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Loewner System Realization and Data-Driven Model Reduction

Data-Driven Model Reduction

Large scale dynamical system

Ex(t

|
>
bl
=

T+
os]
£

Vector v

@ Sample the transfer function (potentially by physical measurements).

@ Recover a model for the system (A, B,., C,, E,).

“Data driven” because we can only sample H(z), we do not know A, B, C, E.
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Loewner System Realization and Data-Driven Model Reduction

Loewner Framework for System Realization

Mayo-Antoulas show how to recover A, Ec C"*", Be C"*™ and C € C**" from
measurements.

Left Data: v} = € H (1) Right Data: w; = H(0,)r;
» Points: p1,..., 1, € C. » Points: 6,,...,0, € C.
» Directions: £4,...,¢, € CP. » Directions: r1,...,r, € C™.
» Data: vi,...,v, € C™. » Data: wi,...,w, € C.

Construct L (Loewner matrix) and s (Shifted Loewner matrix) by

(ﬂ—)ij _ V?I‘j —e;ij and (I]—s)ij _ HiV?I‘j — Qjeij
’ i — 0; ’ i = b;
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Loewner System Realization and Data-Driven Model Reduction

Loewner Framework for System Realization

Mayo-Antoulas show how to recover A, Ec C"*", Be C"*™ and C € C**" from
measurements.

Left Data: v} = € H (1) Right Data: w; = H(0,)r;
» Points: p1,..., 1, € C. » Points: 64,...,0, € C.
» Directions: £4,...,¢, € CP. » Directions: r1,...,r, € C™.
» Data: vi,...,v, € C™. » Data: wi,...,w, € C.

Construct L (Loewner matrix) and s (Shifted Loewner matrix) by

(ﬂ—)ij _ V?I‘j —f;ij and (I]—s)ij _ HiV?I‘j — ijij
’ i — 0; ’ i = b;

»lfp=v=nA=L,E=Lando(A,E) =o(Ls,L).
» If p,v > m,is rank(L) = n?
» rank(L) usually reveals n (get A, E, from an SVD).
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Loewner System Realization and Data-Driven Model Reduction

Interplay Between Data and Interpolation Points
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Loewner System Realization and Data-Driven Model Reduction

Motivation

@ We do not know n in most cases.

@ We need to approximate n from rank(L).
@ Singular values of L decay.

@ Measurements could be noisy/inaccurate.
@ rank(L) could be hard to determine.

@ Singular values of I guide model reduction dimension.

Some questions
@ How can we locate the interpolation points to make rank(LL) as clear as possible?
@ How does the location of the interpolation points affects the singular values of L.?

@ Could poorly placed interpolation points cause us to underestimate rank(L)?
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Loewner framework

The Loewner matrix L and shifted Loewner matrix L, of order v x p are defined
entry-wise:

(u—)i,j — Vz*rj _e;kwj and (I]—s)i,j — /,LiV?I'j _ HJZTWJ
pi —0; pi — 0;
The interpolation points and directions are collected in matrices:

01

I I I |

:|eCpo, R:[ ry rp eCmXp, W = w1 wp ECPXP,
I I I |

fp

" | | \
M = .. ECVXV, L=[l1 2, :|st><”, V=[v1 v ]GCMXVA
. | | | |
My
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Technical Details

Loewner framework

The Loewner matrix L and shifted Loewner matrix L, of order v x p are defined
entry-wise:

vir; —8fw; wivir; — 0,8 w;
u_i_:zj 7 J and I]_si’_zizj J*%q J

The interpolation points and directions are collected in matrices:

01
| | | |
e CPXP, R:[rl erp |eC™XP W= wy -0 ow, | eCPXP,
| |
fp

K1

| | | |
ECVXV, L=[ 131 2, ECPXV, V = v vy e c™mXV,
| | | I
Hy

These matrices satisfy the Sylvester equations
L® - ML = L*W — V*R,

L.® —ML, =L*W®O — MV*R.
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Technical Details

Loewner framework

The Loewner matrix L and shifted Loewner matrix L, of order v x p are defined
entry-wise:

vir, —0¥w; wivir; — 005w,
u_i_:zj 7 J and I]_si’_:ZzJ J*%q J

The interpolation points and directions are collected in matrices:

01
| | | |
e cPXP, R:[rl ey |e€™XP W= | wy 0w, | eCPXP
| |
fp

K1

| | | |
:|ECVXV, L=[ 131 2, ECPXV, V = v vy e c™mXV,
| I
Hy

These matrices satisfy
I]—s =LO + V*R,

L, = ML + L*W.
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Relating Poles to the Left Interpolation Points

Now let us follow Alex Townsend’s suggestion.
Since the poles of H(z) are the eigenvalues of the matrix pencil zL — L or the
eigenvalues of L 'L, provided L is invertible.

Assume v = p = n (full rank).
Moreover, if L™ L, is diagonalizable, there exists A, X € C"*" such that

A1
L™'L, = XAV™"' orequivalenty L,=LXAX"' with A=

From Ly = ML + L*W, we get

L(XAX ') — ML = L*W.

If L 'L, is not diagonalizable (rank deficient), then we use the Jordan canonical form
to get a similar result.
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Relating Poles to the Left Interpolation Points

Now let us follow Alex Townsend’s suggestion.
Since the poles of H(z) are the eigenvalues of the matrix pencil zL — L or the
eigenvalues of L 'L, provided L is invertible.

Assume v = p = n (full rank).
Moreover, if L™ L, is diagonalizable, there exists A, X € C"*" such that

A1
L™'L, = XAV™"' orequivalenty L,=LXAX"' with A=

From Ly = ML + L*W, we get

L(XAX ') — ML = L*W.
A A A

Poles  Left pts. Low rank

If L 'L, is not diagonalizable (rank deficient), then we use the Jordan canonical form
to get a similar result.
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Relating Poles to the Right Interpolation Points

On the other hand, note that
L 'Ly =L"Ls(L7'L) = L' (LL7Y)L,

Therefore there exists A,Y € C™*™ such that

A1
L.L™' = YAY™' orequivalently L,=YAY 'L with A=
FromlL, = L® + V*R, we get

(YAY D)L -L® = V*R.
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Relating Poles to the Right Interpolation Points

On the other hand, note that
L 'Ly =L"Ls(L7'L) = L' (LL7Y)L,

Therefore there exists A,Y € C™*™ such that

A1
L.L™' = YAY™' orequivalently L,=YAY 'L with A=
FromlL, = L® + V*R, we get

(Yz}Y*l)[L—[L(-? = V’:R.

Poles Right pts. Low rank
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A Zolotarev Upper-Bound (Rational Approximation)

LetSe C™ " withm =n, AeC™*", BeC"", M e C"™*”, and N € C"*” such that
S satisfies the Sylvester matrix equation

AS — SB = MN*, (1)

Theorem 1 [Beckermann and Townsend 2017]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and & be
complex sets such that o (A) € & and o(B) = %. Suppose that the matrix S e C™*"
satisfies (2), and v = rank(MN*). Then, the singular values of S satisfy

Sj4vk(S) < Zi(€,F)s;(S) for 1<j+k<n,

where Z; (&, ) is the Zolotarev number defined on next slide.
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A Zolotarev Upper-Bound (Rational Approximation)

LetSe C™ " withm =n, AeC™*", BeC"", M e C"™*”, and N € C"*” such that
S satisfies the Sylvester matrix equation

AS — SB = MN*. (1)

Theorem 1 [Beckermann and Townsend 2017]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and & be
complex sets such that o (A) € & and o(B) = %. Suppose that the matrix S e C™*"
satisfies (2), and v = rank(MN*). Then, the singular values of S satisfy

Sj4vk(S) < Zi(€,F)s;(S) for 1<j+k<n,

where Z; (&, ) is the Zolotarev number defined on next slide.

Can we apply this Theorem to our Sylvester equations?

L(XAX ')—=ML =L*W and (YAY "JL-L® = V*R.
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Third Zolotarev Problem (Rational Approximation)

Given two disjoint closed complex sets &€ and %, the third Zolotarev problem is to find
the rational function

q(x)
where p and ¢ polynomials of at most degree k, such that
@ |p(x)| = 1forxe F,

@ |¢(x)| as a small as possible for z € &.

o(z) = 22)

’

The number Z; (%, %) (following infimum) is referred to as the Zolotarev number:

o )]
Z\ z

where %y, i, denotes the space of rational functions of degree at most (&, k).
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Facts about Z, (&, %)

Zolotarev number:

sup |p(2)|

s 2€8

The Zolotarev number satisfy:
@ Bounded: 0 < Z;(¢,%) < 1,
@ Symmetric: Z, (¢, %) = Zi(F,8),
@ Monotonic: Z,1+1 (%, F) < Z, (8, F).

NAGH (alanngh@vt.edu) ANA Seminar



Facts about Z,(&, #)

Zolotarev number:

sup |p(2)|

s 2€E

The Zolotarev number satisfy:
@ Bounded: 0 < Z;(¢,%) < 1,
@ Symmetric: Z, (¢, %) = Zi(F,8),
@ Monotonic: Z,1+1 (%, F) < Z, (8, F).

Key Intuition

@ When & and % are close,
Zp(€,%) islarge.

@ When & and & are well separated,

Zx(&,F) issmall.
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System Realization Case

Example

Examples computed using the Rational Krylov Toolbox for Matlab

10" 10"
5. ] 5.
10 1 10 )
L ]
10°: E F 1 10° - E F
t 1 t E
10 ] 105
10710 10710
2 10 8 6 4 -2 0 2 10 8 6 4 2
Zy(E,F)=11x10"° Zi(E,F) = 41733 x 107"

See “The third and fourth Zolotarev problems” [Townsend 2016]
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System Realization Case

A Zolotarev Upper-Bound (Rational Approximation)

LetSeC™* " withm =>n, AcC™*™, BeC"*", MeC™"",and N € C"*"” such that
S satisfies the Sylvester matrix equation

AS —SB = MN*. 2

Theorem 1 [Beckermann and Townsend 2017]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and # be
complex sets such that 0(A) = & and o(B) = %. Suppose that the matrix S € C™*"
satisfies (2), and v = rank(MIN*). Then, the singular values of S satisfy

Sj4++k(8) < Zk(&,F)s;(8) for 1<j+k<n,

where Z, (&, F) is the Zolotarev number defined on next slide.

Can we apply this Theorem to our Sylvester equations?

L(XAX ') =ML =L*W and (YAY )L-1® = V*R.
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System Realization Case

General Idea

Next, we define the observability and reachability matrices associated with the
sampled data:

GCmE—-A)!
6, = ; , Pn=[ (GtE-A)"'Br; - (0,E—A) 'Br, |.
£:C(uE— A)7

Then the Loewner and shifted Loewner matrices can factor out as
L =-0EZx, Ls =—-0A%.
See [A. C. Antoulas, C. A. Beattie and S. Gugercin 2020].
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System Realization Case

General Idea

Next, we define the observability and reachability matrices associated with the
sampled data:

GCmE—-A)!

6, = ; , Pn=[ (GtE-A)"'Br; - (0,E—A) 'Br, |.
£:C(uE— A)7

Then the Loewner and shifted Loewner matrices can factor out as
L =-0EZx, Ls =—-0A%.
See [A. C. Antoulas, C. A. Beattie and S. Gugercin 2020].

Therefore
L 'L, =2%,'E"'A%, and L,L~!'=06,AE'0;*
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System Realization Case

General Idea

Next, we define the observability and reachability matrices associated with the
sampled data:

LC(mE-A)™
6, = : , Rn=[ (:E-A)"'Br; - (0,E—A) 'Br, |.
£:C(uE—A)™

Then the Loewner and shifted Loewner matrices can factor out as
L = —6E®, L, = —0OAZ.
See [A. C. Antoulas, C. A. Beattie and S. Gigercin 2020].

Therefore
L™ 'L, =2%,'E"'A%, and L.,L™!'=06,AE ‘6"

L(%,'E"T'A%,) —ML =L*W and (6,AE™'0,;)L—-LO = V*R.
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System Realization Case

General Idea

Next, we define the observability and reachability matrices associated with the
sampled data:

LC(mE-A)™
6, = ; . Pn=[ (:E-A)"'Br; - (0,E—A) 'Br, |.
£iC(uE—A)~"

Then the Loewner and shifted Loewner matrices can factor out as
L =-0EZ, Ls =—-0A%.
See [A. C. Antoulas, C. A. Beattie and S. Gigercin 2020].

Therefore
L 'L, =2%,'E"'A%, and L.L'=06,AE '06,"

LZYETTA) - M%) =L*W%! and (AE™YH(0,'L) — (6;'1L)® = 6;'V*R.
n n n n n
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Key Singular Value Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X, Y € C"*" and ¢ = min{m, n},

S¢+j_1(XY*) = SZ(X)S](Y) forl <i,j<gandi+j<qg+1.

NAGH (alanngh@vt.edu) ANA Seminar



Key Singular Value Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X,Y € C™*" and ¢ = min{m, n},

Sitj—1(XY™) < 5;(X)s;(Y) for1<i,j<gandi+j<q+1.

Let A be a normal matrix and E the identity matrix, then
L%, )A) -M(1L2%, ") =L*W%,".
With v := rank(L*WZ ™) = rank(L*¥*W) < p.
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Key Singular Value Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X,Y € C™*" and ¢ = min{m, n},

Sitj—1(XY™) < 5;(X)s;(Y) for1<i,j<gandi+j<q+1.

Let A be a normal matrix and E the identity matrix, then
L%, )A) -M(1L2%, ") =L*W%,".
With v := rank(L*WZ™") = rank(L*¥*W) < p. From Theorem 3 [H&J], we get

s1+'yk("—) = 81+'yk(|]—92;19?n) < Sl(ﬂn)slﬂk(”—%;l)-
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Key Singular Value Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X,Y € C™*" and ¢ = min{m, n},

Sitj—1(XY™) < 5;(X)s;(Y) for1<i,j<gandi+j<q+1.

Let A be a normal matrix and E the identity matrix, then
(L%, )(A) =M(L%, ") = L*W, .
With v := rank(L*WZ™") = rank(L*¥*W) < p. From Theorem 3 [H&J], we get
1409k (L) = 5149k (LR, R) < 51(Rn) 5140 (LA,

Now apply Theorem 2 [B&T] to (3), taking the sets & = o(IM) = M and letting
F=0(A)=A

$147k (L) < 51(Bn) Z1 (A, M) 51 (LA ).
Note L%,,! = —6,ER, %" = —0,.
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A Zolotarev Upper-Bound

Recall

L =LO®+V*R and Ls = ML + L*W.
with
71 =rank(V¥R) and v = rank(L*W).

Proposition ( A normal and E identity)
Given A, E € C"*", such that A is a normal matrix and E is the identity matrix.
Define A = {A1,..., A}, © ={61,...,0,},and M = {p1,..., pun}. Then

@ 0147k (L) € 01(0n)01(%n)Zi(A, 0), for1 <1+ vik<n

@ 0141ok(L) < 01(On)01(Rn)Zi(A, M), forl1<1+ypk<n
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System Realization Case

Example

A EeC*%22 =22

A = —diag(1:22), E=1
a=1,b=50;
points = logspace (loglO(a),logl0(b),2x*r);

50 Poles and Interpolation pts. n=22,r=22
10° ——o/e,0)
- Upper Bound
10®
>
©
£ Fxc4
g 0 X+ X+ X 10_10
£
107
-50 10720
-50 0 50 5 10 15 20

NAGH (alan ANA Seminar November 12, 2021 18/23



Model Reduction Case

Main Result1 (v = p =1 <n)

e Apply Previous
Collect Data Interpolation PRY Recover Results
Points EESEES

Theorem 4 (Model Reduction)
Given AE € C”X”, such that A is a normal matrix and E is the identity matrix.
Define A = {\1,..., A\n}, @ ={61,...,0,},and M = {pu1,...,pu-}. Then

@ gi1,k(l) <o (@T)al(QZT)Zk,l(A, O), fori<1+pk<r

0 g1imk(L) <01(6,)01 (%) Zi—1 (A, M), for1 <1+mk <7
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An Adaptive Zolotarev Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X, Y € C"™*" and ¢ = min{m, n},

Si+j_1(XY*) < Si(X)Sj(Y) for 1 < i,j <q and 7 +j <q+ 1.
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An Adaptive Zolotarev Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X, Y € C™*" and ¢ = min{m, n},

Si+j_1(XY*) < Si(X)Sj(Y) for1l < ,] < q and ¢ +i<q+1

Let A be a normal matrix and E the identity matrix. By Theorem 3 [H&J]
81+7k+i+j([|-) = 51+«/k+i+j(”—99;199n) < 81+i(c%n)51+wk+j ([Lge;l)

for any integers i,j = Osuchthat1 <1+~k+i+j <n.
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An Adaptive Zolotarev Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X, Y € C™*" and ¢ = min{m, n},

Si+j_1(XY*) < Si(X)S]‘(Y) for1l < ,] < q and ¢ +i<q+1

Let A be a normal matrix and E the identity matrix. By Theorem 3 [H&J]
$1ayktieg (L) = Stavptivs (LR RBr) < s144(Bn) 51409045 (LR )

for any integers i,j > Osuchthat1 <1+ ~k+ ¢+ j <n. From Theorem 2 [B&T],
with sets & = o(M) = M and & = o(A) = A, we get

s147k+5(LRTY) < Zi(A, M)s1; (LR,
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An Adaptive Zolotarev Upper-Bound

Theorem 3 [R. A. Horn and C. R. Johnson 1991]
For X, Y € C™*" and ¢ = min{m, n},

Si+j_1(XY*) < Si(X)Sj(Y) for1l < ,] < q and ¢ +i<q+1

Let A be a normal matrix and E the identity matrix. By Theorem 3 [H&J]
S14ktiti (L) = S14qktit; (LB Rn) < s144(Rn) 51404015 (LA )

for any integers i,j > Osuchthat1 <1+ ~k+ ¢+ j <n. From Theorem 2 [B&T],
with sets & = o(M) = M and & = o(A) = A, we get

s147k+5(LRTY) < Zi(A, M)s1; (LR,
and, via Theorem 3 [H&J] and L = —6,,EZ,,, we get

514 (L%, ") = 514,(OnE) < 5145(0,)01(E) = 5145(6n).
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Model Reduction Case

Main Result2 (v = p =r < n)

e Apply Previous
Collect Data Interpolation PRy Recover Results
Points Bounds

Corollary 5 (Model Reduction)

Given A, E € C™"*",such that A is a normal matrix and E is the identity matrix.
Define A = {\1,..., A}, T ={61,...,0-},and M = {p1,...,ur}. Then

@ Forl<l+pk+i+j<r
O14pk+i+i (L) € 014i(0r)014;(Rr) Ze-1(A, T),
@Fori<l+mk+i+j<r

1tmbtiti (L) € 014:(0r) 0145 (Rr) Zi 1 (A, M).
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Model Reduction Case

Example

Consider the CD player bench mark problem, with one input and 1 output.

4
2><10
. 10°
1 e . 4
L 1075}
0 - 1
Y * 10710
-1 e . ml
. 10718}
-2 L L - - . . . L L -
-150 -100 -50 0 10 20 30 40 50 60 70 80

* Ak, eigval. === py, left pts. == §;, rightpts. ~—— Singular val.

For this example we used r = 80 interpolation points taken logarithmically spaced over
[—4000, —10] U [10, 4000].

NAGH (alanngh@vt.edu) ANA Seminar November 12, 2021 22/23



Model Reduction Case

Example

Consider the CD player bench mark problem, with one input and 1 output.

x10*
4 1 10°
Y
- ..
“..
2 .. °
* . 51
e 10
. “%.
0 sss . “..d 4
.. 10710
u"’
LR 107+
-4 o M -
-800 -600 -400 -200 0 10 20 30 40 50 60 70 80
* Ak, eigval. === py, left pts. === §;, rightpts. ~—— Singularval. —— Theorem

For this example we used r = 80 interpolation points taken logarithmically spaced over
[—4000, —10] U [10, 4000].
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Model Reduction Case

Example

Consider the CD player bench mark problem, with one input and 1 output.

x10*
4 1 10°
Y
-
...
2 . .
* . 51
e 10
. "%,
0 sss . " ..d 4
.. 10710
u...
LR 107+
-4 o M 1
-800 -600 -400 -200 0 10 20 30 40 50 60 70 80
* A, eigval. === p;, left pts. ==» §;,rightpts. ~—— Singularval. —— Theorem - Corollary

For this example we used r = 80 interpolation points taken logarithmically spaced over
[—4000, —10] U [10, 4000].
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Model Reduction Case

Conclusions

o New bounds inform how location of interpolation points and poles of
system influence singular values of L.

e In the MOR setting, the upper-bound seem to be less tight since we
used a larger Zolotarev number Z;. (&, F), but allowing to use
smaller singular values of the observability and reachability
matrices we improve the results.
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