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ABSTRACT 

 
Emergency first responders are the great heroes of our day, having to routinely risk their lives for 

the safety of others. Developing robotic technologies to aid in such emergencies could greatly 

reduce the risk these individuals must take, even going so far as to eliminate the need to risk one 

life for another. In this role, humanoid robots are a strong candidate, being able to take advantage 

of both the human engineered environment in which it will likely operate, but also make use of 

human engineered tools and equipment as it deals with a disaster relief effort.  

The work presented here aims to lessen the hurdles that stand in the way through the research and 

development of new humanoid robot technologies. To be successful in the role of an emergency 

first responder requires a fantastic array of skills. One of the most fundamental is the ability to 

just get to the scene. Unfortunately, it is at this level that humanoid robots currently struggle.  

This research focuses on the complementary development of physical hardware, digital 

controllers, and trajectory planning necessary to achieve the research goals of improving the 

locomotion capabilities of a humanoid robot. To improve the physical performance capabilities of 

the robot, this research will first focus on the interaction between the hip and knee actuators. It is 

shown that much like the human body, a biped greatly benefits from the use of biarticular 

actuation. Improvements in efficiency as much as 30% are possible by simply interconnecting the 

hip roll and knee pitch joints.   

Balancing and walking controllers are designed to take advantage of the new hardware 

capabilities and expand the terrain capabilities of bipedal walking robots to uneven and non-

stationary ground. A hybrid position/force control based balancing controller stabilizes the 

robot’s COM regardless of the terrain underfoot. In particular two feedback mechanisms are 

shown to greatly improve the stability of bipedal systems in response to unmodelled dynamics. 

The hybrid position/force approach is shown through experiments to greatly extend humanoid 

capabilities to many types of terrain. 

With robust balancing ensured, walking trajectories are defined using an improved linear inverted 

pendulum model that incorporates the swing leg dynamics. The proposed method is shown to 

significantly reduce the control authority (by 50%) required for satisfactory trajectory following. 

Three parameters are identified which provide for quick manual or numerical solutions to be 

found to the trajectory problem.  

The walking and balance controller were operated on four different terrains successfully, strewn 

plywood, gravel, and high pile synthetic grass. Furthermore, SAFFiR is believed to be the first 

bipedal robot to ever walk on sand. The hardware enabled force control architecture was very 

effective at modulating ground reaction torques no matter the ground conditions. This in 

combination with highly accurate state estimation provided a very stable balance controller on top 

of which successful walking was demonstrated.  
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1 Introduction 

Emergency first responders are the great heroes of our day, having to routinely risk their lives for the 

safety of others. Developing robotic technologies to aid in such emergencies could greatly reduce the risk 

these individuals must take, even going so far as to eliminate the need to risk one life for another. In this 

role, humanoid robots are a strong candidate, being able to take advantage of both the human engineered 

environment in which it will likely operate, but also make use of the human engineered tools and 

equipment as it deals with a disaster relief effort. In that vein, SAFFiR (Shipboard Autonomous Fire 

Fighting Robot) is being developed to further the technologies necessary to achieve that ultimate goal. 

This project focuses on developing a robot to support sailors in surface ship firefighting and damage 

assessment/control activities. Fighting fires onboard ships is one of the most strenuous and dangerous 

activities that sailors need to perform. The use of robotics onboard ships is currently of interest to the U.S. 

Navy for “dirty, dull, or dangerous jobs”. Firefighting is both dirty and dangerous, making it an ideal 

application for robotics on ships.  

A robot designed for firefighting activities will remove sailors from immediate exposure to conditions 

produced by a fire as well as allow for conditions to be monitored in the area close to the fire. Besides 

fighting fires, the robot can also serve as a tool used by sailors in helping to reduce the tasks that the sailor 

is required to perform. Robots will be capable of autonomously carrying out tasks; however, sailors will 

also be able to override robot behavior for a more manual use of the robot through teleoperation. With the 

recent reduced manning initiatives onboard ships, the additional support from a robot will be very 

beneficial.  

In addition to the support to the sailors, the robot will also be capable of performing tasks that are not 

possible by humans. This includes allowing the robot to get more intimate with the fire for suppression 

activities, remain in the fire environments for longer durations, and use new suppression strategies that 

may be hazardous to humans. Beyond the U.S. Navy, the firefighting robot will transform how humans 

fight fires and has the potential to save thousands of lives every year in the U.S. alone.  

A humanoid robot is uniquely suited to navigate around a shipboard environment because it is an 

environment designed for the human form. Some of the obstacles present include corridors, where width 

and height is limited, raised door sills, ladders, steps, stairways, and tight corners. For most conventional 

wheeled and tracked robots, these are significant obstacles. For example, to climb ladders and even stairs, 

these types of robots must have long wheelbases to prevent them from tipping over, however the length, if 

not segmented, limits their maneuverability in confined spaces. However, because this environment is 

designed for human travel, it follows that a humanoid robotic architecture could perform well. 

Additionally, the articulated legs allow the robot to balance itself well in rough sea states while wheeled 

or tracked vehicle cannot. 
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Legged robots, of which humanoid robots are a subset, are more easily shielded from heat sources than 

their wheeled or tracked counterparts. There are several approaches to environmentally hardening a robot, 

and one of the most effective and efficient methods is shielding, wherein the goal is to prevent as much 

radiant and convective heat as possible from reaching the bulk of the robot. Of the four most prolific 

robot architectures, legged robots, and in particular, humanoids are the easiest to shield from heat. This is 

because legged robots have no continuously rotating parts that must be outside of the shielding or any 

component that is in continual contact with the ground. So unlike wheeled or tracked robots, there are no 

axles, bearings, or wheels that have to pass through the shielding, all of which would produce vulnerable 

spots against heat. It follows that all the components of a legged robot can be covered with the shielding 

rather than having to develop high temperature capable wheels, tires, or tracks.  

To be successful in the role of an emergency first responder requires a fantastic array of skills. One of the 

most fundamental of which is the ability to just get to the scene. And unfortunately it is at this level that 

humanoid robots struggle. The current crop of humanoids from around the world can at best travel at a 

walking pace across smooth relatively flat surfaces, at most traversing slight inclines and declines. So it is 

at this level that science must begin to understand the dynamic principles of bipedal locomotion in the 

hopes that one day humanoids will be able to crawl, shuffle, hop and run as effortlessly as a human. This 

research aims to do just that, beginning with a fundamental problem of locomotion in unstructured, 

irregular, or uneven terrain: the ability to take a single controlled stride from one step to the next 

assuming arbitrary initial and final conditions. This is dubbed, the stepping stone problem. 

1-1 Background 

Taking even one step, let alone stringing several together in the form of a walking gait, is a difficult task 

for a wide variety of reasons. The problems begin with the electro-mechanical hardware. For example, 

electric motors have relatively low power densities. Large powerful magnets and meters of copper 

windings come at great expense in terms of weight and inefficiencies through heat loss. Worse though, is 

the necessity for fragile, inaccurate, or inefficient geared transmissions to slow the rotation of electric 

motors to generate the large torques needed for legged locomotion. The handful of robots that use some 

form of hydraulic actuation, such as Boston Dynamics Petman or Raytheons SARCOS, require large on 

or off-board power supplies, pumps, and accumulators. Hydraulics also tend to be less efficient than other 

forms of actuation, however this may change as research in the field progresses.   

The control of a humanoid presents an even wider variety of hurdles, only a few of which are presented 

here. The first of which is the high dimensionality of the system. On a typical biped alone, there are 

twelve degrees of freedom required to place the torso and feet in the correct position and orientation 

required in most tasks. Walking therefore requires the careful coordination and control of all these DOFs. 

The control laws meant to do this are not up to the task. Control theories developed in the early years of 

robotics were applied to robots of that time, which usually meant they had a fixed base. Legged robots are 

quite unlike these early manufacturing robots in that they use a floating base, and the controllers must 

take into account the hybrid dynamics of step to step transitions. Worst of all, a mobile robots interactions 

with the ground are through a unilateral constraint, affording only a fraction of the control authority of its 

fixed base counterpart.   
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Robots are meant to interact with their environment. Freed from the organized and structured 

environment of a manufacturing cell, humanoids unfortunately are destined to operate in the cluttered, 

unstructured, and downright confusing world of humans. If the obstacles were not hard enough to 

manage, the eventuality that any misstep could result in the injury of person or permanently damage the 

robot makes it that much more important that a humanoid can safely and robustly interact with its world. 

Modern actuators and controls are ill equipped to handle this eventuality. Stiff actuators under stiff 

control can impart a significant amount of damage while attempting to track a predefined trajectory, 

hence the need for robot safety cells.  

The aim of this research is to address in some part these challenges of humanoid locomotion. A robot-

wide approach is taken to address the individual but interconnected problems. Fundamental to the 

approach, is the codevelopment of hardware and software to enable more efficient actuation and control. 

Specifically, this work will research three avenues: biarticular and parallel actuation for more efficient 

bipeds, control approaches for robots utilizing both position and force controllable joints, and improved 

models for more accurate trajectory planning. Successful completion will make the long term goal of 

robotic emergency first responders one step closer to reality.  

1-2 Current research field 

There are currently two main approaches in the field of bipedal locomotion, those characterized by stiff 

position controlled algorithms that achieve forward progress, or alternatively those using the inherent 

dynamics to generate limit cycle motions that result in walking.  

The origin of the former can be traced to the proliferation of industrial robots, and in industry, precision 

and speed are of utmost importance. The robots that were developed had rigid fixed bases and operated 

with powerful high gain motors and controllers that could quickly and accurately perform their task. 

When many early bipedal robots were first in development, they retained this style of actuation with 

designers working towards fully controllable motions. Legged robots do not have a fixed base however, 

and so their control authority is limited. To ensure the robots did not fall over, the Zero Moment Point 

was born.  

The Zero Moment Point, ZMP, is defined as the point on the foot about which no moments act, only 

forces. It is alternatively called the center of pressure, COP. The ZMP can be either empirically 

calculated, or experimentally determined using a force torque sensor. It was proven that if the ZMP stays 

within the support polygon, then controllablity about that time period can be maintained. ZMP based 

walking algorithms therefore typically specify a series of joint trajectories that nominally generate a 

walking gait and ensure the ZMP remains within the foot. The trajectories are generated in a variety of 

ways[1]–[6]. Additionally, mechanisms to alter the trajectories are computed such that the stability is 

maintained through disturbances [7], [8].  
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Figure 1-1. The ZMP is defined as the point between foot and ground about which no net moments are acting. 
It is sometimes called the center of pressure. 

 

There are a wide variety of ZMP controlled robots. One of the earliest examples of which is the Honda 

P2, which was followed by the Honda Asimo [9]. Japan is a leader in this field, with other examples 

including Waseda Unversity’s WABIAN[10], Sony’s QRIO, HRP, and Tokyo University’s H6 and H7. 

KAIST in Korea has develeped the HUBO series of robots, which are now capable of running[6]. The 

German Technical University of Munich has developed both Johnie and LOLA[11]–[15] which also 

display an impressive level of mechanical ingenuity.  

ZMP controlled robots have made significant progress towards enabling the vision of humanoid robot 

helpers. As a whole, they display a high degree of versatility, being capable of omni-directional walking, 

running, stair climbing and some degree of rough terrain walking. Disturbance rejection is fair to good. 

However, with that versatility comes low energy efficiency. The joint trajectories are often generated with 

little regard to the natural dynamics or a cursory attempt at efficiency. Significant energy is expended 

then to drive the robot links against their natural tendencies. The Honda Asimo is said to use ten times 

more energy than a proportionally scaled human[16].  

 

Figure 1-2. HUBO represent the current state of the art in humanoid robots. 
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Seeing the disadvantages of ZMP controlled robots, and faction of researchers breathed a second life into 

a concept dating back to the 1800’s, that of passively stable limit cycle walking machines. The first 

instance of which was a wobbling toy patented by Fallis, that when properly initiated could walk down an 

incline. Just like this toy, early examples of passive dynamic walkers utilize the natural dynamics of a 

biped to in some part control the walking gait, with early examples having zero actuation. As their design 

has progressed, they have trended towards including more and more actuation, typically force controllable 

or low impedance actuators so as to maintain a large degree of passivity. The underlying principle though 

remains, exploit the dynamics for increased efficiency and stability.  

Research into these passive dynamic robots was pioneered by that of McGeer who developed a now 

prevalent “Compass Biped” model in simulation whose dynamics could be easily computed and was 

shown to have a stable limit cycle gait[17]. Mechanical representations of this model have been made by 

many institutions. Cornell developed a biped with arms and legs that include three passive degrees of 

freedom and uses ankle push off to inject energy at each step [18]–[21]. MIT’s example has two internal 

degrees of freedom and two DOF in both ankles for better control[22]. Delft University’s work as gone as 

far as any to maximize the versatility of these passive dynamic robots[23]. Their latest work, Flame and 

Tulip, have no fully passive degrees of freedom, but employ force controllable actuators and a deep 

understanding of the natural dynamics of a walking stride to govern and control the legs. These last 

example exhibit the best disturbance rejection of all. In the United States, the work started at MIT 

continues at IHMC with the M2V2 robot[24][25]. Portions of their work though is very revelant to the 

research presented here.  

 

Figure 1-3. Passive Dynamic bipeds emphasize the natural dynamics of walking, in some cases by employing 
force control actuators. 

The passive dynamic themed robots exhibit compelling energy efficiencies. A recent example from 

Cornell having walked 1[km] on a single battery charge[26]. The efficiency comes at the cost of verstility 

though. Passive joints make anything but straightline walking nearly impossible. Additionally the 

disturbance rejection has only been shown in a few cases, at best handling a step height discrepancy of 

around 20[mm][23]. Other anectodatal video evidence points to even worse performance. This approach 

though has shown the importance of the underlying dynamics and the flexibility of force controlled 

approaches.  
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In light of these two approaches, it is the goal of this research to investigate the space between. Literature 

shows there is value in both approaches. Both position controlled trajectories and force controlled joints 

have a place in bipedal walking. However, significant energy has not been spent understanding where an 

appropriate compromise should be made. This work aims to identify a suitable combination of the two 

approaches with the hope that it will produce a robust walking gait.  

1-3 Our approach 

1-3-1 Problem statement 

Three specific problem areas are addressed in this research: 

1) Electro-mechanical actuation for robotic applications lacks sufficient power, efficiency, and 

robustness to allow the widespread adoption of humanoids as helpers. The human body is very 

adept at producing and delivering high powers to its hand and feet. This is accomplished through 

the use of parallel and biarticular actuation of all the joints in a limb[27], [28]. A robotic analogy 

is currently missing.  

2) Control schemes are in large part limited to position control of these actuators due to the 

impedance mismatch and friction that occurs as result of the large gear reduction units. Both 

mechanical and control solutions are needed to allow accurate and low impedance control of a 

robot limb. No algorithms exist that have demonstrated rough terrain walking on robots using 

both force and position controlled joints.  

3) The complex dynamics and limited control authority of humanoids makes trajectory planning 

very difficult. Simple models and optimization based techniques have both been used with 

varying degrees of success. The simplified models are useful for step planning, but do not include 

all significant dynamic forces, such as the effect of leg swing on single support.  

With these problems in mind, the research goals are: 

1) Understand the role of the actuators in the hip and knee joint of a humanoid robot in various 

configurations including parallel, serial, and biarticular implementations 

2) Find an optimal hip and knee joint configuration that minimizes the energy consumption during 

typical usage.   

3) Extend the simple dynamic models of humanoid to include more of the significant dynamics 

affecting the COG in order to generate better trajectories.  

4) Utilize a hybrid force/position control algorithm to enable walking in uneven and compliant 

terrain. 
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1-3-2 Approach 

This research focuses on the complementary development of physical hardware, subsequent high and low 

level controllers, and trajectory planners necessary to achieve the research goals of improving the 

capabilities of a humanoid robot.  

To improve the physical performance capabilities of the robot, this research will first focus on the co-

development of a new lightweight linear actuator capable of force control and a humanoid robot platform 

that best exploits the new actuators by utilizing a parallel actuation architecture across each joint. Careful 

consideration is given to the placement of actuators to maximize the benefit of having multiple actuators 

span multiple joint (biarticular actuation).  

Once the physical hardware is completed, the development of controllers will follow. Accurate state 

estimation of the COM in spite of sensor noise and unmodelled dynamics will first be solved. A balance 

controller will use ground reaction torques to stabilize the COM about a desired trajectory.  

Once an understanding of the dynamics is attained, suitable states of the robot and their trajectories 

necessary to achieve a step can be determined. Furthermore, they can be parameterized to achieve a single 

stable stride. Control laws will be built on top of these trajectories to ensure they can be maintained even 

when disturbed. Simulation will be used primarily for the development of the controllers and filters, with 

final verification occurring on the actual robot.  

1-4 Mapping 

In Chapter 2, the design of humanoid robots is considered.  In particular, the architecture of the hip and 

knee are investigated.  The hip and knee are the most heavily loaded joints of the leg, and so offer the best 

chance to improve the efficiency of bipeds.  To factors are considered, the orientation of the hip joint 

axes, and biarticular actuation across the hip and knee.   

A new actuation architecture is used on the humanoid presented here, SAFFiR. It employs a new series 

elastic linear actuator in a parallel arrangement for optimal torque generation. The design of the actuator 

and the construction of the actuator are discussed in Chapter 3. For reference, Appendix 1 goes into the 

low level motor control of the actuators that enable force control. 

Chapter 4 describes the literature review surrounding humanoid walking. It serves to frame the algorithm 

developed for SAFFiR. The walking algorithm is built on top of a robust balance controller, which is 

described in this chapter. Chapter 5 describes the walking state machine and trajectory generation that 

transforms the balance controller into a walking controller.  

Chapter 6 presents an improved model of the center of gravity of a bipedal robot during the single support 

phase that takes into account the swing leg dynamics.  The improved model more accurately represents 

the trajectory of the physical system and both improves trajectory following while reducing control 

torques.  
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2 Design for Efficiency 

Like many other devices prevalent in our lives, humanoid robots are constrained by their energy usage. 

There are two breeds of humanoids at the moment, hydraulic and electrically powered. Neither have 

significant un-tethered run-times over an hour. In fact hydraulically powered humanoids are so energy 

hungry they required a large power and cooling tether when operated at the 2013 DARPA Robotics 

Challenge. RoMeLa has operated several battery powered electrically driven humanoid robots over the 

years. The DARwIn-OP [29] series robots operate up to 30 minutes on one battery charge. Similarly, the 

author has personally driven CHARLI [30] for close to 45 minutes before the battery was replaced. 

Finally, SAFFiR has walked for 30 minutes with little depreciable loss of battery charge, such that a 1.5 

to 2 hour life is expected. Ultimately though, to be useful as a tool, humanoids need large scale 

improvement in energy storage and efficiency technology.  

There are several avenues by which humanoids can increase their runtime. Batteries and other energy 

storage technology will likely improve, offering a larger energy reservoir. Similarly, improvements in 

transmissions and motors will reduce energy conversion losses. In this work, we instead investigate an 

avenue of energy savings not yet explored, specifically, the energy savings that can be attained through 

joint orientation and actuation optimization, referred to as architectural improvement.  

We propose that considerable gains in efficiency are possible by the clever arrangement of either the joint 

orientations or the actuator placement about the joint. The following evidence supports this hypothesis. 

Like all robots, humanoids undertake very repetitive motions. Considering the legs only, the majority of 

their time is spent either locomoting or standing. While doing either, the torques and velocities of each 

motor therefore fall within a reduced operating range. Furthermore, a study of electric motors will show 

that they are most efficient in a small portion of their operating range. We show in this work that by 

carefully choosing the robot architecture, one can shift operating range required by the repetitive tasks, 

such as walking, to the more efficient operating range of the motor.  

This chapter is divided as follows. Conventional humanoid designs will be introduced as background art. 

In particular, the serial nature of the designs will be highlighted. These designs will be compared to that 

of the human body, which serves as inspiration for parallelly actuated designs later. A good portion of the 

effort is in the comparison of parallel and serial actuated designs and the respective effect on the 

efficiency. An overview of both architectures is given. Next a simple 2DOF actuated u-joint is analyzed. 

It is shown that both parallel and serial actuation can achieve the same performance. This work is 

extended to 3DOF and 3DOF with biologically inspired biarticular actuation architectures. An 

optimization is run and compared to a control architecture for efficiency gains.  
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2-1 Conventional humanoid design 

By their very nature, human beings and humanoid robots undertake very similar actions, including 

standing, walking, and jumping. However, the means by which their actuators and skeleton accomplish 

these actions is very different. This is in part due to the nature of the “technology” within. Because the 

type, characteristics, and controls of each actuator are different, the way in which they are implemented is 

also different. 

A muscular-skeletal arrangement of a human leg that has effectively the same number of degrees of 

freedom as a humanoid, but it uses extensive parallel actuation while humanoids are almost strictly 

serially actuated. Among a variety of explanations for this difference, we will focus on inspiration and 

design principles from the human leg in order to build a better robot leg. In this section, the primary 

characteristics of both humanoid and human leg are discussed and areas of improvement for humanoids 

highlighted. 

Many existing humanoid robots stand out as a good indication of the available technology. To emphasize 

the importance of the hip and knee design, this section will focus primarily on those portions of humanoid 

robots in existence. It will be seen that due to the demanding and often antithetical constraints of these 

robots (a lightweight, high strength, and powerful robot), similar designs have been reached by their 

builder. In general, all humanoid legs include either 6 or 7 DOFs with both DC motors with harmonic 

drive units and belt reductions, as seen in Figure 2-1. A short description of several of these robots will 

follow and is only meant to give a frame of reference with which to compare to SAFFIR.  

 

Figure 2-1 Cognitive Humanoid Autonomous Robot with Learning Intelligence (CHARLi) 

LOLA 

LOLA was built by the Technical University of Munich for a research program dating back to 1998, 

whose first creation was the humanoid Johnnie[12], [14]. Its current form stands 180[cm] tall and has 22 

degrees of freedom (DOFs). LOLA is unique for two reasons, one it utilizes linear actuators in both the 

knee and ankle joint for their superior mass distribution and adjustable torque curve. Secondly, LOLA is 

the only robot presented here to utilize an actuated toe joint.  
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 KAIST HUBO 

The HUBO robot from the Korean Advanced Institute of Science and Technology (KAIST) began as the 

KHR-0 robot in 2001 [31], [32]. This platform has 41 DOFs, is 125[cm] tall, and weighs 55 [kg]. It is 

notable in that it has five independent fingers on each hand, stereo vision, and a specialized six axis 

force/torque sensor for balance.  

WABIAN-2 

WABIAN-2 was developed in 2003 at the Waseda University based off of research dating back to 1966 

[33]. As seen in Figure 1, the robot is 1.54[m] tall with a weight of 64.5[kg]. Like HUBO, this platform 

also has 41 DOFs but they are distributed differently. WABIAN-2 is unique in that it has a spherical joint 

in the ankle as well as a 2-DOF trunk joint and waist, and a passive toe joint. These extra DOFs reduce 

the impact of the heel strike when walking, allow WABIAN-2 to better cope with rough terrain, and 

maintain a more human-like posture.  

Honda ASIMO 

ASIMO is the result of research by the Honda Motor Company dating back to 1986[9]. In its current 

form, ASIMO can run at 6km/h in a straight line, and up to 5 km/hr in a circle. Like HUBO, it also has 

stereo vision, can climb stairs, and interact with humans. It only has 33 DOFs but is considered one of the 

most state of the art humanoid robots at this time.  

2-1-1 Existing Joint Configurations 

As this paper focuses primarily on the leg design of Virginia Tech’s SAFFIR, this section will focus on 

the various leg configurations of existing humanoid robots. It will be seen that due to the demanding and 

often antithetical constraints of these robots (a lightweight, high strength, and powerful robot), similar 

designs have been reached by their builders. All legs have either 6 or 7 DOFs and primarily utilize DC 

motors with harmonic drive units and belt reductions.  

Hip Joint 

Like the human hip joint, all these humanoids have three DOFs at the hip. In these cases, such a joint is 

achieved using three revolute joints whose axes intersect at a point, as can be seen in Figures 2.  

Both HUBO and Wabian-2 employ harmonic drives mounted on the joint which are driven through a 

toothed belt by DC motors. This belt allows a more compact configuration and more human like 

proportions to be maintained as the assembly does not extend outside the leg. It is also interesting to note 

that the hip yaw axis of LOLA is inclined towards the vertical axis of the robot for better power 

distribution unlike the vertical orientation of both HUBO and Wabian-2.  

Knee Joint 

While the human knee joint is kinematically one of the simpler joints within the body, it must also be one 

of the more powerful on a robot. While no high resolution photos exist of ASIMO’s mechanical design, it 

is known that like both HUBO and Wabian-2, it utilizes an electric motor driving a harmonic drive unit 

through a toothed belt. The ASIMO robot also uses a longer belt drive so as to place the motor as high on 

the thigh as possible, thereby reducing the moment of inertia of the leg. Because the knee joint sees both 

high speeds and large torques, it must be very powerful. To this end, the HUBO knee is driven by two 
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smaller 150[W] motors for a higher power to weight ratio, as seen in Figure 3 left. The additional motor is 

only used for force control, eliminating the need for a mechanical differential.  

The one noteworthy exception to this trend is LOLA. They have chosen to use a ball screw actuator on 

the knee, and while this design will have a non-linear torque curve, this curve can actually be tailored to 

the torque requirements of the knee. 

Ankle Joint 

For the most part, the ankle joint is very similar in appearance to the hip joint. All robots studied here 

with the exception of Wabian-2, use a 2-DOF ankle joint. Wabian-2 has an additional degree of freedom 

in the yaw direction. While this allows it considerable more flexibility, it comes at the cost of weight and 

the increased inertia of the leg. DC motors and harmonic drives with belt connections are implemented in 

HUBO, Wabian-2, and ASIMO, as can be seen in Figure 2-2. Although not pictured, ASIMO also places 

the DC motor as high on the shin as possible to again reduce the legs moment of inertia.  

Again, the LOLA robot differentiates itself with the use of two linear actuators in the ankle. Although it 

has two actuators for two degrees of freedom, it can use them in parallel in both the ankle pitch motion as 

well as in roll. In pitch, the actuators move together, and for roll they move against one another. So for 

either motion, twice the power is available given the same motors as compared a revolute based joint. The 

previous iteration as it appeared on Johnnie is pictured in Figure 2-2 right. The current version can be 

seen in Figure 1.  

 

Figure 2-2. 2-DOF ankle joint of HUBO.   

2-1-2 Electric motors 

All the designs above are electrically driven. They convert electrical energy delivered from a battery to 

mechanical energy through some type of electromagnetic motor. Electromagnetic motors use energy in 

the form of moving electrons to generate a magnetic field. This magnetic field then interacts with a 

permanent magnet, exerting a force thereon. When this force is large enough to overcome both the 

internal friction and the external load, the motor will move, and mechanical power is produced. This 

internal friction can represent a significant amount of energy lost. In order to generate the aforementioned 

magnetic field, electric current is driven through a length of wire, and it is in here that additional energy is 

lost as heat.  
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There are two ways to operate the motor in a more efficient region. The first and most common is to 

carefully select the transmission ratio between the motor and the joint. In addition to that method, we will 

investigate altering the orientation and interconnection between the degrees of freedom of the leg as a 

way of better distributing the torque between actuators. The inspiration for which comes from the 

anatomy of the human body, as will be introduced next. The goal of this work is to operate the motor in a 

range such that these two losses are minimized. 

2-2 Biarticular actuation 

The limbs of all the robots describe above can be modeled as serial manipulators. The anatomy of human 

body is not built in the same way. Instead of serial actuation, the hip, knee, and ankle joints are driven in 

parallel by over 20 major muscles [34]. Of those, ten directly exert torques on the hip joint. The major 

muscle groups that control the pitch axes of the hip and knee can be seen in Figure 2-3. Those include the 

m. gluteus maximus, hamstring, rectus femoris, and m. vastus. Notable is the fact that two of these 

muscles, the hamstring and the rectus femoris are biarticular. Both muscles span more than one joint, the 

hip and the knee. 

It has been shown that these biarticular muscles are responsible for transferring power between the joints 

especially during powerful motions such as jumping [28], [35]. Literature shows that approximately 

300[W] of power flows through the m. rectus femoris to the knee joint in the preflight extension of a leg 

while jumping. In doing so, this muscle has constant length, and therefore produces no power of its own. 

The trend continues to the ankle via the m. gastrocnemius, which delivers 200[W] from the knee to the 

ankle.  

 

 Figure 2-3. The major muscle groups of the hip and knee  

The human body would appear to be optimized around power delivery or perhaps ideal dynamics. In this 

work we are interested instead in the maximum efficiency of each actuator, which will likely lead to a 

very different solution. The inspiration though is drawn from the means by which nature has achieved this 

optimization. Specifically, the human body utilizes over actuated, parallel, and biarticular features across 
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the joints of a leg. This work will work to understand how parallel and biarticular actuation can improve 

the efficiency of humanoid robots.  

2-2-1 Biarticular Joints 

By their very nature, human beings and humanoid robots undertake very similar actions, including 

standing, walking, and jumping. However, the means by which their actuators and skeleton accomplish 

these actions is very different. This is in part due to the nature of the “technology” within. The ability to 

transfer power is a valuable one. This is particularly true in humanoid robots, where often one or two 

joints are much more heavily loaded than others, (hip roll and knee pitch) [10], [32]. Incorporating 

biologically inspired bi-articular actuators to humanoid legs can allow them to better distribute loads and 

power across several actuators. There are a handful of robot designs that make use of bi-articular 

actuators [28], [35], [36].  

Our contribution to this area is a better understanding of the mechanics and constraints important to 

parallel and bi-articular actuators in humanoid robots especially with respect to the energy lost. We also 

adopt a simple method of representing such complex systems [37]. This representation lends itself 

towards optimization in that physical design constraints are easily defined. A conceptual design of the full 

implementation is proposed. Like the analysis above, this work will consider the inverse transpose of the 

Jacobian as the representative model of the system as it nicely captures all the necessary interactions 

between actuators.  

Figure 2-4 below illustrates the two joints being studied, the hip and knee. Of the hip, only the pitch and 

roll joints are of interest. The yaw axis which is typical of most hips is considered independent because it 

is use less frequently and with less intensity. As a note, this work considers both serial and parallel 

actuation of the hip. As the work below will show, the two can be made to perform identically with 

respect to the actuator loads in the nominal configuration. There are some significant differences with 

regard to implementation though when considering biarticular actuation.  

  

Figure 2-4. Parallel hip actuators and Knee actuator as seen on the SAFFiR 
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First the parallel actuated version will be discussed as it is more straightforward. The purpose of 

biarticular actuation is to interlink two distally located joints, in this case the hip and the knee. This is 

accomplished by allowing an actuator to exert torques about these two joints. In the human body this is 

accomplished by connecting the two ends of the muscle to the links on the far side of both joints. For 

example, the hamstring extends from the pelvis to the shin, thus biarticularly actuating both the hip and 

the knee. This in principle is easily accomplished with linear actuators on humanoid robots. In practice 

though, this can negatively affect the range of motion of the joint due to interference issues. This is 

particularly problematic when the designer wishes to exert opposite torques about two joints which would 

require the actuator to pass by or through the link that separates the two joints.  

 An alternative is depicted below in Figure 2-5. Instead of directly attaching to the shin for example, a 

biarticular hip actuator exerts a torque on a lever rotatably mounted to the thigh. This lever drives a pulley 

around which a cable is attached. The cable can then be used to exert either positive or negative torques 

on the shin depending on the configuration. Of the two actuators in the hip, one or both can be made 

biarticular. Furthermore, the knee actuator can be arranged such that it terminates on either the shin, the 

trunion or the pelvis, making it biarticular to none, one or both of the hip degrees of freedom.  

 

 

Figure 2-5. A cable pulley arrangement can be used to implement biarticular actuation across the hip and 
knee. 

Serial actuation poses a slight challenge to implementing biarticular actuation. This is most clearly 

evidenced by understanding why it is so easy with parallel actuators. All parallel actuators that span the 

hip terminate on the thigh. They must only jump one more link to be made biarticular. However, at least 
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one (for a 2dof hip such as the one studied here, only one) serial actuator of the hip is not directly 

connected to the thigh. To be made biarticular this particular actuator must jump two links and one joint. 

Crossing this second joint while not effecting the torque about that joint must be done carefully. In 

practice this can be accomplished through the use of a constant velocity joint, such as the one seen in 

Figure. A similar implementation is studied and found to be feasible in Appendix 0 for reference. 

Therefore to make both actuators of the hip biarticular is difficult. However, making one does not require 

this complexity, since one is always directly connected to the thigh.  

 

Figure 2-6. Parallel hip actuators and Knee actuator as seen on the SAFFiR 

Allowing the knee to be biarticular requires similar care. The knee is two joints and one link removed 

from the torso. There are two biarticular options: 1) make the knee biarticular with regards to the nearer 

of the two hip joints, whatever it may be or 2) allow the knee to exert a torque about the hip via a constant 

velocity joint that passes through the hip center. In this way the knee can exert arbitrary toque vectors on 

the torso by reorienting the output shaft of the CV joint.  

These various configurations will be addressed independently in the optimization below as compared to 

parallel implementations. 

2-3 Optimization 

Optimizations were run to evaluate the effectiveness of various configurations including: alternative joint 

axes orientation and most biarticular arrangements. The optimization serves to reduce the energy lost by 

the motors and is therefore dependent on the motor trajectory. These motor trajectories are derived from 

the joint trajectories, so several joint trajectories and motions were chosen and weighted to represent the 

expected behavior of the robot. For example, the lower body of the robot is primarily used for 

locomoting, standing, and rising from a squatted position, so these motions are modeled and applied to 

the cost function with some duty cycle. Other constraints are easily enforced to ensure that the joint 

maintains some specific capabilities in terms of force or velocity to ensure a well-rounded joint design. 
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This section will discuss the models and motions, the scoring function, the constraints, the optimizations, 

and finally the results.  

Unlike the upper body, the lower body of a humanoid robot has much more limited purpose. It needs only 

to support the upper body and move it through space. It is therefore a good candidate to be optimized 

around the specific motions it will likely be performing. In general the upper body must perform a larger 

set of operations and requires a more general approach. In this work we look at two motions: walking, and 

standing from a squat (referred to simply as standing from hereafter). This section will cover the general 

parameters of the motions. A detailed derivation of the torques and velocities can be found in the 

appendix. 

The standing motion will be covered first. The purpose of this motion is to replicate load on a leg due to 

the robot rising from a squatted position using both or just one leg. In the author’s experience, it is a 

difficult motion for both humans and robots. It is fundamentally useful for picking objects off the ground, 

and standing after a fall. In particular, standing from a squat on one leg also places similar loads as would 

be experienced when stepping up or across a long distance. This motion was derived from a dynamic 

model of the robot. Joint trajectories were defined such that the center of gravity of the robot rose nearly 

linearly from a height of 0.4[m] to 0.8[m]. The velocity of the torso begins at 0[m/s] and finishes at 

0.2[m/s]. A non-zero motion was selected to simulate jumping, and ensure that higher motor velocities 

could be achieved. This also has the effect of emphasizing this portion of the motion by ensuring 

mechanical work is being done even though average joint torques are much lower due to the leg 

configuration.  

The stepping motion was pulled from actual physical experimentation. Bipedal locomotion experiments 

on the SAFFiR robot have yielded joint torques and velocities during a step. Both standing and stepping 

are presented in Figure 2-8.  

This work only uses trajectories obtained during simulation or experimentation of the SAFFiR platform. 

Therefor one significant assumption should be addressed.  Specifically, the author makes the assumption 

that the torque and velocity profiles used herein are representative of all humanoids.  This is a safe 

assumption for a number of reasons.  First, humanoids by their very nature are very similar. The joints 

and links are ordered and orientated in very similar fashion. Furthermore the actions they perform are 

similar because many of the trajectories are driven by the robots form. Standing on one leg for example 

must be done with the center of gravity directly above the stance foot, resulting in nearly identical loading 

conditions no matter the robot.  

Secondly walking trajectories are by in large also very similar between humanoids.  In large part his is 

due to the kinematic constraints imposed on a robot that walks with its feet flat on the floor.  Therefore 

the one significant limitation of the conclusions drawn from this work is its applicability to robots that 

actively use a toe to reduce the loading on the knee. However the premise of actuator orientation effecting 

efficiency and the methods proposed to identify and apply realizable solutions still hold no matter how the 

robot walks. In some part then, the results are a very indicative example of how the efficiency of 

humanoids can be improved. Finally, this analysis does not compare or make claims about all legged 

robots (although the process and optimization developed are applicable). 
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Figure 2-7. Velocity of the hip and knee joints during standing and stepping. 

 

Figure 2-8. Joint velocity and torque trajectories compiled for standing up and stepping.  

 
The optimization seeks to minimize the energy lost during these motions over the entire operation of the 

robot. To calculate those losses, it is first necessary to better understand the losses in the electric motors 

that drive all the joints.  
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2-3-1 Electric Motor Losses 

As mentioned above, there are two primary losses within an electric motor, internal friction, and 

electrically resistive losses. The frictional losses are characterized by the motor manufacturer as the no-

load current, which describes the amount of current required to drive the rotor when under no external 

load. Because current is assumed to be proportional to torque, the no-load torque is given as in Equation 

2-1. 

2-1              (2-1) 

where τ0 is the no load torque, kt  is the motor torque constant, and I0 is the no load current. The power lost 

due to this torque is given as in Equation 2-2 

2-2 ̇     | |      (2-2) 

where  ̇ is the time rate of change of energy, and ω is the angular velocity of the motor. There are small 

velocity dependent losses, essentially viscous friction, however these are even smaller and in fact most 

often not included in the manufacturers specifications and are therefore ignored. Electrical losses are 

conventionally accepted as the most predominant losses in an electric motor. The motor windings are long 

and thin wires with significant resistance. The losses within the wire are given as in Equation 2-3: 

2-3 ̇            (2-3) 

where R0 is the resistance of the wire as given by the manufacturer. The overall power lost to a motor is 

given by Equation 2-4 [38]: 

2-4  ̇                                    (2-4) 

Since current is proportional to torque, this can be rewritten as in Equation 2-5 

2-5  ̇  (
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      | |     (2-5) 

where τ is the motor torque. Because of the squared term, it is beneficial to reduce the motor torque; 

however, at some point the losses due to an increasing angular velocity will increase and present a limit 

further increasing the gear ratio.  

Given the relationships above, the losses associated with electromechanical motors will now be expanded 

to include the various architectures above. First, Equations 2-5 and 2-18 and 2-19 are combined to solve 

for actuator losses as a function of joint torques and joint velocities. This yields Equation 2-6: 

2-6  ̇  (
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where G represents the transformation between joint torques and actuator forces. Equation 2-6 simplifies 

to  

2-7  ̇        
  

  
     |    |      (2-7) 
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This result is interesting because it shows that rotating the two axes of the manipulator together has no 

effect on the current losses. That is, any orientation of axes that at least have the same angle between 

axes, will incur the same losses due to the internal motor resistance. This is akin to applying a rotation 

matrix, T, to G. Because rotation matrices are orthogonal, it will drop out of the term:          . It 

does have an effect though on the losses due to the motor no load torque or internal friction.  

By applying weights to the standing and stepping motion representative of the time spent in each motion, 

an estimate of the total energy lost can be calculated as a percentage of the runtime of the robot. For this 

analysis, a weighting of 0.5 is applied to the stepping motion, and a weight of 0.5 is applied to the 

standing motion. The energy lost equation then becomes as in Equation 2-8: 

2-8  ∑   (  
      

  

  
     |     |)    

 
        (2-8) 

where w is the weight given to the motion, dt is the timestep between data points of the trajectory, and i is 

the number of timesteps.  

Constraints on motor velocity and motor torque are limited to the manufacturer’s specifications. Torque is 

limited by the motor controller to 0.27[Nm]. Motor velocity is limited to 15000[rpm] or 1570[rad/s] [39]. 

The enforcement of these constraints is discussed in the particular algorithms’ section. 

Transmission comparison 

The above analysis does not take into account the transmission attached to the electric motor. It can be 

shown though that the different types of transmissions used in electromechanical robots are comparable 

and thus can be compared without loss of generality.  The three primary types of transmissions employed 

are harmonic drives, cycloidal drives, and ballscrews.   

The efficiency of these three drives is very similar. In ballscrew transmissions, the ball bearings eliminate 

friction, both static and dynamic, resulting in frictional losses comparable to harmonic drives, or around 

90%. The newest iterations of cycloidal drives (as seen by the author but not published yet) similarly 

employ rolling elements to reduce friction. It is safe to assume that these types of drives will also achieve 

similar efficiencies simply by the fact that if they were much worse than either ballscrew or harmonic 

drives, they would either not be used or improved until they did.  

Nominally, the weight of the system affects the loads going through the joints, which in turn could affect 

the amount of energy lost. However, the weight of the linear actuators appropriate for a humanoid robot 

falls entirely in the range of harmonic drives. The harmonic drive models typically used weigh between 

0.9 and 5 [kg] whereas an appropriate linear actuator weighs between 0.9 and 3.2 [kg][48].  

While slight gains in weight are possible with linear actuators due to improved structural efficiency, the 

resulting actuator positions studied would still yield a similar effect, that is reducing the energy lost in the 

electric motor. It is true however that the optimum actuator position could be different.  This is best 

illustrated by looking at Equation 2-7, which shows that if you multiplied the first term of the right side 

by a constant and compared the results between two matrices G, the same matrix would provide reduced 

losses under either loading condition (multiplied or not). 
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For thoroughness, it is also worth making a note regarding the roll of the transmission in the losses that 

are studied here. In this work, only those losses within the electric motor are considered. There will 

always be a fixed amount of energy lost due to the mechanical work that must be done to accelerate and 

decelerate the masses of the robot. Said differently, the mechanical work will always travel through some 

sort of transmission that loses an amount of energy proportional the total energy passing through the 

transmission. Since these loses cannot be changed, it is not necessary to consider them in the analysis.  

It is theoretically possible for the gear ratio to affect the transmission efficiency.  However, this can be 

represented in the frictional losses in the motor if it is of a great concern. Instead of using the no-load 

torque listed in the motor specifications, this value could be increased to represent additional losses 

incurred as a result of having to increase the transmission ratio. The net effect of which is to force the 

optimizer to favor designs with lower motor velocities, which is the same result if an additional term were 

added to Equation 2-7 that represented transmission losses.   

2-3-2 Additional Constraints 

The efficiency of the robot should not be the only determining factor in the specification of the actuator 

orientation simply because it is not feasible to predict with any certainty all the loads and velocities a 

humanoid leg will undergo. It is therefore necessary to also specify some baseline performance in terms 

of joint speed and joint torque that may be desirable for unexpected situations, for example: fall recovery. 

On the positive side, a wide range of literature exists that demonstrates acceptable joint parameters that 

have been successfully used on hardware.  

A benefit of the optimization approach taken here is the simplicity with which these desired parameters 

can be incorporated. Specifically, desired joint torque and joint velocities are appended to the list of 

torque and velocities graphically represented in Figure 2-7 and Figure 2-8. An associated dt for these 

appended values is zero, thus they do not affect the efficiency. Instead, should a configuration cause the 

motor torque or velocity to be exceeded by these desired joint torques or velocities, an associated penalty 

will be assessed to that design. In this way, general desired joint parameters are neatly encoded into the 

optimization 

Size constraints are added as the final restriction on the optimization. These are encoded into the limits of 

the parameters that are optimized. Specifically, the optimization is restricted to search in between the 

specified limits of each parameter. This is carried by the piece of genetic algorithm code that decodes the 

chromosome into parameter values. In this optimization, the elements of the matrix H are optimized. 

Fortunately each element represents a physical parameter and so assigning a limit is easy. In this case 

each element has units [meters], and represents the effective lever arm a linear actuator would have about 

the joint axes. This is significant in that designs which require large lever arms will be bulky, take up a 

large volume, and require very long linear actuators. In this study, the lever arms are limited to 0.1[m] 

length. If larger “effective” lever arms are desirable, it is possible to increase the leverage in other ways, 

such as the ballscrew pitch or other transmission mechanisms in the design.  
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2-3-3 Parameters to adjust 

Finally the representation used to describe the actuator implementation is considered. It is again easiest to 

study the transformation relating actuator forces to joint torques, the matrix H. To reiterate, each element 

of H is the torque exerted by one actuator about one joint for one unit force output from the actuator. 

Therefore, each column of H represents one actuator, and each row represents on joint. For example, the 

element in the 3rd row and 2nd column is the torque exerted by the 2nd actuator about the knee joint (the 

third joint). The joints are numbered as follows: 1 = Hip roll, 2 = Hip Pitch, and 3 = Knee pitch. Actuators 

1 and 2 are nominally the hip actuators, and actuator 3 is nominally the knee actuator.  

From above, the matrix H of a 2DOF hip is extended to represent both the hip and knee joints as in 

Equation 2-9: 

2-9  [
    

    

     
]      (2-9) 

where the extra column and row are added to represent the knee pitch actuator (column) and knee torque 

(row). The elements labeled with a p indicate that those respective actuators are biarticular across a 

certain axes. To represent biarticular actuators, the elements of H must indicate that the actuator exerts 

torque about the joint axes of both the hip and the knee. Assigning a value of zero to any of the p 

elements indicates that the particular actuator associated with that column is not biarticular.  

Elements a through d represent the orientation of the hip. Each element of matrix H has units [m], and so 

represents the lever arm about which a linear actuator exerts a torque about the respective joint axes. To 

impose length and orientation constraints these elements are computed as in Equation 2-10 and 2-11: 

2-10        (  )          (  )    (2-10) 

2-11        (  )          (  )    (2-11) 

where r1 and r2 are the lengths of each leverarm, limited to 0.1[m] as mentioned above. Θ1 and θ2 are 

the orientation of the two hip actuator axes and can take values of –π to π . Only half of this spectrum is 

actually needed to represent the entire set of configuration if no biarticular actuators are present. When 

one hip actuator is biarticular, allowing for the full range of orientations simplifies the search. In the 

searches below, element e is limited to 0.08[m]. The knee must rotate the most out of all joints, and so in 

practice, its lever arm must be shorter than the rest so that the actuator length does not get too long. This 

would be of a lesser concern if rotary actuators were used instead. The optimization assigned 6 bits to 

each parameter, discretizing the angle θ to 3degrees and the radius to 3[mm], suitable discretization for a 

full size robot. 

Table 2-1. Parameter bounds for the numerical search and genetic algorithm. 

Parameter Symbol Lower bound Upper bound Units 

Lever length r1, r2 0 0.1 Meters 

Lever angle θ1, θ2  0 π Radians 
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Biarticular lever p1- p4 0 0.05 Meters 

In any configuration, the matrix G from Equation  is computed from matrix H as in Equation 2-12: 

2-12             (2-12) 

where kg is an extra gear ratio representing the reduction between the force generated by the linear 

actuator to the motor torque. For rotary actuation, kg would be unity. The losses are then computed as in 

Equation 2-8. 

2-3-4 Genetic algorithm coding 

Genetic algorithms have in recent years been used for a wide variety of type and dimensional synthesis 

and optimization problems. They are unique among search algorithms in that they combine elements of 

both random and directed search routines. The genetic algorithm described here is applied to the joint 

orieintation optimization problem. Genetic algorithms use the breeding and evolutionary mechanisms of 

natural systems to root out an optimal solution, where the optimal is determined by a user defined fitness 

function. The strength of these algorithms stems from the combination of elements from both random 

walk type searches and broader and more computationally intensive enumerative type algorithms. The 

result is a rigorous search which can be used for many types of optimizations of multi-criteria problems.  

The algorithm used here is applied to a dimensional type synthesis problem. In this approach, the various 

parameters of significance, (elements of the matrix G) area coded into a series of bits which make up a 

chromosome. A large population is then built up of many different chromosomes. Each individual in the 

population is then scored for a fitness level using the fitness function. Members of the population are then 

combined and crossed using a mating function which gives priority to the individuals with higher fitness. 

Mutations are also allowed to occur in every generation. With each new generation, the population is 

rescored by the fitness function, and the cycle continues. The result is a powerful search algorithm built 

upon very basic and easy to program functions. A flowchart representing the structure of the genetic 

algorithm can be seen in Figure 2-9. 
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Figure 2-9. Flowchart of the genetic algorithm process. 

The specific details of genetic algorithms are described in Appendix 0. Assuming some basic knowledge 

of genetic algorithms, the specifics of this implementation are laid out here, including the chromosome 

coding and fitness functions. The GA here seeks to minimize the energy lost during standing and stepping 

by adjusting the elements of the inverse transpose of the jacobian, G. For the simple case here of a 2dof 

joint, there are four elements. Each element can take a value between -12 and 12, chosen by experience 

because they would represent a mechanical system with an overly large mechanical advantage. Each 

parameter is encoded by a six bit number, for a chromosome length of 24 bits.  

The fitness value and the energy lost are related by Equation 2-13: 

2-13 ( )  
  

   
                   ( )                     (2-13) 

where E is the energy lost by the motors. This function was chosen such that no energy lost represented a 

unity fitness value. In practice it was seen that energy losses averaged around 200[J], and therefore 350[J] 

was the highest energy In application, the lowest fitness value was 0.01 in order to allow even the poorest 

performing individuals to be allowed to reproduce, in case there was some valuable genetic information 

within the chromosome. Additionally, a penalty function was instituted to discount the fitness value if 

motor torque or velocity constraints were violated. Specifically, if the motor torque or motor velocity 

during any portion of the trial exceeded their limits, the fitness was docked 0.2.  

As implemented here, this mutation occurs with probability of 0.033. The population was seeded with 

100 individuals. It was allowed to run for 300 generations. The results showed convergence at this time as 

seen in Figure 2-10.  
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Figure 2-10. Maximum and average fitness values across 300 generations showed convergence.  

2-4 Results 

An extensive study was undertaken to understand three concepts, the effect of hip axes orientation on 

robot efficiency, the effect of biarticular actuation on efficiency, and the interplay if any between the hip 

axes and biarticular actuation. A total of 14 different configurations were tried. The results can be seen in 

Table ?. The configurations are labeled by their hip and biarticular configurations. The two hip 

configurations are free and fixed, where free indicates the joint axes can be in any orientation, while the 

fixed indicates that only the gear ratios can be varied and that the axes are oriented in the x and y 

directions. The biarticular label indicates which actuator of the three in question is attached in a 

biarticular fashion and across which joints it spans. For example the knee actuator can actuate the knee, 

the knee and hip pitch, the knee and hip roll, or the knee and hip pitch and roll. The hip actuators can only 

be arranged such that they either span the hip, or the hip and the knee.  

The results are indicated by the energy consumed, and the resulting actuator axes. The energy consumed 

is given as Joules, and is that calculated by Equation 2-8. The results also show the portion of that energy 

that was consumed by resistive losses versus that consumed by frictional losses. The actuator axes are 

indicated by the columns of matrix H. Matrix H also shows the degree to which a biarticular actuator 

affects adjacent joints. Each element of matrix H has units [m], and so represents the lever arm about 

which a linear actuator exerts a torque about the respective joint axes.  

Some trends can be drawn from the overall results. The first is that a majority of the losses are due to 

resistive losses. This is also indicated by the size of the elements of H, many of which are maxed out 

against their limits. Clearly then, higher efficiencies could still be attained by increasing the motor’s 
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leverage within the linear actuator, effectively increasing its “leverarm” over the joint. The other 

generalization that can be drawn from the results is that with more design freedom comes higher 

efficiency, which should be expected. The greater number of variables that can be manipulated, the 

greater possibility there is for improvement. Within these greater trends though, there are micro-trends 

that are of particular interest which will be discussed next. 

The discussion of the results is divided into four sections. The first looks solely at the effect the hip 

orientation has on the efficiency. A discussion of the configuration with the maximum efficiency follows. 

With higher degrees of biarticularity, the mechanical complexity increases. Therefore the best 

improvement in efficiency with the least mechanical complexity is addressed finally, being divided into 

two sections, one for a biarticular knee and the other a biarticular hip.  

Table 2-2: Results from the genetic algorithm.  

Name Hip orientation Biarticular actuator Energy lost Resistance 

losses 

Friction 

losses 

H 

A free none 79.3 57.6 21.6 0.0812 0.0876   0 

 -0.0584 0.0449   0 

   0   0 0.0800 

B fixed none 82.9 62.7 20.2 0.1000   0   0 

   0 0.0873   0 

   0   0 0.0800 

C free 1hip, knee roll 62.4 36.4 26 0.0975 0.0043 0.0373 

 -0.0223 0.0856   0 

 0.0484   0 0.0800 

D free 1hip, knee pitch 60.9 37.8 22.9 0.0866 0.0917   0 

 -0.0500 0.0258 0.0437 

 0.0500   0 0.0787 

E free knee roll 66.25 44 22.2 0.1000 0.0098 0.0500 

 0.0025 -0.0979   0 

   0   0 0.0800 

F free knee pitch 78.7 59.2 19.5 0.0985 0.0714   0 

 0.0174 -0.0630 0.0167 

   0   0 0.0800 

G free knee both 70.5 50.4 20.1 0.1000 0.0382 0.0309 

 0.0025 -0.0907 0.0309 

   0   0 0.0800 

H fixed knee roll 66.0432 45 21 0.1000   0 0.0500 

   0 0.0873   0 

   0   0 0.0800 

I fixed knee pitch 82.9 63 19.8 0.1000   0   0 

   0 0.0857 0.0024 

   0   0 0.0800 

J fixed knee both 66 45 20.9 0.1000   0 0.0500 

   0 0.0873 0.0012 

   0   0 0.0800 

K fixed 1 hip 62 37.8 24.5 0.1000   0   0 

   0 0.0905   0 

 0.0500   0 0.0787 

L fixed 2 hip 61.7 37.5 24.2 0.1000   0   0 

   0 0.0968   0 

 0.0500 0.0214 0.0787 
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M free 1 hip 61.1 36.7 24.4 0.0981 0.0376   0 

 0.0074 -0.0892   0 

 0.0500   0 0.0800 

N free 2 hip 59.1 33.5 25.7 0.0862 0.0612   0 

 0.0442 -0.0730   0 

 0.0500 0.0421 0.0749 

 

2-4-1 Hip orientation effect 

The control system for comparison of these two optimizations was a traditional 2dof serial hip joint and 

no biarticular actuators. The two axes were perpendicular and configured in the x and y direction. Two 

configurations were compared, both which allowed the full optimization of the gear ratios. The 

optimization was handled in the same way as described above; however, the appropriate elements of H 

were set to zero to ensure perpendicularity of the joint axes. The resulting optimum matrix, H, for the 

control system was found to be:  

2-14   [
     
       
     

]     (2-14) 

The energy lost by the system was 83[J]. Of that, 63[J] was lost to the electrical resistance of the wire, 

while 20[J] was lost to the no-load torque losses of the motor. The high values of the elements of H 

indicate that the optimization was seeking to increase the gear ratio between the motor and the 

manipulator such that the windage losses were increased and the resistive losses minimized. In addition, 

two of the elements (in this case the hip roll and knee pitch) are maxed out against their respective limits. 

This agrees with the split between the two types of losses. The optimization was driving the leverarms of 

those actuators to larger lengths in order to reduce the higher resistive losses.  

The optimization was run several more times but allowed to optimize both the orientation of the joint axes 

in the plane, the gear ratio of each actuator, and certain biarticular configurations. As a direct comparison 

to the control system, configuration 2 is discussed next. Configuration B had a freely oriented hip and no 

biarticular actuators. The matrix H from this system can be seen in Equation 2-15: 

2-15   [
          

            
      

]       (2-15) 

The losses of the unconstrained system were close but reduced from that of the control with 79[J] of 

losses accounted for by 58[J] to the resistive and 21[J] to the frictional losses. Optimizing the orientation 

of the hip axes appears to results in a small improvement, 4% improvement in efficiency.  

By in large, this trend continues when looking at other configurations. For example, M (free, 1hip) is 

slightly more efficient than K (fixed, 1hip); F (free knee pitch) is slightly more efficient than I (fixed, 

knee pitch). The trend is not absolute though. E (Free, Knee roll) is the same efficiency as H (fixed, knee 

roll).  

The results indicate that the system efficiency can be slightly improved by altering the orientations of 

joint axes. The improvement is small though, less than 5%. These results are to be expected though. From 
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the loss equation, it was shown that applying a rotation matrix to the joint axes has no effect on the 

resistive losses. The effect of this rotation will only be seen in the frictional losses, which represent 

smaller losses. With fewer parameters to optimize, it should expected that lower gains would be possible.  

 The following section will investigate the implementation of interlinked joints by incorporating 

biologically inspired biarticular actuators.  

2-4-2 Optimization of Biarticular Actuation 

The discussion above described several biarticular configurations that are possible with parallel and 

serially driven hip and knees. To reiterate, one or more hip actuators can also exert torques on the knee, 

and the knee can also exert torques on the torso about an arbitrary axis. In this section, the various 

permutations of actuation will be investigated with regard to their effect on the energy lost.  

Knee as biarticular 

Several biarticular arrangements were tried. Of those, six utilized only the knee as a biarticular element. 

They consisted of the knee acting across the hip pitch, hip roll, or both the hip pitch and roll directions. 

Each knee arrangement was tried with both fixed and free hip configurations. There are some very clear 

trends worth investigating. Firstly though, the most efficient arrangements were E (free knee roll), H 

(fixed, knee roll), and J (fixed, knee both). They achieved losses all close to 66[J], with 45[J] due to 

resistive and 21[J] due to friction. All configurations that restricted the knee to act across the hip pitch 

axes only were less efficient. For example, F and I had losses of 78[J] and 83[J] respectively, no better 

than the arrangements A and B. Indeed, a closer look at the H matrices of F and I show that the 2,3 

element, representing the lever arm of the knee actuator across the hip pitch, is close to zero. 

Interestingly, unlike biarticular actuation in humans, it is not beneficial to interconnect the hip and knee 

pitch axes.  

The knee actuator was much more effective across the hip roll axis. Given full freedom across both the 

hip pitch and hip roll axes, the optimization still found the best results when the knee was allowed to act 

only in roll. This explains the similarity of results between E (free knee roll), H (fixed, knee roll) and J 

(fixed, knee both). A close look at their respective H matrices shows almost identical values, even though 

J was less constrained than H. Furthermore this indicates a true optimum was found. These results can be 

explained by the coupling between the hip roll torque and the knee torque, which during common 

humanoid motions are often loaded simultaneously.  

It is worth mentioning that the knee roll biarticular configuration can incur more mechanical complexity, 

especially when using rotary or serial configurations as will be explained. The hip of a humanoid should 

be configured with the roll axis preceding the pitch axis to ensure that the hip does not reach a singularity 

when the pitch joint is at its extreme range of motion. A biarticular knee actuator must pass torque 

through the pitch joint to actuate torque. For rotary actuators, this can only be accomplished with a 

constant velocity joint, as mentioned above. The additional CV joint adds a significant amount of 

complexity. A linear actuator though can in fact all but negate this problem. The linear actuator should be 

mounted to the torso at a point that intersects the pitch axis. The knee actuator will then not exert any 

torque about pitch, while still affecting roll, except for the few cases during with the roll axis rotates 

considerably.  
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Hip as biarticular 

Four iterations of biarticular hip arrangements were studied. They consisted of the one or two of the hip 

actuators acting biarticuarly across the knee in either the fixed or free hip configurations. As can be seen 

from the results table, these easily provided some of the best improvements in efficiency, especially for 

the nominal increase in complexity. All four arrangements lost only 62[J] or less energy. The best was 

configuration N (free hip, 2 hip biarticular) which resulted in 59[J] lost, 34[J] from resistive and 26[J] 

from friction. The energy savings amount to 29% decrease in the control configuration (A).  

These particular arrangements are interesting because of their relatively low mechanical cost, especially 

when implemented in a parallel actuation fashion. When in parallel, both hip actuators terminate on the 

thigh, and can be made easily biarticular with the pulley arrangement shown in Figure 2-5. In the case 

with two biarticular hip actuators, there will simply be two pulley arrangements, one for each hip, that 

lead to the knee and terminate on the shin. The nature of the mechanism will ensure that loads are evenly 

distributed between actuators. 

In a serial actuator arrangement these configurations are less enticing. Configurations K and L and M 

show that it is most beneficial to couple the roll axis, (or something close to roll in the case of M), to the 

knee. This coupling agrees with the results from above when the knee actuator was biarticular. However 

like above, the roll joint should be placed above the pitch to maintain the robots range of motion. To pass 

power from the first actuator through the second degree of freedom again requires the use of a constant 

velocity joint.  

The importance of coupling the hip roll joints and the knee pitch are supported by these configurations as 

well. L(fixed, 1 hip) and M (fixed, 2 hip) have almost identical efficiencies and nearly identical matrix 

representations save for element (3,2). Even though this element is non-zero, and half of the magnitude of 

element (3,1), it only amounts to an improvement of 0.3[J]. Intuitively this indicates that the hip pitch 

actuator when biarticular across the knee, and has a not insignificant lever arm, has little effect on the 

efficiency. Furthermore, when the optimization is given the chance to optimize the hip axes and one hip 

biarticular actuator, it chooses to make the hip actuator most heavily loaded in roll also act across the 

knee. This implies that coupling the hip roll and knee pitch is most beneficial.  

Allowing full freedom to design both hip biarticular levers and hip axes orientations (configuration N, 

free hip with 2 biarticular hip actuators), yields an interesting data point. First, this configuration 

produced the greatest increase in efficiency yet. From its G matrix, one can see that the axes about which 

the two hip actuators act are not close to the control configuration. Instead, both actuators act with similar 

leverage across the roll joint, and again nearly opposite across pitch. This configuration has the effect of 

loading both actuators nearly equally under large roll loads. Similar biarticular lever length (elements 3,1 

and 3,2) maximize the amount of torque transferred from both actuators about the knee.  

Because all efficiencies in this family of arrangements are similar, choosing a particular one should be 

done with regards to the mechanical cost. The author proposes that K (fixed, one hip) be implemented has 

the lowest cost. It maintains a hip actuator configuration that is closest to the classical style, and can 

therefor borrow the mechanical design from these. From there, only one mechanism needs to be added to 

couple the roll axis to the knee. The simplest implementation would be accomplished with parallel 

actuation across the hip, yet could be done serially for a slight increase in complexity. 
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Maximum design freedom 

Two other configurations were tried with 6 degrees of freedom for the optimizer to vary. C (free, 1 hip 

and knee roll) and D (free, 1 hip knee pitch) were showed similar efficiencies as those configuration with 

only the hip actuators biarticular. Configuration C gave 62.4[J] of losses and configuration D gave up 

61[J]. Oddly, it is only configuration D in which the knee actuator showed better efficiency when 

actuating the hip pitch axis as opposed to the hip roll. This configuration is very similar to that of M (free, 

1 hip), which also posted similar efficiencies. In fact, configuration M is a subset of configuration D. It is 

possible that the optimization found a local maximum of fitness that achieved similar performance with a 

very different configuration. The fact that several different configurations offer very similar efficiency is 

a good indication that the problem has many local maximum. Fortunately, genetic algorithms are well 

suited to these types of problems, especially when compared to other strictly search based optimizations.  

2-4-3 Other Considerations: Range of Motion 

A significant difference between serial and parallel manipulators is the available range of motion. There 

has been much work in literature dedicated to the task of extending the range of motion while maintaining 

mechanical advantage of the parallel actuators over the manipulator. This is particularly important for the 

linearly actuated representation used here because of the inherent mechanical disadvantage that arises 

when a linear actuator is used to drive a rotating lever. Specifically, the angle between the lever and 

actuator is perpendicular in only one position, and decreases, along with the mechanical advantage at any 

other position.  

Serial manipulators on the other hand do not have this characteristic. They have consistent mechanical 

advantage over their actuation range. With non-perpendicular axes though, the problem of range of 

motion crops up too for serial actuation. It is possible that to maintain a certain ROM about the x and y 

directions, very large rotations about the joint axes are necessary. This remains an open question and 

should be considered by robot engineers.  

2-4-4 Biological Parallels 

The optimization results showed that a strong coupling existed between the hip roll joint and the knee 

pitch joint of a humanoid robot. Coupling the two in several different ways allowed the respective 

actuators to operate in a more favorable region of their torque/velocity curve. Efficiency improvements 

upwards of 30% are possible. In some ways the operating characteristics of a human muscle is similar to 

that of an electric motor. Under isometric loads, metabolic energy is expended with no output work 

(analogous to the resistive losses). At very high rates of contraction, less force can be exerted (akin to 

frictional and viscous losses). Given the similarities in actuation, one might look for similarities in the 

actuator to skeleton configuration. 

The human leg is a massively parallel system. Several muscles of the hip stand out as operating similar to 

the optimal arrangements described above. The tensor facia latae runs from the iliac crest of the pelvis to 

the a stretch of tendon called the iliotibial tract. The iliotibial tract inserts on the tibia (shin). The tensor 

facia latae is responsible for hip abduction and knee extension, analogous to a robots hip roll and knee 

pitch respectively. The other main connection to the iliotibial tract is the gluteus maximus, one of the 
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largest muscles in the human body. It too contributes to hip extension and hip abduction while extending 

the knee through the iliotibial tract. The action of the gluteus maximus is most similar to that of 

configuration 13 or 14 above in which the hip pitch and roll are coupled with a strong biarticular action 

on the knee as well.  

2-5 Parallel versus Serial Actuation of the Hip Joint 

 
Two methods of actuating humanoid robot limbs have been introduced, parallel and serial. Serial robots 

or serial chains are defined as fixed base and end effector connected by an alternating chain of rigid links 

and actuators with no closed kinematic loops. Parallel robots on the other hand are defined as an end 

effector and base connected by a number of independent serial chains, wherein each chain typically has 

only one actuated degree of freedom. Many kinematic loops are present in parallel actuators. In this 

section we show that both types of actuation can feasibly implement the configurations above.  

Furthermore it is shown how to interpret the results above into actual actuator orientations for both serial 

and parallel configurations.  

 As this work pertains to humanoid robots, it will be focused on a couple specific types of manipulator, 

either the 2DOF or 3DOF rotational manipulator. Figure 2-11 illustrates both the revolute actuated serial 

and linear actuated parallel implementations of the 2DOF joint.  

 

Figure 2-11. Serial actuation on left, and parallel actuation on right of a 2DOF humanoid ankle joint. 

Parallel actuators are often chosen over serial robots because they have higher stiffnesses and lower 

inertia. It however comes at the expense of range of motion. It has been well documented that there exists 

a duality between the forces of parallel actuators and the velocities in serial actuators[refs]. This duality is 

most often expressed in terms of the Jacobian, which relates the actuator velocities to the end effector 

velocities. Using the principle of virtual work, a similar linear relationship can be derived to relate the 
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actuator forces to the end effector forces. For non-redundant actuators, these can be expressed as in 

Equation 2-16 and 2-17: 

2-16     ̇      (2-16) 

2-17          (2-17) 

where V is the end effector velocity, H
-t
 is the Jacobian,   ̇is the joint velocity, F is the end effector 

wrench, and fi is the actuator torque or force. Each column of H thus represents the wrench applied to the 

end effector by one actuator. The focus of this work is constrained such that H is well conditioned, and 

therefore the inverse exists. It is useful to define the following relationships: 

2-18 ̇           (2-18) 

2-19          (2-19) 

where G is defined as the inverse of H.  

For the 2 or 3DOF rotational parallel manipulators, each column of H can be given as in Equation 2-20: 

2-20              (2-20) 

where ρ is the vector from the manipulator center to any point on the vector wi which is the normalized 

vector along each actuator. For serial manipulators, it is easiest to formulate G row by row. In this case 

each row represents the normalized direction along which each actuator acts, as in Equation 2-21: 

2-21  
          (2-21) 

This remainder of this work will explore how these definitions relate to the physical design of the 

actuators and the effect their value has on the efficiency of a humanoid robot implementation. In 

particular the parallel and serial implementations of 2 and 3 DOF rotational manipulators will be 

compared especially how it affects actuator efficiency. 

2-5-1 Analysis of 2DOF revolute manipulator 

 
For simplicity, a 2DOF u-joint rotational manipulator is examined first. In the case of humanoid robots, 

this type of joint can be used in either the hip or the ankle joints. The hip joint experiences some of the 

highest loads, comparable only to the knee joint. With higher loads, it will consume more energy, and is 

therefore a good candidate for optimization. This work looks at two types of manipulators, serial and 

parallel. The axes of actuation are defined as the direction about which a single actuator generates a pure 

moment load on the end effector. It is hypothesized that by varying the orientation of the axes of 

actuation, the energy use of a 2DOF manipulator can be optimized for specific robot motions. These axes 

will be varied for both parallel and serial cases.  

In [40], Alici optimizes a 3DOF system with a passive constraining joint in the middle (analogous to a 

humanoid hip). Dasgupta draws parallels between the kinematic redundancy of serial manipulators with 

that of the force redundancy in parallel manipulators [41]. Fang analytically determines all possible limb 
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configurations of a 3 DOF rotational parallel manipulator in [42]. The seminal work of Gosselin describes 

several 3DOF parallel manipulators with both prismatic and rotary actuators that have been used in 

several robotic applications [43]. Some work has been done studying either hybrid serial/parallel 

manipulators [44]. Waldron illuminates the duality between serial and parallel manipulators [45], a work 

which closely follows the results of this work. The particular contribution of this work is to make specific 

conclusions from the results of Waldrons work as it pertains to multi DOF rotational manipulators and to 

further the study to include the characteristic of load distribution between actuators. Furthermore, the 

relationships described by Waldron are extended to include some hybrid configurations which come 

about as a product of biarticular actuation. 

 

Figure 2-12. Serial configuration on right and parallel configuration on left.  Powered actuators are shown in 
red, and passive joints in black.  

Figure 2-12 above illustrated the two simple cases studied here. On the left, is the serial style manipulator, 

made up of two revolute actuators, the axes of which intersect at the manipulator center. With two 

actuators, there are four variables to optimize: the orientation of the actuator, as well as the gear ratio of 

the actuator. These four parameters correspond to the four elements of the Jacobian. The parallel 

implementation is show on right. Note the passive u-joint at the actuator center that constrains the end-

effector (the thigh) to rotation only.  

Analogies can be drawn between the parallel and serial configurations. In the parallel configuration, each 

linear actuator is a serial chain made up of a passive 2DOF u-joint on one end, and a passive spherical 

joint on the opposite. Along the axes connecting these two centers lies an actuated cylindrical joint. 

Therefore each actuator generates pure linear forces. A linear force transmitted at some distance from the 

manipulator center will create a moment load about the center. All linear reaction forces resulting on the 

base (torso) and manipulator (thigh) are transmitted through the u-joint at the hip center. They are of no 

consequence to this study. Furthermore the moments of interest are only the fraction that has a component 

in the plane created by the two axes of the manipulator u-joint (in this case the x-y plane). The vector 

along which this moment lies is analogous to the axis of action of a serial manipulator. The difference 

between the parallel and serial cases are the interactions of the two axes of action that result from the 

differences in architectures. Along with the orientation of the axes, it is this interaction that will be 

studied.  
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Figure 2-13. Joint orientations different than the traditional x, y directions are investigated.  

A few properties of the Jacobian and its related forms will now be explored. The serial architecture will 

be covered first, and because the actuator forces are of primary interest, the matrix G and H are used as 

opposed to their transpose. To reiterate, each row of matrix G represents the unit vector about which the 

actuator rotates. This can result in interesting behavior when the axes are non-perpendicular. Take for 

example a manipulator with θ1=0 and θ2=1.3. G will take the form as given in Equation 2-22: 

2-22  [
       (  )        (  )

      (  )        (  )
]     (2-22) 

where kg1 and kg2 are the gear ratios of the first and second actuator respectively. The matrix H defines the 

output torque applied to the end effector for one unit of input torque about the actuator axes. H is given by 

Equation 2-23: 

2-23  
 

   ( )
 [

       (  )         (  )

       (  )        (  )
]           (2-23) 

where the determinant of G is given as in Equation 2-24: 

2-24   ( )            (     )        (2-24) 

It follows that: 

2-25
 

   ( )
 

 

      
     (2-25) 

when: 

2-26   (     )           (2-26) 

which occurs whenever the axes of the two actuators are not perpendicular.  
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The interesting effect of the inverse process is an increase in the gear ratio of the actuator over the end 

effector. This is a result of the interaction between the two axes as will now be explained. First, notice 

that the first column of H is perpendicular to the second row of G due to the following property: 

2-27    [
  
  

]         (2-27) 

Additionally the second column of H is perpendicular to the first row of G. The first row of G is the axes 

along the first actuator. Each column of H is the torque exerted on the end effector by the respective  

actuator. Therefore it follows that the torque exerted by the first actuator is perpendicular to the second 

actuator axes. Furthermore the torque of the second actuator is perpendicular to the first actuator axis. 

Intuitively, this can be explained by the nature of series architecture. Take for example the first actuator in 

the chain. It will exert a torque about its own axes. This torque must be transmitted through the second 

actuator to be applied to the end effector. However, any component of torque from the first actuator that is 

collinear with second is “registered” or must be generated by the second actuator as well. Therefore the 

component of the torque is eliminated from the effect of the first actuator. Conservation of energy can be 

applied and will show then that to make up for the “lost” component the effective torque must be 

increased. Similarly, the angular velocity of the end effector will be increased. A similar analysis can be 

applied to the second actuator by simply reversing the roles of the end effector and the manipulator base.  

This is a very interesting feature of series actuators because the transmission on conventional 

electromechanical drives is a major source of losses. For some drive such as planetaries, a higher gear 

reduction results in higher losses. The flipside to this is that the gear ratio is built into the structure of the 

robot instead. For robots that require a large range of motion, the extra travel required from non-

perpendicular actuator arrangements may not be structurally possible. It is however a benefit to series 

architectures.  

The study of parallel architectures is more straightforward. In this case the columns of H are given as the 

axes about which each linear actuator exerts a torque. H then takes the form: 

2-28  [
       (  )       (  )

       (  )       (  )
]          (2-28) 

The form of H shows that it is possible to design a parallel manipulator of the rotational type that behaves 

the same, (distributes loads between actuators in the same manner), as a serial manipulator. The primary 

difference being the effect of the determinant above. Notably, this means that a similar parallel actuator 

will need a higher gear ratio reduction than a series manipulator actuator. 

2-6 Conclusions 

In this chapter, two characteristics of a bipedal robot’s hip and knee joints were considered. Those 

characteristics are the orientation of the hip axes, and the nature of biarticular actuation on the hip and 

knee. The goal of the work was to better understand the nature of actuation across three usually 

independent joint axes, the hip roll, hip pitch, and knee pitch axes. These three are the most prominent in 

the function of the leg, being responsible for the majority of the loading cases as well as the majority of 
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the energy consumption. Notionally too, they are the most difficult for a designer, the hip because of large 

torque and tight packaging, and the knee because of yet larger torques.  

Biarticular actuation was introduced as a possible means of improving the efficiency of humanoid robots, 

in particular when used with various hip configurations. Biarticular actuators are actuators that span 

distally separated joints, the hip and knee for example. The formulation from above was extended to 

include an additional joint, the knee. A genetic algorithm was programmed to find the most efficient of 

each configuration during the two most common and taxing motions undertaken by humanoids, stepping 

and standing up. Additionally the optimization took into account desired peak joint torques and velocities 

to ensure the motor velocity and power amplifier capabilities were not exceeded.  

The results showed that dramatic improvement in efficiency of up to 30%. Interestingly, the majority of 

those savings can be traced to a coupling between the hip roll axes and the knee pitch. Specifically, nearly 

all the gains can be made by simply coupling the hip roll actuator of a conventional serial hip arrangement 

to exert torque about the knee as well. This is possible through the aforementioned cable pulley 

arrangement and parallel manipulators, or using a clever constant velocity joint described in the appendix. 

More complex arrangements showed slight improvement in efficiency but at higher mechanical cost in 

terms of complexity. Finally, parallels were illustrated between the human body’s gluteus maxiumus and 

tensor facia latae muscles in regard to their similarity with the optimum configurations.  

The work concluded with a characteristic of a 2DOF revolute manipulator, analogous to the hip. The two 

DOF can be actuated either serially or in parallel. A formulation was adopted from literature to express 

the relationship between the actuators and their positions to their effect on the leg. The formulation was 

described for both serial and parallel cases and as literature would indicate, there is a unique duality 

between the two. It was shown that for a pure rotational manipulator, the behavior of either a serial or 

parallel manipulator can be made identical. However, in configurations with non-perpendicular axes, the 

serial manipulator gains a small mechanical advantage about some axes over a similarly geared parallel 

manipulator due to the interaction between the two serial degrees of freedom. This is beneficial for 

humanoids that typically have already large gear reductions. A designer’s choice then between serial or 

parallel need only be driven by packaging or other constraints such as efficiency.  
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3 SAFFiR Architecture 

Humanoid robots are widely seen to be the next big leap in service robots, simply because they are well 

suited to operate in an environment already designed around the human form. In order to reach that end, 

much research and development remains and there are many humanoid robots in existence as research 

platforms, including, KAIST University’s HUBO, Honda’s ASIMO, Waseda University’s Wabian-2, and 

Technical University of Munich’s Johnnie and LOLA among others [12], [14], [15], [31]–[33], [46]. 

These existing robots share some similarities, primarily dictated by the compromises within the design of 

such a robot, namely, designing a powerful, lightweight, and accurately positioned revolute, universal, or 

spherical joint. 

To accomplish such a task, nearly all these designs rely on a harmonic drive unit. They are relatively 

light, are capable of very high gear reductions, have a high torque capacity, and are free of backlash. But 

that is not to say that harmonic drives have no disadvantages. The flexspline, by its very nature is flexible 

and therefore will allow both torsional deflections and resonant vibrations.  

Electrically driven ball screw linear actuators are presented as an alternative to harmonic drives for use in 

Virginia Tech’s SAFFIR robot. These actuators use a threaded screw and nut to convert a rotational 

motion to a linear one. Recirculating ball bearings between the nut and screw reduce friction; the threaded 

rod allows for high gear reductions; and they are both stiff and widely available. A degree of design 

flexibility is also introduced with such actuators.  

Implementing such reduction units allows a more musculo-skeletal relationship to be maintained between 

the actuators and joints and also allows for smaller, cheaper, and less powerful motors to be used through 

optimization strategies which maximize each motor’s potential. With SAFFIR, Virginia Tech will 

introduce a new performance paradigm of humanoid robots.  

3-1 Harmonic Drives in Humanoid Design 

Harmonic drives have clearly made a niche for themselves in humanoid robotics, and for compelling 

reasons as will be seen, but they are not without their drawbacks. A drive consists of three parts, the wave 

generator, a ring gear situated on the periphery called the circular spline, and an internal and flexible spur 

gear called a flexspline.  

This operation affords the harmonic drive with several advantages over more conventional planetary 

gearsets. Firstly, harmonic drives can achieve very high reduction ratios, up to 1:160 [47]. Also, because 
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there are only three parts which are all mounted coaxially and collinearly, these harmonic drives are 

exceptionally small and light compared to planetary gearsets of similar reduction ratios.  

Positional accuracy is vital for any robot and in particular, for humanoid robots. With that in mind, any 

gear reduction unit must have minimal backlash. Harmonic drives are known to have nearly zero backlash 

due to the high number of teeth engaged between the flexspline and the circular spline, up to 30% of the 

total number of teeth. The backlash on a higher end planetary gearset can be 1-2 [degrees], whereas the 

harmonic drives exhibit only 1-2 [arc-min]. The large number of teeth engaged also gives harmonic drives 

a large torque capacity. 

Ball bearings between the flexspline and wave generator of harmonic drives allow efficiencies of 90%. 

This translates to more powerful joints as well as the ability to backdrive the motor.  

3-2 Disadvantages 

While harmonic drives at first appear ideally suited for humanoid robots, they are not without their 

disadvantages. Other actuator reductions exist which offer compelling reasons to reconsider harmonic 

drives. In this study, we suggest linear actuators match nearly all advantages of harmonic drives, while 

also minimizing the disadvantages.  

Although harmonic drives exhibit almost zero backlash, the compliant nature of the flexspline means in 

can deform under load. This compliance is necessary to allow the flexspline to mesh with and at the same 

time remain concentric with the circular spline. Even moderate operating torques can cause a notable 

deflection within the flexspline resulting in positional errors [47].  

Flexibility in the flexspline can also result in resonant vibrations. As the gear teeth mesh, torque ripples 

can interact and excite resonances. In some cases, high amplitude vibrations can be generated.  

Nonlinearities also exist between the torque input and output as a result of both the compliance and the 

frictional losses within the transmission. Ball screw driven linear actuators are able to overcome all of 

these shortcomings. As will be seen, they exhibit comparable backlash, high efficiencies, light weight, 

and very high accuracy.  

3-3 Linear Actuators in Humanoid Design 

Industrial applications have utilized linear actuators for years to convert rotary motions to linear ones. 

Computer controlled milling machines, military aircraft, and as has been briefly shown, some humanoid 

robots all utilize linear actuators for their efficiency, precision, and strength.  

3-3-1 Linear actuators 

Linear actuators combine a rotary actuator and a power screw in a compact assembly sealed from the 

environment. The rotary actuators are most commonly an AC or DC motor. This motor drives a ball 

screw which is secured to the housing through one or more bearings. The ball nut is then attached to a 

telescoping rod which is fixed from rotating. As the screw rotates, it drives the nut and telescoping 
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portion of the assembly towards one end of the housing, thereby lengthening or shortening the entire 

actuator. The ball bearings eliminate friction, both static and dynamic, resulting in frictional losses 

comparable to harmonic drives, or around 90%. With such efficiency, these linear actuators can also be 

backdriven  

The ballnuts can be preloaded in a number of ways to eliminate backlash. Typical backlash values can be 

as small as 0.1[mm]. When used to rotate a lever arm 100[mm] long, this results in a backlash of the joint 

of only 3[arcmin]. This is a backlash greater than a harmonic drive, but still substantially less than a 

planetary gearbox. Ball nuts are susceptible to contamination but because the linear actuators are typically 

sealed units, this is not a major concern.  

The weight of the linear actuators appropriate for a humanoid robot falls entirely in the range of harmonic 

drives. The harmonic drive models typically used weigh between 0.9 and 5 [kg] whereas an appropriate 

linear actuator weighs between 0.9 and 3.2 [kg][48].  

Ball screws are typically precision ground. Precision grinding produces linear actuators that are accurate 

to 0.1[mm] per meter. Said differently, for an actuator with a 150[mm] stroke, the overall length of the 

actuator will be within 0.015[mm] of the expected length anywhere in the stroke, meaning the position of 

the limbs is also highly accurate.  

The thread pitch of a typical precision ground ball screw can be anywhere between 3 to 12 [mm]. Using a 

hypothetical lever arm of 100[mm] again, a 3[mm] pitch screw will result in a maximum mechanical 

advantage of 200:1. Therefore even without additional belt reduction, a linear actuator can easily achieve 

the reduction ratios expected of harmonic drive designs.  

Considering the weight of such an actuator matches or is lower than a harmonic drive, the backlash is 

only slightly greater, and the efficiency and accuracy are matched, the reasons for implementing linear 

actuators are quite compelling. In addition, the designer has more freedom with joint and actuator 

placement; the mechanical advantage is within a few percent of harmonic drives; and the flexibility and 

vibration flaws discussed earlier are avoided.  

3-3-2 Biological inspirations 

With a modest amount of research, one will see that the implementation of linear actuators for limb like 

structures is quite common. While these can only be actuated in tension, together they act as a linear 

actuator to rotate the forearm in both directions. In most animal limbs, a similar actuation strategy is 

employed but with extensive redundancy, that is several contractile muscles used in coordination to 

control a limb [49].  

In comparing the strength of two individuals, an important consideration in determining their maximum 

strength is the attachment position of the tendon to the actual bone. Of course, the greater the distance 

between the pivot and the attachment point, the larger the mechanical advantage will be between the 

muscle and the limb. As a robot designer, this distance is a variable that can be easily changed, and 

therefore provides the operator an adjustable mechanical advantage should the motor prove not strong 

enough or the speed not high enough. Furthermore, optimization strategies which maximize each motors 

potential will be able to reduce the motor sizes while maintaining the robots performance.  
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Humanoid robots have rigorous power, strength, and accuracy specifications. Those specifications, up to 

now, have dictated the use of serial style manipulators in all the limbs of current designs, in part because 

of the performance available from harmonic drives. This paper investigated the use of linear actuators for 

use in SAFFIR, Virginia Tech’s first full size humanoid robot. With such linear actuators, as opposed to 

harmonic drives, a parallel actuation strategy can be used to increase the power, accuracy, and strength of 

a robot limb. While both monoarticular and biarticular actuators were studied, only monoarticular 

actuators are used for simplicity. It was found that biarticular actuators would unnecessarily limit the 

range of motion. Because of the couple nature of parallel manipulators, the computation of joint torques 

and velocities is more involved. This paper presented a simple technique to compute both the actuator 

forces and velocities given joint torques and angular velocities. Such work is important in both a design 

and optimization algorithm, as well as for onboard joint control of the robot.  

3-4 SAFFiR Design 

SAFFiR was designed to break out of this mold and investigate and take advantage of both compliant 

control schemes [23], [50], [51]and a parallel architecture employing linear actuators. It is hoped that this 

new compliant parallel architecture will enable more robust performance in difficult environments in 

which SAFFiR and future emergency response robots are expected to operate. This section will discuss 

the design of the SAFFiR, with emphasis on the lower body, as well as experimental results from walking 

tests which validate the parallel actuator arrangement. 

SAFFiR, as seen in Figure 1, is a humanoid robot that will stand 1.6[m] tall when completed. It features 

33 DOF, which includes two 6 DOF legs and arms, a 1 DOF waist, 2 DOF neck, and 3 DOF hands, 

oriented as shown in Figure 2. The general proportions of the robot can be seen in Table 1 and the range 

of motion, power, and approximate reduction ratio of each DOF can be seen in Table 2. SAFFiR employs 

parallelly actuated joints in the lower body; therefore, the available power in each direction is the 

maximum available assuming the leg is loaded in only that direction. When completed, it is expected that 

the robot will weigh 40[kg].  
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Figure 3-1. Currently state of completion of SAFFiR on left and proposed final CAD model.  

 

 

Figure 3-2. Kinematic arrangement of SAFFiR. 

Table 3-1. Specifications of SAFFiR. 

General Height 160 cm 

 Weight 40 kg 
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 Total DOF 33 

Legs Thigh length 380 mm 

 Shin length 380 mm 

 Foot height 40 mm 

 Hip width 195 mm 

Arms Shoulder width 460 mm 

 Upper arm 250 mm 

 Lower arm 200 mm 

 

Table 3-2. Range of motion, mechanical advantage, and power of SAFFiR’s leg joints. 

 ROM 

[deg] 

Peak 

power 

Peak gear 

reduction 

Hip Yaw -25, 10 100 W 230:1 Planetary 

Hip Roll -23, 23 400 W 320:1 Ballscrew 

Hip Pitch -45, 45 400 W 350:1 Ballscrew 

Knee Pitch 0, 90 200 W 370:1 Ballscrew 

Ankle Pitch -40, 50 200 W 350:2 Ballscrew 

Ankle Roll -20, 20 200 W 180:1 Ballscrew 

 
The robot is primarily fabricated from 6061 Aluminum because of the materials high strength to weight 

ratio and ease of machining as compared to other Aluminum alloys. Each skeletal joint of the lower body 

is supported by two preloaded angular contact bearings to ensure there is no play in the structure. The 

joints of the upper body rides on preloaded cross roller bearings in each DOF.  

3-5 Design overview 

Current humanoid designs are almost all serially actuated. This trend is in part due to the limits of high 

gear reduction revolute actuators based on the harmonic drive. It is worth investigating other architectures 

as the current trend has several drawbacks. In a serial configuration, actuators cannot share an applied 

load and must therefore be larger and more powerful. Position errors are summed across the joints which 

decreases accuracy. A serial architecture also has higher inertias and therefore lower accelerations. 

Harmonic drives also have a high stiffness and very little dampening which can create troublesome 

resonances in the robot [47][52] in addition to being counterproductive to the stiff position controlled 

motions generally employed.  

The SAFFiR architecture employs both a unique actuator and actuator arrangement to achieve new gains 

in mobility and agility as compared to conventional humanoid robots. First, a parallel actuation 

architecture (in which one joint comprised of several DOFs is spanned by an equal number of actuators) 

is used to enable higher torques and power in certain motions, improve positional accuracy, and reduce 

backlash. The parallel architecture also has the added benefit of centralizing and simplifying the robot 

structure (which reduces weight) as well as consolidating more of the actuator mass nearer to the center of 

mass. The arrangement of actuators can be seen in Figure 3.  
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Figure 3-3. Linear actuators shown in red against SAFFiR’s structure. Compliant beams shown in yellow. 

This architecture drives the selection of actuators. Linear actuators are employed to make use of highly 

efficient, stiff, and low backlash ballscrews as the gear reduction mechanism and facilitate the addition of 

an elastic member in series. Titanium cantilevered beams, as seen in Figure 3-4, serve as the elastic 

members and can be individually stiffened or even locked out. This configurable compliance in 

conjunction with a very stiff and efficient actuator enable both position and force controllable modes to 

operate on the robot. Having both modes on SAFFiR gives us ability to experiment with the compliance 

and its appropriateness at each joint, a topic for future research.  

 

 

Figure 3-4. Titanium compliant members in series with the two ankle actuators. 

Simple levers are used to transmit linear motion to a rotation about a joint. This configuration is limited 

by the fact that for any linear actuator and lever, the largest range of motion between singular positions 

(in which the mechanical advantage goes to zero) is 180 degrees. Therefore, in the case of SAFFiR, all 

the joints were designed to have maximum mechanical advantage at the middle of their ranges of motion 
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so as to maximize the MA over the remaining range. Four bar mechanisms in which the driven and 

driving link are connected to ground were investigated, but any improvement was on the order of 10% 

and not worth the additional complexity. Other types of linkages, e.g. the Hoeken’s linkage, are under 

investigation for future revisions. 

3-6 Design details 

Actuators 

Custom linear serial elastic actuators capable of force control [53]–[55]were designed for SAFFiR to save 

both weight and volume. Lee presents a detailed analysis of the design in [56][57], but an overview is 

provided here. Each actuator is powered by either a 100 or 200 Watt Maxon EC 4-pole brushless DC 

motor running at 48 volts. The motor in turn drives a precision rolled ballscrew through a one-stage belt 

reduction. Power is delivered to the joint through the moving ballnut and attached carbon fiber tube. The 

ends of the actuator are affixed to the robot through u-joints, which both fully constrain the actuator as 

well as limit the ballnut rotation relative to the ballscrew.  

Accurate and high bandwidth force control is achieved using feedback from Futek™ LCM-200 inline 

load cells in each actuator and Futek signal conditioning boards. Compliant titanitum beams serve both as 

the series elastic member, and the mounting point for the actuator on the robot [57]. The beams are 

relatively stiff at 150-500[kN/m]. Closed loop control of the actuator force is handled by custom motor 

controller code implemented on Maxon EPOS2 Controllers. In cases for which compliance is not needed, 

the beams can be fixed and high gain position controllers run for accurate trajectory control. The linear 

actuator can be seen in Figure 3-5. 

 

 

Figure 3-5. Rendering of custom electric linear series elastic actuator with Titanium compliant beam. 

The yaw DOF in the hip is the only DOF in the lower body that is not actuated with a linear actuator nor 

has any compliance. Instead this DOF is controlled in position mode through a planetary gear reduction 

unit.  

The upper body is driven by a new line of actuators from the ROBOTIS Corporation™ called the 

Dynamixel-Pro™. They are a complete servo-motor package, including motor, controller, and gear 

reduction. Furthermore the housing is structural, and the output supported by a robust cross roller bearing 

such that when implemented the motors form an integral part of the upper arm structure. They controllers 

support CAN and RS-485 communication protocols. A summary of the actuator characteristics can be 

seen in Table 3-3. 
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Table 3-3. Actuator specifications as used on SAFFiR. 

Type 100W 

Linear 

200W 

Linear 

20W 

Rotary 

100W 

Rotary 

200W 

Rotary 

Weight 

[g] 

653 735 320 642 760 

Cont. 

Force  

300[N] 500[N] 5.5[Nm] 21[Nm] 32[Nm] 

Max 

Force  

1000[N] 1600[N] 11[Nm] 39[Nm] 48[Nm] 

Max 

Speed 

0.2 [m/s] 28[rpm] 35[rpm] 35[rpm] 

 

3-6-1 Hip  

As alluded to earlier, the hip joint employs a hybrid parallel/series arrangement. The yaw DOF is driven 

directly by one actuator, while the pitch and roll DOFs are parallelly driven by two linear actuators. The 

hip pitch and roll typically require more power, torque, and precision than the yaw, and so were chosen to 

be driven together to maximize the benefit of parallel actuation during a walking cycle. The highest 

power draw occurs about pitch during the accelerations of the leg swing, while maximum torque is 

needed for the stance roll joint to support the remainder of the robot. Because of the length of the leg, the 

precision of the roll and pitch have a greater effect on foot placement than yaw. The two associated 

actuators start at the top of the torso and terminate at the top of the thigh. They are nominally placed on 

the torso to minimize the leg inertia. The assembled torso and hip joints can be seen in Figure 3-6.  

 

 

Figure 3-6. Parallel hip actuators as seen on the robot. 
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The two linear actuators of the hip drive the pitch and roll DOFs through two effective levers (defined as 

the perpendicular length between the actuator and the axis of rotation). The roll levers are maximized to 

provide a large degree of torque about this axis while keeping interferences from occurring. With a hip 

width of 190[mm], the roll lever was made 65[mm] long for a gear reduction of 320:1. The lever arm for 

pitch was made slightly longer as there were fewer packaging constraints. It is 70[mm] long for an overall 

reduction of 350:1.  

3-6-2 Knee and Ankle 

The knee and ankle are more straightforward than the hip. The knee is driven by a 200W linear actuator to 

handle the higher power and force output required by certain motions such as bent knee walking or 

squatting. As is, this motor operates at roughly 40% of its continuous capability, indicating the motor is 

properly sized considering more weight will be added to the robot as it develops.  

The lever arm for the knee is 75[mm] long and is biased so that when the knee is bent, the mechanical 

advantage increases, and when straight, the advantage decreases. This allows for greater knee speed when 

walking, and more torque when bent for squatting. The knee can be seen in Figure 3-7. 

 

Figure 3-7. Details of knee actuator. 

The ankle has two DOFs, pitch and roll, arranged in that order and also controlled in a parallel manner. 

The ankle joint is unique in that the dynamic requirements of the joint are less severe, i.e. the foot is 

lightweight and requires little torque to move when in the air, and when on the ground, can only exert as 

much torque on the ground as the support polygon and robot weight will allow. Therefore, the lever arms 

can be smaller; for roll they are 37[mm], and pitch they are 70[mm].  
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Figure 3-8. Parallel ankle actuation. 

3-6-3 Upper body 

The upper body consists of two six DOF arms, with a three DOF shoulder, one DOF elbow, and two DOF 

wrist. The current hands have three fingers, each with one DOF capable of grasping a variety of objects. 

The upper body is actuated solely with serially arrange revolute actuators in order to achieve the large 

range of motion necessary. This also ensures uniformity of communication protocols across the entire 

upper body. The orientation of each actuator can be seen in Figure 3-2. The first two actuators in the arm 

are of the 200[W] variety, the second two 100[W], and the final two 20[W].  

The hand consists of three independent 1-DOF fingers. Each finger is made up of two links, where the 

second link position is dependent upon the first. The fingers are driven by ROBOTIS EX-106™ motors.  

Finally, the neck includes two DOFs, a yaw followed by a pitch to allow the sensors onboard the head a 

wide field of view. Both utilize the 20W Dynamixel™ Pro motor.  

3-7 Sensors and computation 

SAFFiR utilizes a distributed control system. High level motion control is done on a dual core 1.6[GHz] 

FitPC3™ that also handles the kinematic calculations and communication using the lightweight Linux 

distribution, Arch™. Low level motor control, that which handles motor current, motor position, and 

actuator force, is done on the Maxon EPOS2™ motor controllers located on the front of the torso and side 

of the thighs. Communication between the PC and the controllers is achieved through a CAN network 

running the CANOpen protocol. Two CAN network cards, PEAK™ PCI-Express units, are used for a 

total of 4 channels. One channel is utilized per leg, one for the force torque sensors (as they run at a lower 

baud rate), and one channel remains for the upper body. The CAN network is the slow link in the control 

loop chain; however, cycle times are only 2[ms].   
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Figure 3-9. Physical arm on left and render of completed upper body on right. 

SAFFiR includes an advanced instrumentation suite for both proprioceptive and exteroceptive sensing. 

The angular rates, positions, and linear accelerations are attained from a Microstrain™ 3DM-GX3-25 

AHRS unit. The robots interactions with the ground are monitored via an ATI Mini-45™ 6-axis force 

torque sensor in each foot. As mentioned earlier, actuator positions and forces are sensed through the 

motor controllers, and processed into joint position and torques onboard the FITPC3™. Exteroceptive 

sensors include stereo FLIR™ cameras for navigation, UV sensors for fire detection, a webcam, and a 

RADAR proximity sensor for range estimation in smoke filled environments. A Hokuyo LASER range 

finder is located on the chest for navigation in clear air.  

SAFFiR is designed to be operated without a tether, therefore all power is onboard. The power system is 

separated into two isolated subsystems. The first supplies the motors with power, and consists of two 

Lithium polymer batteries that provide 10 amp-hours of energy at 48 Volts. It is expected that during 

normal operation this will provide 30 minutes of power. The second power subsystem runs at 24 Volts 

and supplies all the computation and sensory devices. All batteries are contained within the torso. 

Separating the actuator and sensory power systems reduces noise and power interruptions that may occur 

during demanding motions. 

3-8 Results 

The lower body of the robot has been fabricated as seen in the figures above along with portions of the 

upper body. A preliminary walking algorithm has been implemented on the robot, capable of walking at 

0.25[m/s]. The algorithm uses simple time based trajectories generated online in conjunction with ankle 

and hip feedback strategy based on the gyro rates to improve stability. The forces generated in each 

actuator from one leg were measured during two strides and are presented in Figure 10. In this figure, 

dual support and single support phases are denoted by DS, and SS respectively. The blue line represents 

the inner actuator, and the red line the outer actuator. Positive values signify the actuator is in tension. 
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Figure 3-10. Actuator forces as a function of time for the right hip, knee, and ankle during a walking stride.  

The data in Figure 3-10 is that of the right leg. Around 0.2[s], the left leg lifts from the ground and the 

robot goes into single support phase with the right leg acting as the stance leg. The left heel strikes the 

ground at 0.4[s] and momentarily unloads the right knee; the double support phase follows. Both the knee 

and ankle plots go to zero during the next single support phase when the right leg is in the air. The right 

heel strike is clearly visible at 0.9[s] in both the ankle and knee.  

Most notable from this plot is the distribution of force between the two hip actuators during the first 

single support phase in which the right leg is the stance leg. Firstly, it is during this phase that the 

maximum loading of the hip actuators occurs. Secondly, the actuators are nominally acting in equal and 

opposite directions, meaning the hip is predominantly loaded about the roll axis. Therefore the parallel 

actuator configuration chosen complements the loading conditions present. The effort of each actuator to 

meet the loading requirements of the hip is minimized, which prolongs battery life and increases the load 

carrying capability of the robot.   
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4 Walking Algorithm 

4-1 Introduction 

As stated before, the approach to bipedal walking can be broken down into three approaches, those being 

the “ZMP”, “Passive-Dynamic”, and “Centroidal” approaches. At present, there is a great divide between 

the former two, with the Momentum control approach partially filling that gap. Robots utilizing a ZMP 

based approach are characterized by their rigid electro-mechanical actuation and stiff position controlled 

joint trajectories. Passive Dynamic bipeds can be almost entirely be grouped on the opposite end of the 

spectrum. These robots typically have force controllable actuators and one or more completely passive 

joints. Instead of predefined joint trajectories, they let the natural dynamics of the system dictate the 

motion of the robot.  

Naturally, each approach has merit. Passive dynamic robots are very efficient and walk in a natural and 

visual appealing manner. ZMP robots though can walk faster, through more varied terrain, and can 

recover from larger disturbances. However, significant energy has not been spent understanding if and 

where an appropriate compromise should be made between the two. The walking algorithm presented 

herein aims to use the best characteristics and design methodologies from successful robots in both 

categories whilst developing a novel control architecture that encompasses it all. The approach here can 

be characterized within the Momentum control research area.  

Above, the physical hardware that enables this approach, being capable of both position and force control 

modes, was detailed. This chapter will outline the unique walking algorithm that governs this mechanical 

system. First, the specific phases and characteristics of a walking cycle are discussed. Secondly, favorable 

attributes of both ZMP and passive dynamic robots are discussed, the most useful of which will be 

incorporated into the novel walking algorithm presented here. Finally, the specific approach of the 

algorithm will be presented.  

4-2 Walking Cycle 

Legged locomotion is a fundamentally easy task. The motion of a legged being need only achieve forward 

progress of the center of mass to be technically locomoting. This is achieved in nature through a countless 

variety of ways. Hopping, running, crawling, shuffling, and swimming can all examples of legged 
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locomotion. Walking is a special case of legged locomotion, and although almost every person on the 

planet knows how to walk, science has yet to understand precisely how a human walks. There are some 

characteristics though of a walking gait that are important to be familiar with. 

Walking is characterized by the motion of the center of gravity with respect to one or more feet on the 

ground. In particular, the center of gravity follows and inverted pendulum phase trajectory having 

maximum potential energy at the top and maximal kinetic energy at the bottom. The top and bottom in 

this case are with respect to one or more stiff legs which serve to support the center of mass, called the 

support or stance leg. Forward motion occurs when this inverted pendulum motion occurs in conjunction 

with an alternating of stance legs between two or more total legs. The legs not supporting the mass are 

called the swing legs. If the transfer of support between the legs occurs on average one in front of another, 

then forward progress will have been made. As this research concerns a bipedal robot, a walk is 

heretofore limited to mean specifically bipedal walking.  

The walking cycle is characterized by a unit, the stride. The various stages of and events punctuating a 

stride can be seen in Figure 4-1. A stride consists of one cycle that begins at the time of contact between 

one leg and ends when this same leg again contacts the ground after having gone through both stance and 

swing phases. Two steps make up a stride, where one step consists of the time of contact following the 

swing phase of one leg with the ground and ending at the time of contact with the ground of the opposite 

leg. Thus in a humanoid form, wherein the legs are nominally on the left and right of the body, a stride 

consists of a left step and a right step. In practice, the left and right steps will be mirror opposites of each 

other.  

 

Figure 4-1. Components of a one stride. 

Each step consists of several phases. Take for example the left leg. A left step begins the moment at 

which the right foot collides with the ground, denoted as a heel strike. In this collision, a small amount of 

energy is lost. For at least a moment, there are two feet in contact with the ground. This phase is denoted 

as the double support phase. During double support, the weight of the robot is transferred from the right 

leg to the left leg. In practice, this occurs over a finite about of time the length of which varies according 

to the design of the walking algorithm. Double support ends once support has been fully transferred to the 
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left leg, which occurs as the right foot leaves the ground, most often following a “toe off” routine in 

which the right toe propels the robot upward and forward. At this point the single support phase begins.  

During single support, the COG behaves as an inverted pendulum. Immediately after single support 

begins, the COG phase trajectory has its lowest potential energy because the pendulum is furthest from 

top dead center. Although it lost a small amount of energy during the stride to stride collision, there 

remains enough kinetic energy to raise the COG to the peak of the stride. After passing top dead center, 

the potential energy again returns to kinetic and the COG velocity increases. During this time, the right 

leg, now the swing leg, moves from a posterior position to an anterior one. As it does so, the COG will 

deviate slightly from an ideal pendulum as both the inertia of the swing leg causes the COG to 

momentarily increase its velocity, and therefore move further forward than otherwise. The ankle may also 

exert torques upon the ground to speed up or slow down the COG so long as the foot remains flat on the 

ground.  

When the COG and swing leg have reached a certain position, the right leg collides with the ground. This 

collision is primarily inelastic, with energy being dissipated through negative work of muscles or 

actuators, heat, and noise. The angle at which the COG is travelling has a large effect on the amount of 

energy lost, and therefore plays a large role in the efficiency of a walking stride. In humans, it is shown 

that reducing this energy loss is the primary function of the magnitude and timing of toe off.  

During double support since both legs are on the ground, and at all times one leg must always be on the 

ground, each leg is in contact with the ground for an average of at 50% of the time. As the time spent in 

double support decreases, the contact ratio approaches 50%. This ratio is different from that of running, 

which includes an aerial phase, causing the ratio of time spent in contact with the ground to drop below 

50%.  

The nominal walking stride has been described. However it is quite common for the length, timing, or 

magnitude of the events of a stride to vary between various robot walking algorithms. For example, many 

ZMP based robots deliberately reduce the effect of the stride to stride collision by closely matching the 

approach velocity of the swing foot to that of the ground. Passive dynamic robots do quite the opposite, in 

fact using the collision as a control parameter. The following section will catalogue generalizations of 

both approaches as they pertain to the walking stride.  

4-3 ZMP walking stride 

The origin of the ZMP based bipedal walking robots can be traced to industrial robots and thus share 

many characteristics. These industrial robots operate with powerful high gain motors and controllers that 

can quickly and accurately perform their task. ZMP robots have typically retained this style of actuation. 

Because they lack a fixed base though, special care is taken when such trajectories are generated to 

prevent the robot from falling over. This is accomplished by ensuring the center of pressure, or ZMP, of 

the robot does not leave the support polygon. Upon encountering disturbances, these trajectories are 

modified on-line so as to remain stable. Because of the nature of their actuation and control methodology, 

there are some unique characteristics of the ZMP controlled walking stride.  
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The most significant difference between a ZMP walking robot stride and that as described above, is the 

path of the center of gravity over time and space. For a number of reasons, ZMP robot designers seem to 

be quite cautious of singular leg configurations. In particular, while walking the knee is always in a bent 

position. This allows the controllers to be continuously defined in all three dimensions without the need to 

make exceptions for a singular configuration. As such, there is no compelling reason for the center of 

gravity to rise and fall within the stride. It is instead simpler to define a smooth or flat COG trajectory 

through space. Only a few examples, explicitly called “straight leg walking” punctuate the field of ZMP 

walking [refs]. Additionally, because the legs cannot be extended until the singularity, long strides are 

difficult simply due to a nominally shorter leg.  

A secondary result of dictating the height of the COG explicitly is the tendency to disregard or eliminate 

the step to step collisions. A collision is difficult to handle with a conventional controller because they are 

not continuous events, but rather occur on theoretically infinitesimal time scales. Instead, joint trajectories 

are carefully calculated so as to both slow the foot to zero at the moment of “heel strike” and orient the 

foot so as to fall flat on the ground. The result is a much smaller discontinuity of the COG trajectory, and 

thus greater stability of the controllers. This, along with the near constant COG height and bent leg stance 

give ZMP based robots their unnatural appearance. This is most dramatically demonstrated by slow 

motion footage of ASIMO walking and running. Unfortunately, by negating the collision, these robots 

loose an effective means of control.  

Furthermore, because there is no collision, there is no impulsive force to cause the robot mass to transfer 

support from one leg to another. Instead a long double support phase is used to move the COM forward 

over the new stance leg. This in and of itself is not a problem; however, because the legs are technically 

over-constrained during double support and the joints are run in position mode, it is quite easy to burn 

energy holding joint positions that are inconsistent with the true kinematics. Additional inefficiencies are 

a result of the bent knee configuration that requires large amounts of torque and therefore current to 

maintain.  

The irregularities of the ZMP stride extend to the single support phase as well. Firstly, to maintain 

continuous control over the robot, it is necessary that the ZMP does not move outside the support 

polygon. Theoretically this means is that the ratio between the torque on the ground and the vertical force 

on the foot cannot exceed a fixed ratio. Practically though, this constraint is more difficult to maintain. No 

ZMP robot has the necessary hardware to effectively control the torque at the ankle. The impedance of the 

electro-mechanical actuation is simply not low enough. Therefore the ZMP is controlled through precise 

position controlled trajectories determined with a full model of the dynamics. Any disturbance 

unaccounted for will cause a deviation from the trajectories and the foot to roll up on an edge. Most 

worryingly, this type of control requires precise knowledge of and solid contact with the ground, the two 

requirements that are very difficult to meet.  

The swing leg action of a ZMP robot is also carefully controlled for two reasons. One, the inertial effects 

of the swing leg must not force the ZMP to or past the edge of the foot. Secondly, a very effective method 

of ensuring the stability between steps is to actively place the swing foot prior to heel strike. Fortunately, 

the ability of ZMP robots to accurately position the swing leg gives them great control over the placement 

of the foot, and therefore the stability of the walking algorithm. While the ability demonstrated by these 

robots is compelling, it is clear that there are many deviations from an average stride. Those that result in 
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an improvement are strong candidates for a hybrid force/position controlled scheme. The following 

section will address the opposite end of the spectrum: passive dynamic robots.  

 

Figure 4-2. The characteristics of a ZMP based walking strategy. 

4-4 Passive dynamic stride 

There are a large array of passive dynamic based walking machines and robots. They range from 

completely unactuated versions of McGeer [ref], to the nearly fully actuated ones of Delft [ref]. Because 

of this range it is much more difficult to make generalizations; however, they do all share some useful 

guiding principles that can be gleaned from the bunch. This section will cover the general trends of 

passive dynamic walkers as they relate to the walking stride.  

The most apparent difference between ZMP robots and passive dynamic ones is the degree of naturalism 

with which passive dynamic robots walk. There are two primary reason for this. The first is that a passive 

dynamic robot’s COG is allowed to rise and fall during a stride as a human being would do. To force it to 

do otherwise would require a significant expenditure of both positive and negative work. As many passive 

dynamic robots have one or more unactuated joints, this is more often than not simply not possible. The 

result though is higher efficiencies. Allowing the COG to move as it would naturally, requires no energy. 

An additional characteristic then is that these robots walk with straight legs and therefore do not require 

any energy to maintain a bent leg configuration. 

The realism with which passive dynamic walkers move is also due to the actuation typically found on 

such robots. In almost all the examples of passive dynamic robots that have actuators, force controllable 

actuators are used. These are quite different from the more conventional position controlled actuators 

found on ZMP style robots. Such actuators are simply those in which the output force of the actuator can 

be controlled accurately with sufficiently high bandwidth. They have been studied since the 1980’s [ref]. 

This can be accomplished in a number of ways: pneumatic and hydraulic actuators can be very easily 

made to control their output force and have been used on several passive dynamic machines. Electric 

varieties are growing in popularity and are seen on Delft’s Flame and MIT’s M2V2. Importantly, this 
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actuator enables the natural dynamics of the robot to guide the motion (as opposed to the actuators doing 

so) giving them a much more realistic gait.  

Aside from an early toy [ref], the field of passive dynamic walkers originates with the work done by 

McGeer [ref]. Fundamental to his approach was the effects of the step to step collisions on the momentum 

of the robot. It was shown that an inelastic collision accurately predicts the velocities of the robot after 

collision, and goes a long way of explaining the importance of toe-off in a humans gait [ref]. Because the 

collision dissipates energy, it is a source of damping in the system and has a stabilizing effect[20], [58]–

[62]. An increase in velocity causes more energy to be dissipated in the collision, and therefore the system 

tends to return to an equilibrium. Therefore, all passive dynamic robots utilize this effect to varying 

degrees. The most pronounced use of collisions as a stabilizing feature is the work of Hobbellen[23], [63]. 

His robot, Flame, amplifies the stabilization of the collision by actively retracting the swing leg just 

before heel strike. Low bandwidth actuation makes though makes more complex swing leg trajectories 

impossible.  

This discussion also highlights the actuation of the swing leg. Many passive dynamic walkers actual have 

an unactuated swing leg. The natural dynamics of a double pendulum are sufficient to cause the swing leg 

to accelerate forward under the hip and to the correct position for heel strike if the mass properties are 

tuned correctly. When actuated though, the swing leg is utilized for an interesting effect, that of 

accelerating and raising the COG [63]. Enough energy can be input in this fashion to compensate for that 

lost during collisions. While ZMP style robots may also make use of this effect, it is from the passive 

dynamic robots that it was first fully understood. Because many passive dynamic robots have limited or 

no swing leg actuation, active placement of the foot for disturbance rejection is difficult or impossible.  

Furthermore, because of the impulse of collision, the double support phase of passive dynamic robots is 

very short, and in many instances or simulations is assumed to be zero. Both the unactuated joints and the 

kinematic singularity of the straight leg walk further make a long double support difficult or impossible. 

If the efficiencies of these robots are any indication though, a short double support phase appears to be 

beneficial. Another source of efficiency is the curved foot often equipped on passive dynamic robots. A 

curved foot causes the ZMP to naturally progress from the heel to the toe during the stance phase. This 

has a tendency to smooth out the COG trajectory and result in less energy loss at heel strike. Humans 

naturally do this and more by rocking up on the ball and toe of the foot just before heel strike [62].  
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Figure 4-3 The characteristics of a passive dynamic walking stride. 

Collisions play a large role in the energetics of each step much like passive dynamic bipeds. This is 

because at heel strike, as demonstrated by passive dynamic walkers, a significant portion of energy is lost. 

This must be accounted for when predicting the phase portrait for the latter half of the step. Specifically, 

there will be a discontinuity between the phase portrait at the moment before heel strike, and the moment 

after representing an instantaneous loss of velocity and energy, as can be seen in Figure 4-4. Collisions 

can also be utilized as a control input, as demonstrated by the work of both McGeer and Hobbelen 

explained above.  

 

Figure 4-4. Variations in stride length affect the energy loss during stride to stride collisions. 

4-5 Hybrid approach 

Clearly much is to be learned from both ZMP and passive dynamic style walking bipedal robots. A 

primary goal of this work is to investigate a hybrid approach. The best attributes of both the mechanical 

and control systems of either style will be used with the hope that a robust walking algorithm be 

developed that has both the versatility of a ZMP robot and the simple and natural motion of a passive 
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dynamic robot. In this section, such an algorithm and the hardware necessary to implement it will be 

proposed.  

4-5-1 Controller Selection 

As discussed, an actuator was specifically developed for SAFFiR to enable both position and force 

control. The actuator is an electromechanical unit composed of a Maxon brushless motor that drives a 

ballscrew reduction system. If mounted very rigidly to the robot frame, these actuators can provide very 

accurate positioning of the joints. When mounted to the robot through a series elastic spring, very 

accurate force control can be enabled. The method of control for each joint in the lower body must then 

be chosen such that it is appropriate for both its use and how it will be controlled.  

The purpose of each joint in the leg drives the selection of the controller. From an understanding of the 

walking cycle and how it has been approached in the past, one can discern the purpose of each joint in 

that cycle and thus the most appropriate controller. Starting from the ground, and moving up the leg: the 

ankle serves to support the robot and apply torques to the ground. In doing so, these torques can produce 

or absorb energy during the stance phase of a step. The ankle must also absorb the collision forces during 

heel strike. It is desired that SAFFiR be able to walk on unstructured terrain, therefore the ankle must be 

able to quickly and easily adapt to the inclination of the terrain. The ankle serves little purpose during the 

swing phase. For these purposes, a force controlled ankle is more suitable. Energy can be controlled 

through the force times displacement curve. Collisions are unlikely to damage the actuators when set to 

zero force. Similarly, the foot can freely move into any position dictated by the terrain during heel strike.  

The knee performs important functions during both the swing and stance phase. During swing, the knee 

bends to lift the foot clear of the ground and any obstructions. Just before heel strike, the knee extends. 

During a human gait, the knee momentarily flexes during collision to soften the impact. The knee stays 

locked in the extended position during stance phase to support the weight of the robot in passive dynamic 

walkers, but remains bent for ZMP based robots. Unlike the ankle, the case for either force or position 

control is not as clear. Force control could accomplish the tasks required and has been shown to work. 

However because this robot must also perform other tasks besides walking, position control was as a 

more proven method of control.  

The hip joint serves to connect the legs to the torso. It is responsible for accurately positioning the foot for 

heel strike during the swing phase. Inaccurate placement of the foot will introduce disturbances into the 

system, and destabilize the walking algorithm. Furthermore, the hip joint has large inertia’s on either side 

of the joint, the leg on one side and the torso and opposite leg on the other. While research shows a force 

controlled hip is possible, it required considerable feed forward control to do so accurately. Therefore the 

hip is most suitable for position control.  

The hybrid approach here implements force control on the ankle, and position control elsewhere, 

combining portions of both ZMP and passive dynamic based robots. The distribution of the two 

controllers can be seen in Figure 4-5. The future of robotics though points to more widespread use of 

force control because of its compliant nature, making it safer when in proximity to humans. Should the 

above approach be successful, it can be easily extended with force control later when such controllers are 
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more rigorously understood. With these selections in mind, the following section will identify specific 

control themes to be developed to solve the stepping stone problem.  

 

Figure 4-5. SAFFiR runs a mixed force and position control architecture. 

4-5-2 Walking algorithm features 

As with any research, this project builds off of and extends the work of others in the field. In this section, 

the general features of this novel walking algorithm will be outlined. The individual features will be 

combined into a cohesive algorithm that both directs and stabilizes a bipedal walking gait.  

To begin, the problem statement is reiterated. Specifically, there exists no walking algorithm that allows a 

robot to take a stride to a designated step location with arbitrary realizable initial and final velocities. The 

goal of this research is to solve the “stepping stone” problem. Literature and intuition makes it clear that a 

successful algorithm will have a strong balancing capability to handle disturbances and model error. It 

must also maintain the flexibility and extensibility to make arbitrary steps. That means that gaits 

generated as part of a limit cycle are not useful, as they cannot be easily extended beyond a small step 

size. ZMP based algorithms are generally computationally intensive, and a solution to arbitrary steps 

difficult to find. Therefore this work proposes a new intuitive over-arching control mechanism through 

which successful principles from can be incorporated. 

The over-arching mechanism through which the robot will be controlled is simply the energy of the robot. 

In this light, stability of a step or walk can be ensured by carefully controlling the energy of the system. 

As long as the transfer of energy from potential to kinetic is limited, such that the robot does not gain 

more kinetic energy at the beginning of the step than it can lose at the end, the robot will not fall over. 

Other advantages include: trajectories through space can be generated through the phase portraits of the 

center of gravity. This method does also not exclude the use of more conventional controllers, such as 
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those needed to move the swing leg, balance the torso, and move the upper body. As will be seen, this 

approach is amenable to ZMP stability criteria and aspects of passive dynamic walkers, yet has the 

advantage of being relatively simple to understand and all inclusive. The specific sub-controllers through 

which this architecture is implemented will now be addressed.  

There are three primary levels of controllers in this algorithm. At the top level exists the center of gravity 

trajectory controller. The purpose of this controller is to guide the COG through the phase portrait of an 

inverted pendulum acted upon by a torque at the pivot. Three dimensional walking will be accomplished 

through the coordination of the phase portraits of both the sagittal and frontal planes. Because this 

approach allows and encourages the COG to rise and fall during a step, it shares some aspects of passive 

dynamic walkers and natural bipeds.  

The primary means of controlling the trajectory of the COG will be through the torque generated by the 

force controllable ankle joints. An effective control law will be the devised to accomplish this. This 

approach has the benefit of also enabling the stability criteria for ZMP based algorithms is met by limiting 

the torque applied to the ground such that the center of pressure does not move beyond the support 

polygon. Doing so will allow a unique comparison of the two methods. For example, how the position 

and torque profiles of a force controllable ankle compares to that of a position based one. Effectively 

then, this work aims to separate the ZMP criteria into its two primary components: the COG and the 

torques about the ankle joint, as seen in Figure 4-6. 

 

Figure 4-6 . Our approach to walking seperates the ZMP principle into its two components, the COG 
trajectory and corresponding ground reaction forces. 

Utilizing the collision dynamics as a method of control, requires accurate swing foot placement. Any 

error in the position of the foot at heel strike will greatly affect the energy lost, and therefore the 

effectiveness of the controller. Historically, accurate foot placement is not a strength of passive dynamic 

walkers, but is accomplished successfully by stiff position controlled hips, such as those seen on ZMP 

robots. A unique benefit of this actuation though is the ability to easily modify the trajectory to account 

for model and sensor error in the terrain. Specifically, swing leg retraction can be extended to include 

lengthening such that the disturbance due to ground height variation is minimized.  
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Forward progress when walking is of course only achieved if one leg alternately swings forward of the 

other. Having a fully actuated leg results in a very large inertia of that leg, and therefore the swing phase 

can have a significant impact on the dynamics of the robot. This work aims to reduce the disturbances that 

happen as a result and more importantly utilize this effect to improve the stability of the walking 

algorithm. For example, by carefully timing the acceleration and deceleration of the swing leg, it can both 

accelerate the COG early in the stance phase, and decelerate it at the end, thereby increasing the control 

authority of the ankle. Similar strategies will also be employed to control the torso based on the effective 

strategy readily seen in humans.  

 

Figure 4-7. Characteristics of the walking algorithm implemented here. 

4-6 Balance Controller 

Once the physical hardware is completed, the development of the walking controllers follows. In this case 

we use several simplified dynamic models to gain understanding into the underlying principles affecting a 

stride and how to observe and control them. In this case the control loops are implemented through the 

use of either position or force feedback loops. The following sections will describe one very important 

portion of the walking controller, the balance controller. Higher level controllers are then built on top of 

the balancing controller to implement robust walking.  

A stable walking strategy is built around a robust balancing controller. The balancing controller is 

responsible for maintaining a certain Center of Mass (COM) position with respect to one or both feet. It is 

therefore if not the heart, at least a major organ of the walking algorithm. Its function is to stabilize the 

COM about either a stationary setpoint or desired trajectory against all disturbances. Therefor the same 

balancing controller is used to maintain a desired COM trajectory during the walking gait as well while 

the robot is stationary. The controller is able to accomplish this via two control signals to the system, the 

first being the ankle torques, and the second being torso or swing leg windmilling. Both methods will be 

discussed in detail.  
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The following sections will outline exactly how the balance controller is implemented beginning with the 

calculations necessary to accurately compute the COM. The COM velocity is less straightforward due to 

noise in the sensors, particularly the IMU, and thus requires an observer for accurate measurement. The 

design of the COM measurement and observer is covered in Section 4-7. Two controllers run on the 

COM signal. The first controls the torque delivered to the ground via the ankle joint. This is the most 

effective and direct way of controlling what is basically a tall inverted pendulum (without taking a step or 

moving the support polygon). The design of the Ankle torque controller is covered in Section 0. 

Extending the analogy of an inverted pendulum, a torque about the pendulum pivot is not the only way of 

balancing if additional degrees of freedom are present. Many control students have balanced reaction 

wheel pendulums using the “flywheel” technique[64], in which torques can be generated by accelerating a 

reaction mass atop the pendulum. Humans do a very similar action, in which they rotate their torso and a 

free leg about the opposite hip joint to recover from a shove. A similar strategy is being developed for 

SAFFiR. The design of this controller and its performance is discussed in Section 4-13. 

4-7 COM Estimation 

The COM is the point in space about which the sum of mass of the entire body is balanced. The COM 

plays an important role in the stability of all robots, but in particular humanoids. Humanoids have a very 

high COM, on average positioned at roughly half of their height. In combination with the relatively small 

support polygon defined by one or two feet, this results in a robot that is often only millimeters away 

from falling. Therefor accurate estimation and control of the COM with respect to the support polygon 

can dramatically increase the stability of the robot.  

On the face, the computation of the COM is not difficult. In reality, sensor noise complicates the problem. 

In this case, only the x and y position of the COM are computed, as they have the largest bearing on 

stability. Additionally, due to the limited range of motion of SAFFiR, the height of the COM actually 

varies very little, and thus the height is assumed to be constant. The x and y position of the COM are 

given by Equations 4-1 and 4-2. 

4-1      
∑      

 
 

∑   
 
 

      (4-1) 

4-2      
∑      

 
 

∑   
 
 

      (4-2) 

where mi is the mass of the i
th
 link, n is the number of links, and xi and yi are the location of the center of 

mass of each robot link.  The mass of each link and its respective location on each link are computed 

using the CAD model. Then the position, xi and yi, are computed using the forward kinematics of the 

robot in the current configuration. Naturally, a concern when using this method is the accuracy of the 

estimated mass and its location from the model, as typically the model differs from the actual hardware is 

some way. Therefore the computed COM was checked against the center of pressure (COP) in a number 

of static configurations. Poses included both one footed and two footed stances. The results of which can 

be seen in Table 4-1. 
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Table 4-1. Measured COP location as compared to the estimated COG position in [mm]. 

Pose Estimated and Measured Positions 

1 -0.1 Measured x Error x Estimated y Measured y Error y 

2 25.8 -0.1 0 5.6 2.0 -3.6 

3 11.2 30.9 5.1 2.2 0.5 -1.7 

4 50.0 11.5 0.3 1.4 -0.9 -2.5 

5 6.6 60.5 10.5 -0.8 -0.8 0 

6 9.4 8.1 1.5 -17.7 -29.2 11.5 

7 49.2 9.0 0.4 24.3 27.6 3.3 

8 27.2 58.3 9.1 -24.2 -25.8 1.6 

9 44.6 29.0 1.8 -30.9 -25.6 5.3 

10 20.3 45.8 1.2 1.9 -0.8 -2.7 

11 14.2 27.2 6.9 32.6 23.7 -11.1 

12 18.0 21.0 5.8 -0.9 -1.2 -0.3 

 

With a suitably good estimate of the position, the velocity of the COM can be computed using a simple 

first order digital derivative filter with a cutoff frequency of 30[Hz]. This however leads to a good deal of 

noise in the signal, as can be seen in Figure 4-8, which is problematic for any feedback signal. The low 

cutoff frequency also introduces more phase lag than is desirable.  
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Figure 4-8. First order derivative filter with 30Hz cutoff frequency is used to measure the COG velocity. The 
plots above show the angle and rate of change about x and y respectively. 

It is necessary to improve the COM velocity signal for better stability. Fortunately, with the multitude of 

sensors onboard SAFFiR, it is easy to replace the filter with a Luenberg observer. This technique 

eliminates spurious and noisy readings by comparing the measured values, with expected values 

computed using the commanded inputs and some representative model. Should the measurement fall too 

far from the expectation, its weight is decreased and thus the noise reduced. In this case, the robot is 

modeled as an inverted pendulum with mass m, and inertia I as seen in Figure 4-9. An observer also 

requires an input or control signal which in this case is the torque exerted about the pendulum axis by the 

COP. The observer estimates the angle between the ground and a line connecting the ankle to the COM. 

From here, its linear velocity, can also be computed as will be shown later. While in single support, the 

robot actually behaves as 2 dimensional pendulum, being able to move freely in two directions. For 
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simplification, these two directions are assumed to be independent and computed separately. The 

derivation below though is similar for either direction.   

 

Figure 4-9. Representative model used in observer to improve velocity estimate. 

The full dynamic model of such a system is given in Equation 4-3: 

4-3  ̈        ( )        (4-3) 

where h is the height of the COM above the ankles, I is the inertia of the robot about the ankle, m is the 

mass of the robot, and g is acceleration due to gravity. Because of the limited range of motion of the robot 

neither the inertia nor the height can change significantly during the walking motion; therefor, both are 

assumed to be constant. Linearizing Equation 4-3 and putting into state space form yields Equation 4-4: 
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]       (4-4) 

Or more simply as in Equation 4-5: 

4-5 ̇                  (4-5) 

The remainder of the system is given as in Equations 4-6 through 4-8. 

4-6             (4-6) 
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where u is the torque applied about the ankle by the COP. Both the location of the COP and its magnitude 

is computed from the force torque sensors in each of the feet. The input torque to the model can then be 

found as in Equation 4-9: 

4-9        (          )          (4-9) 

 

Figure 4-10 Each foot COP can be found by transforming the force torque reading to the point at which the 
moment goes to zero. The robot COP is a distance weighted average of each individual foot’s COP.  

Since this system is observable, the rank of [C, CA] is two, we can define a gain matrix K, such that the 

observer poles are significantly to the left of the system poles. In this case the system poles are fairly 

slow, and will be well damped due to the ankle torque. They are estimated with a natural frequency of 

0.75[rad/s] and a damping ratio of 0.85. The observer poles are considerably faster (20x the system 

poles). The estimated state of the system is then given as Equation 4-10. 

4-10        [    ]     [  ]                      (4-10) 

In Figure 4-11, one can see the difference between the filtered and observed signals. Interestingly, the 

quality of the estimated position is degraded due to the additional noise caused by the COP measurement. 

Therefore all controllers use as the state the measure position and observed velocity.  
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Figure 4-11. A Luenberg observer was used to improve the velocity estimate of the COM 

A humanoid is not a simple two dimensional inverted pendulum, in the double support phase it acts as a 

1-D pendulum. By using the COP as the control signal, u, the observer is able to work correctly in both 

single support and double support. The only difference is which foot the pendulum pivot is associated 

with, either left or right but not both. The specific foot is chosen by a higher level controller in the 

walking algorithm that determines the appropriate foot at the time. Switching between the two states is 

accomplished by resetting the observer to the best measured position and velocity, thereby minimizing 

any spikes in the estimated signal. With this design, the same observer can be used continuously during 

and between any hybrid robot states.  
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A limitation of this design is its inability to correctly interpret the COP on non-level surfaces due to the 

COP calculation. These calculations assume that the plane of the foot is oriented perpendicular to gravity. 

As SAFFiR’s ultimate goal is to traverse uneven and compliant terrain, it will be a priority to modify the 

COP calculations and likely the observer design to accommodate these situations.  

In simulation and on hardware, this observer proved to be successful at estimating the robots state 

accurately in all but a few cases. An interesting complication occurred using the real hardware one some 

compliant terrain, particularly loose gravel and high pile synthetic grass. In some cases the COM 

measurement would oscillate at 4-5[Hz] usually accompanied by a vigorous vibration at a similar 

frequency of the foot. The cause was determined to be the result of some unmodeled dynamics within the 

robot exciting the IMU, specifically excessive flexibility between stance foot and the swing foot, as 

illustrated in Figure 4-12. A notch filter had to be added to eliminate this spurious mode of vibration; the 

particulars of the design are covered below. 

  

  

Figure 4-12. Unmodelled flexibility in the robot, as modeled in the figure, induced additional noise into the 
COM position. 

Figure 4-12 shows a simple representation of the robot in single support with the right foot on the ground 

and the left in the air. In this configuration, both the inherent elasticity of any engineering material and the 

long and slender legs of a full size humanoid allow a good deal of flexibility between the position of the 

stance and swing foot. Put simply, the robot has considerable flex with little damping. This becomes a 

problem when such vibrations are fed back to the IMU. This is illustrated in Figure ?, wherein the 
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flexibility in the robot’s right leg is modeled as a spring loaded revolute joint at the hip. Because of the 

IMU’s position relative to this flexibility, it is excited at the same frequency as the swing legs oscillations. 

This signal is interpreted by the controller as a rocking of the entire robot about the ankle joint. The 

problem is exacerbated by the feedback circuit, in which the controller oscillates the torque at the foot in 

response to this signal, further exciting the vibration of the swing leg.  

While the observer does reduce the magnitude of this signal, it occurs close enough to the robots natural 

frequency that it is not sufficiently damped out. A notch filter specifically for this mode of vibration was 

added to further knock down the signal. The cutoff frequency for this filter was designed experimentally. 

The robot was made to stand on one leg while the swing leg was impacted, causing it to oscillate. The 

frequency of this oscillation was recorded, and the notch filter set accordingly. The positive effect of the 

notch filter can be seen in Figure 4-13. 

 

Figure 4-13. A notch filter was used to reduce magnitude of the oscillations caused by excessive flexibility. 

Figure 4-13 through Figure 4-16 illustrate the effect of the notch filter. Figure 4-13 in particular illustrates 

the effect of filtering the data in a post processing step. For this experiment, the robot was made to stand 

on one leg, while an impulse was applied to the swing leg, thereby exciting the additional vibration mode 

in question. The estimated position and velocity of the COM is plotted. The large swings in COM 

velocity are due to the rotation of the IMU due to the mechanical flexibility and not from an inverted 

pendulum like motion about the ankle.  
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Figure 4-14. The effect of the coupling between the mechanical flex and the controls system is most 
pronounced on compliant terrain. The figures above show the response when the robot is perturbed (at 

10[s]) while standing on one leg on a tall pile of gravel.  

The effect of the coupling between the mechanical flex and the controls system is most pronounced on 

compliant terrain. Figure 4-14 show the response when the robot is perturbed (at 10[s]) while standing on 

one leg on a tall pile of gravel. In this experiment the pile was formed such that it was 50[mm] tall and 

had shear sides in very close proximity to the edge of the feet. An impulse was applied to the torso of the 

robot, and the recovery monitored. In all tests, the impulse was made strong enough that the torques 

exerted on the ground in response were large enough that the pile of gravel collapsed. The robot then fell 

down and to the side as it slid down with the collapsing gravel. This fall excited the swing leg’s natural 

frequency, which when fed back through the IMU and feedback law, caused wild oscillations in the 
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torque applied to the foot. The compliant nature of the gravel then allowed the foot to rock violently back 

and forth in response to the applied torque further exciting the swing leg. The motion of the swing leg can 

be inferred from Figure 4-15 which illustrates the measured torque on the roll joint of the stance hip. The 

torque shows an increasing amplitude oscillation as the feedback loop further excites the natural 

frequency of the leg.  

 

Figure 4-15. The torque on the roll joint of the stance hip shows an increasing magnitude oscillation as the 
feedback loop further excites the natural frequency.  

The notch filter was designed to eliminate from the control loop the signal generated by the swing leg’s 

natural frequency. The test illustrated in Figure 4-16 showed the same test scenario as above except with a 

notch filter added to the COM velocity estimation. The robot was again perturbed and the pile of gravel 

made to collapse in response. With the notch filter in place, there is almost no oscillations of the COM 

velocity or foot position at the characteristic 4[Hz] frequency. Even more telling is the torque and motion 

about roll joint of the stance hip, as seen in Figure 4-17. Instead of increasing in amplitude, the vibrations 

settle in time due to the natural dampening in the system.  
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Figure 4-16. After the notch filter was added, the same test conditions result in significantly greater stability. 
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Figure 4-17. By eliminating the instability due to the feedback loop, the oscillations in the commanded torque 
is significantly reduces as compared to . 

The preceding section outlined the design of the observers for accurate state estimation, specifically the 

position and velocity of the COM location. The sensors provide an accurate estimate of the position; the 

velocity however had to be estimated using a Luenberg observer. A notch filter was added on top of the 

observer to reduce the magnitude of extraneous oscillations originating from unmodelled modes of the 

robot. The following sections will detail the implementation of several control strategies using this state 

information.  

4-8 Footfall sensing strategy 

The footfall sensing strategy is the method by which the robot senses which feet are on the ground. Such 

information is needed by several control laws and similarly the walking algorithm such that the proper 

torques and motions can be applied. In theory and simulation this information is straightforward to come 

by. That is, it is sufficient to simply measure the vertical force on the foot (if it is assumed the robot is 

walking on flat terrain). If the force exceeds some threshold, then the foot is likely on the ground. On 

physical hardware though, there are some additional factors that increase the complexity. The most 

significant is the stiffness exhibited by the ankle when in zero force mode. Specifically, although zero 

force may be specified at the ankle, it still takes some amount of force to move the foot. This can cause 

issues when the robot is walking on non-flat terrain and miss-estimates the inclination of the ground. It 

has to force the foot down on the ground, and since the requires some force it is necessary to account for 

this in the sensing strategy. In this section, a robust algorithm to experimentally determine the number of 

feet on the ground is explained.  
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The footfall sensing strategy is still based on the premise that the weight bias of the robot dictates which 

feet are stance, and which ones are swing. The weight bias is calculated as in Equation 4-11. 

4-11         (    
       

(              )
)    (4-11) 

The right bias is simply unity minus the left bias. Therefore in principle, if the weight bias does not 

exceed an upper and lower threshold, then both feet must be exerting forces on the ground and are 

therefore also in contact with the ground. Should the bias exceed or drop below the upper or lower 

thresholds, the footfall sensing strategy employs several checks to ensure that spurious readings do not 

interfere with the overall algorithm. A flowchart of this algorithm can be seen in Figure 4-18. 
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Figure 4-18. The footfall sensing strategy uses three checks (bias, COP, and time) to ensure a foot if firmly on 
the ground when so indicated.  

Aside from the weight bias, the footfall sensing strategy incorporates two additional checks to ensure the 

foot is flat on the ground before declaring so. Those two are the COP and the time elapsed since any 

expected touchdown occurred. The former is necessary to ensure the foot is flat, while the latter ensures 

spurious or noisy readings do not trip the footfall sensor.  

As alluded to above, the COP measurements can indicate when the foot has at least three points of contact 

on the ground. This can be proven by looking at a moment balance of the foot about the ankle when zero 

torques are applied by the actuators. To balance the robots weight passing through the ankle, there must 

exist at least one contact point directly under the ankle, or two points of contact on either side of the 
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ankle. The same logic can be applied to both the x and y axis. Any two points interior points on opposite 

sides of the ankle will generate a COP measurement that also lies within the foot. Therefore such a COP 

measurement indicates that the foot is statically supported by the ground.  

The COP measurement is a good indicator that the foot is flat, however that alone is not a reliable as 

necessary. The reason being that as the foot is force onto the ground, it can have the tendency to move 

from heel contact to toe contact without becoming statically stable. As the COP shifts from back to front 

or vice versa, experience shows that the COP will sometimes be measured as being on the interior of the 

foot. Fortunately, the problem is easily solved by looking for two or more consecutive interior readings. 

In practice, a threshold of five readings was used with good results.  

The footfall sensing strategy is a critical functionality of the robots proprioceptive software suite. It 

allows the robot to accurately and reliable know which feet are firmly on the ground and can apply useful 

torques. Without such information, erratic behavior will almost certainly result. The algorithm outlined 

above provides such reliable information by incorporating a three tiered check, including the magnitude 

of the normal force, the position of the COP, and the elapsed time at a suitable COP. With the basic 

proprioception algorithms described, the following section will detail how that information is used to 

deliver torques to the ground.  

4-9 Ankle Torque strategy 

The most straightforward and effective means of balancing an inverted pendulum is to apply torques at 

the pendulum pivot. A secondary method, one that is covered later, is to use a reaction mass such as the 

torso. For humanoid robots, the former is possible through the application of torques at the ankle. A 

position controlled robot is inherently and rapidly able to do this given the nature of the stiff control 

algorithms controlling the joint position. Any external disturbance is nearly immediately sensed as an 

error in the joint position, and the current adjusted accordingly. The limit to this policy is the maximum 

torque that can be applied by the foot to the ground (when the foot rolls or tips onto its edge). A force 

controllable ankle though must incorporate higher level states than just the joint position. But with that 

added complexity though, comes the ability to naturally balance on terrain that is compliant or irregular 

without specific knowledge of the terrain itself.  

Since the ankle is free to move in a force control strategy as it adapts to the ground, local states are 

insufficient to control the joint. The control signal for ankle torque instead comes from the main 

controller which incorporates the COM state and the desired COM trajectory to generate a command 

signal. The sub-controller that modulates this torque is called simply the Ankle Torque controller (ATC). 

The control law itself used by the ATC is in and of itself a simple PID design. However, complexities 

arise due to the hybrid nature of a humanoid, it can exist in double and single support. The ATC is 

designed to both adapt to these two states, modulate the ankle torque accordingly, ensure the feet remain 

flat against the ground, and damp out unmodelled motions of the robot. These specific features and their 

implementation on hardware are discussed below.  

The ATC can be divided easily into to independent, but similar controllers. The controller for single 

support is most straightforward, and so is covered first. It is dubbed the SSATC. The double support 
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controller (DSATC) must take into account an over constrained system and some additional unmodelled 

dynamics, and is thus more complex.  

The SSATC is fundamentally a PID controller with feed forward gravity compensation. The input signal 

for the controller is the desired x and y position of the COM with respect to one of the feet, as seen in 

Figure 4-19. This figure shows as an example the left foot support polygon. Overlaid are the projections 

of the ankle joint and the COM on the plane through the ankle joint perpendicular the gravity vector. The 

desired COM position, labeled as xcom_d and ycom_d, are prescribed by a higher level controller, as will be 

documented later. The right foot is controlled similarly with the only difference being the sign of the 

distances.  

 

Figure 4-19. The error between the projections of the desired and actual COM position was used to drive the 
ankle torques.  

The observer above provides the feedback signal for the controller; however, since the observer operates 

on the angle between horizontal and the line connecting the ankle and the COM, a quick conversion is 

necessary to compute the linear position of the COM. These are given as Equation 4-12 and 4-13: 

4-12             (  )       (4-12) 

4-13 ̇            (  ) ̇         (4-13) 

Similarly, in the y direction: 

4-14             (  )      (4-14) 

4-15 ̇            (  ) ̇        (4-15) 

where the height of the COM, 0.66[m], is assumed to be constant. This is a safe assumption because the 

SAFFiR robot does not have the range of motion to significantly alter the height of the COM. Rather, 

during all walking tests to date, the COM remains at a nearly fixed height. In the future, this height will 

be variable, and instead come from the kinematic solver as future tests or robots will be able to induce a 

larger height variation of the COM.  
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Given both a desired and actual COM position, the control law is calculated as follows: 

4-16     (     
     )    ( ̇    

  ̇   )    ∫(     
     )          (4-16) 

4-17     (     
     )    ( ̇    

  ̇   )    ∫(     
     )          (4-17) 

where kp, kd, and, ki, are the control gains, and τx and τy are the torques in the x and y directions 

respectively commanded about the stance ankle joint. The gains are chosen experimentally such that 

settling time, rise time, and steady state offset are satisfied. The specifics of the gain selection are covered 

in Section 4-11. The final term in the equation, mgxcom, is the feed forward gravity compensation term, 

there to improve the controller response and reduce steady state error. The remainder of this section will 

cover the double support controller with specifics as to how these control signal is applied to the ankles. 

The double support ankle torque controller (DSATC) while similar, is more complex than the single 

support version. The DSATC must take into account both an over constrained system, as well as some 

unmodelled dynamics associated with the aforementioned flexibility in the SAFFiR’s legs. As the name 

implies, the DSATC operates when the robot is in double support. With both feet on the ground, the 

degree of freedom is removed from the system. The robot is no longer able to freely tip in two directions. 

Instead, because each ankle has two DOFs, it can only move its COM in a direction perpendicular to the 

axis connecting the ankles. The DSATC is primarily responsible for controlling this DOF. 

A representation of the desired and feedback signals for the DSATC are pictured in Figure 4-20. As 

mentioned earlier, in double support, SAFFiR is only able to rock about the axis that connects the two 

ankle joints, called axis. Therefore it is necessary to compute this axis and the distance of the COM from 

it. The controller also uses the rate of change of the distance of the COM along this axis to compensate 

for some unmodelled dynamics, as will be explained later. These two distance are computed every cycle 

during double support. The derivation is given below.  

The axis is given as in Equation 4-18: 

4-18      [
       
       

]  
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]  (4-18) 

where lfx and lfy are the x and y positions of the left foot respectively as measured from the projection of 

the torso frame. Similarly, rfx and rfy denote the same for the right foot.  

The distance d1 is then given as Equation 4-19: 
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Figure 4-20. The desired and actual COM projections in double support are referenced to a frame whose one 
axis is parallel to the line connecting the ankles.  

For the DSATC, it is necessary to add damping along the axis to damp out oscillations that occur as the 

flexibility in the structure allow the two legs and hip to parallelogram, much like an unconstrained four 

bar mechanism. This phenomenon is depicted in Figure ? which shows the torso pinned to two legs, each 

of which are pinned to the ground. Compliance is unfortunately introduced because of 1) the inherent 

flexibility of any long slender mechanism such as the legs a humanoid, and 2) flexibility and backlash in 

the actuators constraining each of the joints. The compliance is illustrated as two springs, one across each 

of the hip joints, and amounts to an undamped mode of vibration as the robot shifts its COM from one 

foot to the other.  
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Figure 4-21. Unwanted flexibility is also exhibited in the double support phase and is compensated for by a 
velocity controller. 

 

 

Figure 4-22. The mechanical elasticity of the robot produces undesirable motions as illustrated by the actual 
and desired velocities of the COM parallel to the line connecting the ankles. This motion is purely position 

controlled, and should theoretically exhibit good trajectory tracking.  
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Figure 4-23 The mechanical elasticity can also be seen in the vertical reaction force at the feet. The highly 
undulating nature of the force indicates the robot is rocking back and forth between feet as it shifts its 

weight from the left foot to the right foot.  

There is no straightforward way of mechanically eliminating this compliance save for redesigning the 

robot. Instead, a controller is used to damp out its effect. The controller does so through the use of the two 

ankle torques that act perpendicular to the axis. When the COM is moving faster than desired, an 

opposing torque is applied to both ankles which, acting through the legs, applies a retarding force to the 

COM. To compute the damping torque, it is necessary to compute the actual velocity of the COM along 

axis as in Equation 4-20: 

4-20 ̇   ̇          ̇                (4-20) 

Where  ̇    and  ̇    are the same as above in Equation 4-12 and 4-14. The torques τ1 and τ2 are the 

found according to Equation 4-21 and 4-22. 

4-21     (        )    ( ̇      ̇ )    ∫(        )         (4-21) 

4-22     ( ̇      ̇ )     (4-22) 

Where τ1 and τ2 are torques about the 1 and 2 direction as seen in Figure 4-20. The desired and actual 

COM projections in double support are referenced to a frame whose one axis is parallel to the line 

connecting the ankles. One can see that again a PID control law is used to control motion perpendicular to 

axis while a simple derivative controller is used for motion along axis.  

As can be seen in Figure 4-24, the derivative controller makes a significant improvement in the tracking 

of the COM. It is made even clearer when observing the weight transfer of SAFFiR from one foot to 

another. Figure 4-25 shows one such example. With no controller, the robot tends to oscillate at 4Hz as it 

shifts to the right foot. With the controller applied, the weight shift is significantly smoother, as desired.  
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Figure 4-24. A derivative filter was added to control unwanted motion along the axis connecting the ankles, 
thereby increasing the tracking of the COM velocity as compared to above.  

 

Figure 4-25. The vertical force on the ankle exhibits almost none of the rocking behavior as seen above. The 
derivative filter damps out nearly all the unwanted vibrations.  

4-10 Torque Limiting 

The preceding paragraphs detail the controllers governing two pair of torques, both (τx and τy) and (τ1 and 

τ2). These torques though are not simply applied to the ankles. Instead, the torque are first modulated 

according to the percentage of the total robots weight on each foot, as well as limited to a maximum and 

minimum also according to the weight bias. This former allows the maximum torques to be applied to the 

ground, thereby effecting the greatest change. The latter ensures that the foot does not roll up on its edge. 
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Doing so upsets the balance of the robot, as that leg is effectively lengthened, and also delays the 

application of the opposite torque. Both situations are ones which should be avoided for stability. The 

calculation of the applied torques are described below.  

Each ankle of SAFFiR has two degrees of freedom, oriented in the x and then y direction when the robot 

is in the nominal configuration. Therefore it is most straightforward to compute a desired torque about 

these two directions. The SSATC results need no modification; the DSATC however is in the wrong 

coordinate frame. To convert from the 1-2 frame to the x-y frame the axis is used as in Equation 4-23: 

 4-23 [
  

  
]  [

  

  
]  [

          

           
]    (4-23) 

Since the robot cannot be in both single support and double support at the same time, the same variables, 

τx and τy, can be used. In one case, they are set by the SSATC and otherwise set by the DSATC and the 

above equation. Next, the weight bias is calculated. This is simply the percentage of the robots total 

weight that is being applied to each of the feet. This term is computed from the force torque sensor data, 

and so reflects both the acceleration due to gravity, as well as any force due to the acceleration of the 

COM. The bias is calculated as in Equation 4-24, and is with respect to the left foot: 

4-24         (    
       

(              )
)     (4-24) 

where FZleft and Fzright are the vertical force applied to the left and right feet respectively. The max() 

function is used to eliminate chatter when very little weight is applied to the foot and also to prevent the 

imperfect force fidelity from causing instabilities. The torques applied to each ankle can then be 

calculated as in Equation 4-25: 

4-25[
      

      
]  [

    
      

] [    ]       (4-25) 

where τlx and τrx are the torque about the roll joint of the left and right ankle respectively. The y subscript 

on the torques denotes a torque about the ankle pitch axis. Equations 4-23 through 4-25 are necessary to 

distribute one desired torque between two stance feet. It is still necessary to limit the magnitude of the 

torque applied to each ankle so that the foot does not roll up on an edge. Doing so results in two unwanted 

situations, 1) as the foot tips, the leg effectively lengthens, upsetting the robot, and 2) when the foot hits 

the range of motion hardstop, an incorrect torque will be applied to the ground. The following describes a 

simple algorithm for torque limiting the ankle. 

 4-26   [
   

   
],    [

   

   
]       (4-26) 

By limiting the torques applied to each foot in this manner, the COP of each foot must remain within the 

support polygon. Using only the z reaction force though limits the usefulness of the equation to flat 

ground. Modifications will be made when the gradient of the ground becomes substantial. Other authors 

have proposed graphical means of regulating ankle torques in a balance strategy [65]. The method 

presented above has the advantage of being computationally efficient as well as being mechanically 

intuitive.  



 82 

Once the torques have been distributed between the two ankles, it is then necessary to limit the torque 

such that the ankle does not roll up on edge. This is exactly analogous to keeping the COP within the 

support polygon. The method employed below though differs in that the distribution of forces is an 

independent problem from the limiting, which has the benefit of being computationally easier. To 

maintain a COP within a support polygon, it is necessary that the ratio of the moments on a body to the 

normal force between the body and the ground does not exceed the dimensions of the support polygon. 

Therefore any moments applied to the ankle should be limited by a constant scaled to the normal force, as 

in Equation 4-27 and 4-28: 

4-27       (    
     

   
)       (4-27) 

4-28       (    
     

   
)       (4-28) 

where τ*x is the x torque on the left and right foot as denoted by the asterisk and similarly, Fz* denotes the 

vertical force on the left and right foot. The constants are determined from a simple moment balance 

about the x and y axes of the feet. Each foot on SAFFiR is 0.200[m] long and 0.100[m] wide. Therefor if 

the robot were to have all of its weight (220[N]) on the edge of its foot, it would be exerting 22[Nm] and 

11[Nm] about the y and x axes respectively. The constants in the equation above are slightly derated from 

these to ensure the foot does not roll even on compliant surfaces. The scalings by the normal force Fz*, 

has the effect of regulating for the current vertical load, which can of course change when the robot is 

accelerating or has shifted its weight from one foot to another.  

In this section, the foot balancing controller was explained. This controller is responsible for computing 

and applying the appropriate torques to the feet in order to direct the COG. To frame it in the broader 

picture, this section described a method of calculating the appropriate ground reaction forces to control 

the COG and distributing those between the feet. In particular, this method is tailored to the unique 

control architecture of SAFFiR, which employs both position and force controllable actuators, which in 

this case greatly simplifies the solution.  

The controller is broken down into two independent controllers, one for single support and one for double 

support. The controllers command certain ground reaction torques to reduce the error between the desired 

and actual COG position. The ground reaction torques are distributed between the two feet based on the 

normal force exerted by each foot as a way of maximizing the available torque applied to the ground. 

Finally, should the command be too great, the signal is clipped so as to prevent the feet from rolling on 

edge. The following sections will describe how the preceding gains were determined, as well as two 

augmentations to the balancing strategy including a foot height policy and torso windmilling as well.  

4-11 Gain tuning 

The performance of any control law is heavily dictated by the chosen gains. In this case, there are four 

separate but similar control laws dictating the torque applied to the ankle. All the gains were chosen 

experimentally based on the steady state error, rise time, overshoot and settling time to a step input 

change of the set point. The results of the tests for the y-axis PID double support controller can be seen in 

Table 4-2.  



 83 

Table 4-2 PID gains were tuned experimentally. Proportional gain was increased until acceptable, and then 
derivative added until settling time and overshoot met requirements. 

Test P I D Steady State Rise Time Overshoot Settling time 

1 50 1 10 0.008 - - - 

2 75 1 10 0.031 - - - 

3 100 1 10 0.05 7.514 0.053 8.61 

4 125 1 10 0.06 7.275 0.069 - 

5 150 1 10 0.062 7.12 0.081 - 

6 125 1 20 0.05 7.391 0.053 7.866 

7 125 1 30 0.05 7.41 0.050 7.85 

 

Firstly the proportional gain was increased until the system reached something near the steady state 

solution. Low proportional gains were not able to overcome the inertia and stiction in the system to be 

effective. Larger gains however performed noticeable better. There is clearly a large envelope of 

acceptable gains, the upper end of which is determined by the maximum torque that the ankles can apply 

to the ground without lifting the robot. Within this envelope, the derivative gain was adjusted until the 

settling time and overshoot were within acceptable ranges. With the derivative gain it was also fairly self-

evident when too high, as it would cause excessive noise in the command signal due to the remaining 

noise in the COG velocity estimate. The integral gain was kept low as the steady state errors were small 

enough without it.  

4-12 Foot Pressure Strategy 

Walking on compliant or non-stationary terrain requires auxiliary controllers to handle the discrepancies 

between a position controlled ankle location and the shifting terrain beneath the robots foot. This is best 

illustrated through Figure 4-26. This figure shows a biped in double support standing on compliant 

terrain, represented by two springs. As the robot shifts its weight from left to right, as seen in the figure, 

the ground will shift under foot. If left unaccounted for, this shift in terrain will cause an increased COG 

movement as the robot essentially rocks further in the direction it was moving. For stable walking on 

compliant terrain, this dynamic should be taken into account, or else it can be shown experimentally that 

the robot will fall over.  

A simple but effective controller was implemented to account for these dynamics. This section will 

further outline the motivation for such a controller as well as specifics to its implementation. Furthermore, 

there are some interesting parallels between this controller and a fully force controlled leg, and these 

parallels will be explored.  



 84 

  

Figure 4-26. Compliant ground is accommodated for through the control of the vertical height of the foot. As 
weight is transferred to the foot, it is depressed further into the ground.  

Natural ground is a highly non-linear surface [ref], and so remains a difficult challenge to bipedal 

locomotion. It is also an important challenge, given that only a minority of the Earth’s surface is 

sufficiently stiff for traditional robots. Adding further difficulty is the complexity of any ground models, 

especially without apriori knowledge of the terrain. Sensors will only be able to gather a small fraction of 

the information necessary to create a usable model before the robot must take a step on the terrain. 

Therefore a reactionary technique was investigated and subsequently implemented onto SAFFiR.  

The controller is also in part necessary because of the footfall sensing strategy described in Section 4-8. 

This algorithm assumes that the foot has made contact with the ground when the vertical force crosses 

some threshold. It makes no distinction between where the foot lands and where it was expected to land. 

While this is beneficial as a reactionary measure to sensor noise and ground miss-estimation, it also 

means that on compliant surfaces such as tall synthetic grass, the detection of foot fall will happen much 

earlier and at a higher height than the stance foot. The robot is programmed to interpret this as a step-up 

and will attempt tΔo move the torso upwards as it shifts from left to right when it should only move 

horizontally. The secondary motivation for developing a compliant terrain controller is to take advantage 

of the vertical reaction force under the foot. For balancing, this force can be used as an additional control 

input by which the robot can stabilize itself. The length of the leg can be varied according to the position 

and velocity of the COM and provide a restoring force.  

Several assumptions were made when developing this controller. The first is that the ground is level, with 

no slope or height variation of any kind. Furthermore, it is assumed that the ground conditions are similar 
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from step to step. An operator or additional controller is required to supply the parameters appropriate to 

the ground conditions. How this controller would handle large changes in the ground characteristics 

between steps is unclear, and remains an open but important question. Under these assumptions, the 

Equation 4-29 is used to determine the motion of the foot during weight transfer: 

4-29                           (4-29) 

where Δz is the change in height of the foot during the step, kc is a gain value, and Swing_offset is the 

initial height difference between the swing and stance foot at touchdown as seen in Figure 4-26. The gain 

was experimentally found during several trial runs. At low gains the robot would continue to tip forward, 

and at large gains (kc>1) the robot would tip backwards over the stance foot. Stable walking was achieved 

with kc = 0.8.  

On compliant terrain, each leg acts like a series elastic actuator. The ground underneath the robot 

compresses like a spring as force is applied. As the robot shifts from one leg to another and applies less 

and more weight respectively, it should lengthen and compress the “spring” under each leg to handle that 

load. This action is exactly analogous to a series elastic actuator, in which the force that is output is 

proportional the displacement of the spring. If each leg were fully force controlled, as on our newest 

humanoid THOR, the motion required to adapt to compliant ground would happen automatically. It is 

promising then that by mimicking a fully force controlled leg, SAFFiR can tackle compliant ground, and 

it bodes well for a fully force controlled robot.  

4-13 Torso Windmill Strategy 

The final component of the balancing controller is the Torso Windmill Controller (TWC). The TWC 

provides a restoring force in the x and y directions at the foot by accelerating the torso about the hip pitch 

and roll joints. It is very similar in principle to the action of a reaction wheel pendulum. The 

implementation though is more difficult because the torso has a very limited range of motion and it is 

desirable to have the torso upright as much as possible. Therefore, more complex controllers are required 

for a significant improvement in stability. Such a controller is proposed in Section 7D - 2. For SAFFiR a 

simpler controller was implemented as a proof of concept. This section will describe that controller.  

SAFFiR’s TWC commands a torso position proportional to the COM error. That is, the difference 

between the torso’s nominal position and the actual position is proportional to the error in the COM 

position, as described by Equation 4-30: 

4-30                             (        )               (4-30) 

where θt,roll,actual is the actual torso roll angle with respect to the gravity vector, θt,roll,nominal is the nominal 

angle of the torso (usually zero), and kt is the gain. An identical controller is also implemented for torso 

pitch. In some examples, this controller can closely approximate a more complex one. The optimal 

controller would servo the torso to its maximum position when a large disturbance is detected. Ideally the 

torso comes reaches zero velocity well before the COM reaches the boundary of the support polygon. 

When tuned correctly, the controller in Equation 4-30 will roll or pitch to its maximum allowable angle 

but do so slower than the optimal one, only stopping the torso the moment the COM reaches the boundary 
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of the support polygon. However, this controller automatically returns the torso to its nominal position 

when the COM error is zero.  

The performance of the TWC was appeared acceptable, but was never quantified and remains an area of 

study. The stability of the robot with the controller should be compared to that without and with a more 

complex one as well, such as that proposed in Section 7D - 2. However, visually, the results looked 

promising. SAFFiR reacted as one would expect a person to do when pushed or disturbed. It is possible 

that the simplicity of this controller has some merit in and of itself. A comparison between the several 

options will be explored as part of the continuing research. 

4-14 Conclusions 

In this Chapter the concept and implementation of a balance controller was detailed. Additionally, the 

controller was framed within the work of past researchers including ZMP, Passive Dynamic, and 

Momentum controlled robots. The balance controller aims to stabilize the robot COM on a desired 

trajectory. It does so through the application of ground reaction torques applied by the ankle. The 

controller operates in one of two states, single or double support. In both phases the state of the COM is 

estimated using a Luenberg observer operating with a linear inverted pendulum model. The observer 

serves to eliminate unwanted noise from the velocity estimates. An additional notch filter is applied to 

further reduce extraneous readings from the unmodelled flexibility within the robots structure and 

associated dynamics.  In single support, the controller runs a PID loop with feedforward compensation for 

gravity and acceleration terms. In double support, the controller operates a similar loop to act across the 

axis connecting the ankles. Along that same axis though, there is a lone derivative controller to damp out 

unwanted oscillations stemming again from unanticipated flexibility.  

Two additional controllers work to augment the stability of the balancing controller. The torso windmill 

controller is designed to apply restoring forces through the application of torques about the hip joint. A 

proof of concept system was implemented that moved the torso in proportion to the COM error. While 

experimental data is yet to be attained, qualitative results suggest that the balance is improved. This work 

suggests that further study is appropriate. Secondly, a step height controller was added to improve 

stability on compliant ground such as Astroturf. The similarities between this controller and a series 

elastic actuator were compared. They also indicate that a full force control architecture is amenable to 

compliant and non-stationary terrain. Finally, an experimentally successful proprioceptive module to 

determine foot contact with the ground was described.  

This work demonstrates a successful balance controller as implemented on a mixed force and position 

controlled robot. The balance controller shares many characteristics with momentum based control 

approaches utilizing full force control architectures, and therefore bodes well for future projects. 
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5 Step Controller 

With an effective balancing algorithm, the problem of taking a step is simplified. Walking is simply a 

matter of providing a suitable trajectory around which the balance controller can stabilize the robot. These 

trajectories can be any number of the robots states. Literature shows examples of joint, COM, ZMP, and 

Capture point trajectories; all of which have successfully demonstrated walking. It is worth reiterating 

that SAFFiR is a mixed force and position controlled robot. While most of the joints in the robot utilize 

rigid position controllers, the ankles operate in force control. A unique step controller is necessary then to 

utilize and take advantage of this characteristic. SAFFiR’s step controller does that by jointly 

commanding the torso and COM position along with the feet positions to produce a stable walking gait. 

The mixed control architecture of SAFFiR flexibly links the COM and torso positions with the torso 

orientation. To accurately control the torso orientation in the gravitational frame requires coordinated 

control of the COM, the torso position, and foot position in the robot’s base frame. This behavior is a 

result of the feet and torso positions and orientations being specified in a non-inertial frame. Instead their 

states are defined only with respect to one another. The COM on the other hand is specified in a fixed 

inertial frame at the ankle.  

The separation of COM and torso states allows the joint angles to be mostly independent of the COM 

feedback loop. The position controlled joint angles are specified by the relative position of the torso and 

feet and therefore operate free of the noise inherent in the feedback loop. The force controlled joints are 

modulated based on the balance controller described above. The step controller allows this strategy to 

work by specifying both COM and torso trajectories. When the balance controller drives the COM to the 

desired state, it in turn drives the torso to the desired position and orientation. Small errors in the 

coordination between the COM and torso orientations are eliminated at each footfall, when the step 

controller re-orients the independent coordinate frames.  

All trajectories are specified with respect to the current footstep. As one footstep is completed, the 

controller uses the next step in the queue to generate goal positions from which it can compute the 

trajectories. All footsteps are stored in a queue with each footstep object containing all relevant 

information regarding that step. The information includes the x, y, z position of the step, the orientation of 

the step, height and position of any tripping hazards, the duration, and which foot will take the step. 

Footsteps are added to the queue by a higher motion planning control algorithm using exteroceptive data.  

The step controller must also specify the foot trajectories and manage the various walking states. During 

each single support the step controller generates a trajectory to first lift, then move, and finally lower the 
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swing foot. This ensures the swing foot clears any obstacles or tripping hazards and that the foot is placed 

gently back on the ground at the end of the swing phase with as little disturbance as possible. As part of 

that job, it is also responsible for using the proprioceptive data to determine when to transfer between the 

various walking states, including two double support phases and two single support phases. 

This chapter will describe the function of the step controller. First the various states with the state 

machine that runs within the step controller will be illuminated. The entry, function, and exit of each state 

will be described. The state machine provides a convenient framework to describe the various 

components of one step. Within each component, the primary function of the step controller is to generate 

appropriate trajectories for the COM, torso, and feet. How these trajectories are generated in each state 

will be covered. Finally, experimental results from the implementation of the step controller will be 

discussed as it pertains to various terrain such as grass, gravel, and shallow steps.  

5-1 State machine 

The step controller state machine coordinates a handful of unique states required for a walking gait by 

using exteroceptive and proprioceptive data. There are a total of five different states within the step 

controller. They include, Double support 1, double support 2, single support, lowering, and double 

support 3. Each state is unique and contributes a particular function to the gait. The state machine itself is 

a “function state machine” and so each state has entry, run, and exit functions. Furthermore, multiple 

conditions can be set to exit a state or transfer between states. This section will outline those states and the 

transfer criteria.  

5-1-1 Double support 1 

Each foot step begins in Double support 1. SAFFiR will be coming from either the standing posture, or 

from a previous step into this state and so will be in the double support posture. Upon entry for the first 

time, several parameters are set. The coordinates of the torso and swing foot with respect to the stance 

foot are computed. All trajectories are defined with these offsets as their initial state. Furthermore, the 

first footstep is pulled from the footstep queue and initial goals for the torso position set. These goals are 

used by the trajectory generators described below to coordinate the motion of the torso, COM, and swing 

foot.  

After entry, the Double_Support_1 state is run every iteration of the control loop until it is exited. At each 

iteration the state calls a function to update the torso and COM trajectory. The trajectory is computed 

using the current robot state and the elapsed time. In this state both feet remain stationary while the torso 

moves above them.  

The criteria for exit from Double_Support_1 is examined at each cycle. The criteria depends on the 

relative position of the COM from the stance foot and the absolute velocity of the COM. These are both 

computed within this state. The criteria for exit is given as Equation 5-1: 

5-1                            (5-1) 
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Where vel is the absolute COM velocity and d is the relative position of the COM. This criteria is called 

the liftoff point. The purpose of liftoff is to estimate when the COM has both the necessary velocity and is 

close enough to the stance foot that the swing foot can be unloaded and yet the COM will still reach the 

desired state above the stance foot. The constants in Equation 5-1 were found experimentally by 

examining the COM state and foot loading conditions through a variety of step durations. One the 

velocity of the COM exceeds a certain value dependent on its position, it will exit Double_Support_1 and 

go into Double_Support_2. 

5-1-2 Double support 2 

Double_Support_2 is responsible for unloading the swing foot and moving the torso and COM into the 

appropriate state to begin single support. The state continues to call the torso and COM trajectory 

generator as in Double_Support_1. In addition, it generates a simple trajectory for the swing foot which 

raises the foot several millimeters. Although the leg is predominately position controlled, it still flexes 

under load. By raising the foot a small fraction, it causes the leg to become unloaded without extending. 

An extending motion of the swing leg during this phase has a tendency to push the COM past its goal. 

Lifting the leg eliminates this tendency.  

Double_Support_2 exits upon time out. The time is set by the foot step queue. Upon exit, SAFFiR 

removes the next footstep from the queue to generate the next goals for the COM, torso, and swing foot. 

Following Double_Support_1 is the first of the single support states. 

5-1-3 Single support 

During Single_support state the swing foot moves to the new footstep location. Upon entry the ankle of 

the swing foot is put into position control mode, which allows the foot to be oriented appropriately for the 

upcoming terrain. The swing foot trajectory generator is called every cycle to update the desired position 

of the swing foot. The generator takes into account the elapsed time since single support began to 

determine the trajectory of the foot. The particulars are described in Section 5-3. 

Single_Support looks for two exit criteria. The first is a time out. If the duration specified in the footstep 

queue is reached, the trajectory generator has commanded the foot to the required location. The second 

exit criteria is an unexpected contact with the ground. This can happen if the either the ground estimate is 

incorrect or a disturbance has caused the COG to move and thus the foot is in a different position relative 

to the ground than expected. If the timeout criteria is met, the robot will go to the Lowering state. If 

contact occurs, the robot will go automatically to Double_Support_3. 

5-1-4 Lowering 

The lowering state is responsible as the name implies for lowering the foot until it makes firm contact 

with the ground. This state is handled separately than Single_Support for simplicities sake. At each 

update a function is called to update the swing foot trajectory which moves the foot in the z-direction 

towards the ground at a constant velocity. Exit from the Lowering state occurs after the foot has either 

made contact with the ground. The robot goes into Double_Support_3 upon exit.  
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5-1-5 Double support 3 

Double_support_3 is responsible for the first half of the double support phase of walking. After 

touchdown, the robot has a tendency to lean backwards due to the foot impact. Therefore 

Double_Support_3 first waits until the balance controller recovers and the COM is moving in the 

appropriate direction again. This avoids the tendency for the robot, while it is rocking backwards, try to 

move the torso forwards, which can cause the swing foot to lift from the ground. When the proper state is 

reached, Double_Support_3 begins to move the torso and COM towards the swing foot. Again the feet 

are held stationary with respect to the inertial frame and only the torso moves above the feet.  

Double_support_3 exits upon timeout when the torso has reached the midpoint of the two footholds. At 

exit, new offsets are updated to reflect the new feet positions. New goals are also calculated to reflect the 

change in offsets. The swing foot and stance foot are also switched. Double_Support_3 transitions to 

Double_Support_1 as long as there are footsteps remaining in the queue. Otherwise it exits out of the step 

controller entirely and returns to the standing state.  

5-2 Trajectory of COG  

The double support walk controller is built around two different and semi-independent trajectories, the 

COM and torso. All trajectories are generated using minimum jerk trajectory calculations which require 

minimum overhead but generate very smooth motions [66]. As stated above, the torso and the COM are 

closely related. To ensure the robot is in the correct configuration, the torso orientation in the base frame, 

torso position with respect to the feet, and the COM position must correspond to one another. The 

trajectory generator is responsible for making this happen. This section will cover the trajectories 

generated during the five phases listed in Section 5-1. 

During Double_support_1 the COM moves from its current location (often the midpoint of the two feet) 

to over the stance foot. Because the robot is in double support, the COM motion is primarily driven by the 

movement of the torso with respect to the feet as opposed to the ankle torques. The step controller 

generates trajectories for the x, y, and z components of the torso’s position that move it to the goal 

location. The COM and torso of course do not move with a 1:1 relationship. Therefore goal positions for 

the torso are estimated as in Equation 5-2: 

5-2                                (5-2) 

where Torsogoal is the distance the torso must travel in x, or y such that the COM moves a distance of 

COMgoal. For walking motions, the proportion of torso to COM movement can be assumed to be constant. 

This value was measured experimentally to be 1.3. Torso orientation was kept constant during 

Double_Support_1 and Double_Support_2. For these preliminary tests, the COM comes to a rest at the 

end of each trajectory. Example trajectories for the torso can be seen in Figure 5-1 which show the x, and 

y positions and velocities respectively. An example COM trajectory can be seen in Figure 5-2. 
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Figure 5-1. Trajectories for the torso in x and y directions are generated using minimum jerk criteria.  

 

Figure 5-2. The COM trajectory in the x direction shows the single support (6[s] to 7[s]) and double support 
(7[s] to 9[s]). 

During the single support phases, the COM naturally moves forward as the swing leg advances to the next 

foothold. To account for the shift in COM and ensure correct torso orientation, the desired COM position 

must be updated to match the expected motion. Therefore a desired COM trajectory is generated during 

single support to move the COM in the direction of the next foothold. This motion can be seen in Figure 

5-1 

5-3 Trajectory of Foot  

The swing foot motion is defined in three different phases during single support: raising, lowering, and 

touchdown. The ankle operates in position control mode during the first half of the swing, and returns to 
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force control during the latter half. In position mode the pitch and roll angles of the foot are able to be 

precisely controlled, ensuring the foot does not impact any obstacles and lands in an orientation 

approximating that of the ground normal vector. The duration of the majority of the swing phase is 

defined by the footstep queue. The touchdown sub-phase occurs outside of the Single_Support state and 

only terminates once ground contact has been made. The raising and lowering sub-phases of 

Single_Support are each half the duration of Single_Support.  

Four trajectories are generated to describe four of the foot’s six DOFs during the swing phase. Those four 

include the x, y and z position relative to the stance foot, and the pitch of the foot. The roll and yaw are 

zero for the duration. The trajectories are defined during the three different phases as follows: 

 X-direction) During the entirety of Single_Support the end goal of the x-trajectory is the next 

foothold’s x position. The duration is the same as the length of Single_Support. There is no movement in 

the x direction during touchdown. 

 Y-direction) During the first half of Single_Support the goal of the y-trajectory is .15[m] to the 

side of the stance foot. The goal is the y position of the next foothold during the latter half. There is no 

movement in the y direction during touchdown. 

 Z-direction) During the first half of Single_Support the foot lifts in the z-direction to a height 

specified in the foothold queue to ensure any obstacles or tripping hazards are cleared. During the latter 

half the z goal is 0.015[m] above the expected ground location. The z trajectory is the only one that does 

not end with a zero velocity. Instead it ends with a downward velocity of 0.045[m/s]. It continues 

downward with a constant velocity during Touchdown until contact with the ground is made.  

 Pitch) The pitch trajectory is only defined during the lowering sub-phase of Single_support to 

prevent range of motion limits from being triggered. The goal state of the pitch trajectory is defined by 

the foothold queue.  

Example foot trajectories can be seen in Figure 5-3. 

 

Figure 5-3. Minimum jerk trajectories were also used for the foot movement during the swing phase. The 
plots above show the trajectories for one step. Note the unloading phase between 4.5 and 5.5 seconds in the 

figure on right. 
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5-4 Results 

Three different terrains were attempted with the walking algorithm described above. They included 

strewn plywood, loose pea gravel, and high pile synthetic grass. The particulars and figures from each 

terrain are shown below.  

5-4-1 Gravel 

Loose gravel was chosen as the first terrain because it was believed its damping characteristics would 

improve the stability of the robot. While this was found to be of little value, the terrain was still 

accomplished successfully. The gravel consisted of a 1.5[m] strip approximately .5[m] wide. A pit was 

fabricated from lumber and filled with 50[mm] of pea gravel. The gravel has an average diameter of 

approximately 10[mm]. At that depth, the consistency was such that excessive pressure from a point or 

edge would sink dramatically into the gravel.  

One stride of SAFFiR into and across the gravel is pictured in Figure 5-4. The force control balancing 

algorithm worked well in this compliant terrain. As the gravel shifted under the feet due to changing 

pressures, the ankles would naturally react as they applied the commanded torque. This indicated that the 

force control algorithm detailed in Section ? was working correctly. Furthermore, small undulations in the 

gravel height had little effect on the stability of the robot due to the adaptability of the state machine in 

Section 4-8 to ground height errors.  
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Figure 5-4. SAFFiR successfully handles uneven and non-stationary ground.  

5-4-2 Grass 

Grass presented the most challenging terrain for SAFFiR. The grass in this case was 50[mm] thick 

synthetic grass. The very tall nature of the grass acted like a very soft spring underneath of the feet as it 

walked. The results were twofold. First the robot would sense ground contact at a much higher position 

than on a stiffer surface. This effect was counteracted by the step-height controller in Section ?. Secondly, 
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the low spring rate and relatively little damping within the grass required higher damping in the PID 

balance controller. The motion of the feet in the grass was vigorous. Every change in torque required a 

large change in displacement of the feet. The system as designed though was successful, as can be seen in 

Figure 5-5. 

 

 

Figure 5-5. Grass constituted the most difficult terrain. The compliant nature required special behavior from 
the foot trajectory for stability.  
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5-4-3 Plywood 

Strewn plywood demonstrated SAFFiR’s ability to walk up and down inclines on non-flat terrain. For this 

experiment, plywood sheets were cut down and placed at random angles to each other in the robots path. 

Each piece was laid atop the one preceding it to create a stepped inclining surface. The odd angles at 

which the plywood was laid emphasized the importance of force control. When stepping on an edge, 

SAFFiR’s feet were usually supported by only three points of contact. As torques were applied, the feet 

would rock back and forth between triangular support polygons. The inclined nature of the plywood also 

emphasized the positioning of the swing foot during the swing phase. Correct positioning and orientation 

of the foot allowed for gentle foot placement that minimized the disturbance to the robot. Step height in 

this case averaged 20[mm]. Much higher steps were not possible due to range of motion limitations in 

SAFFiR’s ankles. Step information was approximated to +/- 10[mm] for these steps and given apriori to 

the robot. It incorporated no exteroceptive sensing for this terrain. A successful stride can be seen in 

Figure 5-6. 
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Figure 5-6. Strewn plywood demonstrated the ability of the walking algorithm to handle inclined and uneven 
terrain.  
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5-4-4 Sand 

Sand was successfully attempted at the 2013 DARPA Robotics Challenge exposition area in December 

2013. The sand was typical “playground” sand trucked in by NIST for their “Robot Playground,” a 

challenging obstacle course for all types of robots. The sand was roughly 100[mm] deep. Several textures 

of sand were tried to investigate the limits of the controller, varying from smooth to highly irregular. The 

smooth sand provided a much firmer surface for the robot, while the more irregular sand shifted under the 

robot more. SAFFiR successfully demonstrated walking on this sand under a number of conditions. It is 

believed SAFFiR is the first biped in the world to walk across sand. Again, SAFFiR incorporated no 

exteroceptive sensing for this terrain. A successful stride can be seen in  

 

Figure 5-7. The first recorded bipedal robot footsteps in sand next to the authors.  
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Figure 5-8. SAFFiR is the first bipedal robot to demonstrate walking in loose sand.  
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5-5 Conclusions 

In this Chapter, a successful walking algorithm has been implemented on SAFFiR and proven to work on 

a variety of terrain. The walking approach is built around a robust balancing controller, as outlined in 

Chapter 5. As such, the walking controller need not to be complex to ensure stability. Instead the balance 

controller maintains stability, while the walking algorithm ensures locomotion is achieved. A state 

machine forms the basic structure of the walking controllers. Five states make up the state machine, 

including Double_Support_1, Double_Support_2, Single_Support, Lowering, and Double_Support_3. 

The transitions between states are controlled by either timing or proprioceptive based events.  

Within the state machine, torso, COM, and foot trajectories are computed to generate the motion of the 

position controlled robot joints. Trajectories computed online using footstep information from a queue 

that itself is filled by higher level behavioral/planning software. The trajectories themselves are computed 

using minimum jerk criteria. The torso and COM positions are computed jointly to ensure correct torso 

orientation. Foot trajectories are segmented into three phases to account for liftoff, positioning, and 

touchdown.  

The walking and balance controller were operated on four different terrains successfully, strewn plywood, 

gravel, high pile synthetic grass, and deep sand. The combination of balance controller and walking 

algorithm were able to maneuver over all four. Most notable from the experiments were the effectiveness 

of the ankle force control balance strategy that performed regardless of terrain conditions. The results 

bode well for the application of a well-designed force controlled balance strategy for rough and non-

stationary terrain. 
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6 Improved Walking Trajectory  

Trajectory planning is an important and lively area of research for bipedal locomotion. It is important 

because humanoids are inherently unstable machines. Care is required to generate appropriate trajectories 

that are both feasible and stable. Feasibility is determined by both the joint range of motion constraints as 

well as the constraints imposed by the reaction forces generated by the feet. Among mobile robots, these 

constraints are particularly tight for humanoids. They walk upright, with the knee often very near a 

singularity, and thus joint velocity limits can be easily exceeded[67]. The support polygon of a humanoid 

is as small as or smaller than any other mobile robot and so the forces they can exert on the ground are 

similarly limited. It is therefore important to generate trajectories intelligently such that the stability to 

disturbances is maximized given these constraints.  

The problem of trajectory planning is also a rapidly progressing one. The problem is quite difficult (and 

unsolved) due to the complex dynamics of a humanoid, and thus many solutions are continuously being 

proposed. The approaches generally can be divided into two categories, those that use the full dynamics in 

a large optimization to root out a feasible solution[68]–[70], and those who derive trajectories from 

simplified dynamics[67], [71]–[74]. The techniques described below fall into the latter category. 

It is widely held that in nature, the center of mass trajectory during bipedal locomotion takes on an 

inverted pendulum form[62]. Similarly, the simplified dynamics of humanoids are derived from the 

inverted pendulum. The most popular and widespread simplification is that of the Linear Inverted 

Pendulum model. This method was popularized in the 90’s by Kajita and Tani [75][72].Their approach 

allows for closed form analytical solutions, but constrains the dynamics of the center of mass to a plane 

which in some cases is detrimental. Even so, the simplicity of this approach has spurred numerous other 

results. Morisawa demonstrates how such a method can be extended to an arbitrary surface, to account for 

uneven terrain or alleviate kinematic constraints [67]. Tang applies the 3D inverted pendulum problem to 

gait generation in [74]. Tsuji extends the LIPM model to include virtual support points, akin to using 

ankle torques for stabilization.  

There is some work in extending the LIPM model to include additional bodies. Park adds point mass to 

the dynamics of the swing leg in [76], but went on to reduce the model to include only the effects of 

gravity. Albert picks up from this point and prescribes and models accelerations of the point mass swing 

leg [71]. His method is continued to include multiple models. The work presented here differs in that the 

effects of the inertia and the mass of the swing leg are studied, and shown to be a more accurate 

representation of the dynamics with no additional complexity. Additionally, this work develops a method 

for 3D gait generation using the extended formulation. 
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6-1 Background 

 There are three main mechanisms for disturbance rejection in humanoid robots: ankle torque, 

flywheeling, and step placement[29]. During walking the center of mass trajectory most impacts the 

effectiveness of ankle torques. If all available control authority is required to maintain a trajectory, there 

is none left for disturbance rejection. It is desirable then to generate a trajectory that minimizes use of 

ankle torques.  

The foot generates a 6 DOF wrench on the ground. The wrench can be interpreted as 3 forces and 3 

torques exerted at the ankle. The second representation is as a twist vector that passes through the support 

polygon. To maximize the disturbance rejection capability, this twist should pass through the ankle. Any 

disturbance can be then be controlled by moving the twist to a different location within the support 

polygon, which is akin to exerting torques on the ground about the ankle joint. An ideal COM trajectory 

will then be one that can be completed using only twists passing through the ankle. A simple telescoping 

pendulum with point mass can be shown to meet this criterion. 

The premise of this contribution is that the forces on the COM can be decoupled into those generated by 

gravity (including those generated by robots as a reaction to gravity), and the forces generated by the 

internal dynamics of the robot moving through space. In this section, it will be shown that the dynamics 

of a LIPM with multiple masses can be devolved into two separate forces on the COG with a change of 

variable. Figure 6-1shows the system in question. For simplicity and to relate to literature, the inertias of 

the two links are omitted; however, the results still hold true.  

 

Figure 6-1. Two link pendulum with point masses and no inertia.  

 
The derivation begins with the results seen in [71]. In this work, Albert quantifies the forces acting on the 

point mass m1 with its linearized dynamics. The relationship is given as in Equation 6-1: 

6-1   ̈          (         ̈    ̈  )    (6-1) 

where g is the acceleration due to gravity. For this analysis, the acceleration in the z-direction is assumed 

to be zero for mass m2. This is a safe assumption because the height of the swing legs center of mass in 
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practices moves only 20-30[mm], and therefore the acceleration during the swing phase is very small. To 

isolate the center of mass motion from the motion each mass with respect to one another, the following 

substitution is made: 

6-2             (6-2) 

6-3 ̈   ̈   ̈      (6-3) 

The following definitions are also made: 

6-4     
         

     
          (6-4) 

where xcog is the x location of the COM. Similarly: 

6-5     
         

     
          (6-5) 

where zcog is the height of the center of mass. Because the accelerations in the z direction is zero, the 

height of the COG is also fixed.  

 
Substituting Equation 6-3 into 6-1 and rearranging yields: 

6-6 ̈ (         )   (         )       ̈    (6-6) 

Solving for x1 and substituting Equations 6-4 and 6-5 yields: 

6-7 ̈   
    

    
 

     ̈

(         )
     (6-7) 

Equation solves for the acceleration m1 given a prescribed motion of m2. A simple force balance on the 

COM and substitution of Equation 6-3, will result in the following equation: 

6-8     ̈           ̈     ̈       ̈     ̈    (6-8) 

where Fx is the force generated by the ground to accelerate the center of mass. Similarly, this same 

equation can be derived by taking the second derivative of Equation ?. 

Substituting Equation 6-7 into Equation6-8 and simplifying yields: 

6-9     ̈         
    

    
  

  (     )

         
    (6-9) 

 
Equation 6-9 shows that the dynamics of the COG are driven by two forces, the one due to gravity, and 

that due to the internal dynamics. Importantly, in the linearized example, the dynamic forces are 

independent of the position of either mass. As will be seen, this is important in that it allows for the 

analytical integration of the COM differential equation.  

 An alternate derivation is now presented in which the LIPM is extended to include the swing leg 

dynamics, but in a way as to abstract the forces generated by swing leg dynamics. Afterwards, the force 
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generated by the swing leg dynamics is derived separately. The free body diagram in Figure ? is used to 

derive the equations of motion for a LIPM. The center of mass, M, is constrained to lie on a line. To 

maximize the available ankle torque, all forces must pass through the ankle.  

 

Figure 6-2. Free body diagram and variables used to derive the LIPM with swing leg dynamics.  

 
 There are two forces at play, one to counteract gravity, Fz, and Fx, which is generated by changes in 

angular momentum about the center of mass or as a component of the force required to support the COG. 

Specifically, Fx can be written as in Equation 6-10 

6-10               (6-10) 

Where Fxa is the component of the x-force that generates any angular momentum, while the Fxg is the 

component of the force along the pendulums length required to counteract gravity. Using the similarity of 

triangles, the following relationship can be written: 

6-11
   

  
 

 

 
              (6-11) 

where l is the height of the COG. Sum of the forces in the x direction yields: 

6-12  ̈     
   

 
                             (6-12) 

Or: 

6-13 ̈  
  

 
 

   

 
                   (6-13) 

As mentioned, the force Fxa is that due to changes in the angular momentum of the center of mass. One 

such change in angular momentum is that due to the acceleration of the swing leg during single support. 

This has been shown to be a significant force affecting the dynamics of the center of mass[albert]. 

However, Albert makes the simplification that the swing leg is a point mass. This however is actually a 
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fairly course representation, and can significantly change the outcome of the model simulation for the 

worse. For example, in the field of passive dynamic walkers, Weiss has shown that the swing leg can be 

used to propel the COG of an underactuated biped forward. 

 In practice though, the important matter is the force generated by this motion on the COG, not the stance 

leg. Weiss explains that if the inertia of the swing leg is large enough, the torque on the stance leg 

necessary to accelerate the inertia of the swing leg is greater than the torque due to the force required to 

swing the legs center of mass forward. Put simply, the inertia of the leg is a significant piece of the 

dynamics that is useful to model. In this work, a representative model of the swing leg dynamics will be 

derived and added to the LIPM model presented in Equation 6-13. 

6-2 Motivation: Estimation and significance of swing leg dynamics 

The question remains: how important is this force due to the swing leg. In this section the relative 

magnitude of this force for a realistic biped will be compared to that of gravity, the other most significant 

force on the COG. As such, this section is primarily a “back of the envelope” justification for the 

remaining work. The estimation is made using the simulation described in Appendix ?. Pertinent data 

such as step time and step length is gathered from experience. The estimation takes into account an 

average stride length and step time to determine the minimum acceleration necessary to move the swing 

leg the appropriate distance. The simulation is used to determine the force generated at the feet by this 

acceleration. The magnitude of this force can be compared to that of gravity during the nominal single 

support phase.  

The biped model is based off of the SAFFiR robot. It has a nominal COG height of .7[m], leg length of 

.7[m], and steps 0.2[m] for an average step. One second is given for the single support phase, which 

agrees with the step time of many similar biped in literature. For this step length and leg length, the leg 

must rotate the amount given in Equation: 

6-14         (
     

     
)      (6-14) 

which is essentially twice the intra-leg angle when the robot is in double support at that step length. The 

minimum magnitude angular acceleration profile of the leg is a square wave of amplitude: 

6-15           
       (6-15) 

 
where tstep is the step time. This acceleration profile has infinite jerk, and so would likely not be 

appropriate for real life, but serves as a minimum baseline to estimate the force generated by this 

acceleration. Substituting the appropriate values, an angular acceleration of ~4[rad/sec^2] are required.  

The simulation was run with the robot in a static pose, with both legs straight, one on the ground, the 

other free to swing. The acceleration was applied to the swing hip while the reaction force at the stance 

foot was measured. For an acceleration of 4[rad/sec^2], a reaction force of ~7[N] is required. This is 

analogous to a 7[N] force on the COG accelerating it forward. Due to the symmetry of bipedal 

locomotion, the single support phase of the nominal biped occurs for roughly half of the step length, or 
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0.1[m]. With a mass of 20[kg] at a COG height of 0.7[m], the maximum force exerted by gravity to 

accelerate the COM in the horizontal plane is: 

6-16              (6-16) 

which when substituted for, produces forces on the order of 14[N].  

In conclusion, the force generated by the swing leg can be a significant portion of the total forces acting 

on the COM. It is noteworthy that this force is opposite the force of the swing leg on the stance leg. 

Furthermore, the proposed method includes the inertia of the swing leg, which can have a large effect on 

the ground reaction force, and more important, generalizes changes in the centroidal angular momentum 

to only their effect on the COM position. The method presented below then allows for the use of a lumped 

mass model that features the simplicity of a COG model, but incorporates the additional dynamics. This 

has the benefit of allowing direct trajectory generation of the COM which is useful when the field of 

humanoids is moving towards centroidal dynamics as a control method.  

6-3 Derivation of reaction forces 

A simple relationship between the angular acceleration of the leg and the reaction force on the ground is 

desired. Because the LIPM equations of motion are linear with respect to the position of the COM, the 

relationship of Fxa to α should also be at most a function of x, ideally one that is analytically solvable. In 

this section, this relationship will be explored.  

 

Figure 6-3. Free body diagram of a two link pendulum.  

 
The Free body diagram of the system in question is shown in Figure 6-3. This figure depicts a two link 

pendulum. One link represents the stance leg and torso, while the second represents the swing leg. Both 

links have masses and inertias. The linear acceleration of swing leg is derived first. The coriolis and given 

as: 
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6-17      ̈         (  )    (     )    (     )    (6-17) 

6-18      ̈         (  )    (     )    (     )    (6-18) 

where the variables are shown in Figure 6-3. Sum of the torques on the swing leg is given as: 

6-19   (     )      ̈     (     )     ̈     (     )         (6-19) 

Sum of the torque on the stance leg is given as: 

6-20(        
 )           (  )         (  )       (6-20) 

Sum of the forces in the X direction on the swing leg can be written as: 

6-21  (         (  ))            (6-21) 

Equations 6-17 through 6-21 can be combined, solved for Fr and linearized about θ1 = 0 and θ2 = 0.  

6-22   
            

                
                                        

    
                   

      
   

   (6-22) 

As is apparent, the reaction force Fr is linearly related to the angular acceleration of the swing leg.  

6-4 Trajectory 

The trajectory generation for the COG is now considered. For this work, the footsteps are assumed be 

well defined, meaning their location is known before hand and they cannot be altered. These conditions 

represent a rough terrain walking scenario in which rubble debris dictates very strictly where a foot can be 

placed. It is necessary then to alter the COG trajectory to fit these footsteps. To adjust the trajectory, two 

parameters have been identified that correlate nicely with heuristics that can guide the selection of a 

trajecoty. Those parameters are the forward velocity when the horizontal velocity is zero, and the x and y 

location at which there is no horizontal velocity. It will be shown that these parameters make the problem 

easy to solve by hand, or with a rudimentary search program.  

A suitable trajectory is one in which the path taken by the COG intersects both the prior and approaching 

footsteps, as seen in Figure?. There is no one solution, and thus the best trajectory is chosen that most 

closely matches the desired forward velocity and yet still allows enough time in single support to 

reposition the swing leg for footfall. This latter criteria generally has the effect of reducing the forward 

velocity, and so in some cases a compromise must be made. In this work it is the desired velocity that has 

a lower priority, because in rough terrain, any forward motion is desirable to falling.  

This work also uses a piecewise continuous model of the dynamics, a distinction from prior work. During 

leg swing, the model in Equation 6-22 is used to represent the dynamics of the leg swing. However, the 

trajectory before and after leg swing are needed to find the footstep intercepts. The conventional LIPM is 

used before and after the leg swing phase to calculate these intercepts. The time interval of leg swing is 

thus important to the dynamics, as well as the relative position of the COG at which point the leg swing 

occurs. TO make the problem tractable, the assumption is made that the leg swing occurs when the COG 

position along the y-axis with repect to the stance foot is less than 0.07[m]. The width of the foot is 
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0.05[m] in that direction and the typical step width is .2[m], so a swing phase at 0.07[m] places it firmly 

in between a statically stable walk and the point of footfall.  

Finally, the motion in the x-direction and y direction are decoupled in terms of the dynamics. This is a 

fairly conservative assumption which greatly simplifies the problem. However, because of the 

parameterization of the problem, it is not much more difficult to use a coupled model. The motion in the x 

and y direction is coupled though in that the COG must pass through the foot intercept in both directions 

at the same time. Therefore although they are dynamically independent, they must be considered together. 

The differential equations governing the motion of the COM are given by Equation 6-23: 

 ̈  
  

 
 

   

 
      | |             

6-23 ̈  
  

 
      | |            (6-23) 

 ̈  
  

 
        

The parameterization is a unique contribution to the determination of the COM trajectory. As mentioned 

before, there are three main parameters to alter that completely and define the motion. They are unique in 

that the relationship between trajectory features and parameters is nearly linear and thus the solution is 

quite intuitive. The parameters are the x-velocity when the y-velocity is zero, and the x and y location of 

the point at which the y-velocity is zero. For convenience, this point will be called top dead center, or 

TDC. The effect of these parameters can be seen in Figure 6-4 below. The x-position of TDC adjust the 

angle of the two asymptotes in the same direction. The y position of TDC adjusts the angle between the 

two asymptotes. Similarly but not pictured is the effect of the x-velocity at TDC, which like the y 

position, affects the angle between the asymptotes.  
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Figure 6-4. Variation in x-position at top dead center alters the asymptotes together, while variation in y-

position varies the angle between asymptotes.  

In practice it is advisable to regulate the x-velocity instead of the y-position at top dead center to alter the 

angle between the asymptotes. The y-position has a direct correlation to the time for moving the swing 

foot forward. The closer the y-position is to zero, the longer the swing period is and vice versa. Given a 

foot step length and some nominal swing velocity, the y-position is set such that it provides enough time 

to accelerate and decelerate the leg. Any variation in the angle between the COG trajectory asymptotes 

should then be achieved using the forward velocity at top dead center.  

A series of three steps and four footholds can be seen in Figure 6-5. The figure highlights how multiple 

steps can be interconnected. Furthermore, foot impact can occur at any point along the curves when the 

COG is within 0.075[m] of the foothold. Any disruption due to the collisions occurring at foot strike can 

0 0.1 0.2 0.3 0.4 0.5
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

y[m]

x
[m

]

 

 

x=-0.015

x=0.0

x=0.015

0 0.2 0.4 0.6 0.8
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

y[m]

x
[m

]

 

 

y=0.015

y=0.035

y=0.05



 110 

be accounted for during double support. The benefit of this method over that of the work of Albert is 

twofold. Firstly, by using the COG instead of the hip position, trajectories can be more easily found. The 

hip may be behind or ahead of the COG depending on the position of the legs and torso and so the hips 

trajectory may not intersect with the foothold. By using the COG instead, extra calculations are avoided. 

Secondly, this method is more suitable for the centroidal dynamic control methods being developed for 

humanoids, which as the name suggests, focus on the position and velocity of the COG. Again, this 

method produces trajectories directly for the COG, and thus avoids costly calculations. 

 

Figure 6-5. Three interconnected steps between four footholds showing the continuity in COG position.  

The force profile generated by the swing leg dynamics has a large effect on the trajectory. To best 

replicate the actual force profile from simulation, a Sin function is used. The actual trajectory is of the 

minimum jerk type, but this can be closely approximated with a Sin trajectory. The force Fxa is then given 

as in Equation 6-24: 

6-24           | |  |
   

 
|    (6-24) 

            (
  

   
)                

where Fpeak is the peak force generated by the leg swing and tss is the duration of the swing phase. The 

force is then piecewise continuous, but not differentiable at t=t_ss/2.  

There are some unique characteristics of the generated trajectory. The COG trajectory in the x-y plane is 

shown in Figure 6-6. It shows a single forward footstep between three footholds. Two trajectories are 

shown, one that incorporates the swing leg dynamics and one that does not. An enlarged portion of the 

trajectory is shown on right that focuses on the area around the support foothold. Near the support 

foothold, the trajectory differs significantly from the COM trajectory that does not take into account the 

swing leg dynamics. This is more easily seen in Figure 6-7 which shows the difference in position and 

velocity from the two trajectories as a function of time. There is a significant velocity difference 
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especially around top dead center. The trajectory incorporating leg swing has a higher velocity, and 

therefore reaches the final position sooner as seen in Figure 6-7 left.  

  

Figure 6-6. X and Y position of the COM using a LIPM with no swing leg action (blue), and with the swing 
leg(red). Enlarged area near the foothold is shown on right. 

 

Figure 6-7. The x-position(right) and x-velocity(left) over time of the COG using a LIPM with no swing leg 
action (blue), and with the swing leg(red). 

The phase portraits of both trajectories are shown in Figure 6-8. As expected the velocity most closely 

matches at the extremes when the models are the same. Another way of thinking about it is that the 

velocity at x=0[m] is the most different, and the forces generated by the leg swing actually drive the COG 

back to the nominal trajectory on either side of x=0[m]. This is an interesting conclusion because it shows 

that the simpler model can actually be used to determine two out of the three parameters necessary to 

specify the trajectory. This fact is illustrated in Figure 6-9 which shows a similar feature: the location of 

the top dead center is the same for both trajectories using a sinusoidal force profile. Differences in 

trajectory are accounted for in only the x-velocity at top dead center.  
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Figure 6-8. Phase portrait of the x position and velocity for one single support step. 

 

Figure 6-9. Demonstration of a trajectory with different initial footstep.  

In the next section the two trajectories will be implemented in Simulation and the control authority 

required to maintain the trajectory will be measured and compared. 

6-5 Simulation 

A simulation was run in the modeling environment Gazebo. The robot model has the same degrees of 

freedom and mass properties as the actual robot. For this test, the robot was given an initial velocity that 

simulates the initial conditions coming out of double support. Once in single support, the robot moves its 

swing leg to its new location over a predetermined amount of time. Ankle torques are used at the base of 

the support leg to drive the actual COG position and velocity to the desired positions and velocities. Two 

trajectories are tried. The first is the LIPM trajectory. The LIPM trajectory with leg swing dynamics is 
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included second. The two trajectories attempted were that shown in Figure 6-9. The results are shown 

below in Figure 6-10 through Figure 6-13.  

 

Figure 6-10 Desired and actual position (left) and velocity (right) during simulation using the LIPM trajectory.  

Figure 6-10 shows the desired and actual positions and velocities of the COM during single support. As 

the plots indicate, single support begins at 5[s]. Prior to 5[s], the robot is in double support, where it has 

more control authority to reach a desirable initial condition for single support. When the initial conditions 

are met, the robot lifts the swing foot, and begins to accelerate it to the desired foot hold. It is at this point 

that the robot begins tracking the inverted pendulum trajectory, shown in red in Figure 6-10. Feedback 

signals are generated about the ankle pitch and roll joints and implemented using torque sources. Both 

position and velocity feedback is used on the desired trajectory.  

As can be seen above, the trajectory following was satisfactory, but by no means perfect. There is a 

maximum deviation in the desired and actual positions of almost 10[mm]. For a step length of 0.2[m], this 

is a 5% error of the nominal stride length. Interestingly, the characteristics of the leg swing can still be 

seen in the final trajectory: the position and velocity rise more quickly than the desired as the swing leg is 

accelerated. Halfway through the motion, around 5.5[s], the COG begins to slow relative to the desired 

trajectory as the dynamics of the swing leg cause the COM to decelerate. The maximum error in the 

velocity is 0.025[m/s].  

The trajectory is controlled by a simple linear PID controller that compares the desired position and 

velocity with the actual position and velocity. The controller can be written as in Equation 6-25. 

6-25     (         )    ( ̇     ̇   )         (6-25) 

where kp is the proportional gain and kd is the velocity gain. Torques computed from this feedback law are 

applied to the ankle joint. By exerting torques about the ankle and thus onto the ground, the robot can 

control its COM much like a torque at the base of a pendulum controls the mass at the pendulum end. The 

torques generated by this feedback law can be seen in Figure 6-11. All feedback starts near zero when the 

robot leaves double support for single support. The peak torques applied to the ground are around 

2.5[Nm], fully 10% of the available torque before the foot would roll up on edge.  
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Figure 6-11. Response of the ankle torques required to maintain LIPM trajectory.  

Next the same simulation was attempted with the improved LIPM that incorporated the leg swing 

dynamics. The initial conditions were adjusted such that if left uncontrolled, the inverted pendulum model 

would pass through the desired foothold. This is most evident in the negative velocity required at the 

beginning of single support. The results of the test are shown below in Figure 6-12 with single support 

beginning at 5.15[s]. As compared to above, note the significant improvement in position and velocity 

tracking. The maximum error in position is only 2[mm] and velocity 0.01[m/s], both roughly 20% of the 

error when using the traditional LIPM trajectory. The feedback torques for the LIPM with swing leg 

dynamics in Figure 6-13. The maximum torque required to maintain the improved trajectory during single 

support peaked around 1[Nm], or roughly 40% of the required torque as compared to the traditional 

trajectory.  

 

Figure 6-12. Desired and actual position (left) and velocity (right) during simulation using the LIPM trajectory 
with leg swing dynamics.  
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Figure 6-13. Control torques at the ankle required to maintain the improved COG trajectory. Note that much 
lower torques are required to maintain the trajectory than above, indicating that more torque is available for 

stabilization.  

6-6 Conclusions 

In this section a new linear inverted pendulum trajectory was proposed. The trajectory is designed to 

require a minimum amount of control input to follow in order to provide the maximum amount of torque 

for disturbance rejection. It was shown that a significant model discrepancy of the traditional LIPM was 

that it neglected the swing leg dynamics. A model was derived which separated the effects of gravity on 

the COM and the forces on the COM due to the internal robot dynamics. It was shown that this 

decomposition is valid for linear systems. The enhanced LIPM model is therefore just as easy to use as 

the traditional model while being more accurate as well.  

A main advantage of this method over others that include the dynamics of multiple bodies is that the 

position and velocity of the COG are computed directly with this approach. It is therefore very 

straightforward to generate COG trajectories to interconnect footsteps. A method was demonstrated that 

parameterized trajectories into only three variables. It was shown that using these variables the swing 

time, and foot step intercepts could be easily achieved. The enhanced LIPM with swing leg dynamics was 

applied to a simulation for one step. The results demonstrated improved trajectory tracking with 

significantly lower control inputs.  

The proposed model is useful for humanoids walking on flat ground, but can be easily extended to rough 

terrain using a number of methods in literature. Furthermore, the parameterization presented offers a 

useful guide to applying more complex models to the problem of footstep planning.  
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7 Conclusions  

This work presented several research avenues in the field of humanoid robotics.  The project was 

motivated by the potential application of humanoids to the disaster response and rescue robotics areas. 

Among many capabilities a robotic first responder will need, locomotion is a very important one.  The 

research presented above was thus applied to this problem.  

The contributions of this work to the field include:  1) novel actuation architecture to improve the 

efficiency of bipedal robots, 2) demonstrate how such architecture can be applied to serial or parallel 

actuated joints, 3) develop a fully electro-mechanical and linearly actuated humanoid robot based off of 

the theoretical results above, 4) develop an ankle torque based balance controller suitable for compliant 

and non-stationary terrain, 5) derive a simple but comprehensive dynamic model of the robot’s center of 

gravity for the single support phase that includes swing leg and torso dynamics.  The value of this work is 

that it is not applicable to any one specific robot, but can be used in pieces to improve the performance of 

any existing or future humanoid through simple hardware or software modifications.   

The efficiency of a robot is an important determining factor in its usefulness.  In this dissertation, a simple 

biarticular actuation method is proposed that can reduce the energy consumption of the lower body during 

common tasks by 30%.  This is most easily accomplished by interconnecting the hip roll axis 

(adduction/abduction) with the knee pitch joint (knee extension and flexion).  It was shown that this can 

be accomplished on both serial and parallel actuated robots and is therefore of great value to the field.  

SAFFiR is a lower body platform built to demonstrate advanced humanoid robot technology.  Its primary 

contribution was in demonstrating the suitability and limits of ballscrew equipped linear actuators as the 

primary transmission mechanism. A force control based balance controller was developed and verified 

through extensive experimentation. This controller is particularly valuable in that it utilizes only the ankle 

as pure force sources, and is therefore easily applied to existing robots (for example using the force 

torques in the ankle as feedback or by simply replacing the two ankle actuators). SAFFiR can walk on 

high-pile turf, gravel, sand and strewn plywood. It is believed to be the first robot to demonstrate bipedal 

locomotion on loose sand (in front of a live audience no less).   

Besides hardware and controls, trajectory planning is the third component of bipedal locomotion. In this 

work, the linear inverted pendulum model was extended to include internal dynamics that were previously 

neglected.  The model retains the simplicity of a lumped COM and thus is very appropriate for the state of 

the art centroidal momentum based controllers.  The improved model was implemented in simulation and 

shown to reduce control input and tracking error.  
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Appendix A Genetic Algorithm Coding 
 

Genetic algorithms have in recent years been used for a wide variety of type and dimensional synthesis 

and optimization problems. They are unique among search algorithms in that they combine elements of 

both random and directed search routines. The genetic algorithm described here is applied to the joint 

orientation optimization problem. Genetic algorithms use the breeding and evolutionary mechanisms of 

natural systems to root out an optimal solution, where the optimal is determined by a user defined fitness 

function. The strength of these algorithms stems from the combination of elements from both random 

walk type searches and broader and more computationally intensive enumerative type algorithms. The 

result is a rigorous search which can be used for many types of optimizations of multi-criteria problems 

[77].  

The algorithm used here is applied to a dimensional type synthesis problem. In this approach, the various 

parameters of significance, (elements of the matrix G) area coded into a series of bits which make up a 

chromosome. A large population is then built up of many different chromosomes. Each individual in the 

population is then scored for a fitness level using the fitness function. Members of the population are then 

combined and crossed using a mating function which gives priority to the individuals with higher fitness. 

Mutations are also allowed to occur in every generation. With each new generation, the population is 

rescored by the fitness function, and the cycle continues. The result is a powerful search algorithm built 

upon very basic and easy to program functions. A flowchart representing the structure of the genetic 

algorithm can be seen in Figure A-1. 

 

 

 

Figure A-1. Flowchart of the Genetic Algorithm process. 
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The coding of the population chromosomes is done as a binary representation. Each chromosome is made 

up of one or more genes, where each gene is a coding representing a transmission parameter. For this 

transmission, there are five different parameters which are varied which are summarized in Table A-1.  

Table A-1: Parameter bounds for the numerical search and genetic algorithm. 

Parameter Symbol Lower bound Upper bound Units 

Lever length r1, r2 0 0.1 Meters 

Lever angle θ1, θ2  0 π Radians 

Biarticular lever p1- p4 0 0.05 Meters 

 
Each gene’s parameter is transformed into a five bit number. The parameter value is determined by the 

user defined limits. Each value of the gene, a 0 or a 1, is randomly defined by a random number generator 

with equal probability given to each outcome. The region defined by the upper and lower limits of each 

parameter value are divided into 31 steps, (2
5
-1), where each step is represented by an six bit binary 

number, the gene. For example, if for some parameter value the upper limit was 10, the lower limit was 5, 

and the gene was randomly generated as 01101, then the actual parameter value of that gene would be 

given as in Equation A-1: 

A-1         
(    )

    
               (A-1) 

where the subscript “2” indicates that it is a binary number. It is worth mentioning that the program deals 

strictly with the coded parameter value, only decoding the gene when it is necessary to use this value in 

the fitness scoring function. It is therefore easy to increase the resolution without greatly affecting the 

program runtime.  

The upper and lower limits for each parameter were chosen based on experience from previous work with 

the transmission. This work showed a general range of acceptable values which would produce a viable 

transmission. The limits could be adjusted from run to run if it was found the algorithm chose the 

extremes more often than not. For the five parameters with a gene length of 6 bits, each member of the 

population has a chromosome length of 30. The first operation then performed by the program is to 

initialize the population. For this optimization, we used a population size of 100.  

A - 1 Fitness Scoring 

Once the population has been established, it is necessary to assign a fitness value to each of the members 

of the population. The fitness values will then be used by the mating functions to determine the fittest 

specimens and give them a higher probability of mating. For the optimization, the scoring function was 

based first on reducing the contact stress, and secondly on maintaining the transmission limits described 

above.  

Once the parameters were decoded, they are sent to the scoring function. The energy lost by the leg is 

then calculated using Equation 2-7 
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In application, the lowest fitness value was 0.01 in order to allow even the poorest performing individuals 

to be allowed to reproduce, in case there was some valuable genetic information within the chromosome. 

The fitness value and the contact stress are related by Equation A-2: 

A-2  ( )  
  

   
                   ( )                      (A-2) 

where E is the energy lost by the motors. This function was chosen such that a desirable level of energy, 

350[J], represented a unity fitness value.  

It is necessary for the fitness function to also enforce the parameter limits. This is done by reducing the 

fitness value of the offending individual, either by a fixed value, or a percentage reduction. In this paper, 

we use a fixed value of 0.2 for each offense. Should there be too many individuals outside the limits, this 

value can be increased so as to inhibit reproduction further.  

A - 2 Fitness Scaling 

Fitness scaling is an important part of the genetic algorithm. Its purpose is to modify the fitness values of 

the population to prevent the domination of reproduction by a few individuals in the early generations, 

and also to increase competition among the population in later generations. A linear scaling routine was 

implemented here. Given an original fitness value, the scaled value can be found from Equation A-3: 

A-3                   (A-3) 

where a and b are chosen such that the maximum original fitness is mapped to the twice the original 

average fitness but the original and scaled average fitness values remain the same. A graphical 

representation of this mapping can be seen in Figure A-2.  

In this way the fittest individual will reproduce on average twice as often as the average individual. Thus 

a healthy competition is maintained in both the early and later generations. In order to prevent negative 

fitness values, which may occur when using a scaling function, any scaled fitness value less than zero is 

mapped to a value of 0.1.  
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Figure A-2. Fitness scaling used to promote healthy competition. 

A - 3 Selection and Mutation rate 

Between each generation it is necessary to mate the population. A selection function chooses two 

members of the population for crossover. The probability that any member for reproduction is 

proportional to their fitness value. This routine is generally referred to as a “roulette wheel” style 

selection [78]. For every two selected members of the population, two offspring are generated. If the same 

individual is selected twice, it can be beneficial to cancel the mate and send the member back to the 

population through the mutation algorithm. It has been shown that this diversity monitor increases the 

number of acceptable solutions at the end of the program without lowering the maximum fitness level. 

For every pair of mating individuals, a random number between one and the chromosome length is 

chosen. This is the crossover site. For reproduction, the two chromosomes are split at the crossover site, 

and the latter portions of the chromosomes are swapped between individuals. Put another way, each bit of 

the chromosome that occurs after the crossover site are swapped between the individuals.  

Before the offspring are sent back to the population, they are passed through a mutation function. The 

purpose of this routine is to switch the value of one randomly selected bit within the chromosome. As 

implemented here, this mutation occurs with probability of 0.033. There is equal probability that any bit 

on the chromosome will be selected for mutation. 

A - 4 Stop Criteria 

There is one stop criteria built into the genetic algorithm. This stop limits the maximum number of 

generations that can be produced, essentially a run-time limit on the program. No more than 300 

generations were produced during this study. In addition, the member with the highest fitness throughout 
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all generations is stored such that it can be retrieved when the program terminates. The can be seen in the 

figure below: 

 

Figure A-3. Maximum and average fitness values over the course of 300 generations. The average tends to 
converge, indicating a near optimum is found.  
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Appendix B Clemens type constant velocity linkage 
 
Robotic manipulators can be categorized as either parallel, serial, or in some cases a combination of the 

two. Among others, a notable drawback of serial manipulators in dynamic applications is the large inertia 

created by typically heavy electromechanical actuators at the distal end of the manipulator. In addition, 

compact packaging of multiple actuators in a multi-degree of freedom (DOF) joint, as is often necessary 

with serial manipulators, can be difficult. These difficulties can be alleviated should a means be found to 

relocate actuators across one or more degrees of freedom. In this paper, we investigate a constant velocity 

(CV) linkage, the Clemens linkage, that may be used to relocate an actuator across a one DOF revolute 

joint to an adjacent link while maintaining a serially actuated architecture. This can be very advantageous 

in some applications such as a humanoid robot ankle. The linkage is analyzed for both its range of motion 

and torque capacity for such applications given limitations of currently available bearing hardware.  

B - 1 Introduction 

There are two primary robotic hardware architectures from which a designer must select before 

embarking on a new design, those of parallel and serial architectures. Serial manipulators and robots are 

those in which each limb is comprised of a series of alternating rigid links and actuated joints. A parallel 

architecture is that defined by a number of serial chains arranged in parallel to control an end effector. 

Traditionally, serial architectures have been used with great success in industrial and research robots due 

to their large range of motion and straightforward design. However, they are not without disadvantages, 

which include increased inertias due to the necessary distal location of actuators, increased backlash, and 

increased positional error due to the compounding effect of the design. In this paper, we look at a constant 

velocity mechanism, the Clemens Linkage, which allows actuators to be located in more favorable 

locations within a serial architecture design to improve upon the inertial drawbacks of serial manipulators.  

Humanoid robots have been traditionally designed with each limb acting as a serial manipulator in large 

part due to the required range of motion typical of most humanoid joints. Examples of this include 

KAIST University’s HUBO, Honda’s ASIMO, Waseda University’s Wabian-2, and Technical University 

of Munich’s Johnnie and LOLA among others[10], [31], [32]. As an example of the range of motion, the 

two degree of freedom ankle joint of HUBO, has 135 degrees of motion in pitch, and 90 in roll[31]. With 

the proper mechanical design, this range of motion is very feasible with a serial chain. However, it 

requires a large ~600[g] actuator to be placed on a cross gimbal centered in the ankle joint.  

More generally, a typical humanoid robot ankle joins three rigid bodies, the shin, cross gimbal, and foot. 

The ankle has two DOFs, usually a roll and pitch (both oriented in the aeronautical sense). Up until now, 

serially actuated robots have utilized one of four actuator placements: 1) one actuator in the shin, and one 

in the foot, 2) in the shin and gimbal, 3) in the gimbal and foot, and 4) both in the gimbal. All four 

configurations incur a significant inertial penalty from at least one of the actuators being located at the 

extreme distal end of the limb. This causes both a significant increase in the legs inertia as well as 

presents a packaging challenge to designers. To be able to remotely position this actuator (for example 

near the proximal end of the shin) can therefore have a significant effect on the design and dynamics of 

the robot.  
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There are a number of ways to accomplish the relocation of actuators across DOFs. The humanoid LOLA 

has a very interesting system of pinion gears in the knee that drive a parallel system of linear 

transmissions[12]. Another alternative is a differential style gearbox that drive both ankle DOFs in a 

parallel fashion. Differential joints have been used before [79] but require a larger range of motion from 

each actuator and additional complexity in the control software due to the necessity for coordinated 

motion between actuators. We have investigated linear actuators in a parallel arrangement on the 

humanoid SAFFiR, but found compromises still arise [Lahr].  

On the other hand, a constant velocity linkage placed within the joint adds little complexity, allows for the 

actuator to be repositioned, and maintains a serial architecture for software simplicity. To illustrate this 

point, take the example of the HUBO ankle mentioned above. A CV joint allows the actuator on the 

gimbal to be moved to the shin, and instead of driving the foot directly, does so instead through a CV 

joint. In this paper we investigate the feasibility of a Clemens linkage for use in the joint of a humanoid 

robot. A static analysis is performed to determine proper link and joint sizing, and a displacement analysis 

of the spherical joint provides a means of optimizing the linkage for the desired joint range of motion. 

B - 2 Background 

There are many types of Constant Velocity joints in existence, and Hunt offers a list of characteristics 

required of CV joints to maintain constant velocity [80]. The most common joints include those seen in 

automotive applications such as the Rzeppa, Tripod, or Cardan joint and less recently the Myard[81] and 

Tracta[82] joints. For robotics applications, simplicity, compactness and high articulation is necessary, 

and it will be shown that the Clemens linkage satisfies these criteria.  

The Clemens linkage is a spatial linkage with a RRSRR topology as seen in Figure B-1[83]–[85], 

although the precise configuration can vary. For example the location of the revolute axes connecting 

shaft1 and link1 may be located anywhere in the plane perpendicular to the axis of rotation of the input 

shafts. The Clemens linkage has been studied before. A displacement analysis by Wallace showed that the 

linkage is in fact a constant velocity one [86]. Milenkovic showed an alternative proof of constant 

velocity, but also addressed some singular configurations [87]. He goes on to describe some uses for the 

linkage in robotic wrists [88].  

B - 3 Analysis 

Our goal is to size the linkage to be suitable for use in a humanoid robot ankle. In this role, there are 

several criteria that should be met. The first is that the linkage minimize the number of bearing interfaces 

to reduce the weight, size, complexity, and possibility of backlash in the joint, the last point being 

particularly important to maintain high positional accuracies of the ankle and therefore robot. The linkage 

must be placed inside the joint, such that rotations can be transmitted through one DOF to actuate a 

second DOF. Therefore the size must be reduced to the point that it does not interfere with the structure of 

the joint itself.  
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Figure B-1: Representative rendering of Clemens Linkage. 

To that end, using a spherical bearing as the spherical joint in the Clemens linkage is advantageous in this 

application over the use of three intersecting revolute axes acting as a spherical joint. It can be shown 

though that this latter configuration (three intersecting revolute axes) offers some advantages in terms of 

range of motion and efficiency, but this is not addressed here. The single bearing offers a small package, 

generally large load carrying ability, and minimizes backlash. While there is incentive to use a spherical 

bearing, they are limited in both their capacity and articulation. Therefore, it is necessary to analyze the 

Clemens linkage in order to determine their feasibility in such a role.  

In this analysis we assume the linkage is configured with the two revolute axes on the input and output 

side of the linkage intersects each other, as seen in Figure. Furthermore, because the structure of the robot 

fully constrains the two shafts to intersect, there is no need for further constraints on them (the Clemens 

linkage is often configured with a spherical joint at the intersection of the input and output shafts).  

The ankle joint of a humanoid sees a wide range of motion, in this case it is desired that the ankle pitches 

+90 and -45 degrees about the y axis to allow the robot to both kneel and take large strides. The leg 

configuration can be seen in Figure B-2. It shows that the ankle roll joint is placed after the ankle pitch to 

allow the foot/shin to roll even at large angles of pitch. Because the roll is located distal to the pitch DOF, 

this is the axis that will be actuated with the Clemens linkage, and it is therefore necessary that the linkage 

transmit torque through +90/-45 degrees of shaft deflection. It is desirable to get as much range out of this 

roll axis as possible, so that will be the focus of this investigation.  
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Figure B-2 Configuration of humanoid robot ankle pitch and roll DOFs 

To perform a static analysis, it is first necessary to determine the spatial relationship between all the links 

in any position. The necessary parameters of the Clemens linkage are shown in a nominal configuration in 

Figure B-3.  

 

Figure B-3: Clemens linkage parameters  

The angular position, θ2, must be determined for any angle, θ1 and θs. Firstly, the x, y, and z coordinates of 

endpoint, p, are given by Equation B-1:  
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This point must lie in the homokinetic plane to ensure shafts A and B are driven at constant angular rate 

with respect to each other. The equation for this plane is given by Equation B-2: 

B-2      (    )      (   ⁄ )         (B-2) 

 
Solving for θ2 yields Equation B-3, seen below. 
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The forces that must be transmitted through the spherical bearing at point, p, must now be computed. 

Figure B-4 shows the force that acts through the spherical bearing. This force will be calculated from 

system of equations based on the sum of torques about various components.  

 

Figure B-4: Free body diagram of link1 and shaft1  
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Figure B-5: Free body diagrams of link2 and shaft2 

The sum of the torques on link1 about axis a-a must be zero if the dynamic effects are assumed to be 

small and the revolute joint is frictionless. This is a safe assumption for the case studied here, in which the 

velocities of robotic links are small and ball bearings are used. This yields Equation B-4. 
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Simplifying Equation above gives us the first equation of three necessary to solve for F, Equation B-5: 
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Furthermore, force F must also generate torque τ on shaft1 and shaft2 as in Equations below 

B-6  ( ⃑    ⃑⃑⃑ ⃑)   ̂             (B-6) 

B-7  ( ⃑    ⃑⃑⃑⃑ )   ̂              (B-7) 

Where  ̂ is the unit vector in the y direction, and  ̂  is the unit vector collinear to shaft2 as in Equations 

B-8 and B-9: 
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Solving simultaneously yields Equation B-10: 

B-10 [
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For a nominal set of linkage parameters( dl = 0.12[m], ds=0.1[m], τ=10[Nm]) the magnitude of the force, 

F, is plotted in Figure B-6 for shaft angles, θs=0 and θs=π/2. When θs=0, point p traces a circle centered 

about the origin in the x-z plane, and therefore intuitively the force, F, is constant. In the case of θs=π/2, 

point p again traces a circle, but one that lies in the homokinetic plane and is not centered about the 

origin. One can see that the force, F, is maximum on either side of θ1=π, when a combination of two 

effects (point p is closest to the origin and the constraint forces peak) cause the force F to peak at 6.7[N]. 

Increasing the ratio of dl to ds has the effect of lowering the magnitude of the forces across all values of θs 

by increasing the radius of the circle traced by point, p. Therefore, a Clemens linkage should be designed 

to maximize this ratio. Furthermore, the larger the link lengths dl to ds, the smaller the force F. Therefore 

as large a link as can be packaged should be used to minimize the force through the linkage.  

 

Figure B-6: Magnitude of force, F, for one complete revolution of shaft1 at two different shaft angles, θs.  

Articulation analysis 

To reiterate, a spherical bearing was chosen in this application for their high load carrying capacity, light 

weight, and low backlash. However, commercially available spherical bearings have limited articulation, 

defined as the total angular range of motion of the inner race with respect to the outer race. With the use 

of a spherical bearing it is therefore necessary that the movement of links1and links2 do not exceed this 

articulation. In order to maximize the available articulation and therefore the range of motion of the 

Clemens linkage, it is beneficial to align the neutral axis of the race and bearing (defined as an axis 

perpendicular to the plane of the outer bearing race and parallel to the hole through inner sphere 

respectively) such that it minimizes the required articulation, as seen in Figure 7.  
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To determine the optimal tilt, it is necessary to find the 3D angle between ra and rb. This can be done by 

first solving for the unit vector in the direction of both ra and rb as in Equations B-11 and B-12: 

B-11 ̂    (  )  (  )  (  ) [
 
 
 
]         (B-11) 

B-12 ̂    (  )  (  )  (  )  (  ) [
 
 
 
]              (B-12) 

 
where R is the rotation matrix about the subscripted axis. The angle is given simply as: 

B-13       ( ̂   ̂ )            (B-13) 

 

 

Figure B-7: Illustration of spherical bearing inclination, θa and θb to improve articulation. 

Two angles can be varied, the angle between the axis of the outer race and link1, θa, and the angle of the 

inner race with link2, θb. Figure and Figure illustrates the articulation angle for several cases.  
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Figure B-8: Articulation angle when θb=0.0[rad] for various shaft angles and outer race angles, θa. θs is equal 

to     for these plots.  

The typical maximum articulation angle of most commercially available spherical bearings is 40 degrees, 

or +/-20 degrees from center (which directly correlates to α). This maximum is represented by the hashed 

line in Figure 8 and 9. With almost no tilt in either the inner or outer race, it is clear from the blue line in 

Figure that no spherical joint will have the necessary articulation (the blue line never drops below the 

hashed line). However by adjusting just outer race tilt, it becomes possible to achieve a range of motion of 

+/- 0.3[rad] when the shaft angle is     [rad]. Furthermore Figure shows that by adjusting both the inner 

and outer angles, it is possible to further improve upon the range of motion. In this case, with θa=2.4 and 

θb=0.8, (the green line), a range of motion of +/-0.75[rad] is possible about the origin.  

 

Figure B-9: Articulation angle when θb=0.8[rad] for various shaft angles and outer race angles, θa. θs is set to 

    for these plots.  
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Therefore, spherical bearing races should be carefully aligned so as to provide the necessary range of 

motion in the θ1 direction over the entire range of angles seen by θs. Furthermore, this tilt represents an 

important tool to optimize the linkage in future applications. In our scenario of a humanoid robot ankle, at 

these large shaft angles, the necessary range of motion of the joint does not exceed that of the linkage, and 

therefore the linkage is suitable for this joint. That is, at    [rad] of positive pitch in the ankle, it is 

desirable to be able to roll +/- 0.75[rad]. With the correct bearing inclinations, this range of motion is 

possible with the Clemens linkage.  

B - 4 Implementation in a robotic joint 

It has been shown that the Clemens linkage has both the necessary load carrying capacity and the range of 

motion for some robotic applications including that studied here, a humanoid ankle. Figure 10 shows a 

representative model of how a two DOF joint would be configured around a Clemens linkage to allow 

both actuators to be placed on one side of the joint.  

There are two links, the shin (grey) and the foot (brown), rotatably attached to each other through a cross 

gimbal (green). Two actuators (blue) actuate the joint. The pitch actuator acts directly on the cross 

gimbal. The roll actuator acts on the red link, which serves as the input shaft to the Clemens linkage, 

analogous to shaft1. The grey and purple links of the linkage are the implementations of link1 and link2 

respectively. The output of the linkage is attached to the foot through a perpendicular revolute axis. In this 

way, both ankle actuators may be placed well up the shin in order to reduce the total inertia of the leg and 

eliminate the need to package a large actuator in either the gimbal or on the foot. Because of the range of 

motion constraints of the linkage, it is preferable to use the linkage to actuate the DOF of a 2DOF joint 

with a smaller range of motion such that the articulation of the spherical joint is not exceeded.  

 

 

Figure B-10: Representative CAD model of how a Clemens Linkage could be implemented in a 2DOF robotic 
joint (humanoid ankle).  
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B - 5 Discussion 

There are two popular methods for actuating a humanoid ankle, as a true serial joint and as a parallel 

mechanism. Examples can be seen in Figure B-11. The Clemens linkage does increase the complexity as 

compared to a serial chain; however, it offers the improved mass distribution of a parallelly actuated 

ankle by placing the massive actuators closer to the knee. A common disadvantage of the parallel style is 

significant loss of mechanical advantage at large ranges of motion. The Clemens style ankle avoids this 

tradeoff having constant mechanical advantage over its entire range of motion.  

 

 

Figure B-11: Parallel actuated ankle on left and serially actuated on right.  

B - 6 Conclusions 

A notable drawback of serial manipulators in dynamic applications is the large inertia created by typically 

heavy electromechanical actuators at the distal end of the manipulator. Additionally, designers must often 

solve difficult packaging constraints at these distal joints. For example in the case of humanoid robots, 

joints and links around the ankle have conflicting requirements, low inertia and high torque. A constant 

velocity joint, the Clemens linkage, was presented here as a means to relocate actuators across a one DOF 

revolute joint to an adjacent link while maintaining a serially actuated architecture. To reduce backlash, 

complexity, and weight, a spherical plain bearing is utilized within the linkage. The forces transmitted by 

the spherical bearing were calculated with respect to the input torque and linkage parameters. 

Furthermore, the range of motion of the linkage was shown to be limited by the articulation of the 

spherical bearing, and parameters which can be used to optimize this range were identified. In conclusion, 

Clemens linkage is a useful design element for serial robotic applications and may possibly extend the 

dynamic ability of manipulators in the future.  
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Appendix C  Motor Control 
 
Existing motor controller solutions work quite well for traditional robotics applications. For example, in 

an industrial setting, precise speed and position control capabilities have a direct correlation to the quality 

and economy of production robots. However, there is a developing trend in the research community to 

deliver not only fast and precise robots, but also robust, efficient and interactive solutions. These robots 

will break outside of the existing robotic paradigm, and allow them to work closely with humans, perform 

delicate tasks, and operate in unstructured terrain with greater energy autonomy. The capability that must 

be developed to allow this paradigm shift is torque/force controllable, low impedance actuators.  

Torque control allows for the accurate control of the torques delivered through the actuator through use of 

a torque feedback sensor. (This technique is also referred to as Force control when implemented in a 

linear actuator delivering forces.) When implemented with an appropriate control system, these actuators 

can be made inherently passive and compliant, thereby allowing such actuators to be used in tasks 

requiring human-robot interaction (such as rehabilitation robotics), unknown environments (such as 

legged locomotion), and energy efficiency (such as passive dynamic motions).  

Force and torque controlled actuators can be implemented using either high bandwidth, high torque direct 

drive motors, or alternatively, by placing a spring in series with a more conventional geared motor (series 

elastic actuator). The latter approach is the one we have taken, and is shown in Figurewith an 

accompanying schematic. This approach results in improved impact tolerance, as the mechanical structure 

acts as a low pass filter, and also improved energy efficiency through energy storage [54]. In the robotics 

research community, there are an increasing number of robots using force or torque control. These 

include Boston Dynamics Petman[89], IHMC’s M2V2[25], Meka robotics M1 Mobile[90], DLR LWR-2 

[4], Delft’s Flame[23]. There numerous other labs that utilize torque control in rehabilitation robotics and 

actuator development. 

 

 

Figure C-1. Picture of the test stand above, and schematic of the same on bottom 
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There are currently no commercially available motor drives capable of force or torque control. Due to 

this, research labs are forced to develop their own motor controllers to gain the functionality that they 

need. More specifically, the ability to program custom control loops for implementing more advanced and 

distributed control architectures. We believe that a motor drive with force or torque control functionality 

would be an important contribution to the field and would be attractive to many research and development 

laboratories. Furthermore, a programmable motor drive would open the potential market to a wide variety 

of laboratories and developers. 

C - 1 Architecture 

 
The desired architecture is required to control the mechanical setup seen in Figure 1, with the major 

difference being the equations below are derived for Torque control rather than Force (as we have 

implemented mechanically). The plant shown in Figure is shown as a schematic in Figure. 

 

 

Figure C-2. Schematic of the Plant as derived from the mechanical setup in Figure 1. 

 
The transfer function of the plant is given in Equation C-1:  

C-1 
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where Im is the reflected inertia of the motor (that is the inertia as seen through a gear reduction), bm is the 

damping of the motor and drivetrain, and ks is the spring constant. We wish to use the controller to 

achieve a torque on the load, TL equal to the desired torque, Td. The feedback controller will use 

proportional and derivative control on the error along with a feedforward term to control the torque (or 

current) on the motor, Tm to achieve this goal. Feedback will be accomplished through a torque sensor 

attached to the spring to measure the output load. The transfer function describing both the controller and 

plant is given in Equation C-2.  

C-2
  ( )

  ( )
 

    (    )

  
  

   
       

  
  (    )

     (C-2) 



 141 

where Kp is the proportional gain, Kd is the derivative gain, For a derivation of Equation C-2, please see 

[91]. 

The controller architecture is shown in Figure 3. This architecture includes several additional terms that 

are required of the controller to handle the unit conversions of the various signals. Of those terms: AO is 

the analogue voltage offset, As is the analogue scaling term, and Cff is the conversion between desired 

torque and amperage.  

 

Figure C-3. Implementation of the controller for the Maxon Epos Firmware showing the units of each of the 
signals. 

The constants necessary for this implementation are given in Table 1 along with the respective units. 

Because this is the first implementation of this control scheme, it is desirable to have as much flexibility 

in both the range and the resolution of the parameters. Therefore, we wish to store each parameter as a 

numerator and denominator, an example of the proportional gain can be seen in Equation C-3: 

C-3    
      

      
       (C-3) 

where Kp…num and Kp…den are both 16 bit integer numbers in this case. The desired data types and ranges 

are also included in Table C-1.  

 

Table C-1. Parameter values and units 

Parameter Name Abrv. DataType Min Max Units 

Proportional Gain Kp…num Int16 0 65535 A/Nm 

 Kp…den Int16 0 65535  

Derivative Gain Kd…num Int16 0 65535 A∙s/Nm 

 Kd…den Int16 0 65535  

Desired Torque Td…num Int16 -32767 32767 Nm 

 Td…den Int16 0 32767  

Feed Forward Scaling Constant Cff…num Int16 -32767 32767 mA/Nm 
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 Cff…den Int16 0 32767  

Analogue Scaling As…num Int16 -32767 32767 Nm/V 

 As…den Int16 0 32767  

Analogue Offset AO…num Int16 -32767 32767 mV 

 AO…den Int16 0 32767  

 
We have estimated the values of the parameters as well as seen in Table 2. The gains listed are equivalent 

to the “KP…SI” listed in the Application notes in that they use SI units. Should the gain storage scheme 

describe above and represented in Table C-1 not be possible, we would like to defer to the values in Table 

C-2.  

Table C-2. Parameter values  

Parameter Name Abrv. Min Value Max Value Units 

Proportional Gain Kp 0 1000 A/Nm 

Derivative Gain Kd 0 50 A∙s/Nm 

Desired Torque Td -200 200 Nm 

Feed Forward Scaling Constant Cff -500 500 mA/Nm 

Analogue Scaling As -50 50 Nm/V 

Analogue Offset AO -5000 5000 mV 
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Appendix D DRC work 
 

The DARPA Robotics Challenge is a real-world competition designed to accelerate the development of 

rescue robots and the semi-autonomous behaviors that govern them. The competition is based upon the 

Fukishima reactor disaster response and similar scenarios. Often environments such as these become 

extremely hazardous to humans, to the point that they are actually impossible to operate it. Therefor much 

like the impetus for the SAFFiR project, it is in exactly these situations that a robot may act as a powerful 

surrogate for human first responders.  

Empowering robots to serve as supervised first responders will allow for faster, safer, and more persistent 

service in the aftermath of natural and man-made disasters, but doing so will require revolutionary 

advances in technology. Seemingly mundane tasks, such as traversing rubble, wielding common tools, or 

climbing into a vehicle are state-of-the-art capabilities for mobile robots – extremely challenging tasks, 

even in the controlled environment of a sophisticated laboratory. Creating a single platform capable of 

performing all of these tasks in austere environments requires leap-ahead advances in hardware and 

software.  

It is the goal of the DRC then to spur the advancement of robotic technologies that can make a 

measurable impact on the effectiveness of first responder robots. These technologies include: mobility, 

manipulation, localization and mapping, autonomous behavior, and teleoperation. In that vein, DARPA 

has contrived seven individual challenges that make up the greater challenge. Specifically, these include 

1) Rough terrain walking, 2) climbing a ladder, 3) operating a valve, 4) operating a firehose, 5) removing 

debris, 6) driving a vehicle, 7) opening doors, and 7) breaking through a wall. The proposed work 

outlined below pertains directly to the rough terrain walking task.  

This chapter outlines the work lying ahead. It is framed within the scope of the rough terrain walking 

portion of the DARPA Robotics Challenge. Therefore, both the task and the specific challenges that have 

been identified within that task will be discussed first. The robot taking part in the Challenge, THOR, is 

similar to SAFFiR, but incorporates many improvements. The relevant portions of THOR’s architecture 

will be described. Finally, the balancing and walking algorithm that will be developed for THOR will be 

proposed. Similar characteristics between THOR and SAFFiR’s algorithms will be outlined.  

D - 1 DARPA Robotics Challenge 

The DARPA Robotics Challenge will force robotics technology to overcome the difficult tasks 

presented[92]. One of the most demanding tasks that if accomplished will represent a significant 

improvement in the state of the art, is the rough terrain walking. As has been mentioned previously, 

bipeds today can only traverse a limited variety of terrain. On the other hand, the DRC sets forth a 

demanding walking course comprised of 8 levels of increasing difficulty. This section will discuss the 

eight sections and the expected difficulties THOR will have with each. 

The walking challenge is comprised of eight different sections arranged consecutively to form a course 

80[ft] long and 8[ft] wide. The sections are constructed of wood or cinder block features that serve as the 
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obstructions. In total, the sections address certain walking techniques such as stepping on uneven terrain, 

traversing inclines and declines, stepping up and down, and crossing over stepover obstacles.  

1) The first section amounts to flat terrain made up of paving stones and Astroturf. As shown above, 

this type of terrain can be handled by the current generation of humanoids such as SAFFiR. No 

significant challenge to THOR is expected here.  

2) This section includes two short ramps, made of plywood that rise 6[in] in 4[ft]. Similarly, the 

decline assumes the same slope. 

3) The tripping hazard section is designed to test the step planning and underfoot terrain capabilities 

of the robot. That is, whether or not the robot is sensitive to height variations under the foot. The 

obstacles are constructed of first 2x4’s and then 4x4’s arrange diagonally across the length of the 

walking challenge as seen in Figure ?. This is the first sub-challenge in which perception can 

improve the robots chance of success. Intelligent step planning and foot placement may allow the 

robot to avoid all the obstacles. Being tolerant of uneven conditions underfoot though will 

increase the likelihood of success. 

4) Two rows of cinderblocks make up the first of the step-over obstacles as in Figure ?. There are 

two individual obstacles in this sub-challenge. The first is a straight line of blocks while the 

second forms a “zig-zag” pattern. Because of the height and width of the blocks, the robot faces 

significant difficulties to both step over and maintain balance across the walls. The height also 

precludes any attempt to step up onto the wall and then down. Therefore this challenge will likely 

be handled using a whole bodied manipulation technique. 

5) The next three sub-challenges are continuous terrain features made from cinder-blocks. They all 

challenge test the robots ability to perceive terrain and act accordingly. Sub-challenge five is 

made from a varying checkerboard pattern of blocks. In addition to perception, the robot will 

need to maintain balance as it steps up and down the blocks.  

6) This section builds on the one before it by incorporating consecutive step ups and step downs to 

form a “hill.” The declined portion also includes blocks on the side, which necessitate very 

accurate foot placement to avoid slipping and getting caught in one of the holes. Should sub-

challenge five be accomplished, sub-challenge six requires few if any additional capabilities.  

7) Section seven is much like six except that each step is inclined (i.e. not horizontal). Additionally, 

each step is at a different angle to its neighborThe steps again increase in height and then 

decrease to ground level. Perception will need to be used to estimate the ground normal so the 

feet can be placed accurately. The step algorithm and step planner will also need to be carefully 

designed to handle terrain that would otherwise cause the foot to exceed the range of motion of 

the ankle. Because of its significance 

8) The final sub-challenge includes a variety of step-over obstacles including scaffolding and 

artificial rocks. Perception will play a large role as well as whole body motions over obstacles 

that would otherwise be impossible to traverse.  
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Figure D-1. The second and third portions of the DRC walking course. On left is the inclined ramps (2), and 
on right are the tripping hazards (3). 

  

Figure D-2. The hurdle obstacles on left, and the footfalls and holes section on right. 

  

Figure D-3. Declined flat blocks on left and inclined Pitch/Roll blocks on right.  

Our approach for the DRC will closely follow the control themes developed for SAFFiR but extended to a 

full force control architecture. As discussed above, the most recent advances in humanoid walking have 

been focused on a full force controlled walking approach. Very promising results for balancing on 
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moving terrain have been shown [93]. Some early walking optimization based experiments also show 

promise. Likewise, our experience with SAFFiR using partial force control has demonstrated the 

advantages therein. For the DRC then, we will be implementing a full force control in the general 

framework that the literature explains. This framework is outlined in [94]–[98]. Given an understanding 

of the current state of the art, our particular contribution to the field will be in two primary areas: 

1) Heel-to-toe walking and toe-to-toe walking techniques will be used to increase the support 

polygon during motions that approach the limits of the range of motion. This is particularly 

important when stepping down off an obstacle due to the limits of the ankle pitch joint. 

The following sections will outline the proposed research. In particular, the method of determining the 

appropriate COM wrench from the torso accelerations will be described. The COM wrench must then be 

intelligently distributed between the two feet. The proposed tension based method for this will be outlined 

next. A preliminary set of torso control laws will also be proposed. Finally, to incorporate toe-to-toe 

walking, special considerations must be given to the ground reaction forces and extra joint constraints. 

Some thoughts on these issues will be laid out.  

D - 2 Torso balance controller 

In the framework provided above the six degrees of freedom of the torso are directly controlled. The 

linear accelerations and thus positions are derived from the desired COG trajectories. Similarly the yaw of 

the torso is also controlled as part of the robots heading. The pitch and roll of the torso remain as useful 

control inputs to aid in balancing and trajectory following. A controller was implemented on SAFFiR that 

used a rudimentary control law. It essentially geared it to the COM position such that it pitched and rolled 

in proportion to the error in the COM position. While functional, it was less than optimal. The following 

section outlines a proposed state-space control scheme for the torso acceleration in pitch and roll that will 

outperform the controller on SAFFiR. 

The behavior of the torso on top of the legs acts like a two link inverted pendulum. To develop a state 

space model, it is necessary to derive the dynamics of this system. The linearized results can be seen in 

Equation D-1 and D-2: 
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Summing of forces in x direction on body two yields: 
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Summing of torques on body one yields: 
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Equations D-1 through D-4 can be solved and rearranged in the form of Equations D-5: 

D-5 ̇        

 0-1               (D-5) 
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The system has many constraints that the control law must obey, or damage will result. Firstly, the 

position and acceleration of the torso, θ2 must remain within a bound. Too high an acceleration is not 

possible, and too large of a roll or pitch will exceed the physical limits of the hardware. Additionally, the 

ankle torques are clipped at a relatively low level. These factors make using traditional state space tools 

less effective for tuning. For preliminary results, a heuristic method was used instead. The following will 

describe how the system was tuned and the early results that were achieved.  

 

  

Figure D-4. The double link pendulum was studied as a means of improving balancing by servoing the torso 
(represented by the link 2). 
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Figure D-5. A freebody diagram for a two link pendulum is used to complete the state space formulation. 

There exists a maximal initial velocity from which this two link pendulum can “recover” from, where 

recover is defined as returning to zero initial conditions (at the zero position with zero velocity). 

Furthermore, the torso can move only a limited amount with some maximum acceleration. A step 

acceleration profile is defined that moves the torso to its maximal position with maximum acceleration. 

Several experiments are run using a physical simulator, Matlab Simulink, to solve the ODE’s given a 

variety of initial velocities. Newton’s method is used to find the maximum velocity from which the 

pendulum can recover when the torso acceleration is applied. At this velocity, the state of θ1 and θ2 are 

used to solve a least squares regression problem that seeks to match the actual acceleration to a calculated 

acceleration where the latter is found by a linear combination of the state. The coefficients that are solved 

for are used as the gains in the state space system in Equation D-5. With these gains, preliminary results 

were better than expected.  

The state space controller increased the magnitude of the disturbance from which the pendulum could 

recover by 50%. In addition, the gains chosen worked with both desired set points and trajectories. Within 

the velocity limits, the torso stayed within the desired angle limits. Therefore these gains show to 

promising results. Firstly, torso servoing is a valuable control input to the system and can make a 

significant impact on stability. Secondly, while unconventional, the heuristic method for determining 

gains at least offers a valuable data point from which to apply a more rigorous methodology. Future work 

will require that the torso control law be integrated into the balance controller and safely employed during 

the walking cycle, specifically ensuring that when there is a risk of over accelerating or over extending 



 149 

the torso. Steady state errors in the system due to signal conditioning or otherwise may also case the 

controller to behave unexpectedly and will have to be studied.  

D - 3 Foot toe off 

The DRC’s walking course is designed to challenge many different aspects of rough terrain walking. In 

particular, stepping over, stepping up, and stepping down are all critical abilities to complete the course. 

They are critical both in that they are required techniques to just traverse the course, but also critical in the 

sense that they present several challenge to THOR. These include power limitations, range of motion 

limitations, and dynamic control limitations. The particulars of these limitations and the proposed solution 

will be discussed in this section. 

Humanoids have a long way to go until they can climb stairs and ladders with as much poise and such 

ease as a human. The difficulty they face is a confluence of limitations of a humanoid’s power, torque, 

controls, and range of motion. This is best illustrate by way of a step climbing attempt. Figure Figure  D-6 

shows an representative humanoid poised to climb from the left to the right up a single step. We make an 

assumption that the humanoid walks with its feet flat on the ground. It will be shown that this is a 

limitation, but represents the current state of the art. Overlaid in a thin black line is the range of motion of 

either ankle with respect to the hip if the foot is held flat. Said differently, the foot can be placed 

anywhere in that area and maintain a horizontal orientation. The hashed line represents the path the feet 

would take through that range of motion as the hip joint moves through space from above one foot to the 

other. In grey is the final configuration of the robot with the hip directly above the right step.  

  

Figure  D-6. THOR can step up a small height with static stability if no limitations are exceeded. 
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Note that several criteria are met: 1) Both feet can be placed flat on the steps and still be in the range of 

motion. Therefore, the step is dynamically possible with no aerial phase. 2) The hashed line is fully 

enclosed within the ROM envelope. Therefore the robot can remain in double support during the entire 

duration of the step, and thus will be statically stable as well. Meeting these two criteria is ideal, as the 

step can be made very deliberately and with great stability. Difficulties arise when one or both criteria are 

not met, as is expected to be the case during the DRC. Take for example the step seen in Figure . 

 

 

Figure  D-7. The available power, range of motion, and torque limit statically stable strategies on large steps.  

The step height and distance is increased in this instance until the robot can no longer make the transition 

with static stability guaranteed. Again the robot is able to reach both steps at the same time because their 

location is within the ROM envelope. However, as the hip moves from left to right, it reaches a 

configuration in which it can no longer maintain both feet in contact with the ground without either 

exceeding the ROM or maintaining a horizontal foot orientation. This is illustrated by the hashed lines, 

and in particular, when that line intersects the ROM envelope. There are several solutions to this 

challenge as picture below in Figure  through Figure . They include: 1) altering the hip trajectory until it 

can be completed with static stability, 2) dynamically completing the step, or 3) expanding the ROM so 

that it encloses a greater area.  
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Figure  D-8. A static step up will fit within the ROM but requires very high knee torques and does not solve 
the issue of stepping down. 

  

Figure  D-9. A dynamic motion is possible. The projects timeline and the available power to dynamically step 
down made this approach too risky. 
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Figure  D-10. Allowing the foot to rotate on edge will increase the ROM envelope, thereby enabling a long 
double support phase. 

To take large steps such as those in the DRC, we propose to develop solution “C”, to increase the ROM 

by using the toe edge of the foot for support such that the ROM can be enlarged. Figure  D-8 and Figure  

D-9 express some limitations of humanoids mentioned above. The controls required for a dynamic motion 

such as in solution A are riskier and more difficult to develop. Furthermore, it is likely that power 

limitations will present themselves during the acceleration or deceleration, particularly when stepping 

down. The time frame of the project also does not permit this approach. Solution B on the other hand 

exceeds some torque limitations of the robot. In its near final configuration, the robot has most of its 

weight on the one leg which is severely bent, resulting in a large knee torque. Solution C on the other 

hand falls more within the controls realm already explored with SAFFiR. By expanding the ROM the 

robot can stably make the step without nearing a torque limit.  

This toe-off motion fits well within the framework outlined above and requires only a few additional 

considerations. Directing forces through the toe is the same as through the entire foot, except fewer 

moments can be applied. It shows promise in literature as well [99]–[101]. That is, the available area over 

which the COP can be applied is reduced from an area to a line. The static problems, outlined above can 

still be solved and thus incorporation will be straightforward. An additional constraint will be added to 

gradually move the foot’s COP to the toe during the step so a smooth transition to the toe can be made. 

When the heel lifts from the ground, the leg becomes underactuated. A second joint constraint will be 

added so that the leg kinematics and statics can be solved for the joint torques. Stepping down will be 

implemented as the reverse of stepping up, with the toe or heel contacting first, until the ROM allows the 

foot to fall flat, at which point the foot’s COP will gradual shift away from the toe.  

The toe off strategy designed for THOR runs independently of higher level locomotion code. It will be 

primarily used only during double support, but will operate similarly in single support. Being 

independent, this allows the higher level code to command a torso position relative to a foothold with no 

regard for the kinematic peculiarities of that configuration. The toe controller is then responsible for four 

primary parameters: the center of pressure under the foot, the position, velocity, and acceleration of the 
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foot relative to the foothold. Therefore, while the high level controller commands torso positions relative 

to the footholds on the ground, the toe controller commands the foot positions relative to the ground in 

order for the torso to achieve its desired position. The specific rules of motion of the toe controller will be 

discussed herein.  

The premise of the toe controller operation is rooted in Figure 6. This figure shows a representative leg 

with hip, knee and ankle joint and foot placed flat on the ground. The range of motion of the hip with 

respect to the foot is that below the arc labeled: “Hip limit w/o toe”. The hip cannot move across this line 

without lifting all or part of its foot from the ground due to the kinematic singularity at the knee. If 

however the foot is allowed to rock up on its front edge, called the “Virtual Toe Joint”, the range of 

motion of the foot is expanded up to the “hip limit with toe” line before the range of motion of the ankle 

reaches its limit. The toe controller is therefore responsible for modulating the angle of the foot with 

respect to the ground about the virtual toe joint as the torso moves within the “Expanded operational 

region”  

 

Figure D-11. The torso’s range of motion with respect to a foothold is extended by rotating on the front of the 
foot. 

 

A similar premise can be developed as the torso lowers past where the range of motion of the ankle and 

knee would normally be exceeded. This is pictured in Figure 7. The hashed area and below is normally 

inaccessible due to the range of motion of the knee and ankle being exceeded. They cannot bend far 

enough to reach this region. If however the foot is allowed to rotated about the virtual toe joint, the torso 

is able to move within the expanded operational area without exceeding joint range of motion limits.  
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Figure 7 

Figure D-12. Allowing the foot to rotate on edge will increase the ROM envelope, thereby enabling a long 
double support phase. 

 

Rotating the foot about the virtual toe joint introduces an additional degree of freedom. The limb between 

the robot torso and the ground now effectively has seven degrees of freedom as opposed to the normal 

six. It is thus underconstrained, and an additional constraint must be added to solve the inverse 

kinematics. In this case, a simple rule is applied to prescribe the angle of the foot with respect to the 

ground. That rule is given by Equation D-6, 

D-6                             (D-6) 

 
where x_1, x_2, and alpha are as shown in Figure 8 and alpha_max is the farthest the ankle can tip on its 

toe before exceeding its range of motion. The actual values of alpha and alpha_max can be found through 

simple geometry given the foothold position and orientation and the torso position. Code has been 

developed to compute and command the foot position relative to the ground for all cases of toe or heel 

rotation including both cases. Testing was completed in simulation.  
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Figure D-13. Allowing the foot to rotate on edge will increase the ROM envelope, thereby enabling a long 
double support phase. 

D - 4 Conclusion 

The DARPA Robotics Challenge will drive the development of new robotic technologies that enable 

complex tasks in dangerous and degraded human-engineered environments. As part of that challenge, 

DARPA has developed a complex rough terrain locomotion course the robots must cross. Terrain 

includes inclines, tripping hazards, hurdles and both flat and inclined steps. The capability that is most 

critical to success is stepping up and down large distances.  

This section presented the challenges and potential solutions to stepping up and down large distances. 

Power, torque, and dynamic control limitations must be solved to accomplish such steps and thus the 

rough terrain portion of the DRC. A novel toe-off approach using the force control framework was 

proposed as a solution. This approach increases the available ROM of the robot while minimizing the 

development time and increasing potential stability over other solutions. The approach will fit within the 

framework with the addition of only two unique constraints.  

 


