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Modeling Error in Geographic Information Systems
Kimberly R. Love

(ABSTRACT)

Geographic information systems (GISs) are a highly influential tool in today’s society, and are
used in a growing number of applications, including planning, engineering, land management,
and environmental study. As the field of GISs continues to expand, it is very important to
observe and account for the error that is unavoidable in computerized maps. Currently,
both statistical and non-statistical models are available to do so, although there is very little

implementation of these methods.

In this dissertation, I have focused on improving the methods available for analyzing error in
GIS vector data. In particular, I am incorporating Bayesian methodology into the currently
popular G-band error model through the inclusion of a prior distribution on point locations.
This has the advantage of working well with a small number of points, and being able to
synthesize information from multiple sources. I have also calculated the boundary of the
confidence region explicitly, which has not been done before, and this will aid in the even-
tual inclusion of these methods in GIS software. Finally, I have included a statistical point
deletion algorithm, designed for use in situations where map precision has surpassed map
accuracy. It is very similar to the Douglas-Peucker algorithm, and can be used in a general
line simplification situation, but has the advantage that it works with the error information
that is already known about a map rather than adding unknown error. These contributions

will make it more realistic for GIS users to implement techniques for error analysis.

This work received support from the National Geospatial-Intelligence Agency.
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Chapter 1

Introduction

The field of geographic information systems, or GISs, is a highly influential force in today’s
geographic and environmental disciplines. As a computerized system of maps and geo-
graphic data analysis, it has found many applications in today’s world, including research,
government, military, and private uses. Although there are multiple methods of storing and
analyzing data, the most general way to describe a GIS is that it uses geographic coordi-
nates to store and display location data, and employs an associated database to identify and

describe regional properties.

Despite its relatively long-term use of more than 50 years, until recently there was not much
thought given to the types of errors that might occur in such a system. Any information
about error included with a GIS was generally brief and over-simplified, leading to a general
ignorance of the effect it might have on a final product. Within the last ten to twenty years,
however, because of the growing applications and ability of computers to process data, many
in the field have become more concerned about the inclusion and appropriate use of detailed

error information.

I begin with a review of current work, which has reached varying stages of development de-

pending on the type of data and the application. Some applications are lacking in statistical



modeling and have embraced alternative methods of error communication and display. My

discussion includes the merits and downfalls of some of the current models.

I then discuss my work in the area of geographic error modeling. One of my contributions
is the introduction of Bayesian methodology into the field, which has multiple advantages.
A Bayesian model for map error allows one to introduce expert knowledge, historical data,
or information from other maps in the form of a prior distribution. In addition, a Bayesian
model can perform well with only a small number of observations. Both of these qualities are
essential to the field of GISs, where multiple observations are rare, and outside knowledge
can be very informative. I explore this addition, including a discussion on choosing a prior

distribution, and provide examples based on my calculations.

Another contribution I have made is the direct calculation of error regions. A popular
statistical model for error in line features involves the depiction of confidence regions around
line segments. Currently, however, the regions are composed entirely of individual ellipses
drawn around many points along a line segment. Here, I have completed a calculation for
the direct computation of the boundary for the confidence region. This allows for faster
calculation and requires less computational time to draw confidence regions, and should

make it easier to include statistical error models in future releases of GIS software.

Finally, I have developed a statistical point deletion algorithm (to be used when simplifying
line features in maps), based on error models and the currently popular Douglas-Peucker
algorithm. This alternative algorithm has the advantage that there is statistical justification
for each point that is removed. Rather than inducing further error, a common complaint
about current point deletion algorithms, this algorithm takes advantage of the error structure
already present in the data. This algorithm also retains points in situations that the Douglas-
Peucker algorithm does not, in particular, points that result in sharp angles and that are
roughly centered between their two nearest neighbors. These retained points could provide
significant information for the user of a map product, and so the statistical algorithm is a

valuable practical alternative.



This work is very important in fields that utilize GIS data. Many of its applications determine
such things as allocation of resources, use of funding, and even issues of safety. Without a
clear understanding of the error involved in geographic measurement processes and how
to interpret it, GIS users may suffer loss and hardship. This work will provide the GIS

community with practical tools for the analysis and understanding of error in a GIS.



Chapter 2

Literature Review

The field of geographic information systems, or GISs, is constantly growing in both function-
ality and application. Although there are many ways of defining a GIS (D. J. Maguire [42]
gives some examples, as does D. F. Marble [44]), most would agree that it is a database sys-
tem for storing, analyzing and manipulating spatially-referenced geographic data. Although
some might expand the term to include paper maps and information, users generally under-
stand it to refer to a computerized database structure. A GIS project usually consists of

one or more of the following components: maps, information databases, and spatial analysis
([42]).

Computer-based map and data storage go back as far as the late 1950s, but it was not until
the 1980s that people commonly used GIS to analyze spatial data ([17]). Now GISs are
in widespread use by research institutions, divisions of government (for example, the U.S.
Census Bureau and U.S. Geological Survey), private industries, and the U.S. military. Its
still-growing number of applications includes planning, engineering, land management, and
environmental study ([16]). As GISs continues to gain popularity, some users are paying

more attention to the issues of data precision and accuracy.



2.1 GIS Data

2.1.1 How GIS software stores data

One of the most popular commercially available GIS software packages today is ArcGIS,
produced by ESRI. It is the most recent incarnation of the Arc/Info software that ESRI
began publishing in the early 1980s ([16]). As with any GIS, there are essentially two basic

formats for storing map data: vector and raster.

Vector data is a system of points, lines, and polygons that represent geographic objects. Each
point that appears in a vector map represents a specific coordinate pair. Lines connecting
points across a map represent larger and more complicated features, such as rivers or roads.
A polygon is defined as a closed set of lines. Polygons can represent features with sharp
boundaries, like buildings and countries. Another common use for polygon features is to
denote areas that are classified differently from other nearby areas, which in reality may
have very rough boundaries. Examples of this include maps of soil types or land cover.
Each polygon, line, and point feature is linked to a database through a unique identification

number, which enables the user to find information about that feature.

This system of storing data is good in the sense that it can store coordinates with as much
precision as desired. It has the flexibility to model straight lines with a small number of
vertices, or more vertices can be used to plot a more complicated line. It is a very good
format to describe objects with well-defined boundaries. It also does not require the use of

a lot of computing storage space, since a relatively small number of points need to be stored
([16]).

Raster data is a grid system where each grid cell represents a range of geographic x-,y-
coordinates in regular increments. Each raster cell is called a map unit and is comparable to
the concept of a pixel on a computer screen ([16]). Each map unit has one or more values,

generally based on real-world properties over that cell’s range of coordinates. Each value



can represent a continuous variable, such as altitude or temperature, or it can represent a

categorical variable, like land type.

We interpret the value through the use of a database connected to the raster map. To
aid visual display and interpretation, we often associate values with colors or a color scale.
One example of a continuous-variable raster map that most people are familiar with is a
temperature map, common on the evening news, in which a range of colors on the map
represent current temperatures. A good example of a categorical raster map is a land cover
map, where each map unit’s value represents a summary of the environment within its

boundaries.

The raster data format has many advantages. Raster maps are often easy to interpret, as
evidenced by the above familiar examples. They also work well in computer applications
because of the relationship of map units to pixels on a screen ([16]). When compared to
vector data, it is clear that raster data is much better at representing continuous fields (like

elevation and temperature) since these fields do not have regular boundaries.

There are also disadvantages to using raster data. One such disadvantage is that each cell
has a predefined size that determines the resolution of a map—for example, each grid map
unit might represent a square of land that is 10 km by 10 km. Once we establish this, it is
not possible to obtain more detail because each cell can only have one value over its entire
area. In other words, a map that someone made to reflect the population distribution of the
United States in blocks of 10 square kilometers would be useless when trying to determine
the distribution of the population in a particular county. Vector data obviously has the

advantage here, since it has potential for much higher precision ([16], [24]).

Raster data also falls short of vector data in terms of storage space. In a vector application,
software only has to store a relatively small number of coordinates to represent an object,
whereas each cell must hold a value in a raster map. This has become less of an issue
in recent years as memory storage continues to become cheaper and more easily available.

Nonetheless, it is still a consideration since raster maps have the potential to contain a very



large amount of data ([16]), and this can cause certain data operations to be computationally

expensive and time-consuming.

Finally, boundaries and well-defined objects are much easier to illustrate using vector data.
Although we can draw a line with a raster representation, it is often a clumsy impression
and can only be as good as the resolution of the map ([16], [43]). In Figure 2.1, the figure
on the left is a vector representation of a line; the figure on the right is a possible raster

interpretation of that same line.

(a) (b)

Figure 2.1: Line representation in vector (a) and raster (b) format.

2.1.2 Error in GIS data

As the field of GISs continues to expand, users are paying more attention to error that may
be present in a data set. As early as 1984, Chrisman ([11]) and others began to recognize that
computers were capable of storing data much more precise than the source of the data could
provide. To quote Chrisman, “Storage of detail finer than the error inherent in the source
document is a means of fooling yourself.” Echoing this early protest, in 1999 he made the
observation that data quality has still not increased as quickly as computer storage capacity
([14]). It has perhaps taken us so long to recognize this fault because many users may not
wish to acknowledge that there is some variability or uncertainty in their data, since it may
affect how their clients or the public view their product ([46], [47]) Many users confused the

term “error” with the term “mistake”, and think that error indicates sloppiness on the part



of the map producer. I use the term error in this dissertation synonymously with the term

“uncertainty”.

Recently, however, many users of GIS software are realizing that it is necessary to have a
system in place to account for and describe the uncertainty in GIS data. It can be mis-
leading and sometimes dangerous to disregard geographic error. For example, in 2005 when
Hurricane Charley struck, many Punta Gorda residents were taken by surprise when the
hurricane struck Port Charlotte instead of Tampa. This is because a GIS map released by
the National Hurricane Center used a single black line to depict the hurricane’s path, and
this line went through Tampa which was 100 miles away from Port Charlotte. Although
the NHC already acknowledged there was some error in that projection, the average map
user probably did not understand how to incorporate that into what they saw on the map.
Because of this misunderstanding the NHC committed to incorporating a buffer zone into

future hurricane path projections ([32]).

There are many sources of error in GIS applications. Positional inaccuracies, for example,
can arise from photogrammetry, map digitization, and survey work, as well as other sources.
Photogrammetry refers to the process of creating a map from an aerial photograph or similar
picture. This process is somewhat objective, even when performed by trained experts. In
order to create a map based on a photograph, it is necessary to determine the true dimensions
of objects based on their dimensions in the picture. It is often more complicated than simply
tracing objects. The angle of the photograph, distance from the ground, method used to

create the image, and other details can distort the interpretation ([7]).

Map digitization is another basis for error in a GIS. The original sources of many maps are
paper maps that map producers scan and digitize with software programs. An operator
will use his or her personal judgment to outline and classify features such as rivers, roads,
buildings, land areas, etc. by denoting points and edges. This procedure is certainly open

to operator error, in addition to already existing map or photo quality error ([7]).

Finally, survey work can be a source of error ([7]). In the case of vector data it is often



a matter of judgment where a boundary exists. For example, it may not be clear where
something classified as a “forest” or a “swamp” actually begins and ends, and different
surveyors may choose differently. Different surveyors may also choose different places to take
coordinate readings. GPS equipment is also commonly problematic. Depending on the time
of day, number of satellites available, and quality of the equipment, coordinate measurements
may be very nearly correct or they may differ quite a bit from the actual coordinates of the
spot where the measurement was taken. In the case of thematic (classification) data, this can
result in misclassification errors (like classifying a map unit as “forest” when it is actually
“swamp” ). Readings on altitude, temperature, and similar continuous classification variables
are also likely to be misread due to quality of equipment. Additionally, when no measurement
is available for a particular cell or range of cells, users commonly must interpolate values

from the surrounding cells, and there is no method that is consistent across users to do this.

In addition to these initial errors, errors can become compounded through different tech-
niques of analysis and map transformation. For example, maps are commonly overlaid
(visually combined) in a GIS project, and individual errors can result in larger errors or in
disagreements between the layers of a map. This is also a problem when converting a map to
a larger scale, especially in the case of raster data. When users combine small cells to make
larger cells, they must make decisions as to how to combine those small cells, and there is

no uniform method across users.

Most of the error sources above can influence both vector and raster data. Because of
the structure of each type of data, however, vector data is especially prone to positional
error, and thematic error is associated most directly with raster data. For the purpose of
my research, I will consider vector error to be primarily positional, and raster error to be

primarily thematic, although this is not strictly true.



2.2 Some Statistical Tools

2.2.1 Bayesian statistical theory

Bayesian methodology has recently become a larger force in applied statistics, assumedly
because of the increased ability of computers to handle complicated distributions (especially
those with no closed form). Gelman et al. ([23]) wrote an introductory-level textbook on
Bayesian analysis. I provide here a brief summary of the Bayesian premise, based on their

text.

Traditional frequentist methodology assumes that the parameter of interest in a problem
(often denoted by ) is a fixed value. From the Bayesian point of view, however, this is
not true, and we assume that the parameter has some kind of prior probability distribution.
There are several advantages to this approach. At a fundamental level, methods of estimating
the parameter differ. Frequentists must use an estimate founded on repeated sampling (for
example, the sample mean as an estimate of the population mean), whereas Bayesians may
directly estimate the parameter from its distribution. This may not be critical in the case of
the population mean, but can have very different results when considering other parameters

(for example, the coefficient of variation, or CV).

From a less theoretical point of view, Bayesian methods allow one to consider the “state of
knowledge” of the parameter. In the case of geographic data in particular, this makes it
easy to incorporate historical or expert knowledge on the location of certain landmarks, or
interactions of environmental factors, into the error model. Another general advantage of the
Bayesian approach is the common sense interpretation of confidence intervals. Rather than
using frequentist logic to quote a level of confidence regarding the location of an unknown
parameter, one can justifiably quantify the probability that the parameter is in a particular

interval. This is easier for statisticians and users alike to understand and explain.

Assuming that the parameter of interest does have a distribution, Bayesian analysis is based

10



on the fundamental Bayes Rule. Suppose that the parameter 6 and the data y have a
joint probability distribution, p(6,y). It is a fact that p(0,y) = p(0)p(y|d) = p(y)p(Oly).

Manipulating these equations results in Bayes Rule,

p(0)p(y|0)
ply)

We refer to the term p(6) as the prior distribution, p(y|f) as the sampling or data distribu-

p(0ly) =

tion, and finally p(6|y) as the posterior distribution.

In the above formula, p(y) is a constant since we assume that we have already observed the
data y, and there is no dependence on the unknown quantity #. Therefore the most common

form of the posterior distribution is

p(Oly) o< p(O)p(ylh). (2.1)

The right side of equation (2.1) is the unnormalized posterior density. We can recover the

constant if necessary, since the integral over the range of the parameter must be equal to 1.

Several other issues present themselves when dealing with Bayesian analysis. Briefly, there
are two basic types of prior distributions: informative and noninformative priors. Generally
speaking, informative priors are used when there is some population or other basis one can
use to justify a particular prior distribution. Noninformative priors are more useful when
there is no such basis for inference, and one would prefer that the prior distribution has as

little impact on the posterior distribution as possible.

To simplify posterior distributions, many statisticians will use a conjugate prior whenever

possible. We define a conjugate prior as follows:
p(Oly) € P for all p(-|0) € F and p(-) € P

where P is a class of prior distributions and F is a class of sampling distributions. To
put it simply, a conjugate prior is a distribution that, when used with a particular type of
sampling distribution, results in a posterior distribution from the same class as the prior.

This is very convenient, especially when taking multiple samples, since this guarantees a

11



posterior that will be easy to work with. Using a conjugate prior when it is not clearly
the “right” distribution is similar to a statistician assuming a normal distribution for data
that may not be “exactly” normal because it is easy to work with, and is often a good
approximation. Of course in cases where one cannot justify this, a nonconjugate prior may

also be used.

Finally, there is the issue of a proper versus improper prior distribution. A proper prior does
not rely on the data, integrates to 1 (as is required of a probability distribution), and has
a proper joint probability distribution with the sampling distribution. An improper prior
does not meet these requirements, but is sometimes useful as a noninformative prior when

it results in a proper posterior distribution.

This is a very basic overview of Bayesian techniques. We will provide further information

on Bayesian analysis throughout, as needed.

2.2.2 Multivariate normal distribution

One distribution in particular that is useful to understand for the traditional treatment of
the vector data error model is the multivariate normal distribution. Rencher ([48]) presents
a standard treatment in his textbook, which we will follow. Rencher begins with a review of
the univariate normal density function, which is

1

2ro

e~ (—p)?/20°

fly) =

where y is the random variable, and p and o2 are the mean and variance of that random

variable, respectively.

Applying some well-known results in linear models, we get the density function of the mul-

tivariate normal model for p variables, which is

fly) = ;e—(y—u)’ﬁ‘l(y—u)ﬂ

(Vary[=]72

12



where y is a p x 1 vector of the p random variables, g is a p X 1 vector of means for those
random variables, and ¥ is the p x p variance/covariance matrix of those random variables.

3 has the form
2

0y Oyiya """ Oy
O' 0'2 .. O'

Y2y1 Y2 Y2Yp
O' 0’ .. 0'2

YpY1 YpY2 Yp

2

where o2,
Yi

is the variance of variable y;, and o, is the covariance between the variables y;

and y;. When a set of p variables has the multivariate normal distribution, we write it as
Yy~ N(pX%).

One particularly important case of the multivariate normal distribution is the bivariate
normal distribution, where p = 2. When two variables have the bivariate normal distribution,

we sometimes write

o2 o
Ym0 ™). (2.2)
Y2 M2 021 U%

One result related to the bivariate normal distribution that is outstanding in the vector
literature is the formula for the bivariate 100(1-a)% confidence ellipse, which is defined by
the set of points p satisfying

(y—p)'Sy—p) <X (2.3)

In a traditional frequentist sense, we interpret this to mean that over a large number of
random repetitions of an experiment, this region will contain the true mean g 100(1-a))%
of the time, on average. We interpret the interval more loosely in Bayesian analysis as a
100(1-a)% credible region, which means there is a 100(1-)% probability that the true p is

contained in that region.
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2.3 Error Models for Vector Data

There have been many ideas on how to account for and display positional error in vector
data. As far back as 1966, Perkal attempted to “generalize” a line using the concept of
an epsilon band, which was simply a band of width epsilon on either side of the line ([6]).
There was no statistical calculation involved, simply a buffer zone that he meant to capture
all points that could possibly be on the true line. The GIS community mainly used this to
determine whether a point from one map could possibly be inside a polygon on another map
after an overlay operation had combined the two. Blakemore ([6]) added to this description
by classifying a point as definitely in the polygon if it is inside the polygon as depicted and
not in the buffer zone, possibly in if it is inside the polygon and in the buffer zone, possibly
out if it is outside the polygon but in the buffer zone, and definitely out if it is outside the
polygon and the buffer zone (Figure 2.2, (]6])).

*POSSIBLY OUT"
ZONE

106

104
‘POSSIBLY IN®

ZONE

AMBIGUOUSLY DEFINED
ie. ON DIGITISED
BORDER LINE

B89

"DEFINITELY IN®
ZONE

F A
A.Ribbie iy

Figure 2.2: Blakemore’s vision of uncertainty in a polygon boundary ([6]). Figure reproduced

with permission.

Recently, GIS users are attempting to use more statistical analyses to describe error in vector
features. Although the epsilon band model is still prominent ([1]), there is new interest in

using probabilistic models to describe the distribution of vector features.
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2.3.1 Points

Because of the way that vector data is structured, we can trace essentially any type of
positional error back to error in vertices. If a line or a polygon is depicted at the wrong
coordinates, it could mean that (1) the coordinates of the vertices in line segments or polygons
were recorded erroneously, and/or (2) the line segments between the recorded points are not

truly straight because they are curved or some vertices have been omitted.

Wenzhong Shi and his colleagues ([50], [54], [52], [10]) have made a lot of progress in this
area. In one of his early papers ([50]) he develops a method for modeling points based on a
two-dimensional normal distribution. Figure 2.3 from Shi et al. ([54]) visually presents the

distribution of a point.

Fixy)

FCy)

Figure 2.3: Shi’s point distribution ([54]). Figure reproduced with permission.

He describes a point with a bivariate normal distribution as follows:

2
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For geographic clarity, Shi et al. later chose to simply denote Xjy and X5y as Xy and Y,
respectively. Note that this equation allows for variation in the X and Y directions as well as
correlation between the two, which may be quite likely in some GIS applications. They went
on to use this model as the basis for error analysis of lines and polygons in this and future
papers. Shi and others often use the (1-a) error ellipse in equation (2.3) or some variation
as a means of visually portraying the distribution of the point. This point model and its
extension to lines was quickly accepted as a probabilistic alternative to the original epsilon

band and other earlier models by Alesheikh ([1]) and others in the academic community.

Although I will be dealing with variations of the probabilistic model above, the academic
GIS community has developed other models for uncertain points. As an example, Leung and
Yan ([41]) work with an imprecise or fuzzy model. Under a fuzzy model, a membership or
characteristic function describes each point. Characteristic functions do not follow the rules
of probability, and they were originally designed to accommodate some amount of vagueness.
Instead of a variable having a probability associated with certain values, it has a degree of

membership.

Leung and Yan offer an example. Suppose we have a point (x,y), and its membership

function is

po(,y) = exp (— (0—af i b= 6)2) ,

with A > 0. We interpret this as “(x,y) is approximately (a,b) to the degree u,(x,y)”. To
put this idea in simple terms, we do not consider a point to be one specific pair of coordinates,
but a range of coordinate pairs, each to varying degrees. While this approach may have some
interpretive advantages, it doesn’t offer the ability to make probabilistic statements about

GIS features, and therefore I will not focus on the fuzzy model.

Fuzzy methods are becoming a common approach to raster data in GISs. For more examples

of fuzzy methods, please refer to the section on raster data error models (2.4).
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2.3.2 Line segments

The most common probabilistic error model for line segments in a GIS is a direct extension
of the Shi model as I have described it. Shi and Liu ([54]) begin by describing a line segment
ZyZ, as a line connecting two endpoints Zy and Z;. We can geometrically represent a point

on the line, Z; = (X, Y;), with the equations

X(t)=01—-1t)Xo+tX;
Y(t)=(1-1)Yy+t")

where 0 < ¢ < 1.

Suppose now that each endpoint has the bivariate normal point distribution, that is,

i~ N2(I1'zi> EZZZ7,)

where i = 0,1. As they point out, we can further generalize this concept by allowing for
the two endpoints of the line segment to be correlated. Shi and Liu characterize the joint

distribution of the two endpoints as

Zo1 ™~ N4(:U‘Zo1> EZO1201)

where

X 02 g g g

0 Mg z0 ZoYo ToT1 oY1
2
_ Yo _ Foyo D> | %yoxo  Tys  Tyoz1 Tyoy
201 = y Mzgy = , an 201201 9
T Mooy Oz1z0 Oziye  Ozy Oz
2

Y1 Hoyy | Tyizo Tyayo Oz Ty

Using some basic results from linear models and equation (2.4), Shi and Liu derive the

distribution of a point on the line segment to be

Z(t) = (X(1),Y (1)) ~ Na(p=(t), 2::(1)), (2.5)



where 0 <t <1,

. Mx(t) o (1 - t),uxo + tlum
p’z(t) - -
iy (1) (1 =)y + thay,
and
o | O el
oye(t)  a(t)
where

o2(t) = (1 —t)%02, + 2t(1 — t)0yys, + t702,,

U$y<t) = (1 - t)20$0y0 + t<1 - t) (0$1y0 + Uxoyl) + t20$1y17
Uyﬁf(t) - (1 - t)zayoro + t(l - t)(aylmo + Uyozl) + tzaylrw and

or(t) = (1 —t)%0;, + 2t(1 — t)oy,y, +t20), .

They use this distribution to develop what is referred to as the generic error band or G-
band model. Based on the general error ellipse for the bivariate normal model in equation
(2.3), they place an error ellipse at each point along the line segment, resulting in an infinite
number of ellipses along the segment. Figure 2.4 (a) from Shi and Liu’s paper demonstrates
the distribution of the G-band, and Figure 2.4 (b) gives examples of the G-band over various
values of p,, and X, ([54]). The collective “outer bound” of these ellipses is what they
refer to as the G-band (sometimes called a confidence region). The interpretation of this
region is that for any particular point along the segment, we are 95% confident that it is
contained within this region. The region could be adjusted to account for more than one

point if necessary.

Note that we can change the error rate « in equation (2.3) to change the confidence level of
the G-band. Also, as far as I can ascertain, no one has yet determined an explicit formula

for the confidence region separate from the individual error ellipses.
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(a) (b)

Figure 2.4: G-band error model from Shi et al. for line segments ([54]). Figures reproduced

with permission.

2.3.3 Polygons

The extension of the error model for lines to polygons is not a difficult transition. Because
a polygon in a GIS is, by definition, a closed set of lines, we can simply model the error in
each line segment on the border of a polygon (Figure 2.5, from Leung et al. [39]). Shi used
this concept in his work immediately ([50], [54]) and others quickly followed suit ([41], [39],

[10], [1)).

2.3.4 Current problems in vector data

Although there are many potential error-related problems for GIS users working with vector
data, several particularly prevalent issues have risen to the surface. One problem that
exists in current GIS applications is the problem of missing or omitted vertices, or line
simplification. Note that in the current approach to describing the confidence region around
a line, as developed by Shi, we assume that the line segment between two endpoints is truly
straight. That is, we assume the only error is in the endpoints that we measured. This is

not necessarily true for all cases. In reality, many geographic features are curved or have
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Figure 2.5: Polygon confidence region.

more vertices than the small number that a user is able to record (for example, a river, a
road, or a forest boundary). Additionally, users frequently convert small scale maps to small
scale maps, which is not always conducive to retaining all the original vertices. An example
of this is using detailed local maps of tributaries to make a small scale map of a river. The
small scale map simply isn’t able to incorporate as much local detail as the original maps,
and so we might simplify the tributaries through a point deletion algorithm, such as the
Douglas-Peucker algorithm. For more information on this algorithm and alternatives, see
Jackson and Woodsford ([34]), Veregin ([60], [61]), or the original article by Douglas and
Peucker ([19]). I will also discuss the Douglas-Peucker algorithm further in Chapter 5.

The current model results in a concave error band, as Shi demonstrated (review Figure 2.4),
with the most room for error at the endpoints. Some GIS users feel this is not appropriate,
however, because intuitively the most information is lacking in the middle of a line segment
where data was not taken or was removed with some algorithm. This would suggest that an
error band around a line segment should be convex rather than concave, which would reflect
a lack of certainty far from the endpoints. This problem has long been recognized ([1]), and

some authors have begun to work on the problem ([61], [57], [9]), although largely from a
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non-statistical point of view.

Another problem commonly encountered in vector GISs is the point-in-polygon problem.
Usually this problem occurs when we combine a polygon and a point layer in an overlay
operation. The relationship between the points and polygons is affected by the error present
in both layers. One important example in the field of defense is attempting to locate an
enemy camp, relative to the border of a state or other territory. The information used to
assign coordinates to the center of the camp will presumably come from a different source
than the information used to determine the border. If the two appear “close” on the resulting
layered map, there is a chance the camp may actually exist on the other side of the border
from where it appears. See Figure 2.6 for an illustration; the solitary point represents an
enemy camp from the point layer, and the partial polygon boundary represents the border

of a territory. The curves around each represent their error regions.

Figure 2.6: Example of point-in-polygon problem.

There have been various attempts to deal with this problem, including Blakemore’s early
approach discussed at the beginning of this section (review Figure 2.2). Until recently,
however, none of these approaches were probability based. Several papers have since been

published using probability models to solve this problem.

Leung and Yan ([41]) attempt to combine various notions of uncertainty to quantify the

chances that a fixed, fuzzy or random point is inside a fixed, fuzzy, or random polygon. Their
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definition of a random point is identical to Shi’s definition (bivariate normal distribution)
but their definition of a random polygon is not based on the distribution of its vertices. They

instead choose the model
2

Fps(r)y=1—exp (—2%2)
to denote the probability that the boundary of polygon A* as depicted is located within a
distance r of the actual boundary of the polygon. (It is not clear in what capacity they
are referring to the boundary, whether this function applies to single points or to the entire
boundary in some sense.) This is different from the Shi model, in which we determine the
distribution of the boundary solely by the distance from the endpoints. This seems equivalent
to the stronger assumption that entire line segments (or even the entire polygon, depending

on interpretation) is observed rather than the vertices, and is perhaps less justifiable.

In the particular case of determining whether a random point is inside a random polygon,

Leung and Yan calculate what they call the upper-bound expectation:
/ fps(@,y) - Prob((z,y) € A")dzdy.
RQ

They describe this as “the expected probability that (x,y) € A*, under the [point] distribu-
tion density Fp.(z,y).” Unfortunately they claim they are unable to calculate Prob((z,y) €
A*) and therefore use the formula [ [, fpo(z,y) - [1 — Prob(A* € R((z,y)))]dxdy. In this
equation, they define R((x,y)) differently depending on whether (z,y) is located inside or
outside the boundary of A*. If (z,y) is within the boundary of A*, R((x,y)) is the region
inside the polygon A* with edges located at the same distance as (z,y) from the edge of A*.
If (z,y) is located outside the boundary of A*, R((z,y)) is the region extending outside of
the polygon A* with edges located at the same distance as (z,y) from the edge of A*. For
clarification see Figure 2.7 from Leung and Yan ([41]); in their notation, L4 represents the

polygon A*.

According to Leung and Yan, 1 — Prob(A* € R((x,y))) is the “upper limit” of Prob((a,b) C

A*). They must then phrase their result by saying that the upper bound expectation that a
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Figure 2.7: R((z,y)) with (z,y) in A* (a) and (z,y) outside A* (b) ([41]). From Springer
and Geoinformatica, volume 1, 1997, page 99, Point-in-Polygon Analysis Under Certainty
and Uncertainty, Y. Leung and J. Yan, Figure 3; with kind permission from Springer Science

and Business Media.

random point P* is inside a random polygon A* is at most
[ | o) 1= Prob(a” € R((a.p))dody
RQ

This is not exactly the strict probabilistic result we are looking for, and it does not adhere

to Shi’s model for the polygon boundary.

Cheung, Shi, and Zhou published an article on the point-in-polygon problem in 2004 ([10])
that answered the problem more directly. Cheung et al. propose that to find the probability
of a random point being inside a random polygon, one could first find the probability of a

random point P being within a fixed polygon A with the double integral

Pr(PeA)= // fp(x,y)dxdy,
(z,y)€A

where fp(x,y) is the pdf of P. This is a basic use of the rules of probability.

Assuming now that the polygon A is random, we can use the above equation to calculate the
probability that P is in A, given a particular realization of the vertices of A. That is, we can

say this is Pr(P € A|A). In order to find the general probability that an uncertain point P is
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in an uncertain polygon A, we can integrate the conditional probability above over the range

of possible vertices for A. More basic probability tells us that Pr(P € A) = E(Pr(P € A))

= /.../hA(xl,yl, o ZnpyyYnp) X Pr(P € AlA)dzdy, . .. deypdynp.

This is essentially a complete solution to the problem, but the authors pointed out that as
the number of vertices in the polygon A increases, the computation time involved in the
integral becomes overwhelming. Consequently, the authors suggest that it is possible to
modify the problem in most situations. Since the error band around the polygon and the
point will generally be relatively small, we can consider only the edges of the polygon that
are “close” to the point P. The authors therefore recommend considering only the edges of

the polygon that intersect the error ellipse of the point be considered.

The authors proceed to break the integral down into cases based on the number of polygon
edges the error ellipse of the point intersects, as well as the way those edges are related in the
polygon (joined, separate, angle at intersection, etc). This results in dozens of cases, each
requiring a different integration. Most certainly this paper is extremely theoretically sound,
but the end result is fairly complicated and not necessarily practical or easily programmable

for future implementation in GIS software.

One more paper that attempts to solve the point-in-polygon problem was written by Leung,
Ma, and Goodchild in 2004 ([39]). This paper focuses on the difficulty introduced by the
concept of a random polygon. In particular, a random polygon that is simple, i.e. has a
well-defined interior, may not retain this property in certain random realizations. See Figure

2.8 for an example of this phenomenon.

In order to counter this problem, the authors point out that triangulating a polygon by
dividing the polygon into multiple triangles circumvents this dilemma, since the interior of a
triangle must always be well-defined, even in the random case. They recommend completing
the analysis by calculating the probability that the point is in any triangle for which their

error regions intersect. See Figure 2.9, originally from Leung et al. ([39]), for a visual
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(a) (b)

Figure 2.8: Random polygon with a simple realization (a) and a non-simple realization (b).

explanation.

Approximate Cov-error regions Some Cov-grror regions and the
of the polygon in Fig. 5(a) error ellipse do not intersect

(d)

A Cov-error band and the error ellipse

intersect Another Cov-error band and the error ellipse

intersect

Figure 2.9: Figure describing Leung et al. method for polygon triangulation ([39]). From
Springer and the Journal of Geographic Systems, volume 6, 2004, page 370, A general
framework for error analysis in measurement-based GIS Part 2: The algebra-based proba-
bility model for point-in-polygon analysis, Y. Leung, J.-H. Ma, and M. F. Goodchild, Figure

6; with kind permission from Springer Science and Business Media.

This method does have several failings, however. For one, any polygon does not necessarily

have one possible triangulation, but it can have many. Another issue here is that trian-
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gulation may not be necessary at all. In most cases, manipulating the covariance between
the points in the polygon boundary should result in almost zero probability of randomly

generating a non-simple polygon from a known simple polygon.

To conclude what is known about the point-in-polygon problem at present, there is no one
specific satisfactory method of solving the problem. Some authors have made attempts to
solve the problem, but these solutions are either inaccurate or somewhat complicated in

terms of implementation.

One final issue that frequently arises in GIS vector data is the polygon sliver or fractionated
polygon problem. There are several reasons one might want to overlay two polygon maps.
One reason, a case discussed by Chrisman et al. ([12],[13],[15]), is to compare or combine
two different interpretations of the same area. See Figure 2.10 for an illustration. Map 1
and Map 2 are two different users’ interpretations of the land cover of the same area, and
the final map is made up of black polygons on a white background to demonstrate where

the two disagree ([15]).

Map 1: Lant Gover by Interpreter 1 Map 2: Land Cover by Interprater 2

Figure 2.10: Polygon overlay problem as presented by Chrisman ([15]). Figure reproduced

with permission.
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These black polygons can be considered sliver polygons, or small polygons that in all likeli-
hood do not exist. For example, there are areas that one interpreter thought were row crops
while the other thought they were meadow. This area is obviously not both, therefore anyone
attempting to combine the two maps must make a decision as to how to deal with the error
and classify this area. While in some instances this may be a result of misclassification, there
are some areas where this is clearly a result of measurement error—the two interpreters did
not agree on the boundary of an area of land cover. Chrisman proposed a test to determine

the amount of error involved, but did not suggest a method based on probability.

Another example of a sliver polygon problem would be when two maps of different but related
applications are overlayed. Veregin ([58]) discusses this type of problem, and I provide an
example. Figure 2.11 shows a map of land cover and a map of land use that have been
overlaid. The resulting map is a composite polygon map where polygons are classified with

a land cover and a land use.

P w
F L
u
S
Land Type Map Land Use Map Maps combined through
overlay operation

P=Pasture F=Farmland

W=Woods L=Lumber yard

S=Swamp U=Unused

Figure 2.11: Another version of the polygon overlay problem.

The question in this case is whether all the resulting polygons truly exist, or if some of
them are created by location error in the two original maps. In Figure 2.11, there are small
polygons that in all likelihood do not truly exist; for example, there is a polygon where the

swamp appears to be used for lumber. Veregin discusses an algorithmic method to deal
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with this situation based on deleting polygons that are “small” relative to others, but again
there is no probabilistic approach mentioned. As far as I am aware, there is no current
probability-based method available to help in the decision-making process when performing
polygon overlays. There has, however, been some probabilistic work on error propagation
models for intersections in vector overlay operations that should prove helpful in designing

such a method ([40],[51]).

2.4 Error models for raster data

Raster data, unlike vector data, necessitates the use of classification information since each
cell involved must be associated with a value in a database. Although positional error may
exist, the end result for the user is misclassification error. The reason for this is easy to
explain. Suppose a surveyor doing field work stands at the edge of a forested area next to a
clearing, and uses GPS equipment to record the location of the boundary. If the GPS reading
is incorrect, and the surveyor records coordinates that are actually located in the clearing,
the resulting map will show a forested area where there is actually none. This can have
many unwanted effects on a subsequent analysis, including incorrect distance calculations to
the boundary of the forest and incorrect estimates of the area of the forest. The literature

on GIS data contains further discussion and viewpoints on this topic, for example, Sunila et

al. ([56]).

There are many origins for error in raster data. According to Bolstad and Smith ([7]), most
error in categorical data comes from such things as remote sensing (cameras, scanners and
video) or from field inventory. Each of the remote sensing methods involves error from the
quality of the original product, whether it be a picture or a paper map, as well as error on
the part of the interpreter, who must decide how to classify the information from the source.
Field inventory relies on the quality of the instruments and training of the surveyors, as well

as the sampling scheme they use—for example, surveyors often evaluate and classify small
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areas, then apply these measurements to larger areas for the final product.

Additional error comes from operations that others may have performed before the current
user inherited the product. For example, a producer sometimes aggregates large scale data
into fewer cells, and information on the details of the smaller-area cells is lost ([56]). Addi-
tionally, Shi ([53]) makes the point that large cells may be combinations of small cells from
different categories, and even if there are nearly equal proportions of each category present,
a user must choose one category as the value for the large cell. Major features from the
large scale map may also be lost, depending on how the cells are aggregated ([29]). For an
example, see Figure 2.12, in which a large scale land cover map is aggregated to a small scale
map in which nine of the original cells make up one large cell. The shaded cells represent
a stream and the light cells represent sand. In Figure 2.12 (a), the six stream cells happen
to fall in one large-area cell, and because they make up the majority of that cell the new
cell is labeled stream. In Figure 2.12 (b), however, the stream cells are split between two
large-area cells and do not make up the majority land cover in either of them, and so the
stream no longer appears on the small scale map. If a user only possessed the aggregated

map, they would not be aware that a stream existed.

(a) (b)

Figure 2.12: Problem of aggregated data.
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2.4.1 Problems in raster data

There are many difficulties that arise from classification error in raster data. For one thing,
the two types of classification data in GISs, continuous and categorical, generally require
different statistical error models. For another thing, when modeling classification data, we
must recognize that cells are usually spatially correlated (for example, elevation in a cell is
likely to be related to the elevation in nearby cells). The amount and type of error in a cell is
most likely affected by location, both in general and relative to other cells. This sometimes
causes probabilistic methods to become complicated, mathematically and conceptually. This

has lead to the development of alternative models.

Many authors choose to model errors in thematic data not with a probabilistic or statistical
approach at all, but with fuzzy sets and related logic. This approach has recently gained
popularity in the GIS community because it lends itself well to pictorial representations of
error, which are easily interpreted by the average map user. It does, however, have certain
downfalls. In particular, it does not allow statements regarding the probability of certain

events. I will later discuss fuzzy methods in further detail.

No matter what the approach, it is common for raster error modeling to be tailored to specific
problems. Often authors put forth models in relation to certain GIS operations. Some
popular problems center around map overlay, DEM conversion operations, and boundary
detection/representation. It is also important to remember that many GIS users utilize
these final products in some way to calculate loss or gain in time, resources, and money—

calculations that will include error from the source maps and operations.

I have already described map overlay briefly as a combination of two maps, but there are
multiple procedures in the raster case that we can use to do so, and numerous setbacks can
arise from a map overlay. Veregin ([58]) discusses several of the operations that we can use
in a raster map overlay. When we combine two or more cells from different maps, there are
various mathematical functions to choose from: addition, subtraction, or taking a ratio, to

name a few. There are also set theory possibilities for the map overlay, including the AND
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and OR operators. There are additional complications when the maps involved in the overlay
are not at the same scale or do not have the same size cells. In the event that the maps are
not at the same scale, one or both of them must be adjusted. If they do not have the same
cell sizes, a user must decide how the overlapping cells from each map will be averaged or
otherwise combined to facilitate the overlay. Each of these operations will induce error in the
overlay process, which adds to the error already present in the source maps. Determining
how error is propagated and the best way to communicate this to a client is the focus of

most map overlay error studies. For more discussion of these problems, see Veregin ([58]) or

Griffith et al. ([27],[2]).

A DEM, or digital elevation model, is a map which assigns a terrain elevation to each cell.
(Some authors choose to refer to such maps as digital terrain models, or DTMs, as a matter
of personal preference.) Usually a DEM is created through field work with a GPS unit or
from digitizing a paper elevation map. For some basic information on DEMs, see Clarke’s
introductory text in GISs ([16]). DEMs are particularly useful in a GIS because of the
many ways users can manipulate the information. By using the elevations in each cell and
the relationships between these elevations, a user can obtain a map reflecting the land’s
convexity, drainage bins or water sheds, viewsheds (models indicating what points on the
land are in the direct line of sight from a particular location), hillshading, and perspective,
among many other applications. Each of these operations will reflect the original error in
the DEM, as well as inflict further error on the final product through the methods employed.
For more information on these operations and the type of error they can incur, see Weibel

and Heller ([63]).

Boundary detection is a common problem in GISs as well. This is a problem for both vector
and raster data. As I have already discussed, polygon data is an excellent way to display
areas with sharp boundaries. In the case of classification data, however, there are many
situations in which objects do not have sharp boundaries—examples include maps of land
cover and soil type. Many objects involve transition zones, or areas between objects that are

not easily classified as either object. In polygon data, this means the sharp boundaries as

31



depicted in the map product are contrived and unrepresentative of the objects as they appear
in nature. In raster data, this usually means that cells in transition zones are artificially
“forced” into a particular category and do not reflect reality. Besides being difficult to display
and communicate to users, uncertain boundary data leads to error in common operations,
like measuring distance from other locations to that boundary, and determining the total
area on a map composed of a certain class of data. For more information on boundary error,

see Greve and Greve ([26]), Sunila et al. ([56]), or Jiang ([35]).

Now, I will discuss some of the various error models in the literature.

2.4.2 Current techniques for communicating error

Since the GIS community has long recognized the existence of error in raster data, there
are already some rudimentary methods in place for communicating this error to users. One
measure of error for continuous data that GIS maps usually include is the RMSFE, or Root

Mean Squared Error. The formula for the RMSE is \/2721 (pj — sj)z, where j =1...m is

the number of cells used in the calculation (generally a small number that the map producer
has re-sampled with a high degree of accuracy), p; is the value recorded in the map for cell
J, and s; is the “true” value of cell j recorded in a re-sampling procedure. It is a valuable
and well-understood method of communicating error, but it is not very useful for modeling

error in cases where there is systematic bias or trend in the map error ([22]).

One very common method for expression of error for categorical data is the contingency
table, confusion matrix, or classification error matriz, which is based on a small re-sampling
of the cells in a map. It is a table accompanying the data that tells the user how many times
the map’s producer included a cell in one class (row) while it is actually in the category
specified by the re-sampling procedure (column) ([28], [55]). See Figure 2.13 for an example
of a contingency table. (GIS users sometimes alternately write contingency tables in terms

of proportions, where each numeric cell is divided by the total number of re-sampled cells.)
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Figure 2.13: Example of a contingency table.

Several measures of accuracy based on contingency tables are common. Two of the most
widespread are the overall Proportion Correctly Classified (PCC) and the Kappa coefficient
of agreement. Referencing the generic contingency table in Figure 2.14 , define p;; to be
the proportion of cells initially in class ¢ and in re-sampled reference class 7, p;y = 25:1 Dij
is the proportion of cells the original map included in class i, and py; = Y % | p;; is the
proportion of cells belonging to class j in the re-sampled data. The overall proportion of

area correctly classified is then P. = Y ¢  p;, and the Kappa coefficient of agreement is

Pc _Zgzl DPi+P+i

K =
1=>20 Pitpti

. Two additional measures are the user’s accuracy for class i, Py; = %,
which is the proportion of cells a user interprets as belonging to class ¢ and truly belong to
that class according to the reference data, and the producer’s accuracy for class j, Pa; = %,
which is the proportion of cells the map’s producer classified as belonging to class j and truly
belong to that class according to the reference data. For these and further accuracy measures

based on contingency tables, see Stehman ([55]).

While these traditional measures are generally useful, they are not comprehensive and do not
offer error modeling for individual cells. Because of the GIS community’s recent attention
to these issues, however, more detailed error models are evolving. Below, I discuss some

examples.
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Reference
1 2 . q
1P P2 Pig Pi+
Map| 2|ps P2 Pag  |Pa+
q{Py P Pug P
Per P42 P+q

Figure 2.14: Generic contingency table.

2.4.3 Fuzzy models

As I have already mentioned, many researchers are turning to fuzzy models as a method for
modeling and visualizing error in data. Fuzzy models have found many uses in GIS error
modeling (for one of the more unusual uses, refer back to Section 2.3 for Leung and Yan’s
[41] fuzzy model for vector data points). Perhaps the most popular application of fuzzy
methods, however, is boundary representation. There are many examples in the literature

that deal with this concept ([36], [56], [22], [3], [35], [26]).

One particularly popular example is soil classification maps. Soil boundaries are particularly
unclear. Not only are sampling points often scarce due to the expense of testing (leading to
a large amount of interpolation between points), but soil types do not have sharp, immediate
transitions. Often there are large transition zones between soil types where the soil may not
fit well in either category. Because of this, not only do different soil experts designate the
boundary differently, but the map user may not ever become aware of the size or even the

presence of the transition zone between soil types.

The fuzzy solution to this problem is to assign a degree of belonging to each soil class to each
map unit in the transition zone. Jiang ([35]) explains this by discussing the membership
function of a fuzzy set, which defines the grade of membership x in a set A. The value
x must be between 0 and 1 for any set. In the case of soil maps, this means a cell may
simultaneously belong to two or more soil types. The largest difference between fuzzy set

theory and probability is that a map unit may have varying degrees of belonging to multiple
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sets. This is in contrast to the Boolean probability approach, in which each map unit can

belong to exactly one set (a value of 1) and all other sets are assigned a value of 0.

The fuzzy set approach does have a natural appeal, especially for the soil boundary situation
where transition zones clearly will have some characteristics of each surrounding soil class. In
fact, a large factor in the conception of fuzzy sets was its ability to mimic human perception
([38]), perhaps explaining why so many in the GIS community are drawn to it. In addition,
it is easy to represent fuzzy boundaries in an intuitive fashion with the use of color and
shading ([35]). For example, if a unit’s membership is close to 1 it may be a dark or solid
color, and if it is closer to 0 it may be lightly shaded, or even be a different color representing
a set in which it has a higher degree of membership. For an example of this, see Figure 2.15

from Jiang ([35]).

(colour scale) (random dots)

Figure 2.15: Visualization of fuzzy boundaries from Jiang ([35]). Figure reproduced with

permission.

On the other hand, there are significant limitations to fuzzy logic models. In particular, they
have no probability interpretation. Although they may be successful in communicating the
existence of uncertainty, and even provide some quantification, there is no way to calculate
the probability of an event taking place or putting limits on related estimates. For example,
in the soil boundary case, there is no way to estimate the probability that a point is located
in one type of soil or another, and there is no calculation for an upper and lower confidence
bound on the total map area made up of a particular soil class. As Laviolette et al. ([38])

point out, fuzzy methods describe error, but do not prescribe a way to handle that error.
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They note that while this type of vagueness may resemble human boundary perception, it
is not acceptable between a contractor and a client. Additionally, the authors give several
examples of fuzzy models that are not difficult to closely approximate by probability func-
tions, in an attempt to demonstrate the flexibility in probability applications. It is primarily
for these reasons that probability models are the best alternative to model uncertainty in

cases where one hopes to do more than communicate and describe error.

2.4.4 Statistical models

Although fuzzy models are recently gaining popularity, some authors have developed statis-
tical models to deal with error in thematic data. There are no all-encompassing statistical
models for error in raster data. Oftentimes, the statistical alternative in GIS operations for
continuous data is Monte Carlo simulation, in which error is randomly simulated from some
appropriate distribution over multiple trials, incorporated into the recorded map, and the
operation of interest is performed on the map variation that has been generated. Summary

statistics are then computed from the resulting sample of product maps.

As an example, suppose we are converting a DEM to a viewshed map; we would choose an
error distribution for the elevation data and randomly generate error for each cell. After
incorporating the elevation error into the map, we then convert the new DEM to a view-
shed. We repeat this process M times, and in the end we can compute, for example, the
proportion of times for each cell that it was in the line of sight. Fisher ([21]) has successfully
implemented such a simulation. As another example, Krivoruchko and Gotway-Crawford
([37]) suggest using Monte Carlo methods to perform a sensitivity analysis relating to var-
ious map operations such as buffering, overlay, union/intersection, and interpolation. A
sensitivity analysis is, essentially, a way to measure how reliable the data resulting from a

geoprocessing operation will be when faced with a specific size and type of error.

Many in the GIS community advocate Monte Carlo methods for the reasons that finding a

continuous differentiable function to describe the error in certain data operations would be
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very difficult, the results of a Monte Carlo analysis are easy to interpret (summary statistics
and tests of significance), and it is a general and flexible method requiring few assumptions
([47]). Monte Carlo simulation is in fact a valuable tool, although problems occur when
dealing with spatially correlated data. It can be very hard to accurately simulate this kind
of data, and when the model becomes complicated and a map has many cells, simulations
become very time- and resource-consuming and may not even be possible. (Fisher [22] in
fact commented afterward that his viewshed simulation was too computationally intensive
for widespread use.) Monte Carlo simulation is also difficult to apply to categorical data,
and so a different method of statistically evaluating raster error should be found for general

use.

Veregin has done some general work exploring the propagation of error through map overlay
operations ([58]). In the case of continuous data, he has studied the propagation of error
through various methods of overlay for two or more maps. For example, he calculates the
covariance of two maps using the addition operation as S;; = % Z%zl(Zmi—Zmi) (Zm '—ij),
where M = number of cells in a layer, Z,,; — ZAmi: difference in actual versus estimated value
for a cell (which is only known in theory), and i and j are the two map layers. (This operation
can, of course, be extended to the situation where more than two maps are involved.) Veregin
notes that, perhaps contrary to first thought, negative covariance actually implies the final
map product may be more accurate than the individual maps. Veregin also examines the
propagation of error in the categorical case through the use of a standard contingency table.
As an example, for the AND operator, suppose P(E;) is the proportion of cells in layer i that
are correctly classified. The error for two maps combined with the AND operator is then

P(E.) = P(E, N Ey) = P(E,)P(Ey|E;). Expanding this result to multiple maps, Veregin
demonstrates that error rises exponentially with the number of maps.

Many authors have similarly worked with the classification error matrices already in existence
to study map error, and have attempted to improve the contingency table concept. For

example, Veregin ([59]) has done some work to increase the accuracy of the Proportion

Correctly Classified (PCC) and other statistics from the error matrix for overlay operations.
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Shi et al. ([53]) give an alternate table that is not based on the idea that a cell is either
correctly or incorrectly classified, as in a traditional error classification matrix, but assumes
instead that cells are not homogeneous. They take the approach that while a cell must be
classified as a particular category for mapping purposes, its actual ground location may be
made up of several categories. Their table gives a frequency distribution for each category on
the map based on a detailed re-sampling of a small number of cells. The table may indicate,
for example, the number of cells that are less than 10% composed of the indicated type, 10-
20% composed of the indicated type, 20-30%, etc. The goal of the table is to communicate
whether the cells on the map are largely made up of the category they are recorded as, or if
the cells are fairly divided between classes. This is different from the common contingency

table, which simply records whether or not the cells are erroneous.

Carmel and Dean ([8]) have created the Combined Location and Classification error matrix,
or CLC. They account for locational and classification error separately, and then combine
it into the CLC matrix. They optionally incorporate temporal maps as separate layers of a
project. The basic assumptions of the CLC are that the error in location and classification
are uncorrelated, and that error is uncorrelated over time. In testing the robustness of this
model, they found it was essentially insensitive to spatial correlation in any error and was
still an accurate summary. It did, however, react to moderate correlation in error between

locational and classification error, as well as moderate correlation between time steps.

Czaplewski ([18]) discusses the issue of the accuracy of the contingency table itself. He notes
that in reality it is very difficult or even impossible to take a nearly error-free sample to
use in the contingency table. He focuses on creating contingency tables based on sampling
methods that are not completely random—for example, stratified sampling, which is less
expensive than randomized sampling. He also works with methods that take into account

the error in the re-sampled map data used in the contingency table.

Several error models and discussions focus on the proportion of a cell made up of a particular

class or probability of belonging to a class. This is different from a contingency table, which
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generally assumes that cells are classified correctly or incorrectly, and does not attempt
to assign any distributions to error. Hughes et al. ([31]) experimented with this idea for
Landsat data (a satellite image) of a suburban neighborhood. They used polygon vector
data and co-registered it with the satellite data so that he was able to attach the proportion
values of each class to every cell through the associated database. Next, they used Monte
Carlo simulation to perturb the pixels based on locational error in the map, and recalculated
the proportions of each class in every pixel. They then used this information to calculate
various statistics about each cell and provide multiple visualizations of the area based on

those statistics.

Goodchild et al. ([25]) give a stochastic process error model for categorical data. The
main focus of their paper is accurately generating spatially autocorrelated data for use in
simulation studies. That is, they assume that the probability that a cell is from a particular
category is related to the probability of the cells around it. Their simulation model therefore
takes correlation with neighboring cells into account. They also make the distinction between
a map in which all cells are autocorrelated and a map in which boundaries are the most
variable pixels. The idea was to develop a model in which the marginal distributions of the
variables in each cell is known, and spatial dependence is controlled. The model they use is
X = pW X +e€ where X is a vector of length N (total number of cells in the map) and entries
are in [0,1]; p € [0,.25] is a parameter determining the amount of spatial autocorrelation
between cells; W, = 1 if cells u and v share common edge, else 0; and € ~ N(0,1). A
quick calculation to solve for X gives X = (I — pW)'e. They allow for the possibility
that p might vary regionally, to create a boundary. The method is advantageous in the sense
that it is very general, and can be used in many applications. For example, this type of
simulation was successfully used by Horttanainen and Virrantaus ([30]) for an analysis of

the uncertainty in soil and military terrain.

Molsen et al. ([45]) use a Generalized Linear Mixed Model (GLMM) to examine the rela-
tionship between error in blackbrush cover-type and some topographical and heterogeneity

components of a satellite vegetation map. They use the model y = p+ €, where y = 0 or 1,

39



with a logit link function g(u) = log(ﬁ) = X3 + Zv where X is a matrix of fixed ef-
fects and Z is a matrix of random effects; E(v) = 0 and cov(v) = G (unknown); and
E(elp) = R}/ QRR,I/ ? where R, is a diagonal matrix containing evaluations at u of the
variance function V(u) = pu(1 — p). The authors try several covariance structures for G
and used Akaike’s Information Criterion (AIC) and Schwartz’s Baysian criterion to choose
the most appropriate model. The end result is a probability of error in each cell based on
variables in the model, such as the ground slope at the cell and whether it appears near a

road.

Finally, Bayesian belief networks are another general tool gaining some popularity in GIS
error models. This is actually a term that encompasses a range of different, but related, tech-
niques for dealing with uncertainty ([37]). Three basic stages are involved in the creation of
a Bayesian belief network. The first stage involves creating a graphical model with expert
knowledge indicating potential dependencies among the rasterized values. Next, an uncer-
tainty model specifying probabilities of various situations needs to be addressed. Finally,
the relationships between the potential dependencies and prior probabilities in the first two
steps need to be established to find a joint distribution over all variables. The data can then
be introduced to find the posterior probability of events of interest. This is not necessarily
an easy task, nor is it objective, but it is useful for computationally fast error assessments

and situations in which data are scarce (an advantage to many Bayesian applications).

2.5 Discussion

I have discussed the current work and error models available for both vector and raster data.
In each case, both probabilistic and non-probabilistic models have gained some popularity
in the field. One particularly popular alternative is the fuzzy model, which describes points
or cells as belonging to multiple locations or classes simultaneously, to some varying degree.

Fuzzy models are not preferable, however, because they do no truly lay down methods
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for dealing with error or giving probabilities that an event will occur, and therefore this is
unacceptable in a field largely based on making decisions regarding use of resources, monetary

losses and gains, and even human safety in some applications.

As far as vector data is concerned, there is already a solid, unified, probabilistic model for
location error. This model is the bivariate normal model for error in points, as developed
by Wenzhong Shi and his colleagues. There are some issues that still need to be addressed,
however, particularly the direct calculation of probabilities and a way to model the case of

omitted vertices.

In contrast to this situation, there is no universal and outstanding statistical model for error
in raster data. The work here is more disjoint; for example, models for error propagation
and for boundary error tend to be separate in the literature. Current models are therefore
very application-dependent, as well as reliant on data simulation. There is a lot of work still
to be done in this field, in terms of unifying error models and even dealing appropriately

with such things as spatial autocorrelation in data.

I should point out, before leaving the literature review, that my research is not entirely
comprehensive. There are two ways of looking at error in data. The way I have chosen
to consider GIS data is to separate vector data from raster data. Another way to handle
this, however, is to look at data in terms of location data and thematic data. The two
concepts are certainly related—vector data is often synonymous with location data and raster
associated with thematic data. There are exceptions, however. For example, many soil
classification and land cover maps are displayed in a vector format, where polygons are used
to represent the boundaries between classes. There can also be location error in raster data.
Cells can be misclassified not only through improper interpretation or measurement, but also
by misplaced measurements. Additionally, there are some applications that involve vector

and raster data fusion which I have chosen not to consider.

Given the many forms of GIS information and the error that can occur, though, I feel I have

adequately covered the wide range of literature on GIS error. In the remaining chapters, I
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will introduce my own additions and ideas for modeling error in GIS data.
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Chapter 3

Bayesian Methods for Vector Data

3.1 Introduction

I propose here to introduce an empirically-based Bayesian method to analyze the error in
vector data. This line segment model is very similar to the G-band error model, with the
addition of a prior distribution for individual points. This is certainly a feasible idea, since
users can draw information for a prior distribution from many sources, including previous
vector maps, other types of maps, and expert or historical knowledge about the location
of particular points. The Bayesian methodology even has an advantage in the sense that
we can still make inferences when there is only a small number of observations, which is a

common situation when dealing with GIS maps.
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3.2 Bayesian Methods in Vector Data

3.2.1 Bayesian error models for points

We begin with a point zg = (z¢,y0). We assume the true location of this point is pg =
(Hzgs 1yo)'s and that we have n random observations of this value, zi0 = (%0, Yi0), Zo =
(To, 7)), @ = 1,...,mn. We will assume that g has a bivariate normal prior distribution
with parameters (pg,, Ag), where Ay is the variance-covariance matrix of the point in our

prior distribution, and that the data points z;y have a normal distribution with parameters
(l'l'Oa 20)7

2

2
Haoo T,ul Tt o Og
— — 0 0o _ o 0Y0
Ho, = 7A0 - 9 ) and Z0 - 9
,uyoo Tﬂyo Hazxq T,uyo Oyoxo Uyo

Note that I have used the Greek letter 7 to represent the variance terms in the prior distri-
bution, rather than the usual symbol o, since I have used this to represent the data variance.
Also I denote the data through the matrix Zy = (219, 220, - , 2Zno)- We have the following

results.
Theorem 3.1. Under the above assumption, the posterior distribution of a point g is
pol Zo, o ~ N(go, Hy),
where
go = (At +n2;Y) N AL o, + 12 20), and Hy = (At +n3y ")
Proof. This is an immediate result of equation (2.1), and appears in Gelman et al. ([23]). O

Corollary 3.1. The equation for the 100(1 — a))% confidence ellipse for a point pg is

(o — g0) Hy ' (10 — 90) < X31—as

where pq is the set of points in the ellipse, gy is the Bayesian posterior mean for pg, and H

is the Bayesian posterior variance matrix.

44



Proof. Using the mean and variance of the posterior distribution for pg, and the fact that

this distribution is bivariate normal, the corollary follows immediately. O]

3.2.2 Bayesian error model for line segments and polygons

The basic concept of the Bayesian error model for line segments is also very similar to the
frequentist approach. Recall that any point on a line segment can be described as a function
of its endpoints. Suppose then that the endpoints of a particular line segment are z, and z,

with coordinates pg and py. We can then describe any point on the line with the equation
Py = (1 =) 1o + v,
where 0 < v < 1.

Suppose each of these coordinates have a bivariate normal prior distribution with parameters
(toy, Ao) and (w1, Aq) respectively. Assume further that these two points may be correlated,

so that the joint prior distribution of the endpoints is

tor ~ N (M(nm A01) )

where
7'2 T, T, T,
/’l’fEO /1/1'00 Haxg Pz Hyg Hxg My Hag Py
2
Myo MyOO Tﬂyollxo TPL T,u, 7 Tu %
_ _ _ Yo yo Moy yoHyy
Ho1 = » o1 = , and Ag; = )
Ha, P Thay pag Ty iy Tty Thay by,
2
Hoyy Hy1o Ty, Haq Ty, Hyo Thyy by Tuyl

Assume we also have n independent observations on each of these endpoints, z;01 ~ N (o1, Xo01)

where
— 2
Zi0 Zo ,Uxo Ua:g U:poyo ngﬂm Uxoyl
- 2
. Yio - Yo . Hyqo = Oyozo Gyo Oyoz1  Oyoun
Zio1 = 201 = s Mot = , and Xg; = )
Ti1 T Hoaq Oziz0 Omiyo Oz Oz
— 2
Yi1 Y1 Moy Oyizg Oyiyo Oyizr Oy
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According to equation (2.1), the joint conditional posterior distribution for the endpoints is

N(go1, Ho1), where
go1 = (A(il + ”2511)_1(—’\611”010 + nE&IEOl), Hy = (A(;ll + ”2511)_1'

For clarity of notation, I will indicate the individual elements of the posterior mean and

variance as follows:

Gz
9o gyo
go1 = = )
g1 9zq
gyl
2
hxo hroyo hwowl h$0y1 H hwoxl h$0y1
9 0
Ho — hyoxo hyo hyom hy0y1 - hyom hy0y1
01 — 9 -
hxlxo hl‘lyo hml hx1y1 hmxo hmyo
H,
2
}Lylwo }Lylyo }lylml }Lyl ilylxo ilylyo

Theorem 3.2. Using the above notation, the posterior conditional distribution of a point

on a line segment, p, = yp1 + (1 — 7)o, is
B[ Xo1, Zor ~ N(g,, H,)

where

hi hmwyv
g, =1 —=7)go+vg9:, H, = ” ,
h hy,

e, = (1=7)%h2, 4+ 29(1 = Y)hage, + 7R3

1)

he = (1= 7)2h5 4+ 2v(1 = ) hyey, +7°h]

Y1’

Yy Ty

and hﬂcwyw = hywww = (1 - 7)2h$0y0 + 7(1 - '7)(hxoy1 + hyom) + '72hﬂc1y1-

Proof. Following some basic facts from linear models, the function yu; + (1 — 7)o can be
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written as

Heag
Hyo
Moy
Hoyy

Since po; is normally distributed, we know that this linear function of pg; is normally

distributed. The mean of this distribution is

Gz
(=7 0 40 Iyo
0 (-9 0~ 9
9y1
The variance of this distribution is
hao  Thaoye
(1= 0 0 hyoro Doy Pyomy
0 (1-=v) 0~ horeo harge D2,
hyizo Pyryo
R e,
- Ry, Py,

h170931

hy1x1

= (1 —=7)go + 9.

L (I=7)
Py 0

g, gl
hZ, 0

where the individual terms are as written in the theorem.

]

Note that the result in Theorem 3.2 is very similar to the result in the frequentist case ([54]).

Corollary 3.2.

(””Y - QW)IHW_I(IM - gv) < X?—a

The equation for the 100(1 — )% confidence ellipse for a point p. is

where p., is the set of points in the ellipse, g, is the Bayesian Posterior mean for pu.,, and

H., is the Bayesian posterior variance matrix.

Proof. Using the mean and variance of the posterior distribution for p, and the fact that this

distribution is bivariate normal, I reference equation (2.3). The corollary follows immediately.
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3.2.3 Form of the posterior mean and variance for a point on a

line segment

Theorem 3.2 states the general form of the posterior mean and variance of a point on a
line segment. In some cases, however, the form of the posterior distribution can be greatly

simplified.

Suppose we want to find an explicit form for the posterior mean and variance of a point on

a line, p. In the most general case, that is for correlated z- and y- data with

2 2

Tioy  Thaohyy  Thaghey  THaghy, Ozy  Oxzoyo Ozoz1 Ozoy

T,Uyo Haq 7—3 Tﬂyo Haq Tﬂyo Hyq O-yOzO 0-5() Uyom Uy0y1
Ao = " and Xg; = )
2 2
Tﬂzl Mg T#m Hyg T,uml Tﬂzl Hyq 0-931550 ‘79613/0 U:u Uzlyl
2 2

T/"‘y1 Hazq T/»‘y1 Hyg T:U‘y1 Hazq T,uyl Oyizo  Oyiyo  Oyim Uy1

we can only substitute terms directly into the equations from Theorem 3.2 to calculate the
posterior mean and variance. In many cases, however, it is possible to simplify the results,
and it is advantageous to do so. I present these cases as corollaries to the result in Theorem

3.2.

Corollary 3.3. Suppose the endpoints of a line segment, py and pq, are independent from

one another, and the variance/covariance matrices of the prior and sampling distributions

are
2 2
Thag  Thaghyg 0 0 Tao  Taoyo 0 0
2 2
T, T 0 0 o o 0 0
Hyq Mz Yoo 0
Ao = orre Huo and Yo, = y
2 2
0 0 Tiwy  Thoyn, 0 0 Oz, Ozip
2 2
0 0 Tayopay Ty, 0 0 Oypzy Oy

The mean of the posterior distribution of ., is then

_ —1 —1\—1/ A —1 1 —1 —1\—1/ A -1 —1z
gy =Y(AT +nE7) T (A7 p, + X0z + (L= ) (A +0X0) 7 (Ag po, +1Xg Zo),
and the posterior variance is H., = v>*H; + (1 — v)>H,.
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Ao

Proof. First, note that we can write Ay = and X =
0 A
models results tell us
At 0 ' 0
Ajt=1| " and 5 = [ 77
0 A;! 0o Xt

Next, the formula for the posterior mean from equation (2.1) tells us

gor = (A +n30h) (A o, + 10 Z01).

0

>

. Linear

By writing the equation explicitly in terms of our assumed values for Ag; and 3y, and

applying some linear algebra, we find

1 —14 —1

AO 0 EO 0
go1 = +n
0 A1 0 21
-1 —1
Ay O > 0 B
Mo, + 1 Zo1
0 A1 0 2)1
-1
A0 >0
- X 1 + n X 1
0 Aj 0 X
Ayt 0 500 )
Mo, + 1 Zo1
0 A 0o X!
—1
[ A gt 0 Ay o,
0 ATt st AT g
(A" +nX2gh)™! 0
0 (A'+nEph)
[ (AT nZgh) TN AG o, + X Zo)

(AT + S0 AT g, + 0211 Z)

%o
Xy
Ayt o, + 1325 20
Ay, 02tz

120

121

By applying the results of Theorem 3.2, g, = (1 — 7)go + 791, we arrive at the stated

conclusion.
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Next, to get the result for the posterior variance, we again use equation (2.1) to find Hy =
(A +nXy!)~t. We can then write

-1

. At +nEg! 0 _ (A +nxgH)! 0
0 AT+ Xt 0 (AT +nZ )t
[ Hy ©
|\ o H

where H, and H; are defined as in Theorem 3.1.

Our posterior variance is then

W2 hayy O 0 1-7) 0
(1—7) 0 v 0 Pyozo hZO 0 0 0 (1—7)
0 (1-7) 0 7 0 0 B hay, y 0 ’
0 0 hy. W 0 ~

from the proof of Theorem 3.2.
Multiplying through this equation gives us

(1 - 7>2h§0 + 72h2x1 (1 - 7)2h10y0 + 72hx1y1

) ) - - =~*H, + (1 —v)’Hy,
(1 - 7) hyowo +7 hy1901 (1 - 7) hyo +7 h hn

which is the result stated in the corollary. ]

Corollary 3.3 provides the posterior mean and variance for a general situation that allows
the 2- and y- coordinates within each endpoint to be correlated, without correlation between
endpoints. This may or may not be a valid assumption. In the case of GPS instrument error,
for example, an instrument may be more likely to always read a high z- coordinate when
the satellites calibrating the instrument are in a certain location, meaning endpoints will
have correlated error if they are taken one after another at the same time. If points were
taken at different times, however, or the satellites were well placed, there may be no such

correlation. Additionally, in the case of manual map digitization, a well-trained technician
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may not demonstrate any trend in error between endpoints. The following corollaries provide
details for the subset of situations in which there is no correlation between or within the

endpoints.

Corollary 3.4. Suppose now that there is no correlation between the endpoints pg and g,
and additionally, there is no correlation between the x- and y- coordinates at each endpoint.

That is,

Tizo 0 0 0 030 0 0 0
0 7'3 0 030 0 0
Ay = vo and g =
2 2
0 0 7, 0 0 o, O
2 2
0 0 0 Tii, 0 0 0 T
The mean of the posterior distribution of p. is
% 0 % 0
4 +nTMc1 4 +nT#x1 _
7 0 051 g1 + 0 051 21
B 75 Ty, 75 Ty, i
- , -
% 0 QTHAQ 0
g% +nT, g% +nT, _
_I_(]‘ - ’Y) " o o2 gO + " rro o2 20
0 - 0 T
i U§O+n7—ﬁy0 U§O+n7—ﬁy0 ]
and the variance of the posterior distribution is
2 2 2 2
Tiiz, 1 Tiize O 0
2 2 2 2
9 oz +nT 2 oz +nT
Y 1 o1 2 2 + (1 — ’7) 0 o 2 2
O 7—l‘y1 Y1 O 7—l‘yo Uyo
2 2 2 2
cryl +7LT#y1 O‘yO +n7'#y0

Proof. Because this is a special case of Corollary 3.3, we know that the mean of the posterior

distribution is

gy =Y AT ST T A ey, 0BT+ (1= ) (AT 4+ nE0 ) THAG o, + 0 Z0),

and the posterior variance is H, = v*H; + (1 — v)*Hy. Imposing the additional condition

that the x- and y- coordinates at each endpoint are uncorrelated, we know

Ayt =

1
T2 0
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0 =
Hyg
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L 0

2
-1 __ Oz
> 1=
0 1
02
Y1

Inserting these results into our previous equations, we get

2 2
1 O n 010+n7—#zo 0
1 1 72 02 0 72 52
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0 Hyp ~Y0
2 2
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Calculation of (A;" + nEfl)_l is similar.

We can now calculate the posterior mean and variance for the general no-covariance case.

2 2
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Endpoints certainly may have correlation between their z- and y- coordinates. If, for exam-

ple, similar instruments were used at the same endpoint to collect data at different times,
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this could cause some correlation between the errors in its coordinates. Depending on the
time of day, for instance, GPS instruments relying on satellite information may have similar
types of error in each coordinate, based on the changing positions of the satellites. In some
cases, though, for instance manual digitization, it is probably a valid assumption that there

is no correlation in error between coordinates.

Corollary 3.5. Suppose there is no correlation between the endpoints gy and py, and
there is no correlation between the coordinates at each endpoint. Additionally, suppose each

endpoint has equal variance at its z- and y- coordinates (although it may be different at each

_ , o2 0 od 0 7 0
endpoint); that is, we know that 3; = , Yo = A= ,
0 o} 0 of 0 7}
7 0
and Ay =
0 72

The posterior mean is then
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and the posterior variance is
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Proof. Tt is easy to show first that (A;' +nX;H) ™! and (A +nX;t) L
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We can then calculate
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and
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This gives us
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We can now calculate the posterior mean and variance.
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This may be a valid situation, especially in the case of human error. Suppose, for example,
that two maps of adjoined areas are combined into a larger map. Each map may have been
created by a different agency—possibly with different methods—and each agency may have
emphasized a different standard of accuracy in terms of identifying exact point location.
Therefore, some points on the large map may have small variance in error while others have
larger error variance. It would, however, be likely within an agency that error in the x- and

y- directions at each point would be quite similar.

Corollary 3.6. Suppose again that there is no correlation between the endpoints pg and e,

and there is no correlation between the x- and y- coordinates at each endpoint. Suppose also
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between the endpoints, as is the variance in

that the variance in the x coordinates is similar
_ ) o2 0 2 0
the y coordinates; that is, 3; = ¥y =3 = ,and A = Ag=A =
0 o, 0 72
In this case, the posterior mean for a point p is
U% O 712 0
2 2 2 2 — j—
g =| 7 b Q= pa] | T L A+ (- 9)z],
0 a5 0 o
and the posterior variance is
o272 0
H’Y = (272 - 27 + 1) oztnrs 2,2
0 IyTy
oZ+nt?

Proof. Again calculating the individual terms involved in (A~! + nX~1)~! we have
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We can now calculate the posterior mean and variance.
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This is a possibility in a case where a map has been digitized in a situation where z- and y-
distances are not displayed at the same scale. This can happen locally, for example, when
using certain coordinate systems. A single technician digitizing a map is likely to make the
same size error at all points based on the visual display available, in both the x- and y-
directions. This means that the true size of error as measured on the ground will be different

for z- and y- coordinates at a single point, but similar over the scope of the map.

Corollary 3.7. Suppose again that there is no correlation between the endpoints py and

w1, and there is no correlation between the x- and y- coordinates at each endpoint. Suppose

o 0
additionally that all coordinate variances are similar; that is, 3; = ¥y = X = , |
0 o
2 0
and A1 = AO =A=
0 72
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In this case, the posterior mean for a point p, is
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Proof. Again calculating the individual terms involved in the computations, we have
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This is something of a best-case scenario, and would certainly simplify subsequent calcula-
tions using error variance. It may even be a realistic situation, for example, when all maps
involved have been digitized by a single technician. It seems reasonable that human error
would tend to be randomly and evenly distributed at all points. There are many cases in
which this assumption is not valid, however, which I have already mentioned. One example
is multiple technicians digitizing separate parts of a map. Error in instrument readings is
another example, since those types of idiosyncracies in an instrument are likely to be corre-
lated across a map. Therefore, anyone hoping to accurately discuss positional error in a GIS
product should seriously consider the types of correlation and variance that may occur, as

it may change the model considerably.

3.2.4 Choosing an appropriate prior distribution

There are many ways to find prior information. Some points on a map, for example, may
have well-known coordinates that have been measured many times. Consulting with an
expert can then result in an appropriate prior distribution. Often, previous maps already
exist, and using the information from such a map as a prior distribution can result in a
more accurate point estimate than current information alone. Additionally, one can use
information from related non-vector maps to create a prior distribution. For example, a
digital elevation map (DEM), which uses a system of equal-area grid cells to represent the
land, can be used to determine the flow path of a river through its recorded elevation values
and cell relationships. You could use this flow path, along with the error of the DEM,
to determine a prior distribution for points on the river. There are many other ways to

determine a prior distribution.

In this dissertation, I have only included examples and calculations that assume the prior
distribution of a point is normal. While I feel that this is generally acceptable, given its sim-
ilarity to the commonly accepted normal data distribution, there certainly may be situations

in which it is not appropriate. The normal distribution does have the advantage that it is
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a conjugate prior for the mean when combined with the normal data distribution; that is,
the combination of normal prior and normal data result in a normal posterior distribution.
The Bayesian method is widely adaptable, however, and Bayes’ Rule can be used with any
combination of prior and data distributions. In the case that the posterior distribution does
not have a closed form, the wide availability of computing resources, for instance, the MCMC
Gibbs sampling algorithm, see ([49]), makes it possible to use simulation to approximate the

posterior distribution.

Furthermore, it is still possible to use Bayesian methods when no truly informative prior
information is available; one can use a non-informative prior. The advantage of using a non-
informative prior when you have no useful information, rather than using a non-Bayesian
approach, is primarily conceptual. Traditional frequentist methodology requires focusing on
an estimator of the parameter, which can only be found through repeated sampling, while
Bayesian methodology treats the parameter of interest as a variable and can estimate it
directly from its distribution. This means that we should still be able to use fewer obser-
vations through a Bayesian method than a non-Bayesian one. Mostly, the ability to use a
non-informative prior serves to illustrate the flexibility of the Bayesian method. It can be

adapted to use full or only partial prior information, depending on what is available for use.

I would like to make a cautionary note here regarding the usage of these formulas. I have
assumed that we know the true variance-covariance matrix of the data, 3. In the event
that this information is unknown, and must be estimated from the data, the chi-square
error region formulas are only approximate. When only a small number of observations
are available, the approximation is not a very good one, and other more appropriate error
ellipse approximations may be useful. For more discussion on this issue, see Section 6.2. The

following examples, however, will assume the data have a known standard deviation.
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3.3 Examples

I now provide some theoretical examples of the incorporation of Bayesian methodology into

GIS vector data error analysis.

3.3.1 Point data

A professor in the geography department at a university wants to find an accurate mea-
surement of a particular landmark. A graduate student, using a GPS instrument, measures
the coordinates at (551466.47,4119762.54) (in meters, on the UTM Nad 1927 coordinate
system). Studies on comparable GPS instruments have shown that the standard deviation

of the error is 4.5 m. in both the x and y directions, and the errors are uncorrelated.

They also have access to a previously digitized map that includes the landmark feature. The
map depicts the point at coordinates (551465.9,4119758.6). The map was digitized at a
scale of 1:20,000. The map claims to meet the National Map Accuracy Standards set by the
USGS, which states that no more than than 10% of the points will be off by more than 1/50
of an inch at map scale. At the 1:20,000 scale, 1/50 of an inch is representative of 400 inches,
or 33.33 feet. This is equivalent to 10.16 meters. Therefore, on this map, we assume at least
90% of the points on the map will be within 10.16 meters of their true location. Assuming the
points are normally distributed in the x and y directions, the number of standard deviations
equivalent to a 90% confidence interval is 1.645. Therefore, the standard deviation for this
map in both directions is no more than 10.16/1.645 ~ 6.18 meters. We assume there is no

covariance between the x and y directions.

Frequentist Method

Traditionally, only the current information on the coordinates would be used to estimate the

true location of the landmark. The estimate of the landmark location is (551466.47,4119762.54).
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20.25 0
The variance of these estimates is ¥ = . Finally, we can represent the error

0  20.25
pictorially by drawing the error ellipse at the 95% confidence level,

/ —1

- 551466.47 — fuz, 20.25 0 551466.47 — 11,
(z—p)E" (2 —p) =
4119762.54 — 1y, 0 20.25 4119762.54 — f1y,
< X%,.95>

shown in grey in figure 3.1.

Bayesian Method: Prior 1

The Bayesian methodology I have proposed here allows us to use the additional information
we have about the landmark—the previously digitized map. Suppose we will use this as our

prior distribution on p:

g 551465.9 38.19 0
o 4119758.6 ) 0 3819

Combining this prior distribution with the information from the data, we can give the pos-
terior distribution of the point as po|Zy, 3o ~ N(go, Hp), where

-1 —_1y —1

38.19 0 20.25 0
9o = +
0 38.19 0 20.25
-1 1

38.19 0 551465.9 N 20.25 0 551466.47

0 38.19 4119758.6 0 20.25 4119762.54

551466.3

4119761.2

and
13.23 0
0 pr—
0 13.23
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We can represent the 95% probability error ellipse in this situation with the equation

/ -1

- [z, — 551466.3 1323 0 [z, — 551466.3
/ 1 0 0
(o — go) Hy (o — go) =
[y, — 41197612 0 13.23 [iyo — 4119761.2
S X%,.95a

shown in black in figure 3.1.

Method Comparison

When we compare the results from the two methods, we can see that the Bayesian result
has smaller variance, due to the inclusion of the information from the Bayesian prior. In
situations where this type of information is available, it is clear how the Bayesian prior can
improve the inference process. Figure 3.1 compares the error ellipses around the landmark
for the frequentist (grey) and Bayesian (black) methods. Not only is the Bayesian ellipse
smaller, but it has an easier interpretation—rather than being a confidence region it is a
probability region. Instead of being 95% “confident” that the coordinates are in the ellipse,
we can say there is a 95% “probability” that the coordinates of the landmark are in the
Bayesian ellipse. It is also important to note that the Bayesian result is compatible and in
agreement with the traditional result, since the probability ellipse here falls well within the

boundary of the traditional confidence region.

Bayesian Method: prior 2

Suppose instead that the digitized map had been created at a much smaller scale, say 1:5,000.
The map still meets National Map Accuracy Standards. Assuming a normal distribution and
using the same calculations as in the previous case, this is equivalent to an error standard

deviation of approximately 1.54 meters. Suppose we will use this as our prior distribution
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Figure 3.1: Comparison of traditional error ellipse (grey) and Bayesian error ellipse (black).
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on Mo
Mo 551465.9 237 0

Lo 41197586 ) | 0 2.37

Combining this prior distribution with the information from the data, we can give the pos-
terior distribution of the point as po|Zy, 3o ~ N(go, Hp), where

-1 —_1y —1

237 0 20.25 0
9o = +
0 237 0 20.25
1 —1
237 0 551465.9 N 20.25 0 551466.47
0 237 4119758.6 0 20.25 4119762.54
551466.0
4119759.0
and
212 0
0:
0 212

We can represent the 95% probability error ellipse in this situation with the equation

/ —1

R z, — 951466.0 212 0 Mz, — 051466.0
(Mo - 90) H, (Ho - go) =
[y, — 4119759.0 0 212 yo — 4119759.0
< X%,.%,

shown in black in figure 3.2.

Method Comparison

Again, when we compare the results from the two methods, we can see that the Bayesian
result has smaller variance, due to the inclusion of the information from the Bayesian prior.

Figure 3.2 compares the error ellipses around the landmark for the frequentist (grey) and
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Figure 3.2: Comparison of traditional error ellipse (grey) and Bayesian error ellipse (black).

Bayesian (black) methods. Additionally, when comparing Figure 3.2 to Figure 3.1, we see
that using the Bayesian prior with smaller variance gives the expected result, and the pos-

terior ellipse and variance is smaller.

Using a non-informative prior

Up to this point, we assumed we had good information to create a prior distribution on
our data. In fact, my argument for using Bayesian methodology has been that good prior
information is often available in GIS applications, and large numbers of observations are
not. In the case where there is no good prior information available, however, we can still use
Bayesian methodology. We do this by using a noninformative prior distribution, designed
to have as little impact on the inference as possible, and therefore allow the data to “speak

for themselves” ([23]). The reasons for doing so are primarily theoretical, although there are
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many real examples across the field of statistics in which noninformative prior distributions
have been shown to work quite well. I offer an example here to demonstrate how the Bayesian

method can still be applied, even when there is no good prior information.

There are several ways to determine the noninformative prior to use for a particular problem.
There are some noninformative priors that have been created to meet certain requirements;
for example, Jeffreys’s prior is founded on the principle that any rule for determining the prior
density should yield an equivalent posterior distribution for any one-to-one transformation
of the parameter ([23]). One simple and very popular prior distribution, which I will use in
the example, is the uniform prior. The uniform distribution assigns equal probability to any

value of the parameter in its admissible range.

Suppose we have the same situation as in the previous example, in which we are exam-
ining the position of a landmark. Our GPS instrument, as before, gives the apparent

location of the landmark as (551466.47,4119762.54). The variance of these estimates is

20.25 0
= . Suppose now, however, we do not have access to a pre-existing map.

0 20.25
We can still implement a Bayesian method, if desired, by the inclusion of a uniform prior

distribution.

In order to find the posterior distribution using uniform distributions on the mean variables,

we turn to Bayes’ Rule (2.1), which tells us that the posterior distribution of the point is

( y e—%(z—u)’z‘l(z—u))

p()p(y|w)
)

p(ply) = oy

Y

p(y)

where p(y) is the marginal distribution of y, and is a constant, given that y has been observed.
We recognize this distribution as the normal distribution. Therefore the result of using a
uniform prior on the data is that the posterior distribution is equal to the normal data
distribution. An error ellipse drawn from this posterior distribution would therefore be
identical to the error ellipse drawn from Shi’s data distribution model ([50]). The difference

would be only in the interpretation: the ellipse would represent a probability region rather
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than a confidence region.

We can see from this example that it is possible to use a noninformative prior that will
minimally impact the information gathered from the data. Bayesian methods are therefore
certainly compatible with the frequentist methods currently in use, even when there is no

good prior information available.

3.3.2 Line segment data

Suppose you are interested in learning the coordinates of two adjacent corners of a particular
building from a computerized GIS map. The map scale is 1:20,000, and so according to Na-
tional Map Accuracy Standards and assuming normally distributed errors, this is equivalent
to a standard deviation of 6.18 meters. On the map, the coordinates have been placed at
(376106.36, 2798635.52) and (376230.06,2798628.07), in the state plane coordinate system.

Having been digitized by hand, we assume no correlation between any coordinates.

You also have access to the original plans for the building, which instructed that the two
corners of the building should have been placed at (376100, 2798635) and (376220, 2798635).
Based on construction difficulties at the actual building cite (for example, condition of the
ground), the construction workers often find it necessary to vary slightly from the original
plans. From their own records, the company estimates the corners of the building indepen-
dently vary from the original plans under a normal distribution with a standard deviation

of 5 meters.

Frequentist Method

From the frequentist standpoint, the estimates of the vertices of the side of this building are
simply the parameters on the digitized map itself. The standard deviation of the estimates

is therefore the standard deviation of the digitizer’s accuracy. We have
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38.19

376106.36 0 0 0

2798635.52 0 38.19 0 0
201 = and 201 -

376230.06 0 0 38.19 0

2798628.07 0 0 0 38.19

We can follow this up with a 95% confidence ellipse around each endpoint. The ellipse

around the first endpoint is

1 Hzy — 376106.36 38.19 0 fzy — 376106.36
(1o — 20)'Eg (o — 20) =
[y, — 2798635.52 0 3819 [y — 2798635.52
< X%,.957
and the ellipse around the second endpoint is
/ -1
B e, — 376230.06 38.19 0 Lz, — 376230.06
(11— 21)'S (o — 21) = 1 1
[y, — 2798628.07 0 3819 [y, — 2798628.07

2
< X2,.95

To create a confidence region around the entire line segment, we note that we can create a

confidence region around any point on the line segment with mean estimate

(1 —1¢)376106.36 + (¢)376230.06
(1 —1)2798635.52 + (1)2798628.07

and variance

38.19 ((1 — )% + (t)?) 0

.(t) =
0 38.19 ((1 — )% + (t)?)

The ellipse-based picture of the confidence region around the line segment is shown in grey

in Figure 3.3.
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Bayesian Method

The Bayesian method allows us to include information from both the original design plans
and the current digitized map. According to our formulas, our Bayesian posterior estimate
of the value of the coordinates for the first point is

-1 —1y —1

25 0 38.19 0
+

9o =
0 25 0 38.19
—~1 -1
25 0 376100 N 3819 0 376106.36
0 25 2798635 0 38.19 2798635.52
376102.5
2798635.2
15.11 0
and the posterior variance of this estimate is Hy =
0 15.11

Our Bayesian posterior estimate of the value of the coordinates for the second point is

-1 —1\ —1

25 0 38.19 0
9 = +
0 25 0 38.19
-1 -1
25 0 376220 N 38.19 0 376230.06
0 25 2798635 0 38.19 2798628.07
376224.0
2798632.3
1511 0
and the posterior variance of this estimate is Hy =
0 15.11

We can now describe a 95% probability ellipse around each endpoint. The ellipse around

the first endpoint is
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sy — 376102.5 1511 0 finy — 376102.5
1y, — 2798635.2 0 1511 iy — 2798635.2

(o — o) Hy ' (po — go) =
S X%,.95a

and the ellipse around the second endpoint is

R e, — 376224.0 15.11 0 My, — 376224.0
(u1—g)Hy (1 —g1) =
fy, — 2798632.3 0 15.11 fy, — 2798632.3
< X%,.95-

To create a probability region around the entire line segment, we note that we can create a

probability region around any point on the line segment with mean estimate

(1 =Ngwo + (Ngar | [ (1—7)376102.5 + (7)376224.0
(1 =7)gy + (Mg (1 —7)2798635.2 + (7)2798632.3
and variance
- W, By, (1) 15.11((1 =)+ (7)?) 0
,y p— pu—
hyo, i, 0 15.11((1 = 7)* + (7)?)

=15.11(2¢* — 2y + DI,

Alternatively, we can find the formula for the posterior mean and variance of a point on the

line segment by consulting corollary 3.7, and the results agree.
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=15.11 [(1 =) 5
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202 25-38.19
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and Hy = (29" =2y + 1) 551 = (29" = 2y + D)oo s

I=1511(2y* -2y + 1)I.

The ellipse-based picture of the credible region around the line segment is shown in black in

Figure 3.3.

Method Comparison

As in our first example, we see here that the variance of our estimate is considerably smaller
when using the prior information about the building in combination with the data currently
available on the map. We can also see that our final posterior estimate of the mean is
much closer to that specified by the original business plans (thanks to the inclusion of this
information), and therefore probably more accurate. We can also examine Figure 3.3, shown
here, which demonstrates both the difference in placement of the line segment (where the
two endpoint vertices appear) and the variance of our estimate (the region surrounding
the posterior distribution’s line segment is smaller than the region surrounding the data
distribution’s line segment). Notice that like with the ellipses in example 1, the Bayesian
region is completely compatible with the traditional region since it falls almost entirely within

the traditional boundary. Furthermore, we again consider the difference in the meaning of
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the two regions—the traditional region is a confidence region, and we are 95% “confident”
that the line segment is contained in that region, and the Bayesian region is a “credible”
region, and there is a 95% probability that the true line segment is contained in that region.

Once more, the benefits of Bayesian methods are clear.

[ [ [
376100 376150 376200

y
2798615 2798640
I

Figure 3.3: Comparison of traditional confidence region (grey) and Bayesian credible region

(black).

3.4 Discussion

In this chapter, I have explored the addition of Bayesian methodology to current methods
for analyzing error in vector GIS data. There are multiple advantages to this addition. For
one thing, Bayesian analysis does not rely strongly on the present data to develop an error
distribution or to estimate the location of a point. This is because the distribution of a point
can be made to rely strongly on a prior distribution that can be based on expert or historical
knowledge. This is not unreasonable in the geographic disciplines, where a lot of knowledge

may already exist to indicate coordinate locations (for example, the possible path of a stream
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or the locations of certain well-studied landmarks). This is a big advantage because often only
one sample observation is available for each point on a map. Additionally, Bayesian methods
can increase the accuracy of an analysis when prior information is more reliable than the
data distribution, which could often be the case in GIS applications. Bayesian methodology

is also completely compatible with traditional methods, as seen in our examples.

Bayesian analysis is also good from the standpoint of understandability. Often, a traditional
confidence interval is interpreted as a probability interval. The interpretation of a Bayesian

credible region, on the other hand, is direct and accessible to many users.

There are many possible applications of Bayesian error analysis. For example, it could be
applied to the point-in-polygon and the sliver polygon problems mentioned in Section 2.3.4.

The flexibility and interpretation of Bayesian methods should prove ideal for such scenarios.
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Chapter 4

Calculation for the Boundary of the

Confidence Region of a Line Segment

4.1 Introduction

In the previous chapter, I focused on a method for analyzing error in vector data known
as the G-band model. It was originated by Shi et al. ([50, 53, 52, 10]), and is a statistical
method based on the error distribution of vector data points. I expanded on this error
model by introducing a Bayesian prior distribution, which creates additional flexibility in

the model.

This method creates elliptical error regions around individual geographic points. Confidence
regions around line segments are the composite of an infinite number of elliptical regions
surrounding the points that make up the line segment. Currently, however, there is no
explicit calculation for this confidence region; any subsequent analysis must be performed
by continually drawing a large number of ellipses. This is computationally intense, which
makes it very difficult to include in GIS software. The large number of calculations that

must be performed to draw the confidence region also makes it difficult to perform further
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error analyses.

I have calculated an explicit formula for the boundary of the G-band model’s line segment
confidence region. This will cut back on the amount of computation involved in drawing
the confidence region. This will allow the G-band error region to be more easily included in
software applications. It will also create a clearer picture that will be more appealing to the
average GIS user. Additionally, it will help pave the way for more in-depth error analysis,

including such things as point-in-polygon analysis and fractionated polygon analysis.

I first present an explicit confidence region calculation for the most simple error distribution,
where there is no covariance between any pair of coordinates and all variances are the same.
I then provide several examples of this calculation. Finally, I present a method for finding

the x-coordinate of the boundary for the general case.

4.2 Confidence Region Boundary Calculation

Theorem 4.1. In the most simple case of the line segment ellipse confidence region, that

is, when
T L a2 0 0 0
Yo N Hyo 7 0 o> 0 0 7
x . 0 0 o2 0
(1 Ly 0 0 0 o2
and
T 1 Zo
! =7 + (1 - 7) )
Yy Y1 Yo
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the confidence bound can be written explicitly as a function of v, 0 < v < 1, as follows:

vy = ety = )t = (L ) (e — 1 a0? +02)
1+ 25

Tply =

_ 2 2 2
Ybly = Yy — \/X2,17a0-y - (xblv - xw)

-m >0, r1 < xg, and xpy; is decreasing with ¢ at 1 = 7,
-m >0, x1 > xp, and xpy; is not decreasing with ¢ at ¢ = 7,
-m < 0, 1 < xg, and xp1; is not decreasing with ¢ at i = ~,

-m < 0, x1 > xg, and xpy; is decreasing with ¢ at ¢ = ; or

Loly = 1

Ybly = Yy + \/X%,lfao-?y — (Tp1y — 24)?
if none of the above conditions hold;

and

vy = e =\ = ke = (L (@ — 3y a0d +03)
1+ =

T2y =

Yb2y = Yy + \/X%,lfao-g/ — (To2y — 24)?

-m >0, r1 < mp, and xpy; is decreasing with ¢ at i = =,
-m >0, r1 > xp, and xpy; is not decreasing with ¢ at ¢ = 7,
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-m < 0, 1 < xg, and py; is not decreasing with ¢ at ¢ = -,

-m < 0, x1 > xg, and xpy; is decreasing with ¢ at ¢ = v; or

Ty — %c — \/(x7 — %0)2 —(1+ #)(02 - X%,Hﬂ% +23)
1+ 5

Tp2y =

_ 2 2 2
Yb2y = Yy — \/X2,1—a0-7 - (xb% - xv)

if none of the above conditions hold. Note these conditions may hold for part of the bound-
ary and not for the other part, so the calculation of the g, term may not be the same for

every point 7.

21-2y 1

— —x., and m is the slope of the line segment.
Yo—Y1 m

— 2
Here, ¢ = x31_,0

Proof. The traditional line segment confidence region is defined by a series of ellipses with

the formula

(zy — “w)/E;l(zv — ) = Xg,l—a-

In order to depict this, a limited number of « values are chosen and ellipses are drawn. Figure

4.1 demonstrates this concept with 21 values of v evenly spaced across the line segment.

Figure 4.1: Example of confidence region drawn with ellipses.

From this picture, we can see that the point at which one ellipse ceases to be on the boundary

and the ellipse next to it becomes part of the boundary is the point at which the two ellipses
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intersect. As we include more ellipses in the picture, the portion of any ellipse that is included
in the boundary becomes smaller and smaller. As we approach the true situation, with an
infinite number of ellipses along the line segment, it becomes apparent that each ellipse will

contribute exactly one point to the boundary. See Figure 4.2.

§3§'0’0’0';’:i§§§?
T
e

'mmmh

i

i
i)

‘02000“0‘2‘0‘0‘0“&2

)

Figure 4.2: Demonstration of each ellipse’s contribution to the boundary as more and more

ellipses are included in the confidence region representation.

Because an infinite number of ellipses are involved, we cannot compute the value of this point
as an intersection, but rather as the limit of the intersection of two ellipses as the distance
between them approaches 0. We calculate the limit of the intersection here for the simple

case only, as in the statement of the theorem.

We will expand the formula for a confidence ellipse at point v in two ways.

(e, = )00, £\ 031002, = (e, = 2)2) (02,03, = 02,,%)

uyv = + y'y

2 2 2 2
g

(ILLy'y - yv) Ty 2(:“%, - xv)(:“yy - y’Y)o’z’yy'y + (Mx'y - :EW)ZUyy = X%J—a(o-x.yay.y - Uxa,ygy)

In the case discussed in the statement of the theorem, these equations simplify to

iy, = 1) (G102 — (12, — 79)2) + 9 (4.1)

(b, = Y7)* + (Ha, — T4)? = X51_00" (4.2)

)

In order to find the intersection between two ellipses, one at point v and one at point v + 9

with 0 < 7,746 <1, we set i, = 445 and solve equations 4.1 and 4.2 simultaneously.
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= :‘:\/ X2 1-a0 Mww - 377)2) + Yy

(,uy7 - ?h+5)2 + (,u:c7 - 177+5)2 = X%,l—aai—l-&

2
#(%i¢uawﬁ—mm—mm—%ﬁ)+mﬁ—%Mf=ﬁ#w;5

2
= (1 = o £ /0312002 = (e, = 73)2)) + (o, = 2210)* = X1a0Ps

ﬁwfwmfi%—%m¢%kw&wm— 72)?) + X1-002 = (ptay = ;)
"‘(Mac7 - 5’5%6)2 = X%,lfaa'zeré

= Xg,ka(ai - 03+6> + (Y, — yw+6)2 — (M, — x7)2 + (b, — x7+5)2

yw+6 \/X21 a0 Nww - )2

Note that

(Hay = T925)* = (Hay = %)% = 210, (T = Typs) = (T = Tys) (T4 + Ty45)

2
N (X%,la(a?y - ‘73+5) + (yy — yv+5>2 + 245, (Ty = Ty16) = (T — Toys) (T + x7+5))
2(y'y - y’y—l—é)

_X21 ey 'y (,U/:Lu,_ )2

2
N (Xg,l—oz(o-?y - ‘73+5) + (Yy = Yy16)? — (27 — 2p5) (24 + xwré))
2(3/7 - y'y+5)
- X2 1—a 'y (:uﬂfw o )2

241 (zv - a77+5) )2 2 2 2
= Y + C/ — X —040- — (/‘LJ? — T ) ,
( Q(y’y - ?J’y+6) ! K ! !

where
o — X%,lfa(o-?y - ‘7—2y+6> + (Y = Yyr0)? = (@ = Tyy5) (0 + T145)
2(Yy = Yr+6)

Y
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2
T~y — T T~y — T
= ,ui <7—'Y+6) -+ 2/’L€E'y <7—'Y+6> C/ —+ 612 = X% 17(10'3 — (/flzw — "1;7)2
T\ Yy~ Yyts - ’

2
2 [ Ty — Ty4s Ly =Tyt \ 4 | 12 2 2 2 2
= p2 <—) + 241, (—>C + = X31-00] — My + 20, Ty —
"\ Yy — Yyis ¥ Yy — Yyis 2,1 vy ¥ el v

2
2 Ly — Ly+§ Ly = Ty+s \ 2 2 2 2
= L 1+(—>} + 24ty |:(—)C—$:|+C = X51_a05 — T

: K |: Yy = Yny+s Hey Yy = Yvy+s K By K

2
: e A ) Ty T Ty4s ) o 22 2 _ .2
= T 1 -+ + 2 x cC — X + |c¢° — X —aa —x — 0

MV{ <yv_yv+6)] e Kyv—yw) ”} [ = Xa1-a0y = ]

We can now solve for p,. by solving the quadratic equation.

2 2
Ty =T+ / Ty —Ty+s / Ty =Ty +s /2 2 2 2
Ty — | 2—2= )+ Ty =\ m—m—/— ) C — 11 P ce — (o} x
v (yw—ywa) \/( v (?J'y_yw+§> > ( T (yw—ywa) ) ( X2,1-a0y T 7)
Ty =Tt § 2
1 Tyt
- Yy —Yy+s

This gives us the x-coordinate of the point where the two ellipses at points v and v + 9

intersect. In order to find the point that ellipse v contributes to the boundary region, we

now find the limit of this intersection as ¢ approaches 0.

2 2
_ BByt Y (e Tt = N W Ty = Ty+s 12 _ 2 2 2
" Ty (yv—ywa) ¢+ \/(x‘Y (y’y_y~/+6) C) <1 * (yv—ywa) ) (C X2,1-a05 T xv)
1m

6—0 1+ (mw*xv+5)2

Yy —Yy+65

Ty 7Ty+4s
Yy —Yy+s

We start by observing that the quantity ( ) is a constant function equal to %, where m is
the slope of the line segment, except where v = v+ 4. By definition, then, the limit of this quantity

as  — 0 1is equal to %
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Next, it remains to find the limit of ¢’ as 6 — 0.

2(yy — ?/'y+5)

lim (X%,la(a?y - ‘7?,+5) + (yy — y7+6)2 = (Ty — Ty45) (T4 + x7+6)>
6—0

2 2 2
1 XQ,I—Q(UW B Uv+6) (yy — y»y+5)2 Ty — Ty46
+ - (@ + Ty40)
Yy = Yvy+6 Yy = Yny+s Yy — Y~y+5

lim (%7 "%\ _ lim (272 —2v4+1-2(v+6)*+2(y+6) — 1) o?
6=0 \ Yy = Yyts 5=0 yy1+ (1 =7)yo — (v +)y1 — (L — (v +9))vo

o lim (P (40—t (v +0))0
50 (v = (y+0)y1 + ((v+6) — 7o

— o lim (V= (v +0)* =7+ (1 + )0’
=0 (v = (y+0)yr + (1 =) = (1= (v +9)))yo

_ o tim (P20 +8) 0 g, <5(1 e >

5—0 —d0y1 + Sy §—0 0(yo — 1) 0(yo —y1)
2y —1o?
Y1 — Yo
So,
. 1 (1—-2v) 2z 2y—-1 1
lim c’:<22 ol S ) — 2 e Ay S
50 (c) 5 | “X21-a Yo — U1 m X2,1-a T

and therefore the xz-coordinate of the boundary point is

Ty— et \/(:c7 — 402 — (14 5) (2 —x3,_,02 +42)

Tp
' L

as written in the theorem.
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The y-coordinate is given by the formula

(”‘T“f B J:W)wayv + \/(X%J—ao-g'y o ('MIW o 1‘7)2)(0‘270‘57 o O-mwy’YQ)
Hy, = 2 + Y

Ty

g

and so there are two possible y-coordinates for each z-coordinate. The y-coordinate on the boundary
can be determined by examining the geometry of the confidence region. When the line segment
and the point v meet one of the conditions given in the theorem for 41, or xp2,, the sign in the
equation for the y-coordinate will be the opposite of the sign in the equation for the z-coordinate.
If one of these conditions is not met, then the sign will be the same. Figure 4.3 demonstrates this

conclusion for several different regions.

m >0, 71 > 79, and Tyxi, Ty m <0, 7) < Zg, and Ty, Ty
not decreasing with ¢ at i =7 decrensing withd ati=1
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Figure 4.3: Visual demonstration of the determination of the y-coordinate matching the

x-coordinate according to line segment slope.

Corollary 4.1. In the Bayesian case, with a prior distribution
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g oo s 0 0 0
b |y Loyoo | 0 %2 0 0
[y Haro 0 0 72 0
Ly, Loyo 0 0 0 7¢

and a data distribution as in theorem 4.1, leading to a posterior distribution

. . 20 0 0

Hyo N Gyo 7 0 A 0 0 ’
. G210 0 0 h%® O

Hoyy Jy10 i 0 0 0 h? ]

the confidence bound can be written explicitly as a function of v, 0 < v < 1, as follows:

0o, = e 3 [(g2, = 2e)? = (14 (G — XBaoah? +02)
1+ -4

xbv =

Yoy = Gy, + \/X%,l—ah?y — (T, — 9%)2'

2 2_1-2y 1 : ' -
Here, ¢, = x31_4N Go—ger  mYzys 1S again the slope of the line segment, g, and g, are

the posterior means of y,., and . , respectively, and h., is the posterior variance of both .,

and fiy, .
Proof. Substituting the terms from the posterior mean and variance of the point Har
/JJZUV
. . : Ty .
into the result of theorem 4.1, in place of the data mean and variance of , provides
Yy

a direct proof of this corollary.
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A Note on Calculating Confidence Regions

Note that because of the way in which the slope enters the formula, when the two y-
coordinates are the same (that is, yo = y1), the formula will fail to produce an z-coordinate.
This problem can be fixed by switching the z- and y-coordinates in the formula because the
calculations are symmetrical (making sure to also adjust the slope by using its reciprocal).
Simply switch the x- and y-coordinates back after the calculations have been completed to

draw the confidence bound correctly.

4.3 Examples

We now provide several examples of our calculation, including an example of the Bayesian

confidence region.

4.3.1 Example 1

Suppose we have a line segment with z-coordinates at zyp = 0 and z; = 10, and y-coordinates
at yo = 0 and y; = 1. The error structure is as described in Theorem 4.1, and the common
variance parameter is ¢ = 1. We calculate the confidence region using the formula in
Theorem 4.1. Figure 4.4 demonstrates the calculation of the boundary region and compares
it to the ellipse confidence region. The boundary is represented as a solid line, and the

ellipses are dashed lines.

Bayesian variation

Suppose we have the same data as above, and we now have a prior distribution on the
points. The prior distribution of the x-coordinates places them at p,,, = 1 and p,,, =

12, and the prior distribution of the y-coordinates places them both at f,,, = u,,, = 0.
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Figure 4.4: Demonstration of the explicit formula for the boundary of the G-band line

segment confidence region.

Additionally, the prior value for the common variance parameter is 7 = 1.5. We calculate the
posterior distribution from this information, using Corollary 4.1. Figure 4.5 demonstrates the
Bayesian version of the confidence region. Figure 4.6 compares the boundary-only versions
of the Bayesian and frequentist methods, demonstrating one advantage of using the prior
information: including more information creates a smaller confidence region. The traditional

boundary is drawn with larger dashed lines.

Figure 4.5: Demonstration of the explicit formula for the boundary of the Bayesian line

segment confidence region.

4.3.2 Example 2

This example uses a map adapted from actual GPS data. The map is a polygon outline
of a field located in Blacksburg, Virginia. Research has shown that GPS error often is

reasonably normally distributed, with a standard deviation of approximately 3.5 meters in
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Figure 4.6: Bayesian line segment boundary compared to the traditional G-band boundary.

each direction. Figure 4.7 (a) demonstrates the error in the boundary of the field using the
individual error ellipses. Figure 4.7 (b) demonstrates the boundary using the direct boundary
calculation. It is clear from this picture that using the direct calculation is advantageous in
several ways. First, it involves much less computational time and much less drawing time.
This makes it easier to include in GIS software, and therefore more accessible to GIS users.
Secondly, the picture is clearer and probably less confusing to the average GIS user, who is
most likely familiar with error regions in the form of epsilon bands (refer back to Section 2.3

for more on epsilon bands).
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Figure 4.7: Figure (a) shows the error in the field boundary using error ellipses; figure (b)

shows the error in the field boundary using the direct boundary calculation.
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4.4 General Case

Theorem 4.2. In the general case, when the endpoints of a line segment have a 4-

dimensional normal distribution,

2
Lo Mg Ozo  Ozoyo Ozozi Ozoyr
2
Yo Hyo Oxoyo Ty Oz1y0 Oy
~ N ) )
2
1 My Ozoz1  Oxzyyo Oy Oz
2
Y1 Hyy Ozoyr Oyoyr Ozipn Oy

the x-coordinates of the two boundaries of the line segment confidence region calculated at

point (z,,v,) = (yx1 + (L — v)xo, 71 + (1 —7)y1), where 0 < v < 1, are equal to the real

solutions x; of the equation

Al(zp — 2,) + A2(xy, — 2,)° + A3(zp — 2)* + Ad(zp — 2,) + A5 =0,
where

Al = 4(c0? )30502 — 4(o? )QJ;vayvcwcwy + (afj,w)2(0;)zci + (aiw)zlc;

+4(%W)2(wayw)2%cy — 2(0@)30;61% — 4(0@)30%%%0@,

A2 = d(xg — 1) (07 )10y, cy — Awo — x1)(07,)* (0, )2 + (w0 — 21)(02, )20 (T, ) Ca

4 2

—4(x0 — 21)(0F ) (Tay, )2y = 8(Yo — 41)(03.)105 Cay + 8(y0 — ¥1) (02 )* (O, ) Cay

+8(y0 - yl)(‘Tiy)gazﬂ,awwywcx - 8(y0 - yl)(aiy)z(o-x'yy'y)gcx7
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A3 =4z — 11)*(07 ) (05 )* — 4lxo — 21)*(02)’0] (0uy,)? + 8(z0 — 21) (Yo — 11)(07,)* (0, )’

_8($0 - xl)(yo - yl)(gz )402 O--Z”yy'y + 4(y0 - yl) (02 )50-57 - 4(y0 - yl)Q(O-i»y)Zl(ga?'yy'y)

Ly

_6( ) (Uuyw) X21 aCaCy + 2( )402 X21 aCzxCy — 4(U§W)3(Uw~,yw>2xg,1—ac

+4(0-32:«,>2<O-$7?/W) X2,lfac"fc$y + S(O-mw)éLo-wvyWXZlfacycmy - 2<0-:% )5X§,1fozc

_4(O—§7)4 z—YXZl —a xy 2( x7)2057(0x7y7> X%,l—acazc+4( )Saiyo—l‘vywx21 aCaCay;

Ad = 4(xo — xl)(0;)4(‘7%%)29(;1—04% — 4(xo — x1)<037>5‘7§7X2 1-aCy
+4(zo — 361)(092c7)3057 (quyv)ng 1—aCe — 4(w0 — xl)(aiw)%axwv) X2,1—acx
+8(yo — 11)(02.)°05 X3 1—aCay — 8(%0 — ¥1)(05 ) (0, ) X5 1—aCoy

_8(y0 - ?Jl)(Uch)ZLUSWU%wa 1—aCx + 8<y0 - yl)(037)3<‘717y7)3X§,17acm

A5 = 4(07) (00,9, (X21-0) oy + (02,) (00, ) (X3 1-0) 2 + (02,) (X210 -0) 5

2

—4(07 )2 (00,0,)" (X5,1-0) "oy — 407 )00, (X31-0)”

CyCay + 2(092%)4(0%%)2(X§,1fa)2czcy
—4(zo — 551)2(0:%7)4‘7; (Umyw) X%,l—a + 4(wo — 551)2(092;7)3(%7%)4)(;1—04
+8(z0 — 1) (Yo — ¥1)(03.)°0y Tury, Xo1—a — 8(z0 — 21) (Yo — 1)(02) (0, )Xo 10

—4(yo — 11)*(03.)°05 X310+ 4W0 — 11)* (07 ) (0w, )Xo 1
and

Cz = 27/”(0; = 20050, T Uio) +2/1(0 200, — 020)7
Cy = 27/”(051 — 209y, + 0§0> +2/n(0yey, — ‘7;0)7

Cay = 27/”(0-330% — Ozoyr — Oy + Ul‘lyl) + 1/71(0’103,1 + Oziyo — 2U$0yo)'
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Note that in the Bayesian case, we can simply substitute the mean and variance terms
from the posterior distribution for those from the data distribution to draw the appropriate

confidence region.

Proof. We apply the same principle as in the simple case, which is that the boundary point
is the limit of the intersection of two ellipses as the distance between them approaches 0.
Review Figure 4.2. Also as in that case, we being by writing the equation for the confidence

ellipse at point v in two different ways.

(o, = )00, £ 1/ (B 1-00%, = (o, — 2,)?)(02,03, — 02 )

2
oz,

My'y = =+ y,y
and

(g, — yw)%i = 2(pa, — @)1y, = Y9) 00y, + (e, — ;1:7)2057 = X%,l—a<o—§vai - inh)

Next, in order to find the point p, where two ellipses at points z; and zs,., intersect, we

combine the two equations as follows:

(o, = ©)00 0, £ 1/ (G 1002, = (o, = 7,)?)(02, 02, = 02 ,.)

2
o3,

2
T Yy = Yyts O ts

(Hay — )00y, + \/<ng1,040—§7 — (12, — 3)?)(0%,02 — 02 )

2
0%,

+ y’Y - y’Y+(5 O-Z‘,Y+5y,y+5

2 2 _ 2 2 2 2
+ (#x'Y x7+6) O‘y'y-&-é o X211_a(0-$'y+50-y'~/+5 O-:U'y+6y'y+5).

In order to begin solving this equation for u, , we first isolate the portion of the equation

under the square root to one side of the equation. Several manipulations result in
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(pra, — 9)%07, 2 2 2 (Hay = @4) 00,y
(02)? T Oa s T (Y7 = Yr+0) Oapps 27— o? Yy — yv+5>al‘w+s
Y Y
X%J_O‘O-g'y (0'32370'5“{ — O-gwyw) 2 _ (’UJJ;’Y — 1'7)2(0'3770'37 — O-%WZJW) 2
2, e N 2

= 2(ftg,, — Tryys Ty sYnts 2(Hzy = To16) (Yy — Y+6) 05 15

Ty

2 2 2 2 2 2
+ <’ux"f x'er(S) O—yﬂH—é XQvl_a(O—a?v+5o—y'y+5 O—x'y+5y'y+5)

V31002, = (e, =2, 2)(0%,02 — 02 )

2
0%,

(:u:r - x'y)o-z Yy 2 2
(2(:ul“—y - x'y+5)‘7x7+5y7+5 -2 - o2 — O'x,y_H; - Q(y’Y o y’YJF(S)O'x.H_g
We now multiply each term on either side by 1 in the form of 1, (73267 / (792577 or (a3 )%/ (U;)2
so that we have a common denominator of (au,%v)2 on each side of the equation and it can be
removed completely from the equation. Additionally, we now square the equation on both

sides to remove the square root from the equation. We now have
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In order to simplify calculations, rather than continue further and find the limit of 4, at

the end of the process, we take the limit now as ¢ approaches 0. Finding the limit directly

of each side of the equation results in the form 0 = 0, which is not helpful. So, imposing the

form L? = PR? on the above equation, we take limits as follows, using I’'Hospital’s rule:
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Finishing all the calculations to arrive at the final step in the above equation, we have
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where w3, is the limit of y, , the intersection of the two ellipses as § — 0, and therefore the
x-coordinate of a point on the boundary associated with zs. The terms ¢, ¢,, and ¢, are

as written in the theorem.

Now, we subtract the right side of this equation from the left side of this equation, and set
the result equal to zero. This implies that the final solutions for the z-coordinates of the

boundary point at z, are the real solutions of the equation

Al(zp — 2,) + A2(xy, — 2,)° + A3(zp, — 2,)% + Ad(z) — 2,) + A5 =0,

where the terms are as written in the theorem.
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4.5 Discussion

I have demonstrated a calculation that will give us directly the equation for the boundary
of a line segment when using the G-band error model. The equation is valid for both
the frequentist and Bayesian cases. It is entirely explicit for the simple case in which the
variance at all coordinates is the same, and no covariance exists between points. This is
likely a realistic distribution in most situations where a map was digitized by hand from a

paper map. It is also realistic in some GPS data situations.

This is an important contribution for several reasons. It is currently very computationally
expensive to calculate the boundaries and draw a series of confidence ellipses around a line
segment. Consequently, it is difficult to include the G-band error model in GIS software.
The explicit formula will help statistical error models become more accessible to the average
GIS user. Additionally, the explicit formula makes it possible to draw the region very clearly,
which may help to make the meaning of the region more obvious. At present, simple models
such as the epsilon band model are still the most prominent ([1]), and by drawing the

confidence region without the ellipses, the region is more likely to be understood.

The calculation of this boundary should also aid in the advancement of the G-band model.
It is important to be able to use these statistical tools to perform analyses of confidence in
high-level GIS operations, such as map overlay operations. By explicitly constructing the
confidence region’s boundary, we should be able to more easily approach such problems as
the point-in-polygon problem or the fractionated polygon problem, as discussed in Section

2.3.4.

The calculation of the boundary region in the general case should be developed further to
answer such questions as which roots will be real in various situations, and to determine the
calculation of the proper y-coordinate to match the x-coordinate (it could be the same as
for the simple case, based on the slope of the line segment, but this should be confirmed).

We should also find out if the formula can be simplified further for situations in which some
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covariances exist but not others, and situations in which the variances of each coordinate
may be different. Additionally, it would be useful to prove that two of the roots of the

quartic equation given in Theorem 4.2 will always be complex.
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Chapter 5

A Probabilistic Point Deletion
Algorithm

5.1 Introduction

When using vector-based data in a geographic information system (GIS) setting, users some-
times do not require the level of information provided by their data. In this case, users can
perform line simplification, or line generalization, in order to reduce the computational time
required for data operations. Line simplification methods usually involve the systematic
deletion of points deemed unnecessary to a particular GIS user. Although manual sim-
plification may provide the best results for an experienced GIS user, this cannot provide
standardized results across users, and may be an impossibility in the case of a large data set
([62]). Therefore, computerized algorithms have been developed in order to standardize the

Process aCross users.

Currently, the most popular method for point deletion is the Douglas-Peucker, or DP, algo-
rithm ([61], [20], [4]). It is also one of the earliest algorithms developed, having first been
published in 1973 ([19]). It is one of only two algorithms currently used in the popular
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Arc software (ESRI, Inc., ArcGIS v. 9.1). The ongoing popularity of the DP algorithm

demonstrates that it has remarkable utility and accessibility.

However, some GIS users feel that the DP algorithm is not optimal in every situation. For
example, the system documentation for the ArcGIS alternative to the DP algorithm, called
“Bend Simplify”, states that “[Bend Simplify| takes longer to process than [the DP algo-
rithm], but the resulting line is more faithful to the original and shows better aesthetic
quality” (ESRI, Inc., ArcGIS v. 9.1). Ebisch ([20]) and others have pointed out that the
algorithm is ill-defined in certain situations where points along a line fall outside the rea-
sonable scope of the line’s endpoints in the parallel direction. The DP algorithm is also
often criticized for inducing error, leaving out essential and recognizable features of lines,

and distorting line geometry ([62], [60], [61], [4]).

In this chapter, I present a statistical adjustment to the DP algorithm, based on current
methods of error modeling. This method provides statistical justification for point removal,
based on the error distribution of the data and a user-chosen confidence level. This method
can be generally applicable to any data set, if a pre-set level of confidence (such as 95%) is
used, or can be used as a direct alternative to the DP algorithm with a user-specified level

of confidence.

In the next section, I will discuss the details of the Douglas-Peucker algorithm. Afterward,

I will discuss the details of this adjustment and the ways in which it may be applied.

5.2 The Douglas-Peucker Algorithm

The Douglas-Peucker algorithm was originally developed by D. H. Douglas and T. K. Peucker
in 1973 ([19]). Although some adjustments and alternatives have since been developed, the
DP algorithm is still the most widely-used point deletion algorithm, and is often used in its

original form.
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(a)

(d)

Figure 5.1: Demonstration of the Douglas-Peucker line simplification algorithm.

The DP algorithm is illustrated by Figure 5.1. The algorithm begins by identifying the
endpoints of the line we are generalizing, and imposing a line segment connecting the two
endpoints directly (a). If all point features in the line are within a perpendicular distance §
from the imposed line segment, all vertices are deleted and the imposed line segment becomes

the new line.

If, however, there is at least one point feature in the line that does not fall within distance ¢
of our imposed line segment (b), we do not delete any points. Instead, we find the point on
the original line that has the furthest perpendicular distance from the line segment we have
imposed between the two endpoints. We then remove our imposed line segment and add two
more, one between each endpoint and the furthest-distance point we have just identified (c).
We begin the process again for each of these line segments. For each one, if all points on the
line segment between its endpoints fall within distance ¢ of the line segment, we delete all

points and keep the new segment (d). If not, we again identify the furthest point and repeat
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Figure 5.2: Map of Virginia, with arc nodes indicated.

the process. This continues until all points fall within distance § of a line segment, and all

extraneous endpoints have been deleted. The result is the generalized line.

When the DP algorithm is extended to a map containing polygon features, it is usually
applied to individual arcs over the entire map. An arc is a portion of a line, and is generally
multiple line segments connected by vertices. An arc usually arises as a line between two
adjacent polygons. A polygon feature, then, is typically comprised of several arcs that form
an enclosed figure. One example that demonstrates the formation of arcs is a map of the
United States. Although the state of Virginia is a polygon formed by a closed polyline, the
polyline is broken into several arcs. One arc is the border between Virginia and Kentucky.
Another arc would be the border between Virginia and Maryland. The points where these
arcs intersect are referred to as nodes. Figure 5.2 demonstrates how the polygon of Virginia
is actually made up of six individual arcs. When a simplification algorithm is applied to this

map, then, each arc would be simplified individually.

The Douglas-Peucker algorithm is generally very useful, and also flexible since users may
select their own distance 6. However, some GIS users and authors feel that the DP algorithm
may not be optimal in some respects. As I have already discussed, the DP algorithm receives
criticism for being aesthetically unpleasing, removing important aspects of the data, and

being ill-defined in some situations ([20], [62], [60], [61], [4]).
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I next present my adjustment to the algorithm, and demonstrate my alternative. I will also

discuss how the alternative copes with some of the criticisms of the DP algorithm.

5.3 Statistical Point Deletion Algorithm

I propose an adjustment to the Douglas-Peucker algorithm, based on the G-band error model
for line segments. The DP algorithm determines whether or not points are deleted according
to a perpendicular user-specified distance § from a line segment. I propose instead to create
a confidence region around the line segment based on the data’s error variance matrix and

a user-specified confidence level a. For a demonstration of this algorithm, see Figure 5.3.

The method begins in the same way as the DP algorithm, by imposing a line segment between
the endpoints of the line we are simplifying (a). However, instead of considering whether
the remaining points on the line fall within a distance § of this imposed line segment, we
determine whether they fall within the confidence region of this line segment, given a normal
error distribution and a specified level of confidence. (If using Bayesian methodology, we
would use the probability region from the posterior distribution.) If any point falls outside
of this region (b), we continue as in the DP algorithm and impose new line segments between
the endpoints and the point furthest from the line segment between the endpoints (c). If
all points fall inside the confidence region, however, we delete all those points and the line
segment becomes part of the generalized line (d). The algorithm completes when no more

points are available for testing.

Users may select a level of confidence based on their personal requirements. In general, if
a user chooses a generic significance level (such as .05) this method will remove points that
many would agree are specified beyond the ability of the data source. On the other hand,
a user may choose an « based on the distance at which points will be deleted, making it
very similar to the DP algorithm. I will examine each of these interpretations and make a

comparison of my algorithm to the DP algorithm.
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Figure 5.3: Demonstration of the statistical adjustment to the Douglas-Peucker algorithm.

5.3.1 Error-based Point Deletion

Many authors fault current line generalization techniques, such as the DP algorithm, for
inducing error in the data. The probabilistic algorithm I have developed here, however,
can be used to make data more compliant with the error that is already present. To quote
Nicholas Chrisman, “Storage of detail finer than the error inherent in the source document
is a means of fooling yourself” ([11]). Therefore, when we remove points that exceed the
accuracy of the data, we are not necessarily contributing to the error of the map. Instead,
we are simply reducing the data to a more appropriate level, given the error that already
exists. I recommend using a standard confidence level to meet this aim, for example, a 95%
confidence level. Note that different error structures can be used with different arcs on the
same map, there is no restriction that dictates the entire map must be simplified with the

same error structure.

The statistical interpretation of this method is clear, given the traditional interpretation of
confidence intervals. When a point falls within the 95% confidence ellipse of the current
line segment, the point is not statistically different from the line segment at the .05 level of

significance, and therefore can be deleted. If, on the other hand, the point falls outside the
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confidence region of the current line segment, the point is significantly different from the line

segment, and should be included in further analyses.

I demonstrate this usage of the statistical point deletion algorithm in Figure 5.4. The data
used in the figure is the outline of a Virginia Tech field in Blacksburg, Virginia, created by
taking measurements with a GPS unit. The surveyor recorded points every few feet, which
most GIS users immediately recognize results in a plurality of unnecessary points. By using
the error distribution of the data and the statistical point deletion algorithm, we should be

able to appropriately delete points that do not contribute to the map.

The field is largely a green clearing, but is partially composed of a bramble patch. I used
this information to appropriately divide the field polygon into two arcs (a), which we then
simplify using the statistical method. We start with the smaller arc, and create a line segment
between the two endpoints, then draw the confidence region around that line segment (b). We
base our confidence region on an error standard deviation of 3.5 at all endpoint coordinates,
no correlation between coordinates, and a confidence level of .95 (a=.05). Parts (c)-(g)
demonstrate the complete simplification of the first arc. This process was repeated on the

second arc, and the final generalized polygon is presented in part (h).

Another option, which would result in a more conservative final map (more points removed),
would be to take advantage of adjustments for multiple hypothesis tests. When testing n
points for significant differences from the line segment, one could use the adjusted confidence
level a/(n —2). The interpretation of all the points falling within this confidence region (for
a .05 level of significance) is that we are confident at the 95% level that these points are
simultaneously not significantly different from the line segment. When at least one point
falls outside of the adjusted confidence region, the interpretation is that we are not confident
at the 95% level that all of the points are not significantly different from the line segment.
This will result in larger confidence regions and therefore the deletion of more points. The
idea behind this type of test is that when many points have been taken, some of them will

fall outside of the single-point confidence region due to random error. Simultaneous testing
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Figure 5.4: Demonstration of the statistical point deletion algorithm.
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takes account of this fact.

It is clear from Figure 5.4 that the error-based point deletion algorithm results in a shape
that many would agree represents the field well, but does not contain redundant points. The
fact that we based this deletion on the error in the data implies that, rather than add to
the error already present, we instead took account of this error and displayed the data more

suitably.

5.3.2 General Point Deletion and Comparison to the Douglas-

Peucker Algorithm

In general, the adjustment to the DP algorithm can be used at any confidence level with
the data’s error structure to produce any size confidence region. I compare this method
to the DP algorithm when the confidence ellipses at the endpoints have a radius equal to
the parameter 6. The alternative avoids several criticisms of the traditional DP algorithm.
In addition to the issue addressed in the previous section regarding error in the data, the
statistical algorithm avoids a common problem in the implementation of the DP algorithm,

and also retains some key features of line segments that the DP algorithm would delete.

A common problem with the Douglas-Peucker algorithm is that of interpretation. The
original paper claimed that a point should not be deleted when it does not fall within “the
greatest perpendicular distance between it and the straight line defined by the anchor and
the floater” ([19]). This definition leads to the deletion of very important features when
interpreted literally. Figure 5.5 part (a) demonstrates this problem. For more discussion of
this issue, see Ebisch ([20]). However, because the alternative presents a closed region in
which points are to be deleted, this avoids the problem altogether. See Figure 5.5 part (b)

for this resolution.

The alternative preserves other features that are important to the appearance of a line as

well. For one thing, because the confidence region is smaller in the middle than at the
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(b)

Figure 5.5: A problem with the Douglas-Peucker algorithm; note that an important bend in

the line is removed with the DP algorithm (a), but remains with the probabilistic alternative

(b).

endpoints, it will preserve points that are located toward the middle of the line segment
that form sharp angles. Depending on the application this information may be important

to retain. See Figure 5.6 for a demonstration.

5.4 Discussion

I have presented here an alternative to the Douglas-Peucker algorithm with statistical justi-
fication, based on the error structure of the data. The DP algorithm is somewhat arbitrary,
due to the inclusion of the parameter ¢ which is entirely up to the map user. The alternative
I have presented here, however, takes advantage of information from the data to perform line
simplification. It is still flexible, however, in allowing the user to choose the confidence level
at which they perform the point deletion algorithm. As I demonstrated in section 5.3, the
algorithm can be used to reduce the map to an acceptable number of points, given the error

structure in the data. It is flexible, since one can test using single-point confidence regions
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Figure 5.6: The statistical alternative to the DP algorithm retains points toward the centre

of the line segment (b), whereas the DP algorithm does not (a).

or simultaneous multiple-point confidence regions. It can also be used more generally, as the

DP algorithm, to remove points in accordance with an individual user’s preferences.

This method also has the advantage of being able to incorporate error information from
other sources besides the current map, through the use of a Bayesian prior in forming error
regions around line segments. This method adds additional flexibility to the process, since it
can replicate the results of using the G-band model only, or it can produce a more accurate
error region. When a more accurate error region is used, this will obviously result in less

deletion of important points, and more certainty about the usefulness of points that remains.

This algorithm also presents several advantages in addition to statistical justification. The
algorithm retains certain important features of lines. It also solves a common problem in
the implementation of the DP algorithm. Additionally, the algorithm can be used in certain
situations to simplify the data according to the error involved, rather than exacerbating the
error. This is a common complaint about the DP algorithm and other current point deletion

algorithms.
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There are several disadvantages to this method, however. For one, while the G-band error
model is prominent in literature on vector map accuracy, it is probably not familiar to very
many GIS users. This will certainly hamper the implementation of this statistical point
deletion algorithm. The statistical adjustment I have presented here also does not answer
every criticism about the DP algorithm. There are many situations in which they will delete

similar points, and so this will not appeal to those in favor of radically different algorithms.
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Chapter 6

Conclusion

6.1 Discussion

I began with a literature review in both vector and raster data, which revealed varying
degrees of work in the field of GIS error modeling at present. Some researchers have already
developed strong probabilistic error models for vector data, in particular Wenzhong Shi et
al.’s bivariate normal model. On the other hand, models for raster data have turned largely
toward fuzzy logic and fuzzy representations. While some statistical models do exist here,

they are largely disjoint from one another and there is no method in which the field is united.

Next I presented my own work on error modeling. So far, Bayesian methodology is a tool that
has been largely ignored in the literature on GIS error. The Bayesian concept is valuable to
this work for several reasons. Primarily, Bayesian analysis is useful in situations where there
is not a lot of data available; this is certainly the case in many GIS applications, where very
few samples (or possibly only one) are available. Additionally, a realistic prior distribution
should not be out of reach in a geographical discipline, where expert knowledge of location

and many previous maps are often available.

My work in vector models builds on existing error models. I used the bivariate normal model
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for points, and added the concept of a prior and posterior distribution. Many of the results,
such as confidence ellipses around points and confidence regions around line segments, are
parallel to the results already found in the frequentist case. I also calculated the posterior
mean and variance of points on line segments for several specific instances that may be

reflected in data, based on correlation between endpoints and variance of coordinates.

Additionally, I found an explicit formula for the boundary of the confidence region for a
line segment for a simple error variance structure. I have also begun to develop a method
for calculating the boundary directly for a general error structure. These will aid greatly in
future probability calculations. These should also support the eventual implementation of
statistical error models in to software programs. This is an essential step toward the regular

use of statistical models, since it would make them available to the average GIS user.

My final vector data result is a probabilistic method for deleting points when simplifying a
line. This algorithm is an alternative to the existing Douglas-Peucker algorithm, having the
advantage that statistical theory justifies the deletion of points. I also demonstrated some

other advantages that result from the properties of this algorithm.

Each of these accomplishments will make it easier for GIS users to communicate about map
accuracy. As the field of GISs continues to expand, it is more important than ever that
GIS users continue to gain tools for displaying and analyzing error. I now conclude with a

discussion of possibilities for future research in both vector and raster data.

6.2 Future Work

The field of GIS is constantly expanding, as is the need for error analysis and interpretation.
There are therefore many opportunities for important work in this field. I discuss several of

those opportunities here.
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6.2.1 Application of the Statistical Error Model

I have developed the statistical model to a point where it is now easy to use for displaying
error found in a vector data set. This still ignores the problem, however, of using this infor-
mation to learn about how the error is compounded through combining maps and performing
map operations. As I discussed in section 2.3.4 as part of the literature review, there are

many problems that extend well beyond the basic display of error.

Many problems, such as the point-in-polygon problem and the fractionated polygon problem,
come from the overlay of two or more maps. Some solutions have been posed to these
problems, but as I previously discussed, have presented complicated answers and/or not

answered the questions directly.

In accordance with the rules of probability, the only way to correctly determine the exact
probability of one object having a particular relationship to another is to integrate appro-
priately over the joint distribution of the two objects in the region in which this relationship

occurs. This is what Cheung et al. ([10]) were referring to when they used the equation

Pr(PeA)= // fr(z,y)dzdy,
(z,y)€A

where fp(z,y) is the pdf of P, to solve the point-in-polygon problem. As their paper showed,
this is not an easy equation to solve. There are other alternatives though, since the most
likely result of these determinations is to choose a course of action based on whether or not

the probability of some relationship is greater than a certain cutoff level.

As of now, the basis for modeling both line segments and polygons is the line segment
confidence region. Therefore, the most basic problem of interest may be determining the
probability that a point has a specific relationship to a line segment. Although there is still a
lot of work to be done, one way to answer this question might be to examine the confidence
regions of both the point and the line segment, and determine at what level(s) of confidence
(or probability, in the Bayesian case) they overlap. For example, if the error in the point and

the line segment are independent (a reasonable assumption when they come from different
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data sources), we can create a 0.9745 confidence region around each. If they overlap, we can
say the evidence that the point falls on a particular side of the line segment is not significant
at the 95% level of confidence (0.9745 x 0.9745 ~ 0.95). In the Bayesian case, we could
claim that there is less than a 95% probability that the point is on a particular side of the
line segment. Although there are additional complications (for example, we could use a
0.9595 and a 0.99 confidence region instead of two 0.9745 regions), this may be a good start
to answering the problem in a realistic manner. The calculation of the confidence region

boundary for the line segment I presented here should aid in this pursuit.

6.2.2 Further Theoretical Development of the Statistical Error
Model

There are several ways in which the basic theory of the statistical error model (both the G-
band and Bayesian versions) can be developed further. For example, in my work and previous
work, I have assumed that the error variance of the data is known. This may be acceptable
in some situations, but as in many other areas of statistics, is often a false assumption. When
assuming a normal distribution with known variance, as I did here, the most appropriate
confidence region around a point is created through the use of the chi-square distribution.
If a t-distribution is more appropriate, however, the chi-square confidence region is a poor
approximation when there is only a small amount of data available. In this case, a confidence
region from the F-distribution may be much more realistic. Although, as I have stated many
times, there is not often more than one data point from which to estimate a standard
deviation, it would be well worth it to discover what the use of a t-distribution would change

in the results.

Another development would be to expand the correlation structure between points to allow
for correlation between any pair of points on a polygon. It is well known in spatial disciplines
that data from two nearby sources are often related, and that relationship increases as the

distance between points decreases. Additionally, it may be useful to incorporate longitudinal
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correlation structures, to take into account when data points were collected consecutively.

The Bayesian method could also be developed in many respects. While I discussed the
possibility and provided one example of using non-normal priors, I did not explore this
option in detail. The method I presented here is also not an objective application of Bayesian
methodology, but an empirical one. In order to make this more of an objective application,
it is possible that one could put a hyper prior distribution on the mean and/or variance
of the prior distribution, which could serve to add additional uncertainty. As the model
currently stands, I treat the prior distribution as though it is a known fact, which is not
entirely realistic since it will generally come from previously created GIS maps. I have also
not discussed using a prior distribution for the variance of the data, which could help provide

more realistic results.

6.2.3 The Missing Data Problem

One very important topic that I did not cover are situations in which points are not accurately
represented. The G-band model is certainly appropriate if we can guarantee all the true
points of the feature were included in the map; however, if points are missing due to omission
or curvature in line and polygon features, this model is not correct. The G-band confidence
region around a line segment is smaller in the middle than at the endpoints, implying greater
confidence toward the center of the line segment where no data was taken. Therefore, many

GIS users feel that the region should not be concave. This is a valid concern.

There are many ways one could possibly cope with this. One principle to keep in mind,
however, is that we cannot create a realistic model without some further assumptions or
knowledge of the data. Therefore, our ability to model missing points will only be as good

as the information we are presented with.

One possibility is to assume we have a more detailed second map available that covers a

sub-region of our large map. While this may not be very realistic in many cases, this could
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possibly provide very good information. Simply by aligning the two maps and recording the
average number of vertices excluded from the larger map, the average distance and average
angles create by those vertices, and any other possibly pertinent information, I could develop
a distribution of missing points for the whole map. This of course involves some amount of
extrapolation, and should therefore be used with caution. The distribution of missing points

on a river, for example, is probably not the same as the distribution for a road.

Another possibility is to act as though some basic point deletion algorithm was used on the
map at some point prior to its creation. We could then learn about the parameters of this
point deletion algorithm by removing points one at a time from the map and imposing a line
segment between the neighbors of each point. Take measurements such as the distance from
the removed point to the new line segment, the angle formed by the removed point, and its
relative distance from each endpoint, and create a distribution for the missing points based

on that information.

A final method involves the least amount of outside knowledge, and is therefore very flexible,
but also the least subjective. In order to increase the size of the confidence region toward
the middle of the line segment, we include an artificial “variance inflation factor” when
calculating the confidence ellipses at each point along the line segment. We could base this
factor on the position of the point relative to the endpoints of the line segment, so that the
points closest the endpoints have the smallest inflation factor and the points closest to the
middle have the largest. This could come from any function, including the inverse sum of
the squares of the distances to the endpoints, or the minimum of the two distances. The
following equations, where f; is the variance inflation factor, show how this would increase

the confidence region in the frequentist model (the Bayesian model is equivalent).

(Zr — ) (ftzt)il (Ze — ) = Xg,l—a
1

= (Z, — Ht)lﬁz;l(zt — ) = X%,lfoz

= (Z; — ut)/zt_l(zt — ) = fth,lfa
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6.2.4 Raster Data Error Models

I present here a general outline to pave the way for future work. Molsen et al. ([45]) pre-
sented a logistic mixed model regression for predicting the probability that a cell is classified
correctly (review Section 2.4 for details). The model they used was y = p + €, where y
is a vector of responses (agreement between map and ground cover = 1, disagreement =
0), and p is a vector of probabilities. These values are based on a set of fixed effects X

and random effects Z at levels that a user has included in the model through a logit link

function, g(p) = log{p/(1 —p)} = XB + Zv.

I propose a similar model for prediction of error probabilities in individual cells. This model
may or may not include a vector of random effects. The primary difference between the
model presented here and the current one is that instead of a traditional frequentist model,
I advocate the addition of a Bayesian prior distribution for the set of parameters 3. As
with error models for vector data, I am in favor of Bayesian methodology because it is
advantageous in situations with little available data, and in many cases we can obtain expert
knowledge of the relationship between error and map variables to help determine a prior

distribution.

There are many methods in the literature of obtaining a prior distribution for the parameters
of a logistic regression model. Bedrick et al. ([5]) provide a general discussion of the issues
at hand when dealing with a Bayesian binomial regression model. Gelman et al. ([23]) give
an example of an independent, uniform distribution in each of the parameters, which they
recommend for use as a noninformative distribution when not much is known about the
parameters. Ibrahim and Laud ([33]) compare the use of several types of priors, including
the uniform, normal, and Jeffreys’s prior distribution. Beyond these examples, many more
ideas are forthcoming in the literature, such as hierarchical models (in which more than one
stage of sampling occurs) and empirical Bayes analysis (in which a prior is created from a
partial sample of the data). I should point out that in many cases, simulation studies are

needed to analyze properties of posterior distributions since many resulting from these types
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of procedures do not have closed forms.

There are many issues to consider for raster data modeling. I have suggested a Bayesian
logistic regression model to predict inappropriately-classified cells, but have yet to determine
general guidelines such as a method for choosing a prior distribution. Even after we have
done this and the model is explicit, it is certainly not the only consideration remaining. For
example, for the model to be useful it is necessary that we determine its impact on error

propagation in various situations, such as map overlay operations and map transformations.

Even beyond this, there are other ways to model raster data. For example, it may be
useful to determine a model for predicting the proportion of each map class (i.e., land cover
or soil type) within each cell. Another significant problem is modeling of continuous data,
which cannot be modeled through a logistic regression because there is not a binary response

variable.

6.2.5 Integration with GIS Software

Perhaps the most important step toward implementing the methods I have discussed here is
to make them available to GIS software users. This is an area in which statisticians will have
to work closely with the GIS community in order to make sure that solutions are presented
appropriately, and in a manner that will make them attainable to the average GIS user. It
is important to keep in mind that the end goal is to put these ideas in to practice, which is

impossible without cooperation between the statistical and GIS communities.
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