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Abstract
In this paper we consider computational algorithms for constructing design mod-
els for LQR control of a Timoshenko structure. We consider two finite element
schemes and compare their robustness property. The functional gains are also com-
pared against their counterpart when an Euler-Bernoulli model is used to describe
the dynamics of the beam. Results indicates that the choice of finite element scheme

has a direct bearing on the convergence of the functional gains.
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Chapter I

Introduction

1.1 Problem Statement and History.

In this paper, we consider various approximation schemes for control of an elastic
system that consists of a slewing beam attached to a rigid hub at one end and a
tip mass at the other end. Our interest is to suppress the lateral vibrations of the
beam and thereby that of the tip mass around the rigid body location, by applying
a controlling torque at the hub.

Although several authors have considered similar problems, almost all of the ex-
isting results assume an Euler-Bernoulli model for the beam. Assuming such a
model, Gibson [1] used cubic B-splines to obtain convergent finite-dimensional ap-
proximations to the functional gains. Banks and Crowley [2] considered a parameter
estimation problem using Timoshenko beam theory. They used cubic B-splines for
both rotation and displacement of the beam. In [3] Burns, CLiff and et. al., studied
the problem of controlling a Timoshenko beam with a tip mass. They used the
same cubic B-splines as in [2] to construct finite-dimensional spaces for the beam
displacement and shear. Although convergence was obtained for certain problems,
the methods in [3] failed when the beam parameters were such that Timoshenko

theory was needed. In this paper, in addition to cubic B-splines we apply a set of



conforming finite element schemes to obtain finite dimensional approximations to
the problem of controlling a Timoshenko beam with a tip mass. These schemes re-
quire certain smoothness on the shear across each element which results in a coupling

between finite element spaces for displacements and rotation.

Consider the beam-hub-mass structure as shown in Figure 1. Let 6(t) denote
the rigid body rotation of the hub, u(t,z) be the lateral elastic displacement of the
beam and (¢, z) be the elastic rotation of the the beam. The parameter I, is the
moment of inertia of the hub, E is the Young’s modulus and G is the shear modulus
of elasticity of the beam. The beam cross-sectional area is denoted by A and I is
the moment of inertia of the beam cross-section. Also, m. and I, are the mass and
mass moment of inertia of the tip mass and M, is the applied torque. Subscripts
t and z represent differentiations with respect to time and to the spatial variable

along the beam. We consider the Timoshenko model governed by the linear system

I,0(t) =EIt,(t,0) + M,(t) (1.1.1)

pA(ua(t,z) + 20(t)) =K GA(u.(t,2) — $(t, ). (1.1.2)
pI(bu(t,z) + 8(t)) =Elp(t,2)

+ KGA(uy(t,z) — 9(t, 7)) (1.1.3)

me(ug(t, 1)+ 10(t)) = — KGA(uz(t, 1) — 9(t,1)) (1.1.4)

L(u(t,1) + 8(2)) = — EIt.(3,1). (1.1.5)



Boundary conditions for this model follow from the geometry of the structure which
requires that the tip mass has the same displacement and rotation as the beam at
its right end which are stated in equations (1.1.4) and (1.1.5), and also the beam is

cantileavered to the hub at its left end. That is

u(t,0) =0

W(t,0) =0.

This model does not take into account any loss of energy. However, all structures
have some inherent damping and as shown by Gibson [1], it is necessary to have
some damping in the structure for the control problem to have a solution. Here we
concentrate on external damping. We use a viscous model for external damping and
we discuss a Kelvin-Voigt model for internal damping.

Kelvin-Voigt damping is obtained by using the stress-strain laws of the form

Ozx = Eea::c + nEez:rt

Ozz = Gezz + nGezzta

where £ is a “damping ratio”. This gives rise to the model where the damping

operator is proportional to the stiffness operator. Using this model, the internally



damped equations of motion are:

1,0(t) = EItp(t,0) + Elp,(t,0) + M,(t) (1.1.6)
pA(un(t,z) + 28(t)) = + kKGA(us(t,2) — (2, )t
| + KGA(us(t, z) — (t, )2 (1.1.7)
pI(bult,z) + (1)) =kElponi(t, ) + KK G A(us(t, 2) — $(t, 2)):

+ Elpus(t, z) + KGA(uy(t, ) — $(t, 7))

(1.1.8)

me(ug(t,1) + 10(2)) = — kKGA(uz(t,1) — H(t, 1)),
— KGA(uz(t,1) — 9(t,1)) (1.1.9)
L(%ee(t,1) + 8(2)) = — kEI,(t,1) — EIt,(t,1), (1.1.10)

with boundary conditions

u(t,0) =0

¥(t,0) =0.

A standard external damping is the “viscous” damping model. We assume that
viscous damping is proportional to the velocity of beam. If one assumes that there

is no damping on the displacement of the hub, the viscously damped equations of



motion are
18(t) =ET.(1,0) + M,(2)
pA(uy(t, ) + 20(t)) = — kpA(u(t, z) + 28(t))

+ KGA(us(t,z) — %(t,3))s

pI($u(t,z) + 8(2)) = — kpI(%y(t, z) + 6(t)) + EItp4(t, 7)
+ KGA(u,(t,z) — (¢, z))

me(ue(t, 1) + 10()) = — kme(u(t, 1) + 10(t))
— KGA(us(t,1) — (2, 1))

L($a(t,1) + (1) = — kL(be(t,1) + 6(2)) — ETpa (2, ).

(1.1.11)

(1.1.12)

(1.1.13)

(1.1.14)

(1.1.15)

We shall formulate the control problem by using the theory of semigroups. In

the next two sections we review some of the basic definitions and results on linear

dynamical systems and linear quadratic regulator problems (LQR). In Chapter 2,

we summarize the general theory for structural vibration problems and use standard

techniques from semigroup theory to prove well-posedness. In Chapter 3 we special-

ize to the Timoshenko model and discuss the conditions under which this problem

can be placed within the general framework given in Chapter 2. Chapter 4 deals

with approximation schemes, and numerical experiments are presented in Chapter

5. We shall use two types of finite element schemes to approximate the LQR prob-

lem. The first scheme uses standard cubic B-splines and the second scheme is based



on a special conforming finite element algorithm for Timoshenko beams which was

first introduced by Tessler [4].

We shall use standard notation throughout the paper. If Y is a Hilbert space
with inner-product < .,. >y, then the norm of an element y € Y is giveﬁ by
llylly = (< ¥,y >y)"% The space of integers will be denoted by N. When there
is no chance of confusion the subscripts will be omitted. It will be essential to
distinguish between linear operators and their (matrix) representations. Bold script
capital letters will always denote operators. If 4: X — Y is a linear operator from
the finite dimensional Hilbert space X into Y, then A will denote a particular matrix
representation of A. If Z is a Hilbert space, then the set of all square integrable
functions defined on [a, b] with values in Z will be denoted by L3(a, b; Z). The space
of all strongly absolutely continuous functions f € Lj(a,b;Z) with jth derivative
fU) strongly absolutely continuous for j = 1,2,....,k — 1 and f(¥) € L,(a,b;Z) is
denoted by W*?(a,b; Z). 1t is useful to denote by W}*(a, b; Z) the set of all W2
functions that vanish at the left end of the interval. We use the superscript T to
denote the transpose of a matrix (A7), and * will be used to denote the adjoint of

an operator (A*).

1.2 Review of Basic Mathematical Definitions and Results.



Vibrating systems with infinitely many degrees of freedom, such as a continu-
ous deformable media, can be studied as dynamical systems in infinite dimensional
Hilbert spaces. We first recall some of the definitions and properties of these spaces.
These definitions can be found in standard books on semigroup theory and dynam-

ical systems and the precise definitions given below can be found ‘in [5,6,7,10].
Let H denote a real inner-product space with inner-product < .,. >: Hx H —
R. lfu,ve H, and A\, € R, then
<u,v>=<0v,u >,
<u,v4+w>=<u,v>+ <y, w >,
< Au,pv > = Ap < u,v >,
and < u,u >= 0 if and only if u = 0. The inner product space H is a normed linear

space with norm defined by
[lu]| =< u,u >1/2
A sequence {u™} € H,m € N is a _Cauchy sequence if, for every ¢ > 0, there
exists an integer N, such that for k,l > N,

k

|[ufF = || < e

A sequence {u™} € H,m € N is said to converge in norm (or strongly in H) to an

element v € H if and only if

[|lu™ —ul| = 0 as m — 00.



If {u"} converges strongly to «° in H, then we use the notation u™ — u°. A point
u® € H is a limit point of the set S C H, if there is a sequence {u"} € S such that
u™ — u®. A set S is said to be closed if it contains all of its limit points. The set of

all limit points of S is called the closure of S, and is denoted by S. A set S is said

to be closed if and only if S =S. A set S is said to be dense in H, if S = H.

A set S is precompact if every sequence {u"} € S contains a Cauchy subse-
quence. A set S is compact if every sequence {u"} € S contains a subsequence
converging to a point in S. The inner product space H is said to be complete if
every Cauchy sequence converges in norm to some element of H.

An inner product space H is called a Hilbert space if it is complete. It is said
to be separable, if there exists a countable subset X everywhere dense in H. If X
is dense in H, then any u € H is the limit (in norm) of a sequence belonging to X.

Given two Hilbert spaces X, Y, an operator from a subset D(F) C X =+ Y isa
rule that assigns to each ¢ € D(F) a unique y € Y. This is denoted by F : (D(F) C
X) — Y, where D(F) is the domain of F and {y € Y|y = Fz; z € D(F)} is the
range of F, R(F) C Y. If R(F) =Y then F is onto. If Fz = Fz' implies that
z = 7', then F is one-to-one. In this case the inverse operator F~! exists.

Let F : (D(F) € X) — Y, with X,Y Hilbert spaces. The operator F is
continuous at o € D(F) if for every € > 0, there exists §(zo, €) such that if z € D(F)

and ||z — zo|| < 6, then ||Fz — Fzo|| < e. If F is continuous at every zo € D(F),



then it is called a continuous operator. If § is independent of zo, then F is said to

be uniformly continuous on D(F). An operator F : (D(F) C X) — Y is bounded

if 7 maps bounded sets in D(F) into bounded sets in Y, and it is compact if F
maps bounded sets in D(F) into precompact sets in Y. An operator F : (D(F) C
X) — Y, is said to be closed if given any sequence {a:“} € D(F) éuch that z" — z°
and Fz" — v, then z° € D(F) and Fz° = v. An operator F: (D(F) Cc X) > Y
is said to be linear if D(F) is a linear space and F(az + fz') = aFz + BFz’ for all
z,z' € D(F) and o, € C. If F: (D(F) C X) — Y is a linear operator then F is
bounded if and only if it is continuous [7, Theorem 6.1.1].

Let 7(t), t > 0, be a family of continuous linear transformations mapping a

Hilbert space H into itself. The family 7(t) is said to be a strongly continuous

semigroup on H if
T0)=1I  (identity)
T(ty+t) =T (t)T(t2) =T(t)T (1),  t,t2 € RY
and in addition, if for each z € H

| T(t)z—z|| -0 as t— 0t

A family of operators having all of these properties is called a _Cp-semigroup.

Let T'(t),t > 0 be a Co-semigroup on H and let D C H be the subspace of

elements z € H such that the limit of (7(x)z — z)/p converges as p — 0. The
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infinitesimal generator of the semigroup 7 () is the linear operator A defined on D

by

Az = lim M—_z
p—0 7!

Formally, the semigroup property suggests that 7 (t) = e“A*", where A = (£)T (¢)|¢=0-
In the study of systems governed by partial differential equations, the infinitesi-
mal generators are never continuous. A Cp- semigroup 7 (t) is uniformly exponentially

stable if there exist two positive real numbers M and w such that for any ¢ > 0
1T @) < Me™".
A Cy-semigroup 7 (t), on H, is said to be a _contraction semigroup if,
T <1 Vie Rt
If both A and —A are infinitesimal generators of Cy-semigroups on H, then [6,
Proposition 2.2] the Co- semigroup {7 (t)}:>0 generated by A must be invertible,
and —A generates {7 ~'(¢)}:>0. In this case if one defines T(—t) = T-1(t), t > 0,

then A is said to generate the Co-group {7 (t)}«cr, and the direction of time is of

no importance.

If H is a Hilbert space, then the set of all bounded linear functionals({ :

H — R') on H is called the dual space of H and is denoted by H'. If £ € H'

and the norm of £ is defined by

Lu
||€||H, = sup (—),
weH |[ulln
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then H’ becomes a Hilbert space. Moreover, H' may be identified with H through

Riesz Representation Theorem [8].

Theorem 1.2.1. (Riesz Representation Theorem) If £ is a bounded linear func-

tional on H, then there exists a unique v € H such that,
{(u) =<v,u> Vu € H.

If H is a Hilbert space, then a sequence {v"} € H is said to converge weakly to
v € H if and only if

£(v™) = £(v).

for each ¢ € H'. In view of the Riesz Representation Theorem it follows that

{v"} — v weakly if and only if for each u € H,
< vt u>—o<v,u>

as n — 00.
We now consider a very special class of linear operators that map H into itself.
By L(H) we denote the space of continuous linear operators that map H into itself,
and by L(H, E) we denote the space of continuous linear operators that map H into
E.
If I' : (D(I') € H) — H is a linear operator on H, then the (Hilbert) adjoint

of I', I'* is defined on H by
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D(I'*) = {g € H| there exists f € H such that,
<Tu,g>—<u,f>=0, Vu € D(I')},
and if g € D(I™), then
Ig=f.
In the case that X and Y are Hilbert spaces and I" € L(X,Y), then the (Hilbert
adjoint) I'™* € L(Y,X) is defined by

<TI'z,y>y=<z,I"y >y,

for all z € X, y € Y. We note that this definition of adjoint makes use of the
equivalence between X and X’ and Y and Y'.

The operator I' is said to be self-adjoint if I' = I'*, and is said to be skew-adjoint
if I' = —I'*. Note that I' = I'* means that D(I") = D(I'*) and I'z = I'*z for all
z € D(I).

An operator I' : (D(I') C H) — H is said to be H-coercive if there exists a

constant p > 0 such that

< I'z,z >u> p||z||%, Vz € D(I).

An operator I' : (D(I') € H) — H is said to be dissipative in H if

<TI'z,z>y<0 Vze D)
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A dissipative operator I' : (D(I') € H) — H is said to be maximal dissipative if it

is not a proper restriction of another dissipative operator.
The following lemma is used to determine if a dissipative operator is maximal

dissipative. [12, corollary to Theorem 1.1.1]
Lemma 1.2.1. Let A > 0 and suppose that I' is a dissipative operator on H with
dense domain. Then I' is maximal dissipative if and only if

RM-T)=H, Vi>o.

We now have the following theorem for well-posedness [6, Page 26].

Theorem 1.2.1. The operator A generates a Cy contraction semigroup on H if

and only if A is densely defined and maximal dissipative.

1.3 Review of Basic Results on Linear Regulator Problems.
In this section, we review some of the basic definitions and results , which can
be found in [6,14], on the control of a linear time invariant dynamical system given

by

5(t) = Az(t) + Bu(t), 2(0) = z (1.3.1)

y(t) = C2(), (1.3.2)

where, 2 € Z, A: (D(A)C Z)— Z,B € L(R™,Z) and C € L(Z,R"). We shall

always assume that A generates a Co-semigroup, T'(t), on the real Hilbert space
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Z. The standard LQR problem on Z is to choose a control u € L;(0,00; R™) to

minimize the cost functional
J(2(0),u) = / (< y(8), y(t) >rm + < Ru(t), ult) >m) dt (1.3.3)
0

subject to (1.3.1) and (1.3.2). Here, R = R* € L(R™) is assumed to be positive

definite. If @ = Q* € L(Z) is given by
Q=C"C, (1.3.4)
then (1.3.3) becomes
J(z(0),u) = /;»(< Qz(t),2(t) >z + < Ru(t),u(t) >rm)dt. (1.3.3’)
Mild solutions to (1.3.1) are given by the variation of parameters formula
2(t) = T(t)z(0) + /: T(t —n)Bu(n)dy, t>0, (1.3.5)

where T'(t) is the Cp-semigroup generated by A.

A function u € L;(0, 00; R™) is said to be an admissible control for z; if J(zo,u)

is finite, i.e., if the state 2(t) given by (1.3.5) is in L,(0, 00; Z).

Next, we introduce the definitions of stabilizability and detectability. The follow-

ing definitions are taken from [14].

Definition 1.3.1. Consider the system given by (1.3.1). The system is said to
be stabilizable if there exists a bounded linear operator K : Z — R™ such that

(A — BK) generates a strongly continuous semigroup which is exponentially stable.
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Definition 1.3.2. Consider the system given by (1.3.1) and (1.3.2) with C €

L(Z,R"™). The system is said to be detectable if there exists a continuous linear

operator

F:R*"—Z

such that (A — FC) generates a strongly continuous semigroup which is exponen-
tially stable.
It is known [1], that if the system (1.3.1)-(1.3.2) is stabilizable and detectable

then there exist a unique control uoy € L2(0,00; R™) such that

I (2, uopt) = “elf(gf:o,v) J(z,u)

and this controlAca.n be written in a feedback form
Uopt(t) = —R™B*I12(t) (1.3.6)

where I € L(Z) is the nonnegative self-adjoint solution of the algebriac Riccati
equation

AT+ ODA-IIBR''B*II+ Q=0 (1.3.7)
To assure the existence of an optimal solution, we have the following result which
may be found in [1].

Theorem 1.3.1. Let the operators A, B, Q, and R be as previously defined. The

algebriac Riccati equation (1.3.7) has a unique nonnegative self-adjoint solution, if
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and only if for each 2z € Z there is an admissible control for the initial state z,. The
unique control which minimizes J(z,.) is given by (1.3.6), and the corresponding
optimal trajectory z(t) is given by z(t) = S(t)z, where S(t) is the strongly continu-
ous semigroup generated by A — BR™!B*IT which is uniformly exponentially stable.
Furthermore, | |

J(2,uopt) = wer i o) J(zyu) =< Iz,z2 >z . (1.3.8)

In general, equation (1.3.7) is a nonlinear partial (functional) differential equation.
A direct analytical solution of such a system is usually impossible. Therefore, it has
become a standard practice to approximate the entire control problem, thereby

leading to an indirect approximation of (1.3.7).

The basic requirement of an approximation scheme is to produce suboptimal con-
trols, uY (), such that if ul} (t) is applied to the infinite dimensional system (1.3.1)-
(1.3.2), the closed- loop system response is “close” to optimal for any initial condition
and such that uf,vpt(t) converges to up(t) in an appropriate sense.

In essence, we need to construct a series of finite dimensional control problems
that converges to the infinite dimensional control problem. One way of achieving
this is to project the infinite dimensional control problem defined on Z onto series
of finite dimensional subspaces ZV, N = 1,2, ... .

Let PN, for N = 1,2,.... denote a sequence of orthogonal projections PN : Z

ZN C Z. To assure that the finite dimensional approximations of the open loop
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problems converge in some sense to the infinite dimensional problem, the projections
PN must converge to the identity operator as N — oo and ||PV|| < 1forall N. In
addition, we will require the following convergence
PNBu = BNu — Bu,BN*z — B*z, QN PNz - Qz,
as N—ooo VzeZ, uel.
To assure convergence of the finite dimensional closed-loop problems, one also needs
to have 7V (t) and 77V*(t) converge strongly and uniformly in ¢ (for ¢ in compact

intervals) to 7(t) and 7*(t), respectively. Moreover, the approximating systems

must preserve st.abilizability and detectability uniformly in N [5].

For N = 1,2,..., let A" be the generator of Cyp- semigroup TV (t) on ZV. Assume
that BN € L(R™,Z"), and @V € L(Z") are uniformly bounded in N. The N-th
order approximation to the problem is to minimize

IV, u) = Lw(< QNzN(s),2V(s) >z + < Ru(s),u(s) >pm)ds (1.3.9)
subject to

Ny = AVV() + BNu(t), 2N (0) =PV (1.3.10)

yN(t) = CNN(t). (1.3.11)

Similarly, under the assumption that (1.3.9)-(1.3.10) is stabilizable and detectable,

there is a unique optimal control ul, € L;(0, 00; U) of the form

ul (t) = —R'BN*IIV N (1), (1.3.12)
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where ITV € L(Z") is the unique solution of the algebraic (operator) Riccati equa-
tion

AV IV + TNAN — IVBNR'BN TN + QN = 0. (1.3.13)

In Chapter 2, we discuss the application of these general results on the approx-

imation theory to a second order distributed parameter system.



Chapter II
A Review of General Theory of LQR for Second Order DPS

In this chapter, we summarize the theory of LQR problems for a class of struc-
tural vibration problems, and prove well-posedness and stability under a general set

of conditions. The basic theoretical results may be found in [1].

2.1. Abstract Conservative System.

The second order dynamical system that we consider here is given by

Z(t) + Aoz(t) = Bou(t), z(0) ==z, z(0) = vy, (2.1.1)

where z(t) is in a real Hilbert space H and u(t) € R™. We assume that the linear
stiffness operator Ay is densely defined and self-adjoint with compact resolvent and
has at most a finite number of negative eigenvalues. The input operator By is
assumed to be a bounded linear operator from R™ to H. Thus we are restricting
our efforts to compact input operators. Equation (2.1.1) includes the case where

the mass operator is explicitly present, that is

Moi(t) + Aoz(t) = Biu(t) ¢t > 0. (2.1.1°)

The mass operator My is a continuous, self-adjoint, linear operator with continuous
inverse Mj'. Equation (2.1.1) is obtained after multiplying (2.1.1’) on the left by

Mgt
19
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In order to write the system in a first order form, we define the “elastic energy
space” V and the “total energy space” E. We choose a bounded self-adjoint linear
operator 4; on H such that Ao = Ao + A, is H- coercive, that is, there exists a

p > 0 for which
< Aoz, 2 >p2pllelly 2 € D(A) = D(Ao).

Such an operator is not unique and since Ap is bounded from below, there are
infinitely many choices for A,.

Once the operator Ay is fixed it follows that [10, Page 187] the eigenvalues of Ay
are strictly positive, countable, isolated with finite multiplicities and no finite limit
points. In addition, the eigenvectors {¢i} of Ao are orthogonal and form a basis of
H. In this case one can define an operator :4(1,/ ?. the square root of Ay, using the

eigenvalues {w?}, and the eigenvectors {¢x} of Ao by

)
-;t(l)/zw = Ewk < ¢k,w > ¢k-

k=1

It follows from this definition that .;1(1,/ ? is linear, unbounded, non-negative, and
self-adjoint. The domain, D(;i,l)/ ?) can be identified with an inner product space

with inner product < .,. >y defined by
< 1,V Dy=<L ;1(1)/21)1,;1(1)/202 >H -

The completion of D(A'/?) with this inner product is a Hilbert space which we

denote by V. Since every element of V is also an element of H, and we can use the
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algebraic imbedding

VCcCH=HCcV.

where the injections from V into H and from H into V' are continuous with dense

ranges. If Ay denotes the Riesz map from V onto its dual V' [1] defined by
(Avvy)(v) =< v,v1 >y v,v; €V,

then it follows that A, is the restriction of Ay to D(Ap) in the sense that if v, €

D(Ay), then

(Avvy)(v) =< v,,&ovl >p=<v,v; >y, vEV,
If v € V, then (2.1.1) implies that
<Zv>g + < Aoz,v >y — < Boz,v >g=0.
Consequently, it follows that
0=<32v>g+ < Aoz,v > — < A1z,v > — < Boz,v >
or equivalently,
0=<z,v>g+<z,v>v — < Aiz,v > — < Boz,v > (2.1.2)

for all v € V. We shall use this variational formulation of (2.1.1) to construct
approximating systems.
In the case where there is no rigid body mode, the third term in equation

(2.1.2) vanishes and the equation reduces to the virtual work relation associated
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with (2.1.1). Therefore, the inner products in H and V represent the virtual work
due to ’inertial’ and ’elastic’ forces, respectively.
With the strain energy space V defined as above, the total energy space E is

defined to be the Hilbert space E = V x H with the energy inner product
< (v1, k1), (v2, h2) >E=< v1,v2 >v + < hy,hy > .

If Ao is coercive and z(t) is the solution of (2.1.1), then [|z(t),z(2)||% is twice the
total energy (Kinetic and Potential) in the system. We may consider the system

(2.1.1) in first order state space form on E by defining z2(t) = (zgg) and

2(t) = Az(t) + Bu(t), 2(0) = (:):3) , (2.1.3)
where A given by
A—(O 1) D(A) = D(Ag) x V (2.1.4)
- _'AO [} - ’ 1.

and

B=(&). (2.1.5)

The system (2.1.3) has a unique solution if and only if the operator A generates a
Co-group on the Hilbert space E [6, page 87]. In this case the problem (2.1.1) is said
to be well-posed. It is easy to show that the operator A, given by (2.1.4) is skew-
adjoint. Therefore, one can use the following version of Stone’s Theorem [6,page

32].
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Theorem 2.1.2. (Stone’s Theorem) The linear operator A is the generator of a

Co-unitary group on E if and only if A is skew-adjoint.

In the remaining sections of this chapter, we consider the problems of well-
posedness and stability for the damped versions of (2.1.1). Once the damping is
introduced into the model the A operator for the first order system will no longer

be skew-adjoint and Stone’s Theorem cannot be used for well-posedness.

2.2 Damped System of Equations.

In this section, we introduce damping into the elastic system by means of a
“damping operator”. This general formulation allows one to consider both internal
and external damping in one formulation. Upon adding damping to the system,

equation (2.1.1) becomes

Z(t) + Doz (t) + Aoz (t) = Bou(t), (2.2.1)
and, in first order form
2(t) = Az(t) + Bu(t), (2.2.2)
where A is given by
A= ( % _530) . D(A) = D(A) x V. (2.2.3)

In [11], Chen and Russell presented a mathematical theory for general internal
damping operators that exhibits empirically observed damping rates in many elas-

tic systems. They considered the damping opérator, Dy to be proportional to the
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positive square root .Acl,/ % of Ay. Alsoin [13], Hanson studied this “square root damp-
ing” for the case of an Euler-Bernoulli beam. However, given a self- adjoint positive
definite operator Ay, it is not always possible to obtain an explicit representation of
A?

We shall follow Gibson’s approach [1] and use a variational formulation and

assume that there exists a damping “functional”
do('l)l,vz) . V X V — R

such that dj is bilinear, symmetric, continuous on V x V and nonnegative.
If Dy is a symmetric nonnegative “damping operator” defined on D(.A4y) such that

Dy is bounded relative to Ay, i.e.,
[Doz|| < A?||Aoz]| ¥z € D(Do),

'then < Dyv;, v, >y defines a bilinear, symmetric, bounded, nonnegative functional
on a dense subset of V x V. In this case the unique extension of this functional
to VxV is dy [1]. Both damping models considered in this paper satisfy £h¢
conditions given above. External damping is modeled by viscous damping which is
provided by an operator proportional to the mass operator, and internal damping is
modeled by Kelvin-Voigt damping which is represented by an operator proportional
to the stiffness operator. In particular, Dy = c¢M, represents “viscous damping”

and Dy = cAg provides a model of “Kelvin-Voigt” damping.
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Under these hypotheses on dy, there exists a unique bounded linear operator Ap

from V into V' such that
do(v,v1) = (Apv1)(v) v,v; € V.

The operator (Aj'Ap) is then a bounded linear opera;tor from V to V and (Ay'Ap)

is self-adjoint (on V) since dp is symmetric. Moreover, if v,v; € V, then
do(v,v1) =< v, Ay Apvy >v=< A Apv, v >v .

The operator (Ay'Ap) defines the damping operator, Dy that we consider in this
paper.
To prove well-posedness for the system given by (2.2.1) or (2.2.2)-(2.2.3), we
need the following result.
Lemma 2.2.1. The operator A given by (2.2.4) is dissipative in E.
Proof:. Calculating the inner-product < Au,u >g we find that for u € D(A)
= Uz Uy
< Au,u >g =< (—-Aoul —Douz) , (uz) >E
=< Aouz, 1 >x — < Ao, uz >n — < Do, uz >x

= — < Doug,u3 >g

= —do(uz,uz) <0,

which implies that A is dissipative.
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In order to derive the semigroup generator, we need to invert the Ay operator.
But Ay may be singular due to the existance of rigid-body modes. The operator
A, was added to assure coercivity of Ag. Next, following the steps in [1], we define
A™! € L(E,E) by

o= [Hme -],
This operator is clearly one-to-one and its range is dense since V is dense in H and
m = V. Now, we take
A= (AL
The operator A is dissipative with dense domain (Lemma 2.2.1), and since D(A™!) =

E, A is maximal dissipative. Well-posedness will then follow from Theorem (1.2.1).

The open-loop semigroup generator for the elastic system is given by

A=A+ [jl 3] . D(A) = D(A).

The optimal control problem was sketched in Section (1.3) and results were
given to insure the existence of a unique solution to the optimal control problem.
Here, we specialize to the case where E = V x H, is the energy space and, T'(t), S (t)
are the open-loop and closed-loop semigroups, respectively. We need the following

theorem [1, Page 24]

Theorem 2.2.2. Suppose that the open-loop semigroup T'(t) satisfies

ITOI < Mie™,  t>0,
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for positive constants M; and a4, that I € L(E) is the minimal nonnegative self-
adjoint solution to the algebraic Riccati equation (1.3.7), and that S(t) is the optimal
closed-loop semigroup given by A — BR™1B*II. If there exists a constant M, such
that

/00 [|S(t)z||?dt < Mo(< 2,z >g +||2||?) Vz € E,
0
and a constant Mg such that
]| < My,
then there exist positive constants M, and a;, which are functions of My, M, M,
and a; only, such that

[|S()|| < Mae™®2t,  t>0.

The next theorem is for the case where all of the elastic components of the structure
have some damping and the actuator is acting on the rigid-body mode. This is the

case in most aerospace structures and in the problem considered here [1].

Theorem 2.2.3. i) Suppose that A; = ByBj and that Ao = Ao+ A, and dg = do + A

are H-coercive, so that there exist positive constants p,~, § such that forall v € V

lI0lI =pllvll% (2.2.4)

do(v,v) 2 plloll; (2.2.5)
and with Dy being bounded with respect to Ag,ie., (||Doz|| < 72||4oz]|),

do(v,v) < 7llv]l} (2.2.6)
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and

maz{||Bol|, ||<ll, || RI|} < B, (2.2.7)

then (1.3.7) has a minimal nonnegative self-adjoint solution II which satisfies

11| < Mg(p, 7, B)

ii) Suppose also that

< QZ,Z >g2 p”z”i}' zZ€ Es

then the optimal closed-loop semigroup satisfies
IS@)]] < Mae™* £ >0,

where M; and a; are positive constants depending on p,~, 3 only.

Proof. i) The sub-optimal control
u(t) = —By[=(t) + 2(2)]

presents an admissible control, and from theorem (1.3.1), there is a minimal nonneg-
ative solution to the algebraic Riccati equation (1.3.7). To get the required upper

bound, from (1.3.3) and (1.3.8), we get
<z z>< / [< Q2,2 > + < Ru,u >pm]dt,
0

or

| < IIz,z> | < |/ [< Qz,2z > + < Ru,u >pgm|dt|.
0
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Since both Q and R are bounded from above by (2.2.7), the left hand side is also
bounded from above for every z € E. Then, using Uniform Boundedness Principle

(Banach Steinhaus Theorem) [8,Page 74], we obtain the bound
lT]| < M.

ii) In this case, the My in the previous theorem is p, and the theorem yields the

result.

Note that in this theorem .A4,, which is associated with the rigid body part of
Ao, is directly related to Bo. This is the case with the problem considered in this

paper where, the only control is a torque acting at the hub.

With IT € L(E) and E =V x H, we can write

_ | II
”‘[Hr ﬂz]’

" where II, € L(V), II, € L(H, V), II, € L(H) and II, and II, are nonnegative and
self-adjoint. Since z = (z,z)T, equation (1.3.6) becomes

u(t) = —RBYI;z(t) + Ii(2)]. (2..2.8)

Since By € L(R™, H), we must have vectors ; € H, 1 <1 < m such that

Bou = Zm: b,-u,-
=1

for

u = [ug, Uy eerey Upy]T € R™
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Also for he H

Byh = [< by, h >H,y ey < by b >E]T. (2.2.9)

Now II;z(t) and II,&(t) are elements of H, and using (2.2.8) and (2.2.9), we can

write the components of the optimal control in the feedback form
u,'(t) =-< f,',.’l:(t) >y — < g,',i'(t) >H t=1,..... , M. (2210)

Where f; € V and g; € H are given by

m

fi=) (Ry) b
j=1

m

gi =Z(Rij)_lﬂ2bj, 1=1,m.

i=1

The elements f; and g; define the gain operator.

2.3. The Approximating Open Loop System.

We now introduce a general approximation scheme. We follow the framework
given by Banks and Kunisch in [2] and Gibson in [1]. For each N = 1,2, .... , let V¥
be a finite-dimensional subspace of V with dimensions N and Py,, be the orthogonal
projection of V onto VV. We assume that the sequence of orthogonal projections
Py, converges V-strongly to the identity. Since V¥ is finite diménsional it is the
span of N linearly independent vectors eV, =1,2,..., N .

For N > 1 if one assumes a general Galerkin approximation of the form

N
V() = Zg,-.(t)e;v , (2.3.1)



31

then £(t) = [61(2), &2(2), .., En(t)]T will satisfy a system of the form
MNEt) + DVE() + KNE(t) = BY u(t), (2.3.2)
where the mass matrix MY, damping matrix DV, stiffness matrix K, and actuator
influence matrix B{' are given by
MY =[< e, e} >4,
DY = [do(el, e]')]
K,-];-' = [< A(l,/ze?’,.A(l,/ze;-v >u] = [< €V, e;-V >v]—[< .Alefv,efv >xl,
Bo = [< eV, b; >q]. (2.3.3)

There are several ways to write (2.3.2) in first order form. One way of representing

(2.3.2) in a first order form would be to use the states n= (i) and (2.3.2) becomes
7= Ay + By, (2.3.4)
where
A= | ey _pedpn] 5= |y ]
It is useful to note that (2.3.2),(2.3.4) are matrix representation of the foﬂowiﬁg

ODE in EV,

N(t) = ANV (t) + BV u(?) (2.3.5)

where 2V = (zV,zV¥)T € EN, and AN € L(EV), BN = L(R™,E") are the operators

whose matrix representations are given by (2.3.4).
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The resolvent equation

(A — A™) (zg) - (Zg) , (2.3.6)

can be represented in terms of the finite element system if one expands v}v and hf’ ,
J=12by

N N
vf’ = Za}e?’ h;-v = Zﬂ;efv (2.3.7)

=1 =1

and uses the definitions above. In particular (2.3.6) becomes
O2MN 4 DY + KM@, = OMY + DY) B+ MY B, (2.38)

and

Tl’g = /\?1 - ?1, (23.9)

— .
where @'; = [o},02,...,a)|T and B; = [B},B2,...,BN]T, for j = 1,2.
These relations hint to a particular norm on V, where convergence of the approx-

imation scheme is studied.

To study the approximation scheme we use the Trotter-Kato theorem which is
the infinite dimensional version of the Lax equivalence theorem. There are several
version of this theorem. The following theorem may be found in the paper by Banks,
Burns and CLff [15] and Theorem 2.3.2 can be found in [Kato, Page 504).

Let Z, and Z¥,N = 1,2,.. be Hlibert spaces with norms ||.||z and ||.||z~. Let

N.zN

X" be a closed subspaces of ZN and = — X" be the orthogonal projection
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of ZN onto XV. Suppose SV : Z — Z" is a mapping satisfying R(S") = Z" and
[|SVz||zv < ||2]|z for z € Z. Finally define PV : Z s XN by PN = #NGSN. Also,
for a Hilbert space X, we write A € G(M, ) to mean A : (D(A) C X) — X is the

infinitesimal generator of a Cy-semigroup T'(t) satisfying ||T'(¢)|| < MePt.

Theorem 2.3.1. (Trotter-Kato) Let Z,ZY , XV and PV be given as above. Sup-
pose for some M, we have AN € G(M,B) on Z. Further suppose there exists
D c D(A), D dense in Z such that

i) (A\T — A)~1D C D for Re) > B,

ii) for every z € D, ||ANPNz — PN Az||zv 5 0 as N — .

Then, for every z € Z
IS¥($)PNz — PVS(t)z|lzv = 0 as N — oo,

and the convergence is uniform in t on compact intervals. Here A" is the infinites-

imal generator for S¥(t) and A is the infinitesimal generator for S(t).
Theorem 2.3.2. Let A and AV, N =1,2,.. belong to G(M, B). If
(€ =AYz > (- A)72

for all z € Z and some ¢ with Ref > 3, then for each z € Z

N
et.A z_'et.Az



34

uniformly in any finite interval of ¢ > 0.

We first treat the case in which 4, is coercive (no rigid- body modes). The general

case is a straight forward extension. The main idea is to project (A —.4)~! onto EV

in a certain inner product and observe that the result is exactly (A — .AY)~! where

AY is the operator on EV in (2.3.5) and (2.3.6).

For real A > 0, define an inner product on V by

<.,.o:\= A< o (L )+ <, DY

(2.3.10)

Let PN()) be the projection operator of V onto V¥ in the inner product < .,. >},

now let A;, h, € H and note that

is equivalent to

(1) =41 (3) - (&)]
After substituting .4~! into equation (2.3.12), one obtains

(I 4+ XA Ap + N AGY v = (AVAGY + A Ap)hy + AGh,
and
vy = Avy; — hy.
If vl = PN(\)v; and vl = PN(A)v,, then
<eV, o) >y=< eV v >y,

< efv,vév > =< eﬁv,vg >

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)
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Using (2.3.10), the A-inner product < e, v >, gives

<eV, ol >y =<el, v >, (2.3.15)
=< eV, Ap A5 v, > +) < eV, AP Apv; >v + < €, >y
=< e, (N2A;1 4+ A Ap + Do, >y

=< e, AA3' + AV Ap)hy + A hy >v
and from (2.3.14), < eM,vY >, becomes
<eV, vl si=< eV v >i=A<eN, v >y — <el by >y (2.3.16)

If hy = hY € VN and hy; = hY € V¥, we use the representations (2.3.7) for
v, o), AN hY in (2.3.15) and carry out the inner products. For each i = 1,2,...., N

the left hand side of (2.3.15) simplifies to

<eM ol >y =22 < eV, ol Sy +ado(el, vl )+ < eV, oY >y

N
= Z(z\z <el el >y a;+ Mo(e) el )+ < e e >v ;).
1=1

Consequently, [< eV, o] >\, < e, ol >y, ., < eN,oN >))T = [< V0] >\ is
given by

[< eN,vN >3] = AIMYN 4+ ADN + KN 7.
Likewise, (2.3.15) yields

[< el o) >i] = ’\MN,_B)I + DN?l + MN-ﬁz-
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Comparing the above results, it follows that
(A2MN + ADV + KN)@, = OMY + DNYB, + MV B,
which is identical to (2.3.8). Similar calculation yields

P oy | = 7 = -y,

and

[P’}(A) 'pA?(/\)] (A= A Pgn = (A — AY) P,

where Pgw is the orthogonal projection onto EN. Therefore, Pgy can be written in
the form
Pen = [PH" 'szv] :

where Pyw is the orthogonal projection of H onto HM. Since the V norm is stronger
* than the H norm (convergence in V implies convergence in H), the norm induced
by the A-inner product is equivalent to the V norm. Thus, it follows that (A —
AN)~1Pgn converges strongly in E to (A—.A)~! as N — oo. Also, with A" extended
to EN* (the orthogonal complement of EV), as say, N(Pg~x — I), Theorem 2.3.2

yields the following result.

Theorem 2.3.3. Assume that A, is coercive and TV (.) is the semigroup generated
on EV by AN. Then for each t > 0, TN (¢)Pg~ converges strongly to T'(t), uniformly

in ¢ for t in bounded intervals.
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In the general case, when A, is not coercive, the open loop generator A is
obtained from the dissipative A by the bounded perturbation in (2.1.3) and the

following generalization of the theorem holds (see [1], Corollary 4.3)

Lemma 2.3.1. Let T7V(.) be the semigroup generated on EN by AN. Then for
each t > 0, TN(t)Pgn~ converges strongly to T'(t), uniformly in ¢ for ¢ in bounded

intervals.

Entirely similar arguments are used to show that the adjoint semigroups also

converge strongly. In particular we have the following result ([1],Theorem 4.5)

Theorem 2.3.4. Let TV(.) be the sequence of semigroups in Lemma 2.3.1. Then,
for each t > 0, TN (t)Pg~ converge strongly to T*(¢), uniformly in ¢ for ¢ in bounded

intervals.

The approximation to the actuator influence operator B € L(R™,E) is BN €
L(R™,EN) whose matrix representation is BN given in equation (2.3.4). From

equations (2.3.3), it follows that
BN = PgnB.

Since B has finite rank m, BN and BN" converge strongly to B and B*, respectively.

2.4. The Approximating Optimal Control Problem.

In this section, we study the approxim&te optimal control problem, which is
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the projection of the infinite-dimensional optimal control problem on E onto the

subspace EV.

The N-th Optimal Control Problem is to choose u”¥ € L;(0,00, R™) to minimize

JN(ZN(0),u") = /w(< QNZN(t),2N(t) >E + < Ru(t),u(t) >r)dt, (2.4.1)

0

subject to
#N(t) = AVz(t) + BNuV
oV (1) = Ca(t),
given an initial condition zV(0) = (zV(0),2"(0))T € EV, where
QN =CN°CN = PgnQ|pw.
To assure existence of an admissible sub-optimal control, it is sufficient to as-

sume that for each N, (A", B",C") is stabilizable and detectable, then the optimal

control u™(t) has the feedback form
uN(t) = —R'BN IV N (1), (2.4.2)
where ITV is a linear positive definite self-adjoint operator on EV, and satisfies the
Riccati equation
AN N + TN AN — INBVNR'BN* IV + QN = 0.' (2.4.3)
If (AN, QN) is observable, then ITV is the unique positive definite self-adjoint
solution of (2.4.3). We partition ITV as

(2.4.4)
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then (2.4.2) can be written as
uV(t) = — < N, 2N(t) >v — < gV, 2V () >n, (2.4.5)

with,

N = ROV Py~

gV = R\ II)Y Pynb,

where b € H and fV,g" are the N-th approximation to the gain operators.
For the numerical solution of the N-th problem, the matrix representations of

these equations are used. We will need the following matrices

KN = [< efv,eﬁ-v >v]

= KN + [< .Ale,N, eﬁ-v >1{]

~N_|KN 0
W _[ A M"]' (2.4.6)

Since @ = Q* € L(E) and E = V x H, we can write
_ Q0 Q
Q—[Q? Q;]’

with Qo = Q5 € L(V), @, € L(H,V), @, = Q3 € L(H).

For the matrix representation of QY € L(V), let

uN = Qv ulV, oV e VN,
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Since uV and vV are elements of V¥, they have the representations

N N

N _ N_N N _ N _N
u-—Eajej, v—Eﬁjcj.

I=1 j=1

Substituting into the above equation and taking the inner-product with €Y, it yields

—_—
[<el,el >]d = [< e, Qe >] 8,

therefore, the matrix representation of Qf is [< e, el >y] ! [< e, Qoel >v].

Following the same procedure for the rest of Q’s, one gets

QN - [WN]'IQN.

(2.4.7)

Where Q" is the matrix representation of @~ and Qy is the nonnegative, symmetric

matrix
ov = | 95 Qg]
A 4
with
Q) =[<el, Qoel >v]

in =[<el, Qle;'v >v]

Q;V =[< eal'va Q2e;'v >n)-

Also, the matrix representations of AN, BN" are given by

[WN]—I[AN]TWN, and [BN]TWN,

respectively.

(2.4.8)
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Denoting the matrix representation of TV by IIV, the Riccati operator equation

is equivalent to Riccati matrix equation
WV ANTWNTIY 4+ IV AN — IV BYR-UBNTWNTIY + QN = 0.
Premultiplying by W, and letting IV = WNII¥, we obtain
[AN)TIIN + IV AN — TINBY R BNTIIN + QN =0, (2.4.9)

which is the Riccati matrix equation to be solved numerically.

Since the gains are elements of V¥ and H they can be written as

N N
N=>"plel V=1 plel, (2.4.10)
j=1 =1

where ﬁf = 16{,8],...8,)T and ?9 = [4,85,....8%]7. The equations relating
— — ~
B and B9 to IIV are given by [1],
B 8
2 =wNTTINBY R (2.4.11)
B9
The goal is to compute the gains, which then, can be used to obtain the control
input, using (2.4.5). The complete solution to the N-th optimal control problem is

then, to solve the Riccati matrix equation (2.4.9) for IV, then the optimal control

is given by (2.4.5), with the gains given by (2.4.10) and (2.4.11).



Chapter III
The Timoshenko Beam Control Problem

In Chapter 2, we apply the general theory of LQR to a particular class of
structural vibration problems. We prove well—posedr;ess and stability under a general
set of conditions for a dynamical system given by an abstract second-order equation.
In this chapter, we specialize to a slewing beam problem sketched in Chapter 1. The
results in [1] were applied to an Euler-Bernoulli model and until now the Timoshenko
model has not been fully investigated. The main contribution of this dissertation is
then to obtain convergent results for an LQR problem on a hub-beam-tip structure
governed by Timoshenko model, and to study the effect of system parameters, as
well as different finite element spaces on the convergence of the gain operators. We
write equations (1.1.1) in a standard second order form, and proceed to show that
the control problem for the Timoshenko beam governed by (1.1.1) can be put in the
general framework given in Chapter 2. Well-posedness for this particular problem

will then follow from the results in Chapter 2.

3.1. The Timoshenko System.

The equations of motion for the structure in Figure 1 were given in Chapter 1.

42
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With the parameters defined as before, they are
L8(t) = EIo(t,0) + Mu(t)
pA(un(t, z) + 20(t)) = KGA(uz(t, z) — ¥(t, 2))s

pI(Pu(t, z) + 0(t)) = Eltp,o(t, z) + KGA(u.(t, z) — (¢, z))

(1.1.1)
me(ug(t, 1) + 10(t)) = —KGA(uz(t,1) — (t,1))
L(u(t,1) + 8(t)) = —EI,(t,1),
along with the boundary conditions
u(t,0) = ¥(¢,0) = 0.
Define the vector 2z to be
o(t)
u(t,z) + z0(t)
z=| P(t,z)+0() |,
u(t, 1) + 10(t)
Y61 +6(2)
then equations (1.1.1) can be put in a standard second order form
Z(t) + Aoz(t) = Bou(t), (3.1.1)

where z is in a real Hilbert space H = R! x Ly x Ly x R! x R, u(#) is in R?,

By : R' — H and A : D(Ap) — H, with A, given by:

[0 0 Bl&D 0 0]
0 X84p? —£4Dp 0 0
Ay=-|0 KSAp Elpr_Kca g ¢ (3.1.2)
0 -Kddgp  EG4y 0 0
0 0 -Z§D 0 0]
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Here D denotes differentiation with respect to z. The notation é, is the standard

notation for the delta function with the property that if ¢ € C[0, /]
The domain of Ay is given by, D(A,) =
{z € H/z,23 € W??, 2,(0) = 0., 25(1) = 24, 23(0) = 21, 23(1) = 25}. (3.1.3)
The Hilbert space H is equipped with the inner product
1 |
<z, z >H= Ih2121 + pA/ 2222 dz + pl/ 2323 dz + mcz424 + ICZ525. (314)
0 0

In order to apply the results presented in Chapter 2, we first need to prove that the
operator Ay is self-adjoint with dense domain, and one can find an operator A4, so

that Ay = Ao + A, is coercive.
Lemma 3.1.1. Domain of A is dense in H = (R! X L; x Ly x R! x Rl).

Proof:. Let ¢ > 0 and assume that b = (ry,$2(.), #3(.),r4,75) € H. Let 9,(.) €

W22 be such that 4,(0) = 0,,(l) = ry and

€

!
pa [ Ia(s) = ()P, ds <
0
Likewise, pick ¥3(.) € W?Z such that 13(0) = ry,v¥3(!) = rs and

€

l
ol [ lva(s) = da(0)F s < §
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It follows that k. = (r1,%2(.), ¥3(.),r4,7s)T € D(Ao) and

{ {
b = kel < pA / [$2(s) — dals)|I%,ds + pI / [$5(5) — a(s)II%, ds

<€+6<e
3 3 '

Hence D(Ay) is dense in H.

Theorm 3.1.1. The operator Ay is self-adjoint with respect to the Hilbert space

H.

Proof. We proceed to find the adjoint of Ay. Let u € H and assume that there

exists u such that
0 =< Apv,u>g — <v,u>pg Vv € D(Ap).

The definition of Ay yields that for all v € D(Ao)

EI ’
ﬁ&,vs -
KGA( "n__ /) Uy U Uy
KGA [ 2 stI U2 e Uy
’ " ~
ol (”2 - Us) + PrV3 | 5| Us + Uz |,]| U3 =0.
——KGA(S[(‘U; _ v3) Ug (o ’l~l,4
Me
Elc Us Vs Us
c

Expanding this expression and using (3.1.4), it follows that for v € D(Ay),
1 i
ETu;v5(0) + KGA/ ug(z)(vy(z) — v3(z)) dz + KGA/ u3(z)(vg(z) — va(z)) dz
0 0
!
+ EI/ uz(z)vy(z) dz — KGAug(vy(l) — v3(1)) — ETusvi(l) + vt +
0

1 {
pA/ ‘02(1‘)’&2(1‘) dz + pI/ U3(.’L‘)'l~l3($) dz + mcv4ﬁ4 + IC'U5'&5 =0. (313)
0 0
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After integrating by parts and grouping terms, we obtain

ETunvy(0) - KGAw(@)( [ wa(w) dls + KGAv(a)( | ualu) du)l
KGAv(e)( [ us(w du)ly+ KGAW(@) [ [ ua(w)duan)ly-
KGAubi(vy — v3) — Elusvg(l) + Ihv Uy + movgtiy + Lvstis+
KGA‘/: vy () (ug(z) — '/ozu;;(p )dp + KG’A/ / Up(p) dp dv) dz+
KGA [ () [ ety du - / / us() dp do + (@) +
o | [ w0 duds) da+ phoa) [ sal) dls-
pasi()( [ [ i) du i)l + plos(o) [ aa) du)lo-
(@) [ [ el dudv)ly =0, (3.1.5)
Now the domain of Ay includes
Di={z€H|zy=23=24=25=0, 2z € W2?}.
Therefore, it follows that (3.1.5) holds for all v € D; and hence

/ol vy ()(ua(e) — /0 () dis + 2o oy / / ig() dp dv) dz = 0,

for all v, € H2. Applying the Fundamental Lemma of Calculus of Variations [5], we

obtain

uq(z) — u dy + ——— //u dudv=az+b
2(z) /0 a(p) du KGA 2(p) dp

for some constants a and b. Therefore, we have that

us(z) = zu d //u Ydpdv 4+ az + b
(@) = [ sl du =5z [ [ valydu
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which proves that u, belongs to W2, Consequently, u(z) can be differentiated

once to give
A [T
uy(z) — ua(z) — ?ﬂﬂ A Uz(v)dv = a. (3.1.6)

Note that, it is not a priori obvious that uz can be differentiated. Returning to

(3.1.5) and noting that D(Ap) also contains
D2 = {Z € H|21 =2 =24 =25 = 0,23 € W(Z),2},
it follows that for each v € W2,
[ @ [Cwtdu~ [ [ s dudr + Ehrus(ors
3 ? 2 KGA®
KGA/ / u3(p) dp,dv)dz = 0.
Again, an application of the Fundamental Lemma of Calculus of Variations yields
’ EI
[ s [ [ ) dudo + g us(ar

KGA/ / t3(p)dpdv = az + b.

It follows from this equation that u3(z) belongs to W2, and hence it follows that

” EI pl /’~
u - u dv + ——u +— dv = a. 3.1.7
@)= [ w0 v+ @)+ g [(adv=a.  @1)

Since uj(z) belongs to W2 it now follows that uj(z) € W12, Therefore, differen-

tiating (3.1.7) once more yields

EI , . KGA

ts(z) = —p—Iua(z) T(u'z(l‘) — uz(z)). (3.1.8)
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Returning to (3.1.6), we note that uz(z) € W?? now implies that u), € W12

Consequently, (3.1.6) can be differentiated once again to yiéld
. KGA
Uy(z) = -—p—A(u;’(a:) — uz(z)). (3.1.9)

Since uy(z), us(z) belong to W22, equation (3.1.3) can be again integrated by parts.
After carrying out these integrations and introducing the expressions for u, and u3

and grouping terms, one arrives at

— (KGA&(uy(z) — us(z)) — mciig)ve(z) + EISo(ur — uz(z))v3(0)
+ EI8i(us(z) — us)vz(l) + KGA§(ua(z) — ug)vy(1) — KG Auy(0)vy(0)
- KGA(S[(Ug(l‘) - u4)v3(l) + KGAUz(O)’U;;(O) - 6{(EIU$($) - Ic&5)v3(l)

+ 60(EIUQ($) + Ihﬂ])vl(O) = 0,

which must hold for all v € D(Ap). Selecting different domains for v which are
included in D(Ay), corresponds to the vanishing of these terms independently and

in turn determines the domain for the adjoint operator

U3(0) = U
U3(1) = Uus
us(l) = uy4

uz(0) = 0. (3.1.10)
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Moreover, it follows that

. KGA, ,
iy = (u3(1) — us(l))
iy = ?wa(z) (3.1.11)
and
. EI,
iy = —-Zua(ﬂ).

Combining these results with (3.1.8) and (3.1.9), we find that

~ KGA " '

iiy(z) = —74—("2(55) — uy(2))

) EI , . KGA ,

U3($) = ——;Tua(x) - T(Uz(x) - u;;(:c)). (3112)

Comparing the adjoint operator A and the operator Ay and noting that D(A;) =

D(Ap) completes the proof.

In the next lemma, we deal with the non-coercivity of —A4g, which is due to
the presence of the rigid-body motion. This will amount to simply shifting the zero

eigenvalue to the left by adding an operator —A;.

Lemma 3.1.2. If -4, is given as above, then there exists an operator —.A; such
that — Ay = —Ag — A, is coercive. In particular, there exits a constant p > 0 such
that

<—Aw,v>y > |y Vv € D(A) (3.1.13)
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Proof. Expanding the left hand side of (3.1.13), it becomes

< —Agv,v >g=< —(Ao + A1)v,v >g=< —Av,v >y — < A1v,v >g .

The first H-inner product on the right hand side of the above relation yields

ELy(0)
KEA (v — v3) o
<-on,v>H=<- koAl v+ By || o2 >
—KGAg (v — vy) vs
5
ZELy )

After integrating terms by parts the left hand side of (3.1.13) simplifies to
3 ! !
< —Apv,v >g= KG'A/ (vy — v3)?dz + EI/ vavgdz— < Ajv,v >g .
0 0

Looking at the above equation, it is clear that the operator Ay does not impose
any constraint on v;, where as the norm on the right hand side of (3.1.13) certainly

_ includes v;. Choosing A; such that
< Av,v >p= —v2,

would make the above inner product positive definite for every v € D(Ao) and

(3.1.13) follows.

In this section, we proved that the stiffness operator —.A4y for the Timoshenko
beam is self-adjoint with dense domain, and there exists a bounded self-adjoint

operator —A, such that —Ao = —Ay— A, is coercive. The existance and uniqueness
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of the solution to the system given in equations (1.1.1)- (1.1.5) follows from the
general framework sketched in Chapter 2, in the sense that, with A, self-adjoint, then
A in equation (2.1.2) becomes skew-adjoint and well-posedness for the conservative
case follows from Stone’s Theorem (Theorem 2.1.2). Also, for the damped system,
with A, coercive, well-posedness follows from Theofem (2.2.1), provided that the
damping operator satisfies the conditions given in section 2.2.

It is important to note that D(Ag) C V. thus, any space VN C D(A4,) will
automatically belong to V. This will be the case in the finite element method used

in the next section.



Chapter 4

Finite Element Approximations for Control

In this chapter, we use the general approximation theory from above to generate
finite dimensional approximation to the optimal control problem for the Timoshenko
beam. As was noted in Section 1.1, very few other authors have considered this
particular problem. In [2], Banks and Crowley considered a parameter estimation
problem for a simply suﬁported Timoshenko beam. They used cubic B-splines to
approximate both rotation and displacement of the beam. They did not consider the
control problem. In [3], Burns, Cliff and et. al., studied the problem of controlling
a slewing Timoshenko beam. They used the same finite element space that Banks
and Crowley used in [2]. However, they were able to obtain satisfactory convergence
only for a small range of beam specifications. In other cases the sub-optimal gains
diverged.

The choice of a finite element space to be used in finite dimensional approx-
imation of the optimal control problems clearly plays an important part in the
convergence of the sub-optimal feedback gains. In this paper, we investigate two
different schemes. One is the standard cubic B-splines which was used in [2] and [3],
and another is a set of conforming finite element schemes for Timoshenko beam that

was first introduced by A. Tessler [4]. In the next chapter, numerical experiments
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will show that the new scheme has much better convergence properties than the
standard cubic B-spline. We shall modify a particular set of these elements to apply

to the Timoshenko beam slewing problem.

4.1 Finite Dimensional Approximations.

In this sections, we discuss the application of a particular conforming finite-
element scheme to the problem of computing sub-optimal feedback gains for the
system (1.1.1). A series of comforming finite element schemes for Timoshenko beams
were introduced by A.Tessler [4]. Here we employ a particular set of these elements
(T2CL6) to compute LQR functional gains.

The idea behind these schemes is to relax the smoothness requirement on the
shear (ﬂ"ai_’l — t(t,z)). This will result in a coupling between the finite-element
spaces for the displacement and rotation. The scheme (T2CL6) that we shall em-
ploy proved useful in various simulations (see [4]). In this notation T stands for
Timoshenko, 2 is the order of polynomial for rotation, C corresponds to having a
constraint on the elements, L corresponds to requiring the shear to be linear across
each element, and 6 is the number of degrees of freedom in each element. There-
fore, this scheme uses a cubic polynomial for displacement u(t,z) and a quadratic
polynomial for rotation ¥(t,z) and requires that the shear (3—(“81—”’1 — ¥(t,z)) vary

linearly across each element.
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Recall that
21 0(t)
2Z2 u(t’ :E) + za(t)
z()=| 23 | = | v(t,z)+0(2) (4.1.1)
Z4 u(t, 1) +16(2)
zs ¥(t, 1)+ 6(t)

with z € H=R! x L; x L; x R! x R. If one employs a Ritz-Galerkin approxi-

mation, then the vector z(¢) may be approximated by

N
M) = Y wi(el (o).

Since ef’ (z) € V¥, it has five components. For simplicity, we use a;(z), Bj(z),

v;(z),0;(z), 7;(z) to denote them. That is, for every j,
e} (2) = (aj(2), Bj(2),7i(2), 05(=), 75(=))" -

If one is to approximate z; by
N
() = uV(t,3) + 20(t) = 3 w;(8)B;(a) (4.1.2)
Jj=1

then, compatibility suggests using B;(!) to represent z4. In particular,

N
() =2 () =uN (LD +10(t) = ) wi(t)o;, o= Bi(1), (4.1.3)

likewise, approximating z3 by

N

2 (t,z) = YN (t,2) + 6(t) = ) w;(t);(2) (4.1.4)

i=1
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would suggest that zs be approximated by

N
()= N +0t) =) wit)r, =% (4.1.5)

j=1

The splines used to construct bases for (z2, 23) are taken from [4] and are plotted
in Figure 3. We refer the reader to [4] for a complete discussion. However, we
shall give a basic outline of this method. The method makes use of three quadratic

polynomials on [—1, 1] of the form

1
a(€) = 50~ 1)
o) =1-¢
as(C) = 5¢(C +1),

and three cubic polynomials on [—1,1] defined by

a(¢) = (¢~ 0)
(€)= —3(¢ = 0)
es(0) = £(¢ = ).

Here ( is a nondimensional variable that varies between —1 and +1 and & is the
half the length of the element.

With these notes in mind, we divide the beam (0,!) into n elements with equal
length. This will give rise to (2n) nodal points along the beam. With each node

having a displacement and a rotation, one then approximates z by the 2(2n) = N
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Ritz-Galerkin approximation

2(2n)

22N =) wl(t)el(2), (4.1.6)

=0

where the basis functions are chosen as

1
T
§(e)= |1
1

ef(x): 0 for 1<j;j<2n

ef(@)=| a(z) | 2n+1<j<2(2n), i=j—(2n)
ci(1)

\ () /

and where ¢;(z) and ¢;(z) are the quadratic and cubic polynomials given above.
These polynomials will be modified to satisfy the physical boundary conditions at
th‘e left. In terms of a nondimensional local variable { = £ with A being half the
length of an element, and £ varying from 0 — 1 across each subinterval, the cubic

interpolating functions are given by

0, for z < (i — 2)h
€)= A3 g2 2 for (i—2)h <z < (i—1)h
—he3 4 B, for (i — 1)k < z < ik

0, for 1h < =z.
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for odd #’s, and

(0, forz < (1 —3)h
§8 -3 +35¢6 for (i—3)h<z<(i-2)h
© %{3 — %{, for (1 —2)h <z < (2 —1)h
GlE) = o . .
hes 224 8¢, for (1 —1)h <z <ih
hes 2, forth <z < (i+1)h
L 0, for G + 1)k < z.

for even ¢’s. Likewise the quadratic functions are defined by

0, for z < (1 — 2)h
€242, for (1—2)h<z<(i—1)h

“O=1_p11 for (i—1)h <z <ih
0, for th < z.
for odd ?’s, and
(0 forz < (: —3)h

%’(52 —€), for(i—-3)h<z<(i—2)h
le24¢), for(i—2h<z<(i—1)h

gi(£) = 5 262 —3¢ 41, for(i—1)h<z<ih
le2 — ¢y, forith<z<(i+1)h
\ 07 for (Z + l)h < z.

for even ?’s.

The basis functions are required to satisfy the physical boundary conditions on
the left, namely no displacement and no rotation at the hub. T2CL6 is a conforming
finite element scheme and satisfying the required boundary condition is done by

simply dropping the first global basis element.

Once the basis elements are chosen, we can proceed to construct the system
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matrices, given by (2.3.3), (2.3.4), (3.1.2), (2.4.6). The mass matrix is given by

MMy =[< eV, el >y],  i,j=1,N, N=2(2n), (4.1.7)

= Io[< Qa;, O >R1] + PA[< Bi) ﬂj >L2] + pI[< Yiy Vi >Dz]

+ m.[< 0;,0; >m] + L[< 70,75 >Ri].

Using the above expression, the symmetric mass matrix has the form

MN = My MX

where MY is a (1 x 1) matrix, MJ} is a (1 x (2n)) row matrix, My is a (1 x (2n))
row matrix, MJy, MY, and MJ are ((2r) x (2n)) square matrices with values given

by

MY =L+pA<z,z>p, +pl <1,1>1, +m? + 1,
[M3); = pAI< 7,45(2) >L,] + me[< 1,;(1) >1,]
[M33); = A< 2, ¢i(2) >1,] + pI[< 1,45(z) >1,] + me[< 1, ¢5(1) > ]
+ I.[< 1,4;(1) >R1]
[M3z)i; = pAI< ¢i(2), 45(2) >1.] + mc[< gi(1), ¢;(1) >L,]
[M33)i; = pAI< 4i(2), ¢;(2) >1,] + me[< ¢i(1), (1) >ri]
[M33)i; = pA[< ci(2), ¢i(2) >1,] + pI[< 4i(2), g5(2) >L,] + me[< (D), (1) >r1]

+ IC[< qi(’)? QJ(I) >R‘]’ fO‘f‘ z,] = laN
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The stiffness matrix is given by

(KN = [< e e} >v]—[< Arel, €] >n] (4.1.9)

= [< —Aoel, el >y

1)

Also, after expanding the inner-products and following the steps taken in the proof

of Lemma (3.1.1), equation (4.1.9) simplifies to
[KN]ij = KGA[< (B — %), (ﬂ; — ;) >12] + EI[< 7, ’7;' >r2).

As is noted [K™);; is symmetric and after substituting for the basis functions and

expanding the norms, it simplifies to

0 0 0
KN=|0 KN KV (4.1.10)
0 . KJ

where for i,7 =1, N,
(K1) = —KGA[< g(2), 4}(z) >L,]
[K{3li; = —KGA[< gi(2),¢(z) >L,] + KGA[< gi(2), gi(=) >L,)
[K3akii = —KGA[< ci(z), ¢i(z) >1,] + KGA[< ¢j(2), ¢;(2) >1.]-
KGA[< ¢i(z),4i(2) >L,] - EI[< gi(z), ¢;(2) >L,] + KGA[< ¢i(z), ¢j() )
The stiffness matrix K has one zero row and column, this produces the zero
eigenvalue due to the rigid body motion. The grammian W/ is given by (2.4.6)

where KV is KV with a one added to the (1,1) element (a consequence of adding

the A, operator). Recall that this operator was added to assure coercivity of Ao.
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As was mentioned in Section 1.1, we need to introduce some damping into
the system. The external damping used for numerical experiments in this paper is
viscous damping. The viscously damped equations of motion are given in Section 1.1.

Writing equations (1.1.11) -(1.1.16) in a standard second order form they become
M + kDo + Kz = Bou.

This falls under the general damped system of equations given in Section 2.2 (see

equation 2.2.1) where A4y and By in equation (2.2.1) are given as
Ao = MK, By = M™'B,
with D(K) = D(Ay), and
do(2,2) =< Doz, 2 >=M -1y < 21,2 >p1 .

Following the steps in Section 2.3 the damping functional simplifies to

[DN],'J' = [do(e}-v,e;-v)] =MN— Io[< o, a; >R1]

1
=[< e, e >y~ < ai,a;>], 4,j=1,N.
After expanding the H-inner product in the above relation, the expression for [DV];;
simplifies to

[DV]i5 =pAl< Bi, B; >L,] + PI< %, >1.] + me[< 05,05 >pa]+

I[< 7,7 >p),
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for i,j = 1, N. Comparing the above expression for DV to the expression for MV
in equation (4.1.7), it becomes clear that, after substituting for the basis functions,
the elements in the symmetric damping matrix DV, are identical to M" in equation

(4.1.8), except for the (1,1) element where DJ} is given by
Dﬁ =pA<z,z>, +pl <1,1>p, +m P + L.

For internal damping we use a Kelvin-Voigt damping model. The equation of

motion for the damped structure is again
MzZ24+ Doz + Kz = lgou,

where again, .Ao and By in equation (3.1.1) are given as

Ao = MK, Bo = M™'B,,
and Dy = K, with D(Do) = D(K) = D(Ao).

In this case the damping functional is given by

do(z,2) = (< 2,2 >y — < Aj2,%2 >p).

Following the steps in Section 2.3 it follows that

[DV)i; = [do(e )] = [< e, e >y — < Aiel e} >p], i,i=1,N.

] (IR ] 1 1%;

In this case DV simplifies to the symmetric matrix KV given in equation (4.1.10).
Taking Q = I in the performance index (1.2.1) corresponds to the state weight-

ing term < Qz,z >g being twice the total energy in the structure plus the square
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of the rigid-body rotation. The Grammian matrix WP is the matrix representation
of Q. Since there is only one input, the control weighting R is a scalar.

Once the system matrices are generated, the matrix Riccati equation (2.4.9) is
solved for [TV, using Potter’s method. According to (2.2.10) the optimal control has

the feedback form

u(t) = - < f,z(t) >v — < g,2(t) >y (4.1.11)

where z(t) has the form (4.1.1), and

f=(ap¥s(2), ¢5(z)usyvs)T €V

g = (ag, ¥y(z), dg(z), tg, V,)T €H (4.1.12)

with f, g given by (2.4.5). Note that

pr=vs(1)  0=1y(0)

vi=¢5(1)  ay=¢4(0). (4.1.13)

Expanding the feedback control law yields

ut)=-<fiz>v—<g,2>n

=—< f,Aoz>g—< f,Az>g—<g,2>H.
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Expanding the first term in the above relation

EL,
fl KGAI'l ”3 ° /
fa A \%2 — z3)
EI
<f,AOZ >H= f3 ’ K_pclé(zé—z3)+ﬁzg ’
)| el
-5z

{ )
=~ Elfiillo~ KGA [ fu(s] — #)dz = KGA [ faa} - )z
(1] 0

1
— EI/ fazidz + KGAfs(z5 — z3)1 + EIfsz3):.
0

After integrating by parts and using the properties of space, the above relation yields

l l
< f, Aoz >p= KGA / (fs = fa)(2h — 23)dz + EI /0 fiz\dz.
0

Note that the components f, and fs do not appear in the control law. Also, the
term < f, A1z >y yields I fiz;. Grouping all the terms and writing the relation for

the control law in our primitive variables yields

l
u(t) = — I Kob — KGA/O Ki(z)(¥'(t,z) — ¢(t,z)) dz (4114)

{

—EI / Ky (2)Y'(t,z) dz — I, K30(t)
l .

- pA/(; Ky(z)(ui(t, z) + z0(t)) dz

’ .
ol / Ks(=)(ti(t, 2) + (1)) da

— meKe(ur(t, 1) + 16(2)) — LE+(se(t, 1) + (1))



where
Ko = a5 Ky(z) = p4(z) + zay
Ki(z) = ¥5(z) — ds(x)  Ks(z) = ¢4(z) +
Ks(z) = ¢'(2) K¢ = pg + lay (4.1.15)

Ks=aq, K7 =vy + a.

The functions Ky(z), K2(z), K4(z), K5(z) are called the functional gains.



Chapter 5

Numerical Results

In this chapter, we develop computer a.lgorithms‘ to compute the gain operators
for the optimal control of the structure in Figure 1. We study the effects of different
pa.rametérs on the convergence of the functional gains.

Most of the numerical experiments were done on the CRAY-2 at the Air Force
Super-Computing Center at Kirtland Air Force Base, New Mexico. In cases where
memory requirments and speed were not a problem, the IBM-3090 at VPI was used.

To test the results, two different formulations of the problem were coded, both of
which converged to the same gains. Also, as noted earlier two different finite element
schemes were used. One is the Cubic B-splines [1,3], and the other is T2CL6 [4]. In
addition, the open loop eigenvalues were compared against the natural frequencies,
which are the solutions to the characteristic equation for the structure. Another code
was developed to generate the gains for the optimal control of the same structure,
assuming an Euler- Bernoulli model for the beam. In the limiting case, where the
beam behaves like an Euler-Bernoulli model, the Timoshenko model generated very
close results to the ones generated by the Euler-Bernoulli model. In this chapter,

we discuss all of these findings.

The numerical procedure is to use equations (4.1.8), (4.1.10), and (2.4.6) to

65
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generate the system matrices, and then solve the algebriac matrix Riccati equation
(2.4.9) for ITV. We use Potter’s method to solve equation (2.4.9) for ITV. Here we

briefly outline the method.

The first step is to calculate eigenvalues and eigenvectors of the matrix

N ANT QN
P =[BNR—IBNT —AN :

Then form the matrix X = [gf(;] , where the columns of X are eigenvectors of

PN corresponding to the eigenvalues with positive real parts. When eigenvalues

occure in complex conjugate pairs so do the eigenvectors. In this case, the real and

imaginary parts of the eigenvector each forms a column in the matrix X. Then the
-1

solution to the Riccati equation is given by IIN = X; X;. The sub-optimal control

has the feedback form given by (4.1.11), which in turn, simplifies to (4.1.14).

In the figures below, the functional gains 1 and 2 correspond to ¢¢(z) and ¢¢(z),

respectively. For the components of velocities, we plot K4(z) and Ks(z).

Example 1..

To study the effect of the choice of basis functions on the open-loop eigenvalues,
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we choose a structure with physical properties given by

pA=5.744 Kg/m pl =.0003088 Kg-—m (5.1.1)
KGA=1938¢. N EI=3.1883 N -m? (5.1.2)
Iy =.9413 Kg—m? 1.=.000001 N —m? (5.1.3)
m.=1459 Kg L=279%4 m. (5.1.4)

Table 5.1 shows the open-loop eigenvalues for the above structure using Cubic-B
splines. It is noted that the eigenvalues converge as the dimension of the system is
increased. Table 5.2 shows the open-loop eigenvalues for the same structure using
T2CL6. Again, it is noted that the eigenvalues converge. Next we use a modified
version of T2CL6 which treats the left hand side boundary condition slightly differ-
ently. This scheme allows for the shear to be discontinuous across the first element.
It also produces two more eigenvalues than T2CL6 for the same number of elements.
Table 5.3 shows a comparison of these three schemes. As is noted all three schemes
produce very close frequencies. Cubic B-splines predicts low frequencies more ac-
curately where as for high frequencies T2CL6 seems to give a better account. It
is noted that the modified T2CL6 is slightly better than T2CL6. However, this
version did not significantly improve the results provided by T2CL6 so we devoted

the remainder of our effort an investigation of T2CL6.
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TABLE 5.1

ReN =16 ImN =16 ReN =64 ImN =64
—0.049700  0.00000 —0.049700  0.00000
0.000000 0.00000 0.000000 0.00000
—0.021101  0.95115  —0.021101  0.95115
—0.012136  2.78169  —0.012136  2.78168
—0.019135  5.40925 —0.019135  5.40914
—0.023623 10.16414 —0.023623 10.16303.
—0.024557 16.87419 —0.024557 16.86736
—0.024817 25.32452 —0.024817  25.29318
—0.024911 35.42307 —0.024911 35.30487
—0.024952 47.16884 —0.024952 46.78241
—0.024971  60.73528 —0.024972  59.60713
—0.024982 76.64301 —0.024983 73.66061
—0.024988 96.00536 —0.024989  88.82610
—0.024992 120.80812 —0.024993 104.99036
—0.024995 154.15933 —0.024995 122.04547
—0.024997 199.68848 —0.024996 139.89000
—0.024999 257.36719 —0.024997 158.42979
—0.025000 317.74805 —0.024998 177.57849
—0.024996 353.11133 —0.024999 197.25755
. —0.025000 2497.86206 —0.024999 217.39626
—0.025000 2509.27637 —0.024999 237.93126
—0.025000 2519.57251 —0.024999 258.80640
—0.025000 2535.38135 —0.025000 279.97168
—0.025000 2556.40723 —0.025000 301.38403
—0.025000 2582.46851 —0.025000 323.00488
—0.025000 2613.40308 —0.025000 344.80176
—0.025000 2649.07520 -—0.025000 366.74609
—0.025000 2689.43066 —0.025000 388.81421
—0.025000 2734.60938 —0.025000 410.98584
—0.025000 2785.09985 —0.025000 433.24438
—0.025000 2841.77344 —0.025000 455.57739
—0.025000 2905.15283 —0.025000 477.97437
—0.025000 2971.99243 —0.025000 500.42944
—0.025000 3024.48706 —0.025000 522.93848
—0.025000 3259.48267 —0.025000 545.50122
—0.025000 4239.11719 —0.025000 568.12061
Open loop eigenvalues for Cubic, N=16,64
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ImMNE =8 ReNE =32 ImNEFE =32

ReNE =8
—0.049700 0.00000
0.000000 0.00000
—0.021101 0.95116
—0.012133 2.78186
~-0.019136 5.41128
—0.023624  10.18072
—0.024558  16.95059
—0.024817  25.57068
—0.024912  36.03041
—0.024954  48.25481
—0.024981  65.35107
—0.024983  81.73528
—0.024988 102.28844
—0.024992  126.94066
—0.024994 156.68860
—0.024996  192.92651
—0.024997  237.22504
—0.024999  288.44995
—0.024991  355.62427
—0.024999  477.01685
—0.024999  596.07837
—0.024999  749.17871
—0.025000 934.90161
—-0.025000 1139.83936
—0.025000 1331.32104
—0.025000 1466.41235
—0.025000 2498.13086
—0.025000 2509.34351
—0.025000 2520.50977
—0.025000 2539.68701
—0.025000 2568.93994
—0.025000 2609.56030
—0.025000 2656.74292
—0.025000 2693.54175
TABLE 5.2

Open loop eigenvalues for T2CL6, NE=8,32

—0.049700
0.000000
—0.021101
—0.012136
—0.019135
—0.023623
—0.024557
—0.024817
—0.024911
—0.024952
—0.024972
—0.024983
—0.024989
—0.024993
—0.024995
—0.024996
—0.024997
—0.024998
—0.024999
—0.024999
—0.024999
—0.024999
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000
—0.025000

0.00000
0.00000
0.95115
2.78168
5.40914
10.16310
16.86769
25.29439
35.30826
46.79047
59.62425
73.69382
88.88602
105.09235
122.21082
140.14723
158.81612
178.14128
198.05588
218.50243
239.43246
260.80615
282.59155
304.76489
327.30859
350.21216
373.47070
397.08423
421.05786
445.39917
470.11768
495.21729
520.67627
546.30957



- —— Cubic

w-1 0.00000000
wo 0.00000000
wy 0.95178717
wo 2.78680992
w3 5.44417191
Wy 10.29259872
ws 17.21237183
we 26.04737854
wr 36.74490356
wg 49.27476501
we 63.61157227
wio 79.73020935
wis 186.07723999
Wao 332.43041992
was 514.55395508
wWag 728.98120117
w40 1262.67797852
Wys 1619.42114258
wso 2110.58959961
Wss 2827.44042969
weo 3718.66333008
wes 4661.72656250
wro 7941.18359375
wrs 8014.30468750
wso 8139.80078125
Wwes 8313.10937500
woo 8529.28515625

TABLE 5.3
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T2CL6

0.00000000
0.00000000
0.95178783
2.78681087
5.44418049
10.29267120
17.21272278
26.04861450
36.74841309
49.28321838
63.62979126
79.76605225
186.52949524
334.96215820
523.58593750
751.80322266
1039.36987305
1369.32128906
1773.86206055
2273.39013672
2898.47802734
3675.79003906
4569.97265625
6073.73046875
7359.99609375
7927.46875000
7980.64453125
8070.65234375

MT2CL6

0.00000000
0.00000000
0.95178783
2.78681087
5.44418049
10.29267120
17.21272278
26.04861450
36.74841309
49.28321838
63.62977600
79.76602173
186.52810669
334.94213867
523.44702148
751.24560547
1037.46972656
1364.73095703
1765.05273438
2258.74780273
2875.07592773
3631.67871094
4295.25781250
5929.84375000
7207.59765625
7924.02734375
7964.96093750
8049.00781250

Frequencies for Cubic, T2CL6, MT2CL6

NSYS = 262 for Cubic and MT2CL6

NSYS = 260 for T2CL6
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Using these finite element schemes we compute finite dimensional approxima-
tions to the LQR problem and after following steps outlined earlier we obtain closed-
loop eigenvalues. Table 5.4 show the eigenvalues using Cubic B-splines and Table
5.5 show the eigenvalues using T2CL6. As is noted closed-loop eigenvalues are in
good agreement. Tables 5.6 and 5.7 give the constant gains using Cubic B-splines
and T2CL6 respectively.

We note that this particular example is “marginal” for both schemes in that both
schemes produced convergent functional gains but the convergence was slow. The
cases where the convergence of functional gains was fast also yielded fast convergence

of the constant gains.
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Open — Real Open — Imag Close — Real Close — Imag

—.049699 0.00000 —.064737 —.0409
0.000000 0.00000 —.064737 .04093
—.021089 951787 —.289157 96014
—.012138 2.78680 —.550004 2.7857
—.019168 5.44417 —.365778 5.4409
—.023623 10.2926 —.181731 10.292
—.024553 17.2123 —.106077 17.212
—.024813 26.0474 —.071228 26.047
—.024908 36.7449 —.052994 36.744
—.024950 49.2747 —.042671 49.274
—.024970 63.6115 —.036528 63.611
—.024981 79.7302 —.032742 79.730
—.024987 97.6043 —.030341 97.604
—.024991 117.617 —.028789 117.617
—.024993 139.295 —.027749 139.295
—.024995 162.934 —.027041 162.934
—.024996 188.696 —.026549 188.696
—.024997 216.851 —.026201 216.851
—.024997 247.826 —.025950 247.826
—.024998 282.269 —.025767 282.269
—.024998 321.130 —.025630 321.130
—.024998 365.743 —.025524 365.743
—.024999 417.930 —.025437 417.930
—.024999 480.085 —.025362 480.085
—.024999 555.258 —.025294 555.258
—.024999 647.136 —.025233 647.136
—.024999 759.835 —.025180 759.835
—.024999 897.301 —.025136 897.301
—.024999 1062.12 —.025101 1062.12
—.024999 1253.57 —.025074 1253.57
—.024999 1464.72 —.025054 1464.72
—.024999 1678.96 —.025037 1678.96
—.024999 1867.21 —.025021 1867.21
—.024999 1990.10 —.025005 1990.10
—.024999 22717.76 —.025239 2277.76
—.025000 7739.69 —.025000 7739.69
—.025000 7924.02 —.025000 7924.02
—.025000 7927.45 —.025000 7927.45

TABLE 5.4 Closed and Open Loop Eigenvalues for Cubic B-splines
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Open — Real Open — Imag Close — Real Close — Imag

—.049699 0.00000 —.06300 —-.0398
0.000000 0.00000 —.06300 .03982
—.021089 951787 —.31118 98364
—.012138 2.78681 —.56226 2.7824
—.019168 5.44418 —.35952 5.4410
—.023623 10.2926 —.18145 10.292
—.024553 17.2127 —.10613 17.212
—.024813 26.0486 —.07122 26.048
—.024908 36.7484 —.05298 36.748
—.024950 49.2832 —.04267 49.283
—.024970 63.6297 —.03652 63.629
—.024981 79.7660 —.03274 79.766
—.024987 97.6700 —.03034 97.670
—.024991 117.319 —.02877 117.32
—.024993 141.139 —.02776 141.13
—.024995 165.463 —.02705 165.46
—.024996 191.725 —.02652 191.72
—.024997 218.928 —.02602 218.92
—.024999 263.058 —.02542 263.05
—.024998 292.674 —.02570 292.67
—.024998 329.511 —.02561 329.51
—.024998 370.416 —.02551 370.41
—.024999 415.289 —.02542 415.28
—.024999 464.425 —.02535 464.42
—.024999 518.252 —.02529 518.25
—.024999 577.270 —.02524 577.27
—.024999 641.998 —.02519 641.99
—.024999 712.885 —.02516 712.88
—.024999 790.134 —.02513 790.13
—.024999 873.351 —.02510 873.35
—.024999 960.850 —.02508 960.85
—.024999 1048.28 —.02506 1048.2
—.024999 1126.10 —.02503 1126.1
—.024999 1176.11 —.02500 1176.1
—.024999 1336.03 —.02566 1336.0
—.024999 2616.54 —.02501 2616.5
—.024999 2718.46 —.02503 2718.4
—.024999 2874.69 —.02502 2874.6

TABLE 5.5 Closed and Open Loop Eigenvlues for T2CL6
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N NSYS K, K, Ke K7
8 38 -1.0 -2.8994 -8.101 -2.899
16 70 -1.0 -—-2.9531 -.1543 .0956

32 134 -1.0 -—2.9669 -—.1532 .1268
64 262 -1.0 -—2.9472 -.1578 .1072

TABLE 5.6 Constant gains for Cubic B-splines

NE NSYS K, K, K K+
4 36 -1.0 -29492 -.15374 -—.5549
8 68 -1.0 -29581 -—.15484 .19975

16 132 —-1.0 -—2.9475 -.15523 .12772
32 260 -1.0 -2.9963 -.15049 .12367

TABLE 5.7 Constant Gains for T2CL6
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Next we focus on the convergence of the functional gains and compare the results
using Cubic B-splines and T2CL6. For the rest of the numerical experiments we do
not present the constant gains or the eigenvalues. In all cases, convergence of the
functional gains represents convergence of the constant gains as well as closed and

open loop eigenvalues.

Example 2.

We choose a structure with physical properties given by (5.1.1)-(5.1.4), except
for KGA which we reduce to 193.84 N. Figures 7-10 show the functional gains using
Cubic B-splines and Figures 11-14 show the functional gains for the same structure
using T2CL6. As is noted both schemes converge to the same functional gains.
Looking at Figures 8 and 9 one notes that convergence of the Cubic B-splines is

slower at the right end.

Next we increase KGA by a factor of 10 while keeping the rest of the parameters
the same. Figures 15-18 and 19-22 show the functional gains using Cubic B-splines
and T2CL6 respectively. Again both schemes produce convergent functional gains.
We next increase KGA to 19384N. Figures 23-26 and 27-30 show the functional
gains using Cubic B-splines and T2CL6. Looking at Figure 28 one notes that the
convergence is slow and one can expect that increasing KGA any further would cause

the functional gains to diverge. We next reduce pI by a factor of 10 while keeping
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the rest of the parameters the same. Figures 31-34 and 35-38 show the functional
gains using Cubic B-splines and T2CL6, respectively. As is noted neither of the two
schemes can produce convergent functional gains. Some insight into this behavior
can be obtained by rewriting the “fourth order” model for the Timoshenko beam.
If one writes the basic equation in terms of the beam lateral displacement only, it

becomes

d*u 0%u EIpA, 8'u +pIpA6“u

Eleatrags -+ pot)omae Y KGaon
=0.

Increasing the G or reducing I makes the fourth term to be much smaller than
the first two leading term. For small values of pI, the same thing happens to
the third term. In essence, for small values of pI, as G is increased, the last two
terms simply drop and the model simplifies to Euler-Bernoulli model for the beam.
Although the Timoshenko model may be more accurate, the optimal control problem
involves solving the Riccati operator equation. Its finite dimensional approximation
is a highly nonlinear algebriac matrix equation. We speculate that having large
differences in orders of magnitiude plays an important role in the divergence of the
functional gains. Figures 39-40 are the functional gains for the same structure using
Euler-Bernoulli model. Comparing Figure 29 to Figure 40, we see that the functional

gains for velocity are similar.
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Example 3.

To further study the effect of these parameters on the convergence of the optimal

control law, we select another structure with physical properties given by

pA=01 Kg/m pI=0003 Kg—m (5.1.5)
KGA=510817 N EI=01 N-m? (5.1.6)
L=2 m IL=1 N-m’ (5.1.7)
H=.6 m, m.=1 Kg. (5.1.8)

Figures 41-44 and 45-48 show the functional gains using Cubic B-splines and T2CL6,
respectively. It is noted that for this particular structure Cubic B-spline fails to pro-
duce convergent functional gains where as T2CL6 produces convergent functional
gains. Next we reduce KGA by a factor of 100 while keeping the rest of the param-
eters fixed as above. Figures 49-52 show the functional gains using Cubic B-splines.
It is noted that Cubic B-splines still fails to obtain convergent functional gains. In
order to investigate the roubustness of T2CL6 we return to the original data and in-
crease KGA by a factor of 5. Figures 53-56 show the functional gains using T2CLS.
It is noted that the scheme can still produce convergent functional gains. Next we
increase KGA by a factor of 10 to 5108.17. Figures 57-60 show the functional gains
using T2CL6. It is noted that the scheme fails to produce convergent functional
gains as the beam starts to behave more like an Euler-Bernoulli beam. Figures

62-63 show the functional gains for the same structure when Euler-Bernoulli model
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is used. To compare the results we differentiate the functional gain ¢;(z) given in
Figure 58 (the component that acts on the bending of the beam in the control law).
The differentiated form of ¢(z) is given in Figure 61. If one compares Figure 61 to
Figure 62 and Figure 59 to Figure 63, then one sees that T2CL6 applied to Tim-
oshenko model generates functional gains that approach the gains computed using

standard cubic splines for the Euler-Bernoulli model.

Example 4.

Next we return to the data given in (5.1.5)-(5.1.8) and study the effect of chang-
ing other system parameters on the convergence of the functional gains. Since
T2CL6 is more roubust than the Cubic B-splines, it is used exclusively for the rest
of the numerical experiments. Figures 64-67 show the functional gains when the
beam length is increased to 6m. Note that all the functional gains converge. Fig-
. ures 68-71 show the functional gains when the tip mass and the tip moment of
inertia are increased to 100. Observe that T2CL6 still produces convergent func-
tional gains. Figures 72-75 contain the (convergent) functional gains when the hub
moment of inertia is increased by a factor of 3, and in Figure 76-79 the the same is

observed when the hub is increased by a factor of 100.



Chapter 6

Conclusions

6.1 Summary of Basic Results.

In this thesis we investigated the use of finite element schemes in the con-
struction of design models for LQR control of a Timoshenko structure. Previous
efforts had employed standard cubic finite element approximations and produced
divergent functional gains. We applied a conforming finite element scheme that had
been specifically designed for simulation of Timoshenko type models (T2CL6) to the

problem of computing optimal functional gains. We made the following discoveries:

1. The choice of the local basis functions used to generate a finite dimensional
design model has considerable impact on both the question of convergence and the
rates of convergence of the control design. This feature is clearly illustrated by
Example 3. The T2CL6 algorithm produced convergent gains for a problem where
the standard cubic finite element failed to converge. Moreover, in Example 2 we
observed a problem for which both schemes produced convergent gains, yet T2CL6
converged faster. Finally, Example 3 clearly demonstrates the superior roubustness

of the T2CL6 algorithm.

2. The problems that cause both algorithms to diverge are constructed by

selecting system parameters so that the structure is close to an Euler-Bernoulli beam.

79



80

In particular, both schemes fail when the beam is ’truely’ an Euler-Bernoulli beam.
This was observed previously for simulations based on the cubic spline scheme.
However, T2CL6 was designed specifically as a simulation scheme to overcome this
problem. Although T2CL6 did produce convergent functional gains for a larger set

of parameter values, T2CL6 eventually failed.

3. Example 4 illustrates that variations in certain other parameters do not

significantly alter the convergence of the gains.

4. Although the Euler-Bernoulli beam model may be viewed as a (singular)
perturbation of the Timoshenko model, T2CL6 produced functional gains that are
nearly the same as those gains computed by using the Euler-Bernoulli model and
cubic finite element. This observation is rather interesting in that there is almost no
theory to support the convergence of open-loop solutions and the theory that exists

usually produces only weak convergence(see [16]).

5. Although theoretical issues and computational methods have been fully ad-
dressed for control problems governed by Euler-Bernoulli models, the development
of computational methods for control of Timoshenko type struétures remain in-
complete. The numerical examples show that both T2CL6 and cubic splines can
fail to produce finite dimensional models that preserve exponential stabalizability

uniformly under approximation (POES) (see [17]). The interesting observation is
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that for true Timoshenko beams (with the type of damping considered here) the

functional gains still converge.

6.2 Future Research Plans.

The observations above have raised several research issues.

[A] If T2CL6 satisfied POES uniformly under approximation, then it would do
so independently of the parameter values. Consequently, the convergence of the
functional gains for certain parameter values imply that sufficient conditions for
convergence of optimal functional gains might exist that fail for various parameters
and work for others. Preservation of exponential stabilizability uniformly under ap-
proximation is a sufficient condition for convergence, but not necessary. An analysis
of the T2CL6 algorithm might provide insight into a minimal sufficient condition

for convergence of control designs based on finite element schemes.

[B] Damping greatly impacts POES and it would be interesting to conduct a bat-
tery of numerical experiments using viscoelastic damping since Kelvin-Voigt damp-
ing implies POES for the Euler-Bernoulli beam. We plan to investigate this issue
by conducting various numerical experiment using Kelvin-Voigt damping with the

Timoshenko model.

[C] It may happen that all of the ’theoretical’ conditions for convergence of func-
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tional gains are satisfied, yet because of numerical ill-conditioning, convergence is
lost due to ’round off’. We propose to use the theory of “control system radii” (see
[18,19]) to investigate the condition numbers of the LQR problems constructed via

T2CL6 and cubic spline.
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FIGURE 1. Hub-Beam-Tip Structure
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FIGURE 3. T2CL6 Quadratic and Cubic Polynomials
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