
AN OPTIMAL CONTROL PROBLEM FOR A TIMOSHENKO BEAM 

by 

Mohsen Tadi 

Dissertation submitted to the Faculty of the 

Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 

DOCTOR OF PHILOSOPHY 

in 

Engineering Mechanics 

APPROVED: 

{i 

A ij . Liana 
(j John A. Burns, Chajrman 

Core MASS took, 

  

Eugene M. Cliff Dean T. Mook 

ALM. you eA Lat Nor aredh. 
Ali H. Nayfeh y Scott Hendricks 

August, 1991 

Blacksburg, Virginia



AN OPTIMAL CONTROL PROBLEM FOR A 
TIMOSHENKO BEAM 

by 

Mohsen Tadi 

Committe Chairman: John A. Burns 

Mathematics 

Abstract 

In this paper we consider computational algorithms for constructing design mod- 

els for LQR control of a Timoshenko structure. We consider two finite element 

schemes and compare their robustness property. The functional gains are also com- 

pared against their counterpart when an Euler-Bernoulli model is used to describe 

the dynamics of the beam. Results indicates that the choice of finite element scheme 

has a direct bearing on the convergence of the functional gains.



ACKNOWLEDGMENTS 

I wish to thank Professor John A. Burns for his constant support and guidance 

throughout this work. I am grateful to Dr. Eugene Cliff for many helpful discussions 

and for serving on my committe. Also, I wish to thank Professors D. Mook, A. 

Nayfeh and S. Hendricks for serving on my committee. Special thanks are due to Dr. 

Terry Herdman, Director of the Interdisciplineary Center for Applied Mathematics. 

I wish to thank Mr. Jim Brown, Director of the Student Accounts, for his 

understanding and Dr. Von Kerzcek of UMBC for his optimistic recommendation 

on my behalf. 

In general, I wish to thank the ICAM group. Just the thought of being associ- 

ated with them gives me pride and joy. 

The research that led to the results in this thesis was supported in part by 

the Air Force Office of Scientific Research under grant AFOSR 89-0001 and the 

Defense Advanced Research Projects Agency under contracts FA9620-87-C-0116 

and N00014-88-K-0721. 

iii



TABLE OF CONTENTS 

Abstract 

Acknowledgements 

Table of Contents 

Chapter 1. Introduction and Notation 

1.1 Problem Statement and History 

1.2 Review of Basic Mathematical Definitions and Results 

1.3. Review of Basic Results on Linear Regulator Problems 

Chapter 2. A Review of General Theory of LQR for Second Order DPS 

2.1 Abstract Conservative Systems 

2.2 Damped System of Equations 

2.3. The Approximating Open Loop System 

2.4 The Approximating Optimal Control Problem 

Chapter 3. The Timoshenko Beam Control Problem 

3.1 The Timoshenko System 

Chapter 4. Finite Element Approximations for Control 

4.1 Finite Dimensional Approximations 

Chapter 5. Numerical Results 

5.1 Numerical Experiments 

Chapter 6. Conclusions 

6.1 Summary of Basic Results 

6.2 Future Research Plans 

Refrences 

Vita 

iV 

Page 

il 

ill 

iv 

13 

19 

23 

30 

37 

42 

53 

65 

79 

81 

162 

164



Chapter I 

Introduction 

1.1 Problem Statement and History. 

In this paper, we consider various approximation schemes for control of an elastic 

system that consists of a slewing beam attached to a rigid hub at one end and a 

tip mass at the other end. Our interest is to suppress the lateral vibrations of the 

beam and thereby that of the tip mass around the rigid body location, by applying 

a controlling torque at the hub. 

Although several authors have considered similar problems, almost all of the ex- 

isting results assume an Euler-Bernoulli model for the beam. Assuming such a 

model, Gibson [1] used cubic B-splines to obtain convergent finite-dimensional ap- 

proximations to the functional gains. Banks and Crowley [2] considered a parameter 

estimation problem using Timoshenko beam theory. They used cubic B-splines for 

both rotation and displacement of the beam. In [3] Burns, Cliff and et. al., studied 

the problem of controlling a Timoshenko beam with a tip mass. They used the 

same cubic B-splines as in [2] to construct finite-dimensional spaces for the beam 

displacement and shear. Although convergence was obtained for certain problems, 

the methods in [3] failed when the beam parameters were such that Timoshenko 

theory was needed. In this paper, in addition to cubic B-splines we apply a set of



conforming finite element schemes to obtain finite dimensional approximations to 

the problem of controlling a Timoshenko beam with a tip mass. These schemes re- 

quire certain smoothness on the shear across each element which results in a coupling 

between finite element spaces for displacements and rotation. 

Consider the beam-hub-mass structure as shown in Figure 1. Let @(t) denote 

the rigid body rotation of the hub, u(t, z) be the lateral elastic displacement of the 

beam and 7(t,z) be the elastic rotation of the the beam. The parameter J, is the 

moment of inertia of the hub, E is the Young’s modulus and G is the shear modulus 

of elasticity of the beam. The beam cross-sectional area is denoted by A and I is 

the moment of inertia of the beam cross-section. Also, m, and I, are the mass and 

mass moment of inertia of the tip mass and M, is the applied torque. Subscripts 

t and z represent differentiations with respect to time and to the spatial variable 

along the beam. We consider the Timoshenko model governed by the linear system 

1,6(t) =EIv,(t, 0) + M,(t) (1.1.1) 

pA(uy(t, 2) + 26(t)) =KGA(u,(t, 2) — Y(t, 2))z (1.1.2) 

pl (u(t, 2) + O(t)) =Elze(t, 2) 

+ KGA(uz(t, 2) — $(t,2)) (1.1.3) 

m,-(ur(t, !) + 16(t)) = — KGA(uz(t, !) — v(t, 0) (1.1.4) 

I. (du (t, 1) + 6(t)) = — Elv,(t, 0). (1.1.5)



Boundary conditions for this model follow from the geometry of the structure which 

requires that the tip mass has the same displacement and rotation as the beam at 

its right end which are stated in equations (1.1.4) and (1.1.5), and also the beam is 

cantileavered to the hub at its left end. That is 

u(t,0) =0 

(t,0) =0. 

This model does not take into account any loss of energy. However, all structures 

have some inherent damping and as shown by Gibson [1], it is necessary to have 

some damping in the structure for the control problem to have a solution. Here we 

concentrate on external damping. We use a viscous model for external damping and 

we discuss a Kelvin- Voigt model for internal damping. 

Kelvin-Voigt damping is obtained by using the stress-strain laws of the form 

Orr = | + KE eert 

Crz = Géz: + KGExzt, 

where « is a “damping ratio”. This gives rise to the model where the damping 

operator is proportional to the stiffness operator. Using this model, the internally



damped equations of motion are: 

1,0(t) =KETva1(t, 0) + Ely,(t, 0) + Ma(t) (1.1.6) 

pA(ui(t, 2) + 20(t)) = + KKGA(uz(t, 2) — ¥(t, 2)) at 

+ KGA(uz(t,z) — ¥(t,z))s (1.1.7) 

pl (bu(t, ) + O(t)) =KETprat(t, 2) + KKGA(uz(t, 2) — Y(t, 2))s 

+ Elyz,(t, rz) + KGA(u;z(t, rz) — P(t, z)) 
(1.1.8) 

m-(ur(t, 1) + 16(t)) = — KKGA(u,(t, 1) — P(t, 2): 

— KGA(uz(t, 1) — P(t, 0) (1.1.9) 

Te(e(t, 1) + O(t)) = — KEI, (t, 1) — Ely,(t, 1), (1.1.10) 

with boundary conditions 

u(t,0) =0 

o(t,0) =0. 

A standard external damping is the “viscous” damping model. We assume that 

viscous damping is proportional to the velocity of beam. If one assumes that there 

is no damping on the displacement of the hub, the viscously damped equations of



motion are 

1,(t) =E1V.(t,0) + Malt 
pA(u(t, 2) + 26(t)) = — KpA(u,(t, x) + 26(t)) 

+ KGA(u,(t,z) — ¥(t,2))z 

pI (u(t, x) + O(t)) = — wpl(yy(t, x) + O(t)) + Elbec(t, 2) 

+ KGA(u,(t,z) — ¥(t,z)) 

m-(uys(t, 1) + 16(t)) = — xm,(u,(t, 1) + 16(t)) 

— KGA(u,(t,!) — o(t,) 

Te(pe(t, l) + 6(t)) =— KI.(vx(t, 1) + 6(t)) ~ Ely, (t, l). 

(1.1.11) 

(1.1.12) 

(1.1.13) 

(1.1.14) 

(1.1.15) 

We shall formulate the control problem by using the theory of semigroups. In 

the next two sections we review some of the basic definitions and results on linear 

dynamical systems and linear quadratic regulator problems (LQR). In Chapter 2, 

we summarize the general theory for structural vibration problems and use standard 

techniques from semigroup theory to prove well-posedness. In Chapter 3 we special- 

ize to the Timoshenko model and discuss the conditions under which this problem 

can be placed within the general framework given in Chapter 2. Chapter 4 deals 

with approximation schemes, and numerical experiments are presented in Chapter 

5. We shall use two types of finite element schemes to approximate the LQR prob- 

lem. The first scheme uses standard cubic B-splines and the second scheme is based



on a special conforming finite element algorithm for Timoshenko beams which was 

first introduced by Tessler [4]. 

We shall use standard notation throughout the paper. If Y is a Hilbert space 

with inner-product < .,. >y, then the norm of an element y € Y is given by 

llvlly = (< y,y >y)?/*. The space of integers will be denoted by N. When there 

is no chance of confusion the subscripts will be omitted. It will be essential to 

distinguish between linear operators and their (matrix) representations. Bold script 

capital letters will always denote operators. If A: X — Y is a linear operator from 

the finite dimensional Hilbert space X into Y, then A will denote a particular matrix 

representation of A. If Z is a Hilbert space, then the set of all square integrable 

functions defined on [a, 6] with values in Z will be denoted by L2(a, 6; Z). The space 

of all strongly absolutely continuous functions f € L2{a,b;Z) with jth derivative 

f strongly absolutely continuous for j = 1,2,...,k —1 and f® € L,(a,6;Z) is 

denoted by W*?(a, }; Z). It is useful to denote by W;7(a, b; Z) the set of all W1? 

functions that vanish at the left end of the interval. We use the superscript T to 

denote the transpose of a matrix (A7), and * will be used to denote the adjoint of 

an operator (A*). 

1.2 Review of Basic Mathematical Definitions and Results.



Vibrating systems with infinitely many degrees of freedom, such as a continu- 

ous deformable media, can be studied as dynamical systems in infinite dimensional 

Hilbert spaces. We first recall some of the definitions and properties of these spaces. 

These definitions can be found in standard books on semigroup theory and dynam- 

ical systems and the precise definitions given below can be found in [5,6,7,10]. 

Let H denote a real inner-product space with inner-product <.,. >: Hx H—- 

R. If u,v € H, and 4,4 € R, then 

<u,yv>=<vuyu >, 

<u,vtw>=<uv>t+<uw>, 

< Au,pu > =Ap<u,v>, 

and < u,u >= 0 if and only if u = 0. The inner product space H is a normed linear 

space with norm defined by 

[[ul| =< u,u >? . 

_ A sequence {u™} € H,m € N is a Cauchy sequence if, for every € > 0, there 

exists an integer N, such that for k,l > N, 

|Ju*®¥ — u! || <e. 

A sequence {u™} € H,m € N is said to converge in norm (or strongly in H) to an 

element u € H if and only if 

[|u’" — ul] + 0 as m — 0d.



If {u"} converges strongly to u° in H, then we use the notation u” — u®. A point 

u° € H is a limit point of the set S C H, if there is a sequence {u"} € S such that 

u™ + u°. A set S is said to be closed if it contains all of its limit points. The set of 

all limit points of S is called the closure of S, and is denoted by S. A set S is said 

to be closed if and only if S = S. A set S is said to be dense in H, if S = H. 
  

A set S is precompact if every sequence {u"} € S contains a Cauchy subse- 

quence. A set S is compact if every sequence {u"} € S contains a subsequence 

converging to a point in S. The inner product space H is said to be complete if 

every Cauchy sequence converges in norm to some element of H. 

An inner product space H is called a Hilbert space if it is complete. It is said 

to be separable, if there exists a countable subset X everywhere dense in H. If X 

is dense in H, then any u € H is the limit (in norm) of a sequence belonging to X. 

Given two Hilbert spaces X, Y, an operator from a subset D(F) CK — Yisa 

rule that assigns to each z € D(¥) a unique y € Y. This is denoted by F : (D(F) C 

X) — Y, where D(F) is the domain of F and {y€ Y|y= Fz; zx € D(F)} is the 

range of F, R(F) Cc Y. If R(F) = Y then F is onto. If Fz = Fr’ implies that 

x = x’, then F is one-to-one. In this case the inverse operator F—! exists. 

Let F : (D(F) C X) - Y, with X,Y Hilbert spaces. The operator F¥ is 

continuous at rg € D(F) if for every « > 0, there exists 6(z9, €) such that if € D(F) 

and ||z — zo|| < 6, then |[Fz — Fxo|| < e. If F is continuous at every ro € D(F),



then it is called a continuous operator. If 6 is independent of zo, then F is said to 

be uniformly continuous on D(F). An operator F¥ : (D(F) C X) - Y is bounded 

if F maps bounded sets in D(F) into bounded sets in Y, and it is compact if F 

maps bounded sets in D(F) into precompact sets in Y. An operator F : (D(F) C 

X) — Y, is said to be closed if given any sequence {2"} € D(F) such that 2" — 2° 

and Fz" — v, then 2° € D(F) and Fx® = v. An operator F : (D(F) Cc X) — Y 

is said to be linear if D(F) is a linear space and F(az + Bz’) = aFr+ BFr' for all 

z,z' € D(F) and a,B € C. If F : (D(F) Cc X) — Y is a linear operator then F is 

bounded if and only if it is continuous [7, Theorem 6.1.1]. 

Let T(t), t > 0, be a family of continuous linear transformations mapping a 

Hilbert space H into itself. The family T(t) is said to be a strongly continuous 

semigroup on H if 

7T(0)=I (identity) 

T(t; + t2) = T(t1)T (te) = T(t2)T(t1), t1,t2 € Rt 

and in addition, if for each r € H 

T(z -—z|| 70 as t— Or. 

A family of operators having all of these properties is called a Co-semigroup. 

Let T(t),t > 0 be a Co-semigroup on H and let D C H be the subspace of 

elements z € H such that the limit of (T(u)z — x)/ converges as p — 0. The
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infinitesimal generator of the semigroup 7 (t) is the linear operator A defined on D 

by 

Az = lim T(u)t 7-2 
p—0 ph 

Formally, the semigroup property suggests that T(t) = e“4*"’, where A = (£)T(t)|r=0. 

In the study of systems governed by partial differential equations, the infinitesi- 

mal generators are never continuous. A Co- semigroup T (t) is uniformly exponentially 

stable if there exist two positive real numbers M and w such that for any t > 0 

IT (t)|| < Me™. 

A Co-semigroup 7(t), on H, is said to be a contraction semigroup if, 

[|Z (t)|| <1 Vt € Rt. 

If both A and —A are infinitesimal generators of Co-semigroups on H, then [6, 

Proposition 2.2] the Co- semigroup {T(t)}:>0 generated by A must be invertible, 

and —A generates {7~1(t)}:>0. In this case if one defines T(—t) = T—}(t), t > 0, 

then A is said to generate the Co-group {T(t)}:er, and the direction of time is of 

no importance. 

If H is a Hilbert space, then the set of all bounded linear functionals(é : 

H +R’) on H is called the dual space of H and is denoted by H’. If £ € H’ 

and the norm of @ is defined by 

e(u) L\|q = sup ———



1] 

then H’ becomes a Hilbert space. Moreover, H’ may be identified with H through 

Riesz Representation Theorem [8]. 

Theorem 1.2.1. (Riesz Representation Theorem) If @ is a bounded linear func- 

tional on H, then there exists a unique v € H such that, 

{(u) =< v,u> Vu € H. 

If H is a Hilbert space, then a sequence {v"} € H is said to converge weakly to 

v € H if and only if 

L(v")  &(v). 

for each € € H’. In view of the Riesz Representation Theorem it follows that 

{v"} — v weakly if and only if for each u € H, 

<v",u>-<vu,u> 

as Nn — 00. 

We now consider a very special class of linear operators that map H into itself. 

By L(H) we denote the space of continuous linear operators that map H into itself, 

and by L(H, E) we denote the space of continuous linear operators that map H into 

E. 

If ©: (D(P) C H) & His a linear operator on H, then the (Hilbert) adjoint 

of I’, * is defined on H by
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D(I*) = {g € H| there exists f € H such that, 

<lu,g>—<u,f >=0, Vu € D(T)}, 

and if g € D(J™), then 

Ig =f 

In the case that X and Y are Hilbert spaces and I € L(X, Y), then the (Hilbert 

adjoint) I'* € L(Y, X) is defined by 

<I[r,y >y=< 2,I"y >x, 

for allz € X, y € Y. We note that this definition of adjoint makes use of the 

equivalence between X and X' and Y and Y’. 

The operator I’ is said to be self-adjoint if [ = I’*, and is said to be skew-adjoint 

if ! = —I*. Note that [ = I’* means that D([’) = D(I*) and ['z = I*z for all 

zé€ D(I). 

An operator I’: (D(I‘) C H) + H is said to be H-coercive if there exists a 

constant p > 0 such that 

< I'z,z >y> p|\lz|\},, Ve € D(L). 

An operator I: (D(I’) C H) + H is said to be dissipative in H if 

<I[2,¢>H<S0 8 Vre D(L).
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A dissipative operator I: (D(I’) C H) + H is said to be maximal dissipative if it 

is not a proper restriction of another dissipative operator. 

The following lemma is used to determine if a dissipative operator is maximal 

dissipative. [12, corollary to Theorem 1.1.1] 

Lemma 1.2.1. Let \ > 0 and suppose that I" is a dissipative operator on H with 

dense domain. Then I is maximal dissipative if and only if 

ROQI-T)=H, VA>0. 

We now have the following theorem for well-posedness [6, Page 26]. 

Theorem 1.2.1. The operator A generates a Co contraction semigroup on H if 

and only if A is densely defined and maximal dissipative. 

1.3 Review of Basic Results on Linear Regulator Problems. 

In this section, we review some of the basic definitions and results , which can 

be found in [6,14], on the control of a linear time invariant dynamical system given 

by 

3(t) = Az(t) + Bu(t), z(0) = zo (1.3.1) 

y(t) = C2(t), (1.3.2) 

where, z € Z, A: (D(A) € Z) » Z, B € L(R”™, Z) and C € L(Z,R"). We shall 

always assume that A generates a Co-semigroup, 7(t), on the real Hilbert space
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Z. The standard LQR problem on Z is to choose a control u € L2(0,00;R™) to 

minimize the cost functional 

J(z(0),u) = / (< y(t), y(t) >Rn + < Ru(t), u(t) >Rm) dt (1.3.3) 
0 

subject to (1.3.1) and (1.3.2). Here, R = R* € L(R™) is assumed to be positive 

definite. If Q = Q* € L(Z) is given by 

9 =C"C, (1.3.4) 

then (1.3.3) becomes 

J(z(0),u) = [ Qz(t), z(t) >z + < Ru(t), u(t) >Rm) dt. (1.3.37) 

Mild solutions to (1.3.1) are given by the variation of parameters formula 

z(t) = T(t)z(0) + [ T(t —n)Bu(n) dn, t>0, (1.3.5) 

where 7(t) is the Co-semigroup generated by A. 

A function u € L2(0, 00; R™) is said to be an admissible control for zo if J(zp, u) 

is finite, i.e., if the state z(t) given by (1.3.5) is in L2(0, 00; Z). 

Next, we introduce the definitions of stabilizability and detectability. The follow- 

ing definitions are taken from [14]. 

Definition 1.3.1. Consider the system given by (1.3.1). The system is said to 

be stabilizable if there exists a bounded linear operator K : Z ++ R™ such that 

(A — BK) generates a strongly continuous semigroup which is exponentially stable.
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Definition 1.3.2. Consider the system given by (1.3.1) and (1.3.2) with C € 

L(Z,R”). The system is said to be detectable if there exists a continuous linear 

operator 

F:R"°3=Z 

such that (A — FC) generates a strongly continuous semigroup which is exponen- 

tially stable. 

It is known [1], that if the system (1.3.1)-(1.3.2) is stabilizable and detectable 

then there exist a unique control up € L2(0,00;R™) such that 

T(z,topt) = | min, J(2,u) 

and this control can be written in a feedback form 

Uopt(t) = —R™B* z(t) (1.3.6) 

where IJ € L(Z) is the nonnegative self-adjoint solution of the algebriac Riccati 

equation 

A‘ ll + ITA— IIBR™B* Il +Q=0 (1.3.7) 

To assure the existence of an optimal solution, we have the following result which 

may be found in [1]. 

Theorem 1.3.1. Let the operators A,B, Q, and R be as previously defined. The 

algebriac Riccati equation (1.3.7) has a unique nonnegative self-adjoint solution, if
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and only if for each z € Z there is an admissible control for the initial state z. The 

unique control which minimizes J(z,.) is given by (1.3.6), and the corresponding 

optimal trajectory z(t) is given by z(t) = S(t)zo, where S(¢) is the strongly continu- 

ous semigroup generated by A ~— BR7'B*I which is uniformly exponentially stable. 

Furthermore, | | 

J(z, Uopt) = ved. gy J(z,u) =< IIz,z>z. (1.3.8) 

In general, equation (1.3.7) is a nonlinear partial (functional) differential equation. 

A direct analytical solution of such a system is usually impossible. Therefore, it has 

become a standard practice to approximate the entire control problem, thereby 

leading to an indirect approximation of (1.3.7). 

The basic requirement of an approximation scheme is to produce suboptimal con- 

trols, uy,(t), such that if u2,(t) is applied to the infinite dimensional system (1.3.1)- 

(1.3.2), the closed- loop system response is “close” to optimal for any initial condition 

and such that u(t) converges to uop:(t) in an appropriate sense. 

In essence, we need to construct a series of finite dimensional control problems 

that converges to the infinite dimensional control problem. One way of achieving 

this is to project the infinite dimensional contro] problem defined on Z onto series 

of finite dimensional subspaces Z*, N = 1,2,... . 

Let P’, for N = 1,2,.... denote a sequence of orthogonal projections P” : ZH 

ZN Cc Z. To assure that the finite dimensional approximations of the open loop
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problems converge in some sense to the infinite dimensional problem, the projections 

PN must converge to the identity operator as N — 00 and ||P || < 1 for all N. In 

addition, we will require the following convergence 

PX Bu = BNu 5 Bu, BN*z 5 B*z, ONPNz = Qz, 

as N-oo VzEZ, uwev. 

To assure convergence of the finite dimensional closed-loop problems, one also needs 

to have T(t) and T%*(t) converge strongly and uniformly in ¢ (for ¢ in compact 

intervals) to T(t) and T*(t), respectively. Moreover, the approximating systems 

must preserve stabilizability and detectability uniformly in N [5]. 

For N = 1,2,..., let A® be the generator of Co- semigroup T(t) on Z\. Assume 

that BY € L(R™, Z), and QN € L(Z) are uniformly bounded in N. The N-th 

order approximation to the problem is to minimize 

oO 

JN(z*%,u) = | (< ON2N(s),2%(s) >z + < Ru(s),u(s) >am) ds (1.3.9) 
0 

subject to 

z(t) = AN z(t) + BNu(t), 2% (0) = PX 2p (1.3.10) 

y(t) = CN 2% (t). (1.3.11) 

Similarly, under the assumption that (1.3.9)-(1.3.10) is stabilizable and detectable, 

there is a unique optimal control uf, € L2(0, 00; U) of the form 

ud. (t) = —RBN* IT" z(t), (1.3.12)



18 

where ITN € L(Z¥) is the unique solution of the algebraic (operator) Riccati equa- 

tion 

AN*TTN 4 ITN AN — TIN BN R71 BN*TTN 4+ QN = 0. (1.3.13) 

In Chapter 2, we discuss the application of these general results on the approx- 

imation theory to a second order distributed parameter system.



Chapter II 

A Review of General Theory of LQR for Second Order DPS 

In this chapter, we summarize the theory of LQR problems for a class of struc- 

tural vibration problems, and prove well-posedness and stability under a general set 

of conditions. The basic theoretical results may be found in [1]. 

2.1. Abstract Conservative System. 

The second order dynamical system that we consider here is given by 

£(t) + Apz(t) = Bou(t), 2(0)=20, 2(0) =r, (2.1.1) 

where z(t) is in a real Hilbert space H and u(t) € R™. We assume that the linear 

stiffness operator Ap is densely defined and self-adjoint with compact resolvent and 

has at most a finite number of negative eigenvalues. The input operator Bo is 

assumed to be a bounded linear operator from R™ to H. Thus we are restricting 

our efforts to compact input operators. Equation (2.1.1) includes the case where 

the mass operator is explicitly present, that is 

Moz(t) + Apz(t) = Bou(t) t>0. (2.1.1°) 

The mass operator Mog is a continuous, self-adjoint, linear operator with continuous 

inverse M>'. Equation (2.1.1) is obtained after multiplying (2.1.1’) on the left by 

-1 
Oo ° 
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20 

In order to write the system in a first order form, we define the “elastic energy 

space” V and the “total energy space” E. We choose a bounded self-adjoint linear 

operator A, on H such that Ay = Ao + A; is H- coercive, that is, there exists a 

p > 0 for which 

< Apt, 2 >n2 pllz|liz 2 € D(Ao) = D(Ao). 

Such an operator is not unique and since Ag is bounded from below, there are 

infinitely many choices for Aj. 

Once the operator Ap is fixed it follows that [10, Page 187] the eigenvalues of Ao 

are strictly positive, countable, isolated with finite multiplicities and no finite limit 

points. In addition, the eigenvectors {¢,;} of Ao are orthogonal and form a basis of 

H. In this case one can define an operator Au * the square root of Ao, using the 

eigenvalues {w?}, and the eigenvectors {¢,} of Ao by 

oO 

Aj w = Sou < Gx, w > Ok. 
k=1 

It follows from this definition that Ai! * is linear, unbounded, non-negative, and 

self-adjoint. The domain, D(A! *) can be identified with an inner product space 

with inner product <.,. >y defined by 

< 01,02 >v=< Ay?v1, Ay!*v9 PH - 

The completion of D(A1/?) with this inner product is a Hilbert space which we 

denote by V. Since every element of V is also an element of H, and we can use the
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algebraic imbedding 

VcH=H'cV.. 

where the injections from V into H and from H into V’ are continuous with dense 

ranges. If Ay denotes the Riesz map from V onto its dual V’ [1] defined by 

(Ayv,)(v) =< v,u1 >v v,v, EV, 

then it follows that A, is the restriction of Ay to D(Apo) in the sense that if v, € 

D(Ao), then 

(Ayv,)(v) =< v, Apt; >y=< 0,0, >v, VEY. 

If v € V, then (2.1.1) implies that 

<Z,vu >y + < Aoz,uv >y — < Bor,v >y= 0. 

Consequently, it follows that 

0=<Z,u>H+< Aoz,v >H — < Aiz,v >H — < Boxz,v > 

or equivalently, 

0=< Z,u >y+ <2, >y — < Ayz,u >H — < Boz,v > (2.1.2) 

for all v € V. We shall use this variational formulation of (2.1.1) to construct 

approximating systems. 

In the case where there is no rigid body mode, the third term in equation 

(2.1.2) vanishes and the equation reduces to the virtual work relation associated
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with (2.1.1). Therefore, the inner products in H and V represent the virtual work 

due to inertial’ and ’elastic’ forces, respectively. 

With the strain energy space V defined as above, the total energy space E is 

defined to be the Hilbert space E = V x H with the energy inner product 

< (v1, /1), (v2, he) >e=< 1,02 >v + < hi, ho >H. 

If Ap is coercive and z(t) is the solution of (2.1.1), then ||x(z), <(t)||% is twice the 

total energy (Kinetic and Potential) in the system. We may consider the system 

(2.1.1) in first order state space form on E by defining z(t) = (20) and 

2(t) = Az(t) + Bu(t), 2(0) = (2° ; (2.1.3) 

where A given by 

A= (_%, ; ) ,  D(A)= D(A) xV, (2.1.4) 

and 

B= ( 5, ) . (2.1.5) 

The system (2.1.3) has a unique solution if and only if the operator A generates a 

Co-group on the Hilbert space E [6, page 87]. In this case the problem (2.1.1) is said 

to be well-posed. It is easy to show that the operator A, given by (2.1.4) is skew- 

adjoint. Therefore, one can use the following version of Stone’s Theorem [6,page 

32].
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Theorem 2.1.2. (Stone’s Theorem) The linear operator A is the generator of a 

Co-unitary group on E if and only if A is skew-adjoint. 

In the remaining sections of this chapter, we consider the problems of well- 

posedness and stability for the damped versions of (2.1.1). Once the damping is 

introduced into the model the A operator for the first order system will no longer 

be skew-adjoint and Stone’s Theorem cannot be used for well-posedness. 

2.2 Damped System of Equations. 

In this section, we introduce damping into the elastic system by means of a 

“damping operator”. This general formulation allows one to consider both internal 

and external damping in one formulation. Upon adding damping to the system, 

equation (2.1.1) becomes 

z(t) + Doz(t) + Apz(t) = Bou(t), (2.2.1) 

and, in first order form 

z(t) = Az(t) + Bu(t), (2.2.2) 

where A is given by 

A= (44, h,) | D(A) = D(A) x V. (2.2.3) 

In [11], Chen and Russell presented a mathematical theory for general internal 

damping operators that exhibits empirically observed damping rates in many elas- 

tic systems. They considered the damping operator, Do to be proportional to the
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positive square root Au * of Ap. Also in [13], Hanson studied this “square root damp- 

ing” for the case of an Euler-Bernoulli beam. However, given a self- adjoint positive 

definite operator Apo, it is not always possible to obtain an explicit representation of 

Ag? 

We shall follow Gibson’s approach [1] and use a variational formulation and 

assume that there exists a damping “functional” 

do{(vj4,02): Vx VHRR 

such that do is bilinear, symmetric, continuous on V x V and nonnegative. 

If Do is a symmetric nonnegative “damping operator” defined on D(A ) such that 

Do is bounded relative to Apo, i.e., 

|Pox|| < A*||Aoz|| Vx € D(Do), 

‘then < Dov1, V2 >y defines a bilinear, symmetric, bounded, nonnegative functional 

on a dense subset of V x V. In this case the unique extension of this functional 

to V x V is dy [1]. Both damping models considered in this paper satisfy the 

conditions given above. External damping is modeled by viscous damping which is 

provided by an operator proportional to the mass operator, and internal damping is 

modeled by Kelvin-Voigt damping which is represented by an operator proportional 

to the stiffness operator. In particular, Dp = cMo represents “viscous damping” 

and Dp = cAo provides a model of “Kelvin-Voigt” damping.
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Under these hypotheses on dog, there exists a unique bounded linear operator Ap 

from V into V’ such that 

do(v, v1) = (Apv)(v) Vv, V1 = V. 

The operator (Aj Ap) is then a bounded linear operator from V to V and (Aj'Ap) 

is self-adjoint (on V) since do is symmetric. Moreover, if v,v; € V, then 

do(v, v4) =< v, Ap Apu, >v=< Ay'Apv, 4 >Vv . 

The operator (Ay’Ap) defines the damping operator, Dy that we consider in this 

paper. 

To prove well-posedness for the system given by (2.2.1) or (2.2.2)-(2.2.3), we 

need the following result. 

Lemma 2.2.1. The operator A given by (2.2.4) is dissipative in E. 

Proof:. Calculating the inner-product < Au,u > g we find that for u € D(A) 

_ U2 U1 < Au,u >E =< or . Daun) , (2: ) >E 

=< Apt, ti >H — < Apt, U2 >H — < Doua, U2 ># 

=-< Doug, U2 >H 

= —do(u2, u2) < 0, 

which implies that A is dissipative.
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In order to derive the semigroup generator, we need to invert the Ao operator. 

But Ag may be singular due to the existance of rigid-body modes. The operator 

A, was added to assure coercivity of Ap. Next, following the steps in [1], we define 

A- € L(E, E) by 

At = |~Ag*Do — Ag") | 

This operator is clearly one-to-one and its range is dense since V is dense in H and 

D(Ao) = V. Now, we take 

Az=(At)7,. 

The operator A is dissipative with dense domain (Lemma 2.2.1), and since D(A7') = 

E, A is maximal dissipative. Well-posedness will then follow from Theorem (1.2.1). 

The open-loop semigroup generator for the elastic system is given by 

A=A+ f. J , D(A) =D(A). 

The optimal control problem was sketched in Section (1.3) and results were 

given to insure the existence of a unique solution to the optimal control problem. 

Here, we specialize to the case where E = V x H, is the energy space and, T(t), S (t) 

are the open-loop and closed-loop semigroups, respectively. We need the following 

theorem [1, Page 24] 

Theorem 2.2.2. Suppose that the open-loop semigroup T(t) satisfies 

IT(@)I|< Mie™, = t 20,



27 

for positive constants M, and aj, that IJ € L(E) is the minimal nonnegative self- 

adjoint solution to the algebraic Riccati equation (1.3.7), and that S(t) is the optimal 

closed-loop semigroup given by A— BR-'B*II. If there exists a constant Mo such 

that 

[ \|S(t)z|[?dt < Mo(< IHz,z>z +4\|z||?) Wz EE, 

and a constant M, such that 

|||] < Mo, 

then there exist positive constants M2 and a2, which are functions of Mo, Mj, Mu, 

and a, only, such that 

IS@)|| < Moe", tt 30. 

The next theorem is for the case where all of the elastic components of the structure 

have some damping and the actuator is acting on the rigid-body mode. This is the 

case in most aerospace structures and in the problem considered here [1]. 

Theorem 2.2.3. i) Suppose that A, = BoB* and that Ap = Ao+.A; and dp = do +A, 

are H-coercive, so that there exist positive constants p,7, 8 such that for all v € V 

lull 2ellellis (2.2.4) 

do(v,v) > pllvll; (2.2.5) 

and with Dp being bounded with respect to Ag,ie., (||Doz|| < 7?||Aoz||), 

do(v,v) < yIlull? (2.2.6)
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and 

maz{||Boll, ||Ql|, I|RIl} < 8, (2.2.7) 

then (1.3.7) has a minimal nonnegative self-adjoint solution IJ which satisfies 

[|Z || < Mo(e, 7; 8) 

ii) Suppose also that 

< Qz,2>£2 pllz|lz_ z€E, 

then the optimal closed-loop semigroup satisfies 

[| S(t)|| < Mae7°?* t> 0, 

where M, and az are positive constants depending on p,7, 8 only. 

Proof. i) The sub-optimal control 

u(t) = —Bo[z(t) + =(t)] 

presents an admissible control, and from theorem (1.3.1), there is a minimal nonneg- 

ative solution to the algebraic Riccati equation (1.3.7). To get the required upper 

bound, from (1.3.3) and (1.3.8), we get 

< Ilz,z >< | [< Oz,z>e4+ < Ru,u >pR-ldt, 
0 

or 

|< lIz,z>|< || [< Qz,z >e + < Ru,u >pmldt\. 
0
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Since both Q and ® are bounded from above by (2.2.7), the left hand side is also 

bounded from above for every z € E. Then, using Uniform Boundedness Principle 

(Banach Steinhaus Theorem) [8,Page 74], we obtain the bound 

|ZT|| < Mn. 

ii) In this case, the Mo in the previous theorem is p, and the theorem yields the 

result. 

Note that in this theorem A, which is associated with the rigid body part of 

Ao, is directly related to Bo. This is the case with the problem considered in this 

paper where, the only control is a torque acting at the hub. 

With IT € L(E) and E= V x H, we can write 

_ |p I; 

a=|i8 i) 
‘ where [Ip € L(V), 17, € L(H, V), H72 € L(H) and Ip and JI, are nonnegative and 

self-adjoint. Since z = (z,z)7, equation (1.3.6) becomes 

u(t) = —R-B3[If2(t) + M22(t)). (2.2.8) 

Since By € L(R™, H), we must have vectors  €H, 1 <i <m such that 

Bou = > bu; 

t=1 

for 

u= [uy, U2, veseg Urn] € R”™
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Also for h € H 

Boh = [< bh DH, ey < bm, h >HI’. (2.2.9) 

Now JIf2(t) and I,z(t) are elements of H, and using (2.2.8) and (2.2.9), we can 

write the components of the optimal control in the feedback form 

u(t) = — < fi, z(t) >v — <9;,2(t) > i= 1,.....,m. (2.2.10) 

Where f; € V and g; € H are given by 

m 

fi = (Ras) 
j=l 

9: =) (Ris)7'Mab;, t1=1,m. 

j=l 

The elements f; and g; define the gain operator. 

2.3. The Approximating Open Loop System. 

We now introduce a general approximation scheme. We follow the framework 

given by Banks and Kunisch in [2] and Gibson in [1]. For each N = 1,2,.... , let V¥ 

be a finite-dimensional subspace of V with dimensions N and Py, be the orthogonal 

projection of V onto V%. We assume that the sequence of orthogonal projections 

Py, converges V-strongly to the identity. Since V% is finite dimensional it is the 

span of N linearly independent vectors e%, i =1,2,...,N. 

For N > 1 if one assumes a general Galerkin approximation of the form 

N 

a(t) = > &(t)e , (2.3.1)
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then €(t) = [é:(t), €2(t),...,&w(t)]* will satisfy a system of the form 

MNE(t) + DNE(t) + KNE(t) = Bi’u(t), (2.3.2) 

where the mass matrix M™, damping matrix D”, stiffness matrix K%, and actuator 

influence matrix BY are given by 

M; = [< ey eS. >a]; 

DY = [do(ef’,¢}')], 

KN = le Age, Age >y] = [< e%, e% >y] — [< Are’ e% >a], 

Bows = [< ej’ 0; >y]. (2.3.3) 

There are several ways to write (2.3.2) in first order form. One way of representing 

(2.3.2) in a first order form would be to use the states 7 = () and (2.3.2) becomes 

n= ANn + Bu, (2.3.4) 

where 

AN =| _ig-ig WD" »  BY= aon : 

It is useful to note that (2.3.2),(2.3.4) are matrix representation. of the following 

ODE in E*, 

zN(t) = AN2N(t) + BNu(t) (2.3.5) 

where 2% = (2% ,2N\T € EN, and AN € L(E’), BN = L(R™, E®) are the operators 

whose matrix representations are given by (2.3.4).
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The resolvent equation 

e-an($)=(8) a 
can be represented in terms of the finite element system if one expands uN and hy ; 

j = 1,2 by 
N 

vv = Svaje! AY =) — Bie’ (2.3.7) 
i=1 t=1 

and uses the definitions above. In particular (2.3.6) becomes 

(02M + DN + KX) @, =(AMN 4+ DY) B,4+M" Bo, (2.3.8) 

and 

@ 2 = A@1 _— Bi, (2.3.9) 

—_ . 

where @; = [at a2, ..., 05% Tand B;= (83, 2 oy BN], for j = 1,2. 

These relations hint to a particular norm on V, where convergence of the approx- 

imation scheme is studied. 

To study the approximation scheme we use the Trotter-Kato theorem which is 

the infinite dimensional version of the Lax equivalence theorem. There are several 

version of this theorem. The following theorem may be found in the paper by Banks, 

Burns and Cliff [15] and Theorem 2.3.2 can be found in (Kato, Page 504]. 

Let Z, and ZN, N = 1,2,.. be Hlibert spaces with norms ||.||z and ||.||z. Let 

N.7N X* be a closed subspaces of Z™ and x t+ X™ be the orthogonal projection
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of Z™ onto X%. Suppose S¥ : Z + ZN is a mapping satisfying R(S") = Z" and 

IS z\|zn < ||z||z for z € Z. Finally define PY : Z14+ X% by PN = eNQN. Also, 

for a Hilbert space X, we write A € G(M, B) to mean A: (D(A) C X) + X is the 

infinitesimal generator of a Co-semigroup T(t) satisfying ||T(t)|| < Me*t. 

Theorem 2.3.1. (Trotter-Kato) Let Z,Z% ,X% and P% be given as above. Sup- 

pose for some M,8 we have AN € G(M,f) on Z. Further suppose there exists 

DC D(A), D dense in Z such that 

i) (AZ — A)-!D C D for Red > B, 

ii) for every z € D, ||ANPNz — PN Az||zn 20 as N— 00. 

Then, for every z € Z 

|S%(t)PXz — PNS(t)z||zn +0 as N+ 0x, 

and the convergence is uniform in t on compact intervals. Here A is the infinites- 

imal generator for S(t) and A is the infinitesimal generator for S(t). 

Theorem 2.3.2. Let A and AN, N = 1,2,.. belong to G(M, ). If 

(€-— AN) 2 4 (€- Az 

for all z € Z and some € with Re€ > 8, then for each z € Z 

N etA z— etA,
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uniformly in any finite interval of ¢ > 0. 

We first treat the case in which Ap is coercive (no rigid- body modes). The general 

case is a straight forward extension. The main idea is to project (A —.A)~! onto EN 

in a certain inner product and observe that the result is exactly (1 — A%)-} where 

AN is the operator on EY in (2.3.5) and (2.3.6). 

For real \ > 0, define an inner product on V by 

<5. y= A? <.,. > H+Add(., J+ <.,.>v- (2.3.10) 

Let P™(X) be the projection operator of V onto V% in the inner product <.,. >, p p ’ 

now let hi, h2 € H and note that 

a—a(s)=(h) 

(PCa) Gh 
After substituting A~’ into equation (2.3.12), one obtains 

is equivalent to 

(I+ \AZ Ap + A7.A51)u, = (AAs? + Ap Ap)Ai + Agthe 

and 

V2 = Avy, — Ay. 

If v¥ = PN(A)v, and vl’ = PX(A)v2, then 

N .N N 
<€; Vy >, =< Ee; V1 my, 

< eM ul >, =< eM >. 

(2.3.11) 

(2.3.12) 

(2.3.13) 

(2.3.14)
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Using (2.3.10), the A-inner product < e%, uN >) gives 

< eM uN >) =< eu >) (2.3.15) 

=< eM Ap As! >H tA < eN Ay Apu >Pvt< eN vy >V 

=< eN (7,457 + AZAD + I)v, >v 

=< eN (AA;" + Ay Ap)hy + Aj he >vV 

and from (2.3.14), < eN, vi’ >) becomes 

< eM uN sya=< eM ym y= A < eM > — < eM hy Dy. (2.3.16) 

If hy = hl € VN and hy = AY € VN, we use the representations (2.3.7) for 

ul uN AN, AN in (2.3.15) and carry out the i ducts. F hi=1,2 N 1 U2 ,hy, hy 3. y out the inner products. For each 7 = 1,2....., 

the left hand side of (2.3.15) simplifies to 

< eM oN >) = < eM uN oy tAdo(eN, u¥)+ < e¥ uN ay 

N 
= 50? < eN, eY >y aj t Ado(eN’ , ef Jajy+ < ef’, ef” >y aj). 

j=l 

Consequently, [< e¥,u% >), < eM ul! >y,....,< eNjuN >]? = [< eM, uN >,] is 

given by 

[< eM oY >) = O7MN 4ADN 4+ KX). 

Likewise, (2.3.15) yields 

[< eM wN >) = AM" 814 DN BL 4M").
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Comparing the above results, it follows that 

(A2MN 4D" + KX) a = (AMN + DY) BL + MN B,, 

which is identical to (2.3.8). Similar calculation yields 

and 

Pr PC) (A — A)*Pgw = (A— AY) Pew, 
where Pern is the orthogonal projection onto E’. Therefore, Py» can be written in 

the form 

Pew = es Poa 

where Pyw is the orthogonal projection of H onto H”. Since the V norm is stronger 

‘ than the H norm (convergence in V implies convergence in H), the norm induced 

by the A-inner product is equivalent to the V norm. Thus, it follows that (A — 

A’ )-1Pgn converges strongly in E to (A—A)-} as N — oo. Also, with A% extended 

to EX” (the orthogonal complement of E%), as say, N(Pgw — I), Theorem 23.2 

yields the following result. 

Theorem 2.3.3. Assume that Ap is coercive and T"(.) is the semigroup generated 

on EN by AN. Then for each t > 0, T*(t)Pgw converges strongly to T(t), uniformly 

in t for t in bounded intervals.
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In the general case, when Ap is not coercive, the open loop generator A is 

obtained from the dissipative A by the bounded perturbation in (2.1.3) and the 

following generalization of the theorem holds (see [1], Corollary 4.3) 

Lemma 2.3.1. Let T%(.) be the semigroup generated on EX by A’. Then for 

each t > 0, T'(t)Pgw converges strongly to T(t), uniformly in ¢ for t in bounded 

intervals. 

Entirely similar arguments are used to show that the adjoint semigroups also 

converge strongly. In particular we have the following result ([1],Theorem 4.5) 

Theorem 2.3.4. Let T'(.) be the sequence of semigroups in Lemma 2.3.1. Then, 

for each t > 0, T%’(t)Pew converge strongly to 7*(t), uniformly in t for t in bounded 

intervals. 

The approximation to the actuator influence operator B € L(R”™,E) is BY € 

L(R”,EN) whose matrix representation is B% given in equation (2.3.4). From 

equations (2.3.3), it follows that 

BN = PpnB. 

Since B has finite rank m, B™ and B®” converge strongly to B and B*, respectively. 

2.4. The Approximating Optimal Control Problem. 

In this section, we study the approximate optimal control problem, which is
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the projection of the infinite-dimensional optimal control problem on E onto the 

subspace EN. 

The N-th Optimal Control Problem is to choose u% € L2(0,00, R™) to minimize 

JN (2%(0),u%) = [« ON z(t), 2N(t) >p + < Ru(t),u(t)>p)dt, (2.4.1) 

subject to 

ZN (t) = AN z(t) + BXu% 

y(t) = C z(t), 

given an initial condition z‘(0) = (x%(0),z%(0))? € E’, where 

ON = CN°CN = Pew Q|en. 

To assure existence of an admissible sub-optimal control, it is sufficient to as- 

sume that for each N, (A%,BY,C%) is stabilizable and detectable, then the optimal 

control u‘(t) has the feedback form 

uN (t) = —R-UBN* ITN 2% (t), (2.4.2) 

where JJ" is a linear positive definite self-adjoint operator on E, and satisfies the 

Riccati equation 

AN*TTN + ITN AN — TTS BN R-1BN* ITN + QN = 0. (2.4.3) 

If (AX, Q%) is observable, then IJ% is the unique positive definite self-adjoint 

solution of (2.4.3). We partition JT® as 

N N 

TN = nk ay | _ (2.4.4)
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then (2.4.2) can be written as 

uN(t)=—< fX 2% (t) >y — < 9%, a(t) >x, (2.4.5) 

with, 

fN = RUMMY Py 

g™ = RI} Pynb, 

where b € H and f*,9% are the N-th approximation to the gain operators. 

For the numerical solution of the N-th problem, the matrix representations of 

these equations are used. We will need the following matrices 

KN = [< ey ef >v] 

= KN + [< Aye® ce” >y] 1 9&5 

n_|KN 0 Ww =| ‘ aan (2.4.6) 

Since Q = Q* € L(E) and E = V x H, we can write 

_ [2 
©= 19; S|. 

with Qo = Q% € L(V), Q: € L(H, V), Q2 = Q3 € L(H). 

For the matrix representation of Q” € L(V), let 

uN = Qov”, uN vw evn,
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Since u% and v™ are elements of V%, they have the representations 

u= a; e5 > vv = Bie; . 

N N 

j=l j=l 

Substituting into the above equation and taking the inner-product with eN, it yields 

_ 

j >la@ =[< ey, QoeN >] 6, [< ee; 

N oN therefore, the matrix representation of Qf is [< ee” >y]""[< ef”, Qoe” >y]. 

Following the same procedure for the rest of Q’s, one gets 

Qn _ [W}-1QN. (2.4.7) 

Where QV” is the matrix representation of Q" and Qy is the nonnegative, symmetric 

matrix 

ON = Qo 2] 
QY Qh 

with 

Qo = I< el, Qoe;’ >v] 

Qr = [< ef, Orel >v] 

QY = [< eN Qoe" >y]. 

Also, the matrix representations of AN”, B” are given by 

WT TANPW, and [BNW 

respectively. 

(2.4.8)
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Denoting the matrix representation of [7% by II¥, the Riccati operator equation 

is equivalent to Riccati matrix equation 

[W]OLAN TWAIN 4 NAN — TE BY RUBS |TWIDY + QN = 0. 

Premultiplying by W%, and letting TY = WII, we obtain 

[AN]T ITN + TPN AN — TIN BN R-UBN TIN + OY = 0, (2.4.9) 

which is the Riccati matrix equation to be solved numerically. 

Since the gains are elements of V" and H® they can be written as 

N N 

fY= So pleN = gN=J_ Bie, (2.4.10) 
j=1 j=1 

where Bi = [6/, Bf,..., BEIT and Bs = [6%, B3,...,8%]7. The equations relating 

— => ~ 
Bf and B9 to II are given by [1], 

Br PO | =(W*)CWN BYR. (2.4.11) 
B9 

The goal is to compute the gains, which then, can be used to obtain the control 

input, using (2.4.5). The complete solution to the N-th optimal control problem is 

then, to solve the Riccati matrix equation (2.4.9) for II’, then the optimal control 

is given by (2.4.5), with the gains given by (2.4.10) and (2.4.11).



Chapter III 

The Timoshenko Beam Control Problem 

In Chapter 2, we apply the general theory of LQR to a particular class of 

structural vibration problems. We prove well-posedness and stability under a general 

set of conditions for a dynamical system given by an abstract second-order equation. 

In this chapter, we specialize to a slewing beam problem sketched in Chapter 1. The 

results in [1] were applied to an Euler-Bernoulli model and until now the Timoshenko 

model has not been fully investigated. The main contribution of this dissertation is 

then to obtain convergent results for an LQR problem on a hub-beam-tip structure 

governed by Timoshenko model, and to study the effect of system parameters, as 

well as different finite element spaces on the convergence of the gain operators. We 

write equations (1.1.1) in a standard second order form, and proceed to show that 

the control problem for the Timoshenko beam governed by (1.1.1) can be put in the 

general framework given in Chapter 2. Well-posedness for this particular problem 

will then follow from the results in Chapter 2. 

3.1. The Timoshenko System. 

The equations of motion for the structure in Figure 1 were given in Chapter 1. 

42,
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With the parameters defined as before, they are 

1,6(t) = EIy,(t,0) + M(t) 

pA(ue(t, 2) + 26(t)) = KGA(us(t,2) — ¥(t,2))e 

pl(bu(t, 2) + O(t)) = Elze(t, 2) + KGA(us(t, 2) — Y(t, 2)) 
(1.1.1) 

m,(uy(t, 1) + 16(t)) = —KGA(u,(t, 1) — v(t, 1) 

To(pe(t, l) + 6(t)) = —EI¢,(t, l), 

along with the boundary conditions 

u(t, 0) = p(t, 0) = 0. 

Define the vector z to be 

A(t) 
u(t,r) + 26(t) 

z=] v(t,r)+O(t) |, 
u(t, 1) + 10(t) 

v(t, 1) + O(¢) 

then equations (1.1.1) can be put in a standard second order form 

z(t) + Apz(t) = Bou(t), (3.1.1) 

where z is in a real Hilbert space H = R' x L, x L2 x R' x R', u(t) is in R’, 

By: R' + H and Ay: D(Ag) + H, with Ap given by: 

0 0 60D 0 0 

° AD ate, ° , Ay = — | 0 GAD Ei D? — RGA 0 0 (3.1.2) 

0 —KG46.D KGA§, 0 0 

0 0 -26D 0 0
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Here D denotes differentiation with respect to x. The notation 6, is the standard 

notation for the delta function with the property that if ¢ € C(0, 2] 

62$(.) = $(z). 

The domain of Ap is given by, D(Ao) = 

{z € H/z2,z3 € W?”, z2(0) = 0., zo(1) = 24, 23(0) = 21, z3(1) = zs}. (3.1.3) 

The Hilbert space H is equipped with the inner product 

I I 
< 2,2 >= [hz2, + pa | Z92q dz + pt | 2323 dx + m,_2424 + 1,2525. (3.1.4) 

0 0 

In order to apply the results presented in Chapter 2, we first need to prove that the 

operator Ap is self-adjoint with dense domain, and one can find an operator A; so 

that Ap = Ap + A, is coercive. 

Lemma 3.1.1. Domain of Ap is dense in H = (R! x Lz x Lz x R! x R’). 

Proof:. Let «€ > 0 and assume that h = (rj, $2(.), $3(.), 74,75) € H. Let yo(.) € 

W? be such that (0) = 0, p2(l) = r4 and 

€ 
l 

pA | vals) ~ da(s)IPds < § 
0 

Likewise, pick w3(.) € W?? such that #3(0) = r1,%3(1) = rs and 

€ 
l 

pt [| Iiva(s) - da(s)IP,as < §
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It follows that h, = (11, ¥2(.), Wa(.), 74,75)? € D(Ao) and 

l l 

I|k — hell&y < pA [ Il}o(s) — $o(s)|[?,ds + pl / IIva(8) — #0(s)|I?, ds 

K po < 3 3 €. 

Hence D(Aj) is dense in H. 

Theorm 3.1.1. The operator Ag is self-adjoint with respect to the Hilbert space 

H. 

Proof. We proceed to find the adjoint of Ap. Let u € H and assume that there 

exists u such that 

0 =< Agv,u >H — <u, >H Vu € D(Ap). 

The definition of Ap yields that for all v € D(Ap) 

  

7y 003 - 
KGA ( Wy!) Uy vy Uy 

KGA(o " on Ne v2 Ua ! " ~ 
al (v}, _ v3) + pl U3 ; Ug + V3 5 U3 = 0. 

—KGAS (yf, — v3) U4 U4 U4 
Me Elec. Us Us Us 

c 

Expanding this expression and using (3.1.4), it follows that for v € D(Ap), 

I I 
Elu,v;(0) + Kea | u2(z)(v9(z) — v3(xz)) dz + Kea | u3(z)(v9(z) — v3(z)) dz 

+ Er | u3(r)v3(r) dz — KGAua(v, (1) — v3(1)) — Elusv3(1) + Ipvrtiait 
0 

1 I 
pA | v2(z)t2(rz) dz + pt | v3(z)ti3(z) dz + m,v4tt, + I,vsits = 0. (3.1.3) 

0 0
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After integrating by parts and grouping terms, we obtain 

Eluyeh(0) — KGAvS(2)( [ wa(u) dul + KGAdL(e)( f° uals) du) 

KGAva(2)( | uo(u) du) lh + KGAW(2)( |” [ ual) du do)l,- 

KGAu46,(v, — v3) — Elusv3(l) + Ipvy ty + m_vattg + [vstis+ 

koa [ v9 (z)(ue(z) — [swe + fal [ tio(u) du dv) dx+ 

Kea | “ofl(2)( fan [Of usu) dudy + Ze ule)+ 

La | [ tolwdan ar) de + pavstey( [aly de) 

pars(e)( ff tala) dudv)ly + ploa(z)( | tau) du)le- 

prs(z)( f° [ ta(u) du dvyl = 0. (3.1.5) 

Now the domain of Ag includes 

D, ={zE€ lz =23=2%=2,=0, we We}. 

Therefore, it follows that (3.1.5) holds for all v € D, and hence 

i osle)(uale)— fuel) au + Bae | [ tig(w) du dv) dx = 0, 

for all v, € H2. Applying the Fundamental Lemma of Calculus of Variations [5], we 

obtain 

u2(xz) — us(w) du + ——— al [% dudv=azx+b 2(zx) [ 3(u) du KGA a(p) du 

for some constants a and 6. Therefore, we have that 

xv A Zz Y 

uo(z) = | us(h) du — 3h | [ tio(u) dudv + az +b
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which proves that uz belongs to W!*. Consequently, u2(r) can be differentiated 

once to give 

Af’. u(r) — us(z) — FGA ; tio(v) dv = a. (3.1.6) 

Note that, it is not a priori obvious that u3 can be differentiated. Returning to 

(3.1.5) and noting that D(A ) also contains 

= {z € H|z, = 2, = 2% = 25 = 0,23 € W”}, 

it follows that for each v € W2” 

[of nde [ [vw dudr + Boucle 3 ? ° KGA ° 

fal [ tus(u) du, dv) dz = 0. 

Again, an application of the Fundamental Lemma of Calculus of Variations yields 

fo vater dn [Of wala) dude + eeuala)4 2(u) du — us(u) du dv + =a ua(z 

gal f t3(u) du dv = az + b. 

It follows from this equation that u3(r) belongs to W, and hence it follows that 

  

u2(r) — fe dv + —— oa u,(r) + +o xo dv =a. (3.1.7) 

Since u2(z) belongs to W’ it now follows that u3(xz) € W!*. Therefore, differen- 

tiating (3.1.7) once more yields 

EI Wa) KGA 
3(2) —   7 (¥2(2) — u3(z)). (3.1.8) t3(z) =
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Returning to (3.1.6), we note that us(z) € W?? now implies that u, € W'”. 

Consequently, (3.1.6) can be differentiated once again to yield 

u(x) = Ta (ual) — u3(z)). (3.1.9) 

Since u2(x), u3(z) belong to W?, equation (3.1.3) can be again integrated by parts. 

After carrying out these integrations and introducing the expressions for uz and u3 

and grouping terms, one arrives at 

— (KGA6§(u,(r) — u3(x)) — mettg)ve(z) + ETb9(ur — u3(r))v3(0) 

+ EI6;(u3(x) — us)v3(1) + KGA6;(ue(z) — ua)v, (2) — KGAu2(0)v,(0) 

— KGA6(u2(r) — u4)vs(1) + KGAu2(0)v3(0) — 6:(£Iug(r) — I,ts)v3(1) 

+ 6o( Elu;(zr) + Tpit; )v(0) = 0, 

which must hold for all v € D(Ao). Selecting different domains for v which are 

included in D(A), corresponds to the vanishing of these terms independently and 

in turn determines the domain for the adjoint operator 

u3(0) = uy, 

u3(l) = us 

u2(I) = U4
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Moreover, it follows that 

  ig = =A (us( - ua(0) 

fig = Hag (3.1.11) 

and 

. El 
t= 7, u3(0)- 

Combining these results with (3.1.8) and (3.1.9), we find that 

iig(2) = a — ui(z)) 

ti3(r) = - Fuse )- AGA (uh(z) — us(2)). (3.1.12) 

Comparing the adjoint operator Aj and the operator Ap and noting that D(A) = 

D(Ao) completes the proof. 

In the next Jemma, we deal with the non-coercivity of —A g, which is due to 

the presence of the rigid-body motion. This will amount to simply shifting the zero 

eigenvalue to the left by adding an operator —Aj. 

Lemma 3.1.2. If —Ap is given as above, then there exists an operator —A, such 

that —Ay = —Ap — A; is coercive. In particular, there exits a constant p > 0 such 

that 

<—Agv,u>qy > p'lv|l2; Vo € D(Ad) (3.1.13)
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Proof. Expanding the left hand side of (3.1.13), it becomes 

< —Aov,v >H=< —(Ap + Ai)u,v >H=< —Aov,v > — < Aju,u >H. 

The first H-inner product on the right hand side of the above relation yields 

  

51 3(0) 
KSA (uf — v5) vs 

< —Agv,v >y= (- RGA (u; — v3) + rus , | v3 , 
—FEAS(v; — v3) ve 

— 414 (0) 

After integrating terms by parts the left hand side of (3.1.13) simplifies to 

_ 1 1 
< —Aov,v >y= Ka | (v, — v3)? dx + Br | V30, dx— < A,v,v >y 

0 0 

Looking at the above equation, it is clear that the operator Ap does not impose 

any constraint on v,, where as the norm on the right hand side of (3.1.13) certainly 

_ includes v,. Choosing A, such that 

< Ajv,v >= —v?, 

would make the above inner product positive definite for every v € D(Ap) and 

(3.1.13) follows. 

In this section, we proved that the stiffness operator —Ap for the Timoshenko 

beam is self-adjoint with dense domain, and there exists a bounded self-adjoint 

operator —A, such that —Ay = —Ag— A; is coercive. The existance and uniqueness



51 

of the solution to the system given in equations (1.1.1)- (1.1.5) follows from the 

general framework sketched in Chapter 2, in the sense that, with Ao self-adjoint, then 

A in equation (2.1.2) becomes skew-adjoint and well-posedness for the conservative 

case follows from Stone’s Theorem (Theorem 2.1.2). Also, for the damped system, 

with Ao coercive, well-posedness follows from Theorem (2.2.1), provided that the 

damping operator satisfies the conditions given in section 2.2. 

It is important to note that D(Aj) C V. thus, any space VY C D(Ap) will 

automatically belong to V. This will be the case in the finite element method used 

in the next section.



Chapter 4 

Finite Element Approximations for Control 

In this chapter, we use the general approximation theory from above to generate 

finite dimensional approximation to the optimal control problem for the Timoshenko 

beam. As was noted in Section 1.1, very few other authors have considered this 

particular problem. In [2], Banks and Crowley considered a parameter estimation 

problem for a simply supported Timoshenko beam. They used cubic B-splines to 

approximate both rotation and displacement of the beam. They did not consider the 

control problem. In [3], Burns, Cliff and et. al., studied the problem of controlling 

a slewing Timoshenko beam. They used the same finite element space that Banks 

and Crowley used in [2]. However, they were able to obtain satisfactory convergence 

only for a small range of beam specifications. In other cases the sub-optimal gains 

diverged. 

The choice of a finite element space to be used in finite dimensional approx- 

imation of the optimal control problems clearly plays an important part in the 

convergence of the sub-optimal feedback gains. In this paper, we investigate two 

different schemes. One is the standard cubic B-splines which was used in [2] and 3], 

and another is a set of conforming finite element schemes for Timoshenko beam that 

was first introduced by A. Tessler [4]. In the next chapter, numerical experiments 

52
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will show that the new scheme has much better convergence properties than the 

standard cubic B-spline. We shall modify a particular set of these elements to apply 

to the Timoshenko beam slewing problem. 

4.1 Finite Dimensional Approximations. 

In this sections, we discuss the application of a particular conforming finite- 

element scheme to the problem of computing sub-optimal feedback gains for the 

system (1.1.1). A series of comforming finite element schemes for Timoshenko beams 

were introduced by A.Tessler [4]. Here we employ a particular set of these elements 

(T2CL6) to compute LQR functional gains. 

The idea behind these schemes is to relax the smoothness requirement on the 

shear (Sultz) — 7(t,xr)). This will result in a coupling between the finite-element 

spaces for the displacement and rotation. The scheme (T2CL6) that we shall em- 

ploy proved useful in various simulations (see [4]). In this notation T stands for 

Timoshenko, 2 is the order of polynomial for rotation, C corresponds to having a 

constraint on the elements, L corresponds to requiring the shear to be linear across 

each element, and 6 is the number of degrees of freedom in each element. There- 

fore, this scheme uses a cubic polynomial for displacement u(t,z) and a quadratic 

polynomial for rotation (t,2) and requires that the shear (Sete) — ~(t,2)) vary 

linearly across each element.



Recall that 

2 6(t) 

22 u(t, x) + r6(t) 

2(t)= |] z3 | =| v(t,z) + A(t) (4.1.1) 

z4 u(t, 1) + 1A(t) 

25 p(t, 1) + O(t) 

with z € H=R!xL,x L, x R! x R!. If one employs a Ritz-Galerkin approxi- 

mation, then the vector z(t) may be approximated by 

N 

2N(t) =D) wj(t)eN (2). 
j=1 

Since e” (x) € V%, it has five components. For simplicity, we use a;(x), };(zx), 

1;(r),0;(x), 7;(z) to denote them. That is, for every j, 

eM (x) = (a;(2), Bi(2),75(2),05(2),75(2))*- 

If one is to approximate z2 by 

N 
2} (t,2) = uN (t,2) + 20(t) = 5° w;(t)B;(z) (4.1.2) 

j=1 

then, compatibility suggests using §;(/) to represent z,. In particular, 

N 

ZN (t,1) = a(t) = uN (1,1) + 0(t) = So uj(t)o;, 0) = 8), (4.1.8) 
j=1 

likewise, approximating 23 by 

N 

23 (t,2) = X(t, 2) + O(t) =) wj(t)9,(2) (4.1.4) 
j=l
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would suggest that z; be approximated by 

2 (t) = WX (t,1) + Ot) =D wj(t)73, 75 = 75 (1). (4.1.5) 
j=l 

The splines used to construct bases for (z2, z3) are taken from [4] and are plotted 

in Figure 3. We refer the reader to [4] for a complete discussion. However, we 

shall give a basic outline of this method. The method makes use of three quadratic 

polynomials on [—1, 1] of the form 

1 a(6)= 506-1) 

m(¢)=1-¢ 

as(6) = 56(6 +0) 

and three cubic polynomials on [—1,1] defined by 

al) = (C-0) 

al) =-F(C-9) 

eal) = (CO - 0. 

Here ¢ is a nondimensional variable that varies between —1 and +1 and A is the 

half the length of the element. 

With these notes in mind, we divide the beam (0,/) into n elements with equal 

length. This will give rise to (2n) nodal points along the beam. With each node 

having a displacement and a rotation, one then approximates z by the 2(2n) = N
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Ritz-Galerkin approximation 

2(2n) 

ze2N= So wh (t)eN (2), (4.1.6) 
j=0 

where the basis functions are chosen as 

€9 (2) = 

e
e
 
o
n
 

0 

q;(z) 
0 

q;(1) 
0 

eN (x) = 

0 
c;(z) 

ef (x)= | a(x) | Int1 <j <2(2Qn), i= 7 -(2n) 
c;(1) 
gi!) 

and where q;(z) and c;(z) are the quadratic and cubic polynomials given above. 

These polynomials will be modified to satisfy the physical boundary conditions at 

the left. In terms of a nondimensional local variable = = with h being half the 

length of an element, and € varying from 0 — 1 across each subinterval, the cubic 

interpolating functions are given by 

0, for r < (1—2)h 

nya) BETES fr G-Dhses (ih 
BS) HBO +B for (6h S 2 Sih 

0, for th < x.



of 

for odd 2’s, and 

0, for zr < (2-—3)h 
RES 2624 8E for (i-3)h< a <(i—2)h 

_| hes _ he, for (t-2)h< r<(2—1)h 
c(€) = hes _ he24 he for (i-1)h <a <ih 

hes _ he forth <2 <(it+1)h 
0, for (t+ 1)h<z.   

for even 2’s. Likewise the quadratic functions are defined by 

0, for z < (t-—2)h 

(é) = —€?+2€, for (t-2)hoar<(i—1)h 

* —f741, for(@i—l)hkh<a<th 
0, for th < z. 

for odd 2’s, and 

( 0 for z < (i—3)h 
1(€? _ €), for (t—3)h< 2 < (2—-2)h 
+(é? + €), for (t-2)h << a<(i-—1)h 
1¢2_ 3¢41, for (i—1l)h<a<ih 
4 (¢? — €), forith<2<(t+1)h 

| 0, for (?+1)hk <a. 

q(t) = ¢ 

  
for even 2’s. 

The basis functions are required to satisfy the physical boundary conditions on 

the left, namely no displacement and no rotation at the hub. T2CL6 is a conforming 

finite element scheme and satisfying the required boundary condition is done by 

simply dropping the first global basis element. 

Once the basis elements are chosen, we can proceed to construct the system
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matrices, given by (2.3.3), (2.3.4), (3.1.2), (2.4.6). The mass matrix is given by 

[M%];;=[<eN,e% >], i,f7=1,N, N=2(2n), (4.1.7) 

= I< Aj, A; >| + pAal< Bi, B; > 12] + pli< is V5 >I] 

+ m,[< 03,0; >a] + I.[< 7;,7; >]: 

Using the above expression, the symmetric mass matrix has the form 

MN = MX MS 

where MN is a (1 x 1) matrix, MX is a (1 x (2n)) row matrix, MN is a (1 x (2n)) 

row matrix, MX, MX, and MX are ((2n) x (2n)) square matrices with values given 

by 

MX =1h+ pA <2z,2 > 1, tpl < 1,1 >2, +m, + I, 

[Miz]; = pA[< 2,9;(2) >1,] + ml< 1 q;()) >24] 

[Mr3]; = pA[< 2, ¢;() >za] + pl[< 1,9;(2) >2] + mel< 1,¢;(!) >R] 

+ I.[< 1,9¢;(!) >p] 

[Maalij = PAL< ai(2), 95(2) >za] + mel< gi(!), a5(2) >z0] 

[ME]is = PALS gi(t), ¢5(2) >xa] + mel< gill), (2) >] 

[M33]ij = pA[< c:(2), ¢;(2) >2,] + pLI< 9i(z), 95(2) >22] + mel< Gl), ¢;(1) >Ri] 

+ I< qi(l), q;(1) >r], for 1,9 = 1,N.
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The stiffness matrix is given by 

K*),; = [< e¥e% sy] —[< Are’, e” >x] (4.1.9) j j j 

= [< — Ages”, ef >]. 

Also, after expanding the inner-products and following the steps taken in the proof 

of Lemma (3.1.1), equation (4.1.9) simplifies to 

[K*],; = KGA[< (8 — %:), (8; — 3) >22] + Ell< 1% >v). 

As is noted [K],; is symmetric and after substituting for the basis functions and 

expanding the norms, it simplifies to 

0 0 O 
KN=|0 KN KN (4.1.10) 

0 . KX 

where for 1,7 = 1,N, 

[Anis = —KGA[< ¢i(2), ¢5(2) >14] 

[Kflij = —KGA[< gi(z), ¢(t) >1,] + KGA[< ai(z), a5(2) >11] 

[Klis = —KGAl< ¢(z), ¢j(2) >1,] + KGA[< (2), 9;(2) >1,]- 

KGAl< qi(z), 4;(Z) >] — Ell< ¢i(2), 9;(2) >1.] + KGA[< 9i(2), ¢;(2) >t) 

The stiffness matrix K™ has one zero row and column, this produces the zero 

eigenvalue due to the rigid body motion. The grammian W’ is given by (2.4.6) 

where K% is KN with a one added to the (1,1) element (a consequence of adding 

the A, operator). Recall that this operator was added to assure coercivity of Ao.
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As was mentioned in Section 1.1, we need to introduce some damping into 

the system. The external damping used for numerical experiments in this paper is 

viscous damping. The viscously damped equations of motion are given in Section 1.1. 

Writing equations (1.1.11) -(1.1.16) in a standard second order form they become 

Mzi+«Doz+Kz= Bou. 

This falls under the general damped system of equations given in Section 2.2 (see 

equation 2.2.1) where Ap and Bo in equation (2.2.1) are given as 

Ag = M"'K, Bo = M7 By 

with D(K) = D(Ao), and 

do(z,2Z) =< Doz,z >= M-In< 21,2, >—m. 

Following the steps in Section 2.3 the damping functional simplifies to 

[D]i5 = [do(e® e’)] = MN — Ip[< a;,0; >] 9%) 

= [< eve >] — Iol[< aj,a; >], 7,7 =1,N. 

After expanding the H-inner product in the above relation, the expression for [D];; 

simplifies to 

[Dis =pA[< fi, 8; >14] + PL[< Vis 75 >a] + Mel< 91,0; >m]+ 

I.[< 1%,7; >R];
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for i,j = 1,N. Comparing the above expression for DN to the expression for M% 

in equation (4.1.7), it becomes clear that, after substituting for the basis functions, 

the elements in the symmetric damping matrix D, are identical to M% in equation 

(4.1.8), except for the (1,1) element where DWN is given by 

DN = pA <2,2 >, +pl <1,1 > 1, +m,I? + I.. 

For internal damping we use a Kelvin-Voigt damping model. The equation of 

motion for the damped structure is again 

Mi+«Doz+Kz= Bou, 

where again, Ao and Bo in equation (3.1.1) are given as 

Ag = MK, Bo = M~'Bo, 

and Dp = K, with D(Do) = D(K) = D(Ao). 

In this case the damping functional is given by 

do(z,Z) = (< 2,2 >y — < Ajz,2 >y). 

Following the steps in Section 2.3 it follows that 

[D™]:5 = [do(el”, e””)] = [< eM eY >y — < AreN e% Su], i,7 =1,N. 9%9 

In this case D% simplifies to the symmetric matrix K™ given in equation (4.1.10). 

Taking Q = I in the performance index (1.2.1) corresponds to the state weight- 

ing term < Qz,z >g being twice the total energy in the structure plus the square
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of the rigid-body rotation. The Grammian matrix W is the matrix representation 

of Q. Since there is only one input, the control weighting F is a scalar. 

Once the system matrices are generated, the matrix Riccati equation (2.4.9) is 

solved for II’, using Potter’s method. According to (2.2.10) the optimal control has 

the feedback form 

u(t) = — < f,z(t) >v — <9, 2(t) > 

where z(t) has the form (4.1.1), and 

f = (ay, s(x), ¢s(2), wy,vz)” EV 

9 = (ay, H(z), b9(2), Hg,Vy)™ €H 

with f,g given by (2.4.5). Note that 

bp=¥(I)  0=H,(0) 

ve= (1) ay = G (0). 

Expanding the feedback control law yields 

ut)=—<f,z>y—<g,z>H 

=—< f,Aoz>y —< f,Aiz >H —<9,2>H. 

(4.1.11) 

(4.1.12) 

(4.1.13)
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Expanding the first term in the above relation 

  

EI, 
fi KGA? ” ° ! 
fo a (22 — 23) 

< f,Aoz >a ( fs ’ RGA (25 — z3) + Sf 2g ’ 

By} | ~8RA(z ~ 2s)] 
EI 

— F251 

1 I 
= — EI f,z3lo — Kea | fa(zq — z3)dz — KGa | f3(zq — 23)dx 

0 0 
! 

_— Er | fazzdz + KGAfia(z3 _ 23)|1 + EI f5z3|1. 

0 

After integrating by parts and using the properties of space, the above relation yields 

! I 
< f,Aoz >= Kea | (f. — fs)(23 — z3)dr + Er | f3%g4z. 

0 0 

Note that the components f, and fs; do not appear in the control law. Also, the 

term < f,A,z >y yields J}, f,z,. Grouping all the terms and writing the relation for 

the control law in our primitive variables yields 

i 

u(t) = —InKod — KGA / K,(2)(u'(t, 2) — v(t, 2)) de (4.1.14) 
I 

— Er | K2(r)pb"(t, 2) dz — IpK36(t) 

l ° 

— pa | Ka(z)(ur(t, x) + 2O(t)) dx 

l . 

— pt [| Ke(a)(dht,2) + 6(0) de 

— meKe(ue(t,!) + 10(t)) — TeKr(v(t, 2) + (2)



where 

Ko = az K,(z) = o,(z) + ra, 

Ki(z) = o;(2)—¢s(z) — -Ks(z) = $,(t) + a, 

K2(z) = ¢ (zr) Ke = Pg + lag (4.1.15) 

K3 = a, K7 =v, + ay. 

The functions K;(xr), K(x), K4(xz), Ks(x) are called the functional gains.



Chapter 5 

Numerical Results 

In this chapter, we develop computer algorithms to compute the gain operators 

for the optimal control of the structure in Figure 1. We study the effects of different 

parameters on the convergence of the functional gains. 

Most of the numerical experiments were done on the CRAY-2 at the Air Force 

Super-Computing Center at Kirtland Air Force Base, New Mexico. In cases where 

memory requirments and speed were not a problem, the IBM-3090 at VPI was used. 

To test the results, two different formulations of the problem were coded, both of 

which converged to the same gains. Also, as noted earlier two different finite element 

schemes were used. One is the Cubic B-splines [1,3], and the other is T2CL6 [4]. In 

addition, the open loop eigenvalues were compared against the natural frequencies, 

which are the solutions to the characteristic equation for the structure. Another code 

was developed to generate the gains for the optimal control of the same structure, 

assuming an Euler- Bernoulli model for the beam. In the limiting case, where the 

beam behaves like an Euler-Bernoulli model, the Timoshenko model generated very 

close results to the ones generated by the Euler-Bernoulli model. In this chapter, 

we discuss all of these findings. 

The numerical procedure is to use equations (4.1.8), (4.1.10), and (2.4.6) to 

65
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generate the system matrices, and then solve the algebriac matrix Riccati equation 

(2.4.9) for IIY. We use Potter’s method to solve equation (2.4.9) for ITY. Here we 

briefly outline the method. 

The first step is to calculate eigenvalues and eigenvectors of the matrix 

N ANT QN 
P =| wa per — AN ° 

Then form the matrix X = 3 , where the columns of X are eigenvectors of 

P®% corresponding to the eigenvalues with positive real parts. When eigenvalues 

occure in complex conjugate pairs so do the eigenvectors. In this case, the real and 

imaginary parts of the eigenvector each forms a column in the matrix X. Then the 

-1 solution to the Riccati equation is given by IIN = X,X;'. The sub-optimal control 

has the feedback form given by (4.1.11), which in turn, simplifies to (4.1.14). 

In the figures below, the functional gains 1 and 2 correspond to s(x) and ¢;(z), 

respectively. For the components of velocities, we plot K4(z) and K;(z). 

Example 1.. 

To study the effect of the choice of basis functions on the open-loop eigenvalues,
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we choose a structure with physical properties given by 

pA=5.744 Kg/m pI = .0003088 Kg—m (5.1.1) 

KGA=19384. N EI=3.1883 N—m? (5.1.2) 

Ip = 9413 Kg—m? I, =.000001 N—m? (5.1.3) 

m,=14.59 Kg L=2.794 m. (5.1.4) 

Table 5.1 shows the open-loop eigenvalues for the above structure using Cubic-B 

splines. It is noted that the eigenvalues converge as the dimension of the system is 

increased. Table 5.2 shows the open-loop eigenvalues for the same structure using 

T2CL6. Again, it is noted that the eigenvalues converge. Next we use a modified 

version of T2CL6 which treats the left hand side boundary condition slightly differ- 

ently. This scheme allows for the shear to be discontinuous across the first element. 

It also produces two more eigenvalues than T2CL6 for the same number of elements. 

Table 5.3 shows a comparison of these three schemes. As is noted all three schemes 

produce very close frequencies. Cubic B-splines predicts low frequencies more ac- 

curately where as for high frequencies T2CL6 seems to give a better account. It 

is noted that the modified T2CL6 is slightly better than T2CL6. However, this 

version did not significantly improve the results provided by T2CL6 so we devoted 

the remainder of our effort an investigation of T2CL6.



ReN = 16 

—0.049700 
0.000000 
—0.021101 
—0.012136 
—0.019135 
—0.023623 
—0.024557 
—0.024817 
—0.024911 
—0.024952 
—0.024971 
—0.024982 
—0.024988 
—0.024992 
—0.024995 
—0.024997 
—0.024999 
—0.025000 
—0.024996 

. —0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 

  

TABLE 5.1 

ImN = 16 

0.00000 
0.00000 
0.95115 
2.78169 
5.40925 
10.16414 
16.87419 
25.32452 
35.42307 
47.16884 
60.73528 
76.64301 
96.00536 
120.80812 
154.15933 
199.68848 
297.36719 
317.74805 
353.11133 
2497.86206 
2909.27637 
2919.57251 
2039.38135 
2056.40723 
2082.46851 
2613.40308 
2649.07520 
2689.43066 
2734.60938 
2785.09985 
2841.77344 
2905.15283 
2971.99243 
3024.48706 
3259.48267 
4239.11719 

  

68 

ReN = 64 

—0.049700 
0.000000 
—0.021101 
—0.012136 
—0.019135 
—0.023623 
—0.024557 
—0.024817 
—0.024911 
—0.024952 
—0.024972 
—0.024983 
—0.024989 
—0.024993 
—0.024995 
—0.024996 
—0.024997 
—0.024998 
—0.024999 
—0.024999 
—0.024999 
—0.024999 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 

  

ImN = 64 

0.00000 
0.00000 
0.95115 
2.78168 
5.40914 
10.16303. 
16.86736 
25.29318 
35.30487 
46.78241 
59.60713 
73.66061 
88.82610 
104.99036 
122.04547 
139.89000 
158.42979 
177.57849 
197.25755 
217.39626 
237.93126 
258.80640 
279.97168 
301.38403 
323.00488 
344.80176 
366.74609 
388.8142] 
410.98584 
433.24438 
455.57739 
477.97437 
500.42944 
522.93848 
545.50122 
568.12061 

  

Open loop eigenvalues for Cubic, N=16,64
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ReNE=8 ImNE=8 ReNE=32 ImNE = 32 
  

—0.049700 
0.000000 
—0.021101 
—0.012133 
—0.019136 
—0.023624 
—0.024558 
—0.024817 
—0.024912 
—0.024954 
—0.024981 
—0.024983 
—0.024988 
—0.024992 
—0.024994 
—0.024996 
—0.024997 
—0.024999 
—0.024991 
—0.024999 
—0.024999 
—0.024999 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 

TABLE 5.2 

  

0.00000 
0.00000 
0.95116 
2.78186 
5.41128 
10.18072 
16.95059 
29.97068 
36.03041 
48.25481 
65.35107 
81.73528 
102.28844 
126.94066 
156.68860 
192.92651 
237.22504 
288.44995 
395.62427 
477.01685 
596.07837 
749.1787] 
934.90161 
1139.83936 
1331.32104 
1466.41235 
2498.13086 
2909.34351 
2920.50977 
2539.68701 
2968 .93994 
2609.56030 
2656.74292 
2693.54175 

Open loop eigenvalues for T2CL6, NE=8,32 

  

—0.049700 
0.000000 
—0.021101 
—0.012136 
—0.019135 
—0.023623 
—0.024557 
—0.024817 
—0.024911 
—0.024952 
—0.024972 
—0.024983 
—0.024989 
—0.024993 
—0.024995 
—0.024996 
—0.024997 
—0.024998 
—0.024999 
—0.024999 
—0.024999 
—0.024999 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 
—0.025000 

  

0.00000 
0.00000 
0.95115 
2.78168 
5.40914 
10.16310 
16.86769 
25.29439 
35.30826 
46.79047 
59.62425 
73.69382 
88.88602 
105.09235 
122.21082 
140.14723 
158.81612 
178.14128 
198.05588 
218.50243 
239.43246 
260.80615 
282.59155 
304. 76489 
327.30859 
350.21216 
373.47070 
397.08423 
421.05786 
445.39917 
470.11768 
495.21729 
520.67627 
546.30957



    

--- Cubic 

Wy 0.00000000 
Wo 0.00000000 
Wy 0.95178717 
we 2.78680992 
Ws 5.44417191 
W4 10.29259872 
Ws 17.21237183 
We 26.04737854 
Wr 36.74490356 
We 49.27476501 
Wg 63.61157227 
Wo 79.73020935 
Wis 186.07723999 
Wap 332.43041992 
Wos 514.55395508 
W39 728.98120117 
Was 975.49023438 
W40 1262.67797852 
W45 1619.42114258 
Wso 2110.58959961 
Ws5 2827 .44042969 
Weo 3718.66333008 
Wes 4661.72656250 
W709 7941.18359375 
Ws 8014.30468750 
Wao 8139.80078125 
Wes 8313.10937500 
Wao 8529.28515625 

TABLE 5.3 
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T2CL6 

0.00000000 
0.00000000 
0.95178783 
2.78681087 
5.44418049 
10.29267120 
17.21272278 
26.04861450 
36.74841309 
49.28321838 
63.62979126 
79.76605225 
186.52949524 
334.96215820 
523.58593750 
751.80322266 
1039.36987305 
1369.32128906 
1773.86206055 
2273.39013672 
2898.47802734 
3675.79003906 
4569.97265625 
6073.73046875 
7359.99609375 
1927.46875000 
7980.64453125 
8070.65234375 

  

MT2CL6 

0.00000000 
0.00000000 
0.95178783 
2.78681087 
544418049 
10.29267120 
17.21272278 
26.04861450 
36.74841309 
49.28321838 
63.62977600 
79.76602173 
186.52810669 
334.94213867 
523.44702148 
751.24560547 
1037.46972656 
1364.73095703 
1765.05273438 
2258.74780273 
2875.07592773 
3631.67871094 
4295.25781250 
5929.84375000 
7207.59765625 
7924.02734375 
7964.96093750 
8049.00781250 

  

Frequencies for Cubic, T2CL6, MT2CL6 

NSYS = 262 for Cubic and MT2CL6 

NSYS = 260 for T2CL6
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Using these finite element schemes we compute finite dimensional approxima- 

tions to the LQR problem and after following steps outlined earlier we obtain closed- 

loop eigenvalues. Table 5.4 show the eigenvalues using Cubic B-splines and Table 

5.5 show the eigenvalues using T2CL6. As is noted closed-loop eigenvalues are in 

good agreement. Tables 5.6 and 5.7 give the constant gains using Cubic B-splines 

and T2CL6 respectively. 

We note that this particular example is “marginal” for both schemes in that both 

schemes produced convergent functional gains but the convergence was slow. The 

cases where the convergence of functional gains was fast also yielded fast convergence 

of the constant gains.
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Open — Real Open—Imag Close— Real Close — Imag 
  

—.049699 0.00000 —.064737 —.0409 
0.000000 0.00000 —.064737 04093 
—.021089 951787 —.289157 .96014 
—.012138 2.78680 —.550004 2.7857 
—.019168 5.44417 —.365778 5.4409 
— .023623 10.2926 —.181731 10.292 
— .024553 17.2123 —.106077 17.212 
—.024813 26.0474 —.071228 26.047 
—.024908 36.7449 — .052994 36.744 
—.024950 49.2747 —.042671 49.274 
— .024970 63.6115 — .036528 63.611 
— .024981 79.7302 —.032742 79.730 
— .024987 97.6043 —.030341 97.604 
— .024991 117.617 —.028789 117.617 
— .024993 139.295 —.027749 139.295 
—.024995 162.934 —.027041 162.934 
— .024996 188.696 —.026549 188.696 
— .024997 216.851 —.026201 216.851 
—.024997 247.826 —.025950 247.826 
—.024998 282.269 —.025767 282.269 
—.024998 321.130 —.025630 321.130 
— .024998 365.743 —.025524 365.743 
—.024999 417.930 — .025437 417.930 
—.024999 480.085 —.025362 480.085 
—.024999 595.258 —.025294 595.258 
— .024999 647.136 —.025233 647.136 
— .024999 759.835 —.025180 759.835 
— .024999 897.301 —.025136 897.301 
—.024999 1062.12 —.025101 1062.12 
—.024999 1253.57 —.025074 1253.57 
—.024999 1464.72 — .025054 1464.72 
—.024999 1678.96 —.025037 1678.96 
—.024999 1867.21 —.025021 1867.21 
—.024999 1990.10 —.025005 1990.10 
— .024999 2277.76 — .025239 2277.76 
—.025000 7739.69 —.025000 7739.69 
— .025000 7924.02 —.025000 7924.02 
—.025000 1927.45 —.025000 1927.45 

TABLE 5.4 Closed and Open Loop Eigenvalues for Cubic B-splines
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—.049699 
0.000000 
—.021089 
—.012138 
—.019168 
—.023623 
— .024553 
—.024813 
—.024908 
—.024950 
—.024970 
—.024981 
—.024987 
—.024991 
—.024993 
—.024995 
—.024996 
— .024997 
—.024999 
— .024998 
—.024998 
— .024998 
— .024999 
—.024999 
— .024999 
— .024999 
— .024999 
— .024999 
— .024999 
—.024999 
— .024999 
—.024999 
—.024999 
—.024999 
—.024999 
—.024999 
— .024999 
—.024999 

0.00000 
0.00000 
951787 
2.78681 
5.44418 
10.2926 
17.2127 
26.0486 
36.7484 
49.2832 
63.6297 
79.7660 
97.6700 
117.319 
141.139 
165.463 
191.725 
218.928 
263.058 
292.674 
329.511 
370.416 
415.289 
464.425 
518.252 
577.270 
641.998 
712.885 
790.134 
873.351 
960.850 
1048.28 
1126.10 
1176.11 
1336.03 
2616.54 
2718.46 
2874.69 

—.06300 
— .06300 
—.31118 
—.56226 
—.35952 
—.18145 
—.10613 
—.07122 
— .05298 
—.04267 
—.03652 
—.03274 
—.03034 
—.02877 
—.02776 
—.02705 
—.02652 
— .02602 
—.02542 
—.02570 
—.02561 
—.02551 
— .02542 
—.02535 
— .02529 
—.02524 
—.02519 
—.02516 
—.02513 
—.02510 
—.02508 
—.02506 
—.02503 
—.02500 
— .02566 
—.02501 
—.02503 
—.02502 

—.0398 
03982 
98364 
2.7824 
5.4410 
10.292 
17.212 
26.048 
36.748 
49.283 
63.629 
79.766 
97.670 
117.32 
141.13 
165.46 
191.72 
218.92 
263.05 
292.67 
329.51 
370.41 
415.28 
464.42 
518.25 
577.27 
641.99 
712.88 
790.13 
873.35 
960.85 
1048.2 
1126.1 
1176.1 
1336.0 
2616.5 
2718.4 
2874.6 

TABLE 5.5 Closed and Open Loop Eigenvlues for T2CL6
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N NSYS Ko Ks Ke Ky 

8 38 —-1.0 —2.8994 -8.101 —2.899 
16 70 1.0 -2.9531 —.1543 .0956 
32 134 —-1.0 -—2.9669 —.1532 .1268 
64 262 -—1.0 -—2.9472 -—.1578  .1072 

TABLE 5.6 Constant gains for Cubic B-splines 

  

NE NSYS_ Ko Ks Ke Kr 

4 36 —1.0 -2.9492 -—.15374 —.5549 
8 68 —1.0 —2.9581 —.15484 .19975 
16 132 —1.0 -—2.9475 —.15523 .12772 
32 260 —1.0 -—2.9963 —.15049 .12367 

TABLE 5.7 Constant Gains for T2CL6
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Next we focus on the convergence of the functional gains and compare the results 

using Cubic B-splines and T2CL6. For the rest of the numerical experiments we do 

not present the constant gains or the eigenvalues. In all cases, convergence of the 

functional gains represents convergence of the constant gains as well as closed and 

open loop eigenvalues. 

Example 2. 

We choose a structure with physical properties given by (5.1.1)-(5.1.4), except 

for KGA which we reduce to 193.84N. Figures 7-10 show the functional gains using 

Cubic B-splines and Figures 11-14 show the functional gains for the same structure 

using T2CL6. As is noted both schemes converge to the same functional gains. 

Looking at Figures 8 and 9 one notes that convergence of the Cubic B-splines is 

slower at the right end. 

Next we increase KGA by a factor of 10 while keeping the rest of the parameters 

the same. Figures 15-18 and 19-22 show the functional gains using Cubic B-splines 

and T2CL6 respectively. Again both schemes produce convergent functional gains. 

We next increase KGA to 19384N. Figures 23-26 and 27-30 show the functional 

gains using Cubic B-splines and T2CL6. Looking at Figure 28 one notes that the 

convergence is slow and one can expect that increasing KGA any further would cause 

the functional gains to diverge. We next reduce p/ by a factor of 10 while keeping
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the rest of the parameters the same. Figures 31-34 and 35-38 show the functional 

gains using Cubic B-splines and T2CL6, respectively. As is noted neither of the two 

schemes can produce convergent functional gains. Some insight into this behavior 

can be obtained by rewriting the “fourth order” model for the Timoshenko beam. 

If one writes the basic equation in terms of the beam lateral displacement only, it 

becomes 

  

Otu O*u EIpA, Ou 4 PIpA Ou 

Elna + pAaa — (el + Fan) anten + RGA OF 

= 0. 

Increasing the G or reducing J makes the fourth term to be much smaller than 

the first two leading term. For small values of pJ, the same thing happens to 

the third term. In essence, for small values of pI, as G is increased, the last two 

terms simply drop and the model simplifies to Euler-Bernoulli model for the beam. 

Although the Timoshenko model may be more accurate, the optimal control problem 

involves solving the Riccati operator equation. Its finite dimensional approximation 

is a highly nonlinear algebriac matrix equation. We speculate that having large 

differences in orders of magnitiude plays an important role in the divergence of the 

functional gains. Figures 39-40 are the functional gains for the same structure using 

Euler-Bernoulli model. Comparing Figure 29 to Figure 40, we see that the functional 

gains for velocity are similar.
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Example 3. 

To further study the effect of these parameters on the convergence of the optimal 

control law, we select another structure with physical properties given by 

pA=0.1 Kg/m  pl= 0.003 Kg-—m (5.1.5) 

KGA=510817 N  EI=01 N-m? (5.1.6) 

L=2. m, I,=1 N-m’? (5.1.7) 

H=.06 m, m.=1 Kg. (5.1.8) 

Figures 41-44 and 45-48 show the functional gains using Cubic B-splines and T2CL6, 

respectively. It is noted that for this particular structure Cubic B-spline fails to pro- 

duce convergent functional gains where as T2CL6 produces convergent functional 

gains. Next we reduce KGA by a factor of 100 while keeping the rest of the param- 

eters fixed as above. Figures 49-52 show the functional gains using Cubic B-splines. 

It is noted that Cubic B-splines still fails to obtain convergent functional gains. In 

order to investigate the roubustness of T2CL6 we return to the original data and in- 

crease KGA by a factor of 5. Figures 53-56 show the functional gains using T2CL6. 

It is noted that the scheme can still produce convergent functional gains. Next we 

increase KGA by a factor of 10 to 5108.17. Figures 57-60 show the functional gains 

using T2CL6. It is noted that the scheme fails to produce convergent functional 

gains as the beam starts to behave more like an Euler-Bernoulli beam. Figures 

62-63 show the functional gains for the same structure when Euler-Bernoulli model
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is used. To compare the results we differentiate the functional gain ¢;(x) given in 

Figure 58 (the component that acts on the bending of the beam in the control law). 

The differentiated form of ¢s(z) is given in Figure 61. If one compares Figure 61 to 

Figure 62 and Figure 59 to Figure 63, then one sees that T2CL6 applied to Tim- 

oshenko model generates functional gains that approach the gains computed using 

standard cubic splines for the Euler-Bernoulli model. 

Example 4. 

Next we return to the data given in (5.1.5)-(5.1.8) and study the effect of chang- 

ing other system parameters on the convergence of the functional gains. Since 

T2CL6 is more roubust than the Cubic B-splines, it is used exclusively for the rest 

of the numerical experiments. Figures 64-67 show the functional gains when the 

beam length is increased to 6m. Note that all the functional gains converge. Fig- 

. ures 68-71 show the functional gains when the tip mass and the tip moment of 

inertia are increased to 100. Observe that T2CL6 still produces convergent func- 

tional gains. Figures 72-75 contain the (convergent) functional gains when the hub 

moment of inertia is increased by a factor of 3, and in Figure 76-79 the the same is 

observed when the hub is increased by a factor of 100.



Chapter 6 

Conclusions 

6.1 Summary of Basic Results. 

In this thesis we investigated the use of finite element schemes in the con- 

struction of design models for LQR control of a Timoshenko structure. Previous 

efforts had employed standard cubic finite element approximations and produced 

divergent functional gains. We applied a conforming finite element scheme that had 

been specifically designed for simulation of Timoshenko type models (T2CL6) to the 

problem of computing optimal functional gains. We made the following discoveries: 

1. The choice of the local basis functions used to generate a finite dimensional 

design model has considerable impact on both the question of convergence and the 

rates of convergence of the control design. This feature is clearly illustrated by 

Example 3. The T2CL6 algorithm produced convergent gains for a problem where 

the standard cubic finite element failed to converge. Moreover, in Example 2 we 

observed a problem for which both schemes produced convergent gains, yet T2CL6 

converged faster. Finally, Example 3 clearly demonstrates the superior roubustness 

of the T2CL6 algorithm. 

2. The problems that cause both algorithms to diverge are constructed by 

selecting system parameters so that the structure is close to an Euler-Bernoulli beam. 

79
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In particular, both schemes fail when the beam is truely’ an Euler-Bernoulli beam. 

This was observed previously for simulations based on the cubic spline scheme. 

However, T2CL6 was designed specifically as a simulation scheme to overcome this 

problem. Although T2CL6 did produce convergent functional gains for a larger set 

of parameter values, T2CL6 eventually failed. 

3. Example 4 illustrates that variations in certain other parameters do not 

significantly alter the convergence of the gains. 

4. Although the Euler-Bernoulli beam model may be viewed as a (singular) 

perturbation of the Timoshenko model, T2CL6 produced functional gains that are 

nearly the same as those gains computed by using the Euler-Bernoulli model and 

cubic finite element. This observation is rather interesting in that there is almost no 

theory to support the convergence of open-loop solutions and the theory that exists 

usually produces only weak convergence(see [16]). 

5. Although theoretical issues and computational methods have been fully ad- 

dressed for control problems governed by Euler-Bernoulli models, the development 

of computational methods for control of Timoshenko type structures remain in- 

complete. The numerical examples show that both T2CL6 and cubic splines can 

fail to produce finite dimensional models that preserve exponential stabalizability 

uniformly under approximation (POES) (see [17]). The interesting observation is
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that for true Timoshenko beams (with the type of damping considered here) the 

functional gains still converge. 

6.2 Future Research Plans. 

The observations above have raised several research issues. 

[A] If T2CL6 satisfied POES uniformly under approximation, then it would do 

so independently of the parameter values. Consequently, the convergence of the 

functional gains for certain parameter values imply that sufficient conditions for 

convergence of optimal functional gains might exist that fail for various parameters 

and work for others. Preservation of exponential stabilizability uniformly under ap- 

proximation is a sufficient condition for convergence, but not necessary. An analysis 

of the T2CL6 algorithm might provide insight into a minimal sufficient condition 

for convergence of control designs based on finite element schemes. 

[B] Damping greatly impacts POES and it would be interesting to conduct a bat- 

tery of numerical experiments using viscoelastic damping since Kelvin- Voigt damp- 

ing implies POES for the Euler-Bernoulli beam. We plan to investigate this issue 

by conducting various numerical experiment using Kelvin-Voigt damping with the 

Timoshenko model. 

[C] It may happen that all of the ’theoretical’ conditions for convergence of func-
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tional gains are satisfied, yet because of numerical ill-conditioning, convergence is 

lost due to ’round off’. We propose to use the theory of “control system radii” (see 

[18,19]) to investigate the condition numbers of the LQR problems constructed via 

T2CL6 and cubic spline.



83 

tip mass 

  

  

  

6(t) 

FIGURE 1. Hub-Beam-Tip Structure



84 

The Fundasental Soline 
  

{ t UJ t ' ' 

0.7 

Qo 
e a
n
 t 

A
m
p
l
i
t
u
d
e
 

o
o
 

>
 t 

      
0.3 

0.27 

0.17 

Ys ot (5 gS 
Argument 

FIGURE 2. Cubic B-spline 

 



85 

  

        

1.20 = 

1.00 4 

0.80 3 

0.60 4 

: 
0.40 4 

0.20 4 

0.00 = 

-0.20 3 

—0.40 SEE 

-1.50 -1.00 -0.50 0.00 0.50 1.00 1.50 
T2CL6 — Quadratics and Cubics 

FIGURE 3. T2CL6 Quadratic and Cubic Polynomials



0.16 

86 

  

0.08 — 

0.00 - 

—0.08 — 

—0.16 

  

  

PREP rerey TRPPrrrtd PrPrrrred Prrrrrered TTPeroredl 
  0.08 

0.00 — 

  —0.08 
0.16 

TEPPrridry PRT prdye Pr rrerred TTriTrerind TUPririidred 

  

0.08 — 

  0.00 

-0.08 — 

  —Q0.16 PrP PErridd TERE PTTPPrrid Prrrrerdd PI rririret 

  0.08 

  0.00               —0.08 

0 
PErrrereddd 

1 
TTrPrreregd 

2 
PrPrrirrerdd 

3 
Trrrrridy 

4 
Trrirrridd 

FIGURE 4. T2CL6 Global Basis functions, Cubics 

5



1.20 

—0.40 

1.20 

—Q0.40 
1.20 

—0.40 
1.20 

—0.40 

87 

  

  

  

  

  

  

  

  

  

  

= 

= 

rPPrrprrrtre PII Prrredl TUTPTPrrirde Trrirridrert PTrPPrErridry 

= 
2 

~ 

PRrPTaG tir TrTiridreidd TrTirirgrdd PPrTPPrrrrrrpprrrrerreged 

_ 

a 

a 
a 

TPE rrrroregd Trirrryrergry TET TOUPPPEiTrefg TTEPrirriogred 

2 

+ 
—_ 

| 

PrrPrrrrrdd PRrrrrrrrrprrrrriregdi TRrPPPrrrrprrrprrrered         
1 oO 

  
2 

    
3 4 

FIGURE 5. T2CL6 Global Basis functions, Quadratics 

5



88 

  

  

    
  

  

  
  

  

  

  

  

  

              

0.40 

. 

0.00 7 

-—0.40 - 

~09.80 peer ti tii titi i sii tt 
"0.00 1.00 2.00 3.00 4.00 5.00 

0.40 

: 

0.00 — 

—0.40 - 

| 

~0.89 —pbytiriipitipiisivittitiritiit tipi tiitistipiii isis 
“0.00 1.00 2.00 3.00 4.00 5.00 

0.40 

0.00 

—0.40 — 

“_0.80 LLLL LLL EE Litt te Liti tr ti trp iti pp tit pti r prt tipi tii 
“0.00 1.00 2.00 5.00 4.00 5.00 

0.40 

0.00 

-0.40 4 
4 

—9.89 —pebbetiri pitti sisi tt 
‘0.00 1.00 2.00 3.00 4.00 5.00 

FIGURE 6. T2CL6 Global Basis functions for Shear 

 



89 
  

  
      

1.00 

- RhoA= 5.744, Rhol= .0003088000 
0.00 J KGA=193.84, L=2.794, El= 3.1883 

I0=0.9413,lc=.000001, Mce=14.590 

- =1.00 - 

Z 

-2.00 — 

: 

-3.00 — 

a 

a 

—4,00 a a ee 

0.00 1.00 2.00 3.00 

Gain—1, Cubic, N=10,20,22,24 

FIGURE 7. Functional Gain 7;(z) vs x, Cubic



90 

  

  
  

      

—0.70 

7 
— 

—0.80 4 RhoA= 5.744, Rhol= .0003088000 
: KGA=193.84, L=2.794, El= 3.1883 
: 10=0.9413,lc=.000001, Mc=14.590 

2 
—0.90 — 

—1.00 + 

: 

= i 

-1.10 + } 

~1.20 — 

: 

= 1.30 eq toto) 

0.00 1.00 2.00 5.00 

Gain—2, Cubic, N=10,20,22,24 

FIGURE 8. Functional Gain ¢;(z) vs x, Cubic



91 

  

  
      

1.50 

4 

- RhoA= 5.744, Rhol= .0003088000 
100 — KGA=193.84, L=2.794, El= 3.1883 
we I0=0.9413,lc=.000001, Mc=14.590 

0.50 — 

J 

0.00 4 

4 

a 

~0.50 4 - 
_ 

a 

—1.00 I a ee 

Q.00 1.00 2.00 3.00 

Gain—3, Cubic, N=10,20,22 24 

FIGURE 9. Functional Gain K,(z) vs x, Cubic



92 

  

  
  

        

      

20.00 — 

- 

15.00 — RhoA= 5.744, Rhol= .0003088000 
KGA=193.84, L=2.794, El= 3.1883 

4} IO=0.9413,lc=.000001, Mc=14.590 
ml 

10.00 — 

5.00 - 

a 

} 

0.00 = = 

-5.00 4 

= 10.00 Sq goo) 

0.00 1.00 2.00 3.00 
Gain—4, Cubic, N=10,20,22,24 

FIGURE 10. Functional Gain K;(z) vs x, Cubic



93 

  

  
      

1.00 - 

0.00 - 
| RhoA= 5.744, Rhol= .0O0030880000 
- KGA=193.84, L=2.794, El= 3.1883 
7 lO=0.9413,lc=.000001, Mc=14.590 

—1.00 + 

—2.00 - 

1 
~-3.00 J 

—4.00 tes ooo 

0.00 1.00 2.00 3.00 
Gain—1, T2CL6, NE=4,10,11,12 

FIGURE 11. Functional Gain »;(z) vs x, T2CL6



94 
  —0.85 

—0.90 

   
RhoA= 5.744, Rhol= .0003088000 
KGA=193.84, L=2.794, El= 3.1883 

—0.95 I0=0.9413,lc=.000001, Mc=14.590 

—1.00 

—1.05 

—1.10 

  

—1.15 

p
i
t
t
t
n
t
i
r
s
t
e
t
e
t
t
r
p
r
r
t
i
r
t
p
 

pt
t 

ie
th
er
 p
i
e
r
 
t
i
d
e
r
p
p
i
t
i
t
t
l
i
p
 
p
i
t
a
 
d
a
t
a
 

      —1.20 a a a a 

0.00 1.00 2.00 5.00 
Gain—2, T2CL6, NE=4,10,11,12 

FIGURE 12. Functional Gain ¢;(z) vs x, T2CL6



95 

  1.50 

; RhoA= 5.744, Rhol= .0003088000 
KGA=193.84, L=2.794, El= 3.1883 
10=0.9413,lc=.000001, Mc=14.590 

  = Sse 
== 

~ - z, 
=~ % - 2 4, ek 

~ o* wwe ee” 

©
 

©
 
©
 

P
e
r
p
e
r
r
i
t
i
r
t
t
p
p
p
e
p
e
t
r
r
t
r
t
p
p
e
p
r
 

p
r
y
 

pr 
t
p
p
r
u
 
t
r
 
t
r
e
y
 
f
p
r
 
pe

rg
yy

 y
y
y
 

      —0.50 

— 1.00 a a a a a ae 

0.00 1.00 2.00 5.00 
Gain—3, T2CL6, NE=4,10,11,12 

FIGURE 13. Functional Gain K,(z) vs x, T2CL6



96 

  

    

  

      

10.00 - 

4 fK RhoA= 5.744, Rhol= .0003088000 
500 4 [IK KGA=193.84, L=2.794, El= 3.1883 
VOT . 10=0.9413,lc=.000001, Mc=14.590 

qe 
0.00 = = 

-5.004, | 4 : 4% 
+ 4 : 

—10.00 + 

: 
— 5.00 ror €& tr F tT 7 Ft | , oT TF to Fr FF TF | tT T t f fF 7 | 

0.00 1.00 2.00 5.00 

Gain—4, T2CL6, NE=4,10,11,12 

FIGURE 14. Functional Gain K;(z) vs x, T2CL6



1.00 

0.00 

—1.00 

—2.00 

—3.00 

—4.00 

97 

  

L
p
t
r
r
r
r
t
t
t
i
t
r
p
r
t
r
e
t
r
r
t
t
r
p
r
r
t
p
r
r
i
t
p
e
d
a
r
p
t
r
p
r
p
i
r
p
r
e
t
o
p
p
p
r
i
r
t
i
y
 

RhA=5.744, Rhol=O0.00030880000 
KGA=1938.4, L=2.794, El=3.1883 
lo=.9413, Ic=.000001, Mc=14.59 

  
    Por oP Po Po ft br ro toy bor bot rtd 

00 2.00 
Gain—1,Cubic N=10,20,227,24 

_—_
 

FIGURE 15. Functional Gain 7;(z) vs x, Cubic 

 



98 

  

  
  

      

-0.70 

: ! ~0.80 
7 RhA=5.744, Rhol=0.00030880000 | 
4 KGA=1938.4, L=2.794, Fl=3.1883 ! 
7 lo=.9413, Ic=.000001, Mc=14.59 |! 

-0.90 = 

~1.00 = 

4 
-1.10 > 

~1.20 5 

= 1.30 Soot 

0.00 1.0 2.00 3.00 0 

Gain—2,Cubic N=10,20,22,24 

FIGURE 16. Functional Gain ¢;(z) vs x, Cubic



1.50 

1.00 

—0.50 

—1.00 

99 

  

  
      

_ RhA=5.744, Rhol=0.00030880000 
4 KGA=1938.4, L=2.794, El=3.1883 
7 lo=.9413, Ic=.000001, Mc=14.59 

Z 
1 
4 

Perr tb tf ror bor yp ro br rb br bP bb bp ra Td 

0.00 1.00 2.00 5.00 

Gain—3,Cubic N=10,20,22,24 

FIGURE 17. Functional Gain K,(z) vs x, Cubic



15.00 

10.00 

—5.00 

—10.00 

100 

  

  
  

  
  

    

a 1 
4} RhA=5.744, Rhol=0.00030880000 
: KGA=1938.4, L=2.794, El=3.1883 
4 lo=.9413, Ic=.000001, Mc=14.59 

_ 
a 

a a a a a a | | 

0.00 1,00 2.00 
Gain—4,Cubic N=10,20,22,24 

FIGURE 18. Functional Gain K;(z) vs x, Cubic 

 



101 

  

    
    

1.00 

0.00 — 
4 RhoA=5.744  ,Rhol=.00030880 
7 KGA=1938.4,L=2.794 El=3.1883 
7 lo=.9413,lc=.000001,Mc=14.59 

~1.00 — 

-2.00 + 

~3.00 + 

“co 

0.00 1.00 2.00 3.00 
Gain—1, T2CL6, NE=4,10,11,12 

FIGURE 19. Functional Gain y;(z) vs x, TZCL6



—0.85 

—0.90 

—0.95 

—1.00 

—1.05 

—1.10 

—1.15 

—1.20 

102 

  

P
i
t
t
t
e
t
t
r
 
t
a
r
p
s
 
t
i
t
e
d
i
p
c
r
r
e
i
t
t
p
 

ti
pi

 
t
i
p
 

tt
l 

pp 
t
i
t
i
t
t
i
 
l
i
p
a
s
e
 

  

   
   

RhoA=5.744  ,Rhol=.00030880 
KGA=1938.4,L=2.794,El=3.1883 
lo=.9413,lc=.000001,Mc=14.59 

  

    

o O o 1.00 2.00 
Gain—2, T2CL6, NE=4,10,11,12 

FIGURE 20. Functional Gain ¢;(z) vs x, T2CL6 

 



103 

  

        

      

1.50 = 

1.00 4 

7 RhoA=5.744 — ,Rhol=.00030880 
- KGA=1938.4,L=2.794,El=3.1883 
- lo=.9413,lc=.000001,Mc=14.59 

0.50 — 

0.00 — 

-0.50 4 Nee 7 

-1.00 4 

1 

= 150 Sooo ooo 

0.00 1.00 2.00 3.00 
Gain—3, T2CL6, NE=4,10,11,12 

FIGURE 21. Functional Gain K,4(z) vs x, T2CL6



104 

  4.00 

0.00 

—4.00 

—8.00 

—12.00 

L
r
t
t
r
t
r
p
y
i
t
p
t
r
t
p
r
p
a
t
p
r
t
y
 

t
e
r
y
 
y
p
 
p
p
 
t
l
e
p
y
p
r
p
t
t
t
y
r
t
i
p
p
e
r
p
i
d
y
 

  
  

RhoA=5.744 = ,Rhol=.00030880 
KGA= 1938.4,L=2.794,El=3.1883 
lo=.9413,lc=.000001,Mc=14.59 

    —16.00 

0.00 1.00 
Pore r Yo rorore br yf toro ro tt 

2.00 

Gain-—4, T2CL6, NE=4,10,11,12 

q TT 
5.00 

FIGURE 22. Functional Gain K;(z) vs x, T2CL6



1.00 

—1.00 

—2.00 

—35.00 

—4.00 

105 

  

        

4 

7 RnoA=5.744, Rhol=.000308800 
_ KGA=19384. L=2.794 El=3.1883 
- lo=.9413,lc=.000001 ,Mc=14.59 

a 
- 

o 

a 
0.00 1.00 2.00 3.00 

Gain—1, Cubic, N=10,20,22,24 

FIGURE 23. Functional Gain ~;(z) vs x, Cubic



106 

  

  

      

-0.70 

—0.80 — 
x RhoA=5.744, Rhol=.000308800 
- KGA=19384. L=2.794 El=3.1883 | 
a lo=.9413,lc=.000001 ,Mc=14.59 

-0.90 + 

1 ! 
1 ! 
7 ' 

~1,00 7 

: 

~1.10 4 

x 

x 

~1,20 4 

: 

= 1.30 Soto ooo) 

0.00 1.00 2.00 3.00 
Gain-—2, Cubic, N=10,20,22,24 

FIGURE 24. Functional Gain ¢;(z) vs x, Cubic



107 

  1.50 

—0.50 

P
e
t
r
 

t
r
e
t
r
e
t
r
p
i
r
r
t
r
r
r
r
e
r
t
b
e
p
y
p
r
 

pp
 

p
e
t
 

t
i
r
t
t
r
r
e
r
p
i
e
t
r
e
t
a
p
p
 
p
p
p
 

i
e
s
 

RhoA=5.744, Rhol=.Q00508800 
KGA=19384. L=2.794 EIl=3.1883 
lo=.9413,lc=.000001 ,Mc=14.59 

  
    —1.00 a a a a a a es a ee ae ae 

1.00 2.00 
Gain—3, Cubic, N=10,20,22,24 

FIGURE 25. Functional Gain K4(z) vs x, Cubic 

 



15.00 

10.00 

—5.00 

—10.00 

— 15.00 

108 

  

    

  

  

      

- 

4 

| 
) RhoA=5.744, Rhol=.000308800 | 
4 KGA=19384. L=2.794 El=3.1883 

= lo=.9413,lc=.000001,Mc=14.59 

: 

4 ———_ 

a 

7 

4 

Por Po? bor or bot por tr rob bb br by PP 

0.00 1.00 2.00 3.00 

Gain—4, Cubic, N=10,20,22,24 

FIGURE 26. Functional Gain K;(r) vs x, Cubic



109 

  

  
      

1.00 

7 
a 

a 

0.00 - RhoA=5.744, Rhol=0.000308800 
a KGA=19384 L=2.794 El=3.1883 
- lo=.9413 Ic=.000001 Mc=14.59 

a 

4 

~1.00 = 

a 

—2.00 7 

7 
-3.00 — 

a 

7] 

—4.00 a a a 
0.00 1.00 2.00 3.00 

Gain—1, T2CL6, NE=6,12,15,16,17,18 

FIGURE 27. Functional Gain ¢;(z) vs x, T2CL6



110 

  

     

  

      

-0.85 = 

—0.90 4 

: RhoA=5.744, Rhol=0.000308800 
= KGA=19384 L=2.794 El=3.1883 
4 lo=.9413 Ic=.000001 Mc=14.59 

—0.95 4 
: 

71.00 J 

-1.05 

-1.10 4 

-1.15 4 

= 1.20 St 

0.00 1.00 2.00 3.00 

Gain—2, T2CL6, NE=6,12,15,16,17,18 

FIGURE 28. Functional Gain ¢;(z) vs x, T2CL6



lll 

  

  
      

1.50 — 

1.00 \ RhoA=5.744, Rhol=0.000308800 
KGA=19384 L=2.794 El=3.1883 
lo=.9413 Ic=,000001 Mc=14.59 

a 
0.50 — 

4 

0.00 + 

4 

a 

-0.50 — 
1 

—1.00 a a a a a a a a a 

0.00 1.00 2.00 3,00 
Gain—3, T2CL6, NE=6,12,15,16,17,18 

FIGURE 29. Functional Gain K,(z) vs x, T2CL6



8.00 

a 

a 

4.00 J RhoA=5.744, Rhol=0.000308800 
4 KGA=19384 L=2.794 El=3.1883 
7 lo=.9413 Ic=.Q00001 Mc=14.59 

4 

qe WN Neen 
0.00 — Ne “Slee 

4; 
—- 

a 
—4.00 1 : 

a; i 

i 
—8.00 — 

a 

a 
—12.00 TTT TTT YI 

0.00 1.00 2.00 

112 

  

   

  
  

   

  

  

    

Gain—4, T2CL6, NE=6,12,15,16,17,18 

FIGURE 30. Functional Gain K;(z) vs x, T2CL6 

5.00



113 

  

  
      

1.00 

0.00 — RhoA=5.744, Rhol=.000030880 
KGA=19384,L=2.794 El=3.18830 

4 lo=.9413,lc=.000001,Mc=14.59 

~1.00 4 
a 

-2.00 4 

~3.00 — 

_ 

a 

—4.Q0 a ee ee ee ee ee ee ee ee 

0.00 1.00 2.00 3,00 
Gain—1, Cubic, N=10,20,22 

FIGURE 31. Functional Gain %,;(z) vs x, Cubic



114 

  —0.70 

—0.80 

—0.90 

—1.00 

—1.10 

—1.20 

P
r
e
e
d
t
t
t
i
r
 

t
e
r
e
 

try
 

rp
 

rp
 

to
t 

t
r
p
r
r
i
r
t
t
p
t
l
y
t
t
t
i
t
i
t
r
t
l
i
t
i
p
p
r
y
i
r
t
i
l
r
r
p
i
t
t
t
i
e
t
 

  

RhoA=5.744, Rhol=.000030880 | 
KGA=19384,L=2.794 El=3.18830 | 
lo=.9413,lc=.000001,Mc=14.59 |! 

Wi 

    —1.30 

1.00 2.00 

Gain-—2, Cubic, N=10,20,22 

FIGURE 32. Functional Gain ¢;(z) vs x, Cubic 

  
3.00



1.50 

1.00 

0.50 

0.00 

—0.50 

— 1.00 

115 

  

  
      

4 

_ RhoA=5.744, Rhol=.0000350880 
- KGA=19384,L=2.794 El=3.18830 
7 lo=.9413,lc=.000001,Mc=14.59 

a 
0.00 1.00 2.00 3.00 

Gain—3, Cubic, N=10,20,22 © 

FIGURE 33. Functional Gain K,(z) vs x, Cubic



116 

  

    
  

  

      

15.00 + 

10.00 + 
- RnoA=5.744, Rhol=.000030880 
~ KGA= 19384,L=2.794 El=3.18830 
= lo=.9413,lc=.000001,Mc=14.59 

x 

5.00 | 

0.00 +} ~~ 

-5.00 4 

a 

- 
—10.00 = 

= 15.00 Se ooo ool 
0.00 1.00 2.00 3.00 

Gain—4, Cubic, N=10,20,22 

FIGURE 34. Functional Gain K;(z) vs x, Cubic



2.00 

—0.00 

| N Oo fo 

| A oO oO 

—6.00 

—8.00 

— 10.00 

117 

  

p
i
s
t
t
t
i
t
t
 
t
e
r
e
 
r 

pe
rp
 

ti
 
t
p
r
i
r
p
i
r
t
t
r
i
t
t
i
i
t
t
i
p
i
r
i
t
r
t
l
i
t
t
r
i
p
r
i
p
r
t
i
p
r
r
i
t
i
r
i
r
i
t
 

RhoA=5.744 Rhol=.000030880 
KGA=19384 L=2.794 El=3.1883 

TN lo=.9413 Ic=.000001 Mc=14.59 

  
      

0.00 1.00 2.00 
Gain—1, T2CL6, NE=5,10,12 

FIGURE 35. Functional Gain 4;(z) vs x, T2CL6



118 

  

      

-0.50 
— 

x 

~1.00 Oe 

-1.50 4 

—2.00 4 

: 

—2.50 

—3.00 + 

RhoA=5.744 Rhol=.000030880 
: KGA=19384 L=2.794 El=3.1883 
1 lo=.9413 Ic=.000001 Mc=14.59 

—3.50 goo oo 

0.00 1.00 2.00 3.00 
Gain—2, T2CL6, NE=5,10,12 

FIGURE 36. Functional Gain ¢;(z) vs x, T2CL6



119 

  

  
      

1.50 
7 7 
7 

roo ah oS RhoA=5.744 Rhol=.000030880 
os \ KGA=19384 L=2.794 El=3.1883 
Th lo=.9413 Ic=.000001 Mc=14.59 

0.50 
a 

0.00 + 

-0.50 — 

7 
q 

-1,.00 = 

50 ooo 

0.00 1.00 2.00 3.00 
Gain—3, T2CL6, NE=5,10,12 

FIGURE 37. Functional Gain K,(z) vs x, T2CL6



120 

  4.00 

0.00 

—4.00 

—8.00 

—12.00 

P
i
t
e
t
r
e
r
 

e
t
 
p
p
p
 
t
r
r
p
e
r
p
t
p
p
y
 

pr
et

 
p
p
p
 

yp 
d
e
p
p
 
p
e
p
r
p
p
p
t
t
i
p
p
r
p
r
t
p
y
 

  
RhoA=5.744 Rhol=.000030880 

, KGA=19384 L=2.794 El=3.1883 
‘ lo=.9413 Ic=.000001 Mc=14.59 

    —16.00 

0.00 
  

1.00 2.00 
Gain—4, T2CL6, NE=5,10,12 

FIGURE 38. Functional Gain K;(z) vs x, T2CL6



121 

  

  
      

0.80 - 

0.60 4 

= RhoA=5.744, L=2.794 
= lo=.9412 Ic=.000001 

5 
0.20 4 

0.00 — 

: 

—0.20 = 

-0.40 4 

—0.60 So 

0.00 1.00 2.00 3.00 

Gain—1, N=8,12,16 

FIGURE 39. Functional Gain Bending, Euler-Bernoulli



2.00 

1.50 

1.00 

0.50 

0.00 

—Q.50 

— 1.00 

—1.50 

122 

  

  

      

q \ 
7 \ 

— \ ; 

q ‘ RhoA=5.744, L=2.794 
a lo=.9412 Ic=.000001 
a dy Mc=14,.59, El=3.1884 

4 

= 

: 

: 
a a a a | 

0.0 1.00 2.00 3.00 

Gain—2, N=8,12,16 

FIGURE 40. Functional Gain Velocity, Euler-Bernoulli



123 

  

    

      

0.40 

: 

0.00 + 

4 RhoA=0.1, Rhol=.003 
- KGA=510.817, El=0.1 
a lO=1., L=2, Mc=lc=1 

—0.40 + 
| 

: 
—0.80 + 

—1.20 4 
7 

-1.60 4 

—2.00 SI 

0.00 0.50 1.00 1,50 2.00 2.50 
Gain—1, Cubic, N=16,24,28,30,32 

FIGURE 41. Functional Gain %;(z) vs x, Cubic



124 

  

    

      

0.00 

1 

-~0.40 
4 RhoA=0.1, Rhol=.003 
5 KGA=510.817, El=0.1 
7 lO=1., L=2, Mc=lc=1 

| 

7 

0.80 4 

_ 
_ 

—1.20 q 

a 

~1.60 — 

a 

—2.00 TrITrr rrr yp errrrr rrr yr rrr rr rr ry Peep eee 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—2, Cubic, N=16,24,28,30,32 

FIGURE 42. Functional Gain ¢;(z) vs x, Cubic



125 

  

   

      

4.00 

7 RhoA=0.1, Rhol=.003 
4 KGA=510.817, El=0.1 
- lO=1., L=2, Mc=lc=1 

2.00 — 

-—0.00 - 

4 

—2.00 PrEPrrrrrprrrr rr rrr prerrrrurrrPprrrrr errr yp rrr rrr et 

0.00 0.50 1.00 1.50 2.00. 2.50 

Gain—3, Cubic, N=16,24,28,30,32 

FIGURE 43. Functional Gain K,(z) vs x, Cubic



126 

  

  

      
      

20.00 
7 

_|h ‘ 

al K 

10.00 + 
—} \ 

I 

0.00 — 

4 

-10.00 — 
a 

_ RhoA=0.1, Rhol=.003 
a KGA=510.817, El=0.1 
7 lO=1., L=2, Mc=lc=1 

-20.00 — 

: 
q 

—30.00 PUPPPrrrryprrrrrrrrryprerrrrrrrryprrrrrrrrr perp re edt 

0.00 0.50 1.00 1.50 2.00 2.50 

Gain—4, Cubic, N=16,24,28,30,32 

FIGURE 44. Functional Gain K;(z) vs x, Cubic



127 

  0.40 

RhoA=0.1, Rhol=.003 
KGA=510.817, El=0.1 
lO=1., L=2, Mc=Ic=1 

—0.40 

—0.80 

—1.20   
—1.60 

L
i
t
t
t
i
t
i
u
r
t
r
i
p
t
t
t
r
i
p
t
d
e
r
r
r
t
e
r
r
t
t
i
p
p
i
p
t
t
r
p
l
 

pe
ti

 p
p
 
p
t
i
t
r
t
i
p
p
t
y
t
a
g
e
t
 

      LQ TAT TTT TTT TT 

0.00 0.50 1.00 1.50 2.00 2.90 
Gain—1, T2CL6, NE=8,12,14,15,16 

FIGURE 45. Functional Gain 7;(r) vs x, T2CL6



128 

  

    

  

0.00 
a 

_ _ RhoA=0.1, Rhol=.003 
0.40 ~ KGA=510.817, El=0.1 

4 lO=1., L=2, Mc=lc=1 

—0.80 — 

] 

- 

~1.20 4 

~1.60 — 

—2.00 TTTTTTTTTTTTITrr rrr ry errr rte rrp rr rrr ree eee     
Q.00 0.50 1.00 1.50 2.00 2.90 

Gain—2, T2CL6, NE=8,12,14,15,16 

FIGURE 46. Functional Gain ¢;(z) vs x, T2CL6



129 

  

    

          

4.00 — 

3.00 + 
RhoA=0.1, Rhol=.003 

- KGA=510.817, El=0.1 
IO=1., L=2, Mc=lc=1 

2.00 + 

1.00 + 

- 
0.00 + 

x 
—1.00 

—2.00 SE 

0.00 0.50 1.00 1.50 2.00 » 2.50 
Gain—3, T2CL6, NE=8,12,14,15,16 

FIGURE 47. Functional Gain K,(z) vs x, T2CL6



130 

  

        

20.00 

- 
15.00 — Th 

ahh RhoA=0.1, Rhol=.003 
4 Ys KGA=510.817, El=0.1 
ahh IO=1., L=2, Mc=Ice=1 
7 I 

10.00 + 

5.00 } 

0.00 4 

- 
—5.00 + 

q 

— 10.00 St 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—4, T2CL6, NE=8,12,14,15,16 

FIGURE 48. Functional Gain K;(z) vs x, T2CL6



131 

  

      

      

0.40 

7 
0.00 = 

RhoA=.1, Rhol=.003 
4 KGA=5.10817,El=0.1 
- lo=1, L=2, Mc=lc=1 

-0.40 4 

7 

—0.80 + 

—1.20 

7 
-1.60 — 

7 
= 

—2.00 SI 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain-—1, Cubic, N=16,24,28,30 

FIGURE 49. Functional Gain ~,(r) vs x, Cubic



132 

  

    

      

0.00 

-~0.40 — 

7 RhoA=.1, Rhol=.003 
KGA=5.10817,El=0.1 

_ lo=1, L=2, Mc=Ilc=1 

~0.80 — 

1 

~1,20 

7 

~1.60 — 

J 

] 
_ 

7 

—2.00 PETPrrr rr y Tr rrr rr rp rrr ery rr ep Pree ees 

0.00 0.50 1.00 1.50 2.00 | 2.50 
Gain—2, Cubic, N=16,24,28,50 

FIGURE 50. Functional Gain ¢;(z) vs x, Cubic



133 

  4.00 

3.00 

     
RhoA=.1, Rhol=.003 
KGA=5.10817,El=0.1 
lo=1, L=2, Mc=Ilc=1 2.00 

1.00 

0.00 

—1.00 

—2.00 

r
r
t
e
i
t
i
t
t
e
r
e
r
r
i
t
i
t
h
a
 

e
e
r
 
r
i
p
t
i
t
y
 
t
i
t
t
e
d
 

t
a
t
 
t
e
 

      —3.00 TTT TTT TTY TTT TTT TTT TTT TT TTT TTT TTT TT rt 
0.00 0.50 1.00 1.50 2.00 2.90 

Gain—3, Cubic, N=16,24,28,30 

FIGURE 51. Functional Gain K,(zr) vs x, Cubic



134 

  

    

  

      

20.00 

4 

10.00 — 

7 
_ 

J 

0.00 4 4 

s 

1 ! 
-10.00 — 

7 
7 RhoA=.1, Rhol=.003 
is KGA=5.10817,El=0.1 

lo=1, L=2, Mc=Ic=1 
a 

-20.00 + 

1 

7] 
—30.00 PRTTTTrrr pre re Tv rrr pT rere rrr ry Terre eee 

0.00 0.50 1.00 1,50 2,00 2.50 
Gain—4, Cubic, N=16,24,28,30 

FIGURE 52. Functional Gain K;(z) vs x, Cubic



135 

  

  

   

      

0.40 

0.00 — 

a 
7 RhoA=0.1, Rhol=.003 
4 KGA=2554.08, El=0.1 
7 lo=1, L=2, Mc=lc=1 

-0.40 — 

7 
—0.80 = 

7 

~—1.20 q 

7 

—1.60 + 

—2.00 ST 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—1, T2CL6, NE=8,12,14,15,16 

FIGURE 53. Functional Gain 7;(z) vs x, T2CL6



136 

  

     

      

0.00 

a 

a 

-0.40 — 
7 RhoA=0.1, Rhol=.003 
4 KGA=2554.08, El=0.1 
4 lo=1, L=2, Mc=Ilc=1 
4 

a 

-0.80 + 

-1.20 4 

-1.60 4 

LOO FATT TTT TTT 9 
0.00 0.50 1.00 1.50 2.00 2.90 

Gain—2, T2CL6, NE=8,12,14,15,16 

FIGURE 54. Functional Gain ¢;(x) vs x, T2CL6



137 

  

     

      

4.00 4 

: 
x -. 

3.00 — 

a RhoA=0.1, Rhol=.003 
~ KGA=2554.08, El=0.1 
= lo=1, L=2, Mc=lc=1 

2.00 + 

a 

1.00 

: 
: 

0.00 5 
= 
7 
4 
4 

—1.00 > 
4 

- 
LOO SAAT TT TTT TTT 

0.00 0.50 1.00 1.50 2.00 2.90 

Gain—3, T2CL6, NE=8,12,14,15,16 

FIGURE 55. Functional Gain K,(x) vs x, T2CL6



20.00 

15.00 

10.00 

5.00 

0.00 

| On
 oO Oo
 

—10.00 

138 

  

  
      

— 4 

7] 1 

ah A RhoA=0.1, Rhol=.003 
a KGA=2554.08, El=0.1 
ae lo=1, L=2, Mc=lc=1 
ae 
af 
_ 

= 

a 
“¥ 

x 
_! 

a 

TTTEPPriry rr rryrrrrryprrrrrrrrrpyrrrrrrreryprrrre bres 

0.00 0.50 1.00 1.50 2.00 2.50 

Gain—4, T2CL6, NE=8,12,14,15,16 

FIGURE 56. Functional Gain K;(z) vs x, T2CL6



139 

  0.50 

—0.00 
RhoA=0.1, Rhol=.0035 
KGA=5108.17, El=0.1 

ae ee lO=1., L=2, Mc=lc=1 

  

—0.50 

—1.00 

—1.50 

—2.00 

p
i
t
t
e
t
i
r
r
t
b
r
r
e
r
t
e
t
r
i
t
t
t
r
t
r
i
r
p
p
t
l
i
p
p
 

p
p
 
t
i
t
i
l
i
p
r
p
p
y
 
p
p
p
 
p
l
 
e
r
r
p
r
 
p
t
y
 

      LO AAT TTT . 
0.00 0.50 1.00 1.50 2.00 2.950 

Gain—1, T2CL6, NE=8,12,14,15,16 

FIGURE 57. Functional Gain ¥;(z) vs x, T2CL6



—0.00 

—0.50 

—1.00 

—1.50 

—2.00 

—2.50 

— 3.00 

140 

  

P
i
t
i
t
t
a
i
s
 

ti
r 

p
t
r
r
 

pt
r 

ti
p 

p 
t
a
p
i
 
t
h
i
r
t
y
 
t
i
p
 
t
h
i
t
i
p
t
i
p
t
i
t
 
l
a
p
p
y
 

       
\\. RhoA=0.1, Rhol=.003 

SX. KGA=5108.17, EI=0.1 
\\Y lO=1., L=2, Mc=Ilc=1 

AN 

    
0.00 
Le 

0.50 1.00 1,50 2.00 
Gain—2, T2CL6, NE=8,12,14,15,16 

FIGURE 58. Functional Gain ¢;(z) vs x, T2CL6 

  
2.90



141 

  

   

    

      

4.00 4 

4 RhoA=0.1, Rhol=.003 
3.00 — KGA=5108.17, El=0.1 

a lO=1., L=2, Mc=|lc=1 

2.00 — 

1.00 — 

0.00 4 

~1.00 5 

—2.00 SI 
0.00 0.50 1.00 1.50 2.00 2.90 

Gain—3, T2CL6, NE=8,12,14,15,16 

FIGURE 59. Functional Gain K,(z) vs x, T2CL6



142 

  

  

      

20.00 — 

: RhoA=0.1, Rhol=.003 
15.00 = [th KGA=5108.17, El=0.1 

- ' lO=1., L=2, Mc=lc=1 

7 

10.00 =f 

“i 

a 
5.00 =} 1 

$k 

| 
0.00 4 

: 
—5.00 + 

4 

— 10.00 SI 
0.00 0.50 1.00 1.50 2.00 2.90 

Gain—4, T2CL6, NE=8,12,14,15,16 

FIGURE 60. Functional Gain K;(r) vs x, T2CL6



143 

  

  
      

4.00 5 

: 
+ 

i\ 3.00 WN 

4 \\ RhoA=0.1, Rhol=.003 
+ \\ KGA=5108.17, El=0.1 
4 \\ lo=1, L=2, Mc=lc=1 

2.00 — 

1.00 + 

x 
0.00 = 

~1.00 5 

-2.00 = 

— 3.00 PETEPTOUPErP rrr re rr rp rr rrr reer Pp rer rrr err peer rere de 

0.00 0.50 1.00 1.50 2.00 2.50 

FIGURE 61. Functional Gain K3(z) vs x, T2CL6



144 

  4.00 

3.00 

RhoA=0.1, El=0.1 
lo=1 L=2 Ic=Mc=1 

2.00 

1.00 

0.00 

—1.00   
—2.00 

L
e
p
i
t
t
r
t
i
t
y
p
 

re
ec

e 
tt
t 

et
re
 

t
t
t
 
t
e
r
r
i
 
l
i
t
t
l
 
t
i
t
l
e
 

      —3.00 TTTTTTTTTyT TTT rrr Tr ry rr rrr rrr ree eae Pe 

0.00 0.50 1.00 1,50 2.00 2.50 

Gain-—1, N=8,12,16 

FIGURE 62. Functional Gain Bending, Euler-Bernoulli



4.00 

3.00 

2.00 

1.00 

0.00 

—1.00 

—2.00 

145 

  

            

1 , \ 

a 

4 RhoA=0.1, El=0.1 
a lo=1 L=2 Ic=Mc=1 

: 

= 

a 
7 

= 

ST 

0.00 0.50 1.00 1.50 2.00 2.50 

Gain-—2, N=8,12,16 

FIGURE 63. Functional Gain Velocity, Euler-Bernoulli



146 

  2.00 

—Q0.00     
RhoA=.1, Rhol=.003 
KGA=510.817, El=0.1 
lO=1., L=6, Mc=Ilc=1 —2.00 

—4.00 

—6.00 

—8.00 

—10.00 

t
i
t
t
i
t
i
i
t
l
i
t
i
t
i
t
i
t
i
 

l
a
r
i
 
t
i
p
 t
t
t
 
d
b
i
t
t
i
t
t
i
p
p
l
i
p
t
i
p
t
a
t
r
d
i
p
t
i
s
p
 

r
a
t
h
 

      — 12.00 PEPE? Yi bri prrrrrrrrprrprrrrrrr rb) fbr rrr be bed 

0 2.00 4.00 6.00 8.00 
Gain—1, T2CL6, NE=8,12,14,15,16 

o ° 

FIGURE 64. Functional Gain ~;(z) vs x, T2CL6



147 

  2.00 

     
RhoA=.1, Rhol=.Q03 
KGA=510.817, El=0.1 
lO=1., L=6, Mc=lc=1 

—1.00 

—2.00 

—3.00 

©
 

©
 

©
 

p
i
r
i
t
r
t
i
p
 

t
a
r
 
t
i
t
r
 

r
r
p
 
t
a
p
i
p
t
p
t
i
r
t
t
y
p
r
p
t
i
t
i
t
i
t
r
t
r
i
p
t
r
p
i
r
t
i
t
i
r
i
r
i
e
t
s
 

      —4.00 TTTTITITTTy Iti ttttttryttttttrtt yt ttt 
Q.00 2.00 4.00 6.00 8.00 

Gain—2, T2CL6, NE=8,12,14,15,16 

FIGURE 65. Functional Gain ¢;(r) vs x, T2CL6



148 

  

  
      

6.00 

4 

Jo 
4.00 7 A! 

1 f RhoA=.1, _ Rhol=.003 
+ fi KGA=510.817, El=0.1 
4 IO=1., L=6, Mc=lc=1 

2.00 +f 

a 

0.00 + 

a 

-2.00 + 

_ 

7 

4.0 TT T9 71 
0.00 2.00 4.00 6.00 8.00 

Gain—3, T2CL6, NE=8,12,14,15,16 

FIGURE 66. Functional Gain K,(z) vs x, T2CL6



149 

  

  

      

15.00 — 

10.00 J 

shi RhoA=.1,  Rhol=.003 
+} KGA=510.817, El=0.1 
7 IO=1., L=6, Mc=Ic=1 

5.00 — 
7 

0.00 + 

—5.00 + 

7 
: 

-10.00 + 

: 

—15.00 SOT 
0.00 2.00 4.00 6.00 8.00 

Gain—4, T2CL6, NE=8,12,14,15,16 

FIGURE 67. Functional Gain K5(z) vs x, T2CL6



150 

0.50   

—0.00 

    —0.50 
RhoA=0.1, Rhol=.003 
KGA=510.817, El=0.1 
lO=1,L=2, Mc=lc=100 

—71.00 

—1.50 

—2.00 

—2.50 

—35.00 

r
i
r
r
t
t
r
r
t
t
r
e
r
r
i
 

pt
i 

t 
ti

te
 

ti
i 

tp
t 
d
e
t
t
e
 

tl
i 
t
t
t
 

t
t
e
 
e
e
t
 

      SSO TT 
0.00 0.50 1.00 1.50 2.00 2.90 

Gain—1, T2CL6, NE=8,12,15,16 

FIGURE 68. Functional Gain 7;(z) vs x, T2CL6



151 

  —0.80 

—1.00      
RhoA=0.1, Rhol=.005 
KGA=510.817, El=0.1 
lO=1,L=2, Mc=Ic=100 

-—1.20 

-—1.40 

—1.60 

— 1.80 

—2.00 

pe
p 

p
a
t
t
i
t
t
e
r
p
 

pr
 
rr
 
pe
te
r 

r 
pt
e 

ti
t 

ti
i 
t
p
t
 
l
i
t
t
 
t
i
l
 
t
i
t
i
 
l
a
a
 

      —2.20 TTTTTTTrr PY Pr rrr rrr er prr rr er repre ep ea 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—2, T2CL6, NE=8,12,15,16 

FIGURE 69. Functional Gain ¢;(z) vs x, T2CL6



152 

  

     

      

4.00 
x 

3.00 — 

7 
a RhoA=0.1, Rhol=.003 
4 KGA=510.817, El=0.1 

2.00 4 lO=1,L=2, Mc=Ilc=100 

a 

1.00 + 
7 

4 

0.00 4 

—1.00 2 

7 

- 
—2.00 TTTTTPPrrr yp rr rrrr rrr yp rrr rrr rrr pr rrr rrp erred 

0.00 0.50 1.00 1.50 2.00 2.50 

Gain—3, T2CL6, NE=8,12,15,16 

FIGURE 70. Functional Gain K,(z) vs x, T2CL6



20.00 

15.00 

10.00 

5.00 

0.00 

—5.00 

—10.00 

153 

  

  

      

7 

: 
a 
Th 
Th V4 ah At 
ah iy RhoA=0.1, Rhol=.003 
hip KGA=510.817, El=0.1 
ae IO=1,L=2, Mc=Ic=100 
ea 
sf} Wy 
a: 
oH 

+ 
= 

4 

7 
7 

7 
7 

SII 

0.00 0.50 1.00 1.50 2.00. 

Gain—4, T2CL6, NE=8,12,15,16 

FIGURE 71. Functional Gain K;(zr) vs x, T2CL6 

 



154 

  

     

      

1.00 

7 

~0.00 

1 RhoA=0.1, Rhol=.003 
4 KGA=510.817, El=0.1 

lO=3., L=2, Mc=lc=1 

-1.00 5 

4 

—2.00 + 

-3.00 — 

—4,00 - 
7 

: 
—9.00 ST 

0.00 0.50 1.00 1.50 2.00 2.50 

Gain—1, T2CL6, NE=8,12,15,16 

FIGURE 72. Functional Gain 7;(z) vs x, T2CL6



155 

  

  
      

—0.50 
Soe 

a 
a 

-1.00 5 

7 RhoA=0.1, Rhol=.003 
- KGA=510.817, El=0.1 
7 lO=3., L=2, Mc=Ic=1 

-1.50 — 

4 

7 
—2.00 = 

7 
7 

—2.50 4 

4 
7 

+3.00 5 

7 
—3.50 TTTTTTTTr PT rrr rrr rrp rere rr ye pepe 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—2, T2CL6, NE=8,12,15,16 

FIGURE 73. Functional Gain ¢,(r) vs x, T2CL6



156 

  

       

      

0.20 
4 

7 

_ f 

0.00 — 

RhoA=0.1, Rhol=.003 
4 KGA=510.817, El=0.1 
7 lO=3., L=2, Mc=ic=1 

-0.20 4 

a 

a 

-0.40 5 

a 
~0.60 — 

4 

_ 
4 

4 

7 
—0.80 TTTTTITPTrpPrrrr rrr rrp rrr rrr erry Tere ee 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—3, T2CL6, NE=8,12,15,16 

FIGURE 74. Functional Gain K4(z) vs x, T2CL6



157 

1.50   

1.00 

RhoA=0.1, Rhol=.003 
KGA=510.817, El=0.1 
1O=3., L=Z2, Mc=lco=1 

0.50 

0.00 

    
—0.50   

  

—1.00 

-—1.50 

L
i
t
t
e
t
i
t
d
r
p
 
ey
e 

p 
pp
p 

d
r
t
 

p
t
t
 

t
i
p
 
d
t
l
 
t
a
 

      —2.00 TTTTTTTTT PP rT rrr rrr yp rrr rrr rrr yp rrr rep eae 

0.00 0.50 1.00 1.50 2.00 2.50 
Gain—4, T2CL6, NE=8,12,15,16 
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