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(ABSTRACT) 

The analysis of ring type seals is of great concern for the designer of high speed and 

high pressure centrifugal compressors. Computers now play a major role in allowing 

for a quick evaluation of the floating ring seal. Since the accuracy of the rotor shaft 

stability evaluation depends on the validity of the dynamic seal characteristics, every 

step in the evaluation must be carefully scrutinized and updated to include the latest 

in theory and practical operating experience. This thesis presents the theory and 

results of one such extension to the current published analysis of oil ring seals. The 

new analysis includes the influence of the sealing fluid temperature gradients on the 

leakage flow rate and seal dynamic characteristics for multi-ring and/or multi-land 

ring configurations. Using classical short bearing theory but allowing for 

temperature and pressure dependent viscosity variations across the seal, the 

resulting pressure profiles have been determined numerically utilizing a finite 

difference solution technique. This thesis discusses the method used to calculate the 

flow and pressure profiles for oil seals, their influence on the seal dynamic 

characteristics, and the importance of their consideration on actual turbomachinery 

stability.
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Nomenclature 

Nomenclature 

area at individual nodes, (L2) 

viscosity pressure parameter, (L2/F) 

radial clearance of seal, (L) 

specific heat of sealing fluid, (FL/TM) 

journal diameter, (L) 

friction horsepower, (FL/t) 

hydrodynamic force on a single land, (F) 

hydrodynamic force on a single ring, (F) 

fluid film thickness, (L) 

mechanical equivalent of heat, (FL/FL) 

friction factor, (DIM) 

length of individual land, (L) 

total sealing length, (sum of 1;), (L) 

clearance ratio, (DIM) 

journal speed, (1/t) 

node 

pressure, (F/L2)



AP 

AP; 

AP 

AT 

AT; 

AT+ 

Nomenclature 

sealing fluid exit pressure, (F/L2) 

sealing fluid inlet pressure, (F/L2) 

pressure at individual nodes, (F/L2) 

flow through ring assembly, (L3/t) 

flow through an individual land, (L3/t) 

circumferential flow, (L3/t) 

axial flow, (L3/t) 

journal radius, (L) 

temperature, (T) 

sealing fluid exit temperatue, (T) 

temperature rise due to extrusion, (T) 

temperature rise due to friction, (T) 

sealing fluid inlet temperature, (T) 

friction torque on seal assembly, ring, or land, (FL) 

journal surface speed, (L/t) 

pressure profile coordinate system 

coordinate system 

pressure drop, (F/L2) 

individual land pressure drop, (F/L2) 

total seal assembly pressure drop, (F/L2) 

temperature rise, (T) 

individual land temperature rise, (T) 

total seal assembly temperature rise, (T)



Nomenclature 

right side of Viscosity Modified Reynold’s Equation, (F/L4) 

aP/az, (F/L3) 

eccentricity ratio, (DIM) 

fluid density, (F/L3) 

viscosity, (Ft/L2) 

angle, measured from the minimum film thickness, (DEG) 

shear stress, (F/L2)



Chapter 1 

INTRODUCTION 

Classical short journal bearing theory as developed by Ocvirk (1) has proved to 

be applicable to a wide variety of seal designs. It has been common practice in the 

centrifugal gas compressor industry to use oil seal lands having £/d’s ranging from 

0.05-0.4. These values are in the range of acceptable agreement of the short bearing 

theory as compared to full bearing solutions (2). Figures 1, 2 and 3 picture some 

typical oil ring seals with varing number of lands and £/d ratios and Figure 4 shows a 

diagram a complete seal assembly. One major limitation to the short bearing 

approach is the assumption of constant fluid viscosity along the axial length of the 

seal. For ring seals with a small £/d ratio this assumption is usually quite valid 

(3,4,5). However, for high pressure applications longer total sealing lengths are 

required and the constant viscosity assumption becomes more of a concern. 

In this paper, the derivation of the Viscosity Modified Reynolds’ Equation will 

be explained in detail along with the solution techniques used to determine the 

pressure profiles in ring type seals. Using the new calculation procedure, the 

dynamic characteristics of a seal assembly consisting of a single ring with multiple 

lands have evaluated. These results are compared to the values of eccentricity, 

1.0 Introduction 1



stiffness, and damping when neglecting the temperature dependent pressure 

gradient. 

In addition, the eccentricity evaluation of multi-ring seal assemblies will be 

discussed. The computer program, SEALS, developed for this thesis has the 

capabilities of handling multi-ring and/or multi-land ring seal assemblies. Past 

approaches assumed all rings centered to the same eccentricity regardless of 

individual ring geometries. Using SEALS and a current program in use that utilizes 

the equal centering assumption, comparisons are made in regards to centering 

characteristics and oil flow requirements. 
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Figure 1. Photograph of a Typical Single Land Ring Seal. 
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Figure 2. Photograph of a Typical 3-Land Seal. 
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Figure 3. Photograph of a Typical 7-Land Ring Seal. 
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Chapter 2 

REVIEW OF CLASSICAL SEAL THEORY 

This chapter reviews Reynolds’ Equation and the Short Bearing Theory as 

developed by Ocvirk (1). The discussion will show how the bearing analysis may be 

extended for the evaluation of laminar flow floating ring seals. It will also mention 

the limitations of these past approaches for the analysis of pressure profiles 

considering a temperture gradient in the sealing fluid. 

2.1 Reynolds’ Equation 

Journal bearing and ring type seals that are not turbulent may be modeled by a 

common equation for finding pressure distributions in the bearing or seal. 

Reynolds’ equation [1] has been used for more than a century for determining 

pressure profiles in journal bearings. 

    

a8 fh3aP @ fh3aP ah 
— + — = 64uU — [1] 
az iA ax ax ax 
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Although the above equation was developed considering a finite length 

bearing, Ockvirk (1) showed that a solution to Reynolds’ equation could be applied 

to bearings with a length to diameter ratio of less than one. Ocvirk’s short-bearing 

theory has been the guide for fluid film ring seal analysis since the £/d ratio is 

typically less than 0.5 

One important consideration in ring seal analysis is the effect of a temperature 

gradient along the axial length of the seal on the hydrodynamic pressure distribution. 

This consideration, which was not addressed properly by neither Reynolds nor 

Ocvirk, is the main focus for the presentation of this thesis. 

2.2 Ocvirk’s Short Bearing Theory 

The derivation of Reynolds’ Equation as applied to journal bearings by Ocvirk 

(1) will be presented first. Modifications to his method will be made taking into 

account the presence of a temperature gradient in the sealing fluid. Figures 5 and 6 

show the coordinate system used in this discussion. The derivation begins with the 

summation of forces on a fluid element in the oil film. Figure 7 illustrates the forces 

which are acting on the fluid element. This summation of forces gives the following 

two equations: 

aTy aP 

— = — [2] 
ay ax 
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aT aP 
— = — [2a] 
ay dz 

Assuming velocity profiles u and w the following equations may be written. 

du 

Ty = Bb [3] 
dy 

aw 

T = b— [3a] 
dy 

Differentiating Eqs. [3] and [3a] and substitution into [2] and [2a] , the next two 

relationships below are valid. 

a2u aP 
Bb = (4) 
ay? ax 

a2w ap 
b—- = [4a] 

ay? az 

With the assumptions given by Ocvirk (1) the velocity distributions in the x and z 

directions are determined by the integration of Eqs. [4] and [4a] and are as 

follows (see Figure 8). 

Uy 1 aP 
vu = — + — — y(y-h) [5] 

h 2u ax 
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1 aP 

v= — — y(y-h) [5a] 
2u 0 «az 

Now that the velocity profiles are known, the leakage flow rates in the x and z 

directions may be calculated. 

h Uh n> aP 
qd = f udydz = —_ —-- — —| dz [6] 

0 2 12u ax 

h h? ap 
Gz = f wdydx = - — —/| dx [6a] 

0 1l2pu az 

Assuming steady state flow and continuity is valid gives the next relationship. 

z 
dx + dg = dy + — ax + Qe + — AZ [7] 

ax az 

Therefore, the following is true. 

dqy ade 
— dx + —dz = 0 [7a] 
ax dz 

The principal simplifing assumption in Ocvirk’s derivation is that the 

h3/12u(aP/ax) term in circumferential flow is considered negliglible compared 
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to the magnitude of the other term in the equation. With this assumption, Eq. [6] 

may be rewritten as 

dx — dz [8] 

N 

Now, by differentiating Eqs. [8] and [6a] the following relationships are determined. 

a dy U ah 
— = |-~—| az [9] 
ax 2 ax 

daz a h3 = =x 9a} 

az az 12u az 

After substitution of the two above equations into the continuity equation [7a], the 

following governing equation is obtained. 

-— [10] 
a = =) U ah 

2 ax aZ (12p a2 

Ocvirk continued his derivation by moving the 12 term to the right side of the 

equation. With this step, the assumption of constant viscosity and therefore constant 

temperature along the length of the bearing is made. Notice that this gives the same 

result as Reynolds’ Equation [1] but without the second term. 
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2.3 Limitation of Past Theories 

If temperature gradients are to be considered, the viscosity of the fluid 

becomes a function of z, the length of the bearing or seal. Therefore, Reynolds’ 

Equation [1] and Ocvirk’s closed form short bearing solution derived from Eq. [10] 

are invalid. Starting with Eq. [10], a new relationship was derived. The discussion in 

the next chapter presents the continued derivation for the governing equation for 

pressure profile analysis considering variations in viscosity. 
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Chapter 3 

PRESENTATION OF NEW IDEAS 

The effect of sealing fluid temperature gradients on pressure distributions 

have typically been neglected in most bearing and seal analysis (3,4). Temperature 

gradients exist in reality but are rarely simulated in numerical solution procedures 

because of added time and difficulty. Common practice uses an average 

temperature, and therefore viscosity, for the entire ring seal. To question the validity 

of this approximation, the Viscosity Modified Reynolds’ Equation was derived and 

evaluated to determine the effects of considering temperature gradients in the 

sealing fluid. 

3.1 Derivation of the Viscosity Modified Reynolds’ Equation 

Ocvirk’s continued derivation of the short bearing approximation of Reynolds’ 

Equation past Eq. [10] considers constant sealing fluid viscosity. It will now be 

necessary to part from his method. Throughout the following derivation, the 

viscosity of the fluid will be considered to be variant along the length of the seal. 

3.0 Presentation of New Ideas 17



�C�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �v�a�r�i�a�t�i�o�n�s� �o�f� �v�i�s�c�o�s�i�t�y� �w�i�l�l� �n�o�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�d�e�r�i�v�a�t�i�o�n�.� 

�S�i�n�c�e� �t�h�e� �f�i�l�m� �t�h�i�c�k�n�e�s�s�,� �h�,� �i�s� �n�o�t� �a� �f�u�n�c�t�i�o�n� �o�f� �z�,� �E�q�.� �[�1�0�]� �c�a�n� �b�e� �s�i�m�p�l�i�f�i�e�d� �t�o� 

�g�i�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�.� 

�a� �1� �d�P� �6�U� �d�h�  ��E�g� �$�2�0� �a�z� �|�p� �a�z� �h�?� �g�x� 

�U�s�i�n�g� �t�h�e� �p�r�o�d�u�c�t� �r�u�l�e� �o�f� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �t�h�e� �l�e�f�t� �s�i�d�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �b�e�c�o�m�e�s�,� 

� �  ��  � �� �=� �=�  � �� �+�  �� 
�a� �-� �=� �1� �a�2�P�p� �a�P�  �� 

�[�1�2�]� 
�a�z� �|�p� �a�z� �p�a�z�?� �a�z� �a�z� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.� �[�1�2�]� �i�n�t�o� �[�1�1�]� �a�n�d� �m�u�l�t�i�p�l�y�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �b�y� �u� 

�g�i�v�e�s� �t�h�e� �V�i�s�c�o�s�i�t�y� �M�o�d�i�f�i�e�d� �R�e�y�n�o�l�d�s �� �E�q�u�a�t�i�o�n�.� 

 �� �+� �w�a� �=� �p�=�  �� �[�1�3�]� 
�a�z�2� �a�z� �h�3� �a�x� 

� � 

�a�2�p� �a�P� �a� �6�U� �a�h� 

�a�z� 

�F�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �c�a�n� �b�e� �m�a�d�e� �t�o� �E�q�.� �[�1�3�]� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �r�e�l�a�t�i�o�n�s�h�i�p�s�.� 

�h� �=� �C�,� �(�1� �+�  ¬�c�o�s�@�)� �[�1�4�]� 

�a�x� �=� �r�a�e� �[�1�5�]� 

�3�.�0� �P�r�e�s�e�n�t�a�t�i�o�n� �o�f� �N�e�w� �I�d�e�a�s� �1�8



�T�h�e�r�e�f�o�r�e�,� 

�d�h� �1� �d�h� 

�a�x� �r� �a�8� 

�a�n�d� 

�d�h� �1� 

�a�x� �r� 

�a�r�e� �v�a�l�i�d�.� 

�I�n� �i�t ��s� �f�i�n�a�l� �f�o�r�m�,� �t�h�e� �V�i�s�c�o�s�i�t�y� �M�o�d�i�f�i�e�d� �R�e�y�n�o�l�d�s �� �E�q�u�a�t�i�o�n� �t�h�e�n� �b�e�c�o�m�e�s�,� 

 ��$� �+� �p ��  � �� �(�-�C�,�e�s�i�n�e�)� 
�a�2�p� �a�P� �p�o� �y�6�U� 

�a�z�2� �a�z� �h�e�r� �a�z� 

�3�.�2� �A�s�s�u�m�p�t�i�o�n�s� �a�n�d� �L�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �N�e�w� �A�p�p�r�o�a�c�h� 

�[�1�6�]� 

�[�1�7�]� 

�[�1�8�]� 

�M�a�n�y� �d�i�f�f�i�c�u�l�t�i�e�s� �a�r�i�s�e� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� 

�i�n� �t�h�e� �f�l�u�i�d� �f�i�l�m�.� �T�h�e� �m�o�s�t� �o�b�v�i�o�u�s� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�x�a�c�t� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� 

�a�n�d� �r�e�s�u�l�t�i�n�g� �v�i�s�c�o�s�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �n�o�t� �k�n�o�w�n�.� �S�e�c�o�n�d�,� �e�v�e�n� �i�f� �t�h�e�y� �w�e�r�e� �k�n�o�w�n� 

�a�n� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �t�o� �E�q�.� �[�1�8�]� �w�o�u�l�d� �b�e� �i�m�p�o�s�s�i�b�l�e�.� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �p�r�e�s�e�n�c�e� 

�o�f� �t�h�e� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r�,� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�a�b�l�e�.� �T�h�e�s�e� �t�w�o� �r�e�a�s�o�n�s� 

�3�.�0� �P�r�e�s�e�n�t�a�t�i�o�n� �o�f� �N�e�w� �I�d�e�a�s� �1�9



�w�e�r�e� �p�r�o�b�a�b�l�y� �t�h�e� �m�a�j�o�r� �f�a�c�t�o�r�s� �i�n�f�l�u�e�n�c�i�n�g� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� �a�s�s�u�m�p�t�i�o�n�s� 

�m�a�d�e� �b�y� �b�o�t�h� �R�e�y�n�o�l�d�s� �a�n�d� �O�c�v�i�r�k�.� �N�o�t�e� �t�h�a�t� �a�l�l� �o�t�h�e�r� �a�s�s�u�m�p�t�i�o�n�s� �m�a�d�e� �b�y� �O�c�v�i�r�k� 

�(�1�)� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �p�r�e�c�e�d�i�n�g� �d�e�r�i�v�a�t�i�o�n�.� 

�3�.�0� �P�r�e�s�e�n�t�a�t�i�o�n� �o�f� �N�e�w� �I�d�e�a�s� �2�0



�C�h�a�p�t�e�r� �4� 

�S�O�L�U�T�I�O�N� �T�O� �T�H�E� �N�E�W� �A�P�P�R�O�A�C�H� 

�T�h�e�r�e� �a�r�e� �n�u�m�e�r�o�u�s� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �w�h�i�c�h� �a�r�e� �a�p�p�l�i�c�a�b�l�e� �f�o�r� 

�s�o�l�v�i�n�g� �t�h�e� �V�i�s�c�o�s�i�t�y� �M�o�d�i�f�i�e�d� �R�e�y�n�o�l�d�s �� �E�q�u�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �o�f� �i�t ��s� 

�s�i�m�p�l�i�c�i�t�y� �a�n�d� �e�a�s�e� �o�f� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �c�o�m�p�u�t�e�r� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� 

�m�e�t�h�o�d� �w�a�s� �c�h�o�s�e�n� �t�o� �s�o�l�v�e� �t�h�e� �v�i�s�c�o�s�i�t�y� �m�o�d�i�f�i�e�d� �e�q�u�a�t�i�o�n�.� 

�4�.�1� �E�x�p�l�a�n�a�t�i�o�n� �a�n�d� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �F�i�n�i�t�e� �D�i�f�f�e�r�e�n�c�e� �M�e�t�h�o�d� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �a�p�p�l�y�i�n�g� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �t�o� 

�d�i�v�i�d�e� �t�h�e� �e�n�t�i�r�e� �f�l�u�i�d� �f�i�l�m� �i�n�t�o� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �e�l�e�m�e�n�t�s� �o�f� �d�e�p�t�h� �h�.� �F�i�g�u�r�e� �9� 

�s�h�o�w�s� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �f�l�u�i�d� �f�i�l�m�.� 

�F�u�r�t�h�e�r� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �E�q�.� �[�1�8�]� �s�h�o�w�s� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�.� �A�t� �e�v�e�r�y� �d�i�s�c�r�e�t�e� �a�n�g�l�e� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�l�o�n�g� �t�h�e� �r�i�n�g� 

�c�a�n� �b�e� �f�o�u�n�d� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�s� �o�f� �t�h�e� �a�d�j�a�c�e�n�t� �e�l�e�m�e�n�t�s� �a�t� �+�A�®�.� �T�h�i�s� 

�r�e�a�l�i�z�a�t�i�o�n� �s�i�m�p�l�i�f�i�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �g�r�e�a�t�l�y�.� 

�4�.�0� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �N�e�w� �A�p�p�r�o�a�c�h� �2�1



�
 



�K�e�e�p�i�n�g� �i�n� �m�i�n�d� �t�h�a�t� �@�P�/�d�z� �i�s� �s�i�m�p�l�y� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �a�t� 

�a�n�y� �©� �a�n�d� �t�h�a�t� �4�/�a�z�(�a�@�P�/�a�z�)� �i�s� �t�h�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�h�e� �s�l�o�p�e� �a�l�l�o�w�s� �f�o�r� �t�h�e� �e�a�s�y� 

�m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �E�q�.� �[�1�8�]� �i�n�t�o� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �f�o�r�m�.� �T�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �f�o�r�m� �i�s� 

� � 

�m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�.� 

�A� �A�P� �A�P� �f�A�(�1�/�p�)� �E�6�U� 
 ��| ��|� �+� �p�p�  �� �=�  �� �(�-�C�y�e�s�i�n�é�@�)� �[�1�8�]� 
�A�z� �|�a�z� �A�z� �A�z� �h�e�r� 

�4�.�2� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�e� �e�a�s�i�l�y� �d�e�t�e�r�m�i�n�e�d� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �f�o�r� �a� �s�i�n�g�l�e� �r�i�n�g� �w�i�t�h� �o�n�e� �l�a�n�d�.� �T�h�e� �i�n�l�e�t� �p�r�e�s�s�u�r�e� �i�s� �e�q�u�a�l� �t�o� �t�h�e� 

�s�u�p�p�l�y� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �a�t� �d�i�s�t�a�n�c�e� �£� �i�s� �s�i�m�p�l�y� �t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e� �a�s� �i�n� �F�i�g�u�r�e� 

�1�0�.� �H�o�w�e�v�e�r�,� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �m�u�l�t�i�-�l�a�n�d� �a�n�d�/�o�r� �m�u�l�t�i�-�r�i�n�g� �s�e�a�l�s� �b�e�c�o�m�e� 

�i�n�c�r�e�a�s�i�n�g�l�y� �d�i�f�f�i�c�u�l�t� �a�n�d� �m�o�s�t�l�y� �i�m�p�r�a�c�t�i�c�a�l� �t�o� �d�e�t�e�r�m�i�n�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �A�l�t�h�o�u�g�h� 

�t�h�e� �s�u�p�p�l�y� �a�n�d� �e�x�i�t� �p�r�e�s�s�u�r�e�s� �a�r�e� �s�t�i�l�]� �k�n�o�w�n�,� �a�n�a�l�y�t�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �m�u�s�t� �b�e� �u�s�e�d� �t�o� 

�e�s�t�i�m�a�t�e� �p�r�e�s�s�u�r�e� �d�r�o�p�s� �a�c�r�o�s�s� �e�a�c�h� �l�a�n�d�.� �W�i�t�h� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �n�o� �p�r�e�s�s�u�r�e� 

�d�r�o�p� �o�c�c�u�r�s� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �g�r�o�o�v�e�,� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �g�i�v�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� 

�p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�i�r�e�c�t�l�y�.� 

�N�o�t� �o�n�l�y� �d�o� �p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �h�a�v�e� �t�o� �b�e� �f�o�u�n�d�,� �b�u�t� �a�n� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�t�r�i�b�u�t�i�o�n� �a�c�r�o�s�s� �e�a�c�h� �l�a�n�d� �m�u�s�t� �a�l�s�o� �b�e� 

�d�e�t�e�r�m�i�n�e�d�.� �U�n�l�i�k�e� �t�h�e� �p�r�e�s�s�u�r�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� �c�o�n�d�i�t�i�o�n�s�,� �o�n�l�y� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� 

�t�h�e� �f�l�u�i�d� �a�t� �t�h�e� �i�n�l�e�t� �i�s� �k�n�o�w�n�.� �T�h�e� �e�x�i�t� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �s�t�a�n�d�a�r�d� �f�l�o�w� 

�4�.�0� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �N�e�w� �A�p�p�r�o�a�c�h� �3



�T�y� �P�e� 

�P�i� 

�S�i�n�g�l�e� �L�a�n�d� �R�i�n�g� �S�e�a�l� 

� � 

�M�u�l�t�i�p�l�e� �L�a�n�d� �R�i�n�g� �S�e�a�l� 

�F�i�g�u�r�e� �1�0�.� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �S�i�n�g�l�e� �o�r� �M�u�l�t�i�-�l�a�n�d� �S�e�a�l�.� 

�4�.�0� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �N�e�w� �A�p�p�r�o�a�c�h� �2�4



�e�q�u�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�i�n�g� �f�r�i�c�t�i�o�n� �l�o�s�s�e�s� �a�n�d� �e�x�t�r�u�s�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �s�e�a�l�.� �O�n�c�e� �t�h�e� �e�x�i�t� 

�t�e�m�p�e�r�a�t�u�r�e� �i�s� �k�n�o�w�n�,� �a�n�a�l�y�t�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �u�s�e�d� �f�o�r� �p�r�e�s�s�u�r�e� �d�r�o�p�s� 

�a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �e�a�c�h� �l�a�n�d�.� �A� �d�e�t�a�i�l�e�d� �e�x�p�l�a�n�a�t�i�o�n� 

�o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �r�e�l�a�t�i�o�n�s�h�i�p�s� �u�s�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�i�l�l� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� 

�4�.�0� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �N�e�w� �A�p�p�r�o�a�c�h� �2�5



�C�h�a�p�t�e�r� �5� 

�D�I�S�C�U�S�S�I�O�N� �O�F� �C�O�M�P�U�T�E�R� �S�O�L�U�T�I�O�N� 

�A�l�l� �t�h�e� �r�o�u�t�i�n�e�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �a�n�d� �p�r�e�s�s�u�r�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �f�l�u�i�d� �f�i�l�m� �r�i�n�g� �s�e�a�l�s� �a�r�e� �u�s�e�d� �i�n� �a� �c�o�m�p�l�e�t�e� �s�e�a�l� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m� 

�w�r�i�t�t�e�n� �b�y� �t�h�e� �a�u�t�h�o�r�.� �T�h�e� �n�e�w� �p�r�o�g�r�a�m�,� �S�E�A�L�S�,� �i�s� �a� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r� �b�a�s�e�d� 

�p�r�o�g�r�a�m� �c�a�p�a�b�l�e� �o�f� �a�n�a�l�y�z�i�n�g� �m�u�l�t�i�p�l�e� �r�i�n�g� �a�s�s�e�m�b�l�i�e�s� �w�i�t�h� �a�s� �m�a�n�y� �a�s� �t�e�n� 

�s�i�n�g�l�e�-�l�a�n�d� �r�i�n�g�s� �o�r� �o�n�e� �t�e�n�-�l�a�n�d� �r�i�n�g�.� �T�h�e� �p�r�o�g�r�a�m� �u�t�i�l�i�z�e�s� �b�o�t�h� �B�A�S�I�C� �a�n�d� 

�F�O�R�T�R�A�N� �f�o�r� �a�n� �e�f�f�i�c�i�e�n�t� �a�n�d� �u�s�e�r� �f�r�i�e�n�d�l�y� �a�n�a�l�y�s�i�s� �p�a�c�k�a�g�e�.� �B�A�S�I�C� �i�s� �u�s�e�d� �f�o�r� 

�d�a�t�a� �e�n�t�r�y� �a�n�d� �m�a�n�i�p�u�l�a�t�i�o�n� �o�f� �r�e�s�u�l�t�s� �w�h�i�l�e� �a�l�l� �n�u�m�e�r�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �c�a�r�r�i�e�d� 

�o�u�t� �i�n� �d�o�u�b�l�e� �p�r�e�c�i�s�i�o�n� �F�O�R�T�R�A�N�.� �A� �b�r�i�e�f� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �g�e�n�e�r�a�l� �f�l�o�w� �o�f� �t�h�e� 

�p�r�o�g�r�a�m� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �n�e�x�t�.� �A� �d�e�t�a�i�l�e�d� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �t�h�e�o�r�y� �a�n�d� �c�a�l�c�u�l�a�t�i�o�n�s� 

�n�e�e�d�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �w�i�l�l� �t�h�e�n� �f�o�l�l�o�w�.� 

�5�.�1� �G�e�n�e�r�a�l� �O�u�t�l�i�n�e� �o�f� �P�r�o�g�r�a�m� 

�F�o�r� �t�h�o�s�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �c�o�m�p�u�t�e�r� �a�p�p�l�i�c�a�t�i�o�n�s� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �f�l�u�i�d� �f�i�l�m� �r�i�n�g� 

�s�e�a�l�s�,� �a� �b�r�i�e�f� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �o�f� �t�h�e� �p�r�o�g�r�a�m� �w�i�l�l� �b�e� �g�i�v�e�n�.� �T�h�e� �F�O�R�T�R�A�N� 
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�r�o�u�t�i�n�e�s� �a�r�e� �w�e�l�l� �d�o�c�u�m�e�n�t�e�d� �a�n�d� �a�r�e� �e�a�s�i�l�y� �f�o�l�l�o�w�e�d� �g�i�v�e�n� �s�o�m�e� �p�r�i�o�r� �g�e�n�e�r�a�l� 

�k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�u�b�j�e�c�t�.� �T�h�e� �p�r�o�g�r�a�m� �i�s� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �a� �m�a�i�n� �p�r�o�g�r�a�m� �a�n�d� 

�s�e�v�e�r�a�l� �m�a�j�o�r� �s�u�b�r�o�u�t�i�n�e�s�.� �T�h�e� �m�a�i�n� �p�r�o�g�r�a�m� �o�n�l�y� �c�o�n�t�r�o�l�s� �t�h�e� �g�e�n�e�r�a�l� �f�l�o�w� �o�f� �t�h�e� 

�p�r�o�g�r�a�m�.� �T�h�e� �m�a�j�o�r� �s�u�b�r�o�u�t�i�n�e�s� �i�n�c�l�u�d�e� �L�O�C�K�,� �M�U�L�T�I�,� �P�T�I�T�E�R�,� �P�R�E�S�S�,� �O�I�L�S�,� 

�S�T�I�F�F�,� �D�3� �a�n�d� �P�R�N�T�.� �A� �b�r�i�e�f� �d�i�s�c�u�s�s�i�o�n� �o�f� �e�a�c�h� �i�s� �i�n� �o�r�d�e�r� �t�o� �e�a�s�i�l�y� �f�o�l�l�o�w� �t�h�e� 

�p�r�o�g�r�a�m�.� 

�M�U�L�T�I� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�i�n�g� �f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� 

�c�o�n�d�i�t�i�o�n�s�.� �M�U�L�T�I� �u�s�e�s� �P�T�I�T�E�R�,� �L�O�C�K�,� �a�n�d� �P�R�E�S�S� �e�x�t�e�n�s�i�v�e�l�y�.� �A�t� �a�n�y� �g�i�v�e�n� �s�e�t� 

�o�f� �o�v�e�r�a�l�l� �c�o�n�d�i�t�i�o�n�s� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �w�i�t�h� �P�T�I�T�E�R�.� �L�O�C�K� �i�s� �u�s�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�l�o�c�k�i�n�g� �f�o�r�c�e�s� �t�h�a�t� �t�h�e� �r�i�n�g� �i�s� �e�x�p�e�r�i�e�n�c�i�n�g� �u�n�d�e�r� �b�o�t�h� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �c�o�n�d�i�t�i�o�n�s�.� 

�A� �s�p�e�c�i�a�l� �p�r�o�b�l�e�m� �w�i�t�h� �m�u�l�t�i�-�r�i�n�g� �s�e�a�l� �a�s�s�e�m�b�l�i�e�s� �i�s� �t�h�a�t� �l�o�c�k�i�n�g� �f�o�r�c�e�s� �o�n� �t�h�e� �i�n�n�e�r� 

�r�i�n�g�s� �v�a�r�y� �w�i�t�h� �t�h�e� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �d�r�o�p� �a�c�c�r�o�s�s� �t�h�e� �r�i�n�g�s�.� �G�i�v�e�n� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�n�d� �r�e�s�u�l�t�i�n�g� �h�y�d�r�o�d�y�a�m�i�c� 

�f�o�r�c�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �P�R�E�S�S�.� �F�o�r� �e�c�c�e�n�t�r�i�c�i�t�y� �e�v�a�l�u�a�t�i�o�n�,� �t�h�e� �r�i�n�g� �i�s� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �c�o�m�p�l�e�t�e�l�y� �e�c�c�e�n�t�r�i�c� �a�t� �s�t�a�r�t�-�u�p� �a�n�d� �w�i�l�l� �b�e�g�i�n� �m�o�v�i�n�g� �w�h�e�n� �t�h�e� 

�h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �b�e�c�o�m�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �s�t�a�t�i�c� �l�o�c�k�i�n�g� �f�o�r�c�e�s� �f�o�r� �t�h�e� �g�i�v�e�n� �r�i�n�g� 

�g�e�o�m�e�t�r�y�.� �T�h�e� �r�i�n�g� �i�s� �a�s�s�u�m�e�d� �t�o� �c�o�n�t�i�n�u�e� �m�o�v�i�n�g� �u�n�t�i�l� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� 

�f�a�l�l� �b�e�l�o�w� �t�h�e� �d�y�n�a�m�i�c� �l�o�c�k�i�n�g� �f�o�r�c�e�s� �o�n� �t�h�e� �r�i�n�g�.� �T�h�e� �o�p�e�r�a�t�i�n�g� �e�c�c�e�n�t�r�i�c�i�t�y� 

�e�v�a�l�u�a�t�i�o�n� �i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �M�U�L�T�I� �a�n�d� �u�s�e�s� �P�T�I�T�E�R�,� �L�O�C�K�,� �a�n�d� �P�R�E�S�S� �i�n� �a�n� 

�i�t�e�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �S�T�I�F�F� �c�o�m�p�l�e�t�e�s� �t�h�e� �a�n�a�l�y�s�i�s� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� 

�d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�i�n�g� �s�m�a�l�l� �p�e�r�t�u�b�a�t�i�o�n� �m�e�t�h�o�d�s�.� �O�I�L�S� �a�n�d� �D�3� �a�r�e� �a�d�d�i�t�i�o�n�a�l� 

�r�o�u�t�i�n�e�s� �u�s�e�d� �f�o�r� �f�i�n�d�i�n�g� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �o�i�l�s� �a�n�d� �f�o�r� 

�d�a�t�a� �i�n�t�e�r�p�o�l�a�t�i�o�n�.� �P�R�N�T� �s�i�m�p�l�y� �p�r�i�n�t�s� �t�h�e� �r�e�s�u�l�t�s�.� 
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�S�i�n�c�e� �t�h�e� �t�o�p�i�c� �o�f� �t�h�i�s� �t�h�e�s�i�s� �c�o�n�c�e�r�n�s� �t�h�e� �d�e�t�e�m�i�n�a�t�i�o�n� �o�f� �p�r�e�s�s�u�r�e� �p�r�o�f�i�l�e�s� �i�n� 

�o�i�l� �r�i�n�g� �s�e�a�l�s� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �i�n� �t�h�e� �s�e�a�l�i�n�g� �f�l�u�i�d�,� 

�c�a�l�c�u�l�a�t�i�o�n�s� �i�n� �t�w�o� �o�f� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �r�o�u�t�i�n�e�s�,� �P�T�I�T�E�R� �a�n�d� �P�R�E�S�S�,� �w�i�l�l� �b�e� 

�e�x�p�l�a�i�n�e�d� �f�u�l�l�y�.� �T�h�e� �m�e�t�h�o�d� �u�s�e�d� �f�o�r� �m�u�l�t�i�-�r�i�n�g� �e�c�c�e�n�t�r�i�c�i�t�y� �e�v�a�l�u�t�a�t�i�o�n� �w�i�l�l� �a�l�s�o� �b�e� 

�b�r�e�i�f�l�y� �d�i�s�c�u�s�s�e�d�.� 

�5�.�2� �D�e�t�a�i�l�e�d� �A�n�a�l�y�s�i�s� �o�f� �M�e�t�h�o�d� 

�T�h�i�s� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �r�i�n�g� �s�e�a�l�s� �w�i�l�l� �b�e� 

�c�a�r�r�i�e�d� �o�u�t� �i�n� �a� �s�p�e�c�i�f�i�c� �o�r�d�e�r�.� �C�o�n�s�i�d�e�r� �a� �s�e�a�l� �a�s�s�e�m�b�l�y� �o�p�e�r�a�t�i�n�g� �a�t� �d�e�s�i�g�n� �s�p�e�e�d� 

�w�i�t�h� �g�i�v�e�n� �i�n�l�e�t� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �c�o�n�s�i�s�t� �o�f� �f�i�v�e� �s�t�e�p�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e�s�e� �s�t�e�p�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �i�n� �a�n� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�s�s�,� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� 

�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n�s� �t�h�e�y� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� 

�e�s�t�i�m�a�t�e� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� 

�o�f� �t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y�.� �S�e�c�o�n�d� �i�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �l�o�c�k�i�n�g� �f�o�r�c�e�s� �o�n� �e�a�c�h� �r�i�n�g�.� 

�T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �e�a�c�h� �l�a�n�d� �i�n� �t�h�e� �a�s�s�e�m�b�l�y� 

�c�o�m�p�l�e�t�e�s� �t�h�e� �t�h�i�r�d� �s�t�e�p�.� �T�h�e� �f�o�u�r�t�h� �s�t�e�p� �i�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �o�n� 

�e�a�c�h� �r�i�n�g�.� �T�h�e� �f�i�f�t�h� �a�n�d� �f�i�n�a�l� �s�t�e�p� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�e�r�a�t�i�n�g� �e�c�c�e�n�t�r�i�c�i�t�y� �f�o�r� �e�a�c�h� 

�r�i�n�g�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �a�l�l� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�r�e� �f�o�r� �E�n�g�l�i�s�h� 

�u�n�i�t�s� �b�u�t� �c�a�n� �e�a�s�i�l�y� �b�e� �c�h�a�n�g�e�d� �t�o� �t�h�e� �S�.�I�.� �s�y�s�t�e�m� �b�y� �t�h�e� �u�s�e� �o�f� �t�h�e� �p�r�o�p�e�r� �c�o�n�v�e�r�s�i�o�n� 

�f�a�c�t�o�r�s�.� 
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�5�.�2�.�1� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �i�n� �t�h�e� �f�l�u�i�d� �a�s� �i�t� �f�l�o�w�s� �t�h�r�o�u�g�h� �t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �r�e�s�u�l�t� �o�f� �h�e�a�t� �g�e�n�e�r�a�t�i�o�n� �c�a�u�s�e�d� �b�y� �f�r�i�c�t�i�o�n� �a�n�d� �e�x�t�r�u�s�i�o�n�.� 

�T�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s� �f�r�o�m� 

�r�e�f�e�r�e�n�c�e� �(�6�)�.� �A�n� �a�v�e�r�a�g�e� �v�i�s�c�o�s�i�t�y� �b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �a�c�r�o�s�s� 

�t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �t�o�t�a�l� �f�r�i�c�t�i�o�n� �t�o�r�q�u�e� 

�a�c�t�i�n�g� �o�n� �t�h�e� �s�e�a�l� �i�s� �d�e�f�i�n�e�d� �a�s�,� 
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�a�n�d� �t�h�e� �f�r�i�c�t�i�o�n� �h�o�r�s�e�p�o�w�e�r� �l�o�s�s� �a�s�,� 

�F�H�P� �=� �p�Q� �C�p� �A�T�¢� �=� 
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�r�e�l�a�t�i�o�n�s�h�i�p�,� 

�A�P�t� 

�A�T�e�y� �=� �[�2�3�]� 
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�T�h�e�r�e�f�o�r�e�,� �t�h�e� �t�o�t�a�l� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �a�c�r�o�s�s� �a� �s�e�a�l� �a�s�s�e�m�b�l�y� �i�s� �a�s� �g�i�v�e�n� �b�e�l�o�w�.� 

�A�T�y� �=� �A�T�e�y� �+� �A�T�e� �[�2�4�]� 

�S�i�n�c�e� �t�h�e� �a�x�i�a�l� �l�e�a�k�a�g�e� �f�l�o�w� �r�a�t�e�,� �Q�,� �i�s� �d�e�f�i�n�e�d� �a�s�,� 

�A�P�,� �m�?� �r�4� �x�(�1� �+� �3�/�2�  ¬�2�)� 
� � �O�o� �l�l� �[�2�5�]� 

�6� �w�h�e� 

�s�u�b�s�t�i�t�u�t�i�o�n� �i�n�t�o� �E�q�.� �[�2�4�]� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �g�l�o�b�a�l� �t�e�m�p�e�r�a�t�u�r�e� 

�r�i�s�e� �a�c�r�o�s�s� �t�h�e� �e�n�t�i�r�e� �s�e�a�l� �a�s�s�e�m�b�l�y�.� 

�(�u� �f�+� �X�r� �N�)�2� �(�K�e�3�)� �A�P� 
�A�T�e� �=� �+� 

�p� �C�p� �c�r�4� �A�P�,� �(�3�3�0�0�0�)� �(�1� �+� �3�/�2�  ¬�?�)� �J�y�C�y� 
� � � � �[�2�6�]� 

�I�n� �o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �n�e�x�t� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �b�a�s�e�d� 

�o�n� �g�e�o�m�e�t�r�y� �a�l�o�n�e�.� �T�h�e� �i� �s�u�b�s�c�r�i�p�t� �d�e�n�o�t�e�s� �s�e�p�a�r�a�t�e� �l�a�n�d�s�.� 
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�L� �C�r�y� 

�T�h�e�s�e� �t�w�o� �e�q�u�a�t�i�o�n�s� �a�r�e� �o�n�l�y� �u�s�e�d� �f�o�r� �o�b�t�a�i�n�i�n�g� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �o�f� 

�i�n�d�i�v�i�d�u�a�l� �l�a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �o�r�d�e�r� �t�o� �g�r�e�a�t�l�y� �s�p�e�e�d� �u�p� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� 

�t�e�m�p�e�r�a�t�u�r�e� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�s�s�.� 

�G�i�v�e�n� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s� 

�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �p�r�e�v�i�o�u�s� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �l�e�a�k�a�g�e� �f�l�o�w� �r�a�t�e� �t�h�r�o�u�g�h� �e�a�c�h� �l�a�n�d� �i�s� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �[�2�5�]� �w�i�t�h� �t�h�e� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �4�P�;�,� �4�4�,� �C�r�y� �a�n�d� �b�y� �u�s�i�n�g� 

�a�v�e�r�a�g�e� �l�a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �v�i�s�c�o�s�i�t�y�.� �P�r�e�s�s�u�r�e� �d�r�o�p�s� �a�c�r�o�s�s� �e�a�c�h� 

�l�a�n�d� �a�r�e� �t�h�e�n� �a�d�j�u�s�t�e�d� �s�o� �t�h�a�t� �t�h�e� �f�l�o�w� �r�a�t�e�s� �w�i�l�l� �m�a�t�c�h�.� �W�i�t�h� �t�h�e� �n�e�w� �e�s�t�i�m�a�t�e� �o�n� 

�A�P�;�,� �n�e�w� �A�T�,� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �E�q�.� �[�2�6�]�.� �U�s�i�n�g� �t�h�e� �n�e�w� �t�e�m�p�e�r�a�t�u�r�e�s�,� �f�l�o�w� 

�r�a�t�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �s�u�c�c�e�s�s�i�v�e� �i�t�e�r�a�t�i�o�n�s� �o�n� �A�T�;�,� 

�O�P�;� �a�n�d� �Q�;� �a�r�e� �w�i�t�h�i�n� �a� �p�r�e�s�c�r�i�b�e�d� �t�o�l�e�r�a�n�c�e�.� 
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�A�f�t�e�r� �p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �e�a�c�h� �l�a�n�d� �a�r�e� �d�e�t�e�r�m�i�n�e�d�,� �t�o�t�a�l� 

�p�r�e�s�s�u�r�e� �d�r�o�p�s� �a�c�r�o�s�s� �e�a�c�h� �r�i�n�g� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� 

�d�r�o�p�s�.� �O�n� �e�a�c�h� �r�i�n�g�,� �t�h�e�r�e� �i�s� �a� �n�e�t� �a�x�i�a�l� �p�r�e�s�s�u�r�e� �l�o�a�d� �d�u�e� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�t�i�a�l� 
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�r�i�n�g�s�.� �T�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y� �e�x�p�e�r�i�e�n�c�e�s� �a� �t�o�t�a�l� �p�r�e�s�s�u�r�e� �d�r�o�p� �f�r�o�m� �t�h�e� �s�u�p�p�l�y� �p�r�e�s�s�u�r�e�,� 

�P�y�,� �t�o� �t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e�,� �P�y�.� �T�h�i�s� �p�r�e�s�s�u�r�e� �d�r�o�p� �c�r�e�a�t�e�s� �a�n� �a�x�i�a�l� �l�o�a�d� �o�n� �t�h�e� 

�a�s�s�e�m�b�l�y�.� �K�n�o�w�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �d�r�o�p� �a�c�r�o�s�s� �e�a�c�h� �r�i�n�g� �a�l�l�o�w�s� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� 

�o�f� �t�h�e� �a�x�i�a�l� �l�o�a�d� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �e�a�c�h� �r�i�n�g�.� �F�i�g�u�r�e�s� �1�2� �a�n�d� �1�3� �s�h�o�w� �t�h�e� �i�n�d�i�v�i�d�u�a�l� 

�r�i�n�g�s� �o�f� �F�i�g�u�r�e� �1�1� �a�n�d� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �t�h�a�t� �e�f�f�e�c�t� �t�h�e� 

�l�o�c�k�i�n�g� �f�o�r�c�e�s� �(�l�o�c�k�i�n�g� �f�o�r�c�e� �r�e�f�e�r�s� �t�o� �t�h�e� �f�o�r�c�e� �r�e�q�u�i�r�e�d� �t�o� �m�o�v�e� �a� �r�i�n�g� �r�a�d�i�a�l�l�y�)�.� 

�T�h�e� �p�r�e�s�s�u�r�e� �d�r�o�p� �a�c�r�o�s�s� �t�h�e� �l�a�p�p�e�d� �s�e�a�l�i�n�g� �f�a�c�e� �o�f� �e�a�c�h� �r�i�n�g� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�l�i�n�e�a�r�.� 
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�a�n�d� �i�s� �e�a�s�i�l�y� �a�d�a�p�t�e�d� �t�o� �a� �c�o�m�p�u�t�e�r� �s�o�l�u�t�i�o�n�.� �O�n�e� �p�o�i�n�t� �t�h�a�t� �s�h�o�u�l�d� �b�e� �r�e�a�l�i�z�e�d� �i�s� 

�t�h�a�t� �t�h�i�s� �s�o�l�u�t�i�o�n� �r�e�q�u�i�r�e�s� �t�h�a�t� �P�;� �a�n�d� �£�4� �b�e� �k�n�o�w�n�.� �F�i�g�u�r�e� �1�6� �i�l�l�u�s�t�r�a�t�e�s� �a� �p�r�e�s�s�u�r�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �a�c�r�o�s�s� �a� �s�i�n�g�l�e� �l�a�n�d� �a�t� �a�n� �a�r�b�i�t�r�a�r�y� �a�n�g�l�e�.� �S�i�n�c�e� �t�h�i�s� �i�s� �a� �b�o�u�n�d�a�r�y� �v�a�l�u�e� 

�p�r�o�b�l�e�m� �a�n�d� �n�o�t� �a�n� �i�n�i�t�i�a�l� �v�a�l�u�e� �p�r�o�b�l�e�m�,� �a�n� �i�n�i�t�i�a�l� �q�u�e�s�s� �m�u�s�t� �b�e� �u�s�e�d� �f�o�r� �#�3�.� 

�U�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�,� �w�h�e�r�e� �j� �i�s� �t�h�e� �i�t�e�r�a�t�i�o�n� 

�n�u�m�b�e�r�,� �t�h�e� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �g�r�e�a�t�l�y� �r�e�d�u�c�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �c�o�r�r�e�c�t� 

�8�,� �f�o�r� �c�o�m�p�l�i�a�n�c�e� �w�i�t�h� �t�h�e� �e�x�i�t� �p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� 

� � �P�r�a�y�,� �=� �F�a�y� �-� �[�3�8�]� 
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�F�i�g�u�r�e� �1�6�.� �P�r�e�s�s�u�r�e� �G�r�a�d�i�e�n�t� �A�c�r�o�s�s� �a� �S�i�n�g�l�e� �L�a�n�d�.� 

�5�.�0� �D�i�s�c�u�s�s�i�o�n� �o�f� �C�o�m�p�u�t�e�r� �S�o�l�u�t�i�o�n� �4�1



�5�.�2�.�4� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �H�y�d�r�o�d�y�n�a�m�i�c� �F�o�r�c�e�s� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �f�l�o�a�t�i�n�g� �r�i�n�g� �s�e�a�l� 

�a�s�s�e�m�b�l�y�,� �t�h�e� �f�o�r�c�e�s� �d�u�e� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �i�n� �t�h�e� �f�l�u�i�d� �f�i�l�m� �m�u�s�t� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� 

�e�a�c�h� �r�i�n�g�.� �T�h�i�s� �i�s� �a� �s�i�m�p�l�e� �m�a�t�t�e�r� �k�n�o�w�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�a�n�d� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�p�r�e�v�i�o�u�s�l�y� �c�o�m�p�u�t�e�d�.� �E�a�c�h� �n�o�d�a�l� �p�r�e�s�s�u�r�e� �a�c�t�s� �o�n� �a� �d�i�s�c�r�e�t�e� �a�r�e�a� �o�f� �t�h�e� �r�i�n�g� �d�e�f�i�n�e�d� 

�b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�v�i�s�i�o�n�s� �i�n� �t�h�e� �f�l�u�i�d� �f�i�l�m� �g�r�i�d�.� �R�e�c�a�l�l� �F�i�g�u�r�e�s� �9� �a�n�d� �1�6� �i�l�l�u�s�t�r�a�t�e� 

�t�h�e� �f�i�l�m� �g�r�i�d� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �g�r�i�d� �a�t� �a� �s�i�n�g�l�e� �a�n�g�l�e�.� �S�i�n�c�e� �t�h�e� �f�i�l�m� 

�g�r�i�d� �c�o�n�t�a�i�n�s� �t�e�n� �n�o�d�e�s� �a�x�i�a�l�l�y� �a�t� �e�v�e�r�y� �s�i�x� �d�e�g�r�e�e�s�,� �c�o�m�p�u�t�i�n�g� �r�i�n�g� �h�y�d�r�o�d�y�n�a�m�i�c� 

�f�o�r�c�e�s� �i�s� �a� �s�i�m�p�l�y� �a� �m�a�t�t�e�r� �o�f� �a�d�d�i�n�g� �t�h�e� �p�r�o�d�u�c�t� �o�f� �i�n�d�i�v�i�d�u�a�l� �n�o�d�a�l� �p�r�e�s�s�u�r�e�s� �a�n�d� 

�n�o�d�a�l� �a�r�e�a�s�.� �E�q�u�a�t�i�o�n�s� �[�3�9�]� �a�n�d� �[�4�0�]� �s�h�o�w� �t�h�e� �s�u�m�m�a�t�i�o�n� �p�r�o�c�e�s�s�.� 
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�5�.�2�.�5� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �R�i�n�g� �E�q�u�i�l�i�b�r�i�u�m� �P�o�s�i�t�i�o�n� 

�T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �r�i�n�g� �s�e�a�l� �a�s�s�e�m�b�l�y� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n� �i�s� �t�h�e� �l�a�s�t� �s�t�e�p� �i�n� 

�t�h�e� �s�e�a�l� �a�n�a�l�y�s�i�s� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l�.� �T�h�i�s� �s�t�e�p� �i�s� �a�n� �i�n�t�e�g�r�a�l� �p�a�r�t� �o�f� �t�h�e� �a�c�c�u�r�a�t�e� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �d�y�n�a�m�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y�.� �P�a�s�t� �m�e�t�h�o�d�s� �o�f� 

�d�e�t�e�r�m�i�n�i�n�g� �o�p�e�r�a�t�i�n�g� �p�o�s�i�t�i�o�n�s� �o�f� �s�i�n�g�l�e� �o�r� �m�u�l�t�i�-�r�i�n�g� �a�s�s�e�m�b�l�i�e�s� �u�t�i�l�i�z�e� �c�u�r�v�e� 

�5�.�0� �D�i�s�c�u�s�s�i�o�n� �o�f� �C�o�m�p�u�t�e�r� �S�o�l�u�t�i�o�n� �4�2



�f�i�t�t�i�n�g� �o�f� �t�h�e� �S�h�o�r�t�-�B�e�a�r�i�n�g� �S�o�m�m�e�r�f�e�l�d� �N�u�m�b�e�r�,� 

�S�s� �=� �(�u�D�L�N�/�W�)� �(�R�/�C�)� �2� �(�L�/�D�)� �2� �[�4�1�]� 

�I�n� �a�d�d�i�t�i�o�n�,� �f�o�r� �m�u�l�t�i�-�r�i�n�g� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �e�a�c�h� �r�i�n�g� �w�a�s� �a�s�s�u�m�e�d� �t�o� �o�p�e�r�a�t�e� �a�t� �t�h�e� 

�s�a�m�e� �e�c�c�e�n�t�r�i�c�i�t�y� �r�e�g�a�r�d�l�e�s�s� �o�f� �i�n�d�i�v�i�d�u�a�l� �r�i�n�g� �g�e�o�m�e�t�r�y�.� �I�n� �r�e�a�l�i�t�y�,� �i�n�d�i�v�i�d�u�a�l� �r�i�n�g�s� 

�d�o� �n�o�t� �o�p�e�r�a�t�e� �a�t� �t�h�e� �s�a�m�e� �e�c�c�e�n�t�r�i�c�i�t�y� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�u�r�r�e�n�t� �p�r�o�g�r�a�m�s� �i�n� �u�s�e� �t�o�d�a�y� 

�m�a�y� �b�e� �m�i�s�l�e�a�d�i�n�g� �o�r� �s�i�m�p�l�y� �i�n�a�c�c�u�r�a�t�e�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �p�u�b�l�i�s�h�e�d� �l�i�t�e�r�a�t�u�r�e� �o�n� 

�m�u�l�t�i�-�r�i�n�g� �s�e�a�l� �a�n�a�l�y�s�i�s�,� �S�E�A�L�S� �i�s� �t�h�e� �f�i�r�s�t� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �w�i�t�h� �t�h�i�s� �c�a�p�a�b�i�l�i�t�y�.� 

�C�o�n�s�i�d�e�r� �a�g�a�i�n� �t�h�e� �2�-�r�i�n�g� �s�e�a�l� �a�s�s�e�m�b�l�y� �o�f� �F�i�g�u�r�e� �1�1�.� �F�o�r� �e�c�c�e�n�t�r�i�c�i�t�y� 

�e�v�a�l�u�a�t�i�o�n� �i�t� �i�s� �m�e�s�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �a�l�l� �f�o�r�c�e�s� �a�c�t�i�n�g� �o�n� �e�a�c�h� �r�i�n�g�.� �F�i�g�u�r�e� �1�7� 

�s�h�o�w�s� �t�h�e� �F�r�e�e�-�B�o�d�y� �D�i�a�g�r�a�m� �f�o�r� �e�a�c�h� �r�i�n�g�.� �P�l�e�a�s�e� �n�o�t�e� �t�h�a�t� �F�i�g�u�r�e� �1�7� �o�n�l�y� 

�i�n�c�l�u�d�e�s� �n�o�n�-�s�y�m�m�e�t�r�i�c� �f�o�r�c�e�s�.� �A�l�l� �o�t�h�e�r� �f�o�r�c�e�s� �h�a�v�e� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� 

�e�v�a�l�u�a�t�i�o�n�.� 

�I�n�i�t�i�a�l�l�y� �a�l�l� �r�i�n�g�s� �a�r�e� �a�s�s�u�m�e�d� �a�t� �r�e�s�t� �w�i�t�h� �a�n� �e�c�c�e�n�t�i�c�i�t�y� �r�a�t�i�o� �o�f� �0�.�8�0�.� �S�i�n�c�e� 

�f�l�o�a�t�i�n�g� �r�i�n�g� �s�e�a�l�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�s�i�g�n�e�d� �t�o� �o�p�e�r�a�t�e� �c�e�n�t�e�r�e�d� �i�n� �o�r�d�e�r� �t�o� �m�i�n�i�m�i�z�e� 

�l�e�a�k�a�g�e�,� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t� �o�f� �0�.�8�0� �w�a�s� �c�h�o�s�e�n� �a�s� �a� �m�e�d�i�u�m� �b�e�t�w�e�e�n� �a� �t�o�t�a�l�l�y� 

�e�c�c�e�n�t�r�i�c� �r�i�n�g� �a�n�d� �a� �r�i�n�g� �o�p�e�r�a�t�i�n�g� �a�t� �0�.�5�0�.� �T�h�i�s� �i�s� �d�o�n�e� �t�o� �s�p�e�e�d� �u�p� �c�o�m�p�u�t�e�r� 

�i�t�e�r�a�t�i�o�n� �t�i�m�e� �o�n�l�y� �a�n�d� �d�o�e�s� �n�o�t� �e�f�f�e�c�t� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �r�i�n�g�s� �o�p�e�r�a�t�i�n�g� �a�b�o�v�e� �0�.�8�.� 

�U�s�i�n�g� �a�n� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�s�s� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o� �i�s� �d�e�c�r�e�a�s�e�d� �i�n� �s�m�a�l�l� 

�i�n�c�r�e�m�e�n�t�s� �u�n�t�i�l� �o�n�e� �o�f� �t�h�e� �r�i�n�g�s� �i�n� �t�h�e� �a�s�s�e�m�b�l�y� �l�o�c�k�s�.� �F�o�r� �r�i�n�g� �1�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� 

�e�x�i�s�t�s� �w�h�e�n� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e� �b�e�c�o�m�e�s� �l�e�s�s� �t�h�a�n� �t�h�e� �f�r�i�c�t�i�o�n� �f�o�r�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�r�i�n�g� �1�-�2� �i�n�t�e�r�f�a�c�e�.� �F�o�r� �r�i�n�g� �2�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e� �o�n� 

�t�h�e� �r�i�n�g� �a�n�d� �t�h�e� �f�r�i�c�t�i�o�n� �f�o�r�c�e� �o�f� �t�h�e� �1�-�2� �i�n�t�e�r�f�a�c�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �f�r�i�c�t�i�o�n� �f�o�r�c�e� �o�f� 

�5�.�0� �D�i�s�c�u�s�s�i�o�n� �o�f� �C�o�m�p�u�t�e�r� �S�o�l�u�t�i�o�n� �4�3
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�\� 

�5�.�0� �D�i�s�c�u�s�s�i�o�n� �o�f� �C�o�m�p�u�t�e�r� �S�o�l�u�t�i�o�n� 

� � 

�T�o�t�a�l� �P�r�e�s�s�u�r�e� �L�o�a�d� 
�(�R�i�n�g� �1�-�2� �i�n�t�e�r�f�a�c�e�)� 

�F�r�i�c�t�i�o�n� �F�o�r�c�e� 

�e�e� 
�T�r�a�n�s�f�e�r� �L�o�a�d� 
�(�R�i�n�g� �1�-�2� �i�n�t�e�r�f�a�c�e�)� 

�R�i�n�g� �1� 

�R�i�n�g� �W�e�i�g�h�t� 

�a�y�n� �F�o�r�c�e� 

�F�r�e�e� �B�o�d�y� �D�i�a�g�r�a�m� �o�f� �a� �2�-�R�i�n�g� �S�e�a�l� �A�s�s�e�m�b�l�y� �f�o�r� 
�E�c�c�e�n�t�r�i�c�i�t�y� �E�v�a�l�u�a�t�i�o�n�.� 

� � 

�T�o�t�a�l� �P�r�e�s�s�u�r�e� 
�L�o�a�d� �(�R�i�n�g� �1�)� 

�S�p�r�i�n�g� �L�o�a�d



�t�h�e� �2�-�c�a�s�i�n�g� �i�n�t�e�r�f�a�c�e�.� �I�f� �r�i�n�g� �2� �l�o�c�k�s� �f�i�r�s�t�,� �r�i�n�g� �1� �m�a�y� �m�o�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �r�i�n�g� �2� 

�a�n�d� �r�e�s�u�l�t� �i�n� �d�i�f�f�e�r�e�n�t� �o�p�e�r�a�t�i�n�g� �e�c�c�e�n�t�r�i�c�i�t�i�e�s�.� �I�f� �r�i�n�g� �1� �l�o�c�k�s� �f�i�r�s�t�,� �r�i�n�g� �2� �a�n�d� �r�i�n�g� �1� 

�w�i�l�l� �m�o�v�e� �t�o�g�e�t�h�e�r� �t�o� �a� �n�e�w� �e�c�c�e�n�t�r�i�c�i�t�y�.� �I�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �c�o�v�e�r� �a�l�l� �t�h�e� �p�o�s�s�i�b�l�e� 

�s�c�e�n�a�r�i�o�s� �b�e�c�a�u�s�e� �t�h�e� �r�i�n�g� �g�e�o�m�e�t�r�i�e�s� �l�a�r�g�e�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� �t�h�e� �r�i�n�g�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �p�r�o�c�e�s�s� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�e� �a�f�t�e�r� �f�o�r�c�e�s� �h�a�v�e� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�.� 

�5�.�0� �D�i�s�c�u�s�s�i�o�n� �o�f� �C�o�m�p�u�t�e�r� �S�o�l�u�t�i�o�n� �4�5



�C�h�a�p�t�e�r� �6� 

�R�E�S�U�L�T�S� 

�F�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �o�n�e� �w�i�l�l� �r�e�a�l�i�z�e� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� 

�t�h�i�s� �s�t�u�d�y�.� �C�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �a� �l�i�n�e�a�r� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �s�e�a�l�i�n�g� �f�l�u�i�d� �g�r�e�a�t�l�y� 

�a�f�f�e�c�t�s� �t�h�e� �d�y�n�a�m�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �c�e�n�t�e�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y�.� 

�T�h�e� �r�e�s�u�l�t�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �o�r�d�e�r�.� �P�r�e�s�s�u�r�e� �p�r�o�f�i�l�e�s� �f�o�r� �s�e�v�e�r�a�l� 

�d�i�f�f�e�r�e�n�t� �r�i�n�g� �g�e�o�m�e�t�r�i�e�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �f�i�r�s�t� �f�o�r� �b�o�t�h� �c�a�v�i�t�a�t�e�d� �a�n�d� �n�o�n�-�c�a�v�i�t�a�t�e�d� 

�s�e�a�l�s�.� �C�o�m�p�a�r�i�s�o�n�s� �o�f� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� 

�m�e�t�h�o�d�s� �f�o�r� �c�o�n�s�i�d�e�r�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �i�n�f�l�u�e�n�c�e�s� �o�n� �p�r�e�s�s�u�r�e� �p�r�o�f�i�l�e�s� �w�i�l�l� �f�o�l�l�o�w�.� �A� 

�s�t�u�d�y� �o�f� �c�e�n�t�e�r�i�n�g� �a�n�d� �f�l�o�w� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�l�l� �t�h�e�n� �b�e� �p�r�e�s�e�n�t�e�d�.� �F�i�n�a�l�l�y�,� �t�h�e� 

�a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �o�f� �t�h�e� �t�w�o� �r�i�n�g�s� �i�n� �F�i�g�u�r�e�s� �2� �a�n�d� �3� �w�i�l�l� �b�e� �g�i�v�e�n�.� �F�o�r� �t�h�o�s�e� �n�o�t� 

�a�c�c�u�s�t�o�m�e�d� �t�o� �t�h�e� �S�.�I�.� �u�n�i�t� �s�y�s�t�e�m�,� �r�e�s�u�l�t�s� �w�i�l�l� �a�l�s�o� �b�e� �g�i�v�e�n� �i�n� �E�n�g�l�i�s�h� �u�n�i�t�s�.� 

�6�.�1� �P�r�e�s�s�u�r�e� �P�r�o�f�i�l�e�s� 

�T�y�p�i�c�a�l� �p�r�e�s�s�u�r�e� �p�r�o�f�i�l�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �E�q�s�.� �[�3�6�]� �a�n�d� 

�[�3�7�]� �c�a�n� �b�e� �s�e�e�n� �i�n� �T�a�b�l�e�s� �1� �t�h�r�o�u�g�h� �1�4�.� �F�o�r� �a�l�l� �t�h�e� �p�r�o�f�i�l�e� �d�a�t�a� �p�r�e�s�e�n�t�e�d�,� �a� 
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�l�i�n�e�a�r� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �s�e�a�l�i�n�g� �f�l�u�i�d� �w�a�s� �a�s�s�u�m�e�d�.� �A�l�t�h�o�u�g�h� �S�E�A�L�S� 

�g�e�n�e�r�a�t�e�s� �d�a�t�a� �e�v�e�r�y� �s�i�x� �d�e�g�r�e�e�s�,� �a�l�l� �t�a�b�l�e�s� �g�i�v�e� �r�e�s�u�l�t�s� �i�n� �t�w�e�l�v�e� �d�e�g�r�e�e� �i�n�c�r�e�m�e�n�t�s� 

�t�o� �s�a�v�e� �s�p�a�c�e�.� �A�l�l� �t�a�b�l�e�s� �e�x�p�l�a�i�n� �t�h�e� �s�e�a�l� �g�e�o�m�e�t�r�y� �a�n�d� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �f�o�r� 

�w�h�i�c�h� �t�h�e� �d�a�t�a� �w�a�s� �g�e�n�e�r�a�t�e�d�.� 

�T�a�b�l�e�s� �1� �a�n�d� �2� �p�r�e�s�e�n�t� �t�h�e� �p�r�o�f�i�l�e� �r�e�s�u�l�t�s� �f�o�r� �a� �s�i�n�g�l�e� �l�a�n�d� �o�i�l� �r�i�n�g� �s�e�a�l�.� �N�o�t�e� 

�t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �i�n� �t�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� �p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �B�e�c�a�u�s�e� �t�h�i�s� 

�p�a�r�t�i�c�u�l�a�r� �s�e�a�l� �w�a�s� �r�u�n�n�i�n�g� �a�t� �a�n� �e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o� �o�f� �0�.�0�5�1�,� �p�r�e�s�s�u�r�e� �v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l�.� �T�a�b�l�e�s� �3� �t�h�r�o�u�g�h� �8� �g�i�v�e� �t�h�e� �p�r�e�s�s�u�r�e� 

�p�r�o�f�i�l�e� �d�a�t�a� �f�o�r� �a� �3�-�l�a�n�d� �s�e�a�l�.� �T�h�i�s� �p�a�r�t�i�c�u�l�a�r� �s�e�a�l� �a�s�s�e�m�b�l�y� �o�p�e�r�a�t�e�d� �a�t� �a�n� 

�e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o� �o�f� �0�.�3�6�8�.� �T�a�b�l�e�s� �9� �t�h�r�o�u�g�h� �1�4� �p�r�e�s�e�n�t� �d�a�t�a� �f�o�r� �a� �c�a�v�i�t�a�t�i�n�g� �s�e�a�l�.� 

�F�o�r� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �g�e�o�m�e�t�r�y�,� �t�h�e� �s�e�a�l� �o�p�e�r�a�t�e�d� �e�x�t�r�e�m�e�l�y� �e�c�c�e�n�t�r�i�c� �(�0�.�8�1�6�)� �a�n�d� �a�l�l� 

�t�h�r�e�e� �l�a�n�d�s� �e�x�p�e�r�i�e�n�c�e�d� �c�a�v�i�t�a�t�i�o�n�.� �C�a�v�i�t�a�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �o�c�c�u�r� �w�h�e�n� �a�n�y� �n�o�d�a�l� 

�p�r�e�s�s�u�r�e�s� �i�n� �t�h�e� �p�r�e�s�s�u�r�e� �f�i�e�l�d� �b�e�c�o�m�e� �n�e�g�a�t�i�v�e�.� 

�6�.�2� �D�y�n�a�m�i�c� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�S�i�n�c�e� �t�h�e� �p�u�r�p�o�s�e� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �p�r�e�s�s�u�r�e� �p�r�o�f�i�l�e�s� �i�n� �a� �r�i�n�g� �s�e�a�l� �i�s� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �s�e�a�l� �a�s�s�e�m�b�l�y�,� �a�n�y� �a�c�c�u�r�a�c�y� �g�a�i�n�e�d� �i�n� 

�p�r�e�d�i�c�t�i�n�g� �p�r�e�s�s�u�r�e�s� �p�r�o�f�i�l�e�s� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�e�a�l�.� �F�o�r� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�i�s� �n�e�w� �m�e�t�h�o�d� �w�i�t�h� �t�h�o�s�e� �i�n� �c�u�r�r�e�n�t�l�y� �i�n� �u�s�e�,� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �s�e�a�l� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�e�r�e� �t�e�s�t�e�d� �u�s�i�n�g� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �p�r�e�s�s�u�r�e� 

�p�r�o�f�i�l�e�s�.� �T�h�e� �d�i�f�f�e�r�e�n�t� �s�e�a�l�s� �c�o�n�s�i�s�t�e�d� �o�f� �a� �s�i�n�g�l�e� �l�a�n�d� �s�e�a�l�,� �a� �2�-�l�a�n�d� �s�e�a�l�,� �a�n�d� �a� 

�3�-�l�a�n�d� �s�e�a�l�.� �T�h�e� �s�e�a�l�s� �a�r�e� �g�e�o�m�e�t�r�i�c�a�l�l�y� �i�d�e�n�t�i�c�a�l� �e�x�c�e�p�t� �f�o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �l�a�n�d�s�.� 
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�T�a�b�l�e� �1�.� �P�r�e�s�s�u�r�e� �P�r�o�f�i�l�e� �D�a�t�a� �f�o�r� �a� �S�i�n�g�l�e� �L�a�n�d� �O�i�l� �R�i�n�g� �S�e�a�l� �(�S�.�I�.� �U�n�i�t�s�)� 

�1�0�8�.�0� 
�1�2�0�.�0� 
�1�3�2�.�0� 
�1�4�4�.�0� �-� 
�1�5�6�.�0� 
�1�6�8�.�0� 
�1�8�0�.�0� 
�1�9�2�.�9� 
�2�0�4�.�0� 
�2�1�6�.�0� 
�2�2�8�.�0� 
�2�4�0�.�0� 
�2�5�2�.�0� 
�2�6�4�.�0� 
�2�7�6�.�0� 
�2�8�8�.�0� 
�3�0�0�.�0� 
�3�1�2�.�0� 
�3�2�4�.�0� 
�3�3�6�.�0� 
�3�4�8�.�0� 
�3�6�0�.�0� 

�(�J�o�u�r�n�a�l� �D�i�a�m�e�t�e�r� �=� �7� �c�m� �(�2�.�7�5�4� �i�n�)�,� �R�a�d�i�a�l� �C�l�e�a�r�a�n�c�e� �=� �0�.�0�0�5�1� �c�m� �(�0�.�0�0�2� �i�n�)�,� �£�/�d� �=� �0�.�4�1�5�,� 

�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 
�5�5�1�.�5�8� 

�4�5�6�.�9�9� 
�4�5�8�.�3�8� 
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