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Practical Analysis Tools for Structures Subjected to Flow-Induced
and Non-Stationary Random Loads

Karen Mary Louise Scott

(ABSTRACT)

There is a need to investigate and improve upon existing methods to predict response of
sensors due to flow-induced vibrations in a pipe flow. The aim was to develop a tool which
would enable an engineer to quickly evaluate the suitability of a particular design for a
certain pipe flow application, without sacrificing fidelity. The primary methods, found in
guides published by the American Society of Mechanical Engineers (ASME), of simple re-
sponse prediction of sensors were found to be lacking in several key areas, which prompted
development of the tool described herein. A particular limitation of the existing guidelines
deals with complex stochastic stationary and non-stationary modeling and required much

further study, therefore providing direction for the second portion of this body of work.

A tool for response prediction of fluid-induced vibrations of sensors was developed which
allowed for analysis of low aspect ratio sensors. Results from the tool were compared to
experimental lift and drag data, recorded for a range of flow velocities. The model was found
to perform well over the majority of the velocity range showing superiority in prediction of
response as compared to ASME guidelines. The tool was then applied to a design problem
given by an industrial partner, showing several of their designs to be inadequate for the

proposed flow regime. This immediate identification of unsuitable designs no doubt saved



significant time in the product development process.

Work to investigate stochastic modeling in structural dynamics was undertaken to under-
stand the reasons for the limitations found in fluid-structure interaction models. A particular
weakness, non-stationary forcing, was found to be the most lacking in terms of use in the
design stage of structures. A method was developed using the Karhunen Loeve expansion
as its base to close the gap between prohibitively simple (stationary only) models and those
which require too much computation time. Models were developed from SDOF through
continuous systems and shown to perform well at each stage. Further work is needed in
this area to bring this work full circle such that the lessons learned can improve design level

turbulent response calculations.
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Chapter 1

Introduction

1.1 Motivation

The primary topic for discussion in this dissertation is the development of practical design
tools for certain applications in fluid structure interaction and random vibration. While
these subjects may seem significantly different from one another, they are in fact inherently
linked. Interest in fluid structure interaction problems was spurred by the introduction of a
SBIR project to Luna Innovations and Virginia Tech from NASA Stennis relating to real-
time sensing of temperatures in cryogenic rocket fuel lines. This required the sensor to not
only have extremely low response times but also be able to survive in the cryogenic fuel line
environment. Previous sensors used by NASA were found to have either inadequate response

time, be subject to serious fatigue problems or a combination thereof. Luna Innovations



1.1 Motivation

believed that their expertise in fiber optic sensing technology could solve at least one of
these problems though they lacked an appropriate housing for the sensor and relevant analysis
methods to study suitability of housing designs. Virginia Tech was tasked with development
of an analysis tool to aid designers at Luna to check suitability of their designs for a variety
of cryogenic fuel line applications. Sensors in such fuel lines are prone to vortex induced
vibrations and turbulence induced vibrations. Modeling such phenomena ranges from simple

single degree of freedom models to bi-directional fluid-structure interaction numerical studies.

For the purposes of developing a design tool, it is advantageous to not only maintain simplic-
ity such that a non-expert can interpret results, but also include enough complexity in the
modeling that the essential system response is captured. These requirements are somewhat
conflicting, so a happy medium must be met. As this is an important problem in indus-
try, the American Society of Mechanical Engineers conducted a brief literature review and
from that constructed a recommended analysis method for sensors subject to fluid induced
vibrations. At a first pass, this appeared adequate for use in a design tool for the industrial
partner. However, it was found the accuracy of this method was called into question follow-
ing an industrial accident in Japan when a sensor failed due to fatigue as a result of fluid
induced vibrations at a fatigue life much less than expected. It was postulated that this may
also have been what was occurring with sensors utilized by NASA which had failed. As a
result, it was deemed necessary to investigate the ASME methods, find the technical faults
and form a much improved method for vibration response prediction of sensors in a pipe

flow environment.



1.2 Objectives

While working on fluid structure interaction problems, it was noticed that a significant
amount of work in this area depends on stochastic modeling. This sent post SBIR work
into further investigation of stochastic modeling capabilities available. Although stationary
processes are well described and studied in the literature [4, 5, 6], non-stationary processes
are not as well understood, primarily due to past limitations of computational power. The
ASME method relies upon solutions to a simple stationary random vibration solution prob-
lem. Solutions exist for non-stationary random vibrations but only for extremely simple
cases [7, 8]. When considering larger, more complex structures, researchers typically resort
to expensive Monte Carlo type simulations. A gap exists for efficient analysis of medium com-
plexity structures which does not require the end user engineer to be an expert in stochastic
modeling. With this in mind, it follows that a tool be developed for analysis of such struc-
tures from simple SDOF through continuous systems and be capable of running on standard
desktop computers with minimal model setup time, such that it could be used early in the

design process.

1.2 Objectives

The primary objective of this study is development of practical design tools to deal with
specific problems in flow-induced vibration and non-stationary random vibration analyses.

The objectives identified for each topic are listed:

In the topic of fluid structure interaction the objectives are:



1.3 Dissertation Outline

Investigate current design methodologies and guides for sensor design in fluid structure

interaction environments

Investigate the performance of the models developed through experimentation

Apply the models to a real industrial problem

Create deliverable analysis tool to transfer to the sponsor

In the area of non-stationary random vibration, the objectives follow a similar theme as

before:

Investigate current methods of evaluating non-stationary random vibration

Develop a tool which captures the fundamentals of response and which does not need

significant model setup time

Apply this tool to MDOF problems and test this tool against exact theoretical solutions

Extend the proposed method to consider basic continuous systems

1.3 Dissertation Outline

To ensure research efforts for this dissertation followed a logical path, a literature search was
performed for both topics discussed in this dissertation. While a plethora of literature is

available, Chapter 2 highlights those studies of most importance to this work. Following the
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establishment of a firm research base, technical work could begin, the details of which are

found in Chapters 3 and 4.

Chapter 3 continues the discussion of fluid induced vibrations started in Chapter 2. Work
in this topic was split into three regions and tackled in consecutive fashion. The first key
idea in this Chapter was finding those areas in existing models which could be improved
upon and would be most useful later in development of the design tool. On identification
of these areas, improvements to the models were sought and then algorithms developed for
swift calculation of sensor response. This led into the experimental portion of the work
where a suitable experiment was designed, conducted and the data analyzed. Comparison
of these results to those produced by the algorithms developed showed good agreement.
Comparison of experimental data with results produced by the current ASME guidelines

showed significant discrepancy, highlighting the benefit of the updates given in this work.

Work undertaken to explore the capabilities of stochastic modeling in structural vibration is
presented in Chapter 4. A method was developed utilizing the Karhunen Loeve expansion.
The models developed followed logical progression in complexity from SDOF to MDOF and
finally continuous systems. At each step, the results produced by the model developed were
compared with theoretical solutions that were available. For MDOF systems the derivation
was shown and confirmed for simple 2 DOF cases before being tested against a well-known 10
DOF model first presented by Roberts [3]. Finally, the method was applied to a tall chimney
found in Muller [9] and once again shown to provide good agreement with theoretical results,

with minimal computation time spent.
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Finally this dissertation comes to a conclusion in Chapter 5 presenting the important findings
of this work, highlighting their publication in both AIAA Conference Proceedings and ATAA

Journals, and final thoughts presented on future paths the work presented herein could take.



Chapter 2

Literature Survey

2.1 Flow Induced Vibration

2.1.1 Vortex Induced Vibration

Fluid structure interactions (FSI), in particular, the vibration of a circular cylinder in a fluid
flow have been investigated for more than a century[10]. The problem of FSI is an important
one and has resulted in hundreds of papers being published through the years. Such interest
in FIV can be attributed to its many applications such as the flow around cooling tower
stacks, over wires, around periscopes and of course around sensors. While such a wealth of
literature is available in this area, only the key studies in the field will be highlighted in the

course of this section.



2.1 Flow Induced Vibration

From a fluid mechanics point of view, the phenomena of interest for flow around bluff bodies
are vortex shedding and free stream turbulence. Flow around bluff bodies depends highly
on the Reynolds number of interest. At extremely low Reynolds numbers (less than 5), the
flow around a circular cylinder remains attached to the body. A slight increase in Reynolds
number sees vortices forming in the cylinder wake but the flow still remains attached. How-
ever, beyond a Reynolds number of approximately 40 [11], the vortices are shed from the
cylinder and as Reynolds number increases, this shedding occurs in a periodic fashion. Peri-
odic vortex shedding is known as the Karman vortex street and results in alternating forces
being placed on the cylinder in both transverse and in-line directions. At a Reynolds number
beyond 3x10° vortex shedding breaks down into a fully turbulent wake but vortex shedding
resumes again following a Reynolds number of approximately 3.5x10°. This behavior over

these Reynolds numbers ranges is represented in Figure 2.1 created by Farell [1].

These vortex streets exist for many different types of bluff bodies, some of which were
studied by Delany and Sorensen in 1953 [12]. The Reynolds numbers considered ranged
from 10000 to 2300000 and found steady drag coefficients for a variety of shapes from a
simple circular cylinder, through elliptical cross-sections as well as some diamond shapes.
In terms of a sensor housing application, it is desirable to use a cross-section that causes
minimal disturbance to the flow and also which can be analyzed effectively. For these reasons
it is desirable to concentrate on circular and elliptical cross-sections. The key findings from
Delany and Sorensen’s study showed the mean drag coefficient for a circular cylinder and for

an elliptical cross-section with a 2:1 fineness ratio to be 1 and 0.6 respectively at a Reynolds
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2.1 Flow Induced Vibration

number of 100000. However, this study did not touch upon the alternating forces which arise

on the bluff bodies due to vortex shedding.

The frequency of vortex induced vibrations is characterized by the Strouhal number. Strouhal
number is defined as St = f,D/U where f,, U and D are the vortex shedding frequency, free
stream velocity and cylinder diameter respectively. For most subcritical Reynolds numbers,
Strouhal number for cylinder remains around 0.2, a fact highlighted by Roshko in 1954 as
part of a study on the shedding frequency of a variety of bluff body shapes [13] and illustrated

in Figure 2.2 by Shin and Wambsganss in 1977 [2].

In 1961, Keefe published an extensively cited study on fluctuating forces on a stationary
circular cylinder where forces on the cylinder were modeled simply as a harmonic oscillatory
force, combined with a simple measure of correlation length in the forcing. Works such as
Roshko and Keefe centered on subcritical Reynolds number ranges. Fung [14] claimed to be
one of the first to explore excitation of cylinders in the supercritical Reynolds number range
and his study was important in that it showed that at such high Reynolds numbers it is best to
analyze the vortex shedding process statistically rather than following a traditional harmonic
excitation approach, due to the inherently random nature of the vortex shedding in this
regime. The ASME noted a much increased interest in this area and thus started sponsoring
symposia on the topic of flow induced vibrations in the 1970s [15]. Since then, a variety of

experimental results published and a range of analytic methods have been developed.

An excellent review of early experimental studies performed was published by Bearman

[16]. For understanding on the physics of vortex shedding, Bearman directs readers to the

10
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2.1 Flow Induced Vibration

study performed by Gerrard [17] where Gerrard’s primary observation explains that vortex
shedding is primarily caused by the interaction of the two shear layers which exist in flows
around bluff bodies. The bluff body itself promotes “feedback between the wake and the
shedding of circulation at the separation points ” [16, 17]. Bearman notes that much research
in the 1970s and 1980s on vortex shedding concentrated on the influence of disturbances on
the vortex shedding processes. These disturbances include body surface finish, aspect ratio
and flow turbulence, all of which have differing effects in vortex induced vibration. Among the
most cited publications of this era include a variety of studies by Sarpkaya [18, 19, 20, 21, 22].
Not only did Sarpkaya contribute extensively to modeling two dimensional bluff bodies by
the discrete vortex technique, he also was instrumental in investigating the limitations of
assumed two dimensionality of vortices shed by bodies. This lack of two dimensionality is
found by investigating unsteady quantities such as “fluctuating surface pressure, sectional
lift force or fluctuating lift force” and finding the spanwise correlation between them [16].
Sarpkaya showed that this correlation length parameter for a circular cylinder varies between
3 and 6 cylinder diameters for Reynolds numbers in the range 10* to 10° [20]. This fact is

important in this work and will be discussed further later.

Vortex shedding will usually induce oscillations transverse to the fluid flow direction. For
bodies free to oscillate, motion of the body can “take control of the instability mechanism
that leads to vortex shedding [23].” This means the vortex shedding frequency and body’s
natural frequency coincide. When the frequencies approach one another and the vortex

shedding frequency is captured by the body natural frequency, the body is said to be in lock-

12



2.1 Flow Induced Vibration

in. Although vortex induced vibrations are self limiting, the body will experience fatigue
problems if lock-in is experienced for long periods of time. It is therefore desirable to avoid
a design which will experience lock-in. While it is intuitive to only consider body motion in
the transverse direction, movement of the body parallel to the flow must not be neglected.
Both mean and fluctuating drag components will exist for a body in a fluid flow. Each time
a vortex is shed a small fluctuating drag is generated also. Since vortices are shed from both
the top and bottom of the body, the frequency of vibration in-line with the flow is twice
that of the transverse vortex shedding frequency. However a situation also exists where it is
possible (in a heavy fluid) to observe vortices shed from the top and bottom of the cylinder
concurrently. This behavior was reported by Wooton et al. in [24] and studied by King
who showed two distinct regions of vortex shedding behavior [25]. This change of vortex
shedding regime can be attributed to the increased two dimensionality of the flow which
means correlation length previously discussed is now increased. An extensive discussion on

how vortex shedding changes from one regime to the next can be found in Zdravkovich [26].

A variety of different types of models to predict the response as a result of vortex induced
vibrations have been developed through the years. For a rigid cylinder, Bishop and Hassan
used a van der Pol type oscillator to represent forces on the cylinder due to vortex shedding

[27, 23]. This model is represented by coupled differential equations:

z. 42z, + 2, = awiCp (2.1)

11 /

! ! 3
O — awoCly + L (CL> ol =ba (2.2)
wo

13



2.1 Flow Induced Vibration

Here the time derivatives are taken with respect to dimensionless time 7 = w,t, x, is the
dimensionless cylinder displacement, C'y, is lift coefficient, wy is the ratio of the vortex shed-
ding frequency to cylinder natural frequency and ( is cylinder damping. Parameter a is a

known constant, «, v and b are chosen to fit to experimental data.

Modifications were made to the model by Skop, Griffin, Iwan and Blevins [28] to include
more dependence on physical system parameters. The basic model is based upon a rigid
cylinder elastically mounted at either end, free to vibrate in only the transverse direction.
Important assumptions of the Iwan-Belvins model are: inviscid flow, a well formed vortex
street and two dimensional flow. The resulting model was found to perform well but required
additional experimental knowledge of the specific system studied beyond that required in
the previous model discussed in [27, 23]. It is clear that the fundamental issue with these
types of models, is their dependence on quite specific experimental data. For a design
problem, specific experimental data will be lacking at the initial stages therefore it would
not be appropriate to include a model of this type in a design tool. It is true that following
experimentation, these models will perform well but only with the availability of appropriate

detailed experimental data [23].

Of greater interest to this study, from a practical standpoint, is the prediction of an elastic
cylinder response due to vortex induced vibrations. Wake oscillator models such as those
developed by Skop, Griffin, Iwan and Blevins, were extended to include the elasticity of
the structure. For the Iwan-Blevins model [28, 29|, strip theory is applied to the problem

which assumes there is no spanwise coupling of the flow and also the structure is assumed
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2.1 Flow Induced Vibration

to exhibit classic normal modes. With this in mind, Iwan and Blevins modify their wake
oscillator model and obtain an expression for the maximum modal displacement, Y, ., per
diameter, D, presented in Eq. (2.3).

Y. .. _ as\/4/3vn [ (a1 — ay) N a? 1/2
D 2m3S2 T as m2aS ¢l

(2.3)

Again, experimental data is relied upon in the parameters a1, as and a4. However, one signif-
icant improvement seen here over previous models includes total damping of the structure,
¢ which includes both structural damping, ¢, and the damping due to the fluid which is
significant for a heavy fluid such as water, LOX etc. Where experimental data is known, the

model does perform well but again it is of limited use for a design application.

One of the first authors to offer a model which could be used by non-experts without ex-
tensive experimentation was Connors. Connors objective was to provide the framework for
predicting vortex shedding from bluff bodies which could be used by those who are not flow
induced vibration specialists. Connors begins by representing the vortex shedding as a si-
nusoidal process correlated over a certain spanwise length, akin to the representation given
by Keefe [30]. This is applied to a rigid cylinder before being extended to elastic systems
through modeling elastic cylinders as a series of rigid bars attached by rotatory springs.
Connors results offered promising insight into prediction of vortex induced vibrations with-
out thorough experimental knowledge and was incorporated into the early revisions of the

ASME guidelines for designing for vortex induced vibration of thermowells and remains in
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2.1 Flow Induced Vibration

the ASME Boiler and Pressure Vessel Code N-1300[31].

2.1.2 Turbulence Modeling

While vortex shedding has been the primary concern thus far, it was mentioned in the
previous section that other factors such as turbulence influence the response of a cylinder
undergoing vortex induced vibrations. Turbulence is an inherently random process and thus
the usual deterministic methods cannot be applied in this case. One of the pioneers in
turbulent boundary layer research was Corcos. The Corcos model, despite hailing from the
1960’s, is still widely used today and indeed still forms the basis for many further studies
and analyses [32, 33]. Corcos represents turbulence in a stochastic fashion and assumes the
processes are stationary and homogeneous. Corcos uses spectra to represent mean square
pressure and cross-spectral density. In a later work, Au-Yang notes that random components
of the dynamic pressure are defined by both the pressure power spectral density and a
complex coherence function. Another important parameter is the RMS pressure coefficient
which is defined as the product of dynamic pressure and a turbulence forcing coefficient, C'y,
the value of which was reported by Corcos to be 0.007 for smooth cylinders. For practical
cases however, this value was found to be much higher and is commonly accepted to be in
the range of 0.1 to 0.2 [34]. The acceptance integral response method is widely accepted as

the standard for these types of applications. Here w?(x) is mean square response varying

16



2.1 Flow Induced Vibration

with location z.

0*(z) =21 ) GifiSa(z, fi) (2.4)

Here S, is the displacement power spectral density which is defined by mode shape function

U, transfer function H for the dynamic system and joint acceptance integral J:

Z\Iﬂ PP Ta(f)+2) Wila)W(x)Re [H; (F)H;(£)(Ji(f))]  (25)

i#]

The power spectral density of the pressure field, S, is introduced in the expression for the

joint acceptance integral:

= [ [ 0028, 010, 1) /Sy 1, (2.6)

This process was actually originally demonstrated by Powell [35] and used by Au-Yang
[36], Chen and Wambsganns [37], Pettigrew and Gorman [38], and Axisa et al. [39]. In
particular, Axisa et al. provide a more detailed explanation on arriving at the result. What
gained particular attention in the literature was the development and solutions to the joint
acceptance integrals to make them easy to solve and implement. Pettigrew and Gorman [38]
and Axisa et al. [39] look at practical application of these solutions to flow induced vibration
problems. Au-Yang summarizes the basic results in [40]. Here an important discovery is

made which shows that for small correlation length (as compared with the length of the
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2.1 Flow Induced Vibration

beam considered), the joint acceptance integral reduces to Jy; = 2)\/L where A is correlation
length and L is the length of the beam. With all assumptions and simplifications in place,
the mean square response of the cylinder in a fluid flow is:

LG, (fi) (x)
Y = Z AR Jis (2.7)

Here G, represents the single sided power spectral density and M; the generalized mass. This
is the form which has been incorporated into the ASME BPV design guidelines previously

mentioned [31].

2.1.3 Application to Cryogenic Sensor Problem

In recent times, the subject of vortex induced vibrations gained particular attention as a
result of a sodium leakage incident at a fast breeder reactor, Monju in 1995 caused by high
cycle fatigue of a thermometer well subject to flow-induced vibration. Many studies followed
[41, 42, 43, 44], primarily in Japan, to attempt to improve and validate the analysis methods
cited in ASME N-1300 and these will be discussed later. The analysis method presented
by ASME requires knowledge of the structural natural frequencies and mode shapes. These
natural frequencies and mode shapes are primarily generated using exact solutions of FEuler-
Bernoulli beam theory. As is well known, this theory neglects both the shearing of a beam’s
cross-section and the contribution of rotatory inertia. The ASME code applies only to

beams whose length is significantly greater than its depth, usually a 10:1 ratio. Existing
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2.1 Flow Induced Vibration

sensor designs tend to satisfy this requirement such that Euler-Bernoulli beam theory can be
utilized in the generation of response prediction data with the ASME codes. However, such
sensors as studied previously[41, 42, 43, 44] have the disadvantage that they are somewhat
slender which is not an ideal characteristic when considering fatigue life. Fatigue failure is
undesirable as more often than not the broken sensor can contribute to significant foreign
object damage which can lead to significant environmental issues such as that experienced
at Monju. The problem has been experienced extensively in cryogenic applications where

foreign object damage leads to rocket failure.

With these considerations in mind, it is advantageous to design a sensor that is minimally
intrusive to an internal flow whose fatigue life is extended whilst maintaining adequate
measurement characteristics. The improvement of the analysis tools to deal with less slender,
lower aspect ratio sensors in addition to sensors with a non circular cross-section is a useful
step. Shortening the sensor means that shear and rotatory inertia effects now become very
important and results generated via integration of EB theory with ASME guidelines [31] are
less reliable for predictions. The mechanism through which the analysis can be improved
is through utilization of Timoshenko beam theory which is implemented through an energy
methods approach. Using this modification, the response prediction can be decomposed into
bending and shear stress contributions and as sensor aspect ratio decreases it is observed
that shear stress contributions become significant. Most sensors are circular in cross-section,
however it can be beneficial to consider elliptical cross-sections since both the mean and

amplitude of the sensor response may be reduced due to a more streamlined shape. Reducing
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2.2 Random Vibration

the stresses ultimately leads to extended fatigue life of such a sensor when compared to that

with a circular cross-section.

2.2 Random Vibration

The importance of stochastic modeling in real world problems was highlighted in the previous
section in the application of stochastic processes to estimation of structural response to
turbulent forcing. The concept of probability and reliability have been around since the days
of Pierre Simon and Marquis de Laplace [45]. Random processes are defined by their lack of
pattern or regularity [46]. The mathematical formulations of real physical problems can be
studied in the time or frequency domains, which are of course related to each other through
the Fourier transformation. In many applications, an engineer will find the spectral or
frequency domain description of a process very useful since it is directly physically interpreted
as the process energy density distribution over frequency [47]. Stochastic processes are
broken into two groups, stationary and non-stationary. Much exhaustive research has been
performed on stationary systems applied in real world engineering contexts. Non-stationary
systems were explored some time ago [47] but typically only very simple examples could
be solved due to lack of computational power. Even for stationary systems, it is still often
assumed that the process is Gaussian in order to achieve convenient, closed form analytic
solutions. In reality, many of the systems encountered in engineering are in fact non-Gaussian

and non-stationary, for example, material properties, turbulence and seismic loads [48].

20



2.2 Random Vibration

With the exponential improvements in computational power, interest in solving complex
non-stationary random vibration problems has increased rapidly in recent years [49]. With
the computational power available, it is possible to revisit the analysis of large systems [50]
with many degrees of freedom through the Stochastic Finite Element Method (SFEM), an
excellent review of which has been published by George Stefanou [48]. However, despite the
available computational power, it is not practical or possible to build extremely complex
models during initial design and hence tie up valuable computational resources, although
efforts have been made to reduce the computational effort required of the method (e.g.
studies by Brenner and Bucher, and Charmpis and Papadrakakis [50, 51]). Most studies in
the SFEM area continue to focus on important problems where variation in material and
geometric properties of the structure are of paramount importance (see Graham, Gurley and

Masters [52], Graham and Deodatis [53] and Huyse and Maes [54]).

Representation of inputs to a stochastic system is the first step in solving non-deterministic
problems. Inputs are placed into the following categories: mechanical, geometric and loading
of the system [48]. For most applications, experimental data is required which is then used
to construct probability distribution and correlation of the random process. However, such
experimental data is often lacking, requiring assumptions to be made about the stochastic
fields. This is the primary reason why real, non-Gaussian processes are modeled as Gaussian
[55]. The SFEM centers largely around Gaussian systems, most commonly using the spectral
representation method or (much less often) the Karhunen Loeve expansion for representation

of the Gaussian process (e.g. see Deheuvels and Martynov [56]), although non-Gaussian
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2.2 Random Vibration

systems can be represented by spectral methods [57]. System response is obtained via time
or frequency domain methods. For large MDOF systems, system response is often obtained

through the use of polynomial chaos techniques or through Monte Carlo simulation [58, 48].

The most straightforward method on finding system response to a non-stationary random
vibration input is solving the convolution integral [5]. While effective for simple cases, it
becomes immediately apparent that adopting this method for large systems quickly becomes
impractical [5]. The traditional method on solving system response through spectral density
functions do not directly apply here. However, Priestley [59, 60] introduced the notion of
evolutionary spectral density. Here the random function is represented by a stationary com-
ponent and a modulated function. It is common to see this in conjunction with the Hilbert
transform, also a form of modulation of a random stationary signal [61]. Then solution of
the problem follows a similar structure to that of stationary excitation. Usage of Priestley’s
spectrum allows the statistics of the non-stationary function to maintain physical meaning.
This method was noted by Shihab to have emerged as the most effective analytical method
of dealing with non-stationary excitation [62]. Shihab further extended the method for use
through state-space form. In the literature, the observation was made that calculation of
non-stationary responses are often performed using normal white noise processes as exci-
tation [63, 64, 65]. Ibrahim proposed a technique to evaluate the covariance function of
the non-stationary response of linear systems excited by white noise using complex analysis
for classic systems [64]. Dario Gasparini was instrumental in development of closed form

analytic solutions to non-stationary random excitations [65]. In this case, Gasparini derived
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expressions for evolutionary covariance matrices for evolutionary white noise. Methods such
as those of Priestley and Gasparini, and variations thereof dominate the field and continue
to be used for many years [7]. As mentioned previously, the recent availability of inexpen-
sive computational resources have now caused research efforts in this area to be revived
and branch into new areas, rather than concentrating on building extensions to these exist-
ing models. One such area is further the use of Polynomial Chaos technique and also the

Karhunen-Loeve expansion [46, 7].

Schuéller, Pradlwarter and Schenk note that for stationary systems, it is easy to compute sys-
tem response through frequency transfer functions operating on the spectral density function
of the excitation. For large systems, the solution procedure is much more involved meaning
that application of frequency domain methods to these systems is not practical. It is in this
case that the response of large MDOF' systems are obtained through use of the Lyapunov
matrix differential equation and the excitation is modeled through modulated white noise
[66]. However, it is also noted in [66] that the use of white noise in the excitation modeling
leads to unrealistic response in a large finite element model. It is in this situation that appli-
cation of the Karhunen-Loeve (KL) expansion can prove to be useful, providing a compact

representation of the excitation processes as an expansion of orthogonal polynomials [46].

Representation of the random excitation through the KL expansion allows for existing ef-
ficient deterministic solvers to be used to obtain the system response. In addition, non-
Gaussian excitation can be well represented since it is still possible to expand the process as

series of orthogonal polynomials [66]. While some studies use the state space form to obtain
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system response, this has the disadvantage that the dimensionality of the system is being
increased thus increasing computation time [67, 66, 68]. Schuéller, Pradlwater and Schenk
proposed the use of modal analysis to maintain system dimensionality and have shown an
algorithm partially utilizing KL, expansion is practical for the analysis of large DOF systems
(> 100,000 DOFs) [58, 66]. The accuracy of the KL expansion depends highly upon the
generation of accurate eigenvalues and eigenvectors when solving a Fredholm equation of the
second kind. Simple closed form solutions of this expression are available only for the sim-
plest of models therefore it is often solved numerically through a Galerkin, Rayleigh-Ritz or
Collocation method [69]. Phoon, Huang and Quek noted that generation of the collocation
matrix through these methods resulted in a very dense matrix which increases computa-
tional cost. They also noted that although it is often not required to proceed beyond the
10th eigenvalue, which contributes less than 1% to system response for a simple exponen-
tial covariance, this is not the case for processes with non-smooth covariance functions and
long weakly correlated processes [69]. In an attempt to reduce density of the covariance
matrix, these authors proposed a wavelet-Galerkin scheme to decrease compulational cost.
Results from this study showed that use of the wavelet-Galerkin within the KL expansion
did not show any clear advantage for strongly correlated systems, but do show promise for

non-stationary and long processes at the expense of orthogonality of the KL eigenvectors.

Studies of large linear non-stationary FE models by Schuéller, Pradlwater and Schenk [66]
do not follow such a wavelet like scheme as in [69, 70] but rather use basis functions defined

over the entire domain. Selection of the basis functions is very important and is therefore
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critical to the accuracy of the eigenvalues and eigenvectors obtained for the KL expansion as
highlighted by Phoon [69]. Appropriate selection depends on the covariance function to be
considered and therefore requires the engineer to have a priori knowledge of the functions
suitable to represent a particular covariance function. Such a scheme is not suitable in a
design setting and thus requires development of a generic method which may be applied with

minimal prior knowledge of the system at hand.
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Chapter 3

Flow Induced Vibration of Pressure

and Temperature Sensors

3.1 Introduction

The work described in this Chapter relates to Phase I of an SBIR project awarded to Virginia
Tech and Luna Innovations regarding the development of a temperature sensor for cryogenic
applications. Phase I of this research primarily consisted of fiber optic sensing and data
acquisition development by Luna Innovations. Design and modeling of the sensor housing
was identified as Virginia Tech’s main interest and in the early stages a variety of designs
were considered by fellow student Scott Bland. Restrictions on the design were enforced by

NASA, noting that the diameter of the sensor should not exceed 1/4 inch, only one hole
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3.1 Introduction

could be made in the pipe to mount the sensor and the sensor should be manufactured from
cryogenic safe stainless steel. With these restrictions in mind, Mr. Bland considered sensor
designs which extended to half pipe span with circular and elliptical cross-sections [71]. For
the cryogenic fluids under consideration (LOX and LH2) at operating velocities, Bland found
through simple analysis that the magnitude of normal stresses in LOX and LH2 were 185MPa
and 315MPa respectively for circular cross-section cantilevered designs, with fatigue life in an
LH2 environment estimated to be around 300 million cycles (49 hours) [71]. While this initial
investigation proved useful, little detail was provided by Bland on the analysis methods used
other than the fact that it relied upon advise set out in the ASME Boiler and Pressure Vessel
code [31]. When moving to Phase II Luna Innovations requested greater transparency on
the analysis method as well as experimental results to ensure reliability of the method. In
addition Luna requested that Virginia Tech study shorter, lower aspect ratio sensor designs.
This altered the analysis significantly since the ASME BPV code relies upon Euler-Bernoulli
beam theory only and therefore does not consider shear stresses. Modifications to the ASME

code were therefore required and the results of this study are presented in this chapter.

Thanks should be given to my colleague, Mr. Thomas McQuigg for assistance in performing

the experiments and post processing the results which are found in this Chapter.
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3.2 Euler-Bernoulli vs Timoshenko Beam Theory

3.2 Euler-Bernoulli vs Timoshenko Beam Theory

3.2.1 Euler-Bernoulli Beam Theory

Euler-Bernoulli beam theory has been in existence since the late 1700s and its use be-
came widespread in large scale applications with the building of the Eiffel Tower and Ferris
Wheel [72]. The primary assumption of the theory states that for a slender beam (whose
length:depth ratio is no less than 10:1), shear deformation effects and rotatory inertia can
be neglected and thus these drop out from the governing equation of vibration. Thus the

equation for transverse free vibration of an Euler-Bernoulli beam is:

2 2 2
% (E[%) + psA%TZU =0 (3.1)

Where w is transverse displacement of the beam and x varies along the length of the beam
from 0 to L. Equation (3.1) can be simplified further if a beam of constant cross-section
is assumed. For simple boundary conditions, an exact solution can be obtained through
assumption of harmonic motion of the beam and application of appropriate boundary condi-
tions. The boundary conditions for a cantilevered Euler-Bernoulli beam which will be used

in this study are well known as w =w'=0at z =0 and w”" =w"” =0 at x = L.

While Euler-Bernoulli beam models are useful in many vibration applications, they are not
without limitation. Typically, as the ratio of length to depth drops below 10:1, vibration

amplitudes calculated using Euler-Bernoulli beam models start to show deviation from ex-
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3.2 Euler-Bernoulli vs Timoshenko Beam Theory

perimental results as the inertial and shear effects become significant. It should be noted
that for high aspect ratio beams, where the Euler-Bernoulli model is favored due to its sim-
plicity, shear and inertial effects cannot be ignored for the case of high frequency vibrations.
In both this case and that of a lower aspect ratio beam, it is often favored to apply the

Timoshenko beam model.

3.2.2 Timoshenko Beam Theory

Timoshenko beam theory includes both rotatory inertia and shear effects. Here, if the total
response of the beam is defined as w then the total slope can be seen to be made up of
both bending (a) and shear (f) contribution. Derivation of the equations of motion, setting

f = a —w', then leads to the following two partial differential equations [73].

0 ow 0*w

ow 0 O 0

In this case, the boundary conditions for a cantilevered beam are w = o =0 at x = 0 and
o = =0atx= L. Both Egs.(3.1) and (3.2) can be solved using a variety of methods and
exact solutions can be obtained for simple boundary conditions [73]. However, it is often not
convenient to rely upon and hard code an exact solution since computation with non-ideal
boundary conditions may be favored in the future. For this reason, it is desirable to write

expressions for both the kinetic and strain energies of the system, as these are easily modified
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3.2 Euler-Bernoulli vs Timoshenko Beam Theory

for alternate configurations, and solve the system through the use of an approximate method.

3.2.3 Eigensolution via Rayleigh-Ritz

The Rayleigh-Ritz method assumes a solution to the system in the form of a linear combina-
tion of kinematically admissible trial functions [74]. For the Timoshenko case, the solution

approximates both the transverse deflection and rotation and takes the form:

w™ (z,t) = Z a; (t) @; (z) (3.3)

o™ (z,t) =Y b (1)U (x) (3.4)

a; and b; can be further broken down such that a; = C;e?*~* and b; = D;e/*n! (assuming a
harmonic beam response for free undamped vibration). Using this we substitute equations
(3.3) and (3.4) into the beam energy expressions, minimize the function and thus generate

the classic eigenvalue problem (see Meirovitch [74]):
K —w’M| =0 (3.5)

Solving this problem for n trial functions for both w and «, leads to generation of 2n eigen-
values (w?) and 2n eigenvectors whose components correspond to Cz-(n) and DZ("). Selection
of trial functions ® and ¥ depend on the boundary conditions for the problem at hand,

though it is imperative that the functions form a complete set. It is necessary to only satisfy
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the essential boundary conditions, though violation of the natural boundary conditions will
lead to a slower convergence. With suitable trial functions in place, the system can often be
solved producing excellent results with only a few trial functions [74]. This is particularly

advantageous if wishing to design a control system to limit vibration.

For circular cross-sections, the differential equations for transverse displacements in both
Euler-Bernoulli and Timoshenko beam theory are independent of x and y directions. Mode
shapes and eigenvalues are identical in each of these transverse directions due to identical
mass moments of inertia. Hence the torsional differential equation can be decoupled so
warping does not occur. This simplification makes sensors with a circular cross-section an
obvious choice. However, circular cross-sections suffer the disadvantage that they experience
increased mean drag and fluctuating drag force as compared to slimmer sections. With this
in mind, it may be advantageous to consider elliptical cross-sections which may improve
fatigue life. An obvious disadvantage is during manufacture of non-circular sections, it
may be more likely for asymmetry to form in the structure which now means that a set of
coupled equations needs to be considered. Information regarding flexural-torsional coupling

with Timoshenko’s beam theory may be found in Bercin and Tanaka [75].

3.3 Fluid-Structure Interaction Analysis

Regardless of the method used to solve the beam vibration problem, natural frequencies

and mode shapes of the beam can be obtained. These frequencies and mode shapes feed
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into the design code for flow induced vibrations which is specified by ASME Boiler and
Pressure Vessel Code Section III Division I Appendix N-1300 [31]. The code comprises of
two main areas of analysis, vortex induced vibration and turbulence induced vibration. Using
the methods outlined in this code, engineers can quickly obtain information regarding the
response amplitude of a sensor in a given fluid flow. Using this information, the mean and

RMS stresses calculated by the code can be used in a fatigue analysis.

3.3.1 Vortex Shedding

Vortices are shed from an in line sensor periodically, hence giving rise to an alternating lift
force which is representative of a deterministic system. The frequency of this lift force is
the vortex shedding frequency f; = S;U/D where S; is Strouhal number, a dimensionless
parameter used to characterize oscillatory flow. The oscillating lift force can be expressed

as:

F = C}JgDL [sin (27 f4t)] (3.6)

Where C7 is oscillating lift coefficient, J is correlation coefficient, ¢ is dynamic pressure,
U is average free stream velocity, D is cylinder diameter and L is cylinder length. C}, f;
and J are all functions of Reynolds number [31] and are usually determined experimentally.
Often a conservative value of 1 for C'; and J are chosen though this assumes the flow is fully

correlated over the entire cylinder length. In fact, the correlation length (L) for stationary
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cylinders is often around 3 to 7 diameters (where J> = L./L). However, caution should
be used as Eq.(3.6) is only valid for the off-resonance condition. Several checks exist to

determine if resonance (lock-in) can be avoided [31]:

1. Lift and drag direction lock-in are avoided if the reduced velocity for the fundamental
vibration satisfies U/ fiD < 1 where f; represents the fundamental natural frequency

(Hz) of vibration of the structure.

2. Reduced damping for an n'* individual mode is large enough (C,, > 64) where C,, is:

oo A& My
C oD [ (a)da
Le

(3.7)

Where &, is modal damping coefficient, M, is generalized mass, p is fluid density and
L, is the length of the region of the cylinder assumed to be subject to lock-in cross

flow (approximately 3D [44]).

3. For a given vibration mode U/f,D < 3.3 and C,, > 1.2 where f, is the n'* natural

frequency of vibration.

However, even if lock-in synchronization does not occur, the vortex induced response must
be still be calculated. The ASME code uses a derivation by Blevins [11] which shows that

the maximum displacement (y;) for a particular mode is:

v Crld},
D 167257 [mu&y/ (pD?)) 3
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Where ¢ is the maximum value of the n'™ mode shape. This model assumes a uniform
structure and a uniform flow field. This and subsequent models require that the modes
be normalized such that the maximum value of a particular eigenvector is 1. An updated
version of this equation which gives displacement in the lift direction for the ny, mode (yy, )
as a function of position and allows for varying sensor diameter, D(z), is [76]:

pV2Cy, [ D (x) 6u (x) da
Le

Yrn (1) = 7 Apdy, () (3.9)
2 (27Tfn)2 [ my (x) @2 (x) da

0

Where the lift amplification factor, A is defined as:

1
Ay = (3.10)

S (@) o)

(3.11)

modal fluid damping ¢, is :

1 U
6= | e0? [ (e ds (wnD) (3.12)
Le

and m; is total cylinder mass per unit length which includes displaced fluid mass. The
physical displacement of the sensor is then simply obtained by the principle of modal super-

position.
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Equations (3.9) and (3.10) can easily be modified for fluctuations in the drag direction by
replacing subscript L with D and fg with 2f; [76]. Blevins [11] suggests that C', and C, have
values of 0.6 and 0.06 respectively. A value of 0.6 for lift coefficient is somewhat conservative,
hence if this value is used in our calculations the correlation with experimental values will
be poor. Since it is known that fluctuating lift coefficient is a function of displacement
amplitude, it is possible to use an iterative scheme, by using an estimate of C} to start
iterative procedures, to compare the calculated displacement amplitude with that given in a
displacement amplitude versus fluctuating lift coefficient chart provided by Blevins [11]. One
must note however that these equations and the iterative scheme which was implemented
are limited in that they can only be used up to the point of resonance. In the lock-in region,
prediction of response is possible using the full non-linear model as given by Blevins [11]
but many experimental coefficients must be obtained to adjust the model for the particular

vortex induced vibration environment being studied.

3.3.2 Turbulence Model

The ASME guidelines [31] present an analysis method to predict vibratory response of a

sensor due to turbulence.

The development of this response equation stems from the simple relation for standard
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deviation (assuming a zero-mean response):

[e.e]

v (z) = / Sy (z,w) dw (3.13)

—0o0

Sy (z,w) is the power spectral density of the displacement due to a random pressure fluc-
tuation and varies with power spectral density of the pressure (.S,) which is assumed to be
stationary in nature. However, the expression for S, (r,w) remains rather complicated. To

simplify the expression, the following assumptions are used (see Au-Yang for details [77, 40]).

1. Cross terms are negligible in the transfer function

2. Turbulence is homogeneous - usually not true in real life but it is a necessary simplifying

step

3. The acceptance integral is a slowly varying function of w close to the natural frequency,

but this is usually only valid for systems with damping of 5% or less

Au-Yang showed that Eq.(3.13) becomes (for these restrictions):

LGy (fn) 02 ()
v (z) = Xn: i 7 f%: Ton (3.14)

Here the single-sided power spectral density, G(f) is:

Gy (fa) = @ (fa) (%pWD)Q (5) (3.15)
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Where normalized power spectral density, ®(f) is:

4C2,

Ut (22)°

O (f,) = (3.16)

and J,, and Cg are defined as joint acceptance integral and turbulent forcing coefficients
respectively. J,, can be quite a complex expression and hence the upper bound of 1 is often
taken in calculations [77]. However, special cases for cross-flow over beams exist. The most

widely accepted approximation is:

J ~ (3.17)

which is valid up to L./L = 0.06 [40] for beams with arbitrary boundary conditions. Insen-
sitivity to beam boundary conditions is explained in Au-Yang [40] by the definition of joint
acceptance: “a measure of the integrated effect over the surface of the structure,” which
is therefore “not very sensitive to local changes in the slopes of the mode shapes due to
differences in the boundary conditions.” Justification for use of Eq. (3.17) for flow induced
vibration of beams is given by both Au-Yang and Blevins [11, 40] and both recommend

correlation length L. to be between 3 and 5 diameters.

While Eq.(3.14) has been proven by many authors throughout the last 30 years, few have
offered expansion or modification of the expression to help with applicability to real world
problems. Dozaki, Morishita and Iwata [76] presented a slight modification to this formula-

tion, Eq. (3.18) which included the contribution of fluid damping. While this is somewhat
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limited in applications involving air, it is very important to include this effect for structures

vibrating in fluids such as water, LOX etc. and other heavy fluids.

Ler (fn) Jnn f ¢% ({L‘) dx

Le
P P T TR 1)

3.3.3 Implementation and Extraction of Shear Stresses

To successfully use the presented formulations the mode shapes of a freely vibrating struc-
ture are required. It is possible to insert the results for approximate mode shapes for w
only into these equations and obtain, through extraction, the contribution of shear to the
sensor’s response. To approximate this, a constant distributed load is applied to the beam
to be analyzed. For this we use the approximate mean drag coefficient experienced by the
sensor (determined empirically as a function of the Reynolds number) and a boundary layer
approximation to give a distribution profile for force. With this forcing and application of
Ritz method, the coupled bending and shear expressions are solved and hence for each point
along the beam, the percentage contribution of shear is known. This percentage contribution
is applied to the results determined from the preceding analysis and hence mean and RMS
shear stresses can be obtained. A derivation of the variance of the shear stresses, o,, as a

function of the variance of the axial stress (bending), 0., for a beam.

Axial stress, o,, and shear stress, 0., in the beam using Timoshenko theory are given by
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3.3 Fluid-Structure Interaction Analysis

Egs. (3.19) and (3.20), respectively

Ope = —Ezg—z (3.19)
ow
0w = kG (% — a) (3.20)

where E and G are elastic modulus and shear modulus, respectively; « is rotation caused by
the bending only and w is the transverse displacement of the beam. Equation (3.21) defines

the ratio of bending stress, 0,., and shear stress, o,..

da
Ozx —Ez Bz

0w kG (22— a)

(3.21)

While solving for dynamic response or eigenvalue problem using Rayleigh-Ritz method, w

and « are approximated by trial functions given in Eqs.(3.3-3.4).

If we substitute these trial functions into Eq. (3.21), we get

oo | —Hz {iw (w)}
0o k;EG Lilai@é@v)—ibi%(x)] (3.22)

i=1

In Eq.(3.22), time dependability of the coefficients is not represented for the compact repre-
sentation of the equation. At the particular height,z = 2y, and the location along the beam,

x = xg, we get a ratio of o,, and 0., as a constant if ®;(x) and ¥, (z) are functions of z
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3.3 Fluid-Structure Interaction Analysis

only. Hence for a particular z,y, z location:

O—CCCC

= Cy (3.23)

O-Z’x

Therefore, variance of the shear stress is given by Eq. (3.24)

Var(o,,) = — (3.24)

3.3.4 Additions

In addition to the calculated RMS strains in the lift and drag directions, a model to account
for the contribution of the mean strains induced by fluid flow has been included. Since mean
lift coefficient is zero, only the drag direction need be considered. The mean strain in the
drag direction has been accounted for through the use of a boundary layer model for fully

developed turbulent pipe flows. This model can be found in Fox [78] and is:

U(r) = Uy (1 _1s T)(l/n) (3.25)

R
n=—1.7+ 1.8log Re (3.26)
2 2
Uy = Uy, n (3.27)

(n+1)(2n+1)

Here U, is velocity at the center of the pipe, R is radius of the pipe, r is position from

the center line to pipe wall and U,, is the average velocity of the fluid flow. Using the
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3.3 Fluid-Structure Interaction Analysis

probe Reynolds number, an appropriate steady drag coefficient is obtained utilizing the Cp
versus Re figure found in Blevins [11]. Using this information, an expression for force at
each desired location from 0 to L is obtained. Using the Rayleigh-Ritz expression developed
earlier for the Timoshenko beam, but now applying this force and removing all expressions
dependent on time (giving a static deflection expression) static deflections and hence strain

can be calculated.

This expression is key in extracting the shear strains in the later analyses. It is known
that for a given static deflection the total response slope is the sum of beam bending and
shear contributions. For static deflections at a given x coordinate, the contribution of each
to the total response can be considered a constant. Hence, if total response and bending
contribution are calculated, shear contribution follows. The same logic can be applied to the
dynamic analyses previously discussed. Although the expressions are derived for an Euler-
Bernoulli beam, it is possible to use the mode shapes for total response in these formulations
and use the shear and bending constants to decompose the predicted total response into

shear and bending contributions.
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3.4 Experimental Work

3.4.1 Experimental Setup

Experimental validation of the analytic models took place in the Baker Hydraulics Lab-
oratory of the Civil and Environmental Engineering Department at Virginia Tech. The
hydraulics lab is home to three sediment demonstration channels whose primary purpose is
study of water body sedimentation and associated water flow. These facilities were chosen
based on availability, as well as cost and simplicity of implementation compared to a cryo-
genic facility. The smallest of the three channels, 20 ft Engineering Laboratory Design, Inc.

Sediment Demonstration Channel, was provided for the project’s use.

3.4.2 Test Apparatus and Materials

From a holding tank, two gravity fed hydraulic pumps send water through a system of PVC
pipes to the channel head, where it then runs back to the holding tank. Water from the two
pumps combines after a short distance. The water can then be sent either through a 2 in
pipe or a 6in. pipe or both, depending on the capacity requirements of the current test. This
arrangement is controlled by the appropriate ball valves. One or two pumps may be used;
however, the second pump is only used if the larger pipe is used. Volumetric flow rate can
be monitored using the appropriate Venturi nozzles and the corresponding supplied water

and mercury manometers.
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Table 3.1: Probe sizing and material properties.

Property Symbol Value Unit
Elastic modulus E 1.5 GPa
Density Py 1240 kg/m3
Mass per unit length m, 0.0279 kg/m
Outer diameter oD 6.223 mm
Inner diameter ID 3.175 mm
Moment of inertia 1 6.859 x 101 m?*
Length L 38.1 mm

The original channel was modified for this experiment by replacing a section of the 2 in pipe
running underneath the channel with an experimental test section. The original section of
white PVC, was replaced by an identical section of clear PVC. An aluminum bossing was
then constructed for the purpose of supplying a mounting location for the faux temperature
probe to be studied. For this experiment only the first hydraulic pump was used, and flow
only traveled through the 2 in pipe with our test section installed. Since fluid flow through
the channel would not have provided enough fluid force on an AISI 304 Stainless Steel probe,
such used in cryogenic applications, an alternate material was utilized. Low damping PVC
was chosen as the replacement for the faux probe whose material and geometric properties

can be found in Table 3.1. Figure 3.1(a) shows the probe.

To mount the PVC tube in the test section, it was fitted with an aluminum bushing attached
with silicone. Then, a brass Swagelok fitting with nylon inserts was used to secure the bushing
inside of the bossing. This configuration produced a secure, undamaged PVC probe when

mounted in the test section (see Figure 3.1(b) - not to scale).
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Mounting fixture
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Figure 3.1: PVC probe in aluminum bushing (a) and illustration of installation (b)

3.4.3 Measurement and Data Capture

Strain data was recorded using foil Vishay strain gages mounted at the fixed end of the beam
that is the PVC probe, where the strain is a maximum. A single gage was used with wiring
in a quarter Wheatstone bridge circuit. Data was collected for both lift and drag direction
response by changing rotating the mounted probe to the appropriate orientation. A sample
probe is shown in Figure 3.1(a). Analog voltage data was amplified using a Micromeasure-
ments 2310 Signal Conditioning Amplifier. A Tektronix TDS 2014 digital oscilloscope was
then used to collect and store all data. Data processing and analysis was performed using
MATLAB version 2008b. To reduce noise recorded, all electronic measurement equipment
was connected to a ground isolating transformer. In addition, both channel vibrations in-
terfering with data collection of probe vibration, as well as water temperature fluctuation
effect on strain gage readings were considered. However, both were found to have minimal

effect on the recorded data.
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Flow data was captured using the water channel’s attached mercury and water manometers.
Manometer measurements were related to pump frequency, a calibration which is required

prior to each test due to variations in head in the water tank.

3.4.4 Probe Experimental Frequency Behavior

The frequency response of the probe is a factor in verification of a key assumption of strain
response prediction. In addition, it may prove to be essential to fatigue life calculation as
well. The added mass effect of water displaced by the probe is expected to decrease the
natural frequency of the probe from the free response frequency of the probe in air. This
reduction can be estimated by theory. Experimental analysis of the probe’s strain response
in the frequency domain shows a modal peak near 475 Hz. This peak is shown in an example

of the drag response in Fig. 3.2(a) and in an example of the lift response in Fig. 3.2(b).

These frequencies were obtained through a Fourier transform of the time variant vibration
response. This closely matches the natural frequency predicted by analysis of 499Hz, a
difference of under 5%. Observations during the course of experimentation have resulted in
a progressive cycle of experimentation, analysis, and refinement of experimental procedures

and equipment.
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Figure 3.2: Example of frequency domain response (FDR)
3.4.5 Comparison with Experimental Strain Data
Observations during the course of experimentation have resulted in a progressive cycle of
experimentation, analysis, and refinement of experimental procedures and equipment. Ex-

perimental results have shown successful data capture and seem to fit the analytical model

quite well for mean and RMS strains as shown in Figures 3.3(a), 3.3(b) and 3.4. The largest
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discrepancies are seen for the lower velocities. Since we are dealing with such low velocities
and much lower strains, experimental errors in this region are amplified. In addition, the
prediction model used is known to have problems for low amplitudes of vibration seen at

these lower velocities [11].

The same analysis predicts the shear stresses experienced by the probe (Figures 3.5(a) and
3.5(b)). In these plots, the experimental values obtained by experiment for bending strains
have been treated by the method described in Eqgs. (3.20-3.24) to give so called, extracted

shear strains to aid comparison in the plot.

To ensure the analysis method is still compatible with longer, slender probes a comparison
case with Kawamura’s results was generated for displacement amplitudes [79]. As before,
results show good agreement, except at lower reduced velocities which is again a known
weakness of the model. Shear strains are also predicted (not shown) which are at maximum

1004e.

3.4.6 Potential of Elliptical Sensor Sections

It was noted earlier that substantial benefit may be obtained from having sensors using
elliptical sections (with major diameter aligned with flow direction) in preference to circular
sections. Figure 3.7 illustrates the reduced frontal area when considering an elliptical section
with a major /minor axis ratio of two, keeping characteristic length constant. Not only should

mean drag coefficient be reduced, but the fluctuating lift and drag coefficients also. It follows
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that the overall response in the drag direction should be substantially reduced. However,
response amplitude in the lift direction may in fact increase due to the slender nature of the

sensor in this direction. Delany and Sorensen [12] indicate that the mean drag coefficient for
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Figure 3.4: Comparison of variation of mean strains with tests in water flume for circular cross
section

an ellipse with a major to minor axis ratio of 2 is approximately 60% of that for a circular
cylinder. This approximation is later used in Li, Davidson and Mantell [80] and confirmed
during their numerical study. Investigations by Modi [81] and Kim [82] suggest that the
fluctuating coefficients also reduce to less than 60% of circular cylinder values. However,
60% will be used in order to be conservative. Using these approximations, a simulation
was performed for an elliptic cylinder with major/minor axis ratio of 2 with the same flow
conditions and material properties as for the circular cylinder described in the previous

section.

A significant reduction in both mean and RMS drag strains is shown by Figures 3.8(a), 3.9,
3.10 and 3.11(a). However, lift RMS strains are increased significantly as shown in Figures
3.8(b) and 3.11(b). This shows that elliptical cross sections, despite their more streamlined

shape, are particularly unsuitable for this problem.
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Figure 3.5: Predicted shear strains for circular cross section
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Figure 3.8: Comparison of fluctuating response of elliptical and circular sections for experimental
conditions

3.5 LOX, LH2 and LMH Results

Upon experimental confirmation of model suitability for sensor vibration problems, predictive

results for a range of velocities up to operating maximum for Liquid Oxygen (LOX), Liquid
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Figure 3.10: Comparison of mean response of elliptical and circular sections for experimental
conditions

Hydrogen (LH2) and Liquid Methane (LMH) have been generated. The probe material is

assumed to be SS304 (supplied by Luna Innovations) whose properties are listed below. For
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Figure 3.11: Comparison of fluctuating shear response of elliptical and circular sections for ex-
perimental conditions

the first case, the length and diameter of the probe are assumed to be 2 and 0.25 inches
respectively. In the second case, length remains unchanged but diameter is halved to 0.125

inches. For both cases, wall thickness is assumed to be approximately Imm. Additionally,
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Property Symbol Value Unit
Elastic modulus E 192 GPa
Density Pp 8000 kg/m?
Poisson ratio v 0.29 kg/m

Table 3.2: Properties of SS304

Property Symbol Value Unit
Density p 1141 kg/m?
Dynamic Viscosity U 2.30 x 10* Pa-s
Maximum Flow Velocity U 25 m/s

Table 3.3: Properties of LOX

structural damping (§) is assumed to be equal to 0.05 to take into account both material
damping and the slight passive damping provided through adhesives etc. in the mounting
mechanism. Please note that the material properties used assume room temperature as

material data for cryogenic temperatures was not available.

3.5.1 LOX

During analysis, LOX is assumed to have properties as shown in Table 3.3 (provided by Luna

Innovations).
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3.5.1.1 LOX with 1/4 inch probe diameter

These results can be seen in Fig. 3.12. Here shear stresses can be seen to be a significant
percentage of the bending stresses. When running analysis for this case we note that for
certain velocities lock-in in the lift direction is not avoided but is suppressed. A warning
dialog box (generated by the code) such as that shown in Figure 3.13 will alert the user
to potential issues with a proposed design. In addition, further detail is output in the
MATLAB command window, providing further feedback to the user, also seen in Figure
3.13. For this case, the information presented is visible in Figure 3.12. It is evident that
for this industrial case, lock-in is only just encountered which means a significant redesign

would not be required, rather only slight modification.

3.5.1.2 LOX with 1/8 inch probe diameter

These results can be seen in Fig. 3.14. In this case lift direction lock-in is neither avoided
nor suppressed for the full operating velocity range. A warning dialog box shown in Fig.

3.15 is displayed alerting the user to this issue, as well as the corresponding text output.

These initial results suggest that probe redesign is necessary which may simply be a case
of alternate material selection or reducing probe length. Here it is important to note that
the lift direction results contain a numerical instability due to being in the lock-in region
and hence are not valid. However, since the code produces results in seconds many design

iterations are possible in a short period of time, allowing the user to see which designs are
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Figure 3.12: Full analysis results for LOX and 1/4 inch probe
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J Warning Dialog

WARMING - LIFT DIRECTIOM LOCK-IN ONLY SUPRESSED FOR THIS CONFIGURATION.
SEE CMD WINDOW FOR DETAILS.

OK

COMMAND WINDOW OUTPUT:

Solid or hollow probe (1,2): 2

ONLY in the lift direction for the fundamental vibration mode

Fluid cases - LOX (1) LH2 (2) LMH (3) experiment (4) or User Defined (5): 1
Type of Probe - STD 1/4" SS304 (1) experiment (2) or User Defined (3): 1

For U = 14 m/s and above lockin is NOT AVOIDED but is SUPRESSED

(Vr =1.41is greater than the advised 1.4 for avoidance of lock-in).

Figure 3.13: Warning dialog box alerting user of no lift direction lock-in avoidance but suppression

only
Property Symbol Value Unit
Density p 71 kg/m?3
Dynamic Viscosity L 1.75 x 10° Pa-s
Maximum Flow Velocity U 101.5 m/s

Table 3.4: Properties of LH2

not subject to lock-in.

3.5.2 LH2

During analysis, LH2 is assumed to have properties as listed in Table 3.4.

A similar analysis was performed for the LH2 flow parameters at a 1/4 inch probe diameter.

This analysis produced a double warning as displayed in Figure 3.17 and the analysis plots

can be seen in Fig. 3.16.
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Figure 3.14: Full analysis results for LOX and 1/8 inch probe

This result means that for some of the operating range, lock-in is suppressed only, but at

higher velocities (in this case greater than 36 m/s) lock-in is not avoided or suppressed and
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<} Warning Dialog

WARNING - LIFT DIRECTION LOCKAN EXPERIENCED FOR THIS CONFIGURATION. SEE
CMD wWINDOW FOR DETAILS.

COMMAND WINDOW OUTPUT:

Fluid cases - LOX (1) LH2 (2) LMH (3) experiment (4) or User Defined (5): 1

Type of Probe - STD 1/8" SS304 (1) experiment (2) or User Defined (3): 1

Solid or hollow probe (1,2): 2

For U =10 m/s and above lock-in NOT AVOIDED OR SUPRESSED in the lift direction
for the fundamental vibration mode

(Vr =3.924 is greater than the advised 3.3 for suppression of lock-in).

Advise redesigning probe parameters to raise natural frequency of structure.

Figure 3.15: Warning dialog box alerting user of lift direction lock-in

Property Symbol Value Unit
Density P) 423 kg/m?
Dynamic Viscosity L 1.84 x 10* Pa-s
Maximum Flow Velocity U 80.25 m/s

Table 3.5: Properties of LMH

probe redesign is advised. Since this occurs for the 1/4 inch case, a 1/8 inch diameter case

was not performed.

3.5.3 LMH

During analysis, LMH is assumed to have properties as listed in Table 3.5. As for the LH2
analysis, a double warning was produced, seen in Figure 3.19. Figure 3.18 shows the analysis

results.
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Figure 3.16: Full analysis results for LH2 and 1/4 inch probe
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COMMAND WINDOW OUTPUT:

Fluid cases - LOX (1) LH2 (2) LMH (3) experiment (4) or User Defined (5): 2
Type of Probe - STD 1/4" SS304 (1) experiment (2) or User Defined (3): 1
Solid or hollow probe (1,2): 2

For U = 16 m/s and above lock-in is NOT AVOIDED but is SUPRESSED ONLY
in the lift direction for the fundamental vibration mode

(Vr =1.487 is greater than the advised 1.4 for avoidance of lock-in).

For U = 36 m/s and above lock-in NOT AVOIDED OR SUPRESSED in the lift
direction for the fundamental vibration mode

(Vr = 3.357 is greater than the advised 3.3 for suppression of lock-in).
Advise redesigning probe parameters to raise natural frequency of structure.

Figure 3.17: MATLAB output for LH2 case

Again, a 1/8 inch analysis was not performed since lock-in is experienced below full operating

velocity for this fluid flow.

3.6 Conclusions

The ASME recommendations for sensor design are updated to include shear deformation
of the sensor. Bending strains in the lift and drag directions were experimentally validated
using water flow at a range of velocities. The elliptical cross section studied clearly shows
little benefit over a circular cross section, however a better solution may exist for other
major/minor axis ratios but have not been explored here. Currently mean drag coefficient,
fluctuating drag coefficient and fluctuating lift coefficient for an elliptical section are taken

from literature. To explore further major/minor axis ratios, a return to literature followed
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Figure 3.18: Full analysis results for LMH and 1/4 inch probe

by a switch to numerical computations will be required. Reducing the principal stresses

which inherently lead to fatigue failure of such sensors is an optimization problem where
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COMMAND WINDOW OUTPUT:

Fluid cases - LOX (1) LH2 (2) LMH (3) experiment (4) or User Defined (5): 3
Type of Probe - STD 1/4" SS304 (1) experiment (2) or User Defined (3): 1
Solid or hollow probe (1,2): 2

For U =15 m/s and above lock-in is NOT AVOIDED but is SUPRESSED ONLY
in the lift direction for the fundamental vibration mode

(Vr = 1.406 is greater than the advised 1.4 for avoidance of lock-in).

For U = 35 m/s and above lock-in NOT AVOIDED OR SUPRESSED in the lift
direction for the fundamental vibration mode

(Vr =3.319 is greater than the advised 3.3 for suppression of lock-in).
Advise redesigning probe parameters to raise natural frequency of structure.

Figure 3.19: MATLAB output for LMH case

the major/minor axis ratio could be optimized for a given flow condition. Regardless of
sensor cross section, it is more than often the case that the sensors are manufactured from
solid stock. The central hole placement for wires etc. as well as the size of the hole are
uncertainties as a discrepancy between flexural and shear axis may exist. Including these
uncertainties is an important next step for elliptical cross sections as small uncertainty in

angle of attack (from mounting) can lead to major changes in the principal stresses.

From an industrial viewpoint, the initial designs for the operating conditions presented served
a purpose to show the various warnings generated during user evaluation. However, these
designs are clearly not suitable for their flow environment and will have to be redesigned.
Additionally, it is not known what manufacturing restrictions exist and thus potentially
infeasible designs can be studied using this method. The onus is thus on the engineer to

weed out these designs independent of this analysis.
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Chapter 4

Non-Stationary Response Using

Karhunen Loeve Expansion

4.1 Introduction

Until now, work centered on developing a design tool for FIV of sensors has been discussed.
A significant portion of this work depends on stochastic modeling. Through development of
the tool described in the previous chapter, interest in stochastic systems prompted investi-
gation of their analysis methods. Focusing on the stationarity property of the turbulence
modeling from the previous chapter, the author became interested in the restrictions of
such an assumption and how non-stationary processes can be modeled. For a stationary

process, the mean and standard deviation are time invariant, however for a non-stationary
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process, the mean and standard deviation now vary with time. Investigation showed a field
which is very dense with a variety of analysis methods but one factor remained constant
throughout the literature - modeling non-stationary processes in large systems is difficult
and expensive since complex analytic expressions often must be developed for each problem
(e.g. [64, 65, 62, 7]). Techniques which rely upon expansion and summation techniques have
been largely avoided until the advent of increased computational power. The advantage of
such a method (e.g. polynomial chaos) is that it is applicable to almost any structure and
any form of excitation. This is a key advantage over the few simple closed form solutions
which exist. Therefore, work was undertaken to find a method by which structures subject

to a non-stationary force could be analyzed efficiently.

Ideally, this work could be brought full circle such that the models developed could feed
back into the FSI work, however, modification of a turbulence model is another dissertation
in itself and thus beyond what will be discussed here. Rather, this work aims to explore
if a method can be developed to allow a non-expert engineer to run stochastic analyses on
a structure and obtain meaningful results. The key to this work is that the engineer need
not have detailed knowledge of the random force, but only its covariance function which is

obtained through experimentation or from the literature for similar applications.

Such a method should have application to further detailed design studies where complex
structures are analyzed through commercial finite element software. Here, the method de-
veloped could form a “wrapper” around commercial codes thus allowing for non-intrusive

non-stationary vibration analysis in house, without the need to ask the commercial vendor
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4.2 Karhunen-Loeve Expansion

for bespoke software additions which are often very expensive.

4.2 Karhunen-Loeve Expansion

Non-stationary random vibration is characterized by time-dependent statistical moments.
As this work focuses on Gaussian cases, the mean (1st moment) and auto-covariance (2nd
moment) completely describe the probability distribution [83]. Mean and auto-covariance

are described through the following integral equations:

pxlt) = BIX(@) = | " X)X ()dalt) (4.1)

The mean, ux, depends upon the random vibration set X and the probability function p.

The covariance of random variables X and Y with mean values px and py is:

Cxy (t1,t2) = E[(X(t1) — px)(Y(t2) — pry)] (4.2)

If a process X* is substituted for Y in Eq. (4.2) where X* is simply a time-shifted version
of X, then Eq. (4.2) is known as auto-covariance. This auto-covariance differs to that in the

stationary case as it is a function of two instants of time [5].

In many engineering problems, a random process may have statistical dependence on more

than one random variable. In this case, it is necessary to consider joint probability density
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4.2 Karhunen-Loeve Expansion

functions. This step becomes cumbersome when calculating using the joint distribution of
many random variables, hence, in practice, it is advantageous to study the simple interaction
of two random variables and extract as much information as possible from that relationship

[5]. This is achieved through covariance and correlation analyses [5].

The Karhunen-Loeve (KL) expansion provides a way to discretize the auto-covariance func-
tion such that it may be used in the calculation of system response [46]. Using KL expansion,
the forcing function of a system may be written as a combination of the mean forcing com-

ponent, g, and the summation component:
f(t) = pp(t) + Z VA&idi(t) (4.3)
i=1

Here, &; are sets of independent identically distributed (i.i.d.) random variables (zero mean
and standard deviation of 1), \; are the eigenvalues of the auto-covariance and ¢;(t) are the

eigenvectors of the auto-covariance. The eigenvectors can be further expanded as:
$i(t) = djihy(t) (4.4)
j=1

where d;; are unknown constants and h; are user-defined basis functions. The eigenvalues and

eigenvectors of the auto-covariance function (Cxx(t1,1ts)) are found by solving a Fredholm
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4.2 Karhunen-Loeve Expansion

equation of the second kind [46].

/ o Cxx(t1,t2)0i(t1)dts = Xigi(t2)

tmin

(4.5)

The procedure for solving these problems numerically is outlined in Ghanem and Spanos

[46]. This results in an eigenvalue problem, Eq. (4.6), using user-defined basis functions and

the auto-covariance of the system. Construction of the N matrix is very similar to that for

axial bar type of FEM problems.

where

and

CD = AND

tmaac tmaz
Cij - / / C(tl,tg)hl(tg)h] (tl)dtldtg

tmin tmin

tmal
N, = / e (), (£)dt

tmin

i 5 7\i

(4.6)

(4.7)

(4.9)

Once the eigensystem is solved, the eigenvectors must be scaled appropriately. The MAT-
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4.2 Karhunen-Loeve Expansion

LAB eigensystem solver typically scales the eigenvectors such that the Euclidean norm is
equal to one. While this is appropriate in many fields, it is not so in this case as the mag-
nitude of the eigenvector plays an integral role in the calculation of the response using KL
expansion. An appropriate way of scaling is making use of the Fredholm equation (4.5) once
again. The eigenvectors ¢;(t) and eigenvalues \; are first calculated using the MATLAB
eigenvalue solver then these values are used to calculate the right hand side of the Fredholm
equation. The left and right hand side values are compared and a scaling factor for the
eigenvector computed such that the equation is balanced. The left and right hand side of
the Fredholm equation are once again computed using these scaled eigenvectors to be sure

a correct scaling factor has been used.

The response of the system is also represented by a KL expansion process [46]. The i.i.d.
random variables used have a useful property when constructing the variance of the response.
These variables £ are orthogonal such that their expectation is given by (E[¢;, ;] = d;;). This

means the standard deviation of the response is represented as:

m; are the deterministic response of the system due to the input basis functions h;. In
the author’s previous work, h; were continuous global trigonometric functions [84]. These
functions were chosen based on the author’s knowledge of system response, both transient

and steady state. This requires an appreciation for the particular physics involved in the
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4.2 Karhunen-Loeve Expansion

system which is not so easy when considering a MDOF system. Therefore, it is appropriate
to use more generalized functions. It is easiest to represent the eigenvectors in discretized
form, using piecewise linear or higher order polynomial Lagrange interpolation functions
in the same manner as in a time Finite Element Method. As a first step for simplicity,
discretized h; were chosen to be simple piecewise constants which makes the calculation of
both C and N very easy and computationally inexpensive. Once discretized, the covariance
eigenvectors are used as before [84] as deterministic forcing functions to the SDOF system.

The response due to these forcing functions are p and hence (4.10) can be rewritten as:

(4.11)

By the same logic, the auto-covariance of the displacement for a SDOF system can be

calculated by:
Rxx(t1,t2) = Z Aipi(t)pi(ta) (4.12)
i=1

Discretizing the basis functions, rather than following the example in [84] allows for a more
generic algorithm where a system can be solved when the effects of the covariance are not
known. The price paid for the generic nature of this algorithm is the greater number of terms
required for the convergence of the solution. However, significant computational time is saved
when constructing the C and N matrices through numerical integration which completely

offsets a few extra simple summation steps.
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4.3 Application To A Simple SDOF System

The SDOF system to be solved can be found in Mulani, Kapania and Scott [84] (some details
are available in an excerpt of this text in the Appendix). Here spring stiffness k, damping
coefficient ¢, mass m and correlation length (time beyond which events are considered un-
correlated) I, are 300N/m, 0.2, 1kg and 0.05s respectively. The time period considered is
from 0 to 1 second. Two different covariance functions are considered. The first is expo-
nential auto-covariance (4.13) and the second is a modulated exponential covariance (4.14).

Graphical representation of these functions are found in Figures 4.1 and 4.2 respectively.

Crp(ti,ty) = eI/l (4.13)

Crp(ty, ty) = et emli=tal/le (4.14)

Upon implementation of the temporal discretization, results for the standard deviation of
the system are obtained and compared to both the analytical solution and numerical solution
provided in Mulani, Kapania and Scott[84] as seen in Figures 4.3 and 4.4. The corresponding

auto-covariance of the displacements are presented in Figures 4.5 and 4.6.

It is clear that for 6 KL terms the continuous basis functions used previously, is closer to
the analytic solution than the discretized basis functions used in this study. This efficiency

was achieved by prior knowledge of the physical nature of the problem. However, when
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4.3 Application To A Simple SDOF System

dealing with a more complex system such prior knowledge will most likely not exist thus
demonstrating the need for a generic treatment of the basis functions as presented here.
To fall within 95% of the analytic solution, 30 KL terms are required for the discretized
basis functions. While this may seem a large number, the runtime of the algorithm is still

significantly less than that required of the method presented previously by the authors [84].

Since KL is a truncated series, an error is introduced which is clearly highly dependent on
the number of KL expansion variables used. The error in the calculated covariance functions

relative to the analytic expressions presented earlier are shown in Figures 4.7(a) to 4.8(b).
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4.4 Application To A MDOF System

4.4.1 Derivation for 2DOF System

To demonstrate how the KL expansion can be used in multi degree of freedom systems, a

simple two degree of freedom system is considered.
[i’l -i'l sl Fl
a4 b o] S b [R] T (1.15)

The forces applied at each degree of freedom may be correlated to one another or they may
not be correlated to one another. The response due to forcing functions uncorrelated to one
another will be developed. In the case of non-stationary excitations, the standard deviation

and mean value of the forcing functions vary with time.

For the 2DOF system presented, the forcing functions are assumed to take the same form
as that presented in Eq. (4.3). In order to keep track of the contribution to the system by
forcing at each DOF, a left superscript is added in the form (i) representing the force applied
at the i DOF. As before the eigenvectors of the individual covariance functions Cy,x, are
@¢. The system to be solved is a 2DOF system as shown in Eq. (4.15). As before the

forcing functions are represented through a KL expansion and in this case are considered to
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be zero mean processes.

fi(t) S VAW

_ (4.16)
f2(1) > i ;D¢ e;

The response at each degree of freedom is found through a modal analysis. The goal is to
keep the response due to each covariance function separate in order to keep track of their
contributions easily. If the matrix ¢ represents the mass normalized eigenvectors of the
dynamic system, then the EOM becomes:

G 2C1w 0 G wi 0 ¢
+ + - (4.17)

Go 0 2Guwa| | ¢ 0 wil |

[ T Z?:l,/(l))\i(l)gi(l)@
/
Z] 1 f 2)¢J

The system can now be solved as SDOF expressions. For example:

G + 26w + Wi = ¥n Z VONDED S + 1y Z VNP Dg (4.18)

We want to keep the response due to (l)gbi and (2)¢j separate for the purposes of this ex-
pansion. To do this, we will evaluate the response with the (V¢; with the prescribed initial
conditions and designate this g1, where k represents the DOF being considered. Next the

response will be evaluated for (2)¢j with zero initial conditions and designated ¢i where k
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4.4 Application To A MDOF System

is referring to the degree of freedom. Therefore, ¢; is simply the sum of the responses g

and qe. Looking at the response at the & DOF, the response ¢, will be:

gra(t) =D A/ ONOED pi (1) (4.19)

i=1
Qra(t) = Z \ (2))‘J (2)§J( )pyk(t) (4.20)
j=1

Bringing the response back into the original coordinate system by x = 1q, z; is:

= {wu (\/<I>Ai<”§i<”pﬂ<t)+ (2)&(2)&(2)1%1(1?)) + (4.21)
i=1
Y12 (\/ W& (t +\/ it )]

Grouping the terms together:

n

1 (t) = Z {\/ e (wn P (t) + 1! Pzz(t)) + (4.22)

i=1
Y @) (@/111(2)1%‘1(75) + ¢12(2)Pi2(15))}

z(t) = Z [ (I)Ai(l)fi(l)mﬂ(t) 4+ 4 /(2))\i(2)§i(2)mﬂ(t)} (4.23)
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The response at x5 is developed in a similar fashion and becomes:

n

ra(t) =) [ OXNEDma(t) + (2))\z‘(2)§z‘(2)m¢2(t)} (4.24)

=1

These expressions are now used to obtain the equations for standard deviation and auto-

covariance of the displacement. Considering the first degree of freedom only once again:

RXle(t17t2> :E[$1(t1),$1<t2)] (425)
- Z ZE (1)&’ (1)€j (1))\1‘ (1))\]'(1)77%1 (151)(1)77”&]'1(252)
i=1 j=1 B B

+E |2g;, @1 /PN GNP (81) P (t2)
+E | e, @1/ OXi/ ON Wi (81) P (t2)
+E (@, Og, ] /@ /ON @m0 () Dy (t2)

Using the orthogonality property of independent identically distributed variables (i.i.d):

E [(1) &, O 5].] 5is (4.26)

E [(2)&, (2)51']

For zero correlation of the forcing functions, the cross-correlation of the i.i.d. random vari-
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ables must be zero:

[,

E [(1)&, (2)53} =0

0 (4.27)

Hence, for the uncorrelated random variables the auto-covariance and variance become:

Rx, x,(t1,t2) = <(1))\z’(1)mz’1(t1>(1)mi1(t2) + (2)/\i(2)mi1(t1)(2)mi1 (752)) (4.28)

Ruyx, (t, b)) = ((1)Ai(1)mi2(t1)(1)mi2(t2) . (2))\i(2)mi2(t1)(2)mi2(t2)>

o2 (1) = Z ((1) A Wma2(t) + @ )\i(z)mﬂz(t)> (4.29)

Although no correlation exists between the forcing functions, cross-correlation terms exist

for the response and are given by the following expression:

n

Ry, x,(t1,t2) = ) ((1)A¢(1)mﬂ(tl)“)mm(tz) 4 @)@ (tl)(z)mi2(t2)> (4.30)

=1
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and

n

0% (1) = Z (“D\i(”mﬂ(z&)“)mﬂ(t) n (2)/\i(2)mi1(t)(2)mm(t)) (4.31)

=1

This derivation is easily extended to larger systems, hence 2DOF and 10DOF examples will

be shown in the next subsection, confirming this derivation.

4.4.2 Validation of Derivation

To validate this portion of the derivation, covariance functions are chosen such that an
analytic calculation for the auto covariance of the response can be formed. The solution of

an MDOF system under random loading is given by [5]:
t1 to
Ry, (b 1) =33 / / B (W) ()i (b1 — st — v)dvdus (4.32)
—~=Jo Jo

Here h;, are the impulse response functions of the dynamic system at the i'® degree of

freedom.

4.4.2.1 2DOF Case

The first dynamic system studied for the 2DOF case is assumed to be a spring damper
system with proportional damping with zero correlation between the forcing functions (hence

Cr.r, = 0if k # m). The masses are assumed to be 1 kg each and spring stiffnesses are 300
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Figure 4.9: Comparison of KL with Analytic (An) results for Exp-Exp Forcing

N/m each. A range of excitation cases exist; the first applies exponential forcing functions
with different correlation lengths to each degree of freedom of the form of Eq. (4.13), the
second is a mix of exponential and modulated exponential functions (Eqgs. (4.13) and (4.14))
and the third are two modulated exponential covariance functions. The variance for each

case can be found in Figures 4.9 to 4.11.

Excellent agreement with the analytical solution is found here and on average, 30 KL terms
were required to achieve these results. At this point it should be noted these functions were
chosen such that the analytical expression Eq. (4.32) could be used to check the compu-
tations. In general, solving this double integral equation for large systems with complex
covariance functions is very computationally expensive and requires a switch to Monte Carlo

simulations which should be avoided for this design tool application. Other combinations
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Figure 4.12: Roberts simplified building model [3]

of forcing functions are possible and of most interest are those which form non-symmetric

covariance plots.

4.4.2.2 10 DOF Case

For developments in stochastic analysis of MDOF systems, a 10 DOF building vibration
example presented by Roberts is often used as a test case [3]. Figure 4.12 shows the simplified
building model which is represented by the equations of motion below where M represent

each mass , k represents stiffness, i represents DOF 2 to 9 and Y (¢) represents base forcing.



4.4 Application To A MDOF System

Mzxig + kxyg — kxg = —Y(t)

In this case the base excitation is represented by a non-stationary function. This non-
stationary function is defined using the well defined modulation method where a stationary
function Z(t) is operated on by a modulating function A(t) such as pulses or sine waves.

Simply put:
Y(t)=A(t)Z(t) (4.34)
Following Roberts, A is assumed to be a train of half-sine pulses. A(t) is expressed as:

A(t) = i cpePt (4.35)

where
2 mn/r
n = — 4.36
A Jr? (4.36)
Function Z(t) is obtained through inverse Fourier transform of its spectrum S, (w):
1 4
Si(w) = — 4.37
() 2nw? +4 ( )
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Using these relationships the auto-covariance function for Y (¢) can be constructed as follows:

4 " cos(mny /r)cos(mna /1)
o ip(n1ti+nata) 4.38
vy (t1,t2) 2,2 Z _Zm (1 —4n?/r2)(1 — 4n§/r2)e 439

As in Roberts, r = 2, p = 2, m = 6 and modal damping of 0.1 per mode is assumed [3].
Using Ryy and (4.32) a solution can be obtained using Mathematica, without using the
additional approximations present in Roberts paper. Due to the more complex nature of a
10 DOF system over the previously considered 2 DOF, a convergence study was performed to
check the appropriate number of KL expansion terms were being utilized. The convergence
plot is shown in Figure 4.13. At this point an error was found in the algorithm causing the

summation over the desired KL terms to stop prematurely. Upon fixing this issue, much
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Figure 4.14: Comparison of KL results and theoretical solution for Roberts example [3]
improved results were found for the variance at the 10th DOF. These results and their
comparison to theory are shown in Figure 4.14. The results shown here show very good
agreement and at a fraction of computational cost compared to the exact solution (less than
1 minute solve time versus several minutes for the analytic solution). The slight difference

in the plot curves can be attributed to truncation and the known slight numerical damping

existing in the KL expansion method [46].
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4.5 Application To A Continuous System

4.5.1 Derivation for Beam

Following qualification of the method for MDOF systems, a logical progression is application
to a continuous system. For this dissertation, the case of a cantilevered beam is chosen, which
aids in bringing steering this and future work back into the fluid-structure interaction area
discussed earlier in this dissertation. Since the example chosen for validation of the results
produced by this method considers a long slender cooling tower, Euler-Bernoulli beam theory

is sufficient. As a reminder, the governing equation for an Euler-Bernoulli beam in transverse
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vibration is given as:

0? 0w O*w

The free vibration response of a constant cross-section beam is well known and can be found

in any standard structural dynamics text. The natural frequency of such a beam is given as:

w = g2y (4.40)
m

where SL, for the first four modes, are found to be 1.8751,4.6941,7.8548 and 10.996. A

typical representation of the mode shapes is:

sin(f3,L) + sinh(S,.L)
cos(B,L) + cosh(B,.L)

Y, (z) = A, |sin(f,z) — sinh(f5,x) — (cos(Byx) — cosh(fB,x))| (4.41)

These modes are normalized such that:

/0 ’ m(z)Y,(x)*dr =1 (4.42)

The response of a beam to excitation is assumed to take the form:

y(x,t) =Y Yi(z)n(t) (4.43)
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where the modal equation of motion, for a truncated number of mode shapes s, becomes:

s (£) + 28 wstis + wins(t) = Ny(t) (4.44)

N() = /O AT (4.45)

To introduce a non-stationary forcing function in the form of a KL expansion, f(x,t) must
be formed. Here, the forcing function is formed by the product of two parts, one dependent

on position x and the other on time ¢. Hence for KL expansion:

fa,t) = a(z) Z Vil (4.46)

therefore

No(t) = 3 VN /0 Yia(e)ds (4.47)

It therefore follows that the response is obtained for each mode in a similar manner to the

MDOF system in the previous section.

4.5.2 Validation of Derivation

To investigate the validity of the KL representation of the forcing function described in the
previous section, a suitable example was sought for comparison. A common real structure

used for stochastic studies of continuous systems is that of a chimney [85, 9]. Though some
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Table 4.1: Properties of chimney

Property Value Unit
Distributed mass 10686 kg/m
Fundamental frequency  0.26 Hz
Modal damping 0.005

Height 180 m

details of the analysis are missing, the important physical properties of the structure are
available and can be found in Table 4.1: The mean forcing in this type of example is usually
represented through a log wind profile [85] which is a semi-empirical representation of the
wind velocity distribution above the ground, but it is the random component of forcing that
is of most interest here. Assuming self-weight is not included and also assuming a log wind
profile for the spanwise force distribution, a sudden increase in velocity over the span is
applied, representing a gust. A gust can be represented through use of a non-stationary
modulated exponential function. This type of function has already been presented in Eq.
(4.14). As seen in Figure 4.2, this function reduces in magnitude over a period of time to zero.
Upon application of this forcing function to the chimney, variance and auto-covariance of the
response at the tip can be computed and then plotted (Figures 4.16 and 4.17 respectively).
The variance obtained is compared to that offered through a theoretical solution, solved in
Mathematica. For these results, 201 terms were used in the KL expansion and required 1
minute or less to run on a MacBook Pro with 2.4Ghz Intel Core i5 processor and 4GB of
1067Mhz DDR3 RAM. In comparison, the theoretical solution takes 15 minutes or more to

run.

Excellent agreement is found between these curves where significant oscillation in the variance
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is observed. Looking at the auto-covariance plot in Figure 4.17 these oscillations are observed
throughout the domain and the peaks reduce little when moving away from the t; = t
diagonal (variance). This is indicative of narrow band frequency response and indicates
that the response is dominated by the first one or two modes only. The highly oscillatory
nature of the solution did cause some problems when computing the theoretical solution
within Mathematica. Inappropriate time steps led to errors in the solution and no response
results being produced. Few issues were faced when implementing the KLE method for this
example as it shares many common features with the algorithms developed for the MDOF
systems, which cut debugging time significantly. However, the highly oscillatory nature of
the solution required a great number (201) of KLE variables to converge on a solution, much

greater than the 30 KLE terms that have been seen previously.

4.6 Conclusions

An extension of the application of KL expansion from SDOF to MDOF systems has been
presented. Previously, knowledge of appropriate global basis functions for a particular covari-
ance excitation function were needed, thus requiring the user to have an a priori knowledge
of system response. While this is known for small systems, such knowledge is most likely
unknown for large MDOF systems. Temporal discretization, allows for generic treatment of
almost any covariance function and reduces the complexity of the integrations necessary in

the KL expansion method. Results presented for the 2DOF system considered cases were the
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forcing functions were not correlated which is a valid assumption as non-stationary forces
are typically only correlated for a very short period of time. These results showed excellent
agreement with theory. Further demonstration of the method for the well defined 10DOF
model given by Roberts, showed very good agreement with theory and proved the method to
work on a larger scale. Finally, application of the method to a continuous system also showed
good agreement with theory and increases confidence that this method can be applied in

many different settings.

The proposed method here is now ready for the analysis of more complex structures (ap-
plicable later in the design process) since the mode shapes and natural frequencies of these
structures are readily obtained through commercial finite element software. Here the method
could be implemented as a wrapper (and hence be non-intrusive), where the commercial FEM
solver is called to generate the mode shapes and frequencies and this method generates the

non-stationary response functions.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

In order to measure the success of this study, the results presented should be considered
in parallel with the objectives of these studies. Work began with the need to investigate
current sensor design guides for fluid-structure interaction environments in the context of a
real industrial problem. It was thought that a design tool could be produced for the case
presented which would aid engineers in the design process. Investigation of the problem
showed areas in the fluid-structure interaction guidelines which were lacking and required
further modeling. While movement into full fluid-structure interaction numerical methods is
attractive for result accuracy, such a step is not appropriate in design so care was taken to

ensure the resulting tool was simple to use yet captured the physics of the problem adequately
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such that invalid designs could be weeded out early before further detailed investigation. An
improved model was developed and tested through simple experimentation. It was seen that
the model performed very well for sensors subject to pipe flow. Following testing of the
tool’s predictive accuracy, designs provided by an industrial partner were investigated. It
was found that the designs supplied were mostly inadequate in stiffness for the proposed pipe
flow environment and would require redesign. This was noted as a significant success for the
tool, saving the industrial partner much time in their design process. The key results from
this study were presented at AIAA Conference and later presented in the ATAA Journal.
The latter portion of this work, containing non-stationary response of MDOF and continuous

systems, will now be submitted to the same journal.

Through investigation of fluid-structure interaction problems, much emphasis on stochastic
modeling was found. During investigation, it was discovered that significant and often in-
valid assumption of stationarity of a process was often used, where non-stationarity would
in fact be appropriate. The primary driver for such simplification is the non-availability of
simple closed form solutions for non-stationary processes and often complicated and expen-
sive numerical solutions. It was therefore sought to close this gap by development of a tool
to analyze structures subject to non-stationary forcing using a method requiring minimal
set up by an engineer and minimal computational cost. A method utilizing the Karhunen-
Loeve expansion was developed including improvements to permit utilization of the method
without a priori knowledge of the system response. The numeric method produced was

developed from SDOF through MDOF and finally extended to continuous systems. Results
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produced by the method compared favorably to exact theoretical results and took minimal
computation time (seconds versus minutes) on the same CPU/memory combination. While
exact solutions exist for the cases tested and can be solved analytically, it is not feasible
to use this method for more complex systems to calculate their response. Utilization of
the method as developed in this work is therefore appropriate in cases where large systems
need to be studied. The key results from this study were presented in two papers at ATAA

conference and one has since been published in the AIAA Journal.

5.2 Future Work

While significant results were found during this work, there is always room for improvement
in the models developed. Ideally, the work presented herein would come full circle allowing
the stochastic model developments to feed back into the fluid-structure interaction tools. In
reality, there are several areas in the Karhunen Loeve models which must be explored first.
One such area is inclusion of spatial-temporal coupling of the non-stationary forcing functions
in continuous systems for the Karhunen Loeve method developed. Such an improvement will
allow for existing coupled turbulence models to be applied through the KL expansion to a
variety of structures, fully utilizing the efficiency of this method. This introduces a significant
complication of correlation between forcing location and time. Cross-correlation within the
KL expansion is a difficult and tricky step to take and one which requires much investigation.

Once developed, such an improvement to the proposed method in this dissertation could
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allow for non-stationary response analysis of structures in the “Future Aircraft” programs

at Virginia Tech, such as the Truss-Based Wing and SensorCraft.

Systems such as the 2 DOF model presented experience different forces at each DOF. How-
ever, in this work these forces were uncorrelated with respect to one another. A substantial
amount of time was spent exploring partial-correlation between these forcing functions and
how to represent this relationship through the KL expansion method developed. The most
simple representation of partial-correlation is made through presentation in the correlation
matrix (seen in [45]). Often, the system is uncorrelated through principal orthogonal decom-
position and the response reassembled in a similar manner to modal analysis of a structure.
However, implementation of this idea in KLE form proved to be unsuccessful due to the i.i.d.
variables and the value they should take on computing their “expectation” (previously 0 when
indices 7 and j are not equal, see Eq. (4.27)). Of the studies exploring partial-correlation,
the most useful of which was that by Vorechovsky [86] who developed a method to allow
an engineer to start with two uncorrelated processes (in expansion form like the KLE) and
define the correlation between them. It was thought that this would solve the problem of the
expectation between the two i.i.d. random variables. Unfortunately, a satisfactory solution
was not obtained in this case when applying the method to the KLE formulation described

herein. This is obviously an important problem which warrants further study.
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Appendix: Exerpts from “Generalized
Linear Random Vibration Analysis
Using Auto-Covariance Orthogonal

Decomposition”

The following includes exerpts from Mulani, Kapania and Scott [84], showing the develop-
ment of an analytic solution to the KL expansion problem. As before, the KL expansion is
defined as in Eq. (4.3) and the eigenvalues and eigenvectors obtained through solving solved

through use of the Fredholm equation, Eq. (4.5).

Again, the eigenfunctions of the auto-covariance are represented as :

61 () =D dyuh (1) (A1)
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where dj;, are constants and h; are user-defined basis functions.

Therefore for such a time domain, the components of h; should be chosen such that they
form a complete basis of the system, but it is not a necessary condition. The dj; can be
viewed as the h; basis function participation factors of the eigenfunction, ¢y, of the excitation
auto-covariance. For the steady state response of the dynamic system, h are chosen such
that they represent complete cosine and sine functions over the selected time domain and
are given as :

—1 —1
h = {1, cos %t, sin %t, ...,COS %t, sin Mt} (A.2)

Here h; are represented in each position of the complete vector h. For the transient analysis
of the dynamic systems, each h; is chosen such that the basis function vector h includes
multiples of both half cosine and half sine functions to represent the response components
corresponding to basis functions with lower frequencies as the system response starts with a
frequency of zero. It is important to choose such functions to represent transient response
with refined basis functions as compared to basis functions given in Eq. (A.2) and therefore

the vector of basis functions A is given as :

—1 —1
h = {l,cos %t,sin %t, ...,CO08 ™ (n >t,sin ™ (n )t} (A.3)

Using the definition of the KL expansion of the forcing function as given earlier, a SDOF
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system is written as :
mi i br= s )+ 6VN (z ) (A4)

For convenience during the derivation, it is assumed that the mean value of the forcing
function, pp(t) is zero, the initial displacement and the velocity are deterministic, and as-
sumed to be zero. Even if the initial displacement and the velocity are non-zero, they can
be associated with the mean component of the forcing function; if the mean component of
the forcing function is zero, then they can be associated with the major component of the
KL expansion. If the mean value of the forcing function, pr(t) is a non-zero function of
time, then the mean of the non-stationary response will be non-zero and pg(t) will not affect
the calculation of the standard deviation of the response. The displacement response of the

SDOF is given as :

Zgl (Zdﬂm] ) (A.5)

The response functions, m;, corresponding to the basis functions, h; of the excitation are
obtained. €; for the steady-state and the transient analysis are defined by Eq. (A.6) and

Eq. (A.7), respectively.

T mn—1)m (n—1)
Q — {O,E,E,.., L , L } (A6)
B T T mn—1)m (n—1)
@ = {Oii 2L 7 2L } (A7)



By comparing Eqgs. (A.4) and (A.5), it is seen that for complex, multi-degree-of-freedom
structures, the statistics of the response when excited by the stochastic forcing function can
be easily obtained. The user can choose the basis functions, h; given by either Eq. (A.2) or
Eq. (A.3). Then, the user has to obtain the eigenvalues, A\; and dj;, the h; basis function
participation factors of the eigenfunctions, ¢; of the excitation auto-covariance, outside of
commercial FEM softwares. The response functions, m;, corresponding to the basis func-
tions, h; of the excitation should be obtained to construct the PDF or statistics of the

response of the system.

Using the orthogonality of iid basis random variables, &, which is given as :
< &,fj >= 5ij (Ag)

where ( ) is the mathematical expectation operator, the covariance, o2, (t) and auto-covariance,

Rxx (t1,ts) of the response are given as [46] :

0%, (t) = Z i ( ' djim, (t)> (A.9)
Rxx (tl,tg) =< (tl) , T <t2) > (AlO)

- Z Ai (Z djim; (tl)) (Z drim (t2)> (A.11)

From Eq. (A.9), it can be seen that the standard deviation of the response depends upon the

eigenvalues of the forcing auto-covariance function, participation factors of the chosen basis
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functions and the deterministic system response of the basis functions. Equation (A.11)
indicates that the auto-covariance of the response depends upon the deterministic responses
at two different times of the chosen basis functions. The exponential auto-covariance de-
scribed by Eq. (4.13) is a particular type of the auto-covariance whose eigenfunctions and
eigenvalues can be obtained using analytical methods. The obtained eigenfunctions of this
auto-covariance are defined by analytical functions which would be accurate as compared to
the obtained by the weighted residual method while solving the Fredholm Eq. (4.5) of the
274 kind. By differentiating Eq. (4.5) twice with respect to time and applying appropriate
boundary conditions at ¢ = t,,;, and t = ¢4, transcendental Eq. (A.12) and Eq. (A.15) are
obtained. Solutions of Eq. (A.12) along with Eqgs. (A.13, A.14) define symmetric eigenvalues
and eigenfunctions. In the same way, solutions of Eq. (A.15) along with Egs. (A.16, A.17)
define anti-symmetric eigenvalues and eigenfunctions. Additional information on analytical

method used to obtain eigenfunctions and eigenvalues is given [46].

For symmetric eigenfunctions of an exponential auto-covariance :

C — ktan (ka) =0 (A.12)
cos (K;t
¢i <t) - (sin (Q)H-a) <A13)
a+ 2:{1-1
2C
\; = e (A.14)
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For anti-symmetric eigenfunctions of an exponential auto-covariance :

K"+ Ctan (k*a) =0 (A.15)
sin (Kt
5 () = — 2250 (A1
a— sin (2?;1 a)
2C
o= "7 A.17
(3 /{?2 +02 ( )

where C' is the correlation length parameter of the forcing auto-covariance, a is equal to the
half of the time domain considered in the KL expansion, and x; and & are the solutions of
the transcendental Eq. (A.12) and Eq. (A.15). The ¢; and ¢} are symmetric and antisym-
metric eigenfunctions of the exponential auto-covariance, respectively. The \; and A are
the eigenvalues of the same auto-covariance function. Hence, the forcing function and the
displacement can be written as summation of orthogonal components obtained using the KL

expansion and are given in Eq. (A.18) and Eq. (A.19):

F(t) = Z&\/X‘@ (t) (A.18)

z(t) = Z &/ S (1) (A.19)
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where ¢; and S; are defined in Eqgs. (A.20-A.23).

135,..n = C;cos (n;t)

$2.46,...n = €SN (771'75)
c; COS (nzt +14)
k‘\/ 1—o? 2C01)

e; sin (nzt +v;)

k:\/ +(20;)?

(A.20)
(A.21)

(A.22)

(A.23)

Therefore, the covariance, o2, (t) and the auto-covariance, Rxx (t1,t2) of the response are

given as

SREIC

Rxx (ti,12) ZAS (t1) S; (t2)

(A.24)

(A.25)

The variance of SDOF system, o2 (¢), when excited by stationary auto-covariance with zero

initial displacement and velocity is given as [6] :

SFF(w)dw

2 — —2Cwnt Wn .
o, (t) = 1+e 1+ —(¢sin 2wgt
©) / (W2 — w?)” + (20wnw)? [ { wor® ¢

2w 2w
—eSwnt (2 coswgt + —=( sin wdt) coswt — eent=——
Wq W

+

(Cwn)? — w3 + w?
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¢ sin wgt sin wt

sin? wdt}

(A.26)



Equation (A.26) requires the definition of power spectral density function of the auto-
covariance. The PSD of exponential auto-covariance function can be defined :

Ci

where C; and « are constants, which define exponential auto-covariance’s distribution. The
transient displacement variance of the SDOF system when excited by an exponential auto-

covariance is given as :

o2 (t) = [1 4 o~ Hwnt (1 + Lﬁgsin (2wdt))1 L —2 {624“’“ (cos wqt + &Csin wdt)l I,

Wy Wd
672Cwnt *2cwnt 9
-2 l Sinwdt} Ii + —5—sin®wgt [((Cwn)” —wj)) L+ L] (A28)
Wy Wy
where Iy, I, A, I3, and I are given as :
7 7 (a0 + 2Cwy,) Cy
! 2Cw3a (o + w2 + 2¢w,a)
e—at e—Cwnt

]2 = 7TA01

_C — <\/1—C2(:oswdt—§sinwdt>

(a? 4+ 2w? (1 — 2¢%)) <\/1 — (2 coswgt + Csinwdt>
2wpCy/1 = ¢

+
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e ((20/1 — CQ) cos wqt — <2C2 -1+ of + 2wy (1 - 2<2)) sinwdt)]

2
Wn

7T01

- (A.29)

2wy, (02 + 2alw, + w?)
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