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Abstract 

The design and analysis of finite length, multiple layered, induced strain actuators is 

investigated. A model of an arbitrary multiple layered actuator is utilized to predict the 

applied force and moment from the ith layer onto a structure. The transverse equations 

of motion of a simply supported beam are derived using Timoshenko beam theory. This 

approach accounts for shear deformation and allows the actuator-applied moments to be 

directly incorporated into the equations of motion without further approximation. The 

model is cast in state space form and an assumed mode method is used to solve for the 

forced response of a nonuniform beam. 

Experiments are performed verifying the developed analytical model. The first experiment 

characterizes the dynamic properties of five different actuator/substructure configurations. 

Results indicate the system natural frequencies decreased and the structural damping 

increased with more attached actuators. Analytical predictions are shown to be in good 

agreement with the experimental results.



Results comparing the response from multiple layer and single layer actuator excitation are 

also presented. The multilayered configuration, when all actuators are excited, provided a 

maximum 4 dB increase in structural response experimentally. The relative increase in 

structural response using multiple layered actuators was shown to be dependent on the 

bonding layer material properties. Experiments showed the bonding layer relative stiffness 

and loss factor is important and must be included in the analytical model.
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Chapter 1 

Introduction 

1.1 Motivation 

In recent years the use of piezoelectric materials in active structural vibration and 

acoustic control, in both sensing and actuating roles, have become increasingly 

important. Applications incorporating piezoelectric actuators include active vibration 

control of large flexible space trusses to dampen unwanted vibrations (Crawley and 

deLuis, 1987) and the reduction of structural vibrations in industrial motor housings. 

Other uses involve reducing structural acoustic emissions by controlling the structure 

vibrations. Applications in this area include noise reduction of vibrating cylinders used 

in underwater environments (Sumali, 1992), and active noise control of structures such as 

jet engines, aircraft fuselages, automobiles, pumps and turbines (Wang, 1991). 

Achieving the desired level of structural control depends largely on the type of actuator 

selected. Current research seems to advocate attaching a small number of user- 

controllable, strategically placed actuators on the vibrating structure (Crawley and 

deLuis, 1987, Dimitriadis, et al., 1989). Induced strain actuators, ideally suited to meet 

these requirements, vary in form and includes such types as thermal expansion (Vinson 

and Sierakowski, 1987), piezoelectric (Crawley and deLuis, 1987), shape memory alloys 

(Rogers and Chaudhry, 1991), and others. Lead zirconate titanate (PZT) piezoelectric 

actuators are currently the most commonly used induced strain actuator in active 

structural vibration control for a number of reasons. Specifically, the advantages include 

their low weight and power requirements, relatively large resulting strain for an applied



voltage, large bandwidth, controllability of the magnitude of induced strain, and ease of 

integration into existing structures (Baz and Poh, 1988). 

In the past the uses of these piezoelectric materials have focused on their sensing 

capability. Examples include point sensors, such as accelerometers, force transducers, 

and microphones. Only within the past fifteen years has the concept of using the 

converse piezoelectric effect in active structural vibration control been of interest 

(Swigert and Forward, 1980). Extensive research has focused on analytical model 

development that describe the interaction between piezoelectric material and the 

structures to which they typically are bonded (Bailey and Hubbard, 1985, Crawley and 

deLuis, 1987, Baz and Poh, 1988, Lee, 1990, Wang and Rogers, 1991, and others). The 

majority of models currently developed involve single layer piezoelectric actuators 

bonded to, or embedded within, a structure. We are not aware of any models of, or 

experiments with, multiple layer piezoelectric actuators. 

We contend there are compelling reasons to study multiple layer piezoelectric actuators, 

including the following reasons, which provides the motivation for the work reported on 

in this thesis. The actuator free strain can be defined as 

A == (1.1) 
a 

where A is defined as the actuator free strain, d the piezoelectric strain/voltage constant, 

V the applied piezoelectric voltage, and t, the piezoelectric thickness. Based on the form 

of Eq. (1.1), multilayered actuators may be beneficial in structural control because, in 

theory, the same amount of strain can be produced in a multilayered configuration using



thinner actuators and lower control voltages. Reducing the required control voltage 

levels reduces the voltage range that must be supplied by the amplifiers. This serves to 

downsize the associated hardware and increase the economic viability of using 

piezoelectric materials in active vibration control. A second motivating reason is that 

multiple actuators collocated at the same physical location on a structure can be used to 

implement unique control algorithms such as multi-degree-of-freedom vibration absorbers. 

The final motivation is the hypothesis that multiple layer actuators can be used to induce 

greater applied moments and forces into the host structure, when compared to single layer 

configurations. 

1.2 Objective 

There are two objectives to this research. The primary objective is to develop an 

analytical model that predicts the dynamic response of a simply supported beam to 

arbitrary multiple layer piezoelectric actuator excitations. Specifically, the model should 

predict the applied moment and force created by the ith actuator layer on the structure 

while accounting for the composition of the lamina bonded to it. A secondary objective 

is to experimentally verify the analytical model predictions. 

1.3 Approach 

The approach used to reach the specified objectives has four parts. First, a one 

dimensional model incorporating finite length, spatially distributed, induced strain 

actuators will be developed to determine the induced force and moment by the jth 

actuator on the structure. Timoshenko beam theory is used to form the system equation



of motion, which is subsequently solved using a numerical assumed mode solution 

method cast in state space form. Second, a computer simulation of the analytical model 

solution will be implemented. Third, experiments are performed verifying the analytical 

model using a simple-simple beam excited in lateral bending by a number of single and 

multiple layer actuator configurations. Fourth, a comparison between analytical and 

experimental results will provide a measure of the modeling approach accuracy using 

different multiple layered piezoelectric actuator configurations. 

1.4 Thesis Outline 

The following chapter will provide an overview of previous research in the area of 

piezoelectric actuator/substructure modeling. In Chapter 3 the proposed multiple layered 

actuator model that predicts the dynamic response of the one dimensional beam to 

piezoelectric excitation will be derived. The analytical simulation and experiments are 

described in Chapter 4. The results and analysis of the experiments is presented in 

Chapter 5. Finally, in Chapter 6 conclusions will be drawn and recommendations made 

for further work involving multiple layered actuators.



Chapter 2 

Previous Work 

2.1 Introduction 

To simulate active structural vibration control and active structural acoustic control, we 

must understand the mechanical interaction between induced strain actuators and the 

structure to which they are bonded. The primary research focus in this area has been 

single layer actuator configuration modeling. Many researchers ( including Swigert and 

Forward, 1980, Bailey and Hubbard, 1985, Crawley and deLuis, 1987, Baz and Poh, 

1988, Tsou and Tseng, 1990, Ha and Chang, 1990, Crawley, et a/., 1988, Im and Atluri, 

1989, Dimitriadis, et a/., 1989, Kim and Jones, 1990, Lin and Rogers, 1992, and others) 

have developed or improved existing single layer actuator models. Only recently have 

certain models had the capability of including arbitrary multiple actuator configurations 

(Baz and Poh, 1988, Crawley and Lazarus, 1989, Wang and Rogers, 1990, and Lee, 

1990). These models provide an initial step in developing a multiple layer actuator 

model so a review of past research is appropriate. The review will also assist the reader 

in understanding how our approach uses techniques, and differs from these works, in 

solving the multiple layered actuator problem. 

2.2 Review of Piezoelectric Actuator/Substructure Modeling 

To the author's knowledge no research has investigated the advantages and disadvantages 

of stacking actuators in a multiple layer configuration. A comparison of single and 

multiple layer actuator configurations is shown in Fig. 2.1.



_—_—_—_—_— Actuators —=—== Rear) 

Substructure 

a Bondin g£ layer 

      

Single Layer Actuator Configuration Multiple Layer Actuator Configuration 

Figure 2.1 Comparison of Single and Multiple Layer Actuator Configurations 

This section will address current models that have the capability of analyzing, although 

have not investigated, multiple layer actuator configurations (Baz and Poh, 1988, 

Crawley and Lazarus, 1989, Lee, 1990, Hagood, et al/., 1990, Wang and Rogers, 1991). 

The two purposes of this section are to describe how our model incorporates previously 

developed techniques and to distinguish how our approach differs in solving for the 

dynamic response of the multiple layered actuator/substructure model. In the review, 

emphasis will be placed on the method utilized to model the piezoelectric/substructure 

mechanical interaction and the approach used to solve for the dynamic response of the 

piezoelectrically excited system. 

Baz and Poh used the finite element technique to simulate vibration control of a flexible 

cantilevered beam incorporating finite length piezoelectric actuators (Baz and Poh, 1988). 

They accounted for actuator and bonding layer effects on the elastic and inertial properties 

and dynamic response of the composite beam. The actuator strain and resulting effective 

moment were calculated as a function of the bending stiffness and thickness of each 

lamina, the applied actuator voltage, and the actuator distance from the composite neutral 

axis. Within each beam element, the mass and stiffness matrices were formulated based on



the composite elastic and inertia laminate properties. A lumped mass method was used 

concentrating the mass and rotational inertia of each section at the element boundaries. 

They also analyzed the effect of bonding layer thickness on the required actuator control 

effort necessary in minimizing the structure vibration amplitude. Simulations indicated 

that to achieve the same level of vibration control, the required actuator control forces 

increased with increasing bonding layer thickness. 

Crawley and Lazarus developed a model using classical laminate plate theory (CLPT) to 

model the actuator/substructure system (Crawley and Lazarus, 1989). This model could 

be applied to any arbitrary combination of finite length surface bonded, or embedded, 

actuators in an isotropic or anisotropic laminated composite. By nature of the CLPT 

approach, multiple layered actuators can be included, albeit at the expense of 

incorporating bonding layer characteristics. The drawback of this approach is that the 

nonpiezoelectric lamina must have equal dimensions to allow for the solution of the 

governing equations of motion using a non-finite element technique. ‘Therefore, any 

attempt to include bonding layer characteristics required the lamina dimensions to be 

equal to the substructure dimensions, rather than the dimensions and spatial location of 

the associated actuator, as shown in Fig. 2.2. 

_— Actuators —__ 

Substructure 

   

   
Bonding layers 

No Bonding Layers Including Bonding Layers 

Figure 2.2 Multiple Layer Actuator Version of the Crawley and Lazarus Model



Research focused on structural excitation using single layer perfectly bonded 

symmetrically attached actuators due to this restriction, making multilayered studies 

unrealistic. A procedure was developed to find the approximate solution of the 

governing differential equation for plate bending by solving the formulated strain energy 

equations using a Rayleigh-Ritz solution method. The analytical system response of a 

piezoelectrically excited cantilevered plate was also verified experimentally. 

Lee also used classical laminate plate theory for an in-depth study of the interaction 

between piezoelectric actuators and sensors and the substructure (Lee, 1990). The ability 

of piezoelectric materials to actuate and sense bending, torsion, shearing, shrinking, and 

stretching of two dimensional structures was clearly exhibited. Experiments were 

performed demonstrating the ability of shaped actuators and sensors to excite or sense 

structural modes of a cantilevered beam other than in bending. In the model formulation, 

all lamina were assumed to be equal in the length and width dimensions. By requiring all 

lamina to be the same dimensions, the resulting governing differential equations of 

motion were similar to those derived for nonpiezoelectric homogeneous plate structures. 

The equations of motion were then solved using an energy method. 

  

ee SUDSHTUCtUTE 
actuato 

Figure 2.3 Piezoelectric Plate Model Created by Lee



The disadvantage of this method is not all situations require actuators or sensors the size 

of the substructure. Multiple layer piezoelectric configurations which include bonding 

layers could be studied using this model but are subject to this restriction. 

Hagood, et al., also produced an actuator/substructure analytical model (Hagood, et al., 

1990). Although this research dealt with single layer actuators, the approach used in 

solving for the dynamic system response warrants review. This research focused on the 

electro-mechanical interaction of symmetrically bonded finite length surface actuators 

and sensors in the structural response of a Bernoulli-Euler cantilevered beam. Variations 

from previous approaches included accounting for both the mass and stiffness 

contribution and the capacitance and electromechanical coupling terms of the 

piezoelectric material. This was accomplished by analyzing the electroelastic continuum 

using a generalized form of Hamilton's principle to form the equation of motion. A 

Rayleigh-Ritz solution method was used to cast the equation of motion in state space 

form and determine the dynamic response of the combined system to piezoelectric 

excitation. 

Wang and Rogers developed a model of finite length, spatially distributed, perfectly 

bonded, induced strain actuators used to excite laminated beams and plates (Wang and 

Rogers, 1991). A conservation of strain energy model was developed to obtain the axial 

force and bending moment induced by the ith actuator in the laminate. The dynamic 

response of plates and beams using classical laminate plate theory was then revised, to 

include the strain energy model, and solved using a finite element approach. Analytical 

results for both plate and beam excitation were compared to experiments performed by 

Crawley and Lazarus (1989), and Dimitriadis, et al. (1989), with comparable results.



The advantage of the strain energy model was the induced force and moment on the 

structure by the ith actuator, given the attached lamina properties and applied voltage, 

could easily be determined for any actuator configuration. The drawback, like previous 

laminate theory approaches, included the inability to incorporate finite length 

nonpiezoelectric lamina, specifically bonding layers, in a non-finite element solution 

technique. In terms of multiple layered actuator modeling, the strain energy approach is 

capable of modeling finite length, multiple layered, surface bonded or embedded 

actuators, including the effects of bonding layers, although this configuration was not 

investigated. 

In the next chapter, the approach used in this work to model multiple layered actuator 

configurations and the techniques used to solve for the dynamic response of the 

piezoelectrically excited system will be specified. This approach extends previous work 

by modeling multiple layers of finite length, spatially distributed, induced strain 

actuators. Actuator induced forces and moments are calculated using the strain energy 

approach introduced previously. Bonding layer material properties and dimensions are 

also included in the model to more closely approximate the physical structure. Unlike 

past research, Timoshenko beam theory is utilized to formulate the lateral equations of 

motion of the arbitrary actuator/substructure system. This beam model will incorporate 

the influence of shear deformation effects on the dynamic system response. The forced 

response of a simply supported piezoelectrically excited beam is then obtained using an 

assumed mode solution method cast in state space form. 
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�C�h�a�p�t�e�r� �3� 

�M�o�d�e�l�i�n�g� �o�f� �O�n�e� �D�i�m�e�n�s�i�o�n�a�l� �M�u�l�t�i�l�a�y�e�r�e�d� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �a�p�p�r�o�a�c�h� �u�t�i�l�i�z�e�d� �t�o� �m�o�d�e�l� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �f�i�n�i�t�e� �l�e�n�g�t�h�,� �s�p�a�t�i�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d�,� �m�u�l�t�i�l�a�y�e�r�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �s�y�s�t�e�m�s� �i�s� �e�x�a�m�i�n�e�d�.� �T�h�e� 

�i�n�d�u�c�e�d� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�r�e�a�t�e�d� �b�y� �t�h�e� �j�t�h� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �l�a�y�e�r� 

�i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h�.� �T�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� 

�v�i�b�r�a�t�i�o�n�s� �o�f� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m� �i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �T�h�e� 

�r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �m�o�r�e� �g�e�n�e�r�a�l� �t�h�a�n� �t�h�o�s�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� 

�b�e�a�m� �t�h�e�o�r�y� �s�i�n�c�e� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d�.� �T�h�e� 

�m�u�l�t�i�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r�/�b�e�a�m� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e�,� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l� 

�d�e�t�e�r�m�i�n�e�d� �l�o�a�d�s�,� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a�n� �a�s�s�u�m�e�d� �m�o�d�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �c�a�s�t� �i�n� �s�t�a�t�e� 

�s�p�a�c�e� �f�o�r�m�.� 

�3�.�1� �S�t�r�a�i�n� �E�n�e�r�g�y� �M�o�d�e�l� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l�i�n�g� �a�p�p�r�o�a�c�h� �a�p�p�l�i�e�d� �t�o� �a�r�b�i�t�r�a�r�y� �m�u�l�t�i�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �w�o�r�k� �o�f� �W�a�n�g� 

�a�n�d� �R�o�g�e�r�s� �(�1�9�9�1�)�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n�s� �u�s�e�d� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �m�o�d�e�l� �a�r�e�:� 

�1�.� �I�d�e�a�l� �b�o�n�d�i�n�g� �b�e�t�w�e�e�n� �l�a�m�i�n�a� 

�2�.� �I�n�f�i�n�i�t�e� �b�e�a�m� �w�i�t�h� �f�i�n�i�t�e� �l�e�n�g�t�h� �a�c�t�u�a�t�o�r�s�,� �L�,� �>�>� �L�,� 

�3�.� �A�c�t�u�a�t�o�r�s� �i�n�d�u�c�e� �a� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� 

�1�1



�4�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �e�q�u�a�l� �t�o� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�i�n�d�u�c�e�d� �i�n� �t�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� �b�y� �t�h�e� �a�c�t�u�a�t�o�r� �(�c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �s�t�r�a�i�n� �e�n�e�r�g�y�)�.� 
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� � 

� � 

� � � � � � � � 

�y� 
�m� �f� 

�t� 
�S�F� �t�_�j�y� 

�Z� �a� 

�=� �]� 
 �� �L�,� �b�e �� �W�p� 

�L�y� �>� 

�F�i�g�u�r�e� �3�.�1� �A�r�b�i�t�r�a�r�y� �B�e�a�m� �w�i�t�h� �A�t�t�a�c�h�e�d� �M�u�l�t�i�l�a�y�e�r�e�d� �P�i�e�z�o�e�l�e�c�t�r�i�c� �M�a�t�e�r�i�a�l� 

�F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �a�n� �a�r�b�i�t�r�a�r�y� �b�e�a�m� �w�i�t�h� �a�t�t�a�c�h�e�d� �m�u�l�t�i�l�a�y�e�r�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�.� �T�h�e� 

�b�e�a�m� �l�e�n�g�t�h�,� �w�i�d�t�h�,� �a�n�d� �t�h�i�c�k�n�e�s�s� �a�r�e� �l�a�b�e�l�e�d� �L�,�,� �w�,�,� �a�n�d� �t�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�c�t�u�a�t�o�r� �l�e�n�g�t�h�,� 

�w�i�d�t�h�,� �a�n�d� �t�h�i�c�k�n�e�s�s� �a�r�e� �d�e�s�i�g�n�a�t�e�d� �L�,�,� �w�,�,� �a�n�d� �¢�,�.� �F�i�g�u�r�e� �3�.�2� �d�e�f�i�n�e�s� �t�h�e� �i�n�d�i�c�e�s� �u�s�e�d� �i�n� 

�l�a�b�e�l�i�n�g� �t�h�e� �a�c�t�u�a�t�o�r�s�,� �s�u�b�s�t�r�u�c�t�u�r�e� �l�a�m�i�n�a�,� �a�n�d� �t�h�e� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� 

�F�i�g�.� �3�.�1�.� 

�I�n� �F�i�g�.� �3�.�2�,� �t�h�e� �v�a�r�i�a�b�l�e� �y� �i�s� �t�h�e� �v�e�c�t�o�r�i�a�l� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �c�o�m�p�o�s�i�t�e� �n�e�u�t�r�a�l� �a�x�i�s� �t�o� �a�n�y� 

�l�a�m�i�n�a� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �n�e�u�t�r�a�l� �a�x�i�s� �l�o�c�a�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �l�a�m�i�n�a� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�,� �o�r�i�e�n�t�a�t�i�o�n� �a�n�d� �d�i�m�e�n�s�i�o�n�s�,� �a�n�d� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �b�o�t�h� �s�y�m�m�e�t�r�i�c� �a�n�d� 

�n�o�n�s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e�o�r�y� �p�r�e�s�e�n�t�e�d� �i�n� �G�e�r�e� �a�n�d� �T�i�m�o�s�h�e�n�k�o� 

�(�1�9�8�4�)�.� 
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�T�h�e� �f�r�e�e� �s�t�r�a�i�n� �i�n� �t�h�e� �i�#�/� �a�c�t�u�a�t�o�r� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s� 

� � �A�,� �=� �a�v�i� �(�3�.�1�)� 

�w�h�e�r�e� �t�h�e� �f�r�e�e� �s�t�r�a�i�n� �i�n� �t�h�e� �x�-�a�x�i�s� �d�i�r�e�c�t�i�o�n�,� �A�,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�s�t�r�a�i�n�/�e�l�e�c�t�r�i�c� �f�i�e�l�d� �c�o�n�s�t�a�n�t�,� �d�,�,�,� �t�h�e� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e� �i�n� �t�h�e� �t�h�i�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n�,� �V�,� �a�n�d� �t�h�e� 

�a�c�t�u�a�t�o�r� �t�h�i�c�k�n�e�s�s�,� �f�,�.� 

�W�h�e�n� �a�n� �a�c�t�u�a�t�o�r� �i�s� �e�m�b�e�d�d�e�d� �i�n� �o�r� �a�t�t�a�c�h�e�d� �t�o� �a� �s�u�b�s�t�r�u�c�t�u�r�e�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �a�c�t�u�a�t�o�r� �s�t�r�a�i�n� �d�u�e� �t�o� �t�h�e� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �f�r�e�e� �s�t�r�a�i�n�.� �W�e� �w�i�l�l� 

�d�e�f�i�n�e� �t�h�e� �a�c�t�u�a�l� �s�t�r�a�i�n�,�  ¬�,� �,� �a�s� �s�o�m�e� �c�o�n�s�t�a�n�t� �t�i�m�e�s� �t�h�e� �f�r�e�e� �s�t�r�a�i�n�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� 

 ¬�,� �=�C�A�;� �(�3�.�2�)� 

�b�e�c�a�u�s�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �r�e�s�t�r�i�c�t�s� �t�h�e� �a�c�t�u�a�t�o�r� �m�o�v�e�m�e�n�t�.� �T�h�e� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�,� �C�,�,� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�t�t�a�c�h�e�d� �l�a�m�i�n�a� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �d�i�m�e�n�s�i�o�n�s�.� �T�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� 

�c�r�e�a�t�e�d� �b�y� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�x�p�a�n�s�i�o�n�,� �w�i�t�h�i�n� �t�h�e� �l�a�m�i�n�a�t�e�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �l�i�n�e�a�r�.� �F�i�g�u�r�e� 

�3�.�3� �d�e�p�i�c�t�s� �t�h�e� �f�r�e�e� �s�t�r�a�i�n� �e�x�p�a�n�s�i�o�n�,� �A�,� �a�n�d� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �p�r�o�f�i�l�e� �c�r�e�a�t�e�d� �b�y� �t�h�e� �i�f�f� 

�a�c�t�u�a�t�o�r�.� 
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�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �l�a�w� �f�o�r� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�x�p�r�e�s�s� �t�h�e� �a�c�t�u�a�l� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �s�t�r�a�i�n� �a�s� �t�h�e� �s�u�m� �o�f� �t�h�e� �s�t�r�a�i�n� �d�u�e� �t�o� �s�t�r�e�s�s� �p�l�u�s� �t�h�e� �s�t�r�a�i�n� �d�u�e� �t�o� �t�h�e� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�,� �o�r� �m�a�t�h�e�m�a�t�i�c�a�l�l�y�,� 

� � �C�.�A�.�=� �a�i� �+�A� �3�.�3� 
�f� �t� �E�,�,� �i� �(� �)� 

�S�o�l�v�i�n�g� �E�q�.� �(�3�.�3�)� �f�o�r� �t�h�e� �s�t�r�e�s�s� �i�n� �t�h�e� �a�c�t�u�a�t�o�r� �y�i�e�l�d�s�,� 

�O�,�,� �=� �E�,� �A�j�(�C�;�  �� �1�)� �(�3�.�4�)� 

�F�i�g�u�r�e� �3�.�4� �i�s� �a� �f�r�e�e� �b�o�d�y� �d�i�a�g�r�a�m� �o�f� �t�h�e� �s�t�r�e�s�s�e�s� �a�c�t�i�n�g� �o�n� �t�h�e� �a�c�t�u�a�t�o�r� �a�n�d� �s�u�b�s�t�r�u�c�t�u�r�e� 

�w�h�e�n� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� �i�n� �e�x�p�a�n�s�i�o�n�.� �I�n� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�h�e� �s�t�r�e�s�s� �s�e�e�n� �b�y� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� 

�c�o�m�p�r�e�s�s�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �i�n� �s�i�g�n� �s�i�n�c�e� �t�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� �r�e�s�i�s�t�s� �t�h�e� �a�c�t�u�a�t�o�r� �e�x�p�a�n�s�i�o�n�.� 

�T�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� �r�e�s�i�s�t�a�n�c�e� �t�o� �t�h�e� �a�c�t�u�a�t�o�r� �e�x�p�a�n�s�i�o�n�,� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�4�,� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�t�h�e� �s�t�r�u�c�t�u�r�a�l� �p�r�o�p�e�r�t�i�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �l�o�a�d� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� �b�y� �t�h�e� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �i�s� �e�q�u�a�l� �t�o� �t�h�i�s� �s�t�r�e�s�s� �b�u�t� �o�p�p�o�s�i�t�e� �i�n� �d�i�r�e�c�t�i�o�n� �a�n�d� �s�i�g�n�.� 

�T�h�e� �a�c�t�u�a�t�o�r� �i�n�d�u�c�e�d� �s�t�r�e�s�s� �i�n� �t�h�e� �s�u�b�s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �p�h�y�s�i�c�a�l�l�y� �r�e�a�l�i�z�e�d� �a�s� �a� �b�e�n�d�i�n�g� 

�m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� �f�o�r�c�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �l�a�m�i�n�a�t�e� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�,� 

�M�,� �=� �E�,�A�i�(�1 ��-� �C�j� �t�a�,� �W�a�,� �Y�a�,� �(�3�.�5�)� 

�P�,� �=� �E�,� �A�i�l� �-� �C�t�y�,� �W�a�,� �(�3�.�6�)� 

�T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� �f�o�r�c�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �u�n�k�n�o�w�n� 

�p�a�r�a�m�e�t�e�r�,� �C�;�,� �m�u�s�t� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 
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�P�i�e�z�o�e�l�e�c�t�r�i�c� 

�S�u�b�s�t�r�u�c�t�u�r�e� 

� � � � 

�S�t�r�e�s�s�e�s� �A�p�p�l�i�e�d� �t�o� �t�h�e� �S�t�r�u�c�t�u�r�e� 
�d�u�e� �t�o� �t�h�e� �P�i�e�z�o�e�l�e�c�t�r�i�c� �E�x�p�a�n�s�i�o�n� 

�4� �C�o� 
�o�q�.� �a�j� 

�F�i�g�u�r�e� �3�.�4� �F�r�e�e� �B�o�d�y� �D�i�a�g�r�a�m� �o�f� �a�n� �A�c�t�u�a�t�o�r� �i�n� �E�x�p�a�n�s�i�o�n� 
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�R�e�c�a�l�l� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�b�o�v�e� �a�n�d� �b�e�l�o�w� �t�h�e� �i�# �� �a�c�t�u�a�t�o�r� �i�n� �F�i�g�.� �3�.�3� �w�a�s� 

�a�s�s�u�m�e�d� �l�i�n�e�a�r� �a�n�d� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�r�m�,� 

�E�a�.� �t� 
�©� �a�b�o�v�e�,� �=� �t� �(�5�-�»�)� �(�3�.�7�)� 

�(�>�a�)� 
�2� 

�E�a�,� �t� 
�©� �b�e�l�o�w�,� �=� �t� �(�S�t�y�)� �(�3�.�8�)� 

�(�S�t�¥�a�,�)� 

�F�r�o�m� �t�h�e� �a�s�s�u�m�e�d� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s�h�i�p� �f�o�r� �e�l�a�s�t�i�c� 

�m�a�t�e�r�i�a�l�s�,� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �i�n�d�u�c�e�d� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� 

 �� �E�q�,� �t� 
�O� �a�b�o�v�e�,� �=� �(�5� �-�»�)� �(�3�.�9�)� 

�(�5�~� �Y�a�,� 

�E�,�.�e�é�,� � �t� 
�O� �b�e�l�o�w�,� �=� �t�  ��*� �(�S�t�y�)� �(�3�.�1�0�)� 

�(�G�t�%�a� �)� 

�w�h�e�r�e� �E�,� �d�e�n�o�t�e�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �4�"� �l�a�m�i�n�a�.� �T�h�e� �a�s�s�u�m�e�d� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �b�e�a�m� �t�h�i�c�k�n�e�s�s� �c�r�e�a�t�e�s� �a�n� �e�q�u�i�v�a�l�e�n�t� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� 

�f�o�r�c�e� �a�t� �t�h�e� �n�e�u�t�r�a�l� �a�x�i�s� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �e�q�u�i�v�a�l�e�n�t� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �d�u�e� �t�o� �t�h�e� �a�s�s�u�m�e�d� 

�S�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �s�t�r�e�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� 

�l�a�m�i�n�a�t�e�,� 
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�O�B�A�,� �2� �B�A� �o�.�w�,�y�d�y� �=� �C�w�,�|� �[ ��t�-�(�£�+�y�)�y�d�y�+� �[�E�e� �B�y� �2� �e�e� �(�3�.�1�1�)� �M�,� �=� �5� �;� 
�H�O�t� �Y�a�)� �Y�a�;� �(�G�Y� 

�e�q�;� 

�|� 
�L

 �
�a

�n
�i
�~

� 

�U�p�o�n� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �i�n�t�e�g�r�a�l�,� �t�h�e� �i�n�d�u�c�e�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �d�u�e� �t�o� �t�h�e� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s�,� 

� � 

�=�i�;� �i�C�i�A�W�o� �(�3�.�1�2�)� 

�w�h�e�r�e� 

�3� �3� �I�+�J�d� 

�A�;� �=� �r� �B�e� �L�o�y�?� �y�f�)� �+� �O�E�M�]� �+� �X�G� �e�t� �(�9�7� �-� �y�f�)� �O�r�a� �r�e�t�)� 
�k�a�l� �4� �Y�a�,� �)� �P�e�a�)� �p�k �� �9�2� 

�(�3�.�1�3�)� 

�a�n�d� �p� �i�s� �t�h�e� �l�a�m�i�n�a� �n�u�m�b�e�r� �o�f� �t�h�e� �i �� �a�c�t�u�a�t�o�r� �l�a�m�i�n�a� �l�a�b�e�l�e�d� �f�r�o�m� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� 

�a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�r�o�s�s� �s�e�c�t�i�o�n�.� �B�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�e� �b�e�a�m� �l�e�n�g�t�h� �i�s� �i�n�f�i�n�i�t�e� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �a�c�t�u�a�t�o�r� �l�e�n�g�t�h�,� �a�n�d� �t�h�e� �s�t�r�a�i�n� �i�n� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �i�n�d�u�c�e�d� 

�s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �i�n�d�u�c�e�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �f�o�r�m�e�d� �f�r�o�m� �t�h�e� �a�s�s�u�m�e�d� 

�s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n�,� �E�q�.� �(�3�.�1�2�)�,� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �t�h�e� �i�n�d�u�c�e�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �c�r�e�a�t�e�d� �b�y� 

�t�h�e� �i�t�h� �a�c�t�u�a�t�o�r� �i�n� �K�q�.� �(�3�.�5�)�.� �B�y� �e�q�u�a�t�i�n�g� �E�q�s�.� �(�3�.�5�)� �a�n�d� �(�3�.�1�2�)�,� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r� 

�C�;� �c�a�n� �b�e� �f�o�u�n�d� 

�C�,� �=�a� �(�3�.�1�4�)� 
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�N�o�w�,� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �i�n�d�u�c�e�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� �f�o�r�c�e� �b�y� �t�h�e� �i�t�h� �a�c�t�u�a�t�o�r� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d�,� 

�E�,� �t�a� �Y�a� �W�a�d�i�;� �4�,� �2�s� �S�t� �(�3�.�1�5�)� 
�E�y�t�a� �Y�a�,� �+�A�;� 

�E�,� �t�a� �W�a� �A�j�A�;� �=�a� �a� �(�3�.�1�6�)� �P�=� 
�F�E� �g�t�a� �Y�a�,� �+� �h�i� 

�B�y� �s�u�p�e�r�p�o�s�i�t�i�o�n�,� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� �f�o�r�c�e� �i�n�d�u�c�e�d� �b�y� �a�l�l� �J� �a�c�t�u�a�t�o�r�s� 

�i�s�,� 

�I� 

�M�,�,� �=� �2�,� �M�e�n� �(�3�.�1�7�)� 

�P�o�g� �=�D� �P�e�a� �(�3�.�1�8�)� 

�T�h�e� �t�o�t�a�l� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �a�x�i�a�l� �f�o�r�c�e� �i�n�d�u�c�e�d� �b�y� �t�h�e� �/� �a�c�t�u�a�t�o�r�s� �c�a�n� �t�h�e�n� �b�e� �v�i�e�w�e�d� 

�a�s� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �o�n� �t�h�e� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �s�y�s�t�e�m�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�v�e�l�o�p� �a� �m�o�d�e�l� �o�f� �t�h�e� �b�e�n�d�i�n�g� 

�m�o�m�e�n�t�s� �a�n�d� �a�x�i�a�l� �f�o�r�c�e�s� �i�n�d�u�c�e�d� �b�y� �a�n�y� �n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s� �a�n�y�w�h�e�r�e� �w�i�t�h�i�n� �t�h�e� 

�l�a�m�i�n�a�t�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �e�a�c�h� �l�a�m�i�n�a� �c�a�n� �b�e� �a�s�s�i�g�n�e�d� �d�i�f�f�e�r�e�n�t� �m�a�t�e�r�i�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�B�e�c�a�u�s�e� �t�h�e� �a�p�p�r�o�a�c�h� �h�a�s� �t�h�e�s�e� �a�d�v�a�n�t�a�g�e�s�,� �w�e� �w�i�l�l� �u�s�e� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �i�n�d�u�c�e�d� �b�y� �a�n�y� �a�c�t�u�a�t�o�r� �i�n� �a� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�.� �A�p�p�r�o�p�r�i�a�t�e� �l�a�m�i�n�a� �w�i�l�l� �a�l�s�o� �b�e� �a�s�s�i�g�n�e�d� �b�o�n�d�i�n�g� �l�a�y�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�o� 

�t�h�e� �m�o�d�e�l� �m�o�r�e� �c�l�o�s�e�l�y� �r�e�s�e�m�b�l�e�s� �t�h�e� �a�c�t�u�a�l� �s�t�r�u�c�t�u�r�e�.� 
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�I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �t�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� 

�s�y�s�t�e�m� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �i�s� �d�e�r�i�v�e�d�.� �T�h�e� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e�,� �s�u�b�j�e�c�t� 

�t�o� �t�h�e� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �l�o�a�d�s� �i�s� �t�h�e�n� �d�e�r�i�v�e�d� �u�s�i�n�g� �a�n� �a�s�s�u�m�e�d� �m�o�d�e� 

�t�e�c�h�n�i�q�u�e�.� 

�3�.�2� �D�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �O�n�e� �D�i�m�e�n�s�i�o�n�a�l� �L�a�t�e�r�a�l� �E�q�u�a�t�i�o�n� �o�f� �M�o�t�i�o�n� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �i�s� �f�o�r�m�u�l�a�t�e�d� �f�o�r� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m� �i�n� 

�l�a�t�e�r�a�l� �b�e�n�d�i�n�g� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �s�e�t� �o�f� �c�o�u�p�l�e�d� �l�i�n�e�a�r� �p�a�r�t�i�a�l� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �d�i�r�e�c�t� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �N�e�w�t�o�n�'�s� �s�e�c�o�n�d� �l�a�w� �t�o� �a� �b�e�a�m� 

�e�l�e�m�e�n�t�.� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �i�s� �u�s�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �b�o�t�h� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�i�s� �e�l�e�m�e�n�t�.� 

�F�i�g�u�r�e� �3�.�5� �s�h�o�w�s� �a� �f�r�e�e� �b�o�d�y� �d�i�a�g�r�a�m� �o�f� �a�n� �a�r�b�i�t�r�a�r�y� �b�e�a�m� �s�e�c�t�i�o�n� �u�n�d�e�r� �v�a�r�i�o�u�s� �l�o�a�d�s� 

�i�n�c�l�u�d�i�n�g� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s�.� 

�U�s�i�n�g� �F�i�g�.� �3�.�5� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�e�r�m�s� �c�a�n� �b�e� �d�e�f�i�n�e�d�:� �y�(�x�,�t�)� �i�s� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�;� �x� �i�s� �t�h�e� 

�s�p�a�t�i�a�l� �c�o�o�r�d�i�n�a�t�e� �a�l�o�n�g� �t�h�e� �b�e�a�m� �l�e�n�g�t�h�;� �(�x�,�t�)� �i�s� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r�c�e�;� �/�x�,�t�)� �i�s� �t�h�e� 

�e�q�u�a�l�s� �t�h�e� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �m�o�m�e�n�t�,� �p�(�x�,�t�)� �i�s� �t�h�e� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �a�x�i�a�l� �f�o�r�c�e�;� �O�y�(�%�,�t�)� 
�x� 

�s�l�o�p�e� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�u�r�v�e� �d�u�e� �t�o� �b�e�n�d�i�n�g� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�;�  ¬�(�x�,�t�)� �e�q�u�a�l�s� �t�h�e� �a�n�g�l�e� 

�o�f� �r�o�t�a�t�i�o�n� �d�u�e� �t�o� �s�h�e�a�r�;� �(�x�,�t�)� �e�q�u�a�l�s� �t�h�e� �a�n�g�l�e� �o�f� �r�o�t�a�t�i�o�n� �d�u�e� �t�o� �b�e�n�d�i�n�g�;� �m�(�x�)� �e�q�u�a�l�s� �t�h�e� 

�m�a�s�s� �p�e�r� �u�n�i�t� �l�e�n�g�t�h�;� �r�(�x�)� �e�q�u�a�l�s� �t�h�e� �r�a�d�i�u�s� �o�f� �g�y�r�a�t�i�o�n� �o�f� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�;� �E�/�(�x�)� �i�s� �t�h�e� 

�b�e�n�d�i�n�g� �r�i�g�i�d�i�t�y�;� �V�(�x�,�t�)� �i�s� �t�h�e� �s�h�e�a�r� �f�o�r�c�e�;� �M�(�x�,�t�)� �i�s� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t�;� �G�(�x�)� �i�s� �t�h�e� �s�h�e�a�r� 

�2�1



�(�L�O�6�T�  ��U�N�t�A�O�N�A�T�A�)� 
�W

�o�y� 
�p�a�d�e�p�y� 

�U
�O

�N
�e�U

�L�I�O
�J�O

�G
� 

�I�e�s�y�s� �S�u�U�I�p�P�N�I�S�U�]� 
�p�e�o�y�y� 

�J�a�s�p�u�y�~�)� 
�u�o�N

�d�e�¢� 
�w

�i�e�a�g� 
�&� �J�o� �W

�e�I�s�e�I�q� 
�A

�p�o�g� 
�9�2�1�]� �S ��¢� �A

�I�N
�S

�I� 

�
 
�
 

�n�e� 
�(�1�x�)� 

�*�P
� �o

�r�a
�t�o

�r� 
�
\
�
E

�
 �P

�
m

�
 

�(�1�'�x�)�a� 

�w
�e�a�q� 

�J�O� �D�U�T�T�I�A�I�U�D�O
� 

�O�4�1� �J�U�A�s�U�L�]�,� 
�d�0�v�J� �0�}� �I�e�|�M

�I�I�p�u�s�d�i�o�g� 

�
 
�
 

�F�A
�N

�E
� 

�x�p�(�r�x�)�f� 
� � 

�2�2



�m�o�d�u�l�u�s�;� �A�(�x�)� �e�q�u�a�l�s� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a�;� �k� �i�s� �t�h�e� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r�,� �w�h�i�c�h� �i�s� �5�/�6� 

�f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n� �(�R�a�o�,� �1�9�9�0�)�;� �a�n�d� �¢�t� �r�e�p�r�e�s�e�n�t�s� �t�i�m�e�.� 

�F�r�o�m� �F�i�g�.� �3�.�5�,� �i�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t� �u�n�d�e�r�g�o�e�s� �b�o�t�h� �a�x�i�a�l� �a�n�d� �l�a�t�e�r�a�l� 

�d�e�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t�,� �/�7�(�x�,�t�)�,� �a�n�d� �f�o�r�c�e�,� �p�(�x�,�t�)�,� �a�n�d� �t�h�e� 

�a�r�b�i�t�r�a�r�y� �l�a�t�e�r�a�l�l�y� �a�p�p�l�i�e�d� �l�o�a�d�,� �f�(�x�,�t�)�.� �T�h�e�r�e�f�o�r�e�,� �t�w�o� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �o�n�e� �f�o�r� �l�a�t�e�r�a�l� 

�v�i�b�r�a�t�i�o�n� �a�n�d� �o�n�e� �f�o�r� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �n�e�e�d� �t�o� �b�e� �d�e�r�i�v�e�d�.� 

�T�h�e� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �t�a�k�i�n�g� �a� �s�u�m�m�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e�s� 

�a�c�t�i�n�g� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �s�u�b�j�e�c�t� �t�o� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� 

�e�x�t�e�r�n�a�l� �f�o�r�c�e�,� �p�(�x�,�t�)�,� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �(�R�a�o�,� �1�9�9�0�)�,� 

�O ��u�(�x�,�t�)� �2� �o�u�(�x�,�t�)� 
�m�(�x�)� �7�2� �>� �|� �A�(�x� �M�t� �=� �p�(�x�,�t�)� �(�3�.�1�9�)� 

�w�h�e�r�e� �u�(�x�,�t�)� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �a�x�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n�,� 

�a�n�d� �E�A�(�x�)� �t�h�e� �a�x�i�a�l� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �b�e�a�m�.� 

�I�n� �d�e�r�i�v�i�n�g� �t�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�s�,� �i�t� �i�s� �s�e�e�n� �i�n� �F�i�g�.� �3�.�5� �t�h�a�t� �t�h�e� �t�o�t�a�l� �d�e�f�l�e�c�t�i�o�n� 

�y�(�x�,�t�)� �o�f� �t�h�e� �e�l�e�m�e�n�t� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �b�o�t�h� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �d�u�e� �t�o� �b�e�n�d�i�n�g� �a�n�d� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �e�l�e�m�e�n�t� �f�a�c�e�,� 

�¥�(�X�,�t�)� �=� �Y�p�e�n�d�i�n�g�(� �X�t�)� �+� �Y�s�n�e�a�r�(�X�,�t�)� �(�3�.�2�0�)� 
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�T�h�e� �s�l�o�p�e� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �c�u�r�v�e� �c�a�n� �t�h�e�n� �b�e� �d�e�f�i�n�e�d� �a�s�,� 

�P�W�D� �=� �o�r�,� �1�)� �4�8� �(�x�,�t�)� �(�3�.�2�1�)� 
�O�x� 

�U�p�o�n� �r�e�a�r�r�a�n�g�i�n�g�,� �t�h�e� �r�o�t�a�t�i�o�n� �d�u�e� �t�o� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�,� �o�r� �t�h�e� �s�h�e�a�r� �a�n�g�l�e�,� �a�t� �a�n�y� 

�l�o�c�a�t�i�o�n� �x� �o�n� �t�h�e� �b�e�a�m� �i�s�,� 

�E�(�x�,�t�)� �=� �e�e� �D� �_� �o�¢�x�,�t�)� �(�3�.�2�2�)� 

�T�h�e� �e�l�a�s�t�i�c� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�h�e�a�r�i�n�g� �f�o�r�c�e� �a�n�d� �r�e�s�u�l�t�i�n�g� �s�h�e�a�r� �i�n�d�u�c�e�d� �r�o�t�a�t�i�o�n� 

�c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �(�T�i�m�o�s�h�e�n�k�o�,� �1�9�5�5�)� 

�V�(�x�,�t�)� 
�(�x�,�t�)� �=� �A�x�J�G�(�n�)� �(�3�.�2�3�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �(�3�.�2�2�)� �i�n�t�o� �E�q�.� �(�3�.�2�3�)� �y�i�e�l�d�s� 

�O�y�(�x�,�t�)� �V�(�x�,�t�)� �S�e�e�s� �=�o� �2�4� 
�O�x� �O�2�0�)� �k�K�A�(�x�)�G�(�x�)� �(�3�.�2�4�)� 

�T�h�e� �s�e�c�o�n�d� �e�l�a�s�t�i�c� �r�e�l�a�t�i�o�n�s�h�i�p� �r�e�l�a�t�i�n�g� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �b�e�n�d�i�n�g� �r�o�t�a�t�i�o�n� �c�a�n� �b�e� 

�d�e�f�i�n�e�d� �a�s� �(�G�e�r�e� �a�n�d� �T�i�m�o�s�h�e�n�k�o�,� �1�9�8�4�)� 

�M�(�x�,�t�)� �_� �2� �y�(�x�,�t�)� �_� �9�9�(�x�,�t�)� 
�E�I�(�x�)� �o�x� �o�x� 
� � �(�3�.�2�5�)� 
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�T�o� �f�o�r�m� �t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�,� �a� �f�o�r�c�e� �b�a�l�a�n�c�e� �i�n� �t�h�e� �y� �d�i�r�e�c�t�i�o�n� 

�a�n�d� �a� �m�o�m�e�n�t� �b�a�l�a�n�c�e� �o�f� �t�h�e� �f�r�e�e� �b�o�d�y� �d�i�a�g�r�a�m� �i�n� �F�i�g�.� �3�.�5� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� 

�O ��y�(�X�,� �t�)� 
�F�o�r�c�e� �B�a�l�a�n�c�e�:� �m�(�x�)�d�x � � � ��-� �>�2� �~�V� �(�x�,�t�)� �+�V�(�x�,�t�)�+� �2� �e�Y� �A�i�t�)� �D� �e�t� �f�(�x�,�t�)�d�x� �(�3�.�2�6�)� 

�2� 

�M�o�m�e�n�t� �B�a�l�a�n�c�e�:� �m�(�x�)�r�?�(�x�)�d�e� �2� �2�D� �o�e�,� �1�)�  ��M�(�x�,�t�)�+�M�(�x�,� �1�)� �+� �O�M�E�)� �a�y� 

�o�t� �x� �(�3�.�2�7�)� 
�+�V�(�x�,�t�)�d�x�+� �M�x�,� �t�)�d�e �� �f�(�x�,�t�)�a�x�S� 

�C�a�n�c�e�l�i�n�g� �l�i�k�e� �t�e�r�m�s�,� �d�i�v�i�d�i�n�g� �t�h�r�o�u�g�h� �b�y� �d�x�,� �a�n�d� �n�e�g�l�e�c�t�i�n�g� �h�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s� �r�e�s�u�l�t�s� �i�n� 

�t�w�o� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�:� 

�2� �O�y�(�x�,�t�)� � �O�V�(�x�,�t�)� �n� 
� � 

� � 

�F�o�r�c�e� �E�q�u�a�t�i�o�n�:� �m�(�x�)� �a� �O�y� �T�(�x�,� �(�3�.�2�8�)� 

�2� 

�M�o�m�e�n�t� �E�q�u�a�t�i�o�n�:� �m�(�x�)�r�?�(�x� �2� �e� �t�)� �=� �B�e� �+�V�(�x�,�t�)�+� �A�x�,�t�)� �(�3�.�2�9�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s�,� �E�q�s�.� �(�3�.�2�4�)� �a�n�d� �(�3�.�2�5�)� �i�n�t�o� �t�h�e� �d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s� �E�q�s�.� 

�(�3�.�2�8�)� �a�n�d� �(�3�.�2�9�)�,� �r�e�a�r�r�a�n�g�i�n�g�,� �a�n�d� �d�e�f�i�n�i�n�g� �C�y�,�4�g�¢� �=� �K�A�(�x�)�G�(�x�)�,� �y�i�e�l�d�s� �t�w�o� �c�o�u�p�l�e�d� �l�i�n�e�a�r� 

�p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �o�f� �a� �b�e�a�m� �i�n�c�l�u�d�i�n�g� �r�o�t�a�r�y� 

�i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s�,� 
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� � �m�(�x�) ��-� �-� �1� �C� �5� 
�d ��y�(�x�,�t�)� �9�a� �(�2�G�:� �t�)� 

�o�r�?� �a�x�|� �4�°�  �� �(�x� �0�)� �|�-�f�e�s�n�=�0� �(�3�.�3�0�)� 

� � 

�2� 

�m�(�x�)�r� �(�x�y�)� �s�t�)� �-�2�|� �E�I�(�x� �O�a�t�)� �S�|� �C�o�n�o�{� �A�  �� �0�3�,�1�)� �|�-� �x�,�t�)� �=�0� 

�(�3�.�3�1�)� 

�B�o�t�h� �E�q�s�.� �(�3�.�3�0�)� �a�n�d� �(�3�.�3�1�)�,� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �o�v�e�r� �t�h�e� �d�o�m�a�i�n� �0� �<� �x� �<� �L�.� �T�o� �c�o�m�p�l�e�t�e� 

�t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �f�o�r�m�u�l�a�t�i�o�n�,� �E�q�s�.� �(�3�.�3�0�)� �a�n�d� �(�3�.�3�1�)� �a�l�s�o� �n�e�e�d� 

�t�o� �s�a�t�i�s�f�y� �a�l�l� �n�a�t�u�r�a�l� �a�n�d� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �f�o�r�m� �o�f� �t�h�e�s�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �t�y�p�e� �o�f� �e�n�d� �s�u�p�p�o�r�t�s� �u�s�e�d�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �f�o�r� �a� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �z�e�r�o� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�t� 

�e�a�c�h� �e�n�d�.� �T�h�i�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �a�s� 

�W�(�X�,�t�)�|� �r�o�,� �=�0� 
�a�t�s� �b�o� �-� �(�3�.�3�2�)� 

�M� �(�x�,�t�)� �=� �E�l�(�x�) ��J ��|� �x�-�0�,�L� �=� �9� � � 

�T�h�e� �f�i�r�s�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �a� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �b�e�c�a�u�s�e� �i�t� �s�a�t�i�s�f�i�e�s� �t�h�e� 

�s�y�s�t�e�m� �g�e�o�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �s�e�c�o�n�d� �i�s� �a� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �b�e�c�a�u�s�e� �i�t� 

�r�e�f�l�e�c�t�s� �t�h�e� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �b�a�l�a�n�c�e� �a�t� �t�h�e� �s�y�s�t�e�m� �b�o�u�n�d�a�r�i�e�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �c�a�n� �i�n�d�u�c�e� �b�o�t�h� �a�x�i�a�l� �f�o�r�c�e�s�,� �p�(�x�,�t�)�,� �a�n�d� �m�o�m�e�n�t�s�,� 

�(�x�,�t�)�,� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �E�q�.� �(�3�.�1�9�)� �t�h�a�t� �t�h�e� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �e�q�u�a�t�i�o�n� �o�f� 

�m�o�t�i�o�n� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �d�e�s�c�r�i�b�e�d� �i�n� �E�q�s�.� �(�3�.�3�0�)� 

�a�n�d� �(�3�.�3�1�)�.� �S�i�n�c�e� �w�e� �a�r�e� �o�n�l�y� �i�n�t�e�r�e�s�t�e�d� �i�n� �l�a�t�e�r�a�l� �s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �i�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �t�h�e� 

�a�c�t�u�a�t�o�r� �i�n�d�u�c�e�d� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �w�i�l�l� �b�e� �n�e�g�l�e�c�t�e�d�.� 
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�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�,� �w�h�i�c�h� �c�o�n�s�i�s�t�s� �o�f� �a� �c�o�u�p�l�e�d� 

�s�e�t� �o�f� �l�i�n�e�a�r� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �a�n�d� 

�t�h�e� �a�s�s�o�c�i�a�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d�.� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �w�a�s� 

�u�s�e�d� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �a�c�t�u�a�t�o�r�/�b�e�a�m� �s�y�s�t�e�m� 

�d�e�s�c�r�i�b�e�d� �b�y� �t�h�e�s�e� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�s� �c�o�v�e�r�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�3�.�3� �S�t�a�t�e� �S�p�a�c�e� �F�o�r�m� �o�f� �t�h�e� �L�a�t�e�r�a�l� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� 

�A� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �s�y�s�t�e�m� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �d�e�r�i�v�e�d� 

�p�r�e�v�i�o�u�s�l�y� �i�s� �n�o�t� �a�l�w�a�y�s� �p�o�s�s�i�b�l�e� �i�f� �t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �d�i�s�c�o�n�t�i�n�u�o�u�s� �o�r� 

�n�o�n�u�n�i�f�o�r�m� �o�v�e�r� �t�h�e� �d�o�m�a�i�n� �0� �<� �x� �<� �L�.� �T�h�i�s� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�i�t�u�a�t�i�o�n� �e�n�c�o�u�n�t�e�r�e�d� �w�h�e�n� 

�f�i�n�i�t�e� �l�e�n�g�t�h� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� �a�r�e� �a�t�t�a�c�h�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�.� �T�o� �c�i�r�c�u�m�v�e�n�t� �t�h�i�s� 

�p�r�o�b�l�e�m�,� �a� �n�u�m�b�e�r� �o�f� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �b�e�e�n� �d�e�v�i�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� 

�h�o�m�o�g�e�n�e�o�u�s� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �a�n�d� �s�u�b�s�e�q�u�e�n�t�l�y� �o�b�t�a�i�n� �t�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�c�o�n�t�i�n�u�o�u�s� �s�y�s�t�e�m�.� 

�T�h�e� �a�p�p�r�o�a�c�h� �u�s�e�d� �i�n� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �i�n�f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m� �b�y� 

�r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �a�s� �a� �f�i�n�i�t�e� �s�e�r�i�e�s� �o�f� �s�p�a�t�i�a�l�l�y� �d�e�p�e�n�d�e�n�t� �f�u�n�c�t�i�o�n�s�,� �e�a�c�h� 

�m�u�l�t�i�p�l�i�e�d� �b�y� �a� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e�.� �T�h�i�s� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �a�s�s�u�m�e�d� 
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�g�e�n�e�r�a�l�i�z�e�d� �m�o�d�a�l� �c�o�o�r�d�i�n�a�t�e� �v�e�c�t�o�r� �i�n� �E�q�.� �(�3�.�4�4�)�.� �T�h�e� �g�e�n�e�r�a�l�i�z�e�d� �m�o�d�a�l� �c�o�n�t�r�o�l� �f�o�r�c�e�,� 

�F�(�t�)�,� �a�n�d� �c�o�n�t�r�o�l� �m�o�m�e�n�t�,� �N�,�(�t�)�,� �i�n� �E�q�.� �(�3�.�4�5�)�,� �a�r�e� �d�e�f�i�n�e�d� �a�s� 

�f� �n�i�x� �;� �N�I�X� �F�(�t�)�=�{� �f�(�x�,�t�)�s�i�n�( ��)�d�e� �a�n�d� �N�Y�,� �(�1�)� �=� �|� �M�x�,�t�)�c�o�s�( � ��)�d�x� �(�3�.�4�6�)� 
�0� �0� 

�I�n� �t�h�i�s� �s�u�b�s�e�c�t�i�o�n� �t�h�e� �s�t�e�p�s� �t�a�k�e�n� �t�o� �r�e�c�a�s�t� �t�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n�t�o� �a� �f�i�n�i�t�e� 

�d�i�m�e�n�s�i�o�n�a�l� �n�o�n�h�o�m�o�g�e�n�e�o�u�s� �m�a�t�r�i�x� �f�o�r�m� �u�s�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �m�o�d�e� �m�e�t�h�o�d� �h�a�v�e� �b�e�e�n� 

�p�r�e�s�e�n�t�e�d�.� �T�h�e� �h�o�m�o�g�e�n�e�o�u�s� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �o�f� �E�q�.� �(�3�.�4�4�)� �i�s� �s�o�l�v�e�d� �i�n� �t�h�e� �n�e�x�t� 

�s�u�b�s�e�c�t�i�o�n� �t�o� �o�b�t�a�i�n� �t�h�e� �s�y�s�t�e�m� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s�.� 

�3�.�3�.�2� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �H�o�m�o�g�e�n�e�o�u�s� �E�i�g�e�n�v�a�l�u�e� �P�r�o�b�l�e�m� 

�A�s�s�u�m�i�n�g� �Y�,�(�t�)� �a�n�d� �®�,�(�t�)� �a�r�e� �h�a�r�m�o�n�i�c� �t�i�m�e� �f�u�n�c�t�i�o�n�s�,� 

�Y�(�t�)� �|�]� �Y�A�)� �|� �i�c�e� 

�o�v�o�l�-�l�e�v�n�l� �(�3�.�4�7�)� 

�s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.� �(�3�.�4�7�)� �i�n�t�o� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �f�o�r�m� �o�f� �E�q�.� �(�3�.�4�5�)� �y�i�e�l�d�s�,� 

�Y�[�l�é�l�-� �e�a�m� �=� �|� �(�3�.�4�8�)� 
�n�=�]� 

�3�3



�w�h�e�r�e� �A�,�=�0�,�7�.� �E�q�u�a�t�i�o�n� �(�3�.�4�8�)� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o� �i�f� �e�a�c�h� �o�f� �t�h�e� �n� �e�q�u�a�t�i�o�n�s� �a�r�e� �e�q�u�a�l� �t�o� 

�z�e�r�o� �i�n�d�i�v�i�d�u�a�l�l�y�.� �T�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �e�a�c�h� �o�f� �t�h�e� �n� �e�q�u�a�t�i�o�n�s�,� 

�=� �0�)� �f�o�r� �n�=�1�,�2�,�.�.�.�,�N� �(�3�.�4�9�)� � � 

� � 

�[�k�]�-�>�,�[�7�%�]� 

�c�a�n� �b�e� �f�o�u�n�d� �t�o� �o�b�t�a�i�n� �t�h�e� �v�a�l�u�e�s� �o�f� �2� �w�h�i�c�h� �m�a�k�e� �e�a�c�h� �e�q�u�a�t�i�o�n� �e�q�u�a�l� �t�o� �z�e�r�o�.� �T�o� 

�p�e�r�f�o�r�m� �t�h�i�s� �t�a�s�k� �w�e� �c�a�n� �r�e�w�r�i�t�e� �a�l�l� �n�,� �(�n�=�1�,�.�.�.�,�N�)�,� �(�2�x�2�)� �e�q�u�a�t�i�o�n�s� �i�n� �E�q�.� �(�3�.�4�8�)� �i�n� �t�h�e� 

�f�o�r�m� 

�Y�(�t�)� 
�©�(�t�)� �(�3�.�5�0�)� �(�«�|� �a�n� �|�=�.� �g�v�,� 

�w�h�e�r�e� �[�K�]� �a�n�d� �[�M�]� �a�r�e� �b�l�o�c�k� �d�i�a�g�o�n�a�l� �m�a�t�r�i�c�e�s� �o�f� �o�r�d�e�r� �(�2�N� �x� �2�N�)� �d�u�e� �t�o� �t�h�e� �c�o�u�p�l�i�n�g� �o�f� 
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�e�i�g�e�n�v�a�l�u�e�s� �[�A�]� �w�h�i�c�h� �i�s� �a�l�s�o� �o�f� �o�r�d�e�r� �(�2�N� �x� �2�N�)�.� �T�h�e�s�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� 
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�c�o�n�t�i�n�u�o�u�s� �s�y�s�t�e�m� �a�s� �a� �f�i�n�i�t�e� �s�e�r�i�e�s� �o�f� �s�p�a�t�i�a�l�l�y� �d�e�p�e�n�d�e�n�t� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �a� 

�t�i�m�e� �d�e�p�e�n�d�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e�,� �w�a�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �o�f� �t�h�e� 

�n�o�n�u�n�i�f�o�r�m� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �m�o�d�e�l�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�e� �e�i�g�e�n�v�a�l�u�e� �e�s�t�i�m�a�t�e�s� �f�r�o�m� �t�h�e� 

�f�r�e�e� �v�i�b�r�a�t�i�o�n� �s�o�l�u�t�i�o�n� �w�e�r�e� �t�h�e�n� �u�s�e�d� �t�o� �p�u�t� �t�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n�t�o� �s�t�a�n�d�a�r�d� 

�f�o�r�m�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �t�h�e�n� �r�e�c�a�s�t� �i�n� �s�t�a�t�e� �s�p�a�c�e� �f�o�r�m� �t�o� �f�a�c�i�l�i�t�a�t�e� �s�o�l�v�i�n�g� �t�h�e� �f�o�r�c�e�d� 

�v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m�.� �U�n�l�i�k�e� �o�t�h�e�r� �m�e�t�h�o�d�s�,� �u�s�i�n�g� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �m�o�d�e�l� �a�l�l�o�w�e�d� 

�d�i�r�e�c�t� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �m�o�m�e�n�t�s�,� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �a�t�t�a�c�h�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�a�c�t�u�a�t�o�r�s�,� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �w�i�t�h�o�u�t� �h�a�v�i�n�g� �t�o� �m�o�d�e�l� �t�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t�s� �a�s� 

�g�e�n�e�r�a�l�i�z�e�d� �f�o�r�c�e�s�.� 

�3�.�4� �S�u�m�m�a�r�y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e� �a�p�p�r�o�a�c�h� �u�t�i�l�i�z�e�d� �t�o� �m�o�d�e�l� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �f�i�n�i�t�e� �l�e�n�g�t�h�,� �s�p�a�t�i�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d�,� �m�u�l�t�i�l�a�y�e�r�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �s�y�s�t�e�m�s� �w�a�s� �d�e�r�i�v�e�d�.� 

�S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �i�n�d�u�c�e�d� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�r�e�a�t�e�d� �b�y� �t�h�e� �j�t�h� 
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�p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �w�a�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l�.� �E�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� 

�f�o�r� �a� �b�e�a�m� �s�u�b�j�e�c�t� �t�o� �a�x�i�a�l� �a�n�d� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �d�u�e� �t�o� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �i�n�d�u�c�e�d� �l�o�a�d�s� 

�w�e�r�e� �t�h�e�n� �d�e�r�i�v�e�d�.� �T�h�e� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �w�a�s� �s�h�o�w�n� �t�o� �b�e� �u�n�c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �l�a�t�e�r�a�l� �b�e�a�m� 

�v�i�b�r�a�t�i�o�n�.� �T�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�o�t�h� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �b�y� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �U�s�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �m�o�d�e� �m�e�t�h�o�d� 

�t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s� �o�f� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �w�e�r�e� �o�b�t�a�i�n�e�d�.�  ��T�h�e�s�e� 

�e�i�g�e�n�v�a�l�u�e�s� �w�e�r�e� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t�s�,� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l�,� �t�o� �d�e�r�i�v�e� �t�h�e� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �t�h�a�t� �w�a�s� �c�a�s�t� �i�n� �s�t�a�t�e� �s�p�a�c�e� 

�f�o�r�m�.� 

�I�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �c�o�m�p�u�t�e�r� �c�o�d�e� �w�r�i�t�t�e�n� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �t�h�e�o�r�y� �i�n� 

�C�h�a�p�t�e�r� �3�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �u�s�e�d�,� �a�n�d� �t�h�e� �p�u�r�p�o�s�e� �a�n�d� �a� �r�e�v�i�e�w� �o�f� �e�a�c�h� 

�e�x�p�e�r�i�m�e�n�t� �i�n� �f�u�l�f�i�l�l�i�n�g� �t�h�e� �r�e�s�e�a�r�c�h� �o�b�j�e�c�t�i�v�e�s� �i�s� �d�i�s�c�u�s�s�e�d�.� 
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�C�h�a�p�t�e�r� �4� 

�A�n�a�l�y�t�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� �a�n�d� �E�x�p�e�r�i�m�e�n�t�a�l� �D�e�s�i�g�n� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �a� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�h�a�t� �c�o�u�l�d� �p�r�e�d�i�c�t� �t�h�e� �m�o�m�e�n�t� 

�a�n�d� �f�o�r�c�e� �i�n�d�u�c�e�d� �i�n� �a� �s�t�r�u�c�t�u�r�e� �b�y� �m�u�l�t�i�p�l�e� �l�a�y�e�r�s� �o�f� �f�i�n�i�t�e� �l�e�n�g�t�h�,� �s�p�a�t�i�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �o�f� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�c�t�u�a�t�o�r�/�s�t�r�u�c�t�u�r�e� 

�s�y�s�t�e�m� �t�o� �t�h�e�s�e� �i�n�d�u�c�e�d� �l�o�a�d�s� �w�a�s� �d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �p�r�i�m�a�r�y� �t�h�e�s�i�s� �o�b�j�e�c�t�i�v�e� �i�s� 

�d�e�v�e�l�o�p�m�e�n�t� �o�f� �a�n� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�h�a�t� �s�i�m�u�l�a�t�e�s� �t�h�e� �f�o�r�c�e�d� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e� �t�o� �a�r�b�i�t�r�a�r�y� 

�m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �a�c�t�u�a�t�o�r�s�.� �E�x�p�e�r�i�m�e�n�t�s� �w�i�l�l� �b�e� �p�e�r�f�o�r�m�e�d� �v�e�r�i�f�y�i�n�g� �t�h�i�s� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� �e�x�p�l�a�i�n� �t�h�e� �p�a�t�h� �t�a�k�e�n� �i�n� �r�e�a�c�h�i�n�g� �t�h�i�s� 

�o�b�j�e�c�t�i�v�e�.� �T�h�e� �m�o�d�e�l�i�n�g� �a�p�p�r�o�a�c�h� �i�s� �v�e�r�i�f�i�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �a�n�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�,� �i�n�c�l�u�d�i�n�g� �m�a�g�n�i�t�u�d�e� �a�n�d� 

�p�h�a�s�e� �p�l�o�t�s�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

�T�h�e� �f�o�r�m� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �a�s� �f�o�l�l�o�w�s�.� �F�i�r�s�t�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �a�n�d� �i�t�s� �c�a�p�a�b�i�l�i�t�i�e�s� 

�w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� �S�e�c�o�n�d�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �s�t�r�u�c�t�u�r�e�,� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s�,� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l�,� �a�n�d� �e�x�t�e�r�n�a�l� �a�c�t�u�a�t�i�n�g� �a�n�d� �s�e�n�s�i�n�g� �d�e�v�i�c�e�s� �w�i�l�l� 

�b�e� �d�e�s�c�r�i�b�e�d�.� �T�h�i�r�d�,� �t�h�e� �p�u�r�p�o�s�e� �a�n�d� �a�p�p�r�o�a�c�h� �o�f� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t�,� �d�e�s�i�g�n�e�d� �t�o� �v�e�r�i�f�y� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �a�n�d� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n�,� �i�s� �c�o�v�e�r�e�d�.� �T�h�e� �l�a�s�t� �s�e�c�t�i�o�n� �c�o�n�t�a�i�n�s� �a� �c�h�a�p�t�e�r� 

�s�u�m�m�a�r�y�.� 
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�4�.�1� �A�n�a�l�y�t�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �w�i�l�l� �b�e� 

�a�d�d�r�e�s�s�e�d�.� �T�h�e� �f�o�r�m�a�t� �i�s� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �t�h�e�n� �d�i�s�c�u�s�s� �t�h�e� �p�r�o�g�r�a�m� 

�c�a�p�a�b�i�l�i�t�i�e�s�.� 

�T�o� �a�p�p�l�y� �t�h�e� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �i�n� �C�h�a�p�t�e�r� �3�,� �a� �c�o�m�p�u�t�e�r� �c�o�d�e� �w�a�s� �w�r�i�t�t�e�n� �s�i�m�u�l�a�t�i�n�g� �t�h�e� 

�d�y�n�a�m�i�c� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �m�o�d�e�l� �r�e�s�p�o�n�s�e� �i�n�c�l�u�d�i�n�g�,� �f�i�n�i�t�e� �l�e�n�g�t�h�,� �s�u�r�f�a�c�e� �b�o�n�d�e�d� �s�i�n�g�l�e� 

�o�r� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �a�c�t�u�a�t�o�r�s�.� �F�i�g�u�r�e� �4�.�1� �d�e�p�i�c�t�s� �a� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� 

�c�o�m�p�u�t�e�r� �c�o�d�e� �u�s�e�d� �i�n� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �T�h�e� �i�n�i�t�i�a�l� �s�t�e�p� �i�s� �t�o� �d�e�f�i�n�e� �t�h�e� 

�s�y�s�t�e�m�.� �T�h�e� �s�y�s�t�e�m� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �s�e�n�s�o�r�s�.� �T�h�i�s� 

�i�n�c�l�u�d�e�s� �t�h�e� �n�u�m�b�e�r� �a�n�d� �t�y�p�e� �o�f� �a�c�t�u�a�t�o�r�s� �a�n�d� �s�e�n�s�o�r�s�,� �s�t�r�u�c�t�u�r�a�l� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �i�n� �t�h�e� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e�.� 

�N�e�x�t�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l� �i�s� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �f�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �i�n�d�u�c�e�d� �b�y� �t�h�e� 

�a�r�b�i�t�r�a�r�y� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �U�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�n�d� �t�h�e� 

�a�s�s�u�m�e�d� �m�o�d�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�,� �t�h�e� �s�y�s�t�e�m� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �a�r�e� �f�o�r�m�e�d� �a�n�d� 

�t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �a�n�d� �a�s�s�i�g�n�e�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �a�r�e� �t�h�e�n� �u�s�e�d� �t�o� �c�a�s�t� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n� �s�t�a�t�e� �s�p�a�c�e� �f�o�r�m�.� �T�h�e� �f�o�r�c�e�d� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e� �t�o� �a�r�b�i�t�r�a�r�y� 

�e�x�c�i�t�a�t�i�o�n�s� �i�s� �s�i�m�u�l�a�t�e�d� �t�h�r�o�u�g�h� �s�o�l�v�i�n�g� �t�h�e� �s�t�a�t�e� �s�p�a�c�e� �m�o�d�e�l�.� �T�h�e� �p�r�o�g�r�a�m� �c�o�d�e� �w�a�s� 

�w�r�i�t�t�e�n� �a�n�d� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �t�h�e� �M�A�T�L�A�B� �s�o�f�t�w�a�r�e� �p�a�c�k�a�g�e� �c�r�e�a�t�e�d� �b�y� 

�T�h�e� �M�a�t�h�W�o�r�k�s�,� �I�n�c�.� 
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�D�e�f�i�n�e� �t�h�e� �s�y�s�t�e�m� 
�T�r� �n�s�o�r� �r�i� 

�P�i�e�z�o�e�l�e�c�t�r�i�c� �P�i�e�z�o�e�l�e�c�t�r�i�c� �D�i�m�e�n�s�i�o�n�s� 
�I�m�p�a�c�t� �H�a�m�m�e�r� �A�c�c�e�l�e�r�o�m�e�t�e�r� �P�r�o�p�e�r�t�i�e�s� 
�S�h�a�k�e�r� 

� � 

�D�e�t�e�r�m�i�n�e� �m�o�m�e�n�t�s� �a�n�d� �f�o�r�c�e�s� �a�p�p�l�i�e�d� 

�t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�y� �a�l�l� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� 

� � 

�D�e�t�e�r�m�i�n�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� 
�C�a�l�c�u�l�a�t�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� 
�A�s�s�i�g�n� �d�a�m�p�i�n�g� �r�a�t�i�o�s� 

� � 

�F�o�r�m� �t�h�e� �s�t�a�t�e� �s�p�a�c�e� �m�o�d�e�l� �o�f� �t�h�e� �s�y�s�t�e�m� 

� � 

�S�i�m�u�l�a�t�e� �t�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m� � � 
�F�i�g�u�r�e� �4�.�1� �F�l�o�w� �C�h�a�r�t� �o�f� �t�h�e� �A�n�a�l�y�t�i�c�a�l� �S�i�m�u�l�a�t�i�o�n



�I�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �p�r�o�g�r�a�m�,� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �a�l�t�e�r�i�n�g� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �w�a�s� �e�s�s�e�n�t�i�a�l�.� �T�h�i�s� 

�w�a�s� �n�e�c�e�s�s�a�r�y� �i�f� �t�h�e� �p�r�o�g�r�a�m� �w�a�s� �t�o� �e�f�f�i�c�i�e�n�t�l�y� �a�n�a�l�y�z�e� �a�n�d� �s�i�m�u�l�a�t�e� �n�u�m�e�r�o�u�s� �a�c�t�u�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�n�d� �s�t�u�d�y� �t�h�e� �i�m�p�a�c�t� �o�f� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e�.� �T�o� 

�t�h�i�s� �e�n�d�,� �t�h�e� �p�r�o�g�r�a�m� �h�a�d� �m�a�n�y� �u�s�e�r�-�c�o�n�t�r�o�l�l�a�b�l�e� �f�u�n�c�t�i�o�n�s� �i�n�c�r�e�a�s�i�n�g� �i�t�s� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� 

�f�u�n�c�t�i�o�n�a�l�i�t�y�.� 

�A�d�j�u�s�t�a�b�l�e� �p�a�r�a�m�e�t�e�r�s� �i�n�c�l�u�d�e�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �d�i�m�e�n�s�i�o�n�s� �a�n�d� 

�p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �u�s�e�d� �i�n� �t�h�e� �f�i�n�i�t�e� �s�e�r�i�e�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�y�s�t�e�m� 

�r�e�s�p�o�n�s�e�.� �T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �a�c�t�u�a�t�i�n�g� �d�e�v�i�c�e�s� �a�n�d� �t�w�o� �s�e�n�s�i�n�g� �d�e�v�i�c�e�s� �c�a�n� �b�e� 

�m�o�d�e�l�e�d�.� �A�c�t�u�a�t�o�r�s� �i�n�c�l�u�d�e� �d�i�s�t�r�i�b�u�t�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s�,� �p�o�i�n�t� �f�o�r�c�e� �s�h�a�k�e�r�s�,� �a�n�d� 

�i�m�p�a�c�t� �h�a�m�m�e�r�s�.� �F�o�r� �s�e�n�s�i�n�g�,� �a�c�c�e�l�e�r�o�m�e�t�e�r�s� �a�n�d� �d�i�s�t�r�i�b�u�t�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �s�e�n�s�o�r�s� �a�r�e� 

�m�o�d�e�l�e�d�.� �T�h�e� �n�u�m�b�e�r� �a�n�d� �p�o�s�i�t�i�o�n� �o�f� �s�p�a�t�i�a�l�l�y� �l�o�c�a�t�e�d� �s�e�n�s�o�r�s� �a�n�d� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �i�n� �t�h�e� 

�c�a�s�e� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� �o�r� �s�e�n�s�o�r�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �a�n�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �a�r�e� �a�l�s�o� 

�s�e�l�e�c�t�a�b�l�e�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �a�c�t�u�a�t�o�r� �c�h�o�s�e�n�,� �v�a�r�i�o�u�s� �i�n�p�u�t� �s�i�g�n�a�l�s� �c�a�n� �b�e� �s�i�m�u�l�a�t�e�d�.� 

�T�h�e�s�e� �i�n�c�l�u�d�e�,� �s�i�n�u�s�o�i�d�a�l�,� �i�m�p�u�l�s�e�,� �a�p�p�l�y� �a�n�d� �h�o�l�d�,� �a�n�d� �s�i�n�e� �d�w�e�l�l� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l�s�.� 

�S�i�m�u�l�a�t�i�o�n� �o�u�t�p�u�t�s� �i�n�c�l�u�d�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �s�e�n�s�o�r� �v�o�l�t�a�g�e� �t�i�m�e� �h�i�s�t�o�r�y�,� �a�n�d� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �p�l�o�t�s� �b�e�t�w�e�e�n� �t�h�e� �s�e�l�e�c�t�e�d� �s�e�n�s�o�r� �a�n�d� 

�a�c�t�u�a�t�o�r�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �c�h�o�s�e�n� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l�.� �T�h�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �s�u�b�r�o�u�t�i�n�e�s� 

�f�o�r�m�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �a�r�e� �l�i�s�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n� �h�a�s� �b�e�e�n� �a�d�d�r�e�s�s�e�d�.� �I�n�c�l�u�d�e�d� �w�a�s� 

�t�h�e� �p�r�o�g�r�a�m� �m�e�t�h�o�d�o�l�o�g�y�,� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� �c�a�p�a�b�i�l�i�t�i�e�s�.� �I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�a�p�p�a�r�a�t�u�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� 
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�4�.�2� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�a�r�a�t�u�s� 

�4�.�2�.�1� �S�t�r�u�c�t�u�r�a�l� �D�i�m�e�n�s�i�o�n�s� 

�T�h�e� �s�t�r�u�c�t�u�r�e� �u�s�e�d� �i�n� �a�l�l� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m� �c�o�m�p�o�s�e�d� �o�f� �6�0�6�1�-�T�6� 

�a�l�u�m�i�n�u�m�.� �A�l�l� �b�e�a�m�s�,� �e�a�c�h� �h�a�v�i�n�g� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �h�a�d� �i�d�e�n�t�i�c�a�l� 

�d�i�m�e�n�s�i�o�n�s� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �F�i�g�u�r�e� �4�.�2� �s�h�o�w�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �T�a�b�l�e� 

�4�.�1� �l�i�s�t�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� 
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� � � � �4�5�0�.�9� �m�m� � � � � 
�F�i�g�u�r�e� �4�.�2� �D�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 
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�T�a�b�l�e� �4�.�1� �P�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 

� � 
� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � 

�L�e�n�g�t�h� �_�_�(�m�)� �4�5�0�.�9� �x� �1�0�3� 

�W�i�d�t�h� �_�(�m�)� �3�8�.�1� �x� �1�0�3� 

�T�h�i�c�k�n�e�s�s�  �� �(�m�)� �3�1�7�.�5� �x� �1�0�5� 

�Y�o�u�n�g�'�s� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �6�6�.�5� �x� �1�0�9� 

�S�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �2�5� �x� �1�0�°� 

�D�e�n�s�i�t�y� �_� �(�k�g�/�m�?�)� �2�7�1�0� 

�P�o�i�s�s�o�n�'�s� �r�a�t�i�o� �3�3� 
� � � � � � 
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�4�.�2�.�2� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s� 

�T�h�e� �a�c�t�u�a�t�o�r�s� �s�e�l�e�c�t�e�d� �w�e�r�e� �G�-�1�1�9�5� �L�e�a�d�-�Z�i�r�c�o�n�a�t�e�-�T�i�t�a�n�a�t�e� �(�P�Z�T�)� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�c�e�r�a�m�i�c�s� �m�a�n�u�f�a�c�t�u�r�e�d� �b�y� �P�i�e�z�o�e�l�e�c�t�r�i�c� �P�r�o�d�u�c�t�s�,� �I�n�c�.� �T�h�i�s� �m�a�t�e�r�i�a�l� �w�a�s� �c�h�o�s�e�n� �o�v�e�r� 

�o�t�h�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c�s� �f�o�r� �s�e�v�e�r�a�l� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�o�s�s�e�s�s�e�d� �a� �l�a�r�g�e� �d�,�,�,� �o�r� 

�s�t�r�a�i�n�/�v�o�l�t�a�g�e� �c�o�n�s�t�a�n�t�.� �T�h�i�s� �p�a�r�a�m�e�t�e�r� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �f�r�e�e� �s�t�r�a�i�n� �i�n�d�u�c�e�d� �i�n� 

�t�h�e� �a�c�t�u�a�t�o�r� �d�u�e� �t�o� �a�n� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�1�)�.� �I�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �h�a�v�e� �d�,�,� 

�l�a�r�g�e� �b�e�c�a�u�s�e� �a� �l�a�r�g�e� �s�t�r�a�i�n� �c�a�n� �b�e� �p�r�o�d�u�c�e�d� �f�o�r� �a� �s�m�a�l�l� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e�.� �S�e�c�o�n�d�,� �t�h�e� 

�m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e�,� �V�,�,�,�,�,� �w�a�s� �a�l�s�o� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �a�c�t�u�a�t�o�r� �s�e�l�e�c�t�i�o�n�.� 

�A� �l�a�r�g�e� �V�,�,�.�,� �1�8� �d�e�s�i�r�a�b�l�e� �s�o� �a� �l�a�r�g�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �w�i�t�h�o�u�t� �d�e�p�o�l�i�n�g� �t�h�e� 

�p�i�e�z�o�e�l�e�c�t�r�i�c�.� �F�i�n�a�l�l�y�,� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �E�,�,� �h�a�d� �t�o� �b�e� �c�o�m�p�a�r�a�b�l�e� �t�o� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s� �b�o�n�d�e�d� �t�o� �i�t�.� �O�t�h�e�r�w�i�s�e�,� �i�f� �E�,� �w�a�s� �s�m�a�l�l� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�m�o�d�u�l�u�s� �t�h�e�n� �o�n�l�y� �a� �s�m�a�l�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �i�n� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �w�o�u�l�d� �b�e� 

�t�r�a�n�s�f�e�r�r�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �F�i�g�u�r�e� �4�.�3� �s�h�o�w�s� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�.� 
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�T�a�b� 

� � 

�F�i�g�u�r�e� �4�.�3� �D�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s� 

�4�8



�A� �t�a�b�,� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �o�u�t�l�i�n�e�d� �r�e�g�i�o�n� �i�n� �F�i�g�.� �4�.�3�,� �w�a�s� �c�r�e�a�t�e�d� �o�n� �e�a�c�h� �a�c�t�u�a�t�o�r� �t�o� �a�s�s�i�s�t� 

�i�n� �a�t�t�a�c�h�i�n�g� �e�l�e�c�t�r�i�c�a�l� �l�e�a�d�s� �a�n�d� �t�o� �e�n�s�u�r�e� �t�h�e� �a�r�e�a� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�a�s� �t�h�e� 

�s�a�m�e� �f�o�r� �a�l�l� �e�x�p�e�r�i�m�e�n�t�s�.� �F�i�g�u�r�e� �4�.�4� �h�i�g�h�l�i�g�h�t�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �u�s�i�n�g� �t�a�b�s� �i�n� �m�u�l�t�i�p�l�e� 

�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

� � � 
� � � 

�P�z�t� �A�c�t�u�a�t�o�r�s� 

�S�t�r�u�c�t�u�r�e� � � � � 

�F�i�g�u�r�e� �4�.�4� �M�u�l�t�i�p�l�e� �L�a�y�e�r�e�d� �A�c�t�u�a�t�o�r�s� �w�i�t�h� �T�a�b�s� 

�T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �G�-�1�1�9�5� �P�Z�T� �a�c�t�u�a�t�o�r�s� �a�r�e� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �4�.�2� �(�P�i�e�z�o�e�l�e�c�t�r�i�c� 

�P�r�o�d�u�c�t�s�,� �I�n�c�.�,� �1�9�9�0�)�.� �F�o�r� �f�u�r�t�h�e�r� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�h�e� 

�i�n�t�e�r�e�s�t�e�d� �r�e�a�d�e�r� �i�s� �r�e�f�e�r�r�e�d� �t�o� �(�L�e�e�,� �1�9�9�0�,� �o�r� �S�u�m�a�l�i�,� �1�9�9�2�)�.� 
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�T�a�b�l�e� �4�.�2� �P�r�o�p�e�r�t�i�e�s� �o�f� �G�-�1�1�9�5� �P�i�e�z�o�e�l�e�c�t�r�i�c� �M�a�t�e�r�i�a�l� 
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� � � � � � � � 

�L�e�n�g�t�h �� �(�m�)� �3�8�.�1� �x� �1�0�°� 

�W�i�d�t�h�*� �(�m�)� �3�8�.�1� �x� �1�0�5� 

�T�h�i�c�k�n�e�s�s� �(�m�)� �|� �3�0�4�.�8� �x� �1�0�°�,� �1�5�2�.�4� �x� �1�0� 

�Y�o�u�n�g�'�s� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �6�3� �x� �1�0�°� 

�S�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �2�2�.�5� �x� �1�0�°� 

�D�e�n�s�i�t�y� �_� �(�k�g�/�m�3�)� �7�6�0�0� 

�P�o�i�s�s�o�n�'�s� �r�a�t�i�o� �4�0� 

�S�t�r�a�i�n�/�V�o�l�t�a�g�e� �c�o�n�s�t�a�n�t�,� �d�3�;� �(�m�/�V�)� �1�9�0� �x� �1�0�-�2� 

�M�a�x�i�m�u�m� �v�o�l�t�a�g�e�,� �V�i�n�a�x� �_�_�(�V�/�m�)� �1� �x� �1�0�°� � � � � � � � � 

�*� �I�n�d�i�c�a�t�e�s� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�t�o�r� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� 
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�4�.�2�.�3� �B�o�n�d�i�n�g� �M�a�t�e�r�i�a�l� 

�T�h�e� �m�a�t�e�r�i�a�l� �s�e�l�e�c�t�e�d� �t�o� �b�o�n�d� �t�h�e� �a�c�t�u�a�t�o�r�s� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�a�s� �V�H�B�-�9�4�6�0�P�C� �d�o�u�b�l�e� 

�s�i�d�e�d� �a�d�h�e�s�i�v�e� �t�a�p�e� �m�a�n�u�f�a�c�t�u�r�e�d� �b�y� �3�M�.� �T�h�e� �a�d�h�e�s�i�v�e� �w�a�s� �c�h�o�s�e�n� �f�o�r� �s�e�v�e�r�a�l� �r�e�a�s�o�n�s�.� 

�F�i�r�s�t� �a�n�d� �m�o�s�t� �i�m�p�o�r�t�a�n�t�l�y�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�e�r�e� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r� 

�(�3�M� �P�r�o�d�u�c�t� �I�n�f�o�r�m�a�t�i�o�n�,� �1�9�8�7�)�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �w�a�s� �c�r�i�t�i�c�a�l� �f�o�r� �i�n�c�l�u�d�i�n�g� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�p�r�o�p�e�r�t�i�e�s� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �S�e�c�o�n�d�,� �t�h�e� �3�M� �a�d�h�e�s�i�v�e� �p�r�o�v�i�d�e�d� �r�e�p�r�o�d�u�c�i�b�l�e�,� 

�c�o�n�s�t�a�n�t� �t�h�i�c�k�n�e�s�s� �b�o�n�d�i�n�g� �l�a�y�e�r�s� �b�e�t�w�e�e�n� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�s�.� �T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� 

�c�y�a�n�o�a�c�r�y�l�a�t�e� �a�n�d� �e�p�o�x�y� �a�d�h�e�s�i�v�e�s� �w�h�e�r�e� �t�h�e� �l�a�m�i�n�a� �t�h�i�c�k�n�e�s�s� �i�s� �h�i�g�h�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� �T�h�i�r�d�,� �t�h�e� �3�M� �a�d�h�e�s�i�v�e� �e�l�e�c�t�r�i�c�a�l�l�y� �i�n�s�u�l�a�t�e�d� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�a�c�t�u�a�t�o�r�s� �a�l�l�o�w�i�n�g� �v�a�r�i�o�u�s� �m�u�l�t�i�l�a�y�e�r�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �t�o� �b�e� �d�e�s�i�g�n�e�d�.� �T�a�b�l�e� �4�.�3� �l�i�s�t�s� �t�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a�d�h�e�s�i�v�e� �t�a�p�e�.� 

�I�n� �c�e�r�t�a�i�n� �e�x�p�e�r�i�m�e�n�t�s� �V�H�B�-�9�4�6�0�P�C� �a�d�h�e�s�i�v�e� �w�a�s� �n�o�t� �u�s�e�d� �i�n� �b�o�n�d�i�n�g� �a�c�t�u�a�t�o�r�s� �t�o� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �I�n� �t�h�e�s�e� �c�a�s�e�s� �M�-�B�o�n�d� �2�0�0� �c�y�a�n�o�a�c�r�y�l�a�t�e� �a�d�h�e�s�i�v�e� �w�a�s� �e�m�p�l�o�y�e�d�.� �M�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �f�o�r� �t�h�i�s� �p�r�o�d�u�c�t� �w�e�r�e� �u�n�a�v�a�i�l�a�b�l�e�.� 

�4�.�2�.�4� �E�x�c�i�t�a�t�i�o�n� �a�n�d� �A�c�c�e�l�e�r�o�m�e�t�e�r�s� 

�F�o�r� �e�x�p�e�r�i�m�e�n�t�s� �w�h�i�c�h� �r�e�q�u�i�r�e�d� �a�n� �e�x�c�i�t�a�t�i�o�n� �d�e�v�i�c�e� �o�t�h�e�r� �t�h�a�n� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s�,� 

�a� �K�i�s�t�l�e�r� �m�o�d�e�l� �9�7�2�4�A�2�0�0�0� �i�m�p�a�c�t� �h�a�m�m�e�r� �w�a�s� �u�s�e�d�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �w�a�s� 

�m�e�a�s�u�r�e�d� �w�i�t�h� �a� �K�i�s�t�l�e�r� �m�o�d�e�l� �8�6�2�0� �a�c�c�e�l�e�r�o�m�e�t�e�r�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �u�s�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �c�o�v�e�r�e�d�.� �I�n� �t�h�e� 

�n�e�x�t� �s�e�c�t�i�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �d�e�s�i�g�n�e�d� �i�n� �f�u�l�f�i�l�l�i�n�g� �t�h�e� �r�e�s�e�a�r�c�h� �o�b�j�e�c�t�i�v�e�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� 
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�T�a�b�l�e� �4�.�3� �P�r�o�p�e�r�t�i�e�s� �o�f� �V�H�B�-�9�4�6�0�P�C� �A�d�h�e�s�i�v�e� �T�a�p�e� 
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�L�e�n�g�t�h� �(�m�)� �3�8�.�1� �x� �1�0�-�3� 

�W�i�d�t�h�  �� �(�m�)� �3�8�.�1� �x� �1�0�3� 

�T�h�i�c�k�n�e�s�s� �_� �(�m�)� �5�0�.�8� �x� �1�0�6� 

�Y�o�u�n�g�'�s� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �1�.�1� �x� �1�0�6� 

�S�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�?�)� �3�.�6� �x� �1�0�5� 

�D�e�n�s�i�t�y� �(�k�g�/�m�?�)� �8�9�0� 

�P�o�i�s�s�o�n�'�s� �r�a�t�i�o� �i�)� 
� � 

� � 
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�4�.�3� �O�v�e�r�v�i�e�w� �o�f� �E�x�p�e�r�i�m�e�n�t�s� 

�T�h�i�s� �s�e�c�t�i�o�n� �e�x�p�l�a�i�n�s� �h�o�w� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �d�e�s�i�g�n�e�d� �a�n�d� �p�e�r�f�o�r�m�e�d� �t�o� �a�c�c�o�m�p�l�i�s�h� �t�h�e� 

�r�e�s�e�a�r�c�h� �o�b�j�e�c�t�i�v�e� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �v�e�r�i�f�y�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �f�o�r�c�e�d� �s�y�s�t�e�m� 

�r�e�s�p�o�n�s�e�.� �T�h�e� �a�p�p�r�o�a�c�h� �i�s� �t�o� �e�x�p�l�a�i�n� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t� �p�u�r�p�o�s�e� �a�n�d� �t�h�e�n� �d�i�s�c�u�s�s� �h�o�w� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �i�n� �m�e�e�t�i�n�g� �t�h�e� �s�p�e�c�i�f�i�e�d� �g�o�a�l�s�.� �T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �w�i�l�l� �i�n�c�l�u�d�e� 

�t�h�e� �r�e�s�u�l�t�s� �a�n�d� �a�n�a�l�y�s�i�s� �o�f� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t�.� 

�4�.�3�.�1� �C�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s�,� �o�f� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e� �s�e�c�o�n�d� �g�o�a�l� �w�a�s� �t�o� �c�o�m�p�a�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�f�u�n�c�t�i�o�n�s� �t�o� �s�i�m�u�l�a�t�i�o�n� �p�r�e�d�i�c�t�i�o�n�s� �a�n�d� �a�s�s�e�s�s� �t�h�e� �c�o�m�p�u�t�e�r� �m�o�d�e�l� �a�c�c�u�r�a�c�y� �i�n� �d�i�f�f�e�r�e�n�t� 

�a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�o� �a�t�t�a�i�n� �t�h�e�s�e� �o�b�j�e�c�t�i�v�e�s�,� �a� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� 

�b�e�t�w�e�e�n� �a�c�c�e�l�e�r�a�t�i�o�n� �a�n�d� �i�m�p�a�c�t� �h�a�m�m�e�r� �v�o�l�t�a�g�e� �w�a�s� �g�e�n�e�r�a�t�e�d� �f�o�r� �e�a�c�h� �a�c�t�u�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �s�t�u�d�i�e�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�5�.� �A� 

�f�i�f�t�h� �b�e�a�m� �w�i�t�h� �n�o� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s� �w�a�s� �a�l�s�o� �c�o�n�s�t�r�u�c�t�e�d�.� 
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�S�i�n�g�l�e� �L�a�y�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� �M�u�l�t�i�p�l�e� �L�a�y�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�F�i�g�u�r�e� �4�.�5� �I�m�p�a�c�t� �H�a�m�m�e�r� �T�e�s�t� �-� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�I�n� �a�l�l� �t�e�s�t� �s�t�r�u�c�t�u�r�e�s� �t�h�e� �a�c�t�u�a�t�o�r�s� �w�e�r�e� �l�o�c�a�t�e�d� �5�0�.�8� �x� �1�0�-�3� �m� �f�r�o�m� �t�h�e� �l�e�f�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �e�n�s�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �f�i�v�e� �b�e�n�d�i�n�g� �m�o�d�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �c�o�u�l�d� �b�e� �p�i�e�z�o�e�l�e�c�t�r�i�c�a�l�l�y� 

�e�x�c�i�t�e�d�.� �E�a�c�h� �a�c�t�u�a�t�o�r� �h�a�d� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �4�.�1�,� �a�n�d� �w�a�s� �b�o�n�d�e�d� �t�o� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �u�s�i�n�g� �V�H�B�-�9�4�6�0�P�C� �a�d�h�e�s�i�v�e� �t�a�p�e�.� 

�T�h�e� �g�l�o�b�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �e�a�c�h� �s�y�s�t�e�m� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �i�m�p�a�c�t�i�n�g� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�2�8�.�6� �x� �1�0�-�3� �m� �f�r�o�m� �t�h�e� �r�i�g�h�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �T�h�i�s� �p�o�s�i�t�i�o�n� �w�a�s� �s�e�l�e�c�t�e�d� �b�e�c�a�u�s�e� �t�h�e� 

�f�i�r�s�t� �f�i�v�e� �b�e�n�d�i�n�g� �m�o�d�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �w�h�i�c�h� �l�i�e� �i�n� �t�h�e� �0�-�1�0�0�0� �H�z� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�,� �h�a�d� 

�a� �n�o�t�i�c�e�a�b�l�e� �r�e�s�p�o�n�s�e� �a�t� �t�h�i�s� �l�o�c�a�t�i�o�n�.� �T�h�e� �v�o�l�t�a�g�e� �s�i�g�n�a�l� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �i�m�p�a�c�t� �h�a�m�m�e�r� 

�f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �w�a�s� �r�e�c�o�r�d�e�d� �b�y� �a� �T�e�k�t�r�o�n�i�c�s� �m�o�d�e�l� �2�6�3�0� �f�r�e�q�u�e�n�c�y� �a�n�a�l�y�z�e�r�.� �T�h�e� 

�l�a�t�e�r�a�l� �b�e�a�m� �v�i�b�r�a�t�i�o�n�s� �w�e�r�e� �s�e�n�s�e�d� �w�i�t�h� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r� �a�l�s�o� �a�t�t�a�c�h�e�d� �a�t� �t�h�e� �i�m�p�a�c�t� 

�l�o�c�a�t�i�o�n�.� �T�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �s�i�g�n�a�l� �w�a�s� �a�m�p�l�i�f�i�e�d� �u�s�i�n�g� �a� �K�i�s�t�l�e�r� �m�o�d�e�l� �5�1�2�2� �P�i�e�z�o�t�r�o�n� 

�C�o�u�p�l�e�r� �a�n�d� �a�l�s�o� �r�e�c�o�r�d�e�d� �b�y� �t�h�e� �T�e�k�t�r�o�n�i�c�s� �f�r�e�q�u�e�n�c�y� �a�n�a�l�y�z�e�r�.� 
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�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�r�i�v�i�n�g� �p�o�i�n�t� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �w�a�s� �f�o�r�m�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� 

�f�i�v�e� �s�t�r�u�c�t�u�r�e�s� �a�n�d� �a�v�e�r�a�g�e�d� �3�0� �t�i�m�e�s� �p�e�r� �t�r�i�a�l�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �w�e�r�e� 

�c�u�r�v�e� �f�i�t� �u�s�i�n�g� �M�O�D�H�A�N�_�7�,� �a�n� �i�n�-�h�o�u�s�e� �c�u�r�v�e�-�f�i�t�t�i�n�g� �r�o�u�t�i�n�e�,� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �o�f� �t�h�e� �f�i�r�s�t� �f�i�v�e� �l�a�t�e�r�a�l� �b�e�n�d�i�n�g� �m�o�d�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�s�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�m�p�i�n�g� �r�a�t�i�o� �e�s�t�i�m�a�t�e�s� �a�r�e� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�o� �a�l�l�o�w� 

�a�c�c�u�r�a�t�e� �d�a�m�p�i�n�g� �e�s�t�i�m�a�t�e�s� �t�o� �b�e� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� �s�y�s�t�e�m� �m�o�d�e�l� �s�i�n�c�e� �t�h�e� �m�o�d�e�l� �d�o�e�s� 

�n�o�t� �p�r�e�d�i�c�t� �d�a�m�p�i�n�g� �v�a�l�u�e�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �t�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n� 

�p�r�e�d�i�c�t�i�o�n�s�.� �F�i�g�u�r�e� �4�.�6� �s�h�o�w�s� �t�h�e� �h�a�r�d�w�a�r�e� �c�o�m�p�o�n�e�n�t�s� �u�s�e�d�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�a�c�t� 

�t�e�s�t� �a�n�d� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �t�h�e� �s�y�s�t�e�m� �m�o�d�e�l�e�d� �b�y� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�g�r�a�m� �w�h�i�c�h� �i�s� 

�e�n�c�l�o�s�e�d� �i�n� �t�h�e� �d�a�s�h�e�d� �b�o�x�.� 

�4�.�3�.�2� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r� �E�x�c�i�t�a�t�i�o�n� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �i�s� �t�o� �c�o�m�p�a�r�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �f�o�r� �a� �p�i�e�z�o�e�l�e�c�t�r�i�c�a�l�l�y� �e�x�c�i�t�e�d� �s�t�r�u�c�t�u�r�e� �u�s�i�n�g� �v�a�r�i�o�u�s� �a�c�t�u�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �C�o�n�c�l�u�s�i�o�n�s� �a�b�o�u�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �a�r�e� �t�h�e�n� �d�r�a�w�n�.� 

�T�h�e� �s�t�r�u�c�t�u�r�e�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �i�n� �S�e�c�t�i�o�n� �4�.�3�.�1� �w�e�r�e� �u�s�e�d� �a�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t� 

�e�q�u�i�p�m�e�n�t�.� �I�n� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� 

�a�n�d� �t�h�e� �P�Z�T� �e�x�c�i�t�a�t�i�o�n� �v�o�l�t�a�g�e� �w�a�s� �f�o�r�m�e�d�.� �T�h�e� �T�e�k�t�r�o�n�i�c�s� �s�i�g�n�a�l� �g�e�n�e�r�a�t�o�r� �w�a�s� �u�s�e�d� �t�o� 

�h�a�r�m�o�n�i�c�a�l�l�y� �e�x�c�i�t�e� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �i�n� �a� �s�w�e�p�t� �s�i�n�e� �t�e�s�t� �f�r�o�m� �1�0�0�-�9�0�0� �H�z�.� �T�h�e� 

�e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �w�a�s� �a�m�p�l�i�f�i�e�d� �u�s�i�n�g� �a� �H�e�w�l�e�t�t�-�P�a�c�k�a�r�d� �m�o�d�e�l� �6�8�2�4�A� �D�C� �p�o�w�e�r� �s�u�p�p�l�y� 

�a�m�p�l�i�f�i�e�r� �t�o� �p�r�o�v�i�d�e� �a�n� �i�n�p�u�t� �s�i�g�n�a�l� �t�o� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�5� 

�V�r�m�s�.� �T�h�e� �i�n�p�u�t� �s�i�g�n�a�l� �a�m�p�l�i�t�u�d�e� �w�a�s� �l�i�m�i�t�e�d� �t�o� �t�h�i�s� �v�a�l�u�e� �b�y� �t�h�e� �o�u�t�p�u�t� �c�a�p�a�b�i�l�i�t�y� �o�f� 
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�t�h�e� �p�o�w�e�r� �a�m�p�l�i�f�i�e�r�.� �T�h�e� �l�a�t�e�r�a�l� �s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �w�a�s� �m�e�a�s�u�r�e�d� �b�y� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r� 

�l�o�c�a�t�e�d� �7�6�.�2� �x� �1�0�-�3� �m� �f�r�o�m� �t�h�e� �l�e�f�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �T�h�i�s� �l�o�c�a�t�i�o�n� �w�a�s� �c�h�o�s�e�n� �s�i�n�c�e� 

�t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a�l�l� �m�o�d�e�s� �w�i�t�h�i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t� �w�e�r�e� �m�e�a�s�u�r�a�b�l�e�.� �T�h�e� 

�s�i�g�n�a�l� �w�a�s� �a�m�p�l�i�f�i�e�d� �u�s�i�n�g� �t�h�e� �K�i�s�t�l�e�r� �P�i�e�z�o�t�r�o�n� �C�o�u�p�l�e�r� �a�n�d� �a�l�s�o� �r�e�c�o�r�d�e�d� �b�y� �t�h�e� 

�T�e�k�t�r�o�n�i�c�s� �f�r�e�q�u�e�n�c�y� �a�n�a�l�y�z�e�r�.� �A� �d�i�a�g�r�a�m� �o�f� �t�h�e� �h�a�r�d�w�a�r�e� �s�e�t�u�p� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�7�.� 

�T�o� �s�i�m�p�l�i�f�y� �t�h�e� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �a�r�e� 

�s�e�p�a�r�a�t�e�d� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�:� �n�o�n�s�y�m�m�e�t�r�i�c� �a�n�d� �s�y�m�m�e�t�r�i�c� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� 

�e�x�c�i�t�a�t�i�o�n� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

�I�n� �t�h�e� �n�o�n�s�y�m�m�e�t�r�i�c� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s�,� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�f�u�n�c�t�i�o�n�s� �w�e�r�e� �f�o�r�m�e�d� �u�s�i�n�g� �t�h�e� �t�w�o� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �f�i�r�s�t� �t�e�s�t� �i�n�v�o�l�v�e�d� �e�x�c�i�t�a�t�i�o�n� �o�f� �t�h�e� 

�s�i�n�g�l�e� �l�a�y�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �a�l�o�n�e�.� �T�h�e� �s�e�c�o�n�d� �t�e�s�t� �e�x�c�i�t�e�d� �t�h�e� �t�w�o� �l�a�y�e�r� �a�c�t�u�a�t�o�r� 

�b�e�a�m� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �a�n�d� �i�n� �p�h�a�s�e�.� �T�h�e� �t�h�i�r�d� �a�n�d� �f�o�u�r�t�h� �t�e�s�t�s� �e�x�c�i�t�e�d� �e�a�c�h� �a�c�t�u�a�t�o�r� �i�n� �t�h�e� 

�m�u�l�t�i�p�l�e� �l�a�y�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�n�d�i�v�i�d�u�a�l�l�y�.� �I�n� �t�h�e� �n�o�n�s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �t�h�e� �a�c�t�u�a�t�o�r� 

�e�x�c�i�t�e�d� �b�o�t�h� �a�x�i�a�l� �a�n�d� �l�a�t�e�r�a�l� �s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �s�i�n�c�e� �t�h�e� �b�o�n�d�e�d� �a�c�t�u�a�t�o�r� �w�a�s� �n�o�t� 

�s�y�m�m�e�t�r�i�c� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�o�m�p�o�s�i�t�e� �n�e�u�t�r�a�l� �a�x�i�s�.� �D�u�e� �t�o� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� 

�o�r�i�e�n�t�a�t�i�o�n�,� �t�h�e� �a�x�i�a�l� �v�i�b�r�a�t�i�o�n� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �o�n�l�y� �a�s� �m�e�a�s�u�r�a�b�l�e� �a�s� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� 

�t�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y�.� �T�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �p�r�o�f�i�l�e� �o�f� �t�h�e� �a�c�t�u�a�t�o�r�s�,� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e� �d�i�r�e�c�t�i�o�n�s�,� 

�a�n�d� �i�n�d�u�c�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �l�o�a�d�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �t�h�e� �n�o�n�s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� 

�s�h�o�w�n� �i�n� �F�i�g�.� �4�.�8�.� 
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�I�n� �t�h�e� �s�y�m�m�e�t�r�i�c�a�l�l�y� �b�o�n�d�e�d� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�h�e� �t�w�o� �b�e�a�m�s� �w�e�r�e� �a�l�s�o� �u�s�e�d� �t�o� 

�c�r�e�a�t�e� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�.� �I�n� �t�h�e� �f�i�r�s�t� �e�x�p�e�r�i�m�e�n�t� �t�h�e� �t�w�o� �s�i�n�g�l�e� 

�l�a�y�e�r� �a�c�t�u�a�t�o�r�s� �w�e�r�e� �e�x�c�i�t�e�d� �o�u�t� �o�f� �p�h�a�s�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �o�n�e� �a�n�o�t�h�e�r�.� �I�n� �t�h�e� �s�e�c�o�n�d� 

�e�x�p�e�r�i�m�e�n�t� �a�l�l� �a�c�t�u�a�t�o�r�s� �i�n� �t�h�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�e�r�e� �e�x�c�i�t�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� 

�a�n�d� �o�u�t� �o�f� �p�h�a�s�e� �w�i�t�h� �t�h�e� �o�p�p�o�s�i�t�e� �s�i�d�e�.� �T�h�e� �t�h�i�r�d� �t�e�s�t� �e�x�c�i�t�e�d� �t�h�e� �i�n�n�e�r� �m�o�s�t� �a�c�t�u�a�t�o�r�s� 

�a�l�o�n�e� �a�n�d� �o�u�t� �o�f� �p�h�a�s�e�,� �a�n�d� �t�h�e� �f�o�u�r�t�h� �t�e�s�t� �e�x�c�i�t�e�d� �t�h�e� �o�u�t�e�r� �m�o�s�t� �a�c�t�u�a�t�o�r�s� �a�l�o�n�e� �a�n�d� �o�u�t� 

�o�f� �p�h�a�s�e� �i�n� �t�h�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �D�u�e� �t�o� �t�h�e� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r� 

�s�y�m�m�e�t�r�y�,� �a�n�d� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �e�x�c�i�t�a�t�i�o�n� �v�o�l�t�a�g�e� �d�i�r�e�c�t�i�o�n�s� �i�n� �e�a�c�h� �a�c�t�u�a�t�o�r�,� �t�h�e� 

�s�y�m�m�e�t�r�i�c�a�l�l�y� �b�o�n�d�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�n�l�y� �i�n�d�u�c�e� �l�a�t�e�r�a�l� �s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�.� �4�.�9�.� �F�i�g�u�r�e� �4�.�1�0� �p�r�o�v�i�d�e�s� �a� �r�e�f�e�r�e�n�c�e� �t�o� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r�s� �a�n�d� 

�s�e�n�s�o�r�s� �u�s�e�d� �1�n� �S�e�c�t�i�o�n�s� �4�.�3�.�1� �a�n�d� �4�.�3�.�2�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �d�e�s�i�g�n�e�d� �t�o� �e�x�c�i�t�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �u�s�i�n�g� �s�i�n�g�l�e� �a�n�d� �m�u�l�t�i�p�l�e� 

�l�a�y�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s�,� �i�n� �s�y�m�m�e�t�r�i�c� �a�n�d� �n�o�n�s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� 

�d�e�s�c�r�i�b�e�d�.� 

�4�.�4� �S�u�m�m�a�r�y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� 

�o�f� �v�a�r�i�o�u�s� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �s�y�s�t�e�m� �t�o� �d�i�f�f�e�r�e�n�t� �e�x�c�i�t�a�t�i�o�n� �s�o�u�r�c�e�s� �w�a�s� �d�e�s�c�r�i�b�e�d�.� �A� 

�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e�s�,� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�a�c�t�u�a�t�o�r�s�,� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l�,� �a�n�d� �e�x�t�e�r�n�a�l� �h�a�r�d�w�a�r�e� �w�a�s� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �p�u�r�p�o�s�e� �a�n�d� 

�a�p�p�r�o�a�c�h� �o�f� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t� �i�n� �a�c�h�i�e�v�i�n�g� �t�h�e� �t�h�e�s�i�s� �o�b�j�e�c�t�i�v�e�s� �w�a�s� �a�l�s�o� �c�o�v�e�r�e�d�.� �I�n� �t�h�e� 

�n�e�x�t� �c�h�a�p�t�e�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d�.� 

�6�0



�s�l�o�y�e�n�j�o�y� 
�[�7�d� �p�o�y�o�e�n�y� 

�A
�T

�e�o�m
�m

�o�u�m
�u�A

�g� 
�A�q� �p�o�y�e�o�r�y� 

�S�d�d�1�0�,�j� 
�d�u�e� �g�-�U�]� �p�u�r�e� �s�y�u�s�W

�I�O
�P�]� 

�S�u�U
�I�P�U

�S�g� 
�6�'�p� �B�M

�N
�S�I�J� 

�O
�I�N

�J�O
�N

�S
� 

�3�}� �U�l� �p�o�o�n�p�u�y� 
�s�j�u

�W
�O

�y�]� 
�p�u�v� �s�o�d�J�0�,�j� 

�J�u�o�p�e�a�t�n�b�y� 
�(�q�)� 

�a�s�e�y�[�O
�A� 

�p�o�r�d�d�y� 
�o�}�;� �o�n�g� �s�o�o�J�o�0�,�j� 

�J�o�y�e�m
�o�y� 

�(�P�e�)� 

�U
�O

�T�F�E�I�N
�Z�T�y�U

�O
�_� 

�o
�O

�W
�W

�A
�S

� 

� � � � � � � � � � �s�I�x�y� �[�e�N�N�O�N� 
�
 
�
 

�
 
�
 

�
 
�
 

�A� 
�o�e� 

�i� 
�a� 

�
 
�
 

�
 
�
 

� � � � 

� � 

�c�a� �c�e� 

�
 
�
 

�u
�o

�T
�a

�N
� 

�U
�O

�N
�e�Z�I�e�[�O

�g� 
�
 
�
 

�6�1



�S�I�D
�O

�W
�I�O

�I�O
�T�I�O

�O
�Y� 

�p�u�e� �s�I�O
�J�e�T�M

�D�Y� 
�p�o�y�o�e�N

�y�Y� 
�J�O� �U�O

�N�R�O
�O

�'�T� 
�O�T� �'�p� �a

�m
�s

� 

�
 
�
 

�S�I�D�J�O
�U�I�O

�I�I�[�O
�O

�O
�Y� �
 
�
 �J�o�u�r�m

�e�y� 
�p�e�d�w

�y� 

�
 
�
 

�s�I�o�j�e�m
�o�y� 
�1�Z�d� 

�6�2



�C�h�a�p�t�e�r� �5� 

�R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� �p�r�e�s�e�n�t� �a�n�d� �a�n�a�l�y�z�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �w�i�l�l� �f�o�c�u�s� �o�n� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� 

�c�o�m�p�a�r�i�s�o�n� �t�o� �a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s�,� �a�n�d� �e�x�p�l�a�i�n� �a�n�y� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �e�x�p�e�c�t�e�d� �r�e�s�u�l�t�s�.� 

�T�h�e� �d�i�s�c�u�s�s�i�o�n�s� �w�i�l�l� �c�o�v�e�r� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �a�n�d� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� 

�e�x�p�e�r�i�m�e�n�t�s� �d�e�s�c�r�i�b�e�d� �p�r�e�v�i�o�u�s�l�y�.� 

�5�.�1� �S�t�r�u�c�t�u�r�a�l� �C�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �g�l�o�b�a�l� �d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� 

�o�f� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e�s�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �i�n�c�l�u�d�e�d� �a� 

�b�e�a�m� �w�i�t�h� �n�o� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �b�e�a�m�s� �w�i�t�h� �s�i�n�g�l�e� �a�n�d� �t�w�o� �l�a�y�e�r� �s�y�m�m�e�t�r�i�c� �a�n�d� 

�n�o�n�s�y�m�m�e�t�r�i�c� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e� �s�e�c�o�n�d� �p�u�r�p�o�s�e� �w�a�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �a�c�c�u�r�a�c�y� 

�o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �a�n�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� 

�u�s�i�n�g� �a�n� �e�a�s�i�l�y� �c�h�a�r�a�c�t�e�r�i�z�e�d� �i�m�p�a�c�t� �h�a�m�m�e�r� �t�e�s�t�.� 

�F�i�g�u�r�e� �5�.�1� �s�h�o�w�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�,� �p�h�a�s�e�,� �a�n�d� 

�c�o�h�e�r�e�n�c�e� �p�l�o�t�s�,� �f�o�r� �a�l�l� �a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �A�l�l� �t�h�r�e�e� �p�l�o�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �F�i�g�.� �5�.�1� �s�o� �t�h�e� �f�u�n�c�t�i�o�n�s� �c�a�n� �b�e� �e�a�s�i�l�y� �c�o�m�p�a�r�e�d�.� �T�h�e�s�e� �f�i�g�u�r�e�s� �a�r�e� �r�e�p�r�i�n�t�e�d� �s�e�p�a�r�a�t�e�l�y� 

�i�n� �F�i�g�s�.� �5�.�1�a�,� �5�.�1�b�,� �a�n�d� �5�.�1�c� �f�o�r� �c�l�a�r�i�t�y�.� �F�i�g�u�r�e� �5�.�2� �s�h�o�w�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �a�n�d� �p�h�a�s�e� �p�l�o�t�s�.� 
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�I�n� �F�i�g�.� �5�.�1�a� �t�h�e� �m�o�s�t� �n�o�t�a�b�l�e� �t�r�e�n�d� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �i�s� �a� �d�e�c�r�e�a�s�e� �i�n� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �i�n� �m�o�d�e�s� �t�w�o� �t�h�r�o�u�g�h� �f�i�v�e�,� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �a�t�t�a�c�h�e�d� 

�a�c�t�u�a�t�o�r�s�.� �T�h�e� �d�e�c�r�e�a�s�e� �i�n� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �i�n�d�i�c�a�t�e� �t�h�e� �m�a�s�s� �e�f�f�e�c�t�s� �i�n�d�u�c�e�d� �b�y� �t�h�e� 

�a�c�t�u�a�t�o�r�s� �a�r�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �s�t�i�f�f�n�e�s�s� �e�f�f�e�c�t�s� �a�t� �t�h�i�s� �l�o�c�a�t�i�o�n�.� �T�h�i�s� �s�t�a�t�e�m�e�n�t� �i�s� �o�n�l�y� �v�a�l�i�d� 

�f�o�r� �t�h�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n� �t�e�s�t�e�d� �b�e�c�a�u�s�e� �t�h�e� �a�c�t�u�a�t�o�r� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� 

�t�e�r�m�s� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �a�c�t�u�a�t�o�r ��s� �s�t�r�u�c�t�u�r�a�l� �l�o�c�a�t�i�o�n�.� �T�h�e� �m�a�s�s� �e�f�f�e�c�t�s� �a�r�e� �g�r�e�a�t�e�s�t� �n�e�a�r� �t�h�e� 

�a�n�t�i�n�o�d�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �m�o�d�e�s�,� �d�r�i�v�i�n�g� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �m�o�d�e�s� 

�l�o�w�e�r�,� �w�h�e�r�e�a�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �e�f�f�e�c�t�s� �a�r�e� �g�r�e�a�t�e�s�t� �n�e�a�r� �t�h�e� �n�o�d�e�s� �o�f� �t�h�e� �m�o�d�e�s�,� �f�o�r�c�i�n�g� �t�h�e� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �h�i�g�h�e�r�.� �T�h�i�s� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �a�n� �a�n�a�l�y�t�i�c�a�l� 

�e�x�p�e�r�i�m�e�n�t� �(�r�e�s�u�l�t�s� �a�r�e� �n�o�t� �s�h�o�w�n�)�,� �w�h�e�r�e� �t�h�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n� �w�a�s� �m�o�v�e�d� �a�l�o�n�g� �t�h�e� 

�b�e�a�m� �l�e�n�g�t�h�.� 

�F�i�g�u�r�e� �5�.�2�a� �s�h�o�w�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�,� �w�h�i�c�h� �a�c�c�o�u�n�t�s� 

�f�o�r� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�s�s�e�s� �a�n�d� �l�o�c�a�t�i�o�n�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �A� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �i�n� �F�i�g�s�.� �5�.�1�a� �a�n�d� �5�.�2�a�,� �a�n�d� �t�h�e� �p�e�r�c�e�n�t� �d�i�f�f�e�r�e�n�c�e�s�,� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �5�.�1�.� �I�t� �i�s� �s�e�e�n� �i�n� �T�a�b�l�e� �5�.�1� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� 

�e�s�t�i�m�a�t�e�s� �d�e�c�r�e�a�s�e�d� �f�o�r� �m�o�d�e�s� �t�h�r�e�e� �t�h�r�o�u�g�h� �f�i�v�e�,� �f�o�r� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �a�t�t�a�c�h�e�d� 

�a�c�t�u�a�t�o�r�s�,� �b�u�t� �i�n�c�r�e�a�s�e�d� �s�l�i�g�h�t�l�y� �f�o�r� �m�o�d�e� �t�w�o�.� �T�h�e� �s�m�a�l�l� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�e�c�o�n�d� �m�o�d�e� �i�s� 

�a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n� �b�e�i�n�g� �d�i�f�f�e�r�e�n�t� �t�h�e�n� �t�h�e� �a�c�t�u�a�l� �l�o�c�a�t�i�o�n� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �n�o�d�e�s� �a�n�d� �a�n�t�i�n�o�d�e�s� �o�f� �m�o�d�e� �t�w�o�.� �F�o�r� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e� �t�h�e� �a�c�t�u�a�t�o�r� 

�a�f�f�e�c�t�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�o�r�e� �t�h�a�n� �t�h�e� �m�a�s�s�,� �i�n�d�i�c�a�t�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�c�t�u�a�t�o�r� �i�s� �c�l�o�s�e�r� �t�o� �a� 

�m�o�d�e� �t�w�o� �n�o�d�e� �t�h�e�n� �t�h�e� �a�c�t�u�a�l� �a�c�t�u�a�t�o�r�.� �T�h�i�s� �c�a�n� �o�c�c�u�r� �i�f� �t�h�e� �n�o�d�e� �o�f� �t�h�e� �m�o�d�e� �t�w�o� 

�a�n�a�l�y�t�i�c�a�l� �s�h�a�p�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �i�n� �t�h�e� �s�a�m�e� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�s� �t�h�e� �a�c�t�u�a�l� �m�o�d�e� 

�t�w�o� �n�o�d�e�.� 
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�c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�i�s� �f�i�g�u�r�e� �i�s� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �o�t�h�e�r� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �i�n� �F�i�g�s�.� �5�.�1�a� �a�n�d� 

�5�.�2�4�.� 

�A� �d�i�f�f�e�r�e�n�c�e� �i�n� �F�i�g� �5�.�3�,� �a�n�d� �e�v�i�d�e�n�t� �i�n� �a�l�l� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �i�s� �i�n� �t�h�e� �0�-�2�5� �H�z� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� �E�x�p�e�r�i�m�e�n�t�s� �s�h�o�w� �a� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �i�n� �t�h�i�s� �r�e�g�i�o�n�,� �w�h�e�r�e�a�s� 

�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �d�o� �n�o�t�.� �A� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �i�s� �a�l�t�h�o�u�g�h� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �w�a�s� 

�c�o�n�f�i�g�u�r�e�d� �t�o� �m�e�a�s�u�r�e� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �i�t� �w�a�s� �s�t�i�l�l� �s�e�n�s�i�t�i�v�e� �t�o� �t�r�a�n�s�v�e�r�s�e� 

�v�i�b�r�a�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �d�e�f�i�n�e�d� �a�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �l�a�t�e�r�a�l� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �m�i�n�i�m�u�m� 

�t�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �u�s�e�d� �w�a�s� �2�.�8�%�,� �o�r� �-�3�1� �d�B�,� �o�f� �t�h�e� �l�a�t�e�r�a�l� 

�v�i�b�r�a�t�i�o�n�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n�,� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �v�i�b�r�a�t�i�o�n�a�l� �m�o�d�e� �o�f� �t�h�e� 

�b�e�a�m� �a�n�d� �m�o�u�n�t� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �a�t� �2�0� �H�z�,� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4�,� �m�a�y� �e�x�p�l�a�i�n� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s�.� 
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�« ��»� �T�r�a�n�s�v�e�r�s�e� �D�i�r�e�c�t�i�o�n� 

�F�i�g�u�r�e� �5�.�4� �A�c�t�u�a�l� �E�x�p�e�r�i�m�e�n�t�a�l� �E�n�d� �C�o�n�d�i�t�i�o�n�s� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �p�h�a�s�e� �p�l�o�t�s�,� �F�i�g�s�.� �5�.�1�b� �a�n�d� �5�.�2�b�,� �a�r�e� �a�l�s�o� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�e� 

�t�w�o� �p�l�o�t�s� �e�x�h�i�b�i�t� �t�h�e� �s�a�m�e� �t�r�e�n�d�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �s�p�i�k�e�s� �p�r�e�s�e�n�t� �i�n� �F�i�g�.� �5�.�1�b�.� �T�h�e�s�e� 

�f�r�e�q�u�e�n�c�y� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �z�e�r�o�s� �o�f� �t�h�e� �s�y�s�t�e�m� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�a�.� �T�h�e� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �p�h�a�s�e� �a�t� �z�e�r�o� �l�o�c�a�t�i�o�n�s� �a�r�e� �s�u�b�j�e�c�t� �t�o� �e�r�r�o�r� �b�e�c�a�u�s�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �d�u�e� �t�o� �t�h�e� 

�e�x�c�i�t�a�t�i�o�n� �i�s� �s�m�a�l�l�.� �A�l�s�o�,� �d�a�t�a� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �a� �z�e�r�o� �i�s� �q�u�e�s�t�i�o�n�a�b�l�e� �d�u�e� �t�o� �t�h�e� 

�d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �a�n�a�l�y�z�e�r�,� �w�h�i�c�h� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �7�0� �d�B�.� �B�e�s�i�d�e�s� �t�h�e�s�e� �l�o�c�a�l�i�z�e�d� 
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�d�i�f�f�e�r�e�n�c�e�s�,� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �p�h�a�s�e� �p�r�o�f�i�l�e�s� �i�s� �e�x�c�e�l�l�e�n�t�.� 

�T�h�i�s� �i�s� �s�e�e�n� �i�n� �t�h�e� �c�l�e�a�r�l�y� �d�e�f�i�n�e�d� �o�s�c�i�l�l�a�t�i�o�n�s� �a�t� �e�a�c�h� �o�f� �t�h�e� �z�e�r�o�s� �a�n�d� �p�o�l�e�s�.� 

�A�n�o�t�h�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �F�i�g�s� �5�.�1�a� �a�n�d� �5�.�2�a�,� �i�s� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �r�e�s�p�o�n�s�e� �m�a�g�n�i�t�u�d�e� �w�i�t�h� 

�i�n�c�r�e�a�s�e�d� �n�u�m�b�e�r� �o�f� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �i�n�c�r�e�a�s�e�d� �d�a�m�p�i�n�g� �i�s� �a�l�s�o� �e�v�i�d�e�n�t� �i�n� �F�i�g�s�.� 

�5�.�1�b� �a�n�d� �5�.�2�b� �a�s� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�h�a�s�e� �p�r�o�f�i�l�e�s�.� �T�a�b�l�e� �5�.�2� �s�h�o�w�s� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �f�o�r� �e�a�c�h� �m�o�d�e� �a�n�d� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e�s�e� �r�e�s�u�l�t�s� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s� �i�n�c�r�e�a�s�e�s�,� �s�o� �d�o�e�s� �t�h�e� �s�y�s�t�e�m� �d�a�m�p�i�n�g�.� �A�l�l� 

�e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �a�c�t�u�a�t�o�r�s� �i�n� �a�n� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�n�d�i�t�i�o�n�,� �m�e�a�n�i�n�g� �n�o� 

�v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y� �w�a�s� �e�l�e�c�t�r�o�n�i�c�a�l�l�y� �d�i�s�s�i�p�a�t�e�d�.� �E�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �i�n� �t�h�e� �f�o�r�m� �o�f� �v�i�s�c�o�u�s� �d�a�m�p�i�n�g�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�h�e�r�e�n�c�e� �p�l�o�t�,� �F�i�g�.� �5�.�1�c�,� �i�s� �a�l�s�o� �o�f� �i�n�t�e�r�e�s�t�.� �N�o�t�i�c�e� �t�h�e� �d�r�o�p�s� �i�n� 

�c�o�h�e�r�e�n�c�e� �a�r�o�u�n�d� �5�0�,� �1�8�5�,� �4�1�5�,� �7�1�0�,� �a�n�d� �8�0�0�-�8�5�0� �H�z� �r�a�n�g�e�s�.� �T�h�e� �f�i�r�s�t� �f�o�u�r� �f�r�e�q�u�e�n�c�i�e�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �z�e�r�o�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �z�e�r�o�s� �o�f� �t�h�e� �s�y�s�t�e�m� �a�r�e� �t�h�o�s�e� �f�r�e�q�u�e�n�c�i�e�s� �w�h�e�r�e� 

�t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �i�n�h�i�b�i�t�e�d� �a�n�d� �t�h�e�s�e� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�t�o�r� 

�a�n�d� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s�.� �A�t� �t�h�e�s�e� �l�o�c�a�t�i�o�n�s� �a�n�d� �f�r�e�q�u�e�n�c�i�e�s� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�r�e�s�p�o�n�s�e� �a�n�d� �i�n�p�u�t� �s�i�g�n�a�l�s� �a�r�e� �s�m�a�l�l�,� �t�h�e�r�e�b�y� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �c�o�h�e�r�e�n�c�e� �v�a�l�u�e�.� �T�h�e� �d�r�o�p� �i�n� 

�c�o�h�e�r�e�n�c�e� �a�r�o�u�n�d� �8�0�0�-�8�5�0� �H�z� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �f�i�f�t�h� �m�o�d�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �l�o�w� 

�c�o�h�e�r�e�n�c�e� �a�t� �t�h�e�s�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �d�u�e� �t�o� �r�o�l�l� �o�f�f� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l�.� �T�h�e� 

�f�r�e�q�u�e�n�c�y� �a�t� �w�h�i�c�h� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �b�e�g�i�n�s� �t�o� �r�o�l�l� �o�f�f� �i�s� �d�i�c�t�a�t�e�d� �b�y� �t�h�e� �t�y�p�e� �o�f� �t�i�p� �u�s�e�d� 

�w�i�t�h� �t�h�e� �i�m�p�a�c�t� �h�a�m�m�e�r�.� �F�o�r� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s�,� �t�h�e� �r�o�l�l� �o�f�f� �b�e�g�a�n� �a�r�o�u�n�d� �5�0�0� �H�z� �w�i�t�h� 

�t�h�e� �3� �d�B� �p�o�i�n�t� �a�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�1�5�0� �H�z�.� �T�h�e� �r�o�l�l� �o�f�f� �i�n�i�t�i�a�t�i�o�n� �c�a�n� �b�e� �s�e�e�n� �a�s� �a� �s�l�i�g�h�t� 

�d�e�c�r�e�a�s�e� �i�n� �t�h�e� �c�o�h�e�r�e�n�c�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �f�o�u�r�t�h� �m�o�d�e� �i�n� �t�h�e� �5�0�0�-�6�0�0� �H�z� �r�a�n�g�e�.� �T�h�e� 
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�c�o�h�e�r�e�n�c�e� �v�a�l�u�e�s� �a�r�e� �l�o�w�e�r� �f�o�r� �t�h�e� �f�i�f�t�h� �m�o�d�e� �b�e�c�a�u�s�e� �l�e�s�s� �e�n�e�r�g�y� �i�s� �i�n�p�u�t� �i�n�t�o� �t�h�e� �s�y�s�t�e�m� 

�a�n�d� �t�h�u�s�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �i�s� 

�d�e�c�r�e�a�s�e�d�.� 

�U�s�i�n�g� �T�a�b�l�e� �5�.�1�,� �t�h�e� �p�e�r�c�e�n�t� �d�i�f�f�e�r�e�n�c�e� �c�a�l�c�u�l�a�t�i�o�n�s� �v�e�r�i�f�y� �t�h�e� �a�s�s�u�m�e�d� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� 

�s�e�l�e�c�t�e�d� �t�o� �f�o�r�m� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �a�n�d� �i�n�d�i�r�e�c�t�l�y�,� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s�,� �w�e�r�e� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� �t�h�e� �t�r�u�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �o�n�l�y� 

�e�x�c�e�p�t�i�o�n� �i�s� �t�h�e� �t�w�o� �l�a�y�e�r� �s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �r�a�n�g�e� �f�r�o�m� �2�%�-� 

�1�1�%�.� �T�h�e� �l�a�r�g�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �e�x�p�l�a�i�n�e�d� �b�y� �r�e�c�a�l�l�i�n�g� �t�h�e� �a�s�s�u�m�e�d� 

�m�o�d�e� �m�e�t�h�o�d� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �t�e�c�h�n�i�q�u�e� �f�o�r� �e�s�t�a�b�l�i�s�h�i�n�g� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�o�r�c�e�d� 

�r�e�s�p�o�n�s�e� �o�f� �d�i�s�c�o�n�t�i�n�u�o�u�s� �s�y�s�t�e�m�s�.� �T�h�e� �a�p�p�r�o�a�c�h� �w�i�l�l� �o�n�l�y� �p�r�o�v�i�d�e� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s� �i�f� �t�h�e� 

�d�i�s�c�o�n�t�i�n�u�i�t�y� �i�s� �n�o�t� �p�r�o�n�o�u�n�c�e�d� �a�n�d� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �t�r�u�e� 

�m�o�d�e� �s�h�a�p�e�s�.� �S�i�n�c�e� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�y� �i�s� �g�r�e�a�t�e�r� �i�n� �t�h�e� �t�w�o� �l�a�y�e�r� �s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� 

�t�h�e� �t�r�u�e� �m�o�d�e� �s�h�a�p�e�s� �a�r�e� �l�e�s�s� �a�c�c�u�r�a�t�e�l�y� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �a�s�s�u�m�e�d� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� �T�h�i�s� 

�w�i�l�l� �i�n�t�r�o�d�u�c�e� �a�n� �e�r�r�o�r� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �p�e�r�c�e�n�t� 

�d�i�f�f�e�r�e�n�c�e�s� �b�e�c�o�m�e� �p�r�o�g�r�e�s�s�i�v�e�l�y� �l�a�r�g�e�r� �a�s� �m�o�r�e� �a�c�t�u�a�t�o�r�s� �a�r�e� �a�t�t�a�c�h�e�d� �f�o�r� �t�h�e� �r�e�a�s�o�n�s� 

�p�r�e�v�i�o�u�s�l�y� �c�i�t�e�d�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �f�o�l�l�o�w� �t�h�e� �s�a�m�e� �t�r�e�n�d�s� �a�s� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�s� �i�n� �T�a�b�l�e� �5�.�1�,� �t�h�e�y� �d�e�c�r�e�a�s�e� �w�i�t�h� �i�n�c�r�e�a�s�e�d� �n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s�,� �t�h�e� 

�d�i�s�c�r�e�p�a�n�c�i�e�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �p�e�r�c�e�n�t� �d�i�f�f�e�r�e�n�c�e� �v�a�l�u�e�s� �n�e�e�d� �d�i�s�c�u�s�s�i�o�n�.� �O�n�e� �p�o�s�s�i�b�l�e� 

�r�e�a�s�o�n� �f�o�r� �t�h�e� �e�r�r�o�r�s� �i�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �o�n�l�y� �e�s�t�i�m�a�t�e�s� �o�f� 

�t�h�e� �t�r�u�e� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�.� �A�n�o�t�h�e�r� �r�e�a�s�o�n� �i�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� 
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�a�r�e� �o�n�l�y� �a�s� �v�a�l�i�d� �a�s� �t�h�e� �c�u�r�v�e�-�f�i�t�t�i�n�g� �r�o�u�t�i�n�e� �u�s�e�d�.� �F�i�n�a�l�l�y�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �m�a�y� �n�o�t� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �a�c�t�u�a�l� �s�y�s�t�e�m�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �e�n�d� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�o�t� �t�r�u�e� 

�s�i�m�p�l�e� �s�u�p�p�o�r�t�s� �d�u�e� �t�o� �f�i�n�i�t�e� �t�r�a�n�s�l�a�t�i�o�n�a�l� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �m�o�u�n�t�s�,� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �5�.�4�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� �t�h�i�s� �s�t�u�d�y�,� �i�t� �w�a�s� �f�e�l�t� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �a�d�d�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� 

�t�r�a�n�s�l�a�t�i�o�n�a�l� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �e�n�d� �s�u�p�p�o�r�t�s� �w�a�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �d�u�e� 

�t�o� �t�h�e� �l�o�w� �p�e�r�c�e�n�t� �d�i�f�f�e�r�e�n�c�e�s� �c�i�t�e�d� �i�n� �T�a�b�l�e� �5�.�1�.� 

�T�h�i�s� �e�x�p�e�r�i�m�e�n�t� �a�l�s�o� �p�r�o�v�i�d�e�d� �a�n� �o�p�p�o�r�t�u�n�i�t�y� �t�o� �e�v�a�l�u�a�t�e� �a�n� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� 

�u�s�i�n�g� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y�.� �T�h�e� �p�u�r�p�o�s�e� �w�a�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �a�d�d�e�d� 

�c�o�m�p�l�e�x�i�t�y� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �m�o�d�e�l� �w�a�s� �w�a�r�r�a�n�t�e�d�.� �T�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �f�o�r� �b�e�a�m�s� �w�i�t�h� �n�o� �a�c�t�u�a�t�o�r�s� �a�n�d� �a� �s�i�n�g�l�e� �l�a�y�e�r� �n�o�n�s�y�m�m�e�t�r�i�c� �a�c�t�u�a�t�o�r� 

�w�e�r�e� �e�x�a�m�i�n�e�d�.� �R�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e�s� �5�.�3� �a�n�d� �5�.�4�.� �I�n� �F�i�g�.� �5�.�1�a� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �d�e�c�r�e�a�s�e�d�,� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �A�n� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�i�s� �t�r�e�n�d�.� 

�R�e�v�i�e�w�i�n�g� �t�h�e� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �p�r�e�d�i�c�t�i�o�n�s� �i�n� �T�a�b�l�e�s� �5�.�3� �a�n�d� �5�.�4�,� �i�t� �i�s� 

�s�e�e�n� �t�h�e� �e�s�t�i�m�a�t�e�s� �i�n�c�r�e�a�s�e� �w�i�t�h� �m�o�r�e� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �A�n�a�l�y�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �s�h�o�w�e�d� 

�t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �c�o�n�t�i�n�u�a�l�l�y� �i�n�c�r�e�a�s�e�d� �w�i�t�h� �m�o�r�e� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� 

�w�h�i�c�h� �a�r�e� �n�o�t� �p�r�e�s�e�n�t�e�d�.� �T�h�i�s� �t�r�e�n�d� �c�o�n�t�r�a�d�i�c�t�s� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t�s� �i�n� �F�i�g�.� �5�.�1�a�.� 

�I�n� �c�o�n�t�r�a�s�t�,� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �d�e�c�r�e�a�s�e� �w�i�t�h� 

�m�o�r�e� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �R�e�a�s�o�n�s� �f�o�r� �t�h�e� �s�m�a�l�l� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�e�c�o�n�d� �m�o�d�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�y� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �p�r�e�v�i�o�u�s�l�y�.� �E�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �d�i�v�e�r�g�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �m�o�d�e�l�i�n�g� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �a�n�a�l�y�z�i�n�g� �e�a�c�h� �m�o�d�e�l�.� 
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�T�h�e� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� �m�o�d�e�l� �i�s� �a� �s�i�m�p�l�i�f�i�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �m�o�d�e�l� �b�e�c�a�u�s�e� �i�t� 

�d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e�s�e� 

�e�f�f�e�c�t�s� �b�e�c�o�m�e� �i�n�c�r�e�a�s�i�n�g�l�y� �i�m�p�o�r�t�a�n�t� �i�n� �h�i�g�h�e�r� �m�o�d�e�s� �a�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �b�e�a�m� �l�e�n�g�t�h� 

�b�e�t�w�e�e�n� �t�h�e� �n�o�d�e�s� �d�e�c�r�e�a�s�e�s�.� �A�l�s�o�,� �i�n� �s�y�s�t�e�m�s� �w�h�e�r�e� �t�h�e� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s� �u�s�e� 

�v�i�s�c�o�e�l�a�s�t�i�c� �b�o�n�d�i�n�g� �l�a�y�e�r�s�,� �a�s� �i�s� �t�h�e� �c�a�s�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�s� 

�m�o�r�e� �p�r�e�v�a�l�e�n�t�.� �T�h�e� �r�e�s�u�l�t�s� �i�n� �T�a�b�l�e�s� �5�.�3� �a�n�d� �5�.�4� �i�n�d�i�c�a�t�e� �t�h�e�s�e� �e�f�f�e�c�t�s� �a�r�e� �p�r�e�s�e�n�t� �a�n�d� 

�s�u�p�p�o�r�t� �t�h�e� �n�e�e�d� �f�o�r� �a� �b�e�a�m� �m�o�d�e�l� �w�h�i�c�h� �c�a�n� �a�c�c�o�u�n�t� �f�o�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �r�o�t�a�r�y� 

�i�n�e�r�t�i�a�.� �T�h�i�s� �v�a�l�i�d�a�t�e�s� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �m�o�d�e�l� �a�n�d� �t�h�e� �a�d�d�e�d� 

�c�o�m�p�l�e�x�i�t�y� �i�n�h�e�r�e�n�t� �i�n� �t�h�a�t� �t�h�e�o�r�y�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �d�e�s�i�g�n�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �s�t�r�u�c�t�u�r�e�s� �w�e�r�e� 

�p�r�e�s�e�n�t�e�d�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �i�n� �s�i�m�u�l�a�t�i�n�g� �a�n� �i�m�p�a�c�t� �h�a�m�m�e�r� �t�e�s�t� �w�a�s� 

�d�i�s�c�u�s�s�e�d�.� �I�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �d�e�c�r�e�a�s�e�d� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�d�a�m�p�i�n�g� �i�n�c�r�e�a�s�e�d� �w�i�t�h� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �a�n�d� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �w�e�r�e� �s�h�o�w�n� �t�o� �b�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �i�n�c�l�u�d�i�n�g� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �i�n� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�e�r�e� �a�l�s�o� �d�e�m�o�n�s�t�r�a�t�e�d�,� �j�u�s�t�i�f�y�i�n�g� �t�h�e� �a�d�d�e�d� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� 

�e�x�p�e�r�i�m�e�n�t� �r�e�s�u�l�t�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�.� 
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�5�.�2� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r� �E�x�c�i�t�a�t�i�o�n� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �t�o� �c�o�m�p�a�r�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�,� �b�o�t�h� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e�,� �u�s�i�n�g� �m�u�l�t�i�p�l�e� �a�n�d� �s�i�n�g�l�e� �l�a�y�e�r� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� �f�o�r� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �a�s�s�e�s�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �a�c�c�u�r�a�c�y�.� �T�h�e� 

�s�e�c�t�i�o�n� �o�u�t�l�i�n�e� �i�s� �a�s� �f�o�l�l�o�w�s�.� �F�i�r�s�t�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�f�o�l�l�o�w�e�d� �b�y� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �a�c�c�u�r�a�c�y� �i�s� �t�h�e�n� �a�d�d�r�e�s�s�e�d� 

�u�s�i�n�g� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �n�o�n�s�y�m�m�e�t�r�i�c� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �f�i�r�s�t�,� �f�o�l�l�o�w�e�d� �b�y� �t�h�e� �s�y�m�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

�F�i�g�u�r�e� �5�.�5� �s�h�o�w�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �b�e�t�w�e�e�n� �a�c�c�e�l�e�r�a�t�i�o�n� �a�n�d� 

�a�p�p�l�i�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �v�o�l�t�a�g�e� �f�o�r� �t�h�e� �n�o�n�s�y�m�m�e�t�r�i�c� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� 

�p�r�e�d�i�c�t�i�o�n�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �5�.�6�.� �I�n� �a�l�l� �e�x�p�e�r�i�m�e�n�t�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �w�a�s� �1�0�0�-�9�0�0� 

�H�z�,� �e�n�c�o�m�p�a�s�s�i�n�g� �m�o�d�e�s� �t�w�o� �t�h�r�o�u�g�h� �f�i�v�e�.� �M�o�d�e� �o�n�e� �i�s� �n�o�t� �s�h�o�w�n� �b�e�c�a�u�s�e� �o�f� �t�h�e� �s�m�a�l�l� 

�r�e�s�p�o�n�s�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �o�t�h�e�r� �m�o�d�e�s�.� �T�h�i�s� �w�a�s� �d�u�e� �t�o� �t�h�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �b�e�a�m�.� 

�F�i�g�u�r�e� �5�.�7� �o�v�e�r�l�a�y�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �t�w�o� �l�a�y�e�r� �n�o�n�s�y�m�m�e�t�r�i�c� 

�a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� 

�I�n� �b�o�t�h� �F�i�g�s�.� �5�.�5� �a�n�d� �5�.�6� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�s�t�i�m�a�t�e�s� �f�o�r� �e�a�c�h� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �s�i�m�i�l�a�r�.� 

�T�h�e� �s�h�i�f�t�s� �i�n� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �s�i�n�g�l�e� �a�n�d� �m�u�l�t�i�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r�s� �a�r�e� �a�l�s�o� 

�a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �i�n� �F�i�g�.� �5�.�6�a�.� �T�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �p�l�o�t�s� �a�t� �r�e�s�o�n�a�n�c�e� �a�r�e� 

�a�l�s�o� �c�o�m�p�a�r�a�b�l�e� �s�i�n�c�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �I�n� �b�o�t�h� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �c�a�s�e�s� �t�h�e� �m�u�l�t�i�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �p�r�o�v�i�d�e�d� �i�n�c�r�e�a�s�e�d� 
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�F�i�g�u�r�e� �5�.�1�0� �C�o�m�p�a�r�i�s�o�n� �o�f� �A�n�a�l�y�t�i�c�a�l� �a�n�d� �E�x�p�e�r�i�m�e�n�t� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n�s� �f�o�r� 

�t�h�e� �S�i�n�g�l�e� �L�a�y�e�r� �S�y�m�m�e�t�r�i�c� �A�c�t�u�a�t�o�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�a�.� �M�a�g�n�i�t�u�d�e� 

�b�.� �P�h�a�s�e� 
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�T�h�e� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �t�h�e� �o�f�f�-�r�e�s�o�n�a�n�c�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �p�l�o�t�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g� �5�.�7�a�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �p�l�o�t� �o�r�d�e�r� �i�n� �F�i�g�s� 

�5�.�5�a� �a�n�d� �5�.�6�a�,� �a�n�d� �t�h�e� �s�h�i�f�t�s� �i�n� �e�x�p�e�r�i�m�e�n�t�a�l� �p�h�a�s�e� �a�c�r�o�s�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� �U�s�i�n�g� �F�i�g�.� 

�5�.�7�,� �i�t�i�s� �o�b�v�i�o�u�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �d�o�e�s� �n�o�t� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�A� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �o�f�f�-�r�e�s�o�n�a�n�c�e� �m�a�g�n�i�t�u�d�e�s� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� 

�a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �z�e�r�o� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �s�y�s�t�e�m� �z�e�r�o�s� �a�r�e� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�t�o�r� �a�n�d� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�,� �t�h�e� 

�c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �e�a�c�h� �m�o�d�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �w�i�l�l� �v�a�r�y�.� �I�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�e�n�s�o�r� 

�l�o�c�a�t�i�o�n� �d�i�f�f�e�r�s� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �l�o�c�a�t�i�o�n�,� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�p�o�n�s�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �z�e�r�o� 

�f�r�e�q�u�e�n�c�i�e�s� �w�i�l�l� �b�e� �a�f�f�e�c�t�e�d�.� �B�o�t�h� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �e�v�i�d�e�n�t� �i�n� �F�i�g�.� �5�.�7�.� �T�h�i�s� �s�c�e�n�a�r�i�o� �i�s� 

�p�o�s�s�i�b�l�e� �s�i�n�c�e� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �i�s� �p�h�y�s�i�c�a�l�l�y� �a� �d�i�s�t�r�i�b�u�t�e�d� �s�e�n�s�o�r� �b�u�t� �a�n�a�l�y�t�i�c�a�l�l�y� �m�o�d�e�l�e�d� 

�a�s� �a� �p�o�i�n�t� �s�e�n�s�o�r�.� 

�A�n�o�t�h�e�r� �v�a�r�i�a�t�i�o�n� �b�e�t�w�e�e�n� �F�i�g�s�.� �5�.�5� �a�n�d� �5�.�6� �a�r�e� �t�h�e� �p�h�a�s�e� �p�r�o�f�i�l�e�s�.� �E�x�c�l�u�d�i�n�g� �p�h�a�s�e� �w�r�a�p�,� 

�l�o�c�a�t�e�d� �a�t� �t�h�e� �s�y�s�t�e�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �z�e�r�o�s�,� �t�h�e� �m�a�i�n� �v�a�r�i�a�t�i�o�n� �i�s� �t�h�e� �p�h�a�s�e� �s�h�i�f�t� �i�n� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�h�a�s�e� �i�s� �s�h�i�f�t�e�d� �3�0�°� �t�o� �5�0�°� �a�c�r�o�s�s� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �e�s�t�i�m�a�t�e�s�.� �A� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �t�h�e� �p�h�a�s�e� 

�s�h�i�f�t� �i�s� �s�h�e�a�r� �l�a�g� �i�n� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �3�M� �b�o�n�d�i�n�g� �l�a�y�e�r�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �a�s� �a�n� �a�c�t�u�a�t�o�r� �i�s� 

�e�x�c�i�t�e�d�,� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �i�s� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �t�h�r�o�u�g�h� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r�.� �I�f� �t�h�e� 

�b�o�n�d�i�n�g� �l�a�y�e�r� �h�a�s� �a� �l�o�w� �s�h�e�a�r� �a�n�d� �e�l�a�s�t�i�c� �m�o�d�u�l�i� �a�n�d� �h�i�g�h� �l�o�s�s� �f�a�c�t�o�r�,� �t�h�e�n� �t�h�e� �a�c�t�u�a�t�o�r� 

�i�n�d�u�c�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �w�i�l�l� �b�e� �d�i�s�s�i�p�a�t�e�d� �i�n� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �t�h�r�o�u�g�h� �l�a�m�i�n�a� �d�e�f�o�r�m�a�t�i�o�n�.� 

�T�h�e� �s�h�e�a�r� �l�a�g�,� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s�,� �w�i�l�l� �b�e� �e�v�i�d�e�n�t� �a�s� �a� 

�s�h�i�f�t� �i�n� �p�h�a�s�e� �a�c�r�o�s�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� 
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�T�o� �t�e�s�t� �w�h�e�t�h�e�r� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�a�c�t�u�a�t�o�r� �i�n�d�u�c�e�d� �m�o�m�e�n�t� �a�n�d� �f�o�r�c�e�,� �a�n� �a�n�a�l�y�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �d�e�s�i�g�n�e�d�.� �T�h�e� �a�c�t�u�a�t�o�r� 

�a�p�p�l�i�e�d� �m�o�m�e�n�t� �E�q�.� �(�3�.�1�5�)�,� �a�n�d� �t�h�e� �u�n�k�n�o�w�n� �s�t�r�u�c�t�u�r�a�l� �p�a�r�a�m�e�t�e�r�,� �C�,� �E�q�.� �(�3�.�1�4�)�,� �w�e�r�e� 

�e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �a�r�e� 

�e�v�a�l�u�a�t�e�d� �q�u�a�n�t�i�t�a�t�i�v�e�l�y�.� �F�i�g�u�r�e� �5�.�1�1� �s�h�o�w�s� �t�h�e� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�.� 

� � 

�A�c�t�u�a�t�o�r� 
�E�,� �=� �6�3� �x� �1�0�°� �P�a� 
�A�=�6�.�2�3� �x� �1�0�7�7� �N�m�/�V� 

� � 

�B�o�n�d�i�n�g� �L�a�y�e�r� 
�E�,�=� �s�e�l�e�c�t�a�b�l�e� 

� � � � 
� � � � � � � � � � 

� � 

� � 

�N�e�u�t�r�a�l� �A�x�i�s� 
�_� �~�C�-� 

�M� 

 � �� �3�0�4�.�8� �x� �1�0�°�m� 

 ��=�~�5�0�.�8�x� �1�0�°�m� 

�>�  ��  ��  �� �3�1�7�5�.�1�x�1�0�°�m� 

�M� 
�B�e�a�m� 
�E�,�,�=� �6�6�.�5� �x� �1�0�?� �P�a� 

� � 

� � 

� � 

� � � � � � 

�F�i�g�u�r�e� �5�.�1�1� �S�i�n�g�l�e� �L�a�y�e�r� �A�c�t�u�a�t�o�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� �f�o�r� �A�n�a�l�y�t�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� 

�T�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t�,� �M�,� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �p�a�r�a�m�e�t�e�r�,� �C�,� �w�e�r�e� �e�v�a�l�u�a�t�e�d� �b�y� �v�a�r�y�i�n�g� �t�h�e� 

�b�o�n�d�i�n�g� �l�a�y�e�r� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �w�h�i�l�e� �h�o�l�d�i�n�g� �a�l�l� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s� �c�o�n�s�t�a�n�t�.� �D�u�e� �t�o� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �l�o�s�s� �f�a�c�t�o�r� �p�a�r�a�m�e�t�e�r� �w�a�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� 

�m�o�d�e�l�.� �T�h�e� �r�e�s�u�l�t�s�,� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�3�,� �a�r�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �t�o� �b�e�a�m� 

�m�o�d�u�l�u�s� �r�a�t�i�o�.� 
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�A�s�s�u�m�i�n�g� �a�n� �a�c�t�u�a�t�o�r� �i�s� �n�o�t� �a�t�t�a�c�h�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �i�n� �t�h�e� �a�c�t�u�a�t�o�r� �d�u�e� 

�t�o� �s�t�r�e�s�s�,� �6�,� �w�o�u�l�d� �e�q�u�a�l� �z�e�r�o� �i�n� �E�q�.� �(�3�.�3�)�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �a�c�t�u�a�t�o�r� �s�t�r�a�i�n�,� �C�A�,� �w�o�u�l�d� �e�q�u�a�l� 

�t�h�e� �f�r�e�e� �s�t�r�a�i�n�,� �A�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�e� �c�o�n�s�t�a�n�t�,� �C�,� �e�q�u�a�l�s� �1�,� �a�n�d� �i�s� �p�h�y�s�i�c�a�l�l�y� �a�n�a�l�o�g�o�u�s� �t�o� �a� 

�b�o�n�d�i�n�g� �l�a�y�e�r� �h�a�v�i�n�g� �z�e�r�o� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �t�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t� 

�s�h�o�u�l�d� �e�q�u�a�l� �z�e�r�o� �s�i�n�c�e�,� �t�h�e�o�r�e�t�i�c�a�l�l�y�,� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� �n�o�t� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �F�i�g�.� 

�5�.�1�3�,� �w�h�e�n� �t�h�e� �m�o�d�u�l�u�s� �r�a�t�i�o� �e�q�u�a�l�s� �z�e�r�o� �t�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �e�q�u�a�l�s� �4�.�0�4�5� �x� �1�0�4� �N�m� 

�n�o�t� �z�e�r�o�.� �A�l�s�o�,� �C� �d�o�e�s� �n�o�t� �e�q�u�a�l� �1�,� �b�u�t� �r�a�t�h�e�r� �0�.�4�5�9�.� 

�T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �u�s�i�n�g� �F�i�g�.� �5�.�1�2�,� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� �a�s�s�u�m�e�d� 

�S�t�r�a�i�n� �a�n�d� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �a�n�d� �b�e�a�m� �f�o�r� �v�a�r�y�i�n�g� �m�o�d�u�l�u�s� �r�a�t�i�o�s�.� 

�A�s�s�u�m�e�d� �I�n�d�u�c�e�d� �S�t�r�a�i�n� �D�i�s�t�r�i�b�u�t�i�o�n� �A�s�s�u�m�e�d� �I�n�d�u�c�e�d� �S�t�r�e�s�s� �D�i�s�t�r�i�b�u�t�i�o�n� 

�A�c�t�u�a�t�o�r� 

�B�o�n�d�i�n�g� �L�a�y�e�r� �I� 

� � � � 
� � 

� � � � 

� � � � � � � � 
�B�e�a�m� 

�D�i�r�e�c�t�i�o�n� �o�f� �I�n�c�r�e�a�s�i�n�g� �R�y� �/� �E�y� �D�i�r�e�c�t�i�o�n� �o�f� �I�n�c�r�e�a�s�i�n�g� �E�B�,� �/� �E�p� 

�(�a�)� �(�b�)� 

�F�i�g�u�r�e� �5�.�1�2� �S�t�r�a�i�n� �a�n�d� �S�t�r�e�s�s� �D�i�s�t�r�i�b�u�t�i�o�n�s� �U�s�i�n�g� �t�h�e� �S�t�r�a�i�n� �E�n�e�r�g�y� �A�p�p�r�o�a�c�h� 
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�E� �b�o�n�d�i�n�g� �l�a�y�e�r�/�E� �b�e�a�m� 

� � �0�.�4�6� 

�O�4�4� �e�c�e�e�e�e� �N�a�c�e� �b�c�c� �e�c�e�e�e�c�e�c�e�s� �b�a�e�e�c�c�c�e�c�s�e�e�e�e�s� �p�e�c�e�s�e�n�c�s�s�a�n�s�s�r�s�f�e�s�s�c�a�s�s�e�e�s�e�s�e�s�e�e�f�o�s�s�e�s�s�s�e�e�s�s�s�e�e�s�e�p�i�s�s�c�e�e�s�e�e�s�e�s�s�s�s�f�e�s�s�e�e�s�e�e�e�s�e�e�s�e�n�s� 

�0�.�4�2� 

�0�.�4� 

�0�.�3�8� 

�O�.�3�6� �b�e�e�e�e�e�e�e�e�e�e�e�e�e� 

� � 

� � � � � � � � � � � � � � � � � � � � � � 
� � 

�0�.�3�4� 

�0�.�3�2� 

�0�.�3� 

�0�.�2�8� 

�0�.�2�6�5� �1� �2� �3� �4� �5� �6� �7� �8� �9� �1�0� 

�E� �b�o�n�d�i�n�g� �l�a�y�e�r�/�E� �b�e�a�m� 

�F�i�g�u�r�e� �5�.�1�3� �R�e�s�u�l�t�s� �o�f� �A�n�a�l�y�t�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� 

�a�.� �A�c�t�u�a�t�o�r� �I�n�d�u�c�e�d� �M�o�m�e�n�t�,� �M� 

�b�.� �S�t�r�u�c�t�u�r�a�l� �P�a�r�a�m�e�t�e�r�,� �C� 
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�I�n� �F�i�g�.� �5�.�1�2�a�,� �t�h�e� �a�s�s�u�m�e�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �s�l�o�p�e� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �m�o�d�u�l�u�s� 

�r�a�t�i�o�.� �T�h�i�s� �t�r�e�n�d� �i�s� �e�x�p�e�c�t�e�d� �b�e�c�a�u�s�e�,� �a�s� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �s�t�i�f�f�e�n�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�c�t�u�a�t�o�r� 

�s�t�r�a�i�n� �d�e�c�r�e�a�s�e�s�.� �T�h�e� �p�r�o�b�l�e�m� �w�i�t�h� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h� �i�s� �w�h�e�n� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�e�l�a�s�t�i�c� �a�n�d� �s�h�e�a�r� �m�o�d�u�l�i� �a�r�e� �s�m�a�l�l�,� �a�n�d� �t�h�e� �l�o�s�s� �f�a�c�t�o�r� �i�s� �h�i�g�h�,� �i�n�d�i�c�a�t�i�n�g� �a� �v�i�s�c�o�e�l�a�s�t�i�c� 

�m�a�t�e�r�i�a�l�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �l�i�t�t�l�e� �o�r� �n�o� �s�t�r�a�i�n� �i�s� �i�n�d�u�c�e�d� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�e�c�a�u�s�e� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �i�s� �d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �b�o�n�d�i�n�g� �l�a�y�e�r� �d�e�f�o�r�m�a�t�i�o�n�.� �I�n� �t�h�i�s� �c�a�s�e�,� �a� �l�i�n�e�a�r� �s�t�r�a�i�n� 

�d�i�s�t�r�i�b�u�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �l�a�m�i�n�a�t�e� �a�s�s�u�m�p�t�i�o�n� �i�s� �i�n�v�a�l�i�d�.� �A� �m�o�r�e� �a�c�c�u�r�a�t�e� �s�t�r�a�i�n� 

�d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l� �w�o�u�l�d� �b�e� �a� �p�i�e�c�e�w�i�s�e� �l�i�n�e�a�r� �c�o�n�t�i�n�u�o�u�s� �p�r�o�f�i�l�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�4�.� 

�T�h�i�s� �a�s�s�u�m�e�d� �d�i�s�t�r�i�b�u�t�i�o�n� �c�o�u�l�d� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�h�a�n�g�e� �i�n� �s�t�r�a�i�n� �s�l�o�p�e� �w�i�t�h�i�n� �e�a�c�h� �l�a�m�i�n�a�,� 

�u�n�l�i�k�e� �F�i�g�.� �5�.�1�2�a�,� �b�y� �i�n�c�o�r�p�o�r�a�t�i�n�g� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �l�o�s�s� �f�a�c�t�o�r� �p�a�r�a�m�e�t�e�r�.� 

�4�3�2�1� �4� �3� �2� �1� 
� � 

� � 

�A�c�t�u�a�t�o�r� 

� � � 

� � 

�B�o�n�d�i�n�g� �L�a�y�e�r� 

� � � � � � � � � � 
� � 

� � 

�R�e�f�e�r�e�n�c�e� �L�i�n�e�s�  �� 

�D�i�r�e�c�t�i�o�n� �o�f� �I�n�c�r�e�a�s�i�n�g� �E�,�,� �/�E�,� 

�I�n�d�u�c�e�d� �S�t�r�a�i�n� �D�i�s�t�r�i�b�u�t�i�o�n� 

�A�c�t�u�a�t�o�r� �L�o�c�a�t�i�o�n�s� �1�,�2�,� �3�,�4� � � � � � � 

�F�i�g�u�r�e� �5�.�1�4� �P�i�e�c�e�w�i�s�e� �L�i�n�e�a�r� �C�o�n�t�i�n�u�o�u�s� �M�o�d�e�l� �o�f� �t�h�e� �A�s�s�u�m�e�d� �I�n�d�u�c�e�d� 

�S�t�r�a�i�n� �D�i�s�t�r�i�b�u�t�i�o�n� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �t�h�i�s� �p�i�e�c�e�w�i�s�e� �l�i�n�e�a�r� �c�o�n�t�i�n�u�o�u�s� �s�t�r�a�i�n� 

�d�i�s�t�r�i�b�u�t�i�o�n� �b�u�t� �r�a�t�h�e�r�,� �a�s�s�u�m�e�s� �t�h�e� �s�t�r�a�i�n� �t�h�r�o�u�g�h� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �l�i�n�e�a�r�,� �w�i�t�h� �a� �s�l�o�p�e� 
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�c�a�l�c�u�l�a�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�c�t�u�a�t�o�r� �s�t�r�a�i�n�.� �U�s�i�n�g� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �p�r�o�f�i�l�e� �i�n� 

�F�i�g� �5�.�1�2�a�,� �t�h�e� �a�s�s�u�m�e�d� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �f�o�r� �e�a�c�h� �l�a�m�i�n�a� �i�n� �F�i�g�.� �5�.�1�2�b�.� �H�e�r�e�,� 

�t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �h�a�v�e� �d�i�f�f�e�r�e�n�t� �s�l�o�p�e�s� �r�e�f�l�e�c�t�i�n�g� �t�h�e� �v�a�r�y�i�n�g� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� 

�v�a�l�u�e�s� �i�n� �e�a�c�h� �l�a�m�i�n�a�.� �I�n� �F�i�g�.� �5�.�1�2�b�,� �t�h�e� �s�t�r�e�s�s� �i�n� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �i�s� �s�m�a�l�l� �a�n�d� �i�n�c�r�e�a�s�e�s� 

�w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �m�o�d�u�l�u�s� �r�a�t�i�o�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�t�r�e�s�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �d�e�c�r�e�a�s�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �m�o�d�u�l�u�s� �r�a�t�i�o�s� �s�i�n�c�e� �t�h�e� �a�c�t�u�a�t�o�r� �s�t�r�a�i�n� �d�e�c�r�e�a�s�e�s� �w�h�i�l�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s� 

�r�e�m�a�i�n�s� �c�o�n�s�t�a�n�t�.� �F�o�r� �l�o�w� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�o�d�u�l�u�s� �v�a�l�u�e�s� �t�h�e� �s�t�r�e�s�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�o�v�e�r�e�s�t�i�m�a�t�e�d� �b�e�c�a�u�s�e� �t�h�e� �a�s�s�u�m�e�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �i�n�a�c�c�u�r�a�t�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� 

�a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �e�s�t�i�m�a�t�e� �i�s� �a�l�s�o� �i�n� �e�r�r�o�r�.� �H�o�w�e�v�e�r�,� �a�s� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �s�t�i�f�f�e�n�s� 

�t�h�e� �a�s�s�u�m�e�d� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�p�p�r�o�a�c�h�e�s� �t�h�e� �a�c�t�u�a�l� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �w�h�i�c�h� 

�c�a�u�s�e�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �m�o�m�e�n�t� �t�o� �a�p�p�r�o�a�c�h� �t�h�e� �a�c�t�u�a�l� �a�p�p�l�i�e�d� �m�o�m�e�n�t�.� 
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�p�r�e�d�i�c�t�e�d� �m�o�m�e�n�t� �a�n�d� �d�y�n�a�m�i�c� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �a�p�p�r�o�a�c�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�T�h�i�s� �i�s� �e�v�i�d�e�n�t� �i�n� �F�i�g�.� �5�.�1�7� �w�h�i�c�h� �s�u�p�e�r�i�m�p�o�s�e�s� �t�h�e� �t�w�o� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�H�e�r�e�,� �a�n�a�l�y�t�i�c�a�l� �o�n�-� �a�n�d� �o�f�f�-� �r�e�s�o�n�a�n�c�e� �m�a�g�n�i�t�u�d�e�s� �a�r�e� �m�u�c�h� �c�l�o�s�e�r� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �F�i�g� �5�.�7�.� �T�h�e� �s�l�i�g�h�t� �v�a�r�i�a�t�i�o�n� �i�n� �m�a�g�n�i�t�u�d�e�,� �4� �d�B� �m�a�x�i�m�u�m� 

�b�e�t�w�e�e�n� �4�0�0� �a�n�d� �5�5�0� �H�z� �i�n� �F�i�g�.� �5�.�1�7�,� �m�a�y� �h�a�v�e� �s�e�v�e�r�a�l� �c�a�u�s�e�s�.� 

�T�h�e� �f�i�r�s�t� �i�s� �t�h�e� �s�y�s�t�e�m� �z�e�r�o� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e�s�e� �f�r�e�q�u�e�n�c�i�e�s�,� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �m�a�g�n�i�t�u�d�e� �o�f� 

�t�h�e� �r�e�s�p�o�n�s�e� �c�u�r�v�e�s�,� �w�i�l�l� �c�h�a�n�g�e� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �a�c�t�u�a�t�o�r� �a�n�d� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�,� �a�s� 

�d�i�s�c�u�s�s�e�d� �p�r�e�v�i�o�u�s�l�y�.� �A� �s�e�c�o�n�d� �s�o�u�r�c�e� �o�f� �e�r�r�o�r� �i�s� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� 

�w�e�r�e� �a�s�s�u�m�e�d� �a�n�d� �n�o�t� �d�e�t�e�r�m�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� 

�A�n�o�t�h�e�r� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �c�u�r�v�e�s� �b�e�t�w�e�e�n� �F�i�g�s�.� �5�.�1�5�a� �a�n�d� �5�.�1�6�a�.� 

�A�n�a�l�y�t�i�c�a�l�l�y�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�o�p� �l�a�y�e�r� �o�f� �t�h�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �i�s� �g�r�e�a�t�e�r� �t�h�e�n� �t�h�e� 

�s�i�n�g�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�,� �b�y� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�-�3� �d�B�,� �a�c�r�o�s�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� 

�E�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�h�e� �t�o�p� �l�a�y�e�r� �r�e�s�p�o�n�s�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�-�3� �d�B� �l�e�s�s� �t�h�a�n� �t�h�e� �s�i�n�g�l�e� �l�a�y�e�r� 

�a�c�t�u�a�t�o�r�.� �A� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �o�v�e�r�p�r�e�d�i�c�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�t�o�p� �l�a�y�e�r� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �i�s� �t�h�e� �e�r�r�o�r� �i�n�t�r�o�d�u�c�e�d� �i�n� �a�s�s�u�m�i�n�g� �t�h�e� �s�a�m�e� 

�t�h�i�c�k�n�e�s�s� �f�o�r� �a�l�l� �b�o�n�d�i�n�g� �l�a�y�e�r�s�.� �E�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �c�y�a�n�o�a�c�r�y�l�a�t�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s� �i�s� 

�h�i�g�h�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �a�n�d� �i�s� �s�u�b�j�e�c�t� �t�o� �l�a�r�g�e� �r�e�l�a�t�i�v�e� �v�a�r�i�a�t�i�o�n�s� 

�a�c�r�o�s�s� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �a�r�e�a�.� �F�o�r� �s�i�m�u�l�a�t�i�o�n� �p�u�r�p�o�s�e�s�,� �a�n� �a�v�e�r�a�g�e� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�t�h�i�c�k�n�e�s�s� �v�a�l�u�e� �w�a�s� �a�s�s�u�m�e�d�.� 
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�5�.�3� �C�o�m�p�a�r�i�s�o�n� �o�f� �S�i�n�g�l�e� �a�n�d� �M�u�l�t�i�p�l�e� �L�a�y�e�r� �A�c�t�u�a�t�o�r� �P�e�r�f�o�r�m�a�n�c�e� 

�A� �c�o�m�p�a�r�i�s�o�n� �o�f� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �v�e�r�s�u�s� �s�i�n�g�l�e� �l�a�y�e�r�s� �u�s�i�n�g� �t�h�e� �r�e�s�u�l�t�s� 

�i�n� �F�i�g�s�.� �5�.�1�5� �a�n�d� �5�.�1�6� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �5�.�6�.� �T�h�e� �e�n�t�r�i�e�s� �i�n�d�i�c�a�t�e� �t�h�e� �r�a�n�g�e�,� �i�n� �d�B�,� �t�h�e� 

�m�u�l�t�i�l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�e�r�e� �a�b�o�v�e� �o�r� �b�e�l�o�w� �t�h�e� �s�i�n�g�l�e� �l�a�y�e�r� �r�e�s�p�o�n�s�e�.� 

�A�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �s�e�p�a�r�a�t�e�l�y�.� 

�T�h�e� �m�u�l�t�i�l�a�y�e�r�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �w�h�e�n� �b�o�t�h� �a�c�t�u�a�t�o�r�s� �a�r�e� �e�x�c�i�t�e�d�,� �p�r�o�v�i�d�e�d� �a�n� �a�p�p�r�o�x�i�m�a�t�e� 

�0�-�7� �d�B� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �o�v�e�r� �t�h�e� �s�i�n�g�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �a�n�a�l�y�t�i�c�a�l�l�y� �a�n�d� �0�-�4� 

�d�B� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �T�h�e� �l�a�r�g�e�s�t� �i�n�c�r�e�a�s�e�s� �o�c�c�u�r�r�e�d� �o�f�f�-�r�e�s�o�n�a�n�c�e�.� �T�h�e� �r�e�s�u�l�t�s� �i�n� �T�a�b�l�e� �5�.�6� 

�a�l�s�o� �i�n�d�i�c�a�t�e� �t�h�e� �b�o�t�t�o�m� �a�c�t�u�a�t�o�r�,� �a�c�t�i�n�g� �i�n�d�i�v�i�d�u�a�l�l�y�,� �p�e�r�f�o�r�m�e�d� �w�o�r�s�e� �t�h�e�n� �t�h�e� �s�i�n�g�l�e� 

�l�a�y�e�r� �a�c�t�u�a�t�o�r� �b�o�t�h� �a�n�a�l�y�t�i�c�a�l�l�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �T�h�e� �d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �m�a�g�n�i�t�u�d�e� 

�r�e�s�p�o�n�s�e�s� �i�n� �F�i�g�s�.� �5�.�1�5� �a�n�d� �5�.�1�6� �i�s� �a�l�s�o� �r�e�f�l�e�c�t�e�d� �i�n� �t�h�e� �t�o�p� �a�c�t�u�a�t�o�r� �e�n�t�r�y�.� 

�T�a�b�l�e� �5�.�6� �C�o�m�p�a�r�i�s�o�n� �o�f� �S�i�n�g�l�e� �a�n�d� �M�u�l�t�i�p�l�e� �L�a�y�e�r�e�d� �A�c�t�u�a�t�o�r� �M�a�g�n�i�t�u�d�e�s� 

� � 
� � 

� � 

� � 

� � 

�U�s�i�n�g� �M�-�B�o�n�d� �A�d�h�e�s�i�v�e� 

�(�R�e�f�e�r�e�n�c�e� �-� �S�i�n�g�l�e� �L�a�y�e�r� �A�c�t�u�a�t�o�r� �R�e�s�p�o�n�s�e�)� 

�M�u�l�t�i�p�l�e� �L�a�y�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �A�n�a�l�y�t�i�c�a�l� �E�x�p�e�r�i�m�e�n�t�a�l� 

�B�o�t�t�o�m� �A�c�t�u�a�t�o�r� �o�n� �-�(�0�-�1�)� �d�B� �-�(�0�-�3�)� �d�B� 

�T�o�p� �A�c�t�u�a�t�o�r� �o�n� �0�-�3� �d�B� �-�(�0�-�3�)� �d�B� 

�B�o�t�h� �A�c�t�u�a�t�o�r�s� �o�n� �0�-�7� �d�B� �0�-�4� �d�B� � � � � � � � � � � � � � � 
� � 

�T�h�e� �r�e�l�a�t�i�v�e� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �u�s�i�n�g� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r�s� �i�s� �a�l�s�o� 

�d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �I�n� �F�i�g�s�.� �5�.�5�a�,� �t�h�e� �3�M� �a�d�h�e�s�i�v�e� �b�e�a�m�s�,� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �i�n�c�r�e�a�s�e� �u�s�i�n�g� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�s� �w�a�s� �o�n�l�y� �1�-�2� �d�B�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� 
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�t�h�e� �i�n�c�r�e�a�s�e� �u�s�i�n�g� �M�-�B�o�n�d� �a�d�h�e�s�i�v�e� �w�a�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�-�4� �d�B�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g� �5�.�1�5�a�.� 

�T�h�e�s�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �i�n�c�r�e�a�s�e�s� �r�e�l�a�t�i�v�e� �t�o� �s�i�n�g�l�e� 

�l�a�y�e�r�s� �w�h�e�n� �s�t�i�f�f�e�r�,� �l�e�s�s� �v�i�s�c�o�e�l�a�s�t�i�c�,� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l� �i�s� �u�s�e�d�.� �T�h�i�s� �w�a�s� �a�l�s�o� �r�e�p�o�r�t�e�d� �b�y� 

�C�r�a�w�l�e�y� �a�n�d� �d�e�L�u�i�s� �(�1�9�8�7�)� �a�n�d� �K�i�m� �a�n�d� �J�o�n�e�s� �(�1�9�9�0�)�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �e�x�p�e�r�i�m�e�n�t� �r�e�s�u�l�t�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d�.� �I�t� 

�w�a�s� �s�h�o�w�n� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� 

�m�o�m�e�n�t� �f�o�r� �b�o�n�d�i�n�g� �l�a�y�e�r�s� �w�i�t�h� �l�o�w� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �v�a�l�u�e�s�,� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�m�o�d�u�l�u�s�,� �a�n�d� �h�i�g�h� �l�o�s�s� �f�a�c�t�o�r�s�.� �T�h�i�s� �w�a�s� �d�u�e� �t�o� �i�n�a�c�c�u�r�a�t�e� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l�i�n�g� 

�s�i�n�c�e� �t�h�e� �m�o�d�e�l� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �m�a�t�e�r�i�a�l� �v�i�s�c�o�e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s�.� �H�o�w�e�v�e�r�,� �i�t� �w�a�s� 

�d�e�m�o�n�s�t�r�a�t�e�d� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l� �c�a�n� �b�e� �a�p�p�l�i�e�d� �w�h�e�n� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�m�o�d�u�l�u�s� �i�s� �l�a�r�g�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s�.� �T�h�i�s� �w�a�s� �p�r�o�v�e�n� �b�y� �c�o�m�p�a�r�i�n�g� 

�a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �f�o�r� �b�e�a�m�s� �u�s�i�n�g� �s�t�i�f�f�e�r�,� �l�e�s�s� 

�v�i�s�c�o�e�l�a�s�t�i�c�,� �M�-�B�o�n�d� �a�d�h�e�s�i�v�e�.� �O�v�e�r�a�l�l�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �p�r�e�d�i�c�t�i�o�n�s� �w�e�r�e� �s�h�o�w�n� �t�o� 

�b�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �w�h�e�n� �u�s�i�n�g� �M�-�B�o�n�d� �c�y�a�n�o�a�c�r�y�l�a�t�e� 

�a�d�h�e�s�i�v�e�.� �T�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�d� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r�s� �p�r�o�v�i�d�e� �i�n�c�r�e�a�s�e�d� �s�t�r�u�c�t�u�r�a�l� 

�r�e�s�p�o�n�s�e� �d�u�e� �t�o� �l�a�r�g�e�r� �i�n�d�u�c�e�d� �m�o�m�e�n�t�s� �a�n�d� �f�o�r�c�e�s�.� �I�t� �w�a�s� �a�l�s�o� �v�e�r�i�f�i�e�d� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� 

�a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �i�n�c�r�e�a�s�e�d� �w�h�e�n� �s�t�i�f�f�e�r� �b�o�n�d�i�n�g� �l�a�y�e�r�s� �w�e�r�e� �u�s�e�d�.� 

�5�.�4� �S�u�m�m�a�r�y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �r�e�s�u�l�t�s� �o�n� �s�t�r�u�c�t�u�r�a�l� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�x�c�i�t�a�t�i�o�n� 

�e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �e�x�p�e�r�i�m�e�n�t�s� �i�d�e�n�t�i�f�i�e�d� �t�h�e� 

�d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�c�t�u�a�t�o�r�-�b�e�a�m� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �I�t� 

�w�a�s� �s�h�o�w�n� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �d�e�c�r�e�a�s�e�d� �a�n�d� �t�h�e� �s�y�s�t�e�m� �d�a�m�p�i�n�g� �i�n�c�r�e�a�s�e�d� �w�i�t�h� �m�o�r�e� 
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�a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� 

�e�s�t�i�m�a�t�e�s� �w�e�r�e� �s�h�o�w�n� �t�o� �b�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �T�h�e� 

�i�m�p�o�r�t�a�n�c�e� �o�f� �i�n�c�l�u�d�i�n�g� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �w�a�s� �d�e�m�o�n�s�t�r�a�t�e�d�,� 

�j�u�s�t�i�f�y�i�n�g� �t�h�e� �m�o�r�e� �c�o�m�p�l�e�x� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �u�s�e�d�.� 

�I�n� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �e�x�p�e�r�i�m�e�n�t�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �d�i�d� �n�o�t� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� 

�t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �o�r� �d�y�n�a�m�i�c� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �f�o�r� �l�o�w� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�m�o�d�u�l�u�s� �v�a�l�u�e�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s�.� �I�n�a�c�c�u�r�a�t�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� 

�m�o�d�e�l�i�n�g�,� �a�s� �a� �r�e�s�u�l�t� �o�f� �n�o�t� �i�n�c�o�r�p�o�r�a�t�i�n�g� �m�a�t�e�r�i�a�l� �v�i�s�c�o�e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s�,� �w�a�s� �t�h�e� �r�e�a�s�o�n�.� 

�I�t� �w�a�s� �s�h�o�w�n� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s�s�u�m�p�t�i�o�n� �w�a�s� �a�d�e�q�u�a�t�e� �i�f� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� 

�m�o�d�u�l�u�s� �w�a�s� �l�a�r�g�e�.� �T�h�i�s� �w�a�s� �v�e�r�i�f�i�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� 

�b�e�a�m�s� �u�s�i�n�g� �s�t�i�f�f�e�r� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �v�i�s�c�o�e�l�a�s�t�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �r�e�s�u�l�t�s� 

�a�l�s�o� �h�i�g�h�l�i�g�h�t�e�d� �t�h�e� �a�b�i�l�i�t�y� �o�f� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�s� �t�o� �p�r�o�v�i�d�e� �s�u�b�s�t�a�n�t�i�a�l� �s�t�r�u�c�t�u�r�a�l� 

�r�e�s�p�o�n�s�e� �i�n�c�r�e�a�s�e�s�,� �r�e�l�a�t�i�v�e� �t�o� �s�i�n�g�l�e� �l�a�y�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �w�h�e�n� �s�t�i�f�f�e�r�,� �l�e�s�s� �v�i�s�c�o�e�l�a�s�t�i�c�,� 

�b�o�n�d�i�n�g� �l�a�y�e�r�s� �a�r�e� �u�s�e�d�.� 

�9�9



�C�h�a�p�t�e�r� �6� 

�C�o�n�c�l�u�s�i�o�n�s� �a�n�d� �R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� 

�6�.�1� �C�o�n�c�l�u�s�i�o�n�s� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �w�a�s� �t�o� �d�e�v�e�l�o�p� �a�n� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�h�a�t� �c�o�u�l�d� �p�r�e�d�i�c�t� �t�h�e� 

�d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �o�f� �a� �b�e�a�m� �t�o� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r� �e�x�c�i�t�a�t�i�o�n� �a�n�d� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �v�e�r�i�f�y� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �u�s�i�n�g� �a� �n�u�m�b�e�r� �o�f� �_� �d�i�f�f�e�r�e�n�t� 

�a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� 

�T�o� �a�c�c�o�m�p�l�i�s�h� �t�h�e�s�e� �g�o�a�l�s�,� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �f�i�n�i�t�e� �l�e�n�g�t�h�,� �m�u�l�t�i�p�l�e� �l�a�y�e�r�,� �i�n�d�u�c�e�d� �s�t�r�a�i�n� 

�a�c�t�u�a�t�o�r�s� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�o�d�e�l� �o�f� �a�n� �a�r�b�i�t�r�a�r�y� �s�u�r�f�a�c�e� �b�o�n�d�e�d� 

�m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �w�a�s� �u�t�i�l�i�z�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �a�p�p�l�i�e�d� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �o�f� �t�h�e� �j�t�h� 

�a�c�t�u�a�t�o�r� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �B�o�n�d�i�n�g� �l�a�y�e�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �e�f�f�e�c�t�s� �o�n� �t�h�e� �i�n�d�u�c�e�d� �f�o�r�c�e� 

�a�n�d� �m�o�m�e�n�t� �w�e�r�e� �a�l�s�o� �i�n�c�o�r�p�o�r�a�t�e�d�.� �T�h�e� �t�r�a�n�s�v�e�r�s�e� �v�i�b�r�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �a� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e� �w�e�r�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �I�t� 

�w�a�s� �s�h�o�w�n� �t�h�a�t� �a�x�i�a�l� �s�t�r�u�c�t�u�r�e� �v�i�b�r�a�t�i�o�n�,� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �f�o�r�c�e�,� �c�o�u�l�d� 

�b�e� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�n�d� �w�a�s� �s�u�b�s�e�q�u�e�n�t�l�y� �n�e�g�l�e�c�t�e�d�.� �I�n� 

�u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y� �t�h�e� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s�,� �w�h�i�c�h� 

�w�e�r�e� �s�h�o�w�n� �t�o� �b�e� �i�m�p�o�r�t�a�n�t�,� �w�e�r�e� �i�n�c�l�u�d�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �a�l�l�o�w�e�d� �t�h�e� 

�a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �t�o� �b�e� �d�i�r�e�c�t�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �T�h�i�s� �i�s� 

�d�i�f�f�e�r�e�n�t� �t�h�a�n� �p�a�s�t� �a�p�p�r�o�a�c�h�e�s�,� �u�t�i�l�i�z�i�n�g� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y�,� �t�h�a�t� �r�e�q�u�i�r�e� �t�h�e� 

�a�c�t�u�a�t�o�r� �m�o�m�e�n�t�s� �t�o� �b�e� �r�e�c�a�s�t� �a�s� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�c�e�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�.� �T�h�e� 

�a�s�s�u�m�e�d�.� �m�o�d�e� �m�e�t�h�o�d� �r�e�p�r�e�s�e�n�t�e�d� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �s�y�s�t�e�m� �s�o�l�u�t�i�o�n� �a�s� �a� �f�i�n�i�t�e� �s�e�r�i�e�s� �o�f� 

�s�p�a�t�i�a�l�l�y� �d�e�p�e�n�d�e�n�t� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e�s� 
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�a�n�d� �w�a�s� �u�s�e�d� �i�n� �s�o�l�v�i�n�g� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �n�o�n�u�n�i�f�o�r�m� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �p�r�o�b�l�e�m�.� �T�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �e�i�g�e�n�v�a�l�u�e� �e�s�t�i�m�a�t�e�s� �w�e�r�e� �u�s�e�d� �t�o� �r�e�c�a�s�t� �t�h�e� �l�a�t�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n�t�o� 

�s�t�a�t�e� �s�p�a�c�e� �f�o�r�m� �t�o� �f�a�c�i�l�i�t�a�t�e� �s�o�l�v�i�n�g� �t�h�e� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m�.� 

�T�o� �v�e�r�i�f�y� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�w�o� �s�e�t�s� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d�.� �T�h�e� �f�i�r�s�t� �s�e�t� �o�f� 

�e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �d�e�s�i�g�n�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �g�l�o�b�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �f�i�v�e� �d�i�f�f�e�r�e�n�t� 

�a�c�t�u�a�t�o�r�/�s�u�b�s�t�r�u�c�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �|� �E�x�p�e�r�i�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�,� 

�g�e�n�e�r�a�t�e�d� �w�i�t�h� �a�n� �i�m�p�a�c�t� �h�a�m�m�e�r�,� �w�e�r�e� �c�u�r�v�e�-�f�i�t� �t�o� �o�b�t�a�i�n� �t�h�e� �g�l�o�b�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �e�a�c�h� 

�s�t�r�u�c�t�u�r�e�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �w�e�r�e� �c�o�m�p�a�r�e�d� �t�o� �a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s�.� �I�t� �w�a�s� �s�h�o�w�n�,� �b�o�t�h� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �a�n�a�l�y�t�i�c�a�l�l�y�,� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �d�e�c�r�e�a�s�e�d� �a�n�d� �t�h�e� 

�s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �i�n�c�r�e�a�s�e�d� �w�i�t�h� �a�t�t�a�c�h�e�d� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� 

�e�s�t�i�m�a�t�e�s� �a�n�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �w�e�r�e� �s�h�o�w�n� �t�o� �b�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �i�n�c�l�u�d�i�n�g� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�r�y� �i�n�e�r�t�i�a� 

�e�f�f�e�c�t�s� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �B�e�r�n�o�u�l�l�i�-�E�u�l�e�r� �a�n�d� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �m�o�d�e�l�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �j�u�s�t�i�f�i�e�d� �t�h�e� �a�d�d�e�d� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �c�h�o�s�e�n� 

�b�e�a�m� �t�h�e�o�r�y�.� 

�R�e�s�u�l�t�s� �w�e�r�e� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �c�o�m�p�a�r�i�n�g� �m�u�l�t�i�l�a�y�e�r� �a�c�t�u�a�t�o�r� �s�t�r�u�c�t�u�r�a�l� �e�x�c�i�t�a�t�i�o�n� �v�e�r�s�u�s� 

�s�i�n�g�l�e� �l�a�y�e�r�s�,� �b�o�t�h� �a�n�a�l�y�t�i�c�a�l�l�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �I�t� �w�a�s� �s�h�o�w�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �d�i�d� 

�n�o�t� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �a�c�t�u�a�t�o�r� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �o�r� �d�y�n�a�m�i�c� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �f�o�r� �l�o�w� 

�b�o�n�d�i�n�g� �l�a�y�e�r� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �v�a�l�u�e�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s�.� �T�h�e� �p�r�o�b�l�e�m� 

�w�a�s� �i�n�a�c�c�u�r�a�t�e� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l�i�n�g� �b�e�c�a�u�s�e� �m�a�t�e�r�i�a�l� �v�i�s�c�o�e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� 

�n�o�t� �i�n�c�o�r�p�o�r�a�t�e�d�.� �I�t� �w�a�s� �h�y�p�o�t�h�e�s�i�z�e�d� �t�h�a�t� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s�s�u�m�p�t�i�o�n� �w�o�u�l�d� 

�b�e� �a�d�e�q�u�a�t�e� �i�f� �t�h�e� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�o�d�u�l�u�s� �r�a�t�i�o� �w�a�s� �l�a�r�g�e� �a�n�d� �t�h�e� �m�a�t�e�r�i�a�l� �h�a�d� �d�i�f�f�e�r�e�n�t� 

�v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� �w�a�s� �v�e�r�i�f�i�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� 
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�f�o�r� �b�e�a�m�s� �u�s�i�n�g� �s�t�i�f�f�e�r�,� �l�e�s�s� �v�i�s�c�o�e�l�a�s�t�i�c�,� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l�.� �A� �b�o�n�d�i�n�g� �l�a�y�e�r� �t�o� �s�t�r�u�c�t�u�r�e� 

�m�o�d�u�l�u�s� �r�a�t�i�o� �o�f� �u�n�i�t�y� �w�a�s� �c�h�o�s�e�n� �f�o�r� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s�.� 

�A� �c�o�m�p�a�r�i�s�o�n� �o�f� �s�i�n�g�l�e� �a�n�d� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �u�s�i�n�g� �t�h�e� �s�t�i�f�f�e�r� �b�o�n�d�i�n�g� 

�m�a�t�e�r�i�a�l� �w�a�s� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �m�u�l�t�i�l�a�y�e�r�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �w�h�e�n� �b�o�t�h� �a�c�t�u�a�t�o�r�s� �w�e�r�e� 

�e�x�c�i�t�e�d�,� �p�r�o�v�i�d�e�d� �a� �m�a�x�i�m�u�m� �7� �d�B� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �o�v�e�r� �t�h�e� �s�i�n�g�l�e� �l�a�y�e�r� 

�a�c�t�u�a�t�o�r� �a�n�a�l�y�t�i�c�a�l�l�y�,� �a�n�d� �4� �d�B� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �T�h�e� �l�a�r�g�e�s�t� �i�n�c�r�e�a�s�e�s� �o�c�c�u�r�r�e�d� �o�f�f�-� 

�r�e�s�o�n�a�n�c�e�.� �T�h�e� �r�e�l�a�t�i�v�e� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �u�s�i�n�g� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r�s� 

�i�n�s�t�e�a�d� �o�f� �s�i�n�g�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�s� �w�a�s� �a�l�s�o� �s�h�o�w�n� �t�o� �b�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r�e�d� �a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� 

�i�n�c�r�e�a�s�e�s� �r�e�l�a�t�i�v�e� �t�o� �s�i�n�g�l�e� �l�a�y�e�r�s� �w�h�e�n� �s�t�i�f�f�e�r� �b�o�n�d�i�n�g� �m�a�t�e�r�i�a�l� �i�s� �u�s�e�d�.� �T�h�e� �e�f�f�e�c�t� �o�f� 

�b�o�n�d�i�n�g� �l�a�y�e�r� �m�a�t�e�r�i�a�l� �a�n�d� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s�,� �o�n� �a�c�t�u�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e�,� �a�g�r�e�e� �w�i�t�h� 

�r�e�s�u�l�t�s� �r�e�p�o�r�t�e�d� �b�y� �C�r�a�w�l�e�y� �a�n�d� �d�e�L�u�i�s� �(�1�9�8�7�)� �a�n�d� �K�i�m� �a�n�d� �J�o�n�e�s� �(�1�9�9�0�)�.� 

�6�.�2� �R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� 

�I�n� �o�r�d�e�r� �t�o� �m�o�r�e� �f�u�l�l�y� �u�n�d�e�r�s�t�a�n�d� �a�n�d� �u�t�i�l�i�z�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� �a�n�d� 

�s�e�n�s�o�r�s� �i�n� �a�c�t�i�v�e� �s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �a�n�d� �a�c�o�u�s�t�i�c� �c�o�n�t�r�o�l�,� �a� �n�u�m�b�e�r� �o�f� �a�r�e�a�s� �h�a�v�e� �b�e�e�n� 

�t�a�r�g�e�t�e�d� �f�o�r� �f�u�r�t�h�e�r� �r�e�s�e�a�r�c�h�.� 

�I�t� �i�s� �a�p�p�a�r�e�n�t� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s�s�u�m�p�t�i�o�n� �i�s� �i�n�a�c�c�u�r�a�t�e� �f�o�r� �v�i�s�c�o�e�l�a�s�t�i�c� �b�o�n�d�i�n�g� 

�a�d�h�e�s�i�v�e�s� �w�i�t�h� �l�o�w� �m�o�d�u�l�u�s� �v�a�l�u�e�s�,� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�o�d�u�l�u�s�,� �a�n�d� �h�i�g�h� �l�o�s�s� 

�f�a�c�t�o�r�s�.� �S�i�n�c�e� �t�h�e� �m�o�d�e�l� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �m�a�t�e�r�i�a�l� �v�i�s�c�o�e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s�,� �o�r� �a� �l�i�n�e�a�r� 

�p�i�e�c�e�w�i�s�e� �c�o�n�t�i�n�u�o�u�s� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e�s�e� �a�l�t�e�r�a�t�i�o�n�s� �a�r�e� �s�u�g�g�e�s�t�e�d�.� �T�h�i�s� �w�i�l�l� �a�l�l�o�w� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�o� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �a�n�d� �f�o�r�c�e� �u�s�i�n�g� �a�n�y� �t�y�p�e� �o�f� 
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�b�o�n�d�i�n�g� �l�a�y�e�r�.� �A�n�a�l�y�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �c�o�u�l�d� �b�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �t�h�e� �3�M� �v�i�s�c�o�e�l�a�s�t�i�c� 

�a�d�h�e�s�i�v�e� �c�o�m�p�a�r�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �t�o� �e�x�p�e�r�i�m�e�n�t�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e�i�n�.� �S�e�c�o�n�d�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 

�m�o�d�e�l� �s�h�o�u�l�d� �b�e� �e�x�p�a�n�d�e�d� �i�n�t�o� �t�w�o� �d�i�m�e�n�s�i�o�n�s� �a�l�l�o�w�i�n�g� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n� 

�o�f� �p�l�a�t�e�s� �a�n�d� �c�y�l�i�n�d�e�r�s�.� �T�h�i�s� �w�o�u�l�d� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�r�u�c�t�u�r�e�s� �c�a�p�a�b�l�e� �o�f� 

�b�e�i�n�g� �m�o�d�e�l�e�d� �u�s�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h�.� 

�O�t�h�e�r� �r�e�s�e�a�r�c�h� �m�a�y� �i�n�v�o�l�v�e� �i�m�p�l�e�m�e�n�t�i�n�g� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�s� �a�n�d� �s�e�n�s�o�r�s� �i�n� �a�c�t�i�v�e� 

�s�t�r�u�c�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �c�o�n�t�r�o�l�.� �A� �n�u�m�b�e�r� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �u�s�i�n�g� �n�o�n�s�y�m�m�e�t�r�i�c�,� �m�u�l�t�i�l�a�y�e�r�e�d�,� 

�c�o�l�l�o�c�a�t�e�d� �s�e�n�s�o�r�/�a�c�t�u�a�t�o�r� �p�a�i�r�s� �a�r�e� �p�o�s�s�i�b�l�e�.� �A� �p�o�t�e�n�t�i�a�l� �e�x�p�e�r�i�m�e�n�t� �w�o�u�l�d� �b�e� �t�o� �c�r�e�a�t�e� �a� 

�m�u�l�t�i�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �v�i�b�r�a�t�i�o�n� �a�b�s�o�r�b�e�r�.� �V�i�b�r�a�t�i�o�n� �c�o�n�t�r�o�l� �w�o�u�l�d� �b�e� �a�c�h�i�e�v�e�d� �u�s�i�n�g� 

�i�n�d�i�v�i�d�u�a�l� �a�c�t�u�a�t�o�r�s� �i�n� �a� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �s�t�a�c�k� �e�a�c�h� �r�e�a�c�t�i�n�g� �t�o� �d�i�f�f�e�r�e�n�t� �c�o�n�t�r�o�l� �s�i�g�n�a�l�s�.� �F�o�r� 

�i�n�s�t�a�n�c�e�,� �a�c�t�u�a�t�o�r� �n�u�m�b�e�r� �o�n�e� �w�o�u�l�d� �o�n�l�y� �r�e�a�c�t� �t�o� �a� �m�o�d�e� �1� �s�e�n�s�o�r� �s�i�g�n�a�l� �a�n�d� �a�c�t�u�a�t�o�r� 

�n�u�m�b�e�r� �t�w�o� �t�o� �a� �m�o�d�e� �2� �s�e�n�s�o�r� �s�i�g�n�a�l�.� 
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�R�e�f�e�r�e�n�c�e�s� 

�B�a�i�l�e�y�,� �T�.� �a�n�d� �J�.� �E�.� �H�u�b�b�a�r�d�,� �1�9�8�5�.� �"�D�i�s�t�r�i�b�u�t�e�d� �P�i�e�z�o�e�l�e�c�t�r�i�c�-�P�o�l�y�m�e�r� �A�c�t�i�v�e� �V�i�b�r�a�t�i�o�n� 
�C�o�n�t�r�o�l� �o�f� �a� �C�a�n�t�i�l�e�v�e�r� �B�e�a�m�,�"� �A�J�A�A� �J�o�u�r�n�a�l� �o�f� �G�u�i�d�a�n�c�e� �a�n�d� �C�o�n�t�r�o�l�,� �8�(�5�)�,� 
�p�p�.� �6�0�5�-�6�1�1�.� 

�B�a�z�,� �A�.�,� �a�n�d� �S�.� �P�o�h�,� �1�9�8�8�.� �"�P�e�r�f�o�r�m�a�n�c�e� �o�f� �a�n� �A�c�t�i�v�e� �C�o�n�t�r�o�l� �S�y�s�t�e�m� �w�i�t�h� �P�i�e�z�o�e�l�e�c�t�r�i�c� 
�A�c�t�u�a�t�o�r�s�,�"� �J�o�u�r�n�a�l� �o�f� �S�o�u�n�d� �a�n�d� �V�i�b�r�a�t�i�o�n�,� �1�2�6�(�2�)�,� �p�p�.� �3�2�7�-�3�4�3�.� 

�C�h�a�u�n�d�r�y�,� �Z�.� �a�n�d� �C�.� �A�.� �R�o�g�e�r�s�,� �1�9�9�2�.� �"�E�n�h�a�n�c�e�d� �S�t�r�u�c�t�u�r�a�l� �C�o�n�t�r�o�l� �w�i�t�h� �D�i�s�c�r�e�t�e�l�y� 
�A�t�t�a�c�h�e�d� �I�n�d�u�c�e�d� �S�t�r�a�i�n� �A�c�t�u�a�t�o�r�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�I�A�A�I�A�S�M�E�I�A�S�C�E�I�A�H�S� �3�3�7�4� 
�S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s� �a�n�d� �M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� �D�a�l�l�a�s�,� �T�e�x�a�s�,� �P�a�p�e�r� �N�o�.� 
�A�I�A�A�-�9�2�-�2�4�0�4�,� �p�p�.� �5�4�8�-�5�5�5�.� 

�C�r�a�w�l�e�y�,� �E�.� �F�.� �a�n�d� �J�.� �d�e�L�u�i�s�,� �1�9�8�7�.� �"�U�s�e� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s� �a�s� �E�l�e�m�e�n�t�s� �o�f� 
�I�n�t�e�l�l�i�g�e�n�t� �S�t�r�u�c�t�u�r�e�s�,�"� �A�Z�A�A� �J�o�u�r�n�a�l�,� �2�5�(�1�0�)�,� �p�p�.� �1�3�7�3�-�1�3�8�5�.� 

�C�r�a�w�l�e�y�,� �E�.� �F�.�,� �J�.� �d�e�L�u�i�s�,� �N�.� �W�.� �H�a�g�o�o�d�,� �a�n�d� �E�.� �H�.� �A�n�d�e�r�s�o�n�,� �1�9�8�8�.�  ��D�e�v�e�l�o�p�m�e�n�t� �o�f� 
�P�i�e�z�o�e�l�e�c�t�r�i�c� �T�e�c�h�n�o�l�o�g�y� �f�o�r� �A�p�p�l�i�c�a�t�i�o�n�s� �i�n� �C�o�n�t�r�o�l� �o�f� �I�n�t�e�l�l�i�g�e�n�t� �S�t�r�u�c�t�u�r�e�s�,�"� 
�P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� �C�o�n�t�r�o�l� �C�o�n�f�e�r�e�n�c�e�,� �A�t�l�a�n�t�a�,� �G�e�o�r�g�i�a�,� �p�p�.� �1�8�9�0�-�1�8�9�6�.� 

�C�r�a�w�l�e�y�,� �E�.� �F�.� �a�n�d� �K�.� �B�.� �L�a�z�a�r�u�s�,� �1�9�8�9�.� �"�I�n�d�u�c�e�d� �S�t�r�a�i�n� �A�c�t�u�a�t�i�o�n� �o�f� �I�s�o�t�r�o�p�i�c� �a�n�d� 
�A�n�i�s�o�t�r�o�p�i�c� �P�l�a�t�e�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �3�0 �� �A�I�A�A� �S�t�r�u�c�t�u�r�a�l�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s� �a�n�d� 
�M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�8�9�-�1�3�2�6�,� �p�p�.� �1�4�5�1�-� �1�4�6�1�.� 

�D�i�m�i�t�r�i�a�d�i�s�,� �E�.� �K�.�,� �C�.� �R�.� �F�u�l�l�e�r�,� �a�n�d� �C�.� �A�.� �R�o�g�e�r�s�,� �1�9�8�9�.� �"�P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s� �f�o�r� 
�D�i�s�t�r�i�b�u�t�e�d� �N�o�i�s�e� �a�n�d� �V�i�b�r�a�t�i�o�n� �E�x�c�i�t�a�t�i�o�n� �o�f� �T�h�i�n� �P�l�a�t�e�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �8�t�h� �A�S�M�E� 
�C�o�n�f�e�r�e�n�c�e� �o�n� �F�a�i�l�u�r�e�,� �R�e�l�i�a�b�i�l�i�t�y�,� �a�n�d� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s�,� �M�o�n�t�r�e�a�l�,� �C�a�n�a�d�a�,� �p�p�.� �2�2�3�-�2�3�3�.� 

�G�e�r�e�,� �J�.� �M�.�,� �a�n�d� �S�.� �P�.� �T�i�m�o�s�h�e�n�k�o�,� �1�9�8�4�.� �M�e�c�h�a�n�i�c�s� �o�f� �M�a�t�e�r�i�a�l�s�,� �2�n�d� �E�d�.�,� �P�W�S�-�K�E�N�T� 
�P�u�b�l�i�s�h�i�n�g� �C�o�m�p�a�n�y�,� �B�o�s�t�o�n�,� �M�a�s�s�a�c�h�u�s�e�t�t�s�.� 

�H�a�,� �S�.� �K�.�,� �a�n�d� �F�-�K�.� �C�h�a�n�g�,� �1�9�9�0�.� �"�F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l�i�n�g� �o�f� �t�h�e� �R�e�s�p�o�n�s�e� �o�f� 
�L�a�m�i�n�a�t�e�d� �C�o�m�p�o�s�i�t�e�s� �w�i�t�h� �D�i�s�t�r�i�b�u�t�e�d� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� 
�A�I�A�A�/�A�S�M�E�/�A�S�C�E�/�A�H�S� �3�1�5�|� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s� �a�n�d� �M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� 
�L�o�n�g� �B�e�a�c�h�,� �C�a�l�i�f�o�r�n�i�a�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�0�-�1�1�3�1�,� �p�p�.� �2�3�2�3�-�2�2�3�0�.� 

�H�a�g�o�o�d�,� �N�.� �W�.�,� �W�.� �H�.� �C�h�u�n�g�,� �a�n�d� �A�.� �v�o�n� �F�l�o�t�o�w�,� �1�9�9�0�.� �"�M�o�d�e�l�l�i�n�g� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c� 
�A�c�t�u�a�t�o�r� �D�y�n�a�m�i�c�s� �f�o�r� �A�c�t�i�v�e� �S�t�r�u�c�t�u�r�a�l� �C�o�n�t�r�o�l�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� 
�A�I�A�A�/�A�S�M�E�/�A�S�C�E�/�A�H�S� �3�1�5� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s� �a�n�d� �M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� 
�L�o�n�g� �B�e�a�c�h�,� �C�a�l�i�f�o�r�n�i�a�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�0�-�1�0�8�7�,� �p�p�.� �2�2�4�2�-�2�2�5�6�.� 
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�I�m�,� �S�.�,� �a�n�d� �S�.� �N�.� �A�t�l�u�r�i�,� �1�9�8�9�.� �"�E�f�f�e�c�t�s� �o�f� �a� �P�i�e�z�o�-�A�c�t�u�a�t�o�r� �o�n� �a� �F�i�n�i�t�e�l�y� �D�e�f�o�r�m�e�d� �B�e�a�m� 
�S�u�b�j�e�c�t�e�d� �t�o� �G�e�n�e�r�a�l� �L�o�a�d�i�n�g�,�"� �A�J�A�A� �J�o�u�r�n�a�l�,� �2�7�(�1�2�)�,� �p�p�.� �1�8�0�1�-�1�8�0�7�.� 

�K�i�m�,� �S�.� �J�.�,� �a�n�d� �J�.� �D�.� �J�o�n�e�s�,� �1�9�9�0�.�  ��O�p�t�i�m�a�l� �D�e�s�i�g�n� �o�f� �P�i�e�z�o�-�A�c�t�u�a�t�o�r�s� �f�o�r� �A�c�t�i�v�e� �N�o�i�s�e� 
�a�n�d� �V�i�b�r�a�t�i�o�n� �C�o�n�t�r�o�l�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�3 �� �A�I�A�A� �A�e�r�o�a�c�o�u�s�t�i�c�s� �C�o�n�f�e�r�e�n�c�e�,� 
�T�a�l�l�a�h�a�s�s�e�e�,� �F�l�o�r�i�d�a�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�0�-�3�9�2�5�.� 

�L�e�e�,� �C�.�-�K�.�,� �1�9�8�7�.� �"�P�i�e�z�o�e�l�e�c�t�r�i�c� �L�a�m�i�n�a�t�e�s� �f�o�r� �T�o�r�s�i�o�n�a�l� �a�n�d� �B�e�n�d�i�n�g� �M�o�d�a�l� �C�o�n�t�r�o�l�:� 
�T�h�e�o�r�y� �a�n�d� �E�x�p�e�r�i�m�e�n�t�,�"� �D�o�c�t�o�r�a�l� �D�i�s�s�e�r�t�a�t�i�o�n�,� �C�o�r�n�e�l�l� �U�n�i�v�e�r�s�i�t�y�,� �I�t�h�a�c�a�,� �N�e�w� �Y�o�r�k�.� 

�L�i�n�,� �M�.� �W�.�,� �a�n�d� �C�.� �A�.� �R�o�g�e�r�s�,� �1�9�9�2�.�  ��F�o�r�m�u�l�a�t�i�o�n� �o�f� �a� �B�e�a�m� �S�t�r�u�c�t�u�r�e� �w�i�t�h� �I�n�d�u�c�e�d� 
�S�t�r�a�i�n� �A�c�t�u�a�t�o�r�s� �B�a�s�e�d� �o�n� �a�n� �A�p�p�r�o�x�i�m�a�t�e�d� �L�i�n�e�a�r� �S�h�e�a�r� �S�t�r�e�s�s� �F�i�e�l�d�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� 
�t�h�e� �A�I�A�A�I�A�S�M�E�/�A�S�C�E�/�A�H�S� �3�3�"�4� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s� �a�n�d� �M�a�t�e�r�i�a�l�s� 
�C�o�n�f�e�r�e�n�c�e�,� �D�a�l�l�a�s�,� �T�e�x�a�s�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�2�-�2�5�2�4�,� �p�p�.�8�9�6�-�9�0�4�.� 

�M�e�i�r�o�v�i�t�c�h�,� �L�.�,� �1�9�6�7�.� �A�n�a�l�y�t�i�c�a�l� �M�e�t�h�o�d�s� �i�n� �V�i�b�r�a�t�i�o�n�s�,� �T�h�e� �M�a�c�M�i�l�l�a�n� �C�o�m�p�a�n�y�,� �N�e�w� 
�Y�o�r�k�,� �N�e�w� �Y�o�r�k�.� 

�M�e�i�r�o�v�i�t�c�h�,� �L�.�,� �1�9�8�6�.� �E�l�e�m�e�n�t�s� �o�f� �V�i�b�r�a�t�i�o�n� �A�n�a�l�y�s�i�s�,� �M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� 
�Y�o�r�k�,� �N�e�w� �Y�o�r�k�.� 

�P�i�e�z�o� �S�y�s�t�e�m�s�,� �1�9�9�0�.� �P�i�e�z�o�e�l�e�c�t�r�i�c� �B�e�n�d�e�r� �E�l�e�m�e�n�t�s�,� �P�i�e�z�o� �E�l�e�c�t�r�i�c� �P�r�o�d�u�c�t�s�,� �I�n�c�.�,� 
�M�e�t�u�c�h�e�n�,� �N�e�w� �J�e�r�s�e�y�.� 

�R�a�o�,� �S�.� �S�.�,� �1�9�9�0�.� �M�e�c�h�a�n�i�c�a�l� �V�i�b�r�a�t�i�o�n�s�,� �3�r�d� �E�d�.�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y� �P�u�b�l�i�s�h�i�n�g� �C�o�m�p�a�n�y�,� 
�R�e�a�d�i�n�g�,� �M�a�s�s�a�c�h�u�s�e�t�t�s�.� 

�S�u�m�a�l�i�,� �H�.�,� �1�9�9�2�.�  ��A�c�t�i�v�e� �A�c�o�u�s�t�i�c� �C�o�n�t�r�o�l� �o�f� �C�y�l�i�n�d�e�r�s� �U�s�i�n�g� �P�i�e�z�o�e�l�e�c�t�r�i�c� �S�e�n�s�o�r�s� �a�n�d� 
�A�c�t�u�a�t�o�r�s�,�"� �M�a�s�t�e�r�s� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� 
�B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�.� 

�S�w�i�g�e�r�t�,� �C�.� �J�.�,� �a�n�d� �R�.� �L�.� �F�o�r�w�a�r�d�,� �1�9�8�0�.� �"�E�l�e�c�t�r�o�n�i�c� �D�a�m�p�i�n�g� �o�f� �O�r�t�h�o�g�o�n�a�l� �B�e�n�d�i�n�g� 
�M�o�d�e�s� �i�n� �a� �C�y�l�i�n�d�r�i�c�a�l� �M�a�s�t� �-� �T�h�e�o�r�y�,�"� �J�o�u�r�n�a�l� �o�f� �S�p�a�c�e�c�r�a�f�t�,� �1�8�(�1�)�,� �p�p�.� �5�-�1�0�.� 

�T�i�m�o�s�h�e�n�k�o�,� �S�.�P�.�,� �1�9�5�5�.� �V�i�b�r�a�t�i�o�n� �P�r�o�b�l�e�m�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g�,� �3�r�d� �E�d�.�,� �D�.� �V�a�n� �N�o�s�t�r�a�n�d� 
�C�o�m�p�a�n�y�,� �I�n�c�.�,� �N�e�w� �Y�o�r�k�,� �N�e�w� �Y�o�r�k�.� 

�T�s�o�u�,� �H�.� �S�.�,� �a�n�d� �C�.� �I�.� �T�s�e�n�g�,� �1�9�9�0�.� �"�D�i�s�t�r�i�b�u�t�e�d� �D�y�n�a�m�i�c� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n�d� �C�o�n�t�r�o�l�s� �o�f� 
�F�l�e�x�i�b�l�e� �S�h�e�l�l�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�I�A�A�I�A�S�M�E�/�A�S�C�E�/�A�H�S� �3�1�5� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� 
�D�y�n�a�m�i�c�s� �a�n�d� �M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� �L�o�n�g� �B�e�a�c�h�,� �C�a�l�i�f�o�r�n�i�a�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�0�-�1�0�8�9�,� 
�p�p�.� �2�2�6�5�-�2�2�7�3�.� 
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�V�i�n�s�o�n�,� �J�.� �R�.�,� �a�n�d� �R�.� �L�.� �S�i�e�r�a�k�o�w�s�k�i�,� �1�9�8�7�.� �T�h�e� �B�e�h�a�v�i�o�r� �o�f� �S�t�r�u�c�t�u�r�e�s� �C�o�m�p�o�s�e�d� �o�f� 
�C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�s�,� �K�l�u�w�e�r� �A�c�a�d�e�m�i�c� �P�u�b�l�i�s�h�e�r�s�,� �D�o�r�d�r�e�c�h�t�,� �T�h�e� �N�e�t�h�e�r�l�a�n�d�s�.� 

�W�a�n�g�,� �B�.�-�T�.�,� �1�9�9�1�.� �"�A�c�t�i�v�e� �C�o�n�t�r�o�l� �o�f� �S�o�u�n�d� �T�r�a�n�s�m�i�s�s�i�o�n�/�R�a�d�i�a�t�i�o�n� �F�r�o�m� �E�l�a�s�t�i�c� �P�l�a�t�e�s� 
�U�s�i�n�g� �M�u�l�t�i�p�l�e� �P�i�e�z�o�e�l�e�c�t�r�i�c� �A�c�t�u�a�t�o�r�s�,�"� �D�o�c�t�o�r�a�l� �D�i�s�s�e�r�t�a�t�i�o�n�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� 
�I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� �U�n�i�v�e�r�s�i�t�y�,� �B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�.� 

�W�a�n�g�,� �B�.�-�T�.�,� �a�n�d� �C�.� �A�.� �R�o�g�e�r�s�,� �1�9�9�1�.� �"�M�o�d�e�l�i�n�g� �o�f� �F�i�n�i�t�e�-�L�e�n�g�t�h� �S�p�a�t�i�a�l�l�y�-�D�i�s�t�r�i�b�u�t�e�d� 
�I�n�d�u�c�e�d� �S�t�r�a�i�n� �A�c�t�u�a�t�o�r�s� �f�o�r� �L�a�m�i�n�a�t�e�d� �B�e�a�m�s� �a�n�d� �P�l�a�t�e�s�,�"� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� 
�A�I�A�A�/�A�S�M�E�/�A�S�C�E�I�A�H�S�I�/�A�S�C� �3�2�"�4� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s�,� �a�n�d� �M�a�t�e�r�i�a�l�s� 
�C�o�n�f�e�r�e�n�c�e�,� �B�a�l�t�i�m�o�r�e�,� �M�a�r�y�l�a�n�d�,� �P�a�p�e�r� �N�o�.� �A�I�A�A�-�9�1�-�1�2�5�8�,� �p�p�.� �1�5�1�1�-�1�5�2�0�.� 
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�A�p�p�e�n�d�i�x� �A� 

�T�h�e� �p�r�o�g�r�a�m� �d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �a�p�p�e�n�d�i�x�.� �A�l�l� 

�m�f�i�l�e�s� �w�e�r�e� �w�r�i�t�t�e�n� �w�i�t�h� �a� �s�t�a�n�d�a�r�d� �t�e�x�t� �e�d�i�t�o�r� �a�n�d� �d�e�s�i�g�n�e�d� �f�o�r� �u�s�e� �o�n� �M�a�t�l�a�b�.� �T�h�e� 

�p�r�o�g�r�a�m� �c�o�n�s�i�s�t�s� �o�f� �s�e�v�e�n� �s�e�p�a�r�a�t�e� �m�f�i�l�e�s�.� �T�h�e� �f�i�r�s�t� �m�f�i�l�e� �i�s� �u�s�e�d� �t�o� �i�n�p�u�t� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �c�a�l�l� �a�l�l� �o�t�h�e�r� �s�u�b�r�o�u�t�i�n�e�s�.� �T�h�e� �s�e�c�o�n�d� �m�f�i�l�e� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �a�c�t�u�a�t�o�r�/�s�t�r�u�c�t�u�r�e� �s�y�s�t�e�m�.� �T�h�e� �t�h�i�r�d� 

�m�f�i�l�e� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �a�p�p�l�i�e�d� �m�o�m�e�n�t� �a�n�d� �f�o�r�c�e� �c�r�e�a�t�e�d� �b�y� �e�a�c�h� �a�c�t�u�a�t�o�r� �u�s�i�n�g� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �a�p�p�r�o�a�c�h�.� �T�h�e� �f�o�u�r�t�h� �a�n�d� �f�i�f�t�h� �p�r�o�g�r�a�m�s� �a�r�e� �c�a�l�l�e�d� �s�u�b�r�o�u�t�i�n�e�s� �o�f� �t�h�e� �t�h�i�r�d� �m�f�i�l�e�.� 

�T�h�e� �s�i�x�t�h� �m�f�i�l�e� �s�i�m�u�l�a�t�e�s� �t�h�e� �f�o�r�c�e�d� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e� �a�n�d� �t�h�e� �f�i�n�a�l� �m�f�i�l�e� �r�e�t�u�r�n�s� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s�.� 

�M�f�i�l�e� �t�i�t�l�e�s�:� 
�1�.� �b�e�a�m�c�a�l�l�.�m� 
�2�.� �b�e�a�m�f�r�t�m�.�m� 
�3�.� �b�e�a�m�c�a�l�c�.�m� 

�4�.� �k�a�p�p�a�.�m� 
�5�.� �f�r�c�2�m�o�m�.�m� 

�6�.� �b�e�a�m�r�e�s�p�.�m� 
�7�.� �p�l�o�t�b�e�a�m�.�m� 
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�1�.� �B�e�a�m�c�a�l�l�.�m� 

�%� �T�h�i�s� �p�r�o�g�r�a�m� �i�s� �u�s�e�d� �t�o� �s�p�e�c�i�f�i�c� �c�e�r�t�a�i�n� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �c�a�l�l� �a�l�l� �o�t�h�e�r� �m�f�i�l�e�s� 
�C�l�e�a�r�;� �c�l�c�;� �c�l�g�;� �a�x�i�s�( ��n�o�r�m�a�l�'�)�;� �h�o�l�d� �o�f�f�;� �f�o�r�m�a�t� �s�h�o�r�t� �e�;� 

�%� �U�s�e�r� �a�s�s�i�g�n�e�d� �p�a�r�a�m�e�t�e�r�s� 
�m�o�d�e�s�=�5�;� �%� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �i�n� �t�h�e� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m� 

�a�c�t�t�y�p�e�=�[�1�]�;� �%� �i�n�p�u�t� �(�1�-�P�Z�T�,� �2�-�h�a�m�m�e�r�,� �3�-�s�h�a�k�e�r�)� 
�n�a�c�t�=�2�;� �%� �n�u�m�b�e�r� �o�f� �s�p�a�t�i�a�l�l�y� �l�o�c�a�t�e�d� �a�c�t�u�a�t�o�r�s� �a�n�d� �s�e�n�s�o�r�s� 
�n�u�m�a�c�t�=�[�2� �1�]�;� �%� �n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s� �a�t� �e�a�c�h� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �s�e�n�s�o�r�s� 
�a�c�t�p�o�s�=�[�.�0�5�0�8� �.�0�8�3�8�]�;� �%� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �l�e�f�t� �e�d�g�e� �(�m�)�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �t�h�e� �s�e�n�s�o�r� 
�a�c�t�l�=�[�.�0�3�8�1� �.�0�1�2�)�;� �%� �a�c�t�u�a�t�o�r� �l�e�n�g�t�h� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n� �(�m�)�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �t�h�e� �s�e�n�s�o�r� 
�a�c�t�w�=�[�.�0�3�8�1� �.�0�1�2�]�;� �%� �a�c�t�u�a�t�o�r� �w�i�d�t�h� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n� �(�m�)�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �t�h�e� �s�e�n�s�o�r� 
�a�c�t�t�=�[�3�0�4�.�8�e�-�0�6� �.�0�1�2�]�;� �|� �%� �a�c�t�u�a�t�o�r� �t�h�i�c�k�n�e�s�s� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n� �(�m�)�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �t�h�e� �s�e�n�s�o�r� �.� 
�b�o�n�d�t�=�[�5�0�.�8�e�-�0�6� �5�0�.�8�e�-�0�6�]�;�%� �b�o�n�d�i�n�g� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n� �(�m�)� 
�v�o�l�t�a�g�e�=�[�1� �1� �-�1� �-�1�]�;� �%� �(�0�,� �1�,� �-�1�)� �d�e�p�e�n�d�i�n�g� �w�h�i�c�h� �a�c�t�u�a�t�o�r�s� �a�r�e� �e�x�c�i�t�e�d� �a�n�d� �t�h�e� �a�p�p�l�i�e�d� �v�o�l�t�a�g�e� 

�d�i�r�e�c�t�i�o�n�,� �f�r�o�m� �b�o�t� �t�o� �t�o�p� �o�f� �t�h�e� �a�c�t�u�a�t�o�r� �s�t�a�c�k� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n� 
�s�e�n�s�o�r�t�y�p�e�=�[�2�]�;� �%� �i�n�p�u�t� �(�1�-�P� �V�D�F� �s�e�n�s�o�r�,� �2�-�a�c�c�e�l�e�r�o�m�e�t�e�r�)� 
�s�e�n�p�o�s�=�[�.�0�8�3�8�]�;� �%� �s�e�n�s�o�r� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s� �(�m�)� 
�s�y�m�=�[�0� �0�]�;� �%� �C�o�n�f�i�g�u�r�a�t�i�o�n� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n�,� �(�0�-�N�S�,� �1�-�S� �b�o�n�d�i�n�g�)�,� �l�a�s�t� �e�n�t�r�y� �i�s� �f�o�r� �s�e�n�s�o�r� 
�e�x�p�=�(�[�2�]�;� �%� �i�n�p�u�t� �(�1�-�d�o� �n�o�t� �p�l�o�t� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� �2�-�p�l�o�t� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�)� 
�n�u�m�b�e�r�=�2�;� �%� �T�y�p�e� �o�f� �t�h�e�o�r�y� �u�s�e�d� �i�n� �s�i�m�u�l�a�t�i�o�n� �(�1�-�B�e�r�n�o�u�l�l�i� �E�u�l�e�r�,� �2�-�T�i�m�o�s�h�e�n�k�o�)� 
�s�i�m�t�i�m�=�.�5�;� �%� �d�u�r�a�t�i�o�n� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �w�h�e�n� �a�p�p�l�i�c�a�b�l�e� 

�%� �C�a�l�l�i�n�g� �a�l�l� �m�-�f�i�l�e�s� 
�i�f� �n�u�m�b�e�r�=�=�1�,�;� 
�(�w�,�f�,�f�n�o�,�m�v�,�m�v�n�o�,�i�n�d�e�x�,�y�d�e�f�l�n�o�m�a�s�s�,� �y�d�e�f�l�]�=� 

�b�e�a�m� �f�r�e�q�(�m�o�d�e�s�,�n�a�c�t�,�a�c�t�p�o�s�,�n�u�m�a�c�t�,�a�c�t�l�,�a�c�t�w�,�a�c�t�t�,�b�o�n�d�t�,�s�y�m�,�a�c�t�t�y�p�e�,�s�e�n�s�o�r�t�y�p�e�)�;� 
�e�l�s�e�,�;� 
�(�w�.�f�,�f�n�o�,�m�v�,�m�v�n�o�,�i�n�d�e�x�,�y�d�e�f�l�n�o�m�a�s�s�,� �y�d�e�f�l�J�=� 

�b�e�a�m� �f�r�t�m�(�m�o�d�e�s�,�n�a�c�t�,�a�c�t�p�o�s�,�n�u�m�a�c�t�,�a�c�t�l�,�a�c�t�w�,�a�c�t�t�,�b�o�n�d�t�,�s�y�m�,�a�c�t�t�y�p�e�,�s�e�n�s�o�r�t�y�p�e�)�;� 
�e�n�d�;� 
�w�n�o�m�a�s�s�=�2�*�p�i�*�f�n�o�;� �o�u�t�p�u�t�=�[�f�n�o�'� �f�)�;� 

�d�i�s�p�( ��F�r�e�q�u�e�n�c�i�e�s�:�'�)�;� �d�i�s�p�(�"�)�;� �d�i�s�p�(�N�o� �M�a�s�s� �A�t�t�a�c�h�e�d� �A�c�t�u�a�l� �S�y�s�t�e�m ��)�;� 
�d�i�s�p�(�'� �(�H�z�)� �(�H�z�)�'�)�;� �d�i�s�p�(�o�u�t�p�u�t�)�;� �p�a�u�s�e�;� 

�[�t�k�,�d�i�m�s�,�r�h�o�c�o�m�p�,�M�,�P�,�M�x�a�c�t�,�P�x�a�c�t�]�=� 
�b�e�a�m�c�a�l�e�(�m�o�d�e�s�,�(�n�a�c�t�-�1�)�,�a�c�t�p�o�s�(�1�)�,�n�u�m�a�c�t�(�1�)�,�a�c�t�l�(�1�)�,�a�c�t�w�(�1�)�,�a�c�t�t�(�1�)�,�b�o�n�d�t�(�1�)�,�v�o�l�t�a�g�e�,�s�y�m�(�1�)�,�a�c�t�t�y�p�e�)�;� 

�[�s�e�n�s�o�r�o�u�t�p�u�t�,�m�o�d�e�s�w�i�t�h�t�i�m�e�,�t�]�=� 
�b�e�a�m�r�e�s�p�(�m�o�d�e�s�,�n�a�c�t�,�a�c�t�p�o�s�,�n�u�m�a�c�t�,�a�c�t�l�,�a�c�t�w�,�a�c�t�t�,�s�e�n�l�,�s�e�n�w�,�s�e�n�t�,�s�e�n�p�o�s�,�b�o�n�d�t�.�.�.�.� 

�w�,�d�i�m�s�,�M�,�M�x�a�c�t�,�P�,�P�x�a�c�t�,�s�i�m�t�i�m�,�a�c�t�t�y�p�e�,�s�e�n�s�o�r�t�y�p�e�,�e�x�p�,�s�y�m�)�;� 

�p�l�o�t�b�e�a�m�(�i�n�d�e�x�,�y�d�e�f�l�,�y�d�e�f�l�n�o�m�a�s�s�,�t�,�s�e�n�s�o�r�o�u�t�p�u�t�,�m�o�d�e�s�w�i�t�h�t�i�m�e�,�a�c�t�p�o�s�,�s�e�n�p�o�s�,�n�u�m�b�e�r�)� 
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�2�.� �B�e�a�m�f�r�t�m�.�m� 

�f�u�n�c�t�i�o�n� �[�w�,�f�r�e�q�,�f�r�e�q�n�o�m�a�s�s�,�m�v�,�m�v�n�o�m�a�s�s�,�i�n�d�e�x�,�y�d�e�f�l�n�o�m�a�s�s�,�y�d�e�f�l�]�=� 
�b�e�a�m� �f�r�t�m�(�m�o�d�e�s�,�n�a�c�t�,�a�c�t�p�o�s�,�n�u�m�a�c�t�,�a�c�t�l�,�a�c�t�w�,�a�c�t�t�,�b�o�n�d�l�a�y�e�r�,�s�y�m�,�a�c�t�t�y�p�e�,�s�e�n�s�o�r�t�y�p�e�)� 

�%� �T�h�i�s� �p�r�o�g�r�a�m� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �n�o�n�u�n�i�f�o�r�m� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �v�e�c�t�o�r�s� 

�f�o�r�m�a�t� �s�h�o�r�t� �e�;� �c�l�c�;� �c�l�g�;� 

�%� �P�h�y�s�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m� 

�L�=�0�.�4�5�0�8�5�;� 
�W�=�0�.�0�3�8�1�;� 
�T�=�0�.�0�0�3� �1�7�5�;� 
�r�h�o�=�2�7� �1�0�;� 
�n�u�b�=�0�.�3�3�;� 
�E�=�6�6�5�0�0�0�0�0�0�0�0�;� 
�G�=�E�/�(�2�*�(�1�+�n�u�b�)�)�;� 
�a�r�e�a�c�=�W�*�T�;� 
�m�a�s�s�b�=�r�h�o�*�a�r�e�a�c�;� 
�I�b�=�(�W�*�T�*�T�*�T�)�/�1�2�;� 
�k�=�5�/�6�;� 
�s�t�e�p�=�.�0�1�;� 
�b�o�n�d�t�=�m�a�x�(�b�o�n�d�l�a�y�e�r�)�;� 

�%� �B�o�n�d�i�n�g� �l�a�y�e�r� �v�a�l�u�e�s� 
�t�r�h�o�b�o�n�d�=�8�9�0�;� 
�n�u�b�l�=�.�5�;� 
�E�b�l�1�1�=�1�0�7�1�2�0�1�;� 

�%� �B�e�a�m� �l�e�n�g�t�h� �(�m�)� 
�%� �B�e�a�m� �w�i�d�t�h� �(�m�)� 
�%� �B�e�a�m� �t�h�i�c�k�n�e�s�s� �(�m�)� 
�%� �B�e�a�m� �d�e�n�s�i�t�y� �(�k�g�/�m�4�3�)� 
�%� �B�e�a�m� �P�o�i�s�s�o�n� �r�a�t�i�o� 
�%� �B�e�a�m� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �(�N�/�m ��2�)� 
�%� �B�e�a�m� �s�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�4�2�)� 
�%� �B�e�a�m� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a� �(�m�4�2�)� 
�%� �B�e�a�m� �m�a�s�s� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �(�k�g�/�m�)� 
�%� �B�e�a�m� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �(�m�4�)� 
�%� �S�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� 
�%� �s�t�e�p� �s�i�z�e� �a�l�o�n�g� �t�h�e� �b�e�a�m� 
�%� �b�o�n�d�i�n�g� �l�a�y�e�r� �m�a�x�i�m�u�m� �t�h�i�c�k�n�e�s�s� 

�%� �B�o�n�d�i�n�g� �l�a�y�e�r� �d�e�n�s�i�t�y� �(�k�g�/�m�4�3�)� 
�%� �B�o�n�d�i�n�g� �l�a�y�e�r� �P�o�i�s�s�o�n� �r�a�t�i�o� 

�%� �B�o�n�d�i�n�g� �l�a�y�e�r� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �(�N�/�m�4�2�)� 
�G�b�l�1�1�=�E�b�1�1�1�/�(�2�*�(�1�+�n�u�b�l�)�)�;� �%� �B�o�n�d�i�n�g� �l�a�y�e�r� �s�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�4�2�)� 

�%� �A�c�t�u�a�t�o�r� �P�Z�T� �G�-�1�1�9�5� 
�t�h�o�a�c�t�=�7�6�0�0�;� �%� �P�Z�T� �d�e�n�s�i�t�y� �(�k�g�/�m�4�3�)� 
�n�u�a�=�.�3�3�;� �%� �P�Z�T� �P�o�i�s�s�o�n�'�s� �r�a�t�i�o� 
�E�a�c�t�1�1�=�6�3�0�0�0�0�0�0�0�0�0�;� �%� �P�Z�T� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�(�N�/�m ��2�)� 
�G�a�c�t�1� �1�=�E�a�c�t�1�1�/�(�2�*�(�1�+�n�u�a�)�)�;� �%� �P�Z�T� �s�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m�4�2�)� 

�%� �S�e�n�s�o�r� �P�V�D�F� �K�y�n�a�r� �F�i�l�m� 
�r�h�o�s�e�n�=�1�7�8�0�;� �%� �P�V�D�F� �d�e�n�s�i�t�y� �(�k�g�/�m�4�3�)� 
�n�u�s�=�.�3�3�;� �%� �P�V�D�F� �P�o�i�s�s�o�n� �r�a�t�i�o� 
�E�s�e�n�1�1�=�2�0�0�0�0�0�0�0�0�0�;� �%� �P�V�D�F� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �(�N�/�m ��2�)� 
�G�s�e�n�1�1�=�E�s�e�n�1�1�/�(�2�*�(�1�+�n�u�s�)�)�;� �%� �P�V�D�F� �s�e�n�s�o�r� �s�h�e�a�r� �m�o�d�u�l�u�s� �(�N�/�m ��4�2�)� 

�%� �C�a�l�c�u�l�a�t�e�s� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �w�i�t�h� �a�n�d� �w�i�t�h�o�u�t� �a�t�t�a�c�h�e�d� �m�a�s�s�e�s� 
�f�o�r� �l�o�o�p�=�1�:�2�;� �i�f� �l�o�o�p�=�=�1�,�;� �n�a�=�0�.�0�;� �e�l�s�e�;� �n�a�=�n�a�c�t�;� �e�n�d�;� 

�i�n�c�r�e�m�e�n�t�a�c�t�=�[�]�;� 
�f�o�r� �i�i�=�1�:�n�a�;� 
�a�c�t�l�e�f�t�(�i�i�)�=�a�c�t�p�o�s�(�i�i�)�-�(�a�c�t�l�(�i�i�)�/�2�)�;�_� �a�c�t�r�i�g�h�t�(�i�i�)�=�a�c�t�p�o�s�(�i�i�)�+�(�a�c�t�l�(�i�i�)�/�2�)�;� �b�o�n�d�=�b�o�n�d�l�a�y�e�r�(�i�i�)�;� 
�a�c�t�s�t�a�c�k�h�e�i�g�h�t�(�i�i�)�=�n�u�m�a�c�t�(�i�i�)�*�(�a�c�t�t�(�i�i�)�+�b�o�n�d�)�;� �i�n�c�r�e�m�e�n�t�a�c�t�=�[�i�n�c�r�e�m�e�n�t�a�c�t� �a�c�t�l�e�f�t�(�i�i�)� �a�c�t�r�i�g�h�t�(�i�i�)�]�;� 
�E�a�c�t�(�i�i�)�=�E�a�c�t�1�1�;� �G�a�c�t�(�i�i�)�=�G�a�c�t�1�1�;� 
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�e�n�d�;� 
�i�n�c�r�e�m�e�n�t�a�c�t�=�[�0� �i�n�c�r�e�m�e�n�t�a�c�t� �L�]�;� 

�%� �M�a�s�s� �a�n�d� �S�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n� 

�%� �C�a�l�c�u�l�a�t�i�n�g� �t�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a�,� �r�o�t�a�t�i�o�n�a�l� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a�,� �E�,� �a�n�d� �G� �f�o�r� �e�a�c�h� �a�c�t�u�a�t�o�r� �s�e�c�t�i�o�n� 

�f�o�r� �i�i�=�1�:�n�a�;� 
�i�f� �s�y�m�(�i�i�)� �=�=� �0�,�;� �%� �n�o�n�s�y�m�m�e�t�r�i�c� �b�o�n�d�i�n�g� 

�i�f� �i�i�=�=�1�,�;� 
�e�t�a�l�=�E�a�c�t�1�1�/�E�;� �e�t�a�2�=�E�b�1�1�1�/�E�;� �a�e�a�c�t�=�a�c�t�w�(�i�i�)�*�e�t�a�l�;� �a�e�b�l�=�a�c�t�w�(�i�i�)�*�e�t�a�2�;� 
�t�d�=�[�]�;� �t�d�a�=�(�]�;� �t�d�b�=�[�]�;� 
�f�o�r� �j�j�=�1�:�n�u�m�a�c�t�(�i�i�)�;� 
�t�d�=�[�t�d� �a�c�t�t�(�i�i�)� �b�o�n�d�t�]�;� �t�d�a�=�[�t�d�a� �a�c�t�t�(�i�i�)�*�a�e�a�c�t� �b�o�n�d�t�*� �a�e�b�l�]�;� �t�d�b�=�[�t�d�b� �a�e�a�c�t� �a�e�b�l�]�;� 

�e�n�d�;� 
�t�d�=�[�t�d� �T�]�;� �t�d�a�=�[�t�d�a� �T�*�W�]�;� �t�d�b�=�[�t�d�b� �W�]�;� �y�A�=�0�.�0�;� �A�=�0�.�0�;� 
�f�o�r� �j�j�=�1�:�l�e�n�g�t�h�(�t�d�)�;� 
�y�A�=�y�A� �+� �(�s�u�m�(�t�d�(�1�:�(�j�j�-�1�)�)�)� �+� �t�d�(�j�j�)�/�2�)�*�t�d�a�(�j�j�)�;� �A�=�A� �+� �t�d�a�(�j�)�;� 

�e�n�d�;� 
�h�i�=�y�A�/�A�;� �h�2�=�s�u�m�(�t�d�)�-�h�1�;� �I�t�e�m�p�=�0�.�0�;� 
�f�o�r� �j�j�=�1�:�(�l�e�n�g�t�h�(�t�d�)�-�1�)�;� 

�I�t�e�m�p�=�I�t�e�m�p�+�(�1�/�1�2�)�*� �(�t�d�b�(�j�)�)�*�(�t�d�@�j�)�*�3�)�+� �(�t�d�a�(�j�j�)�*�(�h�1�-�(�s�u�m� �(�t�d�(�1�:�G�j�-�1�)�)�)�+�t�d�G�@�j�)�/�2�)�)�*�2�)�;� 
�e�n�d�;� 
�t�o�t�a�l�t�h�i�c�k�n�e�s�s�=�s�u�m�(�t�d�)�;� �h�s�t�a�r�=�s�u�m�(�t�d�(�1�:�(�l�e�n�g�t�h�(�t�d�)�-�1�)�)�)�+�T�/�2�;� �d�i�f�f�e�r�e�n�c�e�=�h�s�t�a�r�-�h�1�;� 
�i�f� �h�s�t�a�r� �>�=� �0�.�0�,�;� 
�I�t�e�m�p�=�I�t�e�m�p� �+� �(�1�/�1�2�)�*�(�W�*�T�A�3�)�+�(�(�W�*�T�)�*�(�h�2�-�T�/�2�)�4�2�)�;� �e�l�s�e�,�;� 
�I�t�e�m�p�=�I�t�e�m�p� �+� �(�1�/�1�2�)�*�(�W�*�T�4�3�)�+�(�(�W�*�T�)�*�(�h�1�-�(�s�u�m�(�t�d�(�1�:�(�l�e�n�g�t�h�(�t�d�)�-�1�)�)�)�+�T�/�2�)�)�4�2�)�;� 

�e�n�d�;� 
�T�a�c�t�(�i�i�)�=�I�t�e�m�p�;� �d�e�n�a�r�e�a�=�(�W�*�T�)�+�(�a�c�t�s�t�a�c�k�h�e�i�g�h�t�(�i�i�)�*�a�c�t�w�(�i�)�)�;� 
�m�a�c�t�(�i�i�)�=�(�W�*�T�*�r�h�o�)�+�(�a�c�t�w�(�i�i�)�*�n�u�m�a�c�t�(�i�i�)�*�a�c�t�t�(�i�i�)�*�r�h�o�a�c�t�)�+�(�a�c�t�w�(�i�i�)�*�n�u�m�a�c�t�(�i�i�)�*�b�o�n�d�t�*�r�h�o�b�o�n�d�)�;� 
�E�a�c�t�s�e�c�t�i�o�n�(�i�i�)�=�(�(�W�*�T�*�E�)�/�d�e�n�a�r�e�a�)�+�(�(�(�E�b�1�1� �1�/�E�)�*�a�c�t�w�(�i�i�)�*�n�u�m�a�c�t�(�i�i�)�*�a�c�t�t�(�i�i�)�*�E�a�c�t�(�i�i�)�)�/�d�e�n�a�r�e�a�)�+�.�.�.� 

�(�(�a�c�t�w�(�i�i�)�*�b�o�n�d�t�*�E�b�l�1�1�1�)�/�d�e�n�a�r�e�a�)�+�(�(�(�E�b�l�1� �1�/�E�)�*�a�c�t�w�(�i�i�)�*� �m�u�m�a�c�t�(�i�i�)�-�1�)�*�b�o�n�d�t�*�E�b�l�1� �1�)�/�d�e�n�a�r�e�a�)�;� 
�G�a�c�t�s�e�c�t�i�o�n�(�i�i�)�=�(�(�W�*�T�*�G�)�/�d�e�n�a�r�e�a�)�+�(�(�(�G�b�l�1�1�/�G�)�*�a�c�t�w� �(�i�i�)�*�n�u�m�a�c�t�(�i�i�)�*�a�c�t�t�(�i�i�)�*�G�a�c�t�(�i�i�)�)�/�d�e�n�a�r�e�a�)�+�.�.�.� 

�(�(�a�c�t�w�(�i�i�)�*�b�o�n�d�t�*�G�b�l�1�1�)�/�d�e�n�a�r�e�a�)�+�(�(�a�c�t�w�(�i�i�)�*�(�n�u�m�a�c�t�(�i�i�)�-�1�)�*�b�o�n�d�t�*�G�b�l�1� �1�)�/�d�e�n�a�r�e�a�)�;� 
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