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(ABSTRACT) 

Three aspects of precipitate growth by a ledge mechanism in a Ni-45wt%Cr alloy were 

investigated. The strain energy for ledge formation and ledge growth kinetics and the 

emission of structural defects were studied experimentally during the growth of bcc laths 

from an fcc matrix. 

The elastic strain energy of a growth ledge as a function of the ledge location was 

estimated using an Eshelby-type model. Ledge nucleation is only likely at facet areas where 

the interaction energy between the ledge and the precipitate is negative. Ledges form with 

the lowest strain energy on the broad habit plane of coherent precipitates. On a partially 

coherent lath the strain energy is lowest for a ledge located on the facet perpendicular to the 

crystallographic invariant line. This situation favors precipitate lengthening in the invariant 

line direction. 

Experimental measurement of growth kinetics of the precipitate was made to examine 

the mechanistic relationship between precipitate growth kinetics and its morphology. TEM 

was employed to measure overall precipitate growth kinetics as function of time, crystal- 

lographic orientations and ledge density. Results show the precipitates widen and thicken 

by a ledge mechanism following parabolic growth laws. Morphology of precipitates during 

aging is closely related to the ledge density. 

Several types of defect emission from partially coherent interphase boundary in the 

alloy were observed using conventional and in situ hot stage TEM techniques. Prismatic 

dislocation loops expand and glide off from the precipitate. Perfect § (110) ;,, dislocations 

glide away from the broad habit plane. Stacking faults emanated from the broad face of the 

laths were observed during precipitate growth. These defects result in steps in the interface 

and appear to compensate misfit in the broad face of the lath.



ACKNOWLEDGEMENTS 

I would like to express my sincere appreciation to my thesis advisor, Prof. W. T. 

Reynolds Jr., without whom this work could not have been accomplished. His unreserved 

support, constant encouragement and enthusiasm as both a teacher and a friend are largely 

responsible for the final content of this thesis. 

Professors S. B. Desu, D. Farkas, S. L. Kampe and G. J. Shiflet are gratefully acknowl- 

edged for their careful review of the manuscript. Special thanks are due Dr. H. I. Aaronson 

for his stimulating discussions. My colleague and friend Mr. Jhewn-Kuang Chen is grate- 

fully acknowledged for his valuable discussions on interfacial structures and tremendous help 

with computer operations. In addition, thanks are due: Dr. G. Spanos for his constructive 

suggestions on TEM work and substantial help with computer calculations using Enomoto’s 

model; Profs. J. K. Lee and P. H. Leo for enlightening discussions on strain energy calcula- 

tions; Prof. G. J. Shiflet for making the Ni-Cr alloy used in this investigation; Prof. J. M. 

Howe for assistance with high resolution TEM work; Prof. G. C. Weatherly for providing a 

copy of C. P. Luo’s Ph.D. thesis; Mr. Harry Dudley and Mr. Steve McCartney for assistance 

with lab work and Ms. Jane Doran for help with administrative tasks. Prof. G. Q. Lu, 

Drs. Chien C. Chiu, Baoping He, Yinshi Liu, and Chen-Hsiung Peng are thanked for their 

friendship and encouragement. Financial support of the Department of Materials Science 

and Engineering of VPI and the National Science Foundation are gratefully acknowledged. 

I also would like to thank Southwest Jiaotong University and Prof. S. K. Liu for en- 

couraging me to continue my education at VPI. 

Finally, I would like to thank my family (in China) for their love and support. Particular 

appreciation is given to my wife Yujie and son Roger for their love, patience, understanding 

and encouragement during this study. I would like to dedicate this thesis to my parents. 

ili



TABLE OF CONTENTS 

1 INTRODUCTION 1 

2 THE ELASTIC STRAIN ENERGY OF GROWTH LEDGES ON CO- 

HERENT AND PARTIALLY COHERENT PRECIPITATES 4 

2.1 Abstract... 2... eee 4 

2.2 Introduction... 2... 2... 2.00. ee ee ee 4 

2.3 Procedure .... 2... 0... 8 

2.4 Results and Discussion ...............0. 0.000 eee eee eee 17 

2.4.1 Coherent Precipitate .. 2... 0... ee ee ees 17 

2.4.2 Partially Coherent Precipitate .................-0-4.- 25 

2.4.3 Effects of Precipitate Growth upon Ledge Formation Energy .... 28 

2.5 Conclusions ...... 2.2... . ee ee 35 

3 EFFECTS OF GROWTH LEDGE DENSITY ON PRECIPITATE MOR- 

PHOLOGY IN A Ni-Cr ALLOY SYSTEM 37 

3.1 Abstract. 2... ee ee 37 

3.2 Introduction... 2... 2... 37 

3.3. Experimental Procedures .............. 02002 eee eee eee 39 

3.3.1 Sample preparation .........0.. 2.00. eee eee ee ens 39 

3.4 Results. 2... eee 41 

3.5 Discussion... 2... 0. ee 53 

3.6 Conclusions .........-.. 0... ee 62 

4 EXPERIMENTAL OBSERVATION ON EMISSION OF STRUCTURAL 

iV



CONTENTS 

DEFECTS FROM PARTIALLY COHERENT INTERPHASE BOUNDARY 

65 

4.1 Introduction... 2... 2... ee ee 65 

4.2 Experimental .. 1... 2... ee 66 

4.3 Results and Discussion. ...........2. 0-20. 2 ee eee eee enae 66 

4.3.1 An array of loops glide off terraces into the matrix .......... 66 

4.3.2 Structural defects are rejected from terraces in the inclined direction 

to the broad habit plane ............. 0.00002 eee 67 

4.3.3 Stacking faults interact with the interphase boundary ........ 72 

4.4 Summary ... 1... ee es 74 

5 SUMMARY 77 

A Determination of the Transformation Strain Tensor and the Invariant 

Line Vector in the System Studied 83



2.1 

2.2 

2.3 

2.4 

2.5 

LIST OF FIGURES 

(a) Optical micrograph of bcc precipitates formed from fcc solid solution; Ni- 

45 wt% Cr solution treated at 1300°C for 10,800 s, quenched in ice brine, and 

aged at 1050°C for 36,000 s. (b) Shape and orientation of the precipitate and 

ledge nucleus employed in the calculation. The 1-axis is 5.19° from [111] fcc 

the 2-axis is the invariant line, 5.19° from [101] fcc: and the 3-axis [121] is 

normal to the broad facet. ............- 2.2.02 eee eee eee 

Schematic illustrations of three types of dislocation arrays enclosing a par- 

tially coherent precipitate lath and the corresponding stress-free transforma- 

tion strains. (a) Orientation of the 12 loop dislocation loops — edge type 

misfit dislocations loop the precipitate and lie in the long facet and in the 

short facet, (b) orientation of the 23 dislocation loops — edge type misfit dis- 

locations loop the precipitate and lie in the broad facet and in the short facet, 

(c) orientation of the network dislocations — a combination of 12 dislocations 

loops 12 and 23 dislocations loops. ...........0.. 000 ee eee 

The constrained strain, ef,, for a ledge located (a) at the center of the broad 

facet, and (b) at the center of the short facet... ............204. 

The 25 locations on each facet plane (the broad facet, the long facet and 

the short facet planes) at which the strain energy for ledge formation was 

calculated... . 2... ee ee 

The strain energy distribution for ledge formation on the broad facet of a 

coherent precipitate. (a) the broad facet on the precipitate, (b) the normal- 

ized strain energy as a function of the location on the broad facet, and (c) a 

contour plot of b.. 2... ee 

vi 

10 

14 

18 

20



LIST OF FIGURES 

2.6 

2.7 

2.8 

2.9 

2.10 

2.11 

3.1 

The strain energy distribution for ledge formation on the long facet and on the 

short facet. (a) the long and short facets, (b) contour plot of the normalized 

strain energy on the long facet, and (c) contour plot of the normalized strain 

energy on the short facet. .. 2... 2. ee ee ee 23 

Location of the minimum strain energy for ledge formation on a coherent 

precipitate. 2... ee 24 

The location of the minimum strain energy for ledge formation on partially 

coherent laths (a) the 1-2 dislocation array at position 16 on the broad facet, 

(b) the 2-3 dislocation array at position 5 on the short facet, and (c) the 

network dislocation array at position 13 on the long facet... ........ 26 

Schematic illustrations of three types of precipitate growth—thickening, widen- 

ing, and lengthening. ........... 0.20. eee eee eee eee 29 

The variation in the minimum total strain energy for ledge formation with 

precipitate growth. Ledge formation on the short facet of a partially coherent 

precipitate (2-3 dislocation array). .. 2... 0... ee ee ee 30 

Comparison of the minimum strain energy for ledge formation on three facets 

of a partially coherent precipitate (2-3 dislocation array) with different pro- 

cesses of precipitate growth. (a) Precipitate widening, (b) Precipitate length- 

ening, (c) Precipitate thickening ........... 0.00.0 eee eeuee 32 

Morphology development of precipitates during growth. (a) A 60—second- 

aging precipitate with smoothly curved edges and a pair of facets (face 3). 

(b) By 2160 seconds precipitates finished faceting, an example of faceted pre- 

cipitates was taken at 2160 seconds. (c) Cusped precipitates started forming 

on face 1 from 4200 seconds, an example was taken at 8160 seconds. .... 43 

Vii



LIST OF FIGURES 

3.2 

3.3 

3.4 

3.9 

Development of ledge hight on face 1 of edge-on precipitates during growth. 

(a). Ledge heights on faces 1 & 3 measured were about 0.9 nm at early aging 

time. (b). Ledge hight on face 1 aged at 15840 seconds was measured from 5 

nm-10 nm. (c). Schematic drawing for two independent sets of growth ledge 

on face 1 & face 3, the arrow shows lateral motion direction of ledges. 

Bright field images of ledge types are: (a) A series of ledges with short and 

straight line (with arrows marked as a letter “S”) on facet 1 and facet 3 

of the precipitate, and the second type ledges (marked as a letter “L”), its 

length is much longer than “S”, and usually inclined to the intersection of the 

foil surface and the precipitate edge. (b). The curved ledges (along arrows 

marked as a letter “C”) have an irregular spacing, curvy appearance, and 

with weak contrast... 2... ee 

Comparison of TEM observations of growth ledges on face 3 at room tem- 

perature and in hot-stage at 565°C: (a) Bright field images taken at room 

temperature of growth ledges with arrows using ~ [001];.- zone axes. (b) 

Another view using ~ [101];cc zone axes. (c) Bright field images of face 3 

with growth ledges in the hot-stage at 565°C using the same zone axes as in 

(b), heating time: 0 seconds. (d) The same condition as in (c) after heating 

for 180 seconds... . 2.2... ee 

Comparison of TEM observations of growth ledges on face 1 at room tem- 

perature and in hot-stage at 565°C: (a) A bright field image taken at room 

temperature of growth ledges with arrows and marked with “A—D” using 

~ [101] fcc zone axes. (b) A bright field image of growth ledges in the hot— 

stage at 565°C using the same zone axes as in (a) the ledge “A” disappears 

after heating for 60 seconds. ........-...2.-. 02. eee eee eae 

Vill 

46 

47 

o0



LIST OF FIGURES 

3.6 

3.7 

4.1 

4.2 

4.3 

Comparison of growth constants calculated using disordered planar boundary 

and oblate ellipsoid boundary with experimental data of precipitate thick- 

ening (squares with error bars, 1.75) and widening (solid points with error 

bars, 3.62), the solid line represents the disordered planar model calculation 

(1.71), the dashing line is oblate ellipsoid thickening (7.77) and the dot line 

refers to oblate ellipsoid widening. ..............-...-2202088 

The average ledge density as a function of aging time with 95% confidence 

limits denoted by the error bars. Average densities of total ledges verse aging 

time on facet 1 (widening, solid line) and on facet 3 (thickening, broken line). 

Dislocation loops from the precipitate glide off into the matrix. (a) A bright 

image with [001]; zone axis shows an array of dislocation loops are around 

of the precipitate, one loop (with arrows) is moving off the precipitate into 

the matrix and an array of dislocation loops left early during growth. (b) 

Another view of the precipitate bright image with [121];,, zone axis. 

A series of in situ hot-stage TEM images taken at 750° C with aging time, 

two loops arrowed surrounding faces are expanding and gliding off the faces 

of the precipitate into the matrix. (a) A t = 0 seconds. (b) A t =900 seconds. 

(c) A t =1800 seconds. (d) A t = 2700 seconds. ............... 

Several morphologies of dislocation loops and a HRTEM micrograph. (a) A 

bright image with [121];,, zone axis shows an array of dislocation loops were 

punched into matrix. (b) Another example of a dislocation loop array with 

[121] ree zone axis. (c) Edge-on morphology of the array in (b) with [101] rec 

zone axis, the array lies on {111} sec. (d) HRTEM view of the dislocation 

loop array along the [101];,, direction, the crystal structures between the 

region arrowed are the same as an fcc structure. .............2.4- 

ix 

08 

60 

68 

70



LIST OF FIGURES 

4.4 An array of Dislocations were rejected from the precipitate interphase bound- 

4.5 

ary into the matrix. The dislocations marked “A” ,“D” ,“E” ,“F” and “G” have 

a $[110]s-¢ Burgers vectors, while “B” and “C” have a b of $[011] fcc. Three 

different g vectors were used for the ge bxu = 0 invisibility criteria; (a) g 

= [022 feel fees (b) g =[111] fee, (c) E =[200] feces ee ee 

Stacking faults emanating from the interphase boundary of a precipitate. (a) 

A bright field image of the precipitate with 7 stacking faults on the face 

3, marked “A”-“G”. (b) Dark field image with g =020, the fault “E” is 

invisible. (c) Bright field image with g = 111 the fault “E” has moved out of 

the interphase boundary. (d) Dark field image with g =111, the “E” fault 

left one ledge (with different contrast and arrowed) on face 3. ........ 

A.1 Schematic representation of the Bain strain and the IL. .  ...... 

73 

75



LIST OF TABLES 

3.1 Geometric features of growth ledges in several systems ............ 

3.2 Comparison of parabolic growth constants in disordered boundary calcula- 

tion, J-T-A ledge boundary calculation and experimental data ...... 

XI



Chapter 1 

INTRODUCTION 

This work was initiated to investigate the mechanistic relationship between precipitate 

growth kinetics and its morphology. The morphology of precipitate produced by solid state 

transformations is one of the important parameters that affect a material’s properties. The 

atomic mechanisms for migration of the interphase boundary of faceted precipitate have 

recently drawn a lot attention. When the precipitate and matrix phases differ in crystal 

structure and in composition, the interphase boundary between them generally migrates by 

a ledge mechanism[1, 2]. The lateral movement of ledges at the interface leads to advance 

of the precipitate perpendicular to its interphase boundary, i. e. precipitate growth(1, 3]. 

Therefore, the precipitate growth kinetics can be directly related to the geometric character 

of the ledges, such as ledge formation rate and ledge migration velocity[3, 4]. Several studies 

have shown that these parameters usually vary from system to system and implied they 

are also orientation—dependent([5]. In terms of classical nucleation theory, the formation of 

new ledges depends upon chemical supersaturation, interfacial energy, and strain energy(3, 

6, 7, 8]. The migration kinetics of ledges are believed to be controlled by the kinetics of 

solute diffusion[2]. Several studies suggest that precipitate growth shape essentially depends 

upon the boundary orientation—dependence of precipitate growth kinetics[4, 9, 10, 11, 12, 

13, 14, 15, 16, 17] or upon the anisotropic boundary mobility[1, 2]. Although the theories 

have achieved considerable success in predicting growth direction of precipitates, no explicit 

consideration and direct evidence of the mechanism of the precipitate reaction have been 

made. Knowledge of the boundary orientation dependence of the ledge growth kinetics is 

thus central to understanding the evolution of precipitate shapes. This study is intended 

to quantify effects of strain energy, ledge geometric features, and ledge migration rates on



different interphase boundaries during growth of precipitate laths in a Ni-45wt%Cr alloy. 

The second chapter focuses on effects of strain energy on the formation rate of growth 

ledges in different boundary facets of the laths. The elastic strain energy for ledge formation 

at different locations on a lath-shaped precipitate was calculated for three different facets. 

A comparison of the minimum strain energy site for ledge formation calculated with ex- 

perimental observation is offered as additional evidence in support of the earlier conclusion 

that precipitate grows in the direction of the minimum strain energy, i.e. the invariant line 

direction{16, 17]. The calculation for two types of interphase boundary, the coherent and 

partially coherent, were carried out. Thickening, widening and lengthening of precipitates 

are discussed to review the various ways ledge formation rates on three facets can influence 

precipitate shape growth. 

The question of whether or not the precipitate ledge growth is a diffusion—controlled 

phenomenon is addressed in Chapter 3. Quantitative TEM was employed to measure overall 

precipitate growth kinetics as a function of time, and boundary orientation and related to the 

ledge growth mechanism. In a series of papers published in 1970’s, Aaronson et al[18, 19, 20] 

reported that the average thickening kinetics of ferrite in Fe—C alloys were highly erratic 

and exhibited multiple kinetics, and that overall rates of lengthening and thickening of 

plates in a Al-15wt%Ag[21] were concluded to be interface controlled. In the present 

investigation, a comparison of several growth models with experimental results was made 

to test the generality of the earlier worker’s findings. Geometric features of growth ledges 

on two facets were examined using conventional TEM and hot~stage TEM to determine the 

effective mobility of growth ledges, and the boundaries that contain them. 

The fourth chapter presents evidence for how misfit compensating defects are emitted 

from the boundary between the precipitate and its matrix. This information is important 

for understanding how partial coherency is maintained at moving interphase boundaries. 

Each chapter is essentially self-contained and includes its own introduction, results, 

discussion, and conclusions or summary. Reference to results or conclusions from other 

chapters is usually made to the published paper rather than to the chapter number. Cross-



referencing is greatly facilitated by noting that: 

reference [22] is chapter 2.



Chapter 2 

THE ELASTIC STRAIN ENERGY OF 
GROWTH LEDGES ON COHERENT AND 
PARTIALLY COHERENT PRECIPITATES 

2.1 Abstract 

The formation rate of growth ledges on a faceted precipitate strongly affects the growth 

kinetics and the shape of the precipitate. An Eshelby-type model is used to compare the 

strain energy associated with the nucleation of a ledge on different facet planes of a bcc 

precipitate in an fcc matrix. Ledge nucleation is only likely at facet areas where the inter- 

action energy between the ledge and the precipitate is negative. The strain energy for ledge 

formation is not symmetric on any of the facet planes, but it is symmetric about the center 

of the precipitate. For coherent precipitates comparable to those observed in the Ni-Cr 

system, ledges form with the lowest strain energy on the broad facet or habit plane of the 

precipitate implying that precipitate thickening should occur faster than lengthening and 

widening. A procedure for modifying the Eshelby model is suggested to allow strain energy 

calculations of partially coherent precipitates. The strain energy for ledge formation on at 

least one type of partially coherent lath is lowest for a ledge located on the facet perpen- 

dicular to the crystallographic invariant line. This situation favors precipitate lengthening 

in the invariant line direction. 

2.2 Introduction 

Precipitate morphology can influence the properties of many types of alloys. The tough- 

ness of Fe-, Al- or Ti—based alloys, for example, depend to varying degrees upon whether



the precipitate phase is plate-shaped or equiaxed. It is, however, difficult to predict pre- 

cipitate shapes a priori. Precipitates do not necessarily adopt an equilibrium shape, and 

kinetic considerations are often important. 

Several approaches to predicting growth shapes have been proposed when the precipi- 

tate does not assume the equilibrium morphology. Bywater and Dyson suggested that in 

the case of needle-shaped precipitates, growth occurs in the direction of minimum inter- 

atomic mismatch between the precipitate and parent crystal lattices[9]. It was argued that 

this direction minimizes the strain energy density during growth. Using elements of the 

crystallographic theory of the martensite reaction, Dahmen and coworkers([10, 11, 14, 13] 

expanded this concept into the invariant line hypothesis. According to this theory, pre- 

cipitates grow along a crystallographic invariant line, a direction of zero misfit determined 

by a transformation strain and a lattice rotation. The transformation strain and lattice 

rotation are obtained from a chosen lattice correspondence between the parent and product 

phases. The invariant line hypothesis has achieved considerable success predicting both the 

growth direction of precipitates and the orientation relationships between the matrix and 

precipitate[11, 12, 15, 16, 17]. 

On a related approach, the shape and habit plane of a coherent precipitate are predicted 

by minimizing the strain energy of the precipitate[23]. Khachaturyan suggests a growing 

precipitate selects a habit plane so as to minimize strain energy. Although this approach, 

like the invariant line theory, employs a transformation strain specified by a lattice corre- 

spondence, the habit plane is selected by minimizing an explicit expression for strain energy 

rather than by finding a good match between the precipitate and matrix lattices. 

A third approach to predicting precipitate shape emphasizes the mobility of the bound- 

ary between the precipitate and matrix phases[1, 2]. The precipitate shape is taken to 

depend upon the anisotropy of boundary mobility. Boundary orientations with a higher 

mobility “grow out” leaving behind a precipitate enclosed by low mobility boundaries[1, 2]. 

The boundary mobility, in turn, is determined by the migration mechanism of the bound- 

ary. When the precipitate and matrix phases differ in crystal structure and composition,



the interphase boundary between them is generally coherent or partially coherent and mi- 

grates by a ledge mechanism[2]. The boundary advances through the lateral movement of 

growth ledges, or steps, in the boundary. Precipitate growth by a ledge mechanism has 

been confirmed repeatedly in a number of alloys[1, 24, 25, 26, 27]. 

The overall migration rate of a ledged boundary depends upon two factors: the ledge 

height and the frequency with which ledges sweep across the boundary[4, 3]. This frequency 

is a function of the lateral velocity of individual ledges and the formation rate of new 

ledges. The anisotropic boundary mobility theory for precipitate morphology implies that 

precipitate shape depends upon the boundary orientation-dependence of ledge formation 

and migration kinetics. Boundary orientations with the highest product of the ledge height 

and the passage frequency will migrate with the greatest overall velocity. For precipitate 

growth over distances that are large compared to the ledge height, the passage frequency 

can be approximated simply by the ledge formation rate[4, 3]. 

If one assumes growth begins from a coherent precipitate nucleus enclosed by zero mo- 

bility boundaries, predicting precipitate shape from a mechanistic standpoint becomes a 

problem of predicting the habit planes on which ledge formation occurs most slowly[29]. A 

number of mechanisms for the formation of growth ledges have been identified[5, 30, 31, 7], 

but for the purposes of comparing ledge formation rates on faceted precipitates it is conve- 

nient to use a classical nucleation approach[3]. The nucleation rate of ledges on a particular 

habit plane is thus inversely proportional to the exponential of the free energy of formation 

of a critical ledge nucleus. The free energy associated with the formation of a faceted ledge 

nucleus is described by an expression of the form[3, 7, 32]: 

AG = VAG,+ LA;¥j + E self + Eint (2.1) nucl 

where AG, is the local volume free energy change during ledge formation at the nucleation 

  

1This approach assumes the boundaries of a faceted precipitate each migrate by independent sets of ledges. 
Alternatively, the boundaries may grow by a single ledge system if the precipitate facet planes correspond 

to the orientations of the terrace, riser and kink planes of the growth ledges[28]. Whether growth occurs 

through the migration of single or multiple sets of ledges has not been determined for fcc/bcc crystal pairs.



site, V is the volume of the ledge nucleus, y; is the interfacial free energy of the 7-th facet of 

the ledge riser and A; is the area of this facet. EF self is the self-strain energy associated with 

the formation of an isolated ledge nucleus, and the last term, E';,;, is the interaction energy 

arising from the superposition of the strain fields of the ledge nucleus and the precipitate[7]. 

The activation energy for ledge formation can be obtained by finding the extremum of this 

expression with respect to the shape and size of the ledge nucleus. This requires a -y-plot of 

the interphase boundary energy as well as detailed information about the strain field and 

concentration field around the ledge nucleus([33]. Unfortunately, little if any of this data is 

available, so a realistic calculation of the nucleus shape is not possible. 

However, because previous work indicates that strain energy plays an important role 

in determining the location of ledge nucleation[32, 33, 34], the present study investigates 

how the strain energy for ledge formation changes with the location of the ledge nucleus on 

the precipitate. The contributions of interfacial energy and solute supersaturation to ledge 

formation are neglected for simplicity. The precipitate is assumed to have a faceted, lath 

shape (a rectangular parallelepiped), and the strain energy for ledge formation is calculated 

for various locations of the ledge. The calculation is carried out using an Eshelby misfitting 

inclusion model assuming a homogeneous, isotropic, and linear elastic medium. Param- 

eters for the model are chosen to represent precipitation of a body-centered cubic (bcc) 

precipitate from a face-centered cubic (fcc) matrix in the Ni-Cr system. The coordinate 

system is chosen to reflect the relationship between the orientation of the precipitate lath 

and the crystallographic invariant line. The strain energy for ledge formation on a coherent 

precipitate and on a partially coherent precipitate with several different configurations of 

misfit dislocations are compared, and the effects of precipitate growth upon the ledge strain 

energy are explored.



2.3. Procedure 

The strain energy associated with the formation of a ledge nucleus is calculated as a 

function of the location of the ledge using Eshelby’s continuum elasticity theory[35]. The 

ledge nucleus and the precipitate on which it forms are treated as two isotropic, elastically 

interacting inclusions with the same elastic constants. The strain energy accompanying the 

formation of a ledge nucleus Ej,4,] is expressed as the sum of two components[35J: 

FE total = E self + Fint (2.2) 

E self Tepresents the self-elastic strain energy associated with the formation of the ledge nu- 

cleus in the absence of the precipitate particle on which it forms, and E;,,; is the interaction 

energy between the strain fields of the ledge nucleus and the precipitate. The self-strain 

energy is calculated from an integral over the volume of the ledge, vs), [35]: 

—_ 1 T c T E self = ath {ef; — ef;(r) } PH dV(r) (2.3) 

The strain tensors, ef and CFF represent the stress-free transformation strain and the con- 

strained strain, respectively, and r is a position vector originating from the center of the 

precipitate”. The stress-free transformation strain is the geometric strain the matrix phase 

undergoes to become the precipitate phase. The constrained strain is the actual strain that 

arises due to the restraining forces imposed on a precipitate by its surrounding matrix. Pi 

is a hypothetical stress obtained through the assumption of linear elasticity: Pi, = Cie ef). 

The elastic interaction energy between the ledge (denoted by J) and the precipitate (denoted 

by J) is given by integrals over the ledge volume and the precipitate volume[36]: 

Bint = —5 [f[j—) ID PED Ve) 

+ / / I o ef, (I:r) P(J) ame} (2.4) 

?The usual tensor suffix notation is employed. A repeated suffix within a single term is to be summed 
over the orthogonal coordinate axes 1, 2 and 3, and a comma in a suffix indicates differentiation with respect 

to the trailing indices. 

 



The geometry of the precipitate and the ledge nucleus enter the problem through the 

constrained strain. An analytical expression for ef, has been derived for the case of rectangu- 

lar parallelepiped-shaped inclusions by Lee and Johnson([37, 36]. Using their expression for 

the constrained strain around a faceted, rectangular-shaped precipitate and ledge nucleus, 

the constrained strain in Equations (2.3) and (2.4) can be written: 

eG; = Soo {ek P(r) mig — 2v efy P(E) 43 

—2(1—v) [eke $(r) aj + ef $(r),ni] $ (2.5) 

where ¢(r) and w(r) are the ordinary harmonic potential and the biharmonic potential 

functions[38]. The functions ¢(r) and #(r) are defined by the integrals: 

oe) = [ff —aave (2.6) 

vee) = fff raver) (2.7) 

  

and 

Inspection of Equations 2.3-2.5 indicates the strain energy for ledge formation is inti- 

mately related to the stress-free transformation strain. This is a system dependent quantity 

related to the crystal structures, lattice parameters, and the lattice correspondence between 

the matrix and precipitate phases. 

For the present investigation, parameters appropriate to the precipitation of Cr-rich 

laths in Ni-rich binary Ni—-Cr alloys were employed. This system was chosen because of the 

availability of detailed crystallographic and interfacial structure data on the precipitation 

process[16, 17, 39]. In addition, the laths closely resemble a rectangular parallelepiped. 

Figure 2.1 a shows the morphology of the precipitates formed in a Ni-45 wt% Cr alloy, and 

Figure 2.1 b shows the shape and orientation of the model precipitate employed in these 

calculations. 

The matrix phase is the Ni-rich, face-centered cubic solid solution and the precipitate 

is the Cr-rich, body-centered cubic phase. The average aspect ratio of precipitates formed



(a) 

Figure 2.1: (a) Optical micrograph of bcc precipitates formed from fcc solid solution; Ni-45 

wt% Cr solution treated at 1300°C for 10,800 s, quenched in ice brine, and aged at 1050°C 

for 36,000 s. (b) Shape and orientation of the precipitate and ledge nucleus employed in 

the calculation. The 1-axis is 5.19° from [111] fcc? the 2-axis is the invariant line, 5.19° from 

[101] fcc: and the 3-axis [121] is normal to the broad facet. 
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Figure 2.1, cont. 
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by quenching the fcc phase from 1300°C to room temperature and then aging the super- 

saturated solid solution for 10 hours at 1050°C is 1: 5: 17.5 [17]. The dimensions of the 

precipitate employed in the calculations is 10nm x 50nm x 175nm, the approximate size at 

which these precipitates lose coherency[17]. The ledge nucleus is arbitrarily chosen to be 

a cube 0.448nm on a side, roughly the height of one fcc unit cell on the precipitate habit 

plane. 

Luo and Weatherly have shown that the habit plane or broad facet of the bcc laths 

in this system is (1 2 1) fee the long side facet of the precipitates is close to (1 1 1) fee 

and the precipitate and matrix are in a Kurdjumov-Sachs (KS) orientation relationship([16, 

17]. In this work, the habit plane (1 2 1) fc and the KS orientation relationship were 

used to calculate an approzimately invariant line of [1.16045 0.080225 1] feo ® direction 

approximately 5.19° from [1 0 1] fee’ The IL direction lies in the broad facet and is parallel 

to the long axis of the lath. Details of how the approximate IL was determined and how 

the stress-free transformation strain was obtained from the transformation displacements 

are included in the Appendix. The three orthogonal coordinate axes chosen for the strain 

energy calculations (Figure 2.1 b) include the approximate invariant line, the normal to 

the broad facet (the [1 2 1] fee direction), and the the cross product of the first two axes 

(i.e., [1.91977 2.16045 2.40000 lFce> a direction about 5.19° from [111] fee). The stress-free 

transformation strain in the chosen coordinate system determined from the displacement 

tensor, ul ,, is: 

—0.0305166 ~—0.1323397 —0.1082530 

(uz; +uf;) =| -0.1323397 0.000182 — —0.0844203 (2.8) 

—0.1082530 —0.0844203 0.0446893 

ral 
~ 9 

where the vector u describes the displacements the fcc lattice undergoes to transform to 

the bcc lattice. 

The strain energy for the formation of a ledge nucleus as a function of the location 

of the nucleus on the precipitate lath was calculated using Equations 2.2 through 2.5 and 

the elastic constants C,, = 2.4686 x 10!!N/m?, Cig = 1.5234 x 10!!N/m? [40], and v = 
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�7� �A�t� �=� �0�.�3�8�1�6� �[�4�1�]�.� �S�i�n�c�e� �n�i�n�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �e�f� �a�r�e� �n�o�n�z�e�r�o�,� �E�q�u�a�t�i�o�n� �2�.�5� �h�a�s� �n�u�m�e�r�o�u�s� 

�t�e�r�m�s� �a�n�d� �i�s� �t�e�d�i�o�u�s� �t�o� �c�a�l�c�u�l�a�t�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �w�e�r�e� 

�g�e�n�e�r�a�t�e�d� �b�y� �c�o�m�p�u�t�e�r� �u�s�i�n�g� �a� �s�y�m�b�o�l�i�c� �m�a�n�i�p�u�l�a�t�o�r� �(�M�a�t�h�e�m�a�t�i�c�a�)�.� �T�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� 

�w�e�r�e� �t�e�s�t�e�d� �f�o�r� �a�c�c�u�r�a�c�y� �b�y� �p�a�r�t�i�t�i�o�n�i�n�g� �a� �s�i�n�g�l�e� �p�r�e�c�i�p�i�t�a�t�e� �i�n�t�o� �s�e�v�e�r�a�l� �p�a�r�t�s� �a�n�d� �a�s�s�u�r�i�n�g� 

�t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�b�t�a�i�n�e�d� �v�i�a� �E�q�u�a�t�i�o�n� �(�2�.�2�)� �w�a�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �s�e�l�f�-�e�n�e�r�g�y� �o�f� �t�h�e� �w�h�o�l�e� 

�p�r�e�c�i�p�i�t�a�t�e�.� 

�T�h�e� �m�e�t�h�o�d� �e�m�p�l�o�y�e�d� �h�e�r�e� �t�o� �c�a�l�c�u�l�a�t�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�s�s�u�m�e�s� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �a�n�d� �t�h�e� 

�m�a�t�r�i�x� �a�r�e� �c�o�h�e�r�e�n�t� �w�i�t�h� �e�a�c�h� �o�t�h�e�r�.� �H�o�w�e�v�e�r�,� �t�h�e� �l�a�t�h�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �a�r�e� �k�n�o�w�n� �t�o� 

�b�e�c�o�m�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �o�n�c�e� �t�h�e�y� �g�r�o�w� �b�e�y�o�n�d� �a� �c�r�i�t�i�c�a�l� �s�i�z�e�[�1�6�,� �1�7�]�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �a� �f�u�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�,� �a�n�d� �f�o�r� �a� 

�s�i�m�u�l�a�t�e�d� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �a�s� �w�e�l�l�.� 

�T�h�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �s�i�m�u�l�a�t�e�d� �b�y� �a�l�l�o�w�i�n�g� �n�o�r�m�a�l� �s�t�r�e�s�s�e�s� �t�o� �b�e� �t�r�a�n�s�-� 

�m�i�t�t�e�d� �a�c�r�o�s�s� �t�h�e� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� �b�u�t� �n�o�t� �s�h�e�a�r� �s�t�r�e�s�s�e�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �a�r�r�a�y�s� �o�f� 

�d�i�s�l�o�c�a�t�i�o�n�s� �i�n� �a� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �b�o�u�n�d�a�r�y� �r�e�l�i�e�v�e� �e�l�a�s�t�i�c� �m�i�s�f�i�t� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� 

�d�i�s�l�o�c�a�t�i�o�n ��s� �B�u�r�g�e�r�s� �v�e�c�t�o�r�s�.� �T�h�u�s�,� �r�a�t�h�e�r� �t�h�a�n� �e�l�i�m�i�n�a�t�e� �a�l�l� �t�h�e� �e�l�a�s�t�i�c� �s�h�e�a�r� �s�t�r�e�s�s� �a�c�r�o�s�s� 

�t�h�e� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y�,� �a�n� �a�r�r�a�y� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �i�s� �t�a�k�e�n� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �e�l�a�s�t�i�c� 

�s�h�e�a�r� �s�t�r�e�s�s� �i�n� �a� �s�i�n�g�l�e� �d�i�r�e�c�t�i�o�n�.� �E�l�a�s�t�i�c� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �a�n�d� �t�h�e� 

�n�u�c�l�e�a�t�i�n�g� �l�e�d�g�e� �a�r�e� �n�e�g�l�e�c�t�e�d�.� 

�T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �a�r�r�a�n�g�e�m�e�n�t�s� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �E�a�c�h� �a�r�r�a�n�g�e�m�e�n�t�,� 

�s�h�o�w�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �F�i�g�u�r�e� �2�.�2�,� �c�o�n�s�i�s�t�s� �o�f� �o�n�e� �o�r� �m�o�r�e� �a�r�r�a�y�s� �o�f� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s� �e�n�c�i�r�-� 

�c�l�i�n�g� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �l�a�t�h�.� �R�e�l�a�x�a�t�i�o�n� �o�f� �t�h�e� �m�i�s�f�i�t� �s�t�r�a�i�n� �b�y� �a�n� �a�r�r�a�y� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� 

�i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �b�y� �m�o�d�i�f�y�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �t�e�n�s�o�r�.� �A� �s�u�f�f�i�c�i�e�n�t� �s�u�p�-� 

�p�l�y� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �i�s� �e�n�v�i�s�i�o�n�e�d� �t�o� �b�e� �p�r�e�s�e�n�t� �s�o� �t�h�a�t� �t�h�e� �s�h�e�a�r� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �t�e�n�s�o�r� �u�l�,� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �d�i�s�l�o�c�a�t�i�o�n� �B�u�r�g�e�r�s� �v�e�c�t�o�r� �c�a�n� �b�e� �s�e�t� �e�q�u�a�l� 

�t�o� �z�e�r�o�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �t�h�e� �l�e�d�g�e� �i�s� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �t�h�e� �m�o�d�i�f�i�e�d� �s�t�r�e�s�s�-�f�r�e�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�2� �a�,� �b� �a�n�d� �c� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �f�o�r� �a� �c�o�h�e�r�e�n�t� 

�p�r�e�c�i�p�i�t�a�t�e�.� 

�I�n� �a� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �s�e�n�s�e�,� �c�h�a�n�g�i�n�g� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n� �a�l�t�e�r�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� 
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�(�a�)� 

�F�i�g�u�r�e� �2�.�2�:� �S�c�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n�s� �o�f� �t�h�r�e�e� �t�y�p�e�s� �o�f� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� �e�n�c�l�o�s�i�n�g� �a� �p�a�r�t�i�a�l�l�y� 
�c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �l�a�t�h� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�s�.� �(�a�)� �O�r�i�-� 
�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �1�2� �l�o�o�p� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s�  �� �e�d�g�e� �t�y�p�e� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �l�o�o�p� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� 
�a�n�d� �l�i�e� �i�n� �t�h�e� �l�o�n�g� �f�a�c�e�t� �a�n�d� �i�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�,� �(�b�)� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �2�3� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s� 
 �� �e�d�g�e� �t�y�p�e� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �l�o�o�p� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �a�n�d� �l�i�e� �i�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �a�n�d� �i�n� �t�h�e� 
�s�h�o�r�t� �f�a�c�e�t�,� �(�c�)� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �n�e�t�w�o�r�k� �d�i�s�l�o�c�a�t�i�o�n�s�  �� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �1�2� �d�i�s�l�o�c�a�t�i�o�n�s� 
�l�o�o�p�s� �1�2� �a�n�d� �2�3� �d�i�s�l�o�c�a�t�i�o�n�s� �l�o�o�p�s�.� 
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 ��s� �"�1� �0�.�0�0� �0�.�0�0� �0�.�0�5� � � � � 

�(�b�)� 

�-�0�.�0�3� �0�.�0�0� �0�.�0�0� 
�u� �=�|� �0�.�0�0� �0�.�0�0� �0�.�0�0� 

�0�.�0�0� �0�.�0�0� �0�.�0�5� 
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�(�C�c�)� 

�F�i�g�u�r�e� �2�.�2�,� �c�o�n�t�.� 
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�b�e�t�w�e�e�n� �t�h�e� �p�a�r�e�n�t� �a�n�d� �p�r�o�d�u�c�t� �c�r�y�s�t�a�l� �l�a�t�t�i�c�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�d�i�f�i�e�d� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�s�t�r�a�i�n� �i�s� �o�n�l�y� �u�s�e�d� �a�s� �a�n� �e�x�p�e�d�i�e�n�t� �i�n� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� �o�r�i�e�n�t�a�t�i�o�n� �r�e�l�a�-� 

�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �a�n�d� �t�h�e� �m�a�t�r�i�x� �i�s� �l�e�f�t� �u�n�c�h�a�n�g�e�d�.� �T�h�i�s� �a�p�p�a�r�e�n�t� �d�i�c�h�o�t�o�m�y� 

�i�s� �a�c�c�e�p�t�a�b�l�e� �d�u�r�i�n�g� �a� �p�r�e�c�i�p�i�t�a�t�i�o�n� �r�e�a�c�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�e�c�h�a�n�i�s�m� �i�s� �d�i�f�-� 

�f�u�s�i�o�n�a�l� �r�a�t�h�e�r� �t�h�a�n� �d�i�s�p�l�a�c�i�v�e�.� �T�h�e�r�e� �i�s� �n�o� �a�t�o�m�i�c� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� 

�a�n�d� �t�h�e� �p�a�r�e�n�t� �m�a�t�r�i�x� �p�h�a�s�e�s�,� �s�o� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n�s� �o�c�c�u�r�r�i�n�g� �a�t� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�n�-� 

�t�e�r�f�a�c�e� �d�o� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�u�r�e�l�y� �o�p�e�r�a�t�i�o�n�a�l� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �s�t�r�e�s�s� �f�r�e�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�.� �T�h�e� �a�l�t�e�r�e�d� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n� �e�m�p�l�o�y�e�d� �f�o�r� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� 

�p�r�e�c�i�p�i�t�a�t�e�s� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �t�h�e� �s�u�m� �o�f� �t�w�o� �c�o�m�p�o�n�e�n�t� �s�t�r�a�i�n�s�:� �o�n�e� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� 

�c�o�n�v�e�n�t�i�o�n�a�l� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n� �a�n�d� �a� �s�e�c�o�n�d� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �s�l�i�p� �a�t� �t�h�e� 

�i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� �t�h�a�t� �t�a�k�e�s� �p�l�a�c�e� �w�h�e�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �l�o�s�e�s� �c�o�h�e�r�e�n�c�y�.� 

�T�h�e�r�e� �a�r�e� �m�a�n�y� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� �t�h�a�t� �c�o�u�l�d� �c�o�n�c�e�i�v�a�b�l�y� �a�p�p�e�a�r� �d�u�r�i�n�g� �t�h�e� �l�o�s�s� 

�o�f� �p�r�e�c�i�p�i�t�a�t�e� �c�o�h�e�r�e�n�c�y�.� �T�h�e� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� �i�n� �F�i�g�u�r�e� �2�.�2� �w�e�r�e� �c�h�o�s�e�n� 

�t�o� �b�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �d�e�f�e�c�t�s� �o�b�s�e�r�v�e�d� �b�y� �L�u�o� �a�n�d� �W�e�a�t�h�e�r�l�y�[�1�6�]�.� �I�n�t�e�r�f�a�c�i�a�l� �d�i�s�l�o�c�a�t�i�o�n�s� 

�w�e�r�e� �o�b�s�e�r�v�e�d� �b�y� �t�h�e�s�e� �w�o�r�k�e�r�s� �t�o� �l�i�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �i�n� �t�h�e� �l�o�n�g�,� �n�a�r�r�o�w� �f�a�c�e�t� 

�(�h�e�n�c�e�f�o�r�t�h�,� �t�h�e� �l�o�n�g� �f�a�c�e�t�)� �w�i�t�h� �a� �B�u�r�g�e�r�s� �v�e�c�t�o�r� �o�f� �t�h�e� �$�<� �1�1�1� �>� �f�e�e� �t�y�p�e�[�1�7�]�.� �F�i�g�u�r�e� �2�.�2� 

�a� �s�c�h�e�m�a�t�i�c�a�l�l�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �a�n� �a�r�r�a�y� �o�f� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�t�h�e� �1�-�2� �l�o�o�p�,� �t�h�a�t� �s�u�r�r�o�u�n�d�s� �t�h�e� �l�o�n�g� �f�a�c�e�t� �a�n�d� �t�h�e� �s�h�o�r�t� �e�n�d� �f�a�c�e�t� �(�t�h�e� �f�a�c�e�t� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�t�o� �t�h�e� �I�L�)�.� �F�i�g�u�r�e� �2�.�2� �b� �d�e�s�c�r�i�b�e�s� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �a�n� �a�r�r�a�y� �o�f� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s� �w�h�i�c�h� 

�s�u�r�r�o�u�n�d�s� �t�h�e� �s�h�o�r�t�,� �e�n�d� �f�a�c�e�t� �a�n�d� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �(�t�h�e� �2�-�3� �l�o�o�p�)�.� �T�h�e� �B�u�r�g�e�r�s� �v�e�c�t�o�r�s� �f�o�r� 

�t�h�e� �d�i�s�l�o�c�a�t�i�o�n� �l�o�o�p�s� �a�r�e� �i�n�d�i�c�a�t�e�d� �b�y� �a�r�r�o�w�s�;� �t�h�e�y� �a�r�e� �a�s�s�u�m�e�d� �t�o� �l�i�e� �i�n� �t�h�e� �i�n�t�e�r�f�a�c�e� �p�l�a�n�e� 

�s�o� �a�s� �t�o� �p�r�o�v�i�d�e� �m�a�x�i�m�u�m� �m�i�s�f�i�t� �c�o�m�p�e�n�s�a�t�i�o�n� �i�n� �b�o�t�h� �c�a�s�e�s�.� �T�h�e� �a�r�r�a�y� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�F�i�g�u�r�e� �2�.�2� �c� �i�s� �t�h�e� �n�e�t�w�o�r�k� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y� �a�n�d� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �1�-�2� �l�o�o�p� �a�n�d� �t�h�e� 

�2�-�3� �l�o�o�p�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �1�-�2� �l�o�o�p�,� �t�h�e� �u�l� �(�i� �#� �3�)� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �z�e�r�o�,� �a�n�d� �f�o�r� �t�h�e� 

�2�-�3� �l�o�o�p�,� �u�l� �(�2� �#� �1�)� �v�a�n�i�s�h�.� �A�l�l� �c�o�m�p�o�n�e�n�t�s� �u�t� �3�(�i� �#� �3�)� �a�n�d� �u�l� �(�c� �#� �1�)� �a�r�e� �z�e�r�o� �f�o�r� �t�h�e� 

�d�i�s�l�o�c�a�t�i�o�n� �n�e�t�w�o�r�k� �c�a�s�e�.� 

�1�6



�2�.�4� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�2�.�4�.�1� �C�o�h�e�r�e�n�t� �P�r�e�c�i�p�i�t�a�t�e� 

�N�u�c�l�e�a�t�i�o�n� �o�f� �a� �l�e�d�g�e� �i�s� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�g�e� �i�n� �t�h�e� �a�d�v�a�n�c�e� �o�f� �a� �f�a�c�e�t� �d�u�r�i�n�g� �g�r�o�w�t�h�.� �A�l�-� 

�t�h�o�u�g�h� �t�h�e� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� �e�n�e�r�g�i�e�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�.�1�)�,� �i�t� �w�a�s� 

�f�o�u�n�d� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �t�e�r�m�s� �m�a�d�e� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�i�v�e�l�y� �i�m�p�o�s�s�i�b�l�e� �a�t� �s�o�m�e� �l�o�-� 

�c�a�t�i�o�n�s� �o�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �f�a�c�e�t� �p�l�a�n�e�s�.� �T�h�i�s� �c�o�n�c�l�u�s�i�o�n� �w�a�s� �a�l�s�o� �r�e�a�c�h�e�d� �i�n� �a� �s�t�u�d�y� �o�f� �l�e�d�g�e� 

�f�o�r�m�a�t�i�o�n� �d�u�r�i�n�g� �p�r�e�c�i�p�i�t�a�t�e� �c�o�a�r�s�e�n�i�n�g�[�6�]�.� �T�h�u�s�,� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �r�e�q�u�i�r�e�d� 

�t�o� �f�o�r�m� �a� �l�e�d�g�e� �a�t� �v�a�r�i�o�u�s� �l�o�c�a�t�i�o�n�s� �s�h�o�u�l�d� �p�r�o�v�i�d�e� �a� �r�e�a�s�o�n�a�b�l�e� �i�n�d�i�c�a�t�i�o�n� �o�f� �w�h�e�r�e� �g�r�o�w�t�h� 

�l�e�d�g�e�s� �c�a�n� �b�e� �e�x�p�e�c�t�e�d� �t�o� �n�u�c�l�e�a�t�e� �a�n�d� �w�h�i�c�h� �o�f� �t�h�e� �f�a�c�e�t�s� �c�a�n� �b�e� �e�x�p�e�c�t�e�d� �t�o� �g�r�o�w� �w�i�t�h� 

�t�h�e� �g�r�e�a�t�e�s�t� �k�i�n�e�t�i�c�s�.� 

�O�n�e� �m�i�g�h�t� �e�x�p�e�c�t� �t�h�a�t� �t�h�e� �f�a�c�e�t� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�-� 

�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n� �w�o�u�l�d� �b�e� �t�h�e� �o�n�e� �w�i�t�h� �t�h�e� �l�o�w�e�s�t� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�n�d� �t�h�e� �l�a�r�g�e�s�t� �l�e�d�g�e� 

�n�u�c�l�e�a�t�i�o�n� �k�i�n�e�t�i�c�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �c�o�n�-� 

�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �a�s� �w�e�l�l� �a�s� �t�h�e� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�,� �a�n�d� �t�h�e�s�e� �t�w�o� �q�u�a�n�t�i�t�i�e�s� 

�c�a�n� �d�i�f�f�e�r� �s�u�b�s�t�a�n�t�i�a�l�l�y�.� �F�i�g�u�r�e� �2�.�3� �c�o�m�p�a�r�e�s� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �a�t� 

�t�h�e� �c�e�n�t�e�r� �o�f� �a� �l�e�d�g�e� �f�o�r�m�i�n�g� �a�t� �t�h�e� �m�i�d�d�l�e� �o�f� �t�h�e� �s�h�o�r�t� �f�a�c�e�t� �a�n�d� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �a� �l�e�d�g�e� 

�f�o�r�m�i�n�g� �a�t� �t�h�e� �m�i�d�d�l�e� �o�f� �t�h�e� �b�r�o�a�d� �f�a�c�e�t�.� �B�o�t�h� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �t�e�n�s�o�r�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� 

�d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�.� �A�l�-� 

�t�h�o�u�g�h� �t�h�e� �s�t�r�e�s�s�-�f�r�e�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�a�i�n�s� �a�r�e� �q�u�i�t�e� �l�a�r�g�e�,� �t�h�e� �a�c�t�u�a�l� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n�s� 

�a�r�e� �n�o�t� �s�o� �l�a�r�g�e� �a�s� �t�o� �v�i�o�l�a�t�e� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �l�i�n�e�a�r� �e�l�a�s�t�i�c�i�t�y�.� �A�l�s�o�,� �n�e�i�t�h�e�r� �s�h�e�a�r� �n�o�r� 

�d�i�l�a�t�a�t�i�o�n�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �a�r�e� �z�e�r�o� �a�l�o�n�g� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n�.� 

�T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �f�o�r� �l�a�t�h�-�s�h�a�p�e�d� �p�r�e�c�i�p�i�t�a�t�e�s�,� �u�n�l�i�k�e� �t�h�e� �c�a�s�e� �s�u�g�g�e�s�t�e�d� �f�o�r� �n�e�e�d�l�e�-�s�h�a�p�e�d� 

�p�r�e�c�i�p�i�t�a�t�e�s�[�9�]�,� �l�a�t�t�i�c�e� �m�i�s�f�i�t� �i�n� �a� �s�i�n�g�l�e� �d�i�r�e�c�t�i�o�n� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �a�n� �a�c�c�u�r�a�t�e� �i�n�d�i�c�a�t�o�r� �o�f� 

�t�h�e� �a�c�t�u�a�l� �s�t�r�a�i�n� �s�u�r�r�o�u�n�d�i�n�g� �a� �p�r�e�c�i�p�i�t�a�t�e�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�c�c�o�m�p�a�n�y�i�n�g� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �a�t� �2�5� �l�o�c�a�t�i�o�n�s� �o�n� �e�a�c�h� 

�o�f� �t�h�e� �s�i�x� �f�a�c�e�t� �p�l�a�n�e�s�.� �T�h�e� �r�e�l�a�t�i�v�e� �l�e�d�g�e� �l�o�c�a�t�i�o�n�s� �u�s�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �f�a�c�e�t�s� �a�r�e� �s�h�o�w�n� 

�i�n� �F�i�g�u�r�e� �2�.�4�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �w�a�s� �t�h�e�n� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �t�h�i�r�d� �o�r�d�e�r�,� �l�e�a�s�t�-�s�q�u�a�r�e�s� 
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�(�b�)� 

�F�i�g�u�r�e� �2�.�3�:� �T�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n�,� �e�f�;�,� �f�o�r� �a� �l�e�d�g�e� �l�o�c�a�t�e�d� �(�a�)� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �b�r�o�a�d� 
�f�a�c�e�t�,� �a�n�d� �(�b�)� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� 
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�p�o�l�y�n�o�m�i�a�l� �f�i�t�t�e�d� �t�o� �t�h�e� �v�a�l�u�e�s� �c�a�l�c�u�l�a�t�e�d� �a�t� �t�h�e� �2�5� �l�e�d�g�e� �l�o�c�a�t�i�o�n�s� �a�n�d� �d�i�s�p�l�a�y�e�d� �a�s� �a� 

�t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �s�u�r�f�a�c�e� �p�l�o�t� �a�n�d� �a�s� �a� �d�e�n�s�i�t�y� �p�l�o�t�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �p�l�o�t�s� �f�o�r� �l�e�d�g�e� 

�f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �o�f� �a� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�5�.� �I�n� �t�h�e� 

�t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �(�F�i�g�u�r�e� �2�.�5� �b�)�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �i�s� 

�p�l�o�t�t�e�d� �a�s� �a� �n�o�r�m�a�l�i�z�e�d� �q�u�a�n�t�i�t�y� �a�l�o�n�g� �t�h�e� �v�e�r�t�i�c�a�l� �a�x�i�s� �|� �E�n�o�r�m� �=� �e�e�)� �a�n�d� �t�h�e� 

�t�w�o� �h�o�r�i�z�o�n�t�a�l� �a�x�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �f�a�c�e�t� �p�l�a�n�e�.� �F�i�g�u�r�e� �2�.�5� �c� �p�r�e�s�e�n�t�s� �t�h�e� �s�a�m�e� 

�i�n�f�o�r�m�a�t�i�o�n� �i�n� �a� �p�l�o�t� �o�f� �i�s�o�s�t�r�a�i�n� �e�n�e�r�g�y� �c�o�n�t�o�u�r�s� �i�n� �t�h�e� �f�a�c�e�t� �p�l�a�n�e�.� 

�T�h�e� �l�o�c�a�t�i�o�n� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�s�t�r�a�i�n� �f�i�e�l�d� �o�f� �t�h�e� �l�e�d�g�e� �n�u�c�l�e�u�s� �a�n�d� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� �T�h�i�s� �c�o�m�p�o�n�e�n�t� �o�f� 

�t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y�,� �E�;�,�,�4�,� �v�a�r�i�e�s� �w�i�t�h� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �l�e�d�g�e� �n�u�c�l�e�u�s� �o�n� �t�h�e� �f�a�c�e�t� �p�l�a�n�e� �a�n�d� 

�c�a�n� �b�e� �p�o�s�i�t�i�v�e� �(�i�n�h�i�b�i�t�i�n�g� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�)� �o�r� �n�e�g�a�t�i�v�e� �(�a�i�d�i�n�g� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�)�.� �W�h�e�n� 

�t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�s� �z�e�r�o�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �e�n�e�r�g�y� �e�x�a�c�t�l�y� �c�a�n�c�e�l�s� �t�h�e� �l�e�d�g�e� �s�e�l�f�-� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �a�n�d� �t�h�e�r�e� �i�s� �n�o� �n�e�t� �s�t�r�a�i�n� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �t�h�e� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �e�n�e�r�g�y�.� �T�h�e� 

�r�e�l�a�t�i�v�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �s�e�l�f�-�s�t�r�a�i�n� �e�n�e�r�g�y� �a�n�d� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�e�p�e�n�d� �u�p�o�n� 

�t�h�e� �r�e�l�a�t�i�v�e� �s�i�z�e�s� �o�f� �t�h�e� �l�e�d�g�e� �a�n�d� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �(�s�e�e� �E�q�u�a�t�i�o�n�s� �3� �a�n�d� �4�)�.� �S�i�n�c�e� �t�h�e� �s�i�z�e� 

�o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �l�e�d�g�e�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �c�a�n� �e�x�c�e�e�d� �t�h�e� �s�e�l�f� 

�e�n�e�r�g�y� �o�f� �t�h�e� �l�e�d�g�e�.� �T�h�e� �s�e�l�f�-�s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �a� �c�u�b�e�-�s�h�a�p�e�d� �l�e�d�g�e� �0�.�4�4�8�n�m� �o�n� �a� �s�i�d�e� �i�s� 

�1�.�3�5�5�5� �x� �1�0�7�1�8�7� �(�u�s�i�n�g� �E�q�u�a�t�i�o�n� �2�.�3�)�.� �T�h�e� �c�h�e�m�i�c�a�l� �d�r�i�v�i�n�g� �f�o�r�c�e� �f�o�r� �t�h�e� �f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� 

�s�a�m�e� �v�o�l�u�m�e� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �i�n� �t�h�i�s� �s�y�s�t�e�m� �i�s� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �a� �s�u�b�r�e�g�u�l�a�r� �s�o�l�u�t�i�o�n� �m�o�d�e�l� 

�a�n�d� �a�v�a�i�l�a�b�l�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �d�a�t�a�[�4�2�,� �4�3�]� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�.�8�2�3�5� �x� �1�0�-�2�°�J�.� �T�h�u�s�,� �i�t� 

�a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �c�h�e�m�i�c�a�l� �d�r�i�v�i�n�g� �f�o�r�c�e� �a�l�o�n�e� �i�s� �n�o�t� �g�r�e�a�t� �e�n�o�u�g�h� �t�o� �o�v�e�r�c�o�m�e� �t�h�e� �s�e�l�f�-�s�t�r�a�i�n� 

�o�f� �t�h�e� �l�e�d�g�e�,� �a�n�d� �i�f� �t�h�e� �l�e�d�g�e� �i�s� �t�o� �n�u�c�l�e�a�t�e� �a�t� �a�l�l�,� �i�t� �m�u�s�t� �d�o� �s�o� �a�t� �a� �l�o�c�a�t�i�o�n� �w�i�t�h� �a� �l�a�r�g�e� 

�n�e�g�a�t�i�v�e� �i�n�t�e�r�a�c�t�i�o�n� �e�n�e�r�g�y�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �b�y� �i�n�s�p�e�c�t�i�o�n� �o�f� �F�i�g�u�r�e�s� �2�.�5� �b� �a�n�d� �c� �t�h�a�t� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y�?� 

�f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �h�a�s� �t�h�e� �l�a�r�g�e�s�t� �a�n�d� �t�h�e� �s�m�a�l�l�e�s�t� �v�a�l�u�e�s� �w�h�e�n� �t�h�e� �l�e�d�g�e� �n�u�c�l�e�a�t�e�s� �a�l�o�n�g� 

�a�n� �e�d�g�e� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e ��s� �b�r�o�a�d� �f�a�c�e�t�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �e�l�a�s�t�i�c� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �&� �p�r�e�c�i�p� 

� � 

�3�T�h�e� �a�c�t�u�a�l� �s�t�r�a�i�n� �e�n�e�r�g�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �b�y� �t�h�e� �s�e�l�f�-�s�t�r�a�i�n� 
�e�n�e�r�g�y� �o�f� �t�h�e� �l�e�d�g�e�,� �1�.�3�6� �x� �1�0�7�1�8� �J�.� 
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�1� �2� �3� �4� �5� �5� 
�6� �7� �8� �9� �1�0� �4� 

�1�1� �1�2� �1�3� �1�4� �1�5� �4�0� 

�1�6� �1�7� �1�8� �1�9� �2�0� �3�.�4�9� �'� 
�2�1� �2�2� �2�3� �2�4� �2�5� �2� �8� �4�4� �5� 

�1� �2� �3� �4� �5� �7� �1�3� �2�0� 
�6� �1�9� �2�5� 

�6� �7� �8� �9� �1�0� �1�2� �1�8� �2�4� 

�1�1� �1�2� �1�3� �1�4� �1�5�  ��a�7� �2�3� 

�1�6� �1�7� �1�8� �1�9� �o�o� �[�'�°� �2�2� 
�2�1� 

�2�1� �2�2� �2�3� �2�4� �2�5� � � 
� � 

� � 

�F�i�g�u�r�e� �2�.�4�:� �T�h�e� �2�5� �l�o�c�a�t�i�o�n�s� �o�n� �e�a�c�h� �f�a�c�e�t� �p�l�a�n�e� �(�t�h�e� �b�r�o�a�d� �f�a�c�e�t�,� �t�h�e� �l�o�n�g� �f�a�c�e�t� �a�n�d� �t�h�e� 
�s�h�o�r�t� �f�a�c�e�t� �p�l�a�n�e�s�)� �a�t� �w�h�i�c�h� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �w�a�s� �c�a�l�c�u�l�a�t�e�d�.� 

�2�0



�B�r�o�a�d� �F�a�c�e�t� 

� � 

�(�a�)� 

� � 

�(�b�)� 
� � 

�y�y� 
�(�c�)� 

� � � � � � 

�F�i�g�u�r�e� �2�.�5�:� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �o�f� �a� 
�c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�.� �(�a�)� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �o�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�,� �(�b�)� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� 
�e�n�e�r�g�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t�,� �a�n�d� �(�c�)� �a� �c�o�n�t�o�u�r� �p�l�o�t� �o�f� �b�.� 

�2�1



�a� �l�e�d�g�e� �a�n�d� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �g�r�e�a�t�e�s�t� �f�o�r� �l�e�d�g�e�s� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �b�r�o�a�d� �f�a�c�e�t�.� �F�i�g�-� 

�u�r�e�s� �2�.�6� �b� �a�n�d� �c� �s�h�o�w� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �l�o�n�g� �f�a�c�e�t� �a�n�d� �o�n� �t�h�e� �s�h�o�r�t� 

�f�a�c�e�t�.� �O�n� �t�h�e� �l�o�n�g� �f�a�c�e�t�,� �t�h�e� �m�i�n�i�m�u�m� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�s� �0�.�0�0�8�5� �w�h�e�r�e�a�s� �t�h�e� �m�i�n�-� 

�i�m�u�m� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t� �(�F�i�g�u�r�e� �2�.�6� �b�)� �i�s�  ��0�.�3�6�2�1�.� �T�h�e� �a�b�s�o�l�u�t�e� 

�m�i�n�i�m�u�m� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �i�s� �l�o�c�a�t�e�d� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �a�n�d� �i�s� 

 ��0�.�5�2�7�7�.� 

�T�h�e� �n�o�r�m�a�l�i�z�e�d� �t�o�t�a�l� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�s� �n�o�t� �s�y�m�m�e�t�r�i�c� �o�n� �a�n�y� �g�i�v�e�n� �f�a�c�e�t� �p�l�a�n�e�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�n� �e�a�c�h� �p�a�i�r� �o�f� �p�a�r�a�l�l�e�l� �f�a�c�e�t�s� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �s�y�m�m�e�t�r�i�c� 

�a�b�o�u�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� �T�h�a�t� �i�s�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�t� 

�a�n�y� �p�o�i�n�t� �o�n� �a� �f�a�c�e�t�,� �(�a�,�b�,�c�)�,� �i�s� �t�h�e� �s�a�m�e� �a�t� �t�h�e� �p�o�i�n�t� �( ��a�, ��b�, ��c�)� �o�n� �t�h�e� �o�p�p�o�s�i�t�e� �f�a�c�e�t�.� 

�T�h�u�s�,� �t�h�e�r�e� �a�r�e� �t�w�o� �p�o�i�n�t�s� �t�h�a�t� �h�a�v�e� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�.� �T�h�e� 

�l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �a�r�e� 

�i�n�d�i�c�a�t�e�d� �i�n� �F�i�g�u�r�e�s� �2�.�7�.� 

�T�h�e� �r�e�s�u�l�t� �t�h�a�t� �t�h�e� �m�i�n�i�m�u�m� �i�n� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�i�e�s� �o�c�c�u�r� �a�t� �o�p�p�o�s�i�t�e� �p�o�i�n�t�s� �o�n� �t�h�e� �f�a�c�e�t�s� 

�i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �o�b�s�e�r�v�a�t�i�o�n�s� �b�y� �L�u�o� �a�n�d� �W�e�a�t�h�e�r�l�y�[�1�7�]� �w�h�o� �f�o�u�n�d� �t�h�e� �t�w�o� 

�b�r�o�a�d� �f�a�c�e�t�s� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �c�o�n�t�a�i�n� �l�e�d�g�e�s� �t�h�a�t� �r�o�t�a�t�e� �t�h�e� �t�w�o� �i�n�t�e�r�f�a�c�e� �p�l�a�n�e�s� �i�n� �t�h�e� 

�s�a�m�e� �d�i�r�e�c�t�i�o�n�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �w�o�u�l�d� �o�c�c�u�r� �i�f�,� �a�s� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �c�a�l�c�u�l�a�t�i�o�n� �s�u�g�g�e�s�t�s�,� �t�h�e� 

�l�e�d�g�e�s� �o�n� �o�p�p�o�s�i�n�g� �f�a�c�e�t�s� �n�u�c�l�e�a�t�e� �a�t� �d�i�a�m�e�t�r�i�c�a�l�l�y� �o�p�p�o�s�e�d� �f�a�c�e�t� �e�d�g�e�s�.� 

�I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� 

�s�h�o�r�t� �f�a�c�e�t� �o�f� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �a�l�w�a�y�s� �p�o�s�i�t�i�v�e�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� 

�c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�s� �n�e�v�e�r� �n�e�g�a�t�i�v�e� �e�n�o�u�g�h� �t�o� �o�f�f�s�e�t� �t�h�e� �s�e�l�f�-�s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� 

�t�h�e� �l�e�d�g�e� �n�u�c�l�e�u�s�.� �S�i�n�c�e� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�i�s� �f�a�c�e�t� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �l�e�n�g�t�h�e�n�i�n�g� �o�f� �t�h�e� 

�p�r�e�c�i�p�i�t�a�t�e� �i�n� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �g�r�o�w�t�h� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n� �i�s� �n�o�t� 

�f�a�v�o�r�e�d�.� �I�f� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �t�o�t�a�l� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�,� 

�F�i�g�u�r�e� �2�.�7� �i�n�d�i�c�a�t�e�s� �l�e�d�g�e�s� �s�h�o�u�l�d� �f�o�r�m� �m�o�s�t� �r�e�a�d�i�l�y� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �a�n�d� �t�h�i�c�k�e�n�i�n�g� �o�f� 

�t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �s�h�o�u�l�d� �o�c�c�u�r� �f�a�s�t�e�r� �t�h�a�n� �l�e�n�g�t�h�e�n�i�n�g� �o�r� �w�i�d�e�n�i�n�g�.� 
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�F�i�g�u�r�e� �2�.�6�:� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �l�o�n�g� �f�a�c�e�t� �a�n�d� �o�n� �t�h�e� 
�s�h�o�r�t� �f�a�c�e�t�.� �(�a�)� �t�h�e� �l�o�n�g� �a�n�d� �s�h�o�r�t� �f�a�c�e�t�s�,� �(�b�)� �c�o�n�t�o�u�r� �p�l�o�t� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� 
�o�n� �t�h�e� �l�o�n�g� �f�a�c�e�t�,� �a�n�d� �(�c�)� �c�o�n�t�o�u�r� �p�l�o�t� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� 
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�F�i�g�u�r�e� �2�.�7�:� �L�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �a� �c�o�h�e�r�e�n�t� 
�p�r�e�c�i�p�i�t�a�t�e�.� 
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�2�.�4�.�2� �P�a�r�t�i�a�l�l�y� �C�o�h�e�r�e�n�t� �P�r�e�c�i�p�i�t�a�t�e� 

�I�f� �t�h�e� �b�c�c� �p�r�e�c�i�p�i�t�a�t�e�s� �i�n� �N�i�-�C�r� �a�c�t�u�a�l�l�y� �t�h�i�c�k�e�n�e�d� �f�a�s�t�e�r� �t�h�a�n� �t�h�e�y� �l�e�n�g�t�h�e�n�e�d� �a�s� �t�h�e� 

�r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �s�u�g�g�e�s�t�,� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�s� �w�o�u�l�d� �d�r�o�p� 

�w�i�t�h� �t�i�m�e�.� �S�i�n�c�e� �t�h�i�s� �d�o�e�s� �n�o�t� �s�e�e�m� �t�o� �b�e� �b�o�r�n� �o�u�t� �b�y� �e�x�p�e�r�i�m�e�n�t�,� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �l�o�c�a�t�i�o�n� �m�u�s�t� �c�h�a�n�g�e� �w�h�e�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �l�o�s�e�s� �c�o�h�e�r�e�n�c�y�.� �T�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� 

�m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �t�h�r�e�e� �t�y�p�e�s� �o�f� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� 

�i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�8�.� 

�F�o�r� �t�h�e� �1�-�2� �l�o�o�p� �(�F�i�g�u�r�e� �2�.�8� �a�)�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �i�s� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� 

�c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�,� �b�u�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �i�s� �m�u�c�h� �g�r�e�a�t�e�r� �(�0�.�2�2�7�9� 

�f�o�r� �t�h�e� �1�-�2� �l�o�o�p� �v�s�  ��0�.�5�2�7�7� �f�o�r� �t�h�e� �c�o�h�e�r�e�n�t� �c�a�s�e�)�.� �T�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� 

�f�o�r�m�a�t�i�o�n� �o�n� �a� �p�r�e�c�i�p�i�t�a�t�e� �e�n�c�l�o�s�e�d� �w�i�t�h� �t�h�e� �2�-�3� �l�o�o�p� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y� �(�F�i�g�u�r�e� �2�.�8� �b�)� �i�s� 

�l�o�c�a�t�e�d� �a�t� �t�h�e� �c�o�r�n�e�r� �o�f� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�i�s� �m�i�n�i�m�u�m� �i�s�  ��0�.�9�5�2�0�,� 

�s�u�b�s�t�a�n�t�i�a�l�l�y� �l�e�s�s� �t�h�a�n� �t�h�e� �m�i�n�i�m�u�m� �o�n� �a� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�.� �F�o�r� �t�h�e� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n� 

�n�e�t�w�o�r�k�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �i�s� �t�h�e� �c�e�n�t�e�r� �o�n� �t�h�e� 

�l�o�n�g� �f�a�c�e�t�,� �F�i�g�u�r�e� �2�.�8� �c�.� �T�h�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �f�o�r� �t�h�i�s� �c�a�s�e� �i�s� �0�.�2�3�9�7�,� �s�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �t�h�a�n� 

�t�h�e� �v�a�l�u�e� �f�o�r� �t�h�e� �1�-�2� �l�o�o�p� �a�n�d� �m�u�c�h� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�a�t� �f�o�r� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�.� 

�S�i�n�c�e� �b�o�t�h� �t�h�e� �1�-�2� �l�o�o�p� �a�n�d� �n�e�t�w�o�r�k� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �i�n�c�r�e�a�s�e� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�,� �t�h�e�s�e� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� �a�r�e� 

�n�o�t� �l�i�k�e�l�y� �t�o� �a�s�s�i�s�t� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�.� �T�h�e� �2�-�3� �l�o�o�p�,� �H�o�w�e�v�e�r�,� �d�o�e�s� �r�e�d�u�c�e� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �s�i�g�n�i�f�i�c�a�n�t�l�y�,� �p�a�r�t�i�c�u�l�a�r�l�y� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �f�o�r�m�a�t�i�o�n� 

�k�i�n�e�t�i�c�s� �f�o�r� �l�e�d�g�e�s� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �g�r�e�a�t�e�s�t� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�,� �p�r�o�v�i�d�i�n�g�,� �o�f� �c�o�u�r�s�e�,� �t�h�a�t� 

�t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �a�b�l�e� �t�o� �a�c�q�u�i�r�e� �2�-�3� �t�y�p�e� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s�.� �P�r�e�c�i�p�i�t�a�t�e� �l�e�n�g�t�h�e�n�i�n�g� �i�n� 

�t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n� �s�h�o�u�l�d� �t�h�e�n� �t�a�k�e� �p�l�a�c�e� �w�i�t�h� �g�r�e�a�t�e�r� �k�i�n�e�t�i�c�s� �t�h�a�n� �t�h�i�c�k�e�n�i�n�g� �o�r� 

�w�i�d�e�n�i�n�g�[�2�9�]�.� 
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�1�6� 

� � � � 
� � 

�(�a�)� 

�F�i�g�u�r�e� �2�.�8�:� �T�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �p�a�r�t�i�a�l�l�y� 
�c�o�h�e�r�e�n�t� �l�a�t�h�s� �(�a�)� �t�h�e� �1�-�2� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y� �a�t� �p�o�s�i�t�i�o�n� �1�6� �o�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t�,� �(�b�)� �t�h�e� �2�-�3� 
�d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y� �a�t� �p�o�s�i�t�i�o�n� �5� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�,� �a�n�d� �(�c�)� �t�h�e� �n�e�t�w�o�r�k� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y� �a�t� 
�p�o�s�i�t�i�o�n� �1�3� �o�n� �t�h�e� �l�o�n�g� �f�a�c�e�t�.� 
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�(�c�)� 

�F�i�g�u�r�e� �2�.�8�,� �c�o�n�t�.� 
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�2�.�4�.�3� �E�f�f�e�c�t�s� �o�f� �P�r�e�c�i�p�i�t�a�t�e� �G�r�o�w�t�h� �u�p�o�n� �L�e�d�g�e� �F�o�r�m�a�t�i�o�n� �E�n�e�r�g�y� 

�I�f� �g�r�o�w�t�h� �l�e�d�g�e�s� �f�o�r�m� �o�n� �t�h�e� �t�h�r�e�e� �f�a�c�e�t�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �r�a�t�e�s�,� �t�h�e� �m�i�g�r�a�t�i�o�n� �r�a�t�e�s� �o�f� 

�t�h�e� �f�a�c�e�t�s� �w�i�l�l� �d�i�f�f�e�r� �a�n�d� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �w�i�l�l� �c�h�a�n�g�e� �w�i�t�h� �t�i�m�e�.� �T�o� 

�s�e�e� �h�o�w� �t�h�i�s� �a�f�f�e�c�t�s� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�,� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �w�a�s� �a�l�t�e�r�e�d� �t�o� 

�s�i�m�u�l�a�t�e� �g�r�o�w�t�h� �i�n� �a� �d�i�r�e�c�t�i�o�n� �n�o�r�m�a�l� �t�o� �e�a�c�h� �o�f� �t�h�e� �t�h�r�e�e� �f�a�c�e�t� �p�l�a�n�e�s�.� �S�u�c�h� �g�r�o�w�t�h� �c�o�r�-� 

�r�e�s�p�o�n�d�s� �t�o� �p�r�e�c�i�p�i�t�a�t�e� �w�i�d�e�n�i�n�g�,� �l�e�n�g�t�h�e�n�i�n�g�,� �a�n�d� �t�h�i�c�k�e�n�i�n�g�.� �T�h�e�s�e� �c�a�s�e�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� 

�s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �F�i�g�u�r�e� �2�.�9�.� 

�T�h�e� �t�h�r�e�e� �t�y�p�e�s� �o�f� �p�r�e�c�i�p�i�t�a�t�e� �g�r�o�w�t�h� �c�h�a�n�g�e� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �t�h�e� �m�o�d�e�l� �p�r�e�c�i�p�i�t�a�t�e� 

�u�s�e�d� �i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�s�:� 

�1�.� �f�o�r� �w�i�d�e�n�i�n�g�,� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �a �� �:� �1�7�.�5�:� �1� �w�h�e�r�e� �a �� �>� �5� 

�2�.� �f�o�r� �l�e�n�g�t�h�e�n�i�n�g�,� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �5� �:� �b �� �:� �1� �w�h�e�r�e� �b�!� �>� �1�7�.�5� 

�3�.� �f�o�r� �t�h�i�c�k�e�n�i�n�g�,� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �5�:� �1�7�.�5�:� �c�'� �w�h�e�r�e� �c� �>� �1� 

�F�i�g�u�r�e� �2�.�1�0� �s�h�o�w�s� �h�o�w� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �c�h�a�n�g�e�s� �w�h�e�n� �t�h�e� 

�p�a�r�t�i�a�l� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �(�2�-�3� �l�o�o�p�)� �l�e�n�g�t�h�e�n�s�,� �w�i�d�e�n�s�,� �o�r� �t�h�i�c�k�e�n�s�.� �I�n� �F�i�g�u�r�e� �2�.�1�0�,� �t�h�e� 

�l�e�d�g�e� �i�s� �l�o�c�a�t�e�d� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t� �(�p�o�s�i�t�i�o�n� �5� �i�n� �F�i�g�u�r�e� �2�.�4�)�.� �A�l�t�h�o�u�g�h� �t�h�e� �t�h�r�e�e� �t�y�p�e�s� �o�f� 

�g�r�o�w�t�h� �c�o�n�s�i�d�e�r�e�d� �r�e�q�u�i�r�e� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �a�t� �l�o�c�a�t�i�o�n�s� �o�t�h�e�r� �t�h�a�n� �t�h�e� �o�n�e� �w�i�t�h� �t�h�e� �l�o�w�e�s�t� 

�s�t�r�a�i�n� �e�n�e�r�g�y�,� �t�h�e� �e�f�f�e�c�t� �o�f� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �s�h�o�w�n� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �a�t� �a� �s�i�n�g�l�e� �l�o�c�a�t�i�o�n� �(�t�h�e� 

�m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �s�i�t�e�)�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �c�h�a�n�g�e�s� �w�i�t�h� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �c�o�h�e�r�e�n�t� �a�n�d� 

�p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�s�.� �S�o�m�e� �o�f� �t�h�i�s� �c�h�a�n�g�e� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�c�r�e�a�s�e� �i�n� �p�r�e�c�i�p�i�t�a�t�e� 

�s�i�z�e�.� �B�e�c�a�u�s�e� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �s�c�a�l�e�s� �w�i�t�h� �p�r�e�c�i�p�i�t�a�t�e� �v�o�l�u�m�e�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �c�o�m�p�o�n�e�n�t� 

�o�f� �t�h�e� �l�e�d�g�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �b�e�c�o�m�e�s� �g�r�e�a�t�e�r� �(�i�.�e�.�,� �b�e�c�o�m�e�s� �m�o�r�e� �n�e�g�a�t�i�v�e�)� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� 

�p�r�e�c�i�p�i�t�a�t�e� �s�i�z�e�,� �a�n�d� �g�r�o�w�t�h� �i�n� �a�n�y� �o�f� �t�h�e� �t�h�r�e�e� �d�i�r�e�c�t�i�o�n�s� �i�n�c�r�e�a�s�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �w�i�d�e�n�i�n�g� �m�a�k�e�s� �t�h�e� �l�e�d�g�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�c�o�n�s�i�d�e�r�a�b�l�y� �m�o�r�e� �n�e�g�a�t�i�v�e� �t�h�a�n� �t�h�i�c�k�e�n�i�n�g�.� �L�e�n�g�t�h�e�n�i�n�g� �h�a�s� �l�i�t�t�l�e� �e�f�f�e�c�t� �o�n� �t�h�e� �l�e�d�g�e� 

�f�o�r�m�a�t�i�o�n� �e�n�e�r�g�y�.� �T�h�e�s�e� �t�r�e�n�d�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �s�a�m�e� �f�o�r� �c�o�h�e�r�e�n�t� �a�n�d� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� 
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�w�i�d�e�n�i�n�g� 

�P�o�s�c�s�a�s�e�s�s�e�e�s�c�c�s�e�u�s�z�s�a�n�e�s�e�s�e�s� �F�o�a�c�c�c�v�s�n�c�e�s�c�c�c�c�c�c�e�s�c�e�c�s�a�v�e�n�e�o�s�e� !"� 
�°� �7�)� 

� � 

� � 

� � � � � � 

�l�e�n�g�t�h�e�n�i�n�g�. �� �:� 

�°� �"� 

�t�h�e�e� �a� 

�i� �S�O�S�S�E�S�S�S�e�e�e�n�e�s�s�e�e�n�s�s�e�u�s�e�n�a�u�s�s� �1� �S�S�e�s�e�s�e�s� �e�s�s�e� �e�c�e�v�e�s�s�e�e�v�e�c�a�s�e�s�e� �3�  �� 

�t�h�i�c�k�e�n�i�n�g� 

�F�i�g�u�r�e� �2�.�9�:� �S�c�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n�s� �o�f� �t�h�r�e�e� �t�y�p�e�s� �o�f� �p�r�e�c�i�p�i�t�a�t�e� �g�r�o�w�t�h ��t�h�i�c�k�e�n�i�n�g�,� �w�i�d�e�n�-� 
�i�n�g�,� �a�n�d� �l�e�n�g�t�h�e�n�i�n�g�.� 
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�o�O� �T�e�e� 
�®� �4� �W�o�r�s�e� �_�_� �|� 
�®�  ��N�X� �T�T� �T�a�s� �t�h�i�,� �m�e�e� 
�=� �1�4� �\� �I�C�h�e�n�i�n�g� �O�P�T� �T�t� �t�e�e�n�s�e� �!� 
�N�e�a� �o�n�s� �~� 
�D�  ��\� 
�2� �-�1�.�2� �s�S� �,� 
 �� �~�N�,� 

�=� �-�1�.�3� �t�i� 
�i� �W�p�.� 

�3� �1�.�4�}�  ��o�l� 
�E� �>� �E�e�  ��1�.�5� �~� 

�£� �N�S� �S� �1�6�F� �0� �|� �o�t� �E�Y� 
�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1� 

�F�r�a�c�t�i�o�n�a�l� �I�n�c�r�e�a�s�e� �i�n� �P�r�e�c�i�p�i�t�a�t�e� �V�o�l�u�m�e� 

�(�b�)� 

�F�i�g�u�r�e� �2�.�1�0�:� �T�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �m�i�n�i�m�u�m� �t�o�t�a�l� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �w�i�t�h� 
�p�r�e�c�i�p�i�t�a�t�e� �g�r�o�w�t�h�.� �L�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t� �o�f� �a� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� 
�(�2�-�3� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�)�.� 

�3�0



�p�r�e�c�i�p�i�t�a�t�e�s�,� �b�u�t� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �p�a�r�t�i�a�l�l�y� 

�c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �i�s� �m�o�r�e� �n�e�g�a�t�i�v�e� �t�h�a�n� �f�o�r� �t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�.� 

�A� �c�h�a�n�g�e� �i�n� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �c�o�u�l�d� �c�o�n�c�e�i�v�a�b�l�y� �c�h�a�n�g�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�o�s�t� �f�a�v�o�r�a�b�l�e� 

�s�i�t�e� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �w�o�u�l�d� �o�c�c�u�r� �d�u�r�i�n�g� �g�r�o�w�t�h� �i�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� 

�f�o�r�m�a�t�i�o�n� �d�e�c�r�e�a�s�e�d� �m�o�r�e� �r�a�p�i�d�l�y� �o�n� �o�n�e� �f�a�c�e�t� �t�h�a�n� �o�n� �t�h�e� �o�t�h�e�r�s�.� �T�o� �t�e�s�t� �t�h�i�s�,� �t�h�e� �m�i�n�i�m�u�m� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �s�i�t�e� �o�n� �e�a�c�h� �o�f� �t�h�e� �t�h�r�e�e� �f�a�c�e�t�s� �o�f� �t�h�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �w�a�s� 

�d�e�t�e�r�m�i�n�e�d� �d�u�r�i�n�g� �w�i�d�e�n�i�n�g�,� �l�e�n�g�t�h�e�n�i�n�g� �a�n�d� �t�h�i�c�k�e�n�i�n�g�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� 

�i�n� �F�i�g�u�r�e�s� �2�.�1�1� �a�,� �b� �a�n�d� �c�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�h�r�e�e� �c�u�r�v�e�s� �i�n� �e�a�c�h� �f�i�g�u�r�e� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�l�o�w�e�s�t� �n�o�r�m�a�l�i�z�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �l�o�n�g�,� �s�h�o�r�t� �a�n�d� �b�r�o�a�d� �f�a�c�e�t�s�.� �I�n� 

�c�o�m�p�a�r�i�n�g� �F�i�g�u�r�e�s� �2�.�1�1� �a�-�c�,� �o�n�e� �c�a�n� �s�e�e� �t�h�a�t� �w�i�d�e�n�i�n�g�,� �l�e�n�g�t�h�e�n�i�n�g� �a�n�d� �t�h�i�c�k�e�n�i�n�g� �g�e�n�e�r�a�l�l�y� 

�d�e�c�r�e�a�s�e� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�,� �b�u�t� �t�h�e� �d�e�c�r�e�a�s�e� �o�c�c�u�r�s� �i�n� �p�a�r�a�l�l�e�l� �o�n� �t�h�e� 

�t�h�r�e�e� �f�a�c�e�t�s�.� �T�h�e� �m�o�s�t� �f�a�v�o�r�a�b�l�e� �s�i�t�e� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �a�l�w�a�y�s� �r�e�m�a�i�n�s� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� 

�T�h�u�s�,� �t�h�e� �m�o�s�t� �l�i�k�e�l�y� �s�i�t�e� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �s�h�o�u�l�d� �n�o�t� �c�h�a�n�g�e� �d�u�r�i�n�g� �g�r�o�w�t�h�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �c�h�a�n�g�e�s� �i�n� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �e�n�e�r�g�y� �w�i�t�h� �p�r�e�c�i�p�i�t�a�t�e� �a�s�p�e�c�t� 

�r�a�t�i�o� �r�e�s�u�l�t� �f�r�o�m� �c�h�a�n�g�e�s� �i�n� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �e�n�e�r�g�y� �b�e�t�w�e�e�n� �t�h�e� �l�e�d�g�e� �a�n�d� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� 

�L�e�d�g�e�s� �a�r�e� �l�i�k�e�l�y� �t�o� �f�o�r�m� �a�t� �t�h�e� �m�o�s�t� �f�a�v�o�r�a�b�l�e� �s�i�t�e�s�,� �a�n�d� �t�h�e�s�e� �s�i�t�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� 

�l�o�c�a�l� �s�t�r�a�i�n� �f�i�e�l�d�.� �T�h�i�s� �d�o�e�s� �n�o�t� �i�m�p�l�y� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �w�i�l�l� �a�d�o�p�t� �t�h�e� �a�b�s�o�l�u�t�e� �m�i�n�i�m�u�m� 
� � 

�s�t�r�a�i�n� �e�n�e�r�g�y� �s�h�a�p�e�.� 

�F�i�n�a�l�l�y�,� �s�e�v�e�r�a�l� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �s�h�o�u�l�d� �b�e� �n�o�t�e�d�.� �F�i�r�s�t�,� �t�h�e� �N�i�-�C�r� 

�m�a�t�e�r�i�a�l� �u�s�e�d� �f�o�r� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �h�a�s� �a� �r�a�t�h�e�r� �l�a�r�g�e� �a�n�i�s�o�t�r�o�p�y� �r�a�t�i�o�,� �a�o�s� �=�~� �2�.�8� 

�[�4�0�]�.� �T�h�e� �u�s�e� �o�f� �i�s�o�t�r�o�p�i�c� �e�l�a�s�t�i�c�i�t�y� �u�n�d�o�u�b�t�e�d�l�y� �r�e�s�u�l�t�s� �i�n� �s�o�m�e� �e�r�r�o�r�,� �b�u�t� �t�h�e� �t�r�e�n�d�s� �s�h�o�u�l�d� 

�n�o�t� �b�e� �a�f�f�e�c�t�e�d� �g�r�e�a�t�l�y�.� �I�m�p�r�o�v�e�m�e�n�t�s� �w�i�l�l� �r�e�q�u�i�r�e� �t�h�e� �u�s�e� �o�f� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �s�u�c�h� �a�s� 

�t�h�o�s�e� �a�p�p�l�i�e�d� �r�e�c�e�n�t�l�y� �t�o� �c�a�l�c�u�l�a�t�e� �s�t�r�a�i�n� �e�n�e�r�g�i�e�s� �o�f� �m�i�s�f�i�t�t�i�n�g� �p�r�e�c�i�p�i�t�a�t�e�s�[�4�4�]�.� �I�n� �a�d�d�i�t�i�o�n�,� 

�n�o� �e�f�f�o�r�t� �h�a�s� �b�e�e�n� �m�a�d�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�t�e�r�f�a�c�i�a�l� �e�n�e�r�g�y� �n�o�r� �t�h�e� �s�h�a�p�e� �a�n�d� �s�i�z�e� 

�o�f� �t�h�e� �l�e�d�g�e� �n�u�c�l�e�u�s� �o�n� �t�h�e� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �e�n�e�r�g�y�.� �T�h�e�s�e� �f�a�c�t�o�r�s� �a�r�e� �p�r�o�b�a�b�l�y� �i�m�p�o�r�t�a�n�t�,� 

�b�u�t� �t�h�e�y� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �a�s�s�e�s�s� �i�n� �a� �q�u�a�n�t�i�t�a�t�i�v�e� �f�a�s�h�i�o�n� �g�i�v�e�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�a�t�e� �o�f� �k�n�o�w�l�e�d�g�e� 

�o�n� �t�h�e� �g�r�o�w�t�h� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� 

�c�h�e�c�k�e�d� �b�y� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �a�n�d� �b�y� �i�d�e�n�t�i�f�y�i�n�g� 
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�C� �|� 
�~�0�.�2�5� �S�S� �P�e�s�s�a�z� �1� 

�~�0�.�5�]� �T�c�e�]� �T�e� 

�r�  �� �)�  ��=� �~�e�a� 

�-�0�.�7�5� �=�>� �<�=� 
 �� 

�=�  ��~� 
�-�1�  � �� �t�o�n� 

�~� �~� �e�e�,� �]� 

�~�1�.�2�5�  ��= ��  �� 
�h�o�r�t� �t�a�o�- ��~� �.� 

 �� �]� 
�-�1�.�5�}�  �� 

�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �2� 

�F�r�a�c�t�i�o�n�a�l� �I�n�c�r�e�a�s�e� �i�n� �P�r�e�c�i�p�i�t�a�t�e� �V�o�l�u�m�e� 

�(�a�)� 

�F�i�g�u�r�e� �2�.�1�1�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �t�h�r�e�e� �f�a�c�e�t�s� �o�f� 
�a� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �(�2�-�3� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�)� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�s�s�e�s� �o�f� �p�r�e�c�i�p�i�t�a�t�e� 
�g�r�o�w�t�h�.� �(�a�)� �P�r�e�c�i�p�i�t�a�t�e� �w�i�d�e�n�i�n�g�,� �(�b�)� �P�r�e�c�i�p�i�t�a�t�e� �l�e�n�g�t�h�e�n�i�n�g�,� �(�c�)� �P�r�e�c�i�p�i�t�a�t�e� �t�h�i�c�k�e�n�i�n�g� 
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� � 

� � � � � � � � � � �s�h�o�r�t� �f�a�c�e�t� � � � � 

�2� �0� �4� �0�.� �6� �0�.� �8� �1� 

�F�r�a�c�t�i�o�n�a�l� �I�n�c�r�e�a�s�e� �i�n� �P�r�e�c�i�p�i�t�a�t�e� �V�o�l�u�m�e� 

�(�b�)� 

�F�i�g�u�r�e� �2�.�1�1�,� �c�o�n�t� 
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�R�S�S� �E�E�C� �E� �a�i�a� 

�-�0�.�4� 

�-�0�.�6� �_ �� 
�_�_� �l�o�n�g� �f�a�c�e�;� 

�-�0�.�8� 
�4� �-�_� 

�_� �_�_�.� �S�h�o�r�t� �f�a�c�e�:� 

�a� 

 �� 
�l� 

�~� 
�T�L� 

�.� 

�-� 

�!� �0� �£�4�O�.�2� �O�.�4� �0�.�6� �o�e� �4� 

�F�r�a�c�t�i�o�n�a�l� �I�n�c�r�e�a�s�e� �i�n� �P�r�e�c�i�p�i�t�a�t�e� �V�o�l�u�m�e� 

�(�C�c�)� 

�F�i�g�u�r�e� �2�.�1�1� �,� �c�o�n�t�.� 
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�t�h�e� �c�h�a�r�a�c�t�e�r� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �f�a�c�e�t�s�.� 

�2�.�5� �C�o�n�c�l�u�s�i�o�n�s� 

�T�h�e� �e�l�a�s�t�i�c� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� �a� �l�a�t�h�-�s�h�a�p�e�d� �p�r�e�c�i�p�i�t�a�t�e� �i�n� �N�i�-�4�5�%�C�r� 

�w�a�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a� �m�e�t�h�o�d� �b�a�s�e�d� �u�p�o�n� �E�s�h�e�l�b�y ��s� �c�l�a�s�s�i�c�a�l� �w�o�r�k�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �a�r�e� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �c�o�n�c�l�u�s�i�o�n�s� �o�b�t�a�i�n�e�d�.� 

�1�.� �A�l�t�h�o�u�g�h� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �t�e�n�s�o�r� �a�l�o�n�g� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n� 

�a�r�e� �Z�e�r�o�,� �i�.�e�.� �u�l�,� �=� �0� �,� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�i�s� �d�i�r�e�c�t�i�o�n� 

�a�r�e� �n�o�t� �z�e�r�o�.� �A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �t�h�e�r�e� �i�s� �s�u�b�s�t�a�n�t�i�a�l� �e�l�a�s�t�i�c� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �g�r�o�w�t�h� �o�f� �a� �c�o�h�e�r�e�n�t� �l�a�t�h� �i�n� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n�.� 

�2�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�l�a�s�t�i�c� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �i�s� �n�o�t� �s�y�m�m�e�t�r�i�c� �o�n� 

�a�n�y� �o�f� �t�h�e� �l�a�t�h ��s� �f�a�c�e�t� �p�l�a�n�e�s�,� �b�u�t� �i�t� �i�s� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� 

�3�.� �L�e�d�g�e� �n�u�c�l�e�a�t�i�o�n� �i�s� �o�n�l�y� �l�i�k�e�l�y� �a�t� �f�a�c�e�t� �a�r�e�a�s� �w�h�e�r�e� �t�h�e� �l�e�d�g�e�-�p�r�e�c�i�p�i�t�a�t�e� �i�n�t�e�r�a�c�t�i�o�n� 

�e�n�e�r�g�y� �i�s� �n�e�g�a�t�i�v�e�.� �A�t� �o�t�h�e�r� �l�o�c�a�t�i�o�n�s�,� �t�h�e� �c�h�e�m�i�c�a�l� �d�r�i�v�i�n�g� �f�o�r�c�e� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� 

�i�s� �p�r�o�b�a�b�l�y� �n�o�t� �l�a�r�g�e� �e�n�o�u�g�h� �t�o� �o�v�e�r�c�o�m�e� �t�h�e� �s�e�l�f�-�s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� �t�h�e� �l�e�d�g�e�.� 

�4�.� �L�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �m�i�n�i�m�u�m� �a�n�d� �m�a�x�i�m�u�m� �e�l�a�s�t�i�c� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �o�n� 

�t�h�e� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e� �a�r�e� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�r� �t�h�e� �c�o�r�n�e�r�s� �o�f� �t�h�e� �f�a�c�e�t� �p�l�a�n�e�s�.� 

�5�.� �F�o�r� �a� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �a�b�s�o�l�u�t�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� 

�l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �i�s� �a�t� �o�n�e� �e�n�d� �o�f� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �(�h�a�b�i�t�)� �p�l�a�n�e�.� �N�e�g�l�e�c�t�i�n�g� �o�t�h�e�r� �c�o�n�-� 

�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �e�n�e�r�g�y� �f�o�r� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n�,� �t�h�i�s� �l�o�c�a�t�i�o�n� �f�a�v�o�r�s� �p�r�e�c�i�p�i�t�a�t�e� �t�h�i�c�k�e�n�i�n�g�.� 

�6�.� �T�h�e� �e�f�f�e�c�t�s� �u�p�o�n� �t�h�e� �l�e�d�g�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� �t�h�r�e�e� �t�y�p�e�s� �o�f� �m�i�s�f�i�t� �d�i�s�l�o�c�a�t�i�o�n� �a�r�r�a�y�s� 

�w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �O�f� �t�h�e�s�e�,� �a� �p�a�r�a�l�l�e�l� �a�r�r�a�y� �o�f� �d�i�s�l�o�c�a�t�i�o�n�s� �l�o�o�p�i�n�g� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �a�n�d� 

�l�y�i�n�g� �i�n� �t�h�e� �b�r�o�a�d� �f�a�c�e�t� �a�n�d� �t�h�e� �s�h�o�r�t� �f�a�c�e�t� �a�s�s�i�s�t�s� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �t�h�e� �m�o�s�t�.� 

�7�.� �T�h�e� �m�i�n�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �s�i�t�e� �f�o�r� �l�e�d�g�e� �n�u�c�l�e�a�t�i�o�n� �o�n� �t�h�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�-� 

�i�t�a�t�e� �i�s� �o�n� �t�h�e� �s�h�o�r�t� �f�a�c�e�t�.� �L�e�n�g�t�h�e�n�i�n�g� �o�f� �t�h�e� �l�a�t�h� �i�n� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n� �i�s� 
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�f�a�v�o�r�e�d� �o�v�e�r� �t�h�i�c�k�e�n�i�n�g� �a�n�d� �w�i�d�e�n�i�n�g�.� 

�8�.� �D�u�r�i�n�g� �l�e�d�g�e�w�i�s�e� �g�r�o�w�t�h�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �l�o�w�e�s�t� �s�t�r�a�i�n� �e�n�e�r�g�y� �s�i�t�e� �f�o�r� �l�e�d�g�e� �f�o�r�-� 

�m�a�t�i�o�n� �d�o�e�s� �n�o�t� �c�h�a�n�g�e�.� �L�e�n�g�t�h�e�n�i�n�g� �r�e�m�a�i�n�s� �t�h�e� �f�a�v�o�r�e�d� �g�r�o�w�t�h� �d�i�r�e�c�t�i�o�n� �f�o�r� �t�h�e� 

�p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �p�r�e�c�i�p�i�t�a�t�e�.� �W�i�d�e�n�i�n�g�,� �a�n�d� �t�h�i�c�k�e�n�i�n�g� �t�o� �a� �l�e�s�s�e�r� �d�e�g�r�e�e�,� �m�a�k�e� 

�l�e�n�g�t�h�e�n�i�n�g� �m�o�r�e� �f�a�v�o�r�a�b�l�e�.� 
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�C�h�a�p�t�e�r� �3� 

�E�F�F�E�C�T�S� �O�F� �G�R�O�W�T�H� �L�E�D�G�E� �D�E�N�S�I�T�Y� 
�O�N� �P�R�E�C�I�P�I�T�A�T�E� �M�O�R�P�H�O�L�O�G�Y� �I�N� �A� 

�N�i�-�C�r� �A�L�L�O�Y� �S�Y�S�T�E�M� 

�3�.�1� �A�b�s�t�r�a�c�t� 

�T�h�e� �e�f�f�e�c�t� �o�f� �g�r�o�w�t�h� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �o�n� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �p�r�e�c�i�p�i�t�a�t�e� �m�o�r�p�h�o�l�o�g�y� 

�i�n� �a� �N�i�-�4�5�w�t�%�C�r� �a�l�l�o�y� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �m�i�g�r�a�t�i�o�n� �k�i�n�e�t�i�c�s� �o�f� �t�w�o� �f�a�c�e�t�s� �o�n� �i�n�t�r�a�g�r�a�n�-� 

�u�l�a�r� �l�a�t�h�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �T�E�M�.� �R�e�l�a�t�i�v�e�l�y� �s�h�o�r�t� �a�g�i�n�g� �t�i�m�e�s� �w�e�r�e� �c�h�o�s�e�n� �t�o� �o�b�t�a�i�n� 

�t�h�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �a�n�d� �i�n�t�r�a�g�r�a�n�u�l�a�r� �J�a�t�h� �s�h�a�p�e� �p�r�e�c�i�p�i�t�a�t�e�s� �i�n� �o�r�d�e�r� �t�o� �m�e�a�s�u�r�e� �g�r�o�w�t�h� 

�k�i�n�e�t�i�c�s�.� �T�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �g�r�o�w�t�h� �k�i�n�e�t�i�c�s� �o�f� �p�r�e�c�i�p�i�t�a�t�e�s� �a�n�d� �g�r�o�w�t�h� 

�l�e�d�g�e� �o�n� �d�i�f�f�e�r�e�n�t� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�i�e�s� �s�e�v�e�r�a�l� �m�i�c�r�o�s�t�r�u�c�t�u�r�a�l� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �m�e�a�s�u�r�e�d� 

�a�s� �f�u�n�c�t�i�o�n� �o�f� �a�g�i�n�g� �t�i�m�e�.� �E�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �s�h�o�w� �t�h�a�t� �w�i�d�e�n�i�n�g� �a�n�d� �t�h�i�c�k�e�n�i�n�g� �k�i�n�e�t�i�c�s� 

�o�f� �p�r�e�c�i�p�i�t�a�t�e�s� �b�y� �t�h�e� �l�e�d�g�e� �m�e�c�h�a�n�i�s�m� �f�o�l�l�o�w� �p�a�r�a�b�o�l�i�c� �g�r�o�w�t�h� �l�a�w�s�.� �T�h�e� �m�o�r�p�h�o�l�o�g�y� �o�f� 

�p�r�e�c�i�p�i�t�a�t�e�s� �d�u�r�i�n�g� �g�r�o�w�t�h� �i�s� �c�l�o�s�e�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �l�e�d�g�e� �h�e�i�g�h�t�s�,� �d�e�n�s�i�t�y� �a�n�d� �w�h�e�t�h�e�r� �t�h�e� 

�l�e�d�g�e� �c�o�a�l�e�s�c�e�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �o�v�e�r�a�l�l� �g�r�o�w�t�h� �r�a�t�e�s� �o�f� �f�a�c�e� �1�!� �a�n�d� �f�a�c�e� �3�?� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�t�e�r�m�s� �o�f� �l�e�d�g�e� �f�o�r�m�a�t�i�o�n� �r�a�t�e�s�.� �C�a�l�c�u�l�a�t�i�o�n�s� �u�s�i�n�g� �s�e�v�e�r�a�l� �t�h�e�o�r�e�t�i�c�a�l� �g�r�o�w�t�h� �m�o�d�e�l�s� �s�h�o�w� 

�a� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�3�.�2� �I�n�t�r�o�d�u�c�t�i�o�n� 

�L�e�d�g�e�s� �a�t� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�i�e�s� �h�a�v�e� �b�e�e�n� �k�n�o�w�n� �t�o� �p�l�a�y� �a�n� �i�n�t�e�g�r�a�l� �r�o�l�e� �i�n� �t�h�e� �g�r�o�w�t�h� 

�o�f� �p�r�e�c�i�p�i�t�a�t�e�s�[�1�,� �2�,� �3�,� �4�,� �8�,� �4�5�]�.� �I�n� �a� �g�e�n�e�r�a�l� �t�h�e�o�r�y� �o�f� �p�r�e�c�i�p�i�t�a�t�e� �m�o�r�p�h�o�l�o�g�y�[�1�]�,� �A�a�r�o�n�s�o�n� 

� � 

�1�T�h�e� �p�r�e�s�e�n�t� �a�u�t�h�o�r�s� �r�e�f�e�r� �t�h�e� �s�i�d�e� �l�o�n�g� �f�a�c�e� �t�o� �t�h�e� �f�a�c�e� �1�,� �s�e�e�[�2�2�]� 
�?�T�h�e� �p�r�e�s�e�n�t� �a�u�t�h�o�r�s� �r�e�f�e�r� �t�h�e� �b�r�o�a�d� �f�a�c�e� �t�o� �t�h�e� �f�a�c�e� �3�,� �s�e�e�{�2�2�]� 
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�f�i�r�s�t� �p�r�o�p�o�s�e�d� �t�h�a�t� �t�h�e� �s�h�a�p�e� �o�f� �a� �p�r�e�c�i�p�i�t�a�t�e� �d�u�r�i�n�g� �g�r�o�w�t�h�,� �w�h�i�c�h� �c�a�n� �d�i�f�f�e�r� �s�i�g�n�i�f�i�c�a�n�t�l�y� 

�f�r�o�m� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �s�h�a�p�e�,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �r�e�l�a�t�i�v�e� �m�o�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �e�n�c�l�o�s�i�n�g� 

�t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� �I�t� �w�a�s� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �a� �s�t�r�u�c�t�u�r�a�l� �b�a�r�r�i�e�r� �t�o� �m�i�g�r�a�t�i�o�n� �e�x�i�s�t�s� �a�t� �p�a�r�t�i�a�l�l�y� 

�c�o�h�e�r�e�n�t� �b�o�u�n�d�a�r�i�e�s�,� �s�o� �t�h�e�s�e� �b�o�u�n�d�a�r�i�e�s� �m�o�v�e� �b�y� �a� �l�e�d�g�e�-�w�i�s�e� �g�r�o�w�t�h� �m�e�c�h�a�n�i�s�m� �w�i�t�h� 

�r�e�d�u�c�e�d� �k�i�n�e�t�i�c�s�(�1�]�.� 

�T�h�e� �r�o�l�e� �o�f� �l�e�d�g�e�s� �i�n� �t�h�e� �g�r�o�w�t�h� �p�r�o�c�e�s�s� �h�a�s� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �s�e�v�e�r�a�l� �s�t�u�d�i�e�s�.� �T�h�e� 

�e�a�r�l�i�e�s�t� �d�i�r�e�c�t� �m�e�a�s�u�r�e�m�e�n�t� �w�a�s� �m�a�d�e� �u�s�i�n�g� �t�h�e�r�m�i�o�n�i�c� �e�m�i�s�s�i�o�n� �e�l�e�c�t�r�o�n� �m�i�c�r�o�s�c�o�p�y�[�1�8�,� �1�9�,� 

�2�0�]�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �w�a�s� �u�s�e�d� �t�o� �m�o�n�i�t�o�r� �t�h�e� �i�n� �s�i�t�u� �i�s�o�t�h�e�r�m�a�l� �g�r�o�w�t�h� �o�f� �f�e�r�r�i�t�e� �p�l�a�t�e�s� �o�n� 

�p�o�l�i�s�h�e�d� �s�u�r�f�a�c�e�s�.� �T�w�o� �t�y�p�e�s� �o�f� �f�e�r�r�i�t�e� �g�r�o�w�t�h� �b�e�h�a�v�i�o�r� �w�e�r�e� �d�i�s�c�o�v�e�r�e�d�.� �T�h�e� �l�e�n�g�t�h�e�n�i�n�g� �o�f� 

�f�e�r�r�i�t�e� �p�l�a�t�e�s� �i�n� �b�i�n�a�r�y� �F�e ��C� �a�l�l�o�y�s� �t�o�o�k� �p�l�a�c�e� �m�o�r�e� �o�r� �l�e�s�s� �s�m�o�o�t�h�l�y�(�1�9�]�,� �w�h�i�l�e� �t�h�e� �a�v�e�r�a�g�e� 

�t�h�i�c�k�e�n�i�n�g� �k�i�n�e�t�i�c�s� �w�e�r�e� �h�i�g�h�l�y� �e�r�r�a�t�i�c� �a�n�d� �e�x�h�i�b�i�t�e�d� �m�u�l�t�i�p�l�e� �k�i�n�e�t�i�c�s�:� �l�i�n�e�a�r�,� �p�a�r�a�b�o�l�i�c�,� 

�s�t�e�p�p�e�d� �k�i�n�e�t�i�c�s� �a�n�d� �c�o�m�b�i�n�a�t�i�o�n�s� �t�h�e�r�e�o�f�[�1�8�]�.� �A� �s�u�b�s�e�q�u�e�n�t� �s�t�u�d�y� �o�f� �t�h�e� �t�h�i�c�k�e�n�i�n�g� �a�n�d� 

�l�e�n�g�t�h�e�n�i�n�g� �o�f� �h�c�p� �y� �p�l�a�t�e�s� �i�n� �a� �A�l�-�l�5�w�t�%�A�g� �a�l�l�o�y� �w�i�t�h� �h�o�t�-�s�t�a�g�e� �t�r�a�n�s�m�i�s�s�i�o�n� �e�l�e�c�t�r�o�n� 

�m�i�c�r�o�s�c�o�p�y�[�2�1�]� �s�h�o�w�e�d� �t�h�a�t� �t�h�i�c�k�e�n�i�n�g� �a�n�d� �l�e�n�g�t�h�e�n�i�n�g� �o�f� �t�h�e� �p�l�a�t�e�s� �w�a�s� �a�c�c�o�m�p�l�i�s�h�e�d� 

�b�y� �t�h�e� �u�n�i�f�o�r�m� �a�d�v�a�n�c�e� �o�f� �g�r�o�w�t�h� �l�e�d�g�e�s�.� �A�l�t�h�o�u�g�h� �t�h�e� �l�e�d�g�e� �v�e�l�o�c�i�t�y� �w�a�s� �f�o�u�n�d� �t�o� �b�e� 

�t�h�a�t� �p�e�r�m�i�t�t�e�d� �b�y� �v�o�l�u�m�e� �d�i�f�f�u�s�i�o�n�,� �o�v�e�r�a�l�l� �r�a�t�e�s� �o�f� �p�l�a�t�e� �l�e�n�g�t�h�e�n�i�n�g� �a�n�d� �t�h�i�c�k�e�n�i�n�g� �w�e�r�e� 

�c�o�n�c�l�u�d�e�d� �t�o� �b�e� �i�n�t�e�r�f�a�c�e� �c�o�n�t�r�o�l�l�e�d�.� 

�A� �s�t�u�d�y� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �g�r�o�w�t�h� �l�e�d�g�e�s� �o�n� �c�o�a�r�s�e�n�i�n�g� �o�f� �7 �� �p�r�e�c�i�p�i�t�a�t�e�s� �i�n� �A�l�~�A�g�[�3�2�]� 

�w�a�s� �m�a�d�e� �b�y� �A�i�k�i�n� �a�n�d� �P�l�i�c�h�t�a�.� �D�u�r�i�n�g� �c�o�a�r�s�e�n�i�n�g�,� �c�h�a�n�g�e�s� �i�n� �p�r�e�c�i�p�i�t�a�t�e� �s�h�a�p�e� �a�n�d� �s�i�z�e� 

�a�r�e� �d�r�i�v�e�n� �b�y� �i�n�t�e�r�f�a�c�i�a�l� �e�n�e�r�g�y� �r�a�t�h�e�r� �t�h�a�n� �b�y� �t�h�e� �c�h�e�m�i�c�a�l� �s�u�p�e�r�s�a�t�u�r�a�t�i�o�n� �t�h�a�t� �d�r�i�v�e�s� 

�g�r�o�w�t�h�.� �T�h�e�s�e� �w�o�r�k�e�r�s� �f�o�u�n�d� �t�h�a�t� �m�e�a�s�u�r�e�d� �t�h�i�c�k�e�n�i�n�g� �r�a�t�e�s� �o�f� �t�h�e� �p�l�a�t�e�s� �a�r�e� �i�n�v�e�r�s�e�l�y� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �i�n�t�e�r�l�e�d�g�e� �s�p�a�c�i�n�g�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �r�a�t�e� �o�f� �l�e�d�g�e� �n�u�c�l�e�a�t�i�o�n� �w�a�s� �i�n�f�e�r�r�e�d� 

�f�r�o�m� �t�h�e� �c�o�n�s�t�a�n�t� �i�n�t�e�r�l�e�d�g�e� �s�p�a�c�i�n�g� �t�o� �b�e� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� 

�t�h�i�c�k�n�e�s�s� �i�n�c�r�e�a�s�e�d� �l�i�n�e�a�r�l�y� �w�i�t�h� �t�h�e� �a�g�i�n�g� �t�i�m�e�.� �T�h�e� �c�h�a�n�g�e� �i�n� �p�l�a�t�e� �d�i�a�m�e�t�e�r� �d�i�d� �n�o�t� �f�o�l�l�o�w� 

�a�n�y� �d�i�s�c�e�r�n�i�b�l�e� �t�e�m�p�o�r�a�l� �l�a�w�.� 

�T�h�e� �p�r�e�d�o�m�i�n�a�n�t� �g�r�o�w�t�h� �d�i�r�e�c�t�i�o�n� �o�f� �p�r�e�c�i�p�i�t�a�t�e�s� �c�a�n� �b�e� �p�r�e�d�i�c�t�e�d� �i�n� �m�a�n�y� �s�y�s�t�e�m�s� 

�b�y� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �b�y� �D�a�h�m�e�n� �a�n�d� �h�i�s� �c�o�w�o�r�k�e�r�s�[�1�0�,� �1�1�,� �1�2�,� �1�3�]�.� �T�h�i�s� 

�a�p�p�r�o�a�c�h� �i�s� �a�l�s�o� �a� �u�s�e�f�u�l� �t�o�o�l� �f�o�r� �p�r�e�d�i�c�t�i�n�g� �o�r�i�e�n�t�a�t�i�o�n� �r�e�l�a�t�i�o�n�s�h�i�p�s� �a�n�d� �a�s�p�e�c�t�s� �o�f� �t�h�e� 
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�p�r�e�c�i�p�i�t�a�t�e�/�m�a�t�r�i�x� �i�n�t�e�r�f�a�c�i�a�l� �s�t�r�u�c�t�u�r�e� �o�f� �m�a�n�y� �d�i�f�f�u�s�i�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s�.� �I�t� �h�a�s� �b�e�e�n� 

�f�o�u�n�d� �t�h�a�t� �p�r�e�c�i�p�i�t�a�t�e� �r�o�d�s� �a�n�d� �l�a�t�h�s� �e�l�o�n�g�a�t�e� �i�n� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �b�r�o�a�d� 

�f�a�c�e�s� �o�f� �p�l�a�t�e�s� �c�o�n�t�a�i�n� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e�.� �I�n� �t�e�r�m�s� �o�f� �t�h�e� �g�e�n�e�r�a�l� �t�h�e�o�r�y� �f�o�r� �p�r�e�c�i�p�i�t�a�t�e� 

�m�o�r�p�h�o�l�o�g�y�[�1�]�,� �t�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �b�o�u�n�d�a�r�y� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �i�n�-� 

�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n� �m�u�s�t� �m�i�g�r�a�t�e� �w�i�t�h� �h�i�g�h�e�r� �k�i�n�e�t�i�c�s� �t�h�a�n� �b�o�u�n�d�a�r�i�e�s� �t�h�a�t� �c�o�n�t�a�i�n� �t�h�i�s� 

�d�i�r�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �c�u�r�r�e�n�t�l�y� �n�o� �c�l�e�a�r� �c�o�n�n�e�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �l�e�d�g�e� �m�e�c�h�a�n�i�s�m� 

�r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �b�o�u�n�d�a�r�y� �m�i�g�r�a�t�i�o�n� �a�n�d� �t�h�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �t�h�e�o�r�y� �o�f� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �m�o�d�e�l�.� 

�T�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �w�a�s� �u�n�d�e�r�t�a�k�e�n� �t�o� �r�e�l�a�t�e� �t�h�e� �b�o�u�n�d�a�r�y� �m�i�g�r�a�t�i�o�n� �m�e�c�h�a�n�i�s�m� �w�i�t�h� 

�t�h�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�y� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�i�o�n� �p�r�o�c�e�s�s�.� �A� �N�i�-�4�5�w�t�%�C�r� �a�l�l�o�y�,� �i�n� �w�h�i�c�h� �C�r�-�r�i�c�h� 

�b�c�c� �l�a�t�h�-�s�h�a�p�e�d� �p�r�e�c�i�p�i�t�a�t�e�s� �f�o�r�m�e�d� �i�n� �a� �N�i�-�r�i�c�h� �f�c�c� �m�a�t�r�i�x�,� �i�s� �u�s�e�d� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e�.� �T�h�e� 

�c�r�y�s�t�a�l�l�o�g�r�a�p�h�y� �a�n�d� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�s� �i�n� �t�h�i�s� �a�l�l�o�y� �h�a�v�e� 

�b�e�e�n� �d�o�c�u�m�e�n�t�e�d� �p�r�e�v�i�o�u�s�l�y� �b�y� �L�u�o� �a�n�d� �W�e�a�t�h�e�r�l�y�[�1�6�,� �1�7�,� �3�9�]�.� �G�r�o�w�t�h� �l�e�d�g�e� �d�e�n�s�i�t�i�e�s� �o�n� 

�t�w�o� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �b�o�u�n�d�a�r�i�e�s� �o�f� �l�a�t�h�-�s�h�a�p�e�d� �p�r�e�c�i�p�i�t�a�t�e�s� �w�e�r�e� �m�a�d�e� �w�i�t�h� �T�E�M� �a�n�d� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �m�i�g�r�a�t�i�o�n� �k�i�n�e�t�i�c�s� �o�f� �t�h�e� �b�o�u�n�d�a�r�i�e�s�.� �G�e�o�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �l�e�d�g�e�s� 

�a�n�d� �t�h�e�i�r� �r�o�l�e� �i�n� �t�h�e� �g�r�o�w�t�h� �p�r�o�c�e�s�s� �w�e�r�e� �a�l�s�o� �a�s�s�e�s�s�e�d�.� �A�s� �a� �l�i�m�i�t�i�n�g� �c�a�s�e�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�m�i�g�r�a�t�i�o�n� �k�i�n�e�t�i�c�s� �o�f� �t�h�e� �f�a�c�e�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l�s� �f�o�r� �d�i�f�f�u�s�i�o�n�-�c�o�n�t�r�o�l�l�e�d� 

�m�i�g�r�a�t�i�o�n� �o�f� �d�i�s�o�r�d�e�r�e�d� �b�o�u�n�d�a�r�i�e�s�.� 

�3�.�3�.� �E�x�p�e�r�i�m�e�n�t�a�l� �P�r�o�c�e�d�u�r�e�s� 

�3�.�3�.�1� �S�a�m�p�l�e� �p�r�e�p�a�r�a�t�i�o�n� 

�I�n�g�o�t�s� �o�f� �t�h�e� �N�i�-�4�5�w�t�%�C�r� �a�l�l�o�y� �w�e�r�e� �m�a�d�e� �b�y� �v�a�c�u�u�m� �a�r�c�-�m�e�l�t�i�n�g� �a�p�p�r�o�p�r�i�a�t�e� �a�m�o�u�n�t�s� 

�o�f� �9�9�.�9�9�%� �p�u�r�e� �N�i� �a�n�d� �C�r�.� �S�e�c�t�i�o�n�s� �1�0�x� �1�0�x� �1�0�0� �m�m� �i�n� �s�i�z�e� �w�e�r�e� �c�u�t� �f�r�o�m� �a�p�p�r�o�x�i�m�a�t�e�l�y� �4�0�0� 

�g� �i�n�g�o�t�s�,� �p�l�a�c�e�d� �i�n� �q�u�a�r�t�z� �c�a�p�s�u�l�e�s� �a�n�d� �e�v�a�c�u�a�t�e�d� �t�o� �a� �p�r�e�s�s�u�r�e� �o�f� �1�0�~�°� �t�o�r�r�.� �T�h�e� �c�a�p�s�u�l�e�s� 

�w�e�r�e� �b�a�c�k�-�f�i�l�l�e�d� �t�w�i�c�e� �w�i�t�h� �p�u�r�i�f�i�e�d� �a�r�g�o�n� �a�n�d� �e�v�a�c�u�a�t�e�d� �t�o� �1�0�~�°� �t�o�r�r� �b�e�f�o�r�e� �s�e�a�l�i�n�g� �a�n�d� 

�h�o�m�o�g�e�n�i�z�i�n�g� �f�o�r� �4�8� �h�o�u�r�s� �a�t� �1�3�2�0�°�C�.� �H�o�m�o�g�e�n�i�z�e�d� �m�a�t�e�r�i�a�l� �w�a�s� �c�o�l�d�-�r�o�l�l�e�d� �t�o� �0�.�6� �m�m� 

�t�h�i�c�k�n�e�s�s� �s�h�e�e�t�,� �s�o�l�u�t�i�o�n�i�z�e�d� �i�n� �v�a�c�u�a� �a�t� �1�3�0�0�°� �C� �f�o�r� �4� �h�o�u�r�s� �a�n�d� �q�u�e�n�c�h�e�d� �i�n� �w�a�t�e�r� �t�o� 

�p�r�o�d�u�c�e� �a� �s�u�p�e�r�s�a�t�u�r�a�t�e�d� �f�c�c� �s�o�l�i�d� �s�o�l�u�t�i�o�n�.� �S�a�m�p�l�e�s� �w�e�r�e� �t�h�e�n� �a�g�e�d� �f�r�o�m� �6�0� �t�o� �1�5�8�4�0� 
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�s�e�c� �a�t� �9�5�0�°� �C� �t�o� �p�r�o�d�u�c�e� �i�n�t�r�a�g�r�a�n�u�l�a�r� �l�a�t�h�s� �o�f� �C�r�-�r�i�c�h� �b�c�c� �p�r�e�c�i�p�i�t�a�t�e�s� �i�n� �t�h�e� �f�c�c� �m�a�t�r�i�x�.� 

�T�E�M� �s�a�m�p�l�e�s� �w�e�r�e� �p�r�e�p�a�r�e�d� �b�y� �g�r�i�n�d�i�n�g� �s�a�m�p�l�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0�0� �m�i�c�r�o�n�s� �t�h�i�c�k� �a�n�d� 

�p�u�n�c�h�i�n�g� �3� �m�m� �d�i�a�m�e�t�e�r� �d�i�s�k�s�.� �T�h�e� �d�i�s�k�s� �w�e�r�e� �t�h�i�n�n�e�d� �u�s�i�n�g� �a� �S�o�u�t�h� �B�a�y� �m�o�d�e�l� �5�5�0�-�C� 

�s�i�n�g�l�e� �j�e�t� �p�o�l�i�s�h�e�r� �i�n� �a� �s�o�l�u�t�i�o�n�[�4�6�]� �c�o�n�t�a�i�n�i�n�g� �(�b�y� �v�o�l�u�m�e�)�:� �7�%� �p�e�r�c�h�l�o�r�i�c� �a�c�i�d�,� �1�1�%� �2�-� 

�B�u�t�o�x�y�e�t�h�a�n�o�l�,� �3�1�%� �N�-�t�y�p�e� �B�u�t�a�n�o�l�,� �5�1�%� �E�t�h�a�n�o�l�.� �P�o�l�i�s�h�i�n�g� �w�a�s� �c�a�r�r�i�e�d� �o�u�t� �a�t�  ��3�0�°�C�,� �1�8� 

�-� �2�0� �m�A� �c�u�r�r�e�n�t� �(�a�p�p�r�o�x�i�m�a�t�e�l�y� �2�0�0� �V� �-� �2�4�0� �V�)� �,� �p�u�m�p�i�n�g� �r�a�t�e� �s�e�t�t�i�n�g� �o�f� �1� �a�n�d� �s�e�n�s�i�t�i�v�i�t�y� 

�s�e�t�t�i�n�g� �o�f� �0�.�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �E�x�p�e�r�i�e�n�c�e� �s�h�o�w�e�d� �t�h�a�t� �c�o�n�t�r�o�l�l�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �c�u�r�r�e�n�t� 

�w�e�r�e� �p�a�r�t�i�c�u�l�a�r�l�y� �i�m�p�o�r�t�a�n�t� �t�o� �p�r�o�d�u�c�i�n�g� �g�o�o�d� �T�E�M� �f�o�i�l�s�.� �S�p�e�c�i�m�e�n�s� �w�e�r�e� �e�x�a�m�i�n�e�d� �a�t� 

�r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �d�u�r�i�n�g� �p�r�e�c�i�p�i�t�a�t�e� �g�r�o�w�t�h� �w�i�t�h� �a� �h�o�t�-�s�t�a�g�e� �u�s�i�n�g� �a� �P�h�i�l�i�p�s� �E�M�4�2�0� 

�t�r�a�n�s�m�i�s�s�i�o�n� �e�l�e�c�t�r�o�n� �m�i�c�r�o�s�c�o�p�e� �o�p�e�r�a�t�i�n�g� �a�t� �1�2�0� �k�V�.� 

�B�c�c� �p�r�e�c�i�p�i�t�a�t�e�s� �f�o�r�m�e�d� �b�y� �a�g�i�n�g� �N�i�-�4�5� �w�t�%� �C�r� �a�t� �9�5�0�°� �C� �a�r�e� �l�a�t�h�-�s�h�a�p�e�d� �w�i�t�h� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�e�p�o�r�t�e�d� �b�y� �L�u�o� �a�n�d� �W�e�a�t�h�e�r�l�y�[�1�6�,� �1�7�]�.� �T�h�e� �l�a�t�h�s� �a�d�o�p�t� �t�h�e� �K�u�r�d�j�u�m�o�v�-� 

�S�a�c�h�s� �o�r�i�e�n�t�a�t�i�o�n� �r�e�l�a�t�i�o�n�s�h�i�p� �a�n�d� �t�h�e�i�r� �b�r�o�a�d� �f�a�c�e� �(�h�e�r�e�a�f�t�e�r� �c�a�l�l�e�d� �f�a�c�e� �3�)� �l�i�e�s� �c�l�o�s�e� �t�o� �a� 

�{�1�1�2�}� �r�e�c� �p�l�a�n�e� �(�t�h�e� �(�1�2�1�)� �f�e�e� �p�l�a�n�e� �i�s� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�i�s� �p�a�p�e�r�)� �w�i�t�h� 

�l�i�t�t�l�e� �v�a�r�i�a�t�i�o�n� �f�r�o�m� �o�n�e� �p�r�e�c�i�p�i�t�a�t�e� �t�o� �a�n�o�t�h�e�r�.� �T�h�e� �l�o�n�g� �s�i�d�e� �f�a�c�e�t� �(�h�e�r�e�a�f�t�e�r� �c�a�l�l�e�d� �f�a�c�e� 

�1�)� �v�a�r�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �(�3�1�3�)� �f�,�.�-� �a�n�d� �t�h�e� �(�4�1�4�)� �¢�-�¢� �p�l�a�n�e�s�.� �B�o�t�h� �f�a�c�e� �1� �a�n�d� �f�a�c�e� �3� �c�o�n�t�a�i�n� �t�h�e� 

�c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �i�n�v�a�r�i�a�n�t� �l�i�n�e� �o�f� �t�h�e� �f�e�c�-�+�b�c�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �(�a�p�p�r�o�x�i�m�a�t�e�l�y� �5�.�1�9�°� �f�r�o�m� 

�[�1�0� �1�]�s�c�c�)�,� �s�o� �t�h�e� �l�o�n�g� �a�x�i�s� �o�f� �t�h�e� �l�a�t�h�s� �a�r�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �i�n�v�a�r�i�a�n�t� �l�i�n�e�.� 

�T�h�e� �w�i�d�t�h� �a�n�d� �t�h�i�c�k�n�e�s�s� �o�f� �p�r�e�c�i�p�i�t�a�t�e� �l�a�t�h�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�g�i�n�g� �t�i�m�e� 

�f�r�o�m� �T�E�M� �m�i�c�r�o�g�r�a�p�h�s� �t�a�k�e�n� �o�f� �t�h�e� �l�a�t�h�s� �i�n� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �T�h�e� �l�e�n�g�t�h�s� �o�f� �t�h�e� �l�a�t�h�s� �w�e�r�e� 

�u�s�u�a�l�l�y� �t�o�o� �l�o�n�g� �t�o� �p�e�r�m�i�t� �o�b�s�e�r�v�a�t�i�o�n� �i�n� �T�E�M� �f�o�i�l�s�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �l�e�d�g�e�s� �o�n� �t�h�e� �s�h�a�p�e� �o�f� 

�t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �d�u�r�i�n�g� �g�r�o�w�t�h� �w�a�s� �e�v�a�l�u�a�t�e�d� �b�y� �r�e�l�a�t�i�n�g� �t�h�e� �h�e�i�g�h�t�s� �a�n�d� �s�p�a�c�i�n�g�s� �o�f� �g�r�o�w�t�h� 

�l�e�d�g�e�s� �i�n� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�s� �b�o�u�n�d�a�r�i�e�s� �t�o� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�.� �C�a�r�e� �w�a�s� �t�a�k�e�n� �t�o� 

�d�i�s�t�i�n�g�u�i�s�h� �g�r�o�w�t�h� �l�e�d�g�e�s� �f�r�o�m� �o�t�h�e�r� �t�y�p�e�s� �o�f� �i�n�t�e�r�f�a�c�i�a�l� �d�e�f�e�c�t�s�.� �E�a�c�h� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� 

�w�a�s� �o�b�s�e�r�v�e�d� �i�n� �t�h�r�e�e� �n�o�n�-�c�o�p�l�a�n�a�r� �z�o�n�e� �a�x�e�s�:� �(�1�1�0�)� �,�,�,�,� �(�1�1�2�)�,� �a�n�d� �(�1�0�0�)� �,�,�,� �u�n�d�e�r� �t�w�o�-� 

�b�e�a�m� �c�o�n�d�i�t�i�o�n�s�.� �D�e�f�e�c�t�s� �i�n� �t�h�e� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� �t�h�a�t� �w�e�r�e� �o�b�s�e�r�v�e�d� �t�o� �m�o�v�e� �r�e�l�a�t�i�v�e� 

�t�o� �a� �r�e�f�e�r�e�n�c�e� �p�o�i�n�t� �w�h�e�n� �t�h�e� �T�E�M� �f�o�i�l� �w�a�s� �h�e�a�t�e�d� �i�n� �a� �h�o�t�-�s�t�a�g�e� �w�e�r�e� �i�d�e�n�t�i�f�i�e�d� �a�s� �g�r�o�w�t�h� 

�l�e�d�g�e�s�.� 

�4�0



�T�h�e� �l�e�d�g�e� �h�e�i�g�h�t�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �b�y� �o�n�e� �o�f� �t�w�o� �m�e�t�h�o�d�s�.� �W�h�e�n� �t�h�e� �l�e�d�g�e� �r�i�s�e�r�s� �w�e�r�e� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �e�l�e�c�t�r�o�n� �b�e�a�m�,� �t�h�e� �l�e�d�g�e� �h�e�i�g�h�t�s� �c�o�u�l�d� �b�e� �m�e�a�s�u�r�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �m�i�c�r�o�-� 

�g�r�a�p�h�s�.� �W�h�e�n� �t�h�e� �l�e�d�g�e�s� �w�e�r�e� �n�o�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �b�e�a�m�,� �t�h�e�i�r� �h�e�i�g�h�t�s� �w�e�r�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� 

�t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �i�n�t�e�r�f�a�c�e� �t�h�i�c�k�n�e�s�s� �f�r�i�n�g�e�s� �u�s�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�[�4�7�]�:� �h� �=� �m� �s�i�n� �G� �s�i�n� �¢�,� 

�w�h�e�r�e� �m� �i�s� �t�h�e� �f�r�i�n�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �{� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �b�o�u�n�d�a�r�y� �a�n�d� �t�h�e� �f�o�i�l� �s�u�r�f�a�c�e�,� 

�a�n�d� �¢� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �f�r�i�n�g�e� �a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �l�i�n�e�.� 

�A� �t�o�t�a�l� �o�f� �3�6�7� �p�r�e�c�i�p�i�t�a�t�e�s� �f�r�o�m� �s�e�v�e�n� �d�i�f�f�e�r�e�n�t� �a�g�i�n�g� �t�i�m�e�s� �w�e�r�e� �o�b�s�e�r�v�e�d�.� �O�f� �t�h�e�s�e�,� 

�1�2�1� �p�r�e�c�i�p�i�t�a�t�e�s� �c�o�u�l�d� �b�e� �t�i�l�t�e�d� �t�o� �a�n� �e�d�g�e�-�o�n� �o�r�i�e�n�t�a�t�i�o�n� �t�o� �p�e�r�m�i�t� �a�c�c�u�r�a�t�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� 

�o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e ��s� �t�h�i�c�k�n�e�s�s� �a�n�d� �w�i�d�t�h� �u�s�i�n�g� �m�a�g�n�i�f�i�c�a�t�i�o�n�s� �b�e�t�w�e�e�n� �6�2�,�5�0�0� �a�n�d� �1�0�5�,�0�0�0� 

�t�i�m�e�s�.� 

�A�t� �e�a�c�h� �a�g�i�n�g� �t�i�m�e�,� �t�h�e� �m�e�a�s�u�r�e�d� �p�r�e�c�i�p�i�t�a�t�e� �w�i�d�t�h�,� �t�h�i�c�k�n�e�s�s�,� �a�n�d� �n�u�m�b�e�r� �o�f� �l�e�d�g�e�s� 

�p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �f�a�c�e�t� �w�e�r�e� �g�r�o�u�p�e�d� �i�n�t�o� �s�i�z�e� �c�l�a�s�s�e�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �e�a�c�h� 

�s�i�z�e� �c�l�a�s�s� �w�e�r�e� �f�i�t� �t�o� �a� �G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �w�h�i�c�h� �t�h�e� �m�e�a�n� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� 

�o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �w�i�d�t�h�,� �p�r�e�c�i�p�i�t�a�t�e� �l�e�n�g�t�h�,� �o�r� �l�e�d�g�e� �s�p�a�c�i�n�g� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �m�e�a�n� 

�v�a�l�u�e�s� �o�f� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �r�e�p�o�r�t�e�d� �w�i�t�h� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s�.� 

�3�.�4� �R�e�s�u�l�t�s� 

�T�h�e� �m�o�r�p�h�o�l�o�g�y� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �c�h�a�n�g�e�s� �d�u�r�i�n�g� �t�h�e� �g�r�o�w�t�h� �p�r�o�c�e�s�s�,� �a�s� �c�a�n� �b�e� �s�e�e�n� 

�i�n� �F�i�g�u�r�e�s� �3�.�1� �(�a�)�-�(�d�)�.� �A�f�t�e�r� �a�g�i�n�g� �f�o�r� �6�0� �s�e�c� �a�t� �9�5�0�°� �C�,� �t�h�e� �b�e�c� �p�r�e�c�i�p�i�t�a�t�e� �h�a�s� �a�l�r�e�a�d�y� 

�d�e�v�e�l�o�p�e�d� �a� �d�i�s�t�i�n�c�t� �h�a�b�i�t� �p�l�a�n�e� �(�f�a�c�e� �3�)� �b�u�t� �i�t�s� �e�d�g�e�s� �a�r�e� �s�m�o�o�t�h�l�y� �c�u�r�v�e�d� �(�F�i�g�u�r�e� �3�.�1�(�a�)�)�.� 

�B�y� �1�2�0� �s�e�c�,� �a� �d�i�s�t�i�n�c�t� �s�i�d�e� �f�a�c�e�t� �(�f�a�c�e� �1�)� �a�p�p�e�a�r�s� �a�n�d� �b�y� �3�6�0�0� �s�e�c� �i�t� �i�s� �w�e�l�l�-�d�e�v�e�l�o�p�e�d� �o�n� 

�a�l�m�o�s�t� �a�l�l� �p�r�e�c�i�p�i�t�a�t�e�s� �(�F�i�g�u�r�e� �3�.�1�(�b�)�)�.� �T�h�e� �p�r�e�c�i�p�i�t�a�t�e�s� �h�a�v�e� �a� �p�a�r�a�l�l�e�l�o�g�r�a�m�-�s�h�a�p�e�d� �c�r�o�s�s�-� 

�s�e�c�t�i�o�n� �d�u�r�i�n�g� �t�h�i�s� �p�e�r�i�o�d�.� �A� �c�u�s�p� �f�o�r�m�s� �i�n� �f�a�c�e� �1� �u�p�o�n� �c�o�n�t�i�n�u�e�d� �a�g�i�n�g� �(�F�i�g�u�r�e� �3�.�1�(�c�)�)�.� 

�T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �c�u�s�p� �i�n� �f�a�c�e� �1� �i�s� �a� �c�o�m�m�o�n� �f�e�a�t�u�r�e� �d�u�r�i�n�g� �t�h�e� �g�r�o�w�t�h� �o�f� �t�h�e� �b�c�c� 

�p�r�e�c�i�p�i�t�a�t�e�s�.� �T�h�e� �c�u�s�p�s� �b�e�g�i�n� �a�p�p�e�a�r�i�n�g� �a�t� �4�2�0�0� �s�e�c� �a�t� �9�5�0�°� �C� �a�n�d� �4�0�%� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e�s� 

�a�r�e� �c�u�s�p�e�d� �b�y� �1�5�,�8�4�0� �s�e�c�.� �A� �n�e�w� �f�a�c�e�t� �f�o�r�m�e�d� �a�c�c�o�m�p�a�n�y�i�n�g� �w�i�t�h� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �c�u�s�p� 

�i�n� �f�a�c�e� �1� �i�s� �t�h�e� �~� �(�2�1�2�)� �¢�-�-� �w�h�i�c�h� �m�a�y� �r�e�s�u�l�t� �f�r�o�m� �a�c�c�u�m�u�l�a�t�i�n�g� �o�f� �t�h�e� �g�r�o�w�t�h� �l�e�d�g�e� �[�4�8�]�.� 

�4�1



�A�n� �O�-�l�a�t�t�i�c�e� �c�a�l�c�u�l�a�t�i�o�n� �s�h�o�w�s� �t�h�e� �f�a�c�e�t� �i�s� �9�°� �a�w�a�y� �t�o� �t�h�e� �b�e�s�t� �m�a�t�c�h�i�n�g� �p�l�a�n�e� �i�n� �t�h�i�s� 

�s�y�s�t�e�m�|�[�4�9�]�.� 

�G�r�o�w�t�h� �l�e�d�g�e�s� �o�r�i�g�i�n�a�t�e� �a�t� �t�h�e� �t�w�o� �e�d�g�e�s� �o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �t�h�a�t� �f�o�r�m� �t�h�e� �a�c�u�t�e� �a�n�g�l�e�s� 

�b�e�t�w�e�e�n� �f�a�c�e�s� �1� �a�n�d� �3� �a�s� �s�h�o�w�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �F�i�g�u�r�e� �3�.�2�(�c�)� �a�n�d� �a�t� �t�w�o� �a�c�u�t�e� �c�o�r�n�e�r�s� 

�o�f� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �i�n� �F�i�g�u�r�e� �3�.�3� �(�a�)�.� �T�h�e�y� �m�o�v�e� �l�a�t�e�r�a�l�l�y� �a�w�a�y� �f�r�o�m� �t�h�e�s�e� �t�w�o� �e�d�g�e�s� �a�l�o�n�g� 

�b�o�t�h� �f�a�c�e� �1� �a�n�d� �f�a�c�e� �3�.� 

�T�w�o� �t�y�p�e�s� �o�f� �l�e�d�g�e�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �d�u�r�i�n�g� �p�r�e�c�i�p�i�t�a�t�e� �g�r�o�w�t�h�.� �O�n�e� �i�s� �s�t�r�a�i�g�h�t� �a�n�d� 

�e�x�h�i�b�i�t�s� �s�t�r�o�n�g� �i�m�a�g�e� �c�o�n�t�r�a�s�t�.� �T�h�e� �a�r�r�o�w�s� �i�n� �F�i�g�u�r�e� �3�.�3� �(�a�)� �i�n�d�i�c�a�t�e� �a� �s�e�r�i�e�s� �o�f� �t�h�e�s�e� 

�s�t�r�a�i�g�h�t� �l�e�d�g�e�s�,� �m�a�r�k�e�d� �a�s�  ��S ��,� �o�n� �f�a�c�e� �1� �a�n�d� �f�a�c�e� �3�.� �T�h�e�y� �a�r�e� �a�l�m�o�s�t� �a�l�w�a�y�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�t�o� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �f�o�i�l� �s�u�r�f�a�c�e� �a�n�d� �t�h�e� �p�r�e�c�i�p�i�t�a�t�e� �e�d�g�e�.� �T�h�e�i�r� �h�e�i�g�h�t� �w�a�s� �m�e�a�s�u�r�e�d� 

�t�o� �b�e� �0�.�9� �n�m�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2� �(�a�)� �(�c�)�,� �i�n� �a�g�r�e�e�m�e�n�t� �t�h�e� �e�a�r�l�i�e�r� �w�o�r�k� �o�f� �L�u�o� �a�n�d� 

�W�e�a�t�h�e�r�l�y�[�1�7�]�.� �H�o�w�e�v�e�r�,� �t�h�e� �l�e�d�g�e� �h�e�i�g�h�t�s� �i�n� �f�a�c�e� �1� �i�n�c�r�e�a�s�e� �t�o� �5�  �� �1�0� �n�m� �a�t� �a�b�o�u�t� �t�h�e� 

�a�g�i�n�g� �t�i�m�e� �w�h�e�n� �t�h�e� �c�u�s�p� �i�n� �t�h�i�s� �f�a�c�e� �f�o�r�m�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2� �(�a�)� �(�c�)�.� �T�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� 

�o�f� �t�h�e� �r�i�s�e�r� �a�n�d� �t�e�r�r�a�c�e� �o�f� �t�h�i�s� �t�y�p�e� �o�f� �l�e�d�g�e� �i�s� �r�o�u�g�h�l�y� �p�a�r�a�l�l�e�l� �t�o� �[�1� �0� �1�]� �f�e�e� �(�c�l�o�s�e� �t�o� �t�h�e� 

�i�n�v�a�r�i�a�n�t� �l�i�n�e� �d�i�r�e�c�t�i�o�n�)�.� 

�T�h�e� �s�e�c�o�n�d� �t�y�p�e� �o�f� �l�e�d�g�e�s� �a�r�e� �i�n�d�i�c�a�t�e�d� �b�y� �a�r�r�o�w�s� �w�i�t�h� �a� �l�e�t�t�e�r�  ��L �� �i�n� �F�i�g�u�r�e� �3�.�3� �(�a�)�.� 

�T�h�e�s�e� �l�e�d�g�e�s� �a�r�e� �a�l�s�o� �s�t�r�a�i�g�h�t� �a�n�d� �a�p�p�e�a�r� �o�n� �b�o�t�h� �f�a�c�e� �1� �a�n�d� �f�a�c�e� �3�,� �b�u�t� �t�h�e�y� �u�s�u�a�l�l�y� �l�i�e� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0�  ��3�0�°� �o�f�f� �t�h�e� �[�1� �0� �1�]�;�.�-� �d�i�r�e�c�t�i�o�n� �a�n�d� �e�x�h�i�b�i�t� �w�e�a�k�e�r� �c�o�n�t�r�a�s�t� �t�h�a�n� �t�h�e� �f�i�r�s�t� 

�t�y�p�e� �o�f� �l�e�d�g�e�.� �E�s�t�i�m�a�t�i�n�g� �f�r�o�m� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �i�n�t�e�r�f�a�c�e� �f�r�i�n�g�e�s� �t�h�e�y� �p�r�o�d�u�c�e�,� �t�h�e�i�r� 

�h�e�i�g�h�t� �i�s� �a�l�s�o� �~� �0�.�9� �n�m�.� 

�I�n� �t�h�e� �r�a�r�e� �i�n�s�t�a�n�c�e�s� �w�h�e�n� �f�a�c�e� �3� �w�a�s� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �f�o�i�l� �a�n�d� �o�r�i�e�n�t�e�d� �n�e�a�r�l�y� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �e�l�e�c�t�r�o�n� �b�e�a�m�,� �t�h�e� �l�e�d�g�e�s� �h�a�d� �a�n� �i�r�r�e�g�u�l�a�r�,� �c�u�r�v�e�d� �a�p�p�e�a�r�a�n�c�e� �(�a�r�r�o�w�s� 

�w�i�t�h� �a� �l�e�t�t�e�r�  ��C �� �i�n� �F�i�g�u�r�e� �3�.�3� �(�b�)�)�.� �T�h�e�  ��S �� �a�n�d�  ��L �� �l�e�d�g�e�s� �m�a�y� �b�e� �s�i�m�p�l�y� �d�i�f�f�e�r�e�n�t� 

�s�e�g�m�e�n�t�s� �o�f� �t�h�e�s�e� �c�u�r�v�e�d� �l�e�d�g�e�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �o�b�t�a�i�n�i�n�g� �f�a�c�e� �3� �i�n�t�e�r�f�a�c�e�s� �w�i�t�h� 

�t�h�i�s� �o�r�i�e�n�t�a�t�i�o�n�,� �a�c�c�u�r�a�t�e� �h�e�i�g�h�t�s� �a�n�d� �s�p�a�c�i�n�g�s� �o�f� �t�h�e� �c�u�r�v�e�d� �l�e�d�g�e�s� �w�e�r�e� �n�o�t� �o�b�t�a�i�n�e�d�.� 

�T�h�e�  ��S �� �a�n�d�  ��L �� �t�y�p�e�s� �o�f� �l�e�d�g�e�s� �w�e�r�e� �i�d�e�n�t�i�f�i�e�d� �a�s� �g�r�o�w�t�h� �l�e�d�g�e�s� �b�e�c�a�u�s�e� �t�h�e�i�r� �r�e�l�a�t�i�v�e� 

�l�o�c�a�t�i�o�n� �i�n� �t�h�e� �i�n�t�e�r�f�a�c�e� �w�a�s� �o�b�s�e�r�v�e�d� �t�o� �c�h�a�n�g�e� �a�f�t�e�r� �h�e�a�t�i�n�g� �s�a�m�p�l�e�s� �t�o� �5�6�5�°�C�.� �F�i�g�u�r�e� �3�.�4� 

�s�h�o�w�s� �t�w�o� �l�e�d�g�e�s� �i�n�d�i�c�a�t�e�d� �b�y� �a�r�r�o�w�s� �o�n� �f�a�c�e� �3� �h�a�d� �m�o�v�e�d� �o�u�t� �o�f� �t�h�e� �i�n�t�e�r�p�h�a�s�e� �b�o�u�n�d�a�r�y� 
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� � 

�(�a�)� 

�F�i�g�u�r�e� �3�.�1�:� �M�o�r�p�h�o�l�o�g�y� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �p�r�e�c�i�p�i�t�a�t�e�s� �d�u�r�i�n�g� �g�r�o�w�t�h�.� �(�a�)� �A� �6�0�-�s�e�c�o�n�d ��a�g�i�n�g� 
�p�r�e�c�i�p�i�t�a�t�e� �w�i�t�h� �s�m�o�o�t�h�l�y� �c�u�r�v�e�d� �e�d�g�e�s� �a�n�d� �a� �p�a�i�r� �o�f� �f�a�c�e�t�s� �(�f�a�c�e� �3�)�.� �(�b�)� �B�y� �2�1�6�0� �s�e�c�o�n�d�s� 
�p�r�e�c�i�p�i�t�a�t�e�s� �f�i�n�i�s�h�e�d� �f�a�c�e�t�i�n�g�,� �a�n� �e�x�a�m�p�l�e� �o�f� �f�a�c�e�t�e�d� �p�r�e�c�i�p�i�t�a�t�e�s� �w�a�s� �t�a�k�e�n� �a�t� �2�1�6�0� �s�e�c�o�n�d�s�.� 
�(�c�)� �C�u�s�p�e�d� �p�r�e�c�i�p�i�t�a�t�e�s� �s�t�a�r�t�e�d� �f�o�r�m�i�n�g� �o�n� �f�a�c�e� �1� �f�r�o�m� �4�2�0�0� �s�e�c�o�n�d�s�,� �a�n� �e�x�a�m�p�l�e� �w�a�s� �t�a�k�e�n� 
�a�t� �8�1�6�0� �s�e�c�o�n�d�s�.� 
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� � 
�(�b�)� 

�C�o�n�t�.� �F�i�g�u�r�e� �3�.�1� �(�b�)� 

�A�d



� � 

�<� �;�  �� �=� �-� �t�H�.� �g�t� 

�d� �-� �-�_ �� 

�3�0�0� �n�m� 

�(�c�)� 

�C�o�n�t�.� �F�i�g�u�r�e� �3�.�1� �(�c�)� 
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� � 

� � � � 
�(�c�)� 

�F�i�g�u�r�e� �3�.�2�:� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �l�e�d�g�e� �h�i�g�h�t� �o�n� �f�a�c�e� �1� �o�f� �e�d�g�e�-�o�n� �p�r�e�c�i�p�i�t�a�t�e�s� �d�u�r�i�n�g� �g�r�o�w�t�h�.� �(�a�)�.� 
�L�e�d�g�e� �h�e�i�g�h�t�s� �o�n� �f�a�c�e�s� �1� �&� �3� �m�e�a�s�u�r�e�d� �w�e�r�e� �a�b�o�u�t� �0�.�9� �n�m� �a�t� �e�a�r�l�y� �a�g�i�n�g� �t�i�m�e�.� �(�b�)�.� �L�e�d�g�e� 
�h�i�g�h�t� �o�n� �f�a�c�e� �1� �a�g�e�d� �a�t� �1�5�8�4�0� �s�e�c�o�n�d�s� �w�a�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �5� �n�m�-�1�0� �n�m�.� �(�c�)�.� �S�c�h�e�m�a�t�i�c� 
�d�r�a�w�i�n�g� �f�o�r� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �s�e�t�s� �o�f� �g�r�o�w�t�h� �l�e�d�g�e� �o�n� �f�a�c�e� �1� �&� �f�a�c�e� �3�,� �t�h�e� �a�r�r�o�w� �s�h�o�w�s� �l�a�t�e�r�a�l� 
�m�o�t�i�o�n� �d�i�r�e�c�t�i�o�n� �o�f� �l�e�d�g�e�s�.� 
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