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CHAPTER 1
SOLUTION OF THE PLATE EQUATION

Boundary value problems in the field of mechanics are
attacked by a variety of procedures. Outstanding among these
are the method of series, the method of singularities, and the
method of functional equations. Mixed boundary problems are
most naturally treated by the latter of these three methods. In
order, then, to lay a firm foundation for the treatment of such
problems, we begin with a brief development of the plate equa-
tion, the associated boundary conditions, and the manner of

treatment of such problems by these two latter approaches.

1.1) Differential Equation and Boundary Conditions.

We begin, then, by considering a plate of thickness h
oriented as shown in fig. (1.). The middle surface is in the (x,y)
plane and is bounded by the curve [° . The outward normal to
[ is denoted by n and positive direction of arc length by s .

It is assumed that the upper surface of the plate is subjected to
a load intensity q(x,y). The vertical bounding surface is sub-
jected to a resultant vertical shear force Vn per unit of length
and a bending moment M per unit of lexigth, positive as shown

- in fig, (1.). The total energy of the plate is then given by



My _

fig- (1)
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D 2 2
/2 L]{ (v w) -241- V)(wxxwyy xy)} dxdy

fqudxdy +f{ M Q-Vw}ds (1.1.1)

where w is the deflection of the middle surface of the plate, and
R is the region in the (x, y) plane bounded by [° . The sign con-
ventions used here are those in [1] ’.k

The following derivation is due to Kirchhoff [ 2| and is
included here only for the sake of completeness.

Invoking the principle of minimum total energy, we find
that the equilibrium position of the plate under the action of the
applied loading is characterized by the function w(x,y) which

gives V its minimum value. We have then

. D 2,2 2 2 i
= /za[é{(v w) -2(1-v)(w}mwyy-wxy)-5qw dxdy

+5f{ M-—--Vw}ds=0. (1.1.2)

Since the & operation and differentiation with respect to x,y

are interchangeable, we obtain the following

* Numbers in square brackets refer to the bibliography at the
end of the text.
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2 <
D_[/ 5W[V4W - q/D]dxdy- D/[ 5wV W -Vzw ___aéw] ds
R T 9n on

of (3,22 vosw] as - pt-w [ [weomy,
I ‘ :

+wyy(6 L ZWXy(a wxy)] dxdy = 0 (1.1.3)

-from an application of Green's theorem for the plane.

If now, we introduce the functional
K.¢) = '(I‘V)[ Prx ‘byy ' ¢YY Yoo - 2‘!’:{}' S0:»<:y] (1.1.4)
then another application of Green's theorem produces

ff K(9, ¢)dxdy = -(1-v) 8¢ [([l vy cosa + l,‘;x sinza-zgysinacosa]ds
R on ’

+{1-v) | ¢ -Ei: [( ‘Pxx' "byy) singcosa - bey(cosza - sinza)] ds
r

-{1-v) Z N (‘}-’xx - q’yy) sinacosa - (/ny (cosza - sinza)]_
i 1
(1.1.5)

It is to be Hoted that a finite sumnation occurs from the application
of this theorem. However, these terms only arise when disconti-
nuities in the slope of the boundary curve occur. If the bounding

curve I" has a continuously turning tangent, then this finite sum-
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mation vanishes. If the bounding curve does not have a tangent

line with this property, this term will stﬂl vanish provided the
deﬂection vanishes. This term will have to be considered wherever
a free corner appcars.

Applying this expression to {1.1. 3), we finally obtain
D j [ 5w [V4w- q/1:}_] dxdy‘if Bow [Mn-t—D{VZW {1-v)
R I on

2 2
(wyycos a+wxxsin auzwxysina cosa)}:’ ds

f&w[‘v %D{av w -(l-v)-—-[(wxx W )sinaco.»a

on

-W, (cos o - sin a‘]}] ds

—D(1-v) 21: 5w, [(w

2 =
ex” yy)smacosa wxy(cosa - sin Q)J:. 0

(1.1.6)

From this, there results the following differential equation

viv = 4y {1.1.7)
D

From the form of the line integrals appearing in (1. 1. 6) it becomes
apparent that these line integrals can be made to vanish in a va-
riety of ways. Consequently, there arrises a multiplicity of
boundary conditions. Indeed, we have the following possibilities:

i.) Along a clamped portion of the edge
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w=0 , ¥ .9 (1.1.8)

on

ii.) Along a simply-supported portion of the edge

w=0, Vzw - {1-v) [wyycosza + wxxsinza -2w__sina cosa]= 0

Xy
(1.1,9)
iii,) Along a free portion of the edge

2

w = {(1-v) [w cosza + wxxsinza -2w__sing cosa]

Y xy

avzw = (1- v)--— [(w -W )sina cosa - w (cosza sin a)]
an

[(wxx )sina cosa - W (cosza sin a)] 0,i=1,2,---K
(1.1.10)
The finite set of conditions in the last line, of course, does not
occur if there are no corners along the free are.
It is to be noted that a fourth possibility exists; namely,
the elastically supported edge. Since we shall not concern our-
selves with such problems, we shall not consider the statement

of this set of boundary conditions.

1.2) Basic Integral Theorem. *

In order to exploit the method of singularities, it will now

be necessary to develop an integral theorem akin to the type which

This, and paragraphs (1. 3) and {1.4) were developed indepen-
dently by the author. The motivation obviously stems from the
close link between these problems and those of potential theory.
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proves so fruitful in potential theory. As would be expected,
the structure of this relationship is obtained by the use of Green's
theorem.

For any two functions u, v possessed of sufficient dif-

ferentiability, Green's theorem for the plane yields

jf[ uvzv-vvzu]dxdy =[[u§-‘-'--v9-&]ds (1.2.1)
& r da an

If we let v=V2z,‘~: and u = (U, we obtain
2
/][WV‘*& - stévzst)] dxdy =/[(p ay’s -vz‘{; M]ds (1.2.2)
R r an dn

and; alternately, letting u = sz;fo and v =¢/, there results

fﬂvzwv% -ovp)axay - [[v2p 22 4 000 Iy
& an an (1.2.3)
On adding (1. 2. 2) to (1. 2. 3), we obtain the integral relation of

paramount importance in the method of singularities for the bi-

harmoaic equation

/:/[‘P Vi -¢v"“(p] dxdy':Iﬂ(p 25?2;2 ,V2¢§f+vz¢§g-¢9_§g]ds

it n
(1.2.4)

The right-hand side of this expression involves a line integral whose

integrand does not contain the precise kind of physical quantities
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which are specified at the boundary. Thus, we note that from
(1.1.6) it follows that
-Mp

. 2 2 .
= - Vzw -{1-v) [wyycos @ t wxxsin @ - waysma cosa]

\'Z p

= +§i = (L-v)--— (w - W )sinacosa W, (cosza sin a)J

D an os

(1.2.5)

where Mn ’ Vn are the applied bending moment and resultant
vertical shear, respectively. We have implicitly assumed that the
boundary under consideration has no corners. For any specific
situation in which this might be the case, we shall make a special
consideration.

With (1. 2. 5), we may then write (1.2.4) as

/[[wv% - vhp] axdy -

j{J’ M- Vo) - 2 o (4»} (1.2.6)
an
r
Before a utilization of {1. 2. 6) is possible, it is necessary
to introduce the concept of a Green's function. This function, which

is the representation of a solution for a concentrated load, is the

topic of the next section.

1.3) Green's Functions for the Plate Equation.

The homogeneous form of (1.1.7) has an infinity of solutions
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*
that are analytic everywhere in R with the exception of a single

point. If the distance from (x,y) to ( §,1) is denoted by R1 , then
it is easy to verify that one such solution is
E2 1og R (1.3.1)
1 c 1 . [}

when considered as a function of {(x,y). For ease of interpretation,
we consider, momentarily, that the point (£,n) in fig. (2. ) is the
point (0, 0) and consider

2
Ry log R, {1.3.2)

gl,y,En) =
sz D

If we surround the origin by a small circle of radius € , then to
interpret g, we compute the vertical shear on a cylindrical sur-
face for which this circle is the directrix and whose generators
are parallel to the z-axis. (Sece fig. (3.).) We have

2
vie=-28+1 28 P (10gr+1) (1.3.3)

or r or 2D

On this surface LA , hence aVzg S and
an or on 2% Dr
Q, = -D Wzg (1.3.4)

an

so that the vertical shear on this lateral surface of the cylinder is

The word '‘analytic" when used in connection with functions of
real variables is used in the sense of E. Goursat, A Course in
Mathematical Analysis, vol, 1, page 437.




Ll
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Qn S - -g l; (1. 3. 5)
Since this value is uniform over this surface, the total vertical

force on this face is

ZteQn = .P (1.3.6)

Since, by definition, vertical shear is positive when it acts in the
positive direction of the z-axis, we see that such a deflection
function g(x,y, &,n) resists a positive load P. Thus, if we dis-
régard the boundary conditions, we have the deflection due to a
concentrated load _13. Unfortunately, circumstances are not as
simple as this. For in order to obtain a complete solution to any
problem, we must also take into account the conditions that pre-
vail at the boundary.

In view of these statements, we pose the following problem:

Determine two functions Gl(x, vy, &,n) and G;2 (x,y,£,n) such that

6 tyem= L | Rk +8 wyem | wan
8z D
and
G, (x,y,8 1) = BPD [ Rf log Ry + Hy{x,y, E.n)] (1.3.8)
T

where H1 (x,y,&,n) and Ir!2 (x,y, E,n) are analytic everywhere in
R and on the boundary 7, G, satisfies
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Gy =0, — =0 ; x,ye I {1.3.9)

and Cx2 satisfies

G2 =0, Vsz ={1-v) [Gmsmza +G2yy°°52°-‘ - ZGz}zysina cosw] ;5. ye

(1.3.10)
Furthermore, both G; and G, are to satisfy the horogeneous
form of (1.1.7).

The existence and uniqueness of such functions for regions
R which fall within the scope ol eagineering applications will be
veatured as a conjecture.

The fuaction G1 shall be referred to as Green's function of
the first kind, Physically, it is interpreted as the deflection of a
plate clamped along its entire boundary and subjected to a concen-~
trated load P at the point (£,1). The function G2 will be referred
to as Grean's function of the second kind, and it is interpreted as
the deflection of a plate simply~-supported at its boundary and sub-
jected to a concentrated load P at the point (£,n).

Vie remark now that these are not the caly possible Green's
functions for the plate equation. Indeed, a multiplicity of such
functions exists as will be shown in later chapters. Our purpose
for introducing these two functions at this stage is to prepare for

the computation of other kinds in the later sections.
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1.4) Solution of the Boundary Value Problems by Green's Theorem.

If now in (1. 2. 6), we associate ¢ “~w and ¢ G and

consider fig. (4.), we obtain

%{ fos =¢{ §s *DjRj oV wdxdy (1.4.1)

I‘. Pa
For convenience, we take I"l to be a small circle of radius € and

center at (£, n). Then the only significant term in the integrand of

%{_ } as (1.4.2)

SAA (G) (1.4.3)

For either G

“lim [ wV ds=w(&mP , lim D// G Viwaxdy =//quxdy
€+0 T €+0 R R

1 (1.4.4)

By passing to the limit in (1.4. 1), we obtain

Pwi(x,y) = /!qu's‘dn

2% (@) - wV_ () - 28 M_(w) + GV, (w)} ds (1.4.5)
1-& an n on

The interchange of (x,y) with (&,n) is valid. This follows from

the self-adjointness of the homogeneous form of (1.1.7).
If now, the normal derivative, B8 (s), and the deflection,

a(s), are assigned at the boundary, we have
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wix,y) = 5_ {3 {s) M (Gl) -afs) V. (GI)]ds + = /[qud‘g’dn
R (1.4.6)

On the other hand, if the deflection, a(s), and the bending moment,

¥(s), are assigned at the boundary

wix,y) = - !‘I;/{a(s) VvV (Gz) +-y(s)—- ds +- // G,qd&dn

I3 (1.4.7)

Expressions (1. 4. 6) and (1. 4. 7) now provide the necessary repre-
sentations to attack the types of problems suggested in the intro-
duction, To proceed, we must obtain explicit representations for
G1 and G2 for the regions involved. This will be the subject
matter of Chapter II.

It should be remarked that certain restrictions must be
placed on the behavior of w and its derivatives if any of the regions
under consideration are such that part of the boundaries extend to
infinity. Indeed, there should be no contributions from the line
integral over that part of the boundary that is at infinity, However,
instead of investigating the type of behavior w must exhibit at
infinity at this point, we shall relegate this topic to the chapter in

which we present the Green's functions for these regions.

1.5) Reduction of the Problem to Functional Equations.

Certain of the problems which we shall solve will be most
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easily treated by the method of complex variables as developed
for the biharmonic equation by Mushkelisvili 3 ., Consequently,
we shall briefly outline this procedure, also, for future use. All
notation concerned with complex variables will be that of 3 .
If we introduce the transformation
z=x+iy zZ=x-1iy (1.5.1)

then the differential equation (1. 1. 7) may be written in the form

34“/‘ = Q(z:a (1. 5. 2)
02452 16D

The general solution of (1. 5. 2) may now be written as a sum of a

complementary part plus a particular integral. Hence, we set

2w = Z¢(2) + 26 (D) + ¢ (2) + T@ + L Qlz,D (1.5.3)
8D

where ¢ (z), </J(z) are arbitrary functions of the complex variable
Z. The remaining term in this expression is a particular solution
of the differential equation.,

The notation in (1. 5. 3) is to be interpreted as follows. In

b oo
f(z) = 2 Fnzn or f{z) = Z fnz'n
n=0 n=0

where one uses the expansion appropriate to the region containing

general

Z. We have then the following

[¥-)

Qo
F@=) 7, ’f‘(?z')=z:f—'é'” ,
n ’ n=0 &

n=0
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o0 [
-f-(z)=1§) :E—‘nzn , T(z) = I;O?nz‘n .

It can be shown, see [3] page 109, that given any function
w as a solution of (1.1.7), there always exist two functions ¢, ¥
which validate the representation in (1. 5.3). We shall denote
the interior of the plate by S’ and the region exterior to the plate
by S°. If the plate is subjected to a concentrated load, it will be
assumed that the singular part of w is representable in Q, and
hence ¢ and (P will be analytic in S+. Thus for a concentrated

load acting at z o (zoe S+), it follows that
Qp = = (z-2) (F-F,) log (z - 2) (Z - Z,) (1.5.4)

We may write, quite generally,

2w = Z¢y(2) + 26, (D) + ¥ (2) + Zifl(‘z') (1.5.5)

where W so defined satisfies the homogeneous form of (1.5.2)
everywhere except z = Zye

Since we already have the general solution for the differen-
tial equation represented, all that is needed in this approach is a
satisfaction of the boundary conditions. For any given problem,
if we demand that the functions ¢ and () are so chosen that the
boundary conditions are satisfied, we are led to a system of func-
tional equations which must hold along the boundary of the plate.

We shall find this approach very useful in the solution of certain

problems in the future chapters.
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CHAPTER II

COMPUTATIONS OF GREEN'S FUNCTIONS

For a given differential equation, the associated Green's
functions are dependent on the domain and boundary conditions
alone. In the theory of the potential, the great success with which
explicit solutions are obtained for the first boundary value problem
occurs because of the invariance of Laplace's equation under con-
formal transformation.

Unfortunately, no such procedure, as simple as that
mentioned above, exists for the biharmonic equation, although P. R.
Garabedian [4] has recently given a formal method for the construc-
tion of Green's function of the first kind for the biharmonic equation.,
The method, for arbitrary regions, is rather cumbersome from a
computational point of view. Indeed, very few explicit expressions
occur for either the first or second Green's functions. The great
success in the field of explicit presentation occurs with domains
that extend to infinity in at least one direction. It should be remarked
that the circle is an exception to this case. This, however, is not
startling in view of the 'quasi-invariance' of solutions to the bihar-
monfc equation under inversion transformations.

Thus, we proceed to catalogue the Green's functions associa-
ted with such domains. In particular, we shall discuss the half-

infinite, quarter-infinite regions, and the circle.
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2.1) Half-Infinite Plate.

We shall consider the half-infinite plate which occupies
the region R of the (x,y) plane defined by y > 0. This particular
region enjoys the feature of possessing both of the Green's functions
mentioned, in addition to a number of others, in elementary, closed
forms.

Green's function of the first kind is well-known in the lit-
erature on plates. It was first obtained by J. H. Michell [5]. For
computational purposes, it is more convenient to introduce the com-

plex variable notation as in fig, (5.). With this, there results

G.zF 2 5 ) =P [( VEEN (z-z )(zZ-2Z) (D2 -5 )]
Z,2,%2 ,2.) = z-2 ){z-z )lo -{z-2)(z -2
1 0" 9% 167D o o708 (i—zo) (z-'z'o) °o o

(2.1.1)
A straightforward differentiation of (2. 1. 1) produces the following
expression for the bending moment along the edge of the plate
- 2
_P(z o2 o) 2

. P n
M_(G,) = = = (2.1.2)
n1 4w (z-2z ) (z-2) 7T (x-§)2 +n2

Since we shall not have any immediate use for Vn , we shall not
present it here.
Green's function of the second kind for this region is some-

what simpler to compute. Indeed, we examine

P
162D

G2=

[(z-zo) ('E-‘z'o) log(z-zo) (E-Eo) - (z-'z'o) (E—zo) log (z-’z'o) ('Z-zo)]
(2.1.3)



fig.(s.)

N

fig. (7.

9¢
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The motivation for consideration of this function stems directly
from the method of images used in potential theory., Since z =%

along the real axis, it follows, immediately, that
G2 {x, x, Zgye zo) = 0 (2.1.4)

Computing the Laplacian of ('.:‘:2 considered as a function of z, z,

we obtain (
z-z ) (z-2 )
vz Gz = __?__ log ) o
4zD (z-'io) ('z-zo)

(2.1.5)

Evidently, this quantity vanishes for z =2z, Hence (2.1.3) has
the desired boundary values along the real axis. Furthermore,
Vz G, 1is a barmonic function. Thus (2. 1. 3) satisfies the biharmonic

equation.
It is worthwhile noting that this function is such as to offer

no resistance to rotation at the edge along the real axis. If one
were to expand the appropriate quantities for large |z ), it would
become apparent that the moments and shears at infinity contribute
to the support of the plate. In any future considerations involving
this function, we shall always demand that the finite edge always

supports the plate,

aG

Later computations will only require —2 . When this
on

operation is carried out, there results
3G
2 Pn [ 2 2]
T s log | (x - + +1 (2.1.6)
5n - =D glx- 8 "+n }

This may also be expressed in terms of the complex representation.
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2.2) Quarter-Infinite Plate.

Let the quarter-infinite plate occupy the region of the
plane defined by x>0, y> 0 as shown in fig, (6.). We are
able, once more, to utilize the method of images to obtain the
Green's function of the second kind for this region. Indeed, if we

utilize the notation of fig. {(6) where we have

Rf = (z-zo) (‘z‘-"z‘o) . Rg = (z+’z‘o) (Z+ zo)
{(2.2.1)
R§ = (z-l—zo) (-Z—+-z'o) , RZ = (z-'io) (z - zo) .

then G2 for this region is given by

Gy ufg) [Rf log RZ - R? log B2 - R2 log R + R log Rg]
(2.2.2)
It is interesting to note that the edges of the plate contribute
completely to the support of the plate. That this is the case, is
easily seen if one computes the moments and shears connected
with (2. 2. 2) and expands the resulting expressions for large lz‘ .

VWhen this is done, there results

M, My, M s 0(.‘.;2), Vg, Vg=0 (—33) (2.2.3)
From this it follows that the shear forces and the bending moments
at infinity vanish to such an order that they contribute nothing to the
support of the plate.

Since there is a corner in the plate at the origin, we have
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the supports at this point offering a concentrated load of magni-

tude
= 1-v
9xdy %=0 T
y=0

R=2D(1 -v) P sin 20 (2.2.4)

and it tends to hold the corner down.

2.3) The Circular Plate,

Both Green's functions for the circular plate appear in
the literature. The Green's function for the clamped edge was
first given by J. H. Michell [5] Our only use for this result

will be its complex representation, hence we reproduce it at this

point
2 — 2 2 — 2
(a°-Z z)a%-z 7) (a°-Z z)(a®-z Z)
G, = P [-(z-zo)('z'-"z'o)log N ° 4+ o 7 o
162D a (z-zo)(?s'-'io) a
- (z-zo) ('z"-'z'o) ] (2.3.1)

The notation used in this expression is the same as in the pre-
vious paragraphs and is shown in fig. (7.).

The Green's function for the simply-supported case has
been given by a number of people. See, for example, [9, 10] .

We reproduce the result given in [93 as

G, = rzlog r- (g; rl)2 log ( g-'rl)

. (pz-az)(p‘z-az) [Zl £ +loga+H A lF( .'Y)] ’

a® 2(A-u)
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t _u
(p(t,-y)z.gl_‘_m/ t xlog/tz-Ztcos-y+1d,t .
0

2 2
2_, 7 2 s 2 _ a“y (= 2
P =22, » r '—'(z-zo) (z-zo) , Ty (z- --zo) (Z-EZ) .
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CHAPTER II

PROBLEMS FOR THE HALF-PLANE

We begin by considering the region occupied by the upper
half of the complex plane. This region affords an investigator the
most fertile grounds for the solution of mixed boundary value
problems for two reasons: first, the finite part of the boundary
extends to infinity along a straight line; and, secondly, the appro-
priate boundary conditions always lead to singular integral equations
rather than integro-differential equations. In general, this permits

the inversion of the equations involved.

3.1) Clamped Edge.

The solution of this problem is well-known in the literature
on thin plates. Our only purpose here for considering this problem
is to present a new derivation of the result based on the concept of
a singular integral equation. This novel approach to the solution of
an old problem will then serve as an introduction to the spirit of
this thesis,

From (1.4.7), we have

+QO 1+0 4+
- 3G,
wix,y) = = [‘y(s) ds + 3 qudgdn (3.1.1)
~oco
an

where G, is given by (2.1.3) and e by (2.1.6). This relation
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gives the deflection at any interior point if y{s) is assigned along
the boundary and q is assigned in the interior of the region. In
particular, if g is the loading shown in fig. (8.), then from the
properties of G2 , it follows that w is zero along the boundary
y = 0. Furthermore, since (3;2 is continuous in the neighbor-

hood of (0, n), we have

+0 +00
Gz qdédn = P Gz (x,y,0,n) (3.1.2)
0 ~©
~ X
P
Hence (0)77)
o y fig. (8.)
- 2, 2
w(x,y) = =Y vs){log |{s-x)"+y“|+1¢ds + Gz(x, ¥, 0, n)
4zD (3.1.3)

-0
(It is to be noted that any time G2 appears in this chapter, it will
be understood to be defined by (2. 1. 3).)

Is it now possible to determine y(s) so that the normal
derivative of w is zero along the boundary? With a suitablé v(s)
determined, we have the distribution along the edge of the plate of
the bending moment necessary to straighten the normal. Since

w(x, 0) = 0, we have

ow . 3w . 0 along y=0 (3.1.4)
on oy

Now then
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+0 tao

2 3G
w ., 1 7(5){ tog [(s-x)% + yz]-i' l}ds Y| Mslds "2

dy 47D 27D (s-x)2+ y2 8y

-®© - (3.1.5)

Substituting this into (3.1.4), we obtain
+0
1

—— | v(s) [log (s--}s:)2 + 1] ds + Ln [log (x2 +n2) + 1] =0
47D 47D

-

{3.1.6)

In view of the nature of G2 , it should be expected that the

function v¥(s) must be subjected to the following restriction

+a0

v({s)ds + Pn= 0 ' (3.1.7)

%) ’

Actually, this amounts to a requirement of the fact that the edge of
the plate must support the load. This condition will enforce the
satisfaction of the moment equation for overall statical equilibrium
of the plate.

With this assumption (3. 1. 6) becomes
+a0

2/7(3) log]s-xl ds + Pnlog (:s:2 +n2) = 0 (3.1.38)

~o
We may now differentiate this expression with respect to x.

J'o perform this operation, we employ the usual algorithm for

the differentiation of an integral containing a parameter. (That the



34

interchange of integration and differentiation is legitimate follows
from the fact that this is an extension of the case of the existence
of the tangential derivative of the potential of a simple layer. See

[6] page 30.) Thus if we differentiate (3. 1. 8) we obtain

+0
y{s)ds _ Iz’nx =0 (3.1.9)
X-8 (x* +n?)

-aQ

The solution of (3. 1. 9) can be effected in a number of ways.

Indeed, if we write

)

1] yle)ds | _Pnx (3.1.10)
T

S-X 7 (x“+n")

20
then
+0
Pn xdx

v(s) = - (3.1.11)

?/ 2+n2) (x - 8)

Zo

The necessary steps required to invert this integral equation will
not be dwelled upon here since it is essentially a special case of a
more general result which will be amplified upon in the next section.
(See [6] page 374.) To effect the integration, split the integrand by
partial fractions and utilize the fact that the integral is understood
to be the principal value wherever this concept is needed. After
some tedious integrations, there results

P nz

(s) = - gy (3.112)
Y 7 (s” +n°)
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and we note that

+0

/7(s)ds+ Pnp=-Pn+Pn=0

-~a0

thus verifying (3. 1.7).

With ¥ so determined, we may now write

2
wix,y) = /lorr “S”‘) o 141 gq 4 Gy (x,y,0,n) (3.1.13)
47°D (s + 9 )

This is an integral representation of G1 for the half-
plane. It can be verified by direct differentiation that this function
has the desired boundary values. In addition to this, it can be
shown that this function also has the desired behavior at infinity,

Since the integration can be carried through, we proceed to

effect it.
Let
+a
2, 2
Flx,y,1) = j og Lés"‘)z*y] ds (3.1.14)
5% +n
-
so that
+©
%'If ) ’2/ {s-x) ds (3.1.14")
x 2, PN (lanl e
J  [ts-x)" +y° 1% +0%)

The integral in (3.1.14') is most easily accomplished by considering
. R . x

the following contour integration

/ (z - x) dz
[(z-x)* +3°) [2° + n*)
I

fig. (9.)
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where the contour [ is indicated in fig. (9. ). Since the integral

over the arc vanishes as R+, we have

+0
(z - x) dz =21ri[ in - x . iy ]
[(z-x)2+ yz] (z+1%) 2in [(in-x)2+y2] 2iy [(x+iy)2+n2]
e

Consequently

.Zlg z . .2.1 in - x -27i 1

9% n (in-x)2+ y2 {x+ i.y)2 + nZ
and

Fz;’:.. 10{5‘[(17] -x)2+y2] .23 o ctan 2RI 4 Fy,n .
n

n
Now
2iarctan x = - log 1rx ’
i-x
so that
Flx,5,1) = Zlog [tin - 0% +y2 ]+ Z 1og LXMEY 4 gy p)
n n in-x-iy
Hence
F(0,y,n) = g- log (y2-n%) +% log 22 + F(y,n) .
n-y

From (3.1.14)
+00
log (sz + y2) T 2
F(0,y,n) = ds = = logln +y)° .

52+n2 n

~do
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Thus there results
F(t,y,n) = % log [xz +{n+ y)2] .

and we finally obtain, after performing the translation x = x'-§,

y=y',

2 2 .
¢ = == [ -0% + r-m)? ]log o8y 2ln) o B0 (301.15)
162D (x-&)"+(yin) 47D
which is precisely the result given by (2. 1. 1) except for the fact
that it is presented here in real form.
Thus we have answered the original question in the affirma-

tive.

3.2) Moment Applied along a Portion of the Edge.

In this section, we shall consider the half-plane as shown in

X fig. (10.). To demonstrate

the flexibility of solution of
mixed boundary value prob-
lems, we shall attack this

particular problem by the

In accordance with pre-

y vious agreement, we shall
fig. (10.) denote the region occupied by
the plate as S, The definition

of this problem is as follows: Determine a function w which is

gt method of functional equations.



biharmonic everywhere in S.;"and, on the boundary y = 0 of the

region Sf w satisfies the following counditions

w=0, |xS00 ;_8_\_'{ =0, |x]>/a; 'vzxv=-i‘ﬂ‘- Ixl<a

an D (3.2.1)

where Il is constant. From (l.5.3), we have that the most general

expression for w may be written as follows
2w =2¢(z) +z§(2) + ¥(z) + ¥(2) (3.2.2)

where ¢(z), (z) are analytic functions of z in st (tlote: Stis the
region defined by imaginary z > 0.) The structure of ¢, ¢ for

large |z| is assumed to be
9y 1 _ 1
‘b(z)‘? "'0(—?) » Y(z) = q())'*'()(-z-) (3.2.3)
zZ

It is to be noted that the assumed form (3. 2. 3), in view of (3. 2.2),
does not imply that w—* 0 for large |z\| . Indeed, the best one
can hope for in this situation is to produce a solution which remains
bounded at infinity, thus eliminating any contribution to the support
of the plate by any of its remote portions.

Since from (3.2.1), w vanishes on the real axis, we have

the following

cp(@)+adlo) + YP() + P(o)=0 o e real axis (3.2.4)

Hence, since ¢ =& along the real axis, the notation in (3. 2. 4) has

meaning in view of (3.2.2). If we now multiply through in (3. 2. 4)



39

by --1——- do and integrate over the real axis, there results
271 o -z
+o +>» +oo +0o
1 [odle)do, 1 [edla)ds, 1 [glo)de , 1 [Plo)da_,
27i G-z 2zi o-z 27i g -2 27i -2
-~

-® Zoo Zoo (3.2.5)
Since the variable z is contained in the half-plane defined by

y > 0, we obtain the following relation

26(z) - 24y + = By +W(z)-—w +2 =0 (3.2.6)"

Thus

@(z) = -zé(z)-l—-—(q‘)l -9. )+-——(Lyo (.vo (3.2.7)

The values ¢ 1+ @, survive the integration because of the assumed
structure of ¢, (p at infinity. It should also be remarked that
integrals of the type term 2 and term 4 in (3. 2. 5) are evaluated by
observing that qf(cr), c $ (g) are the boundary values of functions

z § (z), (? (z) which are analytic in S.;' i.e., Im(z)< 0. Substituting
(3. 2. 9) back into (3. 2. 2), we obtain

-2 [t @-7@ ] (3.2.8)

Thus any function ¢ (2) analytic in s¥and vanishing at infinity

will produce a w which vanishes on the real axis and is bounded

S

* ¥For the use of Cauchy's residue theorem,_here, and throughout
this thesis, reference should be made to [3] Chapters 12 and 18.
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at infinity.
We now seek the impositions on ¢ {(z) caused by the re-

maining boundary conditions in (3.2.1). Since

on Jy
we have
?.l{ i -i(éx”- _ 23‘.’) along y = 0 (3.2.10)
an 0z 0z

From the conditions we have set, %:-i{ vanishes for |x|? a and

is unknown for |x| <a . If its value be B(o) for o e |x[<a,

then we may write

0 e |x|>a
i [45 (o)-7¢'(a)] = | (3.2.11)
Blo) o€ |x|ga

Again we obtain {(as we did eq. (3. 2. 3))

; A q&(c)dc i Mﬂda = /;‘“)d" (3.2.12)
27i s g4 2ri G-z 271 c
Zo 2

and Cauchy's residue theorem produces

a
1§ (z) = 2 [ Bloldg
271 G -2

-a
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or
+a
6 (z) = (-)plo) & (3.2.13)
27 i o -2
- '
Along the arc - a ¢ £ + a, the bending moment M n(cv) is
given by
2
Fwe 4Ll W . by (3.2.14)
0292 D

From this there results the following

2 |oYo) + 75'(0)] = . %*-‘ (3.2.15)

which holds along the arc -a€oc < +a .

If we differentiate (3. 2.13), there results

+a
' =_1 -ig(g)d o
9'(z) —2-7—; m (3.2.16)
-a

Now J3(o) m:ust be continuous along the edge of the plate,

hence at ¢ =X a we must have 3(X a) = 0. Thus, if we integrate

the right-hand side of (3. 2.16) by parts, there results

a
¢'(Z) = .....];_.. Mﬁ (3.2. 17)
2ri (o - 2)

-a

Upon letting z<o 0! Plemelj's forrnulae give us



42

+a
) = _,_i_ ' _1_ (-i) BYo) do
¢ (00) 2 B (GO) ¥ 27i G -0,
-a
+a
$'(a,) = L o)+ - (-0)BNs)do (3.2.18)
2 27i o-a,
-a

where the integrals on the right-hand side are now understood to
B'(s,)

are all real, no conjugation bars appear on the right-hand side of

be principal values. It is to be noted that since B(og), o, o

the second of (3.2.18). Substituting back into (3. 2.15), we obtain a

singular integral equation of Cauchy type; namely,

+a
1 B'log)do | My (3.2.19)
71 g -a 2Di

(¢

( Since equations of this type will have to be solved from time to
time throughout this thesis, it seems worthwhile, once and for all,
to indicate the general aspects of the inversion process involved in
the solution. For a more detailed description sze [’6 ] )

To invert (3. 2.19), we introduce the function

+a
Pz - L[ Blodo (3.2.20)
27i o -2

-a

This function % (z) is analytic in the entire plane slit from
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-a to +a and vanishes at infinity. (See fig. (11.).) A choice now
confronts us concerning the behavior of 8'{(o) near the endpoints
of the slit. From the general theory concerning the solutions

of equations of the type (3. 2.19),
‘I/- B'(o) may be either zero or un-
-a ‘ +0  x bounded after the fashion (oz-az).u
where u< 1. If B' (o) were
\I’+ chosen to vanish at the endpoints

of the slit, then it could be shown

that in view of the choice for Ikin,
fig. (11.)
there exicsts no solution to (3. 2.19).

(See [6] page 251, eq. 88.10.) Therefore we may write

t+a

2 2 , M
g% < a” (=) K
P - —L_— 2Di. 4g + 1
Zwi"zz -a.2 O -2 z2 - az
-a (3.2.21)

where K1 is an arbitrary complex number. (Sece [6] page 251.)

By applying Cauchy's theorem, we obtain

K
Py = =L (Mo (22 oa? iay v L (3.2.22)
‘, 2 2 4Di 2 2
Z -a Zz -2

But Plemelj's formulae state that

Pte) + §lo) = 5—%‘ . §l0) - Fo) = o)
1
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(The plus and minus signs on the function indicate the manner in

which z approaches the slit See fig, (11.).)

Now then, smce\‘o -a \/az-az we obtain, immediately,

M /4Di [V——z—-a? G] <1 M /4Di [m ]
-a’ - === | -jo"-2"-a|= A'o)
V Vo? o?- o2 (3.2.23)

Hence

M K, - K
n g + 1 1

2Di \/02_ 22 \/cz-az

g' o) = - (3.2.24)

Ve observe that since M, is constant, B(0) is symmetric, and
hence BYo) is antisymmetric, Consequently X, - 1 =0, Upon
integration of (3.2.26), we obtain

M

Blo) = - —2 Vo?.22 (3.2.25)

2Di
where the constant of integration has been dropped since B(i a)=0
by continuity requirements on the slope. Placing this expressioa in

(3. 2.15) there results

M 2 2
b(z) = - n V&€ -2 g4y (3.2.26)

~-a

Again, an application of Cauchy's residue theorem produces

$(z) = % [sz-a2 -z]
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Hence

w = _...._....(z %) sz-a - ‘/z -a® (3.2.27)

It may be verified by direct substitution that this function
satisfies the boundary conditions prescribed for it.

Since the bending moment for the edge of the plate is given

by
4 azw - My, (0)
9292z D
it follows that
hilid (0’) ) -—
n_~ M), _2 SR (3.2.28)
D 2D Z2_ a2 sz_ a2

zZ=0
Evidently M (o) becomes infinite as z-a . We may also compute
the resultant vertical shear along the edge. When this is done
there results

] S+ a2 a2
Va0 = [ T T S }

4 (0,2_a2) (0,2 - aZ)

For ease of handling this expression, it is now presented in
real form as follows. If ry. o, 01 R 02 are four variables as

depicted in fig. (10.), then we may write (3.2.27) as

w:ff.’.lz rsT sin61+02-
4D 172 2
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In conclusion, it might be worth while mentioning the behavior of
w and its derivatives for large |z| . Indeed, if we expand the
form for w in a series, valid in the neighborhood of infinity, we
obtain

M 2 2

\’V"'-"E"(Z‘a -i-i--g:-l-()(_}—s)]

8D 2z 22 |z
We see, then, that w 1is bounded as |z|-eo. Furthermore, it
follows from (3. 2. 27) that the first derivatives of w with respect
to z or Z are of the order -l-l-i , all second derivatives are of

z

the order rl-—lz , and the third derivatives are of the order '-l-'g .
z Z

Consequently, the moments and shears vanish to such an order at
infinity that they contribute nothing to the support of the plate. As
previously stated, this will be the expected behavior of any of the
solutions we obtain.

To lend some practicality to this solution, it seems worthwhile
considering some numerical results and general aspects of this prob-
lem. The deflection along the y-axis and Mn and Vn along the edge
are given in figs. (12) and (13). Because of the abrupt change in
loading, a singularity develops at the edge of the applied load. The
necessary force to be added at this junction (see [1] page 132 and
| [22] , ) is infinite. Had the transition in load been less abrupt

this would not have occurred.
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3.3) Simply-Supported, Clamped, Simply-Supported.

We shall now seek a Green's function for a set of mixed
boundary conditions for the hali-plane. The boundary conditions
will be such that for |¥| < a, the plate is clamped, and for
|x| >a, it is simply-supported. In the interior of the plate, a
concentrated load will be placed at z = z o as in fig. (14.). In order

that no coatributions to the sup-

-a +a
port of the plate arise from the
i function w in the neighborhood
of infinity, we shall require then

o that the deflection in the neighbor-

y hood of infinity be such that all

fig. (14.) second and third derivatives of

w behave like l_zl-l-z and r]zLiS respectively.

To begin then, we consider the function

2w = - (z-‘é)[qs (2) - 6(2)]

+ £ [ (z-zo) ("Z-'z"o) log (z-zo) ('E-"z"o) -(Z-Eo) (E—zo)log(z-"io) (?-zo)] .

3rD
(3.3.1)

Lvidently, this function vanishes along the real axis. Let us now
investigate the structure which ¢ (z) must have for large [z| in

order that the derivatives of w behave properly in the neighborhood

oW _ ow

of infinity. Since 2 7z 2 = it will be sufficient to consider

only the derivative g-";-’ . Ve have
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2292 . P [, 7 )l0gaz+l (27 ) (D) 4lz %)
-—a—z— —8';-—]) ZO-ZO og 22 -E ZO-ZO Z~Z Zo-zo
+0 () (3.3.2)
Izl
Thus
237 - -[s2 -7 |- 2 s
3z
. (z -"z')logz'i'+l(z -z ){z-Z) + (= -'z')]+0(}-)
82D o “o z ‘"o “o o “o zl
Hence, if

P - S 1 |
$(z) = — (z,-Z ) logz + F (2, Z ) 4 O(fET"

and, if

$'(2) = BfD (z,-Z,) & + O(Ti'i”’ :

then

2 -g-‘g = o 5;1-35 (zo-'i'o) log 2z - F(zo,'io) +§(E°, z,)

s .5%) [(zo:z'o) log 2% + sz -E Nz-2) +(z,-Z) - (z°:i:)(z'§°) ]
= Fylz,, 7)) + (1) (3.3.3)

|zl
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If we assume that for large

$(z) = 5?;5 (z,-Z,) log z + Flz,, 7,) + $_(2) (3.3.4)
where ¢ o(z) is analytic in the plane slit from -a to +a and
vanishes at infinity, then w and its derivatives will have the
proper form at infinity.

Thus in the evaluation of any future contour integrals, we
shall assume (3. 3.4) is a legitimate expansion for large |z| .
If now we compute the bending moment along the real axis,

we obtain

3 0 lol >a
2[¢'(0’)‘i‘¢'(0‘)] = M (0') ( 3. 3. 5)
n

o] <a

Because of the assumed form of ¢ (z) , we have, on multiplying

through (3. 3. 5) by 5—:_—; do and integrating from -00to +00
io-2

along the real axis, the following result

1 |
-m Mn(d)dc
[+ A

9'(z) = --1-- (3.3.6)
271

-a

Now then, along the segment [o] < a of the real axis, the normal

derivative, g—g , must vanish, Hence, the following expression

- iP(z_-Z.)
i [qs (o) -¢(a)J z 2 0 [log (0-2)(0-Z ) + 1] (3.3.7)
8zD .
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is an identity along this segment of the real axis. Since this is
the case, we may differentiate (3. 3. 7) with respect to . ‘hen

this is done, there results

- Pl{z -z )
$'(0) - o) = —22 1+ 1 (3.3.8)
38rD -2 g -2

If one applies Plemelj's formulae to (3. 3. 6), there results the fol-

lowing singular integral equation of Cauchy type

+a
M (o )do Plz_-Z)
L wo o . __o o 1L+ L (3.3.9)
7i o, -0 47z c-zo C-2z,
-a

To invert this equation, we introduce, as in section (3. 2), the

function P (z) defined by

+a -P(z -Z )
LP(Z) ] . 62_32 [ Z, = O]}do
eriVZZ-az g -2
-a

t — (3.3.10)

(It is to be noted that ip(z) has been so written as to make Mn(c)
unbounded at the end-points -a, +a of the clamped edge. The
condition of bounded Mn(c) and the form of the right-hand side of
(3. 3.9) are untenable. )

Applying Cauchy's residue theorem, one obtains
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P(z -Z ) \I \/
87:{2_2-? “ZotZ

Accordingly, now, Plemelj's formulae when suitably applied to

+ (3.3.11)

(3.3.11) enable us to compute Mn(o') as follows

“~

P(z -z ) Z(Z) --a.2 v 2(2) -a2 21{1
Mn(a) = + — 2|+
4z ‘/0,2 2 o -2z o-z, az_a
' (3.3.12)
To evaluate the constant K1 , We observe that
+a
P(zo - "Zo)
M (g)do + ————— = 0 (3.3.13)
n .
21
-a

This is nothing more than the statement of the fact that the bending
moment along the edge which is clamped is equal and opposite in
direction to the moment of P about this edge. In view of the order
of magnitude of the moments and shears in the neighborhood of
infinity, they contribute nothing tc the support of the plate. Indeed,
we obtain

P(zo-zo) 2K11r P(Zb'zo) -a z +a

+ - arc tan + arc tan
2i i 27zi ‘/ a |7 2 2
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- P(zo-zo) z -2 z ta
2 -

et —t— arctan we——=~ t+ arctan =0
27i ‘, 2 .2 ‘; 2 2
o a zo-a

N -P(zo - zo)

1 47

So that finally, we have

P(zo-'i'o) z -a zi - az
Mn(a) = + — (3.3.14)
47:\/0‘2-32 ¢ -Zs g-z,
Consequently, we may write —_——
' 2 2
-a z" -a
' s,zy [t Yot ]
1 o o G-z G- Z,
é' (Z) = "“"‘": do'
271 8zD\/0'2-a2 O -2z
(3.3.15)

-a

Another application of Cauchy's residue theorem produces

51(z) - -P (zo -zo) 1 Z,-2 1
162D z2_.3_2 Z - zo z-zo
(3.3.16)

And, finally, an integration of (3. 3.16) will produce

-P(z 0-'::"0) ['z"oz--a2 - \’z 02 -a.2 \/zz -a2] 2

$(z) = —————{(log - log(z -2 ) +K,

162D [Zoz‘az + Jz 02_32 V22 -a ]

(3.3.17)
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To evaluate the constant of integration Kz » We shall demand that
the expression (3. 3.17) be such that the boundary conditions imposed
on w are satisfied along the edge of the plate. Indeed, if |c] <a,

then we obtain

T ‘P(zo'Eo) 1
$0)-9¢00) = ———— ] log —— + Ky + K,
162D ©-2)" (0-2,)
(3.3.18)

Thus in order that (3. 3. 7) be satisfied, we must have

Fley2o) [ 2 log ( Jo-Z) + K, + K
— -2log(c-2)o-2) + +
167 D o o 2" "2
Plz -Z)

o~ “o -
Z e llog o -2z )(0-2)+1

87D [ o o

Ko+ K, = -2 .

Since the imaginary part of K, is immaterial, we take K, = -1 .

Thus, we may finally write

Pz -2) (z _-Z ) —~
2ws= 2.0 log 89:
16zD RR
P(z-7){(z -2 ) P(z-2)(z -2 )
+ 2. 2 log (z-'z'o) (E"-zo) - 9 2% 2G,,
3zD 87D

Q= zz-a -\[';2 az\fz-a, R“zz— 2, \/z -a \/zz-az

(3.3.19)
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which evidently may be rewritten as

P (z-2)(z_-Z )
w = 2.2 1oz QQ t Gy (3.3.20)
327D RR

where G1 is Green's function of the first kind for the half-plane.

It may be noted that as a-»00 , the first term in (3. 3. 20)
goes to zero, and we obtain G; as a limiting form which is cer-
tainly to be expected.

A detailed examination of (3. 3.19) indicates that for large [z]

we have

P (-7 (2,7) [z . JT;Z][Z -ng_—;z]
327D [z + ‘IT';Z][Z +m

w = + bounded terms

+0( -‘ )
(3.3.21)
Similar considerations for the derivatives of w would show that

this function has the desired behavior at infinity.

(3.4) Clamped, Simply-Supported.

We may now utilize the solution of sec. (3. 3) to determine the
Green's function for a region which is clamped from -0oto 0 and
simply-supported from 0 to 00 . Indeed, if we shift the origin from
0 to a and permit a-»ce, We obtain the following

P (2-2) (2,-Z,) vz - vz -
=

w o= log

V—-"-
167D Vz +Vz,

+G1

ﬁxﬁ

(3.4.1)
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as the Green's function for this set of boundary conditions. It is
to be noted that even though the extent of clamping is along an
infinite segment, the deflection still remains unbounded as |z]
tends to infinity.

Most of the results in the chapter on half-planes involve
a large number of parameters. This particular result involves a
minimum of such quantities. In fig, (15.), we give the bending mo-

ment along the clamped portion of the edge.

X/m - 5 -4 -3 -2 | 0
V2 M (X)

m | P :

0.0 | - @ : 1

- .5 | -1.365

1.0 |- .793 _

-2.0 |- 342 Zoin | -1,0

3.0 |-.188

4.0 | -.123 '

5.0 | -.0873 1.5
TABLE NO. IV

V2 M0
fig.(15.) - P

As is observed from this graph, the bending moment along the edge
of the plate dies out quite rapidly; and, consequently, the effects

are local.

(3.5) Clamped, Simply-Supported, Clamped.

Again we seek a Green's function for the half-plane shown in

fig. (16.). In this case, we shall require that the plate be clamped
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for |xl > a and simply-supported for x| < a. Actually, this case
is an extension to the case al-

x ready treated in section (3. 2).

The difference is that the nature
of the bending moment is more
complex. In view of this, it is
felt that a separate treatment will

not be redundant.

To begin, we consider the

fig. (16.)

following expression:
2w = -z-D[s-F@] +26 (3.5.1)

where G1 is the Green's function of the first kind for this region.
The normal derivative along the real axis is given by
0 jol > a

i [¢ () - Mz)] . (3.5.2)
B (o) lo} < a

If now, we assume that ¢ (z) = —-E for large |z|, then on multi-
Z

plying through by Z?Ir'i' 'Eg'.gé.' and integrating over a large semi-

circle, there results

+a
6 (z) = - -ig(o)do (3.5.3)
27i g -2
sa

Since the moment M A (o) is required to vanigh along the segment
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-a< 0o < +ta, we must have

- P(z_-z ) .
$' (@) +§ (o) = 2.0 LI (3.5.4)
87D o -z, -z,

along the segment. If we differentiate (3. 5. 3) with respect to z

and then integrate by parts, there results the following

$'(z) = L[ lBle)do (3.5.5)
27i g -z
Here, we have utilized the coatinuity requirement on the normal
derivative along the edge of the plate. If we apply Plemelj's
formulae to (3. 5. 5) and substitute these results in (3. 5.4), we again

obtain a singular integral equation of Cauchy type

+a
B'{c )do P(z -z)
?r}'i' / o o _ _ o o 1 - 1— (3.5.6)
/. ao-a 8zD1 o-zo o-zo
Introducing the function
+a
Pla) - L | LLAo)de (3.5.7)
271 g -2z
-a

as before, there results
2 2 2
- P(z -2 ) Vz --a.Ei Jz -a
P(z) = \’ az[ -2 _+2°0 +
A

ilézD

2o  Z7%, z°-a
(3.5.8)



60

Again, we have demanded that 8' (o) become infinite at the end-

points of the slit. Consequently

- /2 2 [ 2 2 v
—P(zo-zo) 1 i Z -2 .\ z -2 N 2 .&1
i8zD az'az a -zo o -2, ‘/oz_az

(3.5.9)

g' (o) =

Placing (3. 5. 9) in (3. 5. 5) and applying Cauchy's residue theorem,

we obtain
= ! 2 .2 [2 2
5i(z) = -P(zo-zo)j 1 Jzo-a _(Zo'a 1 N 1 2K1
1€zD 1‘{22_9‘2 z-zo z-z0 Z-2, Z-Z, z"-a

(3.5.10)

An indefinite integration of (3. 5.10) yields

— 2 2 2 2
-P(z_-2) z z-a - -a -a (z-z )
$ (2) = ——a—2. log [" V v

6
16D z Z -a -V V -az (z-z )
+ 2K, log [z + Y22 - a2] + K, (3.5.11)

From our previous assumptions concerning the nature of ¢ , we

find that :
\/"'"_:__-—-
— — 2 .2
Pz -2) zZ_ - -a
K, = S 2 log Zo V%2 K,=0 (3.5.12)
162D N
Z0 - ZO—S,

This choice of values for the coanstant of integration, etc., insure
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the vanishing of ¢ in the neighborhood of infinity. Hence, ¢

is represented as

[z oz-az- VZi-az {2.2-3.2 (z--'z'o)2 [-o" vzg-a%]

—P(zo-'z'o)

$({z) = ——————— log e
16D - 2 2 2 2 2 2 2
[zoz_a - \’zo-a2 \’z -a (z-zo) [o-VZo-a]
(3.5.13)
So that Green's function for this region is given by
P (z-2z) (z_-z )
2w = 2.2 log
167D
P (2-2) (z -Z)
+ log +2Gy (3.5.14)

162D

We now compare this result with a combination of problems
recently solved by W, R. Dean [7] . He considered the problem of
finding the Green's function for
an infinite plate clamped along the
portion of the real axis for which
|x|l> 1 and an unsupported for

Ixl < 1. His plate supports a

g concentrated load at z, as

fig. (17.) shown in fig. (17.). By mapping

this region onto the unit circle by means of the transformation
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he is able to piece together certain solutions in this domain, which

satisfy the transformed problem. Thus, his solution is

(1-¢8)-¢.E)
(£ -t (-

! ==
w = --é- (Z'_Zo) (z-zo) log [1 +

+ (1-gT) (1- ¢ )
L+ U+ FHA+EDU+ED)

[aem) e E-erD (5 4T,
SEDEE)] Gsam

If now, we place a concentrated load at Z

o and use this solution,

we obtain
-

L A-EDa-g T
(2-T ) (F-¢ )

I RS
w 'Z'(Z'Zo) (z-zo) log |1

-1

A-EDU-LE)UrE | £E) (148 T )-(¢+E) (g +F)
+ N ¥ "8 !

areya+fHares L e ot

+(£-3) (£ ,-F)) (3.5.18)

A subtraction of these two results gives, by the principle of super-
positica, the deflection of a semi-infinite plate Im (z) >0, clamped

from |x{ > 1 and simply-supported from |x|< 1. This deflection

is given by
-1 — - 1 -
W = 1 (z-zo) (z-zo) log (z-zo) (z-zo) -3 (z-2) (zo-zo)

1 Y = V(T
-3 (z-z ) (z-z ) log (2-Z) (z-2z )

(T8 -INE T-1NTE -INE L -1) 22 22,
4¢Te T,

- %(z-iz’) (zo-'z'o) log
(3.5.18)



63

If now in (3. 5.13), we replace certain z and z, by

2¢ %o (3. 5. 20)
1+¢2 ! 1+ g°2

and a by 1 under the log sign, there results

-— 2 2, — 2 2

-P(z_-Zz) (¢-8 )NE-T )(z-z )(z-2 )
$(z) -F(@ = —2-2_ log o , ° 5 o 2_°~_ 2
162D (€T, -1)°(F ¢ -1V (z-2 )(Z-Z )

(3.5.21)
and, now, recomputing w , we have
P(z-2) (zo-zo)
8zD

2w = log (z-zo) (z-zo) +2 C?:1

-P (2-2) (ZO-?O) lox (¢ Eo-l) (T $o-1) (COL'-l) (Fo?-l) ZZO.Z-I?O
gD 4¢ §o-f-'§.°

(3.5.22)
which agrees, essentially, with (3. 5.19) except for a constant multi-
plier. Hence, another check on the legitimacy of our procedures

and assumptions.

3.6) Clamped, S.S., Clamped, S.S., Clamped.

From an inspection of the nature of solutions presented in
the previous sections, it becomes apparent that in order to present
a closed solution for a combination of clamping and simple-support,

it is necessary to evaluate integrals of the type



64

2 Z
/ tPay tPay (3.6.1)
[, L) ' -z )n() -
where
n
G(3) = g(§2~a§) n{g) = +\G(¥) (3.6.2)

and n is the number of strips over which the simple support occurs
if the predominant condition is clamping, or it is the number of
supports over which the clamping occurs if the predominant condi~
tion is a simply-supported edge. The general class of integrals in
(3.6.1) is known as the hyperelliptic class. If n =1, the integrals
are elementary, as we have seen. If n = 2, the integrals are elliptic.
Since no extensive tabulation of the cases for which n )3 exists in
the literature, we shall limit ourselves to a solution for n = 2 rather
than present a general solution for arbitrary n. Actually, sucha
solution would be useless from an engineering point of view since,
as already stated, functions defined by integrals of this type do not
appear tabulated.

We begin to determine a Green's function for the case in
which we have the following boundary conditions

w=0 . Ixl < o
g—:—;’- =0, |IxI>b , [xl<a (3.6.3)

Mn(w)=0 ., a<l[xli<b
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along the edge y = 0. To effect an economy of writing, we shall
denote the union of arcs over which the normal derivative vanishes
by Lc , and the union of arcs for which the bending moment vanishes
by Ls .

As has been done previously, we consider the function

2w=-(z.'z)[¢(z)-2{(‘£)]+ 2 G, (3.6.3)

with the usual assumption ¢(z) = 0 (l%”:l) for large |z|. The

boundary conditions, (3. 6. 3) along the edge of the plate now take the

form
- 0 on L
i [¢ @) - % (o)] a ¢ (3.6.4)
B(z) on L's
Mn(w) = - 2D [d)' (o) +&'io')] + Mn (Gl) = 0 on LS (3.6.5)

The condition (3. 6. 4) along with the order assumption on ¢ (z)

enables us to write

1 -iB(og) do
¢ (z) = VT —-—;-—:—;— (3.6.7)
L

S

This condition evidently states that ¢ (z) is analytic in the entire
plane slit along the union of arcs LS . Since B(o) must vanish
at the end-points of Ls » We have

gb'(z):..L. /‘.‘M (3.6.8)
27i
I"s

T -2
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From Plemelj's formulae and (3. 6. 5), we have the following singu-

lar integral equation

1 B'(ao) d“To _ P(Zo"zo) 1 1
;T T ————— -~ - hod — (3- 60 9)
C_-C 8#Di g -2 C -2
1, o o o
s
If we let
B'(c ) do
Q- L — = (3.6.10)
27i o _-Z
o)
L‘s

then with the condition that B'(s) is to be infinite at the end-points

of L, we have

fp(z) = P(zo-'z'o) { 1 -
o "-Zo

16zDi Z-Z Z
. = 3 2.2 .2 2 2.7 2.2
) P(uo~zo) ) J(..o-a )(zo-b ) N \j(zo-a )(zo-b )-(z-‘z’ )
- o
167Di z -2 Z - Zg
1 + (Az + B) [ Viz2-a?) (2-bP) (3.6.11)

\[(zz_az) (22_b2)
It becomes apparent now that the specification of ¢ (z) will involve

elliptic integrals. In order then to conform with the notation for

elliptic integrals in the complex plane as given in [8] ., we let

G(z) = (2%- %) (z2-b%) = n?(2) ,
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and
n(z) = + VG(z2) ;
z2
that is, the branch such that }im =+ 1 . Thus we may
Z1=%®n (z) '

write, by application of Plemelj's formulae

g (o) = “Plzy-Z,) i} n(z°)~r nZ + 280 +2B (3 419)
8zDi n(o) o -2z, o‘-'é'o n{o)

Placing this in (3. 6. 8) and applying Cauchy's residue theorem,

there results

P e S o ’?—(zo) R W B G
16z D (z-zo)n(z) (z-zo)n(z) z-2, 2-Z, n{z)
(3.5.13)

It is to be noted that A has been taken as zero in order that é(z)=0(-§-)

in the neighborhood of infinity. If we nowwrite (see [8] )

Z V4
dg d& o
I.{z) = —_— ,» I(252 ) [ e (3.6.14)
! / n(8) 371707 [ (52 ) (@)
@ co

then

$'(z) = - Bilj (2)

'P(Zo'-z.o) - 1
—— (zo) I:‘*3 (z, zo) - n(zoi I:’,’ (z, zo) - t —
167D z-z z-Z,

(3.6.15)
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It is apparent that I, (z) and i3 (z,2 Q) are elliptic integrals of
the first and third kind respectively in the complex plane. From

the definition (3. 6. 14), it follows that

lim I,(z) = 0O lim I,{z,z) = 0 .
Z 00 1 z-r00 5 °
Consequently

$(z) = - Bil (2)

-P(z-z,) _ 2
Y — n(zy) Ip(z, z)) -z V15(z,2 ) - log =
. O

(3.6.10)

and ¢(z) =10 (-li ) for large )z| . It is also to be noted that

since
1,(z,2z ) = log (z-z_) + A (z-z))
3 o n(zo) o o
(3.6.17)
13 (z, zo) = — Iog(z-zo) + A(z-zo)
o

where the expansions are legitimate for |z-z ol-<e and A (z-z o)

is analytic in this region, then ¢ (z) is analytic in the slit plane.

It now remains to determine the constant B. For the previous
problems this constant was evaluated on an order argument. If one
examines (3. 6.16) in light of (3. 6. 4) and the conditions B (o) must
satisfy at the end-points of L g+ Ve find that B can be determined.

Before we proceed on this project, we remark that the form
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(3. 6.16) is unsuitable for computation of any sort, since the func-
tions are not tabulated. It is more convenient to introduce, instead,
Legendre's third normal form of elliptic integrals. This, as will
be seen, can be accomplished by some elementary algebraic

‘manipulations, Indeed, if we write

n (zo) I, (z,2)) -n(z)) I3(z,Z) =

z Z

§£d¢ ' ) £d¢

- n(z T 5
(£%-22) n(2) [ 5 -F)a(x)

n (zo)

Qo

oo

z Z

dg¢ : dg

+ zn(z) -zZniz)

o w0 /(tz-zozmtc) ,
co . oo

and consider

n(z ) '
é(z,z ) = o dx
o 2 2 2
(x-zo) {x-a”) (x-b")

then

$iz,z) = -.;- log (zz-z(z))[Zzg - a2 +1p%) - 29 (zo)]

}2- log an(zo) + (zz-zi) [Zzg - (az+b2)] -2n (zo) n (z}
(3.6.18)

and consequently

$tz,7) = - 3 log (-2 [2‘5?) -2 %) - 27Ty ]

(3.6.19)
+ % log{?.‘n?‘ (z,) + (Zz-“z'ﬁ) [2'2';2, - (a2+b2)]- 2n(z ) n(Z)}
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Thus we may write

-P(z z) Pz -Z) Z-z
bla) = —2= [é(z z,) -P(z,% )] + 2 log —2
3

16D Z-2,
2 z
- P(z -2 )
—22 2tz | — S - Tz o5
6D [ ° O f fzhme) 00 (et Zme)
@ o
- Bil (2) (3. 6.20)

With thia form, ¢(z) is now represented in terms of elementary
functions and elliptic integrals of the first and third type in
Legendre's classification.

If now B (o) is to vanish at the end-points of Ls , We must
have

$Eb)-FE D) =0

(3.6.21)
$(Za)-Fa=o
If we take the first of these conditions, we have, since
n{c) = nlo) for b<o <
the fact that
B+ B=290 (3.6.22)

Taking the second of these conditions, and noting that
no)=ig(g)=1i d(bz- a?) (0'2-a2) a<o <b

n{c) = - ¢ (o) -a<o <+a

nio)=-it(o) -b<o<-a,



we discover that this second condition is automatically satisfied if

(3.6.22)., The third condition implies that

P(zo-'é'o)
—_— |z n(z ) zonlzo)
8zD1 -Z )§(0') -Z )L‘(O')
a
+(B-B) -‘l"-'- =0 (3. 6.23)
(o)
a

and this automatically enforces the fourth condition,

Thus we may finally write

-P(Z ) ) Z-Z
$(z) = [i(Z.Z ) - é(z,z )] log _0
3 zD 167D Z-2Z
z
P(z -z )
- ___()___(_)_ zon(z ) d g
167D (r -z )n(s’) -z )n(c)
Pz -z ) 1.(z) |zn(z) b2.g2 znz
+ o o 1 o' "o ( , _ ( ,
167D K(k)) | -zob® - oz 2 -Zorb® -Uv ‘ "2
2 ,2 2
)R sws D [sa -5@ ] r2 (3. 6.24)
b

When this result, along with its conjugate is placed in (3. 6. 3)
which we repeat here, the solution of the problem is complete.
Additionally, it may be pointed out that with B so determined, ¢(z)
is a single valued function.

This will complete our discussion of the half-plane.
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CHAPTER IV

PROBLEMS FOR THE QUARTER-PLANE

After one leaves the half-plane, one would feel confident
that the next problems, in degree of complexity, would be those
connected with the quarter-plane. The type of singular integral
equations obtained in these cases are; however, somewhat more
complex. One can, however, formulate certain problems connected
with this domain and avoid the solution of any singular integral eq-

uation by utilizing the method of images. This we proceed to do.

4.1) Simply-Supported, Clamped, Simply-Supported.

The solution for the boundary value problem shown in

fig. (18.) is effected by utilizing the solution of sec. (3.3). Indeed,

if in (3. 3.20) we replace z, by -z, and P by -P, then we obtain
-P(z-2)(z_-Z ) zZ V-7
wy = 22 togqz,?-Z b+ G (O %))
327D PP

If this solution is added to (3. 3. 20), then in view of the antisym-
metric nature of the deflections, they will cancel out along the y-
axis, and consequently so will the bending moment vanish., We have

then as the solution to this problem

w = R.H.S. (3.3.20) + R.H.S. (4.1.1) (4.1.2)
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This solution has the property that along the y-axis the plate is
simply-supported, along the -axis irom 0 to a it is clamped, and
simply-supported along the x-axis from a to iniinity.

Vith this Green's function, one could nuw formulate the
problem of a plate simply-supported along the y-axis from
infinity to a, clamped {rom a to 0, and satisiying the same con-
ditions as (4.1.2) aloag the x-axis.

(4.2) Simply-Supported, Simply-Supported, Clamped.

Again a utilization of the method of images in conanection
with the problem shown in fig. (1¢.) will produce the solution to
this problem. All that is necessary is to replace Zg by ~"z"0 aad
P by -P in (3. 5. 14) and add the resulting equation to (3. 5. 14).
VVhen this is done, there results _

A SRR

W = B.ILS. (3.5.14) + B, I 8. (3. 5.14) (4.2.1).
p —> -p

This solution has the property that along the y-axis the
plate is simply-supported, along the x-axis from 0 to a it is
simply-supported, and along the x-axis from a to iufinity it is
clamped.

Again this Green's function could be utilized to solve a
problem with conditions the same on each of the axes as in the
previous problem. However, the final attainment of the solution
would depend 611 one's ability to invert the singular integral

equaticn involved.
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CHAPTER V
PROBLEMS FOR THE CIRCULAR PLATE

In order of expected difficulty, the circular plate would
seem to be associated with a number of mixed boundary value
problems which would yield to analysis; Unfortunately, this does
not appear to be the case, As the discussion for this region is
developed, it will become evident that the nature of the singular
integral equations will be such that they are actually s:ngular
integro-differential equations; This aspect of the problem,
generally eliminates all hope of presenting any solutions for
problems connected with this region in terms of functions known
in classical analysis, We begin, then, with a discussion of the
general aspects of such problems,

5.1) Formulation 9_f Solution _f__o__r a Class of Problems,

The Green's function for a clamped circular plate
subjected to a concentrated load P at the point Z0 was already
given in (2,3). With this in mind, we now consider all problems
involving circular plates for which the edge deflection is zero
and subjected to a concentrated load P at the point Zqe Clearly,
one boundary condition remains to be satisfied at the edge of
the plate, Without being specific for the present, we shall label
this condition as

By [W] =0 z € {z'E'= az} (5.1.1).
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The operator B2 is assumed to be li.near; Physically, it will a=-
mount to some requirement on the slope or bending moment or
both, If now f(z) is some function of z which is analytic in the
interior of the plate, then

W o= (32 - Z-Z) {z) + T(a] + Gl (5.1.2)

satisfies the condition

w=0 for zé{z‘i=az} (5,1, 3)
Furthermore, since f(z) is analytic in the interior of the plate,
the deflection given by (5; 1. 2) is such that the plate is subjected
to a concentrated load at the point Zge If now f(z) is so determined

that
B2 [(a2 - 2zz) (f +1) + GI] =0 forzé€ {z'z" = az} (5.1.4),

then w as given by (5. 1. 2) represents the Green's function for the
conditions

w =0, By [W] = 0 on the boundary (5.1.5)

As in the case of the half-infinite plate, we shall begin by exhibiting
the easy manner in which we can derive the solution of an old
problem.,

5,2) Simply-Supported Edge.

As a first application of the method, we consider the solution
for the simply=-supported edge, The solution of this problem was
first given by J, Hadamard [9] and, more recently rediscovered

by H, Reismamn [1 0] . The solution presented here is novel in
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two reSpects; First, the ease of derivation, and, second, a closed
form for the solution is obtained in terms of known functions; The
method Hadamard presents is quite tedious by modern standards.
His solutior, furthermore, has one integral which he does not
evaluate, We shall presently see that a closed form does, indeed,
exist in terms of Gauss' hypergeometric function, Reismann,
unaware of Hadamard's solution, obtains a series expansion for
the result by the method of series. It should be remarked that

our solution is of aesthetic value only, since in order to make any
computations, it would be necessary to take the series form for
the hypergeometric function;

For the problem at hand, then, the condition (5.1.1) be=-

comes
: : 2
= T (v} = 2 1 ow_ 1 90%Ww
B2 [w] = Mr(w) =D Vwe=(=-v) {-I-; 7 +-;2. .a_gz. }
= D [4»?2%- ;-.(.-1-;5-‘2 (zwz +'§W-Z-)] =0 -
z =ae16=0' (5.2.1),

(It is to be noted that w 00 is zero along the boundary since the

deflection vanishes. )

Now
B [Gl] S %0 - %o + Z0l® - Zo) +1+ ....Z_ZOZO
2 r 2% . 20'6 a“ - "z"ocr a

Thus the following functional equation must hold along the boundary

if the bendinz moment is to vanish
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oft{c) +o T (o) +L“.'?‘.' (o) +’x“(‘5)]

p. J— — —

z (2" « z.0) Z (0 = 2,) Z. 7. o

=L g o+ 02 __0 +1+-259- (5.2,2).
167D a(a-zo) a® -z a

Applying Cauchy's residue theorem to (5.2, 2) and recalling that
f{z) is analytic inside the circle, there results
2 -
P(a” - zozo)

N 1. v LT = r. .
zf (Z) + ‘-—2—— [f(Z) T RO)] 16”_1}(&2 ; _Z_OZ) (Jo 2. 3)

which is obviously an elementary type differential equation, the

most general solution of which is

2 - -1 +v) z l1+v
P(a” - z.2.) —— —— - 1 -1
f(z) = 090 ., z (az - "z"oz) dz
162D
0
(L +v) o
- I"(Q) +C1Z 2 (5.2.4).

Since f(z) is analytic in zz az, C1 must he zero, The integral
occurring is an Eulerian integral of the first kind and, conse-
quently, may be expressed in terms of Gauss' hypergeometric

function, When this is done, there results

P(a2 - zo-z-o) 1+v 1+v Z-Z-O o
f(Z) = ) F( » 1, ! ——2-—) -?(0) (5. 2, 5).
87Da”(1 + v) 2 2 a

With this, we may now express the Green's function for the simply-

supported plate as
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Pla®=z.z . Ha%~2Z) 1+v 3tv zzZ 1+v 3+v zz
7070 — 0). ~
G, = j-‘( 1, H 2)"}3( .1, > O)

2 grDad(l + v) 9 2 " a 9 2 a®
P(az-z z )(az-z’i) p (az-'i z)(az-z )
. 070 . 0 0 —
+ 73 (1) + ) - (z-zo)(z-zo)
SxDa“(1 + v) 1670 a :
_ - 2 - 2 S
Pz - 2. Xz = Z.) (2% = 2.2) (2° = 2.2)
0 0 1 0 0
- 0g == — (5.2, 6).
16zD a“(z = ZO) (z - zo)

It is easy to verify by a straightforward aumber of differentiations
hat this function satisfies the boundary conditions imposed on it.
This solution also enables one to write down, almost im-
mediately, the solution for the circular plate with zero deflection
at the boundary and a normal which is clastically restrained against

rotation, Indeed, this second condition takes the form

] -2

which may be rewritten as

The factor k is a dimensioniess quantity which varies between
zero and infinity, Consequently, Green's function for this case
may be obtained from eq, (5,2.8) mecrely by replacing v by

v + k,
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. , oy
5.3) Simply-Supported, Clamped Edze,

From the form of the left-hand side of (5. 2.2), it becomes
evident that any formulation of this mixed problem involving si.ngu;
lar integral equations will terminate as a singular integro-
differential equaticn, Ey mapping the circle onto the half-plane
and considering the transformed boundary conditions, it is possi;
ble to set the problem ia terms of a singular integro-differential
equation for which the range of integration exteunds over the positive
half cf the x~axis. One is able to convert this equation into a
second order difference eguation in the ILiellin transform of the
unknown sought, This final eguation is such; however, that the;
author is unable to delermine its solution, Conseguently, we
shall abandon the previous method of attack on the problem and,
instead, present a numerical procedure for the solution of such
problems,

It is more convenient, in this approach, to work in terms
of real variables, l

Thus, if W, is a solution of the plate equation such that it

_ corresponds to a load q over the surface of the plate, and if W

vanishes at the beundary of the plate, then

vr, 0) = (:1“z - rz) ¢ (r, 0) + Yy (5,3.1)

E

Thkis problem wag recently considered by D, I, Sherman from the
puint of view of solving a singular integral equation by an iterative
procedure, His results contain no numerical solutions, See [13].



is a deflection function for a circular plate subjected to a load q
and such that at the boundary of the plate

wia, 0) =0
provided ¢(r, 8) is analytic and harmonic in the interior of the
circle in fig. (20; ). If the plate is clamped along the arc
--aé 0 £ + @ and is simply-supported aldng the remaining arc

@ £6& 2n ~a, then

f N, o, .
\ \3’( -2a é(ao 0) + '5"1':" =0 (5. 3. 2)
™ r=a

along the clainped portion of the edge, and

4a 99

= =0 (5.3.3)

r=a r=a

maust hold along the simply;supported part of the boundary. In
order to determine the harmonic function ¢(r, 6), we have a
Dirichlet condition over a portion of the edge and a mixed con;
dition over the remainder of the edge. This is an extremely
complex type of problem to solve, Any attempts to treat this
analytically always require some sort of numerical procedure;
Let us then investigate the following possibility, We begin by

defining two step functions

1, (0) = . L(6) =



Vith these functions, the coaditions (3, 3.2) and (&, 3. 3) may be ex-

pressed as a single statement; namely,

${a, 6) [-23 12 F2(1 + v) 11] + 4a 11 ¥
r=a
8&‘18

1. b9l
.'.. I r =
2 or

e 9 (5.3, 9).

+ I

r=a
Since 9 is analytic aad harmonic in the intericr of the plate, we
nave
a, 00 N
$(r, 6) =4 + Z 1" (aycus nd + b sinnb) (5. 3. 6).
=1
Vith this, (5.3.5) is a function of ¢ which is identically zero on
the boundary of the plate with the possible exception of the end-
points of the clamped arc, ¥From the nature of previous solutions,
it might be cxpected that the moment would become infinii:e at the
end=-points of the clamped arc. The nature of this iafinity is,
however, such that it does not affect the solution obtained by the
condition that the Fourier coéfficients of (5; 3. 5) must all vanish,
Thus by multiplying through (5; 3. 5) first by cos m9 and

then by sin m@ and integrating each of these expressions with

respect to ¢ from 0 to 27, there resulis
27 27
cos mO -2a12 +2(1 + v) IJ 2d@ + 4&11 g-% cosm@d$

0 ¢}
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aw M [w,]
_ 0 r 0
0

m=0, 1, 2, ee=

27 27
e 1 a(b Ky
sin mé6 [- 2a 12 +2(1 + v )IJ P do +/ 4:—111 57 sin mods

0 0

27 [ ]

ow M W
- - o 0 . r 0
= {.,mmf)lz-a—f- +smm911—-—-ﬁ——-—} dg
)]

m=1, 2, 3 waa=
(5.3.7).
This system of equations will serve for a determination of
the constants 2y {an, b n‘s . Itis eviden_t that this is an infinite

system of algebraic linear equations and thus to obtain the solution

of any specific problem, one must specify the particular solution

W, and then truncate the system of equations.

As an example, we consider the case of a uniformly loaded
circular plate of radius a clamped from 0 to 7 /2, simply=-supported

from #z/2 to 3z/2, and clamped from 3x/2 to 2z, In this case, we
take

2
Yo =E'«-Icl§ (a* - %)

Since ¢ is harmonic and symmetric with respect to the x-axis, we
have

48]
$(r, 6)= Z

n

A r cosn@
’ n

n=0
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If these forms are now substituted into eqs. (5.3.7), there results

the following infinite system of linear algebraic equations

3-2 ® zm m myx
Ao= - i:‘, .....ﬁ..l_.(..l) sin =
# 11+v OO' sin-f,-(m-n) sin-g(mi-n)
z +B,| - & B = +
n n m=1 m m =0 m Tt n .
*

n=1, 2, - -

where, for simplicity we have introduced

n w2
- 32Dna A

Bn q7 n n=1, 2, en=

An exact solution of this system of equations does not seem possi-
ble, hence we resort to solving a finite number of these equations,
Even then, an appraisal of the error involved is somewhat difficult.
In lieu of this, we first solved the first 12 of these equations for
the unknowng, then we solved the first 24 of these equations, and
finally, the first 36 of these equations; Although this is not to be
construed as a proof of a sort, it will give some indication as to
the variation in answers as caused by increasing the number of

equations. These results are tabulated in Table (5) for v =.3,

=
The accent on the summation implies that the term for m = n is
absent. See for example {15] page 434.
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For the solution based on the usage of the 36 eguations,

we have indeed that

A0 = %?;5’- (; 1176).
With this value for AO and the values for B tabulated in column 3
of Table (5), we are now in a position to compute the values of the
slope and bending moment at the edge of the plate, The tabulated
values of these qs.iantities are given in Table (6) and a grapkical
representation occurs in Figs., (21) and (21). Wé notice that where
the slope should ke zero; that is, the region 0 € 8 £ 90°, it is
very small as compared to the values on the simély-supported
portion of the edge. As can be noticed, the results are such that
the boundary cenditions imposed on the deflection are approximately
satisfied,

Tables (7a), (7b), (7c), (7d) give the values of the de-
flections and moments in the interior of the plate based on the:
solution of 12, 24, and 36 equations respectively., These results
are plotted in Figs; (22a), (22b), (22c), (22d), (23a}, (23b), {23c),
(23d), (24a), (24b), (24c), (24d),

The maximum deflection of the plate based on 36 equations occurs
at 0 =180%and r 2 :.183.. Its value is ‘ |

32w
qra

ax = ,222
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For comparative purposces, some of Lhe corresponuing results fov

the uniformly loaded circular plate with all of its oo

o

¢ clamped
and all 0! its cdgo simply-supportes are siven in the dzgures. As
is (0 be gxpected, the maximum valucs of the moments ogcur at

he disconiinully in loadinyg along the cugze of the place.

(.. 4) <Circular Plate with a Lieinforceu wato.

In thiy section, we shall consider a cirzular plate wilth a

reiniorced ewje.  Sve shall assume that the resiclance lo rolation

at the edge of the plate comas aboat 1o the resistance to twist

=

'8

o. this built-up adgze. I we assume thal this built-up cdge reaisg

vwistlag accordin: o

(5.1.1)

o B i e
where a is the radias of the
circular plate, G the modulus
ia shear of the bailli-up edge,
Mr an:i GJ1 ia some equivalent torsioaal
1iz. (23) stiifness for the edie.

This bouadary condition could be reallzed as a limitin g case of a group
o: rigid linizs connecicd by torsional springs not capable of resisting

bentding.
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circular plate; In addition, we shall take the edge deflection of
the plate as zero, consequently, we have
w(a, 0) =0 (5.4.2)
If the plate supports a concentrated load P at the poiat Z g

then we may take

w = (a® - 23) [f.'v(Z': ™ '?3'('5)] + Gy (5.4.3)
where G1 is Green's function for the clamped circular plate.
(See (2,3.1)} With this form for w, ¢ is to be analytic inside and
on the circle with center at the origin and radizs a, The singularity
of the function Gl talzes care of the coucentrated load requirenent
at z.. The exprcssicn in (5. 4. 3) avtomatically satisfies (5.4.2).
Invoking the condition (5.4, 1) on (5. 4.3), we obiain the

following functional equation

2(1 +v) D [¢(a) wm] +4D [o9'(0) +B’§>’(’6)]

p zo(&' - 'z-o) X 'io (c - zo) i1 zo'z'o
. ——7—-—

"Iz 2 — 2 =
a® - z,0 a® -z 0 a

+2a3a [ o%™0) +3H7@) + 06'(0) + T @)= 0 (5.4.4)

wiaich holds along the entire boundary of the plate, Ve have in
" o

9

this expression ¢ = a¢'". If now we multiply through (5. 4. 4) by

1 dc 3 £ .
5T 6 o2 and integrate arouad the circular boundary of the

plate, there results
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ZGJ 226'"(z) + (ZGJ +2D) z3"(z) + 2(1 + v) Dd(z)

2
- A" =z 7
= «2(1 + v) DF(0) *i'; 070

—_y——— . (5.4.5)
a® -Z,2z
0
Lettinga = gaj- , we find that
2 - - ;2" o
Pala® - 2,.2z,) 00 (z,z/a")
4 A : 0 0 ) 0 -
:{‘(Z) - ‘1/0 v o) L B . (004. 6)
8xDa“ - =

~d

L 0 +2an +(1 +v)
Ry the ratio test, this series expansion is absolutely convergent

, Zince |zcl < a, The constant ¢0

for |z} £ 2

is conditicned
by

Z.)
2%

4o T -
0 "0 5 pa%(1 +v)

Thus we may {inally write

2 9 x
Y - aP{a“ - zozo) (a€ = 22)

1 00 z/a ) Hz z/a )
. : N
gDa® (Lvvie © o

n

1 n +2an + (1 + v)a
+G1(z, 2, 2y 2 Y.

(5.4.7)
corspleting the analysis,

Ve note that if Ly = 0, then the solution reduces to that of a
3imply-su pported circular plate supporiing a co*centrﬂted load P

at its center, This, of course, was to be expected.
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5.5) Slit Circular Plate.

This section introduces a method for treating the problem
of multi-valued displacements in flat plates. Displacements of
this type can be produced by cutting into a plate from the boundary,
giving the two faces some relative displacement, and then welding
the plate back together, The method introduced here will only be
discussed in relation to a circular plate; however, it is easily
extended to a plate of any shape.

Let us then imagine that we cut a circular plate from its
periphery to its center along the line 8 =-7. Along this line, we
shall assign an arbitrary relative displacement between the faces

of the cut, INow across this cut, the quantities M Mre’ G, are

e’ ‘6
continuous, M p may be, and in general, is discontinuous across

the cut, Epecifically we have

w =z ¢(z) + 25(z) + Y(z)+ P(2) (5.5.1)
We choose
$(z) = A(z) log = Yz) = B(z) log = (5.5.2)

where A{z) and B(z) are single-valued and analytic inside the
circle of radius a with center al the origin. For definiteness,
we presume that the argument of log z varies from -7 to +z.

If MG’ Mre’ Cge are to be continuous across the line § = -7,
we must have that
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Me(r, 7) - Me(r, -7) =0
Mre(r, %) - Mr(}(r’ -z) =0 (5.5.3)
Qylr, 7) - Qylr, -7) = 0
Furthermore, if 16zi f(x) is the relative displacement across the
cut, we have
wir, +7) - w(r, -7) = 167i f(x) (5. 5. 4)
x = rel® = re~i7
Placing (5. 5. 2) into (5. 5. 3) and (5. 5.4), we obtain the
following system of differential equations for the determination
of A(z) and B(z)
21+ v)(A' =AY - x(1 - v) (A" -E") - (1 =-v)(B"-B" =0
X(A“ + K") + B" +B“ = 0 (5. 5. 5)
AH + Kl\ = 0
A solution of this system of equations is

A=p0+iq0+plz+(1-v)f'(z) (5.5.6
B = m, + (m1 - iqo)z - (1 = v) zf'(z) + 41(2)

The quantities Pgr Qg Mg, my 2re constants.

As a specific application let us choose
) - fi 5
a

and all of the constants of integration as zero. This choice

eliminates the possibility of any dilemma concerning infinite
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deflections, moments, etc. at the origin. Substituting this choice

of f(z) in (5. 5. 6), we obtain

.3 .4
oy = izl - v) oy = slZTV
$(z) = - ——4—”;—4——' log = *(é) - -Z;—az— log z

In real form the deflectioxi becomes

w=—'i;- r4logr [ (1 - v) sin 26 + v sin46}
271a

4
+.2‘.1'\;_ izr ‘_ (1 - v)6c0329+v9cos40},

With the deflection so determined, we still have edge moments and
resultant shears. These may be removed by the addition of a single-
valued deflection function so chosen that when it is added to the
multi-valued deflection, the moment and shear at the boundary of

the circle are zero. Since ti:e stresses were assumed to be continuous
across the cut, and the jump in displacement assigned, the changein
slope across the cut is automatically determined.

As an alternate problem one could consider assigning values to the
change in deflection and slope across the cut. Evidently the stresses
in general no longer could be continuous. Indeed, all that could be
specified now is that the bending moment and resultant vertical shear

are continuous across the cut.
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CHAPTER VI
THE RECTANGULAR PLATE

Of all shapes, the rectangular plate is probably the most fre-
quent one occurring Ain engineering structures, Floor slabs in
buildings, walls of buildings, and table tops for precisioa machinery
are a few examples of the usage of rectangular plates in con-
struction. The variety of edge conditions is as great as the vari-
ation in edge conditions from edge to edge.

The need for precise solutions for problems associated
with this region is great. The number of precise solutions, on
the other hand, which exist in the literature, is small., Even the
problem of the completely clamped edge, to date, has not been
treated by any methods except approximation procedures., With
this in mind, one could not expect to attack any mixed problems
associated with the rectangle, by any other means than the usual
manner of solving plate problems in an approximate fashion, In
this section, we will treat two problems. The first is connected
with the determination of the derivatives of Green's function for
the simply-supported rectangle plate, and the second is a numerical
analysis of a rectangular plate with a partially clamped edge.

G.1) Green's Function for the Simply=-Supported Plate, *

An application of the method presented in sec. (l.4) re-

guires a knowledge of the Green's function for the region in
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question., The following development, while not presenting Green's
function in a closed form for the simply-supported rectangular
plate, represents the results of an attempt in this direction.

The deflection of a simply-supported plate subjected to a
concentrated load at some interior point is well=known in the form
of a bilinear series. In a recent paper, B, D. Aggarwala has
given closed expressions for the vertical shears Qx and Qy in
terms of Weierstrassian elliptic functions &3(2) and their deriva-
tives, The purpose of this section is to show how his results can
be extended directly to give closed expressions for the bending

moments M My and for the resultant vertical shears Vx, V. at

y

x)
the boundary of the plate.

We begin by considering a rectangular plate the mid
surface of which is oriented as shown in the Argand diagram of

fiz.(26). If the plate is subjected to a concentrated load P at the

w=a

R Z,

bi= w,

& M fig.(26.)

point Zg and is simply-supported on the boundary ', then the
transverse deflection, w(x, y), is determined by the following

conditions.,
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Vw=0inR; w=0, Vw=o0onl , (6.1.1)

and, additionally,
P
16D

W -

(z - ZO) (z - '2?0) log (z - Zo) (z - '2';0) = B(z, z(, Zz, '50),
(6.1.2)

where B, is analytic in R, Zz denoting the conjugate of z,

The physical interpretation of the condition expressed by
Eq. (2) is nothing more than the fact that the singular part of w in
R is such that the vertical shear caused by this deflection, when
summed over the lateral surface of a cylinder of radius € drawn
about Zg is equivalent to a load P, With w so determined, the
bending moments, vertical shears, and resultant vertical shears

are computed by the usual expressidns

2 2 2 2
a"w o w o w 0w
M, = -Dl—y + ¢ ) M. = I +o 2l (a)
X ox oy J ayz 81:‘Z
_ 9 _ 0 2
Q= -Dgy V_ZV; L &Py v ®)
_ ] 3w %w {(5.1.3)
V_=-D— —y (2 -0)—
.x ox | 9x oy {(c)
" .2 2
0 o°w "W
V,=-D— |=— +(2-0)—]| . (d)
v oy oy ay]

Now in Eq. (6.1.1), we let @°w = M and find that
¥M=0inR; M=0onT
where M is subject to the condition that

M'Zgﬁ' loz (z = z;) ("z'-"'EO)



115

is analytic in R, Now an elementary application of the Shwartz-
Christoffel mapping theorem along with the method of images
yields

P =P g JE@ - £C0) [#@ - £C0](
47D (P> - ] [pe - #G0] 610

The function 6”(3.1) is the Weicrstrassian elliptic function with

periods 2w, 2w3. (This result, of course, is well-kaown, )

From Eq. (4), it follows that w can be written in the form

B T 10 d LE) - 8] [P - £E)]
z -z )(Z-2,) log
" AIR@ - g ))@ -5zy)

16D 0
+ B(z, z 'Z Zn) (6.1.5)
1czD MR | M | Mg *

w(x, y) =

where the function B is analytic inside the rectangle, R, vanishes

on the boundary r , and satisfies the following Poisson equation

in R
323 | = _(-;‘:: - 'E' Xai-z-) - 8)'(-2-)
0z 5% Nem- )  #@- £z

+ complex conjugate, (6.1. é)
Now Eq. (6.1.4) is one linear relation between the derivatives
S Vex and w vy One more relation between these two quantities,
independent of Eq. (4), will permit thzir explicit presentation. To
»this end, we note that in view of the definitions of Q}‘ and Qy along

with Eq. (6.1.4) both Qx and Qy are harmonic functions. Conse-

quently, there results from Eq. (6.1, 3b) the following relation



. 1 8Q BQy 2 2
2 2 z 2_0 3]
( W):- ( . - )a =—"‘"2' """"2' . (601.7)
vid T ex Ay O ax 2
Furthermore, since
aqQ. 9 :
TG Q) =t v Q) = -;31 . (6.1.8)

Eq. (6.1.7) may be rewritten as

vz {Dzw+2%(xQx-yQy)}=0. (6.1.9)
It should be remarked that this is the key relationship for the

determination of the desired quantities,

From Eq. (G.1.92), we have

2w + s (xQ - ¥Ry = Hy(x, ), (6.1.10)

where H1 is a harmonic function, To determine Hl’ uniquely, it
is necessary to know its boundary values, and, additionally, the
nature of its singularity in R, For a convenience in a future

integration, we shall determine, instead of Hl' the function

Lx, y) = Hx, y) + 2%3{- Qy - ;é Q,- (6.1,11)
Sinc;e the plate is simply-supported at the boundary, we have

w =0, vzw =6on T implying [i‘)w =0onk .(6.1.12)
The boundary values of 11 are then determined from Eq. (6.1,10)
and Eq. (6.1.11). An investigation of Eq. (6. 1.5) reveals the

nature of the singular part of 1,.
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From the addition theorem for the 6’9 functions, it foilows
that 8”(2) = 8’("5) anywhere on 1_\ . With this observation, the

following three functions

C oz (z,) Z, '(z ) ]
R1 =2 0 50 g - 06? 0 + complex conjugate
87D | £(2) - Plz() @ - g’(zo)J
- (z,) '(z )
R2 =P 84 0 - 8‘, 0 + complex conjugate
4D | fla) - Plzg) P - Plzg)] (6.1.13)
Ry = Ryl

(considered as functions of z with z as a parameter) vanish on I'.
Additionally, each of these functions is a harmonic function with
such type singularity in R that

W W
Jyx, y) = Hilx, y) + Ry + 2-35:«1— (Q +Rg) - 2%"@:{ + Ry) (6.1.14)

is analytic in R. Evidently J; assumes the same boundary values on
I' as does 11.
Since Green's function for LaPlace's equation for a rec-
tangular region is known, we have
= oG
r

If now we perform the indicated integration in ¥q. (6.1.186),

then after some laborious computations there results
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"= g Hy, Y) - gy Q- yQ)

= 8.1!19 46w, 8(2) ~ 2Anjug 1w nglz - zri’Z]EQz(z, Zg) -

. i ln . . g
- Q. (7, :Z;})]’ 3 [30193 §lzg) - 2ngug + wynzy - 717 ]

[Qx(zi)’ 8) - iQy(ZO‘ z)] + compl ex conjugate, (6.1,106)

where by definition

Qw) = v, Clug) = 4.
(It is to0 be noted that g (z) is the Weierstrassian function associated
with g’(z).)

This completes the analysis, for from Eqs. (6.1.4) and

(6.1.10) it follows that
1 2
W =% V‘w +F,

Wyyzé' vzw-F,

and, consequently, all of the expressions in gs, (6. 1. 3) can now
be presented in closed form.

If we introduce Jaccbi's theta functions, we can write

. w61 {v) :
pe B [28%00 L g
gr°D wlel(v)

0 (v)ey(v)8-(v)8,(v)o, (v +V )8y (v g = ¥)

GI(V + VO)GI(V - v0)01(9 +‘;0)91(V - -‘:0)

Py [ w39'1(v 0)
+
P4
8z“D wlel(v O)

+ zi(v 0" 30)]
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— + complex conjugate,
91(v ot v)el(vo =v)e vy +32)6,(v ) = v)

where
A Z

= - 0
Y o 0 YeTum; ot
By some arguments involving the properties of the real and
complex paris of analytic functions z of a complex variable z, it

is possible to show that

W . ( +x z:lK(zz Z, 2.) + Xz., Za)

xy TID QT XQy) = = 5 Ky(z, 2, 2, 7,) + Xz, z,),
vihere Kl is the harmonie conjugate of 131 However, there seems

to be no immediate way of evaluating the fuaction K,
G. 2) Partially Clamped Edge, Simply-Supported Edge,

We shall consider a rectangle oriented as shown in fig, (27)
and subjected to a uniform load q over the suriface of the plate,
The shaded portion of the edge is clamped and the remaining
portion of the edge is simply=-supported,

To solve this problem, we shall use easentially the same
procedure that S, Timoshenko [1] has intreduced for the solution
of the completely clamped plate,

The solution for a simply-:supported rectangular plate

subjected to 2 uniform lcad is given by



fig. (27)

‘0¢l
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5 tm
wy(X,Y) = -Qb—-i s B L YIm  gink 2ImY | g MTTX
8ab |7 Sorr b coshy,, b <

s
_ gb = sm"—ﬂ o, tanh 4,,+2 cosh Za(b..,q Sm‘mﬂ'x

8aD ,2,3 “)/m & cosh c“'“

.2.1)

mzb - .
where ¢, = ——= , If we consider
in a

mirXx
wl(x, y) = Z [Am sinh Z—E':—'i_+ Bm cosh z“_{:‘i_ Sin a

1,23

[Cmo‘m 2y sinh 2‘5-«‘5 + Dmdm-24 4 cosh M_ﬁm] sin TUTX rrﬂTx
\‘2.’)

' (6.2.2)
we find that this function satisflies
vy =0 (6.2.3),
hence
4 . - : _
v (W tw)=q/D (G.2.4).

Thus the sum of these two [unctions is such that the plate is sub-
jected to a uniform load Qs Since the deflection is. to vanish over
the entire boundary, Wy must vanish on the boundary and conse-

quently

B,=-C e tanke , A =-D_a cothx . (6.2.3).

Along the edge y = -b/2, My = 9. Thereiore

C,, = D, tanha - (6.2.6).
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V/ith these relations for the unknown constants in the sum Vg 1 Ve
the plate is simply—supported over CD, DX, &A, and has zero
deflection over the cntire boundary., Furthermore, one sct of
constants {Dm } remains to be _determ,i‘ned. Since the edge

AEC is clamped frem A to B and simply-supported from B to C,

there results

£ X_siamg=0 , ,}<§<1
1.2, 3 e
a

and

Z {Xm[—c—‘%‘:‘-ﬁf—‘-_ chch"aogm]

123

+ _1_r2r_[sed1 o}, tanh °("“]} Sin mg=o
%4
o< § < %
where (6.2.1)

- 2 (32aD ,
N = 7 G 'y
> Dm a sin h a., --—»-qbb ) , (6.2.8)

The golution of this problem is obtained once we have de=
termined the [Xm} . As in the previous chapter on the circle,
we again presume here that the singularity in the beunding moment
at the discontinuity in the edge conditions is not such as to disturb
the Fourier expansioa of the bending moment alpong the clamped
portion of the edge,

Ilence the uaniqueness theorem for ¥Fourier coeificients

permits us to write
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coth2a ) tanho
n el 1 . anw o, - i1
- —-—-2-&-:—- - ¢csch adn | '2‘ - Sin -2- (ubbh dn -—-—-—-—an )
7 womra 5 T “n T 3 comza, . :
-—-25—1;—- - ¢sch 2<rn -3 Fo ---%--—----n - csch Zan - -2-)
1 - " - S
Tz Q, Flm, n) =0 (6.2.9)
m=1,2,== n=1, 2, ==
where
' ‘ 2nr
coth2x : gin »
Q =X D gcseh?2u - 1] i [sechZe - 2202,
n n o i 9 n
n o a.
n Y )
(G.2,10),
“and

, z .
F{m, n) =/§ sin mé&sin n§ d&,
. 0

Taking twelve of these equations there results the following values

for the ('s:

Y - 155204435 Qy -. 004513667

Gy = 060476326 Qg 032105693

TABLE 1@0; Qg - 007375723 Qg . 013475302
— @, 041522176 Qg -- 024361605
Q, = 005817513 Qqq = 026145939

Qg -. 038222856 Qg = 002576705

The numerical results we shall give bere are those

connected with the edge of the plate over which the boundary con-
ditions change., As one notices from the graph of the slope it is

not identically zero where it should be zero, Indeed, it oscillates
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between bounds, This behavior is expected of any type of solution
of the nature presented in this section, Furthermore, in the |
neighborhood of the discontinuity, the resulis are bad; The slope
alony the simply-éupported edge is reasonable; The bending
moment along the clamped portion is somewhat chaotic, This re-
sSults, probably, from two different causes; "First, the bending
moment is associated with a higher derivative than the slcpe,
Consequently, one can expect more variation in the function obv..v
tained by a numerical procedure. Second, some of this variation
could-bevcaused by the fact that a wrinkle of some sort forms
across the corner containing the clamped portion of the edge and
these wiggles could be perturbations in the boundai'y moments due
to wrinkling,

The deflection at the center of the plate, as compared to the
siznply-;.supported plate is given below, This, in some sense,
validates the numerical computations,

S. S, Our Case C.E.
W, =.00206 45 w, =.003314%; w, = . 002795~ .
These results and the following graphs are for a square

plate .
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Abstract

The bending of thin flat plates has occupied the interests of
mechanicians and applied mathematicians since J. L. Lagrange dis-
covered the differential equation characterizing the behavior of such
structural members.,

One particular phase of investigaticn in this field concerns itself
with the solution of the differeantial equation subject to given boundary
conditions. Indeed, it may be safely stated that the bulk of the litera-
ture on the subject of flat plates is concerned with the solution of
problems involving the specification of the transverse loading on the
plate and the conditions at the boundary of the plate. Various mathe-
matical techniques are available for the solution of such problems.
Among these, the most prominent are, a) the method of series, b) the
method of singularities, and c) the complex variable techaiques.

A survey of the literature in this area has revealed a paucity of
solutions of certain types of problems; notably, those problems in
which boundary conditions are mixed along a portion of the edge of the
plate which has a continuously turning tangent., By mixed boundary
couditions, we mean a change in coadition from prescription of bend-
ing moment and vertical shear to assignment of slope and deflection
along a portion of the edge which has a continuously turning tangent.

In the first section of this thesis, a number of problems are con-
eidered for the half-plane. The attendant boundary conditions consi-
dered are combinations of clamping and simple support.

The second portion consisis of a number of problems associated
with the quarter-plane. Solutions for these problems are obtained by
utilizing the method of images in conjunction with the solutions presen-
ted in the first section.

After this, we examine some problems connected with the circu-
lar plate., In particular, a numerical soluticn is given for a uniformly
loaded circular plate simply-supported over half of its boundary and
clamped over the remaining portion.



The last chapter is a brief discussion of plates in the form of
rectangles., Here, a closed sclution is presented for the bending mo-
ments in terms of Weierstrassian elliptic functions. Another numeri-
cal example is included for a uniformly loaded plate clamped over a
portion of one edge and simply-supported over the remainder of its

boundary.
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