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(ABSTRACT) -

A model for the dynamic response of a laminated composite arch is developed from classical

shell theory. The problem is reduced from a shell to an arch by making an assumption that the

variation of the field of variables in the direction of the width of the arch is small compared to those

in other directions. Standard separation of variables is used to change from a system of partial

differential equations to that of ordinary differential equations. Several methods of solution are

explored, narnely the Laplace transformation, the method of particular solutions, and the

eigensolution. The eigensolution is chosen as the the most efficient in terms of computer time and
A

is the easiest to modify. The free vibration of the arch is explored and the natural frequencies of

the system are determined. The response of the arch to general forcing functions is also considered,

by the use of the Fourier transforrnation technique. Damping through material viscoelasticity and

use of the model in evaluation of experimental data are also discussed.
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Chapter 1

INTRODUCTION

The history of composite materials is long and varied. Recent developments in the üeld have

gained widespread acceptance by engineers and others as high performance structural components.

Composite materials are defined as being composed of two or more materials that are joined to-

gether in such a way that the components retain their integrity. This results in a new material

possessing properties that cannot be achieved by using the components seperately. The idea of

composite materials is not new. Composites have been in use throughout history, from early times

when bricks were made from straw and mud, to the modem use of concrete, which is made up of

a load·bearing component, rocks and sand, and an adhesive, cement. More sophisticated is the idea

of reinforced concrete, which has steel bars embedded in concrete. Employing the same principle,

on a smaller scale, are über reinforced composite materials, which consist of load bearing parts,

usually übers, embedded in an adhesive, generally an epoxy resin. A common arrangement is to

have long continuous übers oriented in a single direction, which results in a material that is very

strong in the direction of the übers, but rather weak in a transverse direction. To counteract this

drawback, layers of übers can be placed in varying directions, to yield a material which can have a
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wide range of material properties, dependirrg on the orientation of the übers within it. This ability

to manipulate the material properties of the final product is one of the characterstics which makes

composites such an attractive structural material to today’s designer. Also, in its precured state, the

material is rather flexible and easy to manipulate, so that parts that previously had to be machined

seperately and then assembled can be made as one piece with a minimum of wasted material and

post processing assembly.

Modern über reirrforced-composites, made with übers such as graphite or Kevlar, are lighter

and stronger than conventional materials such as aluminurn or steel. While raw material costs are

higher, there are cost-effective applications in high-performance üelds, such as military aircraft and

space structures, where weight reduction is at a premium. The benefits of these materials were ap-

parent very quicldy, and once sufficient technology was established to guarentee a continuous

market and supply, production and applications of composites accelerated. Composites have been

the subject of intense research in the last decade or so, because they are so different from conven-

tional materials. Despite all the attention focused on the mechanics of composite materials, the _

technology and applications based on them continues to accelerate beyond the current scope of

understanding, and so it remains a dynamic and expanding üeld of study.

As mentioned before, one of the more appealing characteristics of composite materials is their

capacity for being formed into parts that would generally require extensive machining and/or as-

sembly. In addition to the complex micromechanics involved, the structural analysis of these parts

must also include the behavior of unusually shaped pieces. Many of these analyses are possible

only through numerical techniques such as ünite element modeling, or other ^'mathematical disas-

sembly' of the structure. Unfortunately, analytic models are available only for the simplest of

composite structural components. One of the most obvious omissions from this list of available

models is one for a composite arch.

Curved panels are an important structural element of many composite components, such as

fuselages or motor casings. While the whole assembly is more properly modeled as a cylinder, some

test specimens must be modeled as rings or arches. These components frequently a.re subject to their
’

greatest stresses at dynamic, rather than static, loads, and so it is the material properties under these
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conditions that are most critical. One piece of test equipment that is designed to determine the dy-

namic properties of a specimen is the Dynamic Mechanical Analyzer (DMA). This is a system

designed by DuPont, and can give such information as the storage and shear moduli, along with a

measure of the damping inherent in a material under given conditions. To test a particular material,

it is necessary to obtain a small specimen from the structure. However, when the structure in

question is round, such as is the case with a rocket motor casing, the sample from the circumference

is necessarily curved, and in this case was a complete serni-circle. This led to problems with the

DMA, because it is part of a complete data-analysis program set up for tlat rectangular specimens.

. The material used in the test consisted of a semi·circle made up of fibers running in the

circumferential direction, held together by an epoxy or other bonding agent. The properties of this

material, particularly the modulus of elasticity and the amount ofdamping present under a dynamic

load, were investigated. The input parameters to the DMA were modified to correct for the extra

length of a curved specimen, and the system was excited at resonance.

To account for arch mechanics, above and beyond the extra specimen length, and to incor-

porate the anisotropy of the material, a model was required for a composite arch, subject to the j

excitation like that induced by the DMA. Upon investigation, very few, if any, models for the vi-

brations of a composite arch were found in the literature, and none was applicable to the immediate

problem.

The model that is developed in Chapters 2 and 3 is based on shell theory. The equations of

motion are compared to shell equations derived by two different methods. ln Chapter 4, the re-

sulting solution to the free-vibration problem is compared with existing solutions for an isotropic

arch and with data from vibration testing of other composite arches. Upon obtaining reasonable

agreement with these sources, the forced-vibration case is solved, up to and including general forcing

functions, to complete the problem solution. Chapter 5 contains a discussion of the results of the

model as they apply to interpreting the DMA data, along with a brief explanation of the damping

mechanism employed in the model and its effects on the arch response. Finally, a list of sources

for additional reading on the vibration of arches is included in addition to the references in the

bibliography which were used directly in developing the model.
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DIMENSIONS AND ASSUMPTIONS

The test specimen was modeled as a semicircular arch, as shown in Fig. 1, with radius R,

clamped at both ends, and subjected to a steady harmonic excitation at one end of the form

A
e'°‘,

where Q is the excitation frequency, and A is the amplitude of excitation. The coordinates

are z, 0 and x. The dimensions of the arch are h in the z direction, i.e., the thickness of the arch,

a in the x direction, and 0 to 1: radians in the 6 direction. The displacements are u in the x direc~

tion, v in the tangential direction, and w in the radial direction. The equations of motion were de-

iived using the classical theory of elasticity and minimization of the system energy by using

Hamilton's principle. The following assumptions were made in the derivation.

1. h < < R. V

2. u and v are linear functions of z.

3. h and R are constant.

4. The strains associated with the z direction; 6,, 6,0, and 6,,, aß negligible with respect to the

other strains.

5. Rotatory inertia and shear deformation are neglected.

6. There are no body forces.

Polar displacements in the coordinate system as shown in Fig. 2 are given by [1]:

0 0

u=!l0-2%, v=v°(l+%)—7‘;—-gg}-, w=w° (1)

where u°, v°, and w" are the midplane displacements in the x, 9, and z directions, respectively.

Using the classical linear theory of elasticity, the strain-displacement relationships are given

by [2]:

1 öv ö 1 ö
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where 6, and 6, are the normal strains in the indicated directions, 6,, is the shear strain between the

x and 0 planes, and r is the running variable, defined by r = R + z

Substituting the displacements in terms of the midplane quantities, Eq. (1), into the strain

displacement equations, Eq. (2)yields:,

=.@.‘l_z.QÄK , =K4,Kä_L.L+ix 0x öx2 ° 0 V VR ÖH VR ÖÜ2
’

_ 1 0u° Ä 0v° Ä Ä 02w°"’#=°'r 66 +(1+R)0x —(R+V)0x00 (3)

When the the Saunder’s approximation, [3], is applied, R + z= rz R these relationships

simplify to:

- E _ KK - L K + K _ K Esx- 0x Z öx2 R ÖH R R2

L 48*0- R 00 + 0x R 0x00 ()

These expressions in terms of the midplane strains, 6** , and midplane curvatures, x are:

0 0 _ 0Sx = Sx '(' z"x• S0 = S0 + z"0• Sx0 "

Sx0where

0 0 0 0=$’== %‘i··

=ä=„-_&'i„=_L@i°.„=_L@ (6,
X —

öx2 ° 0 R2 ÖH2 ° xa R 0x00

By employing Hooke’s law for plane stress, the stress-strain relations can be written as [4]:

(
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Vx Q11 QIZ Q16 **9:

°0 = QI2 Q22 Q26 88 (7)

**:0 Ql6 Q26 Q66 ~*=x0

where 6,, , 6,, and 6,, are the stresses in the x , 0, and xH directions, and the Q, are the elements

of the reduced stiffhess matrix. This matrix is derived in detail in Appendix A.

As in classical lamination theory, the resultant in-plane forces and resultant moments can be

defined as, [4]:

n n+7 +7
h (dx,60,G’x8) dzand'T

"T

where N,„, N,, and N,„, are the resultant forces per unit length in the directions indicated by the

subscripts, and M,, M,, and M,, are the resultant moments in the directions indicated by the sub-

scripts.

The derived midplane strains and curvatures from Eq. (5) are substituted into Eq. (7), that

expression substituted into Eq. (8), and the integral is taken with respect to z,. Then the resulting

relationships can be written:

1v A | ß „°

·- = ·- ·- ·— ·· (8)

1W B | D x

where

N = [Nx N, Nx,]T and M = [Mx M, Mx,]T

u· v· u· L v( ·Z·Z) Z,460-+801 Za (9)
" 2
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for which AU are elements of the extensional stiffness matrix, [A] , BU are elements of the bend·twist

coupling matrix, [B] , and DU are elements of the bending stiilhess matrix, [D] . For special cases

with certain symmetxies, such as an orthotropic or isotropic material, many of the elements of these

matrices are identically equal to zero.
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Chapter 2

EQUA TIONS OF MOTION

‘ There are several ways of determining the goveming equations of motion for shells. It is pos-

sible to use the three-dimensional theory of elasticity [3], or the theory used in curved beams and

bars [5], or the principle of minimization of system energy [2]. All of these methods should agree,

to a certain extent, depending on the consistency of the assumptions employed in each formulation.

The method chosen in this study is the minimization of total system energy because it is relatively

rigorous and yields the necessary boundary conditions. The resulting equations are compared to

those derived using modified beam and bar theory, and the results from those different derivations

are also compared and discussed.

The relevant quantities in this formulation are the potential energy due to strain and the kinetic

energy of motion. The strain energy,
U‘**,

for the kth lamina, written in terms of the reduced

stifiness matrix and the strains, is:

lUe = ; [ [ [{Q1'1~; + zQ12>.„. + zQ1:¤.s.„ + zQs:~„».. +

l0



Q§’§’
aß }R dz d6 dx (10)

Substituting in the straimdisplacement relations from Eq. (4) into Eq. (10) yields:

(1;) _ L (1) 6u° 2 ö2w° öu° 2 _ ö2w° 2U - 2 öx 2z öxz ax + z öxz l

(1;) L öu° _Q_vi 6
“"2Q‘*{1z ( öx 69

+”

MLM _i11i+LM+„¤ -6MR2 öx ögz R ÖÜ öxz

2 2 0 2 0 0 0 0(1;) L _öw _öw (1;) öu L öu L+ 2912 R2 2916 öx Röx66

L M _ü L M M _LM‘*‘ 2916 {Zi R < öx 6x66 + R 09 + 69 5x2

2 2 o 2 0ua) L _Lv.
+ ZQI6 R2öxg<1«>

L M 6 L .M M(60
+”>(1z

69 + öx

(11 L L ...ö¤° M
R2(R 59 + 6x 592

(10 L M <>
+2Q26 {zlgdl-

R2ll



+ 2Q$?{%(·%)<—-§.%>}

+ +
w··)’

+++

2%2

2 0 2 (11)

Integrating with respect to z gives the total system energy U for the shell and yields an expression

intexms of [A], [B], and [D], the matrices describedinEq. (9).

U(”“+

~=«<%)<·é· —— %> —~

äI2



L Ä 1, L öu° 6v** 1 ö2w° ö2w°+2A*° R < 69 +“’)(R 69 + 06 2 (_öxöH)R ÖÜ

L L 611** 6v** ö2w° 1 ö2w° 6v** 1,
60 + öx)( 662 +R2 —öxö0 66

+“'

.,.A L _@
*2 R2 66 *2 R 60 662

L ö2w° 2 1 6,1** 66** 2
+12** R4( 662 > +A°°(R 66 + öx

L L öu° 61** ö2w° 1
2

ö2w° 2+2966 R (R 60 R2_öxö0The

kinetic energy of the system, T, is:

0 2 0 2 0 2T:
éwplwßä-) (13)

where t is time, and p , the mass per unit area, is defined in terms of the mass per unit volume

of the kth layer, p<** as:

+§ kp =
p( 2dz (I4)

L' 2

Once these expressions are inserted into Hamilton’s principle, the energy is minimized by

taking the first variation of the expression. Then the arbitrariness of the virtual displacements is

, invoked to yield the desired equations of motion and the boundary conditions.

Hamilton’s principle as applied to this problem is:

I3



I
öl = 6Ö[2Ldt = 0 (15)

l

where L is the Lagrangian, defined as: L = T — U subject to

66°· 6»°· 666 6w° = 06: z = 1, 3.I1dI = :2 ~ (16)

for which öu°· öv°· and 6w• are virtual displacements.

Taking the first variation of the potential energy and regrouping the resulting terms leaves:

G 8
A_ Öuo 12 Ä 066-f HMTÖT) 6, T(Ö6

6

L ..Ö“° Ä L ¤+"‘°<R 09 + 6666
‘S“

j

ö2w° B12 ö2w° ö2w° 6
6600

E6'},

öuo A22 ji 0(ÖÖ +6)

L ..ö¤° E L (L <> o)+A2°(R 60 + 66 )j{R ÖH

6"ö2w°B2; ö2w° B26 ö2w° 1 (L 6 6- {ß„(TcÖ
>

+ (T + 2—R ———ÖxÖÖ R ÖÖ öv + öw)

öu° A26 ä 6{A‘°(
66)+ R (08

+‘”)

14



A
+11„(%%;;+ %·%1„«·)

-{zß„,(%)+zl’Äg-*-(% wo)

ÖW0)jldJCRdÜ (17)
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Writing this in terms of the in-plane forces and moments results in a simpler expression. In this

form the equations appear as:

G 7l‘
N

- L 0 ..9. L 0 0 L L 0 L 06u)+ R (ÖH öv +6w)+1v,„„(R ÖH 66 + öx öv)
0 0

Ö2 0 fg Ö2 0 2Mx9 Ö2 0öw) R2 602 öw öw dxRd6 (18)

In order to isolate the variational displacements, it is necessary to integrate by parts, term by

term. The individual steps in this process are not shown here; the end result is:

G 7l

- _ L .. L L
‘ 0öU—·[j‘[< 6x N2 R 66 N2“’)6u

0 0

L L _ L 0+ <’
R 66 No öx NX°)6"

Ö2 1 Ö2 1 Ö2 ßR Öwo dxRd6

”
0 a l 0 a Ö 0 a

+‘|‘
[NXÖU Io + E- Nxoöv lo — Mx*ä';ÖW Io0

+ é (M,„)6w°|3 — Mxo %6w°|g]Rd9

a 0 1r 0 1: 1 Ö 0 1r
Io'° FM0 Io

0

I6



L L ¤ # L L 0 ¤+ R ag (M0)6w Io + R öx 10]d.x (19)

The variation of kinetic energy can be developed in a similar fashion. The final result of that

variationis:

2 0 2 0 2 06r= VV-p + + dxRd9 (20)o o öz äz öz

These variational forms are now inserted into Hami1ton’s equation to yield:

rz C E 2.2. 2. L _ L2~"N‘+ Rö8r,
o o

+ L N + LNR69 9 öx X9 0,2

62 1 Ö2 1 62WM0+E-N

2- l - 6w° dxRdHdt, R ör

66919 + l 1v öv°|° — M —‘?—6w°1“
tl 0

X 0 R x9 0 x öx 0

ö 2 ö+ (M,) 6w° 1S - ? MX0 §6w°1g]R66dz

l7



V“V[N
6v°|” + N 6u°|” - iM Ä—6w°|"

tx 0
0 O x0 0 R 0 0

L L 0 ·= L L <> ¤ -

The only way for this expression to hold for all cases is for all the coeüicicnts of the virtual

displacements to be identically equal to zero, which yields the three equations of motion, and for

the boundary terms to be also equal to zero, independently. That is to say, every term, in addition

to the sum of terms, is constrained to be zero. These terms yield the necessary boundary condi-

tions. The resulting equations of motion are:

6 1 6 _ ö2u°
ax N, + R aß

N,„ - mz (22)

L L L - ä

6* 1
6’

1 6* N6 ö2w° (Z4)

The required boundary conditions are:

N, 6u°|g = 0 N,„ 6v° 13 = 0 ‘

M l6w°|°=0 l(M)öw°|°=0 ~X öx 0 öx X 0

Ö 0 a _ 0 7l __
lo—0 Ngöv |0—0

N,o6u°|§=O M0‘£'ÖW0|g=0

I8



6 60 666* 1;,* = 0 (2s)

The equations of motion, in terms of the components of the [A], [B], and [D] matxices, are:

6%** A16 6%** 666* L 62u° Özvo
**116,,6 + R <ÖXÖÜ + öx +4** R ÖJCÖÜ + öxz

+ A26 Özvo
+ 666* + A66 L Özuo

+
Özvo _B ö3w°

R2 ÖH2 60 R R ,602 66666
“ öxa

- E; Ä
R* ÖXÖÜ2

_ SBI6 ( ö3w° )_ B26 (6*66* ) _ 2366
<

6*66* >= P Özuo (26)R ÖÜÖX2 R* 66* R* 66666* 66*

· A 2 0 A 2 0 0 A 2 0
K2

0 012 öu +22 6v+6w+26Löu+2öv+6w
R Öxöü R2 ÖÜ2 ÖÜ R R ÖH2 ÖÜÖJC öx

Özuo 1 özuo 6%* B12 6*66*“""*(
6666 >““"**(? öxöß

“’
6666 ' 6 ößöxz

_ B22
<

ö3w° 3B26
<

6366/’R*
66* R* ÖJCÖÜ2

6*66* 2B26 ( ö3w° ) 6%*— B —— (27)‘°(
666* ) R ÖX2ÖÜ P 66*

**412 öu° A22 öv° 6 A26 L öu° öv°
R<666'R2 öH+w_R RÖÜ+ÖX

ö3u° B12 ö3v° 2ö2w° lö3u°+B —— + — ———— + —i + — —-“<
666* R 666*66 666* R ÖÜZÖX

I9



3 03110 03v°) B22 0v° 02w°+ B — —— + — + — —— + i‘°(
R 0x200 öx3 R3 663 663

B26 1 03u° 03v° ö4w° 2Dxz ö2w°+ 2 'T _TTR 0x00 0x 00 0x R 0x 00

- i3ln(M)_ ä<.<E)_ i‘.3M<@«i.)R 66:366 R3 663 R3 0x 663

_ = „ M (2,)R3 6;:3 663 6:3

The problem is reduced to an arch by assuming that there is no va.riation in the x- direction.

This requires that all terms containing 0/0x equal to zero. When this is done the above equations

become:

V
A 2 0 0 A 2 0 B 3 0 2 0 (29)R 66 @6 R R 66 R 66 6:

A22 02v° 0w° A26 l 02140 B22 03w° ö2v" ‘?(?+‘61‘+T R?·i„F?=3? <3°>

Az; 0v° 9 A26 1 6::°
°R2<66

+” “ R R00

B 0 2 0 D 0 2 0

+%(%+3%)—·%3(@)=«»3—‘ä— <3¤>R 66 66 R 66 6:

The boundary conditions given by Eq. (25) can be satistied by specifying the displacements

and some of the slopes at the ends of the arch, or by specifying that certain forces and moments

go to zero at the boundaries. The boundary conditions for a clamped·clamped arch are:

For 0 = 0

zo



0 _ 0 _ 0 _ Öwo __
u (0,:) - v (0,:) - w (0,:) - w(0,:) - 0

For 9 = 1:

'

u0(1:,I) = Vo(1I.’,I) = W0(1!,¢) = %(1r, I) = 0 (32)

The physical signiiicance of these boundary conditions are that the displacements and the slope

of the arch are specified, and are in fact zero, at both ends. These boundary conditions are sufiicient

to determine the system as presented. There are other boundary conditions, which involve the x-

direction, but they are not relevant to the arch problem. They are relevant when the equations for

a shell, Eqs. (26), (27), and (28), are employed.

To simplify the equations further, material symmetries are assumed. An orthotropic or

isotropic material has the characteristics of:

By=A16=A26=D16=D26=0

Removing these terms from the equations of motion yields:

A66 I 63:40 özuoT (TT = P S7 ‘”>

A22 ö3v° 6w° 626PT (T + T = P T 4)))

A22 öv° D22 ö‘5w° ö2w°U14 (@4 “'”°>‘ R4 664 =" ÖI2 (35)

It should be noted that the first equation is not coupled to the second two, and is merely the

classical wave equation with zero displacement at the endpoints. The second ar1d third equations,

Eqs. (34) and (35), form the system whose solution is the basis of the rest of this thesis. The

boundary conditions for these two equations can be written:

5
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For 6 = 0

v°(0 1) = w°(0 1) = @(0 1) = 07 7 7

For 6 = 11-

0 0 6w°(„,1) ·
v (7‘l’,f) = W (7l’,l) = I) = O (36)

COMPARISONS

Before continuing with the solution of these two coupled partial diüerential equations, Eqs. (34)

and (35), it would be useful to find out how the compare to existing models which describe the

same physical system they are supposed to model. To this end, they were compared to other for-

mulations, both from shell theory, [2] and [3], and from papers available in the literature on

isotropic arches [5]. The equations obtained here agree exactly with those obtained by Whitney,

[2], because the methods of forrnulation were identical. Comparison with Flugge’s equations [3]

was a little more difficult, because his was an isotropic forrnulation for cylinders in bending. It was

decided to compare equations for the static case, to see how the order of the equations compared.

The results are presented exactly as in his book; only the notation has been changed to fascilitate ·

comparisons with the equations presented earlier. From [3]:

ö2u° 1 — V ) ö2u° ( 1 + v
>

ö3v° öw° px az _
0002 +( 2 002 2 61166

+“
öx + 12 ‘° (37)

1 + V ö2u° 6’V° 1 — V ö2v° 6VV" P6 az _
2 öxö6+ö92+ 2 0,02+ ö6 + 0 ‘° (33)

6u° öv° ö4w° 2 ö4w° ödwo 12, az _V öx + ÖH + w + k< 0 (39)
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Here, v is Poisson’s ratio, and k is another material constant; p,, ,0,, and p, are the applied

loads in the indicated directions, which are equal to zero. In this comparison, these equations are

essentially the same as Eqs. (29)—(3l) when isotropic conditions are imposed, which is to say

A16 = A16 = D16= D16 = 0Bu= O1 A11 = A11»a-ud Dll = D21

Comparison with an isotropic formulation for an arch is a little more difficult because the as-

sumptions made at the beginning of the formulation were different than those made here. However,

it is necessary for completeness to present the equations which generated the isotropic results used

for comparison later. Again, the notation has been changed so that it is consistent with that used
I

in the earlier equations. From Archer [5]:

6 0 0 2 0 2 2 0 2 0 66
R 69 69 69 6: 69 öl 69

0 _ 6v°
4

w - (4l)

. To attempt a comparison, the relationship w' = 6v°/69 may be substituted into Eqs. (34) and

(35), to give:

A
r

2 0 0 0%(%+—%)=»—% <42>
R 69 69 6: „

A22 6v" 6v° D22 65v° 63v°' R4 ( @4 ““ ÖH ’ R4 695 = " 66466
"“’

These equations ca.r1 be combined into one, which is:

A22 6*6** 6v° D22 656/’ _ Ö2 av°
2724(?+‘6 <"">

The form of this equation is similar to that of Eq. (40), with the most noticeable difference

being the order of differentiation, which is one order lower in the shell formulation. Eq. (44) was
‘

obtained from a modified beam theory, which could explain part of the difference. As stated before,

23



the main problem in comparing the two equations is the different assumptions made early in the

formulation. Archer [5] assumes inextensibility, Eq. (41) , where the shell theory is based on the

Kirchoff-Love hypothesis, and the two are not compatible. However, the results obtained with

these different formulations are compared in Chapter 4 and tum out to be surprisingly similar.

The problem, as stated, is to explore the behavior of the system subject to a harmonic forcing

function, F(z) = A
e‘°'

where A = 1 , where the excitation is applied in the tangential direction,

at the end 6 = 0. The technique chosen to solve the equations of motion was separation of vari-

ables, with the time part of the displacement chosen to be a harmonic function. The displacements
l

are written as:

W°(9„ I) = $(9) T(I) (45)

v"w„ I) = Vw) T(I) , (46)

where T(z) =
c"I" and Ei = frequency

In order to produce dimensionaless equations, the dimensionaless displacements, w = {Ö/h and

v = F/h are introduced. Eqs. (34) and (35) are non—dimensionalized by dividing by E, , the

modulus of elasticity in the tangential direction, and multiplying by the radius R. This results in a

non-dimensional frequency w = pi:/E, , where p is the mass per unit length of the arch. Taking

appropriate derivatives, substituting them into the equations of motion, and canceling the common

term ew" leaves:

6" avallä +a12w+ß1l§ =0 (47)

özv Q -ß21 ÖH; + ß22 V + **21 ÖÜ — 0 (48)

where
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I1 Rg
EG * 12 E9 R

• 21 REG

A22 A22 P wz R
ßll

_
RE0 1 ß21 ' REG v ß22 —

EBThcboundary conditions, again, arc homogcncous, i.c.:

Forü = 0

0
v(O) = w(0) O (SO)

Forü = 7Z

öw
0 (Sl)
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Chapter 3

SOLUTION TECHNIQUES

The problem is now to solve two coupled ordinary differential equations, Eqs. (47) and (48). Three
4

methods of solution were exploredz Laplace transformations, the method of particular solutions,

and eigensolutions. The results for all three are shown and compared. The eigensolution is the most

efficient in terms of computer time and is the easiest to modify, should it be desired to explore a

higher order theory. It is the eigensolution which was used to generate the results presented for the

more complicated case of forced response. All three methods give the same general results, which

provides a good check of the solution, and implies that the solution obtained is correct.

Laplace Transformations

The Laplace transform provides a very tidy and elegant solution to the problem. It is the only

method which is, without question, a closed-form solution. However, it proved to be a bit un-

wieldy to program, with problems occuring in the numerical stability of the solution, program
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length and run time, and difiiculty in applying modifications to the original problem. The Laplace

transform provides an excellent solution on paper, but it was difficult to implement.

The Laplace transform of a function is defined as:

- °° .,-9
w(s) a

I
w(9) e d0 (52)

0

In practice, tables of transforms are generally used. One very important relationship between

a function and its representation in the Laplace domain is the transform of its derivative. The

Laplace transform of the nth derivative of a function is defined:

d"ww> ,. - ,.-, ,.-2 dw<01 (53)

where s is the Laplace variable and W(.r) is the transform of the function w(6) .

Taking the Laplace transform of both sides of Eqs. (47) and (48) creates a set of equations in

matrix form in the Laplace domain. Note that some of the terms obtained in the transformation

process are equal to zero due to the boundary conditions at 0 = 0, and that only the nonzero terms

are shown here.

C1
,„, W(s)

[60)] _ = [1:0)] C2 (54)
v(s)

Ca

where

„ (2. S" + 21 ) ß S
[G] = ll 12 211 (55)

**21 ~‘ (ß21 ~‘ + ßzz)

0 (**11 J) allCF(S)] = ($6)
ß2l 0 O
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£
Cl dä

dzw 1
C2 = dgz (57)

C3 d3w

463 ‘

In order to isolate the W and Y7 terrns, it is necessary to invert the coefiicient matrix .

Becuase
[GTI

= Eäi- [G] , the equations of motion in the Laplace domain can now be written:

- C1
w(s) 1_ = [60)] [1:0)] 61 (58)
v(—<)

Ca

where

(1821 $2 + ßzz) —ßll ~" e[60)] = 4 (59)
_a2l 3 (all: + M2)

80) = M1 ß21s6 + ¤11ß21·Y4 + (M3 ßzl ‘ ¢21 ß11)~*2 + (112 ßzz (60)

These equations can now be solved to give an expression for w and v by taking the inverse

Laplace transformation of the Eq. (58). This results in a set of equations with a total of three un-

ktlowris, [Cl Cg Cglr

C1
w(ä) „

= |:F(8)] cz (61)
v(ä)

Cs

where

FG =.?“‘{L[G ][F ]} (62)[ < 1] gw (11 (11

l
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The boundary conditions at 6 = vr are given in Eq. (51). When these conditions are applied,

the resulting system is:

V(1!) Cl 0

w(¤) = [H(#)] C1 = 0 (63)
dw(1r) C3

°where

Erw Erw Erw
[H(0)] = Ä1(Ü) fi2(0) fis(Ü) (64)

fi1'(9) J‘i2'(9) fia'(6)

To get a non-trivial solution for the unknown constants, v’(0), w"(O), and w"’(0) , the de-

terminant of [H(0)] must equal zero. Becuase all the elements of [H(0)] contain 602 in some form,

it was decided to iterate for the values of 40* that yield a zero determinant. It was at this point that

— the teclmique encountered problems, and other altematives were considered.

The Method of Particular Solutions

The next solution is the method of particular solutions, as proposed by A. Miele, [6], The

problem as presented is a linear, two-point boundary-value problem so this method is appropriate.

The technique involves numerical integration, and thus is not a closed-form solution, nor is it as

elegant as the Laplace transform. However, its accuracy is limited only by that of the integration,

and the results were comparable to those for the transform technique. The solution presented here

is just for the given problem; those wishing to see the general solution are referred to Miele's paper.

The first step in this solution is to perform a reduction of order on the system of equations,

to change from two equations, fourth and second order respectively, to a system of six first order

equations, known as a state-vector approach. Starting from Eqs. (47) and (48), let
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y, = w, and y, = v . After performing standard substitutions in reduction of order, the resulting

system of equations has the form:

Y1, = Ya Y2' = Y4
Ya, = Ys

I ß22 °‘21 I , G12 ß12Y4 —
‘ß2l Y2 * ßzl Ya Ys —Y6 Y6 äh (65)

,- dywhere y = dä

öw

6I özw Öswy"=W'
y’=E?’

y°=§° (66)

Writing this in matrix form: .

yl 0 0 1 0 0 0 yl

y, 0 -ßll 0 0 1 0 y,
= (’¤¤ 6 (60

y, 0 0 —-Ä 0 0 0 y,
ß21

ßyé 0 0 -ä 0 0 y.

It follows from Eq. (49), E 1

Eq. (67) can be written in the form:

Ey]' = [A] Ey] (68)

Matrix [A] is the same as the one in Eq. (67), and is note the extensional matrix [A] defined

in Eq. (9). The boundary conditions in this notation are:

Y1(0) = Y1('¥) = Y2(0) = Y2(”) = Y3(0) = Y3(“) = 0 (69)
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The problem statement for the method of particular solutions is as follows:

Ey]' = EA] Ey] + Ea] (70)

EB] EY(0)] = Eß] (71)

EC'] Ev(¤)] = Ev] (72)

where ,

1 0 O 0 0 0

[B]=EC]=0l0000
E

(73)

0 0 1 0 0 0

0

Eß] = Ev] = 0 „
E

(74)

0 r

Given an mh order system with p given initial conditions, when employing this solution

technique it is necessary to integrate q = n — p + 1 times. In this case the system is sixth order,

with three proscribed initial conditions. Therefore, the solution is obtained by integrating from 0

to 1: four times, each time with different initial conditions. Let Ü'], be a solution obtained by the

äh integration. Then [j?(0)], is the corresponding initial condition used for that integration. The

set |;;7(0)],, i = 1,2,3,4, must satisfy the required boundary conditions given by Eq. (69), so they

must be chosen so that the first three elements are zero. Choosing the easiest linearly independent

set of boundary conditions that meet this requirement gives:
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0 0 0 0

0 0 0 0

N 0 N 0 N 0 N 0Lv(0)]1 = „ Lv<0>J1 = „ D·(0)]; = . [110111 = 0521 0 0 0

0 1 O 0

0 0 1 0

Numerically integrating four times from 0 to 1:, once each with the boundary conditions

[5(0)], , gives four linearly independent solutions for the proscribed system, denoted [5], . The

actual solution to the system is a linear combination of these solutions, which can be written as:

4
L11 = 262 L1 J2 1761

lll

The unknown constants C} can be determined by applying the boundary conditions at 1: in

conjunction with the auxilary equation

4
Zq = 1 1 (77)
i=l

This may be expressed as:

4
}9(#) = [,*7}]: (78)

I==l

where [Q], is the jth element of the vector U], = 5U

Because all of the elements of the proscribed boundary conditions happen to be zero, the re-

sulting set of equations are:
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~„„„ C1
P1(*¢) P11 P21 P31 P41 0

„„„„ C2P2(“’) = P12 y22 V32 y42
C = 0 (79)

„„„„ 3P3(¤’) yl3 y23 P33 P43 0
C4

Applying the auxilary equation yields a the set of equations:

P11 ;2l in äl C1 0

Ä2 Ä2 Ä2 J742 C2 0
„„„„ = (80)
y13 P23 P33 P43 C3 0

1 1 1 1 C4 1

However, application of this solution to the given system was more complicated than simply

solving a four by four system of equations. The fourth initial condition [}7(0)]4 is identically equal

to zero, and yields a zero solution at 0 = fl'. This implies that

[}]4E[0 0 0 0 0 01T

and thus C4 is completely arbitrary and adds nothing to the solution. Therefore, it is chosen to be

zero and is dropped from the solution [7]. Reworking the problem with only three integrations

yields the same first three solutions as before, and the system can be written:

ill P21 P31 C1 0

J712 P22 Ä2 C2 = 0 (81)

Pia 1723 P23 C3 0

and

C] + C2 + C2 = 1: (82)
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The last equation, Eq. (82), essentially defmes the length of the solution vector, while the three

by three system defines that same arrangement as in the Laplace section. That is to say, the de-

terminant of the coefficient matrix must be equal to zero to yield a non-trivial solution for the C].

This is done again by iterating for the value of w that yields a zero determinant. The solution given

by this method was accurate to the accuracy of the numerical integration, but numerical problems

occured before achieving a sufiiciently small determinant.

Eigensolution

The solution begins the same way as the method of particular solutions. However, starting

from Eq. (68):

[.}']' = [A] D']

’
the solutions differ.

This is a sixth order equation, so the matrix [A] has six eigenvalues, and six associated _

eigenvectors. The general form of the solution is assumed to be [8]:

6
wi = Z6; tc], ¢^·" am

l=l

where J., are the eigenvalues of [A] , and [C], are the corresponding eigenvectors.

There are arguments for and against callssification of this approach as a closed-form solution.

Because the eigenvalues and eigenvectors were found numerically, it is probably not an exact sol-

ution in this instance. However, this technique allowed the determinant to come much closer to

zero before becoming unstable due to numerical problems.

Once the solution is found, the six boundary conditions can be applied. For ease of notation,

let CU equal the jth element of the ith eigenvector. Then applying the boundary conditions results

in the system:
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Y1(0) C11 C21 C3l C41 CSI C61 C1 0

.V2(0) C12 C22 C22 C42 C62 C62 C2 0

y2(0) _ C12 C22 C22 C42 C62 C62 C2 0

}'1(")
—

C11 eh N C21 ein {31 ein C41 ¢/In CSI C61 C4
=

0
(84)

.V2(") C12
¢Ä‘ R C22 ¢/In

C22 ¢/bu C42 el"' C62
8/CSC C62 8/IM Cs 0

}'2(") C12 eh C
C22

¢/12 C C22 eh R C42 8/zur C62 eis C C62
¢Ä°”

C6 0

Again, the determinant of a matrix must be zero to yield a non·trivial solution for thr un-

known constants.

Comparison of Results

All three methods gave the same solution to five ligures, and these results are presented in

Table (1).

The eigensolution was clearly superior to both other methods in effciency and numerical sta-

bility, that is, it does not become signilicantly less stable at the higher frequencies as do the other

solutions. lt was therefore chosen as the method of solution for all the loading cases considered in

the next section. ·

Comparison of Frequencies
C

There are two readily available sources for comparison for the acceptability of the computed

natural frequencies - Archer [5] which is a theoretical model of an isotropic arch, and experimental

data acquired by Collins, [9]. Unfortunately, Collins’ work was done on arches with complicated

cross~sections, an I—section and a channel section, and this model of a composite arch cannot, at

this time, incorporate the extra factors necessary to model such arches. To give some basis for

comparison, it was decided to simply normalize all predicted and observed frequencies by their

l
. ss



Table l. Eigensolution

u omega (rad/sec)
44.3237
93.1525
168.035
253.548
364.188
481.657

fundemental frequency. The results of this comparison are shown in Fig. (3) and Table (2). The

arch used in this model is indicated by the caption ’composite’ and Archer’s model by the caption

’isotropic’.
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Normalnzed Frequencies
7

5 .„............„„„...„..,...„..„..„.........„.....„..„„„.„.„.„....

4 .........................................A........................

con/co Q
1

3 ........„..„..„„...............„......„...„....„.„...........„„.„

2....„..•.......1

...................................................................

0
0.5 1 1.5 2 2.5 3 3.5 4 45

fl

oomposita isotropic I-section channolsection¤ A 0 an-

Figure 3. Comparison of normalized frequencies: normalized frequencies predicted by t.he isotropic
‘ and composite models and normalized frequencies observed on the I-section and channel

section arches
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Table 2. Normalized Frequencies

¤¤·¤p¤s¤¤·= Ch=¤·¤=•
2.10 2.20 2.12 2.11
3.79 4.08 3.85 3.89
5.72 6.27 5.73 5.79

ss



Chapter 4

RESUL TS

Free Vibrations

Once a suitable solution technique was found, the mode shapes could be determined. In Eq.

(84), the last constant, C6, was set equal to one, and the last equation from the matrix was dropped.

Then, the rest of the constants can be determined in terms of C6 i.e. -

(11 (21 (31 (41 CSI C1 (61
(12 (22 C32 (42 {S2 C2 (62
(13 (23 (33 (43 (63 C3 = ‘ (63 _ (85)

(11 ¢/In (21 e/In (31 ¢/In (41 C4(61(12
¢/IM (22 ew! (32 ein (42 ¢/IM (s2 ekn Cs (62 ¢/IM

This is the form [A] {c} = {b} and can be solved by standard means, such as Gaussian

elirnination. Now, with the constants determined as
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[C1 C2 Cs C4 Cs ÜT (86)

the solution for the displacements is completed by inserting these constants into Eq. (83):

6
L11 = iq tc], ¢*·"

i=l -

The graphs of v, w, and w' are shown in Fig. (4), (6), and (8). For comparison, the graphs

for the same variables as computed by Archer [5] with an isotropic model are shown in Fig. (5),

(7), and (9), where da = v, ¢' = w, and ¢" = w' . Note that some of the graphs are the negative

of the ones in Archer’s paper - this is a manifestation of the nature of a vibration where the motion

of a particular point is described by an oscillation between 2 A. Some of the graphs are of the po-

sition at - A rather than at + A, but are valid representations of the mode shape.

Going back to the state vector formulation and recalling that y, = w, and yz = v the com-

plete displacement of any point 9 on the arch can be determined by combining the radia1,w, and

tangential, v, displacements. These mode shapes are shown in Figs. (10) and (11). The tangential

displacement contributes signiiicantly only to the first mode, which is a swaying type motion. The

rest of the modes are mostly radial in nature, and these modes are coniirmed both by the isotropic

model, Fig. (12), and by experimental data, as can be seen by Fig. (13).

FORCED RESPONSE

The arch was excited by an applied displacement at the 9 = 0 end, as illustrated in Fig. (14).

The method for solving for the forced response was chosen to be the frequency response function.

This involves applying an excitation of v(0) = A
e‘°*

, A = I , and finding the response to that for

an extensive range of Q . Given a forcing function, it is possible to obtain its Fourier components,

40



(1) = Q),

w vusuegm V Versusß/1;
y V

“* °‘ “ _ “
"

‘ ••
u u u u e

VI' Versen am
YS

O Ol Il Il ll I

Figure 4. v, w, end w' versus thcta, composite: tangenüal and radial displacements, and slope ofarch
for the first natural frequency using the composite model
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42



0) = (,02
W VIYIIÜ/1l V V•¤¤• 6/1:

w V

W' v•rsu•9;;
vr

1 I

„e..1lr.rJ]!
II I4 Il II I

Il

Figure 6. v, vv, and w' versus theta, composite: tangential and radial displacements, and slope ofarch
for the second natural frequency using the composite model
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Figure 8. v, w, and w' versus theta, composite: tangential and radial displacements, and slope ofarch
for the third natural frequency using the composite model
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Fig. A-6. Sketoh of first (fundamental) mode of vibration.
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Figure 12. Total displacementz mode shapes of arch for the first three natural frequencies using the
isotropic model
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and the complete response can be found by multiplying the frequency response function by those

Fourier components and taking the inverse Fourier transform of the product.

Frequency Response Function

The problem is now one of inhomogeneous boundary conditions, that is, the excitation in this

model enters into the equations through the boundary conditions, i.e., the value of v(0) = A e·°' ,

A = 1 , rather than v(0) = 0. For ease of calculation, the excitation is included in the equations
”

of motion, rather than in the boundary conditions. To introduce the excitation into the equations

of motion, and to render the boundary conditions homogeneous, it is necessary to make a change

of variables, from v, the actual tangentia.1 displacement, to V, the relative tangential displacement

defined:

V(r„6„¢)=v—
(—’?·)¤‘°‘

(87)

Note that at 9 = 1:, V and v are identical. The displacements are assumed to be of a form:

w(9, z) = $(9) em and V(9, t) = $(9) em (88)

Non-dimensionalizing as in the free vibration section, the equations of motions for the forced

response problem are -

6^ avall Ü + a12w+ ßll 3; = #1 (89)

6* awßzr Ü + ß22 V + a2l ä = #2 (90)

where the constants are the same as defined in Eq. (49) except :

_ L A22 2 _ _ ßu 91G12- W ( )
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12* 12 9 -ß22=
%_·

#2=ß22(%)

The boundary conditions for this formulation are also homogeneous, as in Eqs. (50) and (51).

This problem can also be solved using an eigensolution, although it is more complicated than

the tree vibration problem. The system can be represented by the equation:

UT = EA] D'] + @(0)] g (92)

where

@(0)] = [0 O 0 14; 0 1#1]T (93)

Defne the matrix [T] as:

(
(11 (12 (11 (14 (16 (16

(21 (22 (21 (24 (26 (26

[Ü = (11 (12 (11 (14 (16 (16 g (94)
(41 (42 (41 (44 (46 (46

(61 (S2 (61 (64 (ss (66

(61 (62 (61 (64‘(66 (66

Then let:

cya = ET]T[x]

which implies .

Ex] = [7]-7-Iiyl (95)

Then

[T]T[x]' = [A] ET]T[x] + @(0)] (96)
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Rewriting to isolate [x]'

rx1· = (m"rA1
m’)

m + [7TT[g(9)] (97)

Eq. (97) can be written as:

[x]' = [D] [x] + [h(9)] (98)

where

11 0 0 0 0 0

0 12 0 0 0 0

0 0 15 0 0 0
[D] =

0 0 0 14 0 0

0 0 0 0 15 0

0 0 0 0 0 16

and

[h(9)] = [T]'1 [$(9)] (99)

This transformation uncouples the equations, and so the individual elements of [x] can be

written as:

0

j = 1,2,3,4,s,6 (100)
00

For ease of notation, let [T]" = [S] . Writing out [h(6)] explicitly

1
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0 ($14 #2 + $16 #1)

0 ($24 #2 + $26 #1)

0 (S 11 + S u )L/4011 = cs: = 34 3 34 4 (101)
#2 ($44 #2 + $46 #1)

0 ($64 #2 + $66 #1) 3

#1 ($64 #2 + $66 #1)

where s„ = an element of [S] . Eq. (101) can also be written in the form

@(6) = (94 #2 ‘1‘ 96 #1) (102)

where

- ßand #1 = "T

Next to be determined is the integral

( (
0 ß8-

(W
@(6*) ddß 8- '1' 96

dd’ (103)

00 00

Taking this integral and applying the boundary conditions where 9, = 0 yields:

{ 6**/**0,10) 110 = {1 — 6**/*11,0 +1)}
0 J

ßll L - 110+ 94 (ßzz) + 96 T Ä} (a ’ " 1) (104)

ss
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This further implies that:

x/(6) =
e"/’ MG?) l- 2{1—

+1)}J vr Ä] J

ß ¤> + Q} (105)

To determine the unknown constants C}, the boundary conditions on y at H = 0 and 0 = 1:

are used. They are applied as followsz

D'] = [T] Ex]

6 .

yi(9) = ZCHJQQ9) (106)
!=1

FO! Ü = 0

x!(0) = C} (107) T

For 9 = 7l

_ 11/11- ß22 1 2
T Z

{1·¢ (*1**+1)}

+
gl/" 5 C 108]4 22) + $/6 rr Ä] + j ( )

Actually applying the boundary conditions is complicated, so they are written out seperately as:

u
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6
}'1(0) = 0_°ZCljQ/ = 0

1=·l
6

./=l
6

}'a(0) = ¤—Zc„q = O .
{fl (109)

}’1("*’) = 0‘*2c1j·’§('*’) = 0
!=!

6
0

!=!
6

0

/=l

It is necessary to isolate the C} terms. This is relatively easy for the boundary conditions at 0 = 0

but is slightly more complicated in the 0 = 1: terms, so, again, going step by step:

6
2C„>9(¤) = 0
J·l

6 ß 1 2
1=1 J

‘
ß+ Z€u¢Ä’”H~v·=(/*22) +

~96(%)}<%)(¢_Ä’”
*1) + 6}] = 0 ‘= 123 (110)

!=l

This implies that:

6 6 ß 2 {1 — M11 + 111]
j=1 j=l 7
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6— E :6¢*1" [{‘Ü4(ß22) + 66 :1111
j=l,6 J 6

The complete system which arises from applying the boundary conditions is:

C11 C21 C11 C41 CSI C61 C1 0

C12 C22 C12 C42 C62 C62 C2 0

C11 C23 C11 C43 C53 {63 C1 0 (U2)
C11 ein Clie/121: C11 e/In C41 ein CSI ein {61 e/M C4 kr

C12 6*1 ” :66 6^·" C32 ·=*= " C42 ee" CS2 ·=*= " :66 6^· " C6 16
C11 eh R (23 e/LW C11 ew! C43 em! C53 ek C C63 ein C6 k1

where ‘ _
l

6_ ,1.1: ß22 L
2

- 1 7l16,- :„6» .6, „ Ä! {1-6 /(ljr:+l))
f=1°

ß+ ECU elf [{94 (ß22) + Ü6 (113)
1=1

This system can be written as another [A] [c] = [b] matrix equation, and can also be solved by

standard means. The coefiicient matrix [A] is the same matrix as in the free·vibration section, and

the magnitude of the solution vector [c] goes to infinity as the determinant of [A] goes to zero.

This creates the resonance peak, as shown in Fig. (15).

The displacements generated are complex quantities. The magnitude of these numbers is what

is plotted on the resonance peak. The

__l _
C

tan 45 (114)
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W( «= /4)
80 80

40

0

0.94 0.96 0.98 1 1.02 1.04
wlw 1

Figure I5. Resonance peak: amplitude of radial vibration at theta = pi oyer 4 for forcing frequecies
around the first natural frequency
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is known as the phase angle or phase shift of the response. In this case, there is no damping, which

results in a phase angle of QS = 0 . The phase shift and damping are discussed in some detail in

Chapter 5, special topics, under viscoelasticity.

Fourier Transformatiorts

Any general periodic function, h(z) can be expressed in terms of its Fourier components, which

is to say:

. oc lwtA(w) + lB(w) = h(!)e dl
*00

or, when frequency is in Hertz (cycles per second)

°°
‘2

fzA(w) + iB(w) =-( /1(l) el ”
dt (115)

*00

where w = Znfand t is measured in seconds. Given some function h(t), it is possible to create the

vectors A(w) and B(w) such that A and B are the Fourier coefiicients of h [10]. However, this can

only be done for a fmite number of points, and doing so changes the system from a continuous

problem to a discretized one. This brings into play the considerations of sampling and aliasing.

Defrne A as the time interval between consecutive samples, such that l/A is the number of samples

per unit time ; then there exists a special frequency, ß, called the Nyquest frequency, which is de-

fined: ß E l/2A . If a given function,

°° :2 frH(w) = A(w) + iB(w) =
jl

/t(l)8 N dl = 0 (116)
*X
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for all frequencies |fl zß, then it can be completely determined by sampling at a time interval A.

If, for some function, h(t)

|H(w)| > Oforlfl >jQ.

then the power spectral density of the range outside the range —jQ < f < _/Q is ”folded over " into

that range and gives a false representation for H(w) .

To continue with the analysis, assurne N consecutive sampled values

hk = h(tk), lk = M, k = 0,1,,...,N-l

It is possible to get only N points out for the transformed function, so, they are found for the points

- JL - _ A AÄ ‘ NA ' " °' 2 ' ‘‘‘' 2

(assuming N is even)

l—I(j;,) =
Vo h(r)el2"!;·' dt
*X

Then the integral is approximated by the sum:

N—1 N-1
A Zn,

e”""·/^’
(117)

]<==O ]¢=O

Let

N—1
Hn = 2 hk e12«k„}N

k-0

then H(ß,) z A H„

6l



Now, rather than having n vary from —N/2 to N/2 , let it go from 0 to N — 1. This puts the output

in a slightly different form, with j; = -f; in the middle of the graph, and 0 at either end. Expressed

otherwise ·

0<f<_/Q. ~ n=0ton=%[--1

N—f;.<f<O ~ n=T+lton=N—l

Nf=/2=—L ~ ¤=? (118)

To complete this solution, it is necessary also to define the inverse Fourier transform:

1 N-I l
hk = 7V Zw e"*""·’” <¤9>

n=0

This permits the response of the system to be computed in the following manner. First,

compute the frequency response function, as done earlier, for a wide range of Q. Then compute

the Fourier transform of the forcing function, which inovlves fmding the components of the func- ‘

tion in terms of e'°', for as many values of Q as necessary to yield as accurate a solution as desired.

Next, calculate an intermediate value by multiplying the frequency response by the Fourier com-

ponents of the forcing function. Finally, calculate the inverse Fourier transform of this intermediate

value to obtain the response of each point for a time range of 0 to NA seconds.

The frequency response function was computed in the previous section, so all that remairis is

to choose the forcing functions and compute their Fourier components. To demonstrate the

method, three different forcing functions were chosen. To avoid the problem of aliasing, the

Fourier transforms were computed by using integrals of continuous functions, rather than trans-

forming an array of discretely sarnpled points. The functions were
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F10) =

1 0
S11

S 0.1second

0 1 > 0.1second - (120)

F20) =

1 0 S 1 S0.3second1

1 > 0.3second (121)

Falt) = $1110) (122)

These functions are shown, along with their Fourier components, in Figs. (16) - (18).

There were only a few necessary changes made in the frequency response function. One was

in the output format. Because it is a function of wz, an even function ofw, it was a relatively simple

matter to "rnirror" the function back to zero. The other change was in the frequency range. The

width of the resonance peak is very narrow, as can be seen in Fig. (15). It would be necessary to

sample a large number of points, very closely spaced, in order to get an accurate representation of °

the peak. There would have to be a correspondingly large number of closely spaced points taken

on the Fourier transform to yield the same size array to multiply with the frequency response '

function. This proved to be very costly in terms of computer time, and so a manipulation of the

system pararneters was performed. The resonance peak is in terms of w/w,. It is the same no

matter what the numerical value for the first frequency happens to be. Because the form of the

non-dimensional frequency is p w*/E,, it was decided to reduce p to create an artificially high value

of w, . This meant that the sample spacing could be broader in terms of actual units such as Hertz.

For example, instead of computing the value of the frequency response function at every 0.001

Hertz, it could be done in 0.01 or even 0.1 Hertz, which lead to a much easier time when com-

puting Fourier transfoms back and forth. Fig. (19) is a typical frequency repsonse function for a

_
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Frequency Response Function
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single point on the graph, for the range on w necessary for the Fourier transform. The w, radial

response at the point 9 = 1:/4 to the excitations li, FQ, and 1·§ are shown in Fig. (20).

This concludes the model for the arch and completes the solution of the vibration problem.
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Chapter 5 .

SPECIAL TOPICS

Viscoelasticity

Damping, or viscoelasticity, was introduced to the model by means of a complex modulus.

The matrix is far more likely to contribute to the damping of the system, so the matrix modulus

is expressed as a complex quantity:

E1 = lE1l (1 + C')

where |E,| is the magnitude of the elastic modulus, and C is known as the damping factor, which is

a measure of the material viscoelasticity. This type of damping is referred to as structural, as op-

posed to viscous damping. Mathematically, this means that the coefiicient of every term in the

equations of motion, Eqs. (47) and (48), is complex, whereas in viscous damping only the velocity

and other odd time derivatives of position have coefiicients that contribute to the system damping.

_
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According to Meirovitch [11], structural damping can have several effects. One of these is

known as the hysterisis loop. The effect of structural damping on the resonance peak is one of the

most noticeable diiferences with viscous damping. The peak of the resonance graph shifts slightly

with increasingC , and occurs at a damped natural frequency, defined as:

wi
=Withstructural damping there is no such shift in the peak as long as the excitation is sinusoidal in

nature, which is exactly the case when F = e'°'. The damping has vert little effect on amplitude,

except right at resonance, as in Fig. (21): however, there is a phase shift, as in the viscously damped

system. This effect can be seen in Fig. (22). The shift goes from about 1:, or 180° out of phase

with the excitation, to about 0° , or in phase with the excitation, as the arch goes from one mode

shape to the next.

The other effects of damping can been seen in the response of a system with damping to the same

forcing functions F}, F}, and IQ that were used in Chapter 4. Although not quite so dramatic a

difference as in the phase shift, the effects of damping can be seen in Figs. (23) · (25), where the

absolute value of the response is shown for both the damped and undamped systems. The effect

of damping on amplitude is noticeable, especially at the low end. The phase shift is not noticeable

at this degree of damping, as might be expected from examining the resonance peak, Fig. (21), be-

cause there is very little reduction in the height of the peak for C = 0.01 .

Determinatiou of Modulus

The motivation behind this model of an arch was to interpret and possibly to correlate with

data from the Dynamic Mechanical Analyzer. With this in mind, a graph, of az, vs E, was created

for several values of E, . Several values of E, were used because the statically determined value was

the one used as data for the model, but the dynamic value could be significantly different. A range
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Figure 2l. Damped Resonance Peak: radial displacement at theta
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pi/4 around the first natural
frequency
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Figure 25. Damped response for F3: radial response at theta = pi/4 for damped and undamped
CZSCS

76



of values around the static one were used to generate this graph so that once a dynamic value for

E, is determined, the graph could be used to indicate a value for E,.

As expected, the value of w, increased linearly with E,, because in its dimensionaless form

w* = p {bz/E, . The dilferences between the computed value of w for different values of E, were

more pronounced at the higher values of E,. '

Then, using Fig. (26) as a guide, the data from the DMA was used as input to a program which

determined the modulus of the arch, given the first natural frequency. The data was in the form of

Fig. (27), which has both eo, and E, versus temperature. The idea was to take the value for eo, and

see what the predicted value for E, was, and then compare that to the value computed by the DIA.

The results of this comparison can be seen in Fig. (28). The match between model and exper-

imental data is reasonable except at the extremes of temperature. The model does not predict the

same value for E, as the DMA computed at these points, but this is only to be expected, because

the model did not account for any effects of temperature, other than the change in natural fre-

quency, and used data for material constants other than E, that was acquired at room temperature

static tests. In general, it would seem that the value predicted by the model coniirms the value

computed by the DMA, with some deviation at the temperature extremes, and, although it is less

than an exact match with DMA, it is a reasonable model of the system.
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Conclusions

The principles employed here imply that it is possible to incoporate into a model of an arch

anything that is being done for shells, such as non-linear effects, or the inclusion of stitfeners, by

simply neglecting the variation of variables across the width of the shell, thereby making it an arch.

The resulting system of equations can then be solved by whatever means are appropriate to the

particular problem.

Here, a model for the in-plane vibrations of an arch was developed using standard models for

a shell. It can be used to predict the right range of natural frequency as compared to existing

models, and to experimental data. The mode shapes are also in agreement with the exsiting models,

a.nd with those observed experimentally. This is a workable solution; it is possible to obtain many

natural frequencies before encountering problems with numerical stability. The solution is easy

to modify. It is only necessary to add terms to the coefficient matrix, for example, to account for

such effects as shear deformation or rotatory inertia. The solution technique remains the same,

even when considering a more complicated material system that recouples the equations ofmotion.
W

The technique can handle a general forcing function, as in this case with the one end

excitation. It can also include other types of loading, such as pressure loading. These terms were

dropped in derivation, but could certainly be included with little additional effort. The model

incoporates structural damping, yielding the expected resonance peak and phase shift. Finally, the
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l
results agree well with the experimental data that the model was designed to check. Some topics

for future consideration include a study of random loading for fatigue data, or a parametric study

for design purposes.
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Additional Reading

Included here is a fairly comprehensive list of sources available on the vibrations of arches.

Most of the references in this list were not used directly in the model explored in this study, but

were a useful background in developing it. Anyone interested in the vibrations of arches should be

aware of the work that has already been done in the field, and these sources should provide a con-

venient starting point for further research.

• Archer, R. R., "Smal1 Vibrations of Thin Incomplete Circular Rings," International Journal

ofMechanical Sciences, Vol. 1, 1960, pp. 45-56.
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Appendix A

Derivation of [Q]

0 From the classical theory of elasticity, the stress-strain relations for an orthotropic material can

be written:

ax C11 C12 C13 0 0 0 8x V

Ur C31 C12 C11 0 0 0 Sr
=(AI)

0,.0 0 0 0 C44 0 0 8,.0

6,,: 0 0 0 0 C55 0 6,,,

GX0 0 0 0 0 0 C66 BX0

For ease of notation, let

l=x,2=9,3.t1d3=r'

From Jones, [10}, the C]! are defmed in terms of the standard engineering material constants:
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C =
1 ‘ V23 V32

C = V12 + V32 **12 C =
V12 + V12 **22

** 6,6,6 * *2 ElE3A ' *2 6,1.;,6 '
1 1 ‘ V12 V31 V32 + V12 v3l 1 ‘ V12 V21C = , C = ——i·l, C = ————22 E1 E1 A 22 E1 E1 A 22 E1 E11: (Az)

C44 = G23, Css = G3l, C66 = G12,

A =
1 ‘ V12 V21 ' "23 V32 ' V21 V12 ‘ ZV21 V32 V12

E1 EZE3

The material symtetries also imply that

Vu _ gi .. _
Ei —

Q, 1.1 — 112,3 (A3)

Assuming plane stress be setting:

6, = O, 60, = O, 6x, = O (A4)

the stress·strain relations can be written as

**11 Qll QIZ 0 211
**6 = Q12 Q22 0 *6 (A5)

**116 0 0 Q66 8xO ‘

where

E B1Qll=T_+• Qzz=f——*1vl2v2l **12V21
V12@

(A9)
2l*’ = GQl2 Q66 12 A

This is the relationship employed in the preceding chapters to develop the equations of motion.
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Appeudix B

Program for Determination of Modulus

IMPLICIT REAL *8(A-H,O-Z)

COMPLEX *16 EVAL(6),EVEC(6,6),CMAT(6,6),DET,MULT,SUM,

%A(3,3),D(3,3),ALPHA(2,2),BETA(2,2),E1

REAL *8 NU23,NU13,NUl2,DETR(1000),OMEGA2A(1000),TEMP(100)

C EDET COMPUTES THE MODULUS OF A SYSTEM GIVEN ITS

C NATURAL FREQUENCY

C USING NUMERCIAL TECHINIQUES AND REDUCTION OF ORDER

C IT IS THE ORTHOTROPIC CASE

C IT CAN INCLUDE DAMPING
cn-•-·•·-•--•·n·•--•·•·•·••·•·•-·•·••··•·•«—•-•--•-«•-•·-••-•·nn-•·«·«--•--•--•--•-•-•·•-nn-·•••••-++4-•·•+••»·••••••

C INPUT: MATERIAL CONSTANTS

C OUPUT: NATURAL FREQUENCY (NONDIMENSIONAL)
Cu-·•-·•--•--•-4-·•·•-••-•·•·-•·•n--•--•·-•·+4-•·•--•·••-••·•-•··•·-nn--•-·•-·•··•--•-«-«-·•--•«1+-•-••·•·u-•¢••·¢-•••-•••¢-••·•

100 FORMAT(2X,F2S.16,10X,F25.16)
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1001 FORMAT(2X,F14.9,5X,F14.9,10X,F14.9)

140 FORMAT(2X,F25.16)

201 FORMAT(2X,/)
X

1000 FORMAT(2X,F16.8,10X,E16.8,10X,E16.8)

lll FORMAT(//) '

PI = DARCOS(· l .D0)
I

MULT = (0.D0,-1.D0)
C-•·•-n-•·••-•-•••+•+4--•··•·-•-•·••-•••·•·•«·•-•-••-•«··•--••-•·•-·••+•••••••—••-•-•««•-•-•-•-•••·•

C STEP ONE: INPUT OR CREATE RANGE OF MATERIAL CONSTANTS
C•••••••••·•·+•••••••••·••·•·•·•-·••·•-·•-·•·•--•·•·-•-•··•-·•·•••·4-••-•••n-nn-••-••-••-•»•»••

C SET GEOMETRIC AND MATERIAL CONSTANTS

C NOTE: 1 = X- DIRECTION

C NOTE: 2 = THETA -DIRECTION ~

C NOTE: 3 = RADIAL -DIRECTION

E1= l.80D6*DCMPLX(1.D0,ZETA)

E3=El

E1R=E1

Gl2=.5D6

H=6.811D-2

ARC = 2.50984D-1

RAD1US= 1.70177DO

NU23=.186D0

NUl3= .0492DO

NUl2=.186D0

RHO=0.2D0

ZETA=0.00D0
Cu-14-•••••«-•»•+«4-4-+-•-•·••4-4--n-+•«•·•«-••+·«·•-4·-••¢·••«·•••+••-•++·•·••-••••••·••

L
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C READ THE VALUE FOR OMEGA2 (RADIANS/SECOND**2 ) AND SET

C OMEGAZA (THE OUTPUT VALUE OF OMEGA)
Cu•·•·•·••·•··•··•·•·+·•·•··•··•·•·•·•·•·•-•·-•·•·u·•·-•··•·n··•··•··•··•··•··•·•·•·•·-•·-•··•··u··•-•·•·•·•·1··•·•·-•·-•¤-•-·•·••·•··•··•

DO 700 IW2= 1,27

READ(4,l00) TEMP(IW2),OMEGA2A(IW2)

SAVE=1.D0 l

ESAVE=1.D0

OMEGA= OMEGA2A(IW2)*PI*2.D0

OMEGA2= OMEGA*OMEGA

C SET THE VALUE OF E2 FOR ITERATION
Cu-•·••·•••·•••••-•·•·•·•-••··•··•·-•·•·•·•·•·•••-•·•··•··•·•·•·•··•··•··•·•-•··•·•·••·•·•••••··r·•••¢••·•••

DO 500 IE= 1,200

E2= 7.D5 + (IE- l)*1.D4

C STEP TWO: CREATE THE COEFFICIENTS USED IN THE EVP SECTION

C OF THE SOLUTION
C1-1-•·•·•·••··•·n·•·-•·—•··•·•·•·-•·•·•··•·•1-•••·•··•·•·•+••·•·•··•-·•·•·•n•·•·•··•-•··•·•·••·••·•·••·•••··•·•«•·•

CALL COEFFA(E1,E2,NU12,G12,A,D,H)

CALL COEFFl(ALPHA,BETA,OMEGA2,RADIUS,A,D,E2,RHO)
Ce-¢·•··•·«•··•··•··•·•·•·•··•·«•··•··•·1-•·••·•·n-•··•··•··•-•··•·•·•··•··•··•··•-·••-•-•·•·•··•·u·•·nu·-•·•·-•·-•·•·•··•·•-•··•··•··•·-•

C STEP THREE: CALL THE SUBROUTINE TO FIND THE EV
Cu-•··•·•·•·-nn·•·••·•·n·•·•«•·••-•·-•·-••··••·•-•·•-·•·•·•··•··•·•·•·-•·•··•··•·•··•·•«··•·•·•·••·•·•·-•··•·•··•·•·•-•··•-·•

CALL ANUM(ALPHA,BETA,EVAL,EVEC)

C·•·•·•··•·•·•··•··•··•··•·•··•··•··•··•··•·•··•··•··•··••••·•••··•·n·-•··•·••··•-•·•··•··•·•·•··•··•·•·—•·-•·-•··•··•·•·•-•·•·-•·••··•·-•·•··•·n-+-•·•··•¤·•-•··•-

C STEP FOUR: CREATE THE COEFFICIENT MATRIX TO EVALUATE THE

C CONSTANTS USING THE BOUNDARY CONDITIONS
C•·•··•·•·••·•··•··•··•··•·•··•··•··•··•·•··•·•·••··•··•·•·e··•·•··•··•··•·•··•·•·•··•·•·•·-•··•··•··•··•··•··•·•··•··•·-•··•··•«•··••·•·—•·•¤••·«•··•··•·
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CALL AMAT(EVAL,EVEC,PI,CMAT)

C•·•·¢••·•··•-·•··•-·•·n·-•-·•••—•·•·•·-•·•u-•--•·••··•-·•··•··•·-•-•·•·•-·•·•··•-•·•-••••·•·-•··•··•·•·«•¢·-•··•-•··••·•·•··•·•··•·•·

C STEP FIVE: TAKE THE DETERMINANT OF THE MATRIX CMAT
C·•··•·r••·•··•·•·•·•·••••·•·¢·•••·•··•··•-•¤·•-·•-·•·•·»•·•·—•·••·••·•··•·•··•··•··•··•··•··•·•-•·•-•··•--••-•••·-•·•··•·1··•··•·•··•

CALL CINV(CMAT,DET)

DETR(IW2) =CDABS(DET)
Ce-•-·•·•-·•·••·•·•··•·•·-•··•·•n·•··•··•··•··•··•·-•·-•·—•··•··•··•·•··•·»•··•·—•··•·•··•·-•··•·•··•··•·n··•·•··•··•··•··••··•·•··•·-•••··•·•·•·•··•n·—•··•··•··•·•·-•··•·-•·

C FIND AND SAVE THE SMALLEST DETERMINANT, AND THE VALUE OF THE

C MODULUS AT THAT POINT
C1•·•··•··•·•·•••-•·••·••·-•¤•·-•·•··•·•··•·¢•··•··•·•·•·•··••«•·•·•·—•··•··•·•··•·•··•·•··•·¢·•·•·•·••·•··•·••·••·•··•·-•·-•·•-«¤-•·•·•·••·•·••·

IF(SAVE.GT.DETR(IW2)) THEN

SAVE = DETR(IW2)

ESAVE=E2 - _
l

END IF
Cu-—•··•··•·•·•··•·n•·•·•·•··•·•··•··•··•··•·•·•·•··•··•··••·•·-••·n-•··•·•·•·•··•··•··•··•·«•··•·•··•··•·•··•·•·•··•-•·•·-•··•·+·•··•··•··•··•·•··•·•··••··•··•·

500 CONTINUE
C·•·•·•··n·•·•·+•·•••·•··•··•··•·•·•··•·«•··•··•·••·•nn-·•·1--•··•·-•·•··••·•·•·•••·-•••··•·•··•·-•··•··•·•·•-•··•·•·•·-•·-•·-•·••-•·••··•··••··•·•

C OUTPUT OF RESULTS „
C•·•·•-·•··•·•·-••·-•·•·•·•··•-·•··•·••·•·-•·•·•-·•··•·-•·•·•·•·•··•··•·••·••··•··•·•·•·-•·+·•··•··•··•·•·•·••·•··•··•··•··n·•·•··•··•··••·•·•·•·•·•·•··•·=•··•

ESAVE = ESAVE/ 1 .D6

WRITE(7,1001) TEMP(IW2),ESAVE,SAVE

700 CONTINUE
C•••·•·•··•·•··•·•··•·•·•·•··•··•·•·•·•··•·•·••·•·•··•·•·•··•·•-•··•·•·•·•·•·•·•·•·•··•··•·•··•·•··•··•··•··•··•·•·•··•·•·••·•·•··•·•·•··•·•—••·-•-•

STOP

END
C·•··•--•·•-¢·•·•·•·•··•••··•·•··•··•··•·•¢·•··•·•··•·-•··•··•·1-•·•·•·•1-·•·-•-·•··•-•··•·•··•·-•·••-•·•·•·•·•·••·•··•·-••··•·•·•-·•-••·•··•·•··•··•··•

SUBROUTINE COEFFA(E1,E2,NU12,Gl2,A,D,H) .
C·•··•··••·•··•·»•··•··•··••··•··•·••·•··•··•·•··•·•·•·•n··•··•··•·•nmn•·•·•·•·•·•·•··•··•··•··•··•··•·n·•·•··•··•·-•··•·•·•·••~·•··•··••··•·-•··•·
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IMPLICIT REAL *8(A-H,O-Z)

REAL *8 NU23,NU13,NU12

COMPLEX*16 Q(3,3),A(3,3),D(3,3),E1,FACT

DO 10 I= 1,3

DO 10 .I= 1,3

10 Q(I,J) = 0.D0

FACT=El-NU12*NU12*E2

Q(1,1)=E1*E1/FACT

I Q(l,2)= NU12*E1*E2/FACT

Q(2,2)=E1*E2/FACT

Q(3,3)=G12

DO 15 I= 1,3

' DO 15 J= 1,3

15 Q(J„1)= 0(LJ) ‘

DO 20 I= 1,3
E

DO 20 J= 1,3

A(I,.I)= Q(I,J)*H
l

20 D(I,J)=A(I,J)*H*H/l2.D0

RETURN '

END
C••4-1-n-•-·•--•··•·-n••••••»«-••-•-•·••••••••••••++•-•·••-•••-••••·•-4--•-•-•--«+•--•••••·•••·•·•-4-•

SUBROUTINE COEFF1(ALPHA,BETA,OMEGA2,R,A,D,E2,RHO)
C•••-•-+•••·•-•••••••-•-•·•••«•-•-•-+4-+•+•«•••••-•-•-•••••-H«-·•·•+«•-+•-•«-•-•••«-•••«•••-

IMPLICIT REAL *8 (A-H,O-Z)

COMPLEX *16 ALPHA(2,2),BETA(2,2),A(3,3),D(3,3)

DO 20 I= 1,2

DO 20 J= 1,3
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ALPHA(I,.I) = 0.D0

20 BETA(I,J) = O.D0
“

AI.,PHA(1,1)= D(2,2)/(E2*R*R*R)

ALPHA(1,2) =A(2,2)/(R*E2)·(OMEGA2*RHO*R/E2)

ALPHA(2,1) = A(2,2)/(E2*R)

BETA(1,1) = ALPHA(2,1)

BETA(2,1) = ALPHA(2,1)

BETA(2,2) = OMEGA2*RHO*R/E2

RETURN

END
(yu•-n•·•·•»••-•--•••••·•-·•-«•·n·•·•·•«·-•••••·•-•·•••••••••••••••••••••••••••

SUBROUTINE ANUM(ALPHA,BETA,EVAL,EVEC)
C-•nn4--•--•-•4••·•-•«--•·«·•·-•·+«-«•-•-•--«n•«••·•·•••-••••4-4--•-•--•·-••4-·••-••-••-•·•-·•·••••4-4--•»•••

IMPLICIT REAL*8 (A-H,O·Z) A

COMPLEX *16 ALPHA(2,2),BETA(2,2),A(6,6)

%,EVAL(6),EVEC(6,6),LENGTH(6),DET
~

l

100 FORMAT(2X,E25.16)

111 FORMAT(//)
E

DO 10 I= 1,6

DO 10 J = 1,6

10 A(I,J) = 0.DO

A(1,3) = l.D0

A(2,4) = 1.D0

A(3,5) = 1.D0
Ü

A(4,2) = ·BETA(2,2)/BETA(2, 1)

A(4,3) = -1.D0

C A(4,6) = -ALP1-IA(2,1)/BETA(2, 1)

A(5,6) = 1.D0
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N= 6,

LDA= 6

LDE= 6

CALL DEVCCG(N,A,LDA,EVAL,EVEC,LDE)
l

DO 35 J1= 1,6

DO 40 II= 1,6

40 SUM = SUM+ CDABS(EVEC(II,J1))*CDABS(EVEC(II,1J))

SUM= DSQRT(SUM)

DO 45 II= 1,6

45 EVEC(II,J1)= EVEC(II,JJ)/SUM

35 CONTINUE

RETURN

END

SUBROUTINE AMAT(EVAL,EVEC,PI,CMAT)

IMPLICIT REAL *8 (A-H,O-Z)

COMPLEX *16 CMAT(6,6),EVEC(6,6),EVAL(6),FACT(6)

DO 10 I= 1,6

10 FACT(I) = CDEXP(EVAL(I)*PI)

DO 20 I= 1,3

DO 20 J= 1,6

CMAT(I,1)= EVEC(I,J)

20 CMAT(I + 3,1) = EVEC(I,1)*FACT(J)
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RETURN

END
C-•·•··•··•-•·•··•—•··•·•·•··•··•··•··•-·•··•·•·•-•-•·••-•••·•-•«•··•··•-·•·•-•·—•··•·•·•n·•·•·•·•·•··•··•·-•··•-·•--••·•·-••·•-••·•··•·•·-•-•·•··•·•··•··•-

SUBROUTINE C1NV(CMAT,DET)

C·•»·•··•··•··•·•-•·•-•··•·-•••-•·-•·-•·•-•-·•··•··•-·•·•-•·»•··•··•·•·•·•·•·-•·-•··•·•·•·•·•••·••·•·•••n·•··•··•·•··••·-•··•··•••·n-•·-•-•·•··•·

IMPLICIT REAL *8 (A-H,O·Z)

COMPLEX* 16 CMAT(6,6),FAC(6,6),DETl,DET

INTEGER IPVT(6)

N=6

LDA=6

LDF=6
C1••·•··••·•··•-1-·•··•··••n·•·•·•·•··•·-•··•·•·••·•·•·•·••··•·•·•··•••¢·•·••··•·-•·n·•··••·••··•·••·••··••·•••·•••••¢••••

C GET LU FACTORIAZATION TO SEND TO DETERMINANT ROUTINE
C·•·-•--•··•·•••·•·•--•·••·•·•••·-•··•·-•··•-•·•··•··••··•·•·•·•·•·•·•·•·•··•··•·•··•·•·•··•··•··•·•·•··•·•-•··•·•··•·•-•·•·•··••·••-•··•··•·•··••·•··•·n··•·

CALL DLFTCG(N,CMAT,LDA,FAC,LDF,IPVT)

C•·1•-••·•·•·u••·•-•-nu-•··•··••·-•·-•··•-•-•·•·•-•·•·••·••·••·•u··•··•«•·•··•··•··•··•··••·•··•·•·•·•··•·-•·u•·»•n»•··•··•·•··•·•••·

CALL DLFDCG(N,FAC,LDF,IPVT,DET1,DET2)

Cu-·•·•··•··•··•··•·•·•··•·•·••·•-•·1-•·••·•··•··•·••--•-•·•»·•·••·•••·•••-•-·•·•--•-••··•·•··•·••··•·•··•·•·••·•··••··•··•·•·-•·•··•·•·••··•··•·

C WRITE(6,100) DET1,DET2

C 100 FORMAT(2X,’DET1 =
’

,F15.7,5X,Fl5.7,/,’ DET2 = ’,Fl5.7)

C·•·•··•·¢-•·¤•··•¤·•··•·-•-•·•-•·•••·•·•·•·•··•·•··•··•·-•·•··•··••·•··•·•··•·•··•··•·•-•-·•··•··•·n·•-•·•·•·•··•··•··•··•··•·1··•··••·•··•-·••·•·-•·•n•··•·

DET= DET1*10.D0**DET2

RETURN

END
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Table 3. Sample Input

emperature (C) mega (Hz)
l -70.000 4.7650003

-60.000 4.7279996
-50.000 4.6479997
-40.000 4.6420002 .
-30.000 4.6059999
-20.000 4.5769996
-10.000 4.5520000

0.000 4.5299997
10.000 4.5120000
20.000 4.4949998
30.000 4.4720001
40.000 4.4490003
50.000 4.4189996
60.000 4.3850002
70.000 4.3409996
80.000 4.2910003
90.000 4.2360000
100.000 4.1859998
1 10.000 4.1 199998
120.000 3.9849996
130.000 3.6890001 ·
140.000 3.4280004
150.000 3.2899999
160.000 3.2329998
170.000 3.2069997
180.000 3.1929998
190.000 3.1789999
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Table 4. Sample Output

emperature (C) E sub z (GPa)
-70.00 16.239
-60.00 16.022
-50.00 15.515
-40.00 15.515
-30.00 15.225
-20.00 15.079
-10.00 14.935 .

0.00 14.789
10.00 14.645
20.00 14.572
30.00 14.427
40.00 14.282 ·50.00 14.064
60.00 13.847
70.00 13.630
80.00 13.340
90.00 12.977 ‘

100.00 12.687
110.00 12.324
120.00 1 1.527
130.00 9.932
140.00 8.627
150.00 7.902
160.00 7.685
170.00 7.539 9
180.00 7.467
190.00 7.395
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