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TURBOMACHINERY CASCADE AND WAKE CALCUIATION FOR TWO-DIMENSIONAL
COMPRESSIBLE IAMINAR AND TURBULENT FLOW

by

Gerald J. Micklow
ABSTRACT

A method is presented for the efficient analytical prediction of
the two dimensional laminar or turbulent compressor or turbine cascade
blade-to-blade flow field and wake. The scheme utilizes a viscous-
inviscid interaction routine combining a two-dimensional full potential
cascade flow solver with a two-dimensional compressible boundary layer
analysis. The boundary layer analysis can compute in the direct mode
with pressure gradient specified or in the inverse mode with "boundary
layer mass flux" specified. When calculating with the inverse mode,
flow separation can be handled easily. Turbulent flow is treated using
an algebraic eddy viscosity model with the modified Levy-Lees
transformation applied to capture the growth of laminar and turbulent
boundary 1layers. The boundary layer solution is fully implicit and
formally second order accurate. The viscous inviscid coupling is
performed utilizing thin airfoil theory. Numerical solutions are
presented for several numerical test cases and compared with published

test data.
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CHAPTER 1
Introduction

The accurate prediction of the blade~to-blade flow field and the
ensuing blade wake is of paramount importance in the design of advanced
axial flow compressors and turbines to 1insure structrual integrity,
quiet engine operation and good aerodynamic performance.

It has long been recognized that airfoils arranged in rotating and
stationary blade rows in axial flow turbomachinery do not operate in
steady flow. From the structural standpoint, the effects of
unsteadiness of the flow 1is of great important with respect to the
excitation of blade vibrations and sound generation. It is clear that
when the blade rows are closely spaced, the structural performance of
the airfoils will be strongly influenced by the blade row interaction of
which a major contribution is the blade wake. Modern technology
designs, with higher loadings, lower aspect ratios and axial gaps
between the blade rows on the order of 1/4 to 1/2 of the airfoil chord
to minimize overall engine length and weight, will tend to amplify the
interaction effects.

The main sources of blade row interaction are as follows:

1, Potential flow interaction

2., Viscous wake f?om the upstream blade row

The potential flow interactions extend both upstream and downstream
of the blade row. The potential flow effects decrease exponentially
away from the blade row with a length scale approximately equal to the
blade chord.

The viscous wake interaction is of the same order of magnitude as



the potential flow interaction, for small axial gaps between the blade
rows. However, as the axial gap increases, the viscous wake interaction
far outweighs the potential flow interaction. The potential £flow
interactions decrease much more rapidly with axial distance than those
induced by the viscous wake. The wake interaction can be present
several chord lengths downstream of a blade row.

One of the first attempts to analyze the blade row interaction
problem was conducted by Sears and Xemp [1]. A linearized
incompressible potential flow solution for thin airfoils with small
turning was obtained. The analysis showed that for close axial spacing
of the blade rows, the unsteady 1lift could be as much as 18Z of the
steady value. In a later report [2], the same authors developed a model
to consider the viscous wakes separately. It was concluded that for
axial gaps typical of those for compressor blade rows, the unsteady
forces arising from the viscous wakes are of the same order of magnitude
as the potential flow interaction effects. One major restriction to
this analysis was the modelling of the viscous wake. The data of
Silverstein et al. [3], based on symmetric isolated airfoils, was
used. A typical modern compressor or turbine cascade will have a highly
asymmetric wake which will have a major influence on the unsteady
pressures exhibited on the downstream blade row.

In a more complete work by Kaji and Okazaki [4], compressibility
effects were included and both the potential and viscous wake effects
were calculated. However, once again the data of Ref. [3] was used for

the wake model, imposing a severe restriction on the calculation. The

reasoning behind this choice was the sparcity of cascade wake data or

models.



Gallus [5,6] performed a number of experiments utilizing a low
speed rig to study the interaction between in IGV row, a rotor blade
row, and a downstream stator row. The results showed that the fluctu-
ating pressures on the blades due to the potential flow interaction was
on the same order of magnitude as the viscous wake interactions for
small axial distances between the blade row. For large axial distances,
the wake effect would clearly dominate. His studies showed that
throttling the flow leads to increasing wake sizes and stronger
fluctuation forces. The data showed the wakes to be asymmetric with the
slope of the velocity decrease within the wake being steeper on the
pressure side. He compared the data with the theoretical predictions of
several authors [7,8]. The conclusion was reached that the severest
restrictions of the generally wvalid theory was related to the
incompressible flow assumption and the modelling of the viscous wake.
Once again the data of Ref. [3] was used as the viscous wake model.
Also investigated in these tests was the influence of axial distance and
blade number ratio on noise generation. It was seen that the discrete
tone levels could be reduced considerably by slight increases in axial
gap. This 1s related to the viscous wake as the shape influences the
intensity of various harmonics. Also by choosing suitable blade number
ratios, a reduction of discrete blade passing frequency tones could be
obtained. Walker [9] carried out an experiment on the effect of blade
row interaction on the noise generated in an axial flow compressor. He
found that the interaction of the wakes of successive blade rows could

be used to reduce the velocity deficiency within the wakes thereby

reducing the noise generated by reducing the blade pressure



fluctuations. To utilize this phenomenon in an actual compressor design
would require an accurate modelling of the viscous flow field and blade
wake,

For good aerodynamic performance and efficient operation of modern
axial flow compressors and turbines, accurate total pressure loss
coefficients and downstream flow angles must be obtained for the desired
operating conditions. Compressor airfoil sections of current production
compressor and many advanced compressors are derived from related
families of airfoils such as NACA 65 series, the NACA 400 series and the
double circular arc series. Extensive plane cascade tests have been
conducted on these families of cascade sections, and their performance
has been correlated against their specific geometry, Mach number and
inlet air angle. The cascade correlations for exit air angle are
formulated in terms of a deviation angle from a geometric reference
line, such as the trailing-edge mean camber line. The correlations,
based on actual compressor test data, are employed in current design
systems to accurately predict the performance of compressors using
standard airfoil sections.

In recent years, however, to increase overall engine performance,
compressor cascade technology has advanced to the point where
mathematically defined airfoils are needed to fulfill advanced
aerodynamic and structural requirements. These airfoils could possess
optimum surface pressure distributions and boundary layer characteris-
tics and other aerodynamic performance superior to the standard airfoil
sections currently in use. One very important example of this type of

airfoil design is the supercritical cascade airfoil. As the stage



loading increases, which 1is required to reduce engine weight and
increase efficiency, embedded regions of supersonic flow adjacent to the
airfoil surface occur even for cascades with subsonic inlet and exit
velocities. The term supercritical refers to the presence of velocities
in the flow field which are above the "critical" or sonic speed. A
major drawback to this type of cascade is that shocks may be present in
the flow field. If present, shocks would cause an increase in the total
pressure loss coefficient and reduced flow turning. Thus an accurate
assessment of the cascade flow field is required to minimize these
losses. The supercritical airfoil data acquired to date indicates that
the turning angle and profile total pressure loss for these cascades are
not accurately predicted by data correlations based on standard series
airfoils. To obtain new data correlations for advanced compressor
cascades would require a large number of tests and would be excessively
expensive. Therefore, it would be of great interest to have available
an accurate numerical analysis to predict the blade-to-blade flow field
and the viscous wake emanating from the cascade trailing edge line.
Inviscid flow solvers are available, that if modified with boundary
layer adjustments to the airfoil surface can closely model the
aerodynamics of compressor and turbine cascades except in the trailing
edge region. In this region, current cascade flow solvers are
inadequate because they do not model the viscous wake. The problem
arises because the surface velocity distribution cannot be accurately
modelled without accounting for the viscous effects. There is a strong
interaction between the viscous and inviscid flow fields which must be

taken into account. Also when the wake is not modelled, a stagnation



point not existing in the real viscous flow is computed on the airfoil
surface at the trailing edge which affects the pressure distribution
over the last 10 to 15 percent chord of the airfoil surface. Current
methods used to correct these inaccuracies in the trailing edge flow are
based on past experience with standard series airfoils. These methods
lack the sound physical basis that would permit their general use for
advanced airfoils. If the velocity distribution 1is not properly
calculated, errors in the calculated boundary layer will result,
possibly masking flow separation prior to the trailing edge, and leading
to large errors in the downstream flow angle and total pressure loss.
Therefore, to avoid the excessive cost of testing in advanced compressor
designs and to obtain structural integrity, quiet engine operation and
efficient aerodynamic performance, an accurate viscous flow solver is
required as part of the design system.

To predict the flow field, two approaches may be taken. These
solutions consist of solving;

l. Navier-Stokes equations

2. Boundary layer equations with an appropriate inviscid flow

model.

The solution of the Navier-Stokes equations has two main advantages
over the boundary layer equations. The first is that the Navier-Séokes
equations are regular at separation. Second they can handle large
separation regions with large reverse flow velocities. However, their
solution is very time consuming and therefore expensive to run on the
computer. There is approximately an order of magnitude difference in

computing time between the solution at the Navier-Stokes equations and



the solution of the boundary layer equations with an appropriate
inviscid flow solver. Also the ability to handle large separation
regions 1is of no interest for a well designed compressor or turbine
cascade as this condition will not exist in the engine operation
range. Further, in contrast to solution methods for the Navier-Stokes
equations, numerical errors associated with the solution of the
potential flow and boundary 1layer equations can be rendered very
small. In fact, in many cases solutions of the boundary layer equations
produce more accurate results than the Navier—-Stokes equations as long
as the region of separated flow 1s small or the flow remains attached.
In predicting the 1ift and drag on a GK 75~06~12 airfoil the interactive
boundary layer prediction of Melnik et al. [10] produced much more
accurate results than the Navier-Stokes procedure of Deiwert [ll].

In a prediction of the pressure distribution on a RAE 2822 airfoil
operating at an angle of attack of 2.81 degrees, the interactive
boundary layer solution of Melnick and Brook [12] produced a closer
approximation to the data than the Navier-Stokes solution of Pulliam
[13]. An extensive 1investigation of subsonic flows was performed by
Horstman [14] at NASA Ames Research Center. The calculations were
performed with a version of the MacCormak program which has been
extensively used and is based on an explicit formulation of the two-
dimensional form of the Navier-Stokes equations with a predictor-
corrector algorithm. The computational facilities allowed the use of 79
x 82 and 134 x 48 grid nodes and the solution domain extended from a
position on the body to the equivalent of three chord 1lengths

downstream. Results were compared with an interactive boundary layer



routine and the results showed little difference between the two
approaches. A review by Lock [15] indicates the need for an evaluation
of numerical accuracy before placing reliance on the solutions of the
Navier-Stokes equations and notes that they show larger disagreements
with measurements than those of the interactive boundary layer
calculations.

Based on the fact that the boundary layer equations require far
less computational effort and for flows without massive separation the
boundary layer equations produce equivalent, or in some cases better
results, in comparison with data than the Navier-Stokes equations, the
boundary layer equations were selected as the focus of this study. In
terms of viscous wake prediction the most extensive study undertaken to
date has been that of Lakshminarayana et al. [16-22]. The analytical
modelling of the wake was investigated in both two and three dimensions,
for the near and far wake including the effects of curvature, rotation,
turbulence characteristics in the wake and freestream turbulence. The
assumption of incompressible flow without separation was made in this
rather complete analytical study of compressor wakes. The study
undertaken here will include both the effects of compressibility and
flow separation on a two-dimensional blade-to-blade flow field and the
downstream viscous wake.

Typically for high Reynolds number flow, the flow over an airfoil
or a blade can be divided 1into two distinet regions: an inner
dissipative region consisting of the boundary layer and wake and the
outer inviscid region. The principal 1interaction arises from

displacement thickness effect with small changes in surface pressure.



If this interaction is weak, the viscous effect on the pressure is small
and the flow field can be solved in the direct mode whereby the pressure
is specified as a boundary condition at the boundary layer edge.
However, the flow over a compressor or turbine blade involves both a
weak overall interaction from displacement thickness effects and wake
curvature effects and local strong interaction effects which occur at a
point of separation and at the airfoil trailing edge as the boundary
layer experiences an abrupt change in the no slip condition and
accelerates into the wake. It has been shown by Goldstein that this
will inevitably lead to a singularity at the point of separation [23]
causing the breakdown of the numerical method. As an immediate
consequence, the conventional direct iterative schemes which are used to
account for the interaction of the boundary and the outer inviscid flow
cannot be applied when separation is present. Catherall and Mangler
[24] were the first to realize that relaxing the pressure would lead to
regular solutions of the boundary layer equations. By prescribing the
displacement thickness and calculating the pressure, they were able to
integrate the boundary layer equations through the separation point and
into a region of reverse flow without any evidence of singular behavior
at the separation point. This analysis led to other inverse solutions
of the ©boundary layer equations, prescribing either displacement
thickness or wall shear [25-28]. A problem associated with the inverse
techniques is that the required displacement thickness or wall shear is
not known a priori. The appropriate value has to be obtained, as part
of the overall problem, from the interaction between the boundary layer

and the inviscid £low. The global organization of the direct and



inverse iterative methods consists of two parts treated alternatively;
the calculation of the boundary layer (viscous region) and the
calculation of the outer inviscid flow. In the direct method the
boundary layer equations are solved with prescribed pressure p and the
outer flow is computed with the prescribed displacement thickness &%.
In the inverse method, the role of p and §* are interchanged. As
discussed previously, the direct method breaks down at separation point
and the inverse method must be utilized. For the inverse procedure
discussed above the convergence of the iterative process is slow due to
the need for severe under relaxation. Carter and Wornom [29] had to use
an under relaxation factor of 0.2 and the convergence gets even slower
when the region of inverse boundary layer calculation is enlarged. A
second drawback is the difficulty to obtain a smooth transition from a
directly to an inversely calculated region {[30].

A large improvement over the inverse method can be obtained by
applying the semi-inverse method of Le Balleur [31]. Here the boundary
layer 1is calculated inversely, but the outer flow 1is calculated in a
direct way. Thus both parts of the flow field are calculated with
prescribed displacement thickness, resulting in two pressure
distributions which must be the same at convergence. An iterative cycle
is completed with a relaxation formula which combines the old
displacement thickness and the two pressure distributions into an
updated displacement thickness. Underrelaxation was still required but
convergence occurred in fewer iterations. The method of Kwon and
Pletcher [32] and Carter [33] possess the same type of calculation

procedure as Le Balleur but the relaxation procedure allows for over
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relaxation leading to more rapid convergence. For the aforementioned
schemes with alternate treatment of viscous and invisecid regions, the
numerical procedure provides only a weak, retarded coupling of both
regions. As previously stated near separation and near the trailing
edge, the interaction has a strong simultaneous character and there does
not exist a definite hierarchy between the boundary layer and the outer
inviscid flow [34]. Thus it is expected that a numerical scheme which
possesses a simultaneous coupling of the viscous and inviscid parts of
the flow field would have favorable properties with regards to
convergence. For 1isolated airfoils in incompressible flow, Veldman [35]
accomplishes this with a 1linear combination of the pressure and
displacement thickness and the boundary condition possesses the elliptic
character of the outer flow. The iterative process converges rapidly
allowing over relaxation to be applied. A survey of the literature for
cascade flow is found in the work of Moses et al. [36,37], where a
simultaneous solution of the inviscid flow and boundary layer equations
for compressor cascades operating in incompressible flow was performed.
The present work includes the effect of compressibility coupled
with the interactive procedure of Veldman [35]. The inviscid flow field
is a two-dimensional finite area potential flow model which can handle
transonic flow. The discussion of the inviscid flow solver is found in
Chapter 2. The boundary layer routine 1is a two-dimensional implicit
finite difference routine and the calculation procedure including the

viscous—-inviscid interaction calculation is found in Chapter 3.
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CHAPTER 2
Inviscid Flow Field Modelling

2.1 Introduction

For the design of modern compressor and turbine airfoils with high
inlet subsonic Mach numbers, an inviscid analysis that can handle the
effects of compressibility and weak shocks is required. It is important
that the analysis be both accurate and computationally efficient. Also
the prediction scheme must have great flexibility in modelling the
cascade geometry, as wide variations in the combinations of blade thick-
ness, gap/chord ratio, and stagger can be expected.

Several inviscid flow calculations can be utilized with varying
degrees of success in terms of the above mentioned criteria. For rota-
tional flow with strong shocks the time dependent Euler equations would
be required. However, the computing costs can be prohibitive particu-
larly in the preliminary design stage. Also strong shocks are typically
not present as the peak Mach number on the blade suction surface is
usually less than one, and no shocks will exist. For an advanced com-
pressor blade section there can be a region on the suction surface where
the Mach number is slightly greater than one. But even under these
conditions, shocks if present are weak and the flow will essentially
retain its irrotational nature. For irrotational flow, a potential flow
solver can be utilized. Solution of the full potential equations, which
would be required to handle the wide range of geometric conditions, are
faster by a factor of roughly ten over the Euler equations while obtain-
ing comparable accuracy even with strong shocks present [38]. Further

reductions in computing time be obtained through use of the small dis-
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turbance form of the potential flow equations. The assumptions associ-
ated with small perturbation theory can cause substantial error for
cascades with high turning. Therefore for the prediction of the in-
viscid flow field, the solution of the full potential equations were

chosen.
2.2 Two-Dimensional Compressible Potential Flow for Cascades

The inviscid flow solver is based on a finite area method which
calculates flow properties in the physical plane on a non-orthogonal
grid [39]. Working in the physical plane eliminates the mapping step
required in the work of Ref. [40] and thereby increases the geometric
flexibility. For example, decreasing gap to chord ratios make the
cascade increasingly difficult to map. The flow is assumed to be two-
dimensional, compressible, steady and irrotational. The direction
parallel to the cascade is the tangential or "y" direction, while the
normal direction through the cascade line is the axial or "x" direc-

tion. For irrotational flow a potential function ¢ exists such that

u

¢ I —

X V1
(2.1)

v
¢ T c—
y v
where
¢x - partial derivative of the potential function with
respect to the axial direction

¢y ~- partial derivative of the potential function with

respect to the tangential direction
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u = axial velocity
v — tangential velocity

V1 - relative inlet velocity

For the present analysis, an integro-differential form of mass
conservation through finite areas is utilized. The approximation 1is
second-order accurate on smoothly varying grids despite the mesh dis-
torting effects of stagger, turning and thickness. For any finite area
enclosed by a piecewise smooth simply connected curve D, ¢ must satisfy

continuity, which for steady flow is given by

[ = ¢ ds =0 (2.2)
D

where r is the modified density ratio given by

2
]
:EI'.'-I:

o}

1
L . %_ (1 - [lél Mf][v ¢]2/[1 + l%l Mf]) -1 (2.3)
w T w

where
%—- is used to correct for the effects of endwall boundary
! layers
and
%; is the ratio of the static to total density.

In Eq. (2.2), ¢n is the velocity normal to the curve D at any location.

In addition to satisfying Eq. (2.2), the following boundary condi-

tions must be satisfied:

14



Flow tangency:

¢n =0 on the airfoil surface (2.4)
Periodicity:
Véo(x, y+1) =V ¢$(x,y) (2.5)

T = blade gap

Far Field

¢ ,9 specified and constant on the far upstream and down-

stream stations

The derivatives ¢x’ ¢y are obtained from knowledge of Mach numbers M;
and M, and the flow angles 61 and 62. Note that these four quantitites
are related by global mass conservation, therefore only three of them
need to be specified. If the trailing edge is sharp, the condition
that ¢x and ¢Y be specified in the downstream region is then replaced by

the Kutta condition such that the velocity be continuous there.

2.2.1 Finite Area Mass Balance and Grid Generation

Due to the periodic boundary condition given by Eq. (2.5) a strict
geometric limitation is imposed on cascade grid. To obtain tightly
bonded matrices required for computational efficiency and to insure

second order accuracy, the mesh must be periodic. Grid points associ-
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ated with one set of mesh curves should begin and end either on airfoil
surfaces or at points periodic to each other. A mesh composed of
streamlines and potential lines is not periodic except for the simple
case of purely axial flow. The grid employed here is a nonorthogonal
periodic mesh composed of vertical lines and contour curves which are
averages of the airfoil contours. It is easily constructed for any
cascade geometry and can be refined where needed. A sample grid is
shown in Fig. 1. The mesh is then triangulated to produce acute tri-
angles wherever possible as indicated in Fig. 2. 1In regions of rapidly
changing curvature or in the vicinity of a blunt leading edge, this may
not be possible. Under these conditions a localized error will be seen
in the solution as obtuse triangles will produce polygons with negative
areas. This can be overcome through grid refinement in regions of high
curvature or a local orthogonal grid for the blunt leading edge condi-
tion. The local grid will be discussed later. Each grid point is
thereby connected to all of its neighboring grid points. The perpen-
dicular bisectors of the neighbor lines are constructed forming the mesh
polygon D as seen in Fig. 3. Since the perpendicular bisectors of the
sides of the triangles meet at a point, the mesh polygons cover the
entire cascade passage exactly, and each grid point is in only one mesh
polygon. For an orthogonal mesh, as is found in the upstream and down-
stream flow fields, these polygons reduce to rectangles.

To satisfy continuity which is given by Eq. (2.2) a finite area
mass balance approach will be utilized for each polygon.

r +r ¢ - ¢

[re ds=0=7R—2 (29, (2.6)
D m m
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where
;m is the length of the mth polygon face
h is the distance between the mth grid point and the refer-

m

ence grid point inside the polygon

The subscripts m and o denote a particular polygon side and polygon
center, respectively. To satisfy the flow tangency conditions given by
Eq. (2.4), there must be no mass flow across the airfoil surface. Thus,
the terms corresponding to mass flux at the airfoil surface are set to
zero, By satisfying Eq. (2.6) at each grid point, the continuity equa-
tion 1is preserved. Also, since the mesh polygons cover the entire
cascade passage with no overlap, the continuity equation is satisfied
globally. Because mass conservation is expressed in 1integral rather
than differential form, only first derivatives must be approximated, in
comparison to the typical potential differential equation given in

conservation form as;
(£ 40, + (xo) =0 (2.7)

Also the derivatives are in the directions determined by the neighboring

mesh points. Thus, the approximation given by Eq. (2.6) avoids the
problem of approximating Cartesian derivatives on a non-orthogonal
grid. The grid system described remains second order accurate provided
the grid 1s quasi uniform or that the variation of the grid spacing

varies smoothly on a given grid line. 1In general, the cascade analysis
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based on the grid of Fig. 1 gives suitably accurate results for most
typical cascade geometry. This may not be the case, however, if de-
tailed results are needed about blunt leading edges. For instance, it
may be required to determine the location of the leading edge stagnation
point or predict a very strong pressure gradient. Due to the nature of
the grid in Fig. 1, for a blunt leading edge, these details are lost.
To obtain this information a local analysis is performed based on the
results from the global analysis on a relatively coarse grid. The local
analysis 1is made only in the region of interest and the remaining flow
field description is assumed to be correct based on the converged coarse
grid solution. This is based on numerical experimentation which has
shown that the effects of the approximation errors at the leading edge
are propagated only a short distance from the source of the error. The
local mesh is orthogonal as shown in Fig. 4. The local mesh calculation
is performed separately from the coarse grid calculation. The boundary
conditions are the flow tangency condition of the airfoil surface and
for the outermost grid line and the first and last wall normal grid
line, the value of the potential function is specified and held cons-
tant. The specified values for the potential function are obtained by
interpolations from the coarse grid solution. The local mesh is orthog-
onal as is shown in fig. 4. For the case of an orthogonal mesh the mesh

polygons become parallelograms.
2.2.2 Resulting System of Equations and Solution Technique
A nonlinear system of equations will arise from the relations found

in Eqs. (2.3) and (2.6). These can be expressed as
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F(r) ¢ = D(r) (2.8)

r = R(¢) (2.9)

where r and $ are vectors comprised of the r and ¢ values at the grid
points. The elements of the F matrix and the D vector depend on r while
R is a function of ¢ only. The system of equations in Eqs. (2.8) and
(2.9) are solved iteratively by first fixing r solving Eq. (2.8) to
update ¢ and then with ¢ fixed, Eq. (2.9) is solved for r. To minimize
roundoff error, the change in the potential function can be calculated
rather than the potential function.
Defining

A = ¢n+1 - ¢n

with n as the iteration number, Eq. (2.8) can be written as

FA¢=D-F 4 =4AD (2.10)

Also in order to increase the rate of convergence successive over relax—

ation (SOR) can be performed on the density

A A RN (2.11)

The typical range for the relaxation factor w is from 1.2 to 1.8.

For the calculation of the density ratio from Eq. (2.3), the deriv-
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atives ¢x and ¢y mst be approximated. This is accomplished by interpo-
lation using orthogonal polynomials as described in Ref. [41]. At the
airfoil surface the axial velocity ¢x is calculated then ¢y is found by
satisfying the flow tangency condition, Eq. (2.4). By interpolation
with orthogonal polynomials the calculation of ¢x and ¢y is formally
second order accurate.

To insure a computational efficient algorithm, the most desirable
system of equations is a block tridiagonal system. To obtain a block
tridiagonal system, the upstream and downstream boundary conditions must
be invoked. Consider the first upstream grid line as shown in Fig. 5.
At this location ¢x and ¢y are constant from the boundary conditions.
Upstream of this point the density and pressure are also constant.
Consider the application of Eq. (2.6) to an elemental area associated
with the first grid line. Note that this area extends beyond the first
grid line at I=l, therefore a fictitious grid line at I=0 is required.
The sides of the element are numbered clockwise with the upstream face

being 1. The contribution of side 1 to Eq. (2.6) is as follows;

(£(0,4) : £(LI)) (400,1) - 6(1,1)) 2 (2.12)

The quantities r(0,j) and ¢(0,j), where the 0O denotes the i or x grid
location and j the y grid location, are quantities upstream of the first
grid line, or calculation field. They can, however, be obtained based
on the upstream boundary condition. The density is assumed to be cons-

tant upstream of the first grid line,
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r(oaj) = r(llj) (2.13)

For ¢(0,j) a second order accurate centered difference expression

gives;

22,0 =001 Ly (1,9 (2.14)
or

$(0,3) = (2, - 2 bx ¢ (2.15)

where ¢x is known from the boundary condition.

From the contribution of side 1 the following expression exists;

£(1,5)(8(2,3) - 6(1,3) - 2 &x ¢ (1,1)) & (2.16)

This expression 1s valid for j = 2 to j = NGY where NGY is the number of
grid points in the tangential direction. The relationship between the
grid point at j = 1 and j = NGY is obtained from the periodicity bounda-
ry condition Eq.(2.5). Since the grid is periodic the value of the

potential function at j = NGY is,
¢ (1,NGY) = ¢(i,1) + C (2.17)

Equation (2.7) is wvalid upstream of the cascade leading edge. The

constant C 1is given by
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8
C = d = S -
£ b, dy = ¢, (2.18)
where s is the blade spacing.
Similar expressions to Eqs. (2.17) and (2.18) hold for the down-
stream flow field. The following system of equations is generated.

At i =1

By A¢, + C| 4, = 4 (2.19)
For {1 = 2 to NGX - 1
Ay Bbyoy * By Béy +Cp B, =y (2.20)
i = NGX
A, B¢, *+ B, A¢ =4, (2.21)

where A, B and C are the coefficient matrices based on Eq. (2.6),
and A¢ and d are column vectors. NGX is the number of grid points in
the axial direction. The block tridiagonal system of equations can be
solved efficiently using a block tridiagonal solver developed by Swift

{42]. This solution technique is found in Appendix A.
2.2.3 Extension to Transonic Flow

For the inviscid solver chosen in this work, irrotational flow was

assumed and a potential formulation was used. Thus no dissipative
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mechanism is present in the system of equations given by Eqs. (2.19),
(2.20) and (2.21). A result of eliminating changes in entropy is the
existence of both expansion and compression shocks as valid solutions.
While this is not a problem for subsonic flow, the existence of expan-
sion shocks in supersonic flow 1is unacceptable and mst be avoided.
This problem is overcome by the use of implicitly or explicitly added
artificial viscosity or compressibility. For transonic conditions both
subsonic and supersonic patches will exist along the airfoil. As the
flow changes from subsonic to supersonic the nature of equations changes
from elliptic to hyperbolic and an elliptic solver based on a central
difference method is doomed to failure as no artificial viscosity is
present. For the supersonic region, an upwind differencing scheme 1is
usually required, as positive artificial viscosity is introduced into
the calculation from the higher order terms of the finite difference
equations and the acceptable solution of a compression shock 1is ob-
tained. For supersonic calculations using an upwind differencing
scheme, an explicit space marching technique is used rather than an
implicit procedure as in subsonic flow. For an explicit procedure the
CFL condition [43] must be satisfied to ensure a stable calculation.
For the Mach number close to one as is the case of advanced compressor
rotors, the CFL stability criterion prohibits reasonable step sizes
causing an explicit calculation to become impractical. Thus the same
calculation procedure as subsonic flow will be used with artificial
compressibility [44] added to ensure the correct solution concerning

compression shocks, An upwind differencing technique is used when

calculating the density by
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r=r-xuAr (2.22)

where
X = artificial compressibility factor
1
woo- max(0, 1 -=3)
M
and
Ar = Vr « V¢ As/|V¢| (2.23)

As is the local mesh spacing.

In Eq. (2.22] increasing the value of x enhances the stability of
the calculation procedure. However, increasing x to enhance stability,
must be done with care since the discrete solution is affected by the
choice of x, in particular the shock location can be shifted. Also the
use of artificial compressibility does increase the local truncation
error of the solution. While the central differencing technique is
second order accurate the upwind differencing described here approaches
only first order accuracy. The larger the artificial compressibility
factor, the more biased the differencing will be in the upwind direc-
tion, and the closer the local solution to the first order accuracy.
Thus, x should be chosen as small as possible to ensure stability

typically in the range of 0.5 to 2.

2.3 Sample Calculations

To assess the validity and accuracy of the finite area approach to
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the full potential equation, three test cases were analyzed and compared
with the exact or hodograph solution. A description of the exact solu-
tion technique 1s found in [45]. The first comparison was with the
Gostelow compressor cascade hodograph solution [45]. The flow was
incompressible and the cascade consisted of airfoils with blunt leading
edges and cusped trailing edges (Fig. 6). A comparison of the current
analysis with the exact solution in terms of pressure coefficient versus
percent chord shows very good agreement (Fig. 7). Due to the blunt
leading edge a local analysis was required to obtain good agreement in
the leading edge region. The local grid was initiated at 65% chord on
the suction surface and finished at 40% chord on the pressure surface,
with 65 grid points along the airfoillsurface and 9 grid points in the
wall normal direction. Total run time for the global and local solution
was less than 10 seconds on an IBM 3090 computer.

The next case considered was the transonic turbine impulse cascade
shown in Fig. 8. The exact or hodograph solution for this cascade was
produced by Hobson [46]. A comparison of Mach number versus axial chord
was made. As seen in Fig. 9, good agreement was obtained. Due to the
sharp leading and trailing edges, no local analysis was required. For
this case, total run time was approximately 15 seconds on an IBM 3090
computer.

The third comparison was made with the exact solution of the Korn
shock free transonic compressor cascade seen in Fig. 10 [47]. The
initial calculation was done without the use of artificial compressi-
bility and an expansion wave was generated just beyond the leading edge

on the suction surface as the peak Mach number approached l.4. With the
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addition of artificial compressibility and a local analysis due to the
blunt leading edge, good agreement was obtained between the computed and
exact Mach number distribution (Fig. 11). The total run time was ap-

proximately 40 seconds on an IBM 3090 computer.
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Viscous Flow Field Modelling

CHAPTER 3

For an accurate assessment of the cascade intrablade aerodynamics

and the wakes emanating from the blade trailing edge and moving down-

stream, the viscous effects at the airfoil surface and in the blade wake

must be taken into account.

For the case of a typical compressor or

turbine cascade, the viscous effects are important only near the blade

surface and in a thin wake, and therefore a boundary layer approach is

valid.

3.1. Equations for Laminar and Turbulent Compressible Boundary Layer

The Navier-Stokes equations for the two-dimensional case are as

follows:

Continuity
* * * *
ap * 3p * 3p du v
* tu * v % ( * ¥
ot 0x 3y 9x ay
X Momentum
*
* au* * Ju * 3u ap
—% tu ol *)=- *
at Ix y 90X
] *.3 * ] * ) *
u v u
* —% [x( * ¥ *) + 2u = ]
9xX ax oy 9xX
3 * .3 * ] *
u v
Ay [ ( * *)]
y dy Ix
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Y Momentum

*.9 * * * * *
o ( v* +u av* av* - - 82*
at IxX 9y oy
3 *.9 * ] * 3 *
u v v
+ = [A ( * T *) + 2u *]
dy Ix oy 3y
] * .3 * 3 *
v u
= [" ( = T *)]
90X 9x 3y
Energy
%3 * . ah* * 3 * * . *
p(h*"'u *x tv h*)_ap*+u ap*
ot Ix oy at 9x
*3p . 3, % aT
+v P S (k T*)
oy ax 9x
9 * BT* *
+——;(k oy + ¢
9y 9y

*
where the dissipation function ¢ 1is

% ut L avy2 * cdun2 1 du
¢ = n ()t [(B)C 4+ E-(—E; +
9x y Ix ay

To nondimensionalize

the equations, let

28

0xX

*
v

%
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(3.4)
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* *
P = Om p
* x %2
P = P,u, P
* * *
t = I t:/u°°
* *
1] = le-l
* *
T = T T
(-]
* * %
h = C T h
W&
*
C = C C
p p® p
* *
A = M A

Substituting the relationships in Eqs. (3.5) into Egs.

gives:

Continuity
3 , 3 . %, du dvy
at tu 9x TV 3y * (ax * ay) 0

X-Momentum

du du du ]
PGe* e 5x* Yoy " "o
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Y-Momentum

v & 3wy _ _3p 1 3 ry3u 3v v
°(ac * Y 3x * V3 3y * Re {By[x( * By) *2u ]

3 v . 3
+ oGy * 5y (3.8)
Energy

3h 3h 3h 2 3
p(a_c'+“3_>£+v§) = (v - 1M (g%+u—2+v—2)

Cu
Lo g eSot ary, 2 St ar
e 5;{(P ) Bx] + 3;{(Pr ) y ]
(Y-I)M§¢
t— (3.9)
where the dissipation function is
_ y(8u , 3v 2 2 du |, dv 2
0 =32+ 397 wl(3Y? e 5 (24 3924 (YY)
and x %
P, u, L
Re = *
um
*
C.u
Prg—L*—
k

The boundary conditions for these equations are as follows:

At the wall
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u=20 No slip condition
v=20 No penetration condition

T = T(t,X) Specified wall temperature

or

]
3% = f(t,x) specified heat transfer

Far from the wall the flow field is specified.
Consider Eqs. (3.6) = (3.9) in the 1limit as Re + =, The Euler

equations are obtained.

Q

P dpu dpv

—E+W+5y—-=o (3.10)
p(%%*-ug—;*-v%lyi--g% (3.11)
p(g—:+u-a—::'+vg—;--'g-§- (3.12)
p B2 = (y-1)l 2 (3.13)

The boundary conditions will now be investigated. The solution to the
Euler equations will be incorrect at the wall because in order to satis-
fy the no slip conditioms, %§-+ o, To overcome this problem, the
double limit Re + @, y + 0 must be considered. First, introduce the

following stretching parameters:
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Let

y =y/ v Re

(3.14)
v=v/VRe

The other variables remain unchanged. Once again take the 1limit

as Re + » in Eq. (3.6) - (3.9) with the new variables introduced.
results in the following:

This
Continuity

3p . dpu , 3p v

+ + =0 (3.15)
t ox —
3y
X-Momentum
oWy 2,53y 2,23 ) 2, (3.16)
t ax - ax — -
ay ay ay

Y-Momentum

(3.17)
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Energy Equation

dh dh = =— 3h 2 3 ]
Lot oty o) =t (e ugg)
y
Cu
3 aT
+ =2 [0 4 (v-1) 2 (3?2 (3.18)
3y -+ Y dy

Equations (3.15) through (3.18) are valid in the region close to the
wall. The solution of these equations must be matched with the inviscid

solution far from the wall, at the edge of the boundary layer. For the

inviscid field the following limit exists.

ue(x,t) = lim uinv(x,y,t)
y*0

and for the boundary layer solution

U, = lim ubz(x;;,t)

y+co

Thus, to match the viscous and inviscid flow fields

U = ue(x,t) as y + w

where

u, - edge velocity
u - 1nviscid velocity
inv
ubz ~ Dboundary layer velocity
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A composite solution can be formed in the adjoining region for the

viscous and inviscid fields as

u, Tuotu, —uy (3.19)
Next, the temperature profile is considered. The inviscid solution
near the wall does not match the boundary layer solution. Therefore, a

composite solution must also be used here. Let

Te(x,t) = lim Tinv(x’y’t)
y*0

and

Tig = lim Tbl(x,;,t)

yre

The matching condition will be

Tbl = Te(x,t) as y + »
A composite solution for the adjoining flow fields will be

T =T +7T,,~-T (3.20)

The v component of the velocity must be matched in both the inviscid and

boundary layer flow to 0(1/Y Re ).

The continuity equation in the boundary layer is
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(]

5

L 20U, 3V _
it  9x -
3y
For large.; (boundary layer edge)
dpv ape apeue
I CTal s Fa)
dy
Integrating this expression gives
ap ap u
- e e ey —
PeVe ot * ax ) y + F(x,t)
Dividing by ¥ Re gives
ape apeue —
peve=-(r+ 5 ) y + F(x,t)/ ¥ Re (3.21)
For the inviscid flow field
3p 3p u
e e e 2
Peve ot * ax ) y +0(y7)

Thus as Re + = matching of the v component is matched.

The assumption of a perfect gas will be made. The enthalpy is

given by

h = CpT (3.22)

For steady flow the energy equation then becomes for constant specific

heat
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3T , 3 vy wm2 92,1 3 3T
Pu 3x Toev 3y (y-1) M, u dx * Pr .- (u oy
y
2 .3
oy -1 M u(Ey? (3.23)
3y

The boundary layer equation will be solved for both laminar and
turbulent flow. Osborne Reynolds [48] in 1883 was the first to observe
and study the phenomena of transition from laminar to turbulent flow.
Reynolds assumed that the instantaneous fluid velocity satisfied the
Navier Stokes equations and that the instantaneous velocity could be
separated into mean and fluctuating components. The result was a set of
Reynolds equations which differed from the Navier-Stokes equations only
through additional terms called the Reynolds stresses. Including these
terms in the boundary layer equations for steady flow with constant

specific heat gives [49],

Continuity
a a Tyt
7% Pw) + 33 [o(v +&1)] =0 (3.24)

X-Momentum
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ar BT ) 3T L gy o o 2
p [u 7t (v + 5 ) ay] (y=1) M_ u i

9
(%‘,_‘.‘ 33) (¥-1) Mf u(g—‘;)z

3 — 2 —— 3du
+—_— | - T = (vy- ty! —
3y [-pv'T'] (y=1) M_ pu'v 3y (3.26)
The bars on the v component of velocity and y have been dropped to

avoid confusion with averaged quantities. A new velocity component

normal to the surface can be defined as

~ Ty, !
v=v+ (3.27)
The eddy viscosity is defined as

u'v'
€ = =0 3—\1_73_)—' (3.28)

The turbulent Prandtl number can be expressed as

_u'v' 3T/3y
Pr,, —ﬁ,(au/ay) (3.29)

A discussion of the turbulent Prandtl number is found in Harris [50].
Substituting Egs. (3.27), (3.28), and (3.29), into Eqs. (3.24), (3.25)

and (3.26) gives
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Continuity

3 3 ~
5% (pu) + 3y (pv) =0

Momentum
du , ~ 3y _ _dp 3 —3u
p[u 3x TV dy dx 3y [ue By]
Energy
L33 L=y M SR
pla g+ viayl = (D M u

where

E=1+=
u
~ € Pr
+
€ 1 > Pr

with Prt = ,95,

When working with the primitive variables,

equations will occur at the stagnation point.

(3.30)

(3.31)

(3.32)

(3.33)

a singularity 1in the

Also as the boundary

layer grows along the body, in a finite difference solution more and
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more.grid points must be added to describe the flow field. To overcome

these problems the Levy-Lees transformation [51] will be employed.

Levy-Lees Variables

X

E(x) = f PUM, r2m dx (3.34)
o
m
u y
n(x,)') = I pdy
Y 2 E(x) o

where

m =0 2-D flow
m =1 axisymmetric flow.
The relationship between the derivatives in the physical plane and

the transformed plane are as follows,

3 )
(ax y = peueue (BE)n + nx(an £
(3.35)
(L - Pe e (&) (3_
The Euler equation gives the following relationship at the boundary

layer edge,

due dpe
Pe¥e Tax T T Tax (3.36)

From the ideal gas equation of state and the y momentum equation at a

39



particular x location;
p = pRT = p, = const. (3.37)

Thus the density in the boundary layer is related to the temperature as

p
e
. (3.38)

D—llr—!

e

Utilizing Eqs. (3.34) - (3.38) in Egs. (3.30) - (3.32) gives the follow-

ing equations in the transformed coordinate system

Continuity Equation

2£F£+Vn+F=O (3.39)
X-Momentum
— 2
- + - = .
28 F FE + VFn (ean)n B(F Q) 0 (3.40)
Energy equation
2EFQ +VQ-(e—-;Q) —aeEF2=o (3.41)
€ n Pr n’n n

where
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o = 2. 1 for viscosity linear with respect to temperature

peue
2
2 ue
e
B:zj-.du_e
ue dg
P . n, vV 2¢F
V= /28 [pv+ 2
u rm et
peue e
F = >
u
e
T
Q=7
e

At £ = 0 Eqs. (3.39) - (3.41) are only a function of n. Thus the lead-
ing edge singularity in the x-momentum equation has been alleviated.

This is associated with the term 2§ F FE. No knowledge of the deriva-

tive F_ is required since the term drops out at & = 0.

g

E=0 (x=0)

Vo+F =0 (3.43)
2

ve, - (oF ) + 8(F" - Q) (3.44)
8 2

ve - (; QA —a8 F_ =0 (3.45)

At £ = 0, two possible cases exist for B. The first case is for zero

pressure gradient at the leading edge or uniform flow.
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u =1 (3.46)

g 2268 o
ue dg

The second case is for the leading edge stagnation point.

=0 (3.47)

e

Equations (3.43) - (3.47) can be used to generate the required initial
profile for the solution of the boundary layer equations. The boundary

conditions for these equations are,

F=0; V=0; Q= QW(E) (3.48)

Equations (3.39) through (3.41) can be further simplified if the
assumption of adiabatic work—free flow can be utilized. This is the
typical case for compressor stators, and for axial flow compressor
rotors when relative velocitles are used. Then the energy equation can

be combined with the x-momentum equation. The continuity equation

remains unchanged.
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First investigate the following term in the x-momentum equation.

du
s - q) = B 2 (2 -1
e e e

Tthe edge velocity can be expressed in terms of the Mach number as

where
Y = ratio of specific heats

R - gas constant

Thus

dM M Yy R dT
Mot @ s =B [ART, e8] - (¢ - 1)
e

8 —
MYy RT g wr 4
(=} e e

(3.49)

From the energy equation for adiabatic work free flow, the stagnation

enthalpy is a constant. Thus for an ideal gas with constant specific

heat,
C T + l-u2 = const. (3.50)
p e 2 e
Thus
dT u du
e e e

d——:
g Cp dg
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Introducing the Mach number and rearranging gi

dr 2M YRT dM
e e e

ves

e

dg 2 d§

2 Cp + Me YR
Substituting Eq. (3.51) into Eq. (3.49) gives,

dM 2 & Me YR

Z(FZ-Q)={‘2—§' e _

dM
e

8
Me dé 2C + M2 YR
P e

Introducing a modified pressure gradient term

dM
gr =25 _e
Me dg

gives 2
Me YR

82(F-Q) - 8'[1 -
2 C + M2 Y R
P e

For adiabatic work free flow

C T+

or

Substituting Eq. (3.56) into Eq. (3.54) gives
2 2
B(FF - Q =8"'"(F - 1)
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u =C T +<u
p e

dg

] @ -

T

T

e

)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



for adiabatic work-free flow.
Thus the £-momentum equation becomes

2 FE, +VE - (BEFn)n+B'(F2- 1) =0 (3.58)

g

3.2. Turbulent Transport Models

The turbulent boundary layer 1is treated as a composite layer con-
sisting of a laminar viscous sublayer very near the wall, an inner
region and an outer layer.

For the inner region, the eddy viscosity model is based on a
Prandtl mixing length concept. The eddy viscosity for this region as

referred to the molecular viscosity 1is expressed as
€ p 22 du

where 2 is the mixing length. For the inner region the mixing length is

given by the Van Driest correction with a damped law of the wall. Then
2 = k,y[1 - exp(- ] (3.60)

where
kl = .41

T
A =26 v(-)7 12

(3.61)

Cebeci and Smith [52] give a pressure gradient correction for applica-

tion to both incompressible and compressible turbulent boundary layers
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as

A =263 (/o) 12 (3.62)

where

N = (1 - 11.8 pH/2

vV u du
+ e e

p =" 372 “dx
(r,70)

(3.63)

For the outer layer, one of two models may be used. Cebeci and Smith

suggest a constant value given by
€ 6*
(u)o 2 e inc (3.64)

where

Ky, = .0168
and Gznc is the incompressible displacement thickness.

The cutoff point between the inner and outer layer is given by
simply checking the magnitudes of the eddy viscosities calculated by

Eqs. (3.59) and (3.64). At the point where

the outer layer model will be used. Another model presented by Spalding
and Patankar [53] suggests that the mixing length is constant in the

outer region. Then in the inner region,
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€ 922 du
o =5 1 =y | (3.65)
with

£ = .09 § = constant (3.66)

where

§ = boundary layer thickness.

The criteria for the innmer and outer regions is set by the mixing
length., If the mixing length given by Eq. (3.60) is greater than the
mixing length given by Eq. (3.66), then the outer layer model will be
employed.

Now to express the eddy viscosity relationships in the Levy-Lees
variables.

For the inner layer without the pressure correction

1/4 peue y wa e
26 6 Q e / 2E

)1/2 (3.67)

Y
r Re (Bn)w

The pressure correction N is related to the p+ term given by Eq. (3.66),

nondimensionalizing gives

p u ue due
e (3.68)

for the physical plane.
The subscript w represents the wall value, and'; is the stretched

coordinate in the physical plane. The mixing length is
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PRELIS & (1 - exp(- %ﬂ) (3.69)

Re1/2
Also Eq. (3.59) becomes
. Re3/2£2 ueZ .
By ~———— | 5 | (3.70)

— an
Qu, Y 2

For the outer layer Eq. (3.64) becomes

€
(u)o = Re K2 2 “inc (3.71)

with

[ -] —

* 1 v 2¢ Q

6inc 1/2 [ a-m pu dn
Re o e e

The model in the outer layer based on the mixing length will be given by

Eq. (3.70) with the appropriate mixing length.
3.2.1 Transition from Laminar to Turbulent Flow

For the case of two-dimensional boundary layers, the transition
region can be satisfactorily calculated by using several empirical
correlations. One such correlation for natural transition on flat
plates and airfoils was proposed by Cebeci {[54].

This correlation is given by

0.46

Re = 1,174 [1 + 22400/ReX] Rex (3.72)

8,tr
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where Ree is the Reynolds number based on the momentum thickness and Re,
is the Reynolds number based on the distance along the body from the
initial station.

Transition is assumed to occur instantaneously. This is based on a
study by Kwon and Pletcher [55]. Several models involved with the
extent of the transition region were investigated and the calculated
velocity profiles were compared with experimental data. The model
showing the best agreement with the experimental data was with instan-
taneous transition from laminar to turbulent flow.

The above discussion is for natural transition. For regions where
flow separation 1s encountered 1immediate transition from laminar to
tufbulent flow is assumed.

3.3 Formulation of the Finite Difference Representation of the Com—
pressible Boundary Layer Equations

In order to ensure stability, the finite difference expressions
will be based on an implicit calculation scheme which will allow vari-
able grid spacing in both the marching and wall normal directions. The
boundary layer equations given by Eqs. (3.39) through (3.41) are nonlin-
ear.

Consider the term VFn found in the x momentum equation, Eq.
(340)., The term is non-linear since neither V nor Fn is known. To
solve the compressible boundary layer equations, the non-~linear terms
must be linearized and an 1iterative approach taken. A Newton-Raphson
linearization technique will be utilized. The following approximation

is made.
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n n n
where
V, fn ~ previous estimate
v, Fn - current iteration
and
AV =V -V
Therefore

VF =VF +AF V+AVF +AVAF
n n n n n

The assumption is made that the square of a change is small in compari-

son to the other terms. Therefore,

VF =VF +AF V+AVF
n n n n
or
VF =VF_+VF -VF .
n n n n (3.73)
From a Taylor series expansion, Fn can be represented as
i i
F - F
~ ] i=
(%):?'nﬂ-n . (3.74)
j+l j-1

The 1 notation is associated with the streamwise direction and the j
notation with the direction normal to the wall. Equation (3.74) and the
expressions to follow will be 2nd order accurate for equal grid spacing
in the normal direction. Now to account for large gradients near the
wall a small grid spacing would be required and if a constant grid

spacing were used through the boundary layer an overwhelming number of
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grid points would be required vastly increasing computer time. There-
fore to maintain accuracy near the wall and reduce the computing time a
variable grid spacing will be required. This will cause a slight in-
crease in truncation error. However 1f the grid spacing in the n direc-
tion should vary smoothly essentially 2nd order accuracy will be main-

tained. The following limitations were imposed;

An
K;iil = r r < 1.05 for laminar flow
J < 1.02 for turbulent flow
where
An, = -n
37" 7
Also at the wall
An1 = ,05 laminar flow
An1 = 10-3 turbulent flow.

Equation (3.74) can also be expressed as

3 — dF
The term m (6 € Bn) is given by
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n Anj+l j+l
(o)t
_ j=1/2 i i
n (Fy = F._;)]
n j j-1
h|
where
A = Anj + Anj+1
and

- 1 1 — 1
(ee);+1/2 =5 [(0e)5,, + o)} ]

(3.75)

Terms with respect to § are now obtained. F_ can be given by the

g

following 2nd order polynomial expression

i 4.1, 1 . 1-1 . 1 _i-2
(FE)j = ao Fj + a1 Fj + a2 Fj
where
1 1 1
a_ = +
o & "8, 8 T8,
ai - - ( E:L - Ei-z ( 1
1 LR IS R T Sl F R
al - (51 - 5i—1)( 1
2 R &8 TR

Substituting Eqs. (3.73) - (3.74) into Eq. (3.40) gives,
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1041, i _i-1 , 1 _i-2
26, Fj(ao Fy+aj Fy +ayF, )
gl 1 P _F
+ Vi i+l i 1) + Vi( i+1 i-1 )
| A b A
i F_i— o)1
Jyb (it 2y Slivl/2 i el
i A A L an 1 7j
3+l
— 1
812 G
An j j-1
b
i, =i i =iv2 =
+87[2 Fy Fy (FJ.) Qj] 0 (3.77)

i
b

Newton-Raphson technique as

Note the term a;(F )2 in Eq. (3.77). This term can be linearized by the

i,1.2 1 i 2
ao(Fj) = a [2 F Fy - (F; )°] (3.78)

- A, F + B, F, - C, F +a, V, =D 3.79
- 378 Fya t ooy (3.79)

— 2080}
R U S S b V) 3
A al v i ] (3.80)
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1.1 1 _1i-1 i-2
By = 4&; a  F, + 2¢,(a) Py +a,F )
1 1
PV AT 1.1
*3 i * ] +28"F
341 3 ]
- 2 1
c §1+A£_"71M
3 n_-j+1
1 i
- Forr ~ Fya1
aj A
— o
Dj = 25 (F )2 i ; (_ii__z__l:l )

1, 142 i1
+ B (Fj) + B Qj

i
To solve Eq. (3.77) Vj must be known. This can be obtained

continuity equation

2 & F€ + Vn + F =0

A centered difference expression, about the point 1i,j,

(3.81)

(3.82)

(3.83)

(3.84)

from the

(3.39)

can not be used

as this would only couple the odd and even points possibly leading to an

incorrect solution. However,

obtained by writing

2nd order accurate expressions can be



v v .
i - i=1
(Vn)j-l/z Anj (3.85)
i 1 i i
(Fg)j_l/z 2 [(FE)j + (Fg)j_]_] (3'86)
i 1
Fioi2 =3 (Fj + Fj_l) (3.87)
Substituting Eqs. (3.85) - (3.87) into Eq. (3.39) gives
i i 1,1 i i
v, =V - F, +F .
where
ir 1 1
cy = 4nyg [ao * 5 ] (3.89)
i, 1i-1 i-1 i,.1-2 i-2
dy = - Anjgi[al(r‘j + Fj_l) + az(Fj + Fj_l)] (3.90)
Finally to obtain an expression for the energy equation.
28 FQ, + VvV Qn - (2— ; Q ) -ab € F 2 =0 (3.41)
g Pr n‘n n :

The finite difference representations are now presented.
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and

Substituting Egs.

gives

where

%

A

. (8¢ /Pr)
2—{9_'8 9Q = 2.[_______iilig (Q

an‘Pr an

An

3=

()5 =

i
= 3
o

(3.74),

Aﬂj

i

i
9

(3.91),

(8¢ /Pr). Uz

i
Q

An

+ a1

i~1
1 Qj + a

j+l

i i
Qj = Qj-l)]

i
- Q

i+ i-1

+ An

j+l 3

i
2

i-2
Q

(3.92) and (3.93) into Eq.
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(3.91)

(3.92)

(3.93)

(3.41)

(3.94)

(3.95)

(3.96)

(3.97)



and

- 1,4 i-1, 1 1i-2
Dj=—2£iFj aj Q *tay Q) )

Fi

1
- F
+ ai(ea§ (4?2 (3.98)

3.4. Direct Mode Calculation Technique

With the pressure gradient B specified, Eqs. (3.78), (3.88), and
(3.94) can be solved following an L-U decomposition of the resulting

matrix. The scheme 1s as follows:

for j = 2, N-1

= E.F + G, V., + H 3.99
Fy = EgFyo1 * G5 V5op * Hy (3.99)
VvV, =V - F, +F +d
37 Vg1 7oy HFyp)
At j = 1 the solution is known from the boundary conditions.
i i
F, =V, =0 (3.100)
J b
At j =N
Fy = By Fy-p * Gy Vy-p *Hy =1
Thus
Ey =0
GN = 0
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Ej’ Hj, Gj are defined as follows,

6, = [0, Gyyy = a,1/p (3.101)
Hy = [0y + {0y Cpuy = agday +cyty /e
with

P=B, - C E;, + cj(Cj Gy ~ aj) (3.102)

The coefficients will be calculated for j = N-1, . . . . 1 where N is
the number of grid points in the n direction. Once the coefficients are
defined, Eq. (3.99) will be used to calculate the velocity distribution
in the boundary layer. This will then be used as input for the solution
of the energy equation. From Eq. (3.94) the energy equation is

for j = 3, N-2

(3.94)
At j = 2

and
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=D, -TA (3.103)

At j = N-1

e R R e I | (3.104)

Equations (3.94), (3.103), (3.104) are solved using a tridiagonal equa-
tion solver.

Once the solution to the energy equations 1is obtained the new

values for Q will be used as input to the momentum and continuity equa-

tions. This iteration procedure will continue until the average change

4

in F based on the 2 norm is 5 x 10 ' or less.

3.5 Inverse Mode Calculation Technique
3.5.1 Introduction

Whenever the pressure gradient becomes adverse, as is the case in a
compressor rotor, the skin friction decreases and may eventually become
zero and the flow will separate from the wall. It is well known that
many numerical methods for solving the boundary layer equations encount-
er difficulties when the flow separates from the body surface. The
relevant common feature of these methods 1s the prescription of the
pressure as a boundary condition (direct method). It has been shown by
Goldstein [56,57] that apart from exceptional circumstances, this will
lead to a singularity in the solution, causing the breakdown of the

numerical method.
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Catherall and Mangler [24] were the first to realize that relaxing
the pressure would lead to regular solutions of the boundary layer
equations at separation. By prescribing the displacement thickness as a
boundary condition, they were able to integrate the boundary layer
equations through the separation point and into a region of reverse flow

without evidence of singular behavior at the separation point.

3.5.2 Calculation Procedure

The calculation procedure will be presented for the case of adia-

batic flow.

First define a stream function as follows;

2f _

=an (3.105)

F

mf-'-' It:

where
f = stream function
The continuity equation is given by Eq. (3.39). Substituting Eq.
(3.105) into Eq. (3.39) gives

av

Fr 0 (3.106)

] of of
ZEE(K)+8n+

Rearranging Eq. (3.106) and integrating with respect to n gives for the

continuity equation;
v(n) = - 2 U _fn) = /2 i (V2¢ £) (3.107)
n an 3E .

From Eq. (3.105)
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F=f
n

This is modelled by a second order accurate centered difference expres-

sion about the point j - 1/2

i_ fi
i -1 i
(£0)3o172 = 3 Dy Fi-1/2 (3.108)
From an average operator
1 i i
Fy-172 =7 By * Fyp)
Therefore Eq. (3.108) becomes
An
i _ 3 -
fj_1 £, +— (Fj L FFD) =0
Let
An,
b, = —il
i 2
Then
i i
£ - f, + b, (F +F,)=0 (3.109)

i-1 b J 31 3

This will be used to calculate the stream function.

Now to obtain the finite difference form of the energy equation.
For the case of separated or reverse flow the FLARE approximation [58]
will be used. For small regions of separated flow the convection term
in the momentum equation is neglected. This will give acceptable re-
sults for cases where the reverse flow velocity is less than 10% of the

freestream value.
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In the Levy Lees variables, the term 2§ F F_ in the momentum equa-

g

tion will be approximated as;

28 FF_ =2 )AXEFF

g g

where
A=1 F>0
Thus the momentum equation becomes
26 AFF +VE - (@cF) +8E -1 =0 (3.110)
The nonlinear terms are linearized with Newton-Raphson linearization as
before. However, the stream function is introduced by the continuity

equation, Eq. (3.107). The modified velocity V is given in terms of the

stream function by the following 2nd order finite difference equation;

i i i _1 i _i-1 1 _i-2 i
V, = =2 2 f, + a, £ + a, f - £, (3.111)
3 RGN 2 £y ) 7
Therefore the linearized form of V Fn becomes
1 i
vp (ot Fj—l)
n Anj+1+Anj
E:i -Ei
i i i i _i-1 i _i-2 i i+1 j~-1
+ [-2¢ (aofj+alfj +azfj) fj] (Anj+1+Anj)
-1 -1
F - F
=1 i+l i-1
- v ( ) (3.112)
jca nn+1 + A nj
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The other linearizations follow as before.

The following expression results;

i i i i i
Aj Fj-l + Bj Fj + Cj Fj+1 + Dj fj Ej 8" + Gj (3.113)

The definition of the coefficients are as follows;

- ol e
= —-i - l 1-1/2 1-11)2_
G O | 1,14 1i-1 1 _i-2
By=4rg a Fy+21¢ (a1 Fy +a,F )
ol ! ol -1 (3.115)
. %_[ j+§j%7 i+1/2 | i-i/i 1-1[;] + 28l F;
j+l h|
i -1
=i ) €
c.-%w% ﬁygjﬂﬂ (3.116)
b 341
=i =1
F - F
TP S S i+l -1
D, [-2 ¢ a; 1] ¢ A ) (3.117)
_12
E = =(Fr -1 3.118
! ( 3 ) ( )
=i =i
2 F -F
i i=1 i1 _1-1 i 1i-2 j+1 j-1
G, = 228" a F; +2¢ (al £t 3, fj ) ( X )
s ) (3.119)
+ ‘7? (—-1———-'L—+1 X -1) +28t #

Thus the equations for the stream function and momentum coupled with
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continuity are

i i i

i
£~ bj(x-*j_1 + Fj) 0 (3.109)

1 i i i 1
Aj Fj_1 + Bj Fj + cj Fj+1 + DJ, f:j E, BT+ Gj (3.113)

The solution to Egqs. (3.109) and (3.113) is obtained through a L-U
decomposition., Here one of the unknowns 1is the pressure gradient and
the outer boundary condition 1s unspecified. However the blocks below
the main diagonal can be eliminated and a recursion formula developed

for back substitution. The unknowns can be computed as

i L | voq '
Fj = Aj Fj+l + Bj 8" + cj (3.120)
i voq voq '
fj - 1)j Fj+1 + Ej B™ + c;j (3.121)

The coefficients are defined as

A, =-C,/R 3.122
LY (3.122)
L ( L} ) )
E. -A, B, -0D (b, B +E,
3 R,
b Gy -8 C -0 (bt 6y)
c, = — (3.124)
j R
1
) L ( )
D, =A, R 3.125
A jo2
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E, = b B + E + B, R (3.126)

G, =b,C + G + C R .
T I R i 3.127)
with
L ]
R, =B, + (A. +D, b A, + D D + b
17 Byt Ayt By By Ay Dy (Bt by)
R, = bj (1 + Aj-l) + Dj-l
At the wall (j=1) the boundary conditions are
i
F1 0
-0 (3.128)

The boundary condition therefore gives the following values for the

coefficients at the wall;

' 1 ' ' '
A1 = B1 = D1 = E1 = G1 =0 (3.129)

The coefficients are computed starting at j=2 and continued to the

boundary layer edge at j = NJ.
The pressure gradient B is calculated by solving Eqs. (3.120) and

(3.121) at j = NJ-1 along with the following outer boundary condition.

The value of the stream function at the edge is given by

£ =f =[ F dn (3.130)
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The displacement thickness is given by

u
pe e

s =225 1 (q-F) dn
[o]

Aty)ye(Q—F)=0, thus

y
* /2 e /
¥ =2 1 qan -5 g (3.131)
p_u pP_u
e e o e e
Solving for fe
*
1 Ine Po Yq §
f =f£_ _ = Qdn - ———— (3.132)
= Moo 3
*
pe u, $

This is the additional required boundary if is specified.

2 ¢

n
e

The f Q dn can be approximated with a trapezoidal integration
o
scheme. Substituting Eq. (3.132) into Eq. (3.121) gives

n
- __e e S | ired i
fyg = QL £ + (1-*NJ_l + FNJ) (3.133)

where

e
QL =/ Qan
(o]

Rearranging Eq. (3.133), substituting into Eq. (3.121) and solving

for B gives
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' i e e 1, ' ' i,¢ i
— nJ-1 Ty * Bre-1 B * Cyyop * Fry)

(3.134)

= Dyy-1 Fng = Cng-1

Substituting for Fyy_; from Eq. (3.120) along with the boundary condi-

tion that FNJ = ] gives

p u § An
1 e Yo NI '
[z T 7 (Aggop * Cyy-p * 1)
(3.135)
D' ]/ + j‘nﬂ B'
NI-1 ~ Sno-1 (ENJ— 2 By-1)

Once the pressure gradient is known the edge Mach number will be calcu-

lated and pe, Te, u, and £ will be updated.

The solution of Eqs. (3.109) and (3.113) will then proceed from j =
NJ-1 to j = 2. The new temperature distribution is calculated from the
velocity profile for the condition of adiabatic flow and the modified
velocity V is calculated from Eq. (3.111). The iteration procedure is

continued until the average change in F based on the 2 norm is less than
p u &%
4 and the "boundary layer mass flux" -2 2 __ s matched within a

V72 §

specified tolerance. Note two checks must be made here, one on F and

10

one on the "boundary layer mass flux'". This increases the number of
iterations and the computer time to obtain a converged solution. It
should be noted that a new edge velocity based on the viscous solution
was calculated. This in general will not be the same as the inviscid

edge velocity. For a consistent solution the viscous and inviscid field
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must be matched. This matching procedure will be discussed under the

section on viscous—inviscid interactions.
3.6 Viscous—Inviscid Calculation Procedure
3.6.1 Introduction

Two computational techniques have been presented for predicting
compressible boundary layer flow. The direct method which 1involves
specifying a pressure or inviscid edge Mach number distribution and an
inverse method where a boundary mass flux was specified and the result-
ing pressure gradient calculated. The direct method performs well for
attached boundary layers where the interaction between the viscous and
inviscid flow field is "weak", i.e., the viscous effect on the surface
pressure is small and the complete flow field can be solved sequential-
ly. However, the flow over a turbine or compressor blade involves both
the weak interaction due to standard displacement effects and local
"strong'" viscous inviscid interaction effects. In particular, near an
airfoil-trailing edge strong interactions occur from separation of the
viscous layer from the airfoil surface, and from the abrupt change in
the no slip condition that the boundary layer experiences at the point
of separation or termination of the airfoil surface and into the wake.
These conditions lead to singularities in a classical boundary layer
solution and a subsequent breakdown of the weak interaction or direct
method approach. This leads to the inverse method where the displace-
ment thickness or "boundary layer mass flux" must be specified. A
problem associated with this technique 1s that the boundary layer mass

flux is not known a priori. The appropriate value has to be obtained as
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part of the overall problem from the interaction, the boundary layer and
inviscid flow. Near separation and near the trailing edge, there no
longer exists a definite hierarchy between the boundary layer and the
outer inviscid flow [34,59]. As a consequence a numerical scheme which
possesses a simultaneous coupling between the viscous and inviscid parts
of the flow field can have very favorable characteristics in terms of
convergence for matching of the flow fields. This method is consistent

with the asymtotic triple deck theory of Stewartson [60].

3.6.2 Viscous—-Inviscid Matching Procedure for Subsonic Flow

The inviscid flow field is assumed to be two-dimensional, irrota-
tional compressible flow. Therefore the initial estimate of the invis-
cid flow is calculated from the full potential cascade solver described
in Chapter 2. This provides the edge Mach number distribution for input
to the boundary layer equations for calculations in the direct mode. As
the solution approachs a point of separation or the blade trailing edge,
the number of iterations to obtain a converged solution increases sub-
stantially until divergence occurs. If at a particular station a con-
verged solution is not obtained in fifty iteratioms or less, the direct
mode 1is abandoned and the inverse mode 1s initiated specifying the
boundary layer mass flux for all remaining stations. This is assumed to
be the start of the strong interaction region.

The boundary layer mass flux was previously defined as

XMF = —% (3.136)
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Prior to this calculation station the interaction between the viscous
and inviscid fields 1s assumed to be weak. Even for cases of mild
separation the displacement thickness 1is relatively thin in actual
physical dimensions. Therefore, rather than recalculating the inviscid
flow field with the full potential solver with a new shape to account
for the displacement thickness, it is assumed that the new velocity can
be described by the initial inviscid velocity plus a perturbation veloc-

ity described by thin airfoil theory.

+1
u: = uz + u: (3.137)
INV
where
ug - updated inviscid edge velocity
INV

uz - initial inviscid edge velocity
u. - correction to the inviscid edge velocity for

displacement thickness effects
n - iteration number to be discussed later

For subsonic flows the correction is obtained from the Hilbert integral

[61]
X o .*\n
e (u 8 )
Ml %y (3.138)
c L X x - §
i

with
Xyy X4 denoting the beginning and end of the strong
interaction region

1 dummy variable



For supersonic flow, a linearized Prandtl-Meyer relation is used [62]

(uc)

u
e

2

X -1/2
= (Me-—

1) a (3.139)

v *
a = (u) x = Gx
y=$
For subsonic flow the discretization of Eq. (3.138) will be accomplished
with mid-point integration rule.
Let

*
h(g) = (ue § )5 (3.140)

For N grid points with N-1 equal segments along the blade section the
finite difference representation of Eq. (3.140) can be found from a

centered difference expression as

( 5o0 50
u -u
n eo,j+l i+l eo,j i 2
h (Ej+1/2) Ax + 0(Ax") (3.141)
Further let
h
g(x,8) = ;iglg
Then
n
h(E 4170
n - j+1/2
8 (%158541/2) R (3.142)
The velocity perturbation is then
n 1 N-1 n
Uc(Xi) == jil ij g (xi’5j+l/2) (3.143)
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The updated inviscid edge velocity can then be calculated from Eq.
(3.136). This will then be used to recalculate an inviscid edge Mach
number. For computations in the inverse mode, the boundary layer mass
flux was specified. The viscous edge Mach number was then calculated.
In general these two Mach numbers will be different, particularly in a
strong interaction 2zone. Therefore an iterative procedure must be
developed for proper matching of the viscous and inviscid flow fields
for regions of flow separation or near the blade trailing edge. The
difference between the two edge Mach numbers can be used as a potential
to calculate an improved value for XMF given Eq. (3.136). To do this
formally would require a way to determine how a change in M, would
effect the boundary layer mass flux XMF. .However, success has been
achieved by noting that for small excursions in the local Me’ the re-
sponse to increasing XMF was an 1increase in the displacement thick-
ness 6*. This is similar to the case of an adverse pressure gradient
and M, decreases as expected. Decreasing XMF leads to a decrease in
displacement thickness 6* and an increase in edge Mach number as is the
case of a favorable pressure gradients. This concept is put into prac-

tice as follows. Having passed through the boundary layer calculation

to obtain M, gy and using Eq. (3.137) to calculate, Me,inv from Ue,inv’
the new input for the inverse calculation is
-
aE™! - prt (—2aBl (3.144)
e,inv

where

n - iteration number
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Equation (3.144) is only used as a basis for correcting XMF and it

does produce converged solutions. At convergence Me =M and Eq.

,BL e,inv
(3.144) represents an identity having no effect on the nature of the
final solution.

One main advantage of this method is that under-relaxation of the
change from iteration can often be avoided. Under-relaxation, as used
by Carter and Wornom [29], can lead to excessive computing time. The

current method can use successive over relaxation which allows a drastic

reduction in computing time. This is given by

n

M
e = 0E" + o 0E? (2B ) (3.145)

e,inv
with

w - relaxation parameter

Typical values of the relaxation parameter are in the range of 1.4 to
1.8.

The speed of the convergence can be increased even more utilizing
the quasi-simultaneous technique of Veldman [35]. The first n itera-
tions are performed as previously stated to obtain a partially converged
solution. Then at the n+lth iteration the quasi-simultaneous solution
will begin. The updated inviscid edge velocity 1s calculated by Eqs.
(3.137) and (3.138). The boundary layer equations are parabolic and are
marched in the flow direction, but for subsonic inviscid flow the nature
is elliptic, therefore it is logical that at the n+lth iteration level

any new displacement thickness calculated at the n+lth level should be
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included in the calculation of the inviscid updated velocity. For
example, consider Eq. (3.141). Assume that the strong interaction
region began at i = m and the boundary layer calculations have proceded
to station i = m + 5. The displacement thickness has now been calcu-
lated at the n+lth iteration level therefore it can be used in the
inviscid velocity update as follows;

For i > m

n. l.[igl A x n+l(x £ ) + N;1 A n o )]
Ye T jap 3 g £ 5520 T x5 8 X &2
(3.146)
where
n+l
Sl e b CEiiy2)
282 TR g,
and
(u 6*n+1 -4 *n+1)
hn+1(£. ) = eo,j+l "j+l eo,} i
j+1/2 xj+l - xj

This gives even more rapid convergence of the matching procedure due to

the linear combination of u, and 6* as the external boundary condi-

tion. The iterations are continued until the inviscid edge Mach number

and the viscous edge Mach number match within a specified tolerance.
Thus the summary of the overall procedure is as follows;

l. Calculate the inviscid flow field using the full potential equations

given in Chapter 1.
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2. With the edge Mach number specified calculate the viscous flow field
along the blade surface using the direct mode calculation procedure
up to the stromng interaction region.

3. Specify the boundary layer mass flux over the remaining blade sur-
face and calculate the remaining viscous flow field.

4, Calculate the new inviscid edge Mach number utilizing thin airfoil
theory to give the perturbation from the original distribution.

5. Compare the viscous and inviscid edge Mach numbers. 1If they match
within a specified tolerance the calculation is complete. If they
are outside the tolerance, respecify the mass flux and repeat steps

3, 4, and 5.
3.7 Wake Calculation Procedure
3.7.1 Turbulence Modeling

For flow over the blade surface turbulence was modelled using an
eddy-viscosity, two-layer concept as described in Section 3.2. The same
concept can be applied in the wake with one major exception. As the
flow separates from the airfoil surface at the blade trailing edge, a
rapld acceleration of the flow at the wake centerline occurs as the
blade no slip condition is relaxed. This abrupt change in the surface
boundary condition brings about the requirement of a new eddy viscosity
model for the inner region. A concept developed by Cebeci, et al. [63]
was modified for this purpose. The wake boundary layer is assumed to
consist of 3 regions, an inner wake region which 1is part of the inner
region previously defined, a new inner region and an outer region (Fig.

12). From Ref. 63 the inner wake region has the following eddy viscosi-
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ty in Levy-Lees variables.

u(nc) exp u, F(nc)
W 2.75 uf'E'

- 2,08] (3.147)

e =¢e = 0,4
w o(nc)

n, is defined as the distance from the wake centerline to the point

where
% *
Uorre = 1.1 ulog (3.148)
where
UcALC is the calculated dimensional velocity and
ulog is given by
y* u*r.E.
* _ *T.E, T
Ylog = Yt [2.5 1n (———) +5.2] (3.149)
where
*T .E * 3 * 1/2
L L = L u
u i) (3.150)
p dy

Nondimensionalizing and introducing Levy Lees variables gives

u2 oF
T.E e wil/2
u. " =[6 u (3.151)
T w'e Qw /E—E /EZ an ‘T.E.
and
e /Re uf-E'
Uog = Y 2.5 1n ( . ) + 5.2] (3.152)

For the case of linear viscosity law Eq. (3.147) becomes
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u, F(nc)
e, = b exp[—uTrI - 2.08] (3.153)

2.75
For the remaining inner layer a model for the mixing length based on
Spalding and Patankar model [53] rather than the model previously dis-

cussed in Section 3.2 will be used. The mixing length is still modelled

as

2=k y [1 - exp(~y/A)]
with the following exceptions

ky = «435

_26 v -1/2
N

A (t/p) (3.154)

where T is the local shear stress. In the previous expression in Sec-
tion 3.2 the shear stress at the wall was used. The outer layer is the
gsame as Section 3.2 with the Spalding and Pantankar model being used.
Thus the following breakdown of the eddy viscosity occurs in the wake
Inner region
For
e; e, e = e
For
ey ? e, e = e
Outer region
e = e,

e;» e, are previously defined in Section 3.2.
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At large distances from the blade trailing edge the condition may
exist such that e, > e, If this occurs it 1is assumed that e = e,

across the entire wake.
3.7.2 Calculation Procedure

The overall wake calculation procedure 1s essentially the same as
procedure for the blade. The calculation procedure for the wake will be
the inverse mode where the boundary layer mass flux is specified. The
wake centerline is assumed to be along the inviscid wake streamline as
described in Chapter 2. The coordinate system is set up with the suc-
tion surface side of the wake being positive and the pressure surface
side of the wake being negative. The boundary conditions at n = » are
the same as given in Section 3.5 for the inverse mode calculation. At
the wake centerline, however, the no slip condition 1s no longer applic-
able.

At n = 0 (wake centerline)

3F

- 0 (symmetric wakes)

V=20 (3.155)

Also, up = Wg = centerline velocity. Where Ujgs» Uyp are the veloci-
ties at the wake centerline for the suction and pressure sides of the

wake, respectively.
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The edge velocities on the suction and pressure sides of the wake
will in general be different for asymmetric wakes. Therefore in Levy

Lees variables

F,.,=F ,— (3.156)

where Uggs uep are the edge velocities for the suction and pressure
sides of the wake, respectively.
To satisfy the boundary condition at the wake centerline, a first

order forward difference expression is used.

i
F -F
28 1S
n 0 (3.157)
and Fi o
2P 1P
A = 0 (3.158)

Combining Eqs. (3.156), (3.157) and (3.158) gives the boundary condition

for the wake centerline for symmetric wakes.

u u
es es

Fop " F1p " Fis T = Fas g (3.159)
e ep

In the inverse mode the same set of equations as presented in
Section 3.5 are obtained. For asymmetric wakes only, the condition that

V = 0 is used,
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Suction Side

' i ! i i
Fis ™ 235 F(ye1)s * Bys B * Ci
(3.160)
i 1 i ) 1 1
fi8 ™ Dys Fy+1)s * Byg Bg * Gy
Pressure Side
i ' i ! i i
F. = A, F + B, B +C,
ip jp "G+)p  Tip Tp ip
(3.161)
i ' i ' i '
£ = D F + E B+ G
ip ijp " (3+)p jp p ip
From the boundary condition given by Eq. (3.159)
L
Als = 1
1] 1 L \]
Bls = Cls = Dls = Els = Gls = 0 (3.162)
and
L
Alp =]
1 t 1 1 )
B =C =D = E =G =0 (3.163)

lp lp 1p 1p 1p

The coefficlents are computed as before starting at j = 2 and ending at
j = NJS or NJP, for the number of grid points on the suction and pres-—
sure sides of the wake, respectively. The solution for the pressure
gradient on either side of the wake is as presented in Section 3.5.
Finally, the calculations are made as before from the outer boundary to

the inner boundary except that now the iteration will include one com-
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plete sweep across the wake. The iteration procedure is continued until
the average change in F across the entire wake and the boundary layer
mass flux at the edges of the wake are matched with a specified toler-
ance, The viscous—-inviscid matching procedure 1s identical to the

procedure presented in Section 3.6.

3.8 Sample Calculations

To access the validity of the mathematical procedure of this model,
a set of numerical experiments were performed.

This first case was Howarth flow [64] where the flow experiences a
severe adverse pressure gradient resulting in massive separation. The
boundary layer edge velocity distribution is found in Fig. 13 with a
freestream Mach number of 4, The direct calculation procedure with
specified pressure gradient was used to calculate the boundary layer
flow up to the point where massive separation occurs. At that point the
boundary equations are no longer valid and the solution diverges. The
boundary layer velocity profiles are shown at various x/c¢ locations in
Figs. 14 and 15 for laminar flow. At x/c = 0.056 flow separation oc~
curred and the solution diverged. A comparison of the computed skin
friction coefficient distribution with the results of Werle and Senechal
[65] shows good agreement (Fig. 16). A comparison of the displacement
thickness distribution for the same case also shows good agreement (Fig.,
17).

The next numerical investigation employed the Gostelow compressor
cascade previously discussed in Chapter 2. The Reynolds number was

100,000, The calculated Mach number distribution for the suction sur-
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face 1is presented in Fig. 18 for the cases with and without viscous
interaction with the inviscid stream. The region of strong interaction
is found to be between 80% to 100%Z chord. It is seen that due to the
increasing boundary layer thickness near the trailing edge the rapid
deacceleration found in the inviscid calculation is not present. At the
blade trailing edge, the Mach number for the viscous-inviscid interac—
tion calculation is 0.075 compared to 0.066 for in inviscid case. The
boundary layer development along the blade suction surface can be seen
in Figs. 19 through 28. At 40% chord (Fig. 19) the velocity profile is
good in terms of no separation. Due to the adverse pressure gradient,
however, the fluid close to the wall experiences substantial deaccelera~-
tion and finally separates at 95% chord (Fig. 26). A small recircula-
tion region is seen close to the wall in Figs. 27 and 28. Note that the
velocity distribution 1is plotted against the Levy-Lees normal coordi-
nate n. This coordinate is scaled such that boundary layer growth in
the transformed coordinate system is minimized thereby reducing the
number of grid points required in the finite difference calculation,
substantially reducing the computational effort. The displacement
thickness growth is very rapid near the blade trailing edge as can be
seen in Fig. 29. The skin friction distribution versus airfoil surface
streamwise distance 1is found in Fig. 30. Note that near the blade
trailing edge a negative skin friction coefficient exists indicating
flow separation. The inverse calculation procedure with the FLARE
approximation experienced no difficulty with the calculation in that
region.

The calculated Mach number distribution for the Gostelow cascade
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pressure surface is found in Fig. 3l. Once again the region of strong
interaction between the viscous and inviscid flow field is near the
blade trailing edge. However, the interaction on the pressure side is
weaker than the suction side. At the blade trailing edge, the inviscid
edge Mach number 0.066 while the viscous inviscid interaction calcula-
tion gives a value of 0.065. The curvature at the blade trailing edge
is reduced due to the boundary layer thickness thereby reducing the flow
acceleration at that point resulting in a lower Mach number. The bound-
ary layer development from 407 chord to the blade trailing edge is
presented in Figs. 32 through 38. As seen from the velocity profiles,
the boundary layers are healthy along the pressure surface and no flow
separation occurs. Figure 39 gives the skin friction coefficient dis-
tribution for the pressure side. The skin friction coefficients are
positive over the entire surface and increase near the trailing edge due
to the favorable pressure gradient. A plot of the displacement thick-
ness is found in Fig. 40. Note that the displacement thickness is much
smaller on the pressure surface than the suction surface indicating more
desirable velocity profiles in terms of avoiding flow separation. The
displacement thickness decreases near the trailing edge also indicating
the favorable pressure gradient and a healthy velocity profile.

The results from the boundary layer calculations on the suction and
pressure surfaces on the airfoil were used to march downstream of the
cascade into the wake. The Mach number distribution versus streamwise
distance is presented in Fig. 4l. At the cascade trailing edge line,
the Mach number on the suction side of the wake is 0.075 while on the

pressure side, the Mach number 1is 0.065 indicating the assymmetric
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nature of the wake. This can also be evidenced in the large difference
in the displacement thickness (Figs. 29, 40). Note that as the solution
proceeds downstream, the Mach number on the suction and pressure sgides
reach the same value as the normal pressure gradient across the wake is
alleviated. At x/c = 1.5 the Mach number on either side of the wake has
reached a value of 0.068. Calculations in the wake are done in the
inverse mode where the mass flux parameter is specified. The final
distribution of this parameter is presented in Fig. 42. The wake veloc-
ity profile at x/c = 1.01 is found in Fig. 43. The fluid at the wake
centerline has accelerated and the point of minimum velocity has moved
up into the suction side of the wake. This curvature of the centerline
i1s caused by the asymmetric nature of the wake. From Fig. 43 it is seen
that the slope of the velocity decrease is steeper on the pressure side
than the suction side of the wake. This 1is similar to the experimental
study of Gallus [5,6]. Note that the velocity in the wake has been
divided by the suction surface edge velocity and plotted against the
Levy-Lees coordinate n which is used once again to minimize wake spread-
ing and, therefore the computational effort. Figure 44 shows the wake
profile at x/c = 1.045. The flow continues to accelerate along the wake
centerline and the point of minimum velocity has moved up farther into
the suction side of the wake. This curvature effect can be related to
the deviation from the inviscid exit flow angle experienced in actual
compressor cascades. Note that the suction side edge Mach number has
decreased while the pressure side edge Mach number has increased as the
flow is alleviating the normal pressure gradient in the wake. Figures

45 through 49 give the development of the wake profile up to x/c =
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1.490. Figures 49 through 51 show the wake velocity profiles versus the
nondimensional physical coordinate y/L, where L is the chord length for
x/c = 1.01, 1.225 and 1.487, respectively. It is seen that the wake
width increases and the velocity gradient decreases as the distance from
the trailing edge increases.

From the numerical study of the Gostelow cascade, it can be con-
cluded that the numerical analysis can handle flow separation and asym-

metric wakes in terms of wake development and cascade deviation angle.
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CHAPTER 4
Numerical Results and Comparison with Experimental Data

4.1 1968 Stanford Conference Data

The first case to be analyzed was a comparison with the data of
Lugwieg and Tillman [66] for a mild adverse pressure gradient. The flow
identification‘number was 1100. The turbulent boundary layer calcula-
tion was initiated by matching the skin friction coefficient, displace-
ment thickness and momentum thickness at the starting point. The values
of the freestream velocity and velocity gradient were specified and the
direct calculation mode was used for the boundary layer calculation. A
comparison of the calculated skin friction coefficient distribution
versus the experimental values is found in Fig. 53. An excellent match
between the analytical and experimental results was obtained. This
indicates that the chosen turbulent eddy viscosity model was working

properly.
4.2 Flat Plate Symmetric Turbulent Wake Data

The development of the turbulent wake from the turbulent boundary
layers on the two sides of a thin flat plate with zero pressure gradient
represents a simple problem. However, it is of considerable interest as
it represents the limiting case of flow near the trailing edge of an
airfoll and into the wake. The data of Chevray and Kovasznay [67] was
chosen. An aluminum flat plate was used with dimensions 240 cm long, 50
cm wide with a constant thickness of 0.160 cm except the last 60 cm
where it was machined down symmetrically on both sides so that the

thickness tapered linearly to 0.025 cm at the trailing edge. Coil
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springs were used as turbulence generators installed at 30 cm from the
leading edge. This produced a thick and stable turbulent boundary layer
at the trailing edge. The Reynolds number based on the boundary layer
thickness was 1.5 x 104. The flow was uniform over 757 of the span at
the trailing edge and 60% of the span at the last wake station, indicat-
ing the two-dimensionality of the flow.

For the numerical analysis, the displacement thickness and shape
factor at the trailing edge were matched with the experimental values.
The flow over the first 30 cm was calculated as laminar with an instan-
taneous transition to turbulent flow at 30 cm. To match the experiment-
al displacement thickness and shape factor, the calculation proceeded
along the zero pressure gradient flat plate up to X/L = 1.1. The calcu-
lation into the wake was initiated at X/L = l.1. The comparison of the
predicted wake centerline velocity against the experimental centerline
velocity is found in Fig. 54. The calculation was an interactive calcu-
lation in the inverse mode. The agreement between the numerical analy-
sis and experimental data is very good. At the far downstream location,

the centerline velocity is underpredicted by approximately 37%.
4.3 Supercritical Cascade Builds 1 and 2

In recent years, compressor cascade technology has advanced to the
point where mathematically defined airfoils can be designed for given
aerodynamic and structural requirements. One important example of this
type of designed airfoil is the supercritical airfoil. Supercritical
airfoils are transonic airfoils which operate with subsonic inlet and

exit flow velocities with embedded regions of supersonic flow adjacent
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to the airfoil suction surface. The term supercritical refers to the
presence of velocities in the flowfield which are above the critical or
sonic speed. This type of cascade, if designed to be shock free, proved
to be superior in overall performance in comparison to standard airfoil
series. To obtain a shock free design, however, requires an accurate
prediction of the blade-to-blade flow field. Mathematical techniques
that closely model the aerodynamics of cascades except in the region of
thick blunt trailing edges are available. 1In this region inviscid flow
calculations are inadequate even with boundary layer adjustments to the
airfoil surface because they do not account for the strong interaction
or model the wake. The wake modelling deficiency leads to two major
problems. The first problem arises because the surface velocity distri-
bution cannot be computed accurately without accounting for the strong
interaction between the viscous and inviscid flow fields. The second
problem involves inaccuracies throughout the entire trailing edge re-
gion. The large velocity variation at the trailing edge creates an
artificial disturbance which leads to errors in the calculation of the
downstream flow properties when wake mixing calculations are used.

To assess the accuracy of the current calculation, a comparison was
made with the experiment data of Hobbs et al. [68]. Detailed cascade
wake flow data was obtained for two configurations. Build 1 was a
supercritical fore~loaded cascade, while Build 2 was the standard multi-
ple circular arc aft-loaded compressor cascade. To achieve acceptable
measurement accuracy near the trailing edge, a large scale, low speed
experiment was performed. The scale-speed combination was chosen to

retain dynamic similitude in the wake by holding the Reynolds number
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based on airfoil chord within the correct range. It was stated that
both cascades had undergone extensive high speed testing with no signif-
icant change in performance. The two-dimensionality of the flow was
maintained by controlling the endwall boundary layer flows to achleve an
overall midspan axial velocity density ratio near one.

The supercritical cascade Build 1 is presented in Fig. 55. Note
the waviness Iin the airfoil leading and trailing edge regions. The data
in Ref. 68 did not include the airfoil coordinates and an attempt was
made to obtain them from a sketch. Due to the inaccuracies associated
with the airfoil shape attempts to accurately predict the airfoil sur-
face velocity distribution had to be abandoned.

For Build 1 the following test conditions existed:

Inlet Air Angle 52°

Exit Air Angle 87.1°

Flow Turning 35.1°
Inlet Mach Number 1132

Exit Mach Number 0912
Profile Loss 0.017
Reynolds Number 4,78 x 10S

The surface Mach number distributions calculated from the experimental
static pressure data are presented in Figs. 56 and 57 for the suction
and pressure surfaces, respectively. The velocity profile near the
airfoil trailing edge and near wake were measured with a single hot film
probe. Kiel and five-hole combination probes were used for the wake
traverses.

The numerical calculations were initiated at the blade leading edge
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and transition to turbulent flow was assumed to occur at 4% chord. This
was the earliest station to initiate the turbulent flow calculation and
still maintain a stable calculation. The experimental Mach number
distribution was used as the input edge Mach number distribution. The
current analysis had no problems in calculating along the airfoil sur-
face and into the wake. The first station at which experimental veloci-
ty profile data available was for 97% chord. 1In Fig. 58 the numerical
results of the current analysis are compared with the experimental
profile for the suction surface. For the experimental data, the esti-
mated probe placement accuracles are $0.005 y/pitch in an absolute sense
and 0.0002 y/pitch in a relative sense. Taking this into account in
Fig. 58 produces excellent agreement betwe.en the numerical prediction
and the data. Figure 59 gives the comparison between the experimental
and calculated velocity profiles for x/¢ = 1 on the airfoil suction
surface., Excellent agreement is obtained between calculation and exper-
iment. Figures 60 and 61 show similar comparisons for the pressure
surface at x/c¢c = 0.97 and x/c = 1. Once again very good agreement is
obtained between experiment and calculation.

In Figs. 62 through 65 the comparison of the experimental versus
calculated velocity profiles in the near wake are presented for x/c =
1.01, 1.02, 1.03 and 1.06, respectively. Agreement between the experi-
mental and calculated wake profiles 1s excellent and the highly asym-—
metric wake 1is clearly evident. Figure 66, for an intermediate wake
station of x/c = 1.13, also shows excellent agreement between calcula-

tion and experiment. It can be seen that the width of the wake {is

increasing and the velocity defect is decreasing as the wake wmoves
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downstream. Figures 67 and 68 give the velocity profiles in the far
wake at x/c = 1.39 and 1.65. The agreement between the data and calcu-
lation is good particularly in terms of wake width and shape, however,
the velocity at the wake centerline is low by about 10%Z. The calculated
profile loss coefficient for Build 1 was 0.0179. The coefficient was
overestimated by approximately 5Z when compared to test data.

For Build 2, a multiple circular arc aft-loaded cascade was inves-

tigated which is shown in Fig. 69. The following flow conditions ex~

isted:

Inlet Flow Angle 50.5°

Exit Flow Angle 87.1°

Flow Turning 36.6

Inlet Mach Number 0.1162
Exit Mach Number 0.0928
Profile Loss 0.0175
Reynolds Number 5.88 x 105

Figures 70 and 71 show the blade surface Mach number distribution calcu-
lated from the experimental blade surface pressure data for the suction
and pressure side, respectively. Note the peak Mach number has been
shifted aft in Build 2 in comparison to Build l. This results in a more
severe adverse pressure gradient near the blade trailing edge than Build
l. As in the calculation for Build 1, tramsition from laminar to turbu-
lent flow was at 4% chord. It was suggested in Ref. 68 that intermit-
tant flow separation was occurring in the last 10% chord on the suction
surface for Build 2. The boundary layer prediction routine used in Ref.

68 did not reach the trailing edge on the suction surface. The present
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calculation, however, changed the calculation procedure from the direct
mode to the inverse mode and had no problem marching to the blade trail-
ing edge and into the wake. Figure 72 gives the comparision between the
computed and experimental velocity profile for x/c = 0.97 on the suction
surface for Build 2. Excellent agreement is obtained between the exper-
iment and the computations. A similar result is seen in Fig. 73 for x/c
= 1 on the suction surface. Figures 74 and 75 show the comparison
between the experimental and computed velocity profiles at x/c = 0.97, 1
respectively, for the pressure surface. Good agreement 1is also seen
here. Figures 76 through 79 give the experimental and computed velocity
profiles for the near wake at x/c = 1.01, 1.02, 1.03 and 1.06, respec-
tively. Excellent agreement 1is obtained between computed and experi-
mental profiles in the near wake. The mixing in the trailing edge near
wake region is much more rapid for Build 2 than Build 1. This is be-
lieved to be due to the difference in the velocity profiles on the
suction surface at the blade trailing edge. The experimental and calcu-
lated wake velocity profiles for Build 2 at x/c¢ = 1.12 and 1.23 are
presented in Figs. 80 and 8l. Good agreement was obtained for the wake
shape, however, the minimum computed velocity was approximately 10Z low
at x/c = 1.12 and approximately 15% low at x/c = 1.23 in comparison to
the test data. The calculated profile loss coefficient was 0.0187. The
loss coefficient was overpredicted by approximately 7%Z. The discrepancy

is directly related to the under prediction of the wake centerline

velocity in the far wake.
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CHAPTER 5
Summary and Recommendations

A unified approach has been presented to calculating the two-dimen-
sional blade-to-blade flow field and ensuing wake for advanced compress-—
or cascades. For laminar supersonic flow, operating in the direct mode
with pressure gradient specified, the current analysis has compared well
with existing numerical methods. For turbulent calculations in the
direct mode, the analysis gave excellent agreement when compared with
the Stanford Conference Ludwig and Tillman test data indicating the
turbulent eddy viscosity concept functioned properly.

For cascade analysis, the calculation routine had no problem in
handling the trailing edge separation in the case of the Gostelow com-
pressor cascade., This numerical test case proved the full capability of
the analysis by combining the solution of the full potential equations
as input to the boundary layer computation for calculation in the direct
mode. The routine located the region of strong interaction near the
blade trailing edge on the suction side and the inverse calculation
method was initiated whereby the "boundary layer mass flux" is speci-
fiede The routine had no difficulty in integrating through the separa-
tion region to the blade trailing edge and into the wake. The new
inviscid velocity distribution was then efficiently calculated based on
thin airfoil theory and the interactive routine gave the final result
whereby the viscous and inviscid flow fields were correctly matched.
The expected trends were calculated by the overall calculation proced-
ure. The adverse pressure gradient was relieved on the suction side of

the blade and as this occurred the length of the separation bubble at
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the trailing edge diminished from 10% chord to 3% chord. The expected
asymmetric wake was calculated and due to mixing in the wake the normal
pressure gradient due to the mixing of the pressure and suction surface
boundary layers was alleviated.

The overall calculation procedure was successful in the calcula-~
tions of the flat plate turbulent symmetric wake profiles. In the near
and intermediate wake, the match with the experimental data was excel-
lent while at the far wake location, the centerline velocity was down in
the computation by approximately 3%.

The procedure was successful in the prediction of the viscous flow
field of current technology multiple circular arc and advanced technolo--
gy supercritical compressor cascades. The agreement for the velocity
profiles on the blade surface and in the near and intermediate wake was
excellent. For the far wake, the general shape showed good agreement
between computation and experiment, but the computed minimum velocity
was consistently lower than the experiment. This was also evident in
the flat plate comparison. The problem is believed to lie in the wake
eddy viscosity term and the rate at which the turbulent eddy viscosity
increases along the wake centerline. But, the result is not alarming,
as most advanced compressor designs have blade row spacings on the order
of 1/4 chord, and the current analysis compared well with experimental
data in this range.

However, more work 1s required in the modelling of the turbulent
eddy viscosity for cases where the far wake is important. Also in the
regions on the blade surface where separation is present the current

eddy viscosity model is highly suspect. The current model does not
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include the normal stresses which are in general small and can be neg-
lected. Near separation, however, the normal stresses grow and must be
included if an accurate analysis 1s to be completed. Therefore work is
also required in choosing or developing a model which can accomplish

this consideration.
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CHAPTER 6
Conclusions

A new computationally efficient compressible viscous—inviscid
interaction calculation procedure has been developed and tested for two-
dimensional cascade flow. Comparisons with numerical studies of other
authors and with published test data have been made and excellent cor-
relation of cascade pressure distributions, skin friction distributions,
blade surface velocity profiles and wake profiles has been obtained for
both laminar and turbulent flow. The calculation procedure is robust
and easily handled all flow fields investigated, including a numerical
test case with mild flow separation. The procedure is computationally
efficient with an averaged calculation time for a compressible turbulent
blade to blade flow field and wake calculation taking less than eight
minutes on an IBM 3090 machine.

Finally, the eddy viscosity model of Cebeci for turbulent symmetric
wakes was successfully modified to account for asymmetric wakes and good
correlation was obtained in comparing the predicted wake velocity pro-
files with experimental velocity profiles for two advanced compressor

cascades.
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FIGURE 1 SAMPLE COMPRESSOR GRID
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FIGURE 2 GRID TRIANGULAT I ON
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FIGURE 3 CONSTRUCTION OF MESH POLYGONS



FIGURE 4 LOCAL GRID CONSTRUCTION
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FIGURE 28 GOSTELOW CASCADE TURBULENT FLOW VELOCITY PROFILE
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FIGURE 32 GOSTELOW CASCADE TURBULENT FLOW VELOCITY PROFILE
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FIGURE 33 GOSTELOW CASCADE TURBULENT FLOW VELOCITY PROFILE
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FIGURE 34 GOSTELOW CASCADE TURBULENT FLOW VELOCITY PROFILE
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FIGURE 45 GOSTELOW CASCADE TURBULENT FLOW WAKE VELOCITY PROFILE
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FIGURE 46 GOSTELOW CASCADE TURBULENT FLOW WAKE VELOCITY PROFILE

147



SUCTION SURFACE MACH NUMBER=0.069
PRESSURE SURFACE WACH NUMBER=0.068

J

40

30

i

20 -

10 X/C=1.325

1

ETA (LEVY-LEES NORMAL COORDINATE)

-20 T T | T ! T T T T !
-0.2 0.0 0.2 0.4 0.6 0.8 1.0

F=U/UES
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CASCADE DATA
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FIGURE 35 SUPERCRITICAL CASCADE BUILD 1

156



EDGE MACH NUMBER

SUCTION SURFACE
EXPERIMENTAL DATA

0.16 4

0.14 4

[

—

N
1

0.10 4

0.08 4

0.06 -
L L L N

0.0 0.2 0.4 0.6 0.8 1.0 1.2
STREAMWISE DISTANCE (X/L)

FIGURE 56 SUPERCRITICAL CASCADE BUILD 1 EDGE MACH NUMBER

157



EDGE MACH NUMBER

PRESSURE SURFACE
EXPERIMENTAL DATA

0.16 -

0.14 4

o
—_—
N

0.10 -

0.08 -

0.06 4
T T T T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2
STREAMWISE DISTANCE (X/L)
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FIGURE 58 SUPERCRITICAL CASCADE BUILD 1 TURBULENT VELOCITY PROFILE

159



SUCTION SURFACE
MACH NUNBER=0.098

X/C=1.00 1

Y/PITCH (NORMAL COORDINATE)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
F=U/UE

CASE  ——— CURRENT ANALYSIS + + + TEST DATA (REF. 68)
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FIGURE 66 SUPERCRITICAL CASCADE BUILD 1 TURBULENT WAKE PROFILE

167



SUCTION SURFACE MACH NUMBER=0.096
PRESSURE SURFACE WACH NUMBER=0.096

0.4

0.2 1
o ] 1
'_ 3
= '
= L
S
S 0.0 &
2 ST
S ] X/C=1.39 I
~— : ;
E; 1
0.2 ] *
+
—0-4 . T T T T T T T Y T T T ]
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
F=U/UES
CASE  ——— CURRENT ANALYSIS + + + TEST DATA (REF. 68)

FIGURE 67 SUPERCRITICAL CASCADE BUILD 1 TURBULENT WAKE PROFILE

168



SUCTION SURFACE MACH NUMBER=0.096
PRESSURE SURFACE WMACH NUMBER=0.096

0.5 -
|
0.3 - I
1
:.: 4
[ 4
= i
= 0.1 1 o ¢
S
S /3'(/
=
=
S -0.1 - X/C=1.65
<
Sy
-0.3 -
1
05 +——"F———— T
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
F=U/UES
CASE  ——— CURRENT ANALYSIS + + + TEST DATA (REF. 68)

FIGURE 68 SUPERCRITICAL CASCADE BUILD 1 TURBULENT WAKE PROFILE

169
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FIGURE 69 SUPERCRITICAL CASCADE BUILD 2
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PRESSURE SURFACE MACH NUMBER=0.096

0.50 -
_0.25
Ll
—
=
= ]
s 1
S ]
S 0.0 A
-
=
g X/C=1.23
S ]
-0.25 1
-0.50 T T T T T T T T T T T T 1
-0.2 0.0 0.2 0.4 0.6 0.3 1.0 1.2
F=U/UES
CASE ——— CURRENT ANALYSIS + + + TEST DATA (REF. 68)

FIGURE 81 SUPERCRITICAL CASCADE BUILD 2 TURBULENT WAKE PROFILE
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APPENDIX I
Solution of Block Tridiagonal Set of Equations

For the inviscid flow solver, a block tridiagonal set of equations

was presented in Chapter 2 as

At 1 =1
B1 A¢1 + c1 A¢2 = d (2.19)

For 1 = 2 to NGX - 1

Ay Béyy + By 80y +Cy By =4y (2.20)

i = NGX

A, Ad,_, + B, Mg, = d, (2.21)

The solution of this set of equations 1s accomplished by a method

presented by Swift [42] as follows;
From Eq. (2.19)
Ap, =4 [d -C ¢~ (A.1)

At 1 = 2

¢ C, 4% d A.2)
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Combining Eqs. (A.l) and (A.2) gives

A$2=[§ -A B, C=

) , B € d, = A, B" d;= - C, A¢,} (A.3)

If this process 1s carried out for each row of submatrices in M

where
MAap =1L
is a description of Eqs. (2.19) through (2.21), the the following set of

recurrence formulae arise.

H. =8, -A, H, C (A.4)

= = ==-—1 =
Hn = Bn - An Hn-l n-1
and

- = =—=] -

Q = Ay H 4y

Q, =A, A0 [d, - Q] (A.5)
2 372 2 1 °

g =k, 8@ -3
n n+l n n n-1

The formulae for the back substitution are as follows. Starting at the

grid line

i = NGX
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gloqa

Abyex = Hyex l9nex ~ Uex-1"

- =-=] -

8yex-1 = Byex-1 [9nox-1 = ex-2

Nex-1 2®nex”

(o]}
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