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in a deterministic sense by Bellman and others in the 

development of mathematical models of chemotherapy, [9], 

[ 10], [ 11], [ 12], [ 13], [ 14], [ 27], [ 4 9]. However , due to 

the nondeterministic nature of diffusion processes from 

the blood plasma into body tissue, the stochastic versions 

of these equations are more realistic and should be used, 

[61], �[�6�2�]�~� Random equations also arise in systems theory, 

for example# [57], [58], [71], [72], [73], [74]. Examples 

of random or stochastic equations are numerous, but those 

cited should be sufficient to convey the importance of the 

subject. 

Recently, attempts have been made by many scientists 

and mathematicians to develop and unify the theory of 

stochastic or random equations using the concepts and 

methods of probability theory and functional analysis, 

[1], [2], [3], [16], [17], (18), [20], [21], [22], [32], 

[42], [43], [70]. In fact, A. T. Bharucha-Reid, [18], 

refers to probabilistic functional analysis as being con­

cerned with the applications and extensions of the methods 

of functional analysis to the study of the various con­

cepts, processes, and structures which arise in the theory 

of probability and its applications. 

Random or stochastic equations are categorized into 

four classes as follows: 

(i) Random or stochastic algebraic equations; 
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(ii) Random differential equations; 

(iii) Random difference equations: 

(iv) Random or stochastic integral equations. 

In this investigation we will be concerned with some 

classes of random or stochastic integral equations. In 

particular, we will be concerned with classes of stochas-

tic integral equations of the Volterra type and of the 

Fredholm type. Specifically, we will investigate certain 

aspects of a stochastic integral equation of the Volterra 

type of the form 

t X(tiW) = h(tiW) + fOk(t,TiW)f{T,X(TiW»dT. (1.0.1) 

We will also consider a stochastic integral equation of 

the Fredholm type of the form 
00 

x (t i w) = h (t; w) + f 0 k 0 (t, T i w) e (T , X (T i w) ) d T . ( 1 . 0 • 2 ) 

Equation (1.0.1) has been studied recently by Tsokos, 

[70], with respect to existence and uniqueness of a ran-

dom solution and some of its properties. 

The equations (1.0.1) and (1.0.2) seem to be more 

general than any random integral equations of these forms 

studied to date. Their generality consists primarily in 

the choice of the random kernel and the fact that 

t € R+ = [0,(0). Equation (1.0.2) contains equation 

(1.0.1) as a special case, along with those equations 

which have t € [O,Q], for some constant Q > O. That is, 

we are considering a random Fredholm integral equation on 
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a noncompact interval, whereas Anderson, [3], worked in a 

compact interval (and with non-stochastic kernels). We 

shall investigate (1.0.2) with respect to the existence 

and uniqueness of a random solution and its asymptotic 

properties. Also, we will consider methods of approxi­

mating a realization of the random solution of equation 

(1.0.1) a~d present applications and examples of the 

equations (~.O.l) and (1.0.2) in some of th~ areas men­

tioned above. In the final chapter we shall formulate 

and study a discrete version of equation (1.0.2) with 

respect to the existence and uniqueness of a random solu­

tion and approximation of the random solution. The dis­

crete version of equation (1.0.1) will be a special case 

of the discrete version of equation (1.0.2). 

1.1 BASIC MATHEMATICAL CONCEPTS 

We shall now state the basic definitions and theorems 

from functional analysis which will be needed in the in­

vestigation of the random integral equations (1.0.1) and 

(1.0.2) . 

Definition 1.1.1 A set H of elements {x,y,z, ... } is 

called a linear space if 

(i) to every pair x, y £ H there corresponds an 

element z = x + y, called the sum of x and Yi 

(ii) to every x £ H and scalar a (real or complex num­

ber) there corresponds an element ax £ H, called 
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the product of a and Xi 

(iii) the operations in (i) and (ii) possess the fol­

lowing properties for every X, y, Z E Hand 

scalars a and b: 

(1) X + y = y + X (addition is commutative); 

(2) x + (y + z) = (x + y) + Z (addition is 

associative); 

(3) x + y = x + z implies y = Z; 

(4) Ix = Xi 

(5) a(bx) = (ab)xi 

(6) (a + b) x = ax + bx i 

(7) a(x + y) = ax + aye 

Definition 1.1.2 A linear space H is called a 

normed linear space if to every x E H there corresponds 

a real number I Ixl I, called the norm of x, and possessing 

the following properties for every y E H and scalar a: 

(i) 

(ii) 

(iii) 

Ilxll .::. 0 and !lxll = 0 if and only if x = 0; 

I I ax I I = I a I . I I x I I; and 

Ilx + y'l .2. Ilxll + Ilyll· 
Definition 1.1.3 A normed linear space H is said to 

be complete if every Cauchy sequence in H converges to an 

element of H. 

Definition 1.1.4 A complete normed linear space is 

called a Banach space (real or complex according to 

whether the scalar a is a real or complex number) . 
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Remark: A Banach space is a complete metric space 

H with distance function I Ix - yl I for x, y € H. 

Suppose that T is an operator from Banach space H 

into Banach space HI' that is, for every X € H, T is a 

rule which assigns a corresponding y € HI' and y = T(x) 

is called the value of the operator T at x. 

Definition 1.1.5 Let T be an operator from the 

Banach spac~ H into itself. If there exists a real num­

ber q, 0 < q < I, such that for x, y € H, we have 

II T (x) - T (y) II .:. q II x - y II , 
then T is called a (strict) contraction operator. 

Definition 1.1.6 An operator T from Banach space H 

into Banach space HI is said to be a continuous operator 

if 

T(x ) -+ T(x} 
n 

in HI whenever xn -+ x in H, where {xn } is a sequence in H. 

Definition 1.1.7 An operator T which maps elements 

of Banach space H into Banach space HI is compact if for 

every sequence x € M, where M is a bounded subset of H, 
n 

we can select a subsequence x ,i = 1,2,3, ... , such that n. 
J. 

T(x ) converges in HI- That is, T maps every bounded n. 
1. 

subset of H into a sequentially compact (or compact, since 

HI is a metric space) set in HI-
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Definition 1.1.8 An operator T which maps elements 

of a Banach space H into a Banach space Hl is said to be 

completely continuous if it is continuous and compact. 

We shall need three well-known theorems from func­

tional analysis which are known as fixed point theorems 

and which are used extensively in existence proofs for 

solutions of non-stochastic integral equations, [4]. 

Theorem 1.1.1 (8. Banach's Fixed Point Theorem, [44]) 

If T is a contraction operator from a Banach space H into 

itself, then there exists a unique point x* € H such that 

T(x*) = x*, 

that is, x* € H is the unique fixed point of the operator 

T. 

Theorem 1.1.2 (Schauder's Fixed Point Theorem, [50]) 

Let M be a closed, bounded convex set in a Banach space 

and T be a completely continuous operator on M such that 

T(M) C M. Then T has at least one fixed point in M. 

That is, there is at least one x* € M such that 

T{x*} = x*. 

Theorem 1.1.3 (Krasnosel'skii's Fixed Point Theorem, 

[50]) Let S be a closed, bounded convex subset of a 

Banach space and let U and V be operators on S satisfying: 

(i) u(x) + V(y) € S whenever x, y € Si 

(ii) U is a contraction operator on Si 

(iii) V is completely continuous. 
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Then there is at least one point x* € S such that 

U(x*) + V(x*) = x*. 

That is, there is at least one point in S which is a 

fixed point of the operator U + v. 

Obviously, Banach's Fixed Point Theorem and 

Schauder's Fixed Point Theorem are special cases of 

Theorem 1.1.3. 

Definition 1.1.9 Let H be a linear space. A mapping 

(x,y) taking points x and y in H into the real (or 

complex) numbers is called an inner product if, for each 

x, y, Z € H and scalar a, we have 

(i) ex + y, z) = (x,z) + (y,z); 

(i i) (ax, y) = a (x, y) ; 

(iii) (x,y) = (y,x), the bar denoting complex conjugate; 

(iv) (x,x) > 0 if x is not the zero element of H. 

In this case H is called an inner product space. The norm 

of an element x of H may be defined in terms of the inner 

product by 

Ilxll = (x x)1/2 , . (l.l.l) 

Definition 1.1.10 A Banach space H whose norm is 

defined by equation (1.1.1) is called a Hilbert space. 

We shall also occasionally mention the following 

well-known inequality [36, p. 33]. 

Jensen's Inequality If x(w) is a random variable and 

u is a convex function, then 

u[E(x(w»] < E[u(x(w»]. 



10 

1.2 FORMULATION OF THE PROBLEM 

In this section we formulate the stochastic integral 

equations (1.0.1) and (1.0.2) and give the basic defini-

tions and notations which are essential to this study. 

Some of the definitions and basic results given in the 

present section are being introduced for the first time. 

We shall denote by (n,A,p) a probability measure 

space, that" is, n is a nonempty set, A is a 0 - algebra 

of subsets of n, and P is a complete probability measure 

on A. 

We let X(ti~, t € R+, denote a stochastic process 

(or random function) whose index set is the set 

R+ = {t: t ~ OJ, W €~. That is, for each t € R+, 

X(tiW) is a random variable defined on n. 

Definition 1.2.1 A stochastic process (or random 

function) X(tiW), t € R+, is said to belong to the space 

L2 (n,A,p} or to be a second order (or regular) process, 

[64J, if for each t s R+, we have 

E { I x (t i w) I 2} = J n I x (t ; w) I 2 dP (w) < 00, 

that is, x(t;w), t € R+, is square - summable with respect 

to P-measure. The norm of an element X{tiW) in the space 

L2 (Q,A,P) is defined by 

II x (tiW) II L2 (n ,A,P) 
2 1/2 

= {E[\x{t;w) I J} < 00 (1.2.1) 
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For each t E R+, the space L2 (O,A,P) is a Hilbert 

space with an inner product defined for each pair of 

(real - or complex - valued) random variables X(tiW) 

and y(tjw) by 

(x(t:w) ,y(tiW»L2(O,A,P) = fOX(tiW)y(t:w)dP(w) 

= E [x ( t : w) y (t; w) ] , 

where the bar denotes the complex conjugate. Then 

equation (1.2.1) defines the norm in L
2

{O,A,P) in terms 

of the inner product, [51, p.455]. 

For a second order process the covariance function 

always exists and is finite. 

In this investigation we are concerned with the 

stochastic integral equations (1.0.1) and (1.0.2), that 

is, 

x (ti w) 

and 

x(t:W) 

where 

(i) W E: 0; 

(ii) h(tiW) is the stochastic free term (random forcing 

term, random right-hand side, or free random 

variable) defined for t > 0 and W E: Oi 

(iii) x(t;w) is the unknown stochastic process or 

random function, t E R+i 
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(iv) the stochastic kernel k(t,T;w) is a random variable 

for each t and T such that 0 < T < t < 00; 

(v) the stochastic kernel kO(t,T;W) is a random varia­

ble for each t and T such that 0 < T < 00 and 

o < t < CO; 

(vi) f(t,x) and e(t,x} are scalar functions defined for 

each t € R+ and scalar x. 

Further ass~mptions concerning the behavior of these 

functions will be given at appropriate points in the 

study. 

We now define certain spaces of functions which will 

be needed in addition to the space L2 (n,A,p). 

Definition 1.2.2 A random variable x(w) defined on 

n is said to belong to the space L (n,A,p), or to be 
co 

P-essentially bounded, if it is measurable with respect 

to P and there is a constant a > 0 such that 

p{W: Ix{w) f > a} = 0, (1.2.2) 

tha tis, x ( w) bounded in the ordinary sense except 

perhaps on a set of probability measure zero. The 

greatest lower bound of the set of values a for which 

(1.2.2) holds is called the essential supremum of Ix(w) I 

with respect to P, denoted by 

glb{a: P [w: Ix(w) I > a] = O} = P-ess suplx(w) I 
weQ 
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We denote the norm of an element in L (n,A,p) by 
00 

Illx(w)111 = Ilx(w)IILoo(n,A,p) = P-ess suplx(w)l· 
WEn 

Definition 1.2.3 We let C denote the space of all 

continuous and bounded functions defined on R+ with values 

in L2Cn,A,Pl, that is, C is the space of all second order 

stochastic processes on R+ which are bounded and contin­

uous in mean square,[3], 

E[lxet + hiW) - x(t;w) 12] -+ 0, as h -+ o. 

The norm in C is defined by 

I I x (t; w) I I C = sup { I I x ( t i w) I I L2 (n , A , P) } 
tER+ 

Definition 1.2.4 We shall denote by C the space of 
g 

all continuous functions, x(t;w), from R+ into L2 (n,A,p) 

such that, for get) a positive, continuous, finite func-

tion on R+ and some constant Z > 0, we have 

{fnlx(t;w)12dP(w)}1/2 < Zg(t), t E R+. 

The norm of a function in C is defined by g 

{
I I x ( t ; w) I I L 2 (n , A, P ) } 

Ilx(tI W) Ilc
g 

= ~~b get) 

Note that for get) = 1, t > 0, C = Cl = C. 
- 9 

Definition 1.2.5 We define the space 

to be the space of all continuous functions from R+ into 

L2 (n,A,p), or second order stochastic processes on R+, 
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with the topology of uniform convergence on every interval 

[O,M], M > 0, that is, x (t~w) converges to X(tiW) in C n c 

if and only if 

lim {ElxnCti w) - x(t:w) 12}1/2 
n-+oo 

1
2 1/2 = 1 im {f S1 I xn (t i w) - x (t; w) dP ( w) } = 0 

n-+oo 

uniformly on every interval [O,M], M > O. 

It should be noted that the space Cc is locally con­

vex [77, pp. 24-26] with the topology defined by means of 

the following family of semi-norms: 

Ilx{t;w)11 = n 
sup {fS1lx(t;~ 1

2dP(w}}1/2, n = 1,2, •... 
O<t<n 

Also note that Cc ::> C
g

::> C. 

In this investigation we shall use the concepts of 

"admissibility theory" (Dunford and Schwartz, [37]) which 

was introduced into the theory of non-stochastic integral 

equations by C. Corduneanu, [28], [29], [31]. Let B 

and D be a pair of Banach spaces such that B, Dec , and 
c 

let T be a linear operator from C into itself. With c 

respect to T, B, and D, we give the following definitions. 

Definition 1.2.6 The pair of Banach spaces (B,D) is 

said to be admissible with respect to the operator T: 

C -+ C if and only if T(B) C D. c c 

Definition 1.2.7 The operator T is said to be closed 

if 
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imply that 
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x (tiW) ~ X(tiW} 
n 

D (TX
n

) (t; w) -+ y (t i W) 

(Tx) (t i W) = y (t; w) • 

Definition 1.2.8 By stating that the Banach space B 

is stronger than the space C , we mean that every con­e 

vergent sequence in B with respect to its norm also con-

verges in Cc ' but the converse is not true in general. 

Consider the set H of all functions in Cc such that 

for x(t;w), y(ti W) E: Cc ' (X(tiW), y(t;w»L
2

(n,A,p) is 

integrable on R+. For M > 0, let DM,BM C H C Cc be 

Hilbert spaces with the inner product on DM defined by 

(X,y)D 
M 

M 
= J 0 (x (t i w), y (t ; w) ) L 2 (n ,A , P ) d t , 

and that on BM, (x,y)B ' defined likewise. These are 
M 

valid inner products as can easily be shown. We have 

for any scalar a, 

(ax,y)D 
M 

M 
= J 0 (ax (t i w), y (t i w) ) L2 (n ,A, P) dt 

M = aJO(x(tiw), y(t i W»L
2

(Q,A,P)dt = a(x'Y)D . 
M 

Also, 
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(y,X)D ' 
M 

and if X(tiW) ~ 0 for almost all wand t € R+, 

(x ,x) D 
M 

M = f 0 (x ( t ; w), x ( t i w) ) L 2 (n, A, P) d t > O. 

All of the above follow from the fact that L
2

(n,A,p) is 

an inner product space. The norm of an element of DM is 

then defined by 

Ilx(t;w)/I D 
M 

1/2 = (x,x)D 
M 

and that of an element of BM, I Ix(t;w) I IB is similarly 
M' 

defined. Since we have that (X(tiW), y(t;w»L
2

(n,A,p) is 

integrable on R+ for x(t;w) and y(t;w) in DM or BM, for 

every M > 0, then the norms defined above exist and are 

finite. If M + 00, the norm of an element of D is given 
00 

by 

Ilx(t;w)II D 
00 

and the norm of an element of B is defined similarly. 
00 
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Let HI C H be a Hilbert space with norm defined in 

the same manner as the norm for Doo. This norm satisfies 

the property which is required in Chapters II and IV that 

the Hilbert space HI be stronger than Cc • This result can 

be shown as follows: Suppose that the sequence x (ti w) n 

converges in Hl to x(tjw). We have 

as n -+ 00. Since II x (ti w) n 

negative function on R+, and for Q > 0, 

we must have that 

I I xn (t; w) - x (t; w) I I L 2 (n , A , P ) -+ 0 

is a non-

a.e. on [O,Q] whenever xn(t;w) converges to x(tjw) in Hl -

By Egorov's theorem, [44, p.158], we have that 

I I xn (t; w) - x (t i w) I I L 2 (n , A, P ) -+ 0 

almost uniformly on [O,Q], that is, convergence is uniform 

in [O,Q] except for every 0 > 0 on a subset Eo with 

Lebesgue measure less than o. The functions x (tiW) and n 

x(t;w} are continuous from R+ into L2 (n,A,p). Hence, to 

show that x (tjw) converges to X(tiW) in C , we need to n c 

show that, as n -+ 00, 

II xn (t;w) - x (tiW) II L2 (n ,A,P) -+ 0 
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uniformly on [O,Q]. Suppose the contrary. Then for every 

£ > 0 there exists a positive integer N such that for 

every n > N, 

Ilxn(tiw) - X(tiW) II
L2

(n,A,p) < £ 

for all t s [O,QJ - Eo' where Eo has measure less than 0, 

and there exists an £1 > 0 such that for n > N 

for all to £ Eo. But since xn(t;w) and X(tiW) are con­

tinuous functions from R+ into L2 cn,A,p), there exists a 

0l-neighborhood of to S Eo that contains a point 

t S [O,Q] - Eo such that 

and 

Otherwise, for some 0 > 0 there is an interval of length 

01 > 0 in [O,Q] contained in Eo' and the measure of Eo is 

greater than or equal to o. Thus, for every n, 

£1 < Ilxn (toiw) - X(tOiW) IIL2 (n,A,p) 

< II xn (to iW) - xn (tiW) II L2 (n ,A,P) 

+ I I xn (t i w) - x (t; w) I I L 2 (n , A , P ) 

+llx(t;w) - x(to;w) II
L2

(n,A,p) 
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But there exists an NO > 0 such that for n > NO' we have 

£1 
Ilxn (tiW) - X(ti W) IIL2 (n,A,p) < "3 

for t £ [O,Q] - Eo for every 0 > O. Hence, 

whenever n > NO' a contradiction. Therefore, for every 

£ > 0, we can find a positive integer N such that for 

n > N 

II xn (ti w) - x (t; w) , I L2 (51, A, P) < £ 

for all t £ [O,Q]. Since Q > a is arbitrary, we have that 

as n + 00 uniformly on every compact interval [O,Q], Q > O. 

Therefore, a Hilbert space HI C Cc with a norm defined as 

above is stronger than the space Cc . 

We now define what we mean by a random solution of 

equation (1.0.1) or (1.0.2) and stochastic asymptotic 

stability of the random solution. 

Definition 1.2.9 The stochastic process (or random 

function) X(tiW) will be called a random solution of the 

stochastic integral equation (1.0.1) (or (1.0.2») if for 
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each t S R+, x(t;w) is a random variable and satisfies 

equation (1.0.1) (or (1.0.2» P - a.e. 

Definition 1.2.10 The random solution x(t;w) is 

said to be stochastically asymptotically exponentially 

stable if there exists an 0 > 0 and as> 0 such that 

/
2 1/2 {E[ Ix(t;w) ]} :s.. a exp[-St], t s R+_ 

From Definition 1.2.10 it then follows that for a 

stochastically asymptoticallY exponentially stable random 

solution X(tiW), we have 

E{ I x (t;w) !} -+ 0 as t -+ 00. 

Another type of stochastic stability may be defined 

as follows. 

Definition 1.2.11 The random solution X(tiW} of 

stochastic integral equations of the above types is said 

to be asymptotically stable in mean square if 

1 im E { I x (t ; w) I 2} = O. 
t-+oo 

Finally, with respect to the discrete version of 

equations (1.0.1) and (1.0.2) we define the following 

spaces_ 

Definition 1.2.12 We denote by X the space of all 

functions ~ from N, the positive integers, into L2 (n,A,p). 

That is, for each n = 1,2, ••• , the value of x is 
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The topology in X is the topology of uniform convergence 

on every set 

N = {l,2 t ••• 1m}, m = 1,2 1 ••• , 
m 

that is, x. + x as i + 00 in X if and only if 
-l 

lim 
i+oo 

I I x. (w) - x (w) I I L «(] A P) = 0 l,n n 2 ~~, , 

uniformly on every set Nm, m = 1,2, •... Note also that X 

is a locally convex space, [77, pp. 24-26], with the 

topology defined by the following family of semi-norms: 

II x (w) I I = sup II x ( w) IlL (n A P)' m = 1,2, .... 
n m l<n<m n 2' , 

Definition 1.2.13 We let X be the Banach space in 
g 

X for which there exist positive numbers g < 00, 
n 

and some constant Z > 0 such that 

I I xn (w) I I L2 (n , A I P) :5.. Z g n' n = 1,2, •••• 

The norm in X is defined by g 

11~llx 
g 

When g = 1 for n = 1,2, .•. , we obtain the Banach 
n 

space Xl of all bounded functions from N into L2 (n,A,p). 

That is, the elements of Xl are discrete parameter second 

order stochastic processes. The norm in Xl is defined by 

II x II Xl = s~p II xn (w) I 'L
2 

(n ,A,P) . 
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Definition 1.2.14 We shall denote by Xbv the Banach 

space of all functions in X of bounded variation, that is, 

Ilxll x bv 

< 00, 

which defines the norm in X
bv

• 

The definitions of X, Xg ' and Xbv given above are 

generalizations of definitions given by Petrovanu, [63], 

in a nonstochastic sense. 

We now give a definition concerning the asymptotic 

stability of a random solution of the discrete version of 

equation (1.O.2) which is analogous to the continuous 

case given by definition 1.2.10. 

Definition 1.2.15 The random solution xn{w) is 

said to be stochastically geometrically stable if there 

exists as> 0 and an a, 0 < a <1, such that 

{E[ Ix (w) ,2] }1/2 < San, n = 1,2, •••• 
n 

1.3 LITERATURE REVIEW 

Motivated by their importance in applied mathematics, 

the investigation and development of the theory of random 

equations were begun in Prague under the direction of 

A. Spacek, [18], using probabilistic methods of functional 

analysis. A large literature has been developed in the 

area of random equations, much of which was mentioned in 



23 

section 1.0. In the present section, we shall discuss 

that portion of the literature pertaining to random or 

stochastic integral equations of the Volterra and Fredholm 

types, which will be generalized and improved upon in 

this investigation. 

Although not in general a stochastic integral equa-

tion of the Volterra type to be examined here, the classi-

cal Ito equ~tion is of interest. In his pioneer paper in 

1946, [45], K. Ito considered a stochastic integral equa-

tion which relates a diffusion process X(tiW) with the 

Wiener process w(t;w), that is, W(tiW) is a Gaussian pro-

cess with independent increments, or the Brownian motion 

process. The Ito equation is of the form 

t t x{tiw)=X(toiW)+J
t 

m(T,x(T;w»dT+Jt a(T,x(T;w»dw(T;w), 
o 0 

where x(t;w) € R for t € R+ and w € Q, m(t,x) and a(t,x) 

are real continuous functions in x uniformly in t, and 

w(t;w) is a Wiener process. It can be shown by the 

method of successive approximations that this equation 

possesses a unique random solution, [54]. 

In [16] and [17], A. T. Bharucha-Reid studied random 

integral equations of the form 

X(tiW) = J I K(t,u)x(u;w)du + yet; u). 
OJ 

That is, the randomness is through integration over a 

random set IOJ which is a subset of ~, k-dimensional 
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Euclidean space, for each u.: En, or through the stochastic 

free term yeti w). The kernel is nonstochastic and the 

equation is linear. The random set I may be of the form 
w 

[a(w), b(w}], where a(wl < b(w) with probability one, 

giving a Fredholm type equation on a random compact inter-

val, or of the form [a(w}, t], where a(w) < t with proba-

bility one, giving a volterra type equation. A random 

solution was obtained by the method of successive approxi-

mations. 

o. Hans, [43], studied random Fredholm integral equa-

tions on compact intervals [O,d] by using the theory of 

random operator equations of the form 

T[w, x(w)] = yew). 

Suppose that T is the random integral operator given by 

d T[w,X(tiW)] == fOk(t,viW)X(ViW)dv, t E [O,d], 

and I is the identity operator, and consider the random 

operator equation 

(T-AI) [w,x (ti w) ] 
d 

= fOk(t,v;w)x(v;w)dv-Ax{t;w) 

= y(t;w), 

for a constant A. The contraction mapping principle was 

used to show that this equation has a unique random solu-

tion. The kernel is stochastic, but the equation again 

is linear and the random solution is defined on a compact 

interval. A generalization of Bharucha-Reid's result 
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above, [16], was also given by introducing the random 

kernel K(t,uiW) to obtain the random Fredholm integral 

equation 

x(t;w) = y(t;w) + II K(t,u;w)x(u;w)du. 
w 

M. W. Anderson, [3], in 1966 considered the stochas-

tic integral equation of the Volterra type of the form 

x (t; w) =' y (t; w) + f =K (t, s) x (s ; w) ds, t s [a, b] , 

and of the Fredholm type given by 

x(t;w) = y(tiW) + IbK(t,s)x(s;w)ds, t s [a,b]. 
a 

He assumed the stochastic processes x(t;w) and y(t;w) to 

be second order processes defined on the interval [a,b] 

and continuous in mean square as in definition 1.2.3. A 

solution was shown to exist and was found by using the 

method of obtaining the resolvent kernel, K*(t,s), as in 

the classical theory of nonrandom integral equations, [69]. 

Again, the kernels are nonstochastic, the equations are 

linear, and the random solutions are defined on the compact 

interval [a,b] C R+. 

Bharucha-Reid and Arnold, [21], investigated Fredholm 

integral equations with random degenerate kernels, 

1 f OK(t,s;w)x(s;w)ds-AX(t;W} = g(t), t s [0,1], 

for a constant A- They showed that the random integral 

equation can be reduced to an algebraic system of random 

linear equations and studied the existence, uniqueness, 
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and P-measurability of the solution of the resulting sys-

tern. Here, the free term is not a random function, the 

equation is linear, and K(t,siW) is a degenerate kernel, 

that is, it can be written as 

n 
K(t,s;w) = L 

i=l 
a. (t;w)b. (s), 

1. 1. 

where {a. (tiW)} is a family of random functions and 1. . 

{bi (s)} is ,a family of deterministic functions with the 

requirement that both families are square-integrable on 

[0,1] . 

In his recent paper, [70], Tsokos has studied the 

stochastic integral equation (1.0.1) under certain general 

conditions. Some of his results will be given in Chapter 

II along with some new results concerning this equation 

and some applications. 

In [22], Bharucha-Reid, Mukherjea, and Tserpes 

examined the existence of random· solutions of the random 

Volterra integral equation 

X(ti W} = y(ti W) + f~ K(t,u,x(u;w);w)du, t > 0, 

and the random Fredholm integral equation 

1 x ( t ; w) = y (t; W ) + f 0 K (t , u , x (u; Ul) i W ) d u, t E:: [ a , I] • 

All of the functions are real-valued random variables 

for each t, and the proofs in this study were done using 

an Arzela-Ascoli type theorem and considering a sequence 
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of equi-continuous random functions Xn(tiW) as a 

sequence of successive approximations, a subsequence of 

which converges to the unique random solution. 

The above results are contained in the monograph of 

A. T. Bharucha-Reid, [20]. Also, a survey of the general 

theory of random equations was given by Bharucha-Reid, 

[18], in 1~64. 

The pr~sent investigation generalizes the above 

results pertaining to stochastic integral equations of 

the Fredholm and Volterra types as was pointed out in 

section 1.0. That is, we shall study nonlinear stochas­

tic integral equations on noncompact intervals subject 

to very general conditions on the stochastic kernel, 

stochastic free term, and random solution. Hence, the 

results that will be obtained here contain most of those 

above as special cases. 



CHAPTER II 

A RANDOM INTEGRAL EQUATION OF THE VOLTERRA 

TYPE AND SOME APPLICATIONS 

2.0 INTRODUCTION 

We shall now consider the stochastic integral equa-

tion of the Volterra type which was given in Chapter I, 

t X(tiW) = h(tiW) + fOk{t,TiW)f(T,x(T;w»)dT, (2.0.1) 

for t £ R+. We shall first investigate the existence and 

uniqueness of a random solution of x(t;w) and then present 

some applications in the areas of telephone traffic theory, 

hereditary mechanics, and population growth. 

In order to study the existence and uniqueness of a 

random solution of (2.0.1), we shall utilize the theory 

of admissibility and the fixed point theorems of Schauder 

and Banach presented in Chapter I. We shall prove 

existence of at least one random solution of (2.0.1) 

using Schauder1s fixed point theorem. The theorem and 

special cases concerning the uniqueness of a random solu-

tion are results of Tsokos, [70]. The importance and 

generality of equation (2.0.1} have already been discussed. 

28 
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2.1 PRELIMINARY LEMMAS 

We shall make the following assumptions in regard to 

equation (2.0.1): The random solution X(tiW) and the 

stochastic free term h(tiW} are functions of t £ R+ with 

values in L2 (n,A,p}. The function f(t,x(t;w), under 

convenient conditions, will also be a function of t £ R+ 

with value~ in L2 (O,A,P}. The stochastic kernel k{t,T;W) 

is an essen~ially bounded function with respect to P-

measure for every t, T £ R+ such that 0 ~ T ~ t < 00, 

and for each fixed t and T, 0 < T < t < 00, k(t,TiW) £ 

LooCn,A,P) so that the product of k(t,TiW) and f(T,X(TiW» 

will always be in L2 (n,A,p). We also assume that the 

mapping k of the set 

n = {(t,T): 0 < T < t < oo} 

into Loo(n,A,p) is continuous. That is, 

Illk(t ,T jw)-k(t,TjW) III=P-ess sup\k(t ,T jw)-k(t,T;W) I n n h n n 
W£~(i 

as n + 00 whenever (t ,T ) + (t,T) as n + 00. n n 

Let Band D be a pair of Banach spaces such that 

B, Dec , and let X be a linear operator from C into c c 

itself. We now state a lemma concerning the continuity 

of ~ which is a result of Tsokos, [70]. 

Lemma 2.1.1 Let ~ be a continuous operator from 

C
C

(R+,L2 (n,A,p» into itself. If Band D are Banach 

spaces stronger than Cc and (B,D) is admissible with 



30 

respect to k, then k is a continuous operator from B into 

D. 

If ~ is continuous from B to D, then it is bounded. 

Thus, there exists a constant K > 0 such that 

II (7(x) (t i w) I I D ~ K I Ix (t; w) I lB· 

The infimum of all such constants K is called the norm of 

the operator /<... 

Define-the integral operator ~M from BM into Cc by 

(i<Mx) (t i w) = f ~k (t , T ; w) x (T i w) d T, t e.: [ 0 , M], (2. 1 • 1 ) 

where M > 0 and BM is the Hilbert space defined in section 

1.2. We now give a lemma concerning operators such as ~M 

analogous to a result found in Schmeidler, [68], and 

Yosida, (77]. 

Lemma 2.1.2 An integral operator defined by 

(/(MX) (t;w) = f~k(t'TiW)X(TiW)dT' t e.: [O,M], 

from Hilbert space BM into DM c: Cc ' M >- 0, must be a 

bounded, completely continuous operator if the stochastic 

kernel k(t,T;W) is such that 

exists and is finite. 

proof: By definition, 

II (~MX) (t~w) IID2 =f~llf~ k(t'TiW)X(T:W)dTII~ (Q A p)dt 
M 2 " 

M M 2 M 2 
2.. fo[Jolllk(t,Ti w) III dT-Jollx(Tiw) II

L2
(n,A,p)dT] dt 
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by the Schwarz inequality. But the second inside integral 

is the norm Ilx (ti w) II!. Hence 
M 

and since the right-hand side is finite by hypothesis, 

~M is bounded. The remainder of the proof follows in the 

same manner as the proof of Schmeidler, [68, p. 45]. 

We now state the following result of Krasnosel'skii, 

[50] • 

Lemma 2.1.3 Suppose that the operator d maps 

elements of Banach space D into Banach space B and is 

continuous and bounded, and that the linear operator T 

maps elements of B into D and is completely continuous. 

Then the operator V = Td maps elements of D into D and is 

completely continuous. 

2.2 EXISTENCE AND UNIQUENESS OF A 

RANDOM SOLUTION OF (2.0.1) 

Using the lemmas of the previous section and the 

fixed point theorem of Schauder, we now prove a theorem 

concerning the existence of a random solution of the ran-

dom Volterra integral equation (2.0.1). 

Theorem 2.2.1 Consider the stochastic integral equa-

tion (2.0.1) for t IS [D,M] C R+, M = 1,2, ••. , subject to 

the following conditions: 
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Ci) BM and DM are Hilbert spaces stronger than Cc such 

that (BM,DM) is admissible with respect to the 

operator 

(/(Mx) ltiw) = r~k(t'T iW)X(T ;w)dT, t E: [O,M], 

where k(t,T;W} behaves as above, and 

M t 2 
fofOlllk(t,TiW)111 dT dt 

exists and is finite; 

(ii) X(tiw) + f(t,x(t;w» is a continuous operator on 

SM = {x ( t i w) : x (t; w) E: DM, I I x (t i w) I I D .:. p} 
M 

with values in BM such that for some constant 

y > 0, 

Ilf(t,x(t;w»II B ~y; 
M 

Then there exists at least one random solution X(tiW) E: 8M 

of equation (2.0.1) for t E: [O,M], provided 

1 I h (t i w) I I D + Ky < P, 
M 

where K is the norm of ~M. 

Proof: The spaces BM and DM are Hilbert spaces and 

hence are Banach spaces with norms I I -liB and 1 1·1 ID ' 
M M 

respectively_ 

It is easy to see that 8M is a bounded, convex, 

closed subset of DM- For a < a < 1, x1(t;w) and X2(tiW} 

in 8M, we have 
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Ilaxl (t;w) + (1-alx2 (t;w) 110 
M 

< a Ilxl (t; w) 110 + (I-a} IIx2 (ti w) 110 
M M 

< a p + (I-a) p = p, 

so that 8M is convex. Let Xn(tiW) E 8M converge in DM to 

X(tiw) E OM- Then if x(t;wl is not in 8
M

, we have 

p < Ilx(t'iw1lI 0 2.llx(tiw)-x (t;w>II D +llx (tiw)II D M n M n M 

2. Ilx(t;wl - x (t;w)ll o + p -+ p 
n M 

as n -+ 00, a contradiction. Thus, x(t;w) E 8M, and 8
M 

contains its limit points, that is, 8 M is closed. By 

definition, 8
M 

is bounded. 

Let x(t;w) E SM- Oefine the operator U from 8
M 

into 

for t E [O,M], M > o. Since f(t,x(t;w),) is a continuous 

mapping from OM into BM and bounded, by condition (ii), 

and the operator kM from BM into OM is completely con­

tinuous, by condition.(i) and Lemma 2.1.2, we have by 

Lemma 2.1.3 that the operator kMf from OM into DM is 

completely continuous. Thus, U is a completely continuous 

operator from 8 M into OM' since h(t;w) E OM-

We must show that U(SMl C 8
H 

(Inclusion property). 

We have 

II(ux)(t;wlII
D 

M 
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< Ilh(t;w)II D +Kllf(t,x(t;w)}II B M M 

< I I h (t; w) I I D + Ky .::. P, 
M 

by condition (ii) and the last hypothesis of the theorem. 

Hence, U(8Ml c 8M and the conditions of 8chauder 1 s fixed 

point theorem are satisfied. Therefore, there exists at 

least one fixed point of U in 8
M

, that is, at least one 

random solution X(ti W) of (2.0.1), 

x C t; w ) = (Ux) (t; w) = h (t; w 1 + f ~k (t IT; to) f (T ,x (T ito) ) d T , 

for t £ [O,M] C R+, completing the proof. 

Thus, for everyM = 1,2, •.• , there is at least one 

bounded random solution of equation (2.0.1), X(ti W), 

t £ [O,M]. Hence, for every t £ R+ there is at least one 

random solution of equation (2.0.1). 

The next theorem concerning the uniqueness of the 

random solution of equation (2.0 '.1) is a result of 

Tsokos, [70], and does not require the use of the Hilbert 

spaces defined above. The Banach spaces B, Dec with 
c 

the norm defined in Chapter I are used. 

Theorem 2.2.2 We assume that the equation (2.0.1) 

satisfies the following conditions: 

(i) Band D are Banach spaces stronger than C such c 

that (B,D) is admissible with respect to the 

operator 

(~x) (ti W ) = 
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where k(t,T;w) behaves as described abovei 

(ii) X(tiw) ~ f(t,xtt~w)l is an operator on 

S = {x(tiwl: X(tiw) E D, Ilx(tiw)II D < p} 

with values in B satisfying 

I I f (t I x (t; w) ) -f (t t Y (t; w) ) I I B < A I I x (t i w) -y (t i w) I I D 

for X(tiw}, y(tiW} E S and A > 0 a constanti 

Ci i i ) h ( t i w ) ED. 

Then there exists a unique random solution, X(ti W) E S, 

of the random integral equation (2.D.l), provided that 

AK < 1, Ilh(t;w) liD + Kllf (t,O) liB .s.. p (l-AK) I 

where K is the norm of the operator K. 
Proof: We use Banach's fixed point theorem. 

Define the operator U from S into D by 

(2.2.1) 

We must show that U is a contracting operator on Sand 

that U(S} c S. Let y{tiW) E S. We may write 

t {Uy} (t i W ) = h (t i W ) + f 0 k (t , T ; w) f (T , Y (T i w) } d T • (2.2.2) 

Subtracting (2.2.2) from (2.2.1), since the difference of 

elements of a Banach space is in the Banach space, we have 

(Ux) (tiW) - (Uy) (ti W) 
t = f Ok (t , T i w) [f (T ,x (T i w) } 

- f(T,Y(TiW»]dT E D. 

Taking the norm in D, since we have [f(T,X(TiW» -

f (T ,y (T ;w) )] E B, we obtain 
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I I (Ux) (t i w) - (Uy) (t; w) I I D .::.. K I I f (t I X (t i w) ) - f (t , Y (t i w) ) I I B 

from the result that X is a continuous operator from B 

into D in the proof of Lemma 2.1.2 and the remark follow-

ing Lemma 2.1.1. Applying the Lipschitz condition in 

(iiI, we have 

[I (Ux) (tiw) - (Uy) (t;w) liD ~ AKllx(t;w) - y(t;w) liD-

By hypothesis, AK < 1, so that U is a contraction operator 

on s. 

To show that U(S) c S, let x(t;w) E S. Then 

II (Ux) (t;w) liD ~ Ilh(t;w) liD + Kllf (t,X(tiW» liB- (2.2.3) 

But from the Lipschitz condition in (ii) I 

Ilf(t,x(t;w» liB = Ilf(t,X(tiw» - f(t,O) + f (t,C) liB 

< Ilf(t,X(tiW» - fet,D) liB + Ilf{t,O} liB 

< A Ilx{tiW) - oilD + Ilf(t,O) liB-

Thus, inequality (2.2.3) becomes 

II (Ux) (tiW) liD < Ilh(t;w) IID+Kllf(t,O) IIB+AKllx(t;w) liD 

< p (l-AK) + AKp = p, 

using the last condition of the theorem. Hence, 

(Ux) (tiw) £ S for all x(t;w) £ S, that is, U(S) c S. 

Thus, we apply Banach's fixed point theorem and see that 

there exists a unique fixed point of U in S, that is, a 

unique random solution X(tiw) £ S such that 

t (Ux) (t;w) = x(t;w} = h(tiW) + JOk{t,T;w)f(Tlx(T;w»dT. 



37 

The following theorem and corollaries are special 

cases of Theorem 2.2.2 and are results of Tsokos, [70]. 

Theorem 2.2.3 Let us consider the random integral 

equation (2.0.1) under the following conditions: 

(i) there exists a number Z > 0 and a continuous 

function get) > 0 on R+ such that 

(ii) f(t,x) is a continuous function of t E R+ uniformly 

in scalars X, such that f(t,O) E C and g 

If (t,x) - f (t,y) I ::..).g (t) I x-y I ; 
(iii) h(tiw) is a continuous bounded function on R+ 

whose values are in L2 (n ,A,P) .. 

Then there exists a unique random solution, x(t;w) E C, 

of the random integral equation (2.0.1) such that 

I ! x (t i w) I I e = sup {f n I x ( t i w) I 2 dP (w) } 1/2 ::. P I 

t>O 

provided that I Ih(t;w) I Ie' A, and I If(t,D) I Ie are suf­
g 

ficiently small. 

Proof: We must show that under condition (i), the 

pair of Banach spaces (C ,e) is admissible with respect 
g 

to the integral operator 

(/( x) (t; w ) = f ~k (t , T ; w ) x ( T ; w ) d T • 

For xCtiw} £ e , we have by the generalized Minkowski 
g 

inequality, [7, p.22], 
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t IlxCriWlIIL2(Q,A,Pl 
< Jolllk(t,t;wlill g(t}dt, 

g (t) 

where I I I k (t , t i w) I I I = I I k (t , t i w) I I L 00 (Q , A , P) is a f unc t ion 

only of t and t. Using the definition of the norm in e , g 

{

.I Ix(t;w} IIL2 (nlA'p)} = 
sup II x (t; w) lie ' 
t>O get) g 

we have 

{
II x (ti w) II L2 (n ,AlP>} 

II CXx) (ti w) II L (n A P) ~ sup • 
2 ' I t2::.0 get) 

J~lllk(t,t;w) Illg(t)dt 

< Ilx(tiW) lie -z, 

from condition (i). 

bounded, and thus, 

g 

Hence, I I (/<.x) (t i w) I I L 2 (n , A I P ) is 

<7(x) (t;w) E: e for all x(t;w) E: e . 
g 

Therefore, ~(e ) c e, and (e ,e) is admissible with 
g g 

respect to 7(-

The remainder of the proof is similar to that of 

Theorem 2.2.2 with B = e and D = e and is omitted. 
g 

We state without proof the following useful corol-

laries of Theorem 2.2.3. For the proofs, the reader is 

referred to the paper of Tsokos, [70]. 
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Corollary 2.2.4 Suppose that the random integral 

equation (2.0.1) satisfies the following conditions: 

(i) Illk(t,T;W} 1112. ZIt for a .::. T 2. t < 00, and 

co. 
fog(t)dt < 00; 

(ii) same as Theorem 2.2.3 (ii); 

(iii) same as Theorem 2.2.3 (iii). 

Then there· exists a unique random solution of equation 

( 2 • 0 . 1) bounded on R +' if I I h (t i w) I I C' A, and I f (t , 0) I 
are small enough. 

Corollary 2.2.5 We consider the random integral 

equation (2.0.1) under the following conditions: 

(i) IIlk(t,T;W)III.:. Z2 exp[-a(t-T)], for 0 < T < t < 00, 

and 

sup 
t£R+ 

where Z2 > 0 and a > 0; 

(ii) same as Theorem 2.2.3 (ii); 

(iii) same as Theorem 2.2.3 (iii). 

Then there exists a unique random solution of the random 

integral equation (2.0.1) bounded on R+, provided that 

Ilh(t;w) II C' A, and I f(t,O) I are small enough. 

2.3 SOME APPLICATIONS OF EQUATION (2.0.1) 

In this section we shall present some applications 

of the results of the previous section. We shall study 

a stochastic integral equation of the Volterra type arising 
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in the theory of telephone traffic, a related study of 

which was done by Fortet, [40J. Also a problem in 

hereditary mechanics will be considered which results in 

a pair of stochastic integral equations of the Volterra 

type, for which Distefano [35) showed existence of a solu­

tion by the method of successive approximations. Finally, 

a stochastic formulation of a problem concerning the growth 

of a biological population consisting of a single species 

will be considered which has been given in the determinis­

tic case by Bartlett, [6], and Moran, [56]. In each case, 

we shall briefly describe the problem and indicate that a 

random solution exists by applying the results pf section 

2.2. The first two applications given here are generali­

zations of the results in the above mentioned papers in 

that the random functions may be more general, permitting 

the study of more complicated sys.tems in hereditary 

mechanics and telephone traffic. The third application 

in population growth is a more realistic formulation than 

the deterministic one and provides valuable information 

about the stochastic variation in the growth process of 

a biological population. 

2.3.1 A Problem in Telephone Traffic Theory 

We shall examine in this subsection a stochastic 

integral equation arising in the study of telephone traf­

fic, [59]. We shall describe the problem in detail and 
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then apply Corollary 2.2.4 to show existence of a unique 

random solution. 

Consider a telephone exchange, and suppose that 

calls arrive at the exchange at time instants t l , t 2 ,.·., 

tnT ••• ' where a < tl < t2 < < tn < 00. These arrival 

times must be considered as random instants, so we denote 

the distribution function by ACt) on the time axis. For 

a call arriying at time t, let the random variable H(t;w) 

denote the holding time, that is, the length of time that 

a "conversation" is held for a call arriving at the ex­

change at time t. The H(tl;w) f H(t2 ;w) , ••• are con­

sidered as being mutually independent for different times 

t l , t 2 , .•. , and as being independent of the state of the 

exchange, where the state of the exchange is the number 

of busy channels. 

The number m of trunks or channels of the exchange 

is assumed to be finite and large so that we approximate 

a continuous process. It is also assumed that any chan­

nel not being used may be utilized by an incoming call 

and that the holding time for a channel begins at the 

time instant that the call arrives at the exchange. 

A conversation (or connection) is realized if a 

channel is not busy at the time a call arrives. If all 

channels are busy at the time t that a call arrives, then 

either the call is lost or a queueing problem develops. 
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Only the first case will be considered here. various 

problems have been studied in this situation. For example, 

the probability PkCtl that at time t, k of the m channels 

are busy, has been examined in detail, e.g. [15], [39]. 

We are concerned with the total number of "conversations" 

held (the number of busy channels) at time t, which for 

each t is .a random variable and may be described by a 

stochastic ~ntegral equation. 

Let x(tjw} be the total number of conversations held 

at time t. Hence, X(tiW) is a random variable for each 

t E R+, and X(OiW) = O. Let J(t;w) be a random function 

with value one if a call arising at time t > 0 is not lost 

and value 0 if the call is lost. Let 

K(t,TiW) 
otherwise, 

such that K(t,T;W) is equal to 1 if a conversation from 

a call arising at time T is still being held at time t > T 

and is equal to zero otherwise. Thus, we may write 

(2.3.1) 

Equation '(2.3.1) is interpreted as the total number of 

telephone calls arising at times T, 0 ~ T ~ t, that were 

not lost such that the conversation is still being held 

at time t. 

Suppose that V(k} is any function such that 

{

I if k = O,l, .•• ,m-l 
V(k) = 

o otherwise. 
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Clearly, X(tiW) < m for all t E R+ and W E Q. Hence, we 

may write 

__ {l if x (t i w) = 0, l, •.• ,m-l 
V[x(tiwlJ 

o otherwise, 

which means that V[X{tiW)] has value one if a call arising 

at time t is not lost and value zero, otherwise. Then 

equation (~.3.l) may be written as the nonlinear stochas-

tic integra~ equation 

t x(t;w) = JOK{t,TiW)V[X(TiW)]dA(T), (2.3.2) 

which Bharucha-Reid [20] refers to as the Fortet integral 

equation. 

Suppose that the distribution A(t) of arrival times 

has a derivative a(t}. The frequency function a(t) is 

referred to by Fry, [41, p. 247], as the "instantaneous 

calling rate". Then equation (2.3.2) reduces to a sto-

chastic integral equation of the Volte~ra type 

X(tiW) 

If we let 

={a(T)' if X{TiW) = 0,1, ... ,m-l 

o , otherwise, 

then we obtain a stochastic Volterra integral equation in 

the form of (2.0.1), with the stochastic free term 

identically zero, 



44 

t X(tiW} = fOK(t,TiWlf(T,X(TiW)}dT, t > O. (2.3.3) 

K(t,TiW} is the stochastic kernel defined for 0 < T < t < 00 

and taking only the value 0 or 1. 

Before showing that (2.3.3) possesses a unique ran-

dom solution, we observe that the above description ap-

plies to many systems. If we replace the words IItelephone 

exchange" with "serving mechanism", and the words 

"channel", "call", and "conversation" with the words 

"server", "customer", and "service", respectively, then 

we are dealing with a general system in which "customers" 

are being "served" by m "servers". If we assume that 

a customer does not wait when he finds all 

m ~ervers busy so that no queue develops, 

then the random solution of the stochastic integral equa-

tion (2.3.3) gives the total number of "services" being 

performed at time t. Also, the functions in (2.3.3) may 

be any functions which behave as given in section 2.1 and 

which describe the physical situation. For example, the 

stochastic kernel may be of the form 

where a > 0 and IX(w) (.) is the indicator function of a 

random set X(w), which means that solutions at earlier 

times T < thave a decaying effect on the system. 

We now show that the stochastic integral equation 

(2.3.3) satisfies the conditions of Corollary 2.2.4. We 
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first show that fCt,X(ti W}) S L2 cn,A,p) and KCt,TjW) S 

LroCn,A,P). Let t > 0 be fixed. Since art) is a frequency 

function, it is assumed to be bounded for all t. Hence, 

for some M > 0 and all t, 0 < art) < M <00, and we have 

that 

fnlfCt,X(tiW» ,2dP (w) ~ fnla(t) ,2dP (w} .:s.. M2 < 00, 

by definition of f(t,x(t;w», so that f{t,x(t;w» S 

L2 (n,A,p} for each t ~ 0, and continuous in t uniformly 

in x by its definition. By definition of K(t,T;W) , 

o < T < t < 00, we obviously have that the P-measure of 

{w: IK(t,T;W)' > l}, ° < T < t < ~, 

is zero, that is, a P-null set. Hence, K{t,TiW) is 

bounded P-a.e. and is in Loocn,A,p). Also, if (tn,Tn ) -+ 

(t,T) as n -+ 00, we have 

p{w: /K(t ,T iW) - K(t,TiW) I > O} -+ 0 
n n 

as n -+ 00 since K(t,TiW} has value ° or I only. 

That x(t,w) is a continuous bounded function for 

W £ n, is easily shown. Let W £ n and choose t > O. For 

h > 0, 

Ix(t+h;w) - x(t;w) I = If~+h K(t,TiW)f{T,X(TiW»dTI 

Thus, for £ > 0, there is a 0 > 0 such that when 

I (t+h) - t I < 0, 
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Therefore, X(tiW) is continuous on R+ and bounded by m. 

Hence, 

2 2. m < 00-, 

which means that X(tiW} E L
2

cn,A,p} for each t. 

We note that Zl = 1 in Corollary 2.2.4, since 

IIK(t,T;W) IlL (n A P) = P-ess supIK(t,TiW) I < 1. 
. 00" WEn 

Since h(tiW) ~ 0 P-a.e., t ~ 0, trivially, it belongs to 

c. Since aCt) is the frequency function of arrival times 

of calls, f(t,O} = aCt} is continuous, bounded, non­

negative, and f:ooa{t)dt < 00. Suppose that get) is any 

function satisfying condition (i) of Corollary 2.2.4. 

Then we must have 

{

o < )..g (t) · 0, if x = y 

If (t,x) -f (trY) I = 0 ~ Ag(t) (m-l), if X~Yi X,Y E{O I ••• ,m-l} 

aCt) ~ Ag(t)m, if x~m and y=m 
or x=m and y~m. 

If we choose ).. = !, then in order for condition (ii) of 
m 

Corollary 2.2.4 to be satisfied, there must exist a posi-

tive continuous function get) on R+ such that 

00 

fog(t)dt < 00, aCt) ~ g(t), t ~ O. 

This restriction is not too severe, since aCt) is a fre-

quency function. -at We may take get) = Se , a andS posi-

tive, for example. Therefore, since I Ih(tiW) I Ic = 0, 

If(t,O) I = aCt) ~ M, and A = ! is small for large m, 
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there exists a unique random solution of equation (2.3.3), 

if aCt) ~ get), where get} satisfies the above conditions. 

2.3.2 A Stochastic Integral Equation in 

Hereditary Mechanics 

A simple example of a stochastic integral equation of 

the Volterra type comes from the field of hereditary 

mechanics where the free term depends on the deviation of 

the system -from a natural position of equilibrium as well 

as on an external source of excitation, [35]. When forces 

a and B are applied to two hinged bars, deflection of the 

bars is prevented by a viscoelastic spring reacting with 

an upward force S. S is the axial load, and a is the 

resulting downward force on the spring. The bars are 

deflected a certain amount s, a nonlinear function of S, 

in general. (See Figure 1.) The forces and deflection 

are functions of time t ~ 0, and,the displacement at time 

t > 0, s(t), is some functional form of the force, S(T), 

exerted by the spring for T < t. However, SeT) is a 

function of aCT), SeT) I and SeT} for each T ~ t, which 

accounts for the hereditary effects of the system. 

Distefano [35] considered the stochastic version of 

a system of two Volterra integral equations which arises 

in this problem. We are interested in s(t), the displace­

ment of the system at time t > o. 



s --+ 

FIGURE 1: A SIMPLE LINEAR HEREDITARY SYSTEM 

+-- s 

.:::.. 
co 
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The linearized version of the above problem leads to 

the integral equation 

(1- B (t) >. s Ct) - f ~ f (t , T 1 6 (T 1 s (T) d T = q (t) , C 2 • 3 • 4 ) 

where f(t,T) is the Umemory function" for the hereditary 

phenomenon and 

t q(t) = aCt) + fof(t,T)a(T)dT, 

assuming in~tial straightness of the bars, that is, 

s(O) = o. 

When the axial load has a small randomly fluctuating 

component, that is, B(t;w}, w £ n, is a random variable 

for each fixed t > 0, then the equation (2.3.4) reduces 

to the two stochastic Volterra integral equations 

U(tiW) t = q(tjw) + fa ~(Tiw)f{t,T)U(TiW)dT, 

v(t;w) t = G(t;w) + ~(t;w)fo f(t,T)v(T;w}dT, 

where it is assumed that 0 < 6(tiW) < n P-a.e. for all 

t e:: R+, where n < 1. Also, 

and 

G (t;w) = q (t;w) ~ (t;w) , 

6(tiW) 
¢(t;w) = l-6(t;w) , 

u (t;w) = (1-6 (tiW) ) s (tiW) , 

v CtiW) = B (tiW) s (tiw) 

are random variables for each t >0. Then the quantity 

of interest S(tiW) is the sum of the two random solutions, 
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k 1 (t, T i W 1 = {<I> (T ; W if (t , T 1, 0 < T < t < 00 

o , otherwise, 

and 

k2 (t I T i W) = {<P (t i W 1 f (t , T) I 0 ~ T 2. t < 00 

o , otherwise. 

Then the r~ndom integral equations above reduce to two 

stochastic ~ntegral equations of the form (2.0.1) with 

f(t,x(tjW}) = x(t~w), that is, linear stochastic Volterra 

integral equations, 

u(t;w) t 
= q(tiW) + fOk1{t,TiW)U(TiW)dTI 

t = G(tiwl + f Ok 2 (t,TiW)V(TiW)dT. 
(2.3.5) 

v (tiW) 

Suppose that the II memory function" is of the form 

f{t,T) -Q(t-T) = Qe , 0 < T < t < 00, Q > 0, - -
as considered in [35] • Since 0 < S(tiW) < n P-a.e. for -
all t ~ 0, <P(tiw) is bounded P-a.e. on "R+, and we may 

assume that u(t;w) and S(tiW) are bounded P-a.e. and are 

continuous on R+ by the nature of the physical situation. 

Thus, there is some M > 0 such that 

<p (t;w) 

Hence, 

= B (tiW) 
1-6 (tiW) 

< M P-a.e. for all t £ R+. 

I I I k 1 (t, T ito) I I I = I I <p (T i W ) f (t , T) I I ::.. MQe -Q (t -T ) 

< MQ < 00, 

and 
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I I I k 2 (t, T; w) I I I = I t <p (t i W 1 f (t IT) I I ~MQ < 00. 

Also, f(t,O} = 0 for all t ~ 0, since f(t,U(tiW}) = 

U(tiW} and f(t,V(tiW}} = V(tiW} by comparison of (2.0.1) 

with each equation of (2.3.5}. G(tiW} and q(t;w) are 

continuous and bounded P-a.e. on R+ since <P(tiW) and 

a.(tiW) are assumed to have these properties. 

If in-Corollary 2.2.5 we take the function get) = 1 

for all t ~·O, then 

{ftt+l } sup g(T)dT = 
t>O 

1 < 00. 

Also, 

If(t,u) - f(t,v) I = lu-vl 

so that A = 1. We may take Z2 = MQ > 0 and ex = Q > 0, and 

then all conditions of the corollary are satisfied. Thus, 

there exists a unique random solution of each equation of 

{2.3.5}, provided that I Iq(t;w} I Ic and I IG(t;w) I Ic are 

small enough, and hence, there exists a unique random 

solution of the hereditary problem. given by 

S(tiW) = U(tiW) + v(t;w), t ~ 0, 

provided that the above norms of q and G are both small 

enough. 

2.3.3 A Stochastic Model for the Growth of 

a Biological p02ulation 

Consider the effect of age-structure on the growth of 

a biological population consisting of a single species in 
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the absence of external effects, dependence on the density 

of the population, and of allowance for stochastic varia-

tion, [6]1 [56]. The size of the population at time t ~ a 

is given by 

00 

net} = fOl(u)b(t-u)du, 

where bet) is the rate of new births in the population at 

time t ~ O~ and let) is the probability that an individual 

born at time zero is still alive at time t > 0, given by 

lCt) = exp(-f~~(S)dS ), (2.3.6) 

where TICs) is the death rate of an individual aged s, 

o < s < t. If mCt) is the average number of offspring 

produced by individuals of age t over the entire population 

per unit interval of time, and baCt) is the rate of new 

births due to conditions in the population before time 

zero, that is, before observation of the population is 

begun, then the rate of new births, b{t), satisfies the 

nonstochastic integral equation of the Volterra type 

(2.3.7) 

This equation has been solved for large t assuming that 

the effect of boCt) tends to zero as t + 00, [6]. However, 

for small t the effect of baCt) cannot be ignored, and, 

in fact, must be considered as a random effect on the 

solution b(t). 
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The above is interpreted for the female or repro­

ducing portion of the population, the possibility of un­

equal sex-ratio being ignored. 

Due to the random or stochastic nature of population 

changes, the random variation of the state of the popula­

tion must be considered, and a full stochastic formulation 

is more desirable than the deterministic interpretation 

above. We ~hall point out ways in which the stochastic 

changes influence the equation (2.3.7) and reduce it to a 

stochastic integral equation of the form (2.0.1). 

The rate of new births due to conditions before time 

zero is a random variable since the condition of the popu­

lation at time zero is random. For example, the number of 

individuals who exist before time zero and are capable of 

giving birth to new individuals is a random variable and 

affects the birth rate at times t > O. Thus, we have a 

random initial condition, bO(tiW), and the equation (2.3.7) 

becomes a random integral equation. If we take bO(tiW) to 

be a random function that for each t > 0 has an exponential 

distribution with mean [A(t)]-l, where A(t} ~ 00 mono­

tonically as t + 00 and A(O) = AO' then the effect of 

bott;w) on the random solution b(t;w) becomes negligible 

as t + 00. 

Another way in which the equation (2.3.7) becomes a 

random equation is through the function m(t). If the 

values of met) are observed in a unit interval of time, 
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say II' and then observed in a later unit interval of 

time, 1 2 , then 'the two values of the function met) would 

most likely be different because of the randomness of the 

number of offspring of an individual aged t. Hence, we 

must consider the function met) to be a random function, 

mCt;w}, w € 0., and the equation (2.3.7) to be a random 

integral equation. 

Theref9re, it is more realistic to consider the 

stochastic integral equation 

b(t;w) = bO(tiW) + !~ k(t-T;w)b(T;w)dTI t > 0, (2.3.8) 

where 

k ( t - T ; w) = {m ( t - T i w) 1 (t - T), ° ~ T ~ t < 00 

° , otherwise, 

and to study the existence and uniqueness of a random 

solution, which gives more information on the random 

behavior of the popUlation growth process at each t > 0 

than does the deterministic formulation. 

We assume that TI(s) = TI, s ~ 0, a constant death 

rate, [6, p. 28J. Since the number of offspring produced 

by an individual aged t per unit time is finite and let) 

is the probability given by expression (2.3.6), we have 

that, for 0 ~ T ~ t < 00 and some Z > 0, 
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We shall now state and prove the following theorem 

which gives conditions that guarantee the existence of a 

unique random solution of equation (2.3.8). 

Theorem 2.3.1 Consider the stochastic integral equa-

tion (2.3.8) subject to the following conditions: 

(i ) I I I m ( t - T i w) 1 (t - T) I I I < Z exp [ -1T (t - T) ] , 

for 0 < T < t < 00, where 1T and Z are positive 

cons,tan ts i 

(iiJ b
O 

(t; w) e: C. 

Then there exists a unique random solution of the equation 

(2.3.8) such that 

Ilb{t;wlll c < p, 

for some p > 0, provided that 

Proof: The function f(t,x) in equation (2.0.1) is 

the identity function in this case, and we have for 

bl(tiw) and b
2

(t i w) in the set S of Theorem 2.2.2 with 

D = C, 

and 

If(t,O) I = o. 

Thus, if we show that the pair (C,C) is admissible with 

respect to the integral operator 

t (Tx) (tiW) = fO k(t-Tiw)X{T;w)dT, t > 0, (2.3.9) 
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then by the results of Theorem 2.2.2, the conclusion 

holds. Taking the norm of both sides of equation (2.3.9), 

we obtain 

II (Txl (t; wl IIL2 (Q,A,P) 

< f~ Illk (t-T; w) III- Ilx(T;w) IIL2 (Q,A,p)dT 

< II.x (tj w) Ilcf~ Illm(t-T; wl1 (t-T) IlldT 

< 11~(t;w) Ilc Z f~ exp[-rr(t-L) ]dL 

= I Ix (t; w) I I c ; (1 - e - rrt), t ~ 0, 

by definition of the norm in the space C and condition (i) 

of the theorem. Hence, (Tx} (tiW) is in C, and the pair 

(C,C) is admissible with respect to T. 

Since 

I I (Tx) (t; w) I I c = sup II (Tx) (t;w) IlL (n A P) 
t>O 2 ~u, , 

< I /X(ti W) I Ic Z sup (1 ~ e-rrt ) 
1T t>O 

= ; Ilx(ti W ) Ilc' 

we have that the norm of T is K = Z Therefore, by 
1T 

Theorem 2.2.2, there exists a unique random solution 

b(tiW) £ S, since Z < rr by hypothesis, completing the 

proof. 

The assumption that Z < 1T means that the upper bound 

on the average number of offspring of an individual is 
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less than the population death rate, which may be inter-

preted as meaning that the population will eventually die 

out as t -+ 00. 

If boCtjw) has the exponential distribution for each 

t > 0 as mentioned above, then 

Hence, 

IlbO(t;w)ll c = sup{E [I b
O 

(tiW) 12] }1/2 
t>O 

./i 12 = sup X(t"f = X- ' 
t>O 0 

since A{t) -+ 00 as t -+ 00 and A{O} = AO < ACt). In this 

case, there exists a unique random solution of equation 

(2.3.8) provided that 

/2 < P (1 _ ~) 
AO 7T • 



CHAPTER III 

APPROXIMATE SOLUTION OF THE RANDOM 

VOLTERRA INTEGRAL EQUATION 

3.0 INTRODUCTION 

In this chapter we shall present some methods of ap-

proximating the unique random solution x(t;w) of the 

stochastic integral equation of the Volterra type of the 

form 

t X(tiW) = h(tiW} + fa k(t,T;w)f(T,x(T;w)}dT, (3.0.1) 

where X{tiW), hCtiW), k(t,TiW}, and f(t,x) behave as des-

cribed in Chapters I and II. We shall consider the problem 

of obtaining an approximation to a realization of the 

unique random solution X(tiW) by the method of successive 

approximations at each t £ R+ and also by applying some 

of the theory of stochastic approximation. Examples will 

also be given. 

In the method of successive approximations, which is 

similar to the Picard method in the theory of deterministic 

integral equations, we shall investigate the convergence 

of the generated sequence of random variables to the 

unique random solution X(tiW) at each t £ R+. Also, the 

rate of convergence, the mean square error of approximation, 

58 



59 

and the combined error of approximation with the error of 

numerically evaluating the integral are considered. 

A general theorem of Burkholder [25] in the theory 

of stochastic approximation is also applied to the equa-

tion (3.0.11 that gives conditions under which a sequence 

of approximations converges with probability one to a 

value of the unique random solution X(tiW) at each t £ R+. 

3.1 THE METHOD OF SUCCESSIVE APPROXIMATIONS 

Let Cc be the space as described in Chapter I and 

let B, D C Cc be Banach spaces, and 

S = {X(tiW): x(tjw) £ D, Ilx(t;w)II D < p}, 

where p .:. 0 and 

Ilx(t;w>II D 

as in Theorem 2.2.2 of Chapter II, with x(t;w) I h(tiW), 

f(t,X(tiW» I and k(t,TiW) for 0 < T < t < 00 behaving as 

described previously. As in the existence proof of a 

unique random solution of equation (3.0.1) (Theorem 2.2.2), 

let U be the contraction mapping from S into S defined by 

t (Ux) (t i w) = h (t i w) + f a k (t , T ; w) f (T I X (T i w) ) d T , 

which has the unique fixed point X(tiW). 

We assume here that the distribution of the random 

variable h(tiW) is known at each t £ R+, or that a value 

of h(t;w) can be observed at each t £ R+. Define the 
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sequence of successive approximations {x (tiW)} by 
n 

(3.1.1) 

xn+l Cti 001 = (uxn ) (t; 001, n > o. 

The sequence defined recursively above is contained in the 

set S which is a result of the following lemma. 

Lemma 3.1.1 h(tiW) E S and hence x (tiW) E S, 
n 

n = O,1,2,~ •.• Also x (tiW} ~ X(tiW) £ S. n 

Proof: From the condition of Theorem 2.2.2, 

[I h (t; w) II D 2. p (1- AK) - K! 1 f (t, 0) II B ~ P (1- AK) < p 

since AK < 1. Hence, h(tiW) £ S. 

For r > 0 an arbitrary integer, consider 

t 
= Ilh(t;w) + JOk(t,TiW)f(T,xn+r _l (T;w»dT 

t - h(t:w} - JOk(t,TiW)f(T,xn_l (TiW»dTII D 
t . 

= II 10k (t,T ;(0) [f (T ,xn+r - 1 (T ;(0» -f (T,xn_l (1";00» ]dT II D 

~ Kllf(t,xn+r _l (t:w» - f(t,xn _l (t;w» liB 

~ AKI Ixn+r_1(tiW) - Xn_l(tiW) I!D 

by condition (ii) of Theorem 2.2.2 and the operator T. 

Repeating the same argument gives 

2 
II xn+r {t:wl - xn (t;w) II D ~ (AK) II xn+r - 2 (t;w) -xn- 2 (t;w) II D 
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n .::. G\Kl 2 p • 

But as n ~~, (AKIn ~ 0 since AK < 1, and hence 

Since r > 0 is arbitrary, {xn(t;w}} is a Cauchy sequence 

in seD, a Banach space. Thus, since D is complete, 

{xn(t:wll converges to a point in o. But the unique solu­

tion x(t;w) is in S CD, and since 

Ilxn (t;wl - x(t;w} 110 = II (uxn _l ) (t;w) - (Ux) (tiW) 110 

< AKllxn_1(tiW) - x(t;w) I 10 ~ 

••• ~ (AK)nllxo(t;w) - x(t;w)ll o -+ 0 

as n ~ 00, then Xn{tiW} = (Uxn_l ) (t:w) ~ X(tiw) = 
(Ux) (t 7 w 1 £ S. 

3.1.1 Convergence of Successive Approximations in Mean 

Square and with Probability. One 

We shall now investigate the mode of convergence of 

the successive approximations defined by equation (3.1.1) 

above. We shall use the definition of almost sure con-

vergence (or convergence with probability one) and the 

Markov inequality as given by Lo~ve [51J. 

Definition 3.1.1 Let x (wl be a sequence of random 
n 

variables defined on the probability measure space, 

(n,A,Pl and let x(Wl be a random variable defined on 

en ,A,P) . x (wl converges almost surely (a.s.) to x(w) , 
n 



62 

x Cool a~s. XlW), if x Coo) ~ x(w), except perhaps on a set n . n 

of probability zero. Equivalently, xn(w} a~s. x(w) if for 

every £ > a,. 

P { U [w: I xk (w) - x (oo) I ~ e::]} ~ a as n ~ 00. 

k>n 

Markov Inequality: For a ~ 0, r > 0, we have 

P{w: Ix(w) I ::. a} < Elx~w) I r 
a 

if Elx(oo] Ir exists. 

Theorem 3.1.2 (Lo~ve [51], p. 173) If 

00 

E Elxn(oo) - x(oo) ,r < 00 for some r > 0, then 
n=1 

( ) a.s. () xn 00 ~ x 00 • 

Proof: By the Markov Inequality, for every e:: > 0, 

r 
E I xn (00) - x (00) I 

P{w:\xn(oo) - x(oo) \ ~ e::} ~ r 
e:: 

for every n > 1, r > O. Hence, 

00 00 Elx {oo} - x(oo)l r 

E P { 00 : I x (00 ) - x Coo) I > e::} < E n < 00, 
n=1 n - - n=l e:: r 

for some r > 0, by hypothesis. By the properties of 

probability measure, 

P{ U [w:lxkCwl-xCw) \>e::]} .2.. L: p{W:IXkLoo)-x(oo) I > e::}, 
k>n k>n 

(3.1.2) 

and since 
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L: P { 00 : I x (00 1 - x (00) I > £} < 00 

n=l n -

for every £ > 0, the sum on the right in (3.1.2) must tend 

to zero as n ~ ro, that is, 

Hence, 

L: p{oo:lxk(oo) - x(oo} I > £} ~ 0 as n ~ 00 

k>n 

p{ U '[00: I x
k 

(00) - x (00) I ~ £]} ~ 0 as n ~ co, 

k>n . 

and x Coo} a.~. x(oo}, by definition. 
n 

We shall now show that the sequence of successive 

approximations C3.1.1) converges a.s. to the unique ran-

dom solution of (3.0.1). 

Th 3 1 3 (t) a.s. (t·) f h t R eorem •• xn ; 00 ~ x ; 00 or eac £ + 

under the conditions of Theorem 2.2.2. 

Proof: By definition, for t £ R+ fixed, 

00 2 1/2 
L {J n I x ( t ; 00 ) - x (t ; 00) I dP (oo,.} 

n= O H n . 

00 

< L 
n=O 

co 

2 1/2 
sup{J Ix (tiool - x(t;oo) I dP(oo)} 
t>O n n 

= L I I xn (t; 00 ) - x (t ; oo) I I D· 
n=O 

However, from the conditions of Theorem 2.2.2, we obtain 

II xn (tiool - x (tioo) II D = II (Uxn _1 ) Ct;oo) - (Ux) (ti oo ) liD 

= IlhCti oo ) + J~k(t,T;OOlf(T,xn_lCT;oo»dT 
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t ' 
= I I [ Ok ( t (f i w 1 [f (T , X n -1 (T ; w)} - f (T , X (T ; w) } ] d T I I D 

~, K I I f (t, xn -1 (t; w )} - f (t , x (t ; w 1 ) I I B 

~ UK}I·' xn- 1 (tiW) - x (t;wlll Dot 

Repeating the argument n-1 times, we obtain 

n 
= (AK) Ilh(t;w) n 

x(t;w) liD ~ (AK) 2P, 

since h(t;wl, x(t;w) E: S by Lenuna 3.1.1. Thus, 

00 00 

l: {[nix (t;W}-X(tiW) ,2dP (w)}1/2 < E Ilx (tiW)-X(t;W) lID 
a6 n - . n n=O n=O 

< 
00 

E (AK) n 2p = 
n=O 

2p 
1-AK 

< 00 

since AK < 1. Then the nth term of the series converges 

to zero as n + 00, and there exists an N > a such that for 

k > N, we have 

{ [ n I x
k 

(t; w) - x (t ; w) I 2 dP (w) } 1/2 < 1, 

so that for k > N, 

{[ n I x
k 

(t; w) - x (t i w) , 2 dP (w) } 

< {fglxk(t;w) - X(t;hl} \2dP(w}}1/2. 

Therefore, 

N' 
b {[glxn(t;w1 - x(t;w} ,2dP (w)}1/2 

n=O 
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co 

+ L:. {!n1xn(tiwl - X(tiW) 1
2
dP(W)} 

n=N+l 

00 

.:: L: {! ("\ I xn (t i W) - x (t i wI ,2 dP (w 1 } 112 < ~ < 00. 

n=O ~ti - l-AK 

Hence, 

N 
i: {Elx (tiW) - X(tiW) 12}1/2 + 

n=O n 

00 
2 

~ Elxn(t;w) - x(t;w) I 

~ 
~ l-AK · 

n=N+l 

Since xn{t;W), X(tiW) £ L2 (n,A,p), so is xn(t;w) - x(t;w), 

since the difference of elements in a Banach space is in 

the Banach space, and hence for each n = O, ... ,N, we have 

< M < 00 
- n 

for some constant M > O. So 
n 

00 2 N . 2 
~ E I xn (t; w) - x (t i w) I = ~ E I xn (t i w) - x (t; w) I 

n=O n=O 

N 
" {I (t ) - x(t·,w) 12}1/2 - ~ E xn iW 

n=O 

N 2 1/2 00 2 
+ [ L 'fEI x (t;w}-x(t;w) I} + ~ EI x (t;W}-X(tiW) I ] 

n n n=O n=N+l 

N 
< E M2 -
- n=O n 

N 2p 
E Mn + [l-XK ] 

n=O 

N 2P 
= E M (M -1) + I-X K < 00, for t £ R+. 

n=O n n 
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Therefore, by Theorem 3.1.2, for each t 8 R+, 

x (t;w) a • .;... x(t(wl. 
n 

Thus, the sequence of successive approximations con-

verges to the unique random solution x(t;wl with proba­

bility one for each t € R+. Therefore, the sequence 

{xn(t;w)} converges to x(t;w) in probability and in dis­

tribution 'for each t € R+. As a by-product of the above 

theorem, we' also obtain that xn(t;w) converges to x(t;w) 

in mean square (quadratic mean) for each t € R+, 

Elxn{t;w) - x{t;w) 12 ~ 0 

as n ~ 00., since 
00 2 
EEl xn (t; w) - x (t ; w) I < 00. 

n=O 

3.1.2 Rate of Convergence and 

Mean Square Error of Approximation 

We now consider the rate of convergence of the 

sequence of successive approximations given by (3.1.1) 

and obtain the maximum error of approximating the true 

solution x(t;wl by the nth successive approximation 

xn(t;w) at each t £ R+_ 

For the investigation of the rate of convergence, 

let t £ R+. We now obtain a bound on the norm in 

L2 (n,A,p) of the difference between the nth and (n+l)th 

successive approximations, giving an idea of the speed 

of convergence of (3.1.1) for each t 8 R+. We have 
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llxn+l (tiW) - Xn (t;W) IIL2 (rl,A,P) 

= {fnlxn+l (tiwl - Xn(tiW) ,2dP (w}}1/2 

< sup {fAlx +l(tiwl - X (t;W) ,2dP (W}}1/2 
t>O aG n n 

t 
= I I fOk (t , T i W 1 [f (T , xn (T ; w» - f {T , xn -1 (T ; w) ) ] d T I I D 

~ K I I f (t, xn (t; w)} - f {t, xn -1 (t; w) ) I I B 

~ AKI IXn(tiW) - Xn_l(tiW) I ID 

as in the previous section. Repeating the above n-l times, 

we obtain 

II xn+1 (t;w) -xn (tiW) II L2 (n,A,p)~11 xn+l (tiW) -xn (tiW) II D 

~ .... 2. (AK) nil Xl (tiW) - Xo (tiW) II D-

Bu t xl (t i W ) = (Ux 0) (t; w) = (Uh) (t i W ) since x 0 (t i W ) = 

h(tiW), and we have 

(AK) nil Xl (tiW) - Xo (tiW} II D 

= (AK)nllh(tiW)+f~k(t,T;W}f(T/h(T;W»dT-h(tiW) liD 

= fA K In I I f ~k (t IT i W ) f (T I h (T i w) ) d T I I D 

< (A K) nK I I f (t , h ( t i w) ) I I B 
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< C\ K) nK [ I I f (t , h C. t i w) } - f (t I Q) I I B + II f (t , 0) I I B] 

< LA K) n K [A I I h (t ; w 1 I I D + I I f (t I 0) I I B] 

= (AK)n[AKllh(tfw11ID + KllfCt,OlIIB] 

< (AK)nrllh(t;wlIID + Kllf(t,O) liB] ~ (AK)np(l-AK) 

since AK < 1 and using the condition from Theorem 2.2.2 

that 

I I h'( t i w) I I D + K I I f (t, 0) I I B ~ P (l- A K) 

and the Lipschitz condition on f(t,x). Therefore, for 

each n > 0 and t E R+, we have that 

Ilxn+l (t;w) - xn (t;w) IIL2 (n,A,p) < (AK)np (l-AK), (3.1.3) 

where AK < 1 and p ~ o. 
Now, to find a bound on the mean square error of ap­

proximating the random solution X{tiW) at t E R+ by the 

nth successive approximation given by (3.1.1), we use a 

generalization of the technique used by RaIl [65] in the 

non-stochastic case. As above, 

An upper bound on the quantity on the right hand side is 

found as follows: Since x (t:w) ~ X(tiW) from Lemma 3.1.1, 
n 

let p > 0 and note that, as p + 00, for every n ~ 0, 
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NOw, 

II Xn (t;w) - Xo (tiwlll D = II [xn (tiW} - Xn - l (t;w)] 

+ [xn - l CtiW) -Xn - 2 (tiW)] + •.• + [xl (tiW) -xo (t;w) ] liD 

n-l 
~ l: II Xk + l (tiW) - x k (t;W) II D 

k=O 

n-l k 
~ l: ·(XK) ! I xl (tiW) - Xo (tiw) II D 

k=O 

n-l 
< r CXK)k[XKllh(t;w) II D + KII f(t,O) II B] 

k=O 

from the results above. Similarly, 

Ilxn+pCt;wl - xn(tiwll ID = I I [xn+p(t;w} - xn+p_1(t;w)] 

+ ••• + [xn + l (t;w) - xn (ti W) ] liD 

n+p-l 
~ l: (XK)k[AKllh(t;w) liD + KII f(t,O) liB}. 

k=n 

Then as p + 00, we obtain 
00 . 

I I x Ct i w) - Xn (t i w), I I D ~ l: (A K) k [X K I I h (t ; w) I I D + K I I f (t , D) I I B] 
k=n 

00 

= (AK)n[XKll h(t;w) liD + KII f (t,D) II BJ.r. (AK) i 
1=0 

n 1 n 
< (XK) p (l-XKJ (l-AKl = (AK)p 
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since AK < 1. Therefore, the error of approximation of 

n X(tiW} by xn(tiwl for each t > 0 is less than (AK) p, 

IIxCt1wl - xn Ct;wl ll L2 
en,A,Pl < CAK)n p • (3.1.4) 

Of course, both (3.1.31 and (3.1.4) hold only if the con-

ditions of Theorem 2.2.2 are satisfied. 

We may also remark that the above results support the 

fact that xn(t;w) converges to X(tiW) in mean square as 

was shown lnsection 3.1.1, and we have a bound on 

E{lx(t;w} - Xn(tiW} 12} for each t £ R+ and n ~ 0 from 

C3.l.4} which is given by 

E{lx(tiW) - Xn (tiw>1 2} < [(AK)np]2. 

This follows irranediately from the definition 

II x (t 1wl-xn (t1 w) II L2 (Q ,A,P) =U Q I x (t1W) -xn (t1W) 12dP (w) } 1/2 

2 1/2 = {E [/ x (t i w) -xn (t; w) I ]} • 

3.1.3 Combined Error of Approximation and Numerical 

Inte<;Jration 

In the present section we shall consider the error 

of approximation of the random solution x(t;w) of (3.0.1) 

when the integral is evaluated numerically. We state a 

definition given by RaIl, [65]. 

Definition 3.1.2 The operator U on a Banach space 

X into itself such that for some x £ X, U(x) = x, is said 

to be an arithmetic fixed point problem if the function 

U(x} can be calculated to any desired accuracy by a finite 

number of arithmetic operations. 
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As before we write equation (3.0.1) as a fixed 

point problem 

xCtiWJ = CUx) (tiW) 
t = h(tiwl, + fOk(t,T;w}f(T,x(T;w})dT, 

(3.1.5) 

for t > o. 

We shall consider the discrete approximation of 

C3.1.51. ~hat is, we obtain a solution at each of the 

discrete po;ints 0 = to < t1 < . . . < t < . .. < 00, where 
n 

t. - t. 1 = r, i = 1,2, ..• , and t = to + nr = nr. For 
~ ~- n 

fixed t = t in R+ the n interval from zero to t is divided 

into n subintervals, 0 = to < tl < ••• < tn = t. Note 

that as r -+ 0, then for fixed t such that t = t = nr, we 
n 

must have n -+ 00. This discrete version is equivalent to 

writing the integral in (3.1.5) as a finite sum which 

approaches the true value of the integral as r -+ 0 for 

fixed t = t. Thus we transform (3.1.5) into an arithme­
n 

tic fixed point problem. 

For i = 0,1,2, ..• , we use the following notation 

throughout this section: For w £ Q, 

Xi (w) - x(t.;w), 
~ 

h. Cw) - h (t. iW) , 
~ ~ 

f. ex. (w) } - f (ti , x(t.jw», 
~ ~ ~ 

k . (w) - k ( t , t. i w) , 
n,~ n ~ 

where tn = t = nr and the functions above satisfy the con­

ditions of Theorem 2.2.2 for each ti E R+. 
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Now, for any t = t = nr, we can write the integral 
n 

in C3.l.51 for w £ Q as 

tn 
fa k(tn,TiWlf(T,xCTiwl)dT 

= n en) 
i: W . k . (w) f. ex. (w}) - 0 (w) I 

i=O n,~ n,~ ~ ~ 

where W . are appropriate weights (such as the composite 
n,~ 

trapezoidal rule), and the error of approximation <s(n) (w) 

can be made' as small as desired by choosing r = ti - t i - l , 

o < t. < t = t, appropriately. Then we may write the l. - n 

discrete version of (3.1.5) as (exactly) 

n 
= h (w) + i: W .k . {w)f. (x. (w» - o(n) (w) 

n i=O n,l. n,l. l. l. 

= (Uxn } (w) • 

Note that if the error o(n) (w) is zero, we have a dis-

crete version of the random Volterra integral equation 

(3.1.5) defined on the set of points 0 < tl < t2 < ••• < 

tn < ••• < 00. However, if we ignore the error of ap­

proximating the integral by the sum, we obtain an ap­

proximate value of x (w), denoted by x (w), say, for 
n n 

each t = t , W £ Q, where 
n 

Then we have 
n _ 

x (w ) = h (w ) + L. W . k . (w) f . (x. (w) ) • 
n n i=O n,l. n,l. l. l. 

(3.1.6) 
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Then 

tFx 1 (w) 
n 
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n 
= h (w) + E W . k . (OJ) f. (x. (w) ) • 

n i=O n,~ n,~ ~ ~ 

CFX
n

) (w) = (Ux
n

) (w) + 0 en} {w} • 

Define the sequence of successive approximations to xn(w) 

for each t = tn by 

x(O) (W) = heW) = x(O) (w) 
n n n 

X (m+l) (W) = (Ux em) ) Cw) + 0 (n) (w) = (FXn(m» (w), m > O. 
n n 

Suppose the set S is given by 

S = {x(t;W): xCt;w) e: D, Ilx(t;w) liD'::' p} 

as in Theorem 2.2.2. The operator U is a contraction 

operator on S, and there exists a unique fixed point x (w) n 

= (Ux ) (wl in S at t = t > O~ that is, a unique random 
n n -

solution of (3.1.5) exists at each t = t • 
n 

We assume that the error o(n) (w) e: L 2 (n,A,p) for 

each t. We define the norm 
n 

I I 8 (n) (w) I I = {f n I 8 (n) (w) I 2 dP (w) } 1/2 

_ I I 8 en J (w) I I D 

for n (the number of subintervals) fixed. Also, from 

Theorem 2.2.2, we have that 

for x (w), y (wl E S and A > 0 a constant. 
n n -
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I f we have I I h n (w ) I I D ~ PI' 

I I Q Cn} (w) I I 
P ?::. PI + 1 - :\K 

then the sequence x~m) (w) = Xm(tniW) defined in section 

3.1.2 is in the set 

This can be seen as follows: 

= xeD} (wJ = h(t ;w) = h (w) £ 8
1 n n n 

by assumption. Then the successive approximations defined 

by x~m} (w 1 = (Ux~m-l)) (w) above are in 8
1

, since 

I I x~l} (w 1 I I D = I I (ux~ D) ) (w) I I D 

tn 
= Ilhn(W) + fa k(tn,T;W)f(T,h(T;w»dTII D 

< I I h n (w) I I D + KA I I h n (w) I I D + K I I f n (0) I I B 

I I x em} (w 1 I I D < I I h (w 1 I I D + A K I I x (m-l) (w) I I D + K I I f ( 0 ) I I B 
n - n n n 

~ PI (l-AKI + P1AK = PI-

Hence, all x(m} (w) £ S C S and converge to the unique 
n 1 

random solution xn(w) £ 8 1 as m + 00 as shown in the 

previous section. 
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We now show that the sequence x tm) (W) of approxima-. n 

tions to x (w) is in S for all m > a under the above 
n 

conditions on h (wI and f. We have n 

x~O 1 (wI = h
n 

(w 1 £ SIc S. 

- (II '" (m) . h Assume that x (w} , ..• , x {w} are in S. Then we W1S 
n· n 

to show that x (m+l) (w) £ S, and hence that all i(m)~) 
. n n 

are in S. We have 

II x (m+l) (w) -x (m+l) (w) II = II (ux (m» (w) +6 (n) (w) 
n nOn 

- (Ux (m+l) ) (w) II 
n 0 

< AKII x (m) (w) - x (m) (w) II + II 0 (n) (w) II 
- n nO. 

since U is a contraction operator on S. Continuing in 

this manner, we obtain 

I I X (m+l) (W)_x(m+l) (w)11 < (AK)21Ix(m-l) (W)_x(m-l) (w)11 
n n 0- n n 0 

+ (AK)llo (n) (w}I' + 110 (n) (w)11 

< < (A K) m+ 11 I x (a) (w) - x (0) (w) I I O· 
n n 

+ 110 (n) (w) II (1+AK+ ••• + (AK)m) 

= (AK) m+1 11 h (w) -h (w) 110 + 110 Cn) (w) II (1+AK+ ••• + (AK) m) 
n n 

(3.1.7) 

Hence, for an arbitrary m ~ 0, 

II x~m+1} (w 111 0:.11 x~m+l) (w) _x~m+l) (w) II 0+ 11 x~m+1} (w) 110 
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m+l 
< I I Q. en) (w 1 I 1 1-r-. X~ + P I 

I 10 Cn)' Cw 111 
< l-AK + PI;" P, 

since AK < 1. Hence, for all m, x~m) (w) € s. 

We shall now state and prove the following theorem. 

Theorem 3.1.4 If I Ihn(w)1 In ~ PI' 

and 

II 0 (n) (w) II 
P ~ PI + l-XK ' 

then th~ sequence of successive approximations defined by 

x(O){W) = h (w) = x(O)(W) 
n n n 

x {m+ I} (w) = (Ux (m) ) (w) + <5 (n) (w), m > 0 
n n 

= (Px (m) ) (w) 
n 

converges in the Banach space n to within an error of 

110 en} (w) II to the true solution x (w) at t = t = 
l-XK n n 

nr. 

That is, 

II x (m+1) (w)-x (w)11 < (AKl m+1p+11 <5 (n) (w III [1- (hK) m+1] 
n . n n l-XK 

-+ I I <5 en 1 (w} I I 
l-XK 
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as m+ 00. Also, since we can choose r as small as 

desired to make II Ci en} Cw 111 small, this error can be 

made to go to zero as r + 0, n + 00 such that t = nr re-

mains fixed. 

Proof: From (3.1.7) above, we see that 

m+l 
I I x (m+ 1 ) (w) - x (m+ 1) (w) I I D < I I 8 (n) (w) I I 1- (A K) • 

n . n - l-XK 

From section 3.1.2 and the above argument that x(m} (w) E n 

Sl c S, we also see that 

! t x (m+ 1 ) (w) - x (w) I I D < (A K) m+ Ip • 
n n 

Hence, 

I I x (m+ 1) (w 1 - x (w) I I D < I I x (m+ 1) (w) - x (m+ 1 ) (w) II 
n n - n n D 

+ I I x~m+ 1 ) (w) - xn (w ) I I D 

< I I 0 (n) (w) I I 1- (A K) m+ 
1 

+ (A K) m+ 1 p • 
l-XK 

Thus, as m+ oo , we have that II x~m+l) (w l - xn (w) II D becomes 

smaller than 11 Q (n) (w) II • 
l-AK 

Since we may choose r = t. - t. 1 to calculate the 
J. J.-

integral as accurately as desired, for every El > 0, we 

may choose r so small (n large) that 

118 (n) (w) II < E I (l-AK) • 

Also for every E2 > 0, we may choose m so large that 

m+l (AK) p < E2 - Thus, for every El > 0, E2 > 0, we may 
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choose r so small Cn large) and m so large that 

As an example, suppose that we use a quadrature such 

as the composite trapezoidal rule (Kopal, [48], pp. 397-

4l0). The error of approximating the integral at each 

W £ n is then of the order 0(r3 } + 0 as r + O. Hence, 

using r as' small as possible gives a good approximation 

for sufficiently large m. In fact, if the interval [O,t] 

is divided into n subintervals such that r = t, then the 
n 

error of integration by the composite trapezoidal rule of 

a function g(tiW) is of the form 

where ~ is some point in [O,t] and the double prime indi-

cates second derivative with respect to t. Hence, here 

we must assume that k(t,Tjw)f(T,x(Tjw» has a second 

derivative with respect to T, and as r'+ a (n + 00), 

l I 6 (n) (w) I I + o. 

3.1.4 An Example 

As an example of the method of successive approxima-

tions, we shall obtain a realization of the unique random 

solution of the stochastic integral equation occurring in 

the population growth problem in section 2.3.3. 

Let 

t (Ub I (t; w) = b 0 (t i w) + J 0 k ( t - T i w) b ( T i wId T, t > 0, ( 3 • 1 • 8 ) 
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where 

k (t- T; wI = {mCt- Ti wI 1 (t-T), 0 < T < t < 00 

0, otherwise. 

Define the sequence of successive approximations as in 

equations (3.l.l) for each t ~ a by 

(3.1.9) 

b n + 1 (t; w 1 = (Ub n) (t; w) , 

since bO(tiW) = h(tiW) is the stochastic free term. By 

Theorem 3.1.3 and the conditions in Theorem 2.3.1 the 

sequence bn(tiwl, n = 1,2, .•• , converges to the unique 

random solution b(tiwl in mean square and with probability 

one at each t > o. 

Thus, for each t, we find a value of the initial 

condition, bO(tiW}, generate the sequence bn(t;w), w £ Q 

fixed, and obtain an approximation to a realization of 

b(tiW} within a specified degree of accuracy_ 

A hypothetical human population is used an an example. 

We suppose that the death rate is ~ = 0.15. To obtain a 

value of the stochastic kernel k(t;w) a value of the 

average number of offspring per unit time of females aged 

t, m(tiwl, is needed. Data was used from Lorimer and 

Osborn, [52], for the average number of births per female 

for one year (192l-22} in Sweden. An exponential function 

was fitted to this data, giving a value of m(t;w) , 
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14.4953 
metl = {t expt-O.5098t - 36.0585), t ~ 15 

o , otherwise. 

For the distribution of the rate of new births due to 

conditions before time zero, bO(t,w), the negative exponen­

tial distribution was used for each value of t > 0 with 

parameter A(t) = 1 + t, as described in section 2.3.3. 

Hence, as 'a starting value for the sequence of successive 

approximations given by equations (3.1.9), a value of 

bl(tiW} was chosen from the probability density function 

g(xitl = {(l+t)eXP[-Cl+t)X], x .:. 0, t .:. 0, 

o , otherwise, 

using the random number generator supplied by the Scienti-

fic Subroutine Package for the IBM System 360 computer. 

To calculate the value of the integral in equation 

(3.l.8) for each bn(t;W), n = 1,2, •.. , and each t E R+, 

the composite trapezoidal rule for numerical integration 

was used. The above formulas were programmed for the 

IBM System 360/50-65 computer at Virginia Polytechnic 

Institute and State University, and iteration of the 

equations (3.1.9) was continued until the absolute dif-

ference of the values of b Ctjw) and b l(t jW ) at each t n n-
was less than the specified accuracy 0.00001. For most 

values of t, only two iterations were necessary. The 

results of the calculations are given in Figure 2. 
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FIGURE 2: A REALIZATION OF THE RATE OF NEW BIRTHS PER YEAR 

FOR A HUMAN POPULATION BY SUCCESSIVE APPROXIMATIONS 



82 

3.2.1 A Stochastic Approximation Procedure 

Stochastic approximation was first introduced in 

1951 in a paper by Robbins and Monro, [66], in which 

they considered the problem of approximating the root of 

an unknown regression function M(x) = a., where a. is a 

known constant. Their results were generalized and ex­

tended by Wolfowitz [76], Blum [23], [24], Kallianpur 

[46J, Kiefer and Wolfowitz [47], Burkholder [25], and 

other s [26], [ 33], [ 38], [ 67], [75]. Moro z an [58] ha s 

applied stochastic approximation techniques to the theory 

of Lyapunov functions. 

Robbins and Monro showed that under certain conditions 

on M(x), where 
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M ex) = E [y (x LW 1 11 x (w) = x] , 

the sequence defined by 

= x (w 1 + a Cex - y (x ew}} l, n > 1, n n . n - (3.2.1) 

where xl(wI is an arbitrary real random variable, con­

verges to the root of M(x) = a in mean square and in 

probability. We shall discuss a theorem of Burkholder, 

[25], which gives somewhat weaker conditions than Robbins 

and Monro's but results in the sequenc~ {xn(w)} converging 

with probability one. 

It is assumed that a value of x(w) can be fixed, xl' 

say, and the value Y(x
l

) can be found or observed. Then 

the next value x 2 is found from (3.2.1), and so on. Under 

the conditions given below, the sequence (3.2.1) con­

verges with probability one to a real number e such that 

Mea) = 0 (=al, that is, e is the root of M(x) = o. 

Let M(·) be a function from R(the real numbers) into 

R. For each x E R, let Y(x) be a random variable with 

probability distribution function G(·lx) such that 

E[Y(x)] = M(x). Let {an} be a positive number sequence, 

and let xl(w} be a random variable. If n is a positive 

integer, let 

x +1 Lwl = x Lwl - a y (wl, n n n n 

where ynCw) is a random variable with conditional distribu­

tion function GC-Ixn ), given xl,···,xn ' Yl' ••• 'Yn-l- The 
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random variable sequence {x (w)} so defined is a sto­n 

chastic approximation process which Burkholder [25] refers 

to as type AO. 

We denote by V (xl the function 

v (x) = var [Y (x) ] 

for x E R. 

We shall now state the following theorem. 

Theorem 3.2.1 (Burkholder, [25]) Suppose {x (w)} is n . 

a stochastic approximation process of the type AO and 8 

is a real nurr~er such that 

(il for every E > 0, if Ix-al > E, then (x-8)M(x) > 0: 

CiiJ s~p[l~r~l I] < 00; 

(iii) sup V (x) 
x 

< 00· 
I 

(iv) if 0 < 01 < 02 < 00, then 

in f I M (x 1 I > 0 i ° I'::'! x-a 1'::'02 

(v) E a = 00 and 
n=l n 

00 

L: a 2 

n=l n 
< 00. r and 

(vi} M(x) and Vex) are Borel measurable. 

Then p{w: lim x (w) = a} = 1. 
n-+oo n 

Note that condition (i) gives a unique root of M(x} . 

The conditions in Theorem 3.2.1 seem to be more 

general than those given by Blum [23], although, as 

was stated in [25], the proofs are similar. In the next 
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section, the above theorem will be applied to the sto-

chastic integral equation (3.0.1). 

3.2.2 Solution of. (~'.~.11 b¥ Stochastic Al'proximation 

We have that for each t and T satisfying 0 ~ T ~ t 

< 00-, the variances exist for h(t:wl, k(t,T;W), and X(ti w), 

since for each t e R+, h(t;wl and X(ti W) are in L2 (n,A,p) 

and for each t and T, 0 ~ T < t < 00, k(t,T;W) is in 

Loo(n,A,p). Again we assume that the distribution func­

tion of h(t:w) is known for each t e R+ or that a value 

of h(t;w) can be observed for each t. It is also assumed 

that x(t;w), h(t;w), and k(t,T;W) are mutually independent 

real-valued random variables at each t and T, 0 < T < t 

As in section 3.1, we write 

t tUx} (t i w) = h (t: w) + f 0 k (t, T : w) f (T , X (T ; w) ) d T 

for t e R+. By Theorem 2.2.2 there exists a unique ran­

dom solution X(tiW) of (3.0.1), 

(Ux) (t; w) = x (t; w) • 

Let 

(Yx) (t;w) = (Ux) (tiW) - x(tjw) 

for x a continuous real-valued function from R+ into 

L2 (n,A,p}. For t e R+ (fixed for now}, let 

M[x(t;wll = E[ (Yx) (t;w) Ix(tiwlJ (3.2.2) 

- E [ (Ux) (t; wI - x (t i w) I x (t i w) ] • 

The problem now is to find a realization of the unique 
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random solution X(tiW), that is, to find a value of 

X(ti W) at each t S R+. Denote the realization by S(t), 

t > O. Hence, we wish to find a value S(t), t £ R+, such 

that 

M[9(t)] = 0, 

that is, a root of (3.2.2) at t £ R+_ 

Suppose that at t £ R+, we choose 

Xl(tiW) = h(tiW) 
(3.2.3) 

where y (tiW) is the random variable (Yx ) (tiW). We 
n n 

apply Theorem 3.2.1 to obtain conditions for which 

{x (ti W)} defined by (3.2.3) converges to a(t) with 
n 

probability one. 

Suppose that x(t) is not a value of the unique ran­

dom solution in the set S of Theorem 2.2.2 at t £ R+. 

For a(t) a value of the unique random solution, then 

(i) of Theorem 3.2.1 is satisfied if at t £ R+ for 

x(t) < a(t), we have 

M[x(t)] = E[(Ux) (ti 1W) - X(tiW) Ix(t;w) = x(t)] 

= E[h(ti w) + J~ k(t,TiW)f(T,X(TiW»dT 

- X(ti W) \X(ti W) = x(t)J 

t 
= E[h(t;w)] + JOE[k(t,T;w)]f(T,x(T))dT - x(t) 

< o. 
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That is, 

Likewise, for x(t) > e(t), we must have 

t 
~h(t) + JO~k(t,t)f(t,x(T»dT > x(t), 

since e(t) is a value of the unique random solution. 

Note that by defining M(x) differently, we could possibly 

make this condition hold, if it does not hold for the 

present definition. For example, 

M [x ( t)] = E [x ( t i w) - (Ux) (t; w) I x (t i W) = x (t) ) 

reverses the sign. 

Consider 

I~h(t) + fg~k(t'T)f(T'X{T»dT - x(t) I 
1 + I x (t) I 

Illh (t) I + J 5111k (t, T ) f (T , X ( T) ) I d T + I x ( t) I 
< 1 + I x (t) I 

where the numerator of the equality is obtained as above. 

Since h(ti W) £ L2 (n,A,p), then the mean ~h(t) exists and 

is finite, 

I~h(t) I ~ N1(t) < 00, 

for some Nl(t) > o. Since x(t) is a realization of a 

random function in the set S, then it is bounded, so that 

Ix(t) I ~ N2 (t) < 00, 

N2 (t) > 0 a constant for each fixed t £ R+. Also since 

k{t,TiW) £ Loo (S1,A,P) for each t and T, 0 ~ t ~ t < 00, then 

it is bounded everywhere except on a set with probability 
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zero, and hence there exists an N3 (t,L) >0 such that 

p{w: \k(t,L;W) I .:: N
3

(t,L) < QO} = I, 

and the mean exists for each such t and L. Thus 

I 11k (t, L) I = I J nk (t, L i w) dP (w) I .:s.. N 3 (t, t ) < QO. 

For every x(t;w) E L2 (n,A,p), we are assuming that 

f(t,x(t;w» E L2 (Q,A,P). Hence, if for t E R+, for every 

realization x(t) of elements in S, f(t,x(t» satisfies 

for some N4(t) > 0, t E R+, then 

Thus, 

We now find conditions under which sup V[x(t)] < 00, 
x(t) 

for t E R+. By definition, 

V[x(t)] = Var[ (Yx) (tiW) IX(tiW) = x(t)] 

= E { [ (Yx) (t; w) - M [x(t i w) ] ] 21 x (ti w) = x (t) } 

= E{ [ (Ux) (ti w) - x (t;w) 

- E[ (UX) (tiW)-X(tiW) lx(tiw)=x(t)] ]2 Ix (ti W)=X(t)} 

= E {[ tUx) (ti w) - E[ (Ux) (tiW) I x (tiW) = x(t)] 

- X(tiW) + x(t)]2 Ix (t;W) = x(t)} 

= E { [ (Ux) (t i w) - E [ (Ux) (t i w) I x (t ; w) =x (t) ] ] 2 I x ( t ; w) 

= x(t)} 
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- 2E{ [(Ux) (ti W ) - E[ (Ux) (ti w) IX(ti W) = X(t)]]· 

[X(t;W) - X(t)] IX(tiW) = X(t)} 

+ E{[x(t;w) - x(t)]2\x(t;W} = x(t)} 

= Var [ (Ux) (t i w) I x (t i w) = x (t) ] 

- 2[x(t)-x(t)]-E{(Ux) (tiW)-E[(Ux) (ti W) Ix(tjW) 

= x(t)] Ix(tjW) = x(t)} 

. + [x(t) - x(t)]2 

= Var[ (Ux) (tjw) Ix(t;w) = x(t)], 

since E[g(x)ylx = x] = g(x)E[ylx = x] whenever the ex-

pectation exists and is finite. 

As before, 

E [ (Ux) (t; w) I x (t; w) = x (t) ] 

= E[h(tiW) + f~k(t'TiW)f{T'X{T;W»dTlx(t;W) = x(t)] 

t = ~h(t) + fa ~k(t,T)f(T,X(T»dT. 

Thus, we have 

v [x ( t)] = Var [ (Ux) (t; w) 1 x (t ; w) = x (t) ] 

= E{ [(ux) (ti W ) - E[ (Ux) (t;w) \X(ti W )=X(t)]]2Ix(ti W ) 

= x(t)} 

t = E{[h(t;w) + fak(t,TiW)f(T,x(T;w»dT 

t 21 - ~h(t) - fa ~k(t,T)f(T,X(T»dT] X(tiW)=X(t)} 

= E{[h(tiW) - ~h(t) 

2 . - ~k(t,T)f(T,x(T»]dT] Ix(t;w) = x(t)} 

2 = E{ [h (tiW) - ~h (t)] } + 2E{ [h (t;w) - llh (t)] -
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t fa [k(t,T ;wlf (T ,x(T iWl1-llk (t,T) f (T ,x(T}) ]dT 

Ix(t;W) = x(t)} 
. t + E{f/o[k(t,T;wlf(T,x(T;w1J 

-l1k(t,T)f(T,X(T»]dT]2\xCt;W) = x(t}} 

=Var[h(ti w}] 

t + E{[fo[k(t,TiW)f(T,X(T;W» 

-l1k(t,T)f(T,x(T»]dT]2 Ix {t;w) = x(t)}, 

where the second term is zero because of the assumption 

of independence. Since h(tiW) £ L2 (n,A,p), then 

for some KI(t} > 0, t £ R+ fixed. 

be written as 

< 00 

Also the last term may 

f~[k(t/S;W}f(S,X{SjW»-l1k(t,S)f(s,X(S»]dS 

Ix(t;w) = x(t)} 

[k(t,s;W}f(s,x(s;W)}-llk(t,s)f(s,x(s)}]ds dT 

Ix(t;w} = x(t}} 

[k (t IS f W 1 f (s , x (s ; w} 1 -11k (t ,s) f (5 I X (5) 1 ] 

Ix(t;wl = x(t)}ds dT, 
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which follows by Fubini's theorem, [51], since the func­

tions are measurable and the integrals exist for each 

t ~ R+* However, since 

II k (t, T ) f (T I X Cr) 1 = E {k (t , T ; W 1 f (T , X (T i w) ) l x (t i W) = x (t) } , 

we have that the expectation in the last double integral 

is the conditional covariance 

COV[k(t,Ti~}f(T,X(TiWl)1 k(t,siW)f(s,X(SiW» Ix(t;w) = x(t)]. 

Thus, we haye 

V[x(t)] = var[h(t;w}] 

t t + f a f a COY [k (t , T i W 1 f ( T , X ( T ; w) ), k (t , s ; w) f (s , x (s ; w) ) 

IX(tiW) = x(t)]ds dT. 

The covariance above exists, since the second moment of 

k(t,Tjwlf(T,x(TiW}} exists by the assumption that 

k(t,T;w)f(T,x(T;W}} £ L2Cn,A,P) for each t and T, a < T 

< t < m, and each X(tiW) from R+ into L2 (n,A,p). 

Hence, (iii) of Theorem 3.2.1 is satisfied if the 

conditional covariance function of k(t,TiW)f(T,X(TiW», 

given x(tjw) = x(t), for any bounded function x(t) a 

realization of a random function in the set S, satisfies 

ttl fa! 0 c ov [k ( t , T ; w) f (T , X ( T j OJ) ), k (t , s ; w) f {s , x (s ; w» x ( t ; W ) 

= x ttl) ds dT 

= K2 (tl , 

where IK2(t11 < 00 for each fixed t £ R+. If K2 (t) < 0, 

then Kl(tl ~ K2 (tl must hold since V[x(t)] > O. Then 
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sup VIx(t}J ~ K1 (tl + K2 Ct} < 00. 

x (tl 

NOw, we need to find conditions such that for 0 < 01 

< 02 < 00, then 

Q <lxCtl~~ttll<Q IM[x(t)] I > o. 
·1- - 2 

Suppose that a(t) is a value of the unique random solution 

of (3.0.1)' for t e: R+ and that x (tl is a value of any 

other random function in the set S. As above, 

M [x (t)] = E [ (Yx) (t; w) I x (t ; w 1 = x (t) ] 

t = ~h(t} + fO ~k(t,T;w)f(T,x(T»dT - x(t). 

Since 

t M[8(t)] = 0 = ~h(t} + fO ~k(t,T)f(T,a(T»dT - 8(t), 

we have 

IM(x(t)] I = 10 - M[x(t)] I = IM[8 (t) 1 - M[x(t}] I 

= IllhCt) + f~ llk(t,T)f(T,8(T»dT - 8{t) 

- ~h(t) - f~ llk(t,T}f(T,X(T»dT + x(t) I 

= I [x(t)-8(t)]-f~}lk(t,T)rf(T,x(T»-f(T,8(T}}ldTI 

> I x (t) - a (t) I - I f ~ll k (t, T) [f (T , X (T) } - f (T , a (T) ) 1 d T I 

> I x (t) - e (t) I - f ~ I ]Jk (t , T) I A I x Cr) - 8 (T) I d T , 

since from the Lipschitz condition on f in Theorem 2.2.2, 

t If a llk(t,Tlff(T,x(Tll - f(T,6{TI}]dTI 

.::. f~lllk(t'T)I·lf(T'X(T}) - f(T,8(T})ldT 
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for A > 0 a constant. Suppose that 

inf {!X(tl-6(tll-Af~l]lk(tITll·lx(Tl-6(T) /dT} 
o 1.::.1 x (t I -6 (t) l ~ 0 2 

occurs at 0.* such that 0 < 0
1 

< 0* = I x (t) - 6 (t) I < 62 

for t £ R+. Then 

inf IMtx(t)JI 
0l~lx(t)-e(t) 1~82 

~ inf {lx(t}-6(t) I-Af~lllk(t,T) Ilx(T)-S(T) IdT} 
8l~lx(t)-S{t) 1~62 

= 6* - 8*Af~!llk(t'T) IdT > a 
if 

Therefore, we have the following result. 

Theorem 3.2.2 If h(t;w}, X(tiW), and k(t,Ti W) are 

independent real-valued random variables for each t and T, 

o < T < t < 00, and the conditions of Theorem 2.2.2 hold 

for a unique random solution to exist, and if, for t £ R+, 

(i) 

(ii) 

llh (t) +/~llk (t, T) f(T ,x (T 1 ) dY: 
f ~N (t , TIl f (T I X (T I ) I d T < 00 I 

x(t) if x(t) < Set) 

x(t) if x{t) > e (t); 

where N(t,T} > 0 is the upper bound of Illk(t,T}1 = 

IE{kCtrTiwl} I; 
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(iiil t t f 0 f Q Cov [k ( t , T ; W } f t T , X (T i w} 1, k ( t , S i w 1 f (s , x (s ; w) ) 

I xCt;w) = xtt) ]ds dT 

= K2 ttl, 

finite for all x(tl, and if K2 (tl < 0, 

I K2 (t} I 2. Illh (t) I i 

(iv) ~ > f~lllk(t,T)ldT; 

(v) 
00 ro 

E a' = 00 and E a 2 

n=l n n=l n 
< 00-

I and 

(vi) Vex} and M(x) are Borel measurable functions of x. 

Then 

p{w: lim x (tiW) = 6(t)} = I, 
n-+oo n 

where 6(t) is a value of the unique random solution x(t;w) 

of the stochastic integral equation (3.0.1) and {xn(t;w)} 

is defined by (3.2.3). 

Therefore, the stochastic approximation procedure 

defined by (3.2.3) converges to a value of the unique 

random solution at each t € R+ with probability one if 

the above conditions are satisfied. This gives a very 

useful technique for numerically obtaining an approximation 

to a realization of the unique random solution of equation 

(3.0.l) in practical situations. 

3.2.3" An Example 

We shall now apply the method of stochastic approxi-

mation to find a realization of the unique random solution 
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of the problem in population growth which was presented 

in section 2.3.3. An approximation to a realization of 

the random solution of the stochastic integral equation 

which arises in this problem has been obtained by the 

method of s~ccessive approximations in section 3.1.4. 

Thus, we may compare the approximate realizations ob-

tained by ~he two methods which have .been formulated in 

this chapte~. 

Let (Ub) (tiW) be as defined by equation (3.1.8), and 

let 

(Yb) (t i w) = (Ub) (t; w) - b (t ; w) , 

where b(tjw) is the rate of new births, the unique random 

solution of the stochastic integral equation (2.3.8). We 

use the process (3.2.3} with 

(3.2.4) 

b
n

+
l 

(tiW) = b (tiW) - a' (Yb ) (tiW) n n n. 

at each t > O. 

Since bO(t;W) has the exponential distribution with 

parameter A(t), the mean of the stochastic free term is 

given by 

Also, 

llb (tl = 
o 

1 X('tf , t > o. 

kCt,TiW) = {mCt-TiWI1Ct-T} I 0 .::.. T .::.. t < 00, 

a , otherwise, 
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and we denote the mean of k{t,t;w) by 

o < ~ (t-t)exp[-n(t-t)], 0 < t < t < 00, 
m -

since let) is the exponential expression given by (2.3.6). 

From section 2.3.3, we have 

k{t,tiW) < Z exp[-n(t-t»), 

and 

I ~;k (t, t) I .s. Z e xp [ - Tf (t - t)] = N (t - t) • 

Also, f is the function 

f(t,x(t)} = x(t) < M, 

that is, M is some bound on the possible rate of new 

births. Thus, 

t I I ZM -Tft fO N(t,t) f(t,x(t» dt .s. 7T (l-e ) 

< 00, 

since the constant death rate Tf is greater than zero, 

and condition (ii) of Theorem 3.2.2 is satisfied. 

Condition (i) assures that the function M(x) is 

monotone and has only one zero. Since b(tiW) is the 

unique random solution, then condition (i) holds. 

We also have 

ICov[m(t-t; w)l(t-t)x{t; u.), m{t-s.jw)l{t-S)X(SiW) Ix(t)] I 
= exp[-n(2t-t-s) ]x(t)x(s) Icov[m(t-ti w), m(t-siw}) I 

< Z* < 00, 

for some Z* > 0, since m{tiw} is P-essentially bounded, 

and because of the assumption of independence in Theorem 

3.2.2. Therefore, condition (iii) is satisfied. 
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Finally, we have that A = 1 from the proof of 

Theorem 2.3.1, and 

since z < ~, which means that condition (iv) of Theorem 

3.2.2 holds. 

We use the sequence {a} given by 
n 

a 
n 

1 = n = IOn ' 1,2, ••• , 

which satisfies condition (v) of the theorem. Therefore, 

the sequence of approximations generated by equation 

(3.2.4) converges to the unique random solution b(t;w) 

with probability one. 

The same techniques used in section 3.1.4 to obtain 

a value of bO(t;w) and (Ybn ) (t;w) at each t > 0 and 

n = 1,2, ••. were utilized here, that is, the same random 

number generator and numerical i~tegration rule were 

used. The procedure was programmed for tbe IBM System 

360 computer at Virginia Polytechnic Institute and State 

University, and iteration was continued at each value of 

t > 0 at which a value of b(t;W) was desired until the 

absolute difference between the nth and the (n-l)th ap-

proximations was less than 0.0001. This method converged 

much slower than the method in section 3.1.4 at particular 

values of t, the number of iterations required for con-

vergence being as great as twelve for the realization 
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obtained as shown in Figure 3. We present in Figure 4 

a superposition of Figures 2 and 3 as a visual comparison 

of the two methods of solution which were given in this 

chapter and applied to the population growth problem. 
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CHAPTER IV 

A STOCHASTIC 'INTEGRAL EQUATION 

OF THE FREDHOLM TYPE WITH 

APPLICATION 

4.0 INTRODUCTION 

In the present chapter we shall consider a stochastic 

integral equation of the Fredholm type of the form 

(4.0.1) 

which was presented in section 1.2. 

We shall study the existence and uniqueness of a 

random solution of the equation (4.0.1) using the concepts 

of admissibility introduced in Chapters I and II. We will 

also consider the asymptotic propertie~ of the unique 

random solution X(tiW). In order to study the existence 

and uniqueness of a random solution of equation (4.0.1), 

we shall first consider the existence and uniqueness of 

a random solution of the stochastic integral equation of 

the mixed Volterra-Fredholm type of the form 

t X(tiW} = h(tiwl + fO k(t,TiW)f(T,x(Tjwl)dT 

(4.0.2) 

where the stochastic kernel k(t,Tjw) and the function f(t,x) 

101 
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behave as in the first three chapters. Then equation 

(4.0.l) is a special case of equation (4.0.2), that is, 

we obtain (4.0.11 from (4.0.2) when k(t,Ti W) is identically 

equal to zero for almost all W s Q. Likewise, for 

kO(t,T;w) equal to zero for all t, T E R+ and almost all 

W E Q, we obtain the random Volterra integral equation of 

Chapters I~ and III, and hence, the present study is a 

generalizat~on of the results of Tsokos, [70]. 

A non-stochastic version of equation (4.0.2) has 

been studied by Miller, Nohel and Wong [55], Petrovanu 

[53], and Corduneanu [29], among others. 

An application of the results concerning the above 

equations will also be presented in the area of stochastic 

control theory. 

4.1 EXISTENCE AND UNIQUENESS OF A 

RANDOM SOLUTION 

We shall make the following assumptions throughout 

the chapter: The random functions x(t;w) and h(tiW} are 

functions of t E R+ with values in the space L2 (Q,A,P). 

The function e(t,x(tjwl) is a function of t with values 

in L2 (Q ,A,P) • For each t and T such that 0 < t < 00 , 

o ~ T < 00, the stochastic kernel kO(t,TiW) will be an 

essentially bounded function with respect to P-measure, 

that is, for each t, T E R+, kO(t,TiW) will be in 

Loo(Q,A,P). Then the product of kO(t,TiW) and e(T,x(TiW») 
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will always be in L2Cn,A,P}. Furthermore, with respect to 

the behavior of koCt,T;wl, we assume that the mapping 

(t,T) ~ koCt,T;W) 

from the set 

Ii 1 = {Ct , T): 0 .:5 t. < 00, 0 . ..:5 T. < 00 } 

into Loocn,A,p) is continuous. That is, 

P-ess suplko(t ,T ;w} - kO(t,TiW) I ~ 0 
we:n n n 

as n ~ 00 whenever (t ,T ) ~ (t,T) as n ~ 00. Denote the 
n n 

norm of kO(t,TiW) in Loocn,A,p) by 

Illko (t,T;W) III=P-ess suplkO (t,T iW) 1=llko (t,TiW) IlL (n A P)· 
we:n 00 ' I 

We also assume that for each t e: R+ the functions 

Illko (t'Tiw) III and Illko (t,TiW) 111·llx(Ti W) IIL2 (n,A,p) 

integrable with respect to T e: R+_ 

We let Cc = Cc (R+,L2 (n,A,p», Cg1 and C denote the 

various spaces of functions defined in Chapter I. Also, 

let B, Dec be a pair of Banach spaces. c 

and 

Define the operators Kand ~ from B into C by 
c 

(7(x) (t i w) = f ~ k (t , T ; w) x ( T ; w) d T , 

00 

(c{x) (t i w) = f 0 k 0 (t I T i w) x (T i w) d T , t > O. 

are 

If Band D are stronger that C and the pair (B,D) is ad­c 

missible with respect to X, then from Lemma 2.1.1 we have 

that 7( is continuous from B to D. Therefore, there is a 

constant Kl > 0 such that 

I I ()(x) (t; w) I I D .:5 K 1 I I x (t ; w) I lB· 
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Let HI' H2 C H be Hilbert spaces, where H is the 

subset of Cc of all functions X(ti W} whose inner product 

in L2 (n,A,p) is integrable on R+, as defined in section 

1.2. The norms in HI and H2 are defined by 

I I . I I - { 00-, I . I 12 } 1/2 x(t,wl Hi - 10 x(t,wl L
2

Cn,A,P)dt , i = 1,2. 

We consider the following stochastic integral equa-

tion, for M = 1,2, .•• , 

X(tiW} = h(tiW) + I~ k(t,TiW)f(T,x(Tjw»dT 

M + fO kO(t,Tiw)e(T,x(TiW»dT, (4.1.1) 

for t E [O,M] C R+_ Define the operators ~M and~M from 

the Hilbert space H2 into Hilbert space HI by 

<7(Mx) (t; w) = f ~ k (t , T j w) x (T i w) d T , 

and 

for t E [O,M]. We now give a lemma similar to Lemma 

2.1.2. 

Lemma 4.1.1 The integral operator ~M defined above 

from Hilbert space H2 into Hilbert space HI is a bounded, 

completely continuous operator if the stochastic kernel 

kO(t,TiW) is such that 

exists and is finite. 
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Proof: For each x (t; w 1 £ H2 , we have 

I t 2 roll M 112 II (,(Mx1 (tiW) Hl=fo fOkoCt,TiW}X(TiW}dT L
2

CS1 ,A,P)dt 

2- r~r~lllko(t'T;WlII12dT.r~IIX(T;Wlll~2((2,A,PldT dt 

by Schwarz's inequality. But the second inside integral 

is less than or equal to the norm squared of x(t;w) in 

H2 , and thus we have 

. 2 
I I (4Ix ) (t; w) I I H 

1 

Enll 112 coM11 1 1112 < fa X(TiW) L
2

(S1,A,P)dT·!of o kO(t,Ti W) dT dt 

= ! I x ( t i w) I I ~. !~!~ I I I kO (t I T i w) I I I 2 d T d t , 
2 

which is finite by hypothesis. Hence, c(M is bounded. The 

conclusion that ~M is completely continuous follows from 

the hypothesis in a manner similar to that of Schmeidler, 

[68, p. 45]. 

We shall now prove a theorem with respect to the 

existence of a random solution of equation (4.1.1) for 

M > 1. The fixed point theorem of Krasnosel'skii given 

in Chapter I and the theory of admissibility are used in 

the proof. 

Theorem 4.1.2 Consider the random integral equation 

(4.l.l1 subject to the following conditions: 

(il HI and H2 are Hilbert spaces stronger than Cc such 

that the pair (H2 ,Hl ) is admissible with respect 
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to each of the operators 

C7(Mx1 ttiw} ;:: r~ ktt,T iwlx(T iw}dT, 

and 

M 
(.(~) (tiw) ;:: r a ko (t,T ;w)x (T iW) dT, 

where t E: [ a , M] 1M;:: 1, 2 , .•• , k (t , T i w) and 

kO(t,TiW) behave as described above, and 

exists and is finite; 

(ii) X(tiW) + f(t,X(tiW» is an operator on 

S = {x(t;w): x(t;w) E: HI' Ilx(t;w)II H 2. p}, 
1 

for some p ~ 0, with values in H2 satisfying the 

Lipschitz condition 

llf(t,X(ti W}} - f(t,y(ti W» IIH 2- ,,-llx(t;w) - y(ti W) IIH 
2 1 

for X(tiW), y(t;w) E: S and A ~ 0 a constant; 

(iii) X(tiW) + e(t,x(t;w» is a continuous operator on S 

with values in H2 such that 

lie (t,x (ti W) ) [ I H < Y, 
2 

for Y ~ 0 a constant; 

Ci v 1 h ( t ; w) E: HI. 

Then there exists at least one random solution of equation 

(4.1.11, provided that 

where KIM and K2M are the norms of ~M and .eM I respectively. 
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Proof: As was shown in the proof of Theorem 2.2.1, 

sets of the type S are closed, bounded, convex sets in 

a Hilbert space. By definition, HI and H2 are Banach 

spaces, since they are Hilbert spaces. 

Let xCt~wl, y(tiwl £ S. Define the operator UM 

from S into HI by 

(U MX) (t i w) = h ( t i w 1 + f ~ k ( t , T ; w) f (T , X (T ; w) 1 d T , 

for t £ [O,M]. Taking the norm of both sides of the 

above equation, we have 

II (UMx) (trw) IIH = Ilh(ti W) + f~ k(t,T;w)f(T,X(TiW»dTII H 1 1 

< I I h (t ; w) I I H + KIM I I f (t , x ( t ; w) ) I I H ' 
1 2 

(4.1.2) 

since KIM is the norm of the integral operator 7(M and 

I I (rtMx ) (t; w) I I H .:. K 1M I I x ( t ; w) I I H • 
1 . 2 

But using the Lipschitz condition on f(t,x) , 

I I f ( t , x (t ; w) ) I I H = l l f (t , x (t ; w)} - f (t , 0 ) + f (t , D) I I H 
2 2 

2. Allx(t;w) IIH + Ilfet,D) IIH . (4.1.3) 
1 2 

Hence, equation (4.1.2) becomes 

+ I If (t, 01 I ! H ] 
2 
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from the fact that yK2M ~ 0 and the last condition of the 

theorem. Thus, UM(Sl C S. Since HI is a Hilbert space 

and the difference of elements in a Hilbert space is in 

the Hilbert space, (UMx) (tjw) - (UMy) (tiW) E HI' and 

I I (UMx 1 (t; W ~ - (UMy) (t i w) I I H = I I h (t i w) + f ~k (t , T ; W) · 
1 

f(T,X(TiW»dT 

- h(t;w} - f~ k(t,T;w)f(T,Y(TiW»dTIIH 
1 

::. KIM I I f (t, x (t; w)} - f (t, Y (t i w) ) I I H 
2 

::. AKIMI Ix(t;w} - y(ti W} I IH • 
1 

By hypothesis, AK1M < 1, so that UM is a contraction on 

s. 

Define the operator VM from S into HI by 

M 
(V MX) (t; w) = f 0 k a (t, T i w) e (T I X (. T i w) ) d T, t E: [ 0 , M] • 

From Lemma 4.1.1, the operator ~M in condition (i) of the 

theorem is a completely continuous operator from H2 into 

HI since 

The function e(t,x(tjwl1 maps elements of Hilbert space 

HI into Hilbert space H2 and is bounded in H2 by condition 

(iiil. Hence, e is continuous and bounded from HI into 
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H
2

• The operator VM above may be expressed as VM =~Me. 

Thus, by Lemma 2.1.3, VM is a completely continuous 

operator from S into HI. 

We have for x(t:wl, y(tiW} C S, 

< II h (t: w) II H +K1M II f (t, x (t;w) ) II H 
1 2 

+ K2M I I e (t , Y (t ; w) ) I I H 
2 

from (4.l.3) and condition (iii) of the theorem. Then 

from the last condition of the theorem, 

+ KIM I I f (t , 0) I I H 
2 

+ K 2MY + KIMAI Ix(tjw) I IH 
1 

2 P(l-AKlM ) + KIMAP = P, 

and we have that 

Therefore, the conditions of the fixed point theorem 

of Krasnose1'skii (Theorem 1.1.3) hold, and there exists 

at least one random solution of equation (4.1.1) for M > 1, 

which completes the proof. 
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In the case that~M is the null operator, that is, 

kO(t,TiW} = a for all t, T E R+ and almost all WEn, 

then we have, for t E {a,M], 

t x(tiwl = h(tiwl + fo k(t,T;w}f(T,x(T;wlldT, 

the random Volterra integral equation of Chapter II. 

For the case that ~M is the null operator, we obtain 

the stochastic integral equation of the Fredholm type 

M . 
x (t ; w) = h (t; w) + f 0 kO (t, T j w) e (T , X (T ; w) ) d T, (4.l. 4 ) 

for t E [O,M], M ~ 1. Hence, we have the following corol­

lary to Theorem 4.1.2. 

Corollary 4 .1. 3 Consider the rand.om integral equa­

tion (4.1.4) under the following conditions: 

(i) HI and H2 are Hilbert spaces stronger than Cc and 

the pair (H2 ,Hl ) is admissible with respect to the 

integral operator 
M . 

(aLMx) (t; w) = ! 0 k 0 (t, T ; W ) x (T ; W ) d T , 

where kO(t,TjW) behaves as described above and 

!~!~I I !kO(t,T;W) I I 12
dT dt 

exists and is finite t E [O,M], M = 1,2, ••• ; 

(ii) x (tiwl + e (t,x (tjw) 1 is a continuous operator on 

S = {X(ti W}: x(tiwl £: H1 , Ilx(tjw) IIH ~ p}, 
1 

for some p ~ 0, with values in H2 such that 

Ile(t,x(t;w)} IIH < y, 
2 -

for some y > 0 a constant; 
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(iii) h(t;w} £ HI. 

Then there exists at least one bounded random solution 

of equation (4.l.4}, provided 

Proof: 

I I h (t ; w I I I H + yK2M < p. 
1 

This is a special case of Theorem 4.1.2. 

When kM is the null operator, however, the existence of 

at least one random solution of (4.1.1) follows from 

Schauder's fixed point theorem, keeping in mind the proof 

of Theorem 4.1.2 (Schauder's fixed point theorem is a 

special case of that of Krasnosel'skii). 

Now we may note that as M + 00 the sequence of integral 

operators ~M on Hilbert space H2 into HI converges to the 

operator ~ on H2 into HI defined above by 

(~x) (t; w) = f~ ~(t, T ; w) x (T ; w) d T, t > O. 

By a well-known theorem in functional analysis, ~ is 

a completely continuous operator from H2 into HI' [5, 

p. 290], under the same condition as -in (i) of Corollary 

4.1.3. Hence, we have the following theorem. 

Theorem 4.1.4 Consider the random integral equation 

(4.0.l) subject to the following conditions: 

(i) HI and H2 are Hilbert spaces stronger than Cc and 

the pair (H2 ,Hl l is admissible with respect to the 

integral operator 
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where kO(t,T;wl behaves as described above, and 

exists and is finite; 

eiil same as condition (ii) of Corollary 4.1.3; 

(iii) same as condition (iii) of Corollary 4.1.3. 

Then there exists at least one bounded (by p) random 

solution of equation (4.0.1), provided 

Ilh(t;w) IIH + yL .:. p, 
1 

where L is the norm of the operator ~. 

The proof of Theorem 4.1.4 follows that of Theorem 

4.1.2 with the above remark that ~ is a completely con-

tinuous operator. 

We consider now the conditions under which the ran-

dom equation (4.0.2) has a unique random solution. The 

fixed point theorem of Banach from Chapter I is utilized 

in this respect. We could prove uniqueness by adding a 

Lipschitz condition on e(t,x{t;w» in Theorem 4.1.2 and 

showing that there is only one random solution by a con-

tradiction argument. However, by using Banach's theorem, 

we remove the condition lie (t, x (t; w) } I I H ~ Y and require 
2 

only that e(t,O} is bounded in the Banach space B defined 

in Chapter I. Also, we use Banach spaces and the supremum 

norms given in section 1.2 instead of the Hilbert spaces 

that were used above. 
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Theorem 4.1.5 Suppose that the random integral equa-

tion (4.0.2) satisfies the following: 

(il Band Dare Banach spaces stronger than C such c 

that (B,DI is admissible with respect to each of 

the operators 

(7(xl (tjwl = !~ k(t,TiW)X(TiW)dT, 

and 

00 

. (t,x) (t i w) = ! 0 k 0 (t, T i w) x (T i OJ) d T, t ~ 0, 

where k(t,TiW) and kO(t,TiW) behave as above; 

(ii) x(t;w) + f(t,X(tiW)] is an operator on 

S = {x(tjw): X(ti W) E: 0, Ilx(ti W) liD ~ p} 

with values in B, satisfying the Lipschitz condi­

tion 

I I f (t, x (t i w) ) - f (t I Y (t ; w) ) I I B < A II x (t i OJ) -y (t ; w) , I D 

for x(t;w), y(tiW) E: S and A > 0 a constant; 

(iii) X(ti W) + e(t,x(ti OJ » is an operator on S with 

values in B satisfying 

I Ie (t, x (t; w) ) -e (t, Y (t; w) ) I I B < F; I I x (t i w) -y (t; w) I I D 

for X(tiW), y{ti w) £ S and ~ > 0 a constant; 

(iv 1 h ( t ; W ) E: D. 

Then there exists a unique random solution of equation 

(4.0.21, provided 

:s.. p(1-AK1-t.:K2)' 
where K1 and K2 are the norms of ~ and~, respectively. 
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Proof: The operator ~ is continuous from B into D 

from the results of Chapter II. For the operator <, let 

x(tiool E Cc and let tn + t. 

C. But 

Then x {t iwl + x (t;wl in n 

c 

IIC"tCxl (tn;w) - (c:(x) (ti oo ) II L2cn ,A,Pl 

= Ilr~[ko(tn,T;wl - koCt,T;W)]XCT;W)dTIIL2cn,A,p) 

< r~lllko(tn,T;W) - kO(t,T;W) 111·llx(T;WlII
L2

(n,A,p)dT 

< ~~N{IIX(t;W) IIL2Cn'A,p)}·r~lllko(tn'T;W)-ko(t'T;W) IlldT 

+ a 

as tn + t by the continuity and integrability assumptions 

on kO(t,T;W). Hence, as X(tniW) + X(tiW), we have 

(-Lx) (tn ; (0) + ~x) {t; w} in D, that is, £. is continuous 

from B into Cc . By condition (i) and ~emma 2.1.1, then 

,t is continuous from B into D. Thus , ~ is bounded, and 

its norm K2 exists and is finite. 

and 

Define the operators U and V from S into D by 

(Ux) (t; w) = h (t; w) + f ~ k (t, T ; w) f (T , X (T ; w) ) d T 

(XI 

(Vxl (ti W) = fo k o(t,T;wl e (T,X(Ti oo »dT, t .:::. o. 

Since D isa Banach space, cUx) (t;oo) + (Vx) (tiW) £ D when-

ever (Ux} (trw} E D and (Vx} (tiW} £ D. We must show that 
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(UxlCtiw) + CVx} Ct;wl s S whenever xCt;w) s S (Inclusion 

Property) and that U + V is a contracting operator on S. 

Consider another element y(t;w} s S, and 

CUy} Ctiwl + (Vy) (t;w) = h(tiW} + r~ k(t,TiW}f(T,y(TiW)}dT 

00 

+ f 0 kO (t, T i w 1 e C T , Y (T i w) ) d T · 

Then we have 

I I (Ux) (t i w) + (Vx) (t i w) - (Uy) (t; w) - (Vy) (t; w) I I D 

= IlhCt;w} + f~ k(t,TiW)f(T,X(T;W»dT 

00 

+ fa ko(t,T;w)e(T,x(T;W»dT - h(t;w) 

t 00 - fo k(t,T;W}f(T,Y(T;W»dT - fa· kO(t,T;W). 

e (T ,y (T i w) ) d T ,I I D 

= Ilf~ k(t,Ti W) [f(T,X(T;W)} - f(T,y(TiW»]dT 

+ f~ kO(t,T;W} [e(T,x(Ti W» - e(T,Y(T;W»]dTII D 

.:::. Klllf(t,x(t;W»-fCt,y(t;W» II B+K2 1I e (t,x(t;W» 

- e(t,y(ti W» liB 

.::. KIA! IX(ti W) - y(t;wlII D + K2~llx(tiW) - y(ti W) liD 

= (AKI + ~K2) Ilx(ti W) - y (t;w) liD 

using the Lipschitz conditions on f(t,x} and e(t,x). 

Si.nce AKl + ~K2 < 1 by hypothesis, we have that U + V is 

a contracting operator on S. 
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To show inclusion, let xCt;wl E S. Then 

II (Ux) (tiwl + (Vxl (tiw11lD = Ilh(tiwl 

t 00 

+ f 0 k (t r T ; wI f CT , X ( T ; w 1 ) d T + f 0 k 0 (t, T i w) · 

e (T ,x (T; w) 1 dT II D 

~ Ilh(t;w) 110 + Klllf(t,x(ti w)} IIB+K21IeCt,x(tiw» liB-

Using an i~equality similar to (4.1.3) for f{t,X(tiW» and 

e(t,x(tiW]), we obtain 

II (Ux) (ti w) + (Vx) (tiW) liD 2.. Ilh{ti w) liD 

+ Kl[Al/x(t;w)II D + Ilf(t,O)II B] 

+ K2 [t; I I x (t; w) I I D + I Ie (t, 0) I I B] 

= Ilh(t;w)! ID + Klllf(t,O) liB + K21Ie(t,0) liB 

+ II x (t; w) II D (AKI + t;K2 ) 

from the last condition of the theorem. Thus, (Ux) (tiW) 

+ (Vx) (t i w) E: S. 

Therefore, applying Banach's fixed point theorem, 

there exists a unique random solution, x(t;w) E S, of 

equation (4.0.2), completing the proof. 

For the case that ~ is the null operator, we im-

mediately obtain the following corollary to Theorem 4.1.5 

that gives conditions under which the random Fredholm 

integral equation (4.0.l} possesses a unique random solu-

tion. 
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Corollary 4.1.6 We consider the random int~gral equa­

tion (4.0.11 subject to the following conditions: 

(il Band 0 are Banach spaces stronger than C such that c 

the pair (B,D} is admissible with respect to the 

operator 

00 

(c( xl ( t ; w) = J 0 k 0 (t, l' ; w) x (1' ; w 1 d 1', t e:: R + ' 

where k O(t,1';w) behaves as described above; 

(ii) same. as condition (iii) of Theorem 4.1.5; 

(iii) same as condition (iv) of Theorem 4.1.5. 

Then there exists a unique random solution of equation 

(4.0.l), provided that 

where K2 is the norm of the operator ~. 

Proof: This is a special case of Theorem 4.1.5, with 

Kl = 0, that is, ~ is the null operator. 

4.2 SOME SPECIAL CASES 

We now present some useful special cases of Corollary 

4.1.6 by taking Cg or C as the Banach spaces Band D. 

Theorem 4.2.1 Consider the stochastic integral 

equation (4.0.11 subject to the following conditions: 

ti) there exists a constant Z > 0 and a positive 

continuous function getl finite on R+ such that 
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(ii) e(t,x} is continuous in t € R+ uniformly in scalars 

x such that Ie (t, all 5-. yg Ctl and 

le(t,xl -- e(t,yll .s.. ~g(tllx-YI 

for I I x II e' I I y I Ie < P and y > 0 and ~ > 0 

constants; 

(iiil h(tiW) € e, the set of continuous bounded functions 

fro~ R+ into L2 (n,A,p). 

Then there exists a unique random solution X(tiW) € e of 

equation (4.0.1) such that 

/ I x (t; w) I I e = sup {f n I x (t i w) I 2 dP ( w) } 1/2 .s. p, 
t>O 

provided that I Ih(t;w) I Ie' ~, and yare small enough. 

Proof: We must show that under the above conditions, 

the pair (e ,e) is admissible with respect to the integral 
g 

operator 

(.lx) (ti w) 

Let x ( t i w) € e . 
g 

Then we have by the generalized 

Minkowski inequality, [7, p. 22], 

II (,tx) (t;w)II
L2 

(n,A,p) 2. r~llko (t,T;W)x(T;w)II
L2 

(n,A,p)dT 

II x (T i wlll L (n A P) 
00 2 " 2- rOll I kO (t r T i wllll g (T) dT 

g (Tl 

where IllkoCt,Tiwllll = Ilko(tfTiW11ILoo(n,A,p) is a func­

tion only of (t,T) € ~l. Using the definition of the 

norm in e , we have 
g 
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~ sup{11 x Cti wl II L2 en ,A,Pl} • 

t>Q g (tl 

!~lllkQ (t,T;W) Illg(T}dT 

= Ilxtti W) Ilc !~lllkO (t,T;W) Illg(T)dT 
g 

< II x (t i w) II c Z, 
g 

by condition (i) of the theorem. Thus, 

I I (~x) (t;w) II
L2

{n,A,p} is bounded, and ~ is a continuous 

function of x from the proof of Theorem 4.1.5. Hence, 

(c{x) (tiW) E: C and (C,C)is admissible with respect to~. 
g 

From condition (ii), 

le(t,x(t;w» - e(t,y(tiW» I .s. t;g(t) Ix(t;w) - y(t;w) I 
implies that 

. {! n I e (t , x ( t; w» - e (t, Y ( t ; to) ) I 2 dP (w) } 1/2 

. 2 1/2 .s. t; g (t) {! n I x (t; w) - y (t·; w) I dP (w) } , 

and hence, 

sup{lle(t,x(tiwll - eCt,y<tiwllI IL2 (Q,A,P>} 

t>Q g (tl 

or 

I I e (t (x (t; wI) - e (t , Y Ct i w 11 I I C :s. t; I I x (t i w 1 - y (t ; w) I I C 
g 
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for I I x I I c ' I I y I I c .:.. p. Likewise, Ie (t, 01 2.. yg (t) 

implies that Ile(t,O} Ilc ~ y. 
g 

Therefore, Corollary 4.1.6 applies with B = Cg and 

D = C, provided that I Ih(t;oo] I Ic' ~, and ~ are small 

enough in the sense that 

Then there exists a unique random solution of equation 

(4.0.1l such that II x (t; 00) lie 2.. p, completing the proof. 

For get) = 1 for all t > 0 in Theorem 4.2.1, we 

obtain the following corollary. 

Corollary 4.2.2 If the random integral equation 

(4.0.1) satisfies: 

(i) f~ III kO (t IT; 00) III dT 2.. Z,t e; R+, where Z is some 

constant greater than zero; 

(ii) e(t,x) is continuous in t e; R+ uniformly in scalar 

x such that le(t,O) I ~ y and 

I e (t , x) - e (t, y) I .::.. ~ I x-y I 
for Ilxll C and IIYllc less than or equal to p > 0 

and ~ ~ 0 a constant; 

(iii 1 h (t i w) S C, 

then there exists a unique bounded (by p} random solution 

of ll.ll, x(t;oo) s e, provided that I \h(t;w) I IC I ~, and y 

are sufficiently small. 

The following corollary is also a particular case of 

Theorem 4.2.1. 
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Coro11art 4.2.3 Assume that the random integral 

equation (4.0.11 satisfies the following conditions: 

(il Illko(t,T;Wllll < Z for all t, T € R+ and 

00 

fog (tldt < OOi 

(iiI same as Theorem 4.2.1 (ii}; 

(iii) same as Theorem 4.2.1 (iii). 

Then there-exists a unique random solution, X(tiW) € C, 

bounded on R+, provided II h (t; w) II c' t;, ,and yare small 

enough. 

Proof: We need only to show that the pair of Banach 

spaces (C ,C) is admissible with respect to the integral 
9 

operator 

(~x) (tiW) = f~ kO(t,T;W)X(TiW)dT, t .:. 0, 

along with condition (i) of the corollary. For x (t ; w) € C , 
9 

we have 

I I (c(x) (t; w) I I L 2 (n I A, P ) 

2. f~lllkO(t,.qw} 111·llx(T;W} II
L2

(fl,A,Pl dT • 

From hypothesis (il of the corollary, we obtain 

Ilx(Ti W) IlL en A P} 
00 2 I, 

II (alx ) (ti w) II L en A Pl s..z! 0 - g'(.1') dT 
2 . , , g(T) 

Thus, 

::. z I I x (t; w1 I I C f ~ 9 (T ) d T 

9 

< 00, 

~xl (tiW} € C for x(t;w) € C I and 
9 
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t,C c:: C. That is, lC ,C) is admissible with respect to J:,. g g 

Since the other hypotheses are identical to those of 

Theorem 4.2.1, the proof is complete. 

4.3 STOCHASTIC ASYMPTOTIC STABILITY OF THE 

RANDOM SOLUTION 

In many practical situations it is of interest to 

know the behavior of the random solution of the random 

Fredholm integral equation (4.0.1) for large values of t, 

which may in some instances represent time. That is, if 

(4.0.1) describes the behavior of some physical system, 

it may be of interest to determine the behavior of the 

system after it has been operating for a long time. We 

shall now prove a theorem which states that under certain 

conditions, the random solution of equation (4.0.1) is 

stochastically asymptotically exponentially stable, which 

was defined in Chapter I. 

Theorem 4.3.1 Suppose that the random integral 

equation (4.0.1) satisfies the following conditions: 

(i) I I IkO(t,T;W} III < N exp[-at + BT] for N > 0 a 

constant, a> B >0, and t, T e: R+; 

(iil e(t,x) is continuous in t e: R+ uniformly in scalar 

x and 

I e It , all :s. y exp [ -a tJ 

on R+, y > 0 a constant, and 

le(t,x} - e(t,y) I < ~Ix-YI, 
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for Ilxlle ' Ilytl e < p and ~ :.. 0 a constant; 
g g 

Ciiil I IhttiwllI
L2

(51,A,Pl :s.. n expf-at], Tl > 0, t e: R+. 

Then there exists a unique random solution x(tiW) of 

equation (4.0.1) satisfying 

provided that n, ~, and yare sufficiently small. 

Proof: We must show that the pair (e ,C ) is admis­
g g 

sible with respect to the integral operator 
00 

(cCx) (t; w) = ! 0 k 0 (t, T i w) x (T i w) d T 

with get) = exp[-at], a > 0, t ~ 0, and the above condi-

tions. For x(t;w) £ C , we have 
g 

I I (.ex) (t; w) I I L 2 en, A , P ) ~ f; I I I k 0 (t, T ; w) I I I · I I x (T ; w ) I I L 2 en,A; ~ ) 

Ilx(Ti W) IlL (51 A P) 
00 2 " 

= ! 0 I I I k 0 (t, T i w) I I I . . e xp [ - aT] d T 
exp[-aT] 

{
IIXCtiW11IL2 C51,AIP>} 

< sup • ! ~ I I I k 0 (t, T i w) I I I e xp [ - aT] d T • 
- t~O exp[-at] 

(4.3.l) 

But from condition til of the theorem, 

!~I I \koCt,TiW} I I lexpI-aT]dT :s.. N!~ exp[-at+BT-aT]dT 

00 = N exp[-at]!O exp[CB-a}T]dT 

N = a-B exp[-at]. (4.3.2) 
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Thus, combining inequalities (4.3.l) and (4.3.2), we 

obtain for every t £ R+ 

II (lxl (tl wlI I
L2

(S"l,A,Pl ~ Ilx(t;wlll C
g 

(:S)exp[-at1. (4.3.3) 

Therefore, by definition of Cg with get) = exp[-at] , 

~xl (tiW) £ C , and (C ,e ) is admissible with respect 
9 9 9 

to~. Hence, condition (i) of Corollary 4.1.6 is satisfied 

with B = D = C • 
9 

Since we have (as in the proof of Theorem 4.2.1) 

that condition (ii) implies 

Ile(t,x(ti W» - e(t,y(ti W» Ilc 
g 
~ ~llx(tiW) - y(ti W) Ilc 

g 

and I le(t,O} I Ic ~ y, and that condition (iii) implies 
9 

that h(t; w) £ C = D for get) = exp[-at] by definition 
9 

of e , all of the conditions of Corollary 4.1.6 are 
9 

satisfied. 

Therefore, by Corollary 4.1.6, there exists a 

unique random solution, X(ti W) £ C , of equation (4.0.1) 
9 

such that I Ix(t;w) Ilc 2 p, provided that n, ~, and yare 
9 

small enough in the sense that 

and 

Ilh(t;wlll c 
9 

+ K2 I I e (t, 01 I I c 
9 

From (4.3.31, the norm of~, by definition, is K2 = a~S • 
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Hence, we must have 

~N -< a-B and n + ~ < p (1 _ ~N ). a=6 - a-B 

Also, I IX(ti W) I Ie < p means that 
g 

II x (ti w) II L2 (n ,A, Pl < p exp [-at] ,t> 0, 

completing the proof. 

We therefore have that the unique random solution 

of (4.0.1) is stochastically asymptotically exponentially 

stable. In fact, in regard to the asymptotic behavior 

of the random variable x(t;~, we have 

-+ 0 as t -+ 00, 

that is, lim E{lx(t;w) 12} = 0, the second absolute 
t-+oo 

moment of x(t; w) approaches zero as t -+ 00. Hence, from 

Jensen's inequality, we have that the expected value of 

the absolute solution approaches zero as t -+ 00, 

lim E { I x (t i w) I} = o. 
t-+oo 

We also note at this point that a random solution of 

equation (4.0.l) which exists under the conditions of 

Theorem 4. 1. 4 is aSY!I9?totically s'table in mean square by 

the very definition of the norm in the Hilbert space HI­

That is, since 
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we must have 

I I x (t; w 1 II ~2 (n I A I P 1 .... 0 

as t + 00. Hence, 

1 im E { I x (t i w) I 2} = 0, 
t+oo 

and the random solution is asymptotically stable in mean 

square. 

4.4 APPLICATION IN STOCHASTIC CONTROL THEORY 

Corduneanu [30], Desoer and Tomasian [34], and 

Petrovanu [63] considered the stability properties of 

a nonrandom linear system described by the triple 

(E,F;T), where E is the space of inputs to the system, 

F is the space of outputs from the system, and T is a 

linear operator from E to F given by 

00 

(Tx) (t) = fo k(t,s)x(s)ds, t > o. 

Here we have altered the function k{t,s) in the paper of 

Corduneanu [30] to be zero whenever s < O. We shall in 

this section study a nonlinear feedback control system 

for which the random output is given in terms of the random 

input by the nonlinear operator T defined by 

00 

(Tx) (t i w) = f 0 k ( t,S; w) e (s , x (s ; w) ) ? s, t .=: 0, w € f] • ( 4 . 4 . I) 

In a feedback control system [8] a fraction of the output 

signal is returned as input to the system. For a stochastic 

system this fraction may be a random function of t in 
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general. We shall consider the fraction of the random 

output to be returned as nCtiW) (Tx) CtiW), where 

o < n(t;u~ < 1 for all t > 0 and w £ Q. See Figure 5 

for a schematic description. 

The following differential system with random para-

meters describes the stochastic feedback control system 

shown in Figure 5: 

*(tiW) = A(t~w)x(t;w) + f(t;w) (4.4.2) 

with 

f (t ; w) = T\ (t; w) (Tx) (t i w) , (4.4.3) 

where the dot denotes the derivative with respect to t, 

T is the operator given by equation (4.4.1), x(t;w) is an 

n x 1 vector whose elements are random variables, A(tiW) 

and k(t,siW) are n x n matrices whose elements are measur-

able functions, n(ti~ is a scalar random variable for each 

t ~ 0, and e(t,x) is an n x 1 vector-valued function for 

each t and x. By taking as the spaces E and F the space 

C , we shall study the existence of a random solution, 
g 

x(tr~' and its stochastic stability by applying methods 

similar to those employed in the previous section and 

Theorem 4.1.5. Here we take n = 1. 

The random differential system (4.4.2) - (4.4.3) may 

be reduced to a stochastic integral equation of the mixed 

Volterra - Fredholm type in the form of equation (4.0.2). 

Integrating both sides of the equation (4.4.2) and 



x (ti W) .. SYSTEM .. .... p- ili" [1 - n (ti w) J (Tx) (t; w) 

" 
n (t i w) (Tx) (t i w) 

FIGURE 5: A STOCHASTIC FEEDBACK CONTROL SYSTEM 

t-' 
tv 
00 
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substituting the expression for f(t;w) given by (4.4.3), we 

obtain 

X(tiW) -- xeO; w} = f~ A(TiWlx(T;w)dT + f~ f(T;W)dT 
t t 00 

= fO A(T;W}X{TiW)dT+fOfOn(TiW)k(T,siw)e(s,x(siW»ds dT. 

(4.4.4) 

In the second integral on the right-hand side of equation 

(4.4.4), the integral 
00 

fa k(T,siw)e{s,x(siW»ds 

exists and is finite for each T and Wi otherwise, the 

output of the system is infinite. Also, if for each t > 0 

and s > 0, 

t fa n{T;w)k(T,s;w)dT 

exists and is finite, that is, if 

f6 k(T,SiW)dT 

exists and is finite, since 

a < n (t i w) ~ l, 

then we may interchange the order of integration by Fubini's 

theorem [44] to obtain 
00 t 

f 0 [f 0 n (T i w) k (T , s i w) d T ] e {s , x (s ; w) ) d s • 

Then equation (4.4.4) may be written as 

x (t ; w) = f ~ A (T ; w) x (T; w) d T + f~k * (t, T ; w) e (T , X (T ; w) ) d T , 

(4.4.5) 

where X(OiW) = 0 and 

k*{t,Ti W) t 
= fa n(uiw)k(u,TiW)du, 

The following theorem gives conditions under which a 



130 

unique random solution of equation (4.4.5) exists and 

has the property of stochastic asymptotic exponential 

stability. 

Theorem 4.4.1 Suppose that the random equation 

(4.4.5) satisfies the following conditions: 

( i ) I I IlA ( T i W) I I I :s. N 1 e xp (- at. + 8 L ) for N 1 > 0 a 

constant, a > 0 > 0, and 0 ~ L ~ t < 00; 

( i i ) I I I k * (t, T ; (0) I I I:s. N 2 exp (- of: + 13 L ) for N 2 > 0 a 

constant, (), > S> 0, and t, L sR+; 

(ii~) e(t,x(tiW» is such that e{t,O) E C and 
g 

satisfies the following Lipschitz condition 

I e (t , x (t; (0» - e (t, Y ( t i (0) ) I :s. t; I x ( t; w) - y (t i (0) I 

for I I x (t; te) I Ie' I I y (t; (0) II c < p and t; a 
g g 

constant. 

Then there exists a unique random solution, x(t;oo), of 

equation (4.4.5) satisfying 

{E [/ x (t i (0) I 2] } 1/2 :s. p e xp ( - at:), t ~ 0, 

provided that t; and le{t,O) I are sufficiently small, 

where p is some positive constant. 

Proof: We must show that the pair of Banach 

spaces (C , c ) is admissible with respect to the inte­g . g 

gral operators defined by 
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<Xx) (t; W) 
t = fa AtT;W}XCTiW}dT 

and 

<-(xl (tiW) = f~ k*Ct,T;wlx(TiW}dT, t .:: 0, 

with gCt) = exp(-at) and conditions (il and (ii). 

For x (ti w) E: e , we have 
g 

I I c~x) (t i OJ) I I L 2 en , A , P) ~ f~ I I I k * (t, T i OJ) I I I · 

Ilx(T;w) 11~2(n,A,p)dT 

Ilx{Ti w) IlL (n A P) 
00, I 2 " = fa I k*(t,T;W} I I I exp(-aT)dT 

exp(-aT) 

{

' IX(tiW) I IL cn A P)} 
2 "00 I II ~ sup --------- Jolllk*(t,TiW) exp(-aT)dr. 

t~O exp(-at) 

But from condition (ii) of the theorem and the definition 

of the norm in e , we have 
g 

II (~x) (tiW) IlL (n A P) ~ Ilx(t;w) lie N2f~ exp(-at+ST-aT)dT 
2 ' , ,g 

since 

= 'IX(ti W) I Ie N2 exp(-at)f~ exp[-(a-S)T]dT 
g 

Ilx(t;w) lie 
N2 

t a, = - exp{-at) , < 00, > a-B -g 

a > S. Thus, by d~finition of e g' where g (tl 

exp (-at) , cbl (t;w) E: C g' and (eg,cg ) is admissible 

respect to~. Likewise, 

= 

with 

" t Ilx(T; OJIII L2 (n,A,p) 

I I (~x 1 (t; w) I 'L (n A P) . .2 J a I I I A (T ; OJ 1 I I I · 
2 I , exp(-aT) 

exp(-aT)dT 
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< I I x (t; w) I leN 1 ! ~ exp (- ot + <5 T ) exp (-err) d T 

9 

= I I x ( t; w) I leN 1 exp (- at 1 ! ~ exp r - ( Ct- <5) T] d T 

9 

= I I x (t; w) I leg N 1 exp (- at) {
I - ex~ [ =\5'- <5 ) t]} 

Nl 
~ I I x (t; w) I I c cr <5 exp (- at) < 00, t > 0, 

9 

from condition (i), the definition of the norm in C , 
9 

and the assumption that ex > o. Hence, (7(x) (tiW) S C , 
9 

and the pair (e ,e ) is admissible with respect to the 
9 9 

operator )(. 

Since the function f(t,x) in equation (4.0.2) is 

the identity function in x in equation (4.4.5), the 

constant A in Theorem 4.1.5 is equal to one. From 

condition (iii), we have as in the previous proofs that 

I Ie (t , x ( t i w» - e (t, Y ( t ; w) ) I Ie ~ t;1 I x (t ; w) - y (t ; w) I Ie · 
'g 9 

Since the stochastic free term is identically zero, then 

all of the conditions of Theorem 4.1.5 are satisfied for 

B = D = e, and it follows that there exists a unique 
9 

random solution of the equation (4.4.5) in the set 

X(tiW) S C , Ilx{ti W) lie < p} 9 -
9 

S = {x (t; w) : 

for some p > 0, provided that t; and le(t,O) I are small 

enough. Hence, the random solution satisfies 

I I x (t i w) I I L (n A P) = {E [ I x (t i w) I 2] } 1 / 
2 

< P e xp ( - ext), t > 0, 
2 I' 
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by the definition of the space c. The constants ~ and 
9 

lett,O) I must be small enough in the sense that 

KI + i;K2 < 1 and K21IeCt,O)llc < pel - K -- I 
i;K

2
) , 

g 

where KI and K2 are the norms of the operators 1( and J:" 

respectively. From above, we see that 

N* N* 
K = I and K = 2 

I o;:c 2 a, - S' 

where N! and Ni are the greatest lower bounds of the con­

stants Nl and N2 which satisfy conditions (i) and (ii), 

respectively, and the above inequalities. Therefore, we 

must have 

N* 
I 

Ct""o 

N~ 
a,- s I I e (t, 0) I I C 

g 

+ 

completing the proof. 

Therefore, if the conditions of Theorem 4.4.1 hold, 

then the unique random solution of th~ system (4.4.2) -

(4.4.3) satisfies 

E[jx(t;w) I] + 0 

as t + 00. 

We remark that this is a very general stochastic 

control system because of the generality of the stochastic 

kernel, the nonlinear operator T, and the functions net; ~ 

and A(ti~. The operator T as given says that the system 
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output is a function of both past and future input, which 

may seem a bit unrealistic at first glance. However, this 

operator contains all other operators of the Volterra 

and Fredholm types for compact and noncompact intervals 

in R+, and the results obtained here have wide appli­

cability in stochastic control systems. 



CHAPTER V 

RANDOM DISCRETE FREDHOLM AND 

VOLTERRA SYSTEMS 

5.0 INTRODUCTION 

In the previous chapter we investigated the random 

Fredholm integral equation (1.0.2), and in Chapter II 

we presented the theory and some applications concerning 

the stochastic integral equation of the Volterra type 

(I.O.l). We shall now study a discrete version of the 

random integral equation of the Fredholm type of the 

form (1.0.2), which will be very useful for the applica-

tion of an electronic computer in obtaining a realization 

of the random solution of the Fredholm equation in 

Chapter IV. Equation (4.0.1) may be "discretized Jl by 

replacing the integral with a sum of the functions 

evaluated at discrete points t l , t 2 , ••• ,tn ••. , for example. 

We shall utilize again the concepts and theory of admis-

sibility, which was used in Chapters II and IV, in order 

to s.how the existence and uniqueness of a random solution 

of the stochastic discrete Fredholm system 

h (w) + 
n 

00 

l: 
j=l 

c . (w) f . (x. (w} ), n = 
n,J J J 

'135 

1,2, .••• (5.0.1) 
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We shall also consider some asymptotic stochastic stability 

properties of the random solution of equation (5.0.l) and 

investigate the approximation of the random solution, 

x (w I, n == 1, 2 , • • • • n 

The discrete version of the stochastic Volterra 

integral equation of the form (1.0.1) is a special case 

of the system (5.0.1), that is, when 

c . (w) = 0, j > n, n = 1,2, ••• , 
n, J 

we obtain the random discrete Volterra system 

x (w) == h (w) + n n 

n 
L: 

j==l 
c .(w)f.(x.(w», n = 1,2, •••• (5.0.2) 
n, J J J 

The discrete version of the random Volterra integral 

equation that was presented in section 3.1.3 is analogous 

to the system (5.0.2) whenever the numerical integration 

error term 8(n) (w) is ignored. 

Some of the results presented here are stochastic 

versions of some results of Petrovanu, [63]. 

5.1 EXISTENCE AND UNIQUENESS OF A 

RANDOM SOLUTION OF SYSTEM (5.0.1) 

Let the spaces X, Xg ' Xl' and Xbv be as defined in 

Chapter I, section 1.2. Let B* and D* be Banach. spaces 

contained in X with- the norm in B* defined by 

= sup {E [ I xn C w) I 2] } 1/2 < 00, 
n 
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and the norm in D* defined likewise. That is, x CUl) £: X n 

is a function from Nt the positive integers, into the 

space L2 en ,A,P), and Xg ' Xl' and Xbv are Banach spaces 

contained in X. Hence, the random functions in X are 

discrete parameter second order stochastic processes. 

Let T be a linear operator from X into itself. with 

respect to.T and the Banach spaces B* and D*, we now state 

and prove a,lemma analogous to Lemma 2.1.1. 

Lemma 5.1.1 If T is a continuous operator from X 

into itself, B* and D* are stronger than X, and the pair 

(B*4D*) is admissible with respect to T, then T is a con-

tinuous operator from B* to D*. 

Proof: Suppose x. £: B* such that x. ~* x, that is, 
-~ -~ -

x. Cw} ~* x CUl) as i -+ 00. Assume that Tx. (w) £* y (w) 
~n n ~n n 

i -+ 00. But Tx. (w) ~ Tx (Ul), since T is continuous from 
~n n 

X into itself, and x. (w) ~* x (~ implies that x. (w) : 
~n n ~n 

D* . X 
x (w). However, Tx. (w) -+ y (w) implies that Tx. (w) -+ 

n ~n n ~n 

Yn (w) as i -+ 00. Hence, TXn (icl = Yn (w) because the limit 

in X is unique. Therefore, T is closed and by the closed 

graph theorem, [44, p. 217], it follows that T is con-

tinuous from B* into D*, completing the proof. 

If T is a continuous operator from Banach space B* 

into D*, then it is bounded and, as before, there exists 

a constant K > 0 such that, [77, p.43], 
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We make the following assumptions concerning the 

functions in the random system (5.0.1): The functions 

xn(w} and hn(w) are functions of n E N with values in 

L2 (n,A,p}. For each value of Xn(W), n = 1,2, ••• , 

fn(Xn(w» is a scalar, and for each n = 1,2, ••• , 

fn(xn(w» has values in the space Lztn,A,p). For each n 

and j in N, c .(w) is assumed to be in L cn,A,p) so that n,] 00 

the product of c . (00) and f. (x. (00» will be in L2 (n ,A,P) . 
n,] ] ] 

Also, for each value of n, 

III c • Coo} III = P-ess sup I c . (00) I = II c . (00) II (n A P) n,] WEn n,] n,] Loo" 

and III c . Coo) III · II x. Coo} II (() A P) are assumed to be n,] ] LZ uG, , 

summable with respect to j E N. 

Consider the linear operator T defined by 

00 

TXn (00) = ~ c . Coo) x . (00), n = 1, 2 , • • • , 
j=l n,] ] 

for x.(w) in X. The operator T is continuous from X into 
] 

itself, since if x. ~ _x, then by the generalized Minkowski 
-1 

inequality, [7,p.22], we have 

00 

IITXin(W) - TXn(w) II
L2

(Q,A,P) = Il
j
;l Cn,j (w)· 

[xij (00) - Xj (00) ] II L2 (n ,A,P) 

00 

< j; 1 I I I C n , j (w) I I I · I I xi j (w) - x j (w) I I L 2 <Q,A, P) • 
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Hence, for £1 > 0 there exists an NO such that whenever 

i > NO' 

IITXinu.ul - Txn(w)-II
L2

(Q,A,PI < j:lIIICn,j(WIIII. 

Ilxij (w) - Xj (w) IIL2 (r2,A,P) 

00 

since, for i > NO' 

sup Ilx .. (w) - x]' (w) IIL2 (r2,A,P) < £1 
j£N ~] 

from the uniform convergence of x. on every set N as 
-~ m 

m -+ 00, and the assumption about the sununability of 

III c . (w) III above. n, ] 

The following theorem gives conditions under which 

there exists a unique random solution of the system 

(5.0.1) • 

Theorem 5.1.2 Consider the random discrete equation 

(5.0.l) subject to the following conditions: 

(il B* and D* are Banach spaces stronger than X such 

that the pair (B*,D*) is admissible with respect 

to the linear operator 

00 

Tx (w 1 = E. c . (w) x , (w 1 I n == 1, 2 I ••• , 

n j=l n,] ] 

where c ,(wI has the properties given above; n, ] 



(ii) 

(iii) 

14Q 

x (w) -;. f ex. (w) 1 is an operator on 
n n n 

with values in B* satisfying 

for x (w), y (w} £ S and A > 0 a constant; n n 

h (w) £ D*. n 

Then there exists a unique random solution, x (w) £ S, of 
n 

the random discrete equation (5.0.1), provided that 

where K is the norm of T. 

Proof: Define the operator U from S into D* by 

00 

U x (w ) = h ( w ) + L c . ( w) f . (x . (w) ), n = 1, 2 , • • • . 
n n j=l n,] ]] 

As in Theorem 2.2.2, we show that U(S) C S and that U is 

a contraction operator on S. Then Banach's fixed point 

theorem applies. 

00 

= I I h (wi + Z c · (w1 f . (x. (w11 II D* 
n j=l n , ] ] ] 

~ Ilhn (w11 ID* + Kllfn (xn (w1) II B* 

from the result following Lemma 5.1.1 that T is a bounded 

linear operator from S into D*. From condition (ii) of 

the theorem, 
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I !fnCxn(WIlII B* .::. Ilfn(xnlWll - fnlOlll B* + II f n (OIIIB* 

2. All x
n (Wlll o* + IlfnCo)ll a*· 

Hence, 

2. p (1 - AK) + AKp = p 

from the last hypothesis of the theorem. Thus, U(S) C S. 

Since the difference of elements of a Banach space is in 

the Banach space, 

UXn(W) - UYn(W) £ 0*, 

and 

00 

I I h (w) + L c . ( w) f . ex. (w) ) 
n j=l n,] ]] 

00 

- h (wl - L c . (w)f. (y. (w» 11 0 * 
n j=1 n,] ]] 

00 

= II L c .(w)[f.(x.(w» - f.(y.(w»]ll o* 
j=l n,] ] J ] ] 

<K II f (x (w» - f (y (w)) II B* - n n n n 

by condition (ii). Since AK < 1, we have that U is a 

contraction mapping on S. Therefore, applying the fixed 

point theorem of Banach, there exists a unique random 

solution, x Lwl £ S, of the equation (5.0.11, completing 
n 

the proof. 
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5.2 SPECIAL CASES OF THEOREM 5.1.2 

In this section we shall present some special cases 

of Theorem 5 .. 1.2 which will be very useful in practice. 

We take as the spaces B* and D* the spaces Xg , Xl' or Xbv . 

Theorenr 5 .. 2 .1 Consider the random discrete equation 

(5.0.1} subject to the following conditions: 

Cil the~e exist a constant Z > 0 and a positive 

sequ~nce gn' n = 1,2, .•• , such that 

00 

L: III c . (w) III g. < z, n = I, 2, .... i 
j=l n,J J 

(iiI fn(x) is a function defined for n E N and scalar 

x such that 

and 

I f (x (w» - f (y (w» I < Ag I x (w) - Yn (w) I nn nn -nn 

for II xn Cw) II X ' II Y n (w) II'x < p and A and y 
9 9 

constants; 

(iii) h n (wl E Xl. 

Then there exists a unique random solution of (5.0.1), 

I I xn (w) I I X . ~ P I 
I 

provided that II h n Cwlll X ' Y I and A are small enough. 
1 

Proof: If we show that the pair of Banach spaces 

CXg,XIl is admissible with respect to the linear operator 

Tx (w) = 
n 

eo 

L: 
j=l 

c . (w) x.. (w), n = 
n, J J 

1,2, .•. , (5.2.1) 
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then the conclusion follows from Theorem 5.1.2 with B* 

= Xg and D* = Xl- Let xn(Wl £ Xg • Taking the norm of 

both sides of equation (5.2.11, we have by the generalized 

Minkowski inequality, 17, p. 22] t 

00 

I I TXn (00 1 I I L (n A P 1 = I I . l: c . (00) x. (w) I I L (n A P) 
2 " J =1 n I J J 2' , 

~ l: -lie . (00) x. (00) II L (fi A P) 
j=l n,] ] 2 ~G, , 

00 II Xj (00) II L (n,A, P) 

< l: I I I c . (w) I I I 2 
j=l n,] g. 

] 

g. 
] 

{
II xn (00) II L2 en ,A,P>} 00 

< sup l: I I I c . ( ~ I I I g . 
n g j=l n,] ] 

n 

00 

= I I xn (w) I I x l: I I I c . (w) I I I g . 
g j=l n,] ] 

by the definition of the norm in X _ Since the last sum 
g 

on the right is less than or equal to Z' by condition (i), 

we have 

= 1,2, ..•• 

Hence, Tx (w1 is bounded for all n, and so by definition 
n 

it is in Xl. Therefore, lxg,XIl is admissible with respect 

to T. 

From condition (iil, we have 

. {f n I fn Cxn (w} 1 - fn (Y
n 

(w) 112dP (w) }1/2 

< Ag
n 
{f n IXn (w) - Yn (w) 1

2dP (00) }1/2, 
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or 

II fn Cxn (wll - fn (Yn (w) I II L2 en ,A,Pl < Agn II xn (W) 

- Yn Cw) IIL2 CO,A,P)· 

This implies that 

{

II fn CXn (w}) - fn (Yn (w) lllL2 (O,A,P)} 
sup 

n . gn 

which means by definition that 

Ilfn(xn(wl) - fn(yn(w)l I IXg ~ AI Ixn(wl - yn(wl IIXI" 

Likewise, 

II fn (0) II X ~ y, 
g 

and from Theorem S.1.2, we have that there exists a 

unique random solution of equation (S.O.l) provided that 

I Ihn(w) I Ix ' y, and A are small enough in the sense that 
1 

A Z * < 1, l I h n (w) I I X + Z * Y .::. p (l - A Z *) , 
1 

where Z* is the infimum of all constants Z > 0 which 

satisfy condition (il, completing the proof. 

For g = 1, n = 1,2, •.• , we obtain the following 
n 

corollary to Theorem S.2.l. 

Coro'llary 'S. 2 .2 If the random equation (S. a .1) 
, ~ < < 

satisfies: 
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(il there exists a constant Z > 0 such that 

co 

E I I I c . Coo l I I I ~ Z, n = I, 2 , • • • i 
j=l n,J 

tiiI fn(x) is a function of n IS N and scalar x such 

that 

!fn(x) - fn(y} I ~ Alx-YI 

and If (0) I < y for A and y constants; 
n -

(iii) h(tiW) IS Xl' 

then there exists a unique random solution of equation 

(5.0.1) bounded for n IS N, provided that I/h (00) I Ix 
n 1 

y, and A are small enough. 

We also have the following theorem as a special case 

of Theorem 5.1.2. 

Theorem 5.2.3 Suppose that the random equation 

(5.0.1) satisfies the following: 

ei) there exists a Z > 0 such that 

III c n , j (00) III ~ Z, n, j IS N, 

and a positive sequence g , n = 1,2, .•• , such that 
n 

Z 
n=l 

g < 00 • n I 

(ii 1 same as condition (ii) 0 f Theorem 5.2.1 i 

(iii) same as conditi.on (iii) of Theorem 5.2.1. 

Then there exists a unique random solution, 

[ Ix (00) II X ~ p, 
n 1 

provided that I Ihn(ool I Ix I A, and yare small enough. 
1 
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Proof: We need only to. show that the pair of 

Banach spaces (Xg,Xll is admissible with respect to the 

linear operator given by expression (5.2.1) along with 

condition Cil of the theorem. Taking the norm of 

Txn(oo l for xn(~ E Xg as in the proof of Theorem 5.2.1, 

we obtain 

But by the definition of the norm in Xg and condition (i) 

of the theorem, we have 

00 

I I TXn (oo) I I L2 (Q , A , P) < I I xn (oo) I I Xg ~ I I I c . (w) I I I g J' j=l n,J 

z 
00 

~ 
j=l 

g. 
J 

Thus, TXn (cJ is bounded from N into L2 (Q,A,P), and by 

definition is in Xl- Therefore, (Xg,X1 , is admissible 

with respect to T. Since the other conditions are the 

same as those of Theorem 5.2.1, this completes the proof. 

5 .3 STOCHASTIC STABILITY OF THE RANDOM 
S( 4 

SOLUTION 

In the continuous case we examined the conditions 

under which the random solution x(t;w) was stochastically 



147 

asymptotically exponentially stable. We shall now con­

sider the stochastic g'e'omet'r"i"c stability (Definition 

1.2.151 of the random solution x (wI of the stochastic n 

discrete system (5.0.11, which is analogous to the stochas-

tic asymptotic exponential stability above. Thus, we 

state and prove the following discrete analog of Theorem 

4.3.1. 

Theore~ 5.3.1 Suppose that the random equation 

(5.0.1) satisfies the following conditions: 

(i) there exist constants Z > 0 and 0 < 0. < 1 such that, 

(ii) 

for all n,j E N, 

I I I c . (w) I I I < Z 0. n+j i n,] -

f (x) is defined for n E N and scalars x such that 
n 

and 

If (0) I < Y n -
n 

0. , n = 1,2, •.• , 

Ifn(x} - fn(y) I < A/x-yl 

for II xn (w) II X ' II Y n ( w) II X < P and A and y 
g g 

constants; 

Cii ill I h n (wl I I L 2 (n, A , P 1 ~ [3 Ct n, [3 > 0, n = 1, 2 , • • • • 

Then there exists a unique random solution x (w} of 
n 

equation (5.0.1} satisfying 

{Erlx LwlI2]}1/2 < n - P 
n 

Ct t 

provided that Sf At and yare sufficiently small. 
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Proof: We must show that the pair ex ,x ) is admis-
9 g 

sible with respect to the linear operator 

Tx Cwl = n 

00. 

r c . C wI x . (w), n = 1, 2 f ••• , 

j=l n,J J 

n = a, , n = I t 2( ••• 1 and the above conditions. 

xn(wl EX, taking the norm of Tx Col}, we obtain as 
9 n 

before 

co 

For 

I I TXn Cw 1 I I L2 en tAt P 1 < j ~ 1 I I len t j (w 1 I I I · I I x j (w J I I L2 (Q, A , P) 

(X) II Xj (wI II~ CQ,A,P) 

= 1: I II c . COlI I I I < i a j 
j=l n,J a,J 

(5.3.1) 

by the definition of the norm in·X . 
g 

But from condition 

Cil of the theorem, we have 

en co 

E I I Ie. COl} ! I I aj 
j=l n,J 

< Z r a,n+j a,j = Z an 
j=l 

an ( 1 
11 = z (1.2 -1 -

Z 
2 

ex n = 2 
a . 

1 .... a. 

Therefore, from expression (5.3.1) we get 
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Z a,2 
! I TXn (w) IlL (&1 A P) .::. Ilxn (w111 X 2' a,n < 00, (5. 3. 2) 

2 r,· gl-a, 

since 0 < a, < 1. Hence, Tx (wl £ X by definition, and n g 

the pair ex ,X 1 is admissible with respect to T. Thus, 
9 9 

condition (il of Theorem 5.1.2 is satisfied with B* = D* 

= X • 
9 

From .condition (ii) we have that 

Ilfn(xn(w»). - fnlYn(W}1 II L2 (&1,A,P) ~ Allxn{w) 

and hence, 

which means that 

In a similar manner, we have 

- Yn (w) II L2 {n ,A,P} 

2.. A I I xn (w) - Y n (w) I I X · 
9 

and from condition tiiil we get 

I I hn lw 1 I I X < S. 
9 

Therefore, all of the conditions of Theorem 5.1.2 are 

satisfied with B* = D* = Xg for gn = a,n, n = 1,2, .•• , and 
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the conclusion holds, provided that 6,~, and yare small 

enough in the following sense: 

. A K < 1 f I I h n (toll I X 
9 

< 6 + KY 2 P (1 - A K) , 

where K is the norm of T. However, from inequality 

(5.3.21 t we have that 

< 

which implies that 

K = 

Z a 2 
-~-;:;:-2 Ilxn(w}ll x ' 
1 - a g 

Z*a,2 

2 ' 1 - a, 

where Z* is the infimum of all constants satisfying condi-

tion (il of the theorem and (5.3.2). Thus, we must have 

S, A, and y small in the sense that 

and 

completing the proof. 

It follows that the random solution of the discrete 

system (5.0.l} is stochastically geometrically stable under 

the conditions of Theorem 5.3.1. That is, 

. {E I I xn (wl I 2] } 1/2 ~ P a, n, n = 1, 2 , •••• 

Therefore, as n -+ 00 , we have 

2 
E I I xn (wl I ] -+ 0 
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since Q < a < 1. Hence, from Jensen's inequality we 

have that the expected value of the absolute random 

solution approaches zero as n + 00, 

lim E[\x (wll] = o. 
n+cn n 

5.4 AN APPROXIMATION TO SYSTEM (5.0.1) 

In this section we shall consider the random system 

with only a finite number m £ N of unknowns as follows: 

00 

h Cw} + r c . (w) f . (x. (w) ) I 

{ 

(m) 

x:1 (wI = n j=l n,J J J 
n = l, ... ,m 

(5.4.1) 

a, n = m+l, ..•. 

The following theorem gives conditions under which the 

system (5.4.1) possesses a unique random solution for 

each m that converges to the random solution of (5.0.1) in 

the space X
bv 

as m + 00. 

Theorem 5.4.1 Consider the random system (5.4.1) 

subject to the following conditions: 

(il there exist a positive constant Z and a finite 

positive sequence g , n = 1,2, •.. , such that 
n 

00 

j:lIIIC1,j (wlll Jgj+ i:i j:lIIICi+l,j (w) 

- c. . (wI III g. < Z i 
~rJ J -

(iiI. fn (xl is a function of n £ N and scalars x such 

that IfnCO) I ~ ygn' and 

I fn CXn ( w) 1 - fn (y n (wI) I ~ Agn II ~ - :i.11 X ' n=l 1 2 , • • • I 

bv 
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for II ~II X
bv

' I I x.ll X
bv 

::.. p and A a constant; 

(iii) h (wI E". xb • n v 

Then there exists a unique random solution of (S.4.l) 

for each ro, provided I Ihl Ix ' A, and yare small enough. 
. bv 

Also, if x Coo) is the random solution of (S.O.l), where 
n 

Cn,j(w) satisfies (i) and fn(x) satisfies (ii), and 

x(mI (00) is the random solution of (5.4.1), then 
n 

1 irn 1 I x - ~ (m) I I X = 0, 
m+ro bv 

provided AZ* < 1, where Z* is the infimum of all constants 

satisfying condition (i). 

Proof: We must show that the pair of spaces 

ex 'X
b 

} is admissible with respect to the operator 
g v 

Tx ( 00 1 = L: c . (w) x. (w), n = 1, 2 , • • • , 
n j=l n,] J 

(5.4.2) 

along with condition (i) of the theorem·. Let x (00) £ X • 
n g 

Then taking the norm of expression (5.4.2), we obtain 

as before 

00. Ilxj (00) IIL2 (rl,A,P) 
[ I Tx (wI IlL «(') A PI < r. III c . (001111 • g .• 

n 2 ~(" , -j=l n I J gj J 

Also, for i = 1,2, ••• , 

I I TXl..'+l Cwl-Tx. Cool IlL ((') A p}=11 E. IC'+l . Cool-c .. (00)]· 
1.. 2 u£" j=l 1.. ,] 1..,] 
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fD II Xj (W) I I L2 (r2,A,P) 
< L I I I c . + 1 · ( w) - c. . (w 1 I I I • g g . • 
- j =1 ~, J ~, J j J 

Hence f 

II TX1 (wIll L2 (n, A, Pl + i~lll TXi +1 (w) - TXi (wl II L2 en ,A,P) 

.xl Ilxj (w) II L (n,A,p) 

2. L I I I c 1 . (w) I I I • 2 9 . 
j=1",J gj J 

00 00 

+ L L III c. +1 . (w) - c. . (w) III · 
i=1 j=l ~,J ~,J 

I I x j (w) I I L
Z 

(n, A , P ) 
. g. 

gj J 

{
II xn {w} II L2 en ,A,P>j 00 

~ sup [ E III C l ,(w) III g. 
n ~ j=l' J J 

00 00 

+ L L 111 c. +1 . (w) - c. . (w) III g.] 
i=l j=1 ~,J ~,J J 

.:. I I xn (w) I I x Z < 00, 

9 
(5.4.3) 

by definition of the norm in X and condition (i). There-
9 

fore, by definition, TXn(W) € Xbv ' and the pair (Xg,Xbv) 

is admissible with respect to T. 

From condition (iil as in the proof of Theorem 

5.2.1, we have that 

It fn (01 II X . ~. y. 
9 

Also, from condition (ii), we have 
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or 

sup {I I fn Cxn (wll-fn (Yn (wllil L2 (O,A,Pl} 

n gn 

= II fn Cxn (wll - fn (y n (w) 111 X 
g 

~ A II~ - :tIl X • 
bv 

Hence, all of the conditions of Theorem 5.1.2 are satis-

fied with B* = Xg and n* = X
bv

• Since from inequality 

(5.4.3} and the definition of the norm in Xbv ' we have 

I IT~I I X ::. z I I xn (w) I I X ' 
bv g 

there exists a unique random solution of the system 

(5.4.1), provided that I Ihl Ix I A, and yare small 
bv 

enough in the sense that 

A Z * < 1, I I h II X + Z *y 2. p (I - A Z *) , 
bv 

where Z* is the infimum of all constants satisfying 

condition (i) and (5.4.31. 

For the other part of the conclusion, we consider 

for fixed m, 

t 12£, - x Cml I I = 
- Xbv 

II (ml II 
Xl (w1 - Xl (w1 L2 (Q ,A,P) 

m (ml 
+ i~lllxi+l (wl - x i +1 (wl - Xi (w) 

(m} II + Xi (wl L2 CQ ,A,P) 
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+ . L Ilxi +1 (00) - Xi (w) II
L2

(st,A,P)' 
1.=m+1 

(5.4.4) 

since x.(m}(w) = 0 for i > m. But for i =1,2, ••• , 
1. 

I I (m) (m) II 
xi+1 (u) - Xi (w) - xi+1 (w) + Xi (w) L2 (st ,A,P) 

= I I L c . + 1 . (w) f . (x . (w» - L c . . (OJ) f . (x . ( w) ) 
j=1 1.,J J J j=1 1.,J J J 

- jg 1 c i+ 1 , j (til) f j (xJm) (til» + j ~ 1 C i , j ( til) • 

(m) II fj(x j (w)} L2(~,A,P) 

=11 L c'+
1 

.(w)[f.(x.(w}) - f.(x{m}(w})] 
j=1 1.,J J J J J 

00 

- L c .. (w)[f.(x.(w» - f.(x~m)(w»]IIL «(\ A P) 
j=1 1.,J J J J J 2 ~6, , 

00 

= I I L: [c. +1 . (w) 
j=1 1. ,J 

< L I I Ie. +1 . (w) 
- j =1 1., J 

- c .. (w) J [f. (x. (w» 
1.,J J J 

- fj (xJm) (w) )] II L2 (st ,A,P) 

- c. . (w) I I I · I If. (x . (w) ) 
1.,J J J 

. (m) I I 
- fj(x j (w» L

2
(st,A,P) 

00 

< A II x - x (m) II L III c. +1 . (w) - c. . (w) III g. 
- - - Xbv j=1 1.,J 1.,J J 

from condition (ii). Hence, we obtain from (5.4.4) 

I I ~ - x (m) I I ~ A I I ~ - x (m) II L I I Ie 1 . (w) I I I 9 . 
- Xbv - Xbv j=l ,J . J 

m 00 

+ A II ~ - ~ (m) I I X L L: I I Ie. +1 . (w) - c. . (w) I I I 9 . 
bv i=l j=l 1.,J 1.,J J 

00 

+ . L.· Ilxi +1 (w) - x. (w) IlL (n A P) 
1. =m+ 1 1. 2' I , 
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since by a similar argument as that given above, we have 

00 

L I I I c 1 . (w) I I Ig, · 
j=l ' J J 

Therefore, 

00 

I I x - x em! I I x ~ A II x - ~ Gnl I I x [i: I I I c 1 ,C w) I I I g J' 
. bv bv j=l ,J 

+ m <Xl 

r: r: I I I c . + 1 ,(w ) - c, ,e wl I I I g . ] 
i=l j=l ~,J ~,J J 

00 

+ ,L Ilxi +1 (w} - Xi (wlll L2 en ,A,P} 
1=m+1 

00 

< '\ Z * I I x - x (m) I I + ~ I I ( 1 ( ) I I 
- A _ _ X

bv 
i=~+l x i +1 w - Xi w L

2
(n,A,p) 

from condition (il of the theorem. Since AZ* < 1, we 

then have 

00 

I I x -x lm) I I _< 1 1 ~ I I x (I,') (/,\) I I 
- Xbv - AZ* i=~+l i+1 ~ - Xi W L2 <n,A,m 

-+ 0 

as m -+ 00, completing the proof. 

We now consider approximating the random solution 

x Cml (w) of the system (5.4 .11 for each m = l, 2 , • • • • We n 

may write the finite system (5.4.11 as 

m 00. 

. h (w 1 + r: c ,e wl f . LX ~1 (w 1 } + r: c . (w) f . (O) , 
em I n J' ;:: 1 n, J J J J' =m+ 1 n, J J 

x . (wl = 
n n=1, ... ,m 

0, otherwise. 
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00 

From this we see that if i: 
j=m+l 

c . (00 1 f . (0 I is small, 
n, J J 

then we may ignore it. Suppose that at each fixed 

n = 1,2 r ••• ,m, we use the successive approximations to 

the solution of (5.4 .11 similar to those of Chapter III 

as follows: 

x Gn~+l ((d n,l. 

x Crnl (00 1 = h ( 00 1 , n,O n 

m 
= hn Cool + l: 

j=l 

00 

(m) 
c . (w) f . (x. . (00) 1 
n,J J J,1. 

(S.4.S) 

+ L. 
j=m+l 

c . (w) f . (0 1, i = 0 ,I, •••. 
n, J ] 

The rate of convergence of the sequence of random 

variables (S.4.5) will be investigated now under the con­

ditions of Theorem 5.4.1. By definition of the norm in 

Xbv ' we have, for i = 1,2, ••. , 

II (m) (m} 11 
Xi +l - Xi X 

bv 
Cml . (m) II 

= Ilxl,i+l(W) - xl,i(W} L2Cn,A,P) 

+ 
m Un} ( 1 (m} 
l: II xk+l i+l (001 - xk~lli (001 - xk,i+l (w} 

k=l I 

+ x~l (00111 L2 (J',A,P} 

since x Un) Cool = 0 for n > m. But from (5.4.51, 
n 

(5.4.6) 

m (m) 
= It l: c l . (w) f . (x. . (00) ) 

j=l ,J J J,1. 

m em) II l: c 1 . (00 1 f . ex. . -1 (00) ) L (n A P) 
j=l ,J J J,l. 2 " 
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< ~ III c 1 • Coo} III · Ilf, ex ~~ COlI) 
- j=l,J J Jr1 

.... f, Cx ~~ -1 (00 I) l I L (n A P) 
J J,1 2 " 

GO. 

< A II x ~ml - x ~lll rill c 1 ,(w) I II g . 
- "'-1.. -1-1 Xbv j=l ' J J 

from condition (iil of Theorem 5.4.1. Also, 

Un} Cml Unl (m) II Ilxk +1 ,i+1·(wl - xkti+1 (001 - x k +1 ,i (w} + xk,i (00) L2 (n,A,p) 

m Un} m (m) = II r c k +1 ,(W)fJ,(xJ',i(w)} - L c k ,(w}f,(xJ',i(w» 
j =1 ' J j =1 ,J J 

m Cm} 
- L c k +1 .(w}f,(x .. l{W» 

j=l ,J J J,1-

m em} 
+ 1: c k . (00) f. ex. · 1(00» IIL2 (t'\,A,P) j=l ,J J J,1- ~6 

m (m) = I I 1: [ Ck + 1 · (00) - ck · (w) ] [f · (x , · (w) ) 
j =1 t J , J J J ,1 

. tm) 
- f j (x j , i':'l (w) 1 1 I I L 2 (n, A , P ) 

~ j~111Ick+1,j (wl - Ck,j (W1III·llfj (xj~l (w» 

- fj {Xi~l-l (W}) II L2 (n,A ,P) 

c:c. 

~, A ! I x pt'1 - x ~ i I I x . z:. I I l ck+ 1 · lw) - ck .; tw) I I 19' j 
bv J=1 ,J IJ 

from condition (iiI of the theorem. Hence, we have from 

equation (5.4.61 and these inequalities that 
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00-

II~i -xrlllxbViAllxtl_x~illxbV j~lIIICl,jCwllllgj 

+A II x ~l - x ~mlll ~. ~ ! I I C k +l J' (w 1 
. -~ ~-l xbv k=l J=l ' 

- c k . (w) III g . ,J J 
00. 

Cm) Cml = A II x. - xi-III X [ ~ III c l . (wI III g . 
-~ bv j=l ' J J 

m 00 

+ ~ ,~, I ,ck +1 . (wi - c
k 

. (w) III g.] • 
k=l j =1 ( J I J J 

The last expression in brackets is less than or equal to 

Z* by condition (i) of the theorem, and hence, 

II x ~ml) - x ~mJ II < (AZ *) II x ~m) - X1~~1) I IX • 
-1+ -1 Xbv - -~ bv 

Repeating this argument (i-I) times, we obtain 

Since AZ* < 1 in Theorem 5.4.1, we have, 

as i + 00, m S N fixed. Hence, the sequence of successive 

approximations in (5.4.51 converges at a rate proportional 

to (AZ*l i. 

Now, to investigate the error of approximating 

x;:ni Cwl by x~i (wI, we consider 
. f 
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m (; 1 Un} em)' (m) I I 
+ l: Ilx m (w} - xk+'l·.·,'; (wI - x (w) + x k . (wl L (n A P)-

k=l k+l .... k ,1.. 2' , 

By the same kind of argument as given above, we have 

CmI (rot ( ) (m) I I 
Ilxk +l (wl - xk+l,i (wI - x~ (wl + x k · (w) L (n A P) 

,1.. 2' , 

m m (m) 
= II E. ck +l t J' (wI f

J
• (xJ~l (wI) 

j=l 
~ c

k 
.(w)f. (x. (w» 

j=l ,J ]] 

m Cml 
l: c k+l .(w}f.Cx .. lew}) 

j=l ,J J J,1..- . 

m ~} I I + ~ C k .(wIf.(x. '_lew}) L (n A P) 
j=l ,J J J,1 2 " 

m (m) 
= I I ~ I c k +l · (w) - c k . (w) ] [f , (x . (w) ) 

j=l ' J , J ] J 

- f j ext i -1 (w III I I L 2 (Q , A, P l 

00 

2. It II x (m} - X{~I) II x ~ III c k+l ,(w) - c k . (w) III g , 
bv j=l ~J ,J J 

from condition (ii) of Theorem 5.4.1. Hence, we get 

I I x (ml - x ~m) I I . -< A I I x (m} - x ~m) lIE I I I c 1 ,( w) " I g . 
- -J.. Xbv - - -1-1 Xbv j=1 ,] J 

< o.Z*I [lx Unt - x~mL II . - - --J..-·1 X bv 

Repeating this argument (i-II times, we obtain that 
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as i + fXl for fixed m:::: 1,2, •••• Hence, the error of 

approximating x Cml (wl by theith successive approximation 
n 

is less than (AZ*) i times a positive constant. 

The above approximation enables one to apply the 

electronic digital computer to obtain realizations of 

the random solution of equation (5.4.1) for each ro, and 

therefore, to obtain an approximation to a realization 

of the random solution of equation (5.0.1). Combining 

the above results with the conclusion of Theorem 5.4.1, 

we have that 

II x - x ~ml II < II x - x Un} II X + II x (m) - x ~m) II 
-1. Xbv bv - -1.. Xbv 

+ 0 

as i + 00 and m + 00 simultaneously. 

As a final remark, the above results also apply to 

the random discrete Volterra system (5.0.2) I since it 

is a special case of the random discrete Fredholm system 

(5.0.1). Also, since the discrete system in Chapter III 

is a special case of system (5.0.2) when the error of 

approximating the integral is zero (that is, the functions 

are zero except on the discrete set of points tl < t2 < 

< tn < ••• 1, the results obtained in this chapter 

apply there. 



CHAPTER VI 

PROPOSED EXTENSIONS 

6.0 POSSIBLE EXTENSIONS OF THE RESEARCH 

We shall propose several areas in which this research 

may be extended. With respect to the stochastic Fredholm 

integral equation in Chapter IV, the results obtained here 

may be applied to a wide range of physical problems, per­

mitting the solution of very complicated and general pro­

blems which occur. For example, the results of Chapter IV 

may be applied to general nonlinear stochastic control 

systems with random parameters, and not only to the 

systems that were illustrated in Section 4.4. Also, the 

results may be applied to random Fredholm equations defined 

on noncompact intervals which occur in 'the stochastic form­

ulation of problems in radioactive equilibrium of a stellar 

atmosphere and in the theory of diffraction (see, for 

example, [69, p.1631). 

In addition to the above remarks, the approximate 

solution of the mixed stochastic Volterra-Fredholm integral 

equation of Chapter IV may be investigated by utilizing the 

method of successive approximations as was done in Chapter 

III for the random Volterra integral equation. 

With respect to the stochastic discrete equations of 

162 
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Chapter V, several points may be investigated: 

(i) The Lipschitz condition which is needed in the proofs 

for the existence of a unique random solution could possibly 

be weakened or completely removed and still have the exist-

ence of a random solution, not necessarily unique. 

(ii) The random discrete Fredholm system could be extended 

to a random discrete mixed Volterra-Fredholm system 
n 00 

x (w) = h. (w) + l: c . (w) f. (x. (w» + l: c* . (w) e. (x. (w) ) 
n n j=l n,] ]] j=l n,] ]] 

for n = 1, 2, ••• , which is a discrete version of the mixed 

stochastic Volterra-Fredholm integral equation studied in 

Chapter IV, and the existence and uniqueness of a-random 

solution of such a system could be investigated. 

(iii) In addition to the stochastic geometric stability of 

the random solution of the discrete equation which was 

studied in section 5.3, other types of stability may be 

obtained. 

(iv) In the approximating system in section 5.4, the con­

vergence of x{m) (w) to x (w) in the spaces X and Xl and n n g 

with probability one should be investigated, since the con-

vergence was studied only in the space Xbv • 

(v) In the successive approximations to the unique 

random solution x(m) (w), one may consider the convergence 
n 

with probability one and in the spaces Xg and Xl (which 

would imply convergence in mean square). 

(vi) These approximations could be applied to specific 
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problems which result in random integral equations of the 

Volterra and Fredholm types by first reducing the problems 

to the discrete case. 
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SOME STOCHASTIC INTEGRAL AND DISCRFTE FQUATIONS 

OF THE VOLTERRA AID FREDHOLM TYPES WITH 

APPLICATIONS 

William Jowayn e Padgett 

Abstract 

Random or stochastic integral equations occur 

frequently in the mathematical description of random 

phenomena in engineering, physics, biology, and oceano-

graphy. The present study is concerned with random 

or stochastic integral equations of the Volterra type 

in the form 

t x(t;w) = h(tiW) + fa k(t,T~w)f(T,x(Tjw»dT, t > 0, 

and of the Fredholm type in the form 
00 

x(tjw) = h(t:w) + fa ko(t,T;w)e(T,x(T;w»dT, t ~ 0, 

where w £ Q, the supporting set of a complete probability 

measure space (n,A,p). A random function x(t:w} is said 

to be a random solution of an equation such as those 

above if it satisfies the equation with probability one. 

It is also required that X(tiW) be a second order 

stochastic process. 

The purpose of this dissertation is to investigate 

the existence, uniqueness, and stochastic stability 

properties of a random solution of these Volterra and 



Fredholm stochastic integral equations using the tltheory 

of admissibility" and probabilistic functional analysis. 

The techniques of successive approximations and stochas­

tic approximation are employed to approximate the random 

solution of the stochastic Volterra integral equation, 

and the convergence of the approximations to the unique 

random solution in mean square and with probability one 

is proven. 

Problems in telephone traffic theory, hereditary 

mechanics, population growth, and stochastic control 

theory are formulated, and some of the resul'ts of the 

investigation are applied. 

Finally, a discrete version of the above random 

integral equations is given, and several theorems con­

cerning the existence, uniqueness, and stochastic 

stability of a random solution of the discrete equation 

are proven. Approximation of the random solution of 

the discrete version is obtained, and its convergence 

to the random solution is studied. 

This work extends and generalizes the work done by 

c. P. Tsokos in Mathematical Systems Theory 3 {1969}, 

pages 222-231, and M. W. Anderson in his Ph.D. disserta­

tion at the University of Tennessee, 1966, among others. 

Extensions:of this research to several areas of applica­

tion are proposed. 


