l�u�d�i�n�g� �s�u�r�f�a�c�e� �f�o�r�c�e�s�.� 

�T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �f�o�u�n�d�a�t�i�o�n� �f�o�r� �F�,� �c�i�t�e�d� �m�o�s�t� �o�f�t�e�n� �t�o�d�a�y� �i�s� �b�a�s�e�d� �o�n� 

�i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �m�o�d�i�f�i�e�d� �l�i�q�u�i�d� �l�a�y�e�r�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �b�o�u�n�d�a�r�y� 

�s�u�r�f�a�c�e�s�.� �A�r�o�u�n�d� �h�y�d�r�o�p�h�i�l�i�c� �s�o�l�i�d�s�,� �a� �s�t�r�o�n�g� �h�y�d�r�a�t�i�o�n� �l�a�y�e�r� �i�s� �p�r�e�s�e�n�t�,� �a�n�d� �t�h�e� 

�w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �e�x�h�i�b�i�t� �a� �w�e�l�l� �o�r�d�e�r�e�d� �s�t�r�u�c�t�u�r�e�.� �C�o�n�s�i�d�e�r�a�b�l�e� �e�n�e�r�g�y� �i�s� �t�h�e�r�e�f�o�r�e� 

�r�e�q�u�i�r�e�d� �t�o� �r�e�m�o�v�e� �t�h�e� �w�a�t�e�r� �f�i�l�m�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �r�e�p�u�l�s�i�v�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�.� �F�o�r� 

�h�y�d�r�o�p�h�o�b�i�c� �s�o�l�i�d�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �a�r�e� �n�o�t� �a�s� �c�o�n�s�t�r�a�i�n�e�d�,� 

�a�n�d� �c�a�n� �b�e� �m�o�r�e� �r�e�a�d�i�l�y� �r�e�m�o�v�e�d�.� �A�n� �a�t�t�r�a�c�t�i�v�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �d�e�f�i�n�e�s� �t�h�i�s� 

�s�i�t�u�a�t�i�o�n�.� 

�W�h�a�t�e�v�e�r� �i�t�s� �m�o�l�e�c�u�l�a�r� �o�r�i�g�i�n�,� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �F�,� �i�s� �a� �l�o�n�g� 

�r�a�n�g�e� �f�o�r�c�e� �w�i�t�h� �e�x�p�o�n�e�n�t�i�a�l� �d�e�c�a�y� �(�Y�o�o�n�,� �1�9�9�1�)�:� 
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�f�h� 
�p�e� �-� �L�e�e� �D�e� �[�2�.�2�8�]� 

�w�h�e�r�e� �C� �i�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �a�n�d� �D�,� �i�s� �t�h�e� �d�e�c�a�y� �l�e�n�g�t�h�.� �I�f� �C� �i�s� �p�o�s�i�t�i�v�e�,� �F�,� �i�s� 

�n�e�g�a�t�i�v�e�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �r�e�p�u�l�s�i�v�e� �f�o�r�c�e�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �i�n� �t�h�i�s� �c�a�s�e� �i�s� �o�f�t�e�n� 

�c�a�l�l�e�d� �a� �h�y�d�r�a�t�i�o�n� �f�o�r�c�e�.� �W�h�e�n� �C� �i�s� �n�e�g�a�t�i�v�e�,� �a�n� �a�t�t�r�a�c�t�i�v�e� �f�o�r�c�e� �r�e�s�u�l�t�s�,� �c�o�m�m�o�n�l�y� 

�_�t�e�r�m�e�d� �a� �h�y�d�r�o�p�h�o�b�i�c� �f�o�r�c�e�.� �V�a�l�u�e�s� �f�o�r� �C� �a�n�d� �D�,� �a�r�e� �n�o�t� �u�n�i�v�e�r�s�a�l� �c�o�n�s�t�a�n�t�s�,� �b�u�t� 

�a�d�j�u�s�t�a�b�l�e� �p�a�r�a�m�e�t�e�r�s� �s�p�e�c�i�f�i�c� �t�o� �a� �g�i�v�e�n� �m�a�t�e�r�i�a�l� �a�n�d� �s�y�s�t�e�m�.� �E�x�p�e�r�i�m�e�n�t�a�l� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �C� �a�n�d� �D�,� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t�,� �p�r�o�m�p�t�i�n�g� �a�t�t�e�m�p�t�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e�i�r� 

�v�a�l�u�e�s� �f�r�o�m� �o�t�h�e�r� �m�e�a�s�u�r�e�m�e�n�t�s� �(�H�e�r�n�a�n�d�e�z�,� �1�9�8�9�;� �X�u� �a�n�d� �Y�o�o�n�,� �1�9�9�0�)�.� �X�u� �a�n�d� 

�Y�o�o�n� �r�e�c�e�n�t�l�y� �d�e�v�e�l�o�p�e�d� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �C�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�o�n�d�i�s�p�e�r�s�i�o�n� 

�c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �w�o�r�k� �o�f� �a�d�h�e�s�i�o�n� �(�W�,�"�)� �o�f� �w�a�t�e�r� �o�n� �s�o�l�i�d�s�.� �T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �w�a�s� 

�b�a�s�e�d� �o�n� �c�o�a�g�u�l�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s� �o�f� �c�o�a�l� �a�n�d� �m�e�t�h�y�l�a�t�e�d� �s�i�l�i�c�a�,� �h�o�w�e�v�e�r�,� �a�n�d� �m�a�y� 

�n�o�t� �b�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �a�l�l� �s�y�s�t�e�m�s�.� �O�b�v�i�o�u�s�l�y�,� �c�o�n�t�i�n�u�e�d� �f�u�n�d�a�m�e�n�t�a�l� �r�e�s�e�a�r�c�h� �i�n�t�o� 

�s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�s� �i�s� �i�m�p�e�r�a�t�i�v�e�.� 

�2�.�4�.�3� �F�o�r�c�e� �B�a�l�a�n�c�e� 

�E�q�u�i�p�p�e�d� �w�i�t�h� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �r�e�l�e�v�a�n�t� �f�o�r�c�e�s�,� �i�t� �i�s� �n�o�w� 

�p�o�s�s�i�b�l�e� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e�m� �i�n�t�o� �a�n� �o�v�e�r�a�l�l� �f�o�r�c�e� �b�a�l�a�n�c�e�.� �T�h�e� �g�e�n�e�r�a�l� �f�o�r�m� �f�o�r� �a�n�y� 

�f�o�r�c�e� �b�a�l�a�n�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�F� �=� �m�a� �[�2�.�2�9�]� 
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�w�h�e�r�e� �m� �a�n�d� �a� �r�e�p�r�e�s�e�n�t� �t�h�e� �m�a�s�s� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�e�s� �u�n�d�e�r� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�.� �S�i�n�c�e� �i�n�e�r�t�i�a� �i�s� �b�e�i�n�g� �n�e�g�l�e�c�t�e�d�,� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �t�e�r�m� �i�s� �z�e�r�o�,� �l�e�a�v�i�n�g�:� 

�L�F� �=�0� �[�2�.�3�0�]� 

�F�o�r� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�,� �i�n� �s�y�m�b�o�l�i�c� �t�e�r�m�s�,� �t�h�i�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�F�,� �=� �F�,�+�F�,�+�F�,�+�F�,�+�F�,�+�F�,�,� �=� �0� �[�2�.�3�1�]� 

�w�h�e�r�e� �F�,� �i�s� �a� �v�e�c�t�o�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�a�n�t� �f�o�r�c�e� �a�c�t�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� 

�a�n�d� �t�h�e� �p�a�r�t�i�c�l�e�.� �T�o� �f�a�c�i�l�i�t�a�t�e� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�e� �c�h�o�s�e�n� �c�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�,� 

�t�h�e� �f�o�r�c�e� �o�n� �t�h�e� �p�a�r�t�i�c�l�e� �c�a�n� �b�e� �r�e�s�o�l�v�e�d� �i�n�t�o� �i�t�s� �r�a�d�i�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� �c�o�m�p�o�n�e�n�t�s�,� 

�F�,!"�*� �a�n�d� �F�,�"�.� �T�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �a�t� �a�n�y� �p�o�i�n�t� �w�i�l�l� �t�h�e�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� 

�t�h�e�s�e� �c�o�m�p�o�n�e�n�t�s� �i�n� �f�o�r�c�e� �b�a�l�a�n�c�e� �e�q�u�a�t�i�o�n�s�.� �|� 

�T�h�e� �f�o�r�c�e� �e�q�u�i�l�i�b�r�i�u�m� �e�q�u�a�t�i�o�n� �i�n� �t�h�e� �r�a�d�i�a�l� �d�i�r�e�c�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�:� 

�F�i �� �=� �F�_�+�F�,�+�F�,�+�F�,�+�F�,�+�F�,�,�c�o�s�0� �=� �0� �[�2�.�3�2�]� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �f�o�r�c�e�s� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 
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�2�P�K�f�e�x�p�(�-�2�«�h�)�-�Q�e�x�p�(�-�K�h�)�]� �|� 
�1�-�e�x�p�(�-�2�«�h�)� 

�T�R�A� �i�s�o� �_� 

�6�h�7�(�r�,�+�R�,�)� 

�C�r�_�R�,� �°� �3� �.� �[�2�.�3�3�]� 
�(�r�,�+�R�,�)� �D�,� 

�6�x� �p�r�U�,�-� �6�x� �p�r�,�U�_�B� �+� 
�4� 
�3�p� �(�P�p� �P�p�g�c�o�s�(�®�)� �=�0� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �d�e�f�i�n�e�s� �t�h�e� �n�e�t� �f�o�r�c�e� �w�h�i�c�h� �g�o�v�e�r�n�s� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s�,� �h�,� �b�e�t�w�e�e�n� �t�h�e� 

�p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e�.� �I�f� �t�h�e� �n�e�t� �f�o�r�c�e� �i�s� �p�o�s�i�t�i�v�e�,� �o�r� �a�t�t�r�a�c�t�i�v�e�,� �t�h�e� �f�i�l�m� �t�h�i�n�s�;� �i�f� �t�h�e� 

�n�e�t� �f�o�r�c�e� �i�s� �n�e�g�a�t�i�v�e�,� �o�r� �r�e�p�u�l�s�i�v�e�,� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �p�a�r�t�i�c�l�e� �m�o�v�e�s� 

�a�w�a�y� �f�r�o�m� �t�h�e� �b�u�b�b�l�e�.� �T�h�e� �o�n�l�y� �u�n�k�n�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �[�2�.�3�3�]� �i�s� �U�,�,�,� �t�h�e� �r�a�d�i�a�l� 

�v�e�l�o�c�i�t�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �a�r�o�u�n�d� �t�h�e� �b�u�b�b�l�e�.� �S�o�l�v�i�n�g� �f�o�r� �U�,�,� �g�i�v�e�s�:� 

�2�P�x�f�e�x�p�(�-�2�x�h�)�-�Q�e�x�p�(�-�K�h�)�]� �,� 
�1�-�e�x�p�(�-�2�K�h�)� 

�1� �T� �R�A�S�  �� �C�r�R�,� �|� �a� �-�_� �1� �e� �[�2�.�3�4�]� 
�?� � �6�n�p�r�,�B�|� �6�h�7�7�,�+�R�,�)� �(�+�R�)� �|� �D�o� 

�4� 
�6�x�p�r�,�U�,� �+� �3�p� �(�P�p� �-� �p�p�g�c�o�s�d� 

�O�n�c�e� �U�,� �i�s� �k�n�o�w�n�,� �t�h�e� �n�e�w� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�,� �R�,�.�,�,� �c�a�n� �b�e� 

�e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�,� �p�r�o�v�i�d�e�d� �t�h�e� �t�i�m�e� �i�n�t�e�r�v�a�l� �i�s� �s�m�a�l�l�:� 

�R�u�e�w� �=� �R�o�g� �U�,�p�A�t� �[�2�.�3�5�]� 

�w�h�e�r�e� �R�,�,�,� �i�s� �t�h�e� �o�l�d� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �a�n�d� �A�t� �i�s� �t�h�e� �t�i�m�e� �i�n�t�e�r�v�a�l�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�r�a�d�i�a�l� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �d�i�r�e�c�t�l�y� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �r�a�d�i�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 
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�t�o�t�a�l� �f�o�r�c�e�,� �F�,�*�"�.� �A�s� �l�o�n�g� �a�s� �U�,�,� �i�s� �p�o�s�i�t�i�v�e�,� �R�,�,�,�,� �w�i�l�l� �c�o�n�t�i�n�u�e� �t�o� �d�e�c�r�e�a�s�e�,� �i�n�d�i�c�a�t�i�n�g� 

�a� �t�h�i�n�n�i�n�g� �f�i�l�m�.� �W�h�e�n� �U�,�,� �g�o�e�s� �n�e�g�a�t�i�v�e�,� �R�,�,�,�,� �i�n�c�r�e�a�s�e�s� �a�n�d� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �b�e�g�i�n�n�i�n�g� 

�t�o� �m�o�v�e� �a�w�a�y� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� �s�u�r�f�a�c�e�.� �|� 

�I�n� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �f�o�r�c�e� �b�a�l�a�n�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�4� �:� �6�x�p�r�,�U�,�-�6�n�p�r�U�,� �+� �3�p� �P�p� �-�p�p�g�s�i�n�®� �=� �0� �[�2�.�3�6�]� 

�T�h�e�r�e� �a�r�e� �n�o� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e� �e�x�p�r�e�s�s�i�o�n�s� �i�n� �t�h�e� �t�a�n�g�e�n�t�i�a�l� 

�d�i�r�e�c�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e�y� �w�e�r�e� �d�e�r�i�v�e�d� �i�n� �t�h�e� �r�a�d�i�a�l� �d�i�r�e�c�t�i�o�n�.� �H�e�r�e� �t�h�e� �o�n�l�y� �u�n�k�n�o�w�n� 

�i�s� �U�,�,�,� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �p�a�r�t�i�c�l�e� �v�e�l�o�c�i�t�y�.� �S�o�l�v�i�n�g� �E�q�u�a�t�i�o�n� �[�2�.�3�6�]� �f�o�r� �U�,�,� �y�i�e�l�d�s�:� 

�2� �.� �U�,�,� �=� �U�,�+� �m�e�?� �»�~� �P�p�g�s�i�n�®� �[�2�.�3�7�]� 

�T�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �i�n� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�,� �t�h�e�n�,� �i�s� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�t�a�n�g�e�n�t�i�a�l� �s�t�r�e�a�m�l�i�n�e� �v�e�l�o�c�i�t�y� �a�n�d� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�'�s� �s�e�t�t�l�i�n�g� 

�v�e�l�o�c�i�t�y�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �n�e�w� �a�n�g�l�e�,� �6�,�.�,�,� �b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�,� �t�h�e�.� 

�f�o�l�l�o�w�i�n�g� �f�o�r�m�u�l�a� �i�s� �u�s�e�d�:� 

�0�,� �=� �8�4�+�?� �[�2�.�3�8�]� � � 

�I�f� �U�,�,� �i�s� �p�o�s�i�t�i�v�e�,� �6�,�.�,�,� �w�i�l�l� �i�n�c�r�e�a�s�e�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �s�w�e�e�p�i�n�g� �a�r�o�u�n�d� �t�h�e� 

�b�u�b�b�l�e�.� 

�A� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �i�n�c�o�r�p�o�r�a�t�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�u�t�l�i�n�e�d� �a�b�o�v�e� �h�a�s� �b�e�e�n� 

�-� �w�r�i�t�t�e�n�.� �F�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �p�r�o�g�r�a�m� �w�i�l�l� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�l�o�s�e�s�t� 
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�d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�a�r�t�i�c�l�e� �a�n�d� �b�u�b�b�l�e� �s�u�r�f�a�c�e�.� �T�h�i�s� �c�l�o�s�e�s�t� �a�p�p�r�o�a�c�h� �d�i�s�t�a�n�c�e� �i�s� 

�c�a�l�l�e�d� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �(�E�F�T�)�.� �T�h�e� �p�r�o�g�r�a�m� �i�s� �a� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�,� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �L�u�t�t�r�e�l�l� �(�1�9�8�6�)�,� �w�h�i�c�h� �c�o�n�s�t�r�u�c�t�s� �a� �p�a�r�t�i�c�l�e� �t�r�a�j�e�c�t�o�r�y� 

�b�a�s�e�d� �o�n� �t�h�e� �a�c�t�i�n�g� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �f�o�r�c�e�s�.� 

�T�o� �r�u�n� �a� �s�i�m�u�l�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �m�o�d�e�l�,� �t�h�e� �p�a�r�t�i�c�l�e� �i�s� �s�t�a�r�t�e�d� �f�a�r� �e�n�o�u�g�h� �a�h�e�a�d� 

�o�f� �t�h�e� �b�u�b�b�l�e� �s�o� �t�h�a�t� �i�t� �i�s� �n�o�t� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �c�u�r�v�a�t�u�r�e� �o�r� �h�y�d�r�o�d�y�n�a�m�i�c� 

�r�e�s�i�s�t�a�n�c�e�.� �B�a�s�e�d� �o�n� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� �b�y� �o�t�h�e�r�s� �s�t�u�d�y�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�i�n�t�e�r�a�c�t�i�o�n� �(�J�i�a�n�g� �a�n�d� �H�o�l�t�h�a�m�,� �1�9�8�6�;� �L�u�t�t�r�e�l�l�,� �1�9�8�6�)�,� �a�n� �i�n�i�t�i�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e� �o�f� 

�t�w�e�n�t�y� �b�u�b�b�l�e� �r�a�d�i�i� �w�a�s� �c�h�o�s�e�n�.� �T�h�e� �p�a�r�t�i�c�l�e� �m�u�s�t� �a�l�s�o� �b�e� �o�f�f�s�e�t� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� 

�c�e�n�t�e�r�l�i�n�e� �t�o� �p�r�e�v�e�n�t� �t�h�e� �p�r�o�g�r�a�m� �f�r�o�m� �a� �d�i�v�i�s�i�o�n� �b�y� �z�e�r�o� �e�r�r�o�r�.� �(�I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�a�n�y� �p�a�r�t�i�c�l�e� �b�e�g�i�n�n�i�n�g� �o�n� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� �w�i�l�l� �c�o�l�l�i�d�e� �w�i�t�h� �i�t� �i�n� �a� �q�u�i�e�s�c�e�n�t� 

�e�n�v�i�r�o�n�m�e�n�t�.�)� �T�h�e� �i�n�i�t�i�a�l� �o�f�f�s�e�t� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� �i�s� �d�e�n�o�t�e�d� �R�p�.� 

�F�o�r� �e�a�c�h� �t�i�m�e� �s�t�e�p�,� �t�h�e� �r�a�d�i�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� �v�e�l�o�c�i�t�i�e�s� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n�s� �[�2�.�3�4�]� �a�n�d� �[�2�.�3�7�]� �a�n�d� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�e�w� �v�a�l�u�e�s� �f�o�r� 

�R� �a�n�d� �8�.� �I�n� �t�h�i�s� �w�a�y�,� �t�h�e� �t�r�a�j�e�c�t�o�r�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�,� �a�n�d� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �a�s�s�e�s�s�e�d�.� �A�t�t�a�c�h�m�e�n�t� �i�s� �d�e�f�i�n�e�d� �t�o� �o�c�c�u�r� �w�h�e�n� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� 

�f�i�l�m� �t�h�i�c�k�n�e�s�s� �(�E�F�T�)� �g�o�e�s� �t�o� �z�e�r�o�.� �T�h�i�s� �d�e�f�i�n�i�t�i�o�n� �e�l�i�m�i�n�a�t�e�s� �t�h�e� �n�e�e�d� �f�o�r� �s�e�p�a�r�a�t�i�n�g� 

�c�o�l�l�i�s�i�o�n� �f�r�o�m� �a�d�h�e�s�i�o�n�.� �T�h�e� �p�a�r�t�i�c�l�e� �e�i�t�h�e�r� �w�i�l�l� �o�r� �w�i�l�l� �n�o�t� �m�a�k�e� �i�t� �t�o� �t�h�e� �b�u�b�b�l�e� 

�s�u�r�f�a�c�e�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �i�n�t�e�r�p�l�a�y� �b�e�t�w�e�e�n� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �f�o�r�c�e�s�.� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�v�e�r�a�l�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �(�a�t�t�a�c�h�m�e�n�t�)�,� �P�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�m�e�t�h�o�d� �i�s� �e�m�p�l�o�y�e�d�.� �T�h�e� �s�i�m�u�l�a�t�o�r� �c�a�l�c�u�l�a�t�e�s� �t�r�a�j�e�c�t�o�r�i�e�s� �f�o�r� �g�r�a�d�u�a�l�l�y� �i�n�c�r�e�a�s�i�n�g� 
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�v�a�l�u�e�s� �o�f� �R�o�.� �A�t� �s�o�m�e� �v�a�l�u�e� �o�f� �R�g�,� �t�h�e� �p�a�r�t�i�c�l�e� �w�i�l�l� �j�u�s�t� �a�t�t�a�c�h� �t�o� �t�h�e� �b�u�b�b�l�e� �a�t�6�@� �=� 

�9�0�°� �(�E�F�T� �=� �0�)�,� �d�e�f�i�n�i�n�g� �t�h�e� �g�r�a�z�i�n�g� �c�o�l�l�e�c�t�i�o�n� �s�t�r�e�a�m�l�i�n�e�.� �A�l�l� �p�a�r�t�i�c�l�e�s� �w�i�t�h�i�n� �t�h�e� 

�c�y�l�i�n�d�e�r� �b�o�u�n�d�e�d� �b�y� �R�,� �w�i�l�l� �a�t�t�a�c�h� �t�o� �t�h�e� �b�u�b�b�l�e�.� �T�h�e� �v�a�l�u�e� �o�f� �R�,� �a�t� �t�h�i�s� �p�o�i�n�t� �i�s� 

�c�a�l�l�e�d� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e�,� �R�,�,� �a�n�d� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �f�r�o�m�:� 

� � 

�R� �2� 

�P� �=� �c� �[�2�.�3�9�]� 
�r�,� �+�R�,� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �d�e�f�i�n�i�n�g� �P� �a�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e�s� �a�h�e�a�d� �o�f� �t�h�e� 

�b�u�b�b�l�e� �t�h�a�t� �a�r�e� �a�c�t�u�a�l�l�y� �c�o�l�l�e�c�t�e�d� �b�y� �i�t�.� 

�A� �l�i�s�t�i�n�g� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m�,� �w�r�i�t�t�e�n� �i�n� �T�u�r�b�o�B�a�s�i�c�,� �i�s� �i�n�c�l�u�d�e�d� �i�n� 

�A�p�p�e�n�d�i�x� �I�.� 

�2�.�5� �S�i�m�u�l�a�t�i�o�n� �R�e�s�u�l�t�s� 

�2�.�5�.�1� �M�o�d�e�l� �V�a�l�i�d�i�t�y� 

�T�h�e� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�o�r� �w�a�s� �u�s�e�d� �t�o� �c�o�n�d�u�c�t� �a� �t�h�e�o�r�e�t�i�c�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n� �i�n�t�o� 

�b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� �H�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �c�h�e�m�i�s�t�r�y� �p�a�r�a�m�e�t�e�r�s� �c�o�u�l�d� 

�e�a�s�i�l�y� �b�e� �c�h�a�n�g�e�d� �i�n� �t�h�e� �p�r�o�g�r�a�m�,� �f�a�c�i�l�i�t�a�t�i�n�g� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e�i�r� �e�f�f�e�c�t�s� �o�n� �p�a�r�t�i�c�l�e� 

�c�o�l�l�e�c�t�i�o�n�.� 

�T�h�e� �f�i�r�s�t� �s�e�t� �o�f� �s�i�m�u�l�a�t�i�o�n�s� �w�a�s� �d�e�s�i�g�n�e�d� �t�o� �t�e�s�t� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �a�n�d� 

�e�x�a�m�i�n�e� �s�o�m�e� �g�e�n�e�r�a�l� �r�e�l�a�t�i�o�n�s�h�i�p�s� �c�o�n�c�e�r�n�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 
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�C�o�n�d�i�t�i�o�n�s� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �S�t�o�k�e�s� �f�l�o�w� �w�e�r�e� �i�n�p�u�t� �i�n�t�o� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�.� �T�h�e� 

�p�a�r�t�i�c�l�e� �s�i�z�e� �w�a�s� �s�e�t� �t�o� �5� �u�m� �a�n�d� �t�h�e� �b�u�b�b�l�e� �s�i�z�e� �t�o� �1�0�0� �n�m�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�a� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �o�f� �0�.�7�8�,� �n�e�a�r� �t�h�e� �l�i�m�i�t� �o�f� �S�t�o�k�e�s� �f�l�o�w�.� �T�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e� 

�p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �a�s�s�i�g�n�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �v�a�l�u�e�s�,� �b�a�s�e�d� �o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �f�o�r� �a� 

�P�i�t�t�s�b�u�r�g�h� �N�o�.� �8� �c�o�a�l� �s�a�m�p�l�e� �a�t� �p�H� �7�:� �¢�,� �=� �-�3�5� �m�V� �(�D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�e�l�e�c�t�i�v�e� 

�C�o�a�g�u�l�a�t�i�o�n� �P�r�o�c�e�s�s�,� �1�9�9�0�)�,�  ¬�,� �=� �-�3�7� �m�V� �(�H�e�r�n�a�n�d�e�z�,� �1�9�8�9�)�,� �A�,�,�.� �=� �-�1�4� �x� �1�0 �� �J� 

�(�D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�e�l�e�c�t�i�v�e� �C�o�a�g�u�l�a�t�i�o�n� �P�r�o�c�e�s�s�,� �1�9�9�0�)�,� �C� �=� �-�1�.�8� �m�J�/�m�?� �(�X�u�,� �1�9�9�0�)�,� 

�a�n�d� �D�,� �=� �1�0�.�3� �n�m� �(�X�u�,� �1�9�9�0�)�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �a�n�d� �d�e�c�a�y� �l�e�n�g�t�h� �v�a�l�u�e�s� �w�e�r�e� 

�s�e�l�e�c�t�e�d� �b�a�s�e�d� �o�n� �w�o�r�k� �b�y� �X�u� �(�1�9�9�0�)�,� �w�h�o� �u�s�e�d� �t�h�e� �e�x�t�e�n�d�e�d� �D�L�V�O� �t�h�e�o�r�y� �t�o� 

�c�a�l�c�u�l�a�t�e� �C� �a�n�d� �D�,� �a�t� �t�h�e� �c�r�i�t�i�c�a�l� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �f�o�r� �h�y�d�r�o�p�h�o�b�i�c� �s�i�l�i�c�a� �s�a�m�p�l�e�s�.� �E�x�a�c�t� 

�v�a�l�u�e�s� �o�f� �C� �a�n�d� �D�,� �f�o�r� �t�h�e� �c�o�a�l� �s�a�m�p�l�e� �w�e�r�e� �u�n�k�n�o�w�n�,� �s�o� �a�n� �a�s�s�u�m�p�t�i�o�n� �w�a�s� �m�a�d�e� 

�t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �a�n�d� �d�e�c�a�y� �l�e�n�g�t�h� �f�o�r� �t�h�e� �h�y�d�r�o�p�h�o�b�i�c� �s�i�l�i�c�a� �r�e�p�r�e�s�e�n�t�e�d� 

�t�h�e� �h�y�d�r�o�p�h�o�b�i�c� �c�o�a�l� �s�a�m�p�l�e� �a�s� �w�e�l�l�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�4�.� �T�h�e� �e�q�u�i�l�i�b�r�i�u�m� 

�f�i�l�m� �t�h�i�c�k�n�e�s�s� �(�E�F�T�)� �i�s� �p�l�o�t�t�e�d� �o�n� �t�h�e� �y�-�a�x�i�s�,� �v�e�r�s�u�s� �t�h�e� �i�n�i�t�i�a�l� �p�a�r�t�i�c�l�e� �s�t�a�r�t�i�n�g� 

�d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e�,� �R�y�,� �o�n� �t�h�e� �x�-�a�x�i�s�.� �T�h�e� �i�n�d�i�v�i�d�u�a�l� �c�u�r�v�e�s� �w�e�r�e� 

�p�r�o�d�u�c�e�d� �b�y� �g�r�a�d�u�a�l�l�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �R�,� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m�.� �S�i�n�c�e� 

�a�t�t�a�c�h�m�e�n�t� �o�c�c�u�r�s� �o�n�l�y� �w�h�e�n� �E�F�T� �=� �Q�,� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e�,� �R�,�,� �u�s�e�d� �i�n� 

�c�a�l�c�u�l�a�t�i�n�g� �P�,� �i�s� �t�h�e� �p�o�i�n�t� �w�h�e�r�e� �t�h�e� �c�u�r�v�e� �r�i�s�e�s� �f�r�o�m� �t�h�e� �x�-�a�x�i�s�.� �I�f� �t�h�e� �c�u�r�v�e� �d�o�e�s� �n�o�t� 

�i�n�t�e�r�s�e�c�t� �t�h�e� �x�-�a�x�i�s�,� �a�t�t�a�c�h�m�e�n�t� �(�c�o�l�l�e�c�t�i�o�n�)� �h�a�s� �n�o�t� �t�a�k�e�n� �p�l�a�c�e�.� 

�C�u�r�v�e� �1� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �o�n�l�y� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s�,� �j�u�s�t� �a�s� 
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�S�u�t�h�e�r�l�a�n�d� �a�n�d� �G�a�u�d�i�n� �d�i�d� �i�n� �d�e�r�i�v�i�n�g� �t�h�e�i�r� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �P�,�.� �T�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� 

�r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e�,� �F�_�,� �i�n� �t�h�i�s� �c�a�s�e�,� �r�e�d�u�c�e�s� �t�o� �t�h�e� �S�t�o�k�e�s� �d�r�a�g� �f�o�r�c�e� �o�n� �t�h�e� �p�a�r�t�i�c�l�e� �b�y� 

�s�e�t�t�i�n�g� �8� �=� �1�.� �T�h�e� �c�u�r�v�e� �s�h�o�w�s� �t�h�a�t� �a�l�l� �p�a�r�t�i�c�l�e�s� �s�t�a�r�t�i�n�g� �w�i�t�h�i�n� �a�b�o�u�t� �3�.�1�5� �u�m� �o�f� �t�h�e� 

�b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� �w�i�l�l� �b�e� �c�o�l�l�e�c�t�e�d�.� �T�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� 

�o�f�:� 

� � � � 

�R�,� �¥� �2� �p�-�(�_�*�%�_�\� �_� �(� �3�.�1�5� �=� �0�.�0�0�3�6� �[�2�.�4�0�]� 
�r� �+�R�,� �2�.�5� �+�5�0� 

�A�s�s�u�m�i�n�g� �t�h�e� �p�a�r�t�i�c�l�e�s� �t�o� �b�e� �s�u�f�f�i�c�i�e�n�t�l�y� �h�y�d�r�o�p�h�o�b�i�c� �t�h�a�t� �a�n�y� �p�a�r�t�i�c�l�e� �t�h�a�t� 

�c�o�l�l�i�d�e�s� �w�i�t�h� �t�h�e� �b�u�b�b�l�e� �a�t�t�a�c�h�e�s� �t�o� �i�t�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �c�a�n� �n�o�w� �b�e� 

�d�i�r�e�c�t�l�y� �c�o�m�p�a�r�e�d� �w�i�t�h� �G�a�u�d�i�n�'�s� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�i�s�i�o�n� �f�o�r� �S�t�o�k�e�s� �f�l�o�w�:� 

�d�y�?� �2� �P�.� �=� �a�l�c�)� �=� �a�(�i�0�0�)� �=� �0�.�0�0�3�7�5� �[�2�.�4�1�]� 
�b� 

�T�h�e� �c�l�o�s�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �v�a�l�u�e�s� �i�s� �a� �p�r�o�m�i�s�i�n�g� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� 

�v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �d�e�r�i�v�e�d� �i�n� �t�h�i�s� �w�o�r�k�.� 

�C�u�r�v�e� �2� �i�n� �F�i�g�u�r�e� �2�.�4� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� 

�f�o�r�c�e� �o�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� �A�g�a�i�n�,� �o�n�l�y� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �h�a�v�e� �b�e�e�n� 

�c�o�n�s�i�d�e�r�e�d�,� �b�u�t� �§� �i�s� �n�o�t� �r�e�s�t�r�i�c�t�e�d� �t�o� �a� �v�a�l�u�e� �o�f� �o�n�e� �a�n�y�m�o�r�e�.� �A�s� �t�h�e� �r�a�t�i�o� �h�/�r�,� 

�d�e�c�r�e�a�s�e�s� �(�a�c�c�o�r�d�i�n�g� �t�o� �F�i�g�u�r�e� �2�.�3�)�,� �8� �w�i�l�l� �r�i�s�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� 

�F�,�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �d�r�a�m�a�t�i�c� �c�h�a�n�g�e� �i�n� �f�l�o�t�a�t�i�o�n� �b�e�h�a�v�i�o�r�.� �C�u�r�v�e� �2� �i�s� �s�h�i�f�t�e�d� 

�c�o�n�s�i�d�e�r�a�b�l�y� �t�o� �t�h�e� �l�e�f�t� �a�s� �c�o�m�p�a�r�e�d� �t�o� �c�u�r�v�e� �1�,� �w�i�t�h� �a� �c�o�n�c�o�m�i�t�a�n�t� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� 
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�5�0�0�  ��  ��  ��  �� �t� �'� �'� �'� �'� �1� �¥� �7� �v� �T� �T� 

�7� 
�r�  ��-�  �� �-� �1�  ��H�y�d�r�o�d�y�n�a�m�i�c�s� �o�n�l�y�:� �g� �=� �1� 

�4�0�0� �F� �-�-�-�-� �2�-� �H�y�d�r�o�d�y�n�a�m�i�c�s� �o�n�l�y�:� �B� �=� �f�(�h�/�r�p�)� �'� 
 � �� �3�-�A�l�l� �f�o�r�c�e�s� �e�x�c�e�p�t� �F�,� 
 � ��- �� �4�-�A�l�l� �f�o�r�c�e�s� 

 ��~�3�0�0� �-� �d�p�=�S�5�m�i�c�r�o�n�s� 
�£� �-�F� �«�6�3�6�s� �D�p� �=� �1�0�0� �m�i�c�r�o�n�s� 

�5� �r� �p�p� �=� �1�.�3�.�g�/�e�m�s� 

�l�u� �2�0�0� �F� 

�1�0�0� �F� �3� 

�L� �2� 
�0� �a�a� �m�l�s� �t�e�r�i�o�n� �o�d�e� �e�t� �e�e� 

�0� �1� � � 
�F�i�g�u�r�e� �2�.�4� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �v�a�r�i�o�u�s� �f�o�r�c�e� �c�o�m�b�i�n�a�t�i�o�n�s�.� 

�5�2



�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n�.� �I�n�d�e�e�d�,� �t�h�e� �c�h�a�n�g�e� �i�n� �R�,� �(�d�o�w�n� �t�o� �1�.�8� �y�m�)� �s�i�g�n�i�f�i�e�s� �a� �d�r�o�p� 

�i�n� �P� �f�r�o�m� �0�.�0�0�3�6� �t�o� �0�.�0�0�1�2�,� �a� �f�a�c�t�o�r� �o�f� �t�h�r�e�e�.� �T�h�e� �i�n�c�r�e�a�s�e�d� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� 

�f�o�r�c�e� �a�t� �s�m�a�l�l� �d�i�s�t�a�n�c�e�s� �r�e�q�u�i�r�e�s� �t�h�a�t� �p�a�r�t�i�c�l�e�s� �s�t�a�r�t� �c�l�o�s�e�r� �t�o� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� 

�i�n� �o�r�d�e�r� �t�o� �a�t�t�a�c�h�.� 

�C�u�r�v�e� �3� �r�e�p�r�e�s�e�n�t�s� �s�i�m�u�l�a�t�i�o�n�s� �c�o�m�b�i�n�i�n�g� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �w�i�t�h� �t�h�e� 

�f�o�r�c�e�s� �c�o�m�p�r�i�s�i�n�g� �t�h�e� �c�l�a�s�s�i�c�a�l� �D�L�V�O� �t�h�e�o�r�y�.� �T�h�e� �p�a�r�t�i�c�l�e� �o�b�v�i�o�u�s�l�y� �d�o�e�s� �n�o�t� �m�a�k�e� 

�i�t� �t�o� �t�h�e� �b�u�b�b�l�e� �s�u�r�f�a�c�e�,� �r�e�m�a�i�n�i�n�g� �a�b�o�u�t� �7�0� �n�m� �a�w�a�y�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �r�e�p�u�l�s�i�v�e� 

�e�l�e�c�t�r�o�s�t�a�t�i�c� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� �r�e�s�i�s�t� �f�u�r�t�h�e�r� �t�h�i�n�n�i�n�g� �o�f� �t�h�e� �i�n�t�e�r�v�e�n�i�n�g� �f�i�l�m� 

�b�e�t�w�e�e�n� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e�,� �t�h�e�r�e�b�y� �p�r�o�h�i�b�i�t�i�n�g� �a�t�t�a�c�h�m�e�n�t�.� �T�h�i�s� �t�h�e�o�r�e�t�i�c�a�l� 

�b�e�h�a�v�i�o�r� �i�s� �c�o�n�t�r�a�r�y� �t�o� �e�x�p�e�r�i�m�e�n�t�a�l� �b�e�h�a�v�i�o�r�,� �b�e�c�a�u�s�e� �c�o�a�l�s� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�i�e�s� 

�d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �a�r�e� �k�n�o�w�n� �t�o� �h�a�v�e� �l�a�r�g�e� �c�o�n�t�a�c�t� �a�n�g�l�e�s�,� �c�o�n�d�u�c�i�v�e� �t�o� �f�l�o�t�a�t�i�o�n�.� 

�C�u�r�v�e� �3�,� �t�h�e�n�,� �i�s� �a�n�o�t�h�e�r� �e�x�a�m�p�l�e� �o�f� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �c�l�a�s�s�i�c�a�l� 

�D�L�V�O� �t�h�e�o�r�y�.� �A�n� �a�d�d�i�t�i�o�n�a�l� �f�o�r�c�e� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�d�e�q�u�a�t�e�l�y� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�i�s� 

�s�y�s�t�e�m�.� 

�C�u�r�v�e� �4� �d�e�p�i�c�t�s� �t�h�e� �w�h�o�l�e� �p�i�c�t�u�r�e�.� �B�o�t�h� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �f�o�r�c�e�s�,� 

�i�n�c�l�u�d�i�n�g� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�,� �w�e�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �m�o�d�e�l� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�i�s� �c�u�r�v�e�.� 

�T�h�e� �p�a�r�t�i�c�l�e� �i�s� �n�o�w� �s�e�e�n� �t�o� �a�t�t�a�c�h�,� �d�u�e� �t�o� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�,� �b�u�t� �e�x�h�i�b�i�t�s� 

�a� �P� �v�a�l�u�e� �i�n�t�e�r�m�e�d�i�a�t�e� �b�e�t�w�e�e�n� �t�h�a�t� �o�f� �c�u�r�v�e�s� �1� �a�n�d� �2�.� �C�u�r�v�e� �4� �i�s� �t�o� �t�h�e� �l�e�f�t� �o�f� 

�c�u�r�v�e� �1� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�c�r�e�a�s�e�d� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� 

�c�u�r�v�e� �1�.� �I�t� �i�s� �t�o� �t�h�e� �r�i�g�h�t�.�o�f� �c�u�r�v�e� �2� �b�e�c�a�u�s�e� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �n�a�t�u�r�e� �o�f� �F�,� �i�s� �a�b�l�e� �t�o� 

�b�r�i�n�g� �p�a�r�t�i�c�l�e�s� �s�t�a�r�t�i�n�g� �f�u�r�t�h�e�r� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� �c�e�n�t�e�r�l�i�n�e� �i�n� �t�o� �a�t�t�a�c�h�.� 
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�2�.�5�.�2� �E�f�f�e�c�t� �o�f� �M�o�d�e�l� �P�a�r�a�m�e�t�e�r�s� 

�H�a�v�i�n�g� �c�o�n�f�i�r�m�e�d� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l� �f�o�r� 

�S�t�o�k�e�s� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�,� �a�n�d� �h�a�v�i�n�g� �e�x�p�l�o�r�e�d� �a� �f�e�w� �i�m�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �m�o�d�e�l�,� 

�s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �n�e�x�t� �c�o�n�d�u�c�t�e�d� �t�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� �c�e�r�t�a�i�n� �p�h�y�s�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� 

�v�a�r�i�a�b�l�e�s� �o�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n�.� �A�l�l� �s�u�b�s�e�q�u�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �b�a�s�e�d� �o�n� 

�i�n�t�e�r�m�e�d�i�a�t�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�,� �w�h�i�c�h� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y� �d�e�f�i�n�e� �f�l�o�t�a�t�i�o�n� �a�p�p�l�i�c�a�t�i�o�n�s�.� 

�a�)� �E�f�f�e�c�t� �o�f� �P�a�r�t�i�c�l�e� �S�i�z�e�:� 

�T�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e� �o�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� 

�2�.�5� �f�o�r� �h�y�d�r�o�p�h�o�b�i�c� �p�a�r�t�i�c�l�e�s� �o�f� �5�,� �1�0�,� �a�n�d� �2�0� �u�m� �d�i�a�m�e�t�e�r� �a�p�p�r�o�a�c�h�i�n�g� �a� �1�0�0� �u�m� 

�d�i�a�m�e�t�e�r� �b�u�b�b�l�e�.� �S�u�r�f�a�c�e� �f�o�r�c�e� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �h�e�l�d� �c�o�n�s�t�a�n�t�.� �T�h�e�r�e� �i�s� �a� �g�r�a�d�u�a�l� 

�s�h�i�f�t� �i�n� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e�,� �R�,�,� �t�o� �t�h�e� �r�i�g�h�t� �a�s� �d�,� �i�n�c�r�e�a�s�e�s�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �c�o�l�l�e�c�t�i�o�n�,� �t�h�e�r�e�f�o�r�e�,� �i�n�c�r�e�a�s�e�s� �a�s� �w�e�l�l�,� �f�r�o�m� �0�.�0�0�2�3� �(�d�,� �=� �5� �u�m�)�,� �t�o� �0�.�0�0�8�2� �(�d�,� �=� 

�1�0� �u�m�)�,� �t�o� �0�.�0�1�7�8� �(�d�,� �=� �2�0� �u�m�)�.� �T�h�i�s� �p�r�o�g�r�e�s�s�i�o�n� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �l�a�r�g�e�r� 

�p�a�r�t�i�c�l�e�s�,� �o�f� �g�r�e�a�t�e�r� �w�e�i�g�h�t�,� �a�r�e� �a�b�l�e� �t�o� �d�e�v�i�a�t�e� �f�r�o�m� �t�h�e� �f�l�u�i�d� �s�t�r�e�a�m�l�i�n�e�s� �m�o�r�e� �e�a�s�i�l�y� 

�t�h�a�n� �s�m�a�l�l�e�r� �p�a�r�t�i�c�l�e�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �g�r�e�a�t�e�r� �c�h�a�n�c�e� �o�f� �a�t�t�a�c�h�i�n�g� �t�o� �t�h�e� �b�u�b�b�l�e�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�s�e�r�v�e�d� �p�e�a�k� �i�n� �f�l�o�t�a�t�i�o�n� �r�e�c�o�v�e�r�y� �w�i�t�h� �p�a�r�t�i�c�l�e� �s�i�z�e� 

�(�J�o�w�e�t�t�,� �1�9�8�0�;� �T�r�a�h�a�r�,� �1�9�8�1�)� �c�a�n�n�o�t� �b�e� �r�e�p�r�o�d�u�c�e�d� �w�i�t�h� �t�h�e� �m�o�d�e�l� �b�e�c�a�u�s�e� 

�d�e�t�a�c�h�m�e�n�t� �h�a�s� �n�o�t� �b�e�e�n� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e�r�e� �i�s� �n�o� �m�e�c�h�a�n�i�s�m� �i�n�c�l�u�d�e�d� �t�o� �a�c�o�u�n�t� �f�o�r� 

�t�h�e� �f�a�c�t� �t�h�a�t� �l�a�r�g�e�r� �p�a�r�t�i�c�l�e�s� �a�r�e� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e�c�o�m�e� �d�e�t�a�c�h�e�d� �f�r�o�m� �t�h�e� �b�u�b�b�l�e� 

�(�A�h�m�e�d� �a�n�d� �J�a�m�e�s�o�n�,� �1�9�8�5�;� �M�i�k�a� �a�n�d� �F�u�e�r�s�t�e�n�a�u�,� �1�9�6�8�;� �J�o�w�e�t�t�,� �1�9�8�0�)�.� �A�s�a� 
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�r�e�s�u�l�t�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �c�o�n�t�i�n�u�e�s� �t�o� �i�n�c�r�e�a�s�e� �w�i�t�h� �p�a�r�t�i�c�l�e� �s�i�z�e�,� �i�n� �a�c�c�o�r�d� 

�w�i�t�h� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s�.� 

�b�)� �E�f�f�e�c�t� �o�f� �B�u�b�b�l�e� �S�i�z�e�:� 

�T�h�e� �i�n�c�r�e�a�s�e�d� �f�l�o�t�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �w�i�t�h� �s�m�a�l�l� �b�u�b�b�l�e�s� �h�a�s� �b�e�e�n� �p�r�o�v�e�n� �b�o�t�h� 

�t�h�e�o�r�e�t�i�c�a�l�l�y� �(�F�l�i�n�t� �a�n�d� �H�o�w�a�r�t�h�,� �1�9�7�1�;� �R�e�a�y� �a�n�d� �R�a�t�c�l�i�f�f�,� �1�9�7�3�;� �J�i�a�n�g� �a�n�d� �H�o�l�t�h�a�m�,� 

�1�9�8�6�)� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �(�A�n�f�r�u�n�s� �a�n�d� �K�i�t�c�h�e�n�e�r�,� �1�9�7�7�;� �Y�o�o�n� �a�n�d� �L�u�t�t�r�e�l�l�,� �1�9�8�6�;� 

�A�h�m�e�d� �a�n�d� �J�a�m�e�s�o�n�,� �1�9�8�5�)�.� �T�h�e� �p�h�y�s�i�c�a�l� �r�e�a�s�o�n�i�n�g� �b�e�h�i�n�d� �t�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �t�h�a�t�,� �f�o�r� 

�"�a� �g�i�v�e�n� �v�o�l�u�m�e� �o�f� �a�i�r�,� �m�o�r�e� �b�u�b�b�l�e�s� �c�a�n� �b�e� �p�r�o�d�u�c�e�d� �a�t� �s�m�a�l�l�e�r� �s�i�z�e�s�,� �w�h�i�c�h� �g�i�v�e�s� 

�p�a�r�t�i�c�l�e�s� �m�o�r�e� �c�h�a�n�c�e�s� �t�o� �e�n�c�o�u�n�t�e�r� �a� �b�u�b�b�l�e� �a�n�d� �a�t�t�a�c�h� �t�o� �i�t�.� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� 

�'� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�6� �f�o�r� �t�h�r�e�e� �b�u�b�b�l�e� �s�i�z�e�s� �s�u�p�p�o�r�t� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n�,� �a�l�t�h�o�u�g�h� �i�t� �m�a�y� 

�n�o�t� �a�p�p�e�a�r� �s�o� �a�t� �f�i�r�s�t� �g�l�a�n�c�e�.� �T�h�e� �c�r�i�t�i�c�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e�,� �R�,�,� �r�e�m�a�i�n�s� �e�s�s�e�n�t�i�a�l�l�y� 

�t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �D�,� �v�a�l�u�e�s�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �n�u�m�e�r�a�t�o�r� �i�n� �E�q�u�a�t�i�o�n� �[�2�.�3�9�]� �f�o�r� 

�c�a�l�c�u�l�a�t�i�n�g� �P� �i�s� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t�.� �A�s� �t�h�e� �b�u�b�b�l�e� �s�i�z�e� �i�n�c�r�e�a�s�e�s�,� �t�h�o�u�g�h�,� �t�h�e� 

�d�e�n�o�m�i�n�a�t�o�r� �w�i�l�l� �i�n�c�r�e�a�s�e�,� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n� �w�i�l�l� �d�i�m�i�n�i�s�h�.� 

�T�h�e� �f�a�c�t� �t�h�a�t� �R�,� �i�s� �b�a�s�i�c�a�l�l�y� �u�n�c�h�a�n�g�e�d� �f�o�r� �t�h�e� �r�a�n�g�e� �o�f� �b�u�b�b�l�e� �s�i�z�e�s� �i�s� 

�s�t�r�i�k�i�n�g�.� �I�t� �m�e�a�n�s� �t�h�a�t� �r�e�g�a�r�d�l�e�s�s� �o�f� �b�u�b�b�l�e� �s�i�z�e�,� �t�h�e� �v�o�l�u�m�e� �o�f� �p�a�r�t�i�c�l�e�s� �s�w�e�p�t� �b�y� �t�h�e� 

�b�u�b�b�l�e�s� �i�s� �t�h�e� �s�a�m�e�.� �T�h�e� �c�r�i�t�i�c�a�l� �c�o�l�l�e�c�t�i�o�n� �s�t�r�e�a�m�l�i�n�e� �d�o�e�s� �n�o�t� �m�o�v�e� �o�u�t� 

�p�r�o�p�o�r�t�i�o�n�a�l�l�y� �w�i�t�h� �b�u�b�b�l�e� �s�i�z�e�,� �b�u�t� �s�t�a�y�s� �a�t� �a�b�o�u�t� �t�h�e� �s�a�m�e� �p�o�s�i�t�i�o�n�.� �T�h�i�s� �o�u�t�c�o�m�e� 

�i�s� �p�o�w�e�r�f�u�l� �i�n�c�e�n�t�i�v�e� �f�o�r� �e�m�p�l�o�y�i�n�g� �s�m�a�l�l�e�r� �b�u�b�b�l�e�s� �i�n� �f�l�o�t�a�t�i�o�n�.� �N�o�t� �o�n�l�y� �d�o� �l�a�r�g�e� 

�b�u�b�b�l�e�s� �h�a�v�e� �a� �l�o�w�e�r� �s�p�e�c�i�f�i�c� �s�u�r�f�a�c�e� �a�r�e�a� �t�h�a�n� �s�m�a�l�l�e�r� �b�u�b�b�l�e�s� �(�a�t� �a� �g�i�v�e�n� �a�i�r� �r�a�t�e�)�,� 
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�b�u�t� �t�h�e�y� �a�l�s�o� �e�n�c�o�u�n�t�e�r� �n�o� �m�o�r�e� �p�a�r�t�i�c�l�e�s�.� 

�c�)� �E�f�f�e�c�t� �o�f� �P�a�r�t�i�c�l�e� �D�e�n�s�i�t�y�:� 

�T�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �d�e�n�s�i�t�y� �o�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �h�a�s� �o�f�t�e�n� �b�e�e�n� 

�c�o�n�s�i�d�e�r�e�d� �n�e�g�l�i�g�i�b�l�e�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �f�i�n�e� �p�a�r�t�i�c�l�e�s�,� �w�h�e�r�e� �i�n�t�e�r�c�e�p�t�i�o�n�a�l� �c�o�l�l�i�s�i�o�n� �i�s� 

�d�e�e�m�e�d� �t�o� �b�e� �t�h�e� �d�o�m�i�n�a�n�t� �a�t�t�a�c�h�m�e�n�t� �m�e�c�h�a�n�i�s�m�.� �F�i�g�u�r�e� �2�.�7�,� �h�o�w�e�v�e�r�,� �d�i�s�p�u�t�e�s� 

�t�h�i�s� �c�o�n�t�e�n�t�i�o�n�.� �T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �a� �5� �z�m� �p�a�r�t�i�c�l�e� �a�n�d� �1�0�0� �u�m� �b�u�b�b�l�e� �a�t� �f�o�u�r� 

�p�a�r�t�i�c�l�e� �d�e�n�s�i�t�i�e�s� �i�s� �d�i�s�p�l�a�y�e�d�.� �T�h�e� �c�u�r�v�e�s� �a�r�e� �n�o�t� �w�i�d�e�l�y� �s�e�p�a�r�a�t�e�d�,� �b�u�t� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e�s� �i�n� �R�,� �c�o�r�r�e�s�p�o�n�d� �t�o� �c�o�n�s�i�d�e�r�a�b�l�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �P�.� �B�e�t�w�e�e�n�p�,� �=� �1�3� 

�g�/�c�m�®� �a�n�d� �p�,� �=� �7�.�0� �g�/�c�m ��,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �r�i�s�e�s� �f�r�o�m� 

�0�.�0�0�2�3� �t�o� �0�.�0�1�2�2�,� �r�e�p�r�e�s�e�n�t�i�n�g� �a� �f�i�v�e� �t�i�m�e�s� �g�r�e�a�t�e�r� �c�h�a�n�c�e� �o�f� �a�t�t�a�c�h�m�e�n�t�.� �T�h�e� �t�r�e�n�d� 

�d�e�m�o�n�s�t�r�a�t�e�d� �h�e�r�e� �i�s� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �p�a�r�t�i�c�l�e� �d�e�n�s�i�t�y� �e�f�f�e�c�t� �f�o�u�n�d� 

�u�s�i�n�g� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� �m�o�d�e�l� �(�1�9�8�7�)�.� 

�d�)� �E�f�f�e�c�t� �o�f� �P�a�r�t�i�c�l�e� �C�h�a�r�g�e�:� 

�P�a�r�t�i�c�l�e� �c�h�a�r�g�e� �i�s� �k�n�o�w�n� �t�o� �i�n�f�l�u�e�n�c�e� �t�h�e� �s�u�c�c�e�s�s� �o�f� �f�l�o�t�a�t�i�o�n� �t�o� �a� �l�a�r�g�e� �d�e�g�r�e�e�.� 

�F�o�r� �m�o�s�t� �a�p�p�l�i�c�a�t�i�o�n�s�,� �t�h�e�r�e� �i�s� �a� �r�e�s�t�r�i�c�t�e�d� �p�H� �w�i�n�d�o�w� �w�i�t�h�i�n� �w�h�i�c�h� �f�l�o�t�a�t�i�o�n� �i�s� 

�p�o�s�s�i�b�l�e� �(�L�a�i� �a�n�d� �F�u�e�r�s�t�e�n�a�u�,� �1�9�7�6�;� �S�m�i�t�h� �a�n�d� �A�k�h�t�a�r�,� �1�9�7�6�;� �F�u�e�r�s�t�e�n�a�u�,� �1�9�8�0�)�.� 

�O�u�t�s�i�d�e� �t�h�i�s� �w�i�n�d�o�w�,� �t�h�e� �r�e�p�u�l�s�i�v�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �p�r�e�v�e�n�t�s� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�a�t�t�a�c�h�m�e�n�t�,� �p�r�o�v�i�d�e�d� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �a�r�e� �o�f� �l�i�k�e� �c�h�a�r�g�e�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �c�o�m�p�u�t�e�r� 

�s�i�m�u�l�a�t�i�o�n�s� �i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �c�h�a�r�g�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e�s� �2�.�8� �a�n�d� 
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�1� �0�0�0� �'� �O�f� �r� �T� �r� �v� �'� �T� �v�r� �=�e� �7� �T� �T� 

�/� �I� �v�r� 
�:� �i� 

�L� �p�p� �=� �b�e� �g�/�c�m�s� �/� �!� �/� 

�B�0�0� �-� �|� �i�L�L� �f�e�r�s� �P�|� �T�a�i�t� �B�I�S� �,� 
�d�p� �=�S�u�m� �1� 

�r� �=�o� �D�p� �=� �1�0�0� �u�m� �7� 
�|� �S�0�0�T� �2� �=�-�3�5�m�v� �1� 
�S�f� �p� �)�6�= �� �f�b� �=�  �� �3�7� �M�V� �A� 

�E� �|� �C�=� �-�1�.�8� �m�J� �/�m�2� 

�A�i�3�2� �=�  ��1�.�6�4�1�0�-�2�0� �J� �7� 
�u�i� �4�0�0� �T� �D�o� �=� �1�0�.�3� �n�m� �|� �:� 

�r� �1� 
�2�0�0� �r� �1� 

�O� �i�s� �I� 

�0� �8� � � 
�F�i�g�u�r�e� �2�.�7� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�l�l�u�s�t�r�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �d�e�n�s�i�t�y� �o�n� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 
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�2�.�9�.� �F�i�g�u�r�e� �2�.�8� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �a� �5� �u�m� �p�a�r�t�i�c�l�e� �a�n�d� �1�0�0� �u�m� 

�b�u�b�b�l�e� �f�o�r� �v�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �{�,�,� �w�i�t�h� �C� �=� �-�1�.�8� �m�J�/�m ��.� �T�h�e� �c�u�r�v�e�s� �f�o�r� �a�l�l� �v�a�l�u�e�s� �o�f� 

�¢�,� �a�r�e� �i�d�e�n�t�i�c�a�l�,� �i�n�d�i�c�a�t�i�n�g� �a�n� �e�q�u�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �f�o�r� �a�n�y� �p�a�r�t�i�c�l�e� �c�h�a�r�g�e�.� 

�A� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �t�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �t�h�a�t� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �(�C� �=� �-� 

�1�.�8� �m�J�/�m ��)� �i�s� �s�o� �s�t�r�o�n�g� �t�h�a�t� �t�h�e� �r�a�n�g�e� �o�f� �¢� �p� �S�t�u�d�i�e�d� �p�r�o�d�u�c�e�s� �a�n� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� 

�t�o�o� �w�e�a�k� �t�o� �i�m�p�e�d�e� �a�t�t�a�c�h�m�e�n�t�.� �T�o� �t�e�s�t� �t�h�i�s� �h�y�p�o�t�h�e�s�i�s�,� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �r�u�n� �f�o�r� �t�h�e� 

�s�a�m�e� �(�,� �v�a�l�u�e�s�,� �b�u�t� �w�i�t�h� �a� �w�e�a�k�e�r� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �(�C� �=� �-�1�.�0� �m�J� �/�m ��)�.� �F�i�g�u�r�e� �2�.�9� 

�s�h�o�w�s� �t�h�a�t� �t�h�e� �c�h�a�r�g�e� �o�n� �t�h�e� �p�a�r�t�i�c�l�e� �c�a�n� �n�o�w� �i�n�f�l�u�e�n�c�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�F�o�r� �(�,� �=� �-�4�0� �m�V� �a�n�d� �¢�,� �=� �-�5�0� �m�V�,� �t�h�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �p�r�o�h�i�b�i�t� 

�a�t�t�a�c�h�m�e�n�t�,� �s�i�n�c�e� �t�h�e� �E�F�T� �d�i�d� �n�o�t� �g�o� �t�o� �z�e�r�o�.� �T�h�e� �i�m�p�o�r�t�a�n�t� �c�o�n�c�l�u�s�i�o�n� �t�o� �b�e� �d�r�a�w�n� 

�f�r�o�m� �F�i�g�u�r�e�s� �2�.�8� �a�n�d� �2�.�9� �i�s� �t�h�a�t� �f�l�o�t�a�t�i�o�n� �m�a�y� �b�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �p�H� �i�f� �t�h�e� �p�a�r�t�i�c�l�e� 

�i�s� �s�u�f�f�i�c�i�e�n�t�l�y� �h�y�d�r�o�p�h�o�b�i�c�.� 

�e�)� �E�f�f�e�c�t� �o�f� �S�t�r�u�c�t�u�r�a�l� �C�o�n�s�t�a�n�t�:� 

�T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �h�y�d�r�o�p�h�o�b�i�c�i�t�y� �a�n�d� �f�l�o�t�a�t�i�o�n� �i�s� �o�b�v�i�o�u�s�,� �b�u�t� �n�o�t� 

�r�e�a�d�i�l�y� �q�u�a�n�t�i�f�i�e�d�.� �T�h�e� �m�o�r�e� �h�y�d�r�o�p�h�o�b�i�c� �a� �p�a�r�t�i�c�l�e� �i�s�,� �t�h�e� �m�o�r�e� �l�i�k�e�l�y� �i�t� �i�s� �t�o� �f�l�o�a�t�,� 

�b�u�t� �w�h�a�t� �e�x�a�c�t�l�y� �d�e�f�i�n�e�s� �h�y�d�r�o�p�h�o�b�i�c�i�t�y�?�.� �C�o�n�t�a�c�t� �a�n�g�l�e� �a�n�d� �i�n�d�u�c�t�i�o�n� �t�i�m�e� �h�a�v�e� 

�b�o�t�h� �b�e�e�n� �s�u�g�g�e�s�t�e�d� �a�n�d� �i�n�v�e�s�t�i�g�a�t�e�d� �a�s� �p�o�s�s�i�b�l�e� �d�e�t�e�r�m�i�n�a�n�t�s�.� �C�o�n�t�a�c�t� �a�n�g�l�e� �v�a�l�u�e�s�,� 

�h�o�w�e�v�e�r�,� �p�r�o�v�i�d�e� �n�o� �k�i�n�e�t�i�c� �i�n�f�o�r�m�a�t�i�o�n� �c�o�n�c�e�r�n�i�n�g� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�,� �a�n�d� 

�i�n�d�u�c�t�i�o�n� �t�i�m�e� �i�s� �a� �s�o�m�e�w�h�a�t� �a�r�b�i�t�r�a�r�y� �e�x�p�e�r�i�m�e�n�t�a�l� �m�e�a�s�u�r�e�m�e�n�t� �(�w�h�e�n� �d�o�e�s� �t�i�m�i�n�g� 

�b�e�g�i�n�,� �a�n�d� �d�o�e�s� �5�0�%� �p�a�r�t�i�c�l�e� �p�i�c�k�u�p� �c�o�r�r�e�s�p�o�n�d� �t�o� �r�,�)�.� �P�e�r�h�a�p�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 
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�4�0�0� �j� �d�p� �=�5�u�m� 
�7� 

�D�p� �=� �1�0�0� �u�m� �4� 
�P�p� �=� �1�.�3�g�9�/�e�m�5� �4� 

�r�T� �f�h� �=�  �� �3�7� �M�V� 
�9�0�0� �F� �G�a� �-�1�.�8�m�s�/�m�e� 

�S�s� �.� �A�1�3�2� �=�  ��1�.�6�0�1�0�-�2�0�J� �4� 

�i�E� �D�o� �=� �1�0�.�3� �n�m� 

�4�3� �2�0�0� �F� �|� 

�1�0�0� �1� 

�0� �a�l�e�n�t�,� �S�L� �o�e� �L�a� �a�4� �,� 

�0� �1� �4� �5� � � �2� 
�R�o� �(�u�m�)� 

�F�i�g�u�r�e� �2�.�8� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�l�l�u�s�t�r�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �c�h�a�r�g�e� �o�n� �b�u�b�b�l�e�-� 
�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r� �C� �=� �-�1�.�8� �m�J�/�m�?�.� 
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 ��-� �_� �&� �=�-�1�0�m�v� 
�r�  ��_�  ��4�,� �=�-�2�0� �A� 

�4�0�0� �~� �_�_�_�e� �g�p� �=� �~�3�0� �7� 

�m�e�e� �e�e� �z�=� �-�5�0� 

�r� �6�0� �d�p� �=� �S�u�m� �4� 

�E�3�0�0� �r� �D�p� �=� �1�0�0� �u�m� �7� 

�c� �|� �p�p� �=�1�.�3�g�9�/�c�m�3� 
�E�K� �o�>� �=� �-�3�7� �m�V� 

�C� �=� �- ��1�.�0� �m�J�/�m�2� 
�u�t� �2�0�0� �T� �A�1�3�2� �=�  ��1�.�6�8�1�0�-�2�0�J� �7� 

�D�o� �=� �1�0�.�3� �n�m� 

�1�0�0� �F� �,� 

�D�e� 
�e�e� �m�e� �e�e� �e�e�e� �4� 

�0� �r� �a� �4� 

�0� �1� �5� � � 
�F�i�g�u�r�e� �2�.�9� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�l�l�u�s�t�r�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �p�a�r�t�i�c�l�e� �c�h�a�r�g�e� �o�n� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r� �C� �=� �-�1�.�0� �m�J�/�m�?�.� 
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�c�o�n�s�t�a�n�t�,� �C�,� �o�f�f�e�r�s� �a� �m�o�r�e� �t�h�e�o�r�e�t�i�c�a�l� �r�e�f�l�e�c�t�i�o�n� �o�f� �h�y�d�r�o�p�h�o�b�i�c�i�t�y� �(�o�r� �l�a�c�k� �t�h�e�r�e�o�f�)�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �o�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�0�.� �O�n�l�y� �f�o�r� �t�h�e� �l�e�a�s�t� �h�y�d�r�o�p�h�o�b�i�c� �m�a�t�e�r�i�a�l� �(�C� �=� �-�0�.�6� �a�n�d� �-�0�.�2� 

�m�J�/�m�7�)� �d�o�e�s� �a�t�t�a�c�h�m�e�n�t� �n�o�t� �o�c�c�u�r�:� �t�h�e� �r�e�p�u�l�s�i�v�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �a�n�d� �d�i�s�p�e�r�s�i�o�n� �f�o�r�c�e�s� 

�o�u�t�w�e�i�g�h� �t�h�e� �a�t�t�r�a�c�t�i�v�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e�.� �F�o�r� �C� �=� �-�1�.�8�,� �-�1�.�4�,� �a�n�d� �-�1�.�0� �m�J�/�m ��,� �b�u�b�b�l�e�-� 

�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �t�a�k�e�s� �p�l�a�c�e�,� �m�e�a�n�i�n�g� �F�,� �>� �(�F�,� �+� �F�,�)�.� �I�n�t�e�r�e�s�t�i�n�g�l�y�,� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �f�o�r� �t�h�e� �l�a�t�t�e�r� �t�h�r�e�e� �v�a�l�u�e�s� �o�f� �C�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �r�e�f�e�r�r�i�n�g� �b�a�c�k� �t�o� �F�i�g�u�r�e�s� �2�.�8� �a�n�d� �2�.�9�,� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �P� �a�l�s�o� �d�o�e�s� �n�o�t� 

�c�h�a�n�g�e� �f�o�r� �v�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �¢�,�.� �A�p�p�a�r�e�n�t�l�y�,� �t�h�e�n�,� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �d�o� �n�o�t� �i�m�p�a�c�t� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �P�.� �T�h�e�i�r� �s�i�g�n�i�f�i�c�a�n�c�e� �i�s� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�e� �E�F�T� �c�a�n� 

�g�o� �t�o� �z�e�r�o�,� �d�e�f�i�n�i�n�g� �a�t�t�a�c�h�m�e�n�t�.� �I�f� �E�F�T� �>� �0�,� �P� �=� �0�,� �s�i�n�c�e� �t�h�e� �p�a�r�t�i�c�l�e� �n�e�v�e�r� �r�e�a�c�h�e�s� 

�t�h�e� �b�u�b�b�l�e� �s�u�r�f�a�c�e�.� �I�f� �E�F�T� �c�a�n� �g�e�t� �t�o� �z�e�r�o�,� �t�h�e� �v�a�l�u�e� �o�f� �P� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s�.�.� �A�s� �s�e�e�n� �i�n� �F�i�g�u�r�e�s� �2�.�5�,� �2�.�6�,� �a�n�d� �2�.�7�,� �p�h�y�s�i�c�a�l� �v�a�r�i�a�b�l�e�s� �s�u�c�h� �a�s� 

�d�,�,� �D�,�,� �a�n�d� �p�,� �c�a�n� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n�.� 

�I�t� �s�e�e�m�s�,� �t�h�e�n�,� �t�h�a�t� �S�u�t�h�e�r�l�a�n�d�'�s� �o�r�i�g�i�n�a�l� �s�e�p�a�r�a�t�i�o�n� �o�f� �c�o�l�l�i�s�i�o�n� �a�n�d� �a�d�h�e�s�i�o�n� 

�w�a�s� �j�u�s�t�i�f�i�e�d�.� �C�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n�s� �s�h�o�w� �t�h�a�t� �h�y�d�r�o�d�y�n�a�m�i�c�s� �a�r�e� �t�h�e� �c�o�n�t�r�o�l�l�i�n�g� 

�c�o�n�d�i�t�i�o�n�s� �f�o�r� �c�o�l�l�i�s�i�o�n�,� �w�h�i�l�e� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �d�e�t�e�r�m�i�n�e� �a�d�h�e�s�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �d�o�e�s� 

�n�o�t� �m�e�a�n� �t�h�a�t� �s�e�p�a�r�a�t�i�o�n� �i�s� �t�h�e� �p�r�o�p�e�r� �a�n�a�l�y�t�i�c�a�l� �t�o�o�l�.� �A� �m�o�d�e�l� �w�h�i�c�h� �d�o�e�s� �n�o�t� 

�s�e�p�a�r�a�t�e� �c�o�l�l�i�s�i�o�n� �f�r�o�m� �a�d�h�e�s�i�o�n�,� �b�u�t� �w�h�i�c�h� �s�t�i�l�l� �p�r�e�d�i�c�t�s� �t�h�e�i�r� �i�n�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r�,� 

�i�s� �m�o�r�e� �s�o�u�n�d�.� �B�y� �u�s�i�n�g� �a� �f�o�r�c�e� �b�a�l�a�n�c�e� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �i�m�p�e�r�f�e�c�t�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�d�e�t�e�r�m�i�n�i�n�g� �s�u�c�h� �v�a�g�u�e� �q�u�a�n�t�i�t�i�e�s� �a�s� �i�n�t�e�r�c�e�p�t�i�o�n�a�l� �c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� �g�r�a�v�i�t�a�t�i�o�n�a�l� 
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�1�0�0� �r� 
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�0� �1� � � 
�F�i�g�u�r�e� �2�.�1�0� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�l�l�u�s�t�r�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �o�n� 

�b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.



�c�o�l�l�i�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y�,� �s�l�i�d�i�n�g� �t�i�m�e�,� �a�n�d� �i�n�d�u�c�t�i�o�n� �t�i�m�e�,� �i�s� �c�o�m�p�l�e�t�e�l�y� �a�v�o�i�d�e�d�.� 

�2�.�6� �E�x�p�e�r�i�m�e�n�t�a�l� 

�2�6�.�1� �S�a�m�p�l�e�s� 

�B�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �t�e�s�t�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �o�n� �s�e�v�e�r�a�l� �s�i�z�e� �f�r�a�c�t�i�o�n�s� �o�f� 

�c�o�a�l� �a�n�d� �s�i�l�i�c�a�.� �T�h�e� �c�o�a�l� �w�a�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �P�i�t�t�s�b�u�r�g�h� �N�o�.� �8� �s�e�a�m� �i�n� �W�e�s�t� 

�V�i�r�g�i�n�i�a�.� �A� �1�.�3�-�S�G� �f�l�o�a�t�/�s�i�n�k� �w�i�t�h� �m�a�g�n�e�t�i�t�e� �w�a�s� �p�e�r�f�o�r�m�e�d� �t�o� �s�e�p�a�r�a�t�e� �t�h�e� �c�o�a�l� 

�f�r�o�m� �t�h�e� �w�a�s�t�e� �m�a�t�e�r�i�a�l�.� �A�f�t�e�r� �j�a�w� �c�r�u�s�h�i�n�g� �a�n�d� �h�a�m�m�e�r� �m�i�l�l� �g�r�i�n�d�i�n�g�,� �t�h�e� �c�o�a�l� �w�a�s� 

�w�e�t� �s�c�r�e�e�n�e�d� �i�n�t�o� �v�a�r�i�o�u�s� �s�i�z�e� �f�r�a�c�t�i�o�n�s�.� �T�w�o� �s�i�z�e� �f�r�a�c�t�i�o�n�s�,� �1�0�0� �x� �1�5�0� �m�e�s�h� �a�n�d� �2�0�0� 

�x� �2�7�0� �m�e�s�h�,� �w�e�r�e� �a�c�t�u�a�l�l�y� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �f�l�o�t�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s�.� 

�T�h�e� �s�i�l�i�c�a� �w�a�s� �a�c�q�u�i�r�e�d� �f�r�o�m� �F�i�s�h�e�r� �S�c�i�e�n�t�i�f�i�c� �C�o�.� �i�n� �7�5�0� �g� �l�o�t�s� �o�f� �2�5�0� �m�e�s�h� 

�f�l�o�a�t�e�d� �s�i�l�i�c�a� �p�o�w�d�e�r�.� �S�e�v�e�r�a�l� �s�i�z�e� �f�r�a�c�t�i�o�n�s� �w�e�r�e� �t�h�e�n� �p�r�o�d�u�c�e�d� �b�y� �w�e�t� �s�c�r�e�e�n�i�n�g�.� 

�T�h�e� �s�i�l�i�c�a� �s�i�z�e� �f�r�a�c�t�i�o�n�s� �u�t�i�l�i�z�e�d� �f�o�r� �t�h�e� �t�e�s�t�s� �w�e�r�e� �2�5�0� �x� �2�7�0� �m�e�s�h� �a�n�d� �3�2�5� �x� �4�0�0� 

�m�e�s�h�.� �A�l�l� �o�f� �t�h�e� �s�a�m�p�l�e�s� �w�e�r�e� �s�e�a�l�e�d� �i�n� �b�a�g�s� �u�n�t�i�l� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d�.� 

�2�.�6�.�2� �R�e�a�g�e�n�t�s� 

�N�o� �r�e�a�g�e�n�t�s� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�e� �a�t�t�a�c�h�m�e�n�t� �s�t�u�d�i�e�s� �o�f� �t�h�e� �c�o�a�l�.� �F�l�o�t�a�t�i�o�n� 

�b�e�h�a�v�i�o�r� �w�a�s� �s�o�l�e�l�y� �b�a�s�e�d� �o�n� �t�h�e� �i�n�h�e�r�e�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�o�a�l� �s�a�m�p�l�e�.� �F�o�r� �t�h�e� 

�s�i�l�i�c�a�,� �d�o�d�e�c�y�l�a�m�i�n�e� �h�y�d�r�o�c�h�l�o�r�i�d�e� �(�D�A�H�)� �w�a�s� �e�m�p�l�o�y�e�d� �a�s� �a� �c�o�l�l�e�c�t�o�r� �t�o� �r�e�n�d�e�r� �t�h�e� 

�s�i�l�i�c�a� �h�y�d�r�o�p�h�o�b�i�c�.� �A� �f�a�i�r�l�y� �h�i�g�h� �c�o�n�c�e�n�t�r�a�t�i�o�n�,� �1�0�*� �M� �D�A�H�,� �w�a�s� �s�e�l�e�c�t�e�d� �t�o� �i�n�s�u�r�e� 

�s�u�f�f�i�c�i�e�n�t� �f�l�o�t�a�t�i�o�n� �o�f� �t�h�e� �s�i�l�i�c�a�.� �C�o�n�d�i�t�i�o�n�i�n�g� �c�o�n�s�i�s�t�e�d� �o�f� �s�e�v�e�r�a�l� �m�i�n�u�t�e�s� �o�f� 
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�a�g�i�t�a�t�i�o�n�,� �v�i�a� �m�a�n�u�a�l� �s�t�i�r�r�i�n�g� �a�n�d� �a�n� �u�l�t�r�a�s�o�n�i�c� �b�a�t�h�.� 

�2�.�6�.�3� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �f�o�r� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �s�t�u�d�i�e�s� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�1�.� �T�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e� �i�s� �a� �1�.�0�-�c�m� �d�i�a�m�e�t�e�r� �g�l�a�s�s� �t�u�b�e� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �3�0�-�c�m� �i�n� �l�e�n�g�t�h�.� �C�o�n�s�t�a�n�t� �l�i�q�u�i�d� �l�e�v�e�l� �i�s� �m�a�i�n�t�a�i�n�e�d� �w�i�t�h� �a�n� �o�v�e�r�f�l�o�w� 

�w�e�i�r� �l�o�c�a�t�e�d� �i�n� �t�h�e� �b�o�w�]� �s�e�c�t�i�o�n� �a�b�o�v�e� �t�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e�.� �T�h�i�s� �s�p�i�l�l�w�a�y� �i�s� �c�o�n�n�e�c�t�e�d� 

�t�o� �t�h�e� �f�u�n�n�e�l�/�s�u�m�p� �b�e�l�o�w� �t�h�e� �t�u�b�e� �f�o�r� �r�e�c�y�c�l�e� �t�h�r�o�u�g�h� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �a�i�r� �i�n�l�e�t� �i�s� 

�a� �h�i�g�h� �a�n�g�l�e� �p�r�o�t�r�u�s�i�o�n� �o�f� �t�h�e� �g�l�a�s�s� �t�u�b�e� �a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e�.� �A� �0�.�2�0�-� 

�m�m� �I�.�D�.�,� �2�0�°� �p�o�i�n�t� �s�y�r�i�n�g�e� �n�e�e�d�l�e� �(�p�u�r�c�h�a�s�e�d� �f�r�o�m� �F�i�s�h�e�r� �S�c�i�e�n�t�i�f�i�c� �C�o�.�)�,� �a�t�t�a�c�h�e�d� 

�t�o� �a� �s�y�r�i�n�g�e� �p�u�m�p� �v�i�a� �r�u�b�b�e�r� �t�u�b�i�n�g�,� �i�s� �i�n�s�e�r�t�e�d� �t�h�r�o�u�g�h� �a� �r�u�b�b�e�r� �s�e�p�t�u�m� �c�o�v�e�r�i�n�g� 

�t�h�e� �a�i�r� �i�n�l�e�t�.� �O�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �p�u�m�p� �f�o�r�c�e�s� �a�i�r� �f�r�o�m� �a� �5�0�-�m�l� �s�y�r�i�n�g�e� �t�h�r�o�u�g�h� �t�h�e� 

�n�e�e�d�l�e�,� �p�r�o�d�u�c�i�n�g� �a� �s�t�e�a�d�y� �s�t�r�e�a�m� �o�f� �a�i�r� �b�u�b�b�l�e�s� �i�n�s�i�d�e� �t�h�e� �a�p�p�a�r�a�t�u�s�.� �T�h�e� �s�y�r�i�n�g�e� 

�p�u�m�p� �p�e�r�m�i�t�s� �r�e�p�r�o�d�u�c�i�b�l�e� �a�i�r� �f�l�o�w� �r�a�t�e�s� �t�o� �b�e� �m�a�i�n�t�a�i�n�e�d� �f�o�r� �t�h�e� �t�e�s�t�s�.� 

�T�o� �c�o�n�d�u�c�t� �a� �t�e�s�t�,� �t�h�e� �a�p�p�a�r�a�t�u�s� �i�s� �f�i�r�s�t� �f�i�l�l�e�d� �w�i�t�h� �e�i�t�h�e�r� �a� �b�u�f�f�e�r� �s�o�l�u�t�i�o�n� �(�f�o�r� 

�t�h�e� �s�i�l�i�c�a� �t�e�s�t�s�)� �o�r� �w�i�t�h� �d�i�s�t�i�l�l�e�d� �w�a�t�e�r� �(�f�o�r� �t�h�e� �c�o�a�l� �t�e�s�t�s�)�.� �A� �b�u�f�f�e�r� �s�o�l�u�t�i�o�n� �w�a�s� 

�r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �s�i�l�i�c�a� �t�e�s�t�s� �t�o� �m�a�i�n�t�a�i�n� �a� �c�o�n�s�t�a�n�t� �p�H�.� �T�h�e� �s�y�r�i�n�g�e� �p�u�m�p� �i�s� �t�h�e�n� 

�t�u�r�n�e�d� �o�n� �t�o� �b�e�g�i�n� �b�u�b�b�l�e� �g�e�n�e�r�a�t�i�o�n�.� �I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �b�u�b�b�l�e� �s�i�z�e�,� �r�i�s�e� �t�i�m�e�s� 

�f�o�r� �t�e�n� �b�u�b�b�l�e�s� �o�v�e�r� �a� �m�a�r�k�e�d� �2�5�-�c�m� �t�r�a�v�e�l� �d�i�s�t�a�n�c�e� �a�r�e� �m�e�a�s�u�r�e�d� �a�n�d� �t�h�e�n� �a�v�e�r�a�g�e�d� 

�(�t�h�e� �t�a�i�l�i�n�g�s� �p�u�m�p� �i�s� �o�f�f�)�.� �T�h�e� �c�o�a�l� �(�o�r� �s�i�l�i�c�a�)� �s�a�m�p�l�e�,� �a�t� �a�b�o�u�t� �0�.�2�%� �s�o�l�i�d�s� �b�y� 

�v�o�l�u�m�e�,� �i�s� �s�u�b�s�e�q�u�e�n�t�l�y� �a�d�d�e�d�,� �a�n�d� �t�h�e� �t�a�i�l�i�n�g�s� �p�u�m�p� �a�c�t�i�v�a�t�e�d�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 
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�B�u�b�b� �l�e� �b�r�e�a�k�a�g�e� �a�n�d� 

�p�a�r�t�i�c�i�e� �c�o�i�l�e�c�t�i�o�n� �t�u�b�e� 

�S�e�t� �t�w�a�y�h�N� �C�o�n�s�t�a�n�t� �h�e�a�d� �t�a�n�k� 
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�V�a�r�i�a�b�l�e� �s�p�e�e�d� �p�u�m�p� �T�a�i�l�i�n�g�s� �p�u�m�p� 

�F�i�g�u�r�e� �2�.�1�1� �S�c�h�e�m�a�t�i�c� �o�f� �a�p�p�a�r�a�t�u�s� �u�s�e�d� �f�o�r� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �e�x�p�e�r�i�m�e�n�t�s�.� 
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�d�o�w�n�w�a�r�d� �f�l�u�i�d� �f�l�o�w� �d�e�c�r�e�a�s�e�s� �t�h�e� �r�i�s�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �b�u�b�b�l�e�s�,� �a�l�l�o�w�i�n�g� �a� �g�r�e�a�t�e�r� 

�n�u�m�b�e�r� �o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �e�n�c�o�u�n�t�e�r�s�.� �T�h�e� �s�y�s�t�e�m� �i�s� �l�e�f�t� �r�u�n�n�i�n�g� �f�o�r� �a� �p�e�r�i�o�d� �o�f� 

�t�i�m�e� �(�5�-�1�0� �m�i�n�u�t�e�s�)�,� �w�i�t�h�o�u�t� �c�o�l�l�e�c�t�i�n�g� �l�o�a�d�e�d� �b�u�b�b�l�e�s�,� �u�n�t�i�l� �s�t�e�a�d�y� �s�t�a�t�e� �i�s� �r�e�a�c�h�e�d�.� 

�T�h�e� �p�H� �o�f� �t�h�e� �l�i�q�u�i�d�-�s�o�l�i�d� �s�u�s�p�e�n�s�i�o�n� �i�s� �r�e�c�o�r�d�e�d�.� 

�W�h�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�y�s�t�e�m� �h�a�s� �r�e�a�c�h�e�d� �s�t�e�a�d�y� �S�t�a�t�e�,� �a� �w�a�t�e�r�-�f�i�l�l�e�d� 

�c�o�l�l�e�c�t�i�o�n� �t�u�b�e� �i�s� �i�n�v�e�r�t�e�d� �a�n�d� �s�u�s�p�e�n�d�e�d� �o�v�e�r� �t�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e� �o�f� �t�h�e� �a�p�p�a�r�a�t�u�s�,� 

�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�1�.� �T�h�i�s� �t�u�b�e�,� �a�b�o�u�t� �1�.�5�-�c�m� �i�n� �d�i�a�m�e�t�e�r� �a�n�d� �5�0�-�c�m� �i�n� �l�e�n�g�t�h�,� 

�f�u�n�c�t�i�o�n�s� �t�o� �c�o�l�l�e�c�t� �p�a�r�t�i�c�l�e�-�l�a�d�e�n� �b�u�b�b�l�e�s�,� �b�u�r�s�t� �t�h�e�s�e� �b�u�b�b�l�e�s�,� �a�n�d� �t�h�e�n� �c�a�p�t�u�r�e� �t�h�e� 

�p�a�r�t�i�c�l�e�s� �t�h�a�t� �w�e�r�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �b�u�b�b�l�e�s�.� �S�i�n�c�e� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �t�u�b�e� �h�a�s� �a� �l�a�r�g�e�r� 

�d�i�a�m�e�t�e�r� �t�h�a�n� �t�h�e� �a�p�p�a�r�a�t�u�s�,� �a�l�l� �o�f� �t�h�e� �r�i�s�i�n�g� �b�u�b�b�l�e�s� �w�i�l�l� �p�a�s�s� �i�n�t�o� �i�t�.� �T�h�e� �c�o�l�l�e�c�t�i�o�n� 

�t�u�b�e� �i�s� �i�n�c�l�i�n�e�d� �s�l�i�g�h�t�l�y� �f�r�o�m� �v�e�r�t�i�c�a�l� �t�o� �f�a�c�i�l�i�t�a�t�e� �p�a�r�t�i�c�l�e� �r�e�c�o�v�e�r�y� �a�n�d� �p�r�e�v�e�n�t� 

�d�r�o�p�b�a�c�k� �t�o� �t�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e�.� 

�A�t� �o�n�e� �o�r� �t�w�o� �t�i�m�e�s� �d�u�r�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t�,� �a� �t�i�m�e�d� �s�a�m�p�l�e� �o�f� �t�h�e� �c�o�l�u�m�n� 

�c�o�n�t�e�n�t�s� �i�s� �t�a�k�e�n� �f�r�o�m� �t�h�e� �t�a�i�l�i�n�g�s� �d�i�s�c�h�a�r�g�e� �l�i�n�e�.� �(�T�h�e� �t�a�i�l�i�n�g�s� �f�l�o�w� �i�s� �a�s�s�u�m�e�d� �t�o� 

�b�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�n� �t�h�e� �c�e�l�l�.�)� �F�r�o�m� �t�h�e�s�e� �s�a�m�p�l�e�s�,� �t�h�e� �s�o�l�i�d�s� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �a�n�d� �t�a�i�l�i�n�g�s� �f�l�o�w� �r�a�t�e� �a�r�e� �d�e�t�e�r�m�i�n�e�d�,� �w�h�i�c�h� �w�i�l�l� �l�a�t�e�r� �b�e� �u�s�e�d� �t�o� 

�c�a�l�c�u�l�a�t�e� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �t�e�s�t�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t� �c�o�n�t�i�n�u�e�s� �f�o�r� �a� �p�e�r�i�o�d� �o�f� �t�i�m�e� �(�3�0� �m�i�n�u�t�e�s�)� �u�n�t�i�l� �a� �s�u�f�f�i�c�i�e�n�t� 

�a�m�o�u�n�t� �o�f� �s�o�l�i�d�s� �h�a�v�e� �b�e�e�n� �c�o�l�l�e�c�t�e�d� �t�o� �w�e�i�g�h�.� �T�h�e� �c�o�l�l�e�c�t�i�o�n� �t�u�b�e� �i�s� �t�h�e�n� �r�e�m�o�v�e�d�  �� 

�f�r�o�m� �t�h�e� �a�p�p�a�r�a�t�u�s� �a�n�d� �t�h�e� �t�a�i�l�i�n�g�s� �p�u�m�p� �i�s� �t�u�r�n�e�d� �o�f�f�.� �T�h�e� �r�i�s�e� �t�i�m�e�s� �o�f� �t�e�n� �b�u�b�b�l�e�s� 

�a�r�e� �a�g�a�i�n� �m�e�a�s�u�r�e�d� �a�n�d� �a�v�e�r�a�g�e�d�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �v�a�l�u�e� �i�s� �a�v�e�r�a�g�e�d� �w�i�t�h� �t�h�e� �b�u�b�b�l�e� 
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�r�i�s�e� �t�i�m�e� �d�e�t�e�r�m�i�n�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �t�e�s�t� �t�o� �g�e�t� �a�n� �o�v�e�r�a�l�l� �a�v�e�r�a�g�e�,� �f�r�o�m� 

�w�h�i�c�h� �D�,� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d�.� 

�T�h�e� �c�o�n�t�e�n�t�s� �o�f� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �t�u�b�e� �a�r�e� �w�a�s�h�e�d� �o�v�e�r� �a� �N�a�l�g�e�n�e� �r�e�u�s�a�b�l�e� �f�i�l�t�e�r� 

�a�s�s�e�m�b�l�y� �t�o� �s�e�p�a�r�a�t�e� �t�h�e� �f�l�o�a�t�e�d� �s�o�l�i�d�s� �f�r�o�m� �t�h�e� �l�i�q�u�i�d�.� �T�h�e� �f�i�l�t�e�r� �p�a�p�e�r� �i�s� �t�h�e�n� 

�p�l�a�c�e�d� �i�n� �a�n� �o�v�e�n� �o�v�e�r�n�i�g�h�t� �t�o� �d�r�y� �t�h�e� �c�o�l�l�e�c�t�e�d� �s�a�m�p�l�e�.� �T�h�e� �e�n�t�i�r�e� �a�p�p�a�r�a�t�u�s� �i�s� 

�c�l�e�a�n�e�d� �a�f�t�e�r� �e�a�c�h� �t�e�s�t�.� 

�2�.�6�.�4� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �P�r�o�b�a�b�i�l�i�t�y� �o�f� �C�o�l�l�e�c�t�i�o�n� 

�T�h�e� �b�a�s�i�c� �f�o�r�m�u�l�a� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� 

�c�o�l�l�e�c�t�i�o�n�,� �P�,� �i�s� �t�h�e� �a�m�o�u�n�t� �o�f� �s�o�l�i�d�s� �c�o�l�l�e�c�t�e�d� �d�i�v�i�d�e�d� �b�y� �t�h�e� �t�o�t�a�l� �a�m�o�u�n�t� �o�f� �s�o�l�i�d�s� 

�e�n�c�o�u�n�t�e�r�e�d� �b�y� �t�h�e� �r�i�s�i�n�g� �b�u�b�b�l�e�s� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�.� �T�h�e� �f�i�r�s�t� �t�e�r�m� �i�s� �f�o�u�n�d� �b�y� 

�w�e�i�g�h�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�l�l�e�c�t�e�d� �o�n� �t�h�e� �f�i�l�t�e�r� �p�a�p�e�r� �f�r�o�m� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �t�u�b�e�.� �T�h�e� 

�s�e�c�o�n�d� �t�e�r�m� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s�,� �a�n�d� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� 

�a�s�:� 

�F�o�r� �A�I�G� �[�2�.�4�2�]� 

�w�h�e�r�e� �D�,� �i�s� �t�h�e� �b�u�b�b�l�e� �d�i�a�m�e�t�e�r� �(�c�m�)�,� �I�'� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �r�e�c�o�v�e�r�y� �z�o�n�e� �l�e�n�g�t�h� �(�c�m�)�,� 

�N�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �b�u�b�b�l�e�s� �p�r�o�d�u�c�e�d� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�,� �a�n�d� �c� �i�s� �t�h�e� �s�o�l�i�d�s� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �i�n� �t�h�e� �c�e�l�l� �(�g�/�c�m�*�)�.� �T�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �E�q�u�a�t�i�o�n� �[�2�.�4�2�]� �i�s� �t�h�e� �v�o�l�u�m�e� 

�s�w�e�p�t� �b�y� �a� �s�i�n�g�l�e� �b�u�b�b�l�e� �d�u�r�i�n�g� �i�t�s� �a�s�c�e�n�t�.� �M�u�l�t�i�p�l�y�i�n�g� �t�h�i�s� �b�y� �N�,� �g�i�v�e�s� �t�h�e� �t�o�t�a�l� 

�v�o�l�u�m�e� �s�w�e�p�t� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�.� �F�i�n�a�l�l�y�,� �m�u�l�t�i�p�l�y�i�n�g� �b�y� �c� �y�i�e�l�d�s� �t�h�e� �t�o�t�a�l� �m�a�s�s� �o�f� 
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�p�a�r�t�i�c�l�e�s� �e�n�c�o�u�n�t�e�r�e�d� �b�y� �t�h�e� �b�u�b�b�l�e�s� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�.� 

�B�u�b�b�l�e� �s�i�z�e�,� �a�s� �a�l�l�u�d�e�d� �t�o� �i�n� �t�h�e� �p�r�o�c�e�d�u�r�e� �s�e�c�t�i�o�n�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�a�s�e�d� �o�n� �t�h�e� 

�a�v�e�r�a�g�e� �m�e�a�s�u�r�e�d� �r�i�s�e� �t�i�m�e�.� �T�h�e� �b�u�b�b�l�e� �r�i�s�e� �v�e�l�o�c�i�t�y�,� �U�,�,� �i�s� �c�o�m�p�u�t�e�d� �a�s� �t�h�e� �r�i�s�e� 

�d�i�s�t�a�n�c�e�,� �2�5�-�c�m�,� �d�i�v�i�d�e�d� �b�y� �t�h�e� �a�v�e�r�a�g�e� �r�i�s�e� �t�i�m�e�.� �B�u�b�b�l�e� �d�i�a�m�e�t�e�r�,� �D�,�,� �c�a�n� �t�h�e�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �d�e�r�i�v�e�d� �b�y� �M�c�C�a�b�e� �a�n�d� �S�m�i�t�h� �(�1�9�7�6�)� �f�o�r� �a� �s�p�h�e�r�i�c�a�l� 

�p�a�r�t�i�c�l�e� �s�e�t�t�l�i�n�g� �u�n�d�e�r� �i�n�t�e�r�m�e�d�i�a�t�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�:� 

�_� �0�.�1�5�3� �a�o�n� �d�,�'� �(� �p�,� �_� �p�y� 

�t� �0�.�2�7� �,�,�0�.�4�3� 
�P�p� 

�u� �[�2�.�4�3�]� � � 

�w�h�e�r�e� �a�,� �i�s� �t�h�e� �p�a�r�t�i�c�l�e� �a�c�c�e�l�e�r�a�t�i�o�n�,� �d�,� �i�s� �t�h�e� �p�a�r�t�i�c�l�e� �d�i�a�m�e�t�e�r�,� �p�,�,� �a�n�d� �p� �a�r�e� �p�a�r�t�i�c�l�e� 

�a�n�d� �f�l�u�i�d� �d�e�n�s�i�t�i�e�s�,� �a�n�d� �4� �i�s� �t�h�e� �f�l�u�i�d� �v�i�s�c�o�s�i�t�y�.� �F�o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s� 

�n�o�r�m�a�l�l�y� �e�n�c�o�u�n�t�e�r�e�d� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�s�,� �E�q�u�a�t�i�o�n� �[�2�.�4�3�]� �s�i�m�p�l�i�f�i�e�s� �f�o�r� �a� �r�i�s�i�n�g� �a�i�r� 

�b�u�b�b�l�e� �t�o�:� 

�U�,� �=� �1�4�8�(�D�,�)�'�"� �[�2�.�4�4�]� 

�w�h�e�r�e� �U�,� �i�s� �i�n� �c�m�/�s�e�c� �a�n�d� �D�,� �i�s� �i�n� �c�m�.� 

�T�h�e� �r�e�c�o�v�e�r�y� �z�o�n�e�,� �w�h�e�r�e� �b�u�b�b�l�e�s� �e�n�c�o�u�n�t�e�r� �p�a�r�t�i�c�l�e�s�,� �i�s� �n�o�m�i�n�a�l�l�y� �3�0�-�c�m� �i�n� 

�l�e�n�g�t�h�.� �T�h�i�s� �w�o�u�l�d� �a�l�s�o� �b�e� �t�h�e� �e�f�f�e�c�t�i�v�e� �l�e�n�g�t�h�,� �I ��,� �i�f� �t�h�e� �t�a�i�l�i�n�g�s� �f�l�o�w� �w�a�s� �z�e�r�o�.� �T�h�e� 

�d�o�w�n�w�a�r�d� �f�l�u�i�d� �f�l�o�w� �i�m�p�o�s�e�d� �b�y� �t�h�e� �t�a�i�l�i�n�g�s� �p�u�m�p�,� �h�o�w�e�v�e�r�,� �r�e�t�a�r�d�s� �t�h�e� �b�u�o�y�a�n�t� �r�i�s�e� 

�o�f� �t�h�e� �b�u�b�b�l�e�s� �a�n�d� �n�e�c�e�s�s�i�t�a�t�e�s� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �a�n� �i�n�c�r�e�a�s�e�d� �e�f�f�e�c�t�i�v�e� �l�e�n�g�t�h�.� �T�o� 

�c�a�l�c�u�l�a�t�e� �I�'�,� �t�h�e� �b�u�b�b�l�e� �r�i�s�e� �v�e�l�o�c�i�t�y� �i�s� �f�i�r�s�t� �c�o�r�r�e�c�t�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �i�n�t�e�r�s�t�i�t�i�a�l� 

�f�l�u�i�d� �v�e�l�o�c�i�t�y�,� �u�,�:� 

�7�0



�U�, �� �=� �U�,�-�4�,� �[�2�.�4�5�]� 

�A� �c�o�r�r�e�c�t�e�d� �r�i�s�e� �t�i�m�e�,� �t�'�,� �i�s� �t�h�e�n� �d�e�t�e�r�m�i�n�e�d� �a�s� �t�h�e� �n�o�m�i�n�a�l� �r�e�c�o�v�e�r�y� �l�e�n�g�t�h� �d�i�v�i�d�e�d� 

�b�y� �t�h�e� �c�o�r�r�e�c�t�e�d� �b�u�b�b�l�e� �r�i�s�e� �v�e�l�o�c�i�t�y�.� �F�i�n�a�l�l�y�,� �t�h�e� �e�f�f�e�c�t�i�v�e� �l�e�n�g�t�h� �c�a�n� �b�e� �f�o�u�n�d� �b�y� 

�m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �o�r�i�g�i�n�a�l� �b�u�b�b�l�e� �r�i�s�e� �v�e�l�o�c�i�t�y� �a�n�d� �t�h�e� �c�o�r�r�e�c�t�e�d� �r�i�s�e� �t�i�m�e� �t�o�g�e�t�h�e�r�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �b�u�b�b�l�e�s�,� �N�,�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �d�i�v�i�d�i�n�g� �t�h�e� �v�o�l�u�m�e� �p�e�r� �b�u�b�b�l�e� 

�i�n�t�o� �t�h�e� �t�o�t�a�l� �v�o�l�u�m�e� �o�f� �a�i�r� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�.� �T�h�e� �v�o�l�u�m�e� �p�e�r� �b�u�b�b�l�e� �i�s� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�h�e� �b�u�b�b�l�e� �d�i�a�m�e�t�e�r�,� �a�s�s�u�m�i�n�g� �a� �s�p�h�e�r�i�c�a�l� �s�h�a�p�e� �(�V�,� �=� �7�D�,�°�/�6�)�.� �T�o�t�a�l� �a�i�r� 

�v�o�l�u�m�e� �f�o�r� �e�a�c�h� �t�e�s�t� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� �c�h�o�s�e�n� �f�l�o�w� �r�a�t�e� �s�e�t�t�i�n�g� �f�o�r� �t�h�e� 

�s�y�r�i�n�g�e� �p�u�m�p� �a�n�d� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �t�h�e� �t�e�s�t�.� 

�S�o�l�i�d�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�e�l�l�,� �c�,� �i�s� �d�e�t�e�r�m�i�n�e�d� �d�u�r�i�n�g� �t�h�e� �t�e�s�t�,� 

�a�s� �e�x�p�l�a�i�n�e�d� �a�b�o�v�e�.� 

�2�.�6�.�5� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �C�o�m�p�a�r�i�s�o�n� �w�i�t�h� �M�o�d�e�l� �P�r�e�d�i�c�t�i�o�n�s� 

�B�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �t�e�s�t�s� �w�e�r�e� �r�u�n� �f�o�r� �t�w�o� �s�i�z�e� �c�l�a�s�s�e�s� �e�a�c�h� �o�f� 

�P�i�t�t�s�b�u�r�g�h� �N�o�.� �8� �c�o�a�l� �a�n�d� �p�o�w�d�e�r�e�d� �s�i�l�i�c�a�.� �S�e�v�e�r�a�l� �t�e�s�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �e�a�c�h� �s�i�z�e� 

�c�l�a�s�s� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a�n� �a�v�e�r�a�g�e� �v�a�l�u�e� �f�o�r� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n�.� �R�e�s�u�l�t�s� 

�o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �2�.�3�.� �T�h�e� �a�v�e�r�a�g�e� �b�u�b�b�l�e� �s�i�z�e� �w�a�s� �f�a�i�r�l�y� 

�c�o�n�s�t�a�n�t� �f�o�r� �e�a�c�h� �s�e�t� �o�f� �t�e�s�t�s�,� �s�i�n�c�e� �t�h�e� �s�a�m�e� �s�i�z�e� �n�e�e�d�l�e� �a�n�d� �f�l�o�w� �r�a�t�e� �w�e�r�e� 

�e�m�p�l�o�y�e�d�.� 

�F�o�r� �a� �g�i�v�e�n� �m�a�t�e�r�i�a�l�,� �i�t� �i�s� �s�e�e�n� �i�n� �T�a�b�l�e� �2�.�3� �t�h�a�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� 

�7�1



�T�a�b�l�e� �2�.�3� �R�e�s�u�l�t�s� �o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �e�x�p�e�r�i�m�e�n�t�s� 

� � 

� � 

� � 

� � 

� � � � � � � � � � � � 

�S�a�m�p�l�e� �M�e�a�n� �P�a�r�t�i�c�l�e� �A�v�e�r�a�g�e� �N�u�m�b�e�r� �o�f� �|� �A�v�e�r�a�g�e� 
�S�i�z�e� �(�u�m�)� �B�u�b�b�l�e� �S�i�z�e� �t�e�s�t�s� �v�a�l�u�e� �o�f� �P� 

�(�u�m�)� 
�1�0�0� �x� �1�5�0� �m�e�s�h� �1�2�3�.�8� �9�0�7� �4� �0�.�0�1�6�9� 

�c�o�a�l� 

�2�0�0� �x� �2�7�0� �m�e�s�h� �6�2�.�6� �9�1�9� �5� �0�.�0�0�7�2� 
�c�o�a�l� 

�2�5�0� �x� �2�7�0� �m�e�s�h� �5�7�.�8� �9�5�4� �5� �0�.�0�1�3�8� 
�s�i�l�i�c�a� 

�3�2�5� �x� �4�0�0� �m�e�s�h� �4�0�.�4� �9�4�4� �6� �0�.�0�1�0�3� 
�s�i�l�i�c�a� 
� � 

�7�2� 

� 



�i�n�c�r�e�a�s�e�s� �w�i�t�h� �p�a�r�t�i�c�l�e� �s�i�z�e�,� �a�s� �p�r�e�d�i�c�t�e�d� �t�h�e�o�r�e�t�i�c�a�l�l�y� �(�F�i�g�u�r�e� �2�.�5�)�.� �A�l�s�o�,� �t�h�e� �d�e�n�s�i�t�y� 

�e�f�f�e�c�t� �(�F�i�g�u�r�e� �2�.�7�)� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �T�a�b�l�e� �2�.�3�.� �T�h�e� �t�w�o� �s�i�l�i�c�a� �s�a�m�p�l�e�s� �b�o�t�h� �h�a�d� 

�h�i�g�h�e�r� �e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s� �o�f� �P� �t�h�a�n� �t�h�e� �2�0�0� �x� �2�7�0� �m�e�s�h� �c�o�a�l� �s�a�m�p�l�e�,� �e�v�e�n� �t�h�o�u�g�h� 

�t�h�e� �p�a�r�t�i�c�l�e� �s�i�z�e� �w�a�s� �s�m�a�l�l�e�r�.� 

�I�n� �o�r�d�e�r� �t�o� �r�u�n� �t�h�e� �s�i�m�u�l�a�t�o�r� �a�n�d� �c�o�m�p�a�r�e� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �P� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �P�,� �t�h�e� �m�a�t�e�r�i�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �s�a�m�p�l�e�s� �w�e�r�e� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �v�a�l�u�e�s� �u�s�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �a�r�e� �t�a�b�u�l�a�t�e�d� �i�n� �T�a�b�l�e� �2�.�4�.� 

�T�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�1�2�-�2�.�1�5� �a�s� �E�F�T� �v�e�r�s�u�s� �R�,� 

�g�r�a�p�h�s�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �t�o� 

�d�e�t�e�r�m�i�n�e� �i�n� �w�h�a�t� �r�a�n�g�e�s� �a�t�t�a�c�h�m�e�n�t� �w�a�s� �p�o�s�s�i�b�l�e�.� �F�i�g�u�r�e� �2�.�1�2�,� �f�o�r� �t�h�e� �1�0�0� �x� �1�5�0� 

�m�e�s�h� �c�o�a�l� �s�a�m�p�l�e�,� �s�h�o�w�s� �t�h�a�t� �a�t�t�a�c�h�m�e�n�t� �w�i�l�l� �o�c�c�u�r� �o�n�l�y� �i�f� �C� �i�s� �l�e�s�s� �t�h�a�n� �-�1�.�5� �m�J�/�m ��.� 

�T�h�e� �a�r�r�o�w� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �v�a�l�u�e� �o�f� �R�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �c�o�l�l�e�c�t�i�o�n� �(�a�s� �f�o�u�n�d� �f�r�o�m� �E�q�.� �[�2�.�3�9�]�)�.� �I�f� �v�a�l�u�e�s� �o�f� �C� �=� �-�1�.�8� �m�J�/�m�?� �a�n�d� �D�,� �=� �1�0�.�3� 

�n�m� �a�r�e� �a�s�s�u�m�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�i�s� �c�o�a�l�,� �t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t� �a�n�d� 

�t�h�e�o�r�y� �s�h�o�u�l�d� �b�e� �f�a�i�r�l�y� �c�l�o�s�e�,� �i�.�e�.�,� �t�h�e� �a�r�r�o�w� �s�h�o�u�l�d� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �p�o�i�n�t� �w�h�e�r�e� �t�h�e� 

�c�u�r�v�e� �f�o�r� �C� �=� �-�1�.�8� �m�J�/�m �� �r�i�s�e�s� �f�r�o�m� �t�h�e� �x�-�a�x�i�s�.� �T�h�e� �d�a�s�h�e�d� �l�i�n�e� �t�o� �t�h�e� �r�i�g�h�t� 

�r�e�p�r�e�s�e�n�t�s� �a� �s�i�m�u�l�a�t�i�o�n� �w�i�t�h�o�u�t� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �a�n�d� �w�i�t�h� �B� �=� �1� �a�t� �a�l�l� �s�e�p�a�r�a�t�i�o�n� 

�d�i�s�t�a�n�c�e�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �R�,� �i�s� �s�u�b�s�t�a�n�t�i�a�l�,� �a�g�a�i�n� �e�m�p�h�a�s�i�z�i�n�g� �t�h�e� �p�r�o�n�o�u�n�c�e�d� 

�e�f�f�e�c�t� �o�f� �t�h�e� �f�i�l�m� �t�h�i�n�n�i�n�g� �r�e�s�i�s�t�a�n�c�e� �f�o�r�c�e� �a�n�d� �t�h�e� �s�u�r�f�a�c�e� �f�o�r�c�e�s�.� 

�F�i�g�u�r�e� �2�.�1�3� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �2�0�0� �x� 

�2�7�0� �m�e�s�h� �c�o�a�l� �f�r�a�c�t�i�o�n�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �a�r�r�o�w� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �v�a�l�u�e� �o�f� �C� �b�e�t�w�e�e�n� 
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�7�5



� � 

� � � 

� � 

� � � � 
� � 

�2�B� �o�o� 
�\� �A� 

�e�e� �a� 
�2�0�0 ��  ��<�o� �G�E�R� �]� 

�-�-�-�-� �C�=�-�1�.�5�m�J�/�m�2� �|� 
 ��  �� �C�=�-�1�.�0�m�J�/�m�2� �!� �1� 

�R�k� �e�e�e� �=�-�0�.�5� �m�u� �/�m�2� �,� 
�-�  ��  �� �-� �H�y�d�r�o�d�y�n�a�m�i�c�s� �o�n�l�y�,� �6� �=� �1� �|� �;� 

 ��~�1� �5�0� �~� �i� �7� 

 ¬� �r� �d�p� �=� �6�2�.�6� �u�m� �|� 
�=� �r� �=� �D�p� �=� �9�2�0� �u�m� �1� 
�L� �L� �-� �=�1� �J�o�v�e�m� �|� �J� 

�i� �=�<� �m� �_� 

�1�0�0� �L� �t�s� �=�  ��5�5� �m�V� �'� 
�.� �=� �A�1�3�2� �=�  ��1�.�4�2�4�1�0�-�2�0�J� 
�}� �D�o� �=� �1�0�.�3� �n�m� �|� 

�r� �E�x�p�e�r�i�m�e�n�t�a�l� �I� �|� 
�5�0� �+� �.� �]� 
�p�e� �S�e� �1� 

�:� �|� 
�0� � �s�n�e�n�s�t�e�s�e�t�s�n�t�e�n�e�s�b�a�n�e�n� �=� �a�t� 

�O� �2�0� �4�0� �6�0� �8�0� �1�0�0� 

�F�i�g�u�r�e� �2�.�1�3� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �2�0�0� �x� �2�7�0� �m�e�s�h� �c�o�a�l� �s�a�m�p�l�e� �u�s�e�d� �i�n� �e�x�p�e�r�i�m�e�n�t�s�.� 

�7�6



�-�2�.�0� �a�n�d� �-�2�.�5� �m�J�/�m ��.� �T�h�e�r�e�f�o�r�e�,� �e�i�t�h�e�r� �t�h�e� �f�i�n�e�r� �c�o�a�l� �s�a�m�p�l�e� �i�s� �m�o�r�e� �h�y�d�r�o�p�h�o�b�i�c� 

�(�w�i�t�h� �a� �m�o�r�e� �n�e�g�a�t�i�v�e� �C�)�,� �o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �P� �v�a�l�u�e� �i�s� �s�l�i�g�h�t�l�y� �h�i�g�h�.� �S�i�n�c�e� �t�h�e� 

�l�a�r�g�e�r� �s�i�z�e� �c�l�a�s�s� �(�1�0�0� �x� �1�5�0� �m�e�s�h�)� �c�o�r�r�e�l�a�t�e�d� �s�o� �w�e�l�l� �w�i�t�h� �t�h�e� �m�o�d�e�l� �r�e�s�u�l�t�s�,� �i�t� �i�s� 

�b�e�l�i�e�v�e�d� �t�h�a�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �P� �v�a�l�u�e� �f�o�r� �t�h�e� �2�0�0� �x� �2�7�0� �m�e�s�h� �c�o�a�l� �s�a�m�p�l�e� �i�s� �i�n�f�l�a�t�e�d�.� 

�A� �l�o�w�e�r� �P�,�,�,� �w�o�u�l�d� �e�q�u�a�t�e� �w�i�t�h� �a� �s�m�a�l�l�e�r� �v�a�l�u�e� �o�f� �R�,�,� �s�h�i�f�t�i�n�g� �t�h�e� �a�r�r�o�w� �t�o� �t�h�e� �l�e�f�t�,� 

�c�l�o�s�e�r� �t�o� �w�h�e�r�e� �a� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �C� �=� �-�1�.�8� �m�J�/�m �� �w�o�u�l�d� �b�e� �s�i�t�u�a�t�e�d�.� 

�F�i�g�u�r�e�s� �2�.�1�4� �a�n�d� �2�.�1�5�,� �s�i�m�u�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �t�w�o� �s�i�l�i�c�a� �s�i�z�e� �f�r�a�c�t�i�o�n�s�,� �a�r�e� 

�m�a�r�k�e�d�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �F�i�g�u�r�e�s� �2�.�1�2� �a�n�d� �2�.�1�3�.� �T�h�e� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �z�e�t�a� �p�o�t�e�n�t�i�a�l�s� 

�f�o�r� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �p�r�o�d�u�c�e� �a� �r�a�t�h�e�r� �w�e�a�k� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �w�h�i�c�h� �i�s� �e�a�s�i�l�y� 

�o�v�e�r�c�o�m�e� �b�y� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �a�t� �n�e�a�r�l�y� �a�l�l� �v�a�l�u�e�s� �o�f� �C�.� �I�n� �t�h�e�s�e� �c�a�s�e�s�,� �t�h�e� �c�u�r�v�e� 

�f�o�r� �C� �=� �-�1�.�8� �m�J�/�m �� �w�o�u�l�d� �b�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �o�t�h�e�r� �c�u�r�v�e�s� �f�o�r� �w�h�i�c�h� �E�F�T� �g�o�t� �t�o� 

�z�e�r�o�.� �I�t� �i�s� �s�e�e�n�,� �t�h�e�n�,� �t�h�a�t� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�r�t�i�n�g� �d�i�s�t�a�n�c�e�s� �a�r�e� �q�u�i�t�e� �s�i�m�i�l�a�r� �f�o�r� �b�o�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �s�i�t�u�a�t�i�o�n�s�.� �T�h�e� �a�r�r�o�w� �i�s� �c�l�o�s�e� �t�o� �t�h�e� �p�o�i�n�t� �w�h�e�r�e� �t�h�e� 

�c�u�r�v�e�s� �r�i�s�e� �f�r�o�m� �t�h�e� �x�-�a�x�i�s�.� 

�A�n� �o�v�e�r�a�l�l� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �a�n�d� �t�h�e� �c�o�m�p�u�t�e�r� 

�s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�6�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�c�o�l�l�e�c�t�i�o�n� �(�P�,�,�,�)� �i�s� �p�l�o�t�t�e�d� �v�e�r�s�u�s� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �(�P�,�,�)�.� 

�I�d�e�a�l�l�y�,� �t�h�i�s� �s�h�o�u�l�d� �p�r�o�d�u�c�e� �a� �l�i�n�e� �w�i�t�h� �s�l�o�p�e� �e�q�u�a�l� �t�o� �a�n�e�,� �s�i�g�n�i�f�y�i�n�g� �a� �p�e�r�f�e�c�t� �m�a�t�c�h� 

�b�e�t�w�e�e�n� �P�,�,�,� �a�n�d� �P�,�,�.� �T�h�e� �f�o�u�r� �d�a�t�a� �p�o�i�n�t�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�6�,� �a�l�t�h�o�u�g�h� �n�o�t� �r�i�g�h�t� 

�o�n� �t�h�e� �l�i�n�e�,� �i�n�d�i�c�a�t�e� �a� �r�a�t�h�e�r� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�n�d� 

�m�o�d�e�l� �p�r�e�d�i�c�t�i�o�n�s�.� 
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�2�.�6�.�6� �R�e�g�i�o�n�s� �o�f� �f�l�o�t�a�t�i�o�n� 

�A�s� �i�l�l�u�s�t�r�a�t�e�d� �p�r�e�v�i�o�u�s�l�y�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �w�o�r�k� �i�s� �q�u�i�t�e� 

�e�f�f�e�c�t�i�v�e� �f�o�r� �p�r�e�d�i�c�t�i�n�g� �w�h�e�t�h�e�r� �o�r� �n�o�t� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �i�s� �p�o�s�s�i�b�l�e� �f�o�r� �a� 

�g�i�v�e�n� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �B�y� �u�t�i�l�i�z�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�o�r� �f�o�r� �v�a�r�i�o�u�s� �r�a�n�g�e�s� 

�o�f� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s�,� �r�e�g�i�o�n�s� �w�h�e�r�e� �f�l�o�t�a�t�i�o�n� �i�s� �v�i�a�b�l�e� �c�a�n� �b�e� �i�d�e�n�t�i�f�i�e�d�.� 

�S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�o�r� �a� �1�0� �7�m� �d�i�a�m�e�t�e�r� �p�a�r�t�i�c�l�e� �a�n�d� �a� �1�0�0� �u�m� �d�i�a�m�e�t�e�r� 

�b�u�b�b�l�e� �a�t� �n�u�m�e�r�o�u�s� �v�a�l�u�e�s� �o�f� �C� �a�n�d� �¢�,� �a�r�e� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�7�.� �T�h�e� �p�l�o�t� �s�h�o�w�s� 

�s�e�v�e�r�a�l� �c�o�n�t�o�u�r�s�,� �r�e�p�r�e�s�e�n�t�i�n�g� �e�q�u�i�l�i�b�r�i�u�m� �f�i�l�m� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �0�,� �1�0�,� �3�0�,� �a�n�d� �5�0� �n�m�.� 

�F�o�r� �a�n�y� �c�h�o�s�e�n� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �C� �a�n�d� �¢�,�,� �t�h�e� �E�F�T� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �F�i�g�u�r�e� 

�2�.�1�7�.� �T�h�e� �a�r�e�a� �b�o�u�n�d�e�d� �b�y� �t�h�e� �E�F�T� �=� �0� �c�o�n�t�o�u�r� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�e�g�i�o�n� �w�h�e�r�e� 

�b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�,� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �f�l�o�t�a�t�i�o�n�,� �i�s� �p�o�s�s�i�b�l�e�.� 

�T�h�e� �g�e�n�e�r�a�l� �r�e�l�a�t�i�o�n�s�h�i�p�s� �e�x�h�i�b�i�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�7� �c�o�n�f�o�r�m� �t�o� �t�h�e�o�r�e�t�i�c�a�l� 

�e�x�p�e�c�t�a�t�i�o�n�s�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �f�l�o�t�a�t�i�o�n� �b�e�c�o�m�e�s� �m�o�r�e� �l�i�k�e�l�y� �(�E�F�T� �a�p�p�r�o�a�c�h�i�n�g� �z�e�r�o�)� 

�a�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�n�s�t�a�n�t� �i�n�c�r�e�a�s�e�s� �n�e�g�a�t�i�v�e�l�y�,� �i�n�d�i�c�a�t�i�n�g� �a� �m�o�r�e� �h�y�d�r�o�p�h�o�b�i�c� 

�m�a�t�e�r�i�a�l�,� �a�n�d� �a�s� �t�h�e� �p�a�r�t�i�c�l�e� �z�e�t�a� �p�o�t�e�n�t�i�a�l� �i�s� �r�e�d�u�c�e�d� �(�t�o�w�a�r�d�s� �z�e�r�o�)�,� �i�n�d�i�c�a�t�i�n�g� �a� �l�e�s�s� 

�c�h�a�r�g�e�d� �s�u�r�f�a�c�e�.� �T�h�e�s�e� �f�a�c�t�o�r�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �h�i�g�h�e�r� �v�a�l�u�e� �o�f� �t�h�e� �a�t�t�r�a�c�t�i�v�e� 

�s�t�r�u�c�t�u�r�a�l� �f�o�r�c�e� �(�F�,�)�,� �a�n�d� �a� �l�o�w�e�r� �v�a�l�u�e� �o�f� �t�h�e� �r�e�p�u�l�s�i�v�e� �e�l�e�c�t�r�o�s�t�a�t�i�c� �f�o�r�c�e� �(�F�,�)�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �o�v�e�r�a�l�l� �e�f�f�e�c�t� �i�s� �a�n� �i�n�c�r�e�a�s�e�d� �a�t�t�r�a�c�t�i�v�e� �f�o�r�c�e�,� �w�h�i�c�h� �e�n�h�a�n�c�e�s� �t�h�e� 

�c�h�a�n�c�e�s� �f�o�r� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�.� 
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�F�i�g�u�r�e� �2�.�1�7� �C�o�n�t�o�u�r� �p�l�o�t� �o�f� �e�q�u�i�l�i�b�r�i�u�m� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �s�h�o�w�i�n�g� �v�i�a�b�l�e� �r�e�g�i�o�n�s� �o�f� 
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�p�o�t�e�n�t�i�a�l�.� 
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�2�.�7� �C�o�n�c�l�u�s�i�o�n�s� 

�1�.� �A� �f�u�n�d�a�m�e�n�t�a�l� �m�o�d�e�l� �f�o�r� �f�l�o�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �w�h�i�c�h� �c�o�n�s�i�d�e�r�s� �b�o�t�h� 

�t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �s�u�r�f�a�c�e� �f�o�r�c�e�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e�s�e� �f�o�r�c�e�s� �h�a�v�e� �b�e�e�n� �s�t�u�d�i�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �i�n� �p�r�e�v�i�o�u�s� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�s�,� �b�u�t� �t�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �h�e�r�e�i�n� �i�s� �t�h�e� �f�i�r�s�t� �k�n�o�w�n� �a�t�t�e�m�p�t� �t�o� 

�i�n�c�o�r�p�o�r�a�t�e� �b�o�t�h� �t�y�p�e�s� �o�f� �f�o�r�c�e�s� �i�n�t�o� �a� �s�i�n�g�l�e� �m�o�d�e�l� �f�o�r� �f�l�o�t�a�t�i�o�n�.� �E�x�p�r�e�s�s�i�o�n�s� 

�f�o�r� �e�a�c�h� �o�f� �t�h�e� �f�o�r�c�e�s� �h�a�v�e� �b�e�e�n� �i�n�c�l�u�d�e�d� �i�n� �a� �d�y�n�a�m�i�c� �f�o�r�c�e� �b�a�l�a�n�c�e�,� �f�r�o�m� 

�w�h�i�c�h� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �t�r�a�j�e�c�t�o�r�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e� �h�a�s� �b�e�e�n� �c�o�n�s�t�r�u�c�t�e�d�.� 

�U�s�i�n�g� �t�h�e� �p�a�r�t�i�c�l�e� �t�r�a�j�e�c�t�o�r�y� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �f�o�r�c�e� �b�a�l�a�n�c�e�,� �t�h�e� �c�l�o�s�e�s�t� 

�a�p�p�r�o�a�c�h� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �s�u�r�f�a�c�e�s� �o�f� �t�h�e� �b�u�b�b�l�e� �a�n�d� �p�a�r�t�i�c�l�e� �h�a�s� �b�e�e�n� 

�d�e�t�e�r�m�i�n�e�d� �f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �p�h�y�s�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� �c�o�n�d�i�t�i�o�n�s�.� �T�h�i�s� �d�i�s�t�a�n�c�e� 

�h�a�s� �b�e�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �f�i�l�m� �t�h�i�c�k�n�e�s�s� �(�E�F�T�)�.� �B�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�a�t�t�a�c�h�m�e�n�t� �i�s� �a�s�s�u�m�e�d� �t�o� �o�c�c�u�r� �w�h�e�n� �E�F�T�=�0�.� �T�h�i�s� �c�r�i�t�e�r�i�o�n� �h�a�s� �b�e�e�n� �u�s�e�d� 

�t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �(�P�)�.� �T�h�i�s� 

�e�x�p�r�e�s�s�i�o�n� �d�e�f�i�n�e�s� �P� �a�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �t�h�e� �p�a�t�h� �o�f� �t�h�e� �r�i�s�i�n�g� 

�b�u�b�b�l�e� �t�h�a�t� �a�c�t�u�a�l�l�y� �b�e�c�o�m�e� �a�t�t�a�c�h�e�d�.� 

�T�h�e� �s�i�m�u�l�a�t�o�r� �c�a�n� �b�e� �u�s�e�d� �t�o� �q�u�i�c�k�l�y� �e�v�a�l�u�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�h�a�n�g�e�s� �i�n� �a�n�y� 

�n�u�m�b�e�r� �o�f� �r�e�l�e�v�a�n�t� �p�h�y�s�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� �v�a�r�i�a�b�l�e�s� �i�n� �f�l�o�t�a�t�i�o�n�.� �S�i�m�u�l�a�t�i�o�n�s� 

�h�a�v�e� �s�h�o�w�n� �t�h�a�t� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �p�a�r�t�i�c�l�e� �s�i�z�e� �o�r� �d�e�n�s�i�t�y�,� �o�r� �a� �d�e�c�r�e�a�s�e� �i�n� 
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�t�h�e� �b�u�b�b�l�e� �s�i�z�e�,� �r�e�s�u�l�t�e�d� �i�n� �a� �g�r�e�a�t�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� 

�a�t�t�a�c�h�m�e�n�t�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�t�t�a�c�h�m�e�n�t� �a�l�s�o� �i�n�c�r�e�a�s�e�d� �a�s� �t�h�e� �p�a�r�t�i�c�l�e� 

�h�y�d�r�o�p�h�o�b�i�c�i�t�y� �i�n�c�r�e�a�s�e�d� �a�n�d� �a�s� �t�h�e� �p�a�r�t�i�c�l�e� �c�h�a�r�g�e� �w�a�s� �r�e�d�u�c�e�d�.�  ��T�h�e�s�e� 

�i�m�p�r�o�v�e�m�e�n�t�s� �c�a�n� �b�e� �d�i�r�e�c�t�l�y� �a�t�t�r�i�b�u�t�e�d� �t�o� �c�h�a�n�g�e�s� �i�n� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� 

�s�u�r�f�a�c�e� �f�o�r�c�e�s� �w�h�i�c�h� �c�o�n�t�r�o�l� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� 

�T�h�e� �b�e�n�e�f�i�t�s� �o�f� �u�s�i�n�g� �s�m�a�l�l� �b�u�b�b�l�e�s� �f�o�r� �f�l�o�t�a�t�i�o�n� �w�e�r�e� �d�e�m�o�n�s�t�r�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l�.� �T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� 

�c�o�l�l�e�c�t�i�o�n� �i�n�c�r�e�a�s�e�d� �s�u�b�s�t�a�n�t�i�a�l�l�y� �a�s� �t�h�e� �b�u�b�b�l�e� �s�i�z�e� �w�a�s� �r�e�d�u�c�e�d�.� �S�i�m�u�l�a�t�i�o�n�s� 

�a�l�s�o� �r�e�v�e�a�l�e�d� �t�h�a�t� �t�h�e� �a�c�t�u�a�l� �v�o�l�u�m�e� �o�f� �p�u�l�p� �s�w�e�p�t� �b�y� �a�n� �i�n�d�i�v�i�d�u�a�l� �b�u�b�b�l�e� �i�s� 

�r�e�l�a�t�i�v�e�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �b�u�b�b�l�e� �s�i�z�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �2�0�0� �u�m� �b�u�b�b�l�e� �h�a�s� �a� 

�c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �f�o�u�r� �t�i�m�e�s� �g�r�e�a�t�e�r� �t�h�a�n� �a� �1�0�0� �u�m� �b�u�b�b�l�e�,� �b�u�t� �e�n�c�o�u�n�t�e�r�s� 

�t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�l�l�e�c�t�i�o�n� �w�e�r�e� �p�e�r�f�o�r�m�e�d� 

�f�o�r� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �s�a�m�p�l�e�s� �o�f� �v�a�r�i�o�u�s� �s�i�z�e�s�.� �B�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t� �t�e�s�t�s� 

�w�e�r�e� �c�o�n�d�u�c�t�e�d� �i�n� �a� �f�r�o�t�h�l�e�s�s� �f�l�o�t�a�t�i�o�n� �c�e�l�l� �t�o� �d�i�r�e�c�t�l�y� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� 

�c�o�l�l�e�c�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s� �o�f� �P� �c�o�r�r�e�l�a�t�e�d� �w�e�l�l� �w�i�t�h� �t�h�e�  �� 

�v�a�l�u�e�s� �o�f� �P� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �m�o�d�e�l�.� 

�T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l� �w�a�s� �u�s�e�f�u�l� �f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �r�e�g�i�o�n�s� �w�h�e�r�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �.� 
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�a�t�t�a�c�h�m�e�n�t�,� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �f�l�o�t�a�t�i�o�n�,� �w�a�s� �p�o�s�s�i�b�l�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� 

�s�i�m�u�l�a�t�o�r� �w�a�s� �a�b�l�e� �t�o� �p�r�e�d�i�c�t� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �C� �a�n�d� �¢�,�,� �t�h�a�t� �w�o�u�l�d� 

�r�e�s�u�l�t� �i�n� �s�u�c�c�e�s�s�f�u�l� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�t�t�a�c�h�m�e�n�t�.� �S�i�m�i�l�a�r� �p�r�e�d�i�c�t�i�o�n�s� �c�a�n� �a�l�s�o� 

�b�e� �m�a�d�e� �f�o�r� �b�u�b�b�l�e� �s�i�z�e�,� �p�a�r�t�i�c�l�e� �d�e�n�s�i�t�y�,� �e�t�c�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�i�d�e�n�t�i�f�y� �t�h�e� �o�p�t�i�m�u�m� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �f�l�o�t�a�t�i�o�n� �s�y�s�t�e�m�.� 
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�2�.�6� �R�e�f�e�r�e�n�c�e�s� 

�A�h�m�e�d�,� �N�.�,� �a�n�d� �J�a�m�e�s�o�n�,� �G�.�J�.�,� �1�9�8�5�,� �"�T�h�e� �E�f�f�e�c�t� �o�f� �B�u�b�b�l�e� �S�i�z�e� �o�n� �t�h�e� �R�a�t�e� �o�f� 
�F�l�o�t�a�t�i�o�n� �o�f� �F�i�n�e� �P�a�r�t�i�c�l�e�s�,�"� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �M�i�n�e�r�a�l� �P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� �8�,� �p�.� 
�2�8�9�.� 

�A�n�f�r�u�n�s�,� �J�.�F�.�,� �a�n�d� �K�i�t�c�h�e�n�e�r�,� �J�.�A�.�,� �1�9�7�7�,� �"�R�a�t�e� �o�f� �C�a�p�t�u�r�e� �o�f� �S�m�a�l�l� �P�a�r�t�i�c�l�e�s� �i�n� 
�F�L�o�t�a�t�i�o�n�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �I�n�s�t�i�t�u�t�e� �o�f� �M�i�n�i�n�g� �a�n�d� �M�e�t�a�l�l�u�r�g�y�,� �S�e�c�t�i�o�n� �C�,� �V�o�l�u�m�e� 
�8�6�,� �p�.� �C�9�.� 

�B�r�e�n�n�e�r�,� �H�.�,� �1�9�6�4�,� �"�T�h�e� �S�t�o�k�e�s� �R�e�s�i�s�t�a�n�c�e� �o�f� �a�n� �A�r�b�i�t�r�a�r�y� �P�a�r�t�i�c�l�e� �-� �I�V�.� �A�r�b�i�t�r�a�r�y� 
�F�i�e�l�d�s� �o�f� �F�l�o�w�,�"� �C�h�e�m�i�c�a�l� �E�n�g�i�n�e�e�r�i�n�g� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �1�9�,� �p�.� �7�0�3�.� 

�C�h�r�i�s�t�e�n�s�o�n�,� �H�.�K�.�,� �1�9�8�8�,� �"�N�o�n�-�D�L�V�O� �F�o�r�c�e�s� �b�e�t�w�e�e�n� �S�u�r�f�a�c�e�s� �-� �S�o�l�v�a�t�i�o�n� �a�n�d� 
�C�a�p�i�l�l�a�r�y� �E�f�f�e�c�t�s�,�"� �J�o�u�r�n�a�l� �o�f� �D�i�s�p�e�r�s�i�o�n� �S�c�i�e�n�c�e� �T�e�c�h�n�o�l�o�g�y�,� �V�o�l�u�m�e� �9�,� �p�.� �1�7�1�.� 

�C�h�u�r�a�e�v�,� �N�.�V�.�,� �a�n�d� �D�e�r�j�a�g�u�i�n�,� �B�.�V�.�,� �1�9�8�5�,�  ��I�n�c�l�u�s�i�o�n� �o�f� �S�t�r�u�c�t�u�r�a�l� �F�o�r�c�e�s� �i�n� �t�h�e� 
�T�h�e�o�r�y� �o�f� �S�t�a�b�i�l�i�t�y� �o�f� �C�o�l�l�o�i�d�s� �a�n�d� �F�i�l�m�s�,�"� �J�o�u�r�n�a�l� �o�f� �C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� 
�V�o�l�u�m�e� �1�0�3�,� �N�u�m�b�e�r� �2�,� �p�.� �5�4�2�.� 

�C�l�a�e�s�s�o�n�,� �P�.�M�.�,� �1�9�8�7�,� �"�E�x�p�e�r�i�m�e�n�t�a�l� �E�v�i�d�e�n�c�e� �f�o�r� �R�e�p�u�l�s�i�v�e� �a�n�d� �A�t�t�r�a�c�t�i�v�e� �F�o�r�c�e�s� 
�N�o�t� �A�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �C�o�n�v�e�n�t�i�o�n�a�l� �D�L�V�O� �T�h�e�o�r�y�,�"� �P�r�o�g�r�e�s�s� �i�n� �C�o�l�l�o�i�d� �a�n�d� �P�o�l�y�m�e�r� 
�S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �7�4�,� �p�.� �4�8�.� 

�C�l�i�f�t�,� �R�.�C�.�,� �G�r�a�c�e�,� �J�.�R�.�,� �a�n�d� �W�e�b�e�r�,� �M�.�E�.�,� �1�9�7�8�,� �B�u�b�b�l�e�s�,� �D�r�o�p�s�,� �a�n�d� �P�a�r�t�i�c�l�e�s�,� 
�A�c�a�d�e�m�i�c� �P�r�e�s�s�,� �N�e�w� �Y�o�r�k�,� �N�.�Y�.� 

�D�a�v�i�s�,� �E�.�G�.�,� �H�a�n�s�e�n�,� �J�.�P�.�,� �a�n�d� �S�u�l�l�i�v�a�n�,� �G�.�V�.�,� �1�9�8�0�,� �"�A�t�t�r�i�t�i�o�n� �M�i�c�r�o�g�r�i�n�d�i�n�g�,�"� �i�n� �F�i�n�e� 
�P�a�r�t�i�c�l�e�s� �P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� �1�,� �P�.� �S�o�m�a�s�u�n�d�a�r�a�n�,� �e�d�i�t�o�r�,� �A�m�e�r�i�c�a�n� �I�n�s�t�i�t�u�t�e� �o�f� 
�M�i�n�i�n�g� �E�n�g�i�n�e�e�r�i�n�g�,� �N�e�w� �Y�o�r�k�,� �N�.�Y�.�,� �p�.� �7�4�.� 

�D�e�r�j�a�g�u�i�n�,� �B�.�V�.�,� �a�n�d� �D�u�k�h�i�n�,� �S�.�S�.�,� �1�9�6�1�,� �"�T�h�e�o�r�y� �o�f� �F�l�o�t�a�t�i�o�n� �o�f� �S�m�a�l�l� �a�n�d� �M�e�d�i�u�m� 
�S�i�z�e� �P�a�r�t�i�c�l�e�s�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �I�n�s�t�i�t�u�t�e� �o�f� �M�i�n�i�n�g� �a�n�d� �M�e�t�a�l�l�u�r�g�y�,� �V�o�l�u�m�e� �7�0�,� �p�.� 
�2�2�1�.� �|� 

�D�e�r�j�a�g�u�i�n�,� �B�.�V�.�,� �a�n�d� �K�u�s�s�a�k�o�v�,� �M�.�,� �1�9�3�9�,� �"�A�n�o�m�a�l�o�u�s� �P�r�o�p�e�r�t�i�e�s� �o�f� �T�h�i�n� 
�P�o�l�y�m�o�l�e�c�u�l�a�r� �F�i�l�m�s�,�"� �A�c�t�a� �P�h�y�s�i�c�o�c�h�i�m�i�c�a� �U�.�S�.�S�.�R�.�,� �V�o�l�u�m�e� �1�0�,� �N�u�m�b�e�r� �1�,� �p�.� �2�6�.� 
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�D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�e�l�e�c�t�i�v�e� �C�o�a�g�u�l�a�t�i�o�n� �P�r�o�c�e�s�s�,� �T�e�c�h�n�i�c�a�l� �P�r�o�g�r�e�s�s� �R�e�p�o�r�t�,� 
�S�e�p�t�e�m�b�e�r�-�D�e�c�e�m�b�e�r� �1�9�9�0�,� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y� �C�o�n�t�r�a�c�t� �N�u�m�b�e�r� �D�E�-�A�C�2�2�-� 
�9�0�P�C�9�0�1�7�4�,� �R�.�-�H�.� �Y�o�o�n� �a�n�d� �G�.�H�.� �L�u�t�t�r�e�l�l�,� �P�r�i�n�c�i�p�a�l� �I�n�v�e�s�t�i�g�a�t�o�r�s�,� �V�i�r�g�i�n�i�a� 
�P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �B�l�a�c�k�s�b�u�r�g�,� �V�A�.� 

�D�o�b�b�y�,� �G�.�S�.�,� �a�n�d� �F�i�n�c�h�,� �J�.�A�.�,� �1�9�8�6�,� �"�A� �M�o�d�e�l� �o�f� �P�a�r�t�i�c�l�e� �S�l�i�d�i�n�g� �T�i�m�e� �f�o�r� �F�l�o�t�a�t�i�o�n� 
�S�i�z�e� �B�u�b�b�l�e�s�,�"� �J�o�u�r�n�a�l� �o�f� �C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �1�0�9�,� �N�u�m�b�e�r� �2�,� �p�.� 
�4�9�3�.� �|� 

�D�o�b�b�y�,� �G�.�S�.�,� �a�n�d� �F�i�n�c�h�,� �J�.�A�.�,� �1�9�8�7�,� �"�P�a�r�t�i�c�l�e� �S�i�z�e� �D�e�p�e�n�d�e�n�c�e� �i�n� �F�l�o�t�a�t�i�o�n� �D�e�r�i�v�e�d� 
�f�r�o�m� �a� �F�u�n�d�a�m�e�n�t�a�l� �M�o�d�e�l� �o�f� �t�h�e� �C�a�p�t�u�r�e� �P�r�o�c�e�s�s�,�"� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �M�i�n�e�r�a�l� 
�P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� �2�1�,� �p�.� �2�4�1�.� 

�E�i�g�e�l�e�s�,� �M�.�A�.�,� �a�n�d� �V�o�l�o�v�a�,� �M�.�L�.�,� �1�9�6�0�,� �"�K�i�n�e�t�i�c� �I�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �E�f�f�e�c�t� �o�f� �C�o�n�t�a�c�t� 
�T�i�m�e�,� �T�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �S�u�r�f�a�c�e� �C�o�n�d�i�t�i�o�n� �o�n� �t�h�e� �A�d�h�e�s�i�o�n� �o�f� �B�u�b�b�l�e�s� �t�o� �M�i�n�e�r�a�l� 
�S�u�r�f�a�c�e�s�,�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s�,� �F�i�f�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �M�i�n�e�r�a�l� �P�r�o�c�e�s�s�i�n�g� �C�o�n�g�r�e�s�s�,� �I�n�s�t�i�t�u�t�e� 
�o�f� �M�i�n�i�n�g� �a�n�d� �M�e�t�a�l�l�u�r�g�y�,� �L�o�n�d�o�n�,� �p�.� �2�7�1�.� 

�E�v�a�n�s�,� �L�.�F�.�,� �1�9�5�4�,� �B�u�b�b�l�e�-�M�i�n�e�r�a�l� �A�t�t�a�c�h�m�e�n�t� �i�n� �F�l�o�t�a�t�i�o�n�,�"� �J�n�d�u�s�t�r�i�a�l� �a�n�d� 
�E�n�g�i�n�e�e�r�i�n�g� �C�h�e�m�i�s�t�r�y�,� �V�o�l�u�m�e� �4�6�,� �p�.� �2�4�2�0�.� 

�F�i�n�c�h�,� �J�.�A�.�,� �a�n�d� �D�o�b�b�y�,� �G�.�S�.�,� �1�9�9�0�,� �C�o�l�u�m�n� �F�l�o�t�a�t�i�o�n�,� �P�e�r�g�a�m�o�n� �P�r�e�s�s�,� �N�e�w� �Y�o�r�k�,� 
�N�.�Y�.� 

�F�l�i�n�t�,� �L�.�R�.�,� �a�n�d� �H�o�w�a�r�t�h�,� �W�.�J�.�,� �1�9�7�1�,� �"�T�h�e� �C�o�l�l�i�s�i�o�n� �E�f�f�i�c�i�e�n�c�y� �o�f� �S�m�a�l�l� �P�a�r�t�i�c�l�e�s� �w�i�t�h� 
�S�p�h�e�r�i�c�a�l� �A�i�r� �B�u�b�b�l�e�s�,�"� �C�h�e�m�i�c�a�l� �E�n�g�i�n�e�e�r�i�n�g� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �2�6�,� �p�.� �1�1�5�5�.� 

�F�o�n�d�a�,� �A�.�,� �a�n�d� �H�e�r�n�e�,� �H�.�,� �1�9�5�7�,� �M�i�n�i�n�g� �R�e�s�e�a�r�c�h� �E�s�t�a�b�l�i�s�h�m�e�n�t� �R�e�p�o�r�t� �N�u�m�b�e�r� �2�0�6�8�,� 
�U�n�i�t�e�d� �K�i�n�g�d�o�m� �N�a�t�i�o�n�a�l� �C�o�a�l� �B�o�a�r�d�.� 

�F�u�e�r�s�t�e�n�a�u�,� �D�.�W�.�,� �1�9�8�0�,� �"�F�i�n�e� �P�a�r�t�i�c�l�e� �F�l�o�t�a�t�i�o�n�,�"� �i�n� �F�i�n�e� �P�a�r�t�i�c�l�e�s� �P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� 
�1�,� �P�.� �S�o�m�a�s�u�n�d�a�r�a�n�,� �e�d�i�t�o�r�,� �A�m�e�r�i�c�a�n� �I�n�s�t�i�t�u�t�e� �o�f� �M�i�n�i�n�g� �E�n�g�i�n�e�e�r�i�n�g�,� �N�e�w� �Y�o�r�k�,� 
�N�.�Y�.�,� �p�.� �6�6�9�.� 

�G�a�u�d�i�n�,� �A�.�M�.�,� �1�9�3�2�,� �F�l�o�t�a�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� �Y�o�r�k�,� �N�.�Y�.� 

�G�a�u�d�i�n�,� �A�.�M�.�,� �1�9�5�7�,� �F�l�o�t�a�t�i�o�n�,� �S�e�c�o�n�d� �E�d�i�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� 
�Y�o�r�k�,� �N�.�Y�.� 
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�G�a�u�d�i�n�,� �A�.�M�.�,� �S�c�h�u�h�m�a�n�n�,� �R�.�,� �a�n�d� �S�c�h�l�e�c�h�t�e�n�,� �A�.�W�.�,� �"�F�l�o�t�a�t�i�o�n� �K�i�n�e�t�i�c�s� �I�I�.� �T�h�e� 
�E�f�f�e�c�t� �o�f� �S�i�z�e� �o�n� �t�h�e� �B�e�h�a�v�i�r� �o�f� �G�a�l�e�n�a� �P�a�r�t�i�c�l�e�s�,�"� �J�o�u�r�n�a�l� �o�f� �P�h�y�s�i�c�a�l� �C�h�e�m�i�s�t�r�y�,� 
�V�o�l�u�m�e� �4�6�,� �p�.� �9�0�2�.� 

�G�o�r�e�n�,� �S�.�L�.�,� �a�n�d� �O�'�N�e�i�l�l�,� �M�.�E�.�,� �1�9�7�1�,� �"�O�n� �t�h�e� �H�y�d�r�o�d�y�n�a�m�i�c� �R�e�s�i�s�t�a�n�c�e� �t�o� �a� �P�a�r�t�i�c�l�e� 
�o�f� �a� �D�i�l�u�t�e� �S�u�s�p�e�n�s�i�o�n� �w�h�e�n� �i�n� �t�h�e� �N�e�i�g�h�b�o�r�h�o�o�d� �o�f� �a� �L�a�r�g�e� �O�b�s�t�a�c�l�e�,�"� �C�h�e�m�i�c�a�l� 
�E�n�g�i�n�e�e�r�i�n�g� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �2�6�,� �p�.� �3�2�5�.� 

�H�a�m�a�k�e�r�,� �H�.�C�.�,� �1�9�3�7�,� �"�T�h�e� �L�o�n�d�o�n�-�v�a�n� �d�e�r� �W�a�a�l�s� �A�t�t�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �S�p�h�e�r�i�c�a�l� 
�P�a�r�t�i�c�l�e�s�,�"� �P�h�y�s�i�c�a�,� �V�o�l�u�m�e� �4�,� �p�.� �1�0�5�8�.� 

�H�e�r�n�a�n�d�e�z�,� �J�.�L�.�Y�.�,� �1�9�8�9�,� �P�h�.�D�.� �D�i�s�s�e�r�t�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� 
�U�n�i�v�e�r�s�i�t�y�,� �B�l�a�c�k�s�b�u�r�g�,� �V�A�.� 

�H�e�r�n�e�,� �H�.�,� �1�9�6�0�,� �A�i�r� �a�n�d� �W�a�t�e�r� �P�o�l�l�u�t�i�o�n�,� �V�o�l�u�m�e� �3�,� �p�.� �2�6�.� 

�H�o�c�k�i�n�g�,� �L�.�M�.�,� �1�9�6�0�,� �"�T�h�e� �T�h�e�o�r�e�t�i�c�a�l� �C�o�l�l�i�s�i�o�n� �E�f�f�i�c�i�e�n�c�y� �o�f� �S�m�a�l�l� �D�r�o�p�s�,�"� 
�I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �A�i�r� �P�o�l�l�u�t�i�o�n�,� �V�o�l�u�m�e� �1�3�,� �p�.� �1�5�4�.� 

�H�o�g�g�,� �R�.�,� �H�e�a�l�y�,� �T�.�W�.�,� �a�n�d� �F�u�e�r�s�t�e�n�a�u�,� �D�.�W�.�,� �1�9�6�6�,� �"�M�u�t�u�a�l� �C�o�a�g�u�l�a�t�i�o�n� �o�f� 
�C�o�l�l�o�i�d�a�l� �D�i�s�p�e�r�s�i�o�n�s�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �F�a�r�a�d�a�y� �S�o�c�i�e�t�y�,� �V�o�l�u�m�e� �6�2�,� �p�.� �1�6�3�8�.� 

�I�s�r�a�e�l�a�c�h�v�i�l�i�,� �J�.�,� �a�n�d� �P�a�s�h�l�e�y�,� �R�.�,� �1�9�8�2�,� �"�T�h�e� �H�y�d�r�o�p�h�o�b�i�c� �I�n�t�e�r�a�c�t�i�o�n� �i�s� �L�o�n�g� �R�a�n�g�e�,� 
�D�e�c�a�y�i�n�g� �E�x�p�o�n�e�n�t�i�a�l�l�y� �w�i�t�h� �D�i�s�t�a�n�c�e�,�"� �N�a�t�u�r�e�,� �V�o�l�u�m�e� �3�0�0�,� �p�.� �3�4�1�.� 

�J�i�a�n�g�,� �Z�.�W�.�,� �a�n�d� �H�o�l�t�h�a�m�,� �P�.�N�.�,� �1�9�8�6�,� �"�T�h�e�o�r�e�t�i�c�a�l� �M�o�d�e�l� �o�f� �C�o�l�l�i�s�i�o�n� �b�e�t�w�e�e�n� 
�P�a�r�t�i�c�l�e�s� �a�n�d� �B�u�b�b�l�e�s� �i�n� �F�l�o�t�a�t�i�o�n�, �� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �I�n�s�t�i�t�u�t�e� �o�f� �M�i�n�i�n�g� �a�n�d� 
�M�e�t�a�l�l�u�r�g�y�,� �V�o�l�u�m�e� �9�5�,� �p�.� �C�1�8�7�.� 

�J�o�w�e�t�t�,� �A�.�,� �1�9�8�0�,� �"�F�o�r�m�a�t�i�o�n� �a�n�d� �D�i�s�r�u�p�t�i�o�n� �o�f� �P�a�r�t�i�c�l�e�-�B�u�b�b�l�e� �A�g�g�r�e�g�a�t�e�s� �i�n� 
�F�l�o�t�a�t�i�o�n�,�"� �i�n� �F�i�n�e� �P�a�r�t�i�c�l�e�s� �P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� �1�,� �P�.� �S�o�m�a�s�u�n�d�a�r�a�n�,� �e�d�i�t�o�r�,� �A�m�e�r�i�c�a�n� 
�I�n�s�t�i�t�u�t�e� �o�f� �M�i�n�i�n�g� �E�n�g�i�n�e�e�r�i�n�g�,� �N�e�w� �Y�o�r�k�,� �N�.�Y�.�,� �p�.� �7�2�0�.� 

�K�a�w�a�g�u�t�i�,� �M�.�,� �1�9�5�5�,� �"�T�h�e� �C�r�i�t�i�c�a�l� �R�e�y�n�o�l�d�s� �N�u�m�b�e�r� �f�o�r� �t�h�e� �F�l�o�w� �P�a�s�t� �a� �S�p�h�e�r�e�,�"� 
�J�o�u�r�n�a�l� �o�f� �t�h�e� �P�h�y�s�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �J�a�p�a�n�,� �V�o�l�u�m�e� �1�0�,� �A�u�g�u�s�t�,� �p�.� �6�9�4�.� 

�L�a�i�,� �R�.�W�.�,� �a�n�d� �F�u�e�r�s�t�e�n�a�u�,� �D�.�W�.�,� �1�9�7�6�,� �"�M�o�d�e�l� �f�o�r� �t�h�e� �S�u�r�f�a�c�e� �C�h�a�r�g�e� �o�f� �O�x�i�d�e�s� �a�n�d� 
�F�l�o�t�a�t�i�o�n� �R�e�s�p�o�n�s�e�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �A�I�M�E�,� �V�o�l�u�m�e� �2�6�0�,� �p�.� �1�0�4�.� 

�L�a�s�k�o�w�s�k�i�,� �J�.�,� �a�n�d� �K�i�t�c�h�e�n�e�r�,� �J�.�A�.�,� �1�9�6�9�,� �"�T�h�e� �H�y�d�r�o�p�h�i�l�i�c�-�H�y�d�r�o�p�h�o�b�i�c� �T�r�a�n�s�i�t�i�o�n� 
�o�n� �S�i�l�i�c�a�,�"� �J�o�u�r�n�a�l� �o�f� �C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �2�9�,� �N�u�m�b�e�r� �4�,� �p�.� �6�7�0�.� 
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�L�a�s�k�o�w�s�k�i�,� �J�.�,� �1�9�8�9�,� �"�T�h�e�r�m�o�d�y�n�a�m�i�c� �a�n�d� �K�i�n�e�t�i�c� �F�l�o�t�a�t�i�o�n� �C�r�i�t�e�r�i�a�,�"� �M�i�n�e�r�a�l� 
�P�r�o�c�e�s�s�i�n�g� �a�n�d� �E�x�t�r�a�c�t�i�v�e� �M�e�t�a�l�l�u�r�g�y� �R�e�v�i�e�w�,� �V�o�l�u�m�e� �5�,� �p�.� �2�5�.� 

�L�o�n�d�o�n�,� �F�.�,� �1�9�3�7�,� �"�T�h�e� �G�e�n�e�r�a�l� �T�h�e�o�r�y� �o�f� �M�o�l�e�c�u�l�a�r� �F�o�r�c�e�s�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� 
�F�a�r�a�d�a�y� �S�o�c�i�e�t�y�,� �V�o�l�u�m�e� �3�3�,� �p�.� �8�.� 

�L�u�t�t�r�e�l�l�,� �G�.�H�.�,� �1�9�8�6�,� �P�h�.�D�.� �D�i�s�s�e�r�t�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�m�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� 
�U�n�i�v�e�r�s�i�t�y�,� �B�l�a�c�k�s�b�u�r�g�,� �V�A�.� 

�L�u�t�t�r�e�l�l�,� �G�.�H�.�,� �a�n�d� �Y�o�o�n�,� �R�.�-�H�.�,� �1�9�8�8�,� �"�D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �P�r�o�b�a�b�i�l�i�t�y� �o�f� �B�u�b�b�l�e�-� 
�P�a�r�t�i�c�l�e� �A�d�h�e�s�i�o�n� �U�s�i�n�g� �I�n�d�u�c�t�i�o�n� �T�i�m�e� �M�e�a�s�u�r�e�m�e�n�t�s�,�"� �i�n� �P�r�o�d�u�c�t�i�o�n� �a�n�d� �P�r�o�c�e�s�s�i�n�g� 
�o�f� �F�i�n�e� �P�a�r�t�i�c�l�e�s�,� �A�.� �P�l�u�m�p�t�o�n�,� �e�d�i�t�o�r�,� �P�e�r�g�a�m�o�n� �P�r�e�s�s�,� �T�o�r�o�n�t�o�,� �p�.� �1�5�9�.� 

�L�u�t�t�r�e�l�l�,� �G�.�H�.�,� �a�n�d� �Y�o�o�n�,� �R�.�-�H�.�,� �1�9�9�2�,� �"�A� �H�y�d�r�o�d�y�n�a�m�i�c� �M�o�d�e�l� �f�o�r� �B�u�b�b�l�e�-�P�a�r�t�i�c�l�e� 
�A�t�t�a�c�h�m�e�n�t�,�"� �P�e�r�s�o�n�a�l� �C�o�m�m�u�n�i�c�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �C�e�n�t�e�r� �f�o�r� �C�o�a�l� �a�n�d� �M�i�n�e�r�a�l� 
�P�r�o�c�e�s�s�i�n�g�,� �B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�.� 

�M�a�s�l�i�y�a�h�,� �J�.�H�.�,� �1�9�7�0�,� �P�h�.�D�.� �D�i�s�s�e�r�t�a�t�i�o�n�,� �U�n�i�v�e�r�s�i�t�y� �o�f� �B�r�i�t�i�s�h� �C�o�l�u�m�b�i�a�,� �V�a�n�c�o�u�v�e�r�.� 

�M�a�s�l�i�y�a�h�,� �J�.�H�.�,� �a�n�d� �E�p�s�t�e�i�n�,� �N�.�,� �1�9�7�2�,� �"�N�u�m�e�r�i�c�a�l� �S�o�l�u�t�i�o�n� �o�f� �H�e�a�t� �a�n�d� �M�a�s�s� 
�T�r�a�n�s�f�e�r� �f�r�o�m� �S�p�g�e�r�o�i�d�s� �i�n� �S�t�e�a�d�y� �A�x�i�s�y�m�m�e�t�r�i�c� �F�l�o�w�,�"� �P�r�o�g�r�e�s�s� �i�n� �H�e�a�t� �a�n�d� �M�a�s�s� 
�T�r�a�n�s�f�e�r�,� �V�o�l�u�m�e� �6�,� �p�.� �6�1�3�.� 

�M�a�u�d�e�,� �A�.�D�.�,� �1�9�6�1�,� �B�r�i�t�i�s�h� �J�o�u�r�n�a�l� �o�f� �A�p�p�l�i�e�d� �P�h�y�s�i�c�s�,� �V�o�l�u�m�e� �1�2�,� �p�.� �2�4�2�.� 

�M�c�C�a�b�e�,� �W�.�L�.�,� �a�n�d� �S�m�i�t�h�,� �J�.�C�.�,� �1�9�7�6�,� �U�n�i�t� �O�p�e�r�a�t�i�o�n�s� �o�f� �C�h�e�m�i�c�a�l� �E�n�g�i�n�e�e�r�i�n�g�,� �T�h�i�r�d� 
�E�d�i�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� �Y�o�r�k�,� �N�.�Y�.�,� �p�.� �1�5�5�.� 

�M�i�k�a�,� �T�.�S�.�,� �a�n�d� �F�u�e�r�s�t�e�n�a�u�,� �D�.�W�.�,� �1�9�6�9�,� �"�A� �M�i�c�r�o�s�c�o�p�i�c� �M�o�d�e�l� �o�f� �t�h�e� �F�l�o�t�a�t�i�o�n� 
�P�r�o�c�e�s�s�,�"� �i�n� �P�r�o�c�e�e�d�i�n�g�s�,� �E�i�g�h�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �M�i�n�e�r�a�l� �P�r�o�c�e�s�s�i�n�g� �C�o�n�g�r�e�s�s�,� 
�L�e�n�i�n�g�r�a�d�,� �V�o�l�u�m�e� �I�I�,� �p�.� �C�9�.� 

�P�e�a�r�c�e�y�,� �T�.�,� �a�n�d� �H�i�l�l�,� �G�.�W�.�,� �1�9�5�7�,� �"�A� �T�h�e�o�r�e�t�i�c�a�l� �E�s�t�i�m�a�t�e� �o�f� �t�h�e� �C�o�l�l�e�c�t�i�o�n� 
�E�f�f�i�c�i�e�n�c�i�e�s� �o�f� �S�m�a�l�l� �D�r�o�p�l�e�t�s�,�"� �Q�u�a�r�t�e�r�l�y� �J�o�u�r�n�a�l� �o�f� �t�h�e� �R�o�y�a�l� �M�e�t�e�o�r�o�l�o�g�i�c�a�l� �S�o�c�i�e�t�y�,� 
�V�o�l�u�m�e� �8�3�,� �p�.� �7�7�.� 

�P�h�i�l�i�p�p�o�f�f�,� �W�.�,� �1�9�5�2�,� �"�S�o�m�e� �D�y�n�a�m�i�c� �P�h�e�n�o�m�e�n�a� �i�n� �F�l�o�t�a�t�i�o�n�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �A�I�M�E�,� 
�V�o�l�u�m�e� �1�9�3�,� �p�.� �3�8�6�.� 

�P�l�a�t�e�,� �H�.�,� �1�9�8�9�,� �T�h�e�s�i�s�,� �A�k�a�d�e�m�i�e� �d�e�r� �W�i�s�s�e�n�s�c�h�a�f�t�e�n� �d�e�r� �D�D�R�,� �F�o�r�s�c�h�u�n�g�s�i�n�s�t�i�t�u�t� 
�f�u�r� �A�u�f�b�e�r�e�i�t�u�n�g�,� �F�r�e�i�b�u�r�g�,� �G�e�r�m�a�n� �D�e�m�o�c�r�a�t�i�c� �R�e�p�u�b�l�i�c�.� 
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�R�e�a�y�,� �D�,� �a�n�d� �R�a�t�c�l�i�f�f�,� �G�.�A�.�,� �1�9�7�3�,� �"�R�e�m�o�v�a�l� �o�f� �F�i�n�e� �P�a�r�t�i�c�l�e� �f�r�o�m� �W�a�t�e�r� �b�y� 
�D�i�s�p�e�r�s�e�d� �A�i�r� �F�l�o�t�a�t�i�o�n�:� �E�f�f�e�c�t�s� �o�f� �B�u�b�b�l�e� �S�i�z�e� �a�n�d� �P�a�r�t�i�c�l�e� �S�i�z�e� �o�n� �C�o�l�l�e�c�t�i�o�n� 
�E�f�f�i�c�i�e�n�c�y�,�"� �C�a�n�a�d�i�a�n� �J�o�u�r�n�a�l� �o�f� �C�h�e�m�i�c�a�l� �E�n�g�i�n�e�e�r�i�n�g�,� �V�o�l�u�m�e� �5�1�,� �p�.� �1�7�8�.� 

�S�c�h�e�n�k�e�l�,� �J�.�H�.�,� �a�n�d� �K�i�t�c�h�e�n�e�r�,� �J�.�A�.�,� �1�9�6�0�,� �"�A� �T�e�s�t� �o�f� �t�h�e� �D�e�r�j�a�g�u�i�n�-� �V�e�r�w�e�y�-�O�v�e�r�b�e�e�k� 
�T�h�e�o�r�y� �w�i�t�h� �a� �C�o�l�l�o�i�d�a�l� �S�u�s�p�e�n�s�i�o�n�,�"� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �F�a�r�a�d�a�y� �S�o�c�i�e�t�y�,� �V�o�l�u�m�e� �5�6�,� 
�p�.� �1�6�1�.� 

�S�c�h�u�c�h�,� �G�.�,� �a�n�d� �L�o�f�f�l�e�r�,� �F�.�,� �1�9�7�8�,� �V�e�r�f�a�h�r�e�n�s�t�e�c�h�n�i�k�,� �M�a�i�n�z�,� �V�o�l�u�m�e� �1�2�,� �p�.� �3�0�2�.� 

�S�c�h�u�h�m�a�n�n�,� �R�.�,� �1�9�4�2�,� �"�F�l�o�t�a�t�i�o�n� �K�i�n�e�t�i�c�s� �I�.� �M�e�t�h�o�d�s� �f�o�r� �S�t�e�a�d�y�-�s�t�a�t�e� �S�t�u�d�y� �o�f� 
�F�l�o�t�a�t�i�o�n� �P�r�o�b�l�e�m�s�,�"� �J�o�u�r�n�a�l� �o�f� �P�h�y�s�i�c�a�l� �C�h�e�m�i�s�t�r�y�,� �V�o�l�u�m�e� �4�6�,� �p�.� �8�9�1�.� 

�S�c�h�u�l�z�e�,� �H�.�J�.�,� �1�9�8�9�,� �"�H�y�d�r�o�d�y�n�a�m�i�c�s� �o�f� �B�u�b�b�l�e�-�M�i�n�e�r�a�l� �P�a�r�t�i�c�l�e� �C�o�l�l�i�s�i�o�n�,�"� �i�n� 
�F�r�o�t�h�i�n�g� �i�n� �F�l�o�t�a�t�i�o�n�,� �J�.� �L�a�s�k�o�w�s�k�i�,� �e�d�i�t�o�r�,� �G�o�r�d�o�n� �a�n�d� �B�r�e�a�c�h� �S�c�i�e�n�c�e� �P�u�b�l�i�s�h�e�r�s�,� 
�N�e�w� �Y�o�r�k�,� �N�.�Y�.�,� �p�.� �4�3�.� 

�S�e�e�l�e�y�,� �L�.�E�.�,� �H�u�m�m�e�l�,� �R�.�L�.�,� �a�n�d� �S�m�i�t�h�,� �J�.�W�.�,� �1�9�7�5�,� �"�E�x�p�e�r�i�m�e�n�t�a�l� �V�e�l�o�c�i�t�y� �P�r�o�f�i�l�e�s� 
�i�n� �L�a�m�i�n�a�r� �F�l�o�w� �A�r�o�u�n�d� �S�p�h�e�r�e�s� �o�f� �I�n�t�e�r�m�e�d�i�a�t�e� �R�e�y�n�o�l�d�s� �N�u�m�b�e�r�s�,�"� �J�o�u�r�n�a�l� �o�f� 
�F�l�u�i�d� �M�e�c�h�a�n�i�c�s�,� �V�o�l�u�m�e� �6�8�,� �P�a�r�t� �3�,� �p�.� �5�9�1�.� �;� 

�S�h�a�f�r�i�r�,� �U�.�,� �a�n�d� �N�e�i�b�u�r�g�e�r�,� �N�.�,� �1�9�6�4�,� �"�C�o�l�l�i�s�i�o�n� �E�f�f�i�c�i�e�n�c�i�e�s� �o�f� �T�w�o� �S�p�h�e�r�e�s� �F�a�l�l�i�n�g� 
�i�n� �a� �V�i�s�c�o�u�s� �M�e�d�i�u�m�,�"� �J�o�u�r�n�a�l� �o�f� �G�e�o�p�h�y�s�i�c�a�l� �R�e�s�e�a�r�c�h�,� �V�o�l�u�m�e� �6�8�,� �p�.� �4�1�4�1�.� 

�S�m�i�t�h�,� �R�.�W�.�,� �a�n�d� �A�k�h�t�a�r�,� �S�.�,� �1�9�7�6�,� �"�C�a�t�i�o�n�i�c� �F�l�o�t�a�t�i�o�n� �o�f� �O�x�i�d�e�s� �a�n�d� �S�i�l�i�c�a�t�e�s�,�"� �i�n� 
�F�l�o�t�a�t�i�o�n�:� �A�.�M�.� �G�a�u�d�i�n� �M�e�m�o�r�i�a�l� �V�o�l�u�m�e�,� �M�.�C�.� �F�u�e�r�s�t�e�n�a�u�,� �e�d�i�t�o�r�,� �V�o�l�u�m�e� �1�,� �p�.� �2�1�.� 

�S�u�t�h�e�r�l�a�n�d�,� �K�.�L�.�,� �1�9�4�8�,�  ��P�h�y�s�i�c�a�l� �C�h�e�m�i�s�t�r�y� �o�f� �F�l�o�t�a�t�i�o�n� �X�I�.� �K�i�n�e�t�i�c�s� �o�f� �t�h�e� �F�l�o�t�a�t�i�o�n� 
�P�r�o�c�e�s�s�,�"� �J�o�u�r�n�a�l� �o�f� �P�h�y�s�i�c�a�l� �C�h�e�m�i�s�t�r�y�,� �V�o�l�u�m�e� �5�2�,� �p�.� �3�9�4�.� 

�T�a�y�l�o�r�,� �G�.�I�,� �1�9�2�5�,� �q�u�o�t�e�d� �i�n�:� �H�a�r�d�y�,� �W�.�,� �a�n�d� �B�i�r�c�u�m�s�h�a�w�,� �I�.�,� �"�B�o�u�n�d�a�r�y� �L�u�b�r�i�c�a�t�i�o�n� �-� 
�P�l�a�n�e� �S�u�r�f�a�c�e�s� �a�n�d� �t�h�e� �L�i�m�i�t�a�t�i�o�n� �o�f� �A�m�o�n�t�o�n�'�s� �L�a�w�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �R�o�y�a�l� 
�S�o�c�i�e�t�y�,� �V�o�l�u�m�e� �1�0�8�-�A�,� �p�.� �1�.� 

�T�r�a�h�a�r�,� �W�.�J�.�,� �1�9�8�1�,� �"�A� �R�a�t�i�o�n�a�l� �I�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �R�o�l�e� �o�f� �P�a�r�t�i�c�l�e� �S�i�z�e� �i�n� 
�F�l�o�t�a�t�i�o�n�,�"� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �M�i�n�e�r�a�l� �P�r�o�c�e�s�s�i�n�g�,� �V�o�l�u�m�e� �1�4�,� �p�.� �1�9�S�.� 

�W�e�b�e�r�,� �M�.�E�.�,� �a�n�d� �P�a�d�d�o�c�k�,� �D�.�,� �1�9�8�3�,� �"�I�n�t�e�r�c�e�p�t�i�o�n�a�l� �a�n�d� �G�r�a�v�i�t�a�t�i�o�n�a�l� �C�o�l�l�i�s�i�o�n� 
�E�f�f�i�c�i�e�n�c�i�e�s� �f�o�r� �S�i�n�g�l�e� �C�o�l�l�e�c�t�o�r�s� �a�t� �I�n�t�e�r�m�e�d�i�a�t�e� �R�e�y�n�o�l�d�s� �N�u�m�b�e�r�s�,�"� �J�o�u�r�n�a�l� �o�f� 
�C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �9�4�,� �N�u�m�b�e�r� �2�,� �p�.� �3�2�8�.� 
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�W�o�o�,� �S�.�W�.�,� �1�9�7�1�,� �P�h�.�D�.� �D�i�s�s�e�r�t�a�t�i�o�n�,� �M�c�M�a�s�t�e�r� �U�n�i�v�e�r�s�i�t�y�,� �H�a�m�i�l�t�o�n�,� �O�n�t�a�r�i�o�.� 

�X�u�,� �Z�.�,� �a�n�d� �Y�o�o�n�,� �R�.�-�H�.�,� �1�9�8�9�,� �"�T�h�e� �R�o�l�e� �o�f� �H�y�d�r�o�p�h�o�b�i�c� �I�n�t�e�r�a�c�t�i�o�n�s� �i�n� 
�C�o�a�g�u�l�a�t�i�o�n�,�"� �J�o�u�r�n�a�l� �o�f� �C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �1�3�2�,� �N�u�m�b�e�r� �2�,� �p�.� �5�3�2�.� 

�X�u�,� �Z�.�,� �1�9�9�0�,� �P�h�.�D�.� �D�i�s�s�e�r�t�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� 
�B�l�a�c�k�s�b�u�r�g�,� �V�A�.� 

�X�u�,� �Z�.�,� �a�n�d� �Y�o�o�n�,� �R�.�-�H�.�,� �1�9�9�0�,� �"�A� �S�t�u�d�y� �o�f� �H�y�d�r�o�p�h�o�b�i�c� �C�o�a�g�u�l�a�t�i�o�n�,�"� �J�o�u�r�n�a�l� �o�f� 
�C�o�l�l�o�i�d� �a�n�d� �I�n�t�e�r�f�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�u�m�e� �1�3�4�,� �N�u�m�b�e�r� �2�,� �p�.� �4�2�7�.� 

�Y�e�,� �Y�.�,� �a�n�d� �M�i�l�l�e�r�,� �J�.�D�.�,� �1�9�8�8�,� �"�B�u�b�b�l�e�/�P�a�r�t�i�c�l�e� �C�o�n�t�a�c�t� �T�i�m�e� �i�n� �t�h�e� �A�n�a�l�y�s�i�s� �o�f� �C�o�a�l� 
�F�l�o�t�a�t�i�o�n�,�"� �C�o�a�l� �P�r�e�p�a�r�a�t�i�o�n�,� �V�o�l�u�m�e� �5�,� �p�.� �1�4�7�.� 

�Y�o�o�n�,� �R�.�-�H�.�,� �1�9�9�1�,� �"�H�y�d�r�o�d�y�n�a�m�i�c� �a�n�d� �S�u�r�f�a�c�e� �F�o�r�c�e�s� �i�n� �B�u�b�b�l�e�-�P�a�r�t�i�c�l�e� 
�I�n�t�e�r�a�c�t�i�o�n�s�,� �"� �A�u�f�b�e�r�e�i�t�u�n�g�s� �T�e�c�h�n�i�k�,� �V�o�l�u�m�e� �3�2�,� �N�u�m�b�e�r� �9�,� �p�.� �4�7�4�.� 

�Y�o�o�n�,� �R�.�-�H�.�,� �a�n�d� �L�u�t�t�r�e�l�l�,� �G�.�H�.�,� �1�9�8�6�,� �"�T�h�e� �E�f�f�e�c�t� �o�f� �B�u�b�b�l�e� �S�i�z�e� �o�n� �F�i�n�e� �C�o�a�l� 
�F�l�o�t�a�t�i�o�n�, �� �C�o�a�l� �P�r�e�p�a�r�a�t�i�o�n�,� �V�o�l�u�m�e� �2�,� �p�.� �1�7�9�.� 

�Y�o�r�d�a�n�,� �J�.�L�.�,� �a�n�d� �Y�o�o�n�,� �R�.�-�H�.�,� �1�9�8�9�,� �"�I�n�d�u�c�t�i�o�n� �T�i�m�e� �M�e�a�s�u�r�e�m�e�n�t�s� �f�o�r� �a� �C�o�a�l� 
�F�l�o�t�a�t�i�o�n� �S�y�s�t�e�m�,�"� �P�e�r�s�o�n�a�l� �C�o�m�m�u�n�i�c�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �C�e�n�t�e�r� �f�o�r� �C�o�a�l� �a�n�d� �M�i�n�e�r�a�l� 
�P�r�o�c�e�s�s�i�n�g�,� �B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�.� 
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�C�h�a�p�t�e�r� �3� �M�i�x�i�n�g� �C�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �i�n�c�r�e�a�s�e�d� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �i�n�t�o� �m�i�n�e�r�a�l� �p�r�o�c�e�s�s�i�n�g� �a�n�d� 

�c�o�a�l� �p�r�e�p�a�r�a�t�i�o�n� �c�i�r�c�u�i�t�s� �a�r�o�u�n�d� �t�h�e� �w�o�r�l�d� �i�s� �t�e�s�t�a�m�e�n�t� �t�o� �t�h�e� �i�m�p�r�o�v�e�d� �e�f�f�i�c�i�e�n�c�y� �t�h�i�s� 

�t�e�c�h�n�o�l�o�g�y� �o�f�f�e�r�s�.� �F�l�o�t�a�t�i�o�n� �c�o�l�u�m�n�s�,� �o�p�e�r�a�t�i�n�g� �c�o�u�n�t�e�r�c�u�r�r�e�n�t� �w�i�t�h� �w�a�s�h� �w�a�t�e�r�,� 

�r�e�d�u�c�e� �t�h�e� �a�m�o�u�n�t� �o�f� �n�o�n�s�e�l�e�c�t�i�v�e� �e�n�t�r�a�i�n�m�e�n�t� �i�n�t�o� �t�h�e� �f�r�o�t�h�,� �t�h�e�r�e�b�y� �e�n�h�a�n�c�i�n�g� 

�p�r�o�d�u�c�t� �g�r�a�d�e�.� �F�l�o�t�a�t�i�o�n� �c�o�l�u�m�n�s� �a�r�e� �c�a�p�a�b�l�e� �o�f� �a�c�h�i�e�v�i�n�g� �s�i�m�i�l�a�r� �r�e�c�o�v�e�r�i�e�s� �a�s� 

�c�o�n�v�e�n�t�i�o�n�a�l� �f�l�o�t�a�t�i�o�n� �c�e�l�l�s�,� �b�u�t� �a�t� �h�i�g�h�e�r� �p�r�o�d�u�c�t� �g�r�a�d�e�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �r�e�l�a�t�i�v�e�l�y� 

�q�u�i�e�s�c�e�n�t� �e�n�v�i�r�o�n�m�e�n�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �e�n�a�b�l�e�s� �f�i�n�e� �a�i�r� �b�u�b�b�l�e�s� �t�o� 

�b�e� �p�r�o�d�u�c�e�d� �f�o�r� �t�h�e� �r�e�c�o�v�e�r�y� �o�f� �f�i�n�e�-�s�i�z�e�d� �p�a�r�t�i�c�l�e�s�,� �w�h�i�c�h� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �r�e�c�o�v�e�r� 

�c�o�n�v�e�n�t�i�o�n�a�l�l�y� �(�K�a�w�a�t�r�a� �a�n�d� �E�i�s�e�l�e�,� �1�9�8�7�;� �R�e�d�d�y� �e�t� �a�l�.�,� �1�9�8�8�;� �L�u�t�t�r�e�l�l� �e�t� �a�l�.�,� �1�9�8�8�;� 

�A�l� �T�a�w�e�e�l� �a�n�d� �K�a�s�i�r�e�d�d�y�,� �1�9�8�9�)�.� �T�h�e� �l�a�r�g�e� �b�u�b�b�l�e�s� �i�n�h�e�r�e�n�t� �t�o� �c�o�n�v�e�n�t�i�o�n�a�l� 

�f�l�o�t�a�t�i�o�n� �a�r�e� �u�n�a�b�l�e� �t�o� �c�a�p�t�u�r�e� �f�i�n�e� �p�a�r�t�i�c�l�e�s� �e�f�f�i�c�i�e�n�t�l�y� �b�e�c�a�u�s�e� �o�f� �h�y�d�r�o�d�y�n�a�m�i�c� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�s�.� 

�M�i�n�e� �o�p�e�r�a�t�o�r�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �i�n� �t�h�e� �c�o�a�l� �i�n�d�u�s�t�r�y�,� �h�a�v�e� �c�o�m�e� �t�o� �r�e�a�l�i�z�e� �t�h�a�t� 

�t�h�e�i�r� �p�l�a�n�t�s�,� �f�o�u�n�d�e�d� �o�n� �d�a�t�e�d� �p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�o�l�o�g�y�,� �o�f�t�e�n� �f�u�n�c�t�i�o�n� �i�n�e�f�f�i�c�i�e�n�t�l�y� �a�n�d� 

�d�i�s�c�a�r�d� �c�o�n�s�i�d�e�r�a�b�l�e� �a�m�o�u�n�t�s� �o�f� �p�r�o�f�i�t�a�b�l�e� �p�r�o�d�u�c�t�.� �F�i�n�e�s� �a�r�e� �c�o�m�m�o�n�l�y� �d�i�s�p�o�s�e�d� 

�o�f� �w�i�t�h�o�u�t� �a�n�y� �t�r�e�a�t�m�e�n�t�,� �a�n�d� �t�h�e� �r�e�c�o�v�e�r�y� �d�e�v�i�c�e�s� �r�e�q�u�i�r�e� �m�u�l�t�i�p�l�e� �s�t�a�g�e�s� �t�o� �a�t�t�a�i�n� 
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�p�r�e�s�c�r�i�b�e�d� �g�r�a�d�e� �a�n�d� �r�e�c�o�v�e�r�y� �l�e�v�e�l�s�.� �C�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �t�e�c�h�n�o�l�o�g�y� �c�a�n� �a�l�l�e�v�i�a�t�e� 

�t�h�e�s�e� �s�h�o�r�t�c�o�m�i�n�g�s�.� �H�o�w�e�v�e�r�,� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �a� �f�l�o�t�a�t�i�o�n� �c�o�l�u�m�n� �i�n�t�o� �a� �p�l�a�n�t� �c�i�r�c�u�i�t� 

�i�s� �n�o�t� �a� �s�i�m�p�l�e� �p�r�o�c�e�s�s�.� �P�r�o�p�e�r� �s�c�a�l�e�-�u�p� �i�s� �e�s�s�e�n�t�i�a�l� �t�o� �i�n�s�u�r�e� �e�f�f�i�c�i�e�n�t� �o�p�e�r�a�t�i�o�n� �a�n�d� 

�p�e�r�f�o�r�m�a�n�c�e� �i�n� �t�h�e� �p�l�a�n�t� �e�n�v�i�r�o�n�m�e�n�t�,� �a�n�d� �s�c�a�l�e�-�u�p� �c�r�i�t�e�r�i�a� �d�e�r�i�v�e�d� �w�i�t�h� �t�h�i�s� �i�n� �m�i�n�d� 

�s�h�o�u�l�d� �b�e� �m�o�r�e� �u�s�e�f�u�l�.� �S�e�v�e�r�a�l� �s�c�a�l�e�-�u�p� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �(�B�o�u�t�i�n� 

�a�n�d� �W�h�e�e�l�e�r�,� �1�9�6�7�;� �M�a�t�h�i�e�u�,� �1�9�7�2�;� �D�e�i�s�t�e�r� �C�o�n�c�e�n�t�r�a�t�o�r� �C�o�m�p�a�n�y�,� �I�n�c�.�,� �1�9�8�9�;� 

�D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� �1�9�8�5�;� �L�u�t�t�r�e�l�l� �e�t� �a�l�.�,� �1�9�8�8�;� �M�a�n�k�o�s�a� �e�t� �a�l�.�,� �1�9�9�0�)�,� �a�n�d� �t�h�r�e�e� 

�i�m�p�o�r�t�a�n�t� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �i�d�e�n�t�i�f�i�e�d�,� �i�.�e�.�,� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�,� �p�a�r�t�i�c�l�e� 

�r�e�t�e�n�t�i�o�n� �t�i�m�e�,� �a�n�d� �a�x�i�a�l� �m�i�x�i�n�g�.� �O�f� �t�h�e�s�e�,� �t�h�e� �t�h�i�r�d� �t�e�r�m� �h�a�s� �r�e�c�e�i�v�e�d� �t�h�e� �l�e�a�s�t� 

�a�t�t�e�n�t�i�o�n� �i�n� �f�l�o�t�a�t�i�o�n� �r�e�s�e�a�r�c�h�.� 

�3�.�2� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� 

�T�h�e� �b�u�l�k� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �r�e�s�e�a�r�c�h� �i�n�t�o� �t�h�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �c�o�l�u�m�n� �m�i�x�i�n�g� 

�h�a�s� �b�e�e�n� �c�o�n�d�u�c�t�e�d� �b�y� �c�h�e�m�i�c�a�l� �e�n�g�i�n�e�e�r�s� �i�n�v�e�s�t�i�g�a�t�i�n�g� �b�u�b�b�l�e� �c�o�l�u�m�n� �r�e�a�c�t�o�r�s�.� 

�N�u�m�e�r�o�u�s� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �e�x�i�s�t� �i�n� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�i�x�i�n�g� �i�s� 

�i�m�p�o�r�t�a�n�t�.� �B�u�b�b�l�e� �c�o�l�u�m�n� �r�e�a�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �e�m�p�l�o�y�e�d� �i�n� �a�b�s�o�r�p�t�i�o�n�,� 

�o�x�i�d�a�t�i�o�n�,� �c�h�l�o�r�i�n�a�t�i�o�n�,� �a�n�d� �h�y�d�r�o�g�e�n�a�t�i�o�n� �s�y�s�t�e�m�s�,� �a�s� �w�e�l�l� �a�s� �f�o�r� �w�a�s�t�e� �w�a�t�e�r� 

�t�r�e�a�t�m�e�n�t�,� �b�i�o�l�o�g�i�c�a�l� �c�e�l�l� �p�r�o�d�u�c�t�i�o�n�,� �a�n�d� �c�o�a�l� �l�i�q�u�e�f�a�c�t�i�o�n� �(�S�h�a�h� �e�t� �a�l�.�,� �1�9�8�2�)�.� �T�h�i�s� 

�d�i�v�e�r�s�i�t�y� �i�s� �i�n�d�i�c�a�t�i�v�e� �o�f� �t�h�e� �w�i�d�e�s�p�r�e�a�d� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �b�u�b�b�l�e� �c�o�l�u�m�n� �c�o�n�t�a�c�t�o�r�s�.� 

�I�n�d�e�e�d�,� �t�h�e� �a�d�v�e�n�t� �o�f� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �i�n� �t�h�e� �1�9�6�0�'�s� �w�a�s� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �c�o�n�c�e�p�t�s� 

�i�n�v�o�l�v�e�d� �i�n� �b�u�b�b�l�e� �c�o�l�u�m�n� �r�e�a�c�t�o�r�s� �t�o� �t�h�e� �f�i�e�l�d� �o�f� �m�i�n�e�r�a�l� �p�r�o�c�e�s�s�i�n�g�.� 
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�T�h�e� �d�e�s�i�g�n� �a�n�d� �s�c�a�l�e�-�u�p� �o�f� �b�u�b�b�l�e� �c�o�l�u�m�n� �r�e�a�c�t�o�r�s� �r�e�q�u�i�r�e�s� �r�e�a�s�o�n�a�b�l�e� 

�e�s�t�i�m�a�t�e�s� �o�f� �n�u�m�e�r�o�u�s� �p�a�r�a�m�e�t�e�r�s� �r�e�l�a�t�e�d� �t�o� �h�o�l�d�u�p�,� �m�a�s�s� �t�r�a�n�s�f�e�r�,� �h�e�a�t� �t�r�a�n�s�f�e�r�,� �a�n�d� 

�m�i�x�i�n�g�.� �A� �r�e�v�i�e�w� �p�a�p�e�r� �b�y� �S�h�a�h� �e�t� �a�l�.� �(�1�9�8�2�)� �a�d�d�r�e�s�s�e�s� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�n� 

�g�r�e�a�t� �d�e�t�a�i�l�.� �F�l�o�w� �r�e�g�i�m�e�s� �a�n�d� �b�u�b�b�l�e� �d�y�n�a�m�i�c�s� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�,� �a�n�d� �a� �h�o�s�t� �o�f� 

�n�o�n�a�d�j�u�s�t�a�b�l�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �e�x�a�m�i�n�e�d�,� �b�a�s�e�d� �o�n� �a�v�a�i�l�a�b�l�e� �l�i�t�e�r�a�t�u�r�e� �r�e�s�u�l�t�s�.� 

�P�r�o�p�o�s�e�d� �r�e�l�a�t�i�o�n�s�h�i�p�s� �g�o�v�e�r�n�i�n�g� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �b�u�b�b�l�e� �c�o�l�u�m�n� �c�o�n�t�a�c�t�o�r�s� �a�r�e� 

�c�r�i�t�i�c�a�l�l�y� �e�v�a�l�u�a�t�e�d�,� �a�n�d� �t�h�e� �a�u�t�h�o�r�s� �o�f�f�e�r� �t�h�e�i�r� �r�e�c�o�m�m�e�n�d�a�t�i�o�n�s�.� �T�h�e�s�e� 

�r�e�l�a�t�i�o�n�s�h�i�p�s�,� �h�o�w�e�v�e�r�,� �m�a�y� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �h�o�l�d� �f�o�r� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �a�p�p�l�i�c�a�t�i�o�n�s�.� 

�G�e�o�m�e�t�r�y� �a�n�d� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �d�i�f�f�e�r� �w�i�d�e�l�y� �b�e�t�w�e�e�n� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �a�n�d� 

�b�u�b�b�l�e� �c�o�l�u�m�n� �c�o�n�t�a�c�t�o�r�s�,� �h�i�g�h�l�i�g�h�t�i�n�g� �t�h�e� �n�e�e�d� �f�o�r� �i�n�-�d�e�p�t�h� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �m�i�x�i�n�g� 

�i�n� �f�l�o�t�a�t�i�o�n� �c�o�l�u�m�n�s�.� 

�I�n� �o�r�d�e�r� �t�o� �e�x�a�m�i�n�e� �a�n�d� �c�h�a�r�a�c�t�e�r�i�z�e� �m�i�x�i�n�g�,� �a� �v�a�l�i�d� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e� 

�i�s� �r�e�q�u�i�r�e�d�.� �E�x�t�e�n�s�i�v�e� �w�o�r�k� �b�y� �c�h�e�m�i�c�a�l� �e�n�g�i�n�e�e�r�s� �s�t�u�d�y�i�n�g� �b�u�b�b�l�e� �c�o�l�u�m�n� �r�e�a�c�t�o�r�s� 

�l�e�d� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �(�R�T�D�)� �f�o�r� �m�i�x�i�n�g� �q�u�a�n�t�i�f�i�c�a�t�i�o�n�.� 

�L�e�v�e�n�s�p�i�e�l� �(�1�9�7�2�)� �d�i�s�c�u�s�s�e�s� �R�T�D� �a�n�a�l�y�s�i�s� �t�h�o�r�o�u�g�h�l�y� �i�n� �h�i�s� �t�e�x�t�,� �d�e�s�c�r�i�b�i�n�g� �i�n� �d�e�t�a�i�l� 

�h�o�w� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �t�h�e� �e�x�i�t� �a�g�e� �d�i�s�t�r�i�b�u�t�i�o�n� �(�i�.�e�.�,� �t�h�e� 

�R�T�D�)�.� �F�o�r� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� �s�t�u�d�i�e�s�,� �t�h�e� �a�x�i�a�l� �d�i�s�p�e�r�s�i�o�n� �m�o�d�e�l� �i�s� �c�o�m�m�o�n�l�y� 

�e�m�p�l�o�y�e�d�:� 

�p�e�e� �_�,� �a� �_� �a�C�.� �O�x� �1�3�x� �3�E� �0� �[�3�.�1�]� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �l�i�q�u�i�d� �a�x�i�a�l� �d�i�s�p�e�r�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �u�,� �i�s� �t�h�e� �i�n�t�e�r�s�t�i�t�i�a�l� �l�i�q�u�i�d� 
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�v�e�l�o�c�i�t�y�.� �M�i�x�i�n�g� �c�a�n� �t�h�e�n� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�w�o� �v�a�l�u�e�s�:� �t�h�e� �m�e�a�n� �r�e�s�i�d�e�n�c�e� �t�i�m�e�,� 

�r�,� �a�n�d� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r�,� �P�e� �=� �u�,�L�/�E�,� �w�h�e�r�e� �L� �i�s� �t�h�e� �c�o�l�u�m�n� �l�e�n�g�t�h�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �a�x�i�a�l� �d�i�s�p�e�r�s�i�o�n� �m�o�d�e�l� �h�a�s� �b�e�e�n� �e�x�t�e�n�s�i�v�e�l�y� �u�t�i�l�i�z�e�d� �w�i�t�h� �g�o�o�d� 

�s�u�c�c�e�s�s� �f�o�r� �m�i�x�i�n�g� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �f�l�o�t�a�t�i�o�n� �c�o�l�u�m�n�s� �(�R�i�c�e� �e�t� �a�l�.�,� �1�9�7�4�;� �R�i�c�e� �e�t� 

�a�l�.�,� �1�9�8�1�;� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� �1�9�8�5�;� �M�a�n�k�o�s�a�,� �1�9�9�0�;� �|� �X�u� �e�t� �a�l�.�,� �1�9�9�1�)�,� �s�e�v�e�r�a�l� 

�i�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �q�u�e�s�t�i�o�n�e�d� �i�t�s� �v�a�l�i�d�i�t�y�.� �F�o�r� �e�x�a�m�p�l�e�,� �M�a�v�r�o�s� �e�t� �a�l�.� �(�1�9�8�9�)� �a�n�d� 

�G�o�o�d�a�l�l� �a�n�d� �O�'�C�o�n�n�o�r� �(�1�9�9�0�)� �h�a�v�e� �d�e�v�e�l�o�p�e�d� �t�a�n�k�s�-�i�n�-�s�e�r�i�e�s� �m�o�d�e�l�s� �w�h�i�c�h� �f�i�t� �t�h�e�i�r� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �m�o�r�e� �c�l�o�s�e�l�y� �t�h�a�n� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �m�o�d�e�l�.� �A�d�d�i�t�i�o�n�a�l� �w�o�r�k� �i�s� 

�~� �r�e�q�u�i�r�e�d� �t�o� �r�e�s�o�l�v�e� �t�h�i�s� �c�o�n�t�r�o�v�e�r�s�y�.� 

�R�e�c�e�n�t� �r�e�s�e�a�r�c�h� �i�n�t�o� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �l�i�q�u�i�d� �f�l�o�w�s� �i�n� �c�o�l�u�m�n� �f�l�o�t�a�t�i�o�n� 

�h�a�s� �a�l�l�o�w�e�d� �a� �m�o�r�e� �a�c�c�u�r�a�t�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �a�x�i�a�l� �m�i�x�i�n�g� �t�o� �b�e� �m�a�d�e�.� �F�i�e�l�d� �a�n�d� 

�D�a�v�i�d�s�o�n� �(�1�9�8�0�)�,� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� �(�1�9�8�6�)� �a�n�d� �M�a�n�k�o�s�a� �(�1�9�9�0�)�,� �f�o�r� �e�x�a�m�p�l�e�,� �h�a�v�e� 

�q�u�a�n�t�i�f�i�e�d� �t�h�e� �a�x�i�a�l� �d�i�s�p�e�r�s�i�o�n� �p�a�r�a�m�e�t�e�r� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�l�u�m�n� �g�e�o�m�e�t�r�y� �a�n�d� 

�o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �(�g�a�s� �a�n�d� �l�i�q�u�i�d� �f�l�o�w� �r�a�t�e�s�)�.� �A�c�c�u�r�a�t�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �t�h�e� 

�m�i�x�i�n�g� �a�l�s�o� �a�l�l�o�w�s� �b�e�t�t�e�r� �e�s�t�i�m�a�t�e�s� �o�f� �f�l�o�t�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �t�o� �b�e� �m�a�d�e�.� �R�e�c�o�v�e�r�y� 

�c�a�n� �b�e� �p�r�e�d�i�c�t�e�d� �f�r�o�m� �L�e�v�e�n�s�p�i�e�l�'�s� �e�q�u�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�i�x�i�n�g� 

�p�a�r�a�m�e�t�e�r�s�,� �r� �a�n�d� �P�e�,� �a�n�d� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�,� �k�:� 

�4�a�e�x�p� �(� 
�R�=�1�-� �[�3�.�2�]� 

�(�1� �+�a�)� �e�x�p� �5� �P�e�l� �-� �(�1� �-�a�)� �?�e�x�p�|�(� �+� �p�e�l� 

�P�e� 

�2�)� 
� � 

�w�h�e�r�e�:� 
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�a�=� �1�+�4�k�t� �[�3�.�3�]� 
�P�e� 

�S�i�n�c�e� �i�t� �i�s� �r�e�c�o�v�e�r�y� �o�f� �t�h�e� �s�o�l�i�d�s� �t�h�a�t� �i�s� �d�e�s�i�r�e�d�,� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �s�o�l�i�d�s� 

�s�h�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d�.� �C�o�m�m�o�n�l�y�,� �h�o�w�e�v�e�r�,� �i�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �a�s�s�u�m�e�d� �t�h�e� �m�i�x�i�n�g� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �s�o�l�i�d�s� �t�o� �b�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �l�i�q�u�i�d�.� �A� �s�i�m�p�l�e� �l�i�q�u�i�d� 

�R�T�D� �w�o�u�l�d� �t�h�e�n� �b�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �m�i�x�i�n�g� �f�o�r� �a� �g�i�v�e�n� �s�y�s�t�e�m�.� 

�D�o�b�b�y� �a�n�d� �F�i�n�c�h� �(�1�9�8�5�)� �r�e�a�l�i�z�e�d� �t�h�a�t� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�f� �t�h�e� �s�o�l�i�d�s� �m�a�y� 

�d�i�f�f�e�r� �f�r�o�m� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�f� �t�h�e� �l�i�q�u�i�d� �d�u�e� �t�o� �t�h�e� �f�i�n�i�t�e� �s�i�z�e� �a�n�d� �d�e�n�s�i�t�y� �o�f� �t�h�e� 

�s�o�l�i�d� �p�a�r�t�i�c�l�e�s�.� �T�h�e�y� �p�r�o�p�o�s�e�d� �a� �c�o�r�r�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �f�o�r� �T�,� �g�i�v�e�n� �b�y�:� 

� � �a� �|� �[�3�.�4�]� �t�T�.� �=� �T�t� �8� �d�l� 
�u�,�+�u�,� 

� � 

�w�h�e�r�e� �1�,� �i�s� �t�h�e� �l�i�q�u�i�d� �r�e�s�i�d�e�n�c�e� �t�i�m�e�,� �u�,� �i�s� �t�h�e� �i�n�t�e�r�s�t�i�t�i�a�l� �l�i�q�u�i�d� �v�e�l�o�c�i�t�y�,� �a�n�d� �u�,� �i�s� �t�h�e� 

�t�e�r�m�i�n�a�l� �s�e�t�t�l�i�n�g� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �s�o�l�i�d�s�.� �I�f� �n�e�c�e�s�s�a�r�y�,� �t�h�e� �t�e�r�m�i�n�a�l� �s�o�l�i�d�s� �s�e�t�t�l�i�n�g� 

�v�e�l�o�c�i�t�y� �c�a�n� �f�u�r�t�h�e�r� �b�e� �c�o�r�r�e�c�t�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �p�e�r�c�e�n�t� �s�o�l�i�d�s�,� �u�s�i�n�g� �R�i�c�h�a�r�d�s�o�n� �a�n�d� 

�Z�a�k�i�'�s� �f�o�r�m�u�l�a� �(�1�9�5�4�)�:� 

�U�g�g� �=� �U�,�(�1�-�>�) �!"� �[�3�.�5�]� 

�w�h�e�r�e� �u�,�,� �i�s� �t�h�e� �c�o�r�r�e�c�t�e�d� �s�e�t�t�l�i�n�g� �v�e�l�o�c�i�t�y�,� �¢� �i�s� �t�h�e� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �s�o�l�i�d�s�,� �a�n�d� �m� �i�s� 

�a� �c�o�n�s�t�a�n�t� �t�h�a�t� �v�a�r�i�e�s� �w�i�t�h� �t�h�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� �t�e�s�t�e�d� �t�h�e�i�r� 

�e�q�u�a�t�i�o�n� �b�y� �c�o�n�d�u�c�t�i�n�g� �t�r�a�c�e�r� �t�e�s�t�s� �o�n� �a� �m�i�n�e�r�a�l� �s�a�m�p�l�e� �(�p�,� �=� �5�.�1�9� �g�/� �c�m ��)� �o�v�e�r� �a� 

�r�a�n�g�e� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e�s� �(�-�1�0�0� �m�e�s�h�)�.� �U�s�i�n�g� �f�l�u�o�r�e�s�c�e�i�n� �d�y�e� �a�n�d� �s�o�l�i�d� �s�i�z�e� �f�r�a�c�t�i�o�n�s� �a�s� 

�t�r�a�c�e�r�s�,� �t�h�e�y� �f�o�u�n�d� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�d� �a�n�d� �p�r�e�d�i�c�t�e�d� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e�s� �w�e�r�e� �q�u�i�t�e� 
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�c�l�o�s�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� �e�q�u�a�t�i�o�n� �a�t� �c�o�a�r�s�e�r� �s�i�z�e�s� �a�n�d� 

�d�i�f�f�e�r�e�n�t� �s�o�l�i�d�s� �d�e�n�s�i�t�i�e�s� �i�s� �u�n�k�n�o�w�n�.� 

�3�.�3� �R�e�s�e�a�r�c�h� �O�b�j�e�c�t�i�v�e�s� 

�T�h�e� �m�a�j�o�r� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �w�a�s� �t�o� �c�o�n�d�u�c�t� �R�T�D� �t�e�s�t�s� �o�v�e�r� �a� 

�w�i�d�e� �r�a�n�g�e� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e�s� �a�n�d� �d�e�n�s�i�t�i�e�s� �a�n�d� �c�o�m�p�a�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�o�l�i�d�s� 

�r�e�s�i�d�e�n�c�e� �t�i�m�e�s� �w�i�t�h� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� �c�a�l�c�u�l�a�t�e�d� �v�a�l�u�e�s�.� �A� �s�e�c�o�n�d�a�r�y� �o�b�j�e�c�t�i�v�e� �w�a�s� 

�t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �d�e�g�r�e�e� �o�f� �m�i�x�i�n�g�,� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r�,� �w�a�s� 

�t�h�e� �s�a�m�e� �f�o�r� �b�o�t�h� �t�h�e� �s�o�l�i�d�s� �a�n�d� �t�h�e� �l�i�q�u�i�d�.� �R�i�c�e� �e�t� �a�l�.� �(�1�9�7�4�)�,� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� 

�(�1�9�8�5�)�,� �a�n�d� �K�h�o� �a�n�d� �S�o�h�n� �(�1�9�8�9�)� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�i�s� �c�l�a�i�m� �f�o�r� �-�1�0�0� �m�e�s�h� �m�a�t�e�r�i�a�l�,� 

�a�n�d� �a�l�l� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �P�e�,� �=� �P�e�,� �T�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �e�x�a�m�i�n�e�s� �t�h�e�i�r� 

�c�o�n�c�l�u�s�i�o�n�s� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �d�i�f�f�e�r�e�n�t� �d�e�n�s�i�t�i�e�s� �a�n�d� �a� �w�i�d�e�r� �p�a�r�t�i�c�l�e� �s�i�z�e� �r�a�n�g�e�.� 

�A�n� �a�d�d�i�t�i�o�n�a�l� �a�i�m�,� �r�e�l�a�t�i�n�g� �t�o� �t�h�e� �o�v�e�r�a�l�l� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �r�e�s�e�a�c�h�,� �w�a�s� �t�h�e� 

�u�n�i�o�n� �o�f� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �i�n� �c�h�a�p�t�e�r� �2� �w�i�t�h� �t�h�e� 

�m�i�x�i�n�g� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �s�t�u�d�i�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �T�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�,� 

�k�,� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l�,� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �v�a�l�u�e�s� �o�f� �P�e� �a�n�d� 

�7� �t�h�r�o�u�g�h� �L�e�v�e�n�s�p�i�e�l�'�s� �e�q�u�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �p�r�e�d�i�c�t� �r�e�c�o�v�e�r�y� �f�r�o�m� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e�s�.� 

�T�h�i�s� �a�c�h�i�e�v�e�m�e�n�t� �w�o�u�l�d� �r�e�p�r�e�s�e�n�t� �a� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�c�e� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� 

�f�u�n�d�a�m�e�n�t�a�l� �m�o�d�e�l� �d�e�s�c�r�i�b�i�n�g� �f�l�o�t�a�t�i�o�n�.� 

�9�7



�3�.�4� �E�x�p�e�r�i�m�e�n�t�a�l� 

�3�.�4�.�1� �S�a�m�p�l�e�s� 

�F�l�o�a�t�e�d� �s�i�l�i�c�a� �w�a�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �F�i�s�h�e�r� �S�c�i�e�n�t�i�f�i�c� �C�o�m�p�a�n�y�,� �a�v�e�r�a�g�i�n�g� �6�5� �1�m� 

�i�n� �d�i�a�m�e�t�e�r�.� �T�h�e� �s�a�m�p�l�e�s� �w�e�r�e� �t�h�e�n� �w�e�t� �s�c�r�e�e�n�e�d� �i�n�t�o� �s�e�v�e�r�a�l� �s�i�z�e� �f�r�a�c�t�i�o�n�s�,� �d�o�w�n� 

�t�o� �4�0�0� �x� �5�0�0� �m�e�s�h�.� �S�u�b�s�e�q�u�e�n�t�l�y�,� �t�h�e� �-�5�0�0� �m�e�s�h� �m�a�t�e�r�i�a�l� �w�a�s� �b�e�a�k�e�r� �d�e�c�a�n�t�e�d� �i�n�t�o� 

�a� �2�5� �x� �1�0� �u�m� �s�i�z�e� �c�l�a�s�s�.� �N�a�r�r�o�w�l�y�-�s�i�z�e�d� �5� �a�n�d� �1�0� �4�m� �s�i�l�i�c�a� �s�a�m�p�l�e�s� �w�e�r�e� �p�u�r�c�h�a�s�e�d� 

�f�r�o�m� �U�.�S�.� �S�i�l�i�c�a� �C�o�r�p�o�r�a�t�i�o�n� �f�o�r� �v�e�r�y� �f�i�n�e� �s�i�z�e� �t�e�s�t�s�.� 

�C�o�a�l� �s�a�m�p�l�e�s� �w�e�r�e� �f�r�o�m� �t�h�e� �P�i�t�t�s�b�u�r�g�h� �N�o�.� �8� �c�o�a�l� �s�e�a�m� �i�n� �W�e�s�t� �V�i�r�g�i�n�i�a�.� �A� 

�1�.�3� �s�p�e�c�i�f�i�c� �g�r�a�v�i�t�y� �f�l�o�a�t�/�s�i�n�k� �w�i�t�h� �m�a�g�n�e�t�i�t�e� �w�a�s� �c�o�n�d�u�c�t�e�d� �t�o� �r�e�m�o�v�e� �a�n�y� �r�o�c�k� �a�n�d� 

�h�e�a�v�y� �w�a�s�t�e� �m�a�t�e�r�i�a�l�.� �T�h�e� �f�l�o�a�t�e�d� �c�o�a�l� �w�a�s� �t�h�e�n� �w�e�t� �s�c�r�e�e�n�e�d� �i�n�t�o� �t�h�e� �s�a�m�e� �s�i�z�e� 

�c�l�a�s�s�e�s� �a�s� �t�h�e� �s�i�l�i�c�a�.� �A�l�l� �t�h�e� �s�a�m�p�l�e�s� �w�e�r�e� �s�e�a�l�e�d� �i�n� �b�a�g�s� �t�o� �p�r�e�v�e�n�t� �c�o�n�t�a�m�i�n�a�t�i�o�n� 

�u�n�t�i�l� �t�h�e� �t�e�s�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d�.� 

�3�.�4�.�2� �R�e�a�g�e�n�t�s� 

�D�o�w�f�r�o�t�h� �M�1�5�0� �(�p�o�l�y�p�r�o�p�y�l�e�n�e� �g�l�y�c�o�l� �m�e�t�h�y�l� �e�t�h�e�r�,� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �=� �4�0�0� 

�g�/�m�o�l�e�)�,� �s�u�p�p�l�i�e�d� �b�y� �D�o�w� �C�h�e�m�i�c�a�l� �C�o�m�p�a�n�y�,� �w�a�s� �u�s�e�d� �f�o�r� �a�l�l� �R�T�D� �t�e�s�t�s�.� �T�h�i�s� 

�f�r�o�t�h�e�r� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �e�f�f�e�c�t�i�v�e�l�y� �s�t�a�b�i�l�i�z�e� �b�u�b�b�l�e� �s�i�z�e� �a�n�d� �f�r�o�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�(�T�r�i�g�g�,� �1�9�8�4�)�.� 

�F�i�s�h�e�r� �S�c�i�e�n�t�i�f�i�c� �C�o�m�p�a�n�y� �p�r�o�v�i�d�e�d� �c�e�r�t�i�f�i�e�d� �A�C�S� �g�r�a�d�e� �p�o�t�a�s�s�i�u�m� �c�h�l�o�r�i�d�e� 

�(�K�C�I�)�,� �a� �s�a�l�t� �t�r�a�c�e�r� �w�h�i�c�h� �e�n�a�b�l�e�d� �l�i�q�u�i�d� �R�T�D� �c�o�n�s�t�r�u�c�t�i�o�n� �f�r�o�m� �c�o�n�d�u�c�t�i�v�i�t�y� �v�a�l�u�e�s�.� 

�P�o�t�a�s�s�i�u�m� �c�h�l�o�r�i�d�e� �h�a�s� �b�e�e�n� �w�i�d�e�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �m�i�x�i�n�g� �s�t�u�d�i�e�s� �(�R�i�c�e� �e�t� �a�l�.�,� �1�9�8�1�;� 
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�R�i�c�e� �e�t� �a�l�.�,� �1�9�7�4�;� �M�a�v�r�o�s� �e�t� �a�l�.�,� �1�9�8�9�;� �K�h�o� �a�n�d� �S�o�h�n�,� �1�9�8�9�;� �M�a�n�k�o�s�a�,� �1�9�9�0�;� �X�u� 

�e�t� �a�l�.�,� �1�9�9�1�)� �b�e�c�a�u�s�e� �o�f� �i�t�s� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �h�a�n�d�l�i�n�g� �e�a�s�e�.� �O�t�h�e�r� �l�i�q�u�i�d� �t�r�a�c�e�r�s� �i�n�c�l�u�d�e� 

�f�l�u�o�r�e�s�c�e�i�n� �d�y�e� �(�D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� �1�9�8�5�)�,� �h�y�d�r�o�c�h�l�o�r�i�c� �a�c�i�d� �(�I�t�y�o�k�u�m�b�u�l� �e�t� �a�l�.�,� �1�9�8�8�)�,� 

�a�n�d� �r�a�d�i�o�a�c�t�i�v�e� �t�r�a�c�e�r�s� �(�F�i�e�l�d� �a�n�d� �D�a�v�i�d�s�o�n�,� �1�9�8�0�;� �G�o�o�d�a�l�l� �a�n�d� �O�'�C�o�n�n�o�r�,� �1�9�9�1�)�.� 

�A�e�r�o� �6�3�3� �D�e�p�r�e�s�s�a�n�t� �f�r�o�m� �A�m�e�r�i�c�a�n� �C�y�a�n�i�m�i�d� �w�a�s� �u�s�e�d� �t�o� �d�e�p�r�e�s�s� �t�h�e� �c�o�a�l� 

�s�a�m�p�l�e�s� �p�r�i�o�r� �t�o� �c�o�n�d�u�c�t�i�n�g� �a�n� �R�T�D� �e�x�p�e�r�i�m�e�n�t� �w�i�t�h� �c�o�a�l� �a�s� �t�h�e� �s�o�l�i�d� �t�r�a�c�e�r�.� �A� 

�f�l�o�t�a�t�i�o�n� �p�r�o�d�u�c�t� �w�a�s� �n�o�t� �d�e�s�i�r�e�d� �b�e�c�a�u�s�e� �a�n�y� �f�l�o�w� �s�p�l�i�t� �w�o�u�l�d� �c�o�m�p�l�i�c�a�t�e� �t�h�e� 

�a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� �a�x�i�a�l� �d�i�s�p�e�r�s�i�o�n� �m�o�d�e�l�.� 

�3�.�4�.�3� �E�q�u�i�p�m�e�n�t� 

�T�h�e� �c�o�m�p�l�e�t�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�1�.� �A� �t�w�o�-�i�n�c�h� 

�d�i�a�m�e�t�e�r� �p�l�e�x�i�g�l�a�s�s� �c�o�l�u�m�n� �w�i�t�h� �a� �l�e�n�g�t�h�-�t�o�-�d�i�a�m�e�t�e�r� �r�a�t�i�o� �o�f� �2�0�:�1� �w�a�s� �e�m�p�l�o�y�e�d� �f�o�r� 

�a�l�l� �R�T�D� �t�e�s�t�s�.� �S�i�m�u�l�a�t�e�d� �f�e�e�d�,� �a� �w�a�t�e�r�-�f�r�o�t�h�e�r� �m�i�x�t�u�r�e� �(�1�0� �u�1�/�l�i�t�e�r�)�,� �w�a�s� �p�u�m�p�e�d� 

�i�n�t�o� �t�h�e� �c�o�l�u�m�n� �w�i�t�h� �a� �p�e�r�i�s�t�a�l�t�i�c� �p�u�m�p� �t�h�r�o�u�g�h� �t�h�e� �f�e�e�d� �i�n�l�e�t� �l�o�c�a�t�e�d� �a�b�o�u�t� �1�8� 

�i�n�c�h�e�s� �b�e�l�o�w� �t�h�e� �f�r�o�t�h� �o�v�e�r�f�l�o�w� �l�i�p�.� �B�u�b�b�l�e�s� �w�e�r�e� �p�r�o�d�u�c�e�d� �w�i�t�h� �a� �p�o�r�o�u�s� �s�p�a�r�g�e�r� 

�c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �a�i�r� �s�u�p�p�l�y�.� 

�A� �H�o�n�e�y�w�e�l�l� �l�e�v�e�l� �c�o�n�t�r�o�l�l�e�r� �m�a�i�n�t�a�i�n�e�d� �c�o�n�s�t�a�n�t� �l�i�q�u�i�d� �l�e�v�e�l� �i�n� �t�h�e� �c�o�l�u�m�n�.� 

�B�a�s�e�d� �o�n� �t�h�e� �r�e�a�d�i�n�g� �f�r�o�m� �t�h�e� �p�r�e�s�s�u�r�e� �t�r�a�n�s�d�u�c�e�r�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �m�a�d�e� �a�d�j�u�s�t�m�e�n�t�s� 

�t�o� �m�a�t�c�h� �i�t�s� �s�e�t� �p�o�i�n�t�.� �A� �c�u�r�r�e�n�t� �s�i�g�n�a�l� �w�a�s� �o�u�t�p�u�t� �t�o� �t�h�e� �p�n�e�u�m�a�t�i�c� �v�a�l�v�e� �a�t�t�a�c�h�e�d� 

�t�o� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �c�o�l�u�m�n�.� �T�h�e� �c�u�r�r�e�n�t� �s�i�g�n�a�l� �w�a�s� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �a� �p�r�e�s�s�u�r�e� �v�a�l�u�e� 

�b�y� �t�h�e� �c�u�r�r�e�n�t�-�t�o�-�p�r�e�s�s�u�r�e� �(�I�/�P�)� �u�n�i�t�,� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �w�a�s� �t�h�e�n� �a�m�p�l�i�f�i�e�d� �b�y� �t�h�e� 
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� � 

�t�v�P� �U�n�i�t� �&� 
� � 

�P�r�e�s�s�u�r�e� �S�o�c�o�s�t�e�r� 

� � � � � � �C�o�n�d�u�c�t�i�v�i�t�y� �P�r�o�b�e� 

�C�o�n�a�u�c�t�i�v�i�t�y� �M�e�t�e�r� 

�T�a�l�l�i�n�g�s� �D�i�s�c�h�a�r�g�e� 

�F�i�g�u�r�e� �3�.�1� �S�c�h�e�m�a�t�i�c� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �u�s�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �s�o�l�i�d� �a�n�d� 
�l�i�q�u�i�d� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �a� �f�l�o�t�a�t�i�o�n� �c�o�l�u�m�n�.� 

�1�0�0



�b�o�o�s�t�e�r� �a�s�s�e�m�b�l�y� �t�o� �a�c�t�u�a�t�e� �t�h�e� �v�a�l�v�e�.� 

�A� �p�l�a�s�t�i�c� �T� �c�o�n�n�e�c�t�o�r� �a�c�t�e�d� �a�s� �t�h�e� �t�a�i�l�i�n�g�s� �d�i�s�c�h�a�r�g�e� �l�i�n�e�,� �i�n�t�o� �w�h�i�c�h� �a� 

�c�o�n�d�u�c�t�i�v�i�t�y� �p�r�o�b�e� �w�a�s� �i�n�s�e�r�t�e�d�.� �T�h�e� �c�o�n�d�u�c�t�i�v�i�t�y� �s�i�g�n�a�l� �w�a�s� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �a� �Y�S�I� 

�m�o�d�e�l� �3�2� �c�o�n�d�u�c�t�i�v�i�t�y� �m�e�t�e�r�,� �w�h�e�r�e� �t�h�e� �v�a�l�u�e� �w�a�s� �d�i�s�p�l�a�y�e�d�.� �T�h�e� �c�o�n�d�u�c�t�i�v�i�t�y� �m�e�t�e�r� 

�w�a�s� �i�n�t�e�r�f�a�c�e�d� �w�i�t�h� �a� �D�A�S�H�-�8� �d�a�t�a� �c�o�l�l�e�c�t�i�o�n� �c�a�r�d� �a�n�d� �a� �s�o�f�t�w�a�r�e� �p�r�o�g�r�a�m� �o�n� �b�o�a�r�d� 

�a�n� �I�B�M� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r�.� �S�a�m�p�l�i�n�g� �r�a�t�e�s� �u�p� �t�o� �1�0� �H�z� �c�o�u�l�d� �b�e� �a�c�c�o�m�m�o�d�a�t�e�d� �b�y� 

�t�h�e� �L�A�B�T�E�C�H� �A�c�q�u�i�r�e� �s�o�f�t�w�a�r�e� �p�a�c�k�a�g�e� �u�t�i�l�i�z�e�d�.� �T�i�m�e� �a�n�d� �c�o�n�d�u�c�t�i�v�i�t�y� �v�a�l�u�e�s� 

�w�e�r�e� �s�t�o�r�e�d� �o�n� �d�i�s�k� �f�o�r� �f�u�t�u�r�e� �a�n�a�l�y�s�i�s�.� 

�3�.�4�.�4� �P�r�o�c�e�d�u�r�e� 

�T�o� �c�o�n�d�u�c�t� �a�n� �R�T�D� �t�e�s�t�,� �a� �l�i�q�u�i�d�-�s�o�l�i�d� �t�r�a�c�e�r� �m�i�x�t�u�r�e� �w�a�s� �i�n�j�e�c�t�e�d� �a�s� �a�n� 

�i�d�e�a�l�i�z�e�d� �p�u�l�s�e� �a� �f�e�w� �i�n�c�h�e�s� �b�e�l�o�w� �t�h�e� �o�v�e�r�f�l�o�w� �l�i�p�.� �T�h�e� �t�r�a�c�e�r� �c�o�n�s�i�s�t�e�d� �o�f� �3�0� �m�L� 

�o�f� �2�0�%� �b�y� �w�e�i�g�h�t� �K�C�I� �s�o�l�u�t�i�o�n� �a�n�d� �2�0�-�2�5� �g�m� �o�f� �a� �s�i�z�e�d� �h�y�d�r�o�p�h�i�l�i�c� �s�o�l�i�d�s� �f�r�a�c�t�i�o�n�,� 

�e�i�t�h�e�r� �s�i�l�i�c�a� �o�r� �c�o�a�l�.� �T�h�e� �l�i�q�u�i�d� �R�T�D� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �c�o�n�d�u�c�t�i�v�i�t�y� 

�o�f� �t�h�e� �t�a�i�l�i�n�g�s� �d�i�s�c�h�a�r�g�e� �u�n�t�i�l� �t�h�e� �t�r�a�c�e�r� �h�a�d� �c�o�m�p�l�e�t�e�l�y� �e�x�i�t�e�d� �t�h�e� �c�o�l�u�m�n�.� �S�o�l�i�d�s� 

�R�T�D�s� �w�e�r�e� �c�o�n�s�t�r�u�c�t�e�d� �b�y� �c�o�l�l�e�c�t�i�n�g� �t�i�m�e�d� �f�r�a�c�t�i�o�n�s� �o�f� �t�h�e� �c�o�l�u�m�n� �c�o�n�t�e�n�t�s� �i�n� 

�b�e�a�k�e�r�s�.� �T�h�e� �w�a�t�e�r� �w�a�s� �t�h�e�n� �e�v�a�p�o�r�a�t�e�d� �f�r�o�m� �e�a�c�h� �b�e�a�k�e�r� �t�o� �o�b�t�a�i�n� �a�n� �a�c�c�u�r�a�t�e� 

�m�a�s�s� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �s�o�l�i�d�s� �i�n� �e�a�c�h� �t�i�m�e� �i�n�t�e�r�v�a�l�.� �F�r�o�m� �t�h�e� �m�a�s�s�e�s� �c�o�l�l�e�c�t�e�d�,� �t�h�e� 

�R�T�D� �w�a�s� �p�r�o�d�u�c�e�d�.� 

�F�r�a�c�t�i�o�n�a�l� �a�i�r� �h�o�l�d�-�u�p�,� �e�,� �w�a�s� �m�e�a�s�u�r�e�d� �f�o�r� �e�a�c�h� �t�e�s�t� �i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �i�n�t�e�r�s�t�i�t�i�a�l� �l�i�q�u�i�d� �v�e�l�o�c�i�t�y�,� �u�,� �=� �V�,� �/� �(�1�)�.� �T�h�e� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 
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�t�r�a�n�s�d�u�c�e�r� �a�n�d� �a�t�m�o�s�p�h�e�r�i�c� �p�r�e�s�s�u�r�e� �a�l�l�o�w�e�d� �a�i�r� �h�o�l�d�-�u�p� �t�o� �b�e� �c�a�l�c�u�l�a�t�e�d�.� 

�3�.�5� �D�a�t�a� �A�n�a�l�y�s�i�s� 

�A�n� �a�p�p�r�o�a�c�h� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �R�i�c�e� �e�t� �a�l�.� �(�1�9�7�4�)� �w�a�s� �u�t�i�l�i�z�e�d� �t�o� �a�n�a�l�y�z�e� �t�h�e� 

�d�a�t�a�.� �T�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e�,� �f�o�r� �e�i�t�h�e�r� �t�h�e� �l�i�q�u�i�d� �o�r� �t�h�e� �s�o�l�i�d�s�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�m�o�m�e�n�t�s� �o�f� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�:� 

�C�,�t�,�d�t� 
�t�=� �f�e�s�t�s�d�e� �[�3�.�6�]� 

�f�e�s�a�e� 

�w�h�e�r�e� �C�;� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �(�o�r� �c�o�n�d�u�c�t�i�v�i�t�y�)� �a�t� �t�i�m�e� �t�;� �S�i�m�p�s�o�n�'�s� �R�u�l�e� 

�i�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �i�n�t�e�g�r�a�l�s�.� �T�y�p�i�c�a�l� �R�T�D�s� �f�o�r� �t�h�e� �l�i�q�u�i�d� �a�n�d� �t�h�e� 

�s�o�l�i�d� �i�n� �a� �g�i�v�e�n� �t�e�s�t� �a�r�e� �e�x�h�i�b�i�t�e�d� �i�n� �F�i�g�u�r�e�s� �3�.�2� �a�n�d� �3�.�3�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �l�i�q�u�i�d� 

�R�T�D� �i�s� �i�n� �t�e�r�m�s� �o�f� �c�o�n�d�u�c�t�i�v�i�t�y�,� �w�h�i�l�e� �t�h�e� �s�o�l�i�d�s� �R�T�D� �i�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �a�m�o�u�n�t� �o�f� 

�s�o�l�i�d� �t�r�a�c�e�r� �c�o�l�l�e�c�t�e�d� �i�n� �a� �g�i�v�e�n� �t�i�m�e� �p�e�r�i�o�d�.� 

�T�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�x�i�a�l� 

�d�i�s�p�e�r�s�i�o�n� �m�o�d�e�l�,� �d�e�r�i�v�e�d� �b�y� �R�i�c�e� �e�t� �a�l�.� �(�1�9�7�4�)�:� 

� � 

�P�e�t� �P�e� �t� �o�t� �C�(�t�)� �=� �=�F� �{�2�-�=�-�=� �3�.�7� 
�e�)� �4�x�t�?� �e�x�p�|� �4� �(� �I� 

�A� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�a�l�y�s�i�s� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s� �o�f� �C�(�t�)� �a�n�d� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �v�a�l�u�e�s� 

�d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n� �[�3�.�7�]�.� 

�N�u�m�e�r�o�u�s� �a�u�t�h�o�r�s� �s�u�g�g�e�s�t� �t�h�e� �u�s�e� �o�f� �w�e�i�g�h�t�i�n�g� �f�a�c�t�o�r�s� �w�h�e�n� �a�n�a�l�y�z�i�n�g� 
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�F�i�g�u�r�e� �3�.�2� �L�i�q�u�i�d� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �t�i�m�e�-�s�t�a�m�p�e�d� 
�c�o�n�d�u�c�t�i�v�i�t�y� �v�a�l�u�e�s�.� 
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�1�5� �T�F� �T� �T� �r� �r� �a� �|� �T� �T� �a� �|� �T� �T� �7� �n�F� 

�o�O� �b�e� 

�5� �l�1�O�F� 
�v�o� �.� 
�O� 

�L�&� 
�O�°� 

�O� �d� 
�=� �b� 

�@� �°� �'�°� 
�r� �1� 

�P� 
�O� �|� �|� �a�t� �]� �l� �a�u�l� �a� �|� �a�k� �1� �e�l� 

�0� �2�0�0� �4�0�0� �6�0�0� �8�0�0� 

�F�i�g�u�r�e� �3�.�3� �S�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �4�8� �x� �6�5� �m�e�s�h� �s�i�l�i�c�a� �s�i�z�e� �f�r�a�c�t�i�o�n� 
�f�r�o�m� �t�a�i�l�i�n�g�s� �d�i�s�c�h�a�r�g�e� �s�a�m�p�l�e� �c�o�l�l�e�c�t�i�o�n� �w�e�i�g�h�t�s�.� 
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�r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �(�O�s�t�e�r�g�a�a�r�d� �a�n�d� �M�i�c�h�e�l�s�e�n�,� �1�9�6�9�;� �M�i�c�h�e�l�s�e�n� �a�n�d� 

�O�s�t�e�r�g�a�a�r�d�,� �1�9�7�0�;� �R�i�c�e� �e�t� �a�l�.�,� �1�9�7�4�;� �F�a�h�i�m� �a�n�d� �W�a�k�a�o�,� �1�9�8�2�)�.� �T�h�e�i�r� �p�r�i�m�a�r�y� 

�f�u�n�c�t�i�o�n� �i�s� �t�o� �a�s�s�i�g�n� �l�e�s�s� �w�e�i�g�h�t� �t�o� �t�h�e� �t�a�i�l� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�,� �w�h�e�r�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� 

�v�a�l�u�e�s� �c�a�n� �n�o�t� �b�e� �d�e�t�e�r�m�i�n�e�d� �v�e�r�y� �a�c�c�u�r�a�t�e�l�y�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �n�o� �w�e�i�g�h�t�i�n�g� 

�f�a�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d�,� �f�o�r� �t�h�r�e�e� �r�e�a�s�o�n�s�.� �F�i�r�s�t� �a�n�d� �f�o�r�e�m�o�s�t�,� �d�a�t�a� �a�n�a�l�y�s�i�s� 

�i�s� �g�r�e�a�t�l�y� �s�i�m�p�l�i�f�i�e�d�.� �S�e�c�o�n�d�l�y�,� �r�e�s�u�l�t�s� �f�r�o�m� �o�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�o�r�s� �s�t�u�d�y�i�n�g� �c�o�l�u�m�n� 

�f�l�o�t�a�t�i�o�n� �w�h�o� �e�m�p�l�o�y�e�d� �n�o� �w�e�i�g�h�t�i�n�g� �a�r�e� �r�e�a�s�o�n�a�b�l�e� �a�n�d� �c�o�n�s�i�s�t�e�n�t� �(�D�o�b�b�y� �a�n�d� 

�F�i�n�c�h�,� �1�9�8�5�;� �K�h�o� �a�n�d� �S�o�h�n�,� �1�9�8�9�;� �M�a�n�k�o�s�a�,� �1�9�9�0�)�.� �F�i�n�a�l�l�y�,� �t�h�e�r�e� �i�s� �n�o� �s�i�n�g�l�e� 

�w�e�i�g�h�t�i�n�g� �t�e�c�h�n�i�q�u�e� �(�o�f� �t�h�e� �m�a�n�y� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�)� �t�h�a�t� �i�s� �w�i�d�e�l�y� �a�c�c�e�p�t�e�d� �a�n�d� 

�u�t�i�l�i�z�e�d� �a�s� �t�h�e� �c�o�r�r�e�c�t� �o�n�e�.� 

�3�.�6� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �p�r�o�d�u�c�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �m�a�t�e�r�i�a�l�s� 

�i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e�s� �3�.�4� �a�n�d� �3�.�5�.� �F�i�g�u�r�e� �3�.�4� �s�h�o�w�s� �t�h�e� �R�T�D� �f�o�r� �a� �c�o�a�r�s�e� �s�a�m�p�l�e� 

�o�f� �c�o�a�l� �(�4�8� �x� �6�5� �m�e�s�h�)�,� �w�h�i�l�e� �F�i�g�u�r�e� �3�.�5� �d�e�p�i�c�t�s� �t�h�e� �R�T�D� �f�o�r� �a� �s�i�l�i�c�a� �s�a�m�p�l�e� �o�f� �t�h�e� 

�s�a�m�e� �s�i�z�e�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �l�i�q�u�i�d� �R�T�D�s� �f�o�r� �t�h�e� �t�w�o� �s�a�m�p�l�e�s� �a�r�e� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� 

�c�i�r�c�l�e�s�,� �w�i�t�h� �t�h�e� �s�o�l�i�d� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �b�e�s�t� �m�o�d�e�l� �f�i�t� �b�e�t�w�e�e�n� �t�h�e� �d�a�t�a� �a�n�d� 

�E�q�u�a�t�i�o�n� �[�3�.�6�]�.� �L�i�t�t�l�e� �v�a�r�i�a�t�i�o�n� �i�s� �a�p�p�a�r�e�n�t� �b�e�t�w�e�e�n� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �f�o�r� �t�h�e� �l�i�q�u�i�d�.� 

�T�h�e� �l�i�q�u�i�d� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �i�s� �a�r�o�u�n�d� �2�0�0� �s�e�c�o�n�d�s�,� �a�n�d� �t�h�e� �l�i�q�u�i�d� �P�e�c�l�e�t� �n�u�m�b�e�r� �i�s� 

�b�e�t�w�e�e�n� �6� �a�n�d� �7�.� �T�h�e� �s�o�l�i�d�s� �b�e�h�a�v�i�o�r� �i�s� �m�a�r�k�e�d�l�y� �d�i�f�f�e�r�e�n�t�,� �h�o�w�e�v�e�r�,� �a�s� �d�e�n�o�t�e�d� �b�y� 

�t�h�e� �s�q�u�a�r�e�s� �a�n�d� �d�a�s�h�e�d� �l�i�n�e�.� �N�o�t� �o�n�l�y� �a�r�e� �t�h�e�r�e� �c�o�n�s�i�d�e�r�a�b�l�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� 
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�t�h�e� �l�i�q�u�i�d� �a�n�d� �s�o�l�i�d�s� �R�T�D�s�,� �b�u�t� �t�h�e�r�e� �i�s� �a�l�s�o� �a� �n�o�t�a�b�l�e� �d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �c�o�a�l� �a�n�d� 

�s�i�l�i�c�a�.� �T�h�e� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�f� �t�h�e� �s�i�l�i�c�a� �s�a�m�p�l�e� �i�s� �l�o�w�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �c�o�a�l�,� 

�a�n�d� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �o�f� �t�h�e� �s�i�l�i�c�a� �i�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �g�r�e�a�t�e�r�,� �i�n�d�i�c�a�t�i�n�g� �a� �s�m�a�l�l�e�r� 

�d�e�g�r�e�e� �o�f� �a�x�i�a�l� �m�i�x�i�n�g�.� 

�A� �s�i�m�i�l�a�r� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �a�t� �a� �s�m�a�l�l�e�r� �s�i�z�e� �(�2�5�0� �x� �2�7�0� 

�m�e�s�h�)� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �3�.�6� �a�n�d� �3�.�7�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �l�i�q�u�i�d� �a�n�d� �s�o�l�i�d� 

�R�T�D�s� �f�o�r� �e�a�c�h� �m�a�t�e�r�i�a�l� �a�r�e� �m�i�n�i�m�a�l�.� �I�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �s�o�l�i�d� �p�a�r�t�i�c�l�e�s� �a�r�e� �b�a�s�i�c�a�l�l�y� 

�f�o�l�l�o�w�i�n�g� �t�h�e� �l�i�q�u�i�d� �t�h�r�o�u�g�h� �t�h�e� �c�o�l�u�m�n�,� �r�e�s�u�l�t�i�n�g� �i�n� �s�i�m�i�l�a�r� �v�a�l�u�e�s� �f�o�r� �r� �a�n�d� �P�e� �f�o�r� 

�t�h�e� �l�i�q�u�i�d� �a�n�d� �s�o�l�i�d�.� �T�h�e� �l�o�w�e�r� �v�a�l�u�e� �o�f� �1� �,� �f�o�r� �b�o�t�h� �s�a�m�p�l�e�s� �(�a�s� �c�o�m�p�a�r�e�d� �t�o� �1� �,�)� �i�s� 

�d�u�e� �t�o� �t�h�e� �s�i�z�e� �a�n�d� �d�e�n�s�i�t�y� �o�f� �t�h�e� �s�o�l�i�d� �p�a�r�t�i�c�l�e�s�,� �w�h�i�c�h� �c�a�u�s�e�s� �t�h�e�m� �t�o� �p�a�s�s� �t�h�r�o�u�g�h� 

�t�h�e� �c�o�l�u�m�n� �m�o�r�e� �q�u�i�c�k�l�y�.� 

�G�r�a�p�h�i�c�a�l� �s�u�m�m�a�r�i�e�s� �o�f� �t�h�e� �R�T�D� �d�a�t�a� �f�o�r� �b�o�t�h� �m�a�t�e�r�i�a�l�s� �a�n�d� �a�l�l� �s�i�z�e�s� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e�s� �3�.�8� �a�n�d� �3�.�9�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �P�e�c�l�e�t� �n�u�m�b�e�r� �a�n�d� 

�p�a�r�t�i�c�l�e� �s�i�z�e�,� �d�,�,� �i�s� �e�x�h�i�b�i�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�8�.� �T�h�e� �l�i�q�u�i�d� �P�e�c�l�e�t� �n�u�m�b�e�r� �r�e�m�a�i�n�s� 

�e�s�s�e�n�t�i�a�l�l�y� �c�o�n�s�t�a�n�t� �f�o�r� �b�o�t�h� �t�h�e� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �s�a�m�p�l�e�s�.� �T�h�e� �m�i�x�i�n�g� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�s�o�l�i�d�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �m�u�c�h� �l�e�s�s� �s�t�a�t�i�c� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �l�i�q�u�i�d�.� �T�h�e�r�e� �i�s� �a� 

�d�e�f�i�n�i�t�e� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �P�e�,� �a�n�d� �d�,�,� �p�r�i�m�a�r�i�l�y� �a�b�o�v�e� �a�b�o�u�t� �1�5�0� �4�m�.� �B�e�l�o�w� �1�5�0� 

�u�m�,� �n�o� �d�i�s�t�i�n�c�t� �v�a�r�i�a�t�i�o�n� �b�e�t�w�e�e�n� �P�e�,� �a�n�d� �P�e�,� �c�a�n� �b�e� �d�i�s�c�e�r�n�e�d�.� �T�h�i�s� �i�s� �c�o�n�s�i�s�t�e�n�t� 

�w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �w�o�r�k� �c�i�t�e�d� �p�r�e�v�i�o�u�s�l�y� �f�o�r� �-�1�0�0� �m�e�s�h� �m�a�t�e�r�i�a�l�,� �w�h�e�r�e� �P�e�,� �w�a�s� 

�s�h�o�w�n� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�s� �P�e�,�.� 

�T�h�e� �i�n�c�r�e�a�s�e� �i�n� �P�e�,� �a�t� �l�a�r�g�e�r� �p�a�r�t�i�c�l�e� �s�i�z�e�s�,� �d�e�n�o�t�i�n�g� �r�e�d�u�c�e�d� �a�x�i�a�l� �m�i�x�i�n�g�,� �i�s� 
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�d�u�e� �t�o� �t�h�e� �i�n�c�r�e�a�s�e�d� �i�m�p�a�c�t� �o�f� �p�a�r�t�i�c�l�e� �s�i�z�e� �a�n�d� �d�e�n�s�i�t�y�.� �L�a�r�g�e� �p�a�r�t�i�c�l�e�s� �a�r�e� �l�e�s�s� 

�l�i�k�e�l�y� �t�o� �e�x�h�i�b�i�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �l�i�q�u�i�d�.� �T�h�e� �d�e�n�s�i�t�y�-�s�i�z�e� �e�f�f�e�c�t� �i�s� �a�l�s�o� 

�a�d�e�q�u�a�t�e� �t�o� �r�a�t�i�o�n�a�l�i�z�e� �t�h�e� �g�r�e�a�t�e�r� �d�e�v�i�a�t�i�o�n� �i�n� �P�e�,� �e�x�h�i�b�i�t�e�d� �b�y� �s�i�l�i�c�a� �a�s� �c�o�m�p�a�r�e�d� 

�t�o� �c�o�a�l�,� �w�h�i�c�h� �i�s� �h�a�l�f� �a�s� �d�e�n�s�e�.� �T�h�e� �h�e�a�v�i�e�r� �s�i�l�i�c�a� �p�a�r�t�i�c�l�e�s� �a�r�e� �n�o�t� �a�s� �l�i�k�e�l�y� �a�s� �t�h�e� 

�c�o�a�l� �t�o� �t�r�a�v�e�l� �w�i�t�h� �t�h�e� �l�i�q�u�i�d�,� �r�e�s�u�l�t�i�n�g� �i�n� �m�o�r�e� �p�l�u�g� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �(�h�i�g�h�e�r� �P�e�)�.� �T�h�e� 

�c�o�n�s�i�d�e�r�a�b�l�e� �d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �P�e�,� �a�n�d� �P�e�,� �a�t� �l�a�r�g�e� �p�a�r�t�i�c�l�e� �s�i�z�e�s� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� 

�t�h�e�o�r�e�t�i�c�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�,� �b�u�t� �m�a�y� �n�o�t� �h�a�v�e� �m�u�c�h� �p�r�a�c�t�i�c�a�l� �u�t�i�l�i�t�y�.� �S�i�n�c�e� �c�o�l�u�m�n� 

�f�l�o�t�a�t�i�o�n� �a�p�p�l�i�c�a�t�i�o�n�s� �t�y�p�i�c�a�l�l�y� �p�r�o�c�e�s�s� �m�i�d� �t�o� �f�i�n�e�-�s�i�z�e� �p�a�r�t�i�c�l�e�s� �(�l�e�a�v�i�n�g� �c�o�a�r�s�e� �s�i�z�e� 

�p�r�o�c�e�s�s�i�n�g� �f�o�r� �s�i�m�p�l�e�r� �m�e�c�h�a�n�i�c�a�l� �d�e�v�i�c�e�s�)�,� �a�s�s�u�m�i�n�g� �P�e�,� �=� �P�e�,� �i�s� �p�r�o�b�a�b�l�y� �v�a�l�i�d�.� 

�F�i�g�u�r�e� �3�.�9� �d�e�p�i�c�t�s� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �a�n�d� �p�a�r�t�i�c�l�e� �s�i�z�e� 

�f�o�r� �t�h�e� �c�o�a�l� �a�n�d� �s�i�l�i�c�a� �s�a�m�p�l�e�s�.� �T�h�i�s� �e�n�a�b�l�e�s� �e�v�a�l�u�a�t�i�o�n� �o�f� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� 

�c�o�r�r�e�c�t�i�o�n� �f�o�r�m�u�l�a� �f�o�r� �a� �w�i�d�e�r� �s�i�z�e� �r�a�n�g�e� �a�n�d� �d�i�f�f�e�r�e�n�t� �d�e�n�s�i�t�i�e�s�.� �F�i�g�u�r�e� �3�.�9� �s�h�o�w�s� 

�t�h�a�t� �l�i�q�u�i�d� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �s�i�z�e� �r�a�n�g�e� �i�s� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t�,� �a�l�t�h�o�u�g�h� 

�7�,� �f�o�r� �c�o�a�l� �w�a�s� �u�s�u�a�l�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �1� �,� �f�o�r� �s�i�l�i�c�a�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�s� �b�e�l�i�e�v�e�d� �t�o� �b�e� �d�u�e� 

�t�o� �a� �s�l�i�g�h�t�l�y� �l�o�w�e�r� �a�i�r� �f�r�a�c�t�i�o�n� �p�r�e�s�e�n�t� �d�u�r�i�n�g� �t�h�e� �c�o�a�l� �t�e�s�t�s�,� �w�h�i�c�h� �w�o�u�l�d� �l�e�a�d� �t�o� �a� 

�s�m�a�l�l�e�r� �i�n�t�e�r�s�t�i�t�i�a�l� �l�i�q�u�i�d� �v�e�l�o�c�i�t�y� �a�n�d� �a� �s�h�o�r�t�e�r� �r�e�s�i�d�e�n�c�e� �t�i�m�e�.� �T�h�e� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� 

�t�i�m�e� �d�e�m�o�n�s�t�r�a�t�e�s� �a� �d�i�s�t�i�n�c�t� �d�e�p�e�n�d�e�n�c�e� �o�n� �d�,�,� �w�i�t�h� �7�,� �f�o�r� �s�i�l�i�c�a� �s�h�o�w�i�n�g� �a� �g�r�e�a�t�e�r� 

�d�e�v�i�a�t�i�o�n� �f�r�o�m� �7�,� �t�h�a�n� �r� �,� �f�o�r� �c�o�a�l�,� �a�t� �a�l�l� �s�i�z�e�s�.� �T�h�i�s� �i�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �h�i�g�h�e�r� �d�e�n�s�i�t�y� 

�o�f� �s�i�l�i�c�a�,� �f�o�r�c�i�n�g� �i�t� �t�o� �e�x�i�t� �t�h�e� �c�o�l�u�m�n� �m�o�r�e� �q�u�i�c�k�l�y�.� 

�F�o�r� �c�o�m�p�a�r�i�s�o�n� �p�u�r�p�o�s�e�s�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� 

�t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �f�r�o�m� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� �e�q�u�a�t�i�o�n� �(�E�q�u�a�t�i�o�n� 
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�[�3�.�4�]�)�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �a�n�d� �p�a�r�t�i�c�l�e� �s�i�z�e� �f�o�r� �t�h�e� �s�i�l�i�c�a� 

�a�n�d� �c�o�a�l� �t�e�s�t�s� �i�s� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e�s� �3�.�1�0� �a�n�d� �3�.�1�1�.� �T�h�e� �p�a�r�t�i�c�l�e� �s�e�t�t�l�i�n�g� �v�e�l�o�c�i�t�y�,� �u�,�,� 

�w�a�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �d�e�r�i�v�e�d� �b�y� �C�o�n�c�h�a� �a�n�d� �A�l�m�e�n�d�r�a� �(�1�9�7�9�)�,� �w�h�i�c�h� 

�c�o�r�r�e�c�t�s� �f�o�r� �h�i�n�d�e�r�e�d� �s�e�t�t�l�i�n�g� �a�n�d� �n�o�n�s�p�h�e�r�i�c�i�t�y� �o�f� �t�h�e� �p�a�r�t�i�c�l�e�s�.� �F�i�g�u�r�e� �3�.�1�1� �s�h�o�w�s� 

�t�h�a�t� �t�h�e�r�e� �i�s� �a� �f�a�i�r�l�y� �g�o�o�d� �f�i�t� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �s�o�l�i�d�s� 

�r�e�s�i�d�e�n�c�e� �t�i�m�e� �f�o�r� �t�h�e� �s�i�l�i�c�a� �s�a�m�p�l�e�s�.� �F�o�r� �t�h�e� �c�o�a�l�,� �h�o�w�e�v�e�r�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r� �,� �i�s� 

�s�e�e�n� �t�o� �f�a�l�l� �b�e�l�o�w� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �v�a�l�u�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�'�s� �e�q�u�a�t�i�o�n�.� 

�T�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �m�a�y� �b�e� �d�u�e� �t�o� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �i�n� �t�h�e� �s�h�a�p�e� �a�n�d� �s�u�r�f�a�c�e� �m�o�r�p�h�o�l�o�g�y� 

�o�f� �t�h�e� �c�o�a�l�.� �T�h�e� �s�h�a�p�e� �f�a�c�t�o�r� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �C�o�n�c�h�a� �a�n�d� �A�l�m�e�n�d�r�a�'�s� �e�q�u�a�t�i�o�n� 

�m�a�y� �n�o�t� �b�e� �a�c�c�u�r�a�t�e� �f�o�r� �c�o�a�l�.� �A�d�d�i�t�i�o�n�a�l� �r�e�s�e�a�r�c�h� �i�s� �r�e�q�u�i�r�e�d� �t�o� �o�b�t�a�i�n� �s�h�a�p�e� �f�a�c�t�o�r�s� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �a� �w�i�d�e�r� �v�a�r�i�e�t�y� �o�f� �m�a�t�e�r�i�a�l�s�.� 

�3�.�7� �F�l�o�t�a�t�i�o�n� �P�e�r�f�o�r�m�a�n�c�e� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �t�h�e� �c�h�a�p�t�e�r� �1�,� �t�h�e� �o�v�e�r�r�i�d�i�n�g� �a�i�m� �o�f� �t�h�e� �p�r�e�s�e�n�t� �r�e�s�e�a�r�c�h� �i�s� 

�t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �a� �f�u�n�d�a�m�e�n�t�a�l� �f�l�o�t�a�t�i�o�n� �m�o�d�e�l� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� 

�f�l�o�t�a�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� 

�w�h�i�c�h� �a�r�e� �k�n�o�w�n� �t�o� �i�m�p�a�c�t� �r�e�c�o�v�e�r�y�:� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�,� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e�,� 

�a�n�d� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r�.� �T�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �a�n�d� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�r�a�c�e�r� �t�e�s�t�s�,� �a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �T�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�,� �k�,� �o�n� �t�h�e� �o�t�h�e�r� 

�h�a�n�d�,� �m�u�s�t� �b�e� �e�v�a�l�u�a�t�e�d� �i�n�d�i�r�e�c�t�l�y� �w�i�t�h� �t�h�e� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n� �m�o�d�e�l� 

�d�e�v�e�l�o�p�e�d� �i�n� �c�h�a�p�t�e�r� �2�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �r�e�l�a�t�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n�,� 

�1�1�4



� � 

� � 

� � � � � � 

� � � � � � 

�2�5�0� �|� �v� �m�s� �v� �t�y� �o�T� �q�T� �v� �t�c� �Y�T� �o�T� �T� �T� �T� �{� �v� �T� �T� �I� �|� 

�O�o� �E�x�p�e�r�i�m�e�n�t�a�l� �|� 
�2�0�0� �F�  ��-�- ��-� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� �(�1�9�8�5�)� �-� 

�@� �|� 
�@� �L� �J� 

 � ¬� �~ �� �&� 
�F�1�5�0� �F� �s�o� �.� 
�®� 

�-�_� 

�E� �|� �N�o� �|� �O� 

�D�  �� �,� �o�O� �4� 
�g�y� �1�0�0� �r� �\� �;� 
 ��  ��\� �|� 

�2�  ��  �� �O� �J� 

�a� �a� �1� 
�5�0� �i� �~� �o�O �� �~� �_�_� �O� 

�S�i�l�i�c�a� �1� 
�O� �a�l� �1� �:� �i� �|� �a�t� �1� �i� �|� �1� �l� �t� �j� �i� �|� �l� 

�0� �1�0�0� �2�0�0� �3�0�0� �4�0�0� 
�P�a�r�t�i�c�l�e� �S�i�z�e� �(�m�i�c�r�o�n�s�)� 

�F�i�g�u�r�e� �3�.�1�0� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� 
�f�o�r� �s�i�l�i�c�a�.� 
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�2�5�0� �T� �r� �T� �T� �1� �T� �T� �T� �T� �T� �T� �T� �a�e� �T� �T� �|� �r�e� 

�O�o� �E�x�p�e�r�i�m�e�n�t�a�l� �|� 
 ��- ��-�- ��-� �D�o�b�b�y� �a�n�d� �F�i�n�c�h� �(�1�9�8�5�)� �J� 

�2�0�0� �E�  �� �\� �7� 

�e� �\� �w�w� �\� �4� 
�@� �o�O�  ��\� �4� 

�£� �o� �O�o� �N� �.� 

�-� �1�5�0� �f� �S� �J� 
�o�O� �r� �o�  �� �,� 
�C�c� �:� �~� �N� 
�©� �o�d� �~� �~� �-�_� 

�O�o� �~� �=� �i� �O�°� �~� �J� 

�K�A� �1� �O�O� �r� �~� �~� �7� 

 �� �o�O� �~� 
�2� �o�O� �=� �4� 
 ��/� �b�a� �=� 

�5�0� �.� �J� 

�C�o�a�l� �|� 
�O� �J�t� �1� �i� �:� �|� �:� �1�.� �C�l�g� �,� �|� �1� �1� �1� �I� �|� �1� �1� �_� �1� 

�0� �1�0�0� �2�0�0� �3�0�0� �4�0�0� 
�P�a�r�t�i�c�l�e� �S�i�z�e� �(�m�i�c�r�o�n�s�)� 

�F�i�g�u�r�e� �3�.�1�1� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� 
�f�o�r� �c�o�a�l�.� 
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�P�,� �t�o� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�.� 

�I�f� �a� �f�i�r�s�t�-�o�r�d�e�r� �r�a�t�e� �p�r�o�c�e�s�s� �i�s� �a�s�s�u�m�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �f�l�o�t�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�q�u�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�e�m�o�v�a�l� �r�a�t�e� �o�f� �p�a�r�t�i�c�l�e�s� �f�r�o�m� �t�h�e� �c�e�l�l�:� 

�a�N�,�  ��P� �=�-� �3�.�8� 
�d�t� �K�N�,� �:� �[�3�-�8�]� 

�w�h�e�r�e� �N�,� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �i�n� �t�h�e� �c�e�l�l�,� �a�n�d� �k� �i�s� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� 

�c�o�n�s�t�a�n�t�.� �A�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �k� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �a�n�a�l�y�z�i�n�g� �t�h�e� �r�e�m�o�v�a�l� �p�r�o�c�e�s�s� �o�f� 

�p�a�r�t�i�c�l�e�s� �b�y� �r�i�s�i�n�g� �a�i�r� �b�u�b�b�l�e�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�e�l�l� �b�y� �a� 

�s�i�n�g�l�e� �b�u�b�b�l�e�,� �N�,�,�,�,� �i�s� �g�i�v�e�n� �b�y�:� 

�2� �N� �-� �m�t� �D�,� �L�P�N�,� �[�3�.�9�]� 
�P�/�b� �4�V�.� 

�w�h�e�r�e� �D�,� �i�s� �t�h�e� �b�u�b�b�l�e� �d�i�a�m�e�t�e�r�,� �L� �i�s� �t�h�e� �c�e�l�l� �l�e�n�g�t�h�,� �P� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�c�o�l�l�e�c�t�i�o�n�,� �a�n�d� �V�,� �i�s� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �c�e�l�l�.� �F�o�r� �a� �g�i�v�e�n� �v�o�l�u�m�e�t�r�i�c� �a�i�r� �f�l�o�w� �r�a�t�e�,� �Q�O�,� 

�t�h�e� �n�u�m�b�e�r� �o�f� �b�u�b�b�l�e�s� �i�n� �t�h�e� �c�e�l�l� �p�e�r� �u�n�i�t� �t�i�m�e� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�-� �6�9� 
�n�D�,� 
� � �[�3�.�1�0�]� 

�M�u�l�t�i�p�l�y�i�n�g� �E�q�u�a�t�i�o�n�s� �[�3�.�9�]� �a�n�d� �[�3�.�1�0�]� �g�i�v�e�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�c�l�e�s� �r�e�m�o�v�e�d� 

�p�e�r� �u�n�i�t� �t�i�m�e�:� 

�-�~ ��P� �=� �3�P�O�L� �y�,� �[�3�.�1�1�]� 

�F�u�r�t�h�e�r�m�o�r�e�,� �s�i�n�c�e� �t�h�e� �c�e�l�l� �v�o�l�u�m�e�,� �V�,�,� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�1�1�7



�2� 

�-� �T�D�L� �[�3�.�1�2�]� � � 

�w�h�e�r�e� �D�,� �i�s� �t�h�e� �c�e�l�l� �d�i�a�m�e�t�e�r�,� �a�n�d� �s�i�n�c�e� �t�h�e� �s�u�p�e�r�f�i�c�i�a�l� �g�a�s� �r�a�t�e�,� �V�,�,� �i�s� �e�q�u�a�l� �t�o� �t�h�e� 

� � 

�f�o�l�l�o�w�i�n�g�:� 

�4�0� �V�_�=� �g� �R�D�?� �[�3�.�1�3�]� 

�E�q�u�a�t�i�o�n� �[�3�.�1�1�]� �c�a�n� �b�e� �r�e�a�r�r�a�n�g�e�d� �t�o� �y�i�e�l�d�:� 

�a�N�,� �3� �P�V�,� �- �� �P�p� �=� �U�g� �a�e� �a�D�,� �M�p� �[�3�.�1�4�]� 

�B�y� �e�q�u�a�t�i�n�g� �E�q�u�a�t�i�o�n�s� �[�3�.�8�]� �a�n�d� �[�3�.�1�4�]� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�e�l�l�-�k�n�o�w�n� �e�x�p�r�e�s�s�i�o�n� 

�f�o�r� �k�:� 

�=� �= ��V�,� �[�3�.�1�5�]� 

�w�h�i�c�h� �s�h�o�w�s� �t�h�a�t� �s�m�a�l�l�e�r� �b�u�b�b�l�e�s� �a�n�d� �h�i�g�h�e�r� �g�a�s� �r�a�t�e�s� �r�e�s�u�l�t� �i�n� �h�i�g�h�e�r� �r�a�t�e� �c�o�n�s�t�a�n�t�s�.� 

�T�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t� �p�r�o�v�i�d�e�s� �a�n� �e�x�c�e�l�l�e�n�t� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �f�l�o�a�t�a�b�i�l�i�t�y� �o�f� �a� �g�i�v�e�n� 

�s�p�e�c�i�e�s�.� �I�n� �g�e�n�e�r�a�l�,� �h�i�g�h�e�r� �k� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �f�a�s�t�e�r� �f�l�o�t�a�t�i�o�n� �k�i�n�e�t�i�c�s� �a�n�d� �m�o�r�e� 

�h�y�d�r�o�p�h�o�b�i�c� �m�a�t�e�r�i�a�l�s�.� �A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �h�o�w�e�v�e�r�,� �f�l�o�t�a�t�i�o�n� �r�e�c�o�v�e�r�y� �c�a�n�n�o�t� �b�e� 

�d�i�r�e�c�t�l�y� �e�q�u�a�t�e�d� �w�i�t�h� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t�.� �T�h�e� �c�e�l�l� �m�i�x�i�n�g� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �a�s� �w�e�l�l�.� �T�h�e� �d�e�g�r�e�e� �o�f� �m�i�x�i�n�g� �(�P�e�)� �a�n�d� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�f� �t�h�e� �s�o�l�i�d�s� 

�(�r� �,�)� �i�n� �t�h�e� �c�e�l�l� �a�l�s�o� �p�l�a�y� �s�i�g�n�i�f�i�c�a�n�t� �r�o�l�e�s� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �r�e�c�o�v�e�r�y�.� 

�A�s� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �d�e�c�r�e�a�s�e�s�,� �i�n�d�i�c�a�t�i�n�g� �m�o�r�e� �m�i�x�e�d� �c�o�n�d�i�t�i�o�n�s�,� �f�l�o�t�a�t�i�o�n� 
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�r�e�c�o�v�e�r�y� �i�s� �h�a�m�p�e�r�e�d�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �i�n�c�r�e�a�s�e�d� �a�x�i�a�l� �m�i�x�i�n�g� �d�i�s�r�u�p�t�s� �t�r�a�n�s�p�o�r�t� 

�o�f� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �a�g�g�r�e�g�a�t�e�s� �i�n�t�o� �t�h�e� �f�r�o�t�h�,� �r�e�d�u�c�i�n�g� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �p�a�r�t�i�c�l�e� 

�c�o�l�l�e�c�t�i�o�n� �f�r�o�m� �t�h�e� �c�e�l�l�.� �F�o�r� �p�e�r�f�e�c�t�l�y� �p�l�u�g�-�f�l�o�w� �c�o�n�d�i�t�i�o�n�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� 

�m�a�t�e�r�i�a�l� �m�o�v�e�s� �t�h�r�o�u�g�h� �t�h�e� �c�e�l�l� �a�s� �"�p�l�u�g�s�"�,� �l�e�s�s� �c�o�n�d�u�c�i�v�e� �t�o� �d�i�s�r�u�p�t�i�o�n�,� �a�n�d� �r�e�c�o�v�e�r�y� 

�i�s� �m�a�x�i�m�i�z�e�d�.� �F�o�r� �m�o�s�t� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �d�e�g�r�e�e� �o�f� �m�i�x�i�n�g� �w�i�l�l� �f�a�l�l� �b�e�t�w�e�e�n� 

�p�e�r�f�e�c�t�l�y� �m�i�x�e�d� �a�n�d� �p�l�u�g� �f�l�o�w�.� �T�h�e� �c�h�a�l�l�e�n�g�e�,� �t�h�e�n�,� �i�s� �t�o� �a�p�p�r�o�a�c�h� �p�l�u�g�-�f�l�o�w� 

�c�o�n�d�i�t�i�o�n�s�,� �t�h�e�r�e�b�y� �e�n�h�a�n�c�i�n�g� �r�e�c�o�v�e�r�y� �w�i�t�h�o�u�t� �s�a�c�r�i�f�i�c�i�n�g� �g�r�a�d�e� �c�o�n�s�i�d�e�r�a�b�l�y�.� 

�T�h�e� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�c�t�a�t�e�s� �h�o�w� �l�o�n�g� �a� �g�i�v�e�n� �p�a�r�t�i�c�l�e� �i�s� �i�n� �t�h�e� �c�e�l�l�,� 

�a�v�a�i�l�a�b�l�e� �f�o�r� �f�l�o�t�a�t�i�o�n�.� �I�d�e�a�l�l�y�,� �a�n� �i�n�f�i�n�i�t�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �w�o�u�l�d� �b�e� �u�t�i�l�i�z�e�d� �t�o� �r�e�c�o�v�e�r� 

�a�l�l� �p�a�r�t�i�c�l�e�s� �c�a�p�a�b�l�e� �o�f� �a�t�t�a�c�h�i�n�g� �t�o� �b�u�b�b�l�e�s�.� �P�r�a�c�t�i�c�a�l�l�y�,� �h�o�w�e�v�e�r�,� �i�n�f�i�n�i�t�e� �r�e�s�i�d�e�n�c�e� 

�t�i�m�e�s� �a�r�e� �n�o�t� �f�e�a�s�i�b�l�e�.� �F�l�o�t�a�t�i�o�n� �c�e�l�l�s� �m�u�s�t� �b�e� �d�e�s�i�g�n�e�d� �s�u�c�h� �t�h�a�t� �f�a�i�r�l�y� �h�i�g�h� 

�r�e�c�o�v�e�r�i�e�s� �c�a�n� �b�e� �a�t�t�a�i�n�e�d� �w�i�t�h�i�n� �a� �r�e�a�s�o�n�a�b�l�e� �a�m�o�u�n�t� �o�f� �t�i�m�e�.� 

�T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �r�e�c�o�v�e�r�y� �a�n�d� �k�,� �P�e�,� �a�n�d� �r�,� �h�a�s� �b�e�e�n� �d�e�r�i�v�e�d� �b�y� 

�L�e�v�e�n�s�p�i�e�l� �(�1�9�7�2�)�:� 

�4� �a�e�x�p� �(� �=�?�)� 
�R�=�1�-� �[�3�.�1�6�]� 

�(�1�+�a�)�?�e�x�p�|�(� �5� �P�e�l� �-� �(�1�-�a�)� �e�x�p� �+� �|� �P�e�l� 
� � 

�w�h�e�r�e�:� 

�a�=� �1�+� �S�e�t�s� �[�3�.�1�7�]� 
�é� 

� � 

�E�q�u�a�t�i�o�n� �[�3�.�1�6�]� �i�s� �s�e�e�n� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�r�e�e� �m�a�i�n� �v�a�r�i�a�b�l�e�s�:� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� 
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�c�o�n�s�t�a�n�t�,� �k�,� �t�h�e� �s�o�l�i�d�s� �r�e�s�i�d�e�n�c�e� �t�i�m�e�,� �7� �,�,� �a�n�d� �t�h�e� �d�e�g�r�e�e� �o�f� �a�x�i�a�l� �m�i�x�i�n�g�,� �P�e�.� �T�h�e� 

�f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �t�h�e� �m�o�d�e�l� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �2� �a�n�d� 

�t�h�e�n� �a�p�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �[�3�.�1�5�]�.� �T�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �e�i�t�h�e�r� �f�r�o�m� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�r� �f�r�o�m� �l�i�t�e�r�a�t�u�r�e� �e�x�p�r�e�s�s�i�o�n�s� �r�e�l�a�t�i�n�g� �P�e� 

�a�n�d� �1�,� �t�o� �o�t�h�e�r� �o�p�e�r�a�t�i�n�g� �v�a�r�i�a�b�l�e�s� �(�F�i�e�l�d� �a�n�d� �D�a�v�i�d�s�o�n�,� �1�9�8�0�;� �D�o�b�b�y� �a�n�d� �F�i�n�c�h�,� 

�1�9�8�5�,� �1�9�8�6�;� �M�a�n�k�o�s�a�,� �1�9�9�0�)�.� 

�P�r�o�v�i�d�e�d� �t�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �k�n�o�w�n�,� �a�s�s�e�s�s�i�n�g� �r�e�c�o�v�e�r�y� �b�e�c�o�m�e�s� �a� 

�m�a�t�t�e�r� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t�,� �k�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �t�h�e� �b�u�b�b�l�e� �s�i�z�e� �a�n�d� 

�s�u�p�e�r�f�i�c�i�a�l� �g�a�s� �r�a�t�e� �r�e�m�a�i�n� �e�s�s�e�n�t�i�a�l�l�y� �c�o�n�s�t�a�n�t�,� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t� �i�s� �s�i�m�p�l�y� �a� �f�u�n�c�t�i�o�n� 

�o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n�,� �P�,� �a�c�c�o�r�d�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �[�3�.�1�5�]�.� �T�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �p�a�r�t�i�c�l�e� �c�o�l�l�e�c�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �c�h�a�p�t�e�r� �2�,� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �a�n� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �f�o�r�c�e�s� �i�n�v�o�l�v�e�d� �i�n� �b�u�b�b�l�e�-�p�a�r�t�i�c�l�e� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� 

�s�i�n�c�e� �P� �i�s� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �R�,� �t�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �w�o�r�k� �r�e�p�r�e�s�e�n�t�s� �a� �f�i�r�s�t� 

�p�r�i�n�c�i�p�l�e�s� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �r�e�c�o�v�e�r�y�,� �a� �l�o�f�t�y� �o�b�j�e�c�t�i�v�e� �d�e�e�m�e�d� �v�i�r�t�u�a�l�l�y� 

�i�m�p�o�s�s�i�b�l�e� �l�e�s�s� �t�h�a�n� �t�e�n� �y�e�a�r�s� �a�g�o� �(�F�u�e�r�s�t�e�n�a�u�,� �1�9�8�4�)�.� �S�t�a�r�t�i�n�g� �f�r�o�m� �a� �s�e�t� �o�f� �i�n�i�t�i�a�l� 

�p�h�y�s�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� �p�a�r�a�m�e�t�e�r�s�,� �a� �v�a�l�u�e� �f�o�r� �P� �c�a�n� �b�e� �a�c�q�u�i�r�e�d�,� �w�h�i�c�h� �c�a�n� �t�h�e�n� �b�e� 

�i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �v�a�l�u�e�s� �f�o�r� �P�e� �a�n�d� �r�,� �t�o� �p�r�e�d�i�c�t� �r�e�c�o�v�e�r�y�.� 

�E�q�u�a�t�i�o�n� �[�3�.�1�6�]� �c�a�n� �b�e�t�t�e�r� �b�e� �i�l�l�u�s�t�r�a�t�e�d� �g�r�a�p�h�i�c�a�l�l�y� �b�y� �p�l�o�t�t�i�n�g� �R� �v�e�r�s�u�s� �t�h�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �q�u�a�n�t�i�t�y� �k�r� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�x�i�a�l� �m�i�x�i�n�g� �(�F�i�g�u�r�e� �3�.�1�2�)�.� �R�e�c�o�v�e�r�y� 

�i�s� �s�e�e�n� �t�o� �i�n�c�r�e�a�s�e� �a�s� �k�r� �i�n�c�r�e�a�s�e�s� �a�n�d� �a�s� �t�h�e� �m�i�x�i�n�g� �c�o�n�d�i�t�i�o�n�s� �a�p�p�r�o�a�c�h� �p�l�u�g� �f�l�o�w�.� 

�T�h�e� �r�e�l�a�t�i�v�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �P�e� �a�n�d� �k�r� �c�a�n� �a�l�s�o� �b�e� �a�s�s�e�s�s�e�d� �w�i�t�h� �f�i�g�u�r�e� �3�.�1�2�.� 
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�0�.�8�}� �1� 
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�>� �L� �5� 
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�o�w� 
�=� �;� �J� 
�2� �L� �C� 
�3�0�.�4�5� 

�o�O� �.� 

�o� �}� �J� 
�L�o� 

�1� 
�0�.�2� �F� �-� 

�0� �0� �a�_�i� �e�l� �m�i�l�.�  �� �|� �t� �e�l�,� �e�l� �I� 

�0� �2� �4� �6� �8� �1�0� 

�F�i�g�u�r�e� �3�.�1�2� �R�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �r�e�c�o�v�e�r�y� �a�n�d� �k�r� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�i�x�i�n�g� 
�c�o�n�d�i�t�i�o�n�s�.� 
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�T�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �c�u�r�v�e�s� �f�o�r� �p�e�r�f�e�c�t�l�y� �m�i�x�e�d� �a�n�d� �p�l�u�g� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �i�s� 

�f�a�i�r�l�y� �s�m�a�l�l�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r� �w�i�l�l� �n�o�t� �p�r�o�v�i�d�e� �a� 

�s�u�b�s�t�a�n�t�i�a�l� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �r�e�c�o�v�e�r�y�.� �A�l�s�o�,� �s�i�n�c�e� �t�h�e� �P�e�c�l�e�t� �n�u�m�b�e�r�s� �f�o�r� �i�n�d�u�s�t�r�i�a�l� 

�f�l�o�t�a�t�i�o�n� �c�o�l�u�m�n� �i�n�s�t�a�l�l�a�t�i�o�n�s� �s�p�a�n� �o�n�l�y� �a� �s�m�a�l�l� �r�a�n�g�e�,� �b�e�t�w�e�e�n� �a�b�o�u�t� �1� �a�n�d� �6�,� �l�i�t�t�l�e� 

�r�e�a�l� �b�e�n�e�f�i�t� �i�s� �p�o�s�s�i�b�l�e�.� 

�T�h�e� �g�r�e�a�t�e�s�t� �r�o�o�m� �f�o�r� �i�m�p�r�o�v�e�m�e�n�t� �l�i�e�s� �i�n� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �k�r�.� �T�h�e� 

�i�n�i�t�i�a�l� �s�t�e�e�p�n�e�s�s� �o�f� �t�h�e� �t�w�o� �c�u�r�v�e�s� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �t�r�e�m�e�n�d�o�u�s� �g�a�i�n�s� �t�h�a�t� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d� �b�y� �r�a�i�s�i�n�g� �t�h�e� �k�r� �v�a�l�u�e�.� �B�y� �s�i�m�p�l�y� �i�n�c�r�e�a�s�i�n�g� �k�r� �o�n�e� �u�n�i�t�,� �f�r�o�m� �0�.�5� �t�o� �1�.�5�,� 

�r�e�c�o�v�e�r�y� �c�a�n� �b�e� �i�n�c�r�e�a�s�e�d� �a�b�o�u�t� �2�5�%� �u�n�d�e�r� �p�e�r�f�e�c�t�l�y� �m�i�x�e�d� �c�o�n�d�i�t�i�o�n�s�.� �T�w�o� 

�m�e�t�h�o�d�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �t�o� �i�n�c�r�e�a�s�e� �k�r�:� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t� �c�a�n� �b�e� �i�n�c�r�e�a�s�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �[�3�.�1�5�]� �a�t� �a� �f�i�x�e�d� �r�,� �o�r� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �c�a�n� �b�e� �l�e�n�g�t�h�e�n�e�d� �f�o�r� 

�a� �g�i�v�e�n� �v�a�l�u�e� �o�f� �k�.� �W�h�i�c�h� �m�e�t�h�o�d� �i�s� �c�h�o�s�e�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �o�p�e�r�a�t�o�r�'�s� �n�e�e�d� �a�n�d� 

�o�p�t�i�o�n�s�.� �I�f� �h�i�g�h� �t�h�r�o�u�g�h�p�u�t� �m�u�s�t� �b�e� �m�a�i�n�t�a�i�n�e�d�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �i�s� 

�u�n�f�e�a�s�i�b�l�e�,� �a�n�d� �a�t�t�e�n�t�i�o�n� �s�h�o�u�l�d� �b�e� �f�o�c�u�s�e�d� �o�n� �t�h�e� �f�l�o�t�a�t�i�o�n� �r�a�t�e� �c�o�n�s�t�a�n�t�.� 

�C�o�n�v�e�r�s�e�l�y�,� �i�f� �k� �i�s� �f�i�x�e�d� �b�y� �p�h�y�s�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� �r�e�s�t�r�a�i�n�t�s�,� �r�e�c�o�v�e�r�y� �c�a�n� �b�e� 

�m�a�x�i�m�i�z�e�d� �b�y� �u�s�i�n�g� �a� �l�o�n�g�e�r� �c�o�l�u�m�n� �a�n�d� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �r�e�t�e�n�t�i�o�n� �t�i�m�e�.� �T�h�e� �b�e�s�t� 

�s�o�l�u�t�i�o�n� �i�s� �c�o�m�m�o�n�l�y� �a� �m�i�d�d�l�e� �g�r�o�u�n�d� �c�o�m�p�r�o�m�i�s�e�:� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �i�s� �s�e�t� �a�s� �h�i�g�h� 

�a�s� �p�o�s�s�i�b�l�e� �t�o� �a�t�t�a�i�n� �a� �g�i�v�e�n� �c�a�p�a�c�i�t�y�,� �w�h�i�l�e� �o�t�h�e�r� �a�t�t�e�m�p�t�s� �a�r�e� �m�a�d�e� �t�o� �i�n�c�r�e�a�s�e� �k�,� 

�b�y� �d�e�c�r�e�a�s�i�n�g� �b�u�b�b�l�e� �s�i�z�e�,� �f�o�r� �e�x�a�m�p�l�e�.� 
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