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Optimal Blast-Resistant Sandwich Structures with Transversely Isotropic

Elastoplastic Polymeric Foams as Cores

Dong ho Kim

(ABSTRACT)

Polymeric foams are widely used as core materials in sandwich panels subject to blast loads,
where strain rates of the order of 4000 /s are observed. Unlike metallic foams, polymeric
foams exhibit transversely isotropic response when tested in a laboratory setting. More
specifically, they exhibit different hardening along the foam thickness than that in a direc-
tion transverse to the thickness. Furthermore, polymeric foams harden differently in tension
and compression. In this thesis we adopt ideas from the constitutive model developed by
Hoo Fatt et al. [ICCM-21, 2017], which captures strain hardening, transverse isotropy and
distinguishes the response in tension and in compression, to include isotropic strain rate hard-
ening. A one dimensional prototype of the model is used to aid in the physical explanation
of various variables, and the model is generalized to three dimensions. The material model is
implemented as a VUMAT (user-defined) subroutine in the commercial finite element soft-
ware ABAQUS Explicit. We show that the model works robustly in uniaxial deformations
as well as in sandwich problems using the test data available in the literature. We provide
values of the 39 material parameters for H45, H60, H80, H100, H130 and H200 foams. The
constitutive relation is utilized in an optimization problem in which the surrogate optimizer
is utilized to minimize the backface deflection of a blast loaded clamped sandwich plate of a
fixed mass. The core in the optimized sandwich structure has a stratified configuration (not
functionally graded) and has 24% less maximum back face deflection as compared to that

in which the six core layers vary from highest density to lowest density or vice versa. For a



sandwich panel subject to a blast load, when the strain rate hardening effect are neglected,
we observed a 12% reduction in the predicted peak deflection from that when strain rate

effects are considered. It is counterintuitive and needs further investigation.



Optimal Blast-Resistant Sandwich Structures with Transversely Isotropic

Elastoplastic Polymeric Foams as Cores

Dong ho Kim

(GENERAL AUDIENCE ABSTRACT)

Sandwich panels are widely used in high performance structures requiring high stiffness, low
weight and the ability to withstand blasts. Sandwich panels consist of several layers, and it is
possible to vary the material and thickness of each layer to arrive at a sandwich panel design
which performs optimally. In this thesis, we numerically find an optimum sandwich panel
design so that it deflects the least when exposed to a given blast. The problem is studied
using ABAQUS Explicit and the Surrogate Optimization solver built into MATLAB. The
outer layers of the sandwich panel are made of a highly stiff material and their thicknesses
are fixed. The remaining six inner layers are allowed to be any of six different H45, H60, H80,
H100, H130, H200 Divinycell polymeric foams and are allowed to vary in thickness. In order
to draw a fair comparison between the designs, we constrain the total mass of the sandwich
panel to be 1 kg. In our quest to find the best sandwich panel design, we develop and
implement, in ABAQUS Explicit, a custom mathematical model which captures the complex
behavior of the polymeric foams. Experimental data in the literature and other techniques
were utilized to check that this mathematical model accurately predicts the physical response
of polymeric foams in different scenarios. The reader is given all of the theory and physical
constants needed to use this mathematical model for the six foams. The optimal sandwich
panel deflects 24% less than a baseline design, and it is found that the material properties

of the six foams do not vary gradually as they did in the baseline designs.
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Chapter 1

Introduction

1.1 Motivation

Sandwich panels are layered structures which consist of thin stiff layers surrounding or sand-
wiching several less stiff, lightweight inner layers called cores. These individual layers are
usually bonded together using an adhesive. Sandwich panels are widely used in high perfor-
mance applications where low weight, high stiffness and excellent blast mitigating abilities are
needed. An example application of polymeric foam core sandwich panels is to the construc-
tion of a hull of naval ships [12],[17]. Several researchers have demonstrated analytically,
numerically and experimentally that sandwich structures outperform monolithic plates of
equal mass when subject to blast loads [11],[20],[5]. In [20] the numerical model disregards

the strain rate effects and the possibility of damage in the core.

Other analytic tools developed by researchers [10] have created models giving insight into the
mechanics of sandwich structures loaded by blasts. The work by Taylor [3], most notably, has
given rise to several modifications over the years [16]. These works are, however, regarded
as simple design tools in light of the advent of experimental techniques such as digital image
correlation (DIC) as well as high performance computers, which have made physical and

numerical experiments the standard.

Researchers regularly conduct experiments in which sandwich panels are loaded by a shock

1



2 CHAPTER 1. INTRODUCTION

tube in air [6]. However, experiments are limited to sandwich specimens which usually have
three foam core layers. In [6] it was found that placing a lower density core closer to the
blast is preferable. Other researchers [18] have numerically explored core gradation as a
possible blast mitigating technique. Other blast mitigation techniques studied include the
consideration of the geometry of a sandwich structure and the inclusion of polyurea coatings

7].

Designing a sandwich structure via testing is time consuming and very expensive. Although
deformations can be tracked accurately on the outer surfaces of a specimen, experimental
analysis of damage is limited to postmortem analyses. As such researchers have turned to
utilizing commercial finite element method (FEM) softwares such as ABAQUS Explicit to
analyze various configurations of sandwich panels under blast loads. In [2] a user defined
VUMAT subroutine is developed for the composite face sheets in which damage is assumed to
initiate using Hashin’s failure criterion [19] and evolve using the theory of internal variables.
Alanbay and Batra [2] used the built in crushable foam model in ABAQUS, based on the work
of Deshpande and Fleck [15], to model the response of the Divinycell H series polymer foam
cores. The crushable foam model assumes the foam cores to be isotropic, and uses as input
the axial stress-axial strain curve for one strain rate. However, it is known from the test data
available in the literature [21],[9] that Divinycell foams are transversely isotropic and strain-
rate sensitive. Hoo Fatt et al. [8] have developed a constitutive model for Divinycell H100
foam which captures the strain hardening and transversely isotropic response of the foam.
It also distinguishes the material’s different response in uniaxial tension and compression.
However, it does not consider strain rate hardening effects and a failure criterion. Fracture,

however, is a common failure mode for sandwich panels [14].

In this work we adapt Hoo Fatt et al’s [8] phenomenological model and incorporate in it

isotropic strain rate hardening effects primarily due to a lack of direction-dependent test data.
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We first develop a one dimensional prototype model, which gives physical interpretation of
the developed constitutive model in a setting where the number of variables are kept to a
minimum. We then generalize it to three dimensions. This model is then implemented as a
VUMAT (user defined subroutine) in ABAQUS Explicit. The VUMAT is applied to both
uniaxial as well as sandwich blast problems, where we show the importance of including strain
rate hardening effects. Finally, we use the VUMAT subroutine to minimize the deflections

of a clamped sandwich panel loaded by a blast load in air.

1.2 Summary of Governing Equations

Equations 1.1-1.4 define an initial boundary value problem (IBVP) for finite mechanical

deformations of a nonlienar material [4].

po(X) = p(X,1)J(X, 1) (1.1a)
6015

pii = S8 1 p, (1.1h)
3xj

Tij = Oji (1.1c)

Oij = Jij(%j? e;ly E;l) (12&)

0= ®(€, 61, 045) (1.2b)
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oijn; =t; on Ty, (1.3a)
u; =i; on Ty, (1.3b)
wi (X, 0) =ui0(X) (1.4a)
(X, 0) =v;,(X) (1.4b)
(X, 0) =03;5(X) (1.4c)
6(X,0) =0 (1.4d)

In Egs. 1.1-14 « = x(X,t) denotes the position occupied by the material point X at
time, t, p, denotes the mass density in the reference configuration, p(X,t) denotes the mass
density in the current configuration at the point occupied by the material point X at time,
t, J = det F', where FI}; = g—;‘?j is the deformation gradient, v; denotes the velocity of @, and
a dot over a symbol represents the total time derivative, e.g. a partial derivative with respect
to t holding X fixed. The symbol o;; denotes the 6 components of the symmetric Cauchy
stress tensor, b; denotes the known body force per unit present volume, and V;; denotes the
left stretch tensor in the polar decomposition of F' as F' = V' R. Note that ® = 0 represents

the yield surface for an elasic-plastic material, where €, is a scalar measure of the plastic

strain.

We note that Eqs. 1.1a-1.1c are the conservation of mass, linear momentum and the mo-
ment of momentum, respectively. Eqs. 1.2a-1.2b represent the constitutive equation for the

material. Eqs. 1.3 and 1.4, respectively, represent the boundary conditions and the initial
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conditions.

Here we have used rectangular Cartesian coordinates & and X to describe respectively the
position of a material point in the current and the reference configuration. Furthermore,
Eqgs. 1.1-1.4 are written using the index notation with indices ¢ and j taking values 1,2, and
3, and a repeated index is summed over the range of the index. In Eqs. 1.3a-1.3b I';, and
I',,, respectively, denote parts of the boundary of the region occupied by the body in the

reference configuration where surface tractions and displacements are prescribed.

Egs. 1.1 and 1.2 involve 11 unknowns p, u;, 0;; and €,. The IBVP defined by Eqs. 1.1-1.4

is numerically solved by using ABAQUS Explicit.



Chapter 2

Constitutive Model

2.1 One Dimensional Constitutive Equation

The constitutive relation in one dimension is given by Eqgs. 2.1-2.5, where o denotes the
axial Cauchy stress, E denotes the Young’s modulus and e, the infinitesimal axial strain,
€= g—)’é, and u(X,t) is the displacement undergone by the material X at time ¢ to position
x. Note that E does not vary whether the material is in tension or compression. The symbol
e denotes the plastic strain, and €, is referred to as the effective plastic strain. dey and dey;
denote increments in €, and €, respectively. The signum function, sgn, maps any o > 0 to
1 and any 0 < 0 to -1. Eq. 2.3 represents the yield surface, f is referred to as the strain
rate hardening function and F' is referred to as the strain hardening function. The symbol
o, represents the material’s yield stress at e;l = epio, where we have assumed the material’s
yield stress is the same in magnitude in tension and in compression. In Eqgs. 2.4 and 2.5,

the symbols a, epil,o > 0, b, ¢, d and e represent material parameters which are to be found

by conducting at different strain rates either a uniaxial tension or compression test.

o=FE(c—eyn) (2.1)
dey = dey sgn(o) (2.2)
o = sgn(0)o, F(En Fle) (23)

6



2.1. ONE DIMENSIONAL CONSTITUTIVE EQUATION 7

1+ aln( 6’}[ ), if e 2611’0
f= €pl.0 ner (2.4)
1, if €1 < €10

F =1+ be, + cexp(d(ey —e)) (2.5)

Eq. 2.2 states that the increment of €,, denoted by de,, may change signs so that, for
example, in a material which has permanently deformed by €, the time rate of change of ¢,

can be less than zero. The value of epzho > 0 is typically taken as 1 /s.

2.1.1 Matlab Implementation

A VUMAT user defined subroutine receives, from ABAQUS Explicit, a physical time incre-
ment, t,.1 — t,, the corresponding values of the deformation gradient, F', at the two times,
the Cauchy stress o (t,) and other data, e.g. €(t,) and €,(t,), saved to the computer dur-
ing a call to the VUMAT at the previous time increment t,, — t,,_;. Using these inputs, the
subroutine computes o (t,+1), which is used by ABAQUS Explicit to compute accelerations,
velocities and displacements using the central difference method. Therefore, in devising an
algorithm to validate the constitutive model, defined by Eqs. 2.1-2.5, we assume that at
any time increment, ¢, .1 — t,, the corresponding strain increment, €(¢,.1) — €(t,), as well as
o(t,) are known. In ABAQUS, the time increment and the strain increment generally vary
in magnitude for each ¢,,, however, we assume for the one dimensional prototype that these
increments are fixed. This is one of the reasons why the one dimensional model developed
herein is a prototype which must be generalized and implemented within ABAQUS. We lay
out the one-dimensional prototype algorithm at some arbitrary time increment, t,.1 —t,. A

summary of the one dimensional prototype algorithm is included in Algorithm 1.

Increment of stress
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The Cauchy stress, o, is incremented according to Eq. (2.6), which is derived by utilizing
Eqgs. 2.1 and 2.2. At t, = 0 we assume that o(t,) = 0, €(t,) = 0, €,(t,) = 0 and €,(t,) = 0.

Although, e;l(to) = 0 was not assumed in Eq. 1.4, it is a necessary assumption.

o(t) = o(tn) + Ele(tny1) — €(ty) — e%l(tn)(tnﬂ —tn)], ifo(th,_1)>0 (26
o(tn) + Ele(tns1) — €(tn) + €p(tn) (tnyr — t)], if o(th—1) <0

Check for Yielding
Once o(t,+1) has been computed using Eq. (2.6) we check whether yielding has occurred
or not. When o(t,) > 0 (o(t,) < 0), if the inequality given in Eq. (2.7) (Eq. (2.8)) is
true then no new yielding has occurred, and € (f,,+1) = €,(,,) and thus e;,l (tnt1) = 0. Note
that the quantities e;l(tnﬂ) and €,(t,+1) on the right-hand side of Eq. (2.7) are unknown.
Therefore, in practice, we approximate the right hand side of Eq. (2.7) by using values at ¢,
which are known. If instead the inequality in Eq. (2.7) is violated, then the equality in Eq.
(2.7) is solved for e;l(tnﬂ), still using €,(t,,) instead of € (t,+1). Having computed €, (t,+1)
and since we know the increment ¢,.1 — ¢, and the value of €,(t,) we are able to compute
ept(tns1)-

0 (ts1) < sgn(0(tn))oy f(6i(tns1)) F(6a(tns)) (2.7)

O (tas1) = 5E0(0(6))0,f (Ei(tns1) F(€a(tns)) (2.8)
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Algorithm 1 One Dimensional Deformations

Input: t,11 — ¢y, e(thrl) - E(tn)> U(an), e;;l(tn)7 6;;l<tn>
Input: o =0, €(t,) =0, o(ty) =0, €u(to) =0, €u(ty) =0
Input: E, b, ¢, d, e, ep;l,(,, a, oy > material parameters
Output: o(t,+1), €i(tni1), €pi(tni1)
Increment Stress
if o(t,) > 0 then

0 (tu1) = 0(ta) + Ele(tur1) — e(tn) = 6uta) (tass — ta)]

else '
0(tny1) = o(tn) + Ele(tnir) — €(tn) + ultn) (tnir — )]
end if
Compute F
F =1+ bey(tn) + cexp(d(ep(ty,) —e))
Compute f

if e;l(tn) > Ep;l,o then
f=1+aln —e;‘gt”)
Ep 0
else

f=1
end if
Check for yield and update o, ¢, and €,
if o(t,) > 0 then
if o(t,41) < fo,F then
o(tpt1) = 0 (tnt1)
pi(tny1) = eultn)
pi(tns1) =0
else

o(tpt1) = 0 (tns1)
) . oltni1) 4
€pi(tnt1) = €pl,o €XP ayl:;
otltas1) = Gnlt) + Ealls)ltnss — 1]
end if
end if
if o(t,) < 0 then
if o(t,41) > —fo,F then
o(tny1) = o(tnt1)
ultrn) = eultn)
E;)l (tn-‘rl) =0
else

U(tn+1> = a(tn+1)
2 R 70(_%4}1)—1
Epi(tnt1) = €plo €XP : -

€pl (tns1) = E;l(tn) + E;l(tn-‘rl)[tn-i—l — tn)
end if

end if
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2.1.2 Values of Material Parameters

Material parameters E in Eq. 2.1, o, in Eq. 2.3, “a” and epio in Eq. 2.4, and b, ¢, d, e in
Eq. (2.5) are found by conducting a uniaxial tension test at different strain rates and fitting
Eqgs. 2.4-2.5 to the collected data, Appendix C. We used a trial and error method rather
than an optimization algorithm to find values of material parameters. Material parameters
a, b, ¢, d, e, E and o, are found for Divinycell H45, H60, H80, H100, H130 and H200 and

are listed in Table 2.1. We choose epio =1.

Table 2.1: Material parameters for Divinycell H series foams needed for Algorithm 1

Foam a b c d e | E [MPa] | o, [MPa]

H45 | 0.0527 | 1.2 | 0.08 | 12 | 0.45| 16.64 0.6353

H60 | 0.0632 | 1.6 | 0.10 | 15.5 | 0.53 | 23.11 0.8366

H80 0.05 1 011 125|053 | 3881 1.3176

H100 | 0.0726 | 0.85 | 0.08 | 12 | 0.45 | 65.93 2.5491

H130 | 0.0718 | 1.5 | 0.08 | 11.8 | 0.45 | 117.51 3.2544

H200 | 0.0713 | 1.3 | 0.09 | 12 | 0.45 | 163.94 5.7553

2.1.3 Matlab Implementation - Results

The Matlab implementation of Algorithm 1 is included in Appendix A. The user need only
modify lines 5 through 22, included below, with the desired material parameters from Table
2.1. Variables in lines 18, 20 and 22 must each be 1 x M matrices. Lines 18 and 20 together
translate to the following physical experiment: Given a “dog bone” specimen with one end
fixed, apply to the free end a displacement boundary condition such that the material strains

at a constant strain rate of € = e dot(1,1) for a time duration of time(1,1) followed by a
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constant strain rate of ¢ = e_dot(1,2) for a time duration of time(1,2) followed by constant

strain rate of é = e_dot(1,3) for a time duration of time(1,3) and so on.

clear all
clc
close all

% user inputs

% physical constants for f = 1 4+ axln(epl_dot/epl _dot_o)
epl dot o =1 ; % units of [1/s]
a = 0.0527 ;

% physical constants for F = 1 4+ bxepl + cxexp(dx[epl—e])

b=1.2;
c = 0.08 ;
d =12 ;
e = 0.45

% physical constants

E = 16.64E6 ; % units of [Pa]

sy = 0.6353E6 ; % units of [Pa]

% total strain rate

e _dot =1 =1 1 -1 1 —1] ; % units of [1/s]

% time

time = [abs(0.1/e_dot(1)) abs(0.2/e dot(1l)) abs(0.2/e_dot(1l)) abs(0.2/e dot(1)
) abs(0.2/e_dot (1)) abs(0.2/e_dot(1))] ; % units of [s]

% number of time increments

N_step = [5000%4000 5000%4000 5000%x4000 5000%x4000 5000%x4000 5000%x4000] ;

Figures 2.1-2.6 show the experimentally measured axial Cauchy stress, o, versus engineering
strain, €, for constant total strain rate experiments at 1/s (red) and 4000/s (blue). Further-
more, the corresponding curves which have been computed using Algorithm 1 are overlaid,

and we conclude that the computed curves closely match the experimental ones. Strain
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rate effects are responsible for magnifying the stress as shown by the experimental data in
these figures. The Cauchy stress versus engineering strain curves for all foams computed
for a compressive strain rate of 1/s (4000/s) are included in Figure 2.7 (2.8). As shown in
Figure 2.9 the developed one dimensional model exhibits hardening when the H45 foam is
subject to the cyclic displacements shown in lines 18-22 of the code in Appendix A. It is
clear that during successive cycles the magnitude of the yield stress is higher than in the
previous cycle due to strain hardening. We did not consider degradation of Young’s modulus
E due to plastic strain resulting in the same value of E during loading and unloading. The
assumption that the total axial strain is the sum of its elastic and plastic parts, as is done
in small strain plasticity, was adopted. However, the computed results seem to mimic well

the experimental ones till the axial strain of -0.8.

H45
DS T T T T T T T T
1/s computed
= = = /g gxperimental
o | |==4000/s computed o d
- = 4000/s experimental i
05 1
‘©
o
=
151 1
2 4
-2.5

0.8 0.7 -0.6 -0.5 -0.4 -0.3 -0.2 0.1 0 0.1

£

Figure 2.1: Axial Cauchy stress, o, vs axial engineering strain, €, for an H45 foam at strain
rates of 1/s and 4000/s
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HE0
05 T T T T T T T T
— s computed
o | 1/s experimental i
4000/s computed I
- = = ADDQs experimental ] A
05T 1
AF 4
‘o
0o
= -l.ar 1
T
2t i
25 1
a3 i
a5 1 L L L 1 1 1 1

0.8 0.7 -0.6 0.5 -0.4 -0.3 -0.2 -0.1 0 0.1

Figure 2.2: Axial Cauchy stress, o, vs axial engineering strain, €, for an H60 foam at strain
rates of 1/s and 4000/s

HB0
05 T T T T T T T
— s computed
O |= = =1/s experimental
4000/s computed A
0.5 = = =A000/s experimental !
AF
-1.51
‘o
0o
z 2f
T
25T
aF
3.5
4t
_45 1 1 1 1 1 1 1
-0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

Figure 2.3: Axial Cauchy stress, o, vs axial engineering strain, €, for an H80 foam at strain
rates of 1/s and 4000/s
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H100
1 T T T T T T T
— s computed
O |= = =1/s experimental I
4000/s computed I
A1 == = = 40005 experimental r I
W
a3
o)
o
= 4T
&
5
_E -
JEF
B
-9
-0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

Figure 2.4: Axial Cauchy stress, o, vs axial engineering strain, €, for an H100 foam at strain
rates of 1/s and 4000/s

2 T T T
1/s computed

= = = /g gxperimental i
— 4000/ computed I

- = 4000/s experimental I

o [MPa]
&

0.8 0.7 -0.6 -0.5 -0.4 -0.3 -0.2 0.1 0 0.1

Figure 2.5: Axial Cauchy stress, o, vs axial engineering strain, €, for an H130 foam at strain
rates of 1/s and 4000/s



2.1. ONE DIMENSIONAL CONSTITUTIVE EQUATION 15
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- = = g experimental 1 1
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e = L4
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__-1or - 1
©
o
= _
& -
¢
15 e T
&
20 1
_25 1 1 1 1 1 1 1
-0.8 0.7 0.6 0.5 -0.4 0.3 0.2 0.1 0

Figure 2.6: Axial Cauchy stress, o, vs axial engineering strain, €, for an H200 foam at strain
rates of 1/s and 4000/s

E= f.l,"r.‘i
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o
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Figure 2.7: Computed axial Cauchy stress, o, vs axial engineering strain, e, for six foams at
é=1/s
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¢ = 4000/ s
25 T T T T T T T
H45
H80
HE0
201 H100 1
H130

o [MPa]

0.8

Figure 2.8: Computed axial Cauchy stress, o, vs axial engineering strain, e, for six foams at
¢ =4000/s

1.5 T T T T T T r T .

)
\

05|

. janmuenn _

-1.5
0.1 -0.08 -006 -0.04 -002 O 002 004 006 008 01

€

Figure 2.9: Computed axial Cauchy stress, o, vs axial engineering strain, e, for H45 foam
subject to cyclic displacements at strain rates of 1/s
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0.5F

'y

A5 . . . . . L L . .
0.1 -0.08 -D.06 -0.04 -0.02 0 002 004 008 008 01

F-

Figure 2.10: Computed axial Cauchy stress, o, vs axial engineering strain, €, for H45 foam
subject to cyclic displacements at strain rates of 4000/s

Figure 2.11 shows the computed axial Cauchy stress, o, versus the engineering strain, e,
when subjected to the strain rate time history of 1 /s, -1 /s, 1 /s, 0 /s, -1 /s and 1 /s for
a time duration of 0.1 s, 0.05 s, 0.1 s, 0.05 s, 0.05 s and 0.1 s, respectively. We note that
before the second unloading event, we momentarily fix the strain rate at 0/s to test whether
the developed model can handle zero or small strain rates. Furthermore, as shown in Figure
2.11 the slopes during the unloading events remain unchanged as compared to the initial

Young’s modulus of the material since the model includes no damage induced due to plastic

strain.
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0.8
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Figure 2.11: Computed axial Cauchy stress, o, vs axial engineering strain, €, for H45 foam
subject to loading-unloading-loading-dwell-unloading-loading at strain rates of 1/s

2.2 Generalization to Three Dimensions

We use an associated flow rule and assume that during continued yielding the plastic strain

rate, ij, is along the normal to the flow potential, ®. That is

0P

aO'ij

D= A (2.9)

where A is a plastic multiplier and ij is the plastic part of the strain-rate tensor, D;;, that

is defined by

Dij = —(L,;j + sz) (210&)

Lij = Fi Fp} (2.10b)
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The plastic multiplier A is found by ensuring that the plastic working satisfies the following

relation.
: 0
U:foﬁsz = Uiijj == AO’UM (211)
In Eq. 2.11 azf f is the flow stress at time ¢, and afff_)_ is evaluated using values of 0;; at time
ij

t,. After finding A from the following Eq. 2.12 we find Df; from Eq. 2.9.

?_fgf, if =0and ® >0
A={ v (2.12)
0, if either ® =0 and ® <0 or & <0

The evolution of stresses during the time interval (t,,t,.1) is given by

0ij = Ciju(Di — DY) (2.13)

where 0;; is the Jaumann derivative of ;; and Cjjy; is the current elasticity matrix for the

transversely isotropic foam material.

For the lack for time I used the following approximate method in which V', has been assumed

to be an objective tensor.

The generalization to three dimensions of the constitutive model given by Eqs. 2.1-2.5 is
listed in Eqs. 2.14-2.20. More specifically, Egs. 2.14a-2.14c are the analogues to Eqgs. 2.1-2.3.

Eq. 2.14b is the associates flow rule.

The symbol & denotes, in Voigt notation, the 6 x 1 matrix containing the six components
of 6;j = Rim0OmnlRjn, where R denotes the rotation tensor in the polar decomposition of
F as F = VR, and o;; are the six components of the symmetric Cauchy stress tensor
denoted as o in Voigt notation. E denotes a matrix of material elasticities. The symbols V'

and Vp, respectively, denote 6 by 1 matrices containing components of the symmetric left
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stretch tensor and the six components of plastic strain. The increments in plastic strain,
Vi, and effective plastic strain, €,;, are denoted as dV,; and de,,; respectively. In Eqgs. 2.19¢-
2.19e the symbols, ep§7o, a, bij, ¢;j, dij and e;; for ij € {11,22,33,12,23,31} are material
parameters. In Eq. 2.20 the symbols oy, . and 05, + denote the yield stresses in compression
and tension respectively for it € {11,22,33}, and o, denote the yield stresses in simple
shear respectively for ij € {12,23,31}. The material constants in E, as well as the material
constants Ep;i,oa a, bij, cij, dij, €ij, Oijyc, Oiiysr and o;j, are found by conducting experiments

at different strain rates.

The increment in plastic strain, denoted dVjy, is computed using the associated flow rule,
Eq. 2.14b, which asserts that the plastic strain grows in the direction perpendicular to the

plastic flow potential surface, & = 0. Furthermore, because in Eq. 2.14b, & is quadratic in

o)
05

&, the term g—? / plays an anaologous role as the signum function in Eq. 2.2. We use
the same plastic flow potential, ®, as Tong et al. [17] did, however, we have modified R in
two ways, e.g. f =1 and Fy; = 1+ ay1(1 — exp (—bi1€y)) in [17]. When R is the identity

matrix, ® = 0 defines the Tsai-Wu yield surface.

&=E(V —Vy) (2.14a)
0P 0P

dVpr = (dep) 5= /152 | (2.14D)

0= ®(61, €1, 6) (2.14c)

O = |011 0922 033 012 0923 031 (2.15)
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D111 Diize Diiss 0 0 0
Di122 Dazga Dagas 0 0 0
E_ Di133 Dagszz  Dssss 0 0 0 (2.163)
0 0 0 2D1919 0 0
0 0 0 0 2D9393 0
0 0 0 0 0 2D
Di111 = E11(1 — va3v3)y (2.16b)
Dogoy = Eoa(1 — 113v31)y (2.16¢)
Dj333 = E33(1 — v1av91)y (2.16d)
Dig12 = Gz (2.16e)
Dasaz = Gas (2.16f)
D131 = G (2.16g)
1
y= (2.16h)
1 — vy9191 — Va3li3e — V31113 — 2191032013
E22 .
— = 2.16
Vo1 P V12 ( i)
E33 .
s 2.16
V32 Fo Va3 ( J)
En
= — 2.16k
V13 Fss V31 ( )
(2.161)
T
V= {Vn Voo Va3 Vig Vas ‘/?,1} (2-17)

T
Voo = |:‘/pl,11 Voee Vs Viiiz Vpios sz,31} (2-18)
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6"R PR6 + q"Ré — 1
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nu ]l
Il
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)
f= 1—|—alng
€pl,o

(Fii),
(Fii)o,

(

~ 1 + b12€;l + C192 €XP (d]_z[e;)l — 612])

0,
\

X1 X X3 0

X1 Xoo Xoz3 O

X3 Xog X33 0
0 0 0 Xg

0 0 0 0

g=1X; X9 X3 0 0 O

0
0

L4 b6 + b, expl(d e esiD]
0
0
0

0
0

0 0 0 0 Xy

0

1 + bog€p + o3 exp (dasl€p — €23])

1 + bglﬁ;l + C31 €XpP (dgl[ﬁ;l — 631])

1+ bgie;l + Cf’z’ exp(d’;i [Eg)l - e’tii])

0
0

X55
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(2.19a)
(2.19b)
(2.19¢)
3\
ifi=j¢€{1,2,3}and (6); <0
ifi=je{1,2,3} and (6); >0
ifi=4=j
(2.19d)
ifi=5=
ifi=6=j
if i j
Ve
(2.19)
(2.19f)
(2.19g)
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1
Xy1=— (2.20&)
011y,c011y,t
1
Xogg =——— (2.20b)
0922y,c022yt
1
Xyg=———— (2.200)
033y,c033y,t
1
Xy = (2.20d)
012y012y
1
X55 = (2206)
023y023y
1
Xeg = (2.20f)
0314031y
1
Xip =X11 — §X66 (2.20g)
X3 =—0.02 x 1072 Pa (2.20h)
X3 = —0.02 x 1072 Pa (2.20i)
1 1
X = — (2.20j)
011yt O1l1y,c
1 1
Xy = — (2.20k)
022yt 022y,¢
1 1
X3 = — (2.201)
033yt 033y,c
(2.20m)

2.2.1 VUMAT Implementation

A VUMAT user-defined subroutine receives, from ABAQUS Explicit, a physical time incre-
ment, t,1 — t,, the corresponding increment in the left stretch tensor, V (¢,41) — V (¢,,), the
Cauchy stress components in the rotated frame R(t,41)o (t,)R” (t,.1) and other data, e.g.

€,(tn) and €y(t,), saved to the computer during a call to the VUMAT at the previous time
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increment t,, — t,,_;. Using these inputs, the subroutine computes & (t,1), which is used by
ABAQUS Explicit to compute accelerations, velocities and displacements using the central
difference method. Therefore, in presenting the algorithm at some arbitrary time increment,
tpi1 — tn, we assume that t,,1 — t,, the corresponding strain increment, V' (¢,.1) — V(t,),
as well as R(t,1)o(t,)R" (t,41) are known. A summary of the one-dimensional prototype

algorithm is included in Algorithm 2.

Increment of Stress
The Cauchy stress, o, is incremented according to Eq. 2.21, which is derived by utilizing
Egs. 2.14a and 2.14b. At ¢, = 0 we assume that o(t,) = 0, V(¢,) = 0, €,(t,) = 0 and

€(ty) = 0. Although €,(ty) = 0 was not assumed in Eq. 2.14, it is a necessary assumption.

?ltn'

o
& (tni1) = R(tns1)o (ta) R (tny1) + E[V (tn11) =V (tng1) = (bn 1 — tn) () 8_U|zn||] (2.21)

Check for New Yielding

To compute e;l (tnt1) we check whether any new yielding has occurred or not. More specifi-
cally, %&T(th)R (tn)PR(t,)6 (tns1)+qT R(t,)6 (tnsr) —1 < 0 is equivalent to saying that
& (t,,1) is within the yield surface at ¢,.; and that no new yielding has occurred. When
no new yield has occurred, we let €,(t,+1) = €y(t,). We then conclude that epl(th) = 0.
On the other hand, %&T(th)R (tn)PR(t,)6 (tns1) + qTR(t,)6 (tnr) — 1 > 0 is equiva-
lent to saying that & (,41) is outside of the yield surface at t,,1. In this case, the surface
%&TRT(tn)PR(tn)& +q"R(t,)6 — 1 = 0 cannot be the yield surface at time t,,; since
the state of stress at t,.1, 6(t,+1), must be on or within the yield surface at ¢,.1, by the

definition of a yield surface. So we compute Eq. (2.22) for €, (t,.1) whose form is given
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explicitly by Eq. (2.23). Once €(tny1) is known, €;(t,41) can be computed.

0 :%&T(tn+1)1%T(€;z(tn+1), 61(tn)) PR(6(tnr1), 6i(tn)) 6 (tns1)
(2.22)

1" R(Eutr), (1)) (L) — 1

TE (4,)6 (ty1)
2

\/[qTF_ (£2)6 (tny1)]2 +2&T(tn+21)((F(tn))‘l)TP(F(tn))_l&(t"“) —1)/a] (2.23)

Eni(tur1) = €poexpl(

+
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Algorithm 2 Three Dimensional Algorithm

Input: t,i1 — ty, V(tyi1) — V(tn), Rtps1)o(t,) R (tai1), En(tn), Eltn)
Input: ¢, =0, V(t,) =0, o(ty) =0, €u(to) =0, €p(to) =0

Input: Eiy, Eo, Es3, Gia, G237 G31, V12, Va3, V315 Q, Ep;l,o > E; f, Egs. (2.16; 2.19¢))
Input: blcl, i dlcl, i biz’ Cii» dfl, fl for i € {1,2,3}, 1912, ..., €31 > F, Eq (219d)
Input: 019y, 023y, 031y, Tiiy,c, Tiigs for i € {1,2,3} > P and g, Egs. (2.19f - 2.19g)

Output: &(tn+1>7 E;l(tn_’_l), E;l(tn—i-l)
Increment Stress

|| =0 then
6'( n+l) (tn+1) (tn)RT<tn+l) + E[V(tn-i-l) - V(tn-i-l)]
else
. @ tn
6 (tni1) = Rltni1)o (ty) R (tas1) + E[V (tns1) = V(tas1) — (tng1 — tn)%l@n)@éﬁ]
end if

Compute non-zero components of F F
(F)as = 14 braep(tn) + c12 exp (drzf€u(tn) — €12])
(F)s5 = 14 braep(tn) + 12 exp (diz[€u(tn) — €12])
(F)es = 1+ bg1€p(ty) + c31exp (dsi[ep(tn) — e31])
for i = 1:3 do
if (6); < then
(F) =1+ bfep(tn) + cf; exp (df;[€p(tn) — €5])
else
()i = 1+ byoa(t) + ety exp (d[eu(ta) — b))
end if
end for
Computef
if epl( n) > ep;lo then

f—l—i—alne”l( )

€pl,0

else
f=1
end if
Check for yield and update o, €, and e;l

if 167 (1)) R (1) PR(6,)6 (ts1) + a7 R(£,)6 (tas1) — 1 < 0 then

&(tn-i-l) &<tn+l>
epi(tnt1) = €p(tn)
6Pl( nJrl) 0

else

&(tn-i-l) - &(tn-i—l)

A A TH—1 e .
€pl(tn+1) = €pi, oeXp[(q F (t;) (tnt1)

\/[qTF (tn)& (tn+1)12426 7 (tn+1) (F(tn)) "D T P(F(tn)) 16 (tns1) _
2 1)/a]

sz(tnﬂ) = 6pu(tn) + ot (tns)[tnsr — L)
end if
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2.2.2 Fitting Material Parameters

The constitutive model given by Eq. 2.14 consists of 56 independent material parameters,
where E;; for i € {1,2,3} denote the material’s Young’s moduli in the i direction, G;; for
ij € {12,23,31} denote the shear moduli in the ij direction, v;; for ij € {12,23,31} denote
the elastic Poisson’s ratios, oy, . and oy, for i € {11,22,33} denote the yield strengths
in compression and tension in the ¢ directions, o, for ij € {12,23,31} denote the yield

dt

%) 7,7,7

bC

1) ”7

strengths in the ij directions, where b, ¢k, ds;, e, for ii € {11,22,33} are
24 more material parameters defining the uniaxial strain hardening function, and b;;, ¢;;,
di;, €;; for ij € {12,23,31} are 12 material parameters defining the shear strain hardening
function, and the material parameters a and epio are 2 more material parameters defining
the strain rate hardening function. All of these material parameters, except for a and ep;lyo,
are found by conducting a uniaxial tension, uniaxial compression or simple shear test in their
respective directions at a constant “static” strain rate whose magnitudes are each ¢,. The

material parameters a and €, correspond to the isotropic strain rate hardening function,

f = 1+aln -2~ and we must choose which experiment to subject the anisotropic material to.

pl o
Here we used the test data for uniaxial compression parallel to the direction of transverse
isotropy to find “a” and epiljo. We follow the same method utilized to compute these two

parameters in the strain rate hardening function, f, in Eq. 2.4.

The algorithm herein does not assume the material to have any transverse isotropy. We,
however, make the assumption that the 33 direction is the direction of transverse isotropy
in which case the the number of unknowns is reduced to 38. We assume b}, = b,, b5, = 05,,
iy =chy, & =Sy, dby = dby, dS) = dS,, and ehy = eby, €5 = €5,. We also assume by = by,
Co3 = C31, dag = d31, and eg3 = e31. We also assume Fj; = Fa, Goz = (31, and 193 = v31.

We also assume 011y = 022y.c, O11yt = O22yt, a0d 023, = 031,. These 38 material properties
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in addition to the density are listed in Table 2.2 for each of the six H45, H60, H80, H100,

H130 and H200 Divinycell polymeric foams.
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Table 2.2: Material parameters for Divinycell H series Polymeric Foams with the 33 direction
as the axis of transverse isotropy.

Foam H45 | H60 | H80 | H100 | H130 | H200
Density [£4] 45 60 80 100 130 200
b, = b, 1.20 | 1.60 | 1.00 | 0.85 | 1.50 | 1.30
i = 5. 0.08 | 0.10 | 0.11 | 0.08 | 0.08 | 0.09
d, = dé,. 120 | 155 | 125 | 12.0 | 11.8 | 120
ek, = €5, 0.45 | 0.53 | 0.53 | 045 | 045 | 045
bio = bys = bs 1.20 | 1.60 | 1.00 | 0.85 | 1.50 | 1.30
Clg = Ca3 = C31 0.08 | 0.10 | 0.11 | 0.08 | 0.08 | 0.09
diy = dog = ds; 120 | 155 | 125 | 12.0 | 11.8 | 120
el = €93 = €31 0.45 | 0.53 | 0.53 | 045 | 045 | 045
Eyy = Ey [MPa] 831 | 11.55 | 19.40 | 32.96 | 58.75 | 81.97
FEs3 [MPa] 16.63 | 23.11 | 38.80 | 65.92 | 117.51 | 163.94
G2 [MPa] 4.15 | 5.77 | 9.70 | 16.48 | 29.37 | 40.98
Gas = G31 [MPa) 831 | 11.55 | 19.40 | 32.96 | 58.75 | 81.97
Vig = Va3 = Vs 0.3 03 | 03 | 0.3 0.3 0.3
Oliye = —011y0 [MPa] | 031 | 041 | 0.65 | 1.27 | 1.62 | 2.87
Ooaye = —O9y¢ [MPa] | 0.31 | 041 | 0.65 | 1.27 | 1.62 | 2.87
O33yc = —0O33,¢ [MPa] | 0.62 | 0.82 | 1.3 | 254 | 324 | 574
019, [MPa] 025 | 020 | 032 | 0.63 | 0.81 | 1.43
a3y = 031, [MPa] 0.31 | 041 | 065 | 1.27 | 1.62 | 287
a 0.0527 | 0.0632 | 0.05 | 0.0726 | 0.0718 | 0.0713
€l 1 1 1 1 1 1
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2.3 VUMAT Implementation

The VUMAT user subroutine implementation of Algorithm 2 is included in Appendix B.
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2.3.1 Application to a Cuboid of Foam

The first problem studied is that of a 1 mm cuboid, Figure 2.12. The boundary conditions
on the cuboid are listed in Table 2.3, where us(t) is given either by us(t) = —17%¢ for
t €[0,0.75s] for a 1/s constant strain rate problem or by us(t) = —4%¢ for t € [0, 187.5 ps]
for a 4000/s constant strain rate problem. The geometry is meshed by a single C3D8
element, an 8-noded element. Initial conditions are all zero. We record the displacement
at the material point which occupied the centroid of the face X3 = 1 mm in its reference
configuration and compute the strain es3 with respect to time. We also record o33 at all
8 integration points within the element and take their average. Note that the material
properties given in Table 2.2 assume that the axis of transverse anisotropy for this cuboid

problem is in the 3 direction.

X4

X3 1mm

Figure 2.12: Geometry of the cuboid considered
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Table 2.3: Boundary conditions on a cuboid of foam studied in subsection 2.3.1

Boundary Condition

(X17X2>X3)
x3 =10 o13=20,093=0,u3=0
$3:1mm 0'13:0, 0'23:0, U3ZU3(t)

1 = 0orlmm 011 =0,09 =0, 03 =0

o12 =20, 09 =0,03 =0

T9 = 0or1mm

As shown in Figures 2.13-2.18 the developed VUMAT accurately predicts the experimental

axial Cauchy stress versus axial engineering strain at strain rates of 1/s and 4000/s

H45
0.5

= = = 15 gxperimental
- == 400005 experimental
ot 1is VUMAT

4000/ VUMAT

o [MPa]

0 0.1

25 . . . . .
: -0.6 0.5 -0.4 -0.3 -0.2 -0.1

I3

Figure 2.13: Axial Cauchy stress, o33, vs axial engineering strain, es3, for an H45 foam at

strain rates of 1/s and 4000/s
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Figure 2.14: Axial Cauchy stress, o33, vs axial engineering strain, €3, for an H60 foam at
strain rates of 1/s and 4000/s
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Figure 2.15: Axial Cauchy stress, o33, vs axial engineering strain, es3, for an H80 foam at
strain rates of 1/s and 4000/s
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Figure 2.16: Axial Cauchy stress, o33, vs axial engineering strain, es3, for an H100 foam at
strain rates of 1/s and 4000/s

H130
2 -y
= = = 15 gxperimental
oo = 4000/s experimental
1is VUMAT
4000/ VUMAT
2k

o [MPa]

-0.2 -0.1 0 0.1

Figure 2.17: Axial Cauchy stress, o33, vs axial engineering strain, €33, for an H130 foam at
strain rates of 1/s and 4000/s
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Figure 2.18: Axial Cauchy stress, o33, vs axial engineering strain, es3, for an H200 foam at
strain rates of 1/s and 4000/s
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2.3.2 Comparison with ABAQUS’ Built in Crushable Model

The VUMAT, e.g. see Appendix B, as well as the crushable foam model built into ABAQUS
is utilized to study the transient, three-dimensional deformations of a sandwich panel due
to a blast load in order to validate the user defined VUMAT subroutine. The geometry
of the problem studied is shown in Figure 2.19. The origin depicted in Figure 2.19 is sit-
uated with respect to the sandwich panel such that the panel occupies (x1,x9,23) € Q =

[—254 mm, 254 mm)] x [0, 508 mm]| x [0, —25.4 mm)] in its reference configuration.

The sandwich panel consists of three layers. One layer of H45 foam, which is 20.3 mm thick,
is surrounded on each side by a face sheet layer, each 2.54 mm thick. The explosive charge is
placed a distance of 0.5m away from the centroid of the sandwich panel’s face sheet closest

to the blast.

0.0254 m

0.508 m

Figure 2.19: Geometry of the blast problem

The face sheets are assumed to be isotropic, linearly elastic and homogeneous, with a Young’s
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modulus of 1663 MPa, a Poisson’s ratio of 0.3 and a density of 1500%. When the user-
defined VUMAT subroutine is used for the H45 foam, the material properties for the foam are
listed in Table 2.4. The properties listed in Table 2.4 are similar to the transversely isotropic
properties listed in Table 2.2, however, differ such that the foam behaves isotropically. These
artificial material properties for H45 foam as listed in Table 2.4 are used together with the
user defined VUMAT in studying the sandwich panel in this section in order to draw a fair
comparison with the results obtained using the built-in crushable model, which assumes the

material to be isotropic.

The following inputs were utilized in the built-in crushable foam model. The density of
the H45 foam was prescribed to be 45%, the Young’s modulus was prescribed to be 16.63
MPa and the Poisson’s ratio was chosen to be 0.3. Furthermore, the crushable foam model
requires two additional parameters, the ‘compression yield ratio” which was prescribed to
be 1.77 and the ‘hydrostatic yield stress ratio’ which was prescribed to be 0.18. These two
parameters were also used by Alanbay and Batra et al. [2]. In order to inform the crushable
foam model of the strain hardening behavior, we entered the data obtained by digitizing
the 1/s experimental data in Figure 2.1. In order to inform the crushable foam model of
the strain rate hardening behavior we are able to enter f , Eq. 2.19¢, as a function of e;l in

tabular form.
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Table 2.4: VUMAT material parameter inputs for the H45 foam used in Subsection 2.3.2

Foam H45
Density [24] 45
b = b 1.20
Chie = Cic 0.08
dije = di;, 12.0
€lic = €5ic 0.45
b1z = baz = b3y 1.20
Cla = Ca3 = C31 0.08
dig = do3 = d31 12.0
€12 = €23 = €31 0.45

E11 = EQQ [MP&] 16.63

Es33 [MPa) 16.63
G12 [MPa] 8.31
Gosz = G31 [MPa] 8.31
Vig = V93 = U3 0.3

O1ly,e = —O11y,t [MP&] 0.62

0922y,c = —022yt [MP&] 0.62

033y,c = —033y.t [MPa] 0.62

12, [MPal 0.31

023y = 031y [MP&] 0.31

a 0.0527

epl,o 1

We utilized the CONWEP tool built into ABAQUS, which allows a user to input the amount
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of explosive (equivalent mass of TNT) and the location of the explosive with respect to the
impacted surface. We must also choose which surfaces on the sandwich panel part will be
affected by the explosive - we only allow the portion of the material points on the surface
closest to the charge. The time history and the magnitude of the traction acting on each
material point are computed before the simulation begins. Figure 2.20 shows the time history
for a generic material point. As the simulation progresses, the direction of the surface traction
on the impacted face is updated for the resultant traction to remain normal to the deformed
surface. In Subsection 2.3.2 we utilize 0.12 kg of TNT. The traction boundary condition
described here is denoted as on = t in Table 2.5, where n denotes the outward unit normal

to the sandwich panel’s outer surface in its current configuration.

c
2
-= Exponential Decay
m
|
-
T
o
o
-
3
-E Positive Phase
B
=
Jr—
| Negative Phase
. ' " .
Detonation Arrival

Time
Time

Figure 2.20: Example time history computed by the CONWEP tool for the traction acting
on a material point of the loaded surface

The boundary conditions on the remaining surfaces of the sandwich panel are listed in Table
2.5. These boundary conditions imply a sandwich panel whose edges are clamped. The
initial conditions for displacement and velocity at all material points are set to zero. The

simulations are run for 1 ms.
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Table 2.5: Boundary conditions on a sandwich panel studied in subsection 2.3.2

(1,2, 3) Boundary Condition

x3 =0 on =t (CONWEP)
r3 = —25.4mm on=0
1 = —254 mm or 254 mm u=20
T9 = 0 mm or 508 mm u=20

A mesh convergence study shows that the foam and face sheets which are meshed using 100
uniform elements in the z; and zy directions as well as 5 (20) elements in the x3 direction
for each face sheet (H45 foam core) layers provides a converged solution. The displacement
of material point (X7, Xs, X3) = (0,254 mm, —25.4 mm) changes by less than 0.5% when the
mesh density is doubled in all three directions, and the effective plastic strain, €, at the
centroidal element closest to the blast has converged to within 3%. We note that at a material
interface, all nodes are shared by the geometry occupied by both materials. Furthermore, we
do not consider damage in the face sheet nor do we consider the possibility for delamination

between the face sheet and the core.

The computed deflection of the back face centroidal point of the sandwich panel is plotted as
a function of time in Figure 2.21. The displacement predicted by the user defined VUMAT
subroutine matches the displacement predicted by the built in crushable foam model well.
Figures 2.22 and 2.23 show the w3 component of the displacement field for the deformed
blast side face sheet and back side face sheet at ¢ = 1 ms computed using both the VUMAT

and the crushable foam model.



2.3. VUMAT IMPLEMENTATION

D T 1 1 T T T T T T
VUMAT
Crushable
051
Ak
£
&=,
[as]
=
151
22k
—2,5 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

06 07 08

0.9 1
Time [ms]

Figure 2.21: Deflection time history of the back face centroidal point of the sandwich panel
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VUMAT Crushable Foam

U, U3
+6.6598-07
-2.083e-03
-4.1662-03
-6.249e-03
-8.333e-03
-1.042e-02
-1.250e-02
-1.4588-02
-1.6678-02
-1.875e-02
-2.083e-02
-2.202e-02
-2.500e-02

X1 X1

Figure 2.22: Fringe plots of the displacement uz at ¢t = 1 ms of the impacted face computed
using the VUMAT (left) and the crushable foam model (right)

VUMAT Crushable Foam

U, u3

+6.659e-07
-2.083e-03
-4.166e-03
-6.249a-03
-8.333e-03
=1.042e-02
=-1.250e-02
=1.458e-02
=1.667a-02
=1.875e-02
-2.083e-02
-2.292e-02
-2.500e-02

Xy X1

Figure 2.23: Fringe plots of the displacement uz at ¢t = 1 ms of the back face computed using
the VUMAT (left) and the crushable foam model (right)

Figure 2.24 is a schematic used to locate elements “17, “27, “37 “4” “5” “6” and “7” in
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layer “t”, “m” or “b” of the H45 foam of the sandwich panel shown in Figure 2.19, where
layer “f” denotes the elements in the plane closest to the blast, “m” denotes the elements in
the plane coincident to the geometric midplane of the foam, and “b” denotes the elements
in the plane furthest from the blast. We adopt a naming convention such that the element
number is followed by the plane it is in so that for example element “1f” is element 1 in

Figure 2.24 in the plane closest to the blast.

The time histories of the effective plastic strain, €,, at the centroid of elements 1f, 1m and
1b computed using the VUMAT subroutine and the crushable model are shown in Figure
2.25. The corresponding time histories of the effective plastic strains for elements 2, 3, 5 and
6 are plotted in Figures 2.26, 2.27, 2.28 and 2.29 respectively. The time histories at element
4 are identical to those at element 2 and are not plotted. Similarly, the time histories at
element 7 are identical to those at element 5 and are not plotted. It is clear that the effective
plastic strain at the onset of plastic deformations at the selected points from the in-built
crushable model is higher than that from the VUMAT. Furthermore, it stays higher for some
time before gradually decreasing to a value lower than that given by the VUMAT. Possible
sources of this discrepancy are errors in digitizing the curve input into ABAQUS and errors

in the VUMAT.
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! [ |
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Figure 2.24: Locations of elements “17, “27 “37 “4” “57 “6” and “7” at some layer "f”,
“m”; “b” of the sandwich panel shown in Figure 2.19
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Figure 2.25: Time history of the effective plastic strain at elements 1f, 1m, 1b
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Figure 2.26: Time history of the effective plastic strain at elements 2f, 2m, 2b



46

CHAPTER 2. CONSTITUTIVE MODEL

02 T T T T T T T T T
Element
3f
- = 3
015 3m T
- = :3m
=
s “
n -~
g S )
®
iy
o
2
;c; 0.05 b
=
T, N em o o o - - =
______ .
O ______ —
\
VUMAT - solid L
CRUSHABLE - dashed
'0.05 i i i i i i i i i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time [ms]

Figure 2.27: Time history of the effective plastic strain at elements 3f, 3m, 3b
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Figure 2.28: Time history of the effective plastic strain at elements 5f, 5m, 5b
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2.3.3 Effect of Strain Rate Hardening

In this subsection, we study whether our consideration of strain rate hardening influences
deformations of a sandwich structure exposed to a blast load in air. We “turn off” strain
rate hardening effects in our VUMAT by assigning to the material parameter “a” in f , Eq.
2.19¢, a very small value. For the six foams, we conduct numerical uniaxial compression
tests in the xs-direction at constant strain rates of 1/s and 4000/s, and we continue to
reduce the values of the material parameter “a” starting from those given in Table 2.2 until
the computed axial Cauchy stress-axial strain results at the constant strain rate of 1/s are
indistinguishable from those obtained when computed at a constant strain rate of 4000/s.

As shown in Figures 2.30-2.35 we see that reducing “a” by a factor of 100 is sufficient.

We then utilize the material parameters given in Table 2.2 but with “a” reduced by a factor of
100. The blast problem studied in this subsection is identical to that studied in Subsection
2.3.2, however, the blast has a TNT equivalent mass of 0.24 kg, and the sandwich panel
utilized has layers as shown in Figure 2.36. Figure 2.37 shows that neglecting strain rate
hardening effects causes a 12% reduction in the peak deflections which is counterintuitive.

Reasons for this are being investigated.
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Figure 2.30: Strain rate hardening effects on the axial Cauchy stress-axial strain for H45
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Figure 2.31: Strain rate hardening effects on the axial Cauchy stress-axial strain for H60
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Figure 2.32: Strain rate hardening effects on the axial Cauchy stress-axial strain for H80
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Figure 2.33: Strain rate hardening effects on the axial Cauchy stress-axial strain for H100



2.3. VUMAT IMPLEMENTATION 51

15 T T T
—1/s-a=0.0718
- 1/5-a=0.000718
4000/s - a = 0.000718

Axial Cauchy Stress [MPa]

0 ; : ; ; ; : ;
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Axial Strain

Figure 2.34: Strain rate hardening effects on the axial Cauchy stress-axial strain for H130
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Figure 2.35: Strain rate hardening effects on the axial Cauchy stress-axial strain for H200
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H60 teare 2 = 9.60 mm
H80 teores = 9.60 mm

teare 4 = 9.60 mm
tegres = 9.60 mm

Leare s = 9.60 mm

tface2 = 3mm

Figure 2.36: sandwich panel geometry
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Figure 2.37: Deflection time history of the back face centroidal point of the sandwich panel



Chapter 3

Optimization of a Sandwich Panel

In this chapter, the user-defined VUMAT along with a surrogate optimizer built into Matlab
is used to find an optimized sandwich layup and thicknesses of 6 core layers to minimize the

back face deflection.

3.1 Description of the Optimization Problem

The schematic of a typical sandwich design considered is shown in Figure 3.1. It is composed
of six foam core layers of H45, H60, H80, H100, H130 or H200 foams, whose transversely
isotropic material properties are given in Table 2.2. The core is surrounded by a face sheet
on the outside of the sandwich panel. The material properties of the transversely isotropic,
linearly elastic, homogeneous face sheet are listed in Table 3.1. There are no damage effects
considered in the face sheets, the core layers, and between adjoining layers of the sandwich
panel. The sandwich is loaded due to a charge, described in subsection 2.3.2, and located at
(21,22, 23) = (0,254 mm, 5mm). The coordinate axes depicted in Figure 3.1 have the origin
fixed to the exposed surface of the face sheet closer to the blast. All designs are subjected

to a blast due to 0.12 kg of TNT.

53
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N

Figure 3.1: Typical sandwich design considered during optimization

Table 3.1: Transversely isotropic material properties for the face sheets in the optimization
problem

Density [£4] | 1600

EH = E22 [GP&] 55

E33 [GP&] 7

V19 = V93 = 13 0.35

Glg = Ggg [GP&] 1.8

G12 [GP&] 4.5

We denote the layup of a sandwich panel design by d = {ts1, Ha(te1), ..., Hes(tes) t2}. In
this notation ¢;; (t72) denotes the thickness of the face sheet closer (further) to the blast,
and H. (t.), for example, denotes the core type, i.e. H45, H60, H80, H100, H130, H200,
and the core thickness by .. All designs have a span of 508 mm x 508 mm. We allow

Imm <t tyo < 3mm and 3mm < t., to < 10mm. The surrogate optimizer minimizes
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|ming us(t)|, where us(t) is measured at the centroid of the back surface that is not impacted
by the blast wave, (z1, 22, z3) = (0,0.254m, =ty —tog —...—tes—ty2). All simulations are run
for a duration of 1.5 ms, which was sufficiently long enough for the sandwich panels to reach
peek deflection before rebounding. We constrain the mass to be 1 kg, e.g., the surrogate

optimizer is only allowed to explore designs, d, which meet this constraint on mass.

The panel edges are clamped, and the boundary conditions are given in Table 3.2, where
tiotat = ter + ... +teg. The initial displacements and velocities are null.

Table 3.2: Boundary conditions on a sandwich panel studied in Chapter 3

(21, T2, x3) Boundary Condition

3 =10 on =t (CONWEP)
T3 = —liotal on=0
r1 = —254 mm or 254 mm u=20
Zo = 0or 508 mm u=0

The mesh density described in subsection 2.3.2 gave converged results for all baseline and

optimized designs.

3.2 Surrogate Optimizer

The surrogate optimizer, which is built into Matlab, is utilized to obtain an optimized
sandwich layup. One of the difficulties with applying the constant mass constraint is
that the total mass of the plate massy is a nonlinear function of the design variables
d = {ty1,Ha(ter), ..., He(tes), ty2} due to the presence of terms like p.it.. Matlab’s sur-
rogate optimizer only allows nonlinear inequality constraints to be specified. We therefore

use the following inequality mass constraint: |massq — 1kg| — tol < 0, and set tol = 20g,



56 CHAPTER 3. OPTIMIZATION OF A SANDWICH PANEL

which ensures that the mass of the sandwich panels stays within 2 % of 1 kg. Other two

parameters are assigned values MinSurrogatePoints = 40, MinSampleDistance = 1.25E-5.

3.3 Baseline and Optimized Designs

We choose two baseline designs given by Eqgs. 3.1 and 3.2. The optimized design is given by
Eq. 3.3. In Egs. 3.1 - 3.3, thicknesses are given in millimeters. The layup for the baseline
and the optimized designs are shown in Figure 3.2. Figure 3.3 shows the time history of the
displacement us of the centroid of the back face. As compared to design dpuserine1 the peak
displacement has decreased by 26.8%. The time history of €, is plotted for the baseline and
the optimized designs in Figures 3.4 - 3.5. In the baseline designs, plasticity first occurs in
the softest H45 foam cores and then in the H60 and H80 cores. The stiffer H100, H130 and
H200 foam cores do not exhibit any plastic deformations. The plastic strain rates observed
are on the order of 2000/s in the H45 core, 400/s in the H60 core and 250/s in the H80
core. Furthermore, in design dpuserine1 (dpasetine2) the material exhibits a plastic strain of
approximately 0.3 (0.2). In the optimized design, there is virtually zero plastic strain, and
it is interesting that the optimized layup alternates between stiff and soft cores. It has
been reported in the literature [13],[1] that acoustic impedance mismatch between adjacent

materials can cause dispersion of shock waves.

dbaselinel :{tfb Hcl (tcl)a L) HC6(t06>7 th}
— (3, H45 (9.6), H60 (9.6), H80 (9.6), H100 (9.6), H130 (9.6), H200 (9.6), 3)

(3.1)
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dbaselineQ :{tflv Hcl (tcl)a L) Hc6(t06>7 th}
— (3, H200 (9.6), H130 (9.6), H100 (9.6), H80 (9.6), H60 (9.6), H45 (9.6), 3)

(3.2)

doptimized :{tfh Hcl(tcl)7 ceey HCG(tC6)7 tf2}
— (3, H100 (8.63), H100 (9.92), H200 (8.40), H100 (4.01), H200 (6.87), H100 (8.33), 3)
(3.3)
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Baseline Designs (1 kg)

Baseline 1 Baseline 2

P lrqce1 — 3 MM
H45 (blast) teore1 = 9.60 mun H200 (blast)

H60 toore2 = 960 mm H130
H80 teore3 = 9.60 mm H100
H100 teore s = 9.60 mm H80
H130 toore s = 9.60 mm H60

H200 Leores = 9-60 mm H45
lface2 = 3 mm eeeee——

Optimized Design (1 kg)

Lrace1 = 3mm
teore1 = 8.63 mm

teore2 = 9.92 mm

teores = 8.40 mm
teorea = 4.01 mm
teores = 6.87 mm
T

core6 — 8.33 mm

lracez = 3 mm

Figure 3.2: Layup of the baseline and optimized sandwich panels
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Figure 3.3: Time history of the back face displacement u3(t) of the baseline and the optimized
sandwich panels
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Figure 3.4: Time history of €, at the centroids of 3 core layers for design dpgsetine1
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Chapter 4

Conclusions

We have incorporated strain-rate hardening in the elastoplastic material model for Divinycell
H series polymeric foams. A foam is modeled as a transversely isotropic strain hardening,
and strain rate hardening material that exhibits distinct response in uniaxial tension and
in compression. We have used the associated flow rule as was utilized by Hoo Fatt et al.
[17], and we have made modifications to the plastic flow potential utilized by Tong et al. to

capture strain-rate hardening.

The constitutive model is implemented as a VUMAT in the commercial finite element soft-
ware ABAQUS Explicit. The computed axial stress-axial strain curves are close to the
experimental ones as expected since the latter were used to find the material parameters.
For isotropic materials the VUMAT gave essentially qualitatively similar results as the built-
in crushable foam model in ABAQUS. However, histories of the effective plastic strain at
five out of six arbitrary chosen points showed differences. The reasons for this could not be
investigated due to lack of time. We also observe that ignoring strain rate hardening effects
by turning it off in the VUMAT subroutine causes the peak deflections to decrease by 12%

with everything else kept fixed. This result is counter-intuitive.

We have studied the optimization problem of a clamped sandwich panel subject to a constant
mass constraint of 1 kg. The layers thicknesses were varied and the six core layers were

allowed to be H45, H60, H80, H100, H130, H200. We found that the optimized sandwich

has layered cores as opposed to a functionally graded layup, in which the material properties
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gradually vary through the thickness.
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Appendix A

Matlab Implementation

clear all
clc
close all

% user inputs

% physical constants for f = 1 4+ axln(epl_dot/epl _dot_o)

epl _dot_o =1 ; % units of [1/s]

<

= 0.0527 ;

% physical constants for F = 1 + bxepl + cxexp(d*[epl—e])

b=1.2;
c = 0.08 ;
d =12 ;
e = 0.45 ;

% physical constants

E = 16.64E6 ; % units of [Pa]

sy = 0.6353E6 ; % units of [Pa]

% total strain rate

e_dot = [1 =1 1 —-11 —=1] ; % units of [1/s]

% time

time = [abs(0.1/e_dot(1)) abs(0.2/e_dot(1)) abs(0.2/e_dot(1)) abs(0.2/e_dot(1)
) abs(0.2/e_dot (1)) abs(0.2/e_dot(1))] ; % units of [s]

% number of time increments

N_step = [5000%x4000 5000x4000 50004000 50004000 5000%4000 5000%4000] ;
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% total number of time increments
N_stepl = 0 ;
for i = 1:length (N_step)
N_stepl = N_stepl + N_step(i) ;
end
% time increments, total strain increments
dt = zeros(N_stepl,1) ;
e_incr = zeros (N_stepl, 1) ;
for i = length (N_step):—1:1
fin = 0 ;

fin = fin + N_step(j) ;

end

dt (1:fin) = time(i)/N_step(i) ;

e_incr(1:fin) = (time(i)/N_step(i))*e_dot(i) ;
end
% initialize epl, s, epl dot, e total
epl = zeros(N_stepl+1,1) ; % plastic strain
s = zeros (N_stepl+1,1) ; % stress
epl dot = zeros(N_stepl+1,1) ; % time derivative of plastic
e_total = zeros(N_stepl+1,1) ; % total strain
Sy_t = sy ;
Sy_c = —sy ;
for N = 2:N_stepl+1

e_total(N) = e_total(N—1) + e_incr(N—-1) ;

% increment stress

if s(N—1) >=10

s(N) = s(N=1) + Ex( e_incr(N—1) — epl_dot (N—1)*xdt(N—1) )

end

if s(N=1) < 0

strain

)
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85

s(N) = s(N=1) + Ex( e_incr(N—1) 4+ epl dot(N—1)xdt(N—1) )
end
% compute F
F =1 + bxepl (N—1) + cxexp(dx(epl(N=1)—e)) ;
% compute f
if epl dot(N—1) >= 1070
f =1+ axlog(epl dot(N-1)) ;
end
if epl_dot(N—1) < 1070
f=1;
end
% check for new yield
if s(N=1) >=0
RHS = fxsy_txF ;
if s(N) <= RHS
s(N) = s(N) ;
epl(N) = epl(N-1) ;

epl_dot(N) = epl_dot_oxexp( ((s(N)/(sy_t*F))—1)/a )
epl (N) = epl(N—1) + epl dot (N)xdt(N—1) ;
end
end
if s(N-1) < 0
RHS = fxsy cxF ;
if s(N) >= RHS

k)

)
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end

if s(N) < RHS

epl _dot(N) = epl_dot_oxexp( ((s(N)/(sy_cxF))—1)/a ) ;
epl(N) = epl(N—1) 4+ epl dot(N)xdt(N-1) ;
end

end

end

% plot computed stress vs etotal

figure (1)
plot (e_total , s(:,1)/1E6, linewidth’,2)
hold on

xlabel ( "\ epsilon )

ylabel (7\sigma ")
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Appendix B

VUMAT Implementation

sk s sk % sk ok sk ok sk ok sk ok sk ok ok ok ok sk ok sk ok ok ok sk sk ok sk ok ok ok ok ok sk ok sk sk sk sk ok kok ok sk ok sk sk sk sk Kk ok ok sk ok ok sk sk ok ok o ok ok ok ok ok ok
C Elastic/Strain—Rate—Hardening—Plastic VUMAT for Transversely Isotropic
C Polymer Foams

C

C ABAQUS 2021.HF7

C

Intel (R) Fortran Intel (R) 64 Compiler Classic for applications running
on Intel(R) 64, Version 2021.4.0 Build 20210910_000000 Copyright (C)

1985—2021 Intel Corporation. All rights reserved.

Rules followed for Fortran 77

1) col. 1 : 7C” for comments

) Col. 6 : continuation of previous lines by putting any character
3) Col. 7—72 : statements

4

)

) parameter statements come before any executable statements

5) include ’vaba param.inc’, dimension statement, parameter statement
character*80 cmname statement

6) Variables whose names start with the letter i,j,k,L,mn are assumed

Q QO o O aa o a o a a a a a
N\

to be integers. All other variables are assumed to be real numbers.

Ot s sk 3k ok ok 3k koK ok ok ok ok ok ok ok ok oK ok ok K ok oK K koK K koK K KK R KK R KK SR KK K KK R K K K ok K R K K K K K KK KK KK R KK R K K
subroutine vumat (

C Read only —

1 nblock, ndir, nshr, nstatev, nfieldv , nprops, lanneal,

2 stepTime, totalTime, dt, cmname, coordMp, charLength
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41

42

43

44
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46
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48

49

50

51

52

53

ot
ot
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props, density, strainlnc, relSpinlnc,

tempOld, stretchOld , defgradOld, fieldOld ,

W A~ W

stressOld , stateOld, enerInternOld, enerInelasOld,
6 tempNew, stretchNew , defgradNew , fieldNew ,
C Write only —

5 stressNew , stateNew, enerInternNew , enerInelasNew)

include ’vaba param.inc’
C
C All arrays dimensioned by (%) are not used in this algorithm
C

dimension props(nprops), density(nblock),

1 coordMp (nblock ,x) ,

2 charLength (nblock), strainInc(nblock ,ndir+nshr),
relSpinInc (nblock ,nshr), tempOld(nblock),

B~ w

stretchOld (nblock ,ndir+nshr), defgradOld (nblock ,ndir+nshr+nshr),

ot

fieldOld (nblock ,nfieldv), stressOld (nblock,ndir+nshr),

stateOld (nblock ,nstatev), enerInternOld (nblock),

enerInelasOld (nblock), tempNew (),

stretchNew (nblock , ndir4+nshr) , defgradNew (nblock ,ndir+nshr+nshr) ,

© 0w N o>

fieldNew (nblock , nfieldv), stressNew (nblock ,ndir+nshr),
1 stateNew (nblock ,nstatev),

2  enerInternNew (nblock), enerInelasNew (nblock), C(6,6), R(6,6),

3 P(6,6), q(6,1), temp(6,6), Phat(6,6), qhat(6,1),

4 stressOldvector (6,1), tempv(6,1), tempvl(6,1), tempv2(6,1),
5 DphiDsig(6,1), e_incr_plas(6,1), strainlncvector (6,1),

6 e_incr_elas(6,1), stressInc(6,1), stressNewvector (6,1),

7 stressNewvectorT (1,6), tempr(1,6), tempsl(1,1), qhatT(1,6),
8 temps2(1,1), PP(6,6), tempvv(6,1), tempvvv(6,1), temprr(1,6),
9 temps3(1,1), temps4(1,1)
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PARAMETER (ZERO

0.D0,ONE = 1.D0,TWO = 2.D0,
0.5D0, FOUR=4.D0, TEN=10.D0)

character *80 cmname

eps_dot_o = props (1)

allc
bllc
cllc
dllc
allt
b11t
cllt

d11t

a22c
b22c
c22c
d22c
a22t
b22t
c22t
d22t

ald3c
b33c
c33c
d33c
a33t
b33t
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88
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90
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95

96

97

98

99

100

101

102

108

109

110

111

112

113

114

115

116

74

c33t
d33t

props (24)

props (25)
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write (%,%) allc, bllc, allt, bllt, a22c, b22c, a22t, b22t, a33c, b33c,

a33t, b33t

outputs are accurate

al2
b12
cl2
d12
a23
b23
c23
d23
adl
b31
c31
d31

write (*,%) al2, bl2, a23, b23, a3l, b3l

outputs are accurate

E1l1
E22
E33
G12
G23
G31
v12
v23
v31

props (26)
props (27)
props (28)
props (29)
props (30)
props(31)
props(32)
props (33)
props (34)
props (35)
props (36)
props (37)

write (x,+) E11, E22, E33, G12, G23, G31, v12, v23, v3l




117

118

119

120

121

122

123

124

125

126

127

128

129

131

132

133

134

135

139

140

141

142

143

144

145

146

147

outputs are accurate

f1T =
f1C =
2T =
f2C =
3T =
t3C =
f12 =
f23 =
31 =

crate

write

= props (56)
(x,+) f1T, f1C, f2T, f2C, 3T, f3C, f12, f23, f31

outputs are accurate

v21l =
v32 =
vl3 =

write

E22/BE11)xv12

(

(E33/E22) %v23
(E11/E33)xv31
(

k) v21, v32, v13

outputs are accurate

G21 =
G32 =
G13 =

write

G12
G23
G31
(%,%) G21, G32, G13

outputs are accurate

gam =
write

output

ONE — v12%v21 — v23%v32 — v31%xvl3 — 2.0%xv21%xv32xv13
(*,%) gam

is accurate

5




148

149

150

151

152

154

155

156

157

158

159

160

162

163

164

165

169

170

171

172

173

174

175

176
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gam = ONE/gam
write (% ,%) gam

output is accurate

D1111 = E11%(ONE-v23%v32)xgam
D2222 = E22%(ONE-v13%v31)*gam
D3333 = E33%(ONE-v12xv21)x*gam
D1122 = El11%(v214v31%v23)*gam
D1133 = Ell1%(v314v21%v32)s*gam
D2233 = E22%(v324+v12%v31)*gam
D1212 = G12
D3131 = G31
D2323 = G23

write (x,%) DI1111, D2222, D3333, D1122, D1133, D2233, DI1212, D3131,

D2323

outputs are accurate

C(i,j) = ZERO
END DO
END DO

write (x,+*) C(1,1), C(1,2), C(1,3), C(2,1), C(2,2), C(2,3), C(3,1), C

(3,2), C(3,3)

outputs are accurate

C(1,1) = D1111
C(1,2) = D1122
C(1,3) = D1133
C(2,1) = D1122




177

178

179

180

181

182

183

184

185

186

187

188

190

191

192

198

199

200

201

202

203

204

205

206

C(2,2) = D2222
C(2,3) = D2233
C(3,1) = D1133
C(3,2) = D2233
C(3,3) = D3333
C(4,4) = TWO«D1212
C(5,5) = TWOxD2323
C(6,6) = TWOxD3131

write (+,%) C(1,1), C(1,2), C(1,3), C(2,1), C(2,2), C(2,3), C(3,1), C
(3,2), C(3,3), C(4,4), C(5,5), C(6,6)

outputs are accurate

do k = 1,nblock
eps_old = stateOld(k,1)
eps_dot_old = stateOld(k,2)

IF (eps_dot_old .GE. TEN%%ZERO) THEN
f = ONE + cratexlog(eps_dot_old/eps_dot_o)
write (%,+) f, eps_dot_old
outputs are accurate

END IF

IF (eps_dot_old .LT. TEN%%ZERO) THEN
f = ONE
write (x,%) f, eps_dot_old, TEN*xxZERO
outputs are accurate

END IF

IF (stressOld(k,1) .LE. ZERO) THEN
F11 = ONE + allc#*(ONE-exp(—bllc*eps_old))
write (*,%) allc, bllc, eps_old, FI1

outputs are accurate
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217
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224

225

226
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228

229

230

231

232

233
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F11 = ONE + allcxeps_old 4+ bllckexp(cllcx(eps_old — dllc))
END IF
IF (stressOld(k,1) .GE. ZERO) THEN

F11 = ONE + allt#*(ONE-exp(—bllt*eps_old))

write (,%) stressOld(k,1), allt, bllt, eps_old, F11

outputs are accurate

F11 = ONE + alltxeps_old 4+ blltxexp(clltx(eps_old — d11t))
END IF

IF (stressOld(k,2) .LE. ZERO) THEN
F22 = ONE + a22c#*(ONE-exp(—b22cxeps_old))
write (%,%) stressOld(k,2), a22c, b22c, eps_old, F22
outputs are accurate
F22 = ONE + a22c*eps_old 4+ b22cxexp(c22cx(eps_old — d22¢))
END IF
IF (stressOld(k,2) .GE. ZERO) THEN
F22 = ONE + a22t+(ONE-exp(—b22txeps_old))
write (,%) stressOld (k,2), a22t, b22t, eps_old, F22
outputs are accurate
F22 = ONE + a22txeps_old + b22txexp(c22t*(eps_old — d22t))
END IF

IF (stressOld(k,3) .LE. ZERO) THEN
F33 = ONE + a33c#*(ONE-exp(—b33c*eps_old))
write (,%) stressOld (k,3), a33c, b33c, eps_old, F33
outputs are accurate
F33 = ONE + a33cxeps_old + b33c*xexp(c33c*(eps_old — d33c))
END IF
IF (stressOld (k,3) .GE. ZERO) THEN
F33 = ONE + a33t+(ONE-exp(—b33t*eps_old))
write (% ,%) stressOld (k,3), a33t, b33t, eps_old, F33
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239

240

241

242

243

244

245

246

247

248

249

250

251

252

260

261

262

263

264

265

266

267

outputs are accurate
F33 = ONE + a33txeps_old 4+ b33txexp(c33tx(eps_old — d33t))
END IF

F12h = ONE + al2x*(ONE-exp(—bl2*eps_old))
write (x,+) stressOld(k,4), al2, bl2, eps_old, F12
outputs are accurate

F12h = ONE + al2xeps_old + bl2xexp(cl2x(eps_old — d12))

F23h = ONE + a23%(ONE-exp(—b23*eps_old))
write (x,+) stressOld(k,5), a23, b23, eps_old, F23
outputs are accurate

F23h = ONE + a23xeps_old 4+ b23xexp(c23x(eps_old — d23))

F31h = ONE + a31x*(ONE-exp(—b3lxeps_old))
write (,%) stressOld (k,6), a3l, b31l, eps_old, F31
outputs are accurate

F31h = ONE + a3lxeps_old 4+ b3lxexp(c31lx(eps_old — d31))

END DO
END DO
write (+,%) R(1,1), R(1,2), R(1,3), R(2,1), R(2,2), R(2,3), R(3,1)

(3,2), R(3,3)

outputs are accurate

R(1,1) = ONE/F11
R(2,2) = ONE/F22
R(3,3) = ONE/F33
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R(4,4) = ONE/F12h

R(5,5) = ONE/F23h

R(6,6) = ONE/F31h
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write (x,%) R(1,1), R(2,2), R(3,3), R(4,4), R(5,5), R(6,6)

outputs are accurate

X11 = ONE/(f1Txf1C)
X22 = ONE/ (2T «f2C)
X33 = ONE/(f3T«f3C)
X66 = ONE/(f12%f12)
X44 = ONE/(£23£23)
X55 = ONE/(£31%£31)
X12 = X11 — HALF%X66
X13 = —0.02E-12
X23 = —0.02E—-12
¢ write (x,%) f12, 23, {31
c write (x,%) X11, X22, X33, X66, X44, X55
DO i = 1,6
DO j = 1,6
PP(i,j) = ZERO
END DO
END DO
PP(1 = ONExX11

= ONExX12
= ONExX13

= ONExX22
= ONE*xX23
= ONExX13

)
)
)
) = ONE#X12
)
)
)
) = ONE+X23




299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

= ONExX33

b

PP(3,3)

PP(4,4) = ONExX66
PP(5,5) = ONExX44
PP(6,6) = ONExX55

CALL MatScal (PP, TWO,P,6 ,6)

X1 = (ONE/fIT) — (ONE/f1C)
X2 = (ONE/f2T) — (ONE/f2C)
X3 = (ONE/f3T) — (ONE/f3C)
DO i=1,6

q(i,1) = ZERO

END DO

q(1,1) = X1
q(2,1) = X2
q(3,1) = X3

CALL MatMult (R,P,temp,6,6,6)
CALL MatMult (temp ,R, Phat ,6,6,6)

CALL MatMult(R,q,ghat ,6,6,1)
DO i = 1,6

stressOldvector (i,1) = stressOld(k,i)
END DO

CALL MatMult (Phat , stressOldvector ,tempv,6,6,1)

(
CALL MatScal (tempv ,ONE/(f*f) ,tempvl,6,1)
CALL MatScal(ghat ,ONE/f ,tempv2,6,1)

(

CALL MatPlus (tempvl ,tempv2,DphiDsig,6,1,1)

agDphiDsig = (DphiDsig(1,1)*+IWO + DphiDsig(2,1) **TWO
+ DphiDsig(3,1)*¥IWO + DphiDsig (4,1) *+IWO
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331
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335
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337
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339
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343

344

345

346

347

348

349
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352

353

354
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356

357
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359

360
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+ DphiDsig (5,1) *¥ITWO 4+ DphiDsig(6,1) *+¥IWO) «+«HALF

IF (agDphiDsig .eq. zero) THEN
DO i = 1,6
tempvv(i,1) = zero
END DO
END IF
IF (agDphiDsig .GT. zero) THEN
CALL MatScal (DphiDsig ,ONE/agDphiDsig ,tempvv,6,1)
END IF
write (x,+) stepTime, tempvv(1l,1)
CALL MatScal (tempvv,eps_dot_old ,tempvvv,6,1)
CALL MatScal (tempvvv,dt,e_incr_plas,6,1)
write (,%) e_incr_plas
DO i = 1,6
strainIncvector (i,1) = strainInc(k,i)
strainIncvector (i,1) = stretchNew(k,i) — stretchOld (k,1i)
END DO

CALL MatPlus(strainIncvector ;e incr_plas,e_incr_elas,6,1,—1)

CALL MatMult(C,e_incr_elas,stressInc ,6,6,1)

CALL MatPlus(stressOldvector ,stressInc ,stressNewvector ,6,1,1)

Evaluate Phi

CALL MatTrans(stressNewvector ,stressNewvectorT ,6,1)

CALL MatMult (stressNewvectorT ,Phat,tempr,1,6,6)

CALL MatMult (tempr , stressNewvector ,tempsl,1,6,1)

CALL MatTrans(qghat ,qhatT ,6,1)

CALL MatMult (ghatT , stressNewvector ,temps2,1,6,1)

Phi = (ONE/(f«f))+HALF«tempsl(1,1) + (ONE/f)x*temps2(1,1) — ONE

write (x,+) Phi
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369
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371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

IF (Phi .LE. 0) THEN

C write (*,%) “inside’
stateNew (k,1) = eps_old
C stateNew (k,2) = eps_dot_old
C what happens to stateNew(k,2) if we don’t define it?
C Does it get set to zero?
C stateNew (k,2) = eps_dot_old needs to be commented out
C or else the stress vs strain curve ”softens”
END IF
IF (Phi .GT. 0) THEN
CALL MatMult (ghatT ,stressNewvector ,temps3,1,6,1)
CALL MatMult (stressNewvectorT ,Phat,temprr,1,6,6)
CALL MatMult (temprr , stressNewvector ,tempsd ,1,6,1)
A = temps3(1,1)+( temps3(1,1)*+TWO + TWOxtemps4 (1,1)
A = A/TWO
stateNew (k,2) = exp((A—1)/crate)
stateNew (k,1) = eps_old + stateNew (k,2)*dt
END IF
C Update stressNew
DO i = 1,6
stressNew (k,i) = stressNewvector(i,1)
END DO
end do
C debug: transposes
C debug: if statement format
C debug: do statement format

C debug:

add dimensions to other subroutines

) *+*HALF
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return

end

o ok ok o ok ok koK ok ok K Kk ok ok K Ok ook ok Rk ok K K ok ok K Kk ok ok K Ok ok ok ok Rk ok ok K ok ok K K ok ok K Ok ok ok ok Ok
c MatTrans: Input M and return M T *
R I I I I S oo

SUBROUTINE MatTrans(A,B,m,n)

¢

include ’vaba param.inc’
¢
c A(m,n), B(n,m)

DIMENSION A(m,n), B(n,m)

B(j,1)=A(i,])
END DO
END DO

C % % % ok % ok ok ok % 3k ok ok ok ok ok oK ok ok ok ok ok ok ok Kk ok R ok ok ook ok Kk ok ok ok ok ok Kk K R ok Rk ok X




423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

¢ MatScal: Multiply matrices or vectors by a scalor , C=bxA *
© 3% 3 oK oK KK KK KR KR KO KK ok K kK K oK R oK R oK R KR KR K KR K R KR KO KO sk K KK koK koK R KR KR KR K R K R K K

SUBROUTINE MatScal(A,b,C,m,n)

¢

include ’vaba_ param.inc’
¢
¢ A(m,n), C(m,n)

DIMENSION A(m,n), C(m,n)

DO i=1m
DO j=1,n
C(i,§)=b*A(i,})
END DO
END DO

3% 3 ok oK KK KK KR KR KK KK kK KoK koK sk oK R oK R oK K K K R K R KR KR KR KK Kk sk ok R Kk oKk oKk oK R ok ok
¢ MatPlus: Plus or minus matrices or vectors, C=A+1%B

C %k 5k 5k 5k ok ok ok ok ok ok ok ok sk ok ok ok sk sk sk skook ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok sk okosk sk sk sk sk sk sk sk ok sk skook ok ok ok ok ok ok ok ok

SUBROUTINE MatPlus(A,B,C,m,n, 1)

include ’vaba_ param.inc’
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A(m,n), B(m,n), C(m,n), 1 some real number

DIMENSION A(m,n), B(m,n), C(m,n)

DO i=1m
DO j=1,n
(i, i)
END DO

A(i,j)+1«B(i,j)

END DO

C 3k 3Kk 3k 3k 3k 3K 3K 3K 3k >k >k 3k 3k 3k 3k 3k 3k 3k sk sk sk sk sk skosk sk sk sk sk ko k k k ok ok K 3k 3k 3k >k sk ok sk sk ok 3k 3k skosk skoskosk sk sk sk sk ok okosk ok

(¢

MatMult :

Multiply matrices or vectors, C=AB *

C K 3k 3Kk 3k 3k K K 3k >k >k ok 3k 3k ok ok 3k 3k 3k 3k sk skosk sk sk sk ok ok ok ok ok sk sk sk sk ok ok ok ok sk sk ok ok sk sk ok sk ok sk sk sk skosk ok ok ok ok ok ok ok ok

SUBROUTINE MatMult (A,B,C,m,n,1)

include ’vaba param.inc’

A(m3n)’ B(n71)7 C(m71)

DIMENSION A(m,n), B(n,1), C(m,1)
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490

491

492

493

494

495

496

497

498

499

C(i,j) =0
END DO
END DO
DO i=1m
DO j=1,1
temp=0
DO k=1,n

temp=temp+A(i,k)«B(k,j)
END DO
C(i,])=temp
END DO
END DO
RETURN
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Appendix C

Fitting Material Parameters

Material parameters b, ¢, d, e in Eq. (2.5) are found by conducting a uniaxial tension test
at a “static” strain rate of €,, typically €, = 1/s, and fitting Eq. (2.5) to the collected stress-
strain data. We can compute eplo in Eq. (2.4), the effective plastic strain rate corresponding
to €,, as follows. Suppose that the stress-strain data, ABCDF, of Figure C.1 were recorded
at a strain rate of €,. Given that the slope of segment CD is gF, we use Eq. (2.6) to deduce
that e;l = (1 — g)€, in segment CD. Because g is much less than one in experiments, we
assume e;l = €, in segment CD. Because we want f =1 in segment CD we choose ep;l,o = €,.
Furthermore, assuming that h > g it follows from Eq. (2.6) that e, < €., in segment DF.
Hence, the algorithm always evaluates f to be one, Eq. (2.4), in segment DF as desired.
In Eq. (2.6) E is the slope of the linear portion of the stress-strain curve measured for a
uniaxial test at the strain rate €,. In Eqgs. (2.7-2.8), o, is also measured at the strain rate
€,.

To compute material parameter, a, in Eq. (2.4) we must conduct a second unaxial experiment
at a higher strain rate, say €;. As shown in Figure C.1 we assume that there exists some
strain, €*, at which the slope of the stress-strain curves are equal. Using Eq. (2.6), we deduce

. X . -
that at €*, & = 2:1 Then, we solve 2
€o €pl,0 U(E 760)

:1+aln§ for a.
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Figure C.1: Idealized stress vs engineering strain graph
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