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(ABSTRACT)

Isostatic frameworks are statically determinate trusses that are self contained
(i.e. they exist independent of support or foundation). Isostatic frameworks have been
widely used as supporting structures, and recently they have been used as the
structure for parallel manipulators. These truss-based manipulators could potentially
solve the problems facing conventional manipulators and could make the design of
high-degree-of-freedom manipulators feasible. The rigorous scientific study of isostatic
frameworks and manipulators based on their structure has been limited. Recent
developments in the design of large space structures and truss-based manipulators,
however, demand rigorous design and mathematical tools. This dissertation provides
a general theory for the design of structures based on frameworks and methods to

analyze the kinematics of truss-based manipulators.

The objective of the first part of this dissertation is to solve the problems of
identification, generation and classification of isostatic frameworks in greater depth
than in any past work in this area. Original methods are discussed for the

enumeration and generation of isostatic frameworks. The first part also presents an



original method to determine the geometry of general frameworks and an improved
method to find the forces in their members. The determination of geometry and forces

are critical areas in structural design.

The second part of this dissertation presents a case study on one of the
candidates for manipulator applications, the double-octahedral manipulator. The
kinematic analyses of the double-octahedral manipulator includes methods to perform
forward and inverse kinematic analysis, velocity and acceleration analysis, singularity
analysis and workspace analysis. The closed-form solution to the inverse analysis
presented herein is a rﬁajor breakthrough in the development of the double-octahedral
manipulator. Other analysis, such as velocity and acceleration, singularity, and
workspace, depend on the inverse solution. It is believed that these solutions will help
narrow the gap between theory and application of truss-based manipulators. The
determination of singularities and workspaces are application of recent ideas of other
researchers. However, original implementations of these ideas have yielded
astonishing results. The Jacobian and Hessian matrix presented in this dissertation
should help in developing the control scheme for this device. C-language program
codes for several of the methods are also provided. The methods have been tested
based on the results obtained from these programs. The position analysis algorithms
have also been tested on real hardware. Some of the methods developed here have

been successfully employed for simulated and experimental vibration control studies.
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1. Introduction

1.1 Research Area

Applications involving the mechanical positioning of one body with respect to
another, with or without relative motion, require a rigid connection between the two
bodies. In the absence of relative motion, the members that are part of this rigid
connection are said to form a structure. In the presence of relative motion, the
members form a manipulator capable of producing the required motion. Forces acting
on the bodies and the connecting members produce stress and deformation in the
members. The deformations are negligible in a rigid structure and the relative
positioning between the two bodies is maintained. When the forces are small, a weak
structure, such as a slender cantilevered beam, or a weak manipulator, such as the
Remote Manipulator System'® in the shuttle, will suffice. If high strength and rigidity
are required in the presence of significant forces, then alternate designs for structures

and manipulators may have to be considered.

Among the numerous structures that can be conceived, statically determinate
trusses form an important class. Isostatic frameworks are part of this class. A

property of the isostatic frameworks is that they can exist as structures independent

! Also called Canada Arm, the RMS is essentially a long serial chain of links that
connect the shuttle to the payload. The RMS cannot support its own weight in a one-
gravity (1-g) environment. The 0-g environment of space and the lack of atmosphere
eliminates many of the structural strength requirements.

1



of support or foundation®. Due to their complexity, problems associated with isostatic
frameworks have been studied to a very limited extent. The problem of identification
of isostatic frameworks, generation of isostatic frameworks, representation of isostatic
frameworks, classification of isostatic frameworks, determination of geometry (i.e.
coordinates of the nodes), and the determination of forces have been explored in this

dissertation. The methods developed here provide the designer of frameworks with

a set of powerful tools for synthesis and analysis.

In the past, manipulator studies have been restricted to serial devices like the
Canada Arm. Recent developments, like those based on the Stewart platform?®, have
led to lighter and stiffer manipulators called parallel manipulators. Among the
numerous manipulators that can be designed as parallel devices, an important class
is based on isostatic frameworks. In this dissertation, these are simply referred to as
truss-based manipulators. The design and control of these truss-based manipulators
depend on efficient methods to solve the problems associated with the kinematics of
the device. A comprehensive kinematic analysis of one of the candidates for a truss-

based manipulator, the double-octahedral manipulator, is presented.

? Isostatic frameworks have been referred to as simply stiff trusses, minimally
statically rigid trusses, and as self-contained statically determinate trusses by other
authors.

3 Stewart platform is a device that has a moving platform that is attached to the
ground with six actuated legs. These six actuators provide all six degrees of freedom
to the platform. A well known application of the Stewart platform is the flight
simulator.



1.2 Motivation

The simplest connection between two bodies is achieved by attaching the two
ends of a link to the two bodies. Such a structure is called a beam. In a given
position, serial manipulators are formed as a series of cantilevered beams, and they
suffer from the problem of low strength and rigidity. The structural flexibility and
joint flexibility contribute toward this problem. The structural flexibility arises due
to the inherent nature of the structure to transmit bending moments. The joint
flexibility arises because the joints that transmit the forces must be actuated. The
problem of adding structural strength and rigidity to a serial manipulator may be
solved by the skillful combination of material resources, such as quantity of material,
choice of material, and distribution of material in the structure. Likewise, the
problem of flexibility at the joints can be minimized by proper drive train selection
and careful mechanical design. Nevertheless, serial manipulators can only have a
limited number of joints and a limited number of degrees of freedom. There are,

however, applications that require the use of stiff high-DOF manipulators®.

One way to satisfy the strength and rigidity requirements is to consider
alternate designs for the structure. A better design would take advantage of the
transmission of forces through the connecting members to achieve better material
utilization. Isostatic frameworks possess such characteristics. The members of a

framework carry only tensile or compressive stresses, and therefore are two-force

* Sometimes referred to as redundant or hyper-redundant manipulators, High-DOF
manipulators are applied in an unstructured environment for tasks that require
surmounting obstacles and access through narrow passageways or openings.

3



members. The variability in geometry of the framework, achieved by means of
variable length link members, can be utilized to perform manipulation tasks. In such
a design, the joints that transmit the forces are not actuated, therefore, the problem
of joint flexibility is greatly minimized. The design and control of truss-based
manipulator, however, is more challenging than that of serial manipulators. In the
past, adequate scientific tools have not been available to design and analyze such

devices.

1.3 Objective

The objective of this dissertation is to develop a general theoretical foundation
for designing and analyzing isostatic framework (truss) based structures and
manipulators. Various applications have been envisaged by researchers for such
trusses in the literature. For several of these proposed applications to become reality,
structural and kinematic analysis is required. This dissertation provides methods and

techniques to solve problems in several areas of truss design.

1.4 Literature Review
1.4.1 Structural Analysis

Marshall and Nelson [1969] state that the function of a structure is to transmit
forces from one point in space to another without any appreciable deformation of one
part relative to another. Joints are critical in the transmission of forces through the
members. In truss structures, the members of the structure are connected by spheric

joints, providing three Degrees Of Freedom (DOF). Bending moments, torques and



shear forces cannot be transmitted from member to member. All the members of the
truss experience either tension or compression. If the truss is designed properly, this
feature can be exploited to achieve better material utilization. In practice, members
of a structural “truss” are usually welded or riveted together. Because of these rigid
joints, the links of the truss experience bending. Usually, the influence of this

secondary bending is ignored [Timoshenko and Young, 1965].

Manipulation capability is achieved in an isostatic framework by introducing
variability in the link dimensions. If all the members of the framework are jointed
by spheric joints, then any or all members can be made variable. In practice,
however, only those members that are necessary to provide the required degrees of
freedom (DOF) and workspace are made variable. These variable links, or actuators,
provide the manipulation capability by changing the geometry of the framework®.
Therefore, in the case of truss-based manipulators, the members cannot be riveted or
welded together, and the design of joints to connect the members of a framework
becomes a difficult task. Depending on the choice of actuated links, several spheric
joints may need to be centered about the same point. In such cases, structural
characteristics may have to be compromised for ease of joint design. Rhodes and
Mikulas [1985] built an octahedral truss at the NASA Langley research center to test
space structure deployment concepts. Their approach introduced an extra link to

provide additional connectivity points for joining links. Depending on the mobility

8 This is a primary reason for employing statically determinate trusses as opposed
to statically indeterminate trusses. In the latter case, several links may have to be
moved in unison to achieve manipulation capability.
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requirement, revolute joints can be substituted for spheric joints to improve long-term
reliability and lower manufacturing costs. An octahedral truss built at VPI&SU has

Hooke’s coupling universal joints instead of spheric joints [Tidwell, 1989].

In the design of truss-based manipulators and structures the choice of topology
is crucial. For centuries there have been several known isostatic frameworks. The
first attempt to systematically study isostatic frameworks was made by Henneberg
[1911]. Later, Cox [1936], like Henneberg, developed a number of rules for building
larger isostatic frameworks from smaller ones, and for breaking down larger
frameworks for the purpose of analysis. Laman [1975], Asimow & Roth [1978], and
Recksi [1984] employ similar rules based techniques for proof of various properties of
isostatic frameworks. Tay and Whitley [1985] present a unified approach of these
principles, with a special focus on effective combinatorial characterization of the
graphs of isostatic frameworks in space, to generate isostatic frameworks. Arun et al.
[1990a] provide an excellent, but incomplete, approach based on mobility to classify
and enumerate isostatic frameworks. In this work, an attempt is made to combine the
advantages of these earlier approaches with new ones that are based on kinematic
concepts. In this work, the mobility based approach is pursued more rigorously to

identify and enumerate all possible isostatic frameworks.

Authors writing on the theory of structures classify statically determinate
trusses as simple, compound and complex. This classification is based on the degree

of difficulty of the static analysis. This classification can be extended to isostatic



frameworks as well. The only simple frameworks are those whose members are part
of a tetrahedron. Every other topology falls into the category of complex framework.
Hence this is not a useful classification scheme. However, an important observation
can be made about trusses based on the above classification. Simple frameworks can
be easily solved using the method of joints [Timoshenko and Young, 1965]. Complex
frameworks need sophisticated methods such as the one developed by Henneberg

[1911].

In the past, only those trusses and frameworks whose geometries are fixed
have been analyzed. In a fixed structure, the geometry can be determined by
measurement. In the trusses being investigated, the geometry can vary considerably
during operation due to changes in dimensions of the actuated members of the truss.
Hence, analytic determination of the geometry (i.e. generation of possible closures,
selection of a particular closure and determination of nodal coordinates) from the truss
topology and link dimensions is a crucial part of the structural analysis. Historically,
the problem of determining the geometry of the framework has been very difficult.
Only since the advent of analytic and coordinate geometry could this problem be
handled effectively. Computer-based methods have also helped to solve the problems
that require iterative solution. Coxeter [1973] provides excellent information on the
history of polyhedra and analysis of their geometry. Many of the remarks in Coxeter’s
book are relevant, since the edges of deltahedra are known to form isostatic
frameworks. The simplest framework is a four-noded six-linked tetrahedron. A

solution to this geometry has been well known for several centuries. Griffis and Duffy



[1989] show that the solution to the geometry of the octahedron, which is the next
simplest framework, can be reduced to a single sixteenth degree equation. A single
equation to determine the geometry of the octahedron is also obtained by Nanua and
Waldron [1989] and Innocenti and Parenti-Castelli [1990]. A generalized kinematic
equivalent model for the octahedral framework that provides solutions through a
simple iterative scheme is provided by Tidwell et al. [1990]. Arun et al. [1990b] use
homotopy-based methods to obtain the geometry of more complex frameworks. In this
dissertation, a simple scheme to determine the geometry that is applicable to all
frameworks is presented. This method is shown to yield faster and more complete

results compared to the methods that are currently available.

Several methods for conducting static analysis on statically determinate trusses
can be found in the literature [Timoshenko and Young, 1965; Marshall and Nelson,
1969]. The well known method of joints is the simplest of all methods. The method
of joints can only be used on frameworks built from tetrahedrons. Other methods
include the method of sections, method of virtual displacement and Henneberg’s
method of link replacement. Since the advent of finite element methods, static
analysis of complex trusses has usually been performed using finite elements. Lacy
[1991] performs static analysis of the octahedral framework using this method. Static
analysis based on Henneberg’s method is provided in the latter sections. This method
yields the stresses in the framework faster and with fewer computations than the

finite element methods.



1.4.2 Kinematic Analysis

A manipulator is a device capable of transforming the position and orientation
of one body relative to another body. This transformation is effected by means of
some moving members called actuators. The position, velocity, and acceleration of the
actuators controls the position, velocity, and acceleration of one body relative to the
other. Kinematic analysis methods that provide actuator parameters that satisfy a
given set of moving body parameters for the octahedral manipulator are presented in
this dissertation. Once the actuators are locked in place, the manipulator should
maintain the relative position between the two bodies, acting as a structure (i.e
support a given load within a specified deflection). Structural load can be determined

by performing a static analysis on the manipulator.

The study of truss-based manipulators can greatly benefit from the vast
literature available in the field of parallel manipulators. The Stewart platform
[Stewart, 1965] is one of the earliest parallel manipulators proposed. It is used as a
flight simulator mechanism, among other applications. The Stewart platform is a
device that has a free top platform and a fixed bottom platform. Six Spheric-
Prismatic-Spheric (SPS) jointed links connect the two platforms together. By varying
the length of the SPS leg, the position and orientation of the top platform can be
controlled. Hunt [1978] initiates the idea of using the Stewart platform as the
mechanism of a robot arm. Fichter and McDowell [1982] develop a new design for a
manipulator arm based on Hunt’s idea and called it the Stewart Platform based

Manipulator Arm (SPMA).



The Stewart platform can be designed in several ways.- Among those, the 3-3
Stewart platform® forms an octahedral framework. The determination of the
octahedral geometry described earlier were the result of studying the 3-3 Stewart
platform. Workspaces of Stewart platform based manipulators are studied by Behi
[1986], Merlet [1987], Cleary and Arai [1991] and Gosselin [1990]. Gosselin’s
analytical work forms an excellent basis for the workspace determination of truss-
based manipulators with closed-form inverse solutions. Gosselin and Angeles [1990]
have studied the conditions for singularity in parallel manipulators. These results are

also applicable while studying truss-based manipulators.

Miura [1985] coined the term ‘Variable-Geometry-Truss Manipulator’ (VGTM)
and defined it as a statically determinate truss with some of its links replaced by
variable length members. Most of the earlier work in this area has been carried out
under the name of variable-geometry-truss manipulators. Several classes of Stewart
platform are statically determinate trusses. They are, however, not called variable-
geometry-truss manipulators. Since, the usage of the term variable-geometry-truss
manipulators is ambiguous, a new term “truss-based manipulator” is used in this
dissertation. Truss-based manipulators are defined as parallel manipulatérs with a

structure of an isostatic framework.

¢ Defined by Griffis and Duffy [1989], a 3-3 Stewart Platform has triangular (3
nodes) moving and fixed plane. Two legs meet at each node of the triangles to form
the octahedral configuration.
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1.4.3 Application and Related Studies

The use of truss-based manipulator as manipulator arms has been studied by
Miura et al. [1985], Sincarsin and Hughes [1987], and Reinholtz and Gokhale [1987].
Some of the potential applications of these devices in space are evidenced in the work
by Rockwell International [1982], Cox and Nelson [1982], Miura and Furuya [1985],
Rhodes and Mikulas [1987]. Salerno et al. [1990] and Naccarato and Hughes [1991]
have developed methods to analyze the inverse kinematics of truss-type long-chain
hyper-redundant manipulators for use in unstructured environment. An inverse
analysis of a tetrahedral truss-based manipulator with one link actuated in each bay
is discussed by Sohmshetty and Kramer [1989]. Recently, there has been further
work on large adaptive truss-based space structures [Takamatsu and Onoda, 1991;
Mikulas et al., 1991; Bush et al., 1991, Kawaguchi, 1990; Anderson et al., 1990,
Davison, 1990; Dorsey and Mikulas, 1990; Matunaga et al., 1990; Burdisso and

Haftka, 1989].

The ability of adaptive trusses to perform vibration control are valued by many
researchers. Wada [1990] provides an overview of research on the dynamics of
adaptive trusses. Robertshaw [1989] shows that the vibrations of a flexible slender
rod appended to the bottom of a quadruple octahedral adaptive truss can be controlled
effectively using a leadscrew-based mechanical actuator. Similar results for a thin,
flexible beam in the gravity field are obtained by Wynn [1990]. Fanson [1989] and
Natori[1987] perform vibration control of spatial structures with other actuation

schemes such as piezoelectric and voice coil. Other vibration control results are found

11



in the works of Clark [1990], Robertshaw [1985], Juang [1986], and Alberts [1990].
Warrington [1991] uses the closed-form inverse kinematics results found in this
dissertation in experiments on large-angle flexible beam control using the octahedral

adaptive truss.

1.5 Summary of Contents

The contents of this dissertation are presented in two parts. The Second and
Third Chapters cover structural analysis of isostatic frameworks. The Second Chapter
includes sections on methods to identify and generate various isostatic framework
topologies. The Third Chapter provides methods for classification, determination of
geometry (i.e., generation and selection of geometry and determination of nodal

coordinates), and determination of stresses in the members of the isostatic framework.

The second part of this dissertation, consisting of chapters 4 through 9, is a
case study on the kinematic analysis of the double-octahedral manipulator. In the
Fourth Chapter, the design of a double-octahedral manipulator is considered. In the
Fifth Chapter, methods to perform the forward kinematic analysis of the double-
octahedral manipulator are presented. The Sixth Chapter presents closed-form
inverse kinematic analysis of three different problems proposed for the double-
octahedral manipulator. The determination of the Jacobian and Hessian matrices are
shown in the Seventh Chapter on velocity and acceleration analysis. Methods to
determine the singular configurations of the manipulator are presented in the Eighth

Chapter on Singularity analysis. The Ninth Chapter presents methods to determine

12



the workspace using the position relationship from the closed-form inverse analysis.

All the methods developed in chapters 2 through 7 were implemented on the
computer using the C-language. The C-language program codes are presented as
Appendices 1-5. Numerical results obtained using these programs are presented at

the end of each method.
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2. Identification and Generation of Isostatic Frameworks

2.1 Introduction

A link freely floating in space has six degrees of freedom. A linkage is formed
by the process of joining links to one another and to the ground, constraining the
motions of the individual links. The number of links, the number of joints, and the
type of joints determine the mobility of the resulting system. The mobility of the
system forms the basis for calling a linkage a mechanism, a statically determinate
structure, or a statically indeterminate structure. A mechanism has positive mobility.
On the application of a force or a torque, a mechanism will correspondingly change its
geometry. The study of mechanisms forms an important part of kinematics. On the
other hand, a structure resists forces and torques with negligible deflection by
transmitting the forces through its members to the ground. A special nature of the
statically determinate structure is that the links are just sufficiently constrained to
remove all the degrees of freedom, resulting in a mobility of zero. For this reason, the
forces in the links are uniquely defined. Due to their lack of mobility, structures have
not been studied by kinematicians in the past. The current scope of applications,
however, demands the study of trusses from a kinematic point of view. Therefore,
mobility analysis forms the first step in the structural analysis of isostatic

frameworks, which belong to the class of statically determinate structures.
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2.2 Identification
2.2.1 Joints-Links Relationship
The total mobility of a system of n interconnected links is given by the
Kutzbach equation [Mabie and Reinholtz, 1987].
M =6(n-1) - 5f, - 4f, - 3f, - 2f, - £
where

M = mobility, or number of degrees of freedom
n = total number of links, including the ground

£, = number of one-degree-of-freedom joints (2.1)
£, = number of two-degree-of-freedom joints

f, = number of three-degree-of-freedom joints

£, = number of four-degree-of-freedom joints

f. = number of five-degree-of-freedom joints

In the case of a framework, all the joints are spheric (3 DOF). Therefore the Kutzbach
equation can be written specifically for a framework, as shown in Eq. 2.2.

M=6(L -1) - 38

where (2.2)

L = Number of links in the framework
S = Number of spheric joints

When every member is connected to another by a spheric joint there is an idle degree
of freedom, namely, the idle rotation of the members about their own axis. Since this
does not contribute to the gross mobility, there are ‘L’ fewer degrees of freedom in the
system. The gross mobility of the framework after adjusting for the idle rotation is

given in Eq. 2.3.

15



M=5L-35-6 (2.3)
The condition that the mobility of an isostatic framework is zero provides the

relationship between the number of links and the number of spheric joints in the

framework, as shown in Eq. 2.4.

5L-35-6 =0 (2.4)

2.2.2 Joints-Nodes-Links Relationship

A framework is made of binary links, i.e each link has a joint at either end.
The links combine to form ‘N’ vertices or nodes. Since two links combine to form only
one joint, there are as many joints as twice the number of links less the number of

nodes. This relationship is expressed in Eq. 2.5.

S=2L-N (2.5)

2.2.3 Necessary Condition
Combining Egs. 2.4 and 2.5, a relationship between the number of nodes and

the number of links is obtained.
3IN-L-6=0 (2.6)

Equation 2.6 provides the necessary (but not sufficient) condition for identifying
isostatic frameworks. This derivation, based on the mobility analysis, is also
presented by Arun et al. [1990a). Since the values for nodes and links can only be

positive integers, the simplest isostatic framework is made from three nodes and three
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links. This is a triangle and is a planar truss. The simplest framework in space has
four nodes and six links. This is the tetrahedral framework. Equation 2.6 can be
used to determine the number of links that are present in the framework for a given

number of nodes.

2.2.4 Necessary and Sufficient Condition

The degree of a node is defined as the number of links that combine at that
node. For example, three links join together to form a third degree node. In a spatial
isostatic framework, there are no nodes that are second degree or less. Eq. (2.6),

along with the above condition, forms the necessary and sufficient condition to obtain

an isostatic framework. The proof for this condition can be realized in the following
manner. The mobility equation provides the total mobility of the framework. It is
possible, however, that part of the framework is statically indeterminate and the other
part has some mobility. A node that is of second degree or less gives rise to such a
condition. This can be shown by considering the removal of nodes from the structure
beginning with a first degree node. The mobility equation before the removal of any

node is given by Eq. 2.7.
M=3N-L-6=0 (2.7)

Consider the removal of a first degree node from the framework. This will result in

the loss of one link. The mobility of the framework after the removal of the first

degree node is given in Eq. 2.8.

M=3(N-1) - (L-1) - 6 (2.8)
=3N-L-6-2=-2
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