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Thermomechanical Modeling of Oxidation Effects in Porous Ultra-
High Temperature Ceramics

Brenton A. Morris

(ABSTRACT)

The effects of oxidation in the thermomechanical response of porous TiB2 have been in-

vestigated. An in-house quasi-static material point method tool was used to perform two-

dimensional plane strain simulations on unoxidized hexagonal representative volume ele-

ments (RVEs) with macroporosity volume fractions of 10%, 40% and 70% to establish a

baseline for the response due to geometric effects. Compressive strains of up to 30% were

applied at room temperature. The 10% and 40% RVEs showed shear banding and subse-

quent shear failure of the inter-pore struts, while shear banding in 70% RVE weakened the

struts, which lead to buckling failure. A snapshot oxidation model was then applied to the

hexagonal RVEs in place of a transient, diffusion-based oxidation solver. Compressive strain

simulations were performed on RVEs with oxide layers ranging from 5 to 50 µm. In RVEs

with porosity of 40% or higher, oxide percolation in the struts reduced the effective elastic

modulus and compressive strength, though further oxidation beyond the percolation point

did not have a significant impact. Ramped and cyclic thermal loads were applied and the

damage due to thermal expansion coefficient mismatch at the oxide-substrate interface de-

creased as the oxide layer was increased. Finally, the snapshot oxidation modeling approach

was applied to large porous RVEs derived from micro-computed tomography images of TiB2

foam. The effective elastic modulus decreased by 47% when the 5 µm layer was applied due

to many thin, flexible struts becoming fully oxidized. Subsequent oxidation did not have a

significant impact on the thermomechanical response.



Thermomechanical Modeling of Oxidation Effects in Porous Ultra-
High Temperature Ceramics

Brenton A. Morris

(GENERAL AUDIENCE ABSTRACT)

Thermal loading experienced by hypersonic flight vehicles has posed significant design chal-

lenges in the development of platforms for military and re-entry applications. The advent

of hypersonic strike weapons and waveriders has led to an interest in utilizing ceramics

with melting points above 3000°C, called ultra-high temperature ceramics (UHTCs), that

offer improved resistance to high-temperature oxidation. Beyond load-carrying applications,

UHTCs imbued with macroscale porosity have been introduced as candidates for providing

thermal insulation of sensitive on-board components. This thesis presents a first pass at

modeling the coupled effects of oxidation and continuum damage in the thermomechanical

response of such materials. Using an in-house material point method tool, two-dimensional

compressive strain simulations were performed on hexagonal representative volume elements

(RVEs) of TiB2 foam with varying levels of macroporosity, along with large porous RVEs

derived from micro-computed tomography images of TiB2 foam. A snapshot oxidation model

was applied to these RVEs in place of a transient, diffusion-based oxidation solver, then sim-

ulations with applied compressive strains of up to 30% were performed on RVEs with oxide

layers ranging from 5 to 50 µm. Ramped and cyclic thermal loads were applied to explore

the effects of thermal expansion mismatch between the substrate and oxide phases. The

oxide layers were shown to reduce the effective stiffness, compressive strength, and thermal

conductivity of the RVEs, with the oxidation state of the inter-pore struts having a large

impact on the overall material response.
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�/�2�p�2�H�Q�T�2�/ �#���b�2�/ �Q�M �/���i�� �T�`�Q�p�B�/�2�/ �#�v �J�m�M�`�Q �(�j�k�)�- �r�?�B�+�? �B�b �/�B�b�+�m�b�b�2�/ �B�M �b�2�+�i�B�Q�M�8�X�R�X

�h�?�2 �J�S�J �+�Q�/�2 �b�Q�H�p�2�b �� �b�2�`�B�2�b �Q�7 �+�Q�m�T�H�2�/ �?�2���i �i�`���M�b�7�2�` ���M�/ �2�H���b�i�B�+�B�i�v �2�[�m���i�B�Q�M�b�- �r�?�B�+�? �r�2�`�2

�/�2�`�B�p�2�/ �#�v �S�Q�p�Q�H�M�v �2�i ���H�X �(�k�3�)�X �h�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�b ���M�/ �#�`�B�i�i�H�2 �/���K���;�2 �K�Q�/�2�H ���`�2 �`�2�@

�T�2���i�2�/ �?�2�`�2 �i�Q �T�`�Q�p�B�/�2 �+�Q�M�i�2�t�i �7�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M�b�- �#�m�i �7�m�`�i�?�2�` �/�2�i���B�H�b �Q�7 �i�?�2 �J�S�J ���H�;�Q�`�B�i�?�K

�+�Q�p�2�`�2�/ �2�t�i�2�M�b�B�p�2�H�v �B�M �(�k�d�-�k�3�) ���`�2 �M�Q�i �T�`�2�b�2�M�i�2�/�X �q�2 �#�2�;�B�M �r�B�i�? �i�?�2 �;�Q�p�2�`�M�B�M�; �/�B�7�7�2�`�2�M�i�B���H

�2�[�m���i�B�Q�M �7�Q�` �i�`���M�b�B�2�M�i �?�2���i �i�`���M�b�7�2�` �r�B�i�? �+�Q�M�i�B�M�m�m�K �/���K���;�2�- �T�`�2�b�2�M�i�2�/ �m�b�B�M�; �B�M�/�B�+�B���H �M�Q�i���@

�i�B�Q�M�,

�C p
_T = (1 � d)kT;kk �U�9�X�R�V

�r�?�2�`�2� �B�b �i�?�2 �K���b�b �/�2�M�b�B�i�v �Q�7 �i�?�2 �K���i�2�`�B���H�-Cp �B�b �i�?�2 �b�T�2�+�B�7�B�+ �?�2���i ���i �+�Q�M�b�i���M�i �T�`�2�b�b�m�`�2�-k �B�b

�i�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�-T �B�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �7�B�2�H�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �*���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2

���M�/ �i�B�K�2�- ���M�/d �B�b �i�?�2 �+�Q�M�i�B�M�m�m�K �/���K���;�2 �T���`���K�2�i�2�`�X �*�Q�M�b�2�`�p���i�B�Q�M �Q�7 �H�B�M�2���` �K�Q�K�2�M�i�m�K �B�b

�;�B�p�2�M �#�v

� ij;j + bi = 0; �U�9�X�k�V

���M�/ �b�2�`�p�2�b ���b �i�?�2 �#���b�B�b �7�Q�` �i�?�2 �2�[�m���i�B�Q�M�b �Q�7 �2�H���b�i�B�+�B�i�v�X �>�2�`�2� ij �B�b �i�?�2 �*���m�+�?�v �b�i�`�2�b�b �i�2�M�b�Q�`

���M�/bi �B�b �i�?�2 �b�T���i�B���H �#�Q�/�v �7�Q�`�+�2�X �L�Q�i�2 �i�?���i �B�M�2�`�i�B���H �7�Q�`�+�2�b ���`�2 �+�Q�M�b�B�/�2�`�2�/ �M�2�;�H�B�;�B�#�H�2�X �L�2�t�i�-

�i�?�2 �+�Q�M�b�i�B�i�m�i�B�p�2 �`�2�H���i�B�Q�M�b ���`�2 �B�M�i�`�Q�/�m�+�2�/ �i�Q �+�Q�M�M�2�+�i �/�2�7�Q�`�K���i�B�Q�M�b �i�Q �b�i�`�2�b�b�2�b�- �#�2�;�B�M�M�B�M�; �r�B�i�?

�i�?�2 �/�B�b�T�H���+�2�K�2�M�i �7�B�2�H�/�,

ui = x i � X i �U�9�X�j�V

�r�?�2�`�2X i �B�b �i�?�2 �`�2�7�2�`�2�M�+�2 �+�Q�Q�`�/�B�M���i�2�X �h�?�B�b ���H�H�Q�r�b �7�Q�` �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �i�?�2 �/�2�7�Q�`�K���i�B�Q�M

�;�`���/�B�2�M�i�,

Fij =
@xi
@Xj

�U�9�X�9�V

�a�2�2�F�B�M�; �i�Q �2�K�T�H�Q�v �i�?�2 �a�i�X �o�2�M���M�i�@�E�B�`�+�?�?�Q�7�7 �+�Q�M�b�i�B�i�m�i�B�p�2 �K�Q�/�2�H �7�Q�` �?�v�T�2�`�2�H���b�i�B�+ �K���i�2�`�B���H�b



�:�Y�S�Y �[���ž���Ô�A�b���ž���Ô�« �K�ž���¶���Ô�ž�ã �T�ñ�Ô�é�� �K�¶���Ñ�ñ�² �R�N

�`�2�[�m�B�`�2�b �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �i�?�2 �:�`�2�2�M�@�G���;�`���M�;�2 �b�i�`���B�M�,

E ij =
1
2

(Fki Fkj � � ij ) �U�9�X�8�V

�r�?�2�`�2� ij �B�b �i�?�2 �E�`�Q�M�2�+�F�2�` �/�2�H�i���- ���M�/ �i�?�2 �k�M�/ �S�B�Q�H���@�E�B�`�+�?�Q�7�7 �b�i�`�2�b�b �i�2�M�b�Q�`�,

Sij = JF � 1
ik � kl F � 1

jl �U�9�X�e�V

�r�?�2�`�2J = �/�2�i�6�X �h�?�B�b �b�i�`�2�b�b �i�2�M�b�Q�` �+���M �#�2 �2�t�T���M�/�2�/ �i�Q �B�M�+�Q�`�T�Q�`���i�2 �i�?�2�`�K���H ���M�/ �/���K���;�2

�2�7�7�2�+�i�b �#�v ���b�b�m�K�B�M�; �H�B�M�2���` �i�?�2�`�K�Q�@�?�v�T�2�`�2�H���b�i�B�+�B�i�v �b�m�T�T�H�2�K�2�M�i�2�/ �r�B�i�? �+�Q�M�i�B�M�m�m�K �/���K���;�2 �(�k�3�)�,

Sij = (1 � d)Cijkl (Ekl � � � T � kl ) �U�9�X�d�V

�r�?�2�`�2Cijkl �B�b �i�?�2 �7�Q�m�`�i�?�@�Q�`�/�2�` �b�i�B�7�7�M�2�b�b �i�2�M�b�Q�`�X �6�B�M���H�H�v�- �i�?�2 �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �T�H���M�2 �b�i�`���B�M ���b�@

�b�m�K�T�i�B�Q�M �2�K�T�H�Q�v�2�/ �B�M �i�?�B�b �b�i�m�/�v ���H�H�Q�r�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �/�Q�K���B�M �Q�7 �� �i�`���M�b�p�2�`�b�2�H�v �B�b�Q�i�`�Q�T�B�+

�K���i�2�`�B���H �i�Q �+�Q�`�`�2�b�T�Q�M�/ �/�B�`�2�+�i�H�v �i�Q �i�?�2 �T�H���M�2 �Q�7 �B�b�Q�i�`�Q�T�v�X �h�?�2�`�2�7�Q�`�2�- �r�2 �+���M ���b�b�m�K�2 �i�?���i �i�?�2

�a�i�X �o�2�M���M�i�@�E�B�`�+�?�Q�7�7 �+�Q�M�b�i�B�i�m�i�B�p�2 �H���r �i���F�2�b �i�?�2 �7�Q�`�K�,

Sij = (1 � d)[�E kk �ij + 2 �E ij � (3� + 2� )� � T � kl ] �U�9�X�3�V

�r�?�2�`�2� ���M�/� ���`�2 �i�?�2 �G���K�û �+�Q�M�b�i���M�i�b�-� �B�b �i�?�2 �p�Q�H�m�K�2�i�`�B�+ �+�Q�2�7�7�B�+�B�2�M�i �Q�7 �i�?�2�`�K���H �2�t�T���M�b�B�Q�M�-

���M�/� T �B�b �i�?�2 �+�?���M�;�2 �B�M �i�2�K�T�2�`���i�m�`�2 �`�2�H���i�B�p�2 �i�Q �� �`�2�7�2�`�2�M�+�2 �i�2�K�T�2�`���i�m�`�2 �Q�7Tref �4 �k�N�j �E

�(�k�3�)�X �� �i�2�M�b�B�H�2�@�Q�M�H�v �K�Q�/�B�7�B�+���i�B�Q�M �Q�7 �i�?�2 �J���x���`�b �/���K���;�2 �2�p�Q�H�m�i�B�Q�M �H���r �7�Q�` �#�`�B�i�i�H�2 �K���i�2�`�B���H�b �B�b

�m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2d�- �r�?�B�+�? �+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�2�M�b�B�H�2 ���M�/ �+�Q�K�T�`�2�b�b�B�p�2 �T���`���K�2�i�2�`�b�-dt ���M�/

dc�- �`�2�b�T�2�+�i�B�p�2�H�v �(�j�N�)�X �h�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�b �;�B�p�2�M ���b�,

d = � tdt + (1 � � t )dc; 0 � � t � 1 �U�9�X�N�V



�k�y �+�Ñ�ž�ÿ���¶�� �:�Y �i�Ñ�¶���è�ñ�è�¶�«�Ñ�ž�é�Ô�«�ž�ã �K�ž���¶���Ô�ž�ã �T�ñ�Ô�é�� �K�¶���Ñ�ñ�²

�r�?�2�`�2� t �B�b �� �b�+���H���` �B�M�/�B�+���i�B�M�; �i�?�2 ���K�Q�m�M�i �Q�7 �i�2�M�b�B�H�2 �b�i�`���B�M �T�`�2�b�2�M�i �B�M �� �K���i�2�`�B���H �T�Q�B�M�i�X

�h�?�2 �/���K���;�2 �H���r �`�2�[�m�B�`�2�b �i�?���i �#�Q�i�?dt ���M�/dc �K�Q�M�Q�i�Q�M�B�+���H�H�v �B�M�+�`�2���b�2�- �?�Q�r�2�p�2�` �i�?�2 �m�b�2 �Q�7

� t ���H�H�Q�r�b �i�?�2 �Q�p�2�`���H�H �/���K���;�2 �T���`���K�2�i�2�`d �i�Q �/�2�+�`�2���b�2 �B�7 �� �K���i�2�`�B���H �T�Q�B�M�i �#�2�+�Q�K�2�b �H�Q���/�2�/

�B�M �+�Q�K�T�`�2�b�b�B�Q�M�X �h�?�2 �b�2�H�7�@�+�Q�M�i���+�i �B�M�B�i�B���i�2�/ �#�v �+�Q�K�T�`�2�b�b�B�p�2 �H�Q���/�B�M�; ���H�H�Q�r�b �H�Q���/ �i�`���M�b�7�2�` ���M�/

�`�2�@�2�b�i���#�H�B�b�?�2�b �� �+�Q�M�/�m�+�i�B�p�2 �T���i�?�r���v�X �A�i �r���b ���b�b�m�K�2�/ �i�?���i �+�Q�K�T�`�2�b�b�B�p�2 �b�i�`���B�M�b �T�`�Q�/�m�+�2 �M�Q

�/���K���;�2�- �r�?�B�+�? �B�b �`�2���b�Q�M���#�H�2 �+�Q�M�b�B�/�2�`�B�M�; �i�?���i �l�>�h�*�b �2�t�?�B�#�B�i �2�t�+�2�T�i�B�Q�M���H�H�v �?�B�;�? �+�Q�K�T�`�2�b�b�B�p�2

�b�i�`�2�M�;�i�?�b �`�2�H���i�B�p�2 �i�Q �i�?�2�B�` �i�2�M�b�B�H�2 �b�i�`�2�M�;�i�?�b �(�j�k�)�X �h�?�B�b �`�2�/�m�+�2�b �i�?�2 �/���K���;�2 �T���`���K�2�i�2�` �i�Q �D�m�b�i

d = � tdt �X �h�?�2 �J���x���`�b �/���K���;�2 �2�p�Q�H�m�i�B�Q�M �H���r �7�Q�`dt �i���F�2�b �i�?�2 �7�Q�`�K�,

dt (~") = 1 �
~"0(1 � A)

~"
� A �2�t�T(� B (~" � ~"0)) ; 0 � dt � 1 �U�9�X�R�y�V

�r�?�2�`�2~" �B�b �i�?�2 �2�[�m�B�p���H�2�M�i �b�i�`���B�M�-~"0 �B�b �i�?�2 �/���K���;�2 �B�M�B�i�B���i�B�Q�M �b�i�`���B�M�-A �/�B�+�i���i�2�b �i�?�2 ���K�Q�m�M�i

�Q�7 �`�2�b�B�/�m���H �b�i�`�2�b�b�- ���M�/B �+�Q�M�i�`�Q�H�b �i�?�2 �/���K���;�2 �2�p�Q�H�m�i�B�Q�M �`���i�2�X ���b �B�M �(�k�d�)�-A = 1 �U�+�Q�`�`�2�b�T�Q�M�/�@

�B�M�; �i�Q �x�2�`�Q �`�2�b�B�/�m���H �b�i�`�2�b�b ���7�i�2�` �7�m�H�H �/���K���;�2�V ���M�/B = 500 �i�Q �2�K�m�H���i�2 �#�`�B�i�i�H�2 �7���B�H�m�`�2 �7�Q�` ���H�H

�b�B�K�m�H���i�B�Q�M�b �T�2�`�7�Q�`�K�2�/ �B�M �i�?�B�b �2�7�7�Q�`�i�X �1�[�m���i�B�Q�M�b�9�X�R�-�9�X�k�-�9�X�3�- ���M�/�9�X�R�y�`�2�T�`�2�b�2�M�i �i�?�2 �7�m�H�H �b�2�i

�Q�7 �;�Q�p�2�`�M�B�M�; �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�- �r�?�B�+�? ���`�2 �+�Q�m�T�H�2�/ �B�M �i�2�`�K�b �Q�7 �i�2�K�T�2�`���i�m�`�2�@�B�M�/�m�+�2�/ �p�Q�H�@

�m�K�2�i�`�B�+ �b�i�`���B�M�b ���M�/ �+�Q�M�i�B�M�m�m�K �/���K���;�2 �i�?���i ���7�7�2�+�i�b �#�Q�i�? �i�?�2�`�K���H ���M�/ �K�2�+�?���M�B�+���H �b�Q�H�m�i�B�Q�M�b�X

�9�X�k �1�7�7�2�+�i�B�p�2 �S�`�Q�T�2�`�i�B�2�b

�1�7�7�2�+�i�B�p�2 �i�?�2�`�K�Q�K�2�+�?���M�B�+���H �T�`�Q�T�2�`�i�B�2�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �7�`�Q�K �i�?�2 �J�S�J �+�Q�/�2 �#�v �2�K�T�H�Q�v�B�M�;

�i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �?�Q�K�Q�;�2�M�B�x���i�B�Q�M ���T�T�`�Q���+�? �T�`�2�b�2�M�i�2�/ �#�v �S�Q�p�Q�H�M�v �2�i ���H�X �(�k�3�)�X �.�2�i�2�`�K�B�M�B�M�;

�i�?�2 �2�7�7�2�+�i�B�p�2 �2�H���b�i�B�+ �+�Q�M�b�i���M�i�b �B�M �i�?�2 �T�H���M�2 �b�i�`���B�M �b�B�K�m�H���i�B�Q�M�b �T�2�`�7�Q�`�K�2�/ �?�2�`�2�B�M �B�b ���+�+�Q�K�@

�T�H�B�b�?�2�/ �#�v �m�b�B�M�; �i�?�2 �i�`���M�b�p�2�`�b�2�H�v �B�b�Q�i�`�Q�T�B�+ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �a�i�X �o�2�M���M�i�@�E�B�`�+�?�?�Q�7�7 �H���r�X �h�?�2

�i�`���M�b�p�2�`�b�2�H�v �B�b�Q�i�`�Q�T�B�+ �b�i�B�7�7�M�2�b�b �i�2�M�b�Q�` �B�b �r�`�B�i�i�2�M �B�M �o�Q�B�;�i �M�Q�i���i�B�Q�M ���b�,
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0

B
B
B
B
B
B
B
@

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C11 � C12

2

1

C
C
C
C
C
C
C
A

�U�9�X�R�R�V

�r�?�2�`�2 �i�?�2 �j�@�/�B�`�2�+�i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �Q�m�i�@�Q�7�@�T�H���M�2 �/�B�`�2�+�i�B�Q�M�X �>�Q�K�Q�;�2�M�2�Q�m�b �#�Q�m�M�/���`�v

�+�Q�M�/�B�i�B�Q�M�b �+���M �i�?�2�M �#�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �#���+�F�;�`�Q�m�M�/ �;�`�B�/ �Q�7 �i�?�2 �_�o�1 ���b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2

�7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�,

(u1; u2) � n̂ = (0 ; "app
22 X 2) � n̂ 8(X 1; X 2) 2 @
 �;�`�B�/ �U�9�X�R�k�V

�r�?�2�`�2X 1 ���M�/X 2 ���`�2 �i�?�2 �*���`�i�2�b�B���M �`�2�7�2�`�2�M�+�2 �T�Q�b�B�i�B�Q�M�-u1 ���M�/u2 ���`�2 �i�?�2 �*���`�i�2�b�B���M �/�B�b�@

�T�H���+�2�K�2�M�i �+�Q�K�T�Q�M�2�M�i�b�-n̂ �B�b �i�?�2 �Q�`�B�2�M�i�2�/ �M�Q�`�K���H �p�2�+�i�Q�` �Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �#���+�F�;�`�Q�m�M�/

�;�`�B�/@
 �;�`�B�/���M�/"app
22 �B�b �i�?�2 ���T�T�H�B�2�/ �2�M�;�B�M�2�2�`�B�M�; �b�i�`���B�M �(�k�3�)�X �"�v �i�?�2 ���p�2�`���;�2 �b�i�`���B�M �i�?�2�Q�`�2�K�-

�i�?�2 �p�Q�H�m�K�2�@���p�2�`���;�2�/ �2�M�;�B�M�2�2�`�B�M�; �b�i�`���B�M �B�b �i�?�2�M �i���F�2�M ���b"app
22 �/�B�`�2�+�i�H�v�- �r�?�B�+�? �;�2�M�2�`���i�2�b ��

�:�`�2�2�M�@�G���;�`���M�;�2 �b�i�`���B�M �Q�7�,

E app
22 =

1
2

�
(1 + "app

22 )2 + 1
�
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�h�?�2 �*���m�+�?�v �b�i�`�2�b�b �i�2�M�b�Q�` �+�Q�K�T�Q�M�2�M�i�b� 11 ���M�/� 22�- �r�?�B�+�? ���`�2 �Q�m�i�T�m�i �#�v �i�?�2 �J�S�J �+�Q�/�2�- �+���M

�#�2 �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �p�Q�H�m�K�2�@���p�2�`���;�2�/ �k�M�/�S�B�Q�H���@�E�B�`�+�?�?�Q�7�7 �b�i�`�2�b�b �i�2�M�b�Q�` �+�Q�K�T�Q�M�2�M�i�bhS11i

���M�/hS22i �p�B�� �1�[�m���i�B�Q�M�9�X�e�B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �i�?�2�`�K���H �b�i�`���B�M�b�X �h�?�2�b�2 �+�Q�K�T�Q�M�2�M�i�b ���H�H�Q�r �i�?�2

�B�M�@�T�H���M�2 �2�H���b�i�B�+ �+�Q�M�b�i���M�i�b �i�Q �#�2 �/�2�i�2�`�K�B�M�2�/ ���b �(�k�3�)�,

C �2�7�7
11 =

hS11i
E app
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C �2�7�7
12 =

hS22i
E app
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�h�?�2�b�2 �i�r�Q �K���i�2�`�B���H �+�Q�M�b�i���M�i�b ���`�2 �b�m�7�7�B�+�B�2�M�i �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�7�7�2�+�i�B�p�2 �2�H���b�i�B�+ ���M�/ �b�?�2���` �K�Q�/�@

�m�H�B�- �1�2�7�7���M�/ �:�2�7�7�(�k�d�)�,

�1�2�7�7=

�
C �2�7�7

12 � C �2�7�7
11

� �
C �2�7�7

12 + 2C �2�7�7
11

�

C �2�7�7
12 + C �2�7�7
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�: �2�7�7=

�
C �2�7�7

12 � C �2�7�7
11

�
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�l�M�/�2�` �i�?�2 �T�H���M�2 �b�i�`���B�M ���b�b�m�K�T�i�B�Q�M�- �r�?�B�+�? ���H�H�Q�r�b �i�?�2 �_�o�1 �/�Q�K���B�M �i�Q �#�2 �+�Q�M�b�B�/�2�`�2�/ �B�b�Q�i�`�Q�T�B�+�-

�i�?�2�b�2 �K�Q�/�m�H�B �+���M �#�2 �m�b�2�/ �B�M �+�Q�M�D�m�M�+�i�B�Q�M �r�B�i�? �>�Q�Q�F�2�ö�b �H���r �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�7�7�2�+�i�B�p�2 �S�Q�B�b�b�Q�M�ö�b

�`���i�B�Q� �2�7�7�,

� �2�7�7=
C �2�7�7

11

C �2�7�7
11 + C �2�7�7
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�h�?�2 �b�2�+�Q�M�/ �2�7�7�2�+�i�B�p�2 �i�?�2�`�K�Q�K�2�+�?���M�B�+���H �T�`�Q�T�2�`�i�v �Q�7 �B�M�i�2�`�2�b�i �B�b �i�?�2 �2�7�7�2�+�i�B�p�2 �i�?�2�`�K���H �+�Q�M�/�m�+�@

�i�B�p�B�i�vk�2�7�7�- �r�?�B�+�? �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �6�Q�m�`�B�2�`�ö�b �H���r �Q�7 �?�2���i �+�Q�M�/�m�+�i�B�Q�M�,

hq2i = � k�2�7�7dT
dx2
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�r�?�2�`�2hq2i �B�b �i�?�2 �p�Q�H�m�K�2�@���p�2�`���;�2�/ �?�2���i �7�H�m�t �B�M �i�?�2 �k�@�/�B�`�2�+�i�B�Q�M�X �h�?�2 �i�2�K�T�2�`���i�m�`�2 �;�`���/�B�2�M�i �Q�M

�i�?�2 �_�>�a �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ ���b�,
dT
dx2

�
� T
� x2
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�r�?�2�`�2� T �B�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�Q�T ���M�/ �#�Q�i�i�Q�K �#�Q�m�M�/���`�B�2�b�- �r�?�B�+�?

�B�b �T�`�2�b�+�`�B�#�2�/ �i�Q �#�2 �p�2�`�v �b�K���H�H �U�R �ê�*�V�- ���M�/� x2 �B�b �i�?�2 �?�2�B�;�?�i �Q�7 �i�?�2 �_�o�1�- �r�?�B�+�? �r�B�H�H �p���`�v

�/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �H�2�M�;�i�?�@�b�+���H�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �_�o�1�b�X �_�2���`�`���M�;�B�M�; �1�[�m���i�B�Q�M�9�X�R�N���M�/

�K�2���b�m�`�B�M�;hq2i �7�`�Q�K �i�?�2 �J�S�J �+�Q�/�2 �Q�m�i�T�m�i ���H�H�Q�r�bk�2�7�7�i�Q �#�2 �+���H�+�m�H���i�2�/ ���b�,

k�2�7�7=
�h q2i

� T/� x2
�U�9�X�k�R�V

�A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �2�7�7�2�+�i�B�p�2 �2�H���b�i�B�+ �K�Q�/�m�H�m�b ���M�/ �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�- �i�?�2 �2�7�7�2�+�i�B�p�2 �+�Q�2�7�7�B�+�B�2�M�i
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�Q�7 �i�?�2�`�K���H �2�t�T���M�b�B�Q�M� �2�7�7�r���b �+�Q�M�b�B�/�2�`�2�/ �#�v �S�Q�p�Q�H�M�v �2�i ���H�X �(�k�3�)�X �q�?�B�H�2 �i�?�B�b �T�`�Q�T�2�`�i�v �r���b �M�Q�i

�+���H�+�m�H���i�2�/ �7�Q�` �i�?�2 �Q�t�B�/�B�x�2�/ �K���i�2�`�B���H�b �+�Q�M�b�B�/�2�`�2�/ �?�2�`�2�B�M�- �B�i �B�b �Q�7 �B�M�i�2�`�2�b�i �7�Q�` �7�m�i�m�`�2 �Q�t�B�/���i�B�Q�M

�b�i�m�/�B�2�b�X �*���H�+�m�H���i�B�Q�M �Q�7 �i�?�B�b �T�`�Q�T�2�`�i�v �`�2�[�m�B�`�2�b �� �i�r�Q�@�b�i�2�T �T�`�Q�+�2�b�b �r�?�2�`�2 �i�?�2 �_�o�1 �B�b �7�B�`�b�i

���H�H�Q�r�2�/ �i�Q �2�t�T���M�/ �B�M �`�2�b�T�Q�M�b�2 �i�Q �� �i�2�K�T�2�`���i�m�`�2 �`�B�b�2�- �i�?�2�M �i�?�2 �b���K�2 �i�2�K�T�2�`���i�m�`�2 �`�B�b�2 �B�b

�T�`�2�b�+�`�B�#�2�/ �B�M ���/�/�B�i�B�Q�M �i�Q ���M ���T�T�H�B�2�/ �2�M�;�B�M�2�2�`�B�M�; �b�i�`���B�M�X �6�m�`�i�?�2�` �/�2�i���B�H�b �Q�7 �i�?�B�b �+���H�+�m�H���i�B�Q�M

���`�2 �;�B�p�2�M �B�M �(�k�3�)�X
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�"���b�2�H�B�M�2 �>�2�t���;�Q�M���H �_�o�1 �a�B�K�m�H���i�B�Q�M�b

�8�X�R �h�B�"2 �J���i�2�`�B���H �S�`�Q�T�2�`�i�B�2�b �� �R�. �J�Q�/�2�H�B�M�;

�A�i �B�b �/�2�b�B�`�2�/ �i�Q ���/�/ �Q�t�B�/���i�B�Q�M �2�7�7�2�+�i�b �i�Q ���M �2�t�B�b�i�B�M�; �J�S�J �i�Q�Q�H�X �a�B�M�+�2 �i�?�2 �H�B�i�2�`���i�m�`�2 �H���+�F�b �/���i��

�/�B�`�2�+�i�H�v �H�B�M�F�B�M�; �Q�t�B�/���i�B�Q�M �#�2�?���p�B�Q�` �i�Q �K�2�+�?���M�B�+���H �/���K���;�2�- �#�m�B�H�/�B�M�; �� �i�`���M�b�B�2�M�i�- �+�?�2�K�B�b�i�`�v�@

�#���b�2�/ �Q�t�B�/���i�B�Q�M �K�Q�/�2�H �r�Q�m�H�/ �M�Q�i �#�2 ���M ���T�T�`�Q�T�`�B���i�2 �7�B�`�b�i �b�i�2�T�X �a�m�+�? �� �K�Q�/�2�H �K���v �#�2 �m�b�2�7�m�H

�7�Q�` �T�`�2�/�B�+�i�B�M�; �Q�t�B�/�2 �b�+���H�2 �i�?�B�+�F�M�2�b�b�- �#�m�i �B�i �r�Q�m�H�/ �M�Q�i �v�B�2�H�/ ���M�v �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �K���i�2�@

�`�B���H �T�2�`�7�Q�`�K���M�+�2�X ���M ���H�i�2�`�M���i�2 �B�M�B�i�B���H ���T�T�`�Q���+�? �B�b �/�2�7�B�M�B�M�; �i�2�K�T�2�`���i�m�`�2�@�/�2�T�2�M�/�2�M�i �K���i�2�`�B���H

�T�`�Q�T�2�`�i�B�2�b �#���b�2�/ �Q�M ���p���B�H���#�H�2 �2�t�T�2�`�B�K�2�M�i���H �/���i���X �h�?�B�b �+���T�i�m�`�2�b �i�?�2 �F�M�Q�r�M �?�B�;�?�@�i�2�K�T�2�`���i�m�`�2

�#�2�?���p�B�Q�` �Q�7 �i�?�2 �K���i�2�`�B���H �#�m�i �/�Q�2�b �M�Q�i ���+�+�Q�m�M�i �7�Q�` �Q�t�B�/���i�B�Q�M �2�7�7�2�+�i�b �2�t�T�H�B�+�B�i�H�v�X �_�2�;���`�/�H�2�b�b�-

�b�2�p�2�`���H �2�t���K�T�H�2 �T�`�Q�#�H�2�K�b �r�2�`�2 �b�Q�H�p�2�/ �r�B�i�? �B�M�+�`�2���b�B�M�; �H�2�p�2�H�b �Q�7 �+�Q�K�T�H�2�t�B�i�v�- �r�?�B�+�? �b�2�`�p�2 ���b

�i�?�2 �7�Q�m�M�/���i�B�Q�M �7�Q�` �i�?�2 �7�B�M���H �i�Q�Q�H�X

�8�X�R�X�R �h�2�K�T�2�`���i�m�`�2�@�.�2�T�2�M�/�2�M�i �J���i�2�`�B���H �S�`�Q�T�2�`�i�B�2�b

�.���i�� �7�Q�` �i�?�2 �p���`�B���i�B�Q�M �B�M �i�?�2 �K���i�2�`�B���H �T�`�Q�T�2�`�i�B�2�b �Q�7 �7�m�H�H�v �/�2�M�b�2 �h�B�"2 �r�B�i�? �i�2�K�T�2�`���i�m�`�2�- �+�Q�K�@

�T�B�H�2�/ �#�v �J�m�M�`�Q �(�j�k�)�- �?���p�2 �#�2�2�M �7�B�i �m�b�B�M�; �i�?�2�6�B�M�/ �6�B�i�7�m�M�+�i�B�Q�M �B�M�q�Q�H�7� �̀��K �J���i�?�2�K���i�B�+���(�9�y�)�X

�E�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �K�2�+�?���M�B�+���H ���M�/ �i�?�2�`�K���H �b�Q�H�p�2�` �B�M�T�m�i�b �7�Q�` �i�?�2 �2�t�B�b�i�B�M�; �J�S�J �i�Q�Q�H �H�2�/ �i�Q �7�B�i�@

�i�B�M�; �7�m�M�+�i�B�Q�M�b �7�Q�` �b�B�t �K���i�2�`�B���H �T�`�Q�T�2�`�i�B�2�b�, �2�H���b�i�B�+ �K�Q�/�m�H�m�b�- �/�2�M�b�B�i�v�- �/���K���;�2�@�B�M�B�i�B���i�B�Q�M �b�i�`���B�M�-

�b�T�2�+�B�7�B�+ �?�2���i�- �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�- ���M�/ �i�?�2�`�K���H �2�t�T���M�b�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i�X �h�?�2 �i�2�K�T�2�`���i�m�`�2�@
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�/�2�T�2�M�/�2�M�i �7�m�M�+�i�B�Q�M�b ���`�2 �T�H�Q�i�i�2�/ ���;���B�M�b�i �i�?�2 �/���i�� �7�`�Q�K �r�?�B�+�? �i�?�2�v �r�2�`�2 �/�2�`�B�p�2�/ �B�M �6�B�;�m�`�2

�8�X�R�X �6�Q�` �#�Q�i�? �2�H���b�i�B�+ �K�Q�/�m�H�m�b ���M�/ �/�2�M�b�B�i�v�- ��1st �@�Q�`�/�2�` �7�B�i �r���b �b�2�H�2�+�i�2�/ �/�m�2 �i�Q �i�?�2�B�` �`�2�H���i�B�p�2�H�v

�H�B�M�2���` �#�2�?���p�B�Q�` �#�2�i�r�2�2�M �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2 ���M�/ �k�k�y�y �E�,

E = 574:3 � 0:03164T �U�8�X�R�V

� = 4545 + 0:1269T �U�8�X�k�V

�h�?�2 �/���K���;�2 �B�M�B�i�B���i�B�Q�M �b�i�`���B�M�- �/�2�7�B�M�2�/ �B�M �*�?���T�i�2�`�8�- �r���b �2�b�i�B�K���i�2�/ �#�v ���b�b�m�K�B�M�; �i�?���i �#�m�H�F

�h�B�"2 �2�t�?�B�#�B�i�b �#�`�B�i�i�H�2 �#�2�?���p�B�Q�` �i�?���i �B�b �+�?���`���+�i�2�`�B�b�i�B�+ �Q�7 �+�2�`���K�B�+ �K���i�2�`�B���H�b�X �h�?�B�b �B�K�T�H�B�2�b �i�?���i

�i�?�2 �b�i�`�2�b�b�@�b�i�`���B�M �`�2�b�T�Q�M�b�2 �r�B�H�H �`�2�K���B�M �H�B�M�2���` �m�M�i�B�H �7���B�H�m�`�2 �Q�+�+�m�`�b�- ���i �r�?�B�+�? �i�?�2 �b�i�`�2�b�b �2�[�m���H�b

�i�?�2 �i�2�M�b�B�H�2 �b�i�`�2�M�;�i�?� t �X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �b�i�`���B�M�@�i�Q�@�7���B�H�m�`�2 �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b�,

~"0 =
� t

E
�U�8�X�j�V

�"�v ���T�T�H�v�B�M�; ��1st �@�Q�`�/�2�` �7�B�i �i�Q �i�?�2 �7�H�2�t�m�`���H �b�i�`�2�M�;�i�? �U�B�M�i�2�`�T�`�2�i�2�/ ���b �i�2�M�b�B�H�2 �b�i�`�2�M�;�i�?�V �/���i��

�T�`�Q�p�B�/�2�/ �#�v �J�m�M�`�Q �(�j�k�)�- �� �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �/���K���;�2 �B�M�B�i�B���i�B�Q�M �b�i�`���B�M �r���b �/�2�`�B�p�2�/�,

~"0 = 6:619� 10� 4 + 1:547� 10� 7T �U�8�X�9�V

�1�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �b�T�2�+�B�7�B�+ �?�2���i ���M�/ �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v �r�2�`�2 �T�`�Q�p�B�/�2�/ �2�t�T�H�B�+�B�i�H�v �#�v �J�m�M�`�Q

�(�j�k�)�- �#�Q�i�? �Q�7 �r�?�B�+�? �2�t�?�B�#�B�i �b�B�;�M�B�7�B�+���M�i �i�2�K�T�2�`���i�m�`�2 �/�2�T�2�M�/�2�M�+�v�,

Cp = 976 � 426�2�t�T[� 0:008(T � 273)] + 0:21(T � 273) �U�8�X�8�V

k = 77:3 + 8270�2�t�T[� 0:002(T � 273)](T + 137)� 1 �U�8�X�e�V

�6�B�M���H�H�v�- ��1st �@�Q�`�/�2�` �7�B�i �r���b �b�2�H�2�+�i�2�/ �7�Q�` �i�?�2 �i�?�2�`�K���H �2�t�T���M�b�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i�,

� = 7:007� 10� 6 + 1:229� 10� 9T �U�8�X�d�V



�k�e �+�Ñ�ž�ÿ���¶�� �9�Y �#�ž���¶�ã�Ô�é�¶ �?�¶�,�ž�Ì�ñ�é�ž�ã � �̀p�2 �b�Ô�è���ã�ž���Ô�ñ�é��

�6�B�;�m�`�2 �8�X�R�, �h�2�K�T�2�`���i�m�`�2�@�/�2�T�2�M�/�2�M�i �K���i�2�`�B���H �T�`�Q�T�2�`�i�B�2�b �7�Q�` �h�B�"2�X �h�?�2 �/���i�� �T�Q�B�M�i�b �`�2�T�`�2�b�2�M�i
�2�t�T�2�`�B�K�2�M�i���H �p���H�m�2�b �7�`�Q�K �J�m�M�`�Q �(�j�k�) ���M�/ �i�?�2 �#�H�m�2 �+�m�`�p�2�b �b�?�Q�r �i�?�2 �/���i�� �7�B�i �m�b�2�/�X



�9�Y�S�Y �i�Ô�#2 �K�ž���¶���Ô�ž�ã �T���ñ�ÿ�¶�����Ô�¶�� �� �S�/ �K�ñ�²�¶�ã�Ô�é�Ì �k�d

�8�X�R�X�k �a�Q�H�m�i�B�Q�M �7�Q�` �l�M�B���t�B���H �"���` �r�B�i�? �l�M�B�7�Q�`�K �h�2�K�T�2�`���i�m�`�2 �.�B�b�@

�i�`�B�#�m�i�B�Q�M

���b �� �7�B�`�b�i�@�T���b�b �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �2�H���b�i�B�+ �K�Q�/�m�H�m�b �7�m�M�+�i�B�Q�M�- �i�?�2 �;�Q�p�2�`�M�B�M�; �/�B�7�7�2�`�2�M�i�B���H

�2�[�m���i�B�Q�M �7�Q�` ���M ���t�B���H �#���` �r���b �b�Q�H�p�2�/ �m�b�B�M�; �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �/�B���;�`���K

�b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�k���M�/ �� �m�M�B�7�Q�`�K �i�2�K�T�2�`���i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X �.�2�i���B�H�b �Q�7 �i�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���@

�i�B�Q�M�- ���H�Q�M�; �r�B�i�? �2�b�b�2�M�i�B���H ���M�/ �M���i�m�`���H �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- ���`�2 �`�2���/�B�H�v ���p���B�H���#�H�2 �B�M �b�Q�H�B�/

�K�2�+�?���M�B�+�b �i�2�t�i�#�Q�Q�F�b�- �b�m�+�? ���b �i�?���i �Q�7 �C�X �L�X �_�2�/�/�v �(�9�R�)�X �h�?�2 �H�2�M�;�i�?�-L �- ���M�/ �+�`�Q�b�b�@�b�2�+�i�B�Q�M���H

���`�2���-A�- �Q�7 �i�?�2 �#���` �r�2�`�2 �b�2�H�2�+�i�2�/ �i�Q �#�2 �Rm ���M�/ �y�X�y�8m2�- �`�2�b�T�2�+�i�B�p�2�H�v�- �r�?�B�H�2 �i�?�2 �K���;�M�B�i�m�/�2

�Q�7 �i�?�2 �[�m���/�`���i�B�+ �/�B�b�i�`�B�#�m�i�2�/ �H�Q���/�-p0�- �B�b10� 103 N / m ���M�/ �i�?�2 ���T�T�H�B�2�/ �i�B�T �7�Q�`�+�2�-Ftip �- �B�b �8�-�y�y�y

N �X �h�?�B�b ���t�B���H �#���` �T�`�Q�#�H�2�K �r���b �b�Q�H�p�2�/ ���i �� �`���M�;�2 �Q�7 �i�2�K�T�2�`���i�m�`�2�b ���M�/ �i�?�2 �2�H�Q�M�;���i�B�Q�M �Q�7 �i�?�2

�#���` �7�Q�` �2���+�? �i�2�K�T�2�`���i�m�`�2 �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�j�X ���b �2�t�T�2�+�i�2�/�- �i�?�2 �b�Q�H�m�i�B�Q�M�b �b�?�Q�r �i�?���i �i�?�2

�2�H�Q�M�;���i�B�Q�M �B�M�+�`�2���b�2�b ���b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �B�M�+�`�2���b�2�b �/�m�2 �i�Q �i�?�2 �`�2�/�m�+�i�B�Q�M �B�M �b�i�B�7�7�M�2�b�b ���i �?�B�;�?

�i�2�K�T�2�`���i�m�`�2�b�X

�6�B�;�m�`�2 �8�X�k�, �G�Q���/ �+�Q�M�7�B�;�m�`���i�B�Q�M �7�Q�` �m�M�B���t�B���H �#���` �T�`�Q�#�H�2�K �r�B�i�? �m�M�B�7�Q�`�K �i�2�K�T�2�`���i�m�`�2 �/�B�b�i�`�B�#�m�@
�i�B�Q�M

�8�X�R�X�j �R�. �6�B�M�B�i�2 �1�H�2�K�2�M�i �a�Q�H�m�i�B�Q�M �7�Q�` �l�M�B���t�B���H �"���`

�L�2�t�i�- �� �M�Q�M�@�m�M�B�7�Q�`�K �i�2�K�T�2�`���i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M �r���b �B�M�p�2�b�i�B�;���i�2�/�X �h�?�2 �?�2���i �+�Q�M�/�m�+�i�B�Q�M ���M�/

���t�B���H �#���` �b�Q�H�m�i�B�Q�M�b �r�2�`�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �� �R�. �6�1�J ���T�T�`�Q���+�?�- �r�?�2�`�2�B�M �i�?�2 �?�2���i �+�Q�M�/�m�+�i�B�Q�M



�k�3 �+�Ñ�ž�ÿ���¶�� �9�Y �#�ž���¶�ã�Ô�é�¶ �?�¶�,�ž�Ì�ñ�é�ž�ã � �̀p�2 �b�Ô�è���ã�ž���Ô�ñ�é��

�6�B�;�m�`�2 �8�X�j�, �1�H�Q�M�;���i�B�Q�M �Q�7 �i�?�2 �m�M�B���t�B���H �#���` �Q�p�2�` �� �`���M�;�2 �Q�7 �m�M�B�7�Q�`�K �i�2�K�T�2�`���i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b

�T�`�Q�#�H�2�K �r���b �b�Q�H�p�2�/ �7�Q�` �2���+�? �2�H�2�K�2�M�i�- ���H�H�Q�r�B�M�; �i�?�2 �i�2�K�T�2�`���i�m�`�2�@�/�2�T�2�M�/�2�M�i �2�H���b�i�B�+ �K�Q�/�m�H�m�b

�i�Q �#�2 �/�2�i�2�`�K�B�M�2�/ ���+�`�Q�b�b �i�?�2 �/�Q�K���B�M�X �.�2�i���B�H�b �Q�7 �i�?�2 �R�. �6�1�J ���T�T�`�Q���+�? �m�b�2�/ ���`�2 �/�2�b�+�`�B�#�2�/ �#�v

�_�2�/�/�v �(�9�R�)�X �h�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v �r���b ���b�b�m�K�2�/ �i�Q �p���`�v �r�B�i�? �i�2�K�T�2�`���i�m�`�2 ���b �;�B�p�2�M �#�v

�1�[�m���i�B�Q�M�8�X�e�- �i�?�m�b �i�?�2 �?�2���i �+�Q�M�/�m�+�i�B�Q�M �T�`�Q�#�H�2�K �r���b �b�Q�H�p�2�/ �B�i�2�`���i�B�p�2�H�v �m�M�i�B�H �i�?�2 �i�2�K�T�2�`���i�m�`�2

�`�2���+�?�2�/ �b�i�2���/�v�@�b�i���i�2�- ���b �/�2�i�2�`�K�B�M�2�/ �#�v �� �b�B�K�T�H�2 �+�Q�M�p�2�`�;�2�M�+�2 �+�`�B�i�2�`�B�Q�M �Q�7j� Tj � 10� 8�- �r�?�2�`�2

j� Tj �r���b �+�Q�K�T�m�i�2�/ �Q�M�H�v ���ix = 0:1 m�X �A�7 �;�`�2���i�2�` ���+�+�m�`���+�v �Q�` �+�Q�K�T�m�i���i�B�Q�M���H �2�7�7�B�+�B�2�M�+�v �B�b

�/�2�b�B�`�2�/�- �� �K�Q�`�2 �2�H�2�;���M�i �+�Q�M�p�2�`�;�2�M�+�2 �+�`�B�i�2�`�B�Q�M �b�?�Q�m�H�/ �#�2 �/�2�p�2�H�Q�T�2�/�X �h�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v

�B�M �2���+�? �2�H�2�K�2�M�i �r���b �/�2�i�2�`�K�B�M�2�/ �#�v �B�/�2�M�i�B�7�v�B�M�; �i�?�2 �i�2�K�T�2�`���i�m�`�2 ���i �i�?�2 �K�B�/�T�Q�B�M�i �Q�7 �i�?�2 �2�H�2�K�2�M�i

�7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �B�i�2�`���i�B�Q�M�X ���b �b�?�Q�r�M ���H�Q�M�;�b�B�/�2 �i�?�2 �T�Q�B�M�i�@ ���M�/ �/�B�b�i�`�B�#�m�i�2�/�@�7�Q�`�+�2 �#�Q�m�M�/���`�v

�+�Q�M�/�B�i�B�Q�M�b �B�M �6�B�;�m�`�2�8�X�9�- �i�?�2 �H�2�7�i �b�B�/�2 �Q�7 �i�?�2 �#���` �?���b �� �7�B�t�2�/ �i�2�K�T�2�`���i�m�`�2 �Q�7 �k�d�j �E�- �r�?�B�H�2

�i�?�2 �`�B�;�?�i �b�B�/�2 �B�b �b�m�#�D�2�+�i�2�/ �i�Q ���M ���T�T�H�B�2�/ �?�2���i �7�H�m�t �Q�7 �R�R�8� 103 W/ m2�- �r�?�B�+�? �`���B�b�2�b �i�?�2

�i�2�K�T�2�`���i�m�`�2 �Q�7 �i�?�2 �`�B�;�?�i�@�K�Q�b�i �2�H�2�K�2�M�i �i�Q ���#�Q�m�i �R�8�y�y �E�X �6�B�;�m�`�2�8�X�8�b�?�Q�r�b �i�?�2 �`�2�b�m�H�i�B�M�;

�i�2�K�T�2�`���i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` �i�?�2 ���t�B���H �#���`�- �b�Q�H�p�2�/ �r�B�i�? �R�y�y�y �H�B�M�2���` �2�H�2�K�2�M�i�b�X

�a�B�K�B�H���` �i�Q �i�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�- �i�?�2 �2�H���b�i�B�+ �K�Q�/�m�H�m�b �B�M �2���+�? �2�H�2�K�2�M�i �r���b �/�2�i�2�`�K�B�M�2�/ �#�v

�B�/�2�M�i�B�7�v�B�M�; �i�?�2 �i�2�K�T�2�`���i�m�`�2 ���i �i�?�2 �K�B�/�T�Q�B�M�i �Q�7 �i�?�2 �2�H�2�K�2�M�i ���M�/ �T�H�m�;�;�B�M�; �B�i �B�M�i�Q �i�?�2 �2�H���b�i�B�+



�9�Y�S�Y �i�Ô�#2 �K�ž���¶���Ô�ž�ã �T���ñ�ÿ�¶�����Ô�¶�� �� �S�/ �K�ñ�²�¶�ã�Ô�é�Ì �k�N

�K�Q�/�m�H�m�b �7�m�M�+�i�B�Q�M�- �i�?�m�b �+�`�2���i�B�M�; �� �T�B�2�+�2�r�B�b�2 �+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M �7�Q�` �2�H���b�i�B�+ �K�Q�/�m�H�m�b�- �r�?�B�+�? �B�b

�T�H�Q�i�i�2�/ ���;���B�M�b�i �i�?�2 �H�2�7�i ���t�B�b �B�M �6�B�;�m�`�2�8�X�8�X �h�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�B�b �R�. �6�1�J �T�`�Q�#�H�2�K �B�b �T�H�Q�i�i�2�/

���;���B�M�b�i �i�?�2 �R�8�y�y�ê�* �m�M�B�7�Q�`�K�H�v�@�/�B�b�i�`�B�#�m�i�2�/ �i�2�K�T�2�`���i�m�`�2 �b�Q�H�m�i�B�Q�M �B�M �6�B�;�m�`�2�8�X�e�X ���b �2�t�T�2�+�i�2�/�-

�i�?�2 ���T�T�H�B�2�/ �i�B�T �?�2���i �7�H�m�t �+���b�2 �b�?�Q�r�b �K�m�+�? �H�Q�r�2�` �2�H�Q�M�;���i�B�Q�M�- ���b �K�Q�`�2 �Q�7 �i�?�2 �#���` �`�2�i���B�M�b �B�i�b

�H�Q�r�@�i�2�K�T�2�`���i�m�`�2 �b�i�B�7�7�M�2�b�b�X �h�?�B�b �R�. �6�1�J �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �2�H���b�i�B�+ �K�Q�/�m�H�m�b ���M�/ �i�?�2�`�K���H

�+�Q�M�/�m�+�i�B�p�B�i�v �7�m�M�+�i�B�Q�M�b �/�Q�2�b �M�Q�i �T�`�Q�p�B�/�2 �� �M�Q�p�2�H �`�2�b�m�H�i�- �#�m�i �T�`�Q�p�2�b �i�?���i �i�?�2�v �+���M �#�2 �2�7�7�2�+�i�B�p�2�H�v

�B�K�T�H�2�K�2�M�i�2�/ �r�B�i�?�B�M �i�?�2 �6�1�J ���M�/ �2�p�2�M�i�m���H�H�v �i�?�2 �J�S�J�X

�6�B�;�m�`�2 �8�X�9�, �G�Q���/ �+�Q�M�7�B�;�m�`���i�B�Q�M �7�Q�` �R�. �6�1�J �T�`�Q�#�H�2�K �r�B�i�? ���T�T�H�B�2�/ �?�2���i �7�H�m�t ���M�/ �i�?�2�`�K���H
�#�Q�m�M�/���`�v

�6�B�;�m�`�2 �8�X�8�, �h�2�K�T�2�`���i�m�`�2 ���M�/ �1�H���b�i�B�+ �J�Q�/�m�H�m�b �/�B�b�i�`�B�#�m�i�B�Q�M�b �7�Q�` �R�. �6�1�J �b�Q�H�m�i�B�Q�M �r�B�i�? �R�y�y�y
�H�B�M�2���` �2�H�2�K�2�M�i�b



�j�y �+�Ñ�ž�ÿ���¶�� �9�Y �#�ž���¶�ã�Ô�é�¶ �?�¶�,�ž�Ì�ñ�é�ž�ã � �̀p�2 �b�Ô�è���ã�ž���Ô�ñ�é��

�6�B�;�m�`�2 �8�X�e�, �1�H�Q�M�;���i�B�Q�M �7�Q�` �i�?�2 �R�. �6�1�J �T�`�Q�#�H�2�K �r�B�i�? ���M ���T�T�H�B�2�/ �?�2���i �7�H�m�t �#�Q�m�M�/���`�v �+�Q�M�/�B�@
�i�B�Q�M �+�Q�K�T���`�2�/ ���;���B�M�b�i �i�?�2 �m�M�B�7�Q�`�K �i�2�K�T�2�`���i�m�`�2 �b�Q�H�m�i�B�Q�M

�8�X�k �k�. �S�H���M�2 �a�i�`���B�M �a�B�K�m�H���i�B�Q�M�b

�q�B�i�? �i�?�2 �6�1�J �b�Q�H�m�i�B�Q�M �T�`�Q�p�B�/�B�M�; ���M �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �K���i�2�`�B���H �`�2�b�T�Q�M�b�2 �m�M�/�2�` �b�B�K�T�H�2 �R�.

�+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �M�2�t�i �b�i�2�T �r���b �i�Q �B�K�T�H�2�K�2�M�i �i�?�2 �i�2�K�T�2�`���i�m�`�2�@�/�2�T�2�M�/�2�M�i �K���i�2�`�B���H �T�`�Q�T�2�`�i�v

�7�m�M�+�i�B�Q�M�b �m�b�B�M�; �� �#�2�i�i�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �T�Q�`�Q�m�b �h�B�"2 �K���i�2�`�B���H �b�v�b�i�2�K�X �.�m�2 �i�Q �i�?�2

���/�p���M�i���;�2�b �Q�p�2�` �6�1�J �/�B�b�+�m�b�b�2�/ �B�M �*�?���T�i�2�`�9�- �i�?�2 �J�S�J �+�Q�/�2 �/�2�p�2�H�Q�T�2�/ �#�v �a�i�2�7���M �S�Q�p�Q�H�M�v

�r���b �m�b�2�/ �7�Q�` �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b �(�9�k�)�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �?�2�t���;�Q�M���H �_�o�1 ���M�/ �i�?�2 �K�2�+�?���M�B�+���H

���M�/ �i�?�2�`�K���H �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���T�T�H�B�2�/ �i�Q �B�i ���`�2 �B�M�i�`�Q�/�m�+�2�/�X �h�?�2�M �i�?�2 �`�2�b�m�H�i�b �Q�7 �`�Q�Q�K�@

���M�/ �2�H�2�p���i�2�/�@�i�2�K�T�2�`���i�m�`�2 �b�B�K�m�H���i�B�Q�M�b ���`�2 �/�B�b�+�m�b�b�2�/ �r�B�i�? �2�K�T�?���b�B�b �Q�M �+�?���`���+�i�2�`�B�x�B�M�; �i�?�2

�i�?�2�`�K�Q�K�2�+�?���M�B�+���H �`�2�b�T�Q�M�b�2 �B�M �i�?�2 �m�M�Q�t�B�/�B�x�2�/ �b�i���i�2�X �h�?�B�b �T�`�Q�p�B�/�2�b �� �m�b�2�7�m�H �#���b�2�H�B�M�2 �7�Q�`

���b�b�2�b�b�B�M�; �i�?�2 �`�2�b�T�Q�M�b�2 �r�B�i�? �Q�t�B�/���i�B�Q�M �2�7�7�2�+�i�b �T�`�2�b�2�M�i�X



�9�Y�l�Y �l�/ �T�ã�ž�é�¶ �b�����ž�Ô�é �b�Ô�è���ã�ž���Ô�ñ�é�� �j�R

�8�X�k�X�R �>�2�t���;�Q�M���H �_�2�T�`�2�b�2�M�i���i�B�p�2 �o�Q�H�m�K�2 �1�H�2�K�2�M�i

�� �k�. �?�2�t���;�Q�M���H �`�2�T�`�2�b�2�M�i���i�B�p�2 �p�Q�H�m�K�2 �2�H�2�K�2�M�i �U�_�o�1�V �r���b �b�2�H�2�+�i�2�/ ���b �i�?�2 �/�Q�K���B�M �Q�p�2�` �r�?�B�+�?

�i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�7�7�2�+�i�B�p�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �� �T�Q�`�Q�m�b �l�>�h�*�X �*�Q�K�K�Q�M�H�v �m�b�2�/ �7�Q�` �K�Q�/�2�H�B�M�; �+���`�@

�#�Q�M �M���M�Q�i�m�#�2 �+�Q�K�T�Q�b�B�i�2�b �(�9�j�)�- �i�?�2 �?�2�t���;�Q�M���H �_�o�1 �r���b �b�2�H�2�+�i�2�/ �#�2�+���m�b�2 �B�i �B�b �p�2�`�v �+�H�Q�b�2 �i�Q

�i�`���M�b�p�2�`�b�2�H�v �B�b�Q�i�`�Q�T�B�+�- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�t�T�H�B�+�B�i�H�v �i�Q �K�Q�/�2�H�B�M�; �i�?�2 �T�H���M�2 �Q�7 �B�b�Q�i�`�Q�T�v�X �>�2�t���;�Q�M���H

�_�o�1�b �r�B�i�? �p�Q�H�m�K�2 �7�`���+�i�B�Q�M�b �Q�7 �R�y�W�- �9�y�W�- ���M�/ �d�y�W �K���+�`�Q�T�Q�`�Q�b�B�i�v �r�2�`�2 �b�2�H�2�+�i�2�/ �7�Q�` �b�B�K�m�H���@

�i�B�Q�M�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�d�X �h�?�B�b �`���M�;�2 �Q�7 �T�Q�`�Q�b�B�i�v ���H�H�Q�r�b �7�Q�` �i�?�2 �B�M�p�2�b�i�B�;���i�B�Q�M �Q�7 �#�m�H�F �p�b

�;�2�Q�K�2�i�`�B�+ �2�7�7�2�+�i�b �Q�M �`�2�b�T�Q�M�b�2 �#�2�?���p�B�Q�`�- �#�2�i�r�2�2�M �r�?�B�+�? �i�?�2�`�2 �B�b �� �F�M�Q�r�M �/�B�7�7�2�`�2�M�+�2 �7�Q�` �T�Q�`�Q�m�b

�K���i�2�`�B���H�b �(�9�9�)�X �h�Q �K�Q�/�2�H �i�?�2 �h�B�"2 �7�Q���K �B�M�p�2�b�i�B�;���i�2�/ �#�v �S�Q�p�Q�H�M�v �2�i ���H�X�- �T�Q�`�2�b ���+�`�Q�b�b ���H�H �i�?�`�2�2

�p�Q�H�m�K�2 �7�`���+�i�B�Q�M�b �?���p�2 �� �`���/�B�m�b �Q�7r = 50 �m �- �r�?�B�+�? �B�K�T�H�B�2�b �i�?���i �i�?�2 �H�2�M�;�i�?�@�b�+���H�2 �B�M�i�2�`�T�`�2�i���@

�i�B�Q�M �Q�7 �i�?�2 �_�o�1 �B�b �/�2�T�2�M�/�2�M�i �Q�M �B�i�b �H�2�p�2�H �Q�7 �K���+�`�Q�T�Q�`�Q�b�B�i�v�X �A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �K���+�`�Q�T�Q�`�Q�b�B�i�v�-

�i�?�2 �B�M�T�m�i �T�`�Q�T�2�`�i�B�2�b �B�M�+�H�m�/�2 �j�y�W �K�B�+�`�Q�T�Q�`�Q�b�B�i�v �p�B�� �`�m�H�2 �Q�7 �K�B�t�i�m�`�2�b �r�B�i�? ���B�`�X �h�?�B�b ���T�T�`�Q���+�?

�r���b �b�?�Q�r�M �#�v �S�Q�p�Q�H�M�v �2�i ���H�X �i�Q �Q�p�2�`�T�`�2�/�B�+�i �i�?�2 �2�7�7�2�+�i�B�p�2 �T�`�Q�T�2�`�i�B�2�b �b�B�;�M�B�7�B�+���M�i�H�v�- �#�m�i �+���H�B�@

�#�`���i�B�Q�M �Q�7 �i�?�2 �B�M�T�m�i �T�`�Q�T�2�`�i�B�2�b �+���M �M�Q�i �v�2�i �#�2 �T�2�`�7�Q�`�K�2�/ �/�m�2 �i�Q �H���+�F �Q�7 �2�t�T�2�`�B�K�2�M�i���H �/���i��

�Q�M �Q�t�B�/�B�x�2�/ �l�>�h�*�b�X

�U���V �R�y�W �T�Q�`�Q�b�B�i�v �U�#�V �9�y�W �T�Q�`�Q�b�B�i�v �U�+�V �d�y�W �T�Q�`�Q�b�B�i�v

�6�B�;�m�`�2 �8�X�d�, �>�2�t���;�Q�M���H �_�o�1�b �+�Q�M�i���B�M�B�M�; �p���`�v�B�M�; �H�2�p�2�H�b �Q�7 �K���+�`�Q�T�Q�`�Q�b�B�i�v �i�Q �`�2�T�`�2�b�2�M�i �h�B�"2

�7�Q���K



�j�k �+�Ñ�ž�ÿ���¶�� �9�Y �#�ž���¶�ã�Ô�é�¶ �?�¶�,�ž�Ì�ñ�é�ž�ã � �̀p�2 �b�Ô�è���ã�ž���Ô�ñ�é��

�8�X�k�X�k �a�B�K�m�H���i�B�Q�M �"�Q�m�M�/���`�v �*�Q�M�/�B�i�B�Q�M�b

�h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���T�T�H�B�2�/ �i�Q �i�?�2 �_�o�1�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�3�7�Q�` �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2

���M�/ �2�H�2�p���i�2�/ �i�2�K�T�2�`���i�m�`�2 �b�B�K�m�H���i�B�Q�M�b�X �h�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �T�H���M�2 �b�i�`���B�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b

���T�T�H�B�2�/ �i�Q �i�?�2 �_�o�1 �+�Q�`�`�2�b�T�Q�M�/ �i�Q �� �+�Q�M�b�i�`���B�M�2�/ �m�M�B���t�B���H �+�Q�K�T�`�2�b�b�B�Q�M �i�2�b�i�- �i�?�2 �p���H�m�2 �Q�7 �r�?�B�+�?

�H�B�2�b �B�M �#�2�B�M�; ���#�H�2 �i�Q �/�2�i�2�`�K�B�M�2C �2�7�7
11 ���M�/C �2�7�7

12 �/�B�`�2�+�i�H�v�X �P�M�2 �F�2�v �/�B�7�7�2�`�2�M�+�2 �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�b

�B�b �i�?���i �i�?�2 �H���i�2�`���H ���M�/ �Q�m�i�@�Q�7�@�T�H���M�2 �+�Q�M�b�i�`���B�M�i�b �Q�M �i�?�2 �_�o�1 �B�M�/�m�+�2 ���/�/�B�i�B�Q�M���H �i�`���M�b�p�2�`�b�2

�b�i�`�2�b�b�2�b �i�?���i �r�Q�m�H�/ �M�Q�i �#�2 �T�`�2�b�2�M�i �B�M �i�?�2 �m�M�+�Q�M�b�i�`���B�M�2�/ �m�M�B���t�B���H �+�Q�K�T�`�2�b�b�B�Q�M �i�2�b�i�b�X �.�m�`�B�M�;

�i�?�2 �m�M�+�Q�M�b�i�`���B�M�2�/ �i�2�b�i�b�- �Q�M�H�v �� �M�Q�`�K���H �b�i�`�2�b�b �B�M �i�?�2 �H�Q���/�B�M�; �/�B�`�2�+�i�B�Q�M �r�B�H�H �/�2�p�2�H�Q�T�X ���M�Q�i�?�2�`

�/�B�7�7�2�`�2�M�+�2 �B�b �i�?���i �2�t�T�2�`�B�K�2�M�i���H �m�M�+�Q�M�b�i�`���B�M�2�/ �i�2�b�i�B�M�; �r�Q�m�H�/ �#�2 �T�2�`�7�Q�`�K�2�/ ���i �� �H���`�;�2�` �b�+���H�2

�r�B�i�? �H�2�b�b �m�M�B�7�Q�`�K �T�Q�`�Q�b�B�i�v�X �:�B�p�2�M �i�?���i �2�t�T�2�`�B�K�2�M�i���H �/���i�� �?���b �M�Q�i �v�2�i �#�2�2�M �;�2�M�2�`���i�2�/ �7�Q�`

�Q�t�B�/�B�x�2�/ �l�>�h�*�b �r�B�i�? �K�m�H�i�B�b�+���H�2 �T�Q�`�Q�b�B�i�v�- �r�2 ���`�2 �m�M���#�H�2 �i�Q �+�Q�K�T���`�2 ���;���B�M�b�i �2�t�T�2�`�B�K�2�M�i���H

�`�2�b�m�H�i�b ���M�/ �B�i �B�b �i�?�2�`�2�7�Q�`�2 �`�2���b�Q�M���#�H�2 �i�Q �T�`�Q�+�2�2�/ �r�B�i�? �i�?�2�b�2 �2�b�b�2�M�i�B���H �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X

�U���V �J�2�+�?���M�B�+���H �"�Q�m�M�/���`�v �*�Q�M�/�B�i�B�Q�M�b�U�#�V �h�?�2�`�K���H �"�Q�m�M�/���`�v �*�Q�M�/�B�i�B�Q�M�b

�6�B�;�m�`�2 �8�X�3�, �J�2�+�?���M�B�+���H �U���V ���M�/ �i�?�2�`�K���H �U�#�V �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���T�T�H�B�2�/ �i�Q �i�?�2 �?�2�t���;�Q�M���H
�_�o�1 �U�9�y�W �K���+�`�Q�T�Q�`�Q�b�B�i�v �b�?�Q�r�M�V�X �.���b�?�2�/ �H�B�M�2�b �B�M�/�B�+���i�2 �i�?�2 �_�o�1 �/�Q�K���B�M�X �h�?�2 �#�Q�m�M�/���`�v
�+�Q�M�/�B�i�B�Q�M�b ���`�2 ���T�T�H�B�2�/ �/�B�`�2�+�i�H�v �i�Q �i�?�2 �#���+�F�;�`�Q�m�M�/ �;�`�B�/ �U�M�Q�i �b�?�Q�r�M�V�X



�9�Y�l�Y �l�/ �T�ã�ž�é�¶ �b�����ž�Ô�é �b�Ô�è���ã�ž���Ô�ñ�é�� �j�j

�h�?�2 �7�B�`�b�i �b�2�`�B�2�b �Q�7 �b�B�K�m�H���i�B�Q�M�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ ���i �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2�- �r�?�B�H�2 �H���i�2�` �b�B�K�m�H���i�B�Q�M�b

�r�2�`�2 �b�m�#�D�2�+�i�2�/ �i�Q �i�r�Q �b�2�i�b �Q�7 �i�?�2�`�K���H �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �7�B�`�b�i �Q�7 �r�?�B�+�? �#�2�B�M�; �� �R�8

�E�f�b �`���K�T �Q�M �i�?�2 �i�Q�T �#�Q�m�M�/���`�v �i�?���i �`�2���+�?�2�b �R�y�y�y �E ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�X �h�?�2

�b�2�+�Q�M�/ ���T�T�H�B�2�/ �i�?�2�`�K���H �H�Q���/ �B�b �� �9�k �E�f�b �`���K�T �Q�M �i�?�2 �i�Q�T �b�m�`�7���+�2 �i�?���i �`�2���+�?�2�b �R�y�y�y �E �r�?�2�M

t = t f /3 �- �?�Q�H�/�b �+�Q�M�b�i���M�i ���i �R�y�y�y �E �m�M�i�B�Ht = 2 � t f /3 �- �i�?�2�M �/�2�+�`�2���b�2�b �H�B�M�2���`�H�v �#���+�F �i�Q �`�Q�Q�K

�i�2�K�T�2�`���i�m�`�2�X �6�Q�` ���H�H �b�B�K�m�H���i�B�Q�M�b �Q�M �i�?�2 �?�2�t���;�Q�M���H �_�o�1�b�- �i�?�2 �7�B�M���H �i�B�K�2 �b�i�2�T �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M

�B�bt f = 50 s�X �6�Q�` �#�Q�i�? �b�2�i�b �Q�7 �i�?�2�`�K���H �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �#�Q�i�i�Q�K �#�Q�m�M�/���`�v �B�b �7�B�t�2�/

���i �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2 ���M�/ �i�?�2 �b�B�/�2�b ���`�2 �i�?�2�`�K���H�H�v �B�M�b�m�H���i�2�/�- �r�?�B�+�? �`�2�b�m�H�i�b �B�M �i�?�2 �i�?�2�`�K���H

�;�`���/�B�2�M�i �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�3�U�#�V�X �L�Q�i�2 �i�?���i �i�?�B�b �i�?�2�`�K���H �;�`���/�B�2�M�i �2�p�Q�H�p�2�b �i�?�`�Q�m�;�?�Q�m�i �i�?�2

�b�B�K�m�H���i�B�Q�M ���M�/ �i�?�2 �;�`���/�B�2�M�i �b�?�Q�r�M �B�b �� �b�M���T�b�?�Q�i �Q�7 �i�?�2 �/�Q�K���B�M �r�?�2�M �i�?�2 �i�Q�T �#�Q�m�M�/���`�v

�`�2���+�?�2�b �R�y�y�y �E�X �S�`�Q�7�B�H�2�b �Q�7 �i�?�2 ���T�T�H�B�2�/ �i�?�2�`�K���H �H�Q���/�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�N�X

�U���V �_���K�T�2�/ �h�?�2�`�K���H �G�Q���/ �U�#�V �*�v�+�H�B�+ �h�?�2�`�K���H �G�Q���/

�6�B�;�m�`�2 �8�X�N�, �S�`�Q�7�B�H�2 �Q�7 �i�?�2 �i�?�2�`�K���H �H�Q���/�b ���T�T�H�B�2�/ �i�Q �i�?�2 �i�Q�T �#�Q�m�M�/���`�v �Q�7 �i�?�2 �_�o�1�X �h�?�2 �`�2�/
�+�m�`�p�2 �b�?�Q�r�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �r�?�B�H�2 �i�?�2 �p���`�B���i�B�Q�M �Q�7 �2�H���b�i�B�+ �K�Q�/�m�H�m�b �B�b �b�?�Q�r�M �B�M �i�?�2 �#�H�m�2
�+�m�`�p�2 �i�Q �T�`�Q�p�B�/�2 �+�Q�M�i�2�t�i�X

�h�?�2 �i�2�K�T�2�`���i�m�`�2 �`���K�T �Q�7 �R�8 �E�f�b �B�b �`�2���b�Q�M���#�H�2 �7�Q�` �� �?�v�T�2�`�b�Q�M�B�+ �7�H�B�;�?�i �p�2�?�B�+�H�2 �m�T�Q�M �r�?�B�+�? �i�?�B�b

�K���i�2�`�B���H �b�v�b�i�2�K �K���v �#�2 �2�K�T�H�Q�v�2�/ �(�9�8�)�- �#�m�i �i�?�2 �9�k �E�f�b �`���K�T �B�b �T�?�v�b�B�+���H�H�v �m�M�`�2���H�B�b�i�B�+�X �h�?�2

�B�M�i�2�M�i �Q�7 ���T�T�H�v�B�M�; �i�?�B�b �B�M�+�`�2���b�2�/ �?�2���i�B�M�; �`���i�2 �r���b �i�Q �+���T�i�m�`�2 �i�?�2 �/�B�7�7�2�`�2�M�+�2 �B�M �i�?�2 �K���i�2�`�B���H

�`�2�b�T�Q�M�b�2 �r�?�2�M �b�m�#�D�2�+�i�2�/ �i�Q �� �?�2���i�B�M�; ���M�/ �+�Q�Q�H�B�M�; �+�v�+�H�2 �`���i�?�2�` �i�?���M �?�2���i�B�M�; ���H�Q�M�2�X �h�?�m�b�- �i�?�2
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�T�?�v�b�B�+���H ���+�+�m�`���+�v �`�2�H���i�B�p�2 �i�Q �i�?�2 �?�v�T�2�`�b�Q�M�B�+ �7�H�B�;�?�i �2�M�p�B�`�Q�M�K�2�M�i �B�b �M�Q�i �+�`�B�i�B�+���H�X �6�m�`�i�?�2�`�K�Q�`�2�-

�#�2�+���m�b�2 �i�?�B�b �J�S�J �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b �[�m���b�B�@�b�i���i�B�+�- �i�?�2 �i�B�K�2�@�b�+���H�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 ���T�T�H�B�2�/

�i�?�2�`�K���H �H�Q���/ �B�b �Q�M�H�v �Q�7 �B�K�T�Q�`�i���M�+�2 �B�7 �i�?�2 �?�2���i�B�M�; �`���i�2 �K�m�b�i �+�Q�`�`�2�b�T�Q�M�/ �i�Q �� �+�2�`�i���B�M �b�i�`���B�M

�`���i�2�- �b�m�+�? ���b �B�M �K�Q�/�2�H�B�M�; �i�?�2 �7�H�B�;�?�i �T�`�Q�7�B�H�2 �Q�7 �� �?�v�T�2�`�b�Q�M�B�+ �p�2�?�B�+�H�2�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �?�2���i�B�M�;

���M�/ �b�i�`���B�M �`���i�2�b �r�2�`�2 �+�?�Q�b�2�M �B�M�/�2�T�2�M�/�2�M�i�H�v �i�Q �H�Q�r�2�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �r�?�B�H�2 �2�t�T�H�Q�`�B�M�;

�i�?�2 �2�7�7�2�+�i�b �Q�7 �i�?�2�`�K���H �2�t�T���M�b�B�Q�M�X �A�i �B�b ���H�b�Q ���b�b�m�K�2�/ �i�?���i �i�?�2 �b�?�Q�`�i �?�B�;�?�@�i�2�K�T�2�`���i�m�`�2 �2�t�T�Q�b�m�`�2

�/�m�`���i�B�Q�M �/�Q�2�b �M�Q�i ���H�H�Q�r �2�M�Q�m�;�? �i�B�K�2 �7�Q�` �Q�t�B�/���i�B�Q�M �i�Q �Q�+�+�m�`�X

�8�X�j �*�Q�K�T�`�2�b�b�B�p�2 �G�Q���/�B�M�; �Q�7 �>�2�t���;�Q�M���H �_�o�1�b

�h�?�2 �p�Q�H�m�K�2�@���p�2�`���;�2�/ �b�i�`�2�b�b�@ ���M�/ �/���K���;�2�@�b�i�`���B�M �`�2�b�T�Q�M�b�2�b �Q�7 �i�?�2 �?�2�t���;�Q�M���H �_�o�1�b ���`�2 �b�?�Q�r�M

�B�M �6�B�;�m�`�2�b�8�X�R�y���M�/�8�X�R�R�m�T �i�Q ���M ���T�T�H�B�2�/ �+�Q�K�T�`�2�b�b�B�p�2 �b�i�`���B�M �Q�7 �j�y�W �B�M �y�X�e�W �b�i�2�T�b ���i �`�Q�Q�K

�i�2�K�T�2�`���i�m�`�2�X �h�Q �2�b�i���#�H�B�b�? �� �#���b�2�H�B�M�2 �7�Q�` �B�M�i�2�`�T�`�2�i�B�M�; �i�?�2�b�2 �`�2�b�m�H�i�b�- �i�?�2 �b�i�`�2�b�b�@ ���M�/ �/���K���;�2�@

�b�i�`���B�M �+�m�`�p�2�b �7�Q�` ���M �_�o�1 �r�B�i�? �y�W �K���+�`�Q�T�Q�`�Q�b�B�i�v �U�j�y�W �K�B�+�`�Q�T�Q�`�Q�b�B�i�v�V ���`�2 �b�?�Q�r�M�X ���b �2�t�T�2�+�i�2�/

�/�m�2 �i�Q �i�?�2 �i�2�M�b�B�H�2�@�Q�M�H�v �/���K���;�2 �K�Q�/�2�H �#�2�B�M�; �m�b�2�/�- �i�?�B�b �_�o�1 �b�?�Q�r�b �M�Q �/���K���;�2 ���+�+�m�K�m�H���i�B�Q�M�-

�i�?�m�b �i�?�2 �b�i�`�2�b�b �B�M�+�`�2���b�2�b �B�M �T�`�Q�T�Q�`�i�B�Q�M �i�Q �i�?�2 ���T�T�H�B�2�/ �b�i�`���B�M�X �q�?�2�M �K���+�`�Q�T�Q�`�Q�b�B�i�v �B�b �B�M�i�`�Q�@

�/�m�+�2�/�- �i�?�2 �_�o�1 �B�b �Q�T�2�M�2�/ �m�T �i�Q �i�2�M�b�B�Q�M ���M�/ �i�?�2 �`�2�b�m�H�i�B�M�; �/���K���;�2 �m�H�i�B�K���i�2�H�v �H�2���/�b �i�Q �K���i�2�`�B���H

�7���B�H�m�`�2�- ���b �b�?�Q�r�M �#�v �i�?�2 �+�Q�K�T�`�2�b�b�B�p�2 �b�i�`�2�b�b �T�2���F�b�X �A�M �i�?�2 �b�i�`�2�b�b�@�b�i�`���B�M �+�m�`�p�2�b �b�?�Q�r�M�- �i�?�2 �b�i�`�2�b�b

�#�2�;�B�M�b �i�Q �`�B�b�2 ���7�i�2�` �i�?�2�b�2 �T�2���F�b �#�m�i �i�?�B�b �B�b �Q�M�H�v �� �#�v�T�`�Q�/�m�+�i �Q�7 �i�?�2 �H���i�2�`���H �+�Q�M�b�i�`���B�M�i�b�X ���b

�7�m�`�i�?�2�` �b�i�`���B�M �B�b ���T�T�H�B�2�/�- �i�?�2 �K���i�2�`�B���H �B�b �+�Q�K�T�`�2�b�b�2�/ �B�M�i�Q �� �`�2�;�B�Q�M �Q�7 �/�2�+�`�2���b�B�M�; �p�Q�H�m�K�2�- �i�?�m�b

�+�Q�K�T���+�i�B�M�; �i�?�2 �K���i�2�`�B���H ���M�/ �+���m�b�B�M�; ���M �B�M�+�`�2���b�2 �B�M �b�i�`�2�b�b�X �h�?�B�b �T�?�2�M�Q�K�2�M�Q�M �r�Q�m�H�/ �M�Q�i �2�t�B�b�i

�B�M �i�?�2 �K�2�+�?���M�B�+���H �i�2�b�i�b �i�?���i �+�Q�`�`�2�b�T�Q�M�/ �i�Q �m�M�+�Q�M�b�i�`���B�M�2�/ �+�Q�K�T�`�2�b�b�B�Q�M�X

�A�M �Q�`�/�2�` �i�Q �+�Q�K�T���`�2 �i�?�2 �2�7�7�2�+�i�b �Q�7 �K���+�`�Q�T�Q�`�Q�b�B�i�v �U���M�/ �H���i�2�` �Q�t�B�/���i�B�Q�M�V �Q�M �i�?�2 �K�2�+�?���M�B�+���H

�`�2�b�T�Q�M�b�2 �Q�7 �K�m�H�i�B�b�+���H�2 �T�Q�`�Q�m�b �h�B�"2�- �7�Q�m�` �K�2�i�`�B�+�b ���`�2 �+�Q�M�b�B�/�2�`�2�/�X �h�?�2 �7�B�`�b�i �K�2�i�`�B�+ �B�b �i�?�2

�2�7�7�2�+�i�B�p�2 �2�H���b�i�B�+ �K�Q�/�m�H�m�b�- �r�?�B�+�? �B�b �+�Q�K�T�m�i�2�/ ���7�i�2�` �i�?�2 �7�B�`�b�i �b�i�`���B�M �b�i�2�T �m�b�B�M�; �1�[�m���i�B�Q�M�9�X�R�e�X
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�U���V �a�i�`�2�b�b �R�R�@�*�Q�K�T�Q�M�2�M�i �U�#�V �a�i�`�2�b�b �k�k�@�*�Q�K�T�Q�M�2�M�i

�6�B�;�m�`�2 �8�X�R�y�, �a�i�`�2�b�b �p�b�X �+�Q�K�T�`�2�b�b�B�p�2 �b�i�`���B�M �+�m�`�p�2�b �7�Q�` �?�2�t���;�Q�M���H �_�o�1�b �r�B�i�? �R�y�W�- �9�y�W�- ���M�/
�d�y�W �K���+�`�Q�T�Q�`�Q�b�B�i�v ���i �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2�X �h�?�2 �y�W �T�Q�`�Q�b�B�i�v �+�m�`�p�2 �B�b �T�`�Q�p�B�/�2�/ �i�Q �2�b�i���#�H�B�b�? ��
�#���b�2�H�B�M�2 �7�Q�` �B�M�i�2�`�T�`�2�i�B�M�; �i�?�2 �K�2�+�?���M�B�+���H �`�2�b�T�Q�M�b�2�X

�U���V �6�m�H�H �_�2�b�T�Q�M�b�2 �U�#�V �A�M�B�i�B���H �_�2�b�T�Q�M�b�2

�6�B�;�m�`�2 �8�X�R�R�, �.���K���;�2 �p�b�X �+�Q�K�T�`�2�b�b�B�p�2 �b�i�`���B�M �+�m�`�p�2�b �7�Q�` �?�2�t���;�Q�M���H �_�o�1�b �r�B�i�? �R�y�W�- �9�y�W�- ���M�/
�d�y�W �K���+�`�Q�T�Q�`�Q�b�B�i�v ���i �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2�X �h�?�2 �y�W �T�Q�`�Q�b�B�i�v �+�m�`�p�2 �B�b �T�`�Q�p�B�/�2�/ �i�Q �2�b�i���#�H�B�b�? ��
�#���b�2�H�B�M�2 �7�Q�` �B�M�i�2�`�T�`�2�i�B�M�; �i�?�2 �K�2�+�?���M�B�+���H �`�2�b�T�Q�M�b�2�X

�6�Q�` �i�?�2 �?�2�t���;�Q�M���H �_�o�1�- �/���K���;�2 �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b �Q�+�+�m�`�`�B�M�; ���i �#�Q�i�? �i�?�2 �K�B�+�`�Q�b�+���H�2

���M�/ �K���+�`�Q�b�+���H�2�X ���i �i�?�2 �K�B�+�`�Q�b�+���H�2�- �i�?�2 �K���i�2�`�B���H �+�Q�K�T�`�B�b�B�M�; �i�?�2 �b�i�`�m�i�b �Q�7 �i�?�2 �_�o�1 �#�2�;�B�M �i�Q

�/���K���;�2 ���i �p�2�`�v �H�Q�r �b�i�`���B�M �H�2�p�2�H�b�- ���b �/�2�7�B�M�2�/ �#�v �i�?�2 �/���K���;�2 �H���r ���M�/ �7���B�H�m�`�2 �b�i�`���B�M �B�M�T�m�i�b�X

�h�?�2 �b�i�`���B�M �p���H�m�2 ���i �r�?�B�+�? �/���K���;�2 �7�B�`�b�i �Q�+�+�m�`�b�- �+���H�H�2�/ �i�?�2�K�B�+� �̀Q�@�/���K���;�2 �B�M�B�i�B���i�B�Q�M �b�i� �̀��B�M�- �B�b

�i�?�2 �b�2�+�Q�M�/ �K�2�i�`�B�+ �m�b�2�/ �i�Q �+�Q�K�T���`�2 �i�?�2 �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b�X �q�?�B�H�2 �i�?�B�b �K�2�i�`�B�+ �B�b �/�2�T�2�M�/�2�M�i �Q�M

�i�?�2 �/���K���;�2 �B�M�B�i�B���i�B�Q�M �b�i�`���B�M �7�Q�` �i�?�2 �K���i�2�`�B���H�- �i�?�2 �p���H�m�2�b �Q�#�i���B�M�2�/ �7�Q�` �2���+�? �K���+�`�Q�T�Q�`�Q�m�b �_�o�1
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