CHAPTERII.
SYSTEM MODELING AND FORMULATION

2.1 Basic Assumptions and Kinematics of the M odel

The structural model used herein aiming at simulating the lifting surface of

advanced flight vehiclesisthat of a cantilevered thin-walled closed-section beam. Herein,
attention will be confined to uniform single cell beams. Two systems of coordinate, namely
(s,z,n) and (X,Y, 2) are used to define points of the thin-walled beam (see Fig. 2.1).
Notice that the z- axisislocated asto coincide with the locus of symmetrical points of the
cross-section aong the wing span. The beam model incorporates the following nonclassical
features:

* Anisotropy of constituent material layers.

* Transverse shear deformation.

» Nonuniform torsional mode!, in the sense that the rate of twist df /dz isno

longer assumed to be constant (as in the Saint-Venant torsional model) but a
function of the spanwise coordinate.

* Primary and secondary warping effects.

Asaresult of the incorporation of transverse shear effects, the present beam model
is capable of providing results also for thick-walled beams and/or when their constituent
materials exhibit high flexibilities in transverse shear. We also postul ate non-deformablility
of beam cross-sections in their own planes but the possibility to warp out of their own
planes. In addition, we assume that hoop stress resultants are negligibly small compared
with the remaining ones. In accordance with the above assumptions and in order to reduce
the 3-D problem to an equivalent 1-D, the components of the displacement vector are
expressed as [2]

u(x,y,zt) = U, (z,t)- yf (z1)
V(X Y,Zt) =Vo(zt) +Xf (z1) (2.1.1 ac)

WXy, 2t) = Wo(z) + 6 2O - ngs

+qy(2Y) gx(s) " n%g- £ (ZO)[Fu(s) +na(9)]
where ax(z,t) = 9yz(Z,t) - Vo' (z,1)
dy(zt) = ge(zt) - W'(z1) (2.1.2 ac)

and

a(9)= - YO D - x(9 X

Here gx(zt) and gy (z,t) denote the rotations about axes x and y respectively, while gy,
and g denote the transverse shear strainsin the planes yz and xz respectively and the



primes denote derivatives with respect to the z- coordinate. When the transverse shear
effect isdiscarded, from Eq. (2.1.2) it isreadily seen that in this case

0« ® -Vo', gy ® - U, . (2.1.2d,e)

The primary warping function is expressed as

Fu = (Jrm(9)- Y ]ds (2.1.3)

wherethe torsiond function Y and the quantity rn(s) are

< (S) ds
vy = _szs (2.1.43)
¥hE

= XO 2 Y% (2.1.4b)

and

respectively. Figure 2.2 displays the configuration of a cross-section of athin-walled beam
structure and reveals the geometrical meaning of a(s) and rn(s) aswell.

Equations (2.1.1) and (2.1.2) reveal that the kinematic variables, v,(zt), w.(zt),
dx(zt), gy(zt) and f (zt) representing three translationsin the X, y, z directions and
three rotations about the X, y, z directions, respectively are used to define the displacement
components U,V and w. The quantity h(s) denotes the integral around the entire periphery

C of the mid-line contour of the cross-section of the beam; while ern(s)ds isreferred to

as the sectoriad area. For the case of the uniform thickness h in the circumferential
direction, Eq. (2.1.4a) reducesto Y =2Ac/b where Ac denotes the cross-sectional area
bounded by the mid-line while b denotes the total length of the contour mid-line.
Considering the case of composite TWBSs constituted by the superposition of a
finite number N of individually homogeneous layers, it is assumed that the material of

each constituent layer is linearly elastic and anisotropic and that the layers are perfectly
bonded.

The 3-D constitutive equations of a generally orthotropic elastic material could be
expressed in matrix form as:
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In Eq. (2.1.5) the Q; denote the transformed elastic coefficients associated with the kth
layer in the global coordinate system of the structure while g = 2e, when p* r and the
e; denote the components of the strain tensor.

Based on the kinematic representations, Eq. (2.1.1) and (2.1.2), one can obtain the
strain measure as following [2]:

ez(n,s z,t) = eg(s zt) + ney(s,zt) (2.1.6a)
where
ey(szt) =wo'(z1t)+qx' (zt) Y(s)+a,' (zt)x(s)- f"(zt)Fu(s) (2.1.6b)

and
. d , dx ..
exszt) =y (20 g - 4 (B0 g - " @Da( (2.160)
arethe axial strains associated with the primary and secondary warping, respectively. The
membrane shear strain component can be expressed in the form
ge(s21) = g2(s.20) + 2221 (1) (21.72)
where
: dx , d
92(s 21) =[uw'(2) + 0y (2 1] T +[W'(2) + G (2D)] (2.1.7b)
and the transverse shear strain component as

gr(szt) =[uo'(zt) + qy(z,t)]glsl - [w' (z.t) + qx(z,t)]%)—é (2.1.8)

In the above equations, the underscored terms define that part belonging to the transverse
bending, whereas the remaining ones are associated with the axial warping (viathe terms
related with w,), lagging (related with u, and qy) and with the twist (f ).

2.2 Constitutive Equations of Piezoactuator Patches

We assume that the master structure consists of m layers and the actuator of |
piezoelectric layers. Along the circumferentia s, spanwize z and transverse n directions,
the piezoactuators are distributed according to (see Fig. 2.3)

R«(n)=H(n- n.)- H(n- n.),
R«(S) = H(s- s.) - H(s- s), (2.2.1)
R(2) = H(z- 2.)- H(z- 2.)
where R isasgpatial function and H(® denotes the Heaviside distribution, in which the
subscript k in parenthesis identifies the kth layer. The linear constitutive equations for a

three-dimensional piezoelectric continuum, expressed in Voigt's contracted notation, are
[41]

si=GS-ex , D =e5+ex (2.2.2 ab)



in which summation over repeated indicies is implied. Moreover, s; and S(i,j =
1,2, »6) denote the stress and strain components respectively, where

|SJr1 p_r! J :11213
|28pr, r, ]=456

(2.2.3)

Moreover, Cj,e: and eF arethe elastic (measured for conditions of a constant electric

field), piezoelectric and dielectric constants (measured under constant strain) and X, and
D (r =1,2,3) denote the electric field intensity and electric displacement vector respectively.
Whereas Eq. (2.2.2a) describes the converse piezoelectric effect, consisting of the
generation of mechanical stress or strainin response to an eectric field, Eq. (2.2.2b)
describes the direct piezoelectric effect, consisting of the generation of an electrical charge
under a mechanical force. In adaptive structures, the direct effect is used for sensing and
converse effect is used for active control. EQ. (2.2.2) are valid for the most general case of
anisotropy, i.e. for triclinic crystals. In the following, we restrict the piezolectric anisotropy
to the case of hexagona symmetry, the n- axis being an axis of rotatory symmetry
coinciding with the direction of polarization (thickness polarization), as can be seen from
Fig. 2.4[39]. We also confine ourselves to an in-plane isotropic piezoel ectric continuum.
In this case, the piezodectric continuum is characterized by five independent
elasticcoefficients, Gy = Cx, Ciz = Gs = Car = Csz, Cas, Cas = Gss, Ces(® (Cui - Ci2) 1 2),
three independent piezoelectric coefficients, es =ex, ex=ep, and es and two
independent dielectric constants, e;; = e, e [41].
At this point, we assume that the master structure is made of anisotropic material
layers, the anisotropy being of the monoclinic type. We also assume that the electric field

vector X; isrepresented in terms of the component x5 only, implying x; =x,= 0. Asa
result of the uniform voltage distribution, xs depends on time alone and is independent of
the spatial position. Invoking the stipulated distribution law of piezoactuators, Eq. (2.2.1)

and the stipulated anisotropy properties, the three-dimensional constitutive equations for the
actuator layers can be expressed as

é 0
b La Ca 0 g S SPRORGROL
%Y zec, ¢ 0o a0 &Y . G§'I)X§")R<(n)R<(S)R(Z) (2.2.43)
e u g a € U .
&szg(k) A Cu- Co %ag( 0 H
0 0 =—== k)
g 2 H,
and s =l gl (2.2.4b)

Thelast termsin EQ. (2.2.49) identify the actuation stresses induced by the applied electric
field.

2.3 Global Constitutive Equations

Integrating the three-dimensional constitutive equations through the thickness of the
master structure and actuators and postulating that the hoop stress resultant Ns IS
negligibly small when compared with the remaining ones, two-dimensional constitutive
equations, referred to aso shell-constitutive equations, are obtained as.



the stress resultants:

‘| es U
‘| szu Ku Kp Kiz Ky UI g° |N§‘Z(,j
TNeb &Ko Ko Koo Kaulh T ?/ 10 b 23
ferhp
the transverse shear stress resultant:
= AuQn: (2.3.2)
the stress couples:
ey
‘[Lzzi,J_ K Ki Kag KMU][: gé’z]l:, 1 Lizu
% Lszi; = g(sl Ko Ke Ko H: . -?./- 0 p (2.3.3)
fenb

where K denote the modified local stiffness coefficients, listed in the Appendix A and
N2 and L% denote the modified piezoelectrically induced-stress resultant and stress couple

respectively, expressed as

Ni(szt) = gi A&z a x (1) (e - N )ePR(S,2)
(2.3.4a,b)

5(320) = H e +n)- BlZOaxék)(t)(nw 0. )elRi(s,2)

where R«(s 2) = R(s)R(2)

2.4 System Kinetic Energy
With the displacements given by Eq. (2.1.1), the systme kinetic energy takes the
form

_1i 8 €fus , ave | awe U
T—g(;)okazllqk)r(k)@eﬂtg e‘ﬂtg +e‘ﬂt8 Hd ndsdz (24.)
_1 Lfﬁ r(k)[(u_yf)2+(v +xf )2 + {(Wo+yqx+qu Fuf 1)
200 Q,

- d
+n(OIS Qy - d?s( Ox - af )E EIdndsdz

where L denotes the beam length.
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Carrying out the indicated integrations with respect to n and s, the kinetic energy
can be expressed in the compact form as

= 2 I8 + (b +be) 2 + b2 + b +(bs +bis)
+(lr + 0)G3 + (b0 + bua)f 2] iz (2.4.2)

In matrix form, T can be rewritten as

.:U :’etq 0 0 0 0 0 0 u:U:J

Vo1 O B 0 O 0 0 0 Yivei

i € VR

W @ 0 b O 0 0 0 a,Wo,
Loflig i
QQiquéO 0O O(u+bs) O 0 0 i Quy dz

[ T -0

. qyl ?0 0O O 0 (bs +hbis) O 0 U..qy,l.

ifi0 0 0 0 0 (h+h) © ”|f i

A :

}f b@) 0 0 0 0 0 (b10+b18)HTf

(2.4.33)

where the various mass coefficients b; are displayed in the Appendix A.
For the non-shearable beam, when the transverse shear effect is discarded, i.e.,
Ox ® -V, and gy ® - u,', T hastheform

Wi 0 0 o 0 0 o ulul

I_ T & UI- T

TVo i 0 by 0 0 0 0 0 TVo i

e u

"wl&0 0 b o 0 0 0 a'w!
10" e ul. J
T=3Qi%y 0 0 0(+h) O 0 0 iveydz

:uo: @0 0 0 0 (bs+hs) O 0 u:uo:

T zo 0 0 0 0 (h+bh) O E.f' i

T T a T

i bg) O 0 O 0 0 (b10+b18)HT b

(2.4.3)

2.5 System Potential Energy

Having in view the assumption of non-deformability of the cross-section of thin-
walled beamsimplying that es, exn and gs should be zero, the potential energy can be
shown to have the expression
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1 A & ! ! 1 n
5 QBNzWo' +xay’ +yx' - Fuf ") + Lz (0’ H’s K EIE af ")
+N§§Uo +C1y) dS+(Vo +q )dSﬂ+ ZNSZ?)Cf (251)

: d dx
+ an?Uo +qy) d—i - (Vo dsg ] dsdz

where dt °© dndsdz denotes the differential volume element.
The one-dimensional stress-resultants and stress couplesin Eq. (2.5.1) are defined in the
Ref. 3.

Tz(z,t) = T‘j\lzzds
dys
My (z,t) = Q%xNzﬁLsz ds

M(z) = @ Na - L 20 ds

Q(zt) = a?\lszag + L a—sods (2.5.2)
Q(zt) = Qa?\uszag Lan agods

By(zt) = §Fuw(S)Nz +a(s)Lz)ds

Mz(z,t) = 26\'52Y ds
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inwhich T, Q. and Q, denote the axial force and shear forcesin the x- and y- directions,
respectively, My, My and M, are the bending and twist moments about the x-, y- and z-
axes respectively, while B, isthe bimoment [43].

Inview of Egs. (2.3.1) and (2.3.3), the one-dimensional stress measures T,, My,
M, and B, can be cast in the more convenient form

T,=T,- T2 My = My - M2

R A (25.3)
My = My - My B, =By - B}

where overcaret identify purely mechanical term and superscript a denotes piezoelectrically
induced terms. The mechanical terms are expressed as

gTZ H gau &, Q3 a4, Q5 g Gy Hg W, l[jl
%Myld gazl &, Qy 8y Ay ay a27llJ:J g q y' g
%ng €% & 8y 8y G 8% GyQe ay a
N O — u ! u
QQX u-— %41 p 8 Gy Y a47gg(uo +qy)l]
e u g 16, !
890 1 B B 8 B B 8y AV )y
Bug P % % B Fs A Fys 17y
V. &n & a3 &, as a azde f*Q (2.5.9)

while the piezoelectrically induced terms are
\ N\ A
Tz = gNzds = @A [x§(n,. - n. )& R(s 7)]ds
k=1

a — g a dx a0
Mg = PRYNS - 5 La9ds

= ?‘)?1 x§(n,. - n.)eld Re(s,2) :yéﬁ Aug, dX Boily
=1

A8 dsAsg
1 \édX CJ (k) (K) U
"2Tgs A X (M - N e RS 2)yds
(2.5.5 a-d)
— AR dy o
M = @pX N2 + g5 Lagds
= (k) _ (k) B Ay, BBy
_@lXS (nk+ rl(-)eg,l Rk(S,Z) 2)(5_ Alg+ dS Allads

1 édy 4 .
+ OB A XS (1E. - 1 ) R(s s
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B =¢fFwNz +al3)ds

4 s @ Asy Byl
= A X - ) R(s2) Fudl- R2G- agluds

k=1

1 ‘é 3 (k) (k) l:J
+_2@a9:1x3 (N - . )ey R((S,Z)Hds

In these equations, &;(= a;) are stiffness coefficients displayed in the Appendix A.
It is noticed that piezoelectrically induced terms are proportiona to the applied
electric field xs. In the case of actuators placed symmetrically throughout the thickness of

the beam, the underlined termsin Eq. (2.5.5) vanish.
The unshearable counterpart of Eq. (2.5.4a) becomes:

62 1 gan -8, -a; T a17H, '
ey ¢ 6g"
é’\ u g a21 622 a23 - a26 - a27l/'lé,{)”l]
o 8 de .0
MU=Z & 8 A -8 - Aguek U2 (2.5.5€)
- A 7 ||u
éB,u € ua
A Wu gael -8 - 8 Q5 ae7g§ , Y
§a71 -8, - a Az a77g

Similarly, using Eq. (2.4.6) as well as the two-dimensional constitutive equations
Egs. (2.3.1)-(2.3.3) and integrating with respect to n and s, the potential energy can be
shown to have the form

L
V=3 QT MGy +M.gs +Qu(W +0,) + Q' 4,0 - Buf "+ M. ez
(2.5.6a)
L
= 5 QLA ) + a(@ )7 + (A ) + (s +0,)7 + s (v 40

+as (f )2 +ar(f')? +2a2Wo' 4y +283Wo' Ox' +284Wo' (Uo' +Qy)
+2asWo' (Vo' +0Jx) + 2a06Wo' T " +2a07Wo' f ' +2a230]y" 0" +28240y'(Uo' +0ly)
+2as0y (Vo' +0x) + 2a26qy' f " +2a27q,' f ' +28340«" (Uo' +y)

+288s0)x’ (Vo' +0x) + 2as60x" f " +28670x' f ' +2aus(Uo' +0Jy ) (Vo' +0x)

+2aus (Uo' +qy )f " +2au7(Uo’ +0y )f ' +2ass(Vo' +0x)f " +2as7(Vo' +0x)f '
+2a;f "f '] dz (2.5.6b)

The potentia energy V can be cast in matrix form as
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L i u"' "

V=5Qi('+qy)y an 8w as au as amo i (W'+ay)ydz

. ; u
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.I.(vo +qx)I @ s B Bk A Al ' (V' +0, )I

. . . € u.. "

i f |éa61 Q2 Q3 st A5 Qs as7u| f i
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Asin the formulation of the kinetic energy, for the non-shearable beam, V can be
expressed as.

= % @[all(wol) 2 +a22(u0")2 + aSS(Vo")2 + 366(f ")2 + a77(f ')2
- 2800Wo' W' - 283Wb' Vo' H2ausWo' T " +2817Wo' T ' +2823U0" Vo

- 2805l - 287" ' - 2806Ve" " - 287Ve" f ' +28f T ] dz (2.5.78)

In matrix form, the potential energy can be represented as

W, U é an -ar - as 6 a7 Ui W'

I i e ai

- an a2 Az - s - Ay, U .

LG8 G~ i
=35 QI' o'y & @ & Qs - aks - awliV'ydz (2.5.7b)

T,.1 € ar .0

f .1 - 32 - As3 As6 agr . "

| | ? UI 1

f b €an -an -am awn arr Hf f' b

2.6 Extended Hamilton's Principle

The boundary value problem, consisting of the governing systems and the
boundary conditions, can be derived conveniently by means of the extended Hamilton's
principle [44], which can be stated in the form

d"(dT- dV +dW)dt =

(2.6.1)
dy, =dv, =dw,=dqg, =dg,=df =0 a t=1¢,t,

Herein T isthe kinetic energy, V the potentia energy, dW the virtua work of the
nonconservative forces, which can be written as
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LA (z)dy, (zt) + py (z)dv(z 1) + p(z)dw,(zt) &
dw = Qg ~dz
etm,(zt)dq,(z,t) + m/(zt)dg,(zt) +(m +hb,")df (zt)a
(2.6.2)

+QL(T;"dwo' -MZdg, - Mida,’ +Ef ") dz
where py, py and p, denote the external force per unit length and m,, m, and m, twist
moment about X,y and z axis respectively, while b, isthe bimoment of the external
loads. Their expressions can be found in Ref. 43. In addition, piezoelectrically induced

terms denoted by superscript aare defined previoudly.
Carrying out the usual steps [44], we can write

Q dTdt = - ) & (ilduo + bilav, + by, + (b + bre)cl

+(bs + bis)yddly - (Do + bue)f "df + (by + by)f of )diz

- (ho +big)f " df |5 ]t (2.6.3)
dV = - [T dwe + (M, -0)dgy + (M - Q)dax

+(Bu"+M,")df +Q'du, + Q' dv,|dz+ (2.6.4)

[Tdw, +Mydgy +M,dgy - Budf "+(B' +M)df +Qdu, + Qdve]

L
0

Substitution of Egs. (2.6.2)-(2.6.4) into Eqg. (2.6.1) yields the boundary-value
problem for the most general case of anisotropy. In this sense we have:

a) the equations of motion expressed in terms of 1-D stress-resultants and stress-
couple measures as [45]:

dw: M_y""'g'h"‘px"'ﬂ':O
dve: MI+Q'- l2+p+md =0
dwe: T/-13+p,=0
(2.6.5 af)
af : BJ"+M/-(ls-1g")+m, +h,'=0

dqx Mxl'Qy'|5+m:0

dgy: My -Qc-lIz+m =0

b) the boundary conditions at the ends (z = 0, L) for a cantilever beam:
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TheBCsatz=0 The BCsat z=L

dw: Uo = Do My +Q: = Q

dvo: Vo = Vo Mx'+§/:@

dwe : Wo = Wo T, = _Z

dq, ordu, Q_;Lay oru,'= 0, My = My (2.6.6 a-g)
dg, orav,' QE.X orv, =V, My = My

df " f=f B.=B,

df f=f By +M, =M, - I

In Egs. (2.6.5) and (2.6.6), the single and double solid lines identify the terms
pertaining to theinfinitely rigid and flexible in transverse shear theories, respectively, while
in Eg. (2.6.6) the overline sign affects the prescribed quantities. When the unshearable
beam theory is considered, the terms indentified by the double solid lines have to be
discarded. Conversely, when the shearable theory is adopted, the terms affected by asingle
solid line have to be dropped. The same convensions apply to the boundary conditions
(BCs) aswell. Moreover, the free warping counterpart of Egs. (2.6.5) and (2.6.6) can be

obtained by discarding the quantities underlined by the dotted line. In addition, I;(i =1,9)
are the inertiaterms whose expressions are displayed in the Appendix A.

2.7 The Governing System of Equations
The most convenient formulation of the governing system and of the associated

BCs consists of their representation in terms of the kinematic quantities U, Vo, Wo,0x, 0y and
f . Asin the theory of plates and shells, ( see e.g. Librescu, 1975), this representation can
be obtained by expressing the stress resultants and stress coupl es entering the equations of
equilibrium motion in terms of the unknown kinematic variables [46]. From Eq. (2.6.5),
the governing system of thin-walled beams which incorporates also transverse shear effect
isexpressed as

dwe:  auWo" +auqy" +ausx " +au(Uo" +qy ) + @s(Vo" +0x') +awef "' +auf "+p - T =15

dgy: axuWo"+a2qy" +az0x" + s (W" +0y') +aes(Vo" +0x") + azef """ +arf " - auwWo'
- A0y’ - Auz0x’' - AQua(Uo' +0y) - &us(Vo' +0x) - auef "- aurf'+my - M =17

dgx: amWo" +asqy” +as0x" tas(W" +0y") + &s(Vo" +qx' ) + assf """ +asf " - asiWo'
- @20y - @30« - 34 (W' +y) - ass(Vo' +0x) - asef "- @7f ' +mM, - M3 = |5

Al 8uWo" +aully" +auallx " +aus(Uo" +0y' ) + &us(Vo" +0x' ) + &usf """ +auf "+pc- QF' = Iu
dVo! asiWo" +@20)y" +ass0x " +as4(Uo” +0y") +865(Vo" +0x') +asf "' +asf "+ py- QF' = I2
df :-aaWo'"' - @20y - @O’ - B4 (b +0y") - Bes (Vo' +0x") - @l """ - Berf ' +aTWG"

+anQy" +asgx " +an(U." +qy ) +ams(Vo" +0x' ) + anf "' +anf "+m, - B3"'= l4- Io
(2.7.1 af)

For cantilevered TWBS, the BCs expressed in terms of kinematic variables:
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at theroot of the beam are:

and at thetip are:
dw @ auWo' +au2Qy' +aus0x’ +aus (Uo' +qy) + aus(Vo' +0x) + auef " +auf ' =

day : auWo' +ax20y" +axs0x’ +a2a(Uo' +0y) + axs(Vo' +0x) + ausf " +auf '=0
da« : aaWo' +as20y" +ass0x' +asa (Uo' +0y) + aes(Vo' +0x) + aasf "+aerf ' =
dw © auWo' +au20y' +auslx’ +aua(Uo' +0y) + aus(Vo' +0x) + auel " +auf '= 0
dVo © @s1Wo' +as20y +as30x" +as4(Uo' +0ly) + @s5(Vo' +0Jx) + asel " +as7f ' =

df ' : 8eWo' +ae20)y" +aes0x’ +a64(Uo’ +0y) +@es(Vo' +00x) +@eefl " +aerf "= - o

df © - 6 Wo" - Beol " - Beallx” - Bea(dy +Uo") - Bes(0 +Vo") - Besf ™" - T " +
anWo' +az0y +azQyx +a(fy +Ww') + a5(qx + Vo' ) +arf "+arnf '=0
(2.7.3 aQ)

The meaning of the quantities intervening in these equations has been aready defined.
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Fig. 2.1 Displacement field for the thin-walled beam
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Fig. 2.2 Configuration of a cross-section of athin-walled beam
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Fig. 2.3 Piezoactuator patch distribution
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Fig. 2.4 Piezoelectric layer Nomenclature
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