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(ABSTRACT) 

Several aspects of the subharmonic instability of boundary layers are studied. 

First, the subharmonic instability of incompressible flows over a flat plate is 

investigated using the resonant triad model and the Floquet model. The primary 

wave is taken in the form of a two-dimensional (2-D) Tollmien-Schlichting (T-S) wave. 

The subharmonic wave is taken in the form of a three-dimensional (3-D) wave. 

Results from both models are presented and compared with the experimental data 

and numerical simulation. It is found that the results of the Floquet medel are in good 

agreement with the experimental data and numerical simulation, whereas the results 

of the resonant triad model agree only qualitatively with the experimental data. 

Second, the subharmonic instability of incompressible flows over a 2-D hump is 

studied using the Floquet model. The mean flow over the hump is calculated by 

using interacting boundary layers, thereby accounting for viscid/inviscid interactions. 

The results show that increasing the hump height results in an increase in the 

amplification factors of the primary and subharmonic waves. When the hump causes 

separation, the growth rates of both the primary and subharmonic waves are 

considerably larger than those obtained in the case of no separation. 

Third, the subharmonic instability of compressible boundary layers over a flat 

plate is studied using the Floquet model. Results are presented for adiabatic wall 

boundary conditions and subsonic, transonic, and supersonic flows. For supersonic 

flows results are presented for first- and second-mode primary waves. The effect of



Mach number, spanwise wavenumber, primary-wave amplitude, Reynolds number, 

and frequency are studied. 

Fourth, results for the effect of heat transfer on the subharmonic instability of a 

two-dimensional compressible boundary layer over a flat plate are presented for 

different Mach numbers. For supersonic flows results are presented for first- and 

second-mode waves. The effect of different levels of heat transfer on changing the 

features of the subharmonic compressible instability is evaluated. 

Fifth, results for the effect of suction on the subharmonic instability of a 

two-dimensional compressible boundary layer over a flat plate are presented. It is 

found that when the primary wave is a first-mode merging with a second-mode, the 

subharmonic wave is strongly destabilized by suction. 

Sixth, the effect of a bulge on the subharmonic instability of compressible 

boundary layers is studied. It is found that the effect of compressibility on reducing 

the growth rate of the disturbances weakens as the hump height increases.
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1. INTRODUCTION 

1.1. Routes to Transition 

Experimental studies on the transition from a laminar 2-D boundary layer to a 

turbulent boundary layer of incompressible flows over flat plates using hot wire 

anemometers and flow visualization have revealed that transition takes place in 

several stages. First 2-D T-S waves appear and propagate downstream, these waves 

are selectively amplified by the boundary layer, then the higher harmonics of the T-S 

waves are generated, and the mean flow is distorted. In the next stage of transition 

a spanwise variation in the disturbance field starts to show up, this variation 

increases and eventually sets in strong three-dimensionality in both the disturbance 

field and the mean flow. Following this, two types of transition can take place. In the 

first type, this inflectional instantaneous velocity profiles with embedded high-shear 

layers at the peak positions develop. Then smail-scale high frequency oscillations 

(spikes) are formed in the neighborhood of the shear layers thus setting in irregular 

motion and leading to breakdown of the laminar flow. The second type of transition 
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is characterized by a low-frequency breakdown of a laminar flow (without formation 

of turbulent spots) through excitation of a subharmonic wave and incommensurable 

low frequency fluctuations and by the filling of the spectrum as a result of a nonlinear 

interaction of high- and low-frequency disturbances. 

1.2. Subharmonic Instability in Incompressible Boundary 

Layers Over a Flat Plate 

The experiments of Klebanoff et al. (1962) showed the spontaneous growth of 

oblique waves having a frequency that is near that of the primary T-S wave, but they 

did not provide any evidence of the generation of subharmonic oblique waves. 

Kachanov, Kozlov and Levchenko (1977) were the first to provide an evidence for the 

excitation of subharmonic waves. In their experiment they specified a fairly large 

amplitude of the wave, from the very onset, and studied mainly the spectral 

composition of the disturbance field. They noted from the spectrum of the 

disturbance that after the appearance of the primary wave and its harmonics there 

comes a region which is characterized by the appearance and growth of certain 

low-frequency disturbances which should be attenuated according to linear theory. 

At the end of this region the entire low-frequency part of the spectrum begins to grow 

with a distinguishable harmonic having a frequency that is equal to one-half the 

frequency of the primary wave; that is, a subharmonic wave. The excitation of the 

subharmonic wave was considered afterwards in the experiments of Kachanov and 

Levchenko (1984), Saric and Thomas (1984) and Corke and Mangano (1989). Saric 

and co-worker used a smoke-wire technique for flow visualization and obtained 
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pictures such as those in Figure 1.1 for the onset and development of 

three-dimensionality. At low T-S amplitudes, one observes the arrangement in Figure 

1.1a. The A —shaped vortex loops are staggered, repeating every 2/,, where J, is the 

wavelength of the T-S waves, indicating a subharmonic of the T-S waves. The 

hot-wire measurements record a frequency that is one-half that of the T-S wave (i.e., 

subharmonic). In some observations 1,>A, and in others j,<J,, where J, is the 

spanwise wavelength of the staggered vortices. At higher T-S amplitudes, one 

observes the arrangement in Figure 1.1b. The A —shaped vortex loops are such that 

the peaks and valleys are aligned, repeating every J,. The fixed hot-wire 

measurements record a frequency that is equal to that of the T-S wave (i.e., 

fundamental). Typically, A,< A,. 

Using hot-wire anemometer probes, Kachanov and Levchenko (1984) recorded 

the development of wave disturbances and the structure of the mean flow in a 

boundary layer on a flat plate. The experiments were conducted in a low-turbulence 

wind-tunnel (test section: 1 m high, 1 m wide, 4 m long) at a freestream speed of 9.18 

m/s and a turbulence level less than 0.02%. The flat plate used in the experiments 

is 1.5 m long, 1 m wide, and 10 mm thick and mounted horizontally at a zero angle 

of attack in the tunnel. The pressure gradient beyond 100 mm from the leading edge 

was not more than 0.8% per 1m length. A vibrating ribbon was used to generate T-S 

waves with specified frequencies and their downstream evolution was studied using 

the complete spectrum of the signal. The vibrating ribbon was located 250 mm 

downstream of the leading edge at a height of 0.15-0.2 mm from the plate. The 

vibrating ribbon was initially excited by a single frequency of 120 Hz and the 

amplitude of the excitation was gradually increased. At low excitation amplitudes, the 

spectra showed the development of a broadband of rather low frequencies. As the 

initial amplitude of the T-S wave increased beyond about 0.163%, the spectra showed 
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the excitation of a subharmonic wave and incommensurable low-frequency 

fluctuations, leading to the breakdown of the laminar flow by the filling of the 

spectrum. As the initial amplitude of the T-S wave approached 1%, the higher 

harmonics were excited and grew from the very beginning. At the same time, the 

three-dimensionality of the mean flow and fluctuations grew stronger, leading to the 

K-breakdown (after Klebanoff) of the laminar flow. They observed a similar behavior 

for the frequency 96.4 Hz. 

To determine the spectral width of the subharmonic resonance, Kachanov and 

Levchenko (1984) excited the vibrating ribbon with two frequencies f, and f, 

simultaneously. They observed the sum f, +f, and the difference f, —f, frequencies 

as well as other higher-order combinations in the spectra. They fixed the level of 

excitation, choose f, = 120 Hz, and varied f, from 30 Hz to 70 Hz, with the subharmonic 

resonance detuning of = a — f, varying from -30 Hz to +10 Hz. 

Kachanov and Levchenko (1984) relied on random 3-D disturbances to provide 

seeding for the subharmonic wave. This resulted in low-frequency meandering of the 

structures, which made the interpretation of the experimental results difficult. To 

avoid this problem, Corke and Mangano (1989) simultaneously generated 2-D and 3-D 

waves having specified frequencies and wave direction using a spanwise array of line 

heaters suspended just above the wall at a height that approximately corresponds to 

the critical layer. For a spanwise heating segment of length s, a time series period 

t, and a radian phase shift @ between adjacent line heaters, they were able to 

produce spatially propagating waves at equal and opposite angles to the flow 

direction given by 

@=+tan Dns 
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Hence, they were able to produce oblique waves with any desired wave direction and 

to vary the initial amplitudes and phase differences of the T-S and oblique waves. 

Their results demonstrate the subharmonic instability. Moreover, their results for 

large initial amplitudes of the subharmonic wave are helpful in validating any 

theoretical studies on their nonlinear development and their interaction with the T-S 

wave. 

Mainly there are two analytical models for studying the subharmonic instability 

in boundary layers. These are the resonant triad model and the Floquet model. 

Raetz (1964) and Stuart (1961) established the occurrence of triad resonances for 

certain waves which are neutrally stable according to linear theory. Craik (1985, 1971, 

1975, 1978) established the occurrence of triad resonances over a flat plate. 

Specifically he found that a 2-D wave 

u=atl,(yje” —” + cc 

forms a resonant triad with the two 3-D waves 

Uy = aye (ye 7 + cc 

and 

Up = ant (ye th? -99.4. ce 

Then using temporal instability analysis he derived the equations governing the 

modulation of the amplitudes a, a,, and a, with time. He found that the amplitudes 

become indefinitely large at a finite time, an explosive instability. We note that in the 

resonant-triad model, the frequencies and streamwise wavenumbers of the 3-D 

waves are respectively equal to half the frequency and streamwise wavenumber of 

the 2-D wave. The sum of the spanwise wavenumbers of the 3-D waves is equal to 
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zero; which means that the 3-D waves form equal but opposite angles with the 

streamwise direction. Craik analyzed the resonant triad problem for the temporal 

case. He showed that for a certain frequency and Reynolds number it is always 

possible to find a spanwise wavenumber such that the 2-D wave and the pair of the 

3-D waves are perfectly tuned. Then, by considering a _ piecewise-linear 

boundary-layer profile and using asymptotic theory, he determined the order of 

magnitude of the interaction coefficients. Usher and Craik (1975) extended the 

temporal case to third order and presented results for the second-order interaction 

coefficients. Craik and Adam (1978) studied the modulation equations where the 

wave amplitudes vary with two space variables and time. They assumed that the 

amplitude of the 2-D wave is much larger than the other two and that the 2-D wave is 

not affected by the interaction. Lekoudis (1977) derived the equations governing the 

modulation in space and time of the amplitudes of the waves forming the resonant 

triad by relaxing the assumption of perfect resonance. Volodin and Zelman (1979) 

computed the interaction coefficients and presented some results. Nayfeh and 

Bozatli (1979) analyzed the stability of a 2-D secondary T-S wave whose wavenumber 

and frequency are nearly one-half those of a primary 2-D T-S wave. They found that 

the primary wave acts as a parametric exciter for the secondary wave provided that 

the amplitude of the primary wave exceeds a critical value, which is proportional to 

the detuning of the two waves. 

Starting from the unsteady triple-deck equations and for high-frequency waves 

and high Reynolds numbers, Smith and Stewart (1987) derived the nonlinear triad 

equations governing the modulation in time and space of the amplitudes of the 2-D 

and 3-D waves. They calculated the interaction coefficients as the Reynolds number 

tends to infinity. Owing to their use of the triple-deck equations which have to be 

applied at some location, their calculated interaction coefficierits are constant. Our 
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results show that the interaction coefficients depend on the value of the Reynolds 

number. They solved the temporal form of the modulation equations and found that 

the solutions have a rather chaotic spiky appearance. 

The existence of multi-wave resonances was studied theoretically by Zelman and 

Maslennikova (see Kachanov (1987)). Their calculations demonstrated the properties 

of the resonant sets of waves that were discovered experimentally by Kachanov and 

Levchenko. In particular, a large spectral resonance width was demonstrated as well 

as the property of symmetrization of resonantly amplified harmonics. Other 

characteristic features of three- and multi-wave resonance were demonstrated in the 

theory. 

In the parametric instability model, the basic flow is viewed as the sum of the 

Blasius profile and the 2-D T-S wave, which makes the basic flow almost periodic in 

the streamwise direction. One method of solution is to apply Floquet theory to derive 

the equations governing the subharmonic mode and boundary conditions. This will 

yield an eigenvalue problem which is solved locally to compute the rate of growth 

and the eigenfunctions of the subharmonic mode. Maseev (1968) was the first to 

apply Floquet theory to boundary-layer instability. Herbert (1984, 1985, 1988) applied 

Floquet theory to formulate the subharmonic instability problem. He solved the 

problem using a collocation method with Chebyshev polynomials; his results are in 

good agreement with the experimental data of Kachanov and Levchenko (1984). 

Herbert (1984) traced the eigenvalues of the subharmonic instability problem as the 

amplitude of the 2-D wave tends to zero. Bertolotti (1985) studied the effect of 

pressure gradients on the subharmonic instability of incompressible boundary layers. 

He showed that a decrease in the pressure-gradient coefficient increases the growth 

rate of both the T-S wave and the subharmonic disturbance. He also showed that a 

decrease in the pressure-gradient coefficient increases the range of unstable 
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spanwise wavenumbers and causes dramatic changes in the eigenfunctions; that is, 

the disturbance velocity profiles. Santos (1987) extended the Floquet model to the 

case of arbitrary wavelengths, thereby including the subharmonic and fundamental 

instabilities as special cases. Modes with wavelengths in between the subharmonic 

and fundamental values are called detuned modes. For the Blasius boundary-layer 

flow, Santos found the growth rates of modes slightly detuned from the subharmonic 

mode to be almost as large as the growth rate of the subharmonic itself. 

Spalart and Yang (1987) studied the early 3-D stages of transition in the Blasius 

boundary layer by numerically solving the Navier-Stokes equations. They found that 

for intermediate amplitudes of the 2-D wave the breakdown is of the subharmonic 

type and the dominant spanwise wavenumber increases as the amplitude of the 2-D 

wave increases. Recently, Fasel (1990) numerically simulated solutions of the 3-D 

Navier-Stokes equations to study the spatial stability of the fundamental and 

subharmonic resonances. Kloker and Fasel (1990) numerically simulated the 2- and 

3-D instability waves in 2-D incompressible boundary layers with streamwise 

pressure gradients. They studied both the subharmonic and fundamental 

instabilities. They found that, in the presence of strong adverse pressure gradients, 

the growth rate of the fundamental resonant wave exceeds that of the subharmonic 

wave. 

In Chapter 2, the subharmonic instability is analyzed using the resonant-triad and 

Floquet models. Results from both models are presented and compared with each 

other, with available experimental data, and with numerical simulation. 
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1.3. Effect of a Bulge on the Subharmonic Instability of 

Boundary Layers 

The performance of natural laminar flow (NLF) airfoils is critically dependent on 

the location of transition, which may be strongly influenced by surface imperfections. 

Although modern metal and composite manufacturing techniques can provide smooth 

surfaces that are compatible with NLF, manufacturing tolerance criteria are needed 

for other unavoidable surface imperfections. These imperfections include waviness 

and bulges, steps and gaps at junctions, and 3-D roughness elements, such as flush 

screw head slots and incorrectly installed flush rivets. Other unavoidable 

discontinuities arise from the installation of leading-edge panels on wings, nacelles, 

and empennage surfaces and the installation of access panels, doors, and windows 

on fuselage noses and engine nacelles (Holmes, et al. 1984; Obara and Holmes 1985; 

Holmes et al. 1986). Because discontinuities cannot be avoided, a guide is needed 

for manufacturing tolerances. The guide should not be related to the drag generated 

by these discontinuities but to their allowable sizes so that laminar flow can be 

maintained. The mechanisms by which these imperfections cause transition include 

amplification of T-S waves, Kelvin-Helmholtz instability (for separated flows), 

enhancement of secondary instabilities, amplification of cross-flow vorticity, Gortler 

instability, enhancement of receptivity of freestream turbulence and acoustic 

disturbances, and any interaction between two or more of these mechanisms 

(Holmes, et al., 1986; Fage, 1943; Goldstein, 1985; Nayfeh, et al., 1988). 

Walker and Greening (1942) made wind-tunnel experiments to determine the 

effect of 2-D smooth bulges and hollows on the transition of the flow over a flat plate. 

They used surface tubes to determine the location of transition from laminar to 
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turbulent flow. Their bulges and hollows were mounted on one side of a smooth flat 

aluminum plate, having an elliptic leading edge. Hislop (1943) carried out similar 

experiments for narrow spanwise surface-ridge corrugations on a flat plate. Walker 

and Cox (1942) made wind-tunnel experiments to study the effect of spanwise 

corrugations on an airfoil. These experiments were made for three forms of narrow 

corrugations (flat, arch, and wire) situated in the laminar boundary layer of a large 

symmetric airfoil (EQH 1260 section) mounted at zero angle of attack. 

Fage (1943) collected the three previous works (Walker and Greening, 1942; 

Hislop, 1943; Walker and Cox, 1942) and established criteria for the critical heights of 

these imperfections that cause transition from laminar to turbulent flow. He found out 

that the flow conditions near a corrugation that affect transition are associated with 

a separation of the laminar boundary layer from its surface. The criteria of Fage for 

steps and gaps did not include the effects of the shapes of these imperfections. 

However, the flight experiments of Holmes et al. (1986) demonstrate the strong 

influence of the shapes of steps on the transition location and hence on the allowable 

heights of such imperfections. They found out that by rounding a forward-facing step 

the critical Reynolds number increases from 1800 to 2700. 

Carmichael, Whites, and Pfenninger (1957) and Carmichael and Pfenninger (1959) 

performed flight experiments on the wing glove of an F-94A airplane. The modified 

652-213 airfoil had 69 suction slots distributed between 41 and 95% chord. They 

investigated single and multiple sinusoidal waves located at 15%, 28%, and 64% 

chord. Their results show that the allowable sizes of the waves increase when 

embedded in the suction region. They found that to maintain laminar flow across the 

airfoil requires an 8% increase in the suction level over the clear airfoil case. 

Carmichael (1959) established criteria for allowable single and multiple bulges or 

sinusoidal waviness for both swept and unswept wing surfaces using the results of 
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his experiments that partially include the influence of compressibility, suction, 

pressure gradients, multiple imperfections, and wing sweep. Carmichael’s criteria 

are based on experimental results for waves located more than 25 percent chord 

downstream of the leading edge, and hence, they underpredict allowable 

imperfections in the leading-edge region and overpredict allowable imperfections in 

regions of unaccelerated flows. Spence and Randall (1953) investigated the effect of 

uniform suction on the stability of boundary layers over plates with sinusoidal surface 

waves. They derived a closed-form expression for the case of an asymptotic mean 

profile. 

As a first step toward an understanding of the physics of the instability of flows 

around surface imperfections, Nayfeh et al. (1988) investigated the influence of a 2-D 

hump on the amplification of 2-D T-S waves for incompressible flows. They 

correlated their results with the experiments of Walker and Greening (as reported in 

Fage, 1943) and found that the N factor is in the range of 7.4-10.0. They also found that 

the most dangerous frequency is different from that for the flow over a flat plate. A 

similar behavior was confirmed by Cebeci and Egan (1989). Ragab et al. (1990) 

extended the work of Nayfeh et al. (1988) and investigated the stability of 

compressible flows over smooth 2-D backward-facing steps. Al-Maaitah et al. (1990a) 

investigated the effect of wall cooling on the stability of compressible flows over 

smooth 2-D backward-facing steps. They found that there is an optimal cooling level 

beyond which more cooling results in destabilizing the flow. Al-Maaitah et al. (1990b) 

investigated the influence of suction on the stability of compressible flows over 

backward-facing steps for Mach numbers up to 0.8. They found that continuous 

suction stabilizes the flow outside the separation bubble, as expected, but it 

destabilizes the flow inside it. For the same suction flow rate, properly distributed 

suction strips stabilize the flow more than continuous suction. 
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In Chapter 3 the influence of a 2-D hump on the 3-D subharmonic incompressible 

instability on a flat plate is investigated. The mean flow is calculated by using 

interacting boundary layers, thereby accounting for the viscid/inviscid interaction. 

The primary wave is taken in the form of a 2-D wave. The secondary wave is taken 

in the form of a 3-D subharmonic wave. The effect of the hump height and the 

disturbance frequency on the instability characteristics are studied. In Chapter 7 the 

effect of a 2-D hump on the 3-D subharmonic compressible instability on a flat plate 

is studied. The effects of the hump height, the disturbance frequency, the 

subharmonic disturbance spanwise wavenumber, and compressibility are studied. 

1.4. Subharmonic Instability in Compressible Boundary 

Layers Over an Adiabatic Flat Plate 

Due to recent advances in supersonic and hypersonic aerospace technology, 

there has been a renewed interest in the stability and transition to turbulence of 

high-speed flows. In contrast with the case of incompressible flows and due to 

several reasons, rigorous stability experiments are very difficult at supersonic 

speeds. In addition most of the present experiments related to the stability of 

high-speed flows measure the onset of turbulence and the extent of the transition 

region rather than the evolution in space and time of the fluctuations present in the 

flow. This makes the validation of the proposed theoretical models very difficult. The 

stability of compressible boundary layers has been recently reviewed by Mack (1984) 

and Nayfeh (1988). 
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The linear stability of 2-D compressible boundary layers differs from that of 

incompressible boundary layers in many ways (Mack, 1984; Nayfeh, 1988). First, 

whereas the incompressible flat-plate boundary layer has no inflection points and 

hence is stable to inviscid disturbances, the compressible flat-plate boundary layer 

has generalized inflection points and hence is unstable to inviscid disturbances. As 

the Mach number increases, the generalized inflection point moves away from the 

wall and the inviscid instability increases. Moreover, the viscous instability weakens 

and disappears when the Mach number exceeds 3. Thus the maximum amplification 

rate occurs at an infinite Reynolds number and viscosity has a stabilizing rather than 

a destabilizing effect. Second, whereas there is at most a single unstable 

wavenumber (frequency) at each Reynolds number and frequency (wavenumber) in 

the incompressible case, there exist multiple unstable modes whenever there is a 

region of supersonic flow relative to the disturbance phase velocity. The first 

unstable mode is similar to the unstable mode existing in incompressible boundary 

layers and the additional modes do not have any counterpart in the incompressible 

case. These additional modes were discovered by Mack who called them higher 

modes and we will call them Mack modes. Mack found that the effect of viscosity on 

the Mack modes is always stabilizing and hence the maximum amplification rate 

occurs at an infinite Reynolds number. Third, whereas 2-D modes are the most 

unstable modes in an incompressible boundary layer, the most unstable first-mode 

waves in supersonic boundary layers are 3-D. However, the most unstable Mack 

modes are 2-D. 

Nayfeh and Harper (see Nayfeh, 1988) extended the Floquet model and analyzed 

the spatial and temporal compressible subharmonic instability problem of a flow over 

an adiabatic wall. They solved the spatial problem by using a shooting technique and 

presented results for subsonic, transonic, and supersonic flows. They, however, 
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neglected the interaction terms arising from the equation of state. One of the 

purposes of this work is to study the effect of neglecting these terms. It is found that 

their effect is negligible only at low Mach numbers. 

El-Hady (1988) solved the spatial subharmonic instability problem for subsonic 

and transonic flows. He also neglected the interaction terms arising from the 

equation of state. Later, El-Hady (1989) repeated his analysis and included these 

terms. He resolved the spatial problem for subsonic and transonic flows by assuming 

the characteristic exponent to be real. El-Hady concluded that compressibility may 

be stabilizing or destabilizing, depending on the amplitude of the primary wave and 

the spanwise wavenumber. 

Erlebacher and Hussaini (1987) numerically simulated the full 3-D time-dependent 

compressible Navier-Stokes equations to study the temporal stability of supersonic 

flows at M..=4.5. They investigated the interaction between a 2-D wave and a 3-D 

wave having the same streamwise wavenumber with the wave angle of the 3-D wave 

being 60°. Their numerical experiments suggest the existence of a secondary 

instability with a qualitative similarity to the K type breakdown. Thumm, Wolz. and 

Fasel (1990) numerically simulated spatially growing secondary disturbances in 

compressible boundary layers and presented results at different Mach numbers. 

In Chapter 4, we consider the subharmonic instability in compressible boundary 

layers over an insulated flat plate. The primary wave is taken to be either a 2-D first- 

or second (Mack) wave. As discussed above, the most unstable first-mode waves 

are not 2-D but 3-D. The subharmonic instability problem of compressible boundary 

layers over a flat plate is solved by using finite differences and the computer code 

SUPORT. Results are presented for subsonic, transonic, and supersonic flows. The 

effects of Mach number, spanwise wavenumber, amplitude of the primary wave, 

Reynolds number, and frequency are studied. 
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1.5. Effect of Heat Transfer on the Subharmonic Instability 

of Compressible Boundary Layers Over a Flat Plate 

The effect of heat transfer on the primary instability of compressible boundary 

layers has been studied by many researchers. Using temporal inviscid and viscous 

theory, Mack (1969, 1975) found that while cooling stabilizes first-mode waves it 

destabilizes second-mode waves. For moderate Mach numbers, sufficient cooling 

can be applied to remove the generalized inflection point, which is the source of the 

first-mode instability. However, the source of the second-mode instability cannot be 

removed by cooling. Lysenko and Maslov (1984) found both experimentally and by 

way of calculation that surface cooling: (a) stabilizes first-mode disturbances - the 

range of unstable frequencies decreases, the amplification rates decrease, and the 

neutral stability curves are shifted to larger Reynolds numbers; (b) destabilizes 

second-moade (high frequency) disturbances - the unstable frequency region expands 

and is shifted to the region of larger frequencies, while the amplification rates 

increase; and (c) may lead to the region of unstable frequencies of first-mode waves 

being divided into two. Lysenko and Maslov (1984) found that the experimental 

results are in a qualitative agreement with the predictions of the theory of 

hydrodynamic stability. Al-Maaitah et al. (1990c) performed detailed calculations on 

the effect of heat transfer on the stability of compressible boundary layers. Their 

calculations confirm the main conclusions of the linear theory of hydrodynamic 

stability. 

In Chapter 5, the effect of heat transfer on the subharmonic instability of 2-D 

compressible boundary layer over a flat plate is studied, and results for different 

parameters are presented. 
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1.6. Effect of Suction on the Subharmonic Instability of 

Compressible Boundary Layers Over a Flat Plate 

Malik (1989) investigated the influence of self-similar suction on the stability of 

second-mode waves at M,, = 4.5 and R = 1500. He found that suction shifts the band 

of unstable frequencies to higher values and reduces the peak amplification. Malik’s 

calculations are for a single Reynolds number and a single Mach number. Al-Maaitah 

et al. (1990d,e) presented a detailed study on the effect of self-similar as well as 

nonsimilar suction distributions on the stability of compressible boundary layers. 

Both first- and second-mode waves of instability were investigated. The results show 

that the effectiveness of suction decreases by increasing Mach number. 

In Chapter 6, the effect of suction on the subharmonic instability of 2-D 

compressible boundary layer over a flat plate is studied, and results for different 

parameters are presented. 
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(a) 

    
Figure 1.1. Streaklines in Blasius boundary layer. The drawings are a reproduction 

of photos taken by Saric et al. at the VPI Stability Wind Tunnel. Flow is from 

left to right, (a) subharmonic disturbance, and (b) fundamental disturbance. 

1. INTRODUCTION 
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2. SUBHARMONIC INSTABILITY IN 

INCOMPRESSIBLE BOUNDARY LAYERS OVER A 

FLAT PLATE 

The subharmonic instability in a 2-D boundary layer on a flat plate is analyzed 

using the Floquet model and the resonant-triad model. The problems arising from 

both models are solved numerically using a shooting technique and results are 

presented and compared with each other and with the experimental data of Kachanov 

and Levchenko and Corke and Mangano. The results are also compared with the 

’ numerical simulations of Spalart and Yang. The results of the Floquet model are in 

good agreement with the experimental data of Kachanov and Levchenko but they are 

not in as a good agreement with those of Corke and Mangano. The agreement 

between the results of the resonant-triad model and the experimental data is only 

qualitative. The results of the Floquet model are in good agreement with the 

numerical simulations of Spalart and Yang. 
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2.1. Mathematical Formulation 

2.1.1. The stability problem 

We consider a 3-D unsteady disturbance represented by the quantities u, v, p, 

and w imposed on a 2-D basic flow represented by the quantities U, V, and P. Then 

the equations governing the disturbance are given by 

du, vio 
OX oy Cz 

  

    

  

Be 0d Mote [vat] 
fu ev ew woe} 0 

where 

yew, , a 
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and 

R=U_6,|v" (2.5) 

In the above equations, distances, velocities, the time, and the pressure are made 

dimensionless using 5 = /v'l'/u, , 0,/U,, and p*UZ, where v* is the kinematic 

viscosity of the fluid, L* is the distance from the leading edge of the plate to a 

reference point, p* is the fluid density, and UL is the freestream velocity. The terms 

in the square brackets are due to the growth of the boundary layer (nonparallel terms) 

and the terms in the curly brackets are due to the nonlinearity. 

Along with Eqs. (2.1)-(2.4) we have the boundary conditions 

u=v=w=0 at y=0 (2.6) 

and 

u,Vv,p,w—>0 as yoo (2.7) 

The mean flow is 2-D and steady. An asymptotic solution of the mean-flow 

problem in the limit of an infinite Reynolds number is given by the Blasius solution 

U=f(n), (2.8) 

Vx —L— [ar(n) — f(n)] (2.9) 
2,./xRe 

P= constant, (2.10) 

where 

yn=y,/Re]x , (2.11) 
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Re =U_L*/v" =R’, (2.12) 

and f is governed by the Blasius problem 

1 

rr +a =0, (2.13) 

f=f =0 at 7=0, (2.14) 

f 31 as 4 > 0. (2.15) 

The 3-D linear quasiparallel stability problem is derived by neglecting the terms 

inside the square and curly brackets in Eqs. (2.1)-(2.4) and seeking solutions of the 

resulting equations in the form 

(u,v,p) = cos zl {E,(y), Ea(y), Ea(y)}e” + cc |, (2.16) 

w= sin pz[ Es(y)e + cc |, (2.17) 

where 

0, = [ayox— ont (2.18) 

and cc stands for the complex conjugate of the preceding terms. In Eqs. (2.16)-(2.18), 

a, is complex and is equal to a,, + ja,,, where a, is the streamwise wavenumber and 

— a, is the spatial growth rate, w, is complex and is equal to a), + iw, where wy, is 

the frequency of the wave and w,, is the temporal growth rate, and ff is the spanwise 

wavenumber and it is real for a 2-D boundary layer. For spatial stability analysis, w 

is real and a is complex, whereas for temporal stability analysis a is real and w is 
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complex. Substituting Eqs. (2.16)-(2.18) into Eqs. (2.1)-(2.4), (2.6), and (2.7) and 

neglecting the terms inside the square and curly brackets, we obtain 

iyo, + DE3 + Bos = 0, (2.19) 

~ 70%, +2 & + Dus, + ing, =0, (2.20) 

1 A — ay D°ls +E Eg + DE, = 0, (2.21) 

1 7,2 A 
— Fy OSs t+ Ss — Bey =O, (2.22) 

fn 70 as yoo, (2.24) 

where 

A = 06 + f? + iR(a,U — a), (2.25) 

D = ofoy. 

The 2-D linear quasiparallel stability problem can be obtained from Eqs. 

(2.19)-(2.25) by setting 8 = €;=0. This yields 

ial, + Dl, = 90, (2.26) 

1 p72 r — FD, + 0, + DUL, + ial, = 0, (2.27) 

1 [ 
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(,=&,=-0 at y=0, (2.29) 

Cn, 70 as y- oo, (2.30) 

where 

P=a°+ iIR(aU — w). (2.31) 

2.1.2. The resonant-triad problem 

In the resonant triad model we consider the disturbance as a superposition of a 

2-D wave and two 3-D waves traveling at equal but opposite angles with respect to 

the downstream direction. Following Nayfeh (1987), we use the method of averaging 

and consider the combined temporal/spatial instability, including the effect of 

nonparallelism. Numerical results will however be presented for the spatial 

quasiparallel case. We seek a solution of Eqs. (2.1)-(2.4) in the form 

u= {A(x,0C,(y,x)e” + 2C(x,t) cos pze,ly.xje" + CC, (2.32) 

v = fA(x,0(y.x)e” + 2C(x,t) cos fzéqly.xje"} + cc, (2.33) 

p= fA(x,QC4(y.x)e” + 2C(x,0) cos pzé,{y.xje" + cc, (2.34) 

i, 
w = 2C(x,t) sin Bzé.(y,x)e '+ cc, (2.35) 

where the ¢, and €, are, respectively, solutions of the 2-D and 3-D quasiparallel 

problems corresponding to 

2. SUBHARMONIC INSTABILITY IN INCOMPRESSIBLE BOUNDARY LAYERS OVER A FLAT PLATE 23



�0� �=� �[�e�a�x�  ��q�a�t� �a�n�d� �6�,�=� �J�a�r�a�x�  �� �a�y�t�.� �(�2�.�3�6�)� 

�W�e� �a�s�s�u�m�e� �t�h�a�t� 

�1� �1� 
�W�,�e�% � ��w� �a�n�d� �a�,� �>� �%� �(�2�.�3�7�)� 

�2� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�s�.� �(�2�.�3�2�)�-�(�2�.�3�6�)� �i�n�t�o� �E�q�s�.� �(�2�.�1�)�-�(�2�.�4�)� �a�n�d� �s�e�p�a�r�a�t�i�n�g� �h�a�r�m�o�n�i�c�s�,� �w�e� 

�o�b�t�a�i�n� 

�=� �_� �1� �¢�,� �(�2�.�3�8�)� 

� � 

�_� �a�c� �a�c� �C�f�,� �O�8�4� �a�u� 
�@�,� �=�  �� �(�U�E�,� �+�  ¬�4�)� �a�x� �O�t� �-�[�¥� �O�x� �+� �a�x� �+� �é�,� �a�y� �+� �Y�D�S� �C� 

�_� �(�2�.�3�9�)� 

 �� �[�i�l�a�  �� �&�)�C�,�E�,� �+� �C�g�D�E�,� �+� �E�g�D�6�,� �J�A�T� �a �� �~�" ��,� 

�x� �(� �o�x� �;� �(�2�.�4�0�)� 
 �� �[� �(�a�l� �5�E�,�  �� �0�4�6�4�2�5�)� �+� �(�,�D�é�,� �+� �E�D�C�,� �J�A�C�e�'� �A�y �� �9�1�)� 

�a�c� �a�c� �a�e�s� 
�e�,�=� �-� �U�g�,�  � ��  �� �é�s� �-� �J�u�s�s� �v�o�t�s� �|�c� 

�O�x� �o�t� �O�x� �(�2�.�4�1�)� 

 �� �[�  �� �i�a�C�e�s� �+� �(�,�D�E�,� �|�A�C�e�'�?�-� �O�1 �� �4�)�,� 

�O�A� �o�t�,� 
�e�s�= �� �a� �a�A� �(�2�.�4�2�)� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �2�4



� � 

�0� �a�c� 
�=�  �� �(�U�C�,� �+� �4�)� �S�O� �O�x�  �� �O�y� �~� �A�l�u� �s�t�s� �a� �O�x� �a�y� �(�2�.�4�3�)� 

�+�t�,� �S�4�4� �-� �~� �2�[� �i�n�e� �+� �E�q�D�E�, �� �P�e�e�s� �|�C�7�0�'�%�"� 

�e�o� �=�  ��u�t�,� �9�A� �_� �7� �9�A� �_�|�y� �2�3�4� �v�o�r�a�c�p�v�l�a� 
�,� �3� �O�x� �3� �a�t� �O�x� �3�0�5�3� �.� �(�2�.�4�4�)� 

 �� �2�L�i�a�,�e�,�2�3� �+� �5�0�2�3�  ��-� �p�é�,�é�,�1�C�7�e�'�?!"� �)� 

�w�h�e�r�e� �x� �d�e�n�o�t�e�s� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �o�f� �y�.� �T�o� �d�e�r�i�v�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� 

�m�o�d�u�l�a�t�i�o�n� �o�f� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �C� �a�n�d� �A� �w�i�t�h� �t�i�m�e� �a�n�d� �s�p�a�c�e�,� �w�e� �d�e�m�a�n�d� �t�h�a�t� �t�h�e� 

�r�e�s�i�d�u�a�l�s� �@�,�,� �@�2�,� �@�3�,� �a�n�d� �e�,� �b�e� �o�r�t�h�o�g�o�n�a�l� �t�o� �t�h�e� �a�d�j�o�i�n�t� �f�u�n�c�t�i�o�n�s� �&�4�,� �£�1�,� �&�3�,� �a�n�d� �&�%�;� �t�h�e�y� 

�a�r�e� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�e� �r�e�s�u�l�t� �i�s� 

�e�C� �a�c� �(�0�-�0�,�  ��9�,�)� �H�y� �S�p� �+� �H�y� �S�= �� �+� �H�C� �+� �A�A�C�E� �=�0�,� �(�2�.�4�5�)� 

�w�h�e�r�e� �H�;�,� �H�z�,� �H�.�,� �a�n�d� �A�,� �a�r�e� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� �S�i�m�i�l�a�r�l�y�,� �w�e� �d�e�m�a�n�d� �t�h�a�t� �t�h�e� 

�r�e�s�i�d�u�a�l�s� �@�s�,� �e�s�,� �a�n�d� �e�,� �b�e� �o�r�t�h�o�g�o�n�a�l� �t�o� �G�i�,� �(�1�,� �a�n�d� �C�3�;� �t�h�e�y� �a�r�e� �a�l�s�o� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� 

�A�.� �T�h�e� �r�e�s�u�l�t� �i�s� 

�O�A�.� �O�A� �(�2�0�,�  ��f�)� �h�, ��=� �a�t� �+� �h�y� �= �� �O�x� �+�h�,�A�+�A�,�C�%�e� �=� �0�,� �(�2�.�4�6�)� 

�w�h�e�r�e� �h�y�,� �h�p�,� �h�y� �a�n�d� �A�,� �a�r�e� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�2�.�1�.�3�.� �P�a�r�a�m�e�t�r�i�c� �f�o�r�m�u�l�a�t�i�o�n� 

�I�n� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �b�a�s�i�c� �f�l�o�w� �i�s� �t�a�k�e�n� �a�s� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� 

�B�l�a�s�i�u�s� �f�l�o�w� �a�n�d� �a� �2�-�D� �l�i�n�e�a�r� �s�p�a�t�i�a�l� �q�u�a�s�i�p�a�r�a�l�l�e�l� �d�i�s�t�u�r�b�a�n�c�e�.� �T�h�u�s� �w�e� �l�e�t� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �2�5



�U�y� �=� �U�y�)� �+� �A�L�S� �(�e �� �+� �c�c�]�,� �(�2�.�4�7�)� 

�V�p� �=�A� �S�a�(�y�e �� �+� �c�c�]�,� �(�2�.�4�8�)� 

�w�h�e�r�e� �U�(�y�)� �i�s� �t�h�e� �B�l�a�s�i�u�s� �p�r�o�f�i�l�e� �g�i�v�e�n� �b�y� �E�q�.� �(�2�.�8�)�,� �A� �i�s� �t�h�e� �l�o�c�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �2�-�D� 

�d�i�s�t�u�r�b�a�n�c�e�,� �@� �=� �f�a�d�x�  �� �w�t�,� �a�n�d� �t�h�e� �¢�,� �s�a�t�i�s�f�y� �E�q�s�.� �(�2�.�2�6�)�-�(�2�.�3�0�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �E�q�s�.� 

�(�2�.�4�7�)� �a�n�d� �(�2�.�4�8�)� �i�n�t�o� �E�q�s�.� �(�2�.�1�)�-�(�2�.�4�)�,� �l�i�n�e�a�r�i�z�i�n�g�,� �a�n�d� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �n�o�n�p�a�r�a�l�l�e�l� �t�e�r�m�s�,� 

�w�e� �o�b�t�a�i�n� 

�O�u� �O�V� �O�w� �o�x� �t� �a�y� �t�a�n� �7�2� �(�2�.�4�9�)� 

�O�u� �O�u� 
�O�t� �+� �[� �u� �+� �A�(�t�,�e�"� �+� �c�c�)� �|� �x� �+� �v�[� �D�U� �+� �A�,�(�D�o�,�e�"� �+� �C�C�)� �|� 

�d�u� �o�p� �1� �(�2�.�5�0�)� 
�+� �A�,�(�i�a�l�,�e �� �+� �c�c�)�u� �+� �A�t�e�"� �+� �c�c�)� �= �� �a�y� �+� �a�x� �R�v� �u�=�0�,� 

�a� �+� �[� �u� �+� �A�j�(�f�,�e�"� �+� �c�o�)� �]� �=�  ��+�t�A� �o�(�i�a�l�e �� �+� �c�c�)�u� 

�2�.�5�1�)� 
�1�0� �O�v� �1�0� �O�p� �1� �5�2�,� �(� �+� �A�o�(�S�,�e� �+� �c�c�)�  ��a�y� �+�A�)�(�D�l�,�e� �+� �c�c�)�v� �+� �a�y� �R�e� �V�i�v� �=�0�,� 

�O�w�.� 
�+� �[� �u� �+� �A�(�t�,�e �� �+� �c�c�)� �]�  ��= �� �+� �A�o�(�f�3�e �� �+� �c�c�)� �2� �=� 

�O�t� �o�y� 
�(�2�.�5�2�)� 

�+� �p�A� �V ��w� �=�0� 
�o�z� �R� 

�E�q�u�a�t�i�o�n�s� �(�2�.�4�9�)�-�(�2�.�5�2�)� �a�r�e� �l�i�n�e�a�r� �p�a�r�t�i�a�l�-�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �w�h�o�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �z�,� �p�e�r�i�o�d�i�c� �i�n� �t�,� �a�n�d� �a�l�m�o�s�t� �p�e�r�i�o�d�i�c� �i�n� �x�.� �i�f� �w�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�t�r�i�c�t�l�y� �p�e�r�i�o�d�i�c� �i�n� �x�,� �t�h�e�n� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �F�l�o�q�u�e�t� �t�h�e�o�r�y� �t�h�a�t� �E�q�s�.� 

�(�2�.�4�9�)�-�(�2�.�5�2�)� �h�a�v�e� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �e�i�t�h�e�r� �o�f� �t�h�e� �f�o�r�m� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �2�6



�(�u�v�p�)� �=� �c�o�s� �f�z� �o�%�*�*�"�l� �f�(�y�)�,� �v�a�l�y�)�,� �a�l�y�}�?� �O�A� 
�A� �A� �A� �1�.� �(�2�.�5�3�)� 

�+� �{�V�a�y�)�.� �b�a�l�y�)�.� �W�a�l�y�b�o�m� �2�7�-�9� �+� �c�e� �J�,� 

�w� �=�s�i�n� �f�z�e�"�*�*� �f�l� �v�e�l�y�)�e�z� �M�a�x� �o�r�t�)� �W�e�(�y�)�e!"� �J� �N�o�x� �e�o�)� �+� �c�c� �|� �(�2�.�5�4�)� 

�o�r� �t�h�e� �f�o�r�m� 

�(�u�,�v�,�p�)� �=� �s�i�n� �f�z� �0�°� �*� �"�|� �(�i�l�y�)�,� �v�a�l�y�)�,� �W�a�y�}�O�®� �A�A�O�?� �+� 
�:� �(�2�.�5�5�)� 

�A� �A� �A� �1�.� �L�W�A�)�.� �W�a�l�y�)�.� �W�a�n�f�e�m� �2�-�8� �+� �c�c� �|�,� 

�w� �=� �c�o�s� �f�i�z�e ��*�*�  ��f� �U�e�l�y�)�e�=� �M�a�x� �o�o�l�)� �W�s�(�y�)�e�~� �r�m� �e�e� �|�,� �(�2�.�5�6�)� 

�T�h�u�s�,� �t�h�e� �e�x�c�i�t�e�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�l�l� �b�e� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �f�o�r�m�s�.� �T�h�e� 
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�O�n�c�e� �w�e� �f�i�n�d� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �2�-�D� �a�n�d� �3�-�D� �p�r�o�b�l�e�m�s� 

�a�n�d� �t�h�e�i�r� �a�d�j�o�i�n�t�s�,� �w�e� �c�o�m�p�u�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �m�o�d�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�a�m�p�l�i�t�u�d�e�s� �i�n� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �a�t� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �R�.� �T�h�e�n�,� �w�e� �i�n�t�e�g�r�a�t�e� 

�E�q�s�.� �(�2�.�4�5�)� �a�n�d� �(�2�.�4�6�)� �f�o�r� �c�e�r�t�a�i�n� �i�n�i�t�i�a�l� �v�a�l�u�e�s� �t�o� �c�o�m�p�u�t�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �A� �a�n�d� �C� �w�i�t�h� 

�R�.� 

�A�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �c�o�l�l�o�c�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �b�y� �H�e�r�b�e�r�t�,� �w�e� �u�s�e� �t�h�e� 

�s�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �t�o� �s�o�l�v�e� �t�h�e� �F�l�o�q�u�e�t� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �i�n� �o�r�d�e�r� 

�t�o� �r�e�p�l�a�c�e� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �y� �=� �c�o� �w�i�t�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �s�o�m�e� �f�i�n�i�t�e� 

�v�a�l�u�e� �Y� �=� �Y�m�,� �W�e� �n�o�t�e� �t�h�a�t� �f�o�r� �a� �l�a�r�g�e� �v�a�l�u�e� �o�f� �y�(�y� �>� �y�m�a�x�)�,� �t�h�e� �¢�,� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �y� �a�n�d� 

�a�r�e� �n�o�t� �c�o�n�s�t�a�n�t�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �f�o�r� �a�n�y� �y�>�y�Y�y�m�a�x�,� �w�e� �d�o� �n�o�t� �h�a�v�e� �a� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s� �w�i�t�h� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �d�u�e� �t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�i�s� 

�d�i�f�f�i�c�u�l�t�y�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �a�r�e� �t�h�e� �o�r�d�e�r� �A�¢ ¬�w�,� �w�h�e�r�e�a�s� �t�h�e� �r�e�s�t� �a�r�e� 

�o�r�d�e�r� �y�y�.� �B�e�c�a�u�s�e� �t�h�e� �@�,� �a�n�d� �w�y�,� �v�a�n�i�s�h� �e�x�p�o�n�e�n�t�i�a�l�l�y� �a�s� �y� �>� �o�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� 

�d�e�c�a�y� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �t�e�r�m�s�.� �T�h�u�s� �b�y� �c�h�o�o�s�i�n�g� �a� �l�a�r�g�e� �e�n�o�u�g�h� �Y�m�a�.� �t�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �c�a�n� �b�e� �n�e�g�l�e�c�t�e�d� �a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �i�n�f�i�n�i�t�y� �c�a�n� �b�e� 

�r�e�p�l�a�c�e�d� �w�i�t�h� �E�q�.� �(�2�.�6�6�)�.� �T�h�e� �e�r�r�o�r� �i�n�v�o�l�v�e�d� �c�a�n� �b�e� �m�o�n�i�t�o�r�e�d� �b�y� �c�h�o�o�s�i�n�g� �a� �c�e�r�t�a�i�n� 

�v�a�l�u�e� �O�f� �Y�m�a�x� �a�n�d� �s�o�l�v�i�n�g� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e�n� �i�n�c�r�e�a�s�i�n�g� �Y�m�a�x� �a�n�d� �s�o�l�v�i�n�g� �t�h�e� �p�r�o�b�l�e�m� 

�a�g�a�i�n� �a�n�d� �n�o�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�c�r�e�a�s�i�n�g� �y�m�,� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�2�.�3�.� �R�e�s�u�l�t�s� 

�W�e� �p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �s�p�a�t�i�a�l� �q�u�a�s�i�p�a�r�a�l�l�e�l� �c�a�s�e�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �F�,� �w�h�i�c�h� �i�s� 

�r�e�l�a�t�e�d� �t�o� �w� �t�h�r�o�u�g�h� �w� �=� �F�R�,� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �f�o�l�l�o�w�i�n�g� �a� �c�e�r�t�a�i�n� �w�a�v�e�.� �T�h�e� �s�p�a�n�w�i�s�e� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �3�0



�w�a�v�e�n�u�m�b�e�r� �i�s� �d�e�f�i�n�e�d� �t�h�r�o�u�g�h� �B� �=� �1�0�0�0�f�/�R� �a�n�d� �B� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� 

�p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� 

�2�.�3�.�1�.� �R�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l� 

�U�s�i�n�g� �a� �c�o�l�l�o�c�a�t�i�o�n� �m�e�t�h�o�d� �w�i�t�h� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s�,� �H�e�r�b�e�r�t� �i�m�p�l�e�m�e�n�t�e�d� 

�t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l� �a�n�d� �p�r�e�s�e�n�t�e�d� �f�e�w� �s�e�t�s� �o�f� �r�e�s�u�l�t�s�.� �U�s�i�n�g� �m�a�i�n�l�y� �t�e�m�p�o�r�a�l� �s�t�a�b�i�l�i�t�y� 

�c�o�n�c�e�p�t�,� �H�e�r�b�e�r�t� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�,� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r�,� �a�n�d� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �o�n� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �a�n�d� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �o�f� 

�t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �I�n� �t�h�i�s� �w�o�r�k�,� �w�e� �u�s�e� �a� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �t�o� �s�t�u�d�y� �t�h�e� 

�e�f�f�e�c�t� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�n� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �a�n�d� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� 

�F�i�g�u�r�e� �2�.�1� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �f�o�r� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�t� �R� �=� �6�0�0�.� �A�t� �t�h�i�s� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r�,� �w�e� �n�o�t�e� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�u�l�t�s� �i�n� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �g�r�o�w�t�h� 

�r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �W�e� �a�l�s�o� �n�o�t�e� �t�h�a�t� �a�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �m�o�s�t� 

�a�m�p�l�i�f�i�e�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �s�h�i�f�t�s� �t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�.� �F�i�g�u�r�e� 

�2�.�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s� �a�t� �R� �=� �6�0�0� 

�a�n�d� �a�r�m�s� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �e�q�u�a�l�s� �t�o� �0�.�0�1�.� �T�h�e� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�a�t� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e� �i�s� �a�m�p�l�i�f�i�e�d� �w�i�t�h�i�n� �a� �w�i�d�e� �b�a�n�d� �o�f� �f�r�e�q�u�e�n�c�i�e�s�.� �I�t� �a�l�s�o� �c�o�n�f�i�r�m�s� 

�t�h�e� �c�o�n�c�l�u�s�i�o�n� �f�r�o�m� �f�i�g�u�r�e� �2�.�1� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�u�l�t�s� �i�n� �a�n� �i�n�c�r�e�a�s�e� �i�n� 

�t�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �o�f� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� 

�F�i�g�u�r�e� �2�.�3� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �d�i�f�f�e�r�e�n�t� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�.� �I�t� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �3�1



�s�h�o�w�s� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �r�e�s�u�l�t�s� �i�n� �a� �w�i�d�e�n�i�n�g� �o�f� �t�h�e� 

�b�a�n�d� �o�f� �u�n�s�t�a�b�l�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�.� �I�t� �a�l�s�o� �s�h�o�w�s� �a� �s�h�i�f�t� �i�n� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�y� �a�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� 

�i�n�c�r�e�a�s�e�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �s�h�i�f�t� �i�s� �r�e�v�e�r�s�e�d� �a�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �g�e�t�s� 

�t�o� �b�e� �l�a�r�g�e�.� 

�F�i�g�u�r�e� �2�.�4� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �s�i�x� �d�i�f�f�e�r�e�n�t� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �a�t� �B� �=� �0�.�2� �a�n�d� 
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�i�n�c�r�e�a�s�e�s� �m�o�n�o�t�o�n�i�c�a�l�l�y� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �B�.� �T�h�i�s� �l�e�a�d�s� �u�s� �t�o� �e�x�p�e�c�t� �t�h�a�t� �t�h�e� �g�r�o�w�t�h� 

�r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �i�n�c�r�e�a�s�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �B�.� �T�h�i�s� �i�s� �a� �m�a�j�o�r� �q�u�a�l�i�t�a�t�i�v�e� �d�i�s�a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� 

�m�o�d�e�l� �a�n�d� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l� �w�h�i�c�h� �p�r�e�d�i�c�t�s� �(�f�i�g�u�r�e� �2�.�9�)� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �p�e�a�k� �i�n� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �t�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�.� 

�F�i�g�u�r�e� �2�.�1�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�,�/�H�,� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� 

�2�-�D� �w�a�v�e� �f�o�r� �s�i�x� �d�i�f�f�e�r�e�n�t� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �a�t� �B� �=� �0�.�2�.� �T�h�i�s� �f�i�g�u�r�e� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� 

�s�t�r�o�n�g� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�,�/�H�,� �o�n� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� 

�o�f� �a� �p�e�a�k� �w�h�i�c�h� �s�h�i�f�t�s� �t�o�w�a�r�d�s� �a� �l�o�w�e�r� �f�r�e�q�u�e�n�c�y� �a�s� �t�h�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�.� 

�I�n� �f�i�g�u�r�e� �2�.�1�2� �t�h�e� �3�-�D� �w�a�v�e� �i�s� �t�a�k�e�n� �a�s� �a�n� �O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e�.� �F�i�g�u�r�e� �2�.�1�3� �s�h�o�w�s� 

�t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�.�/�H�,� �w�i�t�h� �t�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �B� �w�h�e�n� �t�h�e� 

�3�-�D� �w�a�v�e� �i�s� �a� �S�q�u�i�r�e ��s� �m�o�d�e�.� �F�i�g�u�r�e� �2�.�1�3� �s�h�o�w�s� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �p�e�a�k� �w�h�i�c�h� �s�h�i�f�t�s� 

�t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �a�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�c�r�e�a�s�e�s�.� �T�h�e� �m�a�g�n�i�t�u�d�e� 

�o�f� �A�.�2�/�H�,� �i�n� �f�i�g�u�r�e� �2�.�1�3� �r�e�m�a�i�n�s� �l�a�r�g�e� �a�t� �h�i�g�h� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�.� �C�o�m�p�a�r�i�n�g� 

�f�i�g�u�r�e� �2�.�1�3� �w�i�t�h� �f�i�g�u�r�e� �2�.�1�1�,� �w�e� �n�o�t�e� �t�h�a�t� �a�t� �R� �=� �5�2�0� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�,�/�H�,� �f�o�r� �t�h�e� 

�S�q�u�i�r�e ��s� �m�o�d�e� �i�s� �o�f� �t�h�e� �s�a�m�e� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�s� �t�h�a�t� �f�o�r� �t�h�e� �O�r�r�-�S�o�m�m�e�r�f�e�l�d� 
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�m�o�d�e�,� �t�h�e� �S�q�u�i�r�e ��s� �m�o�d�e� �h�o�w�e�v�e�r� �i�s� �h�i�g�h�l�y� �d�a�m�p�e�d� �w�h�e�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e�.� �F�i�g�u�r�e� �2�.�1�4� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�,�/�H�,� �w�i�t�h� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �2�-�D� �w�a�v�e� �f�o�r� �d�i�f�f�e�r�e�n�t� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �w�h�e�n� �t�h�e� �3�-�D� �w�a�v�e� �i�s� 

�a� �S�q�u�i�r�e ��s� �m�o�d�e�.� �A�g�a�i�n�,� �a�s� �i�n� �t�h�e� �O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e� �w�e� �n�o�t�e� �a� �p�e�a�k� �w�h�i�c�h� �s�h�i�f�t�s� 

�t�o�w�a�r�d�s� �a� �l�o�w�e�r� �f�r�e�q�u�e�n�c�y� �a�s� �R� �i�n�c�r�e�a�s�e�s�.� �C�o�m�p�a�r�i�n�g� �f�i�g�u�r�e� �2�.�1�4� �w�i�t�h� �f�i�g�u�r�e� �2�.�1�2� 

�w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �A�,�/�H�,� �a�t� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �i�s� �m�u�c�h� �l�a�r�g�e�r� �f�o�r� �t�h�e� 

�O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e� �t�h�a�n� �f�o�r� �t�h�e� �S�q�u�i�r�e ��s� �m�o�d�e�.� 

�F�i�g�u�r�e� �2�.�1�5� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�a�t� �p�r�e�d�i�c�t�e�d� 

�b�y� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l�.� �T�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� �r�m�s� �a�m�p�l�i�t�u�d�e� 

�o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �a�t� �R� �=� �6�1�0� �i�s� �0�.�0�0�2�3�7�.� �I�n� �t�h�i�s� �f�i�g�u�r�e� �t�h�e� �3�-�D� �w�a�v�e� �u�s�e�d� �i�n� �t�h�e� 

�r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �i�s� �t�a�k�e�n� �t�o� �b�e� �a�n� �O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e�.� �T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�a�t� 

�t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �d�e�p�e�n�d� �o�n� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t� �o�f� �t�h�e� 

�i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�u�l�a�t�i�o�n� �e�q�u�a�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �b�e�c�o�m�e�s� 

�e�v�e�n�t�u�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t� �o�f� �i�n�t�e�g�r�a�t�i�o�n�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �t�y�p�i�c�a�l� 

�o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �o�s�c�i�l�l�a�t�i�o�n�s� �(�N�a�y�f�e�h� �a�n�d� �M�o�o�k�,� �1�9�7�9�)� �a�n�d� �m�a�y� �q�u�a�l�i�t�a�t�i�v�e�l�y� �e�x�p�l�a�i�n� 

�t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �b�y� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�.� �T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� 

�t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �a�r�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� 

�F�l�o�q�u�e�t� �m�o�d�e�l�.� �F�i�g�u�r�e� �2�.�1�6� �i�s� �l�i�k�e� �f�i�g�u�r�e� �2�.�1�4� �w�i�t�h� �t�h�e� �3�-�D� �w�a�v�e� �u�s�e�d� �i�n� �t�h�e� �r�e�s�o�n�a�n�t� 

�t�r�i�a�d� �m�o�d�e�l� �b�e�i�n�g� �a� �S�q�u�i�r�e ��s� �m�o�d�e�.� �T�h�e� �p�r�e�d�i�c�t�e�d� �g�r�o�w�t�h� �r�a�t�e�s� �a�g�a�i�n� �d�e�p�e�n�d� �o�n� �t�h�e� 

�s�t�a�r�t�i�n�g� �p�o�i�n�t� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �a�n�d� �b�e�c�o�m�e� �e�v�e�n�t�u�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �i�t�.� �T�h�e� �g�r�o�w�t�h� 

�r�a�t�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �a�r�e� �a�g�a�i�n� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� 

�t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l�.� 
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�2�.�3�.�3�.� �C�o�m�p�a�r�i�s�o�n� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� 

�K�a�c�h�a�n�o�v� �a�n�d� �L�e�v�c�h�e�n�k�o� �(�1�9�8�4�)� �s�t�u�d�i�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �t�h�e� �3�-�D� �r�e�s�o�n�a�n�t� 

�i�n�t�e�r�a�c�t�i�o�n� �o�f� �a� �p�l�a�n�e� �T�-�S� �w�a�v�e� �h�a�v�i�n�g� �a� �f�r�e�q�u�e�n�c�y� �f�,� �w�i�t�h� �a� �p�a�i�r� �o�f� �o�b�l�i�q�u�e� �w�a�v�e�s� 

�h�a�v�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �+�h� �I�n� �t�h�e� �c�o�n�t�r�o�l�l�e�d� �p�a�r�t� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �f�,� 

�i�s� �e�q�u�a�l� �t�o� �1�1�1�.�4� �H�z�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �F�=�1�2�4�x�1�0�°�,� �a�n�d� �t�h�e� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r� �f�*� �i�s� �e�q�u�a�l� �t�o� �.�1�9�5� �m�m�-�'�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �B� �=� �0�.�3�3�.� �T�h�e� 

�a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �w�a�v�e�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �a�t� �y�*�/�(�b�o�u�n�d�a�r�y�-�l�a�y�e�r� �t�h�i�c�k�n�e�s�s�)� �=� �0�.�2�6� 

�w�h�e�r�e� �t�h�e� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �t�h�i�c�k�n�e�s�s� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �f�r�o�m� �t�h�e� 

�c�o�n�d�i�t�i�o�n� �U�*�/�U�,�,� �=� �0�.�9�9�.� 

�F�i�g�u�r�e� �2�.�1�7� �s�h�o�w�s� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �r�m�s� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �2�-�D� 

�w�a�v�e� �a�n�d� �t�h�e� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l�;� �i�t� �a�l�s�o� �s�h�o�w�s� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �T�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�a�s� 

�c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �a�m�p�l�i�t�u�d�e�s� �m�a�t�c�h� �a�t� �b�r�a�n�c�h� �I�I� �o�f� 

�t�h�e� �n�e�u�t�r�a�l� �s�t�a�b�i�l�i�t�y� �c�u�r�v�e� �o�f� �t�h�e� �B�l�a�s�i�u�s� �f�l�o�w� �(�i�.�e�.�,� �R�,� �=� �6�0�6�)�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �i�s� �v�e�r�y� 

�g�o�o�d�.� �T�h�e� �y� �v�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�s�t�r�e�a�m�w�i�s�e� �s�u�b�h�a�r�m�o�n�i�c� �d�i�s�t�u�r�b�a�n�c�e� �a�t� �R�,� �=� �6�0�6�,� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l�,� 

�a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �2�.�1�8�.� �A�l�s�o� �s�h�o�w�n� �a�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �a�t� �R� �=� �6�0�8�.� �T�h�e� 

�a�g�r�e�e�m�e�n�t� �i�s� �a�l�s�o� �g�o�o�d�.� 

�F�i�g�u�r�e�s� �2�.�1�9� �a�n�d� �2�.�2�0� �a�r�e� �l�i�k�e� �f�i�g�u�r�e� �2�.�1�7� �a�n�d� �2�.�1�8�,� �b�u�t� �t�h�e�y� �c�o�m�p�a�r�e� �r�e�s�u�l�t�s� 

�p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �a�t� �B� �=� �0�.�3�3� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �I�n� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �t�h�e� �3�-�D� �w�a�v�e� �i�s� �t�a�k�e�n� �t�o� �b�e� �a�n� 

�O�r�r�-�S�o�m�m�e�r�f�e�l�d� �m�o�d�e�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �f�o�r� 

�t�h�e� �a�m�p�l�i�t�u�d�e�s� �a�s� �w�e�l�l� �a�s� �t�h�e� �p�h�a�s�e� �a�r�e� �n�o�t� �a�s� �g�o�o�d� �a�s� �t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� 

�F�l�o�q�u�e�t� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �m�a�g�n�i�t�u�d�e� 

�o�f� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �m�a�g�n�i�t�u�d�e�.� �F�i�g�u�r�e� �2�.�2�1� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �3�6



�c�o�m�p�a�r�e�s� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �t�r�i�a�d� �m�o�d�e�l� �w�h�e�n� �t�h�e� �3�-�D� �w�a�v�e� �i�s� �a� �S�q�u�i�r�e ��s� 

�m�o�d�e� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �t�r�i�a�d� 

�i�n� �t�h�i�s� �c�a�s�e� �a�r�e� �f�a�r� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 

�C�o�r�k�e� �a�n�d� �M�a�n�g�a�n�o� �(�1�9�8�9�)� �s�t�u�d�i�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �t�h�e� �r�e�s�o�n�a�n�t� �i�n�t�e�r�a�c�t�i�o�n� 

�p�r�o�b�l�e�m� �a�n�d� �p�r�e�s�e�n�t�e�d� �t�h�r�e�e� �s�e�t�s� �o�f� �d�a�t�a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �c�o�n�d�i�t�i�o�n�s�.� 

�I�n� �o�n�e� �c�a�s�e�,� �w�h�i�c�h� �t�h�e�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �c�a�s�e� �1�5�0�P�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �2�-�D� �w�a�v�e� �i�s� 

�e�q�u�a�l� �t�o� �3�2� �H�z�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �F� �=� �8�2�.�7�x�1�0� �°�,� �a�n�d� �t�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� 

�B�*� �i�s� �e�q�u�a�l� �t�o� �0�.�6�3�3� �c�m�-�'�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �B� �=� �0�.�1�5�6�.� �F�i�g�u�r�e� �2�.�2�2� �s�h�o�w�s� �t�h�e� 

�s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �r�m�s� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �2�-�D� �w�a�v�e� �a�n�d� �t�h�e� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� 

�w�a�v�e� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l� �a�l�o�n�g� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �o�f� �c�a�s�e� 

�1�5�0�P�.� �T�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �v�i�r�t�u�a�l� �l�e�a�d�i�n�g� �e�d�g�e� �i�s� �t�a�k�e�n� �a�t� �x� �=� �-� �5�8�c�m�.� �T�h�e� �a�g�r�e�e�m�e�n�t� 

�b�e�t�w�e�e�n� �t�h�e�o�r�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t� �f�o�r� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�s� �g�o�o�d� �.� 

�b�e�t�w�e�e�n� �R� �=� �8�0�0� �a�n�d� �R� �=� �8�9�0�.� �H�o�w�e�v�e�r�,� �t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e�o�r�y� �a�n�d� 

�e�x�p�e�r�i�m�e�n�t� �f�o�r� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �p�o�o�r�.� �C�h�a�n�g�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �v�i�r�t�u�a�l� �o�r�i�g�i�n� �t�o� �x� �=� �-� �3�8� �c�m� �y�i�e�l�d�s� �a� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� 

�a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �o�f� �t�h�e� �2�-�D� �w�a�v�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�2�3�.� �O�v�e�r�a�l�l�,� �h�o�w�e�v�e�r�,� 

�t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �F�l�o�q�u�e�t� �m�o�d�e�l� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� 

�o�f� �C�o�r�k�e� �a�n�d� �M�a�n�g�a�n�o� �i�s� �n�o�t� �a�s� �g�o�o�d� �a�s� �t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� 

�F�l�o�q�u�e�t� �m�o�d�e�l� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �o�f� �K�a�c�h�a�n�o�v� �a�n�d� �L�e�v�c�h�e�n�k�o� �(�1�9�8�4�)�.� �T�h�e� 

�d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �t�h�e�o�r�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t� �f�o�r� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� 

�i�s� �b�e�l�i�e�v�e�d� �t�o� �b�e� �d�u�e� �t�o� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s�,� �w�h�i�c�h� �c�a�u�s�e� �m�u�t�u�a�l� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� 

�t�h�e� �2�-�D� �p�r�i�m�a�r�y� �a�n�d� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�.� �U�s�i�n�g� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d�,� �C�r�o�u�c�h� 

�(�1�9�8�8�)� �a�c�c�o�u�n�t�e�d� �f�o�r� �t�h�e� �m�u�t�u�a�l� �i�n�t�e�r�a�c�t�i�o�n� �a�n�d� �o�b�t�a�i�n�e�d� �a� �r�e�a�s�o�n�a�b�l�e� �a�g�r�e�e�m�e�n�t� 

�b�e�t�w�e�e�n� �h�i�s� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �o�f� �C�o�r�k�e� �a�n�d� �M�a�n�g�a�n�o�.� 

�2�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �3�7



�2�.�3�.�4�.� �C�o�m�p�a�r�i�s�o�n� �w�i�t�h� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� 

�S�p�a�l�a�r�t� �a�n�d� �Y�a�n�g� �(�1�9�8�7�)� �s�t�u�d�i�e�d� �t�h�e� �e�a�r�l�y� �3�-�D� �s�t�a�g�e�s� �o�f� �t�r�a�n�s�i�t�i�o�n� �i�n� �t�h�e� �B�l�a�s�i�u�s� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r� �b�y� �n�u�m�e�r�i�c�a�l�l�y� �s�o�l�v�i�n�g� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�.� �T�h�e�y� �f�o�u�n�d� �t�h�a�t� 

�f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �2�-�D� �w�a�v�e� �t�h�e� �b�r�e�a�k�d�o�w�n� �i�s� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� 

�t�y�p�e�,� �a�n�d� �t�h�e� �d�o�m�i�n�a�n�t� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� 

�2�-�D� �w�a�v�e�.� �F�i�g�u�r�e�s� �2�.�2�4� �a�n�d� �2�.�2�5� �s�h�o�w� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� 

�F�l�o�q�u�e�t� �m�o�d�e�l� �w�i�t�h� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �t�w�o� �d�i�f�f�e�r�e�n�t� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �i�s� �g�o�o�d�.� �W�e� �n�o�t�e� �t�h�e� �i�n�i�t�i�a�l� �r�i�s�e� �i�n� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�,� �w�h�i�c�h� �a�g�r�e�e�s� 

�q�u�a�l�i�t�a�t�i�v�e�l�y� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 
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�T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �a� �2�-�D� �h�u�m�p� �o�n� �t�h�e� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �o�n� �a� �f�l�a�t� �p�l�a�t�e� �i�s� 

�i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �m�e�a�n� �f�l�o�w� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �u�s�i�n�g� �i�n�t�e�r�a�c�t�i�n�g� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s�,� 

�t�h�e�r�e�b�y� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �v�i�s�c�i�d�/�i�n�v�i�s�c�i�d� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �t�a�k�e�n� �i�n� 

�t�h�e� �f�o�r�m� �o�f� �a� �2�-�D� �T�-�S� �w�a�v�e�.� �T�h�e� �s�e�c�o�n�d�a�r�y� �w�a�v�e� �i�s� �t�a�k�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �3�-�D� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �T�h�e� �r�e�s�u�l�t�s� �s�h�o�w� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �h�u�m�p� �h�e�i�g�h�t� �r�e�s�u�l�t�s� �i�n� �a�n� 

�i�n�c�r�e�a�s�e� �i�n� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �a�n�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�.� �W�h�e�n� 

�t�h�e� �h�u�m�p� �c�a�u�s�e�s� �s�e�p�a�r�a�t�i�o�n�,� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �b�o�t�h� �t�h�e� �p�r�i�m�a�r�y� �a�n�d� �s�u�b�h�a�r�m�o�n�i�c� 

�w�a�v�e�s� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �c�a�s�e� �o�f� �n�o� �s�e�p�a�r�a�t�i�o�n�.� 
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�3�.�1�.� �M�e�a�n� �F�l�o�w� 

�T�h�e� �2�-�D� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �l�a�m�i�n�a�r� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �o�v�e�r� �t�h�e� �p�l�a�t�e� �a�n�d� �t�h�e� �h�u�m�p� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�n�g� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �e�q�u�a�t�i�o�n�s� �(�D�a�v�i�s� �a�n�d� �W�e�r�l�e�,� 

�1�9�8�2�;� �R�a�g�a�b� �a�n�d� �N�a�y�f�e�h�,� �1�9�8�2�)�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�c�c�o�u�n�t� �f�o�r� �u�p�s�t�r�e�a�m� �i�n�f�l�u�e�n�c�e� 

�t�h�r�o�u�g�h� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �v�i�s�c�o�u�s� �f�l�o�w� �w�i�t�h� �t�h�e� �i�n�v�i�s�c�i�d� �f�l�o�w� �o�u�t�s�i�d�e� �t�h�e� �b�o�u�n�d�a�r�y� 

�l�a�y�e�r�.� �M�o�r�e�o�v�e�r�,� �t�h�e�y� �a�r�e� �a�l�s�o� �c�a�p�a�b�l�e� �o�f� �c�a�p�t�u�r�i�n�g� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e�s� �w�i�t�h�o�u�t� 

�d�i�f�f�i�c�u�l�t�i�e�s� �(�R�a�g�a�b�,� �N�a�y�f�e�h�,� �a�n�d� �K�r�i�s�h�n�a�,� �1�9�9�0�)�.� �S�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �a� 

�s�e�c�o�n�d�-�o�r�d�e�r� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �i�n� �w�h�i�c�h� �t�h�e� �g�r�i�d� �s�p�a�c�i�n�g�s� �a�c�k�n�o�w�l�e�d�g�e� �t�h�e� 

�s�c�a�l�i�n�g� �p�r�e�d�i�c�t�e�d� �b�y� �t�r�i�p�l�e�-�d�e�c�k� �t�h�e�o�r�y� �i�n� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �r�e�g�i�o�n�.� 

�F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �a� �s�m�a�l�l� �s�y�m�m�e�t�r�i�c� �h�u�m�p� �o�f� �h�e�i�g�h�t� �h�*� �a�n�d� �w�i�d�t�h� �2�b�*� �w�h�o�s�e� 

�c�e�n�t�e�r� �i�s� �l�o�c�a�t�e�d� �a�t� �x�,�.� �W�e� �i�n�t�r�o�d�u�c�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �v�a�r�i�a�b�l�e�s� �b�y� �u�s�i�n�g� �L�*� �a�n�d� �U�4�,� 

�w�h�e�r�e� �L�*� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �t�o� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �h�u�m�p�,� �a�s� 

�r�e�f�e�r�e�n�c�e� �q�u�a�n�t�i�t�i�e�s�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �l�e�n�g�t�h� �L�*� �a�f�f�e�c�t�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �t�h�r�o�u�g�h� �R�e�,� 

�w�h�i�c�h� �f�i�x�e�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �h�u�m�p�.� �I�n� �t�e�r�m�s� �o�f� �d�i�m�e�n�s�i�o�n�l�e�s�s� �v�a�r�i�a�b�l�e�s�,� �t�h�e� �h�u�m�p� 

�s�h�a�p�e� �i�s� �g�i�v�e�n� �b�y� 
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�W�e� �p�r�e�s�e�n�t� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �W�a�l�k�e�r� �a�n�d� �G�r�e�e�n�i�n�g� �h�u�m�p� �(�W�a�l�k�e�r� �a�n�d� 

�G�r�e�e�n�i�n�g�,� �1�9�4�2�)� 
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�T�h�e� �f�l�o�w�f�i�e�l�d� �o�v�e�r� �t�h�e� �p�l�a�t�e� �w�i�t�h� �t�h�e� �h�u�m�p� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �s�t�e�a�d�y�,� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �e�q�u�a�t�i�o�n�s� 

� � 

�d�u� �d�u� �q�U�e� �1� �0�7�u� �u�U�s ��+�v � ��=� �a�e� �(�3�.�4�)� 
�O�x� �0� �e� �d�x� �R�e� �a�y�?� 

�O�u� �,� �O�v� �S�e� �4� �O�L� �3�.�5� 
�O�x� �+� �d�y� �(�3�.�5�)� 

�w�h�e�r�e� �u�,� �i�s� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �e�d�g�e� �v�e�l�o�c�i�t�y� �a�n�d� 

�R�e� �=�U�_�L�'�/�v�"� �(�3�.�6�)� 

�w�i�t�h� �v�*� �b�e�i�n�g� �k�i�n�e�m�a�t�i�c� �v�i�s�c�o�s�i�t�y� �o�f� �t�h�e� �f�l�u�i�d�.� �T�h�e� �n�o�-�s�l�i�p� �a�n�d� �n�o�-�p�e�n�e�t�r�a�t�i�o�n� 

�c�o�n�d�i�t�i�o�n�s� �d�e�m�a�n�d� �t�h�a�t� 

�u�=�v�=�0� �a�t� �y�=�A�N�C�(�x�)�]� �(�3�.�7�)� 

�A�w�a�y� �f�r�o�m� �t�h�e� �w�a�l�l�,� 

�U�u�>�U�,� �a�S� �Y�o�o� �(�3�.�8�)� 

�T�o� �s�o�l�v�e� �E�q�s�.� �(�3�.�4�)�-�(�3�.�8�)�,� �w�e� �f�i�r�s�t� �u�s�e� �t�h�e� �P�r�a�n�d�t�l� �t�r�a�n�s�p�o�s�i�t�i�o�n� �t�h�e�o�r�e�m�,� �l�e�t� 

�o�f� 
�z�=�y ��h�A�A�t�(�x�)�]�,� �w�=�v �� �h�u� �[�e�(�x�)�]� �(�3�.�9�)� 
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�T�h�e�n�,� �w�e� �i�n�t�r�o�d�u�c�e� �t�h�e� �L�e�v�y�-�L�e�e�s� �v�a�r�i�a�b�l�e�s�,� �s�p�e�c�i�a�l�i�z�e�d� �f�o�r� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�,� 
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�p�o�t�e� �y�u� �t�e�t� �o�m� �R�e� �3�.�1�5� 

�a�n�d� �r�e�w�r�i�t�e� �E�q�s�.� �(�3�.�1�0�)�-�(�3�.�1�3�)� �a�s� 

�2�E�F�F�,� �+� �V�F�,� �+� �p�F�?�  �� �1�)�  �� �F�y�,� �=� �0� �(�3�.�1�6�)� 

�2�e�F�,� �+� �V�,�+�F�=�0� �(�3�.�1�7�)� 

�F�=�V�=�0� �a�t� �7�»� �=�0� �(�3�.�1�8�)� 

�F�+�1� �a�s� �n�-�0�0� �(�3�.�1�9�)� 
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�w�h�e�r�e� �é�,� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �l�o�c�a�t�i�o�n� �u�p�s�t�r�e�a�m� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �r�e�g�i�o�n� �a�n�d� 
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�~� �2�&� �d�u�,� 

�B�=� �a� �a�e� 
� � �(�3�.�2�1�)� 

�W�i�t�h� �u�.� �s�p�e�c�i�f�i�e�d� �b�y� �t�h�e� �i�n�v�i�s�c�i�d� �f�l�o�w� �o�v�e�r� �t�h�e� �h�u�m�p� �s�u�r�f�a�c�e�,� �E�q�s�.� �(�3�.�1�6�)�-�(�3�.�2�0�)� 

�r�e�p�r�e�s�e�n�t� �a� �c�o�n�v�e�n�t�i�o�n�a�l� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �t�h�e�o�r�y�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� 

�s�e�p�a�r�a�t�i�o�n� �o�r� �s�t�r�o�n�g� �v�i�s�c�i�d�/�i�n�v�i�s�c�i�d� �i�n�t�e�r�a�c�t�i�o�n�s� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �f�a�i�l� �t�o� �p�r�o�v�i�d�e� �a� 

�s�o�l�u�t�i�o�n�,� �a�n�d� �o�n�e� �n�e�e�d�s� �t�o� �u�s�e� �t�r�i�p�l�e�-�d�e�c�k� �t�h�e�o�r�y� �o�r� �i�n�t�e�r�a�c�t�i�n�g� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s� �o�r� �a� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �s�o�l�v�e�r�.� �I�n� �t�h�i�s� �t�h�e�s�i�s�,� �w�e� �e�m�p�l�o�y� �i�n�t�e�r�a�c�t�i�n�g� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s�.� �T�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �l�a�w� �r�e�l�a�t�e�s� �t�h�e� �e�d�g�e� �v�e�l�o�c�i�t�y� �u�.� �t�o� �t�h�e� �s�c�a�l�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �s�u�r�f�a�c�e� 
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�w�h�e�r�e� �u�.� �i�s� �t�h�e� �i�n�v�i�s�c�i�d� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�,� �w�h�i�c�h� 

�i�s� �a�l�s�o� �g�i�v�e�n� �b�y� �t�h�i�n� �a�i�r�f�o�i�l� �t�h�e�o�r�y� �a�s� 

�~� 

�U�e�=�1�i�t�+� � � 

�a
�| 

�� �4� �(�A�f�)� �i�z� �r�a�p� �I� �a�t� �(�3�.�2�4�)� 

�T�h�e� �p�r�i�n�c�i�p�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �C�a�u�c�h�y� �i�n�t�e�g�r�a�l�s� �i�n� �E�q�s�.� �(�3�.�2�3�)� �a�n�d� �(�3�.�2�4�)� �a�r�e� �a�s�s�u�m�e�d�.� �I�f� 

�w�e� �l�e�t� �T�=� �.�/�R�e� �A�f� �+� �u�d�,� �t�h�e�n� �E�q�.� �(�3�.�2�3�)� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� 
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�1� �d�T� 

�n�f�R�e� �J�i� �X ��t� �d�t� 
� � �U�e� �d�t� �(�3�.�2�5�)� 

�W�e� �f�o�l�l�o�w� �V�e�l�d�m�a�n� �(�1�9�8�1�)� �a�n�d� �s�o�l�v�e� �E�q�s�.� �(�3�.�1�6�)�-�(�3�.�2�0�)� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �w�i�t�h� �t�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �l�a�w� �(�3�.�2�5�)�.� �T�h�e� �s�k�i�n�-�f�r�i�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�C�h�e� �=� �2�a� �O�F� �y�e� �o�n� � � 
�(�3�.�2�6�)� 

�y�=� �0� 

�a�n�d� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �s�u�r�f�a�c�e�,� �E�q�.� �(�3�.�2�2�)�,� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �l�a�t�e�r� �f�o�r� �d�i�f�f�e�r�e�n�t� �h�u�m�p� 

�h�e�i�g�h�t�s�.� 

�3�.�2�.� �T�h�e� �Q�u�a�s�i�p�a�r�a�l�l�e�l� �A�s�s�u�m�p�t�i�o�n� 

�W�e� �c�o�n�s�i�d�e�r� �t�h�e� �2�-�D� �s�p�a�t�i�a�l� �q�u�a�s�i�p�a�r�a�l�l�e�l� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�e�a�n� �f�l�o�w� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �t�h�e� �i�n�t�e�r�a�c�t�i�n�g� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �c�o�d�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �q�u�a�s�i�p�a�r�a�l�l�e�l� �a�s�s�u�m�p�t�i�o�n� �h�a�s� 

�b�e�e�n� �j�u�s�t�i�f�i�e�d� �f�o�r� �c�o�n�v�e�n�t�i�o�n�a�l� �a�e�r�o�d�y�n�a�m�i�c� �s�u�r�f�a�c�e�s�,� �o�n�e� �m�i�g�h�t� �q�u�e�s�t�i�o�n� �i�t�s� �v�a�l�i�d�i�t�y� 

�f�o�r� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �u�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �F�i�g�u�r�e� �3�.�2� �s�h�o�w�s� �t�h�a�t� �t�h�e� �w�a�v�e�l�e�n�g�t�h�s� �o�f� 

�t�h�e� �d�i�s�t�u�r�b�a�n�c�e�s� �f�o�r� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �a�n�d� �f�l�o�w� �p�a�r�a�m�e�t�e�r�s� �o�f� �o�u�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �o�f� 

�t�h�e� �s�a�m�e� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�s� �t�h�o�s�e� �o�f� �t�h�e� �B�l�a�s�i�u�s� �f�l�o�w� �a�t� �t�h�e� �s�a�m�e� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r� �a�n�d� �f�r�e�q�u�e�n�c�y�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �n�o�n�p�a�r�a�l�l�e�l� �e�f�f�e�c�t�s� �a�r�e� �s�e�c�o�n�d�-�o�r�d�e�r� 

�q�u�a�n�t�i�t�i�e�s� �a�n�d� �t�o� �f�i�r�s�t� �o�r�d�e�r� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �q�u�a�s�i�p�a�r�a�l�l�e�l�.� 

�M�o�r�e�o�v�e�r�,� �t�h�e� �d�i�r�e�c�t� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �B�e�s�t�e�k�,� �G�r�u�b�e�r�,� �a�n�d� �F�a�s�e�l� �(�1�9�8�9�)� �a�n�d� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� �D�o�v�g�a�l� �a�n�d� �K�o�z�l�o�v� �(�1�9�8�9�)� �s�u�p�p�o�r�t� �t�h�e� �q�u�a�s�i�p�a�r�a�l�l�e�l� 
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�a�s�s�u�m�p�t�i�o�n�.� �B�e�s�t�e�k�,� �G�r�u�b�e�r�,� �a�n�d� �F�a�s�e�l� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� �a� �2�-�D� �s�m�o�o�t�h� 

�b�a�c�k�w�a�r�d�-�f�a�c�i�n�g� �s�t�e�p� �o�n� �t�h�e� �s�p�a�t�i�a�l� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �T�-�S� �w�a�v�e� �b�y� �n�u�m�e�r�i�c�a�l�l�y� 

�i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �u�s�i�n�g� �a� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e�.� �T�h�e� �g�r�o�w�t�h� 

�r�a�t�e�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �d�i�r�e�c�t� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �a� �q�u�a�s�i�p�a�r�a�l�l�e�l� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� �D�o�v�g�a�l� �a�n�d� �K�o�z�l�o�v� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �f�l�o�w�s� �o�v�e�r� �h�u�m�p�s� �a�n�d� 

�b�a�c�k�w�a�r�d�-� �a�n�d� �f�o�r�w�a�r�d�-�f�a�c�i�n�g� �s�t�e�p�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �t�r�a�n�s�v�e�r�s�e� �a�n�d� 

�s�t�r�e�a�m�w�i�s�e� �d�e�v�e�l�o�p�m�e�n�t�s� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e�s� �a�h�e�a�d�,� �i�n�s�i�d�e�,� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� 

�s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �h�e�r�e� �a�n�d� �b�y� �N�a�y�f�e�h� �e�t� �a�l�.� �(�1�9�8�8�)� �b�y� 

�a� �q�u�a�s�i�p�a�r�a�l�l�e�l� �t�h�e�o�r�y�.� 

�3�.�3�,� �R�e�s�u�l�t�s� 

�3�.�3�.�1�.� �M�e�a�n� �f�l�o�w� 

�W�e� �h�a�v�e� �o�b�t�a�i�n�e�d� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �m�e�a�n� �f�l�o�w� �o�v�e�r� �a� �h�u�m�p� �w�h�o�s�e� �s�h�a�p�e� �i�s� �d�e�f�i�n�e�d� 

�b�y� �E�q�s�.� �(�3�.�1�)�-�(�3�.�3�)�,� �c�e�n�t�e�r� �i�s� �a�t� �x�,� �=� �1�.�0�,� �a�n�d� �w�i�d�t�h� �2�b� �=� �0�.�2�.� �W�e� �h�a�v�e� �c�o�n�s�i�d�e�r�e�d� �f�o�u�r� 

�h�u�m�p�s� �w�i�t�h� �a�n� �i�n�c�r�e�a�s�i�n�g� �h�e�i�g�h�t� �g�i�v�e�n� �b�y� �h�=�(�h�*�/�L�*�)�/�R�e� �=� �1�.�5�,�2�,�3�,� �a�n�d� �5�.� �T�h�e� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �R�e� �i�s� �f�i�x�e�d� �f�o�r� �a�l�l� �h�u�m�p�s� �a�t� �R�e� �=� �1�0�%�.� �T�h�e� �h�u�m�p� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�h� �=� �1�.�5� �d�o�e�s� �n�o�t� �i�n�d�u�c�e� �a�n�y� �f�l�o�w� �s�e�p�a�r�a�t�i�o�n�,� �w�h�i�l�e� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �h� �=� �2� �s�h�o�w�s� 

�i�n�c�i�p�i�e�n�t� �s�e�p�a�r�a�t�i�o�n� �a�t� �x�~�1�.�0�8�.� �T�h�e� �h�u�m�p� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �h� �=�3� �i�n�d�u�c�e�s� �a� �s�m�a�l�l� 

�s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �(�s�e�p�a�r�a�t�i�o�n� �a�t� �x�~�1�.�0�4�3�,� �r�e�a�t�t�a�c�h�m�e�n�t� �a�t� �x�~�1�.�1�4�,� �a�n�d� �a� �m�a�x�i�m�u�m� 

�f�l�o�w� �r�e�v�e�r�s�a�l� �o�f� �-�2�.�4�%� �u�.�)�.� �T�h�e� �h�u�m�p� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �h� �=�5� �i�n�d�u�c�e�s� �a� �s�o�m�e�w�h�a�t� 
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�l�a�r�g�e�r� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �(�s�e�p�a�r�a�t�i�o�n� �a�t� �x�~�1�.�0�1�8�,� �r�e�a�t�t�a�c�h�m�e�n�t� �a�t� �x� �=� �1�.�3�3�,� �a�n�d� �a� 

�m�a�x�i�m�u�m� �f�l�o�w� �r�e�v�e�r�s�a�l� �o�f� �-�1�1�.�7�%� �u�,�)�.� 

�T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �r�e�g�i�o�n� �e�x�t�e�n�d�s� �f�r�o�m� �x� �=� �0�.�3� �t�o� �x� �=� �2�.�6� �f�o�r� �h� �=� �5�,� �a�n�d� �f�r�o�m� �x� �=� �0�.�5� 

�t�o� �x� �=� �2�.�4� �f�o�r� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �h�u�m�p�s�.� �T�h�e� �s�t�e�p� �s�i�z�e� �i�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �i�s� �u�n�i�f�o�r�m� �w�i�t�h� 

�A�x� �=� �0�.�2�/�3�0�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �3�0� �p�o�i�n�t�s� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �o�v�e�r� �t�h�e� �h�u�m�p� �w�i�d�t�h�.� �I�n� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�,� �a� �s�t�r�e�t�c�h�e�d� �g�r�i�d� �i�s� �u�s�e�d� �w�i�t�h� �A�y�,� �=� �0�.�0�3� �a�n�d� �A�y�,� �=� �1�.�0�3�A�7�,�.�,� �f�o�r� 

�j�=�2�,�.�.�.�.�N�.� �T�h�e� �m�a�t�c�h�i�n�g� �c�o�n�d�i�t�i�o�n�,� �E�q�.� �(�3�.�1�9�)�,� �i�s� �a�p�p�l�i�e�d� �a�t� �y�y� �=� �1�2�.�1� �f�o�r� �h�=�5� �a�n�d� �a�t� 

�n�v� �=� �1�0�.�3� �f�o�r� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �h�u�m�p�s�.� 

�T�h�e� �h�u�m�p� �s�h�a�p�e�s� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�e�d� �s�c�a�l�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �s�u�r�f�a�c�e�s� �a�r�e� �d�e�p�i�c�t�e�d� 

�i�n� �F�i�g�s�.� �3�.�3�,� �3�.�5�,� �a�n�d� �3�.�7�,� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� 

�s�c�a�l�e�d� �s�k�i�n�-�f�r�i�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�.�4�,� �3�.�6�,� �a�n�d� �3�.�8� �f�o�r� �h�=� �2�,�3�,� �a�n�d� 

�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�c�a�l�i�n�g� �6� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �/�R�e� �,� �w�h�e�r�e� �R�e� �i�s� �f�i�x�e�d�,� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� 

�l�o�c�a�l� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�,� �i�s� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e� �a�n�d� �h�a�s� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �c�o�r�r�e�c�t�n�e�s�s� �o�f� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s�.� �F�i�g�u�r�e� �3�.�3� �s�h�o�w�s� �t�h�a�t� �t�h�e� �h�u�m�p� �h�e�i�g�h�t� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �i�n�c�i�p�i�e�n�t� 

�s�e�p�a�r�a�t�i�o�n� �i�s� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �B�l�a�s�i�u�s� �d�i�s�p�l�a�c�e�m�e�n�t� �t�h�i�c�k�n�e�s�s� �6�,� �a�t� �t�h�e� �h�u�m�p� 

�c�e�n�t�e�r� �(�h�/�S�5�s� �=� �2�/�1�.�7�2�0�8� �=� �1�.�1�6�)�.� �T�h�e� �c�a�s�e� �o�f� �A� �=� �5�(�h�/�5�s� �=� �5�/�1�.�7�2�0�8�%�2�.�8�9�)� �c�o�n�t�a�i�n�s� �a� 

�l�a�r�g�e� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �h�u�m�p� �a�s� �e�v�i�d�e�n�t� �f�r�o�m� �f�i�g�u�r�e� �3�.�8�.� �F�o�r� �a�l�l� 

�h�u�m�p�s�,� �t�h�e�r�e� �i�s� �a�n� �a�d�v�e�r�s�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �a�h�e�a�d� �o�f� �t�h�e� �h�u�m�p�,� �a�n�d� �c�o�n�s�e�q�u�e�n�t�l�y� 

�t�h�e� �s�k�i�n� �f�r�i�c�t�i�o�n� �d�r�o�p�s� �b�e�l�o�w� �t�h�e� �B�l�a�s�i�u�s� �v�a�l�u�e�.� �T�h�e� �r�e�g�i�o�n� �o�f� �a�d�v�e�r�s�e� �p�r�e�s�s�u�r�e� 

�g�r�a�d�i�e�n�t� �i�s� �f�o�l�l�o�w�e�d� �b�y� �a� �r�e�g�i�o�n� �o�f� �f�a�v�o�r�a�b�l�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �e�x�t�e�n�d�i�n�g� �o�v�e�r� �a� �v�e�r�y� 

�s�h�o�r�t� �r�e�g�i�o�n� �(�f�r�o�m� �x�~�x�.�9�0� �t�o� �x�~�1�.�0�)�,� �t�h�e�n� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �b�e�c�o�m�e�s� �a�d�v�e�r�s�e� 

�a�g�a�i�n�,� �c�a�u�s�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �t�o� �s�e�p�a�r�a�t�e�.� �G�e�n�e�r�a�l�l�y� �s�p�e�a�k�i�n�g�,� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� 

�t�h�a�t� �t�h�e� �T�-�S� �w�a�v�e� �w�i�l�l� �b�e� �u�n�s�t�a�b�l�e� �a�h�e�a�d� �o�f� �t�h�e� �h�u�m�p�,� �b�e�c�o�m�e� �s�t�a�b�l�e� �o�v�e�r� �t�h�e� �s�h�o�r�t� 

�f�a�v�o�r�a�b�l�e� �p�r�e�s�s�u�r�e�-�g�r�a�d�i�e�n�t� �r�e�g�i�o�n�,� �a�n�d� �t�h�e�n� �t�u�r�n� �u�n�s�t�a�b�l�e� �i�n� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �r�e�g�i�o�n�.� 

�T�h�i�s� �g�e�n�e�r�a�l� �b�e�h�a�v�i�o�r� �h�a�s� �b�e�e�n� �p�r�e�d�i�c�t�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� �h�u�m�p�s� �a�t� �d�i�f�f�e�r�e�n�t� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r�s� �a�n�d� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �b�y� �N�a�y�f�e�h� �e�t� �a�l�.� �(�1�9�8�8�)�.� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�1



�3�.�3�.�2�.� �P�r�i�m�a�r�y� �a�n�d� �s�u�b�h�a�r�m�o�n�i�c� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� 

�W�e� �h�a�v�e� �c�o�n�d�u�c�t�e�d� �a� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �m�e�a�n� �f�l�o�w�s�.� �W�e� �u�s�e�d� 

�s�p�a�t�i�a�l� �s�t�a�b�i�l�i�t�y� �t�h�e�o�r�y� �f�o�r� �b�o�t�h� �p�r�i�m�a�r�y� �a�n�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�;� �w� �i�s� �r�e�a�l� �a�n�d� �«� �i�s� 

�c�o�m�p�l�e�x�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �t�u�n�e�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�,� �y� �i�s� �r�e�a�l�.� �T�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�p�r�i�m�a�r�y� �w�a�v�e� �i�s� �g�i�v�e�n� �b�y�  �� �a�;� �a�n�d� �t�h�a�t� �o�f� �t�h�e� �t�u�n�e�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �g�i�v�e�n� �b�y� �y�.� 

�T�h�r�o�u�g�h�o�u�t� �t�h�i�s� �w�o�r�k�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �F� �=� �w�*�v�*�/�U�2� �i�s� �r�e�l�a�t�e�d� �t�o� �m� �t�h�r�o�u�g�h� �w� �=� �F�R� �a�n�d� 

�r�e�m�a�i�n�s� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� �B�e�c�a�u�s�e� �t�h�e� �m�e�a�n� �f�l�o�w� �i�s� 

�2�-�D� �a�n�d� �s�t�a�t�i�o�n�a�r�y�,� �t�h�e� �d�i�m�e�n�s�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �w�*� �a�n�d� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �/�*� 

�r�e�m�a�i�n� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� �T�h�e�n�,� �t�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �f�£� �=� �£�*�6�;� �=� �f�*�v�'�R�/�U�.�,�.� �H�e�n�c�e�,� �f� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �R� �a�n�d� �i�n� �t�u�r�n� 

�B�/�R� �a�n�d� �B� �=� �1�0�0�0�8�/�R� �r�e�m�a�i�n� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� �W�e� �n�o�t�e� 

�t�h�a�t� �8� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �d�i�m�e�n�s�i�o�n�a�l� �w�a�v�e�n�u�m�b�e�r�.� �H�o�w�e�v�e�r�,� �i�n�s�t�e�a�d� �o�f� �s�a�y�i�n�g� 

�t�h�a�t� �B� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �w�a�v�e�n�u�m�b�e�r�,� �w�e� �w�i�l�l� �r�e�f�e�r� �t�o� �i�t� �a�s� �t�h�e� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r�.� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �h�u�m�p� �o�n� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�,� 

�p�a�r�t�i�c�u�l�a�r�l�y� �w�h�e�n� �s�e�p�a�r�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�,� �w�e� �p�e�r�f�o�r�m�e�d� �a� �l�o�c�a�l� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s� �a�t� �x�=�1�.�1� �(�i�.�e�.�,� �R�=� �1�0�4�9�)� �f�o�r� �h�u�m�p�s� �w�i�t�h� �h�=�0� �(�B�l�a�s�i�u�s� �f�l�o�w�)�,� 

�1�.�5�,�2�,� �a�n�d�3�.� �F�o�r� �h� �=�3�,� �t�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e� �a�t� �x� �=� �1�.�1� �h�a�s� �a� �m�a�x�i�m�u�m� �f�l�o�w� �r�e�v�e�r�s�a�l� 

�o�f� �-�2�.�4�%� �u�.�.� �W�e� �d�e�f�i�n�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �a� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �a�s� �t�h�e� �r�o�o�t�-�m�e�a�n� �s�q�u�a�r�e� 

�(�r�m�s�)� �o�f� �t�h�e� �u �� �d�i�s�t�u�r�b�a�n�c�e� �m�a�x�i�m�i�z�e�d� �o�v�e�r� �y�.� �F�o�r� �a�=�0�.�0�1�U�,�,� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e� �y� �w�i�t�h� �B� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�9�.� �T�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �B� �o�f� �t�h�e� �m�o�s�t� 

�a�m�p�l�i�f�i�e�d� �s�e�c�o�n�d�a�r�y� �w�a�v�e� �s�h�i�f�t�s� �t�o�w�a�r�d�s� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �B� �a�s� �h� �i�n�c�r�e�a�s�e�s� �f�r�o�m� �z�e�r�o� 

�t�o� �3�.� �F�o�r� �h�=�3�,� �t�h�e� �v�a�l�u�e� �o�f� �B� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �w�a�v�e� �i�s� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�1�2�4�.� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�2



�T�h�e� �m�e�a�n�-�f�l�o�w� �p�r�o�f�i�l�e� �a�n�d� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �u �� �d�i�s�t�u�r�b�a�n�c�e� �o�f� �b�o�t�h� �t�h�e� 

�p�r�i�m�a�r�y� �a�n�d� �s�e�c�o�n�d�a�r�y� �w�a�v�e�s� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�0�.� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� 

�t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �h�a�s� �l�o�c�a�l� �m�a�x�i�m�a� �a�t� �t�h�r�e�e� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� �T�h�e� 

�m�i�d�d�l�e� �o�n�e� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�h�e�a�r�-�l�a�y�e�r� �i�n�s�t�a�b�i�l�i�t�y� �m�e�c�h�a�n�i�s�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�i�n�f�l�e�c�t�i�o�n� �p�o�i�n�t� �(�s�e�e� �N�a�y�f�e�h� �e�t� �a�l�.�,� �1�9�8�8�)�.� 

�N�e�x�t� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �f�l�o�w� �o�v�e�r� �t�h�e� �h�u�m�p� �w�i�t�h� �h�=�5�.� �A� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �h�a�s� 

�b�e�e�n� �p�e�r�f�o�r�m�e�d� �a�h�e�a�d� �o�f� �t�h�e� �h�u�m�p� �o�n�l�y�.� �T�h�e� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� 

�d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �h�u�m�p� �w�a�s� �u�n�n�e�c�e�s�s�a�r�y� �a�f�t�e�r� �f�i�n�d�i�n�g� �o�u�t� �t�h�a�t� �t�h�e� �m�u�c�h� �s�m�a�l�l�e�r� 

�s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �c�a�u�s�e�d� �b�y� �h�=�3� �c�o�n�s�i�d�e�r�a�b�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�p�r�i�m�a�r�y� �w�a�v�e� �a�n�d� �e�v�e�n� �m�o�r�e� �d�r�a�m�a�t�i�c�a�l�l�y� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� 

�W�e� �s�t�a�r�t� �a�t� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�t�i�o�n� �x�.� �=� �0�.�6�8�,� �w�h�e�r�e� �R�y�)� �=� �8�2�5�,� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� �a� �=� �0�.�0�1�U�,�,� 

�a�n�d� �B� �=� �0�.�2�1�8�.� �T�h�e�n� �w�e� �m�a�r�c�h� �d�o�w�n�s�t�r�e�a�m� �a�n�d� �c�o�m�p�u�t�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �t�h�e� �p�r�i�m�a�r�y� 

�a�n�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s� �b�y� �u�s�i�n�g� �t�h�e� �l�o�c�a�l� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s� �a�n�d� �l�o�c�a�l� �w�a�v�e�n�u�m�b�e�r� 

�a�,� �a�n�d� �u�p�d�a�t�i�n�g� �a� �f�r�o�m� �a� �=� �a� �e�x�p�(�  �� �2� �f�F� �o�d�)�.� �A�l�s�o� �w�e� �c�o�m�p�u�t�e� �£�n�(�A�/�A�,�)� �=� �2�s�,� �v�a�r�.� 

�w�h�e�r�e� �A� �i�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� 

�F�i�g�u�r�e� �3�.�1�1� �s�h�o�w�s� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s�  ��a�,� �a�n�d� �y� �a�h�e�a�d� �o�f� �t�h�e� �h�u�m�p�.� �T�h�e� 

�a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �@�n�(�a�/�a�.�)� �a�n�d� �f�n�(�A�/�A�,�.�)� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�2�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� 

�p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a�l�m�o�s�t� �n�e�u�t�r�a�l�,� �e�x�c�e�p�t� �n�e�a�r� �t�h�e� �u�p�s�t�r�e�a�m� �c�o�r�n�e�r� �o�f� �t�h�e� �h�u�m�p�.� �T�h�e� 

�z�e�r�o� �g�r�o�w�t�h� �r�a�t�e� �i�s� �a� �r�e�s�u�l�t� �o�f� �t�w�o� �c�o�u�n�t�e�r�a�c�t�i�n�g� �e�f�f�e�c�t�s�.� �T�h�e� �f�i�r�s�t� �i�s� �a� �v�e�r�y� �w�e�a�k� 

�a�d�v�e�r�s�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �(�s�e�e� �f�i�g�u�r�e� �3�.�8�)�,� �w�h�i�c�h� �i�s� �d�e�s�t�a�b�i�l�i�z�i�n�g�.� �A�n�d� �t�h�e� �s�e�c�o�n�d� �i�s� 

�t�h�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�,� �w�h�i�c�h� �i�s� �s�t�a�b�i�l�i�z�i�n�g� �(�w�e� �r�e�c�a�l�l� �t�h�a�t� �t�h�e� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r� �a�n�d� �f�r�e�q�u�e�n�c�y� �a�t� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �p�o�i�n�t� �o�n� �t�h�e� �u�p�p�e�r� �b�r�a�n�c�h� 

�o�f� �t�h�e� �n�e�u�t�r�a�l� �c�u�r�v�e� �o�f� �t�h�e� �B�l�a�s�i�u�s� �b�o�u�n�d�a�r�y� �l�a�y�e�r�)�.� �A�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�2�,� �t�h�e� 

�a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �l�e�s�s� �t�h�a�n� �2� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �a�d�v�e�r�s�e� 

�p�r�e�s�s�u�r�e�-�g�r�a�d�i�e�n�t� �r�e�g�i�o�n�,� �b�u�t� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� 

�g�r�e�a�t�e�r� �t�h�a�n� �9�.� �T�h�i�s� �i�s� �a�l�a�r�m�i�n�g� �i�f� �w�e� �a�r�e� �c�o�n�c�e�r�n�e�d� �a�b�o�u�t� �k�e�e�p�i�n�g� �t�h�e� �f�l�o�w� �l�a�m�i�n�a�r� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�3



�a�h�e�a�d� �o�f� �t�h�e� �h�u�m�p�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �a�t� �t�h�e� �p�r�e�s�e�n�t� �t�i�m�e�,� �t�h�e�r�e� �i�s� �n�o� �q�u�a�n�t�i�t�a�t�i�v�e� 

�c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �o�f� �s�e�c�o�n�d�a�r�y� �i�n�s�t�a�b�i�l�i�t�i�e�s� �a�n�d� �t�r�a�n�s�i�t�i�o�n�.� 

�S�u�c�h� �a� �c�o�r�r�e�l�a�t�i�o�n�,� �i�f� �i�t� �e�x�i�s�t�s�,� �m�u�s�t� �i�n�v�o�l�v�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �o�r� �a� 

�c�e�r�t�a�i�n� �m�e�a�s�u�r�e� �o�f� �t�h�e� �b�a�c�k�g�r�o�u�n�d� �d�i�s�t�u�r�b�a�n�c�e�s� �a�s� �a� �p�a�r�a�m�e�t�e�r�.� 

�N�e�x�t� �w�e� �p�r�e�s�e�n�t� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �h�u�m�p� �f�o�r� 

�h� �=�1�.�5�,�2�,� �a�n�d� �3�.� �A�t� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�t�i�o�n� �x� �=� �1�.�0�3� �w�e� �a�s�s�u�m�e� �t�h�a�t� �a� �=� �a� �a�n�d� �c�h�o�o�s�e� �a� 

�v�a�l�u�e� �o�f� �B�.� �T�h�e�n� �w�e� �m�a�r�c�h� �d�o�w�n�s�t�r�e�a�m� �a�n�d� �c�o�m�p�u�t�e� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �a�n�d� 

�a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �f�o�r� �b�o�t�h� �t�h�e� �p�r�i�m�a�r�y� �a�n�d� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �o�f� 

�t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �f�o�r� �t�h�e� �t�h�r�e�e� �h�u�m�p�s� �a�t� �F�x� �=� �8�3�x�1�0� �©� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�3� �a�n�d� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�4�.� �F�o�r� �t�h�e� �s�m�a�l�l� �h�u�m�p� 

�h�=� �1�.�5�,� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �i�s� �s�m�a�l�l� �a�n�d� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �r�e�a�c�h�e�s� �a� �m�a�x�i�m�u�m� �o�f� 

�2�.�2�.� �F�o�r� �t�h�e� �h�u�m�p� �h�=� �2�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �i�n�c�i�p�i�e�n�t� �s�e�p�a�r�a�t�i�o�n�,� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� 

�f�a�c�t�o�r� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �r�e�a�c�h�e�s� �a� �m�a�x�i�m�u�m� �o�f� �4�.�2� �a�n�d� �t�h�e�n� �d�r�o�p�s� �d�o�w�n�s�t�r�e�a�m�.� 

�T�h�e� �c�a�s�e� �w�i�t�h� �s�m�a�l�l� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �(�h� �=� �3�)� �s�h�o�w�s� �c�o�n�s�i�d�e�r�a�b�l�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �o�f� 

�t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �o�v�e�r� �a� �v�e�r�y� �s�h�o�r�t� �d�i�s�t�a�n�c�e�.� �H�a�l�f� �w�a�y� �t�h�r�o�u�g�h� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� 

�t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �i�s� �a�l�r�e�a�d�y� �g�r�e�a�t�e�r� �t�h�a�n� �5�.� �T�h�e� �o�b�t�a�i�n�e�d� �g�r�o�w�t�h� �r�a�t�e�s� �a�n�d� 

�a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �f�o�r� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �B� �=�0�.�1�2�4� �a�n�d� �a� �=�0�.�0�0�2� �a�r�e� 

�s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�5� �a�n�d� �3�.�1�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �H�e�r�e� �a�g�a�i�n� �w�e� �s�e�e� �c�o�n�s�i�d�e�r�a�b�l�e� �g�r�o�w�t�h� 

�r�a�t�e�s� �f�o�r� �t�h�e� �s�e�p�a�r�a�t�e�d� �f�l�o�w� �c�a�s�e� �i�n� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �c�a�s�e�s� �o�f� �i�n�c�i�p�i�e�n�t� �s�e�p�a�r�a�t�i�o�n� 

�o�r� �n�o� �s�e�p�a�r�a�t�i�o�n�.� 

�N�e�x�t�,� �w�e� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y�.� �I�n� �f�i�g�u�r�e� �3�.�1�7�,� �w�e� �s�h�o�w� �t�h�e� 

�s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �t�h�e� �s�m�a�l�l� �h�u�m�p� 

�h� �=� �1�.�5� �f�o�r� �s�e�v�e�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� �W�h�e�n� �F� �=� �1�2�0�x�1�0�°�§�,� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�s� �u�n�s�t�a�b�l�e� �o�v�e�r� 

�t�h�e� �n�a�r�r�o�w� �r�a�n�g�e� �1�0�3�9� �<�R�<� �1�0�6�1� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� �r�a�t�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�0�.�0�1�2� �a�n�d� �o�c�c�u�r�s� �a�t� �R�~�1�0�4�2�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �g�r�o�w�t�h� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e�,� 

�a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �N� �f�a�c�t�o�r�,� �i�s� �v�e�r�y� �s�m�a�l�l�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�8�.� �A�s� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�4



�d�e�c�r�e�a�s�e�s� �t�o� �F� �=� �8�3�x�1�0� �°�,� �f�i�g�u�r�e� �3�.�1�7� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�e�a�k� �g�r�o�w�t�h� �r�a�t�e� �i�n�c�r�e�a�s�e�s� �t�o� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�3�3� �a�n�d� �t�h�e� �u�n�s�t�a�b�l�e� �r�a�n�g�e� �i�n�c�r�e�a�s�e�s� �t�o� �1�0�1�6�<�R� �<� �1�0�8�0�,� �r�e�s�u�l�t�i�n�g� 

�i�n� �a� �m�a�x�i�m�u�m� �N� �f�a�c�t�o�r� �o�f� �a�b�o�u�t� �2�.�2� �a�t� �R� �=� �1�0�7�9�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�8�.� �A�s� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �d�e�c�r�e�a�s�e�s� �t�o� �F� �=� �4�0�x�1�0� �°�°�,� �f�i�g�u�r�e� �3�.�1�7� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�e�a�k� �g�r�o�w�t�h� �i�n�c�r�e�a�s�e�s� 

�s�l�i�g�h�t�l�y� �t�o� �0�.�0�3�7� �a�n�d� �s�h�i�f�t�s� �s�l�i�g�h�t�l�y� �t�o� �t�h�e� �l�o�w�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �1�0�3�9�.� �M�o�r�e�o�v�e�r�,� �t�h�e� 

�r�a�n�g�e� �o�f� �u�n�s�t�a�b�l�e� �s�t�r�e�a�m�w�i�s�e� �l�o�c�a�t�i�o�n�s� �i�n�c�r�e�a�s�e�s� �c�o�n�s�i�d�e�r�a�b�l�y�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �s�t�i�l�l� 

�l�a�r�g�e�r� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�8�.� �A�s� �F� �d�e�c�r�e�a�s�e�s� �t�o� �4�0�x�1�0� �°�,� �f�i�g�u�r�e� 

�3�.�1�7� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�e�a�k� �g�r�o�w�t�h� �r�a�t�e� �d�e�c�r�e�a�s�e�s� �b�u�t� �t�h�e� �r�a�n�g�e� �o�f� �u�n�s�t�a�b�l�e� �l�o�c�a�t�i�o�n�s� 

�i�n�c�r�e�a�s�e�s� �c�o�n�s�i�d�e�r�a�b�l�y�,� �r�e�s�u�l�t�i�n�g� �i�n� �s�t�i�l�l� �a� �l�a�r�g�e�r� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�,� �a�s� �s�h�o�w�n� �i�n� 

�f�i�g�u�r�e� �3�.�1�8�.� �A�s� �F� �d�e�c�r�e�a�s�e�s� �f�u�r�t�h�e�r�,� �f�i�g�u�r�e� �3�.�1�7� �s�h�o�w�s� �t�h�a�t� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �a�r�e� �l�e�s�s� 

�t�h�a�n� �t�h�o�s�e� �f�o�r� �F� �=� �4�0�x�1�0�°�*� �f�o�r� �a�l�l� �R�<� �1�1�4�7�.� �B�e�y�o�n�d� �t�h�i�s� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �t�h�e� �g�r�o�w�t�h� 

�r�a�t�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �F� �=� �3�0�x�1�0� �§� �a�r�e� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�F� �=� �4�0�x�1�0�°�°�.� �T�h�e� �e�n�d� �r�e�s�u�l�t� �i�s� �a�n� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �t�h�a�t� �i�s� �l�a�r�g�e�r� �i�n� �t�h�e� �c�a�s�e� �o�f� 

�F� �=� �4�0�x�1�0� �§� �t�h�a�n� �i�n� �t�h�e� �c�a�s�e� �o�f� �F� �=� �3�0�x�1�0� �6�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1�8�.� 

�F�o�r� �h�=�1�.�5�,�B� �=�0�.�2�,� �a�n�d� �A�m�s� �=� �0�.�0�0�3� �a�t� �t�h�e� �i�n�i�t�i�a�l� �l�o�c�a�t�i�o�n� �x� �=� �1�.�0�3�,� �w�e� �s�h�o�w� �i�n� 

�f�i�g�u�r�e� �3�.�1�9� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �f�o�r� 

�t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �e�m�p�l�o�y�e�d� �i�n� �f�i�g�u�r�e�s� �3�.�1�7� �a�n�d� �3�.�1�8�.� �F�o�r� �a�l�l� �f�r�e�q�u�e�n�c�i�e�s�,� �i�n�i�t�i�a�l�l�y� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e� �y� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�n�c�r�e�a�s�e�s� �r�a�p�i�d�l�y� �w�i�t�h� �R�.� �I�n� �t�h�e� �c�a�s�e� �o�f� 

�F�=�1�2�0�x�1�0�°�§�,� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� �r�a�t�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�3�8� �a�n�d� �o�c�c�u�r�s� �a�t� 

�R�2�z�1�0�4�2�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �4�.�5� �a�n�d� 

�o�c�c�u�r�s� �a�t� �R�~�1�1�2�0�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�2�0�.� �A�s� �F� �d�e�c�r�e�a�s�e�s� �t�o� �8�3�x�1�0� �°�,� �t�h�e� �m�a�x�i�m�u�m� 

�g�r�o�w�t�h� �r�a�t�e� �i�n�c�r�e�a�s�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�5�3� �a�n�d� �o�c�c�u�r�s� �e�a�r�l�i�e�r� �a�t� �R�~�1�0�7�5�,� �r�e�s�u�l�t�i�n�g� 

�i�n� �m�u�c�h� �l�a�r�g�e�r� �N� �f�a�c�t�o�r�s�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�2�0�.� �I�n� �f�a�c�t�,� �t�h�e� �N� �f�a�c�t�o�r� �e�x�c�e�e�d�s� �9� �w�h�e�n� 

�R�>� �1�1�1�2�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�2�0�.� �W�h�e�n� �F� �=� �5�0�x�1�0� �®� �o�r� �4�0�x�1�0� �©� �o�r� �3�0�x�1�0� �°�°�,� �t�h�e� �g�r�o�w�t�h� 

�r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�o�e�s� �n�o�t� �h�a�v�e� �a� �m�a�x�i�m�u�m� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �N� �f�a�c�t�o�r�s� �a�t� �t�h�e�s�e� �f�r�e�q�u�e�n�c�i�e�s� �i�n�c�r�e�a�s�e� �r�a�p�i�d�l�y� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�5



�w�i�t�h� �i�n�c�r�e�a�s�e�s� �R�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�2�0�.� �I�t� �a�p�p�e�a�r�s� �t�h�a�t� �a�n� �F�~�5�0�x�1�0�°�°� �i�s� �t�h�e� �m�o�s�t� 

�c�r�i�t�i�c�a�l� �f�r�e�q�u�e�n�c�y� �b�e�c�a�u�s�e� �i�t� �y�i�e�l�d�s� �t�h�e� �l�a�r�g�e�s�t� �N� �f�a�c�t�o�r�s� �w�h�e�n� �R� �e�x�c�e�e�d�s� �1�1�2�8�.� �I�n� 

�f�a�c�t�,� �N� �e�x�c�e�e�d�s� �1�5� �w�h�e�n� �R� �=� �1�1�6�4�.� 

�F�o�r� �t�h�e� �h�u�m�p� �h�=� �2�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �c�a�s�e� �o�f� �i�n�c�i�p�i�e�n�t� �s�e�p�a�r�a�t�i�o�n�,� �w�e� 

�s�h�o�w� �i�n� �f�i�g�u�r�e� �3�.�2�1� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� 

�f�o�r� �s�e�v�e�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� �C�o�m�p�a�r�i�n�g� �f�i�g�u�r�e�s� �3�.�1�7� �a�n�d� �3�.�2�1�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �i�n�c�i�p�i�e�n�t� �s�e�p�a�r�a�t�i�o�n� �a�r�e� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� �i�n� �t�h�e� 

�c�a�s�e� �o�f� �n�o� �s�e�p�a�r�a�t�i�o�n�.� �I�t� �f�o�l�l�o�w�s� �f�r�o�m� �f�i�g�u�r�e� �3�.�2�1� �t�h�a�t� �F� �=� �8�3�x�1�0� �®� �h�a�s� �t�h�e� �l�a�r�g�e�s�t� 

�g�r�o�w�t�h� �r�a�t�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� �t�h�e� �p�e�a�k� �g�r�o�w�t�h� �r�a�t�e� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�o�s�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �F�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �t�h�a�t� �r�e�s�u�l�t�s� �i�n� �t�h�e� 

�l�a�r�g�e�s�t� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �5�0�x�1�0� �®�,� �a�s� �s�h�o�w�n� �i�n� 

�f�i�g�u�r�e� �3�.�2�2�.� 

�I�n� �f�i�g�u�r�e� �3�.�2�3�,� �w�e� �s�h�o�w� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �f�o�r� �h� �=�2� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �e�m�p�l�o�y�e�d� �i�n� �f�i�g�u�r�e�s� �3�.�2�1� �a�n�d� �3�.�2�2� 

�w�h�e�n� �B�=�0�.�2� �a�n�d� �a�m�,� �=� �0�.�0�0�3� �a�t� �x�=� �1�.�0�3�.� �C�o�m�p�a�r�i�n�g� �f�i�g�u�r�e�s� �3�.�1�9� �a�n�d� �3�.�2�3�,� �w�e� 

�c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �i�n�c�i�p�i�e�n�t� 

�s�e�p�a�r�a�t�i�o�n� �a�r�e� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �n�o� �s�e�p�a�r�a�t�i�o�n�.� �I�t� �a�p�p�e�a�r�s� �f�r�o�m� 

�f�i�g�u�r�e�s� �3�.�2�3� �a�n�d� �3�.�2�4� �t�h�a�t� �a�g�a�i�n� �a�n� �F�x�5�0�x�1�0� �®� �p�r�o�d�u�c�e�s� �t�h�e� �l�a�r�g�e�s�t� �a�m�p�l�i�f�i�c�a�t�i�o�n� 

�f�a�c�t�o�r�s� �w�h�e�n� �R�>� �1�0�7�7�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �h� �=� �3�,� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �a� �s�m�a�l�l� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e�,� �w�e� �s�h�o�w� �i�n� �f�i�g�u�r�e� 

�3�.�2�5� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �s�e�v�e�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �F� �=� �1�2�0�x�1�0� �®� �p�r�o�d�u�c�e�s� �t�h�e� �l�a�r�g�e�s�t� �g�r�o�w�t�h� �r�a�t�e�.� �C�o�m�p�a�r�i�n�g� 

�f�i�g�u�r�e�s� �3�.�2�1� �a�n�d� �3�.�2�5�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�u�b�b�l�e� �r�e�s�u�l�t�s� �i�n� �m�u�c�h� �l�a�r�g�e�r� 

�g�r�o�w�t�h� �r�a�t�e�s� �a�t� �a�l�l� �f�r�e�q�u�e�n�c�i�e�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �m�u�c�h� �l�a�r�g�e�r� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�s� �a�t� �a�l�l� 

�f�r�e�q�u�e�n�c�i�e�s� �a�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �c�o�m�p�a�r�i�n�g� �f�i�g�u�r�e�s� �3�.�2�2� �a�n�d� �3�.�2�6�.� 

�3�.� �E�F�F�E�C�T� �O�F� �A� �B�U�L�G�E� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �I�N�C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� 
�L�A�Y�E�R�S� �7�6



�T�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �f�o�r� �t�h�e� 

�f�r�e�q�u�e�n�c�i�e�s� �e�m�p�l�o�y�e�d� �i�n� �f�i�g�u�r�e� �3�.�2�5� �a�n�d� �3�.�2�6� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�2�7� �f�o�r� �B� �=� �0�.�2� �a�n�d� 
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�b�y� �u�s�i�n�g� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�e�s�t�r�e�a�m� �v�a�l�u�e�s�.� �T�h�e� �g�a�s� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �p�e�r�f�e�c�t�.� 

�B�e�c�a�u�s�e� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �c�o�n�s�t�a�n�t� �a�c�r�o�s�s� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�,� 

�1� 

�y�M�2� �o�o� 

� � �P�m�l�m�=� �1� �a�n�d�P�,�,� �=� �(�4�.�1�0�)� 

�w�h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t� �m� �r�e�f�e�r�s� �t�o� �m�e�a�n�-�f�l�o�w� �q�u�a�n�t�i�t�i�e�s� �a�n�d� �M�,�,� �i�s� �t�h�e� �f�r�e�e�s�t�r�e�a�m� �M�a�c�h� 

�n�u�m�b�e�r�.� �W�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �d�y�n�a�m�i�c� �v�i�s�c�o�s�i�t�y� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �o�n�l�y� �s�o� 

�t�h�a�t� 

� � 

�d�y� �=� �4�.� �j�m� �o�T� �-� �(�4�.�1�1�)� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �w�a�l�l� �a�r�e� 

�u�=�v�=�w�=�T�=�0� �a�t� �y�=�0� �(�4�.�1�2�)� 

�a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s� �y� �>� �o�o� �a�r�e� 

�U�,�V�,� �W�,�p�,� �a�n�d� �J� �a�r�e� �b�o�u�n�d�e�d� �a�s� �y� �>� �~� �(�4�.�1�3�)� 

�4�,�2�.� �T�h�e� �M�e�a�n� �F�l�o�w� 

�T�h�e� �m�e�a�n� �f�l�o�w� �i�s� �a� �2�-�D� �s�t�e�a�d�y� �f�l�o�w� �o�v�e�r� �a�n� �i�n�s�u�l�a�t�e�d� �f�l�a�t� �p�l�a�t�e�.� �I�t� �i�s� �g�o�v�e�r�n�e�d� 

�b�y� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �1�1�0



�d� �d�u� �d�u� �_� �d�y� �(�o�u� �d�n� �)� �+�9� �d�y� �7�°� �(�4�.�1�4�)� 

�2� �1�d� �d�T� �d�T� �2� �f�(�d�u�\�_� �B�e�e� �(�e�u� �S�E�)� �+�9� �S�E� �+� �(�y �� �1�0�M�Z�p�n�(� �S�L�)� �=�o� �(�4�.�1�5�)� 

�w�h�e�r�e� 

� � 

�R�e� �[ �� �U�L� �1� �[�"� 
�n�=�\�/�y� �|� �p�a�y�,� �R�e�= �� �'� �9�=�V�W�t�a�>� �u�d�y� �(�4�.�1�6�)� 

�0� �0� �V� 

�a�n�d� �V�,� �i�s� �t�h�e� �s�u�c�t�i�o�n� �v�e�l�o�c�i�t�y�.� �I�t� �i�s� �p�o�s�i�t�i�v�e� �f�o�r� �s�u�c�t�i�o�n� �a�n�d� �n�e�g�a�t�i�v�e� �f�o�r� �b�l�o�w�i�n�g�.� �T�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s� �7�  �� �c�o� �a�r�e� 

�u ��>�1� �a�n�d� �T�>�1� �a�s� �4�-�0�0� �(�4�.�1�7�)� 

�A�t� �t�h�e� �w�a�l�l�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a�n� �a�d�i�a�b�a�t�i�c� �w�a�l�l� �a�r�e� 

�u�=�0�,� �<�r� �0� �a�n�d� �g�=�V�,� �a�t� �7� �=�0� �(�4�.�1�8�)� 

�w�h�e�r�e�a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �w�e� �h�a�v�e� 

� � �u�=�+�0�,�g�=�V�,� �a�n�d� �i�s� �s�p�e�c�i�f�i�e�d� �a�t� �7� �=�0� �(�4�.�1�9�)� 
�T� �a�9� 

�w�h�e�r�e� �7�,� �i�s� �t�h�e� �w�a�l�l� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �7�,�,� �i�s� �t�h�e� �a�d�i�a�b�a�t�i�c� �w�a�l�l� �t�e�m�p�e�r�a�t�u�r�e�.� �I�n� �t�h�i�s� 

�C�h�a�p�t�e�r� �w�e� �p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �a�n� �i�m�p�e�r�m�e�a�b�l�e�,� �a�d�i�a�b�a�t�i�c� �w�a�l�l�.� �I�n� �C�h�a�p�t�e�r� �5� �w�e� 

�p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �i�m�p�e�r�m�e�a�b�l�e� �w�a�l�l� �w�i�t�h� �h�e�a�t� �t�r�a�n�s�f�e�r�,� �w�h�e�r�e�a�s� �i�n� �C�h�a�p�t�e�r� �6� �w�e� 

�p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �a�n� �a�d�i�a�b�a�t�i�c� �w�a�l�l� �w�i�t�h� �s�u�c�t�i�o�n�.� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �1�1�1



�4�,�3�.� �P�r�i�m�a�r�y� �I�n�s�t�a�b�i�l�i�t�y� 

�W�e� �t�a�k�e� �t�h�e� �p�r�i�m�a�r�y� �i�n�s�t�a�b�i�l�i�t�y� �t�o� �b�e� �a� �l�i�n�e�a�r� �2�-�D� �q�u�a�s�i�p�a�r�a�l�l�e�l� �T�-�S� �w�a�v�e�.� �T�o� 

�c�a�l�c�u�l�a�t�e� �t�h�i�s� �w�a�v�e�,� �w�e� �l�e�t� �u�w� �=�U�,�p�(�y�)�,� �V�o�=�0�,� �T�y�=�T�m�(�y�)�,� �P�s�=�P�m�(�y�)�,� �a�n�d� �p�y� �=� �u�U�n�l�y�)�.� 

�T�h�e�n�,� �w�e� �s�e�e�k� �a� �S�o�l�u�t�i�o�n� �o�f� �E�q�s�.� �(�4�.�1�)�-�(�4�.�7�)�,� �(�4�.�1�2�)�,� �a�n�d� �(�4�.�1�3�)� �i�n� �t�h�e� �f�o�r�m� 

�(�u�.�v�.�p�.�7�)� �=� �L�(�y�)�,� �S�a�y�)�,� �C�a�l�)�,� �r�e�(�y�)� �J�e�"� �r�o�x� �0�0� �(�4�.�2�0�)� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �s�p�a�t�i�a�l� �s�t�a�b�i�l�i�t�y�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �w� �i�s� �r�e�a�l� �a�n�d� �a� �=�a�,� �+� �i�a�;� �i�s� �c�o�m�p�l�e�x� 

�w�i�t�h� �a�,� �b�e�i�n�g� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �a�n�d�  �� �a�,� �b�e�i�n�g� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�p�r�i�m�a�r�y� �w�a�v�e�.� �S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �(�4�.�2�0�)� �i�n�t�o� �E�q�s�.� �(�4�.�1�)�-�(�4�.�7�)�,� �(�4�.�1�2�)�,� �a�n�d� �(�4�.�1�3�)�,� �w�e� �o�b�t�a�i�n� 

�a� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �¢�,�,�¢�3�,�¢�4�.� �a�n�d� �¢�5�.� �T�h�e�s�e� 

�e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �r�e�c�a�s�t� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�t� �o�f� �s�i�x� �c�o�u�p�l�e�d� �f�i�r�s�t�-�o�r�d�e�r� 

�o�r�d�i�n�a�r�y�-�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�:� 

�6� 

�D�L�,�  �� �>�,� �a�n�m�b�m� �=� �0�.�=� �1�,�2�,�.�.�.�,�6� �(�4�.�2�1�)� 

�w�h�e�r�e� �D� �=�d�/�d�y�,� �(�2� �=� �D�t�,�,� �s� �=� �D�l�s�,� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�,�,�,� �a�r�e� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �D�.� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�C�,� �a�r�e� �b�o�u�n�d�e�d� �a�s� �y� �>� �o�0� �(�4�.�2�3�)� 

�W�h�e�r�e�a�s� �n�e�u�t�r�a�l� �s�u�b�s�o�n�i�c� �d�i�s�t�u�r�b�a�n�c�e�s� �a�r�e� �u�n�i�q�u�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� 

�f�l�o�w�s�,� �t�h�e�y� �a�r�e� �u�n�i�q�u�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �o�n�l�y� �w�h�e�n� �t�h�e� �m�e�a�n� �f�l�o�w� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �1�1�2



�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �i�s� �e�v�e�r�y�w�h�e�r�e� �s�u�b�s�o�n�i�c�.� �U�s�i�n�g� �e�x�t�e�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� 

�c�a�l�c�u�l�a�t�i�o�n�s�,� �M�a�c�k� �(�1�9�8�4�)� �s�h�o�w�e�d� �t�h�a�t� �t�h�e�r�e� �a�r�e� �a�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �n�e�u�t�r�a�l� 

�w�a�v�e�n�u�m�b�e�r�s� �o�r� �m�o�d�e�s� �h�a�v�i�n�g� �t�h�e� �s�a�m�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �i�f� �t�h�e� �m�e�a�n� �f�l�o�w� �r�e�l�a�t�i�v�e� �t�o� 

�t�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �i�s� �s�u�p�e�r�s�o�n�i�c� �s�o�m�e�w�h�e�r�e� �i�n� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�.� �T�h�e� �f�i�r�s�t� �m�o�d�e� 

�i�s� �t�h�e� �s�a�m�e� �a�s� �i�n� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �a�n�d� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �m�o�d�e�s� �(�M�a�c�k� �m�o�d�e�s�)� �d�o� �n�o�t� 

�h�a�v�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �c�o�u�n�t�e�r�p�a�r�t�s�.� �M�o�r�e�o�v�e�r�,� �w�h�e�r�e�a�s� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �m�o�d�e�s� �a�r�e� �2�-�D�,� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �f�i�r�s�t�-�m�o�d�e� �w�a�v�e�s� �i�n� �s�u�p�e�r�s�o�n�i�c� 

�b�o�u�n�d�a�r�y� �l�a�y�e�r�s� �a�r�e� �3�-�D�.� �M�a�c�k� �(�1�9�8�4�)� �a�l�s�o� �e�s�t�a�b�l�i�s�h�e�d� �t�h�a�t� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� 

�s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�s� �a�r�e� �2�-�D�.� �I�n� �o�u�r� �a�n�a�l�y�s�i�s�,� �w�e� �p�r�e�s�e�n�t� �c�a�l�c�u�l�a�t�i�o�n�s� �f�o�r� �p�r�i�m�a�r�y� 

�w�a�v�e�s� �t�h�a�t� �a�r�e� �e�i�t�h�e�r� �2�-�D� �f�i�r�s�t�-� �o�r� �s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�s�.� 

�4�.�4�,� �S�u�b�h�a�r�m�o�n�i�c� �I�n�s�t�a�b�i�l�i�t�y� 

�T�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�,� �w�e� �t�a�k�e� �t�h�e� �b�a�s�i�c� �f�l�o�w� �a�s� �t�h�e� 

�s�u�m� �o�f� �t�h�e� �m�e�a�n� �s�t�e�a�d�y� �f�l�o�w� �a�n�d� �a� �2�-�D� �q�u�a�s�i�p�a�r�a�l�l�e�l� �T�-�S� �w�a�v�e�;� �t�h�a�t� �i�s�,� 

� � 

�U�p� �=� �U�m�l�y�)� �+� �A�L� �L�i�y�e �� �+� �c�c� �]� �(�4�.�2�4�)� 

�v�y� �=� �A�l� �f�a�(�y�)�e �� �+� �c�c� �|� �(�4�.�2�5�)� 

�P�p� �=�P�m�+� �A�L� �L�a�y�o �� �+� �c�c� �|� �(�4�.�2�6�)� 

�T�y� �=� �T�y�)� �+� �A�l� �f�s�(�y�)�e �� �+� �c�c� �|� �(�4�.�2�7�)� 
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�I�n� �a�r�r�i�v�i�n�g� �a�t� �E�q�s�.� �(�4�.�3�7�)�-�(�4�.�4�2�)�,� �w�e� �n�e�g�l�e�c�t�e�d� �t�e�r�m�s� �o�f� �o�r�d�e�r� �A�?� �a�n�d� �A�/�R�.� 

�4�,�5�.� �M�e�t�h�o�d� �o�f� �S�o�l�u�t�i�o�n� 

�T�h�e� �s�p�a�t�i�a�l� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m� �g�i�v�e�n� �b�y� �E�q�s�.� �(�4�.�3�7�)�-�(�4�.�4�5�)� �w�i�t�h� �o�,� 

�b�e�i�n�g� �z�e�r�o� �c�o�n�s�i�s�t�s� �o�f� �a� �s�y�s�t�e�m� �o�f� �h�o�m�o�g�e�n�e�o�u�s� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �s�u�b�j�e�c�t� �t�o� 

�h�o�m�o�g�e�n�e�o�u�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �I�t� �h�a�s� �a� �n�o�n�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �o�n�l�y� �f�o�r� �a� �c�e�r�t�a�i�n� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �o�,�,�8�,�m�@�,�A�,�a�n�d� �R�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �p�r�o�v�i�d�e�s� �a� �c�o�m�p�l�e�x� 
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�a�,� �=� �0�,�(�f�,� �a�,� �A�,� �R�)� 
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�T�o� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� �g�i�v�e�n� �b�y� �E�q�s�.� �(�4�.�3�7�)�-�(�4�.�4�5�)�,� �w�e� �e�l�i�m�i�n�a�t�e� �t�h�e� �d�e�n�s�i�t�y� 
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�E�q�u�a�t�i�o�n�s� �(�4�.�4�4�)� �a�n�d� �(�4�.�4�5�)� �d�e�f�i�n�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �y� �=� 

�0� �a�n�d� �c�o�.� �B�e�c�a�u�s�e� �w�e� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� �o�v�e�r� �a� �f�i�n�i�t�e� �d�o�m�a�i�n�,� �w�e� �r�e�p�l�a�c�e� �t�h�e� 
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�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �i�n�f�i�n�i�t�y� �w�i�t�h� �t�h�e� �p�r�o�p�e�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �s�o�m�e� �f�i�n�i�t�e� 

�v�a�l�u�e� �o�f� �y�,� �S�a�y� �Y� �=� �V�m�a�x�,� �S�O� �t�h�a�t� 

�Q�E� �=�0� �a�t� �y� �=� �Y�m�a�x� �(�4�.�4�8�)� 

�W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e� �o�r�d�e�r� �A�C�é� 

�w�h�e�r�e�a�s� �t�h�e� �r�e�s�t� �a�r�e� �o�r�d�e�r�  ¬�.� �F�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e� �¢�,� �a�n�d�  ¬�,� �v�a�n�i�s�h� �e�x�p�o�n�e�n�t�i�a�l�l�y� 

�a�s� �y �� �o�o�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �d�e�c�a�y� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �t�e�r�m�s�.� �T�h�u�s� �b�y� 

�c�h�o�o�s�i�n�g� �a� �l�a�r�g�e� �e�n�o�u�g�h� �y�m�,� �W�e� �c�a�n� �n�e�g�l�e�c�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �a�n�d� �r�e�p�l�a�c�e� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �i�n�f�i�n�i�t�y� �w�i�t�h� �t�h�o�s�e� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �3�-�D�_� �l�i�n�e�a�r� 

�q�u�a�s�i�p�a�r�a�l�l�e�l� �d�i�s�t�u�r�b�a�n�c�e� �p�r�o�b�l�e�m�.� �T�h�e� �e�r�r�o�r� �i�n�v�o�l�v�e�d� �c�a�n� �b�e� �m�o�n�i�t�o�r�e�d� �b�y� �c�h�o�o�s�i�n�g� 

�a� �c�e�r�t�a�i�n� �v�a�l�u�e� �O�f� �Y�m�x� �a�n�d� �s�o�l�v�i�n�g� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e�n� �i�n�c�r�e�a�s�i�n�g� �y�m�a�x� �a�n�d� �r�e�s�o�l�v�i�n�g� �t�h�e� 

�p�r�o�b�l�e�m�,� �a�n�d� �n�o�t�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�c�r�e�a�s�i�n�g� �y�m�a�x� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �y�=�y�,�,�,� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�4�.�4�8�)�,� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �a�t� �y� �=� �O� �g�i�v�e�n� �b�y� �E�q�s�.� �(�4�.�4�4�)�,� �a�n�d� �t�h�e� �s�y�s�t�e�m� �o�f� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �g�i�v�e�n� 

�b�y� �E�q�.� �(�4�.�4�6�)� �f�o�r�m� �a� �s�t�i�f�f� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� �I�t� �i�s� �s�o�l�v�e�d� �b�y� �u�s�i�n�g� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e�s� �(�P�e�r�e�y�r�a�,� �1�9�7�6�)� �a�n�d� �a� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �s�c�h�e�r�r�e� �o�r� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�S�U�P�O�R�T� �(�S�c�o�t�t� �a�n�d� �W�a�t�t�s�,� �1�9�7�7�)� �a�n�d� �a� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �s�c�h�e�m�e�.� �W�i�t�h�o�u�t� �a� �s�a�c�r�i�f�i�c�e� 

�i�n� �t�h�e� �a�c�c�u�r�a�c�y�,� �t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �f�a�s�t�e�r� �t�h�a�n� �S�U�P�O�R�T�;� 

�h�o�w�e�v�e�r� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �n�o�t� �g�u�a�r�a�n�t�e�e�d�.� �M�o�s�t� �o�f� �t�h�e� �r�e�s�u�l�t�s� �i�n� �t�h�i�s� �w�o�r�k� �w�e�r�e� 

�p�r�o�d�u�c�e�d� �b�y� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e�.� 
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�4�.�6�.� �R�e�s�u�l�t�s� 

�B�e�c�a�u�s�e� �e�x�p�e�r�i�m�e�n�t�s� �a�r�e� �n�o�t� �a�v�a�i�l�a�b�l�e� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �o�u�r� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� 

�a�n�d� �b�e�c�a�u�s�e� �t�h�e� �d�i�r�e�c�t� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �E�r�l�e�b�a�c�h�e�r� �a�n�d� �H�u�s�s�a�i�n�i� �(�1�9�8�7�)� �a�r�e� 

�f�o�r� �t�h�e� �c�a�s�e� �o�f� �f�u�n�d�a�m�e�n�t�a�l� �s�e�c�o�n�d�a�r�y� �i�n�s�t�a�b�i�l�i�t�y� �o�n�l�y�,� �w�e� �v�a�l�i�d�a�t�e�d� �o�u�r� �c�o�d�e� �b�y� 

�c�o�m�p�a�r�i�n�g� �i�t�s� �r�e�s�u�l�t�s� �w�i�t�h� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �r�e�s�u�l�t�s� �o�f� �H�e�r�b�e�r�t� �(�1�9�8�4�)� �a�n�d� �C�h�a�p�t�e�r� 

�2� �o�f� �t�h�i�s� �s�t�u�d�y� �a�n�d� �t�h�e� �c�o�m�p�r�e�s�s�i�b�l�e� �r�e�s�u�l�t�s� �o�f� �E�l�-�H�a�d�y� �(�1�9�8�9�)�,� �N�a�y�f�e�h� �a�n�d� �H�a�r�p�e�r� �(�s�e�e� 

�N�a�y�f�e�h�,� �1�9�8�8�)�.� �T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �p�r�e�s�e�n�t� �c�o�d�e� �f�o�r� �t�h�e� �c�a�s�e� �o�f� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�o�s�e� �o�f� �H�e�r�b�e�r�t� �(�1�9�8�4�)� �a�n�d� �t�h�e� 

�r�e�s�u�l�t�s� �i�n� �C�h�a�p�t�e�r� �2� �o�f� �t�h�i�s� �s�t�u�d�y�.� �M�o�r�e�o�v�e�r�,� �w�h�e�n� �M�.�_�,� �=� �4�.�5�,� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�o�r� 

�t�h�e� �c�a�s�e� �o�f� �f�i�r�s�t�-� �a�n�d� �s�e�c�o�n�d�-�m�o�d�e� �p�r�i�m�a�r�y� �w�a�v�e�s� �b�y� �u�s�i�n�g� �t�h�e� �p�r�e�s�e�n�t� �c�o�d�e� �w�i�t�h� �t�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �s�t�a�t�e� �b�e�i�n�g� �n�e�g�l�e�c�t�e�d� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� 

�w�i�t�h� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �N�a�y�f�e�h� �a�n�d� �H�a�r�p�e�r� �(�s�e�e� �N�a�y�f�e�h�,� �1�9�8�8�)�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� 

�r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �p�r�e�s�e�n�t� �c�o�d�e� �f�o�r� �M�,�,� �=� �0�.�8� �a�r�e� �i�n� �r�e�a�s�o�n�a�b�l�e� �a�g�r�e�e�m�e�n�t� 

�w�i�t�h� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �E�l�-�H�a�d�y� �(�1�9�8�9�)� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�1�.� 

�N�e�x�t�,� �w�e� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� 

�s�t�a�t�e�.� �F�i�g�u�r�e� �4�.�2� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� 

�o�f� �s�t�a�t�e� �a�t� �M�.� �=� �0�.�8�.� �I�t� �i�s� �c�l�e�a�r� �f�r�o�m� �t�h�i�s� �f�i�g�u�r�e� �t�h�a�t� �a�t� �s�u�c�h� �a� �l�o�w� �M�a�c�h� �n�u�m�b�e�r� �t�h�e� 

�e�f�f�e�c�t� �i�s� �n�e�g�l�i�g�i�b�l�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� 

�s�t�a�t�e� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�t� �M�,� �=� �4�.�5�,� �f�i�g�u�r�e� �4�.�3� 

�s�h�o�w�s� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�s� �n�o�t� �n�e�g�l�i�g�i�b�l�e�.� 

�N�e�x�t�,� �w�e� �p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �s�p�a�t�i�a�l� �s�t�a�b�i�l�i�t�y� �o�f� �s�u�b�s�o�n�i�c�,� �t�r�a�n�s�o�n�i�c�,� �a�n�d� 

�s�u�p�e�r�s�o�n�i�c� �f�l�o�w�s�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �s�t�a�t�e�.� 

�T�h�e� �f�r�e�q�u�e�n�c�y� �F�,� �w�h�i�c�h� �i�s� �r�e�l�a�t�e�d� �t�o� �w� �t�h�r�o�u�g�h� �w�=�F�R�,� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �w�h�e�n� 

�f�o�l�l�o�w�i�n�g� �a� �c�e�r�t�a�i�n� �w�a�v�e�.� �T�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �i�s� �d�e�f�i�n�e�d� �a�s� �B� �=� �1�0�0�0�f�/�R� �a�n�d� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �1�2�0



�B� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� �F�o�r� �a�l�l� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �7�,�,� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l� �t�o� �1�2�0�°�K�,� �t�h�e� �P�r�a�n�d�t�l� �n�u�m�b�e�r� �P�r� �i�s� �k�e�p�t� 

�c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l� �t�o� �0�.�7�2�,� �m� �=� �A�/�p� �=�  �� �0�.�2�/�3�.�0�,� �y� �=� �1�.�4�,� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �v�i�s�c�o�s�i�t�y� �w�i�t�h� 

�t�e�m�p�e�r�a�t�u�r�e� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �S�u�t�h�e�r�l�a�n�d� �f�o�r�m�u�l�a�,� �a�n�d� �o�,� �i�s� �t�a�k�e�n� �t�o� �b�e� �r�e�a�l�,� �w�h�i�c�h� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �p�e�r�f�e�c�t�l�y� �t�u�n�e�d� �s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�.� 

�F�i�g�u�r�e� �4�.�4� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �s�p�a�t�i�a�l� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� 

�w�i�t�h� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �f�o�r� �t�h�e� �t�h�r�e�e� �M�a�c�h� �n�u�m�b�e�r�s� �0�.�0�,� �0�.�8�,� �a�n�d� �1�.�6� �a�n�d� �t�w�o� 

�r�.�m�.�s�.� �a�m�p�l�i�t�u�d�e�s� �(�0�.�0�1� �a�n�d� �0�.�0�2�)� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �2�-�D� �f�i�r�s�t�-�m�o�d�e� 

�w�a�v�e�s�,� �w�h�i�c�h� �a�r�e� �u�s�e�d� �a�s� �p�r�i�m�a�r�y� �w�a�v�e�s�,� �a�r�e� �n�o�t� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �f�i�r�s�t�-�m�o�d�e� 

�w�a�v�e�s�;� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �f�i�r�s�t�-�m�o�d�e� �w�a�v�e�s� �a�r�e� �3�-�D� �(�s�e�e� �M�a�c�k�,� �1�9�8�4�)�.� �T�h�e� �v�a�r�i�a�t�i�o�n� 

�i�n� �t�h�e� �c�a�s�e� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �s�h�a�r�e�s� �a� �l�o�t� �o�f� �f�e�a�t�u�r�e�s� �w�i�t�h� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� 

�c�a�s�e�:� �t�h�e� �b�r�o�a�d�b�a�n�d� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �u�n�s�t�a�b�l�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�,� �t�h�e� �s�h�a�r�p� 

�c�u�t�o�f�f� �a�t� �l�o�w� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�,� �a�n�d� �t�h�e� �s�h�i�f�t� �i�n� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r� �t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �v�a�l�u�e� �a�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�n�c�r�e�a�s�e�s�.� 

�A�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�,� �w�e� �n�o�t�e� �f�r�o�m� �f�i�g�u�r�e� �4�.�4� �t�h�a�t� �(�a�)� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� 

�u�n�s�t�a�b�l�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�.� �d�e�c�r�e�a�s�e�s�,� �(�b�)� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r� �s�h�i�f�t�s� �t�o� �a� �l�o�w�e�r� �v�a�l�u�e�,� �a�n�d� �(�c�)� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �d�e�c�r�e�a�s�e� �f�o�r� �a�l�l� �v�a�l�u�e�s� 

�o�f� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�.� �F�i�g�u�r�e� �4�.�5� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�3�-�D� �f�r�e�e� �o�r� �p�r�i�m�a�r�y� �w�a�v�e�s� �(�l�i�n�e�a�r� �o�b�l�i�q�u�e� �w�a�v�e�s� �h�a�v�i�n�g� �a� �f�r�e�q�u�e�n�c�y� �t�h�a�t� �i�s� �o�n�e�-�h�a�l�f� 

�t�h�a�t� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e�s�)�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �d�a�t�a� �o�f� �f�i�g�u�r�e� �4�.�4�.� �W�e� �n�o�t�e� �f�r�o�m� 

�t�h�i�s� �f�i�g�u�r�e� �t�h�a�t� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �n�o� �i�n�t�e�r�a�c�t�i�o�n�,� �t�h�e� �3�-�D� �w�a�v�e� �i�s� �d�a�m�p�e�d� �f�o�r� �a�l�l� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s� �w�h�e�n� �M�,�,�=� �1�.�6� �a�n�d� �d�a�m�p�e�d� �o�v�e�r� �m�o�s�t� �o�f� �t�h�e� �r�a�n�g�e� �o�f� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s� �w�h�e�n� �M�,�,� �=� �0�.�0� �a�n�d� �0�.�8�.� �C�o�m�p�a�r�i�n�g� �f�i�g�u�r�e�s� �4�.�4� �a�n�d� �4�.�5�,� �w�e� 

�c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �d�o�m�i�n�a�t�e�s� �t�h�e� �p�r�i�m�a�r�y� �i�n�s�t�a�b�i�l�i�t�y� �a�t� �a�l�l� 

�M�a�c�h� �n�u�m�b�e�r�s�.� 
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�F�i�g�u�r�e� �4�.�6� �s�h�o�w�s� �t�h�e� �r�a�t�e� �o�f� �g�r�o�w�t�h� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e� �a�t� �F� �=� �4�5�x�1�0� �®� �f�o�r� �t�h�e� 

�t�h�r�e�e� �M�a�c�h� �n�u�m�b�e�r�s� �M�,�,�=�0�.�0�,�1�.�0� �a�n�d� �2�.�0�.� �I�t� �s�h�o�w�s� �t�h�a�t� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� 

�i�n�c�r�e�a�s�e�s� �(�a�)� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� �p�r�i�m�a�r�y� �i�n�s�t�a�b�i�l�i�t�y� �s�h�i�f�t�s� �t�o�w�a�r�d�s� �a� �l�o�w�e�r� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r�,� �(�b�)� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� �r�a�t�e� �d�e�c�r�e�a�s�e�s�,� �a�n�d� �(�c�)� �t�h�e� �s�e�c�o�n�d� �n�e�u�t�r�a�l� �p�o�i�n�t� 

�s�h�i�f�t�s� �t�o� �a� �l�o�w�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �t�o�t�a�l� �a�m�p�l�i�f�i�c�a�t�i�o�n�,� �a�s� �m�e�a�s�u�r�e�d� 

�b�y� �t�h�e� �a�r�e�a� �u�n�d�e�r� �t�h�e� �g�r�o�w�t�h�-�r�a�t�e� �c�u�r�v�e�,� �d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�.� 

�I�n� �f�i�g�u�r�e� �4�.�7�,� �w�e� �c�o�m�p�a�r�e� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �N� �f�a�c�t�o�r� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� 

�w�a�v�e� �a�t� �F�a� �=� �4�5�x�1�0�°�*� �a�n�d� �M�,�,� �=� �1�.�0� �w�i�t�h� �t�h�a�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �h�a�v�i�n�g� �t�h�e� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �B� �=� �0�.�2�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�o�m�i�n�a�t�e�s� �t�h�e� 

�i�n�s�t�a�b�i�l�i�t�y�.� 

�N�e�x�t�,� �w�e� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �v�i�s�c�o�s�i�t�y� �o�n� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�s�e�c�o�n�d�a�r�y� �i�n�s�t�a�b�i�l�i�t�y�.� �I�n� �f�i�g�u�r�e� �4�.�8�,� �w�e� �s�h�o�w� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �a�n�d� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� 

�M�,�,� �=� �1�.�0�,� �F�a�o� �=� �4�5�x�1�0� �*�,� �a�n�d� �B� �=� �0�.�2�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� 

�o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �r�e�s�u�l�t�s� �i�n� �a�n� �u�p�s�t�r�e�a�m� �s�h�i�f�t� �o�f� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� 

�i�n�s�t�a�b�i�l�i�t�y�.� �M�o�r�e�o�v�e�r�,� �i�n�i�t�i�a�l�l�y� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �i�n�c�r�e�a�s�e�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �l�i�n�e�a�r�l�y� �w�i�t�h� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �H�o�w�e�v�e�r�,� �a�t� �l�a�r�g�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�,� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �i�n�c�r�e�a�s�e�s� 

�o�n�l�y� �s�l�i�g�h�t�l�y� �w�i�t�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �A�s� �e�x�p�e�c�t�e�d�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� 

�t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�s� �r�e�s�u�l�t�s� �i�n� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� 

�a�t� �a�l�l� �s�t�r�e�a�m�w�i�s�e� �l�o�c�a�t�i�o�n�s�.� 

�E�l�-�H�a�d�y� �(�1�9�8�9�)� �c�o�n�c�l�u�d�e�d� �f�r�o�m� �h�i�s� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �f�o�r� �d�i�s�t�u�r�b�a�n�c�e�s� �h�a�v�i�n�g� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �F�=� �6�0�x�1�0� �§� �a�t� �M�a�c�h� �n�u�m�b�e�r�s� �b�e�t�w�e�e�n� �0� �a�n�d� �2�.�2� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� 

�c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �o�n� �t�h�e� �l�o�c�a�l� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�s� �a�t� �a� �g�i�v�e�n� 

�s�t�r�e�a�m�w�i�s�e� �l�o�c�a�t�i�o�n� �c�a�n� �b�e� �m�i�s�l�e�a�d�i�n�g� �b�e�c�a�u�s�e� �t�h�e� �l�o�c�a�l� �g�r�o�w�t�h� �r�a�t�e�s� �d�e�p�e�n�d� �o�n� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �p�r�i�m�a�r�y� �w�a�v�e�s� �a�n�d� �t�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�l�e�n�g�t�h� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �o�v�e�r�a�l�l� �e�f�f�e�c�t� �o�f� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �i�s� �s�t�a�b�i�l�i�z�i�n�g�.� �N�e�x�t�,� �w�e� �r�e�i�n�v�e�s�t�i�g�a�t�e� 
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�t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �o�n� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �f�o�r� �s�u�p�e�r�s�o�n�i�c� �a�s� �w�e�l�l� 

�a�s� �s�u�b�s�o�n�i�c� �a�n�d� �t�r�a�n�s�o�n�i�c� �M�a�c�h� �n�u�m�b�e�r�s�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �g�r�o�w�t�h� �r�a�t�e� 

�i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �M�a�c�h� �n�u�m�b�e�r�,� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�,� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�,� �a�n�d� 

�f�r�e�q�u�e�n�c�y�.� �I�n� �f�i�g�u�r�e� �4�.�9�,� �w�e� �s�h�o�w� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �w�i�t�h� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �f�o�r� �B� �=� �0�.�2�,� 

�F�o�p� �=� �4�5�x�1�0� �®�,� �a�n�d� �M�,�,� �=� �0�.�0�,� �1�.�0�,� �2�.�0�,� �a�n�d� �4�.�5�.� �F�o�r� �a� �g�i�v�e�n� �M�a�c�h� �n�u�m�b�e�r�,� �a�s� �t�h�e� �i�n�i�t�i�a�l� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�n�c�r�e�a�s�e�s� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� 

�s�h�i�f�t�s� �r�a�p�i�d�l�y� �t�o�w�a�r�d�s� �a� �l�o�w�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �F�i�g�u�r�e� �4�.�9� �a�l�s�o� �s�h�o�w�s� �t�h�a�t� �f�o�r� �t�h�e� 

�s�a�m�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �s�h�i�f�t�s� �t�h�e� 

�o�n�s�e�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �t�o�w�a�r�d�s� �a� �l�o�w�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �F�i�g�u�r�e� �4�.�1�0� 

�s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �R�e�y�n�o�l�d�s� 

�n�u�m�b�e�r� �f�o�r� �a� �c�o�n�s�t�a�n�t� �v�a�l�u�e� �o�f� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �a�n�d� �t�h�e� �t�h�r�e�e� �M�a�c�h� 

�n�u�m�b�e�r�s� �M�,�,� �=� �0�.�0�,� �1�.�0�,� �a�n�d� �2�.�0�.� �I�t� �s�h�o�w�s� �t�h�a�t�,� �a�l�t�h�o�u�g�h� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� 

�i�n�s�t�a�b�i�l�i�t�y� �s�h�i�f�t�s� �t�o�w�a�r�d�s� �a� �l�o�w�e�r� �v�a�l�u�e� �o�f� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �r�a�t�e� �o�f� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �M�a�c�h� �n�u�m�b�e�r� �s�o� �t�h�a�t� �e�v�e�n�t�u�a�l�l�y� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �a�t� �l�o�w� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�,� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �i�n�c�r�e�a�s�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �M�a�c�h� �n�u�m�b�e�r� �b�u�t� �a�t� �l�a�r�g�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� 

�d�e�c�r�e�a�s�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �M�a�c�h� �n�u�m�b�e�r�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�1�1�.� �F�i�g�u�r�e� �4�.�1�1� �a�l�s�o� 

�s�h�o�w�s� �t�h�a�t� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�o�m�i�n�a�t�e�s� �t�h�e� �p�r�i�m�a�r�y� �i�n�s�t�a�b�i�l�i�t�y� �a�t� �a�l�l� �M�a�c�h� 

�n�u�m�b�e�r�s� 

�F�i�g�u�r�e� �4�.�1�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �w�h�e�n� �M�.�,� �=� �0�.�0�,� �1�.�0�,� �2�.�0�,� �a�n�d� �3�.�0�.� �T�h�e� �s�u�b�h�a�r�m�o�n�i�c� 

�w�a�v�e� �i�s� �u�n�s�t�a�b�l�e� �o�v�e�r� �a� �v�e�r�y� �w�i�d�e� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �h�a�s� �a� 

�b�r�o�a�d� �m�a�x�i�m�u�m�.� �M�o�r�e�o�v�e�r�,� �e�x�c�e�p�t� �f�o�r� �a� �s�m�a�l�l� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �n�e�a�r� �t�h�e� �l�e�f�t� 
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�n�e�u�t�r�a�l� �v�a�l�u�e�s�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �r�e�s�u�l�t�s� �i�n� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� 

�t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� �r�a�t�e� �d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� 

�M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�.� 

�F�i�g�u�r�e� �4�.�1�3� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �a�n�d� 

�t�h�e� �3�-�D� �f�r�e�e� �o�r� �p�r�i�m�a�r�y� �w�a�v�e� �w�i�t�h� �M�a�c�h� �n�u�m�b�e�r� �a�t� �R� �=� �1�1�5�0�,� �F�x�.� �=� �1�2�0�x�1�0� �°�,� �a�r�.�m�.�s�.� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �e�q�u�a�l� �t�o� �0�.�0�1�,� �a�n�d� �B� �=� �0�.�2�.� �T�h�e� �3�-�D� �f�r�e�e� �o�r� �p�r�i�m�a�r�y� 

�w�a�v�e� �i�s� �d�a�m�p�e�d� �b�u�t� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �g�r�o�w�s� �o�v�e�r� �t�h�e� �w�h�o�l�e� �c�o�n�s�i�d�e�r�e�d� �r�a�n�g�e� 

�o�f� �M�a�c�h� �n�u�m�b�e�r�s�.� �A�g�a�i�n�,� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �d�o�m�i�n�a�t�e�s� �t�h�e� �p�r�i�m�a�r�y� 

�i�n�s�t�a�b�i�l�i�t�y� �a�t� �a�l�l� �M�a�c�h� �n�u�m�b�e�r�s�.� �A�t� �t�h�i�s� �l�o�c�a�t�i�o�n� �a�n�d� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� 

�w�a�v�e�,� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� 

�i�n�c�r�e�a�s�e�s�.� �F�i�g�u�r�e�s� �4�.�1�3�,� �4�.�1�4�,� �a�n�d� �4�.�1�0� �s�u�g�g�e�s�t� �t�h�a�t� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �d�e�c�r�e�a�s�e�s� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e� �a�t� �l�a�r�g�e� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �a�n�d� �l�a�r�g�e� �i�n�i�t�i�a�l� 

�a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�.� �A�t� �s�m�a�l�l� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s� �a�n�d� �s�m�a�l�l� �i�n�i�t�i�a�l� 

�a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �m�a�y� �i�n�c�r�e�a�s�e� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �o�v�e�r�a�l�l� �e�f�f�e�c�t� �o�f� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �a�s� �m�e�a�s�u�r�e�d� �b�y� 

�t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r� �i�s� �s�t�a�b�i�l�i�z�i�n�g�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�1�1�.� 

�O�n�e� �f�e�a�t�u�r�e� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �i�n�s�t�a�b�i�l�i�t�y� �i�s� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �m�o�r�e� �t�h�a�n� �o�n�e� �m�o�d�e� 

�o�f� �i�n�s�t�a�b�i�l�i�t�y�.� �T�h�e� �f�i�r�s�t� �m�o�d�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �T�-�S� �i�n�s�t�a�b�i�l�i�t�y� �m�o�d�e� �o�f� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� 

�f�l�o�w�s�,� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �a�n�d� �h�i�g�h�e�r� �u�n�s�t�a�b�l�e� �(�M�a�c�k�)� �m�o�d�e�s� �a�r�e� �u�n�i�q�u�e� �t�o� 

�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s�.� �I�n� �c�o�n�t�r�a�s�t� �w�i�t�h� �t�h�e� �f�i�r�s�t� �m�o�d�e�,� �t�h�e� �m�o�s�t� �u�n�s�t�a�b�l�e� �s�e�c�o�n�d� �m�o�d�e� 

�i�s� �2�-�D�.� �A�s� �t�h�e� �M�a�c�h� �n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s� �t�o� �t�h�e� �h�y�p�e�r�s�o�n�i�c� �r�e�g�i�i�n�e�,� �t�h�e� �s�e�c�o�n�d� �m�o�d�e� 

�d�i�s�p�l�a�y�s� �g�r�o�w�t�h� �r�a�t�e�s� �t�h�a�t� �a�r�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� �o�f� �t�h�e� �3�-�D� �f�i�r�s�t� �m�o�d�e� �(�M�a�c�k�,� �1�9�8�4�)�.� 

�F�i�g�u�r�e� �4�.�1�5� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �a�t� �M�,�,� �=� �4�.�5�,� �R� �=� �1�9�5�0�,� �a�n�d� �F�r� �=� �1�2�0�x�1�0� �®� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� 

�w�a�v�e� �i�s� �a� �s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�,� �w�h�i�l�e� �f�i�g�u�r�e� �4�.�1�6� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� 

�o�f� �t�h�e� �3�-�D� �f�r�e�e� �o�r� �p�r�i�m�a�r�y� �w�a�v�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �d�a�t�a� �o�f� �f�i�g�u�r�e� �4�.�1�5�.� �A�s� �i�n� �t�h�e� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �1�2�4



�c�a�s�e� �o�f� �f�i�r�s�t�-�m�o�d�e�-�s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y�,� �t�h�e� �s�e�c�o�n�d�-�m�o�d�e�-�s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� 

�d�o�m�i�n�a�t�e�s� �t�h�e� �p�r�i�m�a�r�y� �s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�.� �I�n� �f�a�c�t�,� �w�h�e�r�e�a�s� �t�h�e� �3�-�D� �f�r�e�e� �o�r� �p�r�i�m�a�r�y� 

�w�a�v�e� �i�s� �d�a�m�p�e�d� �f�o�r� �a�l�l� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�,� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �d�i�s�p�l�a�y�s� �l�a�r�g�e� 

�g�r�o�w�t�h� �r�a�t�e�s� �o�v�e�r� �a�l�l� �t�h�e� �c�o�n�s�i�d�e�r�e�d� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r�s�.� �I�n� �c�o�n�t�r�a�s�t� �w�i�t�h� �t�h�e� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �c�a�s�e�,� �t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�f�i�e�d� �w�a�v�e� �h�a�s� �a� �n�a�r�r�o�w�e�r� �b�a�n�d�w�i�d�t�h�.� 

�F�i�g�u�r�e� �4�.�1�7� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �a�t� �M�,�,�=�5�.�0� �a�n�d� �f�o�r� �d�i�f�f�e�r�e�n�t� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �f�i�r�s�t�-�m�o�d�e� 

�p�r�i�m�a�r�y� �w�a�v�e�.� �T�h�e� �f�i�g�u�r�e� �c�o�n�f�i�r�m�s� �s�o�m�e� �o�f� �t�h�e� �t�r�e�n�d�s� �n�o�t�e�d� �i�n� �f�i�g�u�r�e� �4�.�4�,� �w�h�e�r�e� �t�h�e� 

�p�r�i�m�a�r�y� �w�a�v�e� �w�a�s� �a�l�s�o� �a� �f�i�r�s�t�-�m�o�d�e� �w�a�v�e�.� �I�n� �p�a�r�t�i�c�u�l�a�r� �w�e� �n�o�t�e� �t�h�a�t� �a�s� �t�h�e� �a�m�p�l�i�t�u�d�e� 

�o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�n�c�r�e�a�s�e�s�,� �t�h�e�r�e� �i�s� �a� �s�h�i�f�t� �i�n� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �s�p�a�n�w�i�s�e� 

�w�a�v�e�n�u�m�b�e�r� �t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �v�a�l�u�e�.� �H�o�w�e�v�e�r�,� �f�i�g�u�r�e� �4�.�1�8� �s�h�o�w�s� �t�h�a�t� �t�h�e� �s�h�i�f�t� �i�s� 

�t�o�w�a�r�d�s� �a� �l�o�w�e�r� �v�a�l�u�e� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� �s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�.� 

�F�i�g�u�r�e� �4�.�1�9� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �w�h�e�n� �M�,�,� �=� �4�.�5�,� �R� �=� �1�9�5�0�,� �B� �=� �0�.�1�,� �a�n�d� �A�,�,�,�,� �=� �0�.�0�1�.� 

�W�e� �n�o�t�e� �a� �w�i�d�e�r� �b�a�n�d� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �r�e�c�e�i�v�i�n�g� �a�m�p�l�i�f�i�c�a�t�i�o�n� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�w�o� 

�p�e�a�k�s�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �t�w�o� �p�e�a�k�s�,� �w�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e� �w�i�t�h� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� 

�s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�0�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �f�o�r� �t�h�i�s� �M�a�c�h� �n�u�m�b�e�r� �a�n�d� �s�t�r�e�a�m�w�i�s�e� �l�o�c�a�t�i�o�n� 

�t�h�e�r�e� �a�r�e� �t�w�o� �m�o�d�e�s� �o�f� �i�n�s�t�a�b�i�l�i�t�y�.� �T�h�e� �l�e�f�t� �b�r�a�n�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �f�i�r�s�t�-�m�o�d�e� �w�a�v�e�s� 

�a�n�d� �t�h�e� �r�i�g�h�t� �b�r�a�n�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �s�e�c�o�n�d�-�m�o�d�e� �(�f�i�r�s�t� �M�a�c�k�)�  ��w�a�v�e�s�.� �T�h�e� 

�p�r�e�s�s�u�r�e�-�f�l�u�c�t�u�a�t�i�o�n� �a�m�p�l�i�t�u�d�e� �f�u�n�c�t�i�o�n�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�1� �c�o�n�f�i�r�m� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �l�e�f�t� �p�e�a�k� �i�n� �f�i�g�u�r�e� �4�.�1�9� �i�s� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� �r�a�t�e� �o�f� �f�i�r�s�t�-�m�o�d�e� 

�s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y�,� �w�h�e�r�e�a�s� �t�h�e� �s�e�c�o�n�d� �p�e�a�k� �i�s� �t�h�e� �m�a�x�i�m�u�m� �g�r�o�w�t�h� 

�r�a�t�e� �o�f� �s�e�c�o�n�d�-�m�o�d�e� �s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y�.� �T�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �i�n�t�e�r�v�a�l� 

�b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �p�e�a�k�s�,� �w�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e� �p�r�e�s�s�u�r�e�-�f�l�u�c�t�u�a�t�i�o�n� �a�m�p�l�i�t�u�d�e� �f�u�n�c�t�i�o�n�s� 

�f�o�r� �s�e�v�e�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�1�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
�F�L�A�T� �P�L�A�T�E� �|� �1�2�5



�t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �f�i�r�s�t�-�t�o�-�s�e�c�o�n�d� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e�s� �a�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�c�r�e�a�s�e�s�.� �T�o� 

�c�o�n�f�i�r�m� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n�,� �w�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �f�o�r� �s�e�v�e�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�2�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �m�o�d�e� �s�h�a�p�e� 

�c�h�a�n�g�e�s� �c�o�n�t�i�n�u�o�u�s�l�y� �f�r�o�m� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �l�e�f�t� �p�e�a�k� �(�f�i�r�s�t�-�m�o�d�e� 

�s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�)� �t�o� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �r�i�g�h�t� �p�e�a�k� �(�s�e�c�o�n�d�-�m�o�d�e� 

�s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�)� �i�n� �f�i�g�u�r�e� �4�.�1�9�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �f�i�r�s�t�-�m�o�d�e�-�s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�s� 

�m�e�r�g�e� �w�i�t�h� �s�e�c�o�n�d�-�m�o�d�e� �s�u�b�h�a�r�m�o�n�i�c� �m�o�d�e�s�.� 

�F�i�g�u�r�e� �4�.�2�3�a� �s�h�o�w�s� �t�h�e� �s�p�a�n�w�i�s�e� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� 

�m�e�a�n�f�l�o�w�,� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e�,� �a�n�d� �t�h�e� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �T�h�e� �p�r�i�m�a�r�y� �w�a�v�e� 

�i�s� �a� �f�i�r�s�t� �m�o�d�e� �a�n�d� �M�,�,� �=� �2�.� �T�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e� �a�t� �R� �=� �6�0�0� 

�i�s� �0�.�0�1�,� �w�h�e�r�e�a�s� �t�h�a�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �0�.�0�0�1�.� �W�e� �n�o�t�e� �f�r�o�m� �t�h�e� �f�i�g�u�r�e� �t�h�a�t� 

�t�h�e� �v�o�r�t�i�c�i�t�y� �i�s� �c�o�n�c�e�n�t�r�a�t�e�d� �i�n� �a� �s�m�a�l�l� �r�e�g�i�o�n� �w�h�i�c�h� �i�s� �a�d�j�a�c�e�n�t� �t�o� �t�h�e� �w�a�l�l�.� �T�h�e� 

�v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �i�n� �t�h�i�s� �f�i�g�u�r�e� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�e� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �i�n� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �t�h�e� �m�e�a�n� �f�l�o�w� �a�n�d� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e�,� �w�h�i�c�h� �w�e�r�e� �r�e�p�o�r�t�e�d� �b�y� �H�e�r�b�e�r�t� 

�(�1�9�8�4�)� �f�o�r� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �c�a�s�e�.� �A�s� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� 

�i�s� �i�n�c�r�e�a�s�e�d� �t�o� �0�.�0�1�,� �w�e� �o�b�t�a�i�n� �t�h�e� �c�o�n�t�o�u�r�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�3�b�.� �A�t� �s�u�c�h� �a�n� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�,� �t�h�e� �v�o�r�t�i�c�i�t�y� �s�t�a�r�t�s� �t�o� �s�p�r�e�a�d� �i�n� �t�h�e� �n�o�r�m�a�l� 

�d�i�r�e�c�t�i�o�n�,� �a�n�d� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e� �w�e� �n�o�t�e� �s�o�m�e� �c�o�n�v�e�c�t�i�o�n� �o�f� �t�h�e� �v�o�r�t�i�c�i�t�y� �i�n� �t�h�e� 

�s�t�r�e�a�m�w�i�s�e� �d�i�r�e�c�t�i�o�n�.� �I�n� �f�i�g�u�r�e� �4�.�2�3�c� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� 

�i�s� �f�u�r�t�h�e�r� �i�n�c�r�e�a�s�e�d� �t�o� �0�.�1�.� �A�t� �s�u�c�h� �a�n� �a�m�p�l�i�t�u�d�e�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �v�o�r�t�i�c�i�t�y� �i�s� �s�t�r�o�n�g�l�y� 

�c�o�n�v�e�c�t�e�d� �d�o�w�n�s�t�r�e�a�m� �a�n�d� �s�p�r�e�a�d� �i�n� �t�h�e� �n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n�.� �T�h�u�s�,� �f�i�g�u�r�e� �4�.�2�3� �s�h�o�w�s� 

�t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �c�h�a�n�g�e�s� �d�r�a�s�t�i�c�a�l�l�y� �t�h�e� �v�o�r�t�e�x� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� 

�o�r�i�g�i�n�a�l� �b�a�s�i�c� �f�l�o�w�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �s�i�t�u�a�t�i�o�n� �i�n� �f�i�g�u�r�e� �4�.�2�3�c� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �r�e�p�o�r�t�e�d� 

�b�y� �F�a�s�e�l� �(�1�9�8�9�)� �f�o�r� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �c�a�s�e� �a�n�d� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �n�u�m�e�r�i�c�a�l� 

�s�i�m�u�l�a�t�i�o�n�.� 
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�F�i�g�u�r�e� �4�.�2�4� �s�h�o�w�s� �t�h�e� �n�o�r�m�a�l� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �a�t� �y� �=� �1�.�0� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� 

�m�e�a�n� �f�l�o�w�,� �t�h�e� �2�-�D� �w�a�v�e�,� �a�n�d� �t�h�e� �3�-�D� �w�a�v�e�.� �W�e� �n�o�t�e� �t�h�e� �p�e�r�i�o�d�i�c�i�t�y� �i�n� �t�h�e� �s�p�a�n�w�i�s�e� 

�d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �p�a�t�t�e�r�n� �o�f� �v�o�r�t�e�x� �c�e�l�l�s� �i�n� �t�h�a�t� �d�i�r�e�c�t�i�o�n�.� �F�i�g�u�r�e� �4�.�2�5� 

�s�h�o�w�s� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s�.� �W�e� �n�o�t�e� �t�h�a�t� �i�n� �t�h�e� �s�p�a�n�w�i�s�e� �d�i�r�e�c�t�i�o�n� �w�e� 

�h�a�v�e� �t�w�o� �p�a�t�t�e�r�n�s� �o�f� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �w�h�i�c�h� �r�e�p�e�a�t� �t�h�e�m�s�e�l�v�e�s� �d�u�e� �t�o� �t�h�e� �s�p�a�n�w�i�s�e� 

�p�e�r�i�o�d�i�c�i�t�y�.� 

�F�i�g�u�r�e� �4�.�2�6�a� �s�h�o�w�s� �t�h�e� �s�p�a�n�w�i�s�e� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �m�e�a�n� 

�f�l�o�w�,� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e�,� �a�n�d� �3�-�D� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �T�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� 

�s�e�c�o�n�d� �m�o�d�e� �a�n�d� �M�,�,�=�4�.�5�.� �T�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �2�-�D� �p�r�i�m�a�r�y� �w�a�v�e� �a�t� �R� �=� 

�1�5�5�0� �i�s� �0�.�0�1�,� �w�h�e�r�e�a�s� �t�h�a�t� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �0�.�0�0�1�.� �W�e� �n�o�t�e� �f�r�o�m� �t�h�i�s� �f�i�g�u�r�e� 

�t�h�a�t� �t�h�e� �p�a�t�t�e�r�n� �h�e�r�e� �i�s� �s�o�m�e�w�h�a�t� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�a�t� �o�b�t�a�i�n�e�d� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� 

�i�s� �a� �f�i�r�s�t� �m�o�d�e�,� �w�h�i�c�h� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�3�a�.� �A�s� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �i�n�c�r�e�a�s�e�d� �t�o� �0�.�0�1�,� �w�e� �o�b�t�a�i�n� �t�h�e� �c�o�n�t�o�u�r�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�6�b�.� 

�A�t� �s�u�c�h� �a�n� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�,� �t�h�e� �v�o�r�t�i�c�i�t�y� �s�p�r�e�a�d�s� �f�a�r� �i�n� �t�h�e� �n�o�r�m�a�l� 

�d�i�r�e�c�t�i�o�n�,� �a�n�d� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �v�o�r�t�i�c�i�t�y� �i�s� �b�e�i�n�g� �c�o�n�v�e�c�t�e�d� �i�n� �t�h�e� 

�s�t�r�e�a�m�w�i�s�e� �d�i�r�e�c�t�i�o�n�.� �I�n� �f�i�g�u�r�e� �4�.�2�6�c� �t�h�e� �i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� 

�i�s� �f�u�r�t�h�e�r� �i�n�c�r�e�a�s�e�d� �t�o� �0�.�1�.� �A�t� �s�u�c�h� �a�n� �a�m�p�l�i�t�u�d�e�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �v�o�r�t�i�c�i�t�y� �i�s� �s�t�r�o�n�g�l�y� 

�c�o�n�v�e�c�t�e�d� �d�o�w�n�s�t�r�e�a�m� �a�n�d� �s�p�r�e�a�d� �f�u�r�t�h�e�r� �i�n� �t�h�e� �n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n�.� �F�i�g�u�r�e� �4�.�2�7� �s�h�o�w�s� 

�t�h�e� �n�o�r�m�a�l� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s� �a�t� �y� �=� �0�.�3�,� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �m�e�a�n� �f�l�o�w�,� �t�h�e� �2�-�D� 

�w�a�v�e�,� �a�n�d� �t�h�e� �3�-�D� �w�a�v�e�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �c�o�n�t�o�u�r�s� �s�h�o�w�n� �i�n� �t�h�i�s� �f�i�g�u�r�e� �a�r�e� �v�e�r�y� 

�s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�4�,� �w�h�e�r�e� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� �f�i�r�s�t� �m�o�d�e�.� �F�i�g�u�r�e� 

�4�.�2�8� �s�h�o�w�s� �t�h�e� �s�t�r�e�a�m�w�i�s�e� �v�o�r�t�i�c�i�t�y� �c�o�n�t�o�u�r�s�.� �T�h�e�s�e� �c�o�n�t�o�u�r�s� �|� �a�r�e� �v�e�r�y� �m�u�c�h� 

�d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�o�s�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.�2�5� �f�o�r� �t�h�e� �c�a�s�e� �i�n� �w�h�i�c�h� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� 

�f�i�r�s�t� �m�o�d�e�.� 

�B�y� �s�o�l�v�i�n�g� �b�o�t�h� �t�h�e� �t�e�m�p�o�r�a�l� �a�n�d� �s�p�a�t�i�a�l� �s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s� �o�f� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �o�v�e�r� �a� �f�l�a�t� �p�l�a�t�e�,� �B�e�r�t�o�l�o�t�t�i� �(�1�9�8�5�)� �h�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �t�e�m�p�o�r�a�l� 

�4�.� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �I�N� �C�O�M�P�R�E�S�S�I�B�L�E� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� �O�V�E�R� �A�N� �A�D�I�A�B�A�T�I�C� 
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�W�e� �p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �s�p�a�t�i�a�l� �s�t�a�b�i�l�i�t�y� �a�t� �d�i�f�f�e�r�e�n�t� �M�a�c�h� �n�u�m�b�e�r�s�.� 

�T�h�e� �f�r�e�q�u�e�n�c�y� �F�,� �w�h�i�c�h� �i�s� �r�e�l�a�t�e�d� �t�o� �w� �t�h�r�o�u�g�h� �w�=�F�R�,� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �w�h�e�n� 

�5�.� �E�F�F�E�C�T� �O�F� �H�E�A�T� �T�R�A�N�S�F�E�R� �O�N� �T�H�E� �S�U�B�H�A�R�M�O�N�I�C� �I�N�S�T�A�B�I�L�I�T�Y� �O�F� �B�O�U�N�D�A�R�Y� �L�A�Y�E�R�S� 
�O�V�E�R� �A� �F�L�A�T� �P�L�A�T�E� �1�5�9



�f�o�l�l�o�w�i�n�g� �a� �c�e�r�t�a�i�n� �w�a�v�e�.� �T�h�e� �s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �i�s� �d�e�f�i�n�e�d� �a�s� �B� �=� �1�0�0�0�/�/�R� �a�n�d� 

�B� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �a�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m�.� �F�o�r� �a�l�l� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �T�,�,� �i�s� �k�e�p�t� �c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l� �t�o� �1�2�0�°�K�,� �t�h�e� �P�r�a�n�d�t�l� �n�u�m�b�e�r� �P�r� �i�s� �k�e�p�t� 

�c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l� �t�o� �0�.�7�2�,� �m� �=� �A�/�u� �=�  �� �0�.�2�/�3�.�0�,� �y� �=� �1�.�4�,� �a�n�d� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �v�i�s�c�o�s�i�t�y� 

�w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �S�u�t�h�e�r�l�a�n�d� �f�o�r�m�u�l�a�.� �T�h�e� �m�e�a�n�-�f�l�o�w� �b�o�u�n�d�a�r�y� 

� � 

�;� �;� �w�e� �T�w� �;� �.� �,�;� 
�c�o�n�d�i�t�i�o�n� �i�n� �w�h�i�c�h� �w�e� �s�p�e�c�i�f�y� �r� �(�e�q�u�a�t�i�o�n� �4�.�1�9�)� �i�s� �i�m�p�o�s�e�d� �b�y� �u�s�i�n�g� �t�h�e� �f�o�r�m�u�l�a� 

�a�d� 

�1� �T�a�g� �=� �1�+� �5� �P�r� �M�3�.� �(�5�.�1�)� 

�E�q�u�a�t�i�o�n� �(�5�.�1�)� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �a�d�i�a�b�a�t�i�c� �w�a�l�l� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� 

�a�c�c�u�r�a�c�y� �o�f� �t�h�i�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �T�a�b�l�e� �5�.�1� �f�o�r� �d�i�f�f�e�r�e�n�t� �M�a�c�h� 

�n�u�m�b�e�r�s� �w�h�e�n� �7�,�,�=�1�2�0�°�K�.� �W�e� �n�o�t�e� �f�r�o�m� �t�h�i�s� �t�a�b�l�e� �t�h�a�t� �t�h�e� �f�o�r�m�u�l�a� �i�s� �r�e�a�s�o�n�a�b�l�y� 

�a�c�c�u�r�a�t�e�,� �a�n�d� �t�h�a�t� �t�h�e� �e�r�r�o�r� �i�n�v�o�l�v�e�d� �i�n�c�r�e�a�s�e�s� �b�y� �i�n�c�r�e�a�s�i�n�g� �M�a�c�h� �n�u�m�b�e�r�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �o�n� �t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s� �h�a�s� 

�b�e�e�n� �s�t�u�d�i�e�d� �b�y� �m�a�n�y� �r�e�s�e�a�r�c�h�e�r�s�.� �U�s�i�n�g� �t�e�m�p�o�r�a�l� �i�n�v�i�s�c�i�d� �a�n�d� �v�i�s�c�o�u�s� �t�h�e�o�r�i�e�s�,� 

�M�a�c�k� �(�1�9�6�9�,� �1�9�7�5�)� �f�o�u�n�d� �t�h�a�t� �w�h�i�l�e� �c�o�o�l�i�n�g� �s�t�a�b�i�l�i�z�e�s� �f�i�r�s�t�-�m�o�d�e� �w�a�v�e�s� �i�t� �d�e�s�t�a�b�i�l�i�z�e�s� 

�s�e�c�o�n�d�-�m�o�d�e� �w�a�v�e�s�.� �F�o�r� �m�o�d�e�r�a�t�e� �M�a�c�h� �n�u�m�b�e�r�s�,� �s�u�f�f�i�c�i�e�n�t� �c�o�o�l�i�n�g� �c�a�n� �b�e� �a�p�p�l�i�e�d� 

�t�o� �r�e�m�o�v�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n�f�l�e�c�t�i�o�n� �p�o�i�n�t�,� �w�h�i�c�h� �i�s� �t�h�e� �s�o�u�r�c�e� �o�f� �t�h�e� �f�i�r�s�t�-�m�o�d�e� 

�i�n�s�t�a�b�i�l�i�t�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�o�u�r�c�e� �o�f� �t�h�e� �s�e�c�o�n�d�-�m�o�d�e� �i�n�s�t�a�b�i�l�i�t�y� �c�a�n�n�o�t� �b�e� �r�e�m�o�v�e�d� 

�b�y� �c�o�o�l�i�n�g�.� �L�y�s�e�n�k�o� �a�n�d� �M�a�s�l�o�v� �(�1�9�8�4�)� �f�o�u�n�d�,� �b�o�t�h� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l�l�y�,� 

�t�h�a�t� �s�u�r�f�a�c�e� �c�o�o�l�i�n�g�:� �(�a�)� �s�t�a�b�i�l�i�z�e�s� �f�i�r�s�t�-�m�o�d�e� �d�i�s�t�u�r�b�a�n�c�e�s� �-� �t�h�e� �r�a�n�g�e� �o�f� �u�n�s�t�a�b�l�e� 

�f�r�e�q�u�e�n�c�i�e�s� �d�e�c�r�e�a�s�e�s�,� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �r�a�t�e�s� �d�e�c�r�e�a�s�e�,� �a�n�d� �t�h�e� �n�e�u�t�r�a�l� �s�t�a�b�i�l�i�t�y� 

�c�u�r�v�e�s� �a�r�e� �s�h�i�f�t�e�d� �t�o� �l�a�r�g�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�;� �(�b�)� �d�e�s�t�a�b�i�l�i�z�e�s� �s�e�c�o�n�d�-�m�o�d�e� 

�(�h�i�g�h�-�f�r�e�q�u�e�n�c�y�)� �d�i�s�t�u�r�b�a�n�c�e�s� �-� �t�h�e� �u�n�s�t�a�b�l�e� �f�r�e�q�u�e�n�c�y� �r�e�g�i�o�n� �e�x�p�a�n�d�s� �a�n�d� �i�s� �s�h�i�f�t�e�d� 

�t�o� �l�a�r�g�e�r� �f�r�e�q�u�e�n�c�i�e�s�,� �w�h�i�l�e� �t�h�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �r�a�t�e�s� �i�n�c�r�e�a�s�e�;� �a�n�d� �(�c�)� �m�a�y� �l�e�a�d� �t�o� �t�h�e� 

�r�e�g�i�o�n� �o�f� �u�n�s�t�a�b�l�e� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t�-�m�o�d�e� �b�e�i�n�g� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o�.� �L�y�s�e�n�k�o� �a�n�d� 
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�M�a�s�l�o�v� �(�1�9�8�4�)� �f�o�u�n�d� �t�h�a�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �i�n� �q�u�a�l�i�t�a�t�i�v�e� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �t�h�e�o�r�y� �o�f� �h�y�d�r�o�d�y�n�a�m�i�c� �s�t�a�b�i�l�i�t�y�.� �A�l�-�M�a�a�i�t�a�h� �e�t� �a�l�.� �(�1�9�9�0�c�)� 

�p�e�r�f�o�r�m�e�d� �d�e�t�a�i�l�e�d� �c�a�l�c�u�l�a�t�i�o�n�s� �o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �o�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� 

�c�o�m�p�r�e�s�s�i�b�l�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�s�.� 

�F�i�g�u�r�e� �5�.�1� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�e�c�o�n�d�-�m�o�d�e� �p�r�i�m�a�r�y� 

�w�a�v�e� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �l�e�v�e�l�s� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �a�t� �M�.�=�4�.�5� �a�n�d� �R� �=� �1�5�5�0�.� 

�T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�o�s�t� �a�m�p�l�i�f�i�e�d� �m�o�d�e� �(�t�h�e� �p�e�a�k�)� �i�s� �d�e�s�t�a�b�i�l�i�z�e�d� �b�y� �c�o�o�l�i�n�g�,� 

�i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �(�M�a�c�k�,� �1�9�8�4�)�.� �F�i�g�u�r�e� �5�.�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� 

�g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �f�o�r� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e�s� �s�h�o�w�n� �i�n� 

�f�i�g�u�r�e� �5�.�1�.� �T�h�i�s� �f�i�g�u�r�e� �s�h�o�w�s� �t�h�a�t� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� �s�e�c�o�n�d� �m�o�d�e�,� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �s�t�r�o�n�g�l�y� �s�t�a�b�i�l�i�z�e�d� �b�y� �c�o�o�l�i�n�g�.� �F�i�g�u�r�e�s� �5�.�3� �a�n�d� �5�.�4� �a�r�e� �l�i�k�e� 

�f�i�g�u�r�e�s� �5�.�1� �a�n�d� �5�.�2�,� �b�u�t� �a�t� �M�,� �=�6�.�5� �a�n�d� �B� �=� �0�.�0�5�.� �T�h�e�y� �c�o�n�f�i�r�m� �t�h�e� �t�r�e�n�d�s� �i�n� �f�i�g�u�r�e�s� 

�5�.�1� �a�n�d� �5�.�2�.� 

�S�o� �f�a�r�,� �w�e� �h�a�v�e� �s�e�e�n� �t�h�a�t� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� �s�e�c�o�n�d� �m�o�d�e� �t�h�e� �m�o�s�t� 

�a�m�p�l�i�f�i�e�d� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �d�e�s�t�a�b�i�l�i�z�e�d� �w�h�e�r�e�a�s� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �i�s� �s�t�a�b�i�l�i�z�e�d� 

�b�y� �c�o�o�l�i�n�g�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �i�f� �w�e� �f�o�l�l�o�w� �a� �c�e�r�t�a�i�n� �w�a�v�e� �a�s� �i�t� �p�r�o�p�a�g�a�t�e�s� �d�o�w�n�s�t�r�e�a�m� 

�w�e� �w�i�l�l� �h�a�v�e� �t�w�o� �c�o�u�n�t�e�r� �e�f�f�e�c�t�s�.� �F�i�r�s�t� �c�o�o�l�i�n�g� �i�n�c�r�e�a�s�e�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� 

�w�a�v�e� �a�n�d� �t�h�u�s� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e�.� �S�e�c�o�n�d�,� �c�o�o�l�i�n�g� �s�t�a�b�i�l�i�z�e�s� 

�t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �a�n�d� �t�h�u�s� �d�e�c�r�e�a�s�e�s� �i�t�s� �g�r�o�w�t�h� �r�a�t�e�.� �T�h�e� �t�w�o� �c�o�m�b�i�n�e�d� �e�f�f�e�c�t�s� 

�a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e�s� �5�.�5� �a�n�d� �5�.�6�.� �F�i�g�u�r�e� �5�.�5� �s�h�o�w�s� �t�h�a�t� �c�o�o�l�i�n�g� �s�h�i�f�t�s� �t�h�e� �o�n�s�e�t� �o�f� �t�h�e� 

�s�u�b�h�a�r�m�o�n�i�c� �i�n�s�t�a�b�i�l�i�t�y� �t�o�w�a�r�d�s� �a� �h�i�g�h�e�r� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�.� �T�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� 
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�M�,�,� �=� �2�.�0�,� �R� �=� �6�0�0�,� �a�n�d� �B� �=� �0�.�2�.� �T�h�e�y� �c�o�n�f�i�r�m� �t�h�e� �t�r�e�n�d�s� �n�o�t�e�d� �i�n� �f�i�g�u�r�e�s� �5�.�8� �a�n�d� �5�.�9�.� 

�F�i�g�u�r�e� �5�.�1�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� �w�a�v�e� �w�i�t�h� 

�s�p�a�n�w�i�s�e� �w�a�v�e�n�u�m�b�e�r� �w�h�e�n� �t�h�e� �p�r�i�m�a�r�y� �w�a�v�e� �i�s� �a� �f�i�r�s�t� �m�o�d�e� �a�t� �M�,�=�4�.�5�.� �T�w�o� 

�t�h�i�n�g�s� �c�a�n� �b�e� �n�o�t�e�d� �i�n� �t�h�e� �f�i�g�u�r�e�.� �F�i�r�s�t�,� �c�o�o�l�i�n�g� �t�e�n�d�s� �t�o� �s�t�a�b�i�l�i�z�e� �t�h�e� �s�u�b�h�a�r�m�o�n�i�c� 
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