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CHAPTER I 

SOLUTION OF THE PLATE EQUATION 

Boundary value problems in the field of mechanics are 

attacked by a variety of procedures. Outstanding among these 

are the method of series, the method of singularities, and the 

method of functional equations. Mixed boundary problems are 

most naturally treated by the latter of these three methods. In 

order, then, to lay a firm foundation for the treatment of such 

problems, we begin with a brief development of the plate equa-

tion, the associated boundary conditions, and the manner of 

treatment of such problems by these two latter approaches. 

1.1) Differential Equation and Boundary Conditions. 

We begin, then,. by considering a plate of thickness~ 

oriented as shown in fig. (1. ). The middle surface is in the (x, y) 

plane and is bounded by the curve r . The outward normal to 

r is denoted by ii' and positive direction of arc length by s. 
It is assumed that the upper surface of the plate is subjected to 

a load intensity q (x, y). The vertical bounding surface is sub-

jected to a resultant vertical shear force V n per unit of length 

and a bending moment Mn per unit of length, positive as shown 

.. in fig. (1. ). The total energy of the plate is then given by 
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V = D/2 (({ (v 2 w) 2 - 2 U -v) (w w -w 2 >} dxdy )) xx yy xy 
R 

JJ qwdxdy + J { 
R r 

(1. 1.1) 

where !! is the deflection of the middle surface of the plate, and 

~ is the region in the (x., y) plane bounded by r . The sign con-

ventions used here are those in [ 1 J ~ 
The following derivation is due to Kirchhoff [ 2] and is 

included here only for the sake of completeness. 

Invoking the principle of minimum total energy, we find 

that the equilibrium position of the plate under the action of the 

applied loading is characterized by the function w (x., y) which 

gives .Y. its minimum value. \Ve have then 

o V = D/2 o/"({<v2w) 2 -2 (1 -v)(w w - w2 )- ! qw} dxdy j' xx yy xy D 
R 

(1. 1. 2) 

Since the o operation and differentiation with respect to x, y 

are interchangeable, we obtain the following 

* Numbers in square brackets refer to the bibliography at the 
end of the text. 
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(1. 1. 3) 

· from an application oi Grecn Is theorem for the plane. 

If now. we introduce the functional 

(1. 1.4) 

then another application of Green•s theorem produces 

ff K.(¢, f )dxdy = -U-v)/ ~ [q, yy cos 2a + txsin 2a-2tysinacosaJds 
R I'vn 

+(1-v)j </> J!.. [ ( 'f xx- If~ sinacosa • 'fxy<cos 2a - sin 2a) J ds 
I' os 

- U-v) ~ ~i ( 'f"x - t/Jyy> sin a cos a - 'Pxy (cos 2a - sin 2a)] i 
l 

(1. 1. 5) 

It is to be noted that a finite sumr1.1.ation occurs from the application 

of this theoren1. However, these terms only arise when disconti-

nuities L11 the slope of the boundary curve occur. If the bounding 

curve r has a continuously turning tangent., then this finite sum-
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mation vanishes. If the bounding curve does not have a tangent 

line with this property, this term will still vanish provided the 

deflection vanishes. This term will have to be considered wherever 

a free corne1· app~ars. 

Applying this expression to (1. 1. 3), we finally obtaL'l 

D jf&w [v4w-'l/D]dxdy{- 8,6 w [ Mn+o[v2w-U-vl 
R r an 

(wyyco.~?a+wxxsin 2a-2wxysinacosa)}J ds 

-]ow[ V -l.-Df0V 2w - U-v) ~[<w -w } sinacosa 
n an as xx YY r 

-wxy(cos 2a - sin2a>]}] ds 

-DO-v) L 6w. [<w -w )sinacosa-w (cos 2a-sin 2a)] = 0 i 1 xx yy xy i 

(1. 1. 6) 

From this, there results the following differential equation 

v4w : q (x, ~>. (1. 1. 7) 
D 

From the form of the line integrals appearing in (1. 1. 6) it becomes 

apparent tr.at these line integrals can be made to vanish in a va-

riety of ways. Consequently, there arrises a multiplicity of 

boundary conditions. Indeed, we have the following possibilities: 

i. ) Along a clamped portion of the edge 
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w=O • 
aw =O (1.1. 8) 
an 

ii.) Along a simply-supported portion of the edge 

w = 0., Vw - (1-v)[wyycos 2a +wxxsin 2a-2wxysinacosaJ= O 
(1. 1. 9) 

iii. ) Along a free portion of the edge 

v2w = U-v) [ wyycos 2a + wxxsin 2a-2wxysina cosa] 

av2w ::: 0-v} ..! [<w -w ) sina cos a - w (cos 2a - sin 2a)] 
an as xx YY xy 

f(wxx - w y> sina cosa - w (cos 2a - sin 2a)J = 0 , i = 1, 2, ...... K L y .XY i 
(1.1. 10) 

The finite set of conditions in the last line., of course. does not 

occur if there are no corners along the free arc. 

It is to be noted that a fourth possibility exists; namely. 

the elastically supported edge. Since we shall not concern our-

selves with such problems., we shall not consider the statement 

of this set of boundary conditions. 

* 1. 2) Basic Integral Theorem. 

In order to exploit the method of singularities, it will now 

be necessary to develop an integral theorem akin to the type which 

This, and paragraphs (1. 3) and (1. 4) were developed indepen-
dently by the author. The motivation obviously stems from the 
close link between these problems and those of potential theory. 
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proves so fruitful in potential theory. As would be expected. 

the structure or this relationship is obtained by the use or Green's 

theorem. 

For any two functions u. v possessed o! sufficient dif-

ferentiability. Green's theorem for the plane yields 

jf[ u\72v - vV2u] dxdy = f [ u 2-! - v~] ds 
R r Dn an 

(1. 2. 1) 

I! ,ve let v = v2¢ and u = <{.I • we obtain 

f j[ I/JV4~ -v2.;v2ip] dxdy • /I'I' a,2~ -V29 !!P]c1s u.2.2> 
R r an an 

and; alternately. letting u = T;J29 and v = '/J. there results 

Ou adding (1. 2. 2) to (1. 2. 3). we obtain the inte1,rral relation of 

paran1ount importance in the method of singularities for the bl-

harmonic equation 

ff [ 'P V\1 -9tfq,] dxdy =flip 
It I" 

ov2~ -v2~!£ +V2'P~ .,; av2¢Jds 
on 3n an an 

(1. 2.4) 

The dght-hand side of this expression involves a line integral whose 

integrand does not contain the precise kind of physical quantities 
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which are specified at the boundary. Thus, we note that from 

(1.1. 6) it follows that 

-Mn v2 [ 2 2 J - - w = -U-v) w cos a+ w sin a. 2w sinacosa D yy xx xy 

vu ay/:w ( a [ 2 . 2 ~ - + = 1-v)- (w - w ) sinacosa - w. (cos a- sm a) 
D an as xx YY xy 

(1. 2. 5) 

where Mn • V n are the applied bending moment and resultant 

vertical shear, respectively. \Ve have implicitly assumed that the 

boundary under consideration has no corners. For any specific 

situation in which th.is might be the case. we shall make a special 

consideration. 

·wtth (1. 2. 5). we may then write (1. 2. 4) as 

o ff[ 'P v4; - ~ v~] dxdy = 
R 

(1. 2. 6) 

Before a utilization of (1. 2. 6) is possible. it is necessary 

to introduce the concept of a Green's function. This function, which 

is the representation of a solution for a concentrated load, is the 

topic of the next section. 

1. 3) Gr~en's Functions for the Plate Equation. 

The homogeneous form of (1.1. 7) has an infinity or solutions 
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* that are analytic everywhere !n !!_ with the exception of a single 

point. If the distance from (x .. y) to ( f, r,) is denoted by R1 , then 

it is easy to verify that one such solution is 

2 R1 log R1 (1.3.1} 

when considered as a function of (x, y). For ease of interpretation, 

we consider, momentarily. that the point(f,17) in fig. (2.) 1s the 

poL-'1t (0, 0) and consider 

(1. 3. 2) 

If we surround the origin by a small circle of radius £ , then to 

interpret g II we compute the vertical shear on a cylindrical sur-

face for which this circle is the directrix and whose generators 

are parallel to the z-axis. (See fig. (3. ). ) We have 

2 
V2g = a g + !. ~ =_g_ (log r + 1) 

-ar 2 r ar 2rD 
(1. 3. 3) 

On this surface a = ..2.. , hence av2g p 
= and 

an ar an 2r Dr 

~ = -D av2g 
an 

(1. 3. 4) 

so that the vertical shear on this lateral surface of the cylinder is 

The word uanalytic" when used in connection with functions of 
real variables is used in the sense of E. Gouraat, A Course in 
Mathematical Analysis. vol. I, page 437. 
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(1. 3. 5) 

Since this value is uniform over this surface, the total vertical 

force on this face is 

(1. 3. 6) 

Since, by definition, vertical shear is positive when it acts in the 

positive direction of the z-axis, we see that such a deflection 

function g(x,y, f,JJ) resists a positive load P. Thus, if we dis-

regard the boundary conditions, we have the deflection due to a 

concentrated load P. Unfortunately., circumstances are not as 

simple as this. For in order to obtain a complete solution to any 

problem, we must also take into account the conditions that pre-

vail at the boundary. 

In view of these statements, we pose the following problem: 

Determine two functions G1 (x, y, ~.11) and o 2 (x, y, ~.11) such that 

and 

G2 (x.,y, s,r,) = _L [ Ri log R1 + ~(x.,y, f,11)] 
Sr D 

(1. 3. 7) 

(1. 3. 8) 

where Hi (x, y, s, tJ) and ~ (x:, y., g., 11) are analytic everywhere in 

!!, and on the boundary r; G1 satisfies 
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x.y f; r (1. 3. fJ) 
an 

and G2 satiofies 

G2 = o. 102 = U-v) [02xxsin 2a tG2yycos 2a - 2G2xysina cosa]; x.yE r 
(1. 3.10) 

Furthermore. both o1 and G2 are to satisfy the hou.:.ogeneous 

form of (1.1. 7). 

The existence and uniqueness or such functions for regions 

~ which fall within the scope of engi...'lecring applications uill be 

ventured as a eoajecture. 

The function o1 shall be referred to aa Green's function of 

the first kind. Physically. it is interpreted as the deflection o! a 

plate clamped along its entire boundary and subjected to a concen .. 

trated load f at the point ( ~. 11 ). The function o2 will be ref erred 

to as Green's function o! the second kind. a11d it is interpreted as 

the deflection of a plate siinply-supported at its boundary and sub-

jected to a concentrated load ~ at the point (f. l'J). 

Vle remark now that these a.re not the only possible Green's 

functions for the plate equation. Indeed. a multiplicity of such 

functions exists as will be shown in later chapters. Our purpose 

for introducL'lg these two functions at this stage is to prepare for 

the comp~1tation of other kinds in the later sections. 
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1.4) Solution of the Boundary Value Problems by Green's Theorem. 

If now in (1. 2. 6), we associate If"""' w and cb ""G and 

consider fig. (4. ), we obtain 

f { Jds ·i { 
r. r~ 

}ds + D jj G't/wdxdy 
R 

(1.4.1) 

For convenience, we take I'1 to be a small circle of radius £ and 

center at (g, JJ). Then the only significant term in the integrand of 

(1. 4. 2) 

(1. 4. 3) 

For either G 

, Um D f j G v4wdxdy = // Gqdxdy 
t!+O R R 

(1. 4. 4) 

By passing to the limit in (1. 4. 1 ), we obtain 

Pw (x,y) • fl Gqd/f.drJ 

( f _!:! Mn (G) - w V n (G) - !Q Mn (w) + G V n (w) 1 ds (1. 4. 5) Jr. an an 
t 

The interchange of (x, y) with (s, ll) is valid. This follows from 

the self-adjointness of the homogeneous form of (1. 1. 7). 

If now, the normal derivative, f3 (s), and the deflection, 

a (s), are assigned at the boundary, we have 
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On the other hand, if the deflection, a (s), and the bending moment, 

-y (s), are assigned at the boundary 

11{ aa2} 1 w(x, y) = - - a(s) V n(G2) + -y(s) - ds + -
P ~ an P 

2 

Expressions (1. 4. 6) and (1. 4. 7) now provide the necessary repre-

sentations to attack the types of problems suggested in the intro-

duction. To proceed, we must obtain explicit representations for 

o1 and G2 for the regions involved. This will be the subject 

matter of Chapter IL 

It should be remarked that certain restrictions must be 

placed on the behavior of w and its derivatives if any of the regions 

under consideration are such that part of the boundaries extend to 

infinity. Indeed, there should be no contributions from the line 

integral over that part of the boundary that is at infinity. However, 

instead of investigating the type of behavior w must exhibit at 

infinity at this pohlt, we shall relegate this topic to the chapter in 

which we present the Green's functions for these regions. 

1. 5) Reduction of the Problem to Functional Equations. 

Certain of the problems which we shall solve will be most 
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easily treated by the method of complex variables as developed 

for the biharmonic equation by Mushkelisvili 3 • Consequently., 

we shal~ briefiy outline this procedure, also., for future use. All 

notation concerned with complex variables will be that of 3 • 

If we introduce the transformation 

Z = X + iy Z = X - iy (1. 5.1) 

then the differential equation (1.1. 7) may be written in the form 

a4w _ q(z., z) 
az2az2 - l6D 

(1. 5. 2) 

The general solution of (1. 5. 2) may now be written as a sum of a 

complementary part plus a particular integral. Hence., we set 

2w = zcp (z) + z4>(z) +'f (z) + yi°(z) + ..!. Q(z., z) 
8D 

(1. 5. 3) 

where ti> (z)., 'f (z) are arbitrary functions of the complex variable 

!.- The remaining term in this expression is a particular solution 

of the differential equation. 

The notation in (1. 5. 3) is to be interpreted as follows. In 

general _ 

f (z) = L. Fnzn 
n=O 

or 
-

f (z) = Y'1 fn z-n 
~ 

where one uses the expansion appropriate to the region containing 

z. Vie have then the following -
- I':'\ \°' - -n f,z, =~ fnz ., 

n=O • 
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00 

' 
- }:- -n f (z) = n=O fn z • 

It can be shown, see ( 3] page 109, that given any function 

w as a solution of (1.1. 7), there always exist two functions 9, '-t 
which validate the representation in (1. 5. 3). Vie shall denote 

the interior of the plate by s+ and the region exterior to the plate 

by s-. If the plate is subjected to a concentrated load, it will be 

assumed that the singular part of ~ is rep,:esentable in Q , and 

hence ~ and cp will be analytic ins+. Thus for a concentrated 

load acting at z0 , (z 0 es+), it follows that 

(1. 5. 4) 

Vie may write, quite generally, 

(1. 5. 5) 

where !! so defined satisfies the homogeneous form of (1. 5. 2) 

everywhere except z = z0 • 

Since we already have the general solution for the_ differen-

tial equation represented, all that is needed in this approach is a 

satisfaction of the boundary conditions. For any given problem, 

if we demand that the functions 9 and C/J are so chosen that the 

boundary conditions are satisfied, we are led to a system of func-

tional equations which must hold along the boundary of the plate. 

\Ve shall find this approach very useful in the solution of certain 

problems in the future chapters. 
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CHAPTER ll 

COMPUTATIONS OF GREEN'S FUNCTIONS 

For a given differential equation, the associated Green's 

functions are dependent on the domain and boundary conditions 

alone. In the theory of the potential, the great success with which 

explicit solutions are obtained for the first boundary value problem 

occurs because of the invariance of Laplace's equation under con-

formal transformation. 

Unfortunately, no such procedure, as simple as that 

mentioned above, exists for the biharmonic equation, although P.R. 

Garabedian [4] has recently given a formal method for the construc-

tion of Green •s fm1ction of the first kind for the biharmonic equation. 

The method, for arbitrary regions, is rather cumbersome from a 

computational point of view. Indeed, very few explicit expressions 

occur for either the first or second Green's functions. The great 

success in the field of explicit presentation occurs with domains 

that extend to infinity in at least one direction. It should be remarked 

that the circle is an exception to this case. This. however, is not 

startling in view of the "quasi-invariance" of solutions to the bihar-

monic equation under inversion transformations. 

Thus, we proceed to catalogue the Green's functions associa-

ted with such domains. In particular, we shall discuss the half-

infinite, quarter-infinite regions. and the circle. 
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2. 1) Half-Infinite Plate. 

\Ve shall consider the hall-infinite plate which occupies 

the region R of the (x, y) plane defined by y > O. This particular 

region enjoys the feature of possessing both of the Green's functions 

mentioned, in addition to a number of others, in elementary, closed 

forms. 

Green's function of the first kind is well-known in the lit-

erature on plates. It was first obtained by J. a Michell [s J. For 

computational purposes, it is more convenient to introduce the com-

plex variable notation as in fig. (5. ). V/ith this. there results 

- - p [ - - (z-zo)(z-zo> - J G1(z, z, z0 , z0 ) =- (z-z 0 )(z-z 0 )log _ -(z-z)(z 0 -z 0 ) 
16rD Cz-z ) (z-z ) 

0 0 (2.1.1) 

A straightforward differentiation of (2.1.1) produces the following 

expreDsion for the bending moment along the edge of the plate 

P(z -z )2 
M (Gl) = - o o 

n 4r(z-z 0 )(z-z 0 ) 

= p ll2 
1l (x _ ~)2 + '12 

(2. 1. 2) 

Since we shall not have any immediate use for V n , we shall not 

present it here. 

Green's fw1ction of the second kind for this region is som.e-

what simpler to compute. Indeed, we examine 



I z-Zo 

fig.{s.) 
y 

y 
fig.(7.) 

X 

y 

0 X 

z~J 

X 

fig.(6.) 

N 
Ci} 



27 

The motivation for consideration of this function stems directly 

from the method of images used in potential theory. Since z = z 
along the real axis. it follows., immediately. that 

(2. 1.4) 

Computing the Laplacian of G2 considered as a function of z, z, 
we obtain 

(2. 1. 5) 

Evidently, this quantity vanishes for z = z. Hence (2.1. 3) has 

the desired botmdary values along the real axis. Furthermore, 

v2 G2 is a harmonic function. Thus (2~ 1. 3) satisfies the biharmonic 

equation. 

It is worthwhile noting that this function is such as to offer 

no resistance to rotation at the edge along the real axis. If one 

were to expand the appropriate quantities for large I z \, it would 

become apparent that the moments and shears at infinity contribute 

to the support of the plate. In any future considerations involving 

this function, we shall always demand that the finite edge always 

supports the plate. 
aG2 

Later computations will only require • Vlhen this 
an 

operation is carried out, there results 

(2. 1. 6) 

This may also be expressed in terms of the complex representation. 
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2. 2) Quarter-Infinite Plate. 

Let the quarter-infinite plate occupy the region of the 

plane defined by x > O. y > O as shown in fig. (6. ). We are 

able. once more. to utilize the method of images to obtain the 

Oreen•s function of the second kind for this region. Indeed. if we 

utilize the notation of fig. (6.) where we have 

• 
(2. 2.1) 

then o 2 for this region is given by 

o2 = ~ [R~ log ~ - R! log R! .. ~ log R: + ~ log ~ J 
l6rD 

(2. 2. 2) 

It is interesting to note that the edges of the plate contribute 

completely to the support of the plate. That this is the case, is 

easily seen if one computes the moments and shears connected 

with (2. 2. 2) and expands the resulting expressions for large J z \ • 

'\Vhen this is done, there results 

(2. 2. 3) 

From this it follows that the shear forces and the bending moments 

at infinity vanish to such an order that they contribute nothing to the 

support of the plate. 

Since there is a corner in the plate at the origin, we have 
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the supports at this point offering a concentrated load of magni-

tude 
a2w R = 2D (1 - v) --ax ay I = !.:Y. P sin 29 

11' 0 
x=O 
y=O 

and it tends to hold the corner down. 

2. 3) The Circular Plate. 

(2. 2. 4) 

Both Green• s functions for the circular plate appear in 

the literature. The Green•s function for the clamped edge was 

first given by J. H. :Michell [s ]. Our only use for this result 

will be its complex representation, hence we reproduce it at this 

point 
p [ _ _ (a2 -zoz)(a 2-zoz) (a2 -zoz)(a 2-zoz) o1 =- -(z-z )(z-z )log 2 + 2 

l62rD o o a (z-z 0 )(z-~) a 

- (z-z ) (z-z ) ] 0 0 
(2. 3.1) 

The notation used in this expression is the same as in the pre-

vious paragraphs and is shown in fig. (7. ). 

The Green's function for the simply-supported case has 

been given by a number of people. See, for example, [ 9, 10]. 

\Ve reproduce the result given in [ 9] as 

2 p• 2 P' G2 = r log r - ( a r l) log ( a r l) 

2 2 ,2 2 [ J + (p -a )(p - a ) 2X-µ + log a + '>t..-JJ (/'<PP', -y) , 
a2 2(A-J.&) '>t.. ~ 
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CHAPTER ID 

PROBLEMS  FOR THE HALF-PLANE 

We  begin by considering  the  region  occupied  by  the  upper 

half of  the  complex  plane. This region  affords an investigator  the 

most  fertile  grounds  for  the  solution  of mixed boundary  value 

problems  for  two  reasons: first.,. the  finite  part of the  boundary 

extends  to  infinity  along  a  straight  line;  and.,  secondly.,  the  appro-

priate  boundary  conditions  always  lead  to  singular  integral  equations 

rather than integro-diff  erential  equations. In general.,  this  permits 

the  inversion of the  equations  involved. 

3.1) Clamped  Edge. 

The  solution of this problem  is  well-known in the  literature 

on  thin  plates.  Our  only  purpose  here  for  considering this problem 

is  to  present  a new derivation  of  the  result  based  on  the  concept  of 

a singular  integral  equation.  This  novel  approach  to  the  solution  of 

an old  problem will then  serve  as an introduction to the spirit  of 

this thei,is. 

From  (1. 4. 7)., we have 

+ a:, -,.IIO + Q::> 

w(x,y) c ~ J [--r(s) ~~  ]c1s + ~If G2 qdfdrt (3.1.1) 

-oo d -co 
aG2 

where G2 is  given  by  (2.1.  3)  and an by  (2.1.  6). Th.iR relation 
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gives the deflection at any interior point if y(s) is assigned along 

the boundary and q is assigned in the interior of the region. In 

particular, if q is the loading shown in fig. (8. ), then from the 

properties of G2 , it follows that w is zero along the boundary 

y = 0 • Furthermore, since G2 is continuous in the neighbor-

hood of (0, n), we have 

+ao -.«> ff G2 qdSd11 = P G2 (x,y, 0.11> 
0 -Q) 

Hence 

(3. 1. 2) 

/ X 

~ 
+<0 y fig. (8. ) 

w(x,.y) = ..:;z,_/-y{s)[log ~s-x) 2 + y2] +l}ds + G2(x,y, 0, 11) 
411D -<> (3.1. 3) 

(It is to be noted that any time G2 appears in this chapter, it will 

be understood to be defined by (2. 1. 3 ). ) 

Is it now possible to determine y(s) so that the normal 

derivative of w is zero a.long the boundary? \Vith a suitable y(s) 

determined, we have the distribution along the edge of the. plate of 

the bending moment necessary to straighten the normal. Since 

w (x, 0) = O, we have 

aw - = aw = O along y = 0 (3. 1. 4) 
an ay 

Now then 
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+«> +CD 

aw= _ _!_I ')'(s){log [<s-x)2+ i]+ l)ds .L f-rts)~s 2+ aG2 
ay 41rD J 211n}<s-x) +y ay 

-co -(X) (3. 1. 5) 

Substituting this into (3. 1. 4), we obtain 

+oo 

...!...J'Y(S) [ log (s-x) 2 + 1] ds + ?'I'} [ log (x 2 +~2) + 11 = O 
4w-D 4,rD "J (3. 1. 6) 

-~ 
In view of the nature of G2 , it should be expected that the 

function 'Y (s) must be subjected to the following restriction 

-t-cD J y(s) ds + P71 = 0 
-co 

(3. l. 7) 

Actually, this amounts to a requirement of the fact that the edge of 

the plate must support the load. This condition will enforce the 

satisfaction of the moment equation for overall statical equilibrium 

of the plate. 

With this assumption (3.1. 6) becomes 
+GO 2/ y(s) logj s-xf ds + P71 log (x 2 + ,.,2) = 0 

-co 
Vie may now differentiate this expression with respect to x. 

(3. 1. 8) 

1.."o perform this operation, \Ve employ the usual algorithm for 

the differentiation of an integral containing a parameter. (That the 
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interchange of integration and differentiation is legitimate follows 

from the fact that this is an extension of the case of the existence 

of the tangential derivative of the potential of a simple layer. See 

[ G] page 30.) Thus if we differentiate (3. 1. 8) we obtain 
+«) f y(s) as + ~x 2 = O (3.1.9) 

x-s (x + r, ) 
-<O 

The solution of (3. 1. 9) can be effected in a number of ways. 

Indeed. if we write 

then 

-,.co _ !.! -y(s) ds = 
"It s -x 

' -«J 

Pn x 
- 2 2 

1l(X +1) ) 

'Y(s) = 

-t-«> P11j xdx -,. 2 2 
1r (x + rJ ) (x - s) 

-00 

(3. 1.10) 

(3. 1. 11) 

The necessary steps required to invert this integral equation will 

not be dwelled upon here since it is essentially a special case of a 

more general result which will be amplified upon in the next section. 

(See [ 6] page 374.) To effect the integration. split the integrand by 

partial fractions and utilize the fact that the integral is understood 

to be the principal value wherever this concept is needed. After 

some tedious integrations, there results 

'Y(s) = (3.112) 
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and we note that 
-,.(0 1 'Y (s) ds + PrJ = - PrJ + PrJ = 0 

-a> 

thus verifying (3. 1. 7). 

·with ~ so determined., we may now write 

w (x., y) = Pyi log ((s-x) +y ] + 1 ds -t G (x, y., 0, JJ) 2/+'° 2 2 
4r D (s 2 + r,2} 2 

-co 

(3.1. 13) 

This is an integral representation of G1 for the balf-

plane. U can be verified by direct differentiation that this function 

has the desired boundary values. In addition to this, it can be 

shown that this function also has the desired behavior at infinity. 

Since the integration can be carried through, we proceed to 

effect it. 

Let 

F (x, y, 11) (3.1.14) 

so that 

(3. 1. 14') 

The integral in (3.1.14') is most easily accomplished by considering 
R X the following contour integration 

I 1J 

• x+iy 
; (z - x) dz 

-(-( z----x)""""2_+ __ y-2]-[ z-2-+-11-2-] 

r 
y 
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where the contour r is indicated in fig. (9. ). Since the integral 

over the arc vanishes as R~co. we have 

Consequently 

aF = 
ax 

and 

2r 
7} (. )2 2 11')-X + y 

1 -2,ri 
(x + iy)2 + r,2 

F = !. log [ (ifJ -x) 2 + y2 ] - !!! arc tan x+iy + F (y,r,) • 
11 J} J} 

Nmv 

so that 

i + X 2 i arctan x = - log --
i - x • 

F (x. y, fJ) = !. log [U rJ - x) 2 + y2 ] + !. log i l1 + x + i y + F (y, 11) • 
rJ JJ in-x-iy 

Hence 

F(O,.y,r,) = ,r log (y 2-,?> + !. log~ + F (y.11) • 
~ n n-y 

From (3. 1. 14) 
-+-°' =/ log (s 2 + y2 ) F(O.,y,21) 2 2 

s + 1) 

-~ 
ds : !. log (11 + y) 2 • 

rJ 
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Thus there results 

F(x,y,>1) • ; log [x 2 + (>J + y}2] ' 

and we finally obtain, after performing the translation x = x'-~, 

y = y'. 

(3. 1. 15) 

which is precisely the result given by (2. 1. 1) except for the fact 

that it is presented here in real form. 

Thus we have answered the original question in the affirma-

tive. 

3. 2) 1\1:oment Applied along a Portion of the Edge. 

In this section, we shall consider the half-plane as shown in 
-a a x 

--t-t-H-1"-t-+t~~,,......,~~-t-t+w:-t-+t-++-- fig. (10. ). To demonstrate 

y 

fig. (10.) 

the flexibility of solution of 

mixed bowidary value prob-

lems, we shall attack this 

particular problem by the 

method of functional equations. 

In accordance with pre-

vious agreement, we shall 

denote the region occupied by 

the plate as s.+ The definition 

of this problem is as follows: Determine a function YI which is 
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biharmonic everywhere in st and, on the boUL--idary y = 0 of the 

region S; w satisfies the following conditions 

aw 2 "" w = O, I xJ~()I) ; = 0, lxl~ a; 'V w = - :::.:!!. (xl<a 
an D (3.2.1) 

where Ivl is constant. From (1. 5. 3), we have that the most general 

expression for· w may be written as follows 

2 w = z <!, (z) + z q,(z) + tp(z) + ,p(z) (3. 2. 2) 

where q, (z), (z) are analytic functions of z in S.-t- (Note: S-t-is the 

region defined by imaginary z > O. ) The structure of 9, tp for 

large Jz I is assumed to be 

IP 
cp ( z) = _! + 0 <{) 

z z 
, cp (z) = lJ!. + 0 (!.) 0 Z (3. 2. 3) 

It is to be noted that the assumed form (3. 2. 3), in view of (3. 2. 2), 

does not imply that w....,. O for lar,ge I z\ • Indeed, the best one 

can hope for in this situation is to produce a solution which remains 

bounded at infinity, thus eliminating any contribution to the support 

of the plate by any of its remote portions. 

Since from (3. 2. 1 ), w vanishes on the real a."Cis, we have 

the fallowing 

a 4> (O') + a rca) + (IJ (a) + ijl(a) = 0 a e: real axis (3. 2. 4) 

Hence, since a = a along the real axis, the notation in (3. 2. 4) has 

meaning in view of (3. 2. 2). If \Ve now multiply through in (3. 2. 4) 
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by 1 der and integrate over the real axis., there results 
21r i a - z 

!+<» f +m +oo +co 
_!_ a~ (er) da + _!_ crf (er) der + _!_Jtp(a) der +_!_/tµ(a) dcr = 0 
2 7t' i a - z 21r i a - z 27 i a - z 21r i a - z 

-QI 
- a:> -ao _ex, (3. 2. 5) 

Since the variable ~ is contained in the half-plane defined by 

y > 0., we obtain the following relation 

1 1 - 1 1 
z~(z)- 2 'P1 + 2 91 +tµ(z)- 2 'l'o + 2 'Po= O (3. 2. 6) * 

Thus 

<p(z) (3. 2. 7) 

The values 91 • <p O survive the integration because of the assu..'lled 

structure of (/) ., qJ at infinity. It should also be remarked that 

integrals of the type term 2 and term 4 in (3. 2. 5) are evaluated by 

observing that <il(a)., er 'f (er) are the boundary values of functions 

z 'f (z)., (#' (z) which are analytic in S ; i.e • ., Im(z) < O. Substituting 

(3. 2. 9) back into (3. 2. 2)., we obtain 

2 w = ( z - z) [ 9 ( z) - ; (z) J (3. 2. 8) 

Thus any function 9 (z) analytic in S + and vanishing at infinity 

will produce a w which vanishes on the real axis and is bounded 

~:= For the use of Cauchy's residue theorem, here., and throughout 
this thesis., reference should be made to [3] Chapters 12 and 18. 
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at infinity. 

\Ve now seek the impositions on 4> (z) caused by the re-

maining boundary conditions in (3. 2. 1 ). Since 

aw aw = 
an ay 

we have 

aw "(aw = -1 -
an az 

a.long y = 0 

~) along y = 0 
az 

(3. 2. 9) 

(3. 2. 10) 

aw From the conditions we have set, - v&.nishes for lxl? a and an 
is unlG1own for lxl <a. If its value be fl (a) for a e: lxl <a, 

then we may write 

i [ ~ (a) - "f (a~ 

0 a e: lxl ~ a 
= (3.2.11) 

fl (c,) a e: lxl ~ a 

Again we obtain (as we did eq. (3. 2. 5)} 

Tc:b ' +O> if.a 
i _!_.1~ (a) da _ i .J:_1~ (a) da = _.!_ f3(a) cb" 

21r i a - z 2:r i a - z 211' i a - z 
_a:, -aa -a 

(3. 2. 12) 

and Cauchy's residue theorem produces 

i 9 (z) = _!_[af3 (a)da 
211 i a - z 

-a 
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or 

[
+a 

rJ, (z) : -2.... (-i) s(a) <b 
2,r i a - z 

-a 

( 3. 2. 13) 

Along the arc - a ~ a ~ + a , the bc:::iding moment Mn (a) is 

given by 

2 a2 w '1w=4--
azaz 

= _ I\ii" 
D 

From this there results the following 

which holds along the arc - a~ a-' + a . 

If we differentiate (3. 2. 13), there results 

j +a 

91 (z) = _!_ -itl(a)d a 
211' i (a - z)2 

-a 

(3.2.14) 

( 3. 2. 15) 

(3.2.16) 

Now ,3 (a) must be continuous along the edge of the plate, 

hence at a = ± a we must have ,ll (:!:. a) = O. Thus, if we integrate 

the right-hai.,d side of (3. 2.16) by parts, there results 

9, (z) = _!_! a (-i) (1 '(a) d<J' 
211'i (<J' - z) 

-a 

(3.2.17) 

Upon letting z--,.<J' 0 ; ?lemelj 1s forr.nulae give us 
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- .! /3 '( a ) + ~1-ta ( -i} /3 '(a) da 
2 o 2,r1 a - a0 

-a 

4>'(a) :i: i (1• (a}+_!_ (-i)J3'(a)da I i-a 

0 2 ° 27ri a - a 
0 

-a 

(3.2.18) 

where the integrals on the right-ha.."ld side are now understood to 

be principal values. It is to be noted that since J3(a ), u, u 0 , fl'( a 0 ) 

are all real, no conjugation bars appear on the right-hand side of 

the second of (3. 2. 18). Substituting back into (3. 2. 15), we obtain a 

singular integral equation of Cauchy type; namely, 

+a ..!.1 Jl' {a 0 ) da = M" 
'11'1 a - u 2Di 

0 -a 

( 3. 2. 19) 

( Since equations of this type will have to be solved from time to 

time throughout this thesis, it seems worthwhile, once and for all, 

to indicate the general aspects of the inversion process involved in 

the solution. For a more detailed description s~e [6 ] . ) 

To invert (3. 2. 19), we introduce the function 

+a 

'P (z} = _!_/ p '(a) da 
27l'i u - z 

-a 

(3.2.20) 

This function ~ (z) is analytic in the entire plane slit from 
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-a to + a and vanishes at infinity. (See fig. (11. ). ) A choice now 

confronts us concerning the behavior of (31 ( a) near the endpoints 

of the slit. From the general theory concerning th~ solutions 

-0 

fig. (11.) 
y 

X 

of equations of the type (3. 2. 19). 

fl' (a) may be either zero or un-
2 2-IJ 

bounded after the fashion (a -a } 

where µ < 1. If fP (a) were 

chosen to vanish at the endpoints 

of the slit, then it could be shown 

that in view of the choice for I.In, 

there exiE;ts no solution to (3. 2. 19 ). 

(See (6] page 251, eq. 88.10.) Therefore we may write 

IJ, (z) = 

+at} 2 .,,2 1'~ 

/ 

( .v,l\) u .. a -
1 2Di da 

2~iJz 2 -a 21 a - z 
-a (3.2.21) 

where K1 is an arbitrary complex nwnber. (See ( 6] page 251.) 

By applying Cauchy's theorem, we obtain 

K 
~(z) = 1 ( Mr-) ( [z2 _ a2 _ z) + 1 

~2-~ 4lli J~-~ 
But Plemelj's formulae state that 

q, +(a) + cj(<a) = M"' 
2iD • 

(3.2.22) 
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(The plus ar,d minus signs on the function indicate the manner in 

which z approaches the slit. See fiz. (11. ). ) 

Now u:n .. sinceVa 2-a 2 += -fa2 -a 2 ~ we obtain, immediately. 

'Mn/4Di. ['/ 2 2 ] K1 -I< 1 :r.I /4Di [ ,/22 l ::::==-' , a _ a -a -t· + n -va--a- -a1;: /31(a) 
'/a2-a2 Va2-a2 Va2-a2 (3.2.23) 

Hence 

J3'(a) = (3.2.24) 

Vie observe that since M11 is constant, f1 (a) is symmetric, and 

hence /3'(a) fa antisymmetric. Consequently K1 - K1 = 0 • Upon 

integration of (3. 2. 26),. we obtain 

r.1:n ./ 2 2 
{3 (a) = - - V a - a 

2Di 
(3. 2. 25) 

where the constant of integration has been dropped since f3(!. a) = 0 

by continuity requirements on the slope. Placing this expression in 

(3. 2. 15) there results 

·a 
if> (z) = _!_ !...-II.in 

2r i 2D 
-a 

da (3. 2. 26) 
a-z 

Again,. an application of Cauchy's residue theorem produces 

I\1n [v 2 2 ] c;(z) = 40 z -a - z 



45 

Hence 

w = - :~ (z _ z{ ,J z2 _ a2 _ z _ ij z2 _ a2 _ z } (3.2.27) 

It may be verified by direct substitution that this function 

satisfies the boundary conditions prescribed for it. 

Since the bending moment for the edge of the plate is given 

by 

it follows that 

-z (3. 2. 28) 

Evidently M (a) becomes ir1finite as z~. Vie may also compute 

the resultant vertical shear along the edge. V/hen this is done 

there results 

= -i (14+v)It.1'.0 [---_a2 _ _.,..._ 
'j/2 

(a2-a2) 
-=-a2~31 -] 
( 2 2) ,2 a - a 

For ease of handling this expression. it is now presented in 

real form as follows. If r 1 , r 2 , o1 • o2 are four variables as 

depicted in fig. (10. ), then we may write (3. 2. 27) as 

w = [ .r-::- 01 + 02 ] 
1 r 1 r 2 sin 2 - y 
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In conclusion, it might be worth while mentioning the behavior of 

w and its derivatives for large I zl • Indeed, if we expand the 

form for w in a series. valid in the neighborhood of infinity, we 

obtain 

Mn [ a2 a2 1 J w = - (z-z) - - + - + 0 (-,,) 
8D 2z 2z I zJ,) 

We see, then, that w is bounded as lzl-0>. Furthermore, it 

follows from (3. 2. 27) that the first derivatives of w with respect 

to z or z are of the order l!I , all second derivatives are of 

the order ...!..2 , and the third derivatives are ~.r the order ..!.3 • 
l zl I z I 

Consequently. the moments and shears vanish to such an order at 

infi..,.ity that they contribute nothing to the suppo1·t of the plate. As 

previously stated, this will be the expected behavior of any of the 

solutions we obtain. 

To lend some practicality to this solution, it seems worthwhile 

considering some numerical results and general aspects of this prob-

lem. The deflection along the y~axis and M11 and Vn along the edge 

are given in figs. (12) and (13). Because of the abrupt cha.."lge in 

loading, a singularity develops at the edge of the applied load. The 

necessary force to be added at this junction (see 0.] page 132 and 

[22] , ) is infinite. Had the transition in load been less abrupt 

this would not have occurred. 
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TABLE NO.I[' I 
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3. 3) Simply-Supported. Clamped~ Simply-Supported. 

Vve shall now seek a Green's function for a set of mixed 

bow1dary conditions for the half-plane. The boundary conditions 

·will be such that for lxl ~ a. the plate is clamped. and for 

I xl > a • it is simply-supported. In the interior of the plate. a 

concentrated load will be ?laced at z = z0 as in fig. (14. ). In order 

-0 
that no contributions to the sup-

port of the plate 3.rise from the 

function w in the neighborhood 

of infinity., ·we shall require then 

that the deflection in the neighbor-

hood of infinity be such that all 

second and third derivatives of fig. (14.) 

w behave like 1 
1-;f2 and l t· l - respec ive y. 

lz( 3 

To begin then, we consider the function 

2 w = - (z - z) [ <p (z) - 9(z)] 

1· -1: [ (z-z ) (z-z ) log (z-z ) (z-z ) -(z-z )(z-z )log(z-z )(z-z )1. a1r D o o o o o o o o~ 
(3. 3. 1) 

Evidently. this function vanishes along the real axis. Let us now 

investigate the structure which 4> (z) must have for large l zl in 

order that the derivatives of w behave properly in the neighborhood 

of infinity. Since 2 :: = 2 ~ ., it will be sufficient to consider 

aw only the derivative az . We have 
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= ...E.. [<z -z )logzz + !. (z -z )(z-z}+(z -z >] B1lD o o z o o o o 

1 
+ O (lzl) (3.3.2) 

Thus 

2 ~ = - [4» (z} - f(z) )- (z-z} ; (z) 

+ L [ (z -z ) log z z + ! (z -z )(z-z) + (z -z >] + O ( !. ) SrD o o z o o o o lzl 

Hence. if 

and. if 

~ '(z) = ~ (z -z ) !. + O ( 1 ) 
BrD o o z ~ • 

then 

(3. 3. 3) 
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If we assume that for large 

(3.3.4) 

where <lt 0 (z) is analytic in the plane slit from -a to +a and 

vanishes at infinity, then ~ and its derivatives will have the 

proper form at h'lfinity. 

Thus in the evaluation of any future contour integrals, we 

shall assume (3. 3. 4) is a legitimate expaJ1sion for large I zl • 
If now we compute the bending moment along the real axis, 

we obtain 

0 lal > a 

Mn(a) 
D fal < a 

( 3. 3. 5) = 

Because of the assumed form of tb (z) , we have, on multiplying 
1 da through (3. 3. 5) by ---: - and integrating from - oo to +o:> 

21r1 O' - z 
along the real axis, the following result 

[ 
1 . 

1 -'2D Mn(a) da 
ib'(z) = -211' i a - z 

-a 

(3. 3. 6) 

Now then., along the segment fal < a of the real axis., the normal 

derivative, :: ., must vanish. Hence, the following expression 

[ ] iP(z 0 -z 0 ) [ J 
i c/J (a) - ~ (a) = log (a - z )(a-z ) + 1 

81rD o o • 
(3. 3. 7) 
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is an identity along this segment of the real axis. Since this is 

the case, we may differentiate (3. 3. 7) with respect to a. \Vhen 

this is done, there results 

P(z -z) [ 1 </>'(a)_ f•(a) = o o 1 + _1 __ 
8rD a - _z0 a ·-z0 

(3. 3. 8) 

If one applies Plemelj's formulae to (3. 3. 6), there results the fol-

lowing singular integral equation of Cauchy type 
+a 

+if 
-a 

a -a 
0 

4r [ _.!_ + 1 ] 
a-z 0 a-~ 

(3. 3. 9) 

To invert this equation, we introduce, as in section (3. 2), the 

function 4' (z) defined by 

1 ;+~ q> (z) = ---::::==-
2ri V z2 -a 2 

-P (z -z ) [ 1 1 .. 1 l d --4 ... ~--o- a-zo + ~o,J a 

a - z 

-a 
(3. 3. 10) 

(It is to be noted that 'F(z) has been so written as to make Mn(a) 

unbounded at the end-points - a, + a of the clamped edge. The 

condition of bounded Mn(a) and the form of the right-hand side of 

(3. 3. 9) are untenable.) 

Applying Cauchy's residue theorem, one obtains 
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1 + 1 + 
Kl P(z -Z > [ J p (z) = _ o o 

8r z-z z-z V z2-a2 0 0 

P(z -z ) [ Vz!-a2 ~ z!-a2 

+ 2 J + 0 0 + (3.3.ll) 

aw-" z2-a 2 -z -tz z - z 0 

Accordingly, now. Plemelj's formulae when suitably applied to 

(3. 3. 11) enable us to compute Mn(a) as follows 

To evaluate the constant K1 • we observe that 

+a j M.n (a) da -t 

-a 

= 0 
2i 

(3. 3. 12) 

(3. 3. 13) 

This is nothing more than the statement of the fact that the bending 

moment along the edge which is clamped is equal and opposite in 

direction to the moment off about this edge. In view of the order 

of magnitude of the moments and shears in the neighborhood of 

infinity. they contribute nothing tc the support of the plate. Indeed, 

we obtain 

2K11t 
+--

i 

P (z. -z ) [ z - a 
0 0 arc ta11 ~o==:. 

2ri Jz~-a2 

z +a] 
+arctanw 0 

2 
z -a 

0 



- P(z -z ) 0 0 arc tan ~o==--[ z -a 

22ri ../z~-a2 
-P(z - z ) , K _ o o 

I• 1 -
4,r 

So that finally, we have 

P(z -z) [ M (a) = o o 
n 4,r ,J a2 .a2 

Consequently, we may write 

J+a -P(z - z) 
0 0 

</»' (z) = ..!... 
27i 8rD ../ a 2 -a 2 

-a 
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(3. 3. 14) 

2 J -a ----CJ - '!'o 
da 

a-z 
(3. 3. 15) 

Another application of Cauchy's residue theorem produces 

W}2 ] zo • a 1 1 
+ ----z-z z-z z-z 

0 0 0 

(3. 3.16) 

And, finally, an integration of (3. 3.16) will produce 

- log(z -z )2+K2 J . 0 0 

(3. 3. 17) 
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To evaluate the constant of integration K2 ., we shall dem~'l.d that 

the expression (3. 3.1'1) be such that the boundary conditions imposed 

on w are satisfied along the edge of the plate. Indeed., if I al < a., 

then we obtain 

r; (a) - f (a) = 
-P(z -z ) 

0 0 

16rD 
+ K2 + K2] 

(3. 3. 18) 

Thus in order that (3. 3. 7) be satisfied., we must have 

-P(z -z ) 
0 0 

16,rD 

Since the imaginary part of K2 is immaterial., we take K2 a - 1 • 

Thus., we may finally write 

P(z -z> (z 0 -z0 ) QQ 
2 w = log -

l61rD RR 

2 r:r:] f22" R = z0 z-a +vz0 -a vz -a 

(3.3.19) 
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which evidently may be rewritten as 

P (z-z} (z -z ) 
w = 0 o log QQ + G1 

321rD RR 
(3. 3. 20) 

where G1 is Green's function of the first kind for the half-plane. 

It may be noted that as a-+O, • the first term in (3. 3. 20) 

goes to zero. and we obtain G1 as a limiting form which is cer-

tainly to be expected. 

A detailed examination of (3. 3. 19) indicates that for large f zl 
we have 

w = 
p (z-z) (zo-zo) 

32rD 

[z0 -W][z 0 -Jz~-aj 
log [ ~ + bounded terms 

z + ~l[z + z -a o izo-a J o o 1 
+ 0 ( - ) 

I zt 
(3.3.21) 

Similar considerations for the derivatives of w would show that 

this function has the desired behavior at infinity. 

(3. 4) Clamped, Simply-Supported. 

We may now utilize the solution of sec. (3. 3) to determine the 

Green's function for a region which is clamped from - 00 to O and 

simply-supported from O to 00 . Indeed. if we shift the origin from 

O to a and permit a-,,ao, we obtain the following 

p (z-z) (zo -zo) 
w = log 

l671'D (3. 4.1) 
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as the Green's function for this set of boundary conditions. It is 

to be noted that even though the extent of clamping is along an 

infinite segment, the deflection still remains unbounded as I zl 

tends to infinity. 

Most of the results in the chapter on half-planes involve 

a large number of parameters. This particular result involves a 

minimum of such quantities. In fig. (l5. ), we give the bending mo-

ment along the clamped portion of the edge. 

x;77 -5 -4 -3 -2 -I 0 

x/'T'J 
.fi 77Mii(X) 

o. 0 - 00 - ,5 
- • 5 -1. 365 
-1. 0 - • 793 
-2.0 - .342 Zo= iTJ -1,0 
-3. 0 - .188 
-4. 0 - .123 
-5.0 - • 0873 -1.5 

TABLE NO. :nz: 

fig. ( 15.) · 
As is observed from this graph, the bending moment along the edge 

of the plate dies out quite rapidly; and. consequently, the effects 

are local. 

(3. 5) Clamped, Simply-Supported, Clamped. 

Again we seek a Green's function for the half-plane shown in 

fig. (16. ). In this case, we shall require that the plate be clamped 
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for (xl ~ a and simply-supported for lxl < a. Actually. this case 

is an extension to the case al-

X 

p 

fig. (16.) 

ready treated in section (3. 2). 

The difference is that the nature 

of the bending moment is more 

complex. In view of this, it is 

felt that a separate treatment will 

not be redundant. 

To begin, we consider the 

f otlowing expression: 

2 w = - (z-z} [ rb (z) - tp {z)] + 2 G1 (3.5.1) 

where G1 is the Green's function of the first kind for this region. 

The normal derivative along the real axis is given by 

i [r> (a) - f (a)] = { O 
fHa) 

1af > a 

lal < a 
(3. 5. 2) 

c/>1 
If now, we assume that q, (z) .. z for large ( z( , then on multi-

plying through by 2;i 
circle, there results 

~ (z) = 1 
21ri 

da 
a-z and integrating over a large semi-

l - i f1{a) da 

a-z 
(3. 5. 3) 

Since the moment Mn (a) is required to vanish along the segment 
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- a < a < + a • we must have 

cf, , (a) + f, (a) = o o 1 l P (z -z) [ J 
BrD a - z0 - a - z0 

(3. 5. 4) 

along the segment. If we differentiate (3. 5. 3) with respect to z 

and then integrate by parts, there results the following 
+a 

~· (z) = _!_/ -i /3'(a) da 
22ri a - z 

-a 

(3. 5. 5) 

Here. we have utilized the continuity requirement on the normal 

derivative along the edge of the plate. If we apply Plemelj 's 

formulae to (3. 5. 5) and substitute these results in (3. 5. 4). we again 

obtain a singular integral equation of Cauchy type 

Introducing t.he function 
+a 

i'<z) = ~ f f3'(a)da 
2~1 a - z 

-a 

as before., there results 

1 _ ] (3. 5. 6) 
a-z 

0 

(3. 5. 7) 

,T, - - P(zo-zo) [-122[ 1 1 J"z~-a2 {z~-a2-1 Kl 
~(z) - vz -a - - - -- + - +-----

.16 D .ri-2 z-z z .. z z-z z-z &I 2 2 1 r yz- -a- o o o yz -a 
(3. 5. 8) 
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Again., we have demanded that /31 (a) become infinite at the end-

points of the slit. Consequently 

-P(z -z) 1 [ yz2 -a 2 
/3 I (a) : 0 0 - 0 

i 8rD ~a2-a2 a - z0 

Placing (3. 5. 9) in (3. 5. 5) and applying Cauchy's residue theorem., 

we obtain 

ef>'(z) = 
-P(z -z ) 

0 0 

l62rD 

., r 2 2 , 2 21 1 V z o -a V zo -a 1 + 1 
./ 2 2 z-z - z -z - ;:;- -z--z-
l Z -a o o o o 

An indefinite integration of (3. 5.10) yields 

'P (z) = 
-P (z -z ) 

0 0 

to1rD 
log 

(3. 5. 10) 

(3. 5.11) 

From our previous aasum;>tions concerning the nature of tJ, ., we 

find that 

-P (z -z ) 
K = o o · log 

2 l61tD 

z - ''z 2 -a2 
0 y 0 

z - .. /z 2 -a 2 
o V o 

(3. 5. 12) 

This choice of values for the constant of integration, etc • ., insure 
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the vanishing of 4> in the neighborhood of infinity. Hence. c/) 

is represented as 

-P(z -z ) 
</> (z) = 0 0 log 

l61tD 

[z0 -~ 

G0 -Vz!-a~ 
(3. 5. 13) 

So that Green's function for this region is given by 

2 u = 
p (z-z) (zo-zo) 

log { } l61tD 

+ 
P (z-z) (z 0 -z 0 ) 

log{ } +2G 1 (3. 5. 14) 
16,rD 

\Ve now compare this result with a combination of problems 

recently solved by "'vV. R. Dean [7] . He considered the problem of 

finding the Green I s function for 

p 

fig. (17.) 

an infinite plate clamped along the 

portion of the real axis for which 

l xl > 1 and an unsupported for 

lxf < 1. His plate supports a 

concentrated load at z0 as 

shown in fig. (17. ). By mapping 

this region onto the unit circle by means of the transformation 

.z :: • 
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he is able to piece together certain solutions in this domain. which 

satisfy the transformed problem. Thus. his solution is 

w = _ !. (z-z ) (z-z ) log I 1 + 2 . O o 

A subtraction of these two results gives. by the principle of super-

positic'1. the deflection of a semi-infinite plate Im (z) > 0, clamped 

from lxl > 1 and simply-supported from Ix\< 1 . This deflection 

is given by 

w = !. (z-z ) (z-z ) log (z-z ) (z-z ) - !. (z-z) (z -z ) 2 0 0 0 0 2 00 

- !. (z-z ) (z-z ) log (z-z ) (z-z ) 2 0 0 0 0 

(3.5.19) 
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If now in (3. 5. 13), we replace certain z and z0 by 

(3. 5. 20) 

and !:. by 1 undiar the log sign., there results 

-P(z -z ) ( t -t 0)2( f-t o>2(z-~)2rz_zo)2 
<I> (z) - f(z) = o o 

l67D 
log 

( t1o-1) 2(t t o-0 2(z-zo) 2(z-zo>2 

and, now, recomputing w , we have 

-P (z-z} (z -z ) 
0 0 

(3. 5. 21) 

(3. 5. 22) 

which agrees, essentially .. with (3. 5. 19) except for a constant 1nulti-

plier. Hence, a..-riother check on the legitimacy oi our procedures 

and assumptions. 

3. 6) Clamped, S.S ... Clamped, S.S., Clamped. 

From an inspection of the nature of solutions presented in 

the previous sections, it becomes apparent that in order to present 

a closed solution for a combination of clamping and simple-support, 

it is necessary to evaluate integrals of the type 
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z 

L . . (3. 6. 1) 

where 

(3. 6. 2) 

and !!. is the number of strips over which the simple support occurs 

if the predominant condition is clamping. or it is the number of 

supports over which the clamping occurs if the predominant condi-

tion is a simply-supported edge. The general class of integrals in 

(3. 6.1) is known as the hyperelliptic class. If n = 1. the integrals 

are elementary. as we have seen. If n = 2, the integrals are elliptic. 

Since no extensive tabulation of the cases for which n ')-3 exists in 

the literature. we shall limit ourselves to a solution for n • 2 rather 

than present a general solution for arbitrary n. Actually, such a 

solution would be useless from an engineering point of view since. 

as already stated, functions defined by integrals of this type do not 

appear tabulated. 

We begin to determine a Green 1s function for the case in 

which we have the following boundary conditions 

w=O • 

;: = O • lxl> b • 

f xi < a, 

lxl < a (3. 6. 3) 
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along the edge y z O. To effect an economy of writing. we shall 

denote the union of arcs over which the normal derivative vanishes 

by Lc. and the union of arcs for which the bending moment vanishes 

by L 6 • 

As has been done previously, we consider the function 

2 w • - (z-z) [ .;(z) - HZ) ] + 2 G1 (3. 6. 3) 

with the usual assumption 9 (z) = 0 ~{ 1> for large lzl . The 

boundary conditions. (3. 6. 3) along the edge of the plate now take the 

form 

(3. 6. 4) 

(3. 6. 5) 

The condition (3. 6. 4) along with the order assumption on <> (z) 

enables us to write 

1 = 2r1 
- i J3(a) da 

(I - z 
(3. 6. 7) 

This condition evidently states that cp (z) is analytic in the entire 

plane slit along the union of arcs L 5 • Since f1 (a) must vanish 

at the end-points of L 8 • we have 

q,'(z)::..!_ J_-if3'(a)da 
2ri a - z 

(3. 6. 8) 

Ls 
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From Plemelj's formulae ar..d (3. 6. 5), we have the following singu-

lar integral equation 

If we let 

a -z 
0 

(3. 6. 9) 

(3. 6. 10) 

then with the condition that f3'(a) is to be infinite at the end-points 

of L," , we have .., 

P(z -z) 
0 0 

16,rDi 

1 

z - z 0 

(3.6.11) 

It becomes apparent now that the specification of 4> (z) will involve 

elliptic integrals. In order then to conform with the notation for 

elliptic integrals in the complex plane as given in [a) • we let 
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and 

n <z> :. + Va cz> ; 
2 

that is. the branch such that Um ~ = + 1 . Thus we may 
1Zl100 n (z) 

write. by application of Plemelj 's formulae 

~· (a) = 
2Aa + 2B 

rt (a) 
(3. 6. 12) 

Placing this in (3. G. 8) and applying Cauchy's residue theorem. 

there results 

+ _!_}-__!!!.. 
z-z 0 z-z0 n(z) 

1 

(3. 6. 13) 

It is to be noted that A has been taken as zero in order that ~(z)=o(!.) z 

in the neighborhood of infinity. If we nowwrite (see (8] l 

then 

cJ> 1 (z) = - Bi Ii (z) 

z 

• I (z z )1 df 
3 1 o (~-zo)r, (~) 

00 

(3. 6.14) 

13 (z, Z ) - _J_ + _!_ i 
0 z-z 0 z-~ J 

(3. 6.15) 
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It is apparent that 11 (z) and 13 (z., z0 ) are elliptic integrals of 

the first and third kind respectively in the complex plane. From 

the definition (3. 6. 14). it follows that 

lim 11 (z) = 0 
z -,.oo 

Consequently 

ip (z) = - Bi I1 (z) 

lim 13 (z. z0 ) = 0 • 
Z-t-OJ 

~J z-z 0 
. (3. 6. 10) 

and ~(z) = O ( ~) for large lzt •. It is also to be noted that 

since 

log (z-z ) + A (z-z ) 
0 0 

(3. 6. 17) 

where the expansions are legitimate for I z-zJ-<e: and A (z-z 0 ) 

is analytic in this region, then 9 (z) is analytic in the slit plane. 

It now remains to determine the constant B. For the previous 

problems this constant was evaluated on an order argument. If one 

examines (3. 6. 16) in light of (3. 6. 4) and the conditions f1 (a) must 

satisfy at the end-points oi L8 , we find th~t ,!! can be determined. 

Before we proceed on this project, we remark that the form 
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(3. 6. 16) is unsuitable for computation of any sort, since the func-

tions are not tabulated. It is more convenient to introduce, instead, 

Legendre I s third normal form of elliptic integrals. This, as will 

be seen, can be accomplished by some elementary algebraic 

manipulations. fod.eed, if we write 

z 

- Tl (z ) L tdt. 
0 < t 2_ ~> rJ < t > 

()CJ . 
z 

- z rJ (z ) { d~ 
0 0 Jo:, ( t 2 -z~)71( t) , 

and consider 

dx 
I 

2 2 .. l 2 2 (x-z 0 ) y{x-a ) (x-b ) 

then 

~(z, z0 ) = - ! log (z2 -z~) [ 2z~ - (a2 + b2) - 2 TJ (z 0 )] 

! log{211 2(z 0 ) -1-(z 2-z!> [2z! - (a 2+b 2)] - 27) (z0 ) 11 (z)1 
Jes. 6. rn> 
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Thus we may write 

(3. 6. 20) 

With this form, </>(z) is now represented i.11 terms of elementary 

functions and elliptic integrals of the first and third type in 

Legendre's classification. 

If now J3 (a) is to vanish at the end-points of L 8 , we must 

have 
+ + q, (- b) - q, (- b) = 0 

+ + c; (- a) - 'f (- a) = O 

If we take the first of these conditions, we have, since 

t1 (O'} = rJ(a} for b <a < Q) 

the fact that 

B + D = 0 

Taking the second of these conditions, and noting that 

rJ (u) = i t (a) = i ~(b 2 - u 2) (a2- a2) a<u <b 

Tl (O') = - r (a) 

n(a) = -i t(a) 

-a<a<+a 

-b<a<-a ~ 

(3. 6. 21) 

(3. 6. 22) 
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we discover that this second condition is automatically satisfied if 

(3. 6. 22). The third condition implies that 

P(z -z ) f 1b lb J o o z (z ) da z (z ) da 
82rDi ofl O (a 2-z!> t(a) - ofl O (a2-~) t(a) 

a a · 
b 

+ (B-B) r ~ = 0 (3. 6. 23) 'j t(a) 
a 

and this automatically enforces the fourth condition. 

Thus we may finally write 

-P(z -z) [ .1 
cf, (z) = o o i<z. zo) - cp(z. ~~ 

32:rrD 

P(z -z ) + 0 0 

l621"D 

z-z 
0 log--=-

z-z 0 

(3. 6. 24) 

When this result, along with its conjugate is placed in (3. 6. 3) 

which we repeat here, the solution of the problem is complete. 

Additionally. it may be pointed out that with B so determined. q,(z) 

is a single valued function. 

This will complete our discussion of the half-plane. 
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CHAPTERIV 

PROBLEMS FOR THE QUARTER-PLANE 

After one leaves the half-plane. one would feel confident 

that the next problems, in degree of complexity. would be those 

connected with the quarter-plane. The type of singular integral 

equations obtained in these cases are; however. somewhat more 

complex. One can, however, formulate certain problems connected 

with this domain and avoid the solution of any singular integral eq-

uation by utilizing the method of images. This we proceed to do. 

4. 1) Simply-Supported. Clamped. Simply-Supported. 

The solution for the boundary value problem shown in 

fig. (18. ) is effected by utilizing the solution of sec. (3. 3). Indeed. 

if in (3. 3. 20) we replace z0 by -z 0 and P by -P , then we obtain 

w 1 = 0 0 log z0 "-t-z0 + G1 ( 0 0 )(4.1.1) 
• P(z-z) (z -z ) { 1 z ~·-z 

321rD p-t .p 

If this solution is added to (3. 3. 20). then in view of the antisym-

metric nature of the deflections, they will cancel out along they-

axis. and consequently so will the bending moment vanish. \Ve have 

then as the solution to this problem 

w = R.H.S. (3.3.20) + R.ILS. (4.1.1) (4.1. 2) 
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'rhis solution has the property tl:·..at along the y-axis the plate is 

simply-supported. along the :-:-a::-ds from O to ~ it is clamped, a,.,.d 

simply-supported along the x-axis from~ to infinity. 

With this Green's function, one c0u.ld .n~w formulate the 

problem of a plate simply-supported along the y-axis from 

infinity to~· clamped from~ to o. and satisfying the same coa .. 

ditions as (4. 1. 2) along the x-axis. 

(4. 2) Simply-Supported. Simply-Supported, Clamped. 

Again a utilization of the method of images in connection 

with the problem shov,n in fig. (lL ) will produce the solution tu 

this problem. All that is necessary is to replace z0 by -z 0 aud 

P by -P in (3. 5. 14) and atld the resulting equation to (3. 5. 14). 

Vihen this is done. there results _ 
z -,. -z. 

Y.'J = R. IL S. (3. 5. 1·1) + R. 1P. S. (3. 5. 1•1) 
p,. -p 

(4. 2. 1). 

This solution has the property that along the y-axis the 

plate is simply-supported~ along the x-axis from O to~ it is 

simply-supported. a..,d along the x-axis from!. to infinity it is 

clamped. 

Again this Green's functio11 could be utilized to solve a 

problem with conditions the same on each of the axes as in the 

previous problem. However. the final attainment of the soluti.:>11 

would depend on one's ability to invert the singular integral 

eqaatiun involved. 
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CHAPTERV 

PROBLEMS FOR THE CIRCULAR PLATE 

In order of expected difficulty, the circular plate would 

seem to be associated with a number of mixed boundary value 

problems which would yield to analysis. Unfortunately, this does 

not appear to be the case. As the discussion for this region is 

developed, it will become evident that the nature of the singular 

integral equations will be such that they are actually s:..ng-1lar 

integro-differential equations. This aspect of the problem, 

generally eliminates all hope of presenting any solutions for 

problems connected with this region in terms of functions known 

in classical analysis. V./e begin, then, ·with a discussion of the 

general aspects of such problems. 

5. 1) Formulation 2! Solution !2:' ~ Class of Problems. 

The Green's function for a clamped circular plate 

subjected to a concentrated load P at the point z0 was already 

given in (2. 3). With this in mind, we now consider all problems 

involving circular plates for which the edge deflection is zero 

and subjected to a concentrated load fat the point z0• Clearly, 

one boundary condition remains to be satisfied at the edge of 

the plate. Without being specific for the present, we shall label 

this condition as 

B2 [w] ::: 0 z E { zz::: a2 } (5.1.1). 
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The operator B2 is assumed to be linear. Physically, it will a .. 

mount to some requirement on the slope or bending moment or 

both. If now f(z) is some function of~ which is analytic in the 

interior of the plate, then 

v, = (a2 - zz) [r<z) + T(z)] + G1 (5.1. 2) 

satisfies the condition 

w • 0 for z , { zZ = a2 } (5, l, 3) 

Furthermore, since f(z) is analytic in the interior of the plate, 

the deflection given by (5.1. 2) is such that the plate is subjected 

to a concentrated load at the point z0• If now f(z) is so determined 

that 

B2 [<a 2 • zz) (f +1') + o1] = 0 for z£-{zz= a 2 } (5. 1. 4), 

then w as given by (5.1. 2) represents the Green's function for the 

conditions 

w = 0, B2 [\v] = 0 on the boundary (5.1. 5) 

As in the case of the half-infinite plate, we shall begin by exhibiting 

the eaoy manner in which we can derive the solution of an old 

problem. 

5. 2) Simply-Supported Edge. 

As a first application of the method, we consider the solution 

for the simply-supported edge. The solution of this problem was 

first given by J. Hadamard [9] and, more recently rediscovered 

by H. Reismrum [1 o) • The solution presented here is novel in 
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two respects. First, the ease of derivation, and, second, a closed 

form for the solution is obtained in terms of known functions. The 

method Hadamard presents is quite tedious by modern standards. 

His solution, furthermore, has one integral which he does not 

evaluate. \Ve shall presently see that a closed form does, indeed, 

exist in terms of Gauss' hyper geometric function. Reismann, 

unmvare of Hadamard's solution, obtains a series expansion for 

the result by the method of series. It should be remarked that 

our solution is of aesthetic value only, since in order to make any 

computations, it would be necessary to take the series form for 

the hypergeometric function. 

For the problem at hand, then, the condition (5.1.1) be-

· _ ., . _ · 2 _ 1 aw 1 a2w 
comes [ 

B2 [w] - Mr(w) - -D V w - (1 - v) {r 1ir + ?° ;;;·} J 
- -D (4 · -(1 ·~ v) 
- .. '\'J - -zz a2 (zw + z\.v-)J = 0 z z 

z = aeie = a (5. 2. 1). 

(It is to be noted that w 00 is zero along the boundary since the 

deflection vanishes. ) 

Now 

Thus the following ftu1ctional equation must hold along the boundary 

if the bending moment is to vanish 
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(5. 2. 2). 

Applying Cauchy's residue theorem to (5. 2. 2) and recalling that 

f(z) is a.."'lalytic i.."'l.side the circle, there results 

2 -) ~ P(a - z z 
zf'(z) + Y [r<z) + ROtJ = 2 ° 0 

l 61rD(a - z0z) 
(5. 2. 3) 

which is obviously an elementary type dif!crential equation, the 

most general solution of which is 

P( 2 .. - ) -(1 + ti ) 1 z a - zozo 2 
f(z) == z 

1 + V 
~ -1 2 -1 

z (a - zoz> dz 
l61tD 

0 

(5.2.4). 

Since f(z) is o.nalytic in zz ( a2, c 1 must be zero. The integral 

occurring is an Eulerian integral of the first kind and, conse-

quently, may be expressed in terr.i.1s of Gauss' hypergeometric 

function. Vifhen this is done, there results 

1 + V 1 + V zz0 
F(--, 1, -! ~) - T(O) 

2 2 a 
(5.2.5). 

With this, we may now express the Green's function for the simply-

supported plate as 
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_ a -z 0z0 a -zz, .....,( 1 +v J-l·v zz 0 )· , 1-t-v 3 -i-v zz 0 P( 2 - )( 2 ~ f .. - - u· 
G 2 - 2 1' -, 1, -;--;r r F (-, 1, - ;~) 

'"' 81:D:::i. (1 + v) 2 2 a 2 2 a 

(5. 2. 6). 
lG11D 

It is easy to verify by a straightforward number of differentiations 

that this function satisiies the boundary conditions imposed on it. 

This solution also enables one to write dovm, almost im .. 

mediately, the solution for the circular plate with zero deflection 

at the bonndary and a normal which is elastically restrained ago.inst 

rotation. Indeed, this second condition takes the form 

r.1 [v,J = ~ -:,.~ a 
aw 
ar 

which may be renritten as 

z = ae ie 
• 

The factor k is a dimensionless quantity which varies betvrnen 

zero and infinity. Consequently, Green's function for this case 

may be obtaine<l from eq. (G. 2. 6) merely by replacing v by 

V -t- k. 
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, * 5. 3) Simply-Supported, Clamped Ed 9c. 

From the forre of the left-hand side of (5. 2. 2), it becomes 

evident that any formulation of tl1in mixed problem involving singu-

lar integral equati.ons will terminate as a singular integ!"l-

differential equatfo:~.. By mapping t~o circle onto the hall-plane 

and considering the transformed boundary conditions, it is possi-

ble to set the problem ii.l terms of a aingular integro-differential 

equation for v,.1hich the range of integration extends over the positive 

half of the x-axis. One is able to convert this equation into a 

second order dif.ference equation in the I/Iellin transfor1n of the 

unknown aought. This fin.al equation is such; however, that the 

author is unable to determine its solution. ConseQuently, we 

shall abandon the previous method of attack on the problem and, 

instead, present a numerical procedure for the solution of such 

problems. 

U is more convenient, in this approach, to work in terms 

of real variables. 

Thus, if w O is a solution of the plate equation such that it 

corresponds to a load q over the surface of the plate, a.'tld if w 0 

va..,ishcs at the boundary of the plate, then 

(5. 3.1) 

This problem was recently considered by D. I. Sherman from the 
puint of view of solving a .singular integral equation by an iterative· 
procedure. His results contain no numerical solutions. See (13] • 



is a deflection function for a circular plate subjected to a load ~ 

and such that at the boundary of the plate 

w(a., 0) = 0 

provided c/J(r, 0) is analytic and harmonic in the interior of the 

circle i.'1. fig. (20. ). If the plate is clamped along the arc 

.. a~ O ~ + a and is simply-supported along the remafaing arc 

a ~ 0 ~ 22a - a, then 

0 X awol .. 2a iJ>(a., O) + ~ = O (5. 3. 2) 

r=a 

fig. (20.) y 

along the clamped portion of the edge, and 

4a a:> I Dr 
r=a 

1.1 [wcJ 
+ 2(1 + ") ¢ + r D = o (5.3.3) 

r=a 

must hold along the simply-supported part of the boundary. In 

order to determine the harmonic function 9(r, 0)., \,e have a 

Dirichlet condition over a portion of the edge and a mixed con-

dition over the remainder of the edge. This is an extremely 

complex type of problem to solve. Any attempts to treat this 

analytically always require some sort of numerical procedure. 

Let us then investigate the following possibility. We begin by 

defining two step functions 

(5. 3. 4). 
a~ e ~ 21r - a 
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\.'hth these i:.m.:ticms, the conditions (j. 3. 2) and (v. 3. 3) may be ex-

pressed as a single statement; namely, 

1~(a, O) [ -2a 12 + 2(1 -t· v) 11] + 4a I 1 *-} 
r:a 

fh. •JO I L\. uvJ 
+ I2 Dr + Il .u : 0 ( 1- 3 r) \..1. • ::) • 

r = a 

Sin::!e ef> is analytic and harmoni::: in the interior of the plate, ,1e 

have 

a,., 00 
9(r, G) = T + z; rn (a 11 c;:.s n(J t b0 sin nG) 

11 = 1 
(5. 3. 6). 

With this, (5. 3. 5) is a function of e which is identically zero on 

the boundary of the plate with the possible exception of the end-

points of the clamped arc. From the nature of previous solutions, 

it mijht be expected that the moment YJould become i.ilfinite at the 

end-points of the clamped arc. The nature of this infinity is, 

however, such that it docs not affect the solution obtained by the 

condition that the Fourier coefficients of (5. 3. 5) must all va.'1.ish. 

Thus by multiplying through (5. 3. 5) first by cos me and 

then by sin me and intearatfog each of these expressions with 

respect to O from O to 211, there results 

/
2:. 12x 

cos mo [-2a12 -i- 2(1 -j- v) 1J ¢de + 4a11 ~ cosmGdO 

0 0 
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127
{ av,0 . Mr [w0JJ 

= - cos me 12 :Zr T cos me I1 D de 
0 m = o. 1, 2, ---

J21t 

si.."l me [- 2a 12 + 2(1 + v >11] q, de + 4aI1 M:, sin m9de 
0 

M [w0J J + sin me 11 r D d() 

m = 1. 2, 3 ---
(5. 3. 7). 

This system of equations will serve for a determination of 

the constants a 0, { an, bnl . It is evident that this is an infinite 

system of algebraic linear equations and thus to obtain the solution 

of any specific problem, one must specify the particular solution 

w O and then truncate the system of equations. 

As an example, we consider the case of a uniformly loaded 

circular plate of radius!:. clamped from O to 7 /2, simply-supported 

from r/2 to 3r/2, and clamped from 3-x/2 to 2r. In this case, we 

take 

2 2 2 
w 0 = ~ (a - r) 

Since q, is harmonic and symmetric with respect to the x-axis, we 

have 
00 

q,{r. 8) = I; An rn cos nO 
n = 0 
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If these forms are now substituted into eqs. (5. 3. 7), there results 

the following infinite system of linear algebraic equations 

I 
00 

1r [l+v+BJ-E ~ n n m = 1 

+ .!_ . rn _ 0 sin -rr- -
rn "" 

* 
n = 1, 2., -- .. 

[ sin f (m - n) + sin1 (m + n)l 

m .. n m-rn J 

where., for simplicity we have frltrodnced 

= 32Dna n - 2 A 
Bn qr n n = 1., 2, ---

An exact solution of this system of equations does not seem possi-

ble, hence we ·resort to solving a finite num.ber of these equations. 

Even then, an appraisal of the error involved is somewhat difficult. 

L'l lieu of this, we first solved the first 12 of these equations for 

the unknowns, then we solved the first 24 of these equations, o.nd 

finally, the first 36 of these equations. Although this is not to be 

construed as a proof of a sort, it will give some indication as to 

the variation in answers ai:; caused by increasing the number of 

equations. These results are tabulated in Table (5) for v = .3. 

* The accent on the summation implies that the term for m = n is 
absent. See for example LJ.5] page 434. 
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For the solution based on the usage of the 36 equations, 

we have indeed that 

2 
A 0 = §i:O (.1176). 

With this value for A0 a.'ld ·the values for Bn tabulated in column 3 

of Table (5), we are now in a position to compute the values of the 

slope and bending moment at the edge of the plate. The tabulated 

values of these quantities are given in Table (6) and a graphical 

representation occurs in Figs. (21) and (211). We notice that where 

the slope should be zero; that is, the ragion O ~ e ~ 90°, it is 

very small as compared to the values on the simply-supported 

portion of the edge. As can be noticed,. the results are such that 

the boundary conditions impm;ed on the deflection are approximately 

satisfied. 

Tables (7a), (7b), (7c)., (7d) give the values of the de-

flections and moments in the interior of the plate based on the· 

solution of 12, 24., and 36 equations respectively. These results 

are plotted in Figs. (22a), (22b)., (22c)., (22d), (23a), (23b), (23c), 

(23d), (2•1a), (24b), (24c)., (24d:. 

The maximum deflection of the plate based on 36 equations occurs 
0 • ' at e = 180 and r = .13a. Its value is 

32w ........ -tF~ 
q1ra 

=. 222 
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1~-50 .177 .167 • l.5J .137 .117 .093 .067 .037 .002 -.03L:, 
90° .171 .169 .162 , 151 .1J5 .115 .::iG9 ,058 .022 -.010 

135° .177 .12.4 .1Z7 . rn6 .1L2 .173 .16o .11:J .123 .'J99 
1eo0 .1r3 • lf,9 .191 .190 .1[;5 .176 .165 .11;.9 • lJO .106 

T: ble ::;0. VIL:: 
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" .1 \! .2 .J .. , .5 .6 .7 .8 .9 ) • J 

OG 0 0 0 0 0 0 0 0 () 0 0 
1,50 - O"l:-5) I e ·~ -.·J091 -.0129 - . n162 -.·Jl36 -.0197 -. ·,1::6 - • 11:,9 -. '.)2·97 .... ao1.;,5 
90° 0 -.c-012 -.'.:025 -.:)OJ9 -.0055 -.0076 -.0106 -.0159 -.:JZ75 -.0554 

135° .001;.9 .0'.)Ql} -.'.)04J -.OO')l -.0137 -.0176 -.0202 -.0::13 -.02c,8 -.0185 
1$0° 0 0 0 0 0 0 0 0 0 () " \} 

.. = 24 

n° o 0 0 0 r) 0 0 . () 0 0 ("\ 

, ~o ~ "c:9 •4) -.·.Ju:; -.'.)090 -.C1J5 -.016.5 -.DE5 -.n90 -.0127 - • ·:\ 1:;1~ -.0099 -. 1057 
OQO rJ ,, , ' -. ]013 -.()026 -. JDl:{) - • '!CJ!;? -.')076 - • 010~:' - • () 11:11 -.·'>218 -.8h75 --- c;) 

1:5° • ·'.)059 • 'iOl5J -.JOJl -.'.)080 -. '."IJ.29 -.'.'171 -.r.·~OJ -.0:17 -.·~?11 -. c11c-7 - 1-4 

1::0° 0 0 0 G .... ') 0 0 0 r, () '. 

:1 = J6 

,.,0 " 0 0 0 0 ') ·:~. r, :.J 0 ,· 
\ . '~: V ,_; 

, . .-0 -.0036 -.0102 -.0137 -.c-166 -.010} - • :, lCi? -.:·,172 -.~139 -.0093 - • oo:.;4 '".J 
0() C ;J -.;-,013 - •. ";J:_ 7 -.ooi,l ... :""'I,.," - • -:c7G -.0103 - • .... il,'V) -. -:-::::13 -.0r~1.': . .. , . \ -. :t1.:..1u 

135° .0-::,63 • .y1:.o -.OJZ? - . ')076 -.0125 -. ·l7J n'". ,.....,, -.-.. ,-\. .. .._ - • -::211; -. ·::15 -. '195 
180° 0 0 " 0 () '.) ·, ·" r 0 ._, ·, t; ,_; 
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circular plate. In addition, we shall take the edge deflection of 

the plate as zero, consequently, we have 

w(a, e) = 0 (5.4.2) 

If the plate supports a conce:1tratcd l0:.1d f at the poi.i.1t z 0, 

then we may take 

-..v = (a 2 - zz} [ ,~(z) ·7 'f (z) J (5. 4. 3) 

where G1 is Green's f•.mction for the clan:ped circular plate. 

{See {2. 3. 1 }. ) \Vith this form for -:!_, ~ is to be analytic foside and 

on the circle v:ith center at the origin and radius£:.• The singdarHy 

of foe fundion G1 takes ca.r~ ~:: the cm:centrutcd lo1d requir-tr..1e~t 

at z0• The expression in (5. 4. 3) a;..:tomatically satisfies (5. 4. 2). 

Invo!d .. >1g the co:idition (5. 4. 1) on (5. 4. 3), we obtain the 

2(1 + v) D [r:,ca) -i- i·(a)] + 4D [ crq, '(a) + af<a>] 

p 
- ili' 

z0 (a .. z0) 
+ ...... :&.------

a • z0a 

( Ei. 4. 4) 

..,_.,~1ic:1 holds along l:he entire boundary of the plate. -.;/e have i.'1 
·t:. 

this expression G = ~c?·-i. If now we multiply through (5. 4. 4) by 

~ a da and integrate arou.:.1d the circular boundary of the 
4'<'111. .. z 
plate, there results 
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~ z2<b "(z) + (~ + 2D) z.j '(z) + 2(1 + v) D/i(z) a a 

= -2(1 + v) Dp(O) 

Pa(a 2 - z 0z0) 

8•Da"' 

• 

2 • 
!1 == 1 n + 2an + (1 + v ) 

(5.4. 5) 

(5. 4. 6) 

By the ratio test~ thi:q series cxpo.nsion is c:.bsolutdy convergent 

by 

2 - ) P(a .... z0z0 =-------2 l:hDa (1 + v) 
• 

Thus we may finally write 

00 
.i. E 

n=l 

(5. 4. 7) 

completing thl! analysis. 

Vie ::.1otc that if L,, = o. then the solution reduces to that of a 
V 

simply-supported circula::c plate o:.~pporting a co~centrated load f 
. . 

at its center. This, of course, was to be expected. 
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5. 5) Slit Circular Plate. 

This section introduces a method for treathlg the problem 

of multi-valued displacements in flat plates. Displacements of 

this type can be produced by cutting into a plate from the boundary. 

giving the two faces some relative displacement. and then welding 

the plate back together. The method introduced here will only be 

discussed in relation to a circular plate; however, it is easily 

extended to a plate of any shape. 

Let us then imagine that we cut a circular plate from its 

periphery to its center along the line 8 =-,r. Along this line, we 

shall assign an arbitrary relative displacement between the faces 

of the cut. Now across this cut, the quantities M6, :ure• Q9 are 

continuous. rvir may be, and in general, is discontinuous across 

the cut. Specifically we have 

w = z c)(z) + zJ(z} + "1(z) + iji(z) 

We choose 

9(z) = A(z) log z lf'(z) = B(z) log z 

(5. 5. 1) 

(5. 5. 2) 

;-;here A(~) and B(z) are single-valued and analytic inside the 

circle oi radius!!_ with cer..ter at the origi.i1. For definiteness. 

we presume that the argument of log z varies from -1r to ·n. 

If M8• :r.,!re' Q8 are to be coJ..~til.11:ous across the line o = •a, 

we munt have that 



11a(r, r) - 11e(r, -1r) = 0 

Mre<r, 1r) - Mr 0(r, -71') = 0 
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(5. 5. 3) 

Furthermore, if l61ri f (x) is the relative displacement across the 

cut, we have 

w(r, tt) - w(r, -r) = 16,ri f(x) (5. 5. 4) 

i,r .. br x = re :: re 

Placing (5. 5. 2) into (5. 5. 3) and (5. 5. 4), we obtain the 

following system of differential equations for the determination 

of A(z) and B{z) 

2(1 + v) (A' - A') - x(l - v) (A" -An) - (1 - v) (B 11 -13 11) = 0 

x(A" + A") + Bn + ll" = 0 

A 11 + A" :.: 0 

A solution of this system of equations is 

A = Po + iq 0 + p1 z + (1 - v) f'(z) 

B = m 0 + (m 1 - iq 0)z - (1 - v) zf'(z) + 4f(z) 

The quantities p0, q0, m 0, m 1 are constants. 

As a specific application let us choose 
Ai z4 

f(z) = - Tiri 4 
a 

(5. 5. 5) 

(5. 5. 6 

and all of the constants of integration as zero. This choice 

eliminates the possibility of any dilemma concerning infinite 
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deflections. moments, etc. at the origin. Substituting this choice 

of f(z) in (5. 5. 6}_ we obtain 

"i..,.3(1 - v) </)(z) = - ·-'· ,., 4 log z 
411-a 

In real form the deflection becomes 

. •, 4, 
""(z) = • , . .:.lZ V l r ---.- og z 

41ra 4 

w = ~ r 4 log r l (l - v) sin 28 + v sin 48 J 
21ra 

,\ r4 L 1 + .... , <1 - v > G cos 2e + ,., e cos 40 • '"2u ;r 
With the deflection so determined. we still have edge moments and 

resultant shears. These may be removed by the addition of a single-

valued deflection function so chosen that when it is added to the 

multi-valued deflection, the moment and shear at the boundary of 

the circle are zero. Since the stresses were assumed to be continuous 

across the cut, and the jump in displacement assigned,, the change in 

slope across the cut is automatically determined. 

As an alternate problem one could consider assigning values to the 

change in deflection and slope across the cut. Evidently the stresses 

in general no longer could be continuous. Indeed, all that could be 

specified now is that the bending moment and resultant vertical shear 

are continuous across the cut. 
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CHAPTER VI 

THE RECTANGULAR PLATE 

Of all shapes, the rectangular plate is probably the most fre-

quent one occurring in engineering structures. Floor slabs in 

buildings, walls of buildings, and table tops for precision machinery 

are a few examples of the usage of rectangular plates in con-

struction. The variety of edge conditions is as great as the vari-

ation in edge conditions from edge to edge. 

The need for precise solutions for problems associated 

with this region is great. The number of precise solutions, on 

the other ha.11d, which exist in the literature, is small. Even the 

problem of the completely clamped edge, to date, has not been 

treated by any methods except approximation procedures. With 

this in mind, one could not expect to attack any mixed problems 

associated with the rectangle, by any other means than the usual 

manner of solving plate problems in an approximate fashion. In 

this section, we will treat two problems. The first is connected 

with the determination of the derivatives of Green's function for 

the simply-supported rectangle plate, and the second is a numerical 

analysis of a rectangular plate with a partially clamped edge. 

G. l) Green's Function for the Simply-Supported Plate.* 

An application of the method presented ·in sec. (l. 4) re-

quires a knowledge of the Green's function for the region in 
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question. The following development. while not presenting Green's 

function in a closed form for the simply-supported rectangular 

plate. represents the results of an attempt in this direction. 

The deflection of a simply-supported plate subjected to a 

concentrated load at some interior point is well-known in the form 

of a bilinear series. In a recent paper, D. D. Aggarwala has 

given closed expressions for the vertical shears~ and~ in 

terms of Weierstrassian elliptic fllllctions ~(z) and their deriva-

tives. The purpose of this section is to show how his results can 

be extended directly to give closed expressions for the bending 

moments :r.lx• 1' .. ly and for the resultant vertical shears V x• Vy at 

the boundary of the plate. 

Vie begin by considering a rectangular plate the mid 

surface of which is oriented as shown fa the Argand diagram of 

fig. (26). If the plate is subjected to a concentrated load P at the 

z 

bi= w.., -W.z. fig. (26.) 

point zo and is simply-supported on the boundary r ' then the 

transverse deflection. w(x, y), . is determined by the following 

conditions. 
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VW = 0 in R; w = 0, v2w: Q On r II (6.1.1) 

and, additionally, 

w - p (z - z0) (z - z0) log (z - z0) (z .. z0) = B1 (z, z 0, z, z0), 
16,rD 

(6.1. 2) 

where B1 is analytic in R, z denoting the conjugate of z. 

The physical interpretation of the condition expressed by 

Eq. (2) is nothing more than .the fact that the singular part of w in 

R is such that the vertical shear caused by this deflection, when 

summed over the lateral surface of a cylinder of radius £ drawn 

about z0 is equivalent to a load P. With v, so determined., the 

bending moments,. vertical shears, and resultant vertical shears 

are computed by the usual expressions 

a 
~ = .. nrx 

- a V - -D-
x ax 

V = .n-2.. 
y Dy 

v2w 

Now in Eq. (6. 1.1), we let -r/'w = M a.."ld find that 

(a) 

(b) 

(6.1.3) 
(c) 

(d) 

.JM = 0 in R; M = 0 on r 
where Mis subject to the condition that 

M - 4;D log (z • z0) (z .. z0) 
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is analytic in R. Now an elementary application of the Shwartz-

Christoffel mapping theorem along with the method of images 

yields 

,Jw = ~ log s ::!!!!'-f{J_(_z)_-_6'_(_zo~.)1~~ff_<z>_z -- --~ 
41tD l [f'<z> - .f'<zo>] (f(z) - • 

The function ~(u) is the Weicrstrassian elliptic fwiction with 

periods 2w 1• 2w 3• ( This result, of course. is well-known. ) 

lt"'ron1 Eq. (4), it follows that w can be written in the form 

p 
w(x. y) = --

16,rD 

p ( - - ) + ici1rD B z, zo, z, zo , (6.1. 5) 

where the function n is analytic inside the rectangle, R, vanishes 

on the bow1dary r , and satisfies the following Poisson equation 

inR 

~(z) 
I 1 

+ complex conjugate. (6. 1. 6) 

Now Eq. (6.1. 4) is one linear relation between the derivatives 

wxx and wyy. One more relation between these two quantities, 

independent of Eq. (4), will permit th~ir explicit presentation. To 

this end, we note that in view of the definitions of~ and Qy along 

with Eq. (6.1. 4) both~ and~ are harmonic functions. Conse-

quently, there results from Eq. (6.1. 3b) the following relation 
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2 82 
02 - a - :,- • (6.1. 7) - ax2 ay 

Furthermore, since 

2x a~ 
V <~ Q,;> = 'lx ' 

2 - a~ 
V <t <y-1,y, (6. 1. 8) 

Eq. (6. 1. 7) may be rewritten as 

r;/ { a2w + irJ (xQ,. - Y'2y> } = 0, (6.1. 9) 

It should be remarked that this is the key relationship for the 

determination of the desired quantities. 

From Eq. (G .. 1. 9), we have 

2w + i'rJ (x~ - ~) = Hi(x, y), (6.1. 10) 

where Hi is a harmonic function. To determine l1i., uniquely, it 

is necessary to know its boundary values, and, additionally, the 

nature of its singularity in R. For a convenience in a future 

integration, we shall determine, instead of Hi., the function 

(6.1. 11) 

Since the plate is simply-supported at the boundary, we have 

w = o, v2w = -0 on r implying rfw = 0 onr . (6.1.12) 

The boundary values of 11 are then determined from Eq. (6.1. 10) 

and Eq. (6~ 1.11). An investigation of Eq. (6. 1. 5) reveals the 

nature of the singular part of 11• 
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From the addition theorem for the fp functions,. it follows 

that g:> (z) = &" (z) a.11ywhere on r . With this observation. the 

following three functions 

R3 = R2i 

(considered as functions of z with zo as a parameter) vanish on r. 
Additionally. each of these functions is a harmonic function with 

such type singularity in R that 

is analytic in R. Evidently J 1 assumes the same boundary values on 

r as does 11· 

Since Green•s function for LaPlace's equation for a rec-

tangular region is known, we have 

J l = / 11 ~~ ds. 
r 

(6.1. 15) 

If 110\v we perform the indicated integration in Eq. (6. 1. 16). 

then after some laborious computations there results 
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F = i Hl (x. y) - 41il (xQ'X .. y~) 

::: ;j~i1) [ 4CA: l W ~1 ~ (z) "" 2( T)l tJ 3 i W 1113)z - ~iz][Qz(z. z0) • 

- iQ,,(z. ,Zi)ij-~;D [4wl U3 ~<zo) - 2{·ri1 U3 -t w1113>zo - •izoJ 
[~<z 0, s) - iQY(z0, z)] + co.mpl ex conjugate, (G.1.16) 

where by definition 

(It is to be noted that '; (z) is the Weierstrassian function associated 

with g,cz).) 
'111.is completes the analysis, for from Eqs. (6. 1. 4) and 

(6.1. 10) it follows that 

and, conseqt,ently, all of the expressions in E;s. (6.1. S) can now 

be presented in closed form. 

If we introduce J;J.cobi's theta functions, we can write 
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61(v 0)92(v 0)63(v 0)94(v 0>81(" + v)el(v - v) 

61("0 + v)91("0 • v)l11{"0 +~)Gl("o - v) 
+ complex conjugate., 

where 
z 

V : 2W1 ' 
ZO .,, =-0 ~w • 1 

By some arguments involving the properties of the real and 

complex parts of analytic functions z or a complEU::: variable z, it 

is possible to Bhow that 

1 --· 1 
wxy + tD' (~ + x~ ~ • J' Kl(~, zO, z, zO) + .K(zo, zo), 

,·1he:..·e K1 is the hal·mouic conjugate of Hi. l.Iowev~1·, there seems 

to be no immediate way of evaluating the: fu:.1ction K. 

6. 2) Partially Clamped Edge, Simply-Supported Edge. 

We shall conside1· a rectangle oriented as shown in fig. (27) . 
and subjected to a uniform load !i over the surface o! the plate. 

The shaded portion of the edge is clamped and the i·emaining 

portion of the edge is simply-supported. 

To solve this problem, we shall use essentially the same 

procedure that S. Timoshenko [1) has introduced for U1c solution 

of the completely clamped plate. 

The solution for a simply-supported rectangular plate 

subjected to a. uni!orm load is given by 



y 
+ b/2 

A 

-N p 

D 

fig. (27.) 



h ~ 00 

- -+--'l -" 8a.D LJ 
1, l., 5 
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Sit'\ l.¥[~ tanh cf...,, +z.._1 cosh 
9../: 2 co~ "1.., j 

l m1rb 1~ "d w 1ere a = - r we cons1  er 
1n a  • 

w 1 (x, y) = [: [Atrt sinh 21m ~ + Bh'\ cosh i."lrt\Y] sm 
~ ~ b b 

we find  that  this  function satisfies 

hence 

(,. z. .1.) 

m'iTX 

ct 

(G. 2.  4). 

Thus  the  sum  of theso two fw1ctions is  such  that  the plnte is  sub-

jected  to  a  uniform  load .9.• Since the deflection is to  vanish over 

the  entire  boundary, w1 must  vanish  on  the  boundary  and  conse-

quently 

B = -C a tanha 
rn mm  m ' 

A = -D a cotha m m-rn· m 

Along  the cdr;;e y = -b/2, My= O. Therefore 

C = D tanha m  m  m 

. (6. 2. 5). 

(G.2.6). 
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\Vith these relations for t!lc unknown constants in the sum v, 0 -t· w 1• 

the plate is simply.-supported over en. DE, ~A, and has zero 

deflection over the entire boundary. Furthermore, o:no set of 

consta"ltS { Dm } remabs to be .cleterr.ained. Since the edge 

ABC is clamped from A to B ax1d simply-supported from B to c. 
there results 

E X sin m ~ = O 
1. 2, 3 m 

and 

+ 

where 

t"-nh o("'] J , .... 
O< s < ~ 

sin m 5=o 

('9Z.. 7.) 

(6. 2. 3). 

The solution of this problem is obtained once we have de-

termined the l xm} . As in the previous chapter on the circle. 

\Ve again prcstmie here that the singularity in the bending moment 

nt the discontL,uity in the edge conditions is not such as to dist:.Fb 

the Fourier expansion of the bending moment along the clamped 

portion of tho ed~e. 

Hence the t1t1iqueness theorem for Fourier coefficients 

permits us to write 



• 

coth2a n 

123 

l 2 • .,_. 1 - csc l .:.ex i· ff' il .::; 

tanba .2mr( 12 _ u} sm ~ sec 1 a 11 

coth2a n 2 1 
- csch 2a - ~ n :.:. 

an 
Qn - aj (coq-i2an 2 1 

n 2a - csc h 2an - '2") 

where 

· ru1c1 

F(m, 

2a . ., 
i~ 

'Jl 

n) =1"2' 
0 

-t 2:;1 

rn = 1, 2, --

sin m~sin n~ d~. 

11 

q_n F(m, 11) = 0 (G. 2. 9) 

11 = 1, 2, --

sLY!2 T ~ 2 tanl~ J +--- scch a - n .;j 11 a a 
Il . ,11 

(6. 2.10), 

Taking twelve of these equations there results the followiag values 

for the Q's: 

Qt -.155204439 Q7 -.004518667 

Q2 •.OGG47632G Qa ..• 032105698 

TABLE NO. Q3 • 007375723 Qg • 013475302 

~- Q4 • 04192217G QlO ... 0243Gl605 

Q 5 -.005317818 Qll -.02Gl45939 

Q.G -.038222U5G Q12 ... 002D76705 

The muncrical results we shall give here are those 

connected with the edge of the plate over which the boundary con-

ditions change. As one notices from the graph of the slope it is 

not identically zero where it should be zero. Indeed, it oscillates 



' 
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between bounds. This behavior is expected of any type of solution 

of the nature presented in this section. Furthermore. in the 

neighborhood of the discontinuity, the results are bad. The slope 

along the sin1ply-supported edge is reasonable. The bending 

moment along the clamped portion is somewhat chaotic. This re-

sults, p1"obably, from two different causes. · First, the bending 

mqrnent is associated with a higher derivative than the slope. 

Consequently, one can expect more variation in the function ob-

tained by a numerical procedure. Second, some of this ~riation 

could be caused by the fact that a wrinkle of some sort forms 

across the corner containing the clamped portion of the edge and 

these wiggles could be perturbations in the boundary moments due 

to wrinkling. 

rrhe deflection at the center of the plate, as compared to the 

simply-supported plate is given below. This, in some sense, 

validates the numerical computations. 

s.s. Our Case C.E. 
. 4 

WC= .00408 ~ 
. 4 

WC = • 00331S,.,. 
. 4. 

WC = • 0027-,j- • 

These resulta and the following graphs are for a square 

plate. 
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8D a.x 2M (x) 
103 .. , ~ - - _ 'Y 

4., (,, 

qaJ ay 2 ,~a 

0 - 14.95 ~ 2~.25 
1/18 + ll.6o + 7S.7 
2/lS 2.37 119.8 
3/)r. - 20.6o 125.16 
h/ ]E . . 18.59 · lJJ.68 
5/12 ll.4o 202.3 
6/lB - 49.71 22~.4 
7/JG - 49.90 269.27 
G/18 320 
9/1s 527 - h.2Q6 

10/rn 59L} - 38.055 
11/1 r. 6o9 6.585 
12/lf.. 588 24.738 
l)/J8 517 - 2.899 
ll!,,/ 18 L!21 - 22.191 
15/18 J02 1.358 
16/rn 155 20.29 
17/18 0 0 
l 
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Abstract 

The bending of thin flat plates has occupied the interests of 
mechanicians and applied mathematicians since J. L. Lagrange dis-
covered the differential equation characterizing the behavior of such 
structural members. 

One particular phase of investigation in this field concerns itself 
with the solution of the differential equation subject to given boundary 
conditions. Indeed, it Iml.y be eafely stated that the bulk of the litera-
ture on the subject of flat plates is ccncerned with the solution of 
probl~ms involving the specification of the transverse loading on the 
plate and the conditions at the boundary of the plate. Various mathe-
matical techniques are available for the solution of such problems. 
Among these, the most prominent are, a.) the method of series, b) the 
method of singularities, and c) the complex variable techniques. 

A survey of the literature in this area has revealed a paucity of 
solutions of certain types of problems; notably, those problems in 
which boundary conditions are mixed a.long a portion of the edge of the 
plate which ha.s a continuously turning tangent. By mixed boundary 
conditions, we mean a. change in condition from prescription of bend-
ing moment and vertical shear to assignment of slope and deflection 
a.long a portion of the edge which has a continuously turning tangent. 

In the first section of this theais, a number of problems are con-
sidered for the hal!-pla.ne. 'l.'he ~ttendant boundary conditions consi-
dered a.re combinations of clamping and simple support. 

The second portion consists of a number of problems associated 
with the quarter-plane. Solutions for these problems a.re ob'tained by 
utilizing the method of images in conjunction with the solutions presen-
ted in the first section. 

After t.t.'-us, we examine some problems connected with the circv.-
lar plate. In particular, a numerical solution is given for a uniformly 
loaded circular plate simply-supported over half of its boundary and 
clamped over the remaining portion. 
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The last chapter is a brief discussion of plates in the form of 
rectangles. Here, a closed solution is presented for the bending mo-
ments in terms of Weierstrassian elliptic functions. Another numeri-
cal example is included for a uniformly loaded plate clamped over a 
portion of one edge and simply- supported over the remainder of its 
boundary. 
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