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ACADEMIC ABSTRACT  

 

The collapse of a mine pillar is a catastrophic event with great consequences for a mining 
operation. These events are not uncommon, and have been reported to produce air blasts able 
to knock down, seriously injury or kill miners; cause cascade pillar failures which involve 
the collapse of neighboring pillars; produce surface subsidence; and sterilize valuable 
reserves. In spite of the low probability of occurrence for a pillar collapse in comparison to 
other ground control instability issues, these consequences make these events high risk. 
Therefore, the design of these structures should be considered from a risk perspective rather 
than from a factor-of-safety deterministic approach, as it has been traditionally done. 
Discontinuities are one of the main failure drivers in underground stone pillars. Regardless 
of this, traditional pillar strength equations do not consider the effect of these. Recently, the 
NIOSH pillar strength equation introduced a Large Discontinuity Factor that acknowledges 
the effect of discontinuities in pillar strength. However, this parameter only considers 
�³�D�Y�H�U�D�J�H�G�´���S�D�U�D�P�H�W�H�U�V���L�Q���D deterministic way, failing to account for the spatial variability of 
fracture networks. This work presents a risk-based pillar design framework that enables to 
characterize the effect of discontinuities in pillar strength, as well as account for the possible 
range of stresses that will be acting on pillars. The proposed method was evaluated in an 
underground dipping stone mine. Discontinuities were characterized by integrating Laser 
Scanning and virtual discontinuity mapping. Information obtained from the discontinuity 
mapping process was used to generate discrete fracture networks (DFNs) for each 
discontinuity set. The Discrete Element Modeling Software 3DEC was used along with the 
DFNs to simulate fractured rock pillars. Different fractured pillar strength modeling 
approaches were evaluated, and the most adequate in terms of pillar strength values, failure 
mechanisms representation, and processing times, was selected. The selected model was 
tested stochastically, and these results were used to characterize pillar strength variability due 
to the presence of discontinuities. Pillar stress distributions were estimated using an 
stochastic finite volume continuous numerical model that accounted for the dipping nature 
of the deposit and the case study mine design. A pillar probability of failure baseline was 
defined by contrasting resulting pillar strength and stress distributions using the reliability 
method. Results from this design framework provide additional decision-making tools to 
prevent pillar failure from the design stages by reducing the uncertainty. The proposed 
method enables the integration of pillar design into the risk analysis framework of the mining 
operation, ultimately improving safety by preventing future pillar collapses. 
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GENERAL AUDIENCE ABSTRACT  

 
Underground mining operations involve the removal of rock material from the ground. 
Engineers are required to design structural elements to ensure the stability of the openings as 
the material is extracted. These structural elements are known as pillars, and are usually 
carefully-designed regular chunks of rock left unmined. The pressures that the mined rock 
was carrying are shed to these pillars, which sizes and dimensions must provide enough 
strength to ensure the overall stability of the mine and avoid a collapse. Failure of mine pillars 
are events that have occurred, causing serious consequences such as injuring and killing mine 
workers, producing ground surface sinking affecting neighboring communities, and halting 
the regular mine operation. Due to the severity of the consequences of pillar collapses, these 
events are classified as high risk. Therefore, pillar design should be addressed from a 
perspective that estimates the likelihood of pillar failure given all possible hazards during 
their design process. The rock material that composes mine pillars present fractures and 
weakness planes that have an influence on pillar strength. Even though it has been widely 
demonstrated that these features have a direct impact on pillar strength, most of the 
commonly used pillar design methods fail to consider such effect, producing uncertainty 
about the possible range of values for the actual strength of the pillars. This work introduces 
a pillar design framework that enables to characterize the effect of discontinuities in pillar 
strength, as well as account for the possible range of stresses that will be acting on pillars. 
The proposed method was evaluated in an underground inclined stone mine. Laser scanning 
was used to map and characterize rock fractures. Fracturing information was used to generate 
virtual three-dimensional fracture models referred to as discrete fracture networks (DFNs). 
A computational mechanical model of the mine pillar was done using the software 3DEC to 
evaluate the compressive strength of the fractured pillar. Multiple fracturing scenarios were 
tested and distributions of possible pillar strengths were estimated from these tests. An 
additional computational model to estimate the distribution of the stresses in the pillar was 
performed considering the mine designs and geological conditions. Results from both 
analyses allowed to estimate a pillar probability of failure baseline. This design framework 
provides additional decision-making tools to prevent pillar failure from the design stages by 
reducing uncertainty. The proposed method enables the integration of pillar design into the 
risk analysis framework of the mining operation, ultimately improving safety by preventing 
future pillar collapse 



iv 
 

DEDICATION  
 
I dedicate this work to  
 
 
 
Francia Elena Valencia, my great inspiration and one 

of the main reasons why I decided to be a Doctor. 
 
 
 
 
Juan Eugenio Monsalve, working side by side with you during these past years has been a 

wonderful experience. I hope God gives us life and health to keep working to improve 
safety in the mining industry. 

 

 
 

 
 
 

Maria Alejandra Monsalve, my favorite mining 
occupational physician. Thank you for always being 

there for me. 
 
 
 
 
 

Deisiany Ferreira Neres, your love and support have 
been fundamental especially during the most difficult 

stages of this process. 
 
 
 



v 
 

ACKNOWLEDGMENTS  
 
Five years can go by fairly quickly. I remember the first time I made it to Blacksburg, January 20, 
2017, since our initial encounter, Dr. Ripepi has become an exceptional mentor and a very good friend 
of mine. None of what I have done during my time in Blacksburg, could have be possible without the 
trust and support Nino has always expressed towards me.  
 
I would like to acknowledge all the time and support from all my committee members, Dr. Jim 
Hazzard, Dr. Mario Karfakis, Dr. Cheng Chen, and Dr. Adrian Rodriguez-Marek. Thank you all for 
always being open to discussion, and provide excellent guidance and ideas during the development 
of this work. 
 
I want to express my gratitude with National Institute for Occupational Safety and Health for funding 
this research on their Mining Program under Contract No. 200-2016-91300. Thank you for supporting 
education and research to improve health and safety in the Mining Industry. Particularly, I want to 
thank Dr. Michael Murphy and Dr. Brent Slaker for their support and guidance during this project. I 
would also like to highlight Dr. Michael Karmis, Dr. Gabriel S. Esterhuizen, and Dr. Christopher 
Mark for all the work they have done to improve safety in the underground mining industry. All their 
work has greatly inspired me to follow this path. 
 
This work is just a piece on a puzzle where a whole research group has contributed to. I would like 
to thank my colleagues Jon Baggett, Richard Bishop and Aman Soni for all the support and 
collaboration. I would also like to highlight all the undergraduate students that contributed to this 
research project Allie Smith, Ashley Woodward, Hallee Landmesser, and Alex Pfreundschuh. 
 
I am deeply grateful with all the Professional Organizations that I have been part of throughout this 
journey, the Society for Mining, Metallurgy and Exploration (SME), the American Rock Mechanics 
Association (ARMA), the Colombian Mining Professionals Association (AIMC), the Canadian 
Institute of Mining, Metallurgy, and Petroleum (CIM), and the Society of Mining Professors (SOMP). 
The scholarships, networking and mentoring spaces, and professional development opportunities they 
have offered me have been a cornerstone in my personal and professional growth. 
 
I would also like to acknowledge each faculty, employee, graduate student and undergraduate student, 
that make the Mining and Minerals Engineering Department of Virginia Tech an amazing place for 
studying, researching, working and networking. 
 
Prof. Oscar Jaime Restrepo, and all my Colombian colleagues and friends succeeding around the 
world. My complete admiration for you all, and I hope that we get to give back to our country all the 
opportunities we have been blessed with. 
 
Finally, I would like to thank Mi Familia Latina in Blacksburg that made of these five years an 
enjoyable experience.  
 
 
 



vi 
 

TABLE OF CONTENTS  
 
DEDICATION ...................................................................................................................... iv 

ACKNOWLEDGMENTS ...................................................................................................... v 

TABLE OF CONTENTS ...................................................................................................... vi 

TABLE OF FIGURES ........................................................................................................... x 

LIST OF TABLES .............................................................................................................. xiv 

PREFACE ............................................................................................................................... 1 

Chapter 1 A Preliminary Investigation on Stochastic Discrete Element Modeling Approach 
for Pillar Design in Underground Limestone Mines .............................................................. 4 

1. INTRODUCTION ....................................................................................................... 4 

2. PILLAR FAILURE MECHANISMS .......................................................................... 5 

3. ANALYSIS METHODS FOR PILLAR DESIGN ...................................................... 7 

3.1. Analytical Methods .................................................................................................. 7 

3.2. Empirical Methods ................................................................................................... 8 

3.3. Observational Methods .......................................................................................... 10 

3.4. Numerical Methods ................................................................................................ 11 

4. RISK ANALYSIS APPROACHES IN PILLAR DESIGN ...................................... 11 

5. PROPOSED METHODOLOGY ............................................................................... 13 

5.1. Site selection and data collection ........................................................................... 14 

5.2. Discrete element modeling for pillar strength estimation ...................................... 14 

5.3. Continuum modeling for pillar stress estimation ................................................... 15 

5.4. Stochastic analysis and probability distribution estimation ................................... 15 

5.5. Probability of failure calculation ........................................................................... 16 

5.6. Model validation .................................................................................................... 16 

6. SUMMARY AND CONCLUSSIONS ...................................................................... 16 

Chapter 2 Case Study Mine: Geotechnical and Pillar Design Considerations ..................... 19 

1. INTRODUCTION ..................................................................................................... 19 

2. CASE STUDY MINE ............................................................................................... 19 

3. GEOMECHANICAL ASPECTS .............................................................................. 23 

3.1. Intact Rock Properties ........................................................................................ 23 

3.2. Discontinuities .................................................................................................... 24 

3.2.1. Discontinuity mapping ................................................................................... 24 



vii  
 

3.2.2. Discontinuity characterization ........................................................................ 26 

3.3. Rock mass properties ......................................................................................... 27 

3.4. In-situ stress........................................................................................................ 30 

4. PILLAR DESIGN CONSIDERATIONS .................................................................. 31 

4.1. Stresses acting on the case study mine pillar ..................................................... 32 

4.1.1. Analytical methods for pillar stress estimation .............................................. 32 

4.1.1.1. Tributary area theory .................................................................................. 33 

4.1.1.2. Inclined Pillar Stress Formula �± Pariseau (1982) ....................................... 34 

4.1.2. Numerical methods for pillar stress estimation .............................................. 35 

4.1.3. Case study mine pillar stress analysis............................................................. 35 

4.2. Pillar Strength Estimation Through Empirical Methods .................................... 42 

4.2.1. Empirical pillar strength estimation formulae review .................................... 42 

4.2.1.1. Headley and Grant, 1972 ............................................................................ 42 

4.2.1.2. Krauland & Soder, 1987 ............................................................................. 43 

4.2.1.3. Lunder & Pakalnis, 1997 ............................................................................ 43 

4.2.1.4. NIOSH, 2011 .............................................................................................. 44 

4.2.2. Empirical Pillar Strength Estimation Results ................................................. 46 

4.3. Pillar Probability of Failure Estimation ............................................................. 50 

5. CONCLUSIONS ....................................................................................................... 54 

Chapter 3 Pillar Strength Estimation Using an Stochastic Discrete Element Modeling 
Approach .............................................................................................................................. 56 

1. INTRODUCTION ..................................................................................................... 56 

2. BACKGROUND ....................................................................................................... 57 

2.1. Numerical Methods for Pillar Design .................................................................... 57 

2.1.1. Continuum methods ........................................................................................... 58 

2.1.2. Discrete methods ................................................................................................ 59 

2.1.2.1. Bonded block method ..................................................................................... 60 

2.1.2.2. Multi -scale DFN-DEM approach ................................................................... 61 

3. METHODOLOGY .................................................................................................... 62 

3.1. Discrete Fracture Network Definition ................................................................... 63 

3.2. Fractured Pillar Modeling Approach Selection ..................................................... 64 

3.3. Fractured Pillar Model Calibration ........................................................................ 65 



viii  
 

3.3.1. Synthetic Rock Mass Multi-scale DFN-DEM approach for pillar strength 
calibration .......................................................................................................................... 66 

3.3.2. Pillar Strength Empirical Equations as a Means for Pillar Strength Calibration 68 

3.4. Sensitivity Analysis on Selected Modeling Approach .......................................... 68 

3.5. Stochastic Pillar Strength Estimation .................................................................... 69 

4. RESULTS .................................................................................................................. 70 

4.1. Discrete Fracture Network Model ......................................................................... 70 

4.2. Modeling Alternatives Results ............................................................................... 72 

4.3. Fractured Pillar Model Calibration ........................................................................ 76 

4.3.1. Synthetic Rock Mass Multi-scale DFN-DEM Approach for Pillar Strength 
Calibration ......................................................................................................................... 76 

4.3.2. Pillar Strength Empirical Equations as a Means for Pillar Strength Calibration 82 

4.4. Sensitivity Analysis on Bonded Block Model Parameters .................................... 84 

5. DISCUSSION ............................................................................................................ 87 

6. CONCLUSIONS ....................................................................................................... 89 

Chapter 4 Stochastic Pillar Stress Estimation Using a 3D Finite Volume Model ................ 92 

1. INTRODUCTION ..................................................................................................... 92 

2. FINITE VOLUME MODELING FOR STRESS ESTIMATION ............................. 93 

3. STOCHASTIC FINITE VOLUME MODELING USING THE POINT ESTIMATE 
METHOD .......................................................................................................................... 97 

4. MODELING RESULTS ........................................................................................... 99 

5. DISCUSSION .......................................................................................................... 103 

6. CONCLUSIONS ..................................................................................................... 104 

Chapter 5 A Risk Based Pillar Design Approach Combining Finite Volume Modeling for 
Stress Estimation and Stochastic DEM for Pillar Strength Determination ........................ 107 

1. INTRODUCTION ................................................................................................... 107 

2. STOCHASTIC DISCRETE ELEMENT MODELING FOR PILLAR STRENGTH 
ESTIMATION ................................................................................................................ 108 

3. STOCHASTIC FINITE VOLUME MODELING FOR PILLAR STRESS 
ESTIMATION ................................................................................................................ 112 

4. PILLAR PROBABILITY OF FAILURE ESTIMATION ...................................... 113 

5. PILLAR STABILITY ASSESSMENT AND VALIDATION ............................... 119 

6. CONCLUSIONS ..................................................................................................... 127 

Chapter 6 Additional Contributions ................................................................................... 130 



ix 
 

1. Automated Discontinuity Extraction Software Versus Manual Virtual Discontinuity 
Mapping: Performance Evaluation in Rock Mass Characterization and Hazard 
Identification ................................................................................................................... 130 

2. Development of a Ground Control Management Plans Standard in the Colombian 
Mining Industry ............................................................................................................... 131 

Conclusions, Recommendations and Future Work ............................................................ 133 

1. SUMMARY AND CONCLUSIONS ...................................................................... 133 

2. RECOMMENDATIONS ........................................................................................ 134 

3. FUTURE WORK .................................................................................................... 135 

References .......................................................................................................................... 137 

APPENDIX A. ................................................................................................................... 146 

APPENDIX B. .................................................................................................................... 147 

APPENDIX C. .................................................................................................................... 148 

APPENDIX D. ................................................................................................................... 149 

APPENDIX E. .................................................................................................................... 154 

APPENDIX F. .................................................................................................................... 157 

 
  



x 
 

TABLE OF FIGURES  
 
Figure 1.1. Main Failure Mechanisms in Pillars in Underground Mines. Right) Structurally 
controlled instability types and evidence of some of these mechanisms in underground 
limestone pillars. left) Stress controlled pillar failure stages and some pictures evidencing 
hourglass shaping and requirement of support to prevent further collapse. Modified after 
(Zhang Y. , 2014) (Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011). ....................... 6 
Figure 1.2. Proposed workflow for the integration of laser scanning and 3DEC modeling in 
the case study mine. .............................................................................................................. 13 
Figure 1.3. 3DEC Pillar Strength estimation test. ................................................................ 14 
Figure 1.4. Isometric view of the topography and the excavations to be simulated. b) two-
dimensional stress analysis on the section X-�;�¶���H�Y�D�O�X�D�W�L�Q�J���V�W�U�H�V�V���G�L�V�W�U�L�E�X�W�L�R�Q���R�Q���D���V�H�U�L�H�V���R�I��
pillars for different levels. .................................................................................................... 15 
Figure 2.1. Isometric view of the case study mine tunnels from the surface. ...................... 20 
Figure 2.2. Stopes configuration indicating dimensions of the sill and top and bottom drifts. 
Photo by Richard Bishop ...................................................................................................... 21 
Figure 2.3. Excavation Sequence a) Excavation of the hanging wall top drift for stope 1, b) 
Excavation of the bottom foot wall drift for stope 1 and top hanging wall drift for stope 2, c) 
Excavation of the bottom drift for stope 2, d) stope 1 bottom drift and the stope 2 top drift 
are communicated through the excavation of a connection crosscut. Long hole drilling from 
top to bottom drifts in stope 1 is also prepared, e) Long hole blasting takes place leading to 
the conformation of the open stope. Blasted material in stope 1 is removed from the stope 2 
top drift, f) Blasting pattern is drilled for stop 2 full excavation, and removal of material 
between pillars connecting stopes 1 and 2, g) Final configuration of the sopping on a section 
that does not intersect a pillar, and h) Final configuration of the sopping on a section 
intersecting a pillar. .............................................................................................................. 22 
Figure 2.4. Geotechnical conditions observed in the CSM. a) Rock blocks fallen from the 
back of a top drift, b) Intersection of bedding plane and vertical discontinuities forming rock 
wedges supported by rock bolts, and c) Karst features intersecting rock pillars in a non-stoped 
area  (Bishop R. , 2020) ........................................................................................................ 22 
Figure 2.5. Laser Scanned Sections for Virtual Discontinuity Mapping. ............................ 24 
Figure 2.6. Stereographic Analysis of Mapped Discontinuities in All the Laser Scanned 
Sections a) Discontinuities mapped in Sections A, B, C, and D, b) Discontinuities Mapped 
in Section E. .......................................................................................................................... 25 
Figure 2.7. Stereo net Analysis and trace length and fracture density summary statistics for 
Section A. ............................................................................................................................. 26 
Figure 2.8. Generalized Hoek-Brown Failure Criteria by Lithology ................................... 30 
Figure 2.9. Virginia geology overlapped with world stress map information. ..................... 30 
Figure 2.10. World Stress Map information measured close to Blacksburg area. A) Stress 
measured by using earthquake focal mechanisms in Giles county, VA. B) Stress measured 
during well bore breakout in Botetourt county, VA. ............................................................ 31 
Figure 2.11. Tributary Area Theory Scheme ........................................................................ 33 
Figure 2.12. Tributary Area Theory Variant for Dipping Deposits Scheme ........................ 34 



xi 
 

Figure 2.13. RS2 Pillar Stress Estimation Model Set up ...................................................... 36 
Figure 2.14. Stress measurement line along the conformed pillars in the 2-D finite element 
model .................................................................................................................................... 37 
Figure 2.15. Analytical vs. Numerical Normal Stress Estimation on the Case Study Mine 
Pillars .................................................................................................................................... 39 
Figure 2.16. Analytical vs. Numerical Shear Stress Estimation on the Case Study Mine Pillars
 .............................................................................................................................................. 40 
Figure 2.17. Probability Distribution of Pillar Normal Stresses by Pillar. ........................... 41 
Figure 2.18. Case Study Mine Pillar Strength Estimation Using the Headley & Grant, 
Krauland & Soder, Lunder & Pakalnis, and NIOSH empirical formulae. ........................... 47 
Figure 2.19. Case Study Mine Pillar Strength Estimation Using the NIOSH empirical formula 
considering Case Study Mine Discontinuity Set Properties. ................................................ 48 
Figure 2.20. Empirical Pillar Strength Probability Distributions for a 0.8 W/H ratio Pillar in 
the Case Study Mine Using the Headley & Grant, Krauland & Soder, Lunder & Pakalnis, 
and NIOSH empirical formulae. ........................................................................................... 50 
Figure 3.1. Suitability of different numerical methods for analysis depending on the rock 
mass structure. a) Continuous methods �± Continuous rock mass; b) Both continuous and 
discontinuous methods �±Rock mass with a few main discontinuities; c) Discontinuous 
methods �± Rock masses with at least three well defined discontinuities; d) Continuous 
methods �± Highly fractured rock mass behaving as a equivalent continuous body. Modified 
after (Brown, 1987). ............................................................................................................. 58 
Figure 3.2. Bonded Block Model Setting Explanation taken from (Sinha & Walton, 2020)
 .............................................................................................................................................. 61 
Figure 3.3. Application of the Multi-Scale DFN-DEM modeling approach to simulate 
fractured zones around a tunnel in an underground research facility in Sweden, after (Wang 
& Cai, 2020) ......................................................................................................................... 62 
Figure 3.4. Methodology for determining best modeling approach for stochastic pillar 
strength estimation. ............................................................................................................... 63 
Figure 3.5. Pillar Model Setting and Boundary Conditions ................................................. 64 
Figure 3.6. Representative Elementary Volume Concept (Wang & Cai, 2020) .................. 66 
Figure 3.7. Stochastic DFN realizations to evaluate the effect of discontinuities on rock 
properties due to sample scale. ............................................................................................. 67 
Figure 3.8. Bonded Block Contact Properties Calibration Process. ..................................... 67 
Figure 3.9. Comparison between all mapped discontinuities and those larger than 2 m. a) 
Top. Top view of the tunnels with all fractures, and Bottom. Stereographic analysis of all 
mapped discontinuities. b) Top. Top view of the tunnels and discontinuities larger than 2m, 
and Bottom) Stereographic Analysis of the subsampled discontinuities. ............................ 70 
Figure 3.10. a) Dense DFN model, b) Fractured rock mass model generated from the dense 
DFN, c) Filtered DFN model, and d) Fractured rock mass model generated from the filtered 
DFN. ..................................................................................................................................... 72 
Figure 3.11. Modeling Approach Comparison Results A) fractured pillar with elastic intact 
rock blocks, B) fractured pillar with Mohr-Coulomb elastic-perfectly plastic intact rock 



xii  
 

blocks, C) Intact Pillar with bonded block method, D) Fractured pillar with bonded block 
method. ................................................................................................................................. 73 
Figure 3.12. Axial Stress vs. Axial Displacement Results for Each Evaluated Modeling 
Approach. ............................................................................................................................. 74 
Figure 3.13. Property homogenization using the Representative Elementary Volume Concept 
for Uniaxial Compressive Strength. ..................................................................................... 77 
Figure 3.14. Property homogenization using the Representative Elementary Volume Concept 
for Deformation Modulus. .................................................................................................... 77 
Figure 3.15. Uniaxial Compressive Strength Property Homogenization Using the Dense DFN 
to Estimate Equivalent Continuum Intact Rock Properties. ................................................. 78 
�)�L�J�X�U�H���������������<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���3�U�R�S�H�U�W�\���+�R�P�R�J�H�Q�L�]�D�W�L�R�Q���8�V�L�Q�J���W�K�H���'�H�Q�V�H���'�)�1���W�R���(�V�W�L�P�D�W�H��
Equivalent Continuum Intact Rock Properties. .................................................................... 79 
Figure 3.17. Coefficient of Variation for the Homogenized Uniaxial Compressive Strength 
�D�Q�G���<�R�X�Q�J�¶�V���0�R�G�X�O�X�V�� ......................................................................................................... 80 
Figure 3.18. Multi-Scale DFN/DEM Stochastic Pillar Strength Evaluation. ....................... 81 
Figure 3.19. Fractured Pillar Strength Evaluation with bonded block model calibrated using 
Multi -Scale DFN/DEM method. a) Cross-section across the pillar displaying block 
displacement, filtered DFNs, and broken bonded block interfaces. b) Isometrix view of the 
fractured pillar indicating bonded block interface breakage. ............................................... 81 
Figure 3.20. NIOSH Intact Pillar Strength Calibration. ....................................................... 82 
Figure 3.21. NIOSH Intact Pillar Strength Calibration. a) Calibration for a 0.5 Width to 
Height Pillar, b) Calibration for a 0.8 Width to Height Pillar, c) Calibration for a 1.0 Width 
to Height Pillar. .................................................................................................................... 83 
Figure 3.22. Evaluation of the Width to Height Ration Effect on Bonded Block Model 
Results. ................................................................................................................................. 85 
Figure 3.23.Effect of the Bonded Block Edge Length on Pillar Strength Using the Bonded 
Block Method. ...................................................................................................................... 86 
Figure 3.24. Effect of Sample Volume on Pillar Strength Using the Bonded Block Method.
 .............................................................................................................................................. 87 
Figure 4.1. Plane view of the CSM with elevation contours. ............................................... 93 
Figure 4.2. Isometric view of the simulation area. A) simulation area overlaid with current 
underground excavation tunnels. b) Simulation area overlaid with simplified mine model.94 
Figure 4.3. In-Situ Vertical Stress Model and Boundary Conditions. .................................. 95 
Figure 4.4. Case study simplified 3D Pillar Stress Model. a) Vertical Stress Distribution in 
Pillars. b) Pillar Model Arrangement with Zones Colored by Pillar. ................................... 96 
Figure 4.5. Case study simplified 3D Pillar Model Mapped by Average Vertical Stress on the 
Pillars. ................................................................................................................................... 96 
Figure 4.6. Point Estimate Method Visual Explanation, modified after (Wesseloo & Mbenza, 
2020). .................................................................................................................................... 97 
�)�L�J�X�U�H�������������&�R�U�U�H�O�D�W�L�R�Q���P�D�W�U�L�[���E�H�W�Z�H�H�Q���O�L�W�K�R�O�R�J�L�H�V�¶���(�O�D�V�W�L�F���0�R�G�X�O�L�� ................................... 98 
Figure 4.8. Analytical vs.2D and 3D Numerical Normal Stress Estimation on the CSM 
Pillars. ................................................................................................................................. 100 



xiii  
 

Figure 4.9. Average and 95% Confidence Interval for Pillar Stresses at the CSM for Each 
Stress Scenario. ................................................................................................................... 101 
Figure 4.10. Pillar Stresses Standard Deviation at the CSM for Each Stress Scenario. ..... 102 
Figure 4.11. Isometric View of Pillar Vertical Stress Average and Standard Deviation for 
each stress scenario. ............................................................................................................ 102 
Figure 4.12. Plan view of the Pillar Arrangement Colored by Average Vertical Pillar Stress 
for the Most Unfavorable Stress Scenario (Stress Scenario 3), overlaid with surface elevation 
contours. ............................................................................................................................. 103 
Figure 5.1. Stochastic Pillar Strength Estimation Using the Bonded Block Method and a 
Filtered DFN. a) Pillar strength test a 0.5 width-to-height ratio pillar, b) Pillar strength test a 
0.8 width-to-height ratio pillar, Pillar strength test a 1.0 width-to-height ratio pillar. ....... 108 
Figure 5.2. Stochastic Discrete Element Modeling Pillar Strength Results for Multiple Width 
to Height Ratios Compared with NIOSH Empirical Pillar Strength Estimations. ............. 109 
Figure 5.3. Theoretical and Experimental Cumulative Density Functions for Fractured Pillar 
Strengths for Different W/H ratios. .................................................................................... 110 
Figure 5.4. Histograms and Probability Distribution Functions for Each W/H ratio Using the 
Stochastic DEM Pillar Strength Estimation Approached Compared to the NIOSH Empirical 
Pillar Strength Distribution. ................................................................................................ 111 
Figure 5.5. Finite Volume Numerical Analysis to Estimate Stresses around the Case Study 
Mine .................................................................................................................................... 113 
Figure 5.6. Pillar Probability of Failure for Each Stress Scenario ..................................... 115 
Figure 5.7. Pillar Factor of Safety for Each Stress Scenario .............................................. 116 
Figure 5.8. Top view of the simplified Case study mine model colored by Probability of 
failure for each stress scenario. a) Stress Scenario 2 �± ko =0.5, b) Stress Scenario 1 �± ko =1.0, 
and c) Stress Scenario 3 �± ko =1.5. .................................................................................... 117 
Figure 5.9. Pillar Factor of Safety vs. Probability of Failure ............................................. 118 
Figure 5.10. Laser Scans and Photos of the Pillar Assessed for Stability. a) Plan View, b) 
Cross Section, c) Photography of the Assessed Pillar, d) Isometric View, modified after 
(Bishop R. , 2022). ............................................................................................................. 120 
Figure 5.11. 3DEC Pillar Stability Assessment Model. ..................................................... 121 
Figure 5.12. 3DEC Pillar Stability Assessment Model Indicating Total Displacement 
Magnitude. .......................................................................................................................... 123 
Figure 5.13. 3DEC Pillar Stability Assessment Model. a) Total Displacement Magnitude, b) 
Vertical Stress Distribution ................................................................................................ 124 
Figure 5.14. Comparison of numerical modeling results with LiDAR 3D model, and pillar 
photos from different perspectives. .................................................................................... 125 
Figure 5.15. Multiple Images of the Fractured Bonded Block Pillar Model of Pillar #32 
subjected to failure load at different times during the loading process. Top) Front view of the 
pillar, Bottom) Cross-Section of the Pillar in the Down Dip Direction. ............................ 126 
Figure 5.15. Stress-Displacement Curve for the Fractured Bonded Block Model for Pillar 
#32. ..................................................................................................................................... 126 
 

  



xiv 
 

LIST OF TABLES  
 
Table 1.1. Pillar stability visual inspection ratings. a) Pillar stress rating. b) Geological 
structure rating. After (Esterhuizen, Iannachione, Ellenberg, & Dolinar, 2006) ................. 10 
Table 2.1. Intact rock property test results from CSM (Monsalve J. , Baggett, Bishop, & 
Ripepi, A Preliminary Investigation for Characterization and Modeling of Structurally 
Controlled Underground Limestone Mines by Integrating Laser Scanning with Discrete 
Element Modeling, 2018). .................................................................................................... 23 
Table 2.2. Statistical Summary of the joint properties for each joint set mapped in Section A.
 .............................................................................................................................................. 27 
Table 2.3. Generalized Hoek-Brown Properties for hanging wall, ore body and foot wall 
according to laboratory data and field observations. ............................................................ 29 
Table 2.4. Stress Orientation summary. ............................................................................... 31 
Table 2.5. Pillar Depth from the ground surface. ................................................................. 37 
Table 2.6. Pillar Normal and Shear Stress Summary for an in-situ horizontal to vertical stress 
ratio of 1.5 from the 2D Finite Element Numerical Model. ................................................. 41 
Table 2.7. Discontinuity Dip Factor (DDF) representing the strength reduction caused by a 
single discontinuity intersecting a pillar at near its center (Esterhuizen G. S., Dolinar, 
Ellenberg, & Prosser, 2011) ................................................................................................. 45 
Table 2.8. Frequency factor (FF) used in Equation 1.4 to account for large discontinuities 
(Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011) .................................................... 45 
Table 2.9. Discontinuity Dip Factor and Frequency Factor for Each Discontinuity Set 
Obtained from Mapped Discontinuities. .............................................................................. 46 
Table 2.10. Pillar Strength Mean and Standard Deviation Estimations. .............................. 49 
Table 2.11. Pillar Probability of Failure Estimation for Different Levels of the Mine 
Considering Different Empirical Strength Equations. .......................................................... 53 
Table 3.1. Intact Blocks and Discontinuities Properties for Each Modeling Approach. ...... 65 
Table 3.2. Bonded Block Contact Properties Obtained During Calibration Process. .......... 68 
Table 3.3. Discontinuity Strength Properties for Sensitivity Analysis. ................................ 69 
Table 3.4. Comparison between statistical distributions of properties for the dense fracture 
network and filtered fractures larger than 2m. ..................................................................... 71 
Table 3.5. Young Modulus and Uniaxial Compressive Strength Results for Each Model. . 75 
�7�D�E�O�H�� ���������� �(�V�W�L�P�D�W�L�R�Q�� �9�D�O�X�H�V�� �I�R�U�� �W�K�H�� �+�R�P�R�J�H�Q�L�]�H�G�� �<�R�X�Q�J�¶�V�� �0�R�G�X�O�X�V�� �D�Q�G�� �8�Q�L�D�[�L�D�O��
Compressive Strength. .......................................................................................................... 79 
Table 3.7. Homogenized parameters to Use as Reference for Bonded Block Contact 
Properties Calibration. .......................................................................................................... 84 
Table 3.8. Effect of Pillar Width to Height Ratio on Processing Time. ............................... 85 
Table 3.9. Effect of Bonded Block Edge Length to Pillar Width Ratio on Processing Time.
 .............................................................................................................................................. 86 
Table 4.1. Input Material Properties for Numerical Model .................................................. 94 
Table 4.2. Horizontal to Vertical Stress Ratios for the Different Stress Scenarios .............. 95 
Table 4.3. Point Estimate Method trials using a 2n factorial scheme for the Deformation 
Modulus of Each Lithology .................................................................................................. 98 



xv 
 

Table 4.4. Minimum and Maximum Pillar Average Vertical Stress for Each Stress Scenario
 ............................................................................................................................................ 101 
Table 5.1. Stochastic DEM Fractured Pillar Strength Comparison with NIOSH Empirical 
Strength Results. ................................................................................................................. 110 
Table 5.2. Computing Time Results for the Stochastic DEM Pillar Strength Estimation 
Approach for 15 simulations for each W/H Ratio. ............................................................. 111 
Table 5.3. Computing Time Results for the Stochastic DEM Pillar Strength Estimation 
Approach for 15 simulations for each W/H Ratio. ............................................................. 116 
Table 5.4. Intact Blocks and Discontinuities Properties for Pillar Stability Assessment Model.
 ............................................................................................................................................ 122 
  



1 
 

PREFACE 
 
This work proposes a risk-based pillar design approach that integrates stochastic discrete 
element modeling for pillar strength estimation, and stochastic continuous modeling for pillar 
stress determination. This document is composed of six chapters which describe the 
progression of work to develop and implement this methodology in an underground case 
study mine. Even though this methodology is implemented in a specific case study mine, it 
can be adapted to the design or stability assessment of pillars in any underground mine 
operation.  

Chapter 1 reviews current pillar design approaches and dives into the application of risk 
analysis practices in the design of these elements. In this section, a series of pillar collapse 
events and their consequences are discussed. Main failure mechanisms in limestone pillars 
are reviewed, and current industry standards are presented. The importance of implementing 
risk analysis approaches in the design of pillars in underground mines is discussed, and a 
series of studies where this has been done are mentioned. At the end of this section the authors 
propose a risk-based pillar design methodology that through the reliability analysis method 
integrates stochastic discrete element modeling for pillar strength estimation, and stochastic 
continuous modeling for stress determination. The following sections of this work seek to 
expand on each of the components presented in the proposed methodology. 

Chapter 2 introduces the case study mine where the methodology proposed in the previous 
chapter will be implemented. This section describes the mining methods, and geomechanical 
conditions of the operation. Within the geomechanical conditions are included intact rock 
geomechanical properties, discontinuity properties, rock mass properties, and in-situ stress 
conditions. Based on that information, a preliminary pillar stability assessment using current 
industry design standards is performed. The reliability method is used to estimate a 
preliminary probability of failure baseline, which will be used to compare results from the 
following chapters. 

Chapter 3 focuses on the implementation of stochastic discrete element modeling for pillar 
strength estimation and uncertainty characterization. This section begins with a discussion 
on the usage of different numerical modeling approaches in the pillar design practice. It 
introduces the bonded block method (BBM) and the multi-scale Discrete Fracture Network 
�± Discrete Element Modeling (DFN-DEM) approach. In this section, multiple pillar strength 
modeling approaches are evaluated and a series of tests are performed to define the most 
adequate approach in terms of representing pillar strength values and failure mechanisms. 
Results from this chapter are used to define a stochastic DEM approach to evaluate the effect 
of discontinuities variability on pillar strength.  

Chapter 4 focusses on the estimation of stresses in the case study mine. A stochastic finite 
volume continuous model is used to estimate stresses in a simplified mine model. This section 
uses the point estimate method to evaluate how variability on rock mass elastic properties 
influence pillar stress distribution. The effect of horizontal to vertical stress ratio is also 



2 
 

evaluated. Results obtained from this modeling approach are compared with 2D numerical 
and analytical solutions, and discussed in the context of current pillar design guidelines. 
Average and Standard deviation values for pillar stress on each pillar in the simplified mine 
model are estimated, and are used in the following chapter for evaluating pillar probability 
of failure. 

Chapter 5 implements the risk-based pillar design methodology proposed in Chapter 1 by 
integrating results from Chapters 3 and 4. In this section results from the stochastic discrete 
element modeling approach for pillar strength determination, and the stochastic continuous 
modeling for pillar stress estimation are summarized. Then the reliability analysis method is 
used to calculate pillar probability of failure for the simplified case study mine model using 
the results from the two previous sections. Probability of Failure results are discussed in the 
context of mining operation, current pillar design standards, and ground control management 
best practices. Additionally, results of LiDAR and photogrammetric surveys are used to 
validate numerical modeling results. 

Finally, Chapter 6 presents two additional contributions that the author developed along with 
this work. The first contribution was a journal paper that compares Automated Discontinuity 
Extraction Software (ADES) with Manual Virtual Discontinuity Mapping (MVDM) from 
LiDAR mapped point clouds. The second contribution is the development of a technical 
standard for the preparation of Ground Control Management Plans (GCMPs) in the 
Colombian mining industry. These two projects contributed to the development of ideas and 
concepts treated in this dissertation.  
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Chapter 1 A Preliminary Inv estigation on Stochastic Discrete Element 
Modeling Approach for Pillar Design in Underground Limestone Mines1 

 
1. INTRODUCTION  

 
Pillar design has historically been one of the most challenging dilemmas in underground 
mine design. Despite the numerous research findings on this matter, pillar collapses continue 
to occur in underground mine environments. A series of pillar failures and collapses and their 
consequences have been reported in underground stone mines. Roberts et al. (2007) describe 
a domino-type pillar collapse that occurred in 1986 in a property adjacent to the Doe Run 
Mines with the potential of affecting their operation. Zipf (2001) references a series of pillar 
collapses that occurred in both coal and hard rock mines during the 1990s. In 2006 a pillar 
stability survey took place in 21 operating mines located in the central and Eastern United 
States. This study yielded a total of nine pillar instability cases, where seven of these cases 
presented instability due to geological structures or weak bedding planes, whereas the other 
two presented stress spalling and fracturing related instability (Esterhuizen et al., 2006). Even 
though major pillar collapses were not reported in this study, it was concluded that pillars 
intercepted by unfavorable geological structures and width to height ratios less than 0.5 are 
more prone to present instability. In 2011, MSHA reported a massive pillar collapse which 
involved 19 pillars in the benched area of a portion of a mine that had been abandoned in the 
early 1990s. Fortunately, no injuries were reported during this event, however, there is a high 
risk for this collapse to continue to propagate to active areas of the mine (Phillipson, 2012). 
In 2015, a cascade pillar failure was reported in a limestone mine in Pennsylvania, where an 
area of 3 Ha, encompassing 35 collapsed pillars. This collapse generated an air blast that 
seriously injured three mine workers (Esterhuizen, Tyrna, & Murphy, 2019).  

Since the beginning of 2020 four large pillar collapses have occurred in different limestone 
mines in the United States. Even though, all four events caused significant air blasts and 
sinkholes in the surface, none of these events resulted in serious injuries for mine workers. 
Amongst these events were included the Derry Township Pillar collapse in Pennsylvania and 
the Crab Orchard Pillar Collapse in Tennessee, which were reported in local news 
(1057News.com, 2021). As a result of these events, MSHA developed the Pillar Collapse 
Initiative, a website dedicated to raise awareness and communicate strategies to avoid this 
type of accidents in underground mines (MSHA, 2021). Rumbaugh, Mark, & Kostecki 
presented a detailed description of all 5 stone pillar collpase events occourred in the U.S. 
since 2015 (in press). They also introduced a qualitative risk assessment matrix to help 
mining operators evaluate pillar collapse risk in current and historic stone mine pillars. Pillar 
collapses are not limited to the United States. In October 2021, a pillar collapse occurred in 
a sublevel open stoping operation in Antioquia, Colombia. This operation was in reclamation 

                                                 
1 A short version of this chapter was published as a conference paper in the proceedings of 
the 39th International Conference on Ground Control in Mining in Canonsburg, PA. 
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stages since march 2021 (Alvarez, 2021). This collapse caused a magnitude 2.0 tremor 
reported by the Colombian Geological Survey (CGS, 2021). 
 
A series of analytical, empirical, observational and numerical approaches have been 
proposed for pillar design for a number of years. However, there is not a consensus on which 
is the most adequate solution for this problem. Even though pillar design has historically 
been based on empirical equations that are developed from specific case studies, a shift to 
numerical analysis calibrated and validated by observation and instrumentation has been the 
trend in more recent years. In addition to this shift, attention to probabilistic risk analysis 
approaches for pillar design has increased, but to a lesser extent (Walls, Mpunzi, & Joughin, 
2015; Idris, Saiang, & Nordlund, 2015). This approach allows engineers to account for the 
effect of variability in the different parameters on the risk of failure during the design stage.  
The objective of this work is to revise existing pillar design approaches and focus on those 
based on risk. This revision will be considered in order to develop a framework to estimate 
the pillar probability of failure based on the stochastic discrete element modeling approach, 
which could be globally implemented by considering site-specific conditions of each 
operation. This methodology will be applied in future work in an underground dipping 
deposit, where conventional design guidelines cannot be considered through conventional 
approaches (Monsalve J. et al., 2018). Section 2 describes and presents the two main failure 
mechanisms that can generate instability in pillars in underground stone mines. Section 3 
revises and describes the main pillar design methodologies that have been implemented in 
industry, including analytical, empirical, numerical and observational approaches. 
Subsequently, a review of probabilistic risk analysis approaches proposed in underground 
mine and pillar design will be discussed in section 4. Finally, section 5 describes in detail 
each of the stages of the above-mentioned methodology, which includes: 1) Site selection 
and data collection, 2) Discrete element modeling for pillar strength estimation, 3) 
Continuum modeling for pillar stress estimation, 4) Stochastic analysis and probability 
distribution estimation, 5) Probability of failure calculation, and 6) Model validation. 

 
2. PILLAR FAILURE MECHANISMS  

 

Pillars are load-bearing elements left between excavations to provide global stability to the 
overall structure (Brady & Brown, 1985). Different from other types of engineering 
structures, pillars are complex elements not only due to the stress fields that they are exposed 
but also due to their inherent anisotropy. Pillars are usually constituted of rock, specifically, 
in a rock mass scale where discontinuities are present. Therefore, their behavior not only 
depends on intact rock properties but also on the strength, the distribution and sizes of those 
discontinuities. It has been demonstrated by numerical simulations and comparison with field 
observations that the presence of large discontinuities and weak bands can significantly 
reduce the strength of pillars in underground stone mines (Esterhuizen G. , 2000; Esterhuizen 
& Ellenberg, 2007).  
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Two main pillar failure mechanisms have been described by numerous authors  (Zhang Y. , 
2014; Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011; Elmo, 2006; Lunder J. , 1994). 
The first mechanism is defined as a structurally controlled failure mechanism. It occurs due 
to the presence of discontinuities and structural features that offer weaker paths for the rock 
to fail. Figure 1.1 on the right indicates different possible failure types occurring due to the 
presence of discontinuities in the rock mass, highlighting: (a) rock block sliding, (b) through-
going shear failure, (c) shear failure along transgressive joints, and (d) buckling. The other 
failure mechanism occurs in areas under high in-situ stress and is referred to as stress-
controlled instability. This failure mode has a progressive effect on the pillar stability and 
can be reflected by spalling from the pillar surfaces. Failure starts at the corners of the pillar 
and continues to propagate until substantial spalling is evident along with axial fractures. At 
earlier stages, the pillar core remains intact. This progressive pillar degradation progresses 
�X�Q�W�L�O���W�K�H���I�R�U�P�D�W�L�R�Q���R�I���W�K�H���³�K�R�X�U-�J�O�D�V�V�´���V�K�D�S�H���D�Q�G���X�O�W�L�P�D�W�H���I�D�L�O�X�U�H�����D�V���V�K�R�Z�Q���L�Q��Figure 1.1 on 
the left. Owning the fact that the main failure mechanism observed in the case study mine is 
structurally controlled instability in pillars, this paper will focus on that type of failure 
(Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 2019). Furthermore, according to NIOSH 
reports this appears to be the most prevalent failure mechanism in most of the underground 
limestone mines in the United States (Esterhuizen, Iannacchione, Ellenberger, & Dolinar, 
2006). 

 
Figure 1.1. Main Failure Mechanisms in Pillars in Underground Mines. Right) Structurally controlled instability 
types and evidence of some of these mechanisms in underground limestone pillars. left) Stress controlled pillar 
failure stages and some pictures evidencing hourglass shaping and requirement of support to prevent further 

collapse. Modified after (Zhang Y. , 2014) (Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011). 
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3. ANALYSIS METHODS FOR PILLAR DESIGN  

 
Selecting the optimal pillar geometry that maximizes extraction without compromising safety 
and stability is not a trivial task. Specially, if the complexity of the materials conforming 
such pillars is considered. Traditionally, there are two main elements to consider in pillar 
design: the strength of the pillar, and the stresses to which this pillar will be exposed to 
(Lunder J. , 1994). The ratio between the pillar strength and pillar stress allows practitioners 
to account for a factor of safety of such system. Where, if pillar stress exceeds the strength 
of the pillar, failure occurs in the system. This ratio is expressed in equation 1.1. Different 
authors have stated that an adequate selection of a factor of safety allows to account for 
uncertainty and variability inherent in the rock properties. However, the selection of this 
factors of safety could be arbitrary and only depend on experience, engineering judgement; 
and in the best-case scenario on statistical analysis of failed stable pillar cases (Salamon, 
1970; Salamon & Munro, 1967). 
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Due to the fact that mine pillars are composed of rocks on a rock mass scale, intact rock geo-
mechanical properties are not representative of the mechanical behavior of these structural 
elements (Goodman, Introduction to Rock Mechanics, 1989). Due to this, a series of 
analytical, empirical, observational and numerical approaches have been proposed to 
estimate the strength of pillars. Similarly, pillar stress estimation has been approached from 
analytical, observational and numerical approaches. The following sections will describe the 
different methods that have been implemented in underground mine pillar design to estimate 
strength and stresses in pillars. 
 

3.1. Analytical Methods 
 
Theoretical approaches are derived from mathematical expressions to describe the 
performance of mine pillars subject to a load for a given set of input variables (Lunder J. , 
1994). The most common analytical method used in pillar design is the tributary area for 
estimating pillar load. A limitation is that this calculation assumes flat-lying deposits and a 
flat surface above the deposit. The tributary area method only accounts for the component of 
the stress parallel of the axis of the pillar, which does not necessarily reflect the actual stress 
of the state on the pillar. This method also neglects other components of the pre-mining stress 
field, an assumption which in many cases is not tenable (Brady & Brown, 1985). Another 
famous analytical approach is the Wilson coal pillar strength equation, which considers 
pillars as a complex structure, with a non-uniform stress gradient, build-up confinement 
around a high-stress core, and progressive failure (Wilson & Ashwin, 1972). 
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3.2. Empirical Methods 
 
Empirical approaches are equations derived from back-analysis of stable, failed and unstable 
pillars and that consider parameters such as intact rock strength, height, and width of the 
pillar. These empirical relations are designed based on site-specific conditions and all of them 
consider different geological settings, rock types and mining conditions (Zhang Y. , 2014). 
In the past 25 years, numerous authors have revised and studied pillar strength estimation 
empirical formulae (Lunder J. , 1994; Martin & Maybee, 2000; Malan & Napier, 2011; Oke 
& Kalenchuk, 2017). A general form of these empirical relations is presented in equation 1.2, 
where, �5�ã is the pillar strength; K represents the strength of unit cube of the rock material 
forming the pillar, or the design rock mass strength; W and H are the pillar width and height 
respectively; A and B are empirically derived constants, and �.���D�Q�G�������D�Ue empirically derived 
power coefficients.  
 

�5�ã 
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It has been broadly acknowledged that even though, these equations have been successfully 
implemented in numerous cases (even in locations out of the scope of such equations), each 
of them relies on a series of assumptions that must be considered during their implementation. 
Unfortunately, as stated by Malan and Napier (2011) it is common in underground design to 
turn interim solutions and initial assumptions into widespread practice. This becomes a 
potential risk during the design stages (Suorineni, 2014). if the designer does not consider 
site-specific conditions and initial assumptions taken into account in the development of the 
selected equation, this could trigger a possible pillar collapse in the future. Another drawback 
�R�I�� �W�K�H�V�H�� �H�P�S�L�U�L�F�D�O�� �H�T�X�D�W�L�R�Q�V�� �O�L�H�V�� �L�Q�� �W�K�D�W�� �W�K�H�V�H�� �G�R�Q�¶�W�� �F�R�Q�V�L�G�H�U�� �S�D�U�W�L�F�X�O�D�U�� �S�L�O�O�D�U failure 
mechanisms in different rock masses. In addition, the effect of discrete discontinuities on the 
stability of the pillar is not accounted for either (Esterhuizen & Ellenberg, 2007; Esterhuizen 
G. , 2000). 
 
In 2011, the National Institute for Occupational Health and Safety of the United States 
(NIOSH), published a series of guidelines to help underground stone mining operators to 
improve their designs and safety of these operations (Esterhuizen G. S., Dolinar, Ellenberg, 
& Prosser, 2011). This document was the product of over 10 years of research on this matter. 
An empirical equation for pillar strength estimation that considers the impact of 
discontinuities with respect to the width to height ratio and the frequency of such fractures, 
came as a result of this research. This equation is introduced in equation 1.3 As it can be seen 
it follows a similar form as the already mentioned empirical formula. However, it contains 
power constants derived from particular cases from the United States underground stone 
industry and considers a Large Discontinuity Factor (LDF). This LDF is presented in 
equation 1.4 and is calculated from a discontinuity dip factor (DDF) and a frequency factor 
(FF). These two factors where derived from multiple numerical simulations evaluating 
explicitly the effect of discontinuities on the strength of rock pillars (Esterhuizen G. , 2000; 
Esterhuizen & Ellenberg, 2007).  
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Recent work has demonstrated that NIOSH pillar strength equation for stone mines offers a 
better result while predicting pillar strength compared to traditionally used empirical 
equations (Esterhuizen, Tyrna, & Murphy, 2019). In this study, a pillar failure case study was 
back analyzed, where ultimate pillar strength was estimated via numerical modeling in 
FLAC, obtaining an ultimate strength of 11 MPa. The empirical formulae from Hedley and 
Grant (1972), Krauland and Soder (1987), Lunder and Pakalnis (1997) and the NIOSH 
formula were compared to the estimated pillar strength. Results from the analysis indicated 
that all of the classic pillar strength formulae failed to determine the pillar ultimate strength. 
On the other hand, the NIOSH formula when considering the effect of discontinuities yielded 
values ranging between 4 MPa and 25 MPa. Nevertheless, it should be noted that these range 
of values were obtained by considering maximum and minimum parameters for the 
discontinuities on the case study, but not statistical parameters obtained from field 
observation statistical distributions.   
 
Even though, NIOSH Pillar design formula has shown to present good results in particular 
case studies, it is worth mentioning that similar to all empirical equations it is clearly stated 
in these guidelines that: �³�«�7�K�H���J�X�L�G�H�O�L�Q�H�V���I�R�U���S�L�O�O�D�U���D�Q�G���U�R�R�I���V�S�D�Q���G�H�V�L�J�Q���D�U�H���H�P�S�L�U�L�F�D�O�O�\��
based; their validity, therefore, is restricted to rock conditions, mining dimensions, and pillar 
stresses that are similar to those included in this study. These guidelines should be applicable 
�W�R���W�K�H���P�D�M�R�U�L�W�\���R�I���V�W�R�Q�H���P�L�Q�H�V���L�Q���W�K�H���(�D�V�W�H�U�Q���D�Q�G���0�L�G�Z�H�V�W�H�U�Q���8�Q�L�W�H�G���6�W�D�W�H�V�«�´. This means 
that this equation should not be applied in mines with dipping deposits, multiple seam 
extraction, different geographical location, geologies or mining methods. 
 
Oke & Kalenchuk (2017) proposed a pillar design decision tree to help underground 
designers to identify, which of the multiple pillar design methods is more appropriate 
considering their specific conditions. This chart considers type of pillar to be designed, rock 
quality and rock type. One of their main recommendations is that, it is responsibility of the 
designer to go back to the original source and review original assumptions that originated 
each design method.  
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3.3. Observational Methods 
 
Observational methods, more than a design approach is a verification method in which field 
engineers can verify if the condition of the pillar is in accordance with the design (Stille & 
Holmberg, 2008). There are a series of visual rating systems that have been proposed in the 
past to evaluate the conditions of mine pillars. Esterhuizen et al. (2006) summarized the work 
of various authors into two visual rating systems. One to account for instability related to 
stress-controlled failure and another one related to the structurally controlled failure. They 
used these charts to evaluate the condition of pillars in 21 different underground Stone Mines 
in the Central and Eastern United States. Not only have observational methods been used to 
evaluate the condition of pillars, but also, they have been used to calibrate numerical 
modeling. These methods also consider instrumentation in underground excavations. 
Instrumentation methods such as stress meters, extensometers and/or geophones have been 
implemented in underground pillar mining to determine stress re-distribution after the 
excavation takes place around the pillar system and measure deformations in the roof and the 
pillar (Gangrade, Slaker, Collins, Braganza, & Winfield, 2019; Slaker, Murphy, & Winfield, 
2019; Esterhuizen, Gearhart, Klemetti, Dougherty, & Van-Dyke, 2019). The most important 
use for monitoring results with instrumentation is to validate and calibrate numerical models 
so those are accurately simulating the phenomena of interest. In addition, Laser scanning has 
also been implemented to evaluate possible deformation on the pillar surface (Slaker, 
Westman, Fahrman, & Luxbacher, 2013) and to validate results from discrete element 
numerical models (Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 2019; Fekete & 
Diedrichs, 2013). 
 

Table 1.1. Pillar stability visual inspection ratings. a) Pillar stress rating. b) Geological structure rating. After 
(Esterhuizen, Iannachione, Ellenberg, & Dolinar, 2006) 

a) Pillar Stress Rating b) Geological Structure Rating  

Rating Sketch   Rating  Sketch Description 

1 
None 

 

No stress related 
fracturing or spalling 

observed. Joint or blast 
related damage may 

exist. 

1 
None 

 

Less than 0.3 m (1 ft) of joint 
related fallout during blasting. 

Blast damage may exist. 

2 
Minor 

 

Minor slabs or 
spalling, fractures 

through intact rock at 
corners, pillar corners 

and walls may be 
concave, does not 

typically deteriorate 
after initial mining and 

scaling. 

2 
Minor 

 

Pillar shape affected by 0.3- 1 
m (1-3 ft). Some joint or 

bedding fallout during blasting, 
may form step at bedding 
planes. No or little further 
fallout after initial scaling. 
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3 
Moderate 

 

Slabbing, onion-skin, 
fractures more than 1m 

long, joints opened, 
corner damage, pillars 
may need re-scaling 

after initial 
development. Original 

square pillar shape 
maintained. 

3 
Moderate 

 

Pillar shape affected by 1-3 m 
(3- 10 ft). Joint or bedding 

controlled fallout. Fallout can 
continue after initial mining 

and scaling. 

4 
Severe 

 

Spalling to hourglass 
shape. Open cracks in 
pillar more than 1m 
long, debris around 

pillar, original square 
shape of pillar no 
longer visible, saw 
tooth slabs on ribs 

4 
Severe 

 

Large block fallout >3 m (>10 
ft). Pillar shape compromised 
by large block extrusion or 

block sliding on steep plane. 
Falls continue after initial 

mining and scaling. 

5 
Very 

Severe 

 

Formation of large 
open cracks, extreme 

hourglass. Pillar likely 
lost most of its residual 

strength. 

5 
Very 

Severe 

 

Pillar bisected by through-
going structure dipping at more 

than 35 degrees. Potential or 
actual loss of top half of pillar. 

Pillar strength depends on 
discontinuity trength. 

 
3.4. Numerical Methods 

 
Numerical methods are computational simulation techniques to solve complex problems. 
These approaches discretize a continuous system with infinite degrees of freedom into a finite 
number of small elements or discrete points whose behavior can be approximated by simple 
mathematical descriptions with finite degrees of freedom (Jing & Stephansson, 2007). Each 
of these elements must satisfy the governing equations of the model, such as the equations 
of motion for systems of rigid or deformable bodies. Problems related to stress and 
deformation of bodies subjected to either static or dynamic loads can be solved using this 
approach. Numerical solutions have been used in underground mine pillar design. There are 
two main uses of numerical modeling in pillar design, the first one is to estimate the stresses 
acting on the pillars, and the second one is to evaluate failure mechanisms in the pillar given 
a constitutive model to predict the material failure (Lunder J. , 1994). In recent years, multiple 
authors have proven that numerical modeling techniques are a reliable method to estimate 
the strength of pillars in underground mines (Esterhuizen & Ellenberg, 2007; Esterhuizen, 
Dolinar, & Ellenberger, 2007; Rafiei-Renani & Martin, 2018; Jessu & Spearing, 2018). Not 
only have they been able to estimate pillar strengths, but also have they reproduced complex 
failure mechanisms that can occur when discontinuities are present in the rock mass 
(Esterhuizen G. , 2000; Elmo & Stead, 2010; Zhang, Stead, & Elmo, 2015). 
 

4. RISK ANALYSIS APPROACHES IN PILLAR DESIGN  
 
Risk can be understood as the expectation of an adverse outcome which could generate 
uncertainty on defined objectives (Baecher & Christian, 2003). Risk analysis is the process 
through which an understanding of all the possible risks that could arise during a particular 
stage of a process is developed. A risk analysis process provides inputs during decision-
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making stages in an engineering project to define which of the many possible risks that could 
possibly occur should be addressed. This process considers the source of the risk, its 
consequences and the likelihood of those consequences occurring. Even though, probabilistic 
risk analysis (PRA) has been widely used in the last 30 years in some applications, such as 
the analysis of critical facilities, risk assessment for dams, and construction and project 
management, its practice has just been recently implemented in underground mine design. 
PRA consists of assessing probability density functions (PDFs) of design parameters such as 
loads and capacity for a certain system and computing from these estimates its probability of 
failure (Brown, 2012).  
 
In 1995, Hoek, Kaiser & Bawden discussed risk-based design in underground excavations, 
including probabilistic design methods. They highlighted the difficulty of implementing 
probability analysis into underground excavation design, especially, in those problems 
involving stress driven instability (Hoek, Kaiser, & Bawden, 1995). Contrary to what they 
described, numerous authors have been able to implement stochastic design approaches for 
both stress driven instability and structurally controlled instability. These advances have been 
possible in part due to great advances in computational power, numerical modeling software, 
rock mass characterization techniques and data analysis tools. The following paragraph 
summarizes a number of papers where reliability-based design and probabilistic risk analysis 
approaches have been implemented in underground mine design. 
 
Griffiths, et al. (2002) assessed the influence of spatially varying strength in the stability of 
underground mine pillars via numerical modeling. Their models combined random field 
theory with an elasto-plastic finite element algorithm in a Montecarlo-framework. Even 
though their approach may lack practical applicability, they highlighted the importance of re-
interpretting traditional approaches based on factors of safety into a probability of failure 
approach founded on reliability theory. Nomikos and Sofianos (2011) discuss and describe 
reliability theory and its applications in common stability problems in underground mine 
design. They use analytical solutions to estimate the probability of pillar failure and roof 
collapse in underground mines by considering distribution functions for the input parameters 
from each case. Idris et al. (2015) used Artificial Neural Network (ANN) analysis to generate 
a relationship between horizontal in-situ stress, rock mass deformation modulus and pillar 
axial strain considering variability of the inputs (deformation modulus and stresses). Results 
from these analyses were used to evaluate the probability of pillar failure and reliability index 
considering axial strain results from the ANN model and the maximum strain that the pillar 
can withstand. Their results indicated that, the thickness of the overburden and pillar 
dimensions have a substantial effect on the probability of failure and reliability index (Idris, 
Saiang, & Nordlund, 2015). Son and Yang (2018) evaluated the reliability of pillar case 
studies presented by Van Der Merwe and Mathey (2013) by performing a probability analysis 
using the updated Salamon and Munro strength formula and the Mathey strength formula. 
They concluded that stable pillars were observed to have reliability values greater than 83% 
while failed pillars presented values slightly larger than 50%.  
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Monsalve et al. (2019) used 3DEC to generate a stochastic discrete element model to predict 
the probability of rock block falls in an underground limestone mine drift. It was concluded 
that results from this approach can be implemented in risk management systems, allowing 
engineers and operators to have greater control over possible block failures, to reduce ground 
control related accidents, and to improve the safety of these operations. Walls, et al. (2015) 
performed a pillar failure risk analysis in an underground platinum narrow vein mine, where 
pillar strength was determined using the Headley and Grant (1972) empirical formula and 
average pillar stress was estimated using continuous elastic numerical modeling. The risk of 
failure for selected areas was estimated based on the proportion of number of pillars with a 
Factor of Safety below 1. Additionally, Monte Carlo simulations were carried out to evaluate 
the impact of pillar size variability on the design (Walls, Mpunzi, & Joughin, 2015). Joughin 
et al. (2012) proposed and implemented a risk evaluation model to quantify the expected 
injuries and economic losses resulting from rock falls in underground mines in South Africa. 
They analyzed different case study mines and quantified the risk of a rock fall event 
occurring. To quantify the risk different parameters were considered such as, time exposure 
of personnel, the spatial coincidence of the event, expected frequency of injuries, the severity 
of injuries and fatalities, among others. They did not use a numerical modeling approach to 
estimate the probability of rock falls but considered an analytical approach that would allow 
them to estimate stochastically the probability of a rock fall (Joughin, Jager, Nezomba, & 
Rwodze, 2012). 

5. PROPOSED METHODOLOGY 
 
Figure 1.2 presents the workflow proposed in order to estimate the probability of failure of 
pillars considering probability density functions of the pillar strength and the pillar stress 
obtained from stochastic continuum and discontinuum numerical modeling. This 
methodology is divided into six phases: site selection and data collection, discrete element 
modeling for pillar strength estimation, continuum modeling for pillar stress estimation, 
stochastic analysis, and probability distributions estimation, probability of failure calculation 
and model validation. These stages are explained in detail below. 
 

 
Figure 1.2. Proposed workflow for the integration of laser scanning and 3DEC modeling in the case study mine. 
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5.1. Site selection and data collection 

 
The area of interest of the case study mine will be selected for analysis. Once the area is 
selected, information regarding the mine design, surface topography, geotechnical properties 
of the intact rock and the discontinuities and structural geology will be collected. This 
information will be used as inputs for the following numerical modeling stages. 
 

5.2. Discrete element modeling for pillar strength estimation 
 
Discontinuity properties will be used to generate a discrete fracture network, which will be 
used to generate a fractured rock mass model in 3DEC (ITASCA, 2016). A fractured pillar 
considering the design dimensions will be tested by applying velocity boundaries on the 
pillar. Applied stress will be measured as the simulation progresses in order to generate stress 
versus time step plots. The pillar strength will be defined at the point in which the pillar 
would lose its capacity to keep supporting the load. Figure 1.3 displays a 5m by 5m by 10m 
preliminary pillar model in 3DEC. The estimated pillar strength indicates 55 MPa and a 
maximum block displacement of 1.1 m. It is possible to observe that the pillar presents 
multiple structurally controlled failure mechanisms. Through-going shear failure, as well as 
toppling of some blocks on the left side of the pillar, can be observed. Considering that a 
direct comparison with the real pillar strength would require the actual failure of a pillar, a 
comparison with conventional pillar strength estimation equations will take place to evaluate 
the discrepancy between the numerical model and empirical approaches. 
 

 
Figure 1.3. 3DEC Pillar Strength estimation test. 
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5.3. Continuum modeling for pillar stress estimation 
 
Pillar stresses will be determined with a FLAC 3D model. The topography of the study area 
and the location of the excavations with respect to the surface will be considered in the stress 
analysis. A simplified mine design will be considered, and the progressive excavation will 
be simulated. Pillars will be left in different levels similar to the mining method in the case 
study mine. The average vertical stress in the middle of each pillar on each level will be 
measured. Figure 1.4.a) presents an isometric view of the topography and of the stopes and 
crosscut as designed in the case study mine. The section X-�;�¶���L�Q��Figure 1.4.b) shows a 2-
dimensional section of the maximum principal stress distribution. One can visualize how 
applied stresses increases with depth. 
 

 
Figure 1.4. Isometric view of the topography and the excavations to be simulated. b) two-dimensional stress 

analysis on the section X-�;�¶���H�Y�D�O�X�D�W�L�Q�J���V�W�U�H�V�V���G�L�V�W�U�L�E�X�W�L�R�Q���R�Q���D���V�H�U�L�H�V���R�I���S�L�O�O�D�U�V���I�R�U���G�L�I�I�H�U�H�Q�W���O�H�Y�H�O�V�� 

5.4. Stochastic analysis and probability distribution estimation 
 
A stochastic scheme can be applied for both calibrated models, pillar strength (3DEC) and 
pillar stress estimation (FLAC3D). For each case, multiple models will be run by varying the 
random seed number. The strength estimation model will allow variation of the orientation, 
size and frequency of the discontinuities based on the parameters extracted from laser 
scanning and virtual discontinuity mapping, as it was done in previous work (Monsalve J. , 
Baggett, Soni, Ripepi, & Hazzard, 2019). The ultimate pillar strength will be extracted from 
each iteration and a probability density function will be defined for this variable. On the other 
hand, for the stress estimation model, variation will be allowed in the deformational 
properties of the rock mass based on the laboratory test data on the rock elastic properties. In 
this model, average pillar stress will be measured for each pillar at each level for each 
iteration and a probability density function at each pillar depth will be estimated. 
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5.5. Probability of failure calculation  
 
Resulting PDFs will be used to estimate the pillar probability of failure by considering a 
reliability theory approach. Where pillar strength will be defined as capacity and pillar 
average stress will be defined as demand. A limit state function will be defined by subtracting 
the applied stress to the pillar strength and failure will be defined for values less than 0, as 
shown in Figure 1.2 A reliability index will be estimated as the expected value of the limit 
state function divided by its standard deviation and the probability of failure will be defined 
as �2�B
L �s
F �¥�:�Ú�;. It is important to note that this approach strongly depends on the 
distributions obtained from the numerical models. In addition, the potential correlation 
between pillar strength and stress should be explored and considered since this could strongly 
influence the results of the analysis. 
 

5.6. Model validation 
 
Taking into account that no pillar failure has taken place in the case study mine, direct pillar 
strength validation can not be considered in this case. However, the numerical model can be 
evaluated based on pillar performance under typical conditions. Once the average stresses 
have been determined throughout the study area, additional static models to evaluate the 
response of the fractured pillar to such average stress levels will be considered. The response 
of the pillars to these loading conditions can be compared with the observed conditions of 
the pillars in the field.  
 

6. SUMMARY AND CONCLUSSIONS 
 
This paper has reviewed different methods that have been used over time to evaluate and 
design pillars in underground hard rock mines. The focus of this work centers in those cases 
where pillar failures or instability occurs due to the presence of discrete discontinuities 
affecting the strength of the pillar. Analytical, empirical, numerical and observational 
methods were discussed. In addition to this, risk analysis approaches that some authors have 
used to improve pillar design were also discussed. The following are a series of conclusions 
that have arisen from this review. 

�x There are two main failure mechanisms that occur in pillars in underground hard rock 
mines. Stress controlled instability and structurally controlled instability. It is important 
to identify which is the most likely failure type to occur in each specific case since this 
will i ndicate which is the most appropriate pillar design method to be used. 
 

�x Empirical pillar design methods are only applicable in specific cases where the 
geological, geotechnical and operational conditions are similar to those of the mines 
where each empirical relation was produced. These equations have been used routinely 
without considering all of the initial assumptions. It is the responsibility of the engineer 
and mine manager to recognize and understand such assumptions, since neglecting those 
could trigger a possible pillar collapse in the future. 
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�x Numerical models have become a more reliable tool for simulating the behavior of pillars 

and estimating their strength. However, their results depend strongly on the reliability of 
the input parameters. Therefore, instrumentation for ground control monitoring have 
begun to be implemented with more frequency in underground mining projects, since 
results from instrumentation can be used to calibrate and validate numerical models. 
 

�x Different authors have demonstrated that the state of the art of numerical modeling 
techniques offer an adequate tool not only to estimate the strength of a pillar but also to 
understand underlying mechanics associated with the collapse of pillars in underground 
hard rock mines. 
 

�x Even though discrete element models and the synthetic rock mass approach have been 
used to estimate the effect of multiple discontinuity sets in the strength of a pillar, an 
attempt to stochastically evaluate this effect has not been considered as of yet. It is 
important to consider that these models are usually generated using discrete fracture 
networks which are generated from statistical distributions of parameters such as 
orientation, size and frequency. Therefore, each iteration will yield different values for 
strength. Results from these models should be validated by evaluating the performance 
of the modelled pillar under regular operational conditions with the behavior of actual 
pillars in the mine environment. 
 

�x A methodology that integrates stochastic discrete element modeling and finite difference 
modeling to estimate pillar stress and strength with a probability risk analysis approach 
based on reliability theory is presented. 
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Chapter 2 Case Study Mine: Geotechnical and Pillar Design 
Considerations 

 
 

1. INTRODUCTION  
 
In chapter 1 a thorough literature review discussing pillar design methods and novel risk-
based pillar design techniques were discussed. In addition, a risk-based pillar design 
methodology that integrates laser scanning for discontinuity mapping and rock mass 
characterization, stochastic discrete element modeling for pillar strength estimation, and 
finite volume numerical modeling for stress estimation was also introduced. The proposed 
methodology will be evaluated in a case study mine.  
 
In this chapter, general geological, mining and geomechanical conditions of the case study 
mine are described. Initially, the mining methods and operational conditions of the operation 
are discussed. The geomechanical properties for the studied areas are summarized. This 
summary compiles laser scanning, field observations and laboratory data obtained from field 
work and preliminary studies held by the mining operator. The geomechanical description 
contains information about the intact rock properties obtained from laboratory tests. This 
section is followed by a description of the structural setting of the mine and the study area, 
where a series of laser scans were taken to map and identify main discontinuity sets and their 
properties, such as orientation, spacings, and trace lengths. Rock mass properties are also 
discussed and estimated using the generalized Hoek-Brown criteria. Finally, a brief 
description of the stress setting of the study area is discussed using secondary information 
obtained from the world stress map (WSM) data base (Heidbach, Rajabi, Reiter, & Ziegler, 
2016).  
 
Compiled information is used altogether to assess the current pillar design layout in the case 
study mine. The pillar system is described and the strength of these elements is estimated by 
using different empirical approaches applicable to this case study. Pillar stresses are 
estimated using preliminary 2D numerical models and empirical pillar stress equations. 
Variability obtained in laboratory tests is used to estimate probability distributions for both 
pillar stresses and strength for the different levels of the mine. A reliability analysis 
considering such distributions is performed, and pillar probability of failure is estimated for 
different scenarios. Results from this assessment are used as a reference to validate numerical 
modeling results obtained from the proposed methodology in the following chapters of this 
work. 

2. CASE STUDY MINE 
 
The case study mine consists of an underground operation that extracts an approximately 30 
m (�C 100 ft) thick limestone seam. The ore body is located in the limb of a regional syncline 
structure oriented approximately N36°E and dipping 30° towards the SE. As the deposit gets 
deeper and closer to the limb of the fold structure, the ore body gets thinner and flattens out. 
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Figure 2.1 shows an isometric view of the surface and the mine excavations. It is possible to 
observe how the tunnels follow the trend of the ore body. The tunnels are colored according 
to their depth with respect to the mine entrance, where blue indicates those tunnels that are 
�D�W���W�K�H���V�D�P�H���O�H�Y�H�O���R�I���W�K�H���P�L�Q�H�¶�V���S�R�U�W�D�O���� �D�Q�G���W�K�R�V�H���P�D�U�N�H�G���L�Q���U�H�G���L�Q�G�L�F�D�W�H���W�K�H���G�H�H�S�H�V�W���O�H�Y�H�O�V��
�Z�L�W�K���U�H�V�S�H�F�W���W�R���W�K�H���P�L�Q�H�¶�V���H�Q�W�U�\�� 
 

 
Figure 2.1. Isometric view of the case study mine tunnels from the surface. 

�7�K�L�V���R�S�H�U�D�W�L�R�Q�¶�V���P�L�Q�L�Q�J���P�H�W�K�R�G���F�R�Q�V�L�V�W�V���R�I���D���U�R�R�P���D�Q�G���S�L�O�O�D�U���Z�L�W�K���H�Y�H�Q�W�X�D�O���V�W�R�S�L�Q�J�����,�Q���W�K�H��
areas of the mine where the limestone seam is consistent and thick enough, 12.8 m (42 ft) 
wide and 30 m (100 ft) high stopes are conformed. The excavation process starts with an 
initial 12.8 m (42 ft) by 7.6 m (25 ft) top drift (hanging wall tunnel), followed by a bottom 
drift (foot wall tunnel) with the same dimensions. The top and bottom drift are separated by 
a 15.2 m (50 ft) sill, which is extracted by vertical long hole drilling. Figure 2.2 illustrates 
the configuration of the stopes. 
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Figure 2.2. Stopes configuration indicating dimensions of the sill and top and bottom drifts. Photo by Richard 

Bishop 

The open stopes are supported by squared 24 m (80 ft) wide and 30 m (100 ft) tall pillars. 
Figure 2.3 describes the mining sequence used in the case study mine. The process beggins 
with the openning of a top drift close to the hanging wall of the deposit as indicated in Figure 
2.3.a). This initial tunnel will become the roof of the first stope when fully excavated. A 
bottom dri�I�W���F�O�R�V�H���W�R���W�K�H���R�U�H�E�R�G�\�¶�V���I�R�R�W�Z�D�O�O���L�V���W�K�H�Q���H�[�F�D�Y�D�W�H�G���X�Q�G�H�U�Q�H�D�W�K���W�K�H���L�Q�L�W�L�D�O���W�R�S���G�U�L�I�W��
as indicated in Figure 2.3.b). At the same time, the top haning wall drift for the second stope 
is also advanced parallel to the initial stope bottom drift. The bottom drift of the second stope 
is excavated underneath the second stope top drift as shown in Figure 2.3.c). At this point, 
the top and bottom drifts  for both stopes have been excavated. The portion of rock in between 
top and bottom difts is referred to as the sill bench. A crosscut connecting the first stope 
bottom drift and the second stope top drift is then excavated. At the same time, the sill bench 
is drilled using vertical long hole drilling from the first stope top drift to the first stope bottom 
drift as indicated in Figure 2.3.d). Later, the sill bench is blasted and the blasted material is 
mucked through the second stope top drift, as shown in Figure 2.3.e). Finally, the sill bench 
on stope two and the ore between pillars are drilled for subsequent blasting. Figure 2.3g) and 
h) indicate the final layout of the stopes after excavation, where g) represents a cross section 
in between the pillars, and h) represents a cross section through one of the pillars.  
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Figure 2.3. Excavation Sequence a) Excavation of the hanging wall top drift for stope 1, b) Excavation of the 

bottom foot wall drift for stope 1 and top hanging wall drift for stope 2, c) Excavation of the bottom drift for stope 
2, d) stope 1 bottom drift and the stope 2 top drift are communicated through the excavation of a connection 

crosscut. Long hole drilling from top to bottom drifts in stope 1 is also prepared, e) Long hole blasting takes place 
leading to the conformation of the open stope. Blasted material in stope 1 is removed from the stope 2 top drift, f) 
Blasting pattern is drilled for stop 2 full excavation, and removal of material between pillars connecting stopes 1 

and 2, g) Final configuration of the sopping on a section that does not intersect a pillar, and h) Final configuration 
of the sopping on a section intersecting a pillar. 

Main ground instability hazards encountered in the case study mine are related to the 
presence of discontinuities, and karst features. Discontinuities such as the bedding plane, sub-
vertical and oblique joint sets intercept forming rock blocks that fall or slide from the back 
and the ribs of the excavation. This failure mechanism was previously discussed and analyzed 
by the authors as evidenced in Figure 2.4.a) and b) (Monsalve J. , Baggett, Soni, Ripepi, & 
Hazzard, 2019). On the other hand, the presence of karst features intersecting pillars pose an 
additional pillar stability hazard as discussed by Baggett, et al. (2020). The following section 
describes relevant geomechanical aspects necessary to design and evaluate pillar conditions 
in the case study mine. These aspects are components of the case study mine geotechnical 
model, and will be used throughout this work to base engineering design recommendations. 
 

 
Figure 2.4. Geotechnical conditions observed in the CSM. a) Rock bocks fallen from the back of a top drift, b) 
Intersection of bedding plane and vertical discontinuities forming rock wedges supported by rock bolts, and c) 

Karst features intersecting rock pillars in a non-stoped area  (Bishop R. , 2020) 
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3. GEOMECHANICAL ASPECTS  

 
Geomechanical parameters from the operations were obtained from previous field 
exploration and laboratory testing campaigns undergone in the mine. Already existing 
geotechnical information was complemented with field observations, and laser scans of the 
study area. The geomechanical parameters discussed in this section are the most relevant 
parameters for pillar design in the case study mine. Amongst the geomecanical parameters 
mentioned in this section are included the intact rock properties, discontinuity setting, stress 
setting, and rock mass mechanical properties. 
 

3.1. Intact Rock Properties 
 
A summary of geomechanical properties of the intact rock was provided by the mine 
operator. The data base consisted of results from a series of density tests, uniaxial 
compressive tests and Brazilian tensile tests. For each rock unit (Hanging wall, Ore Body, 
and Footwall), a total of six samples were tested for density, uniaxial compressive strength, 
and tensile strength. The database did not contained information about the specific location 
where the samples where take from in the case study mine. Table 2.1 summarizes measured 
properties from the laboratory tests, including, density, uniaxial compressive strength (UCS), 
�E�U�D�]�L�O�L�D�Q�� �W�H�Q�V�L�O�H�� �V�W�U�H�Q�J�W�K���� �\�R�X�Q�J�¶�V�� �P�R�G�X�O�X�V���� �D�Q�G�� �S�R�L�V�V�R�Q�¶�V�� �U�D�W�L�R���� �7�K�H�� �P�H�D�Q�� �D�Q�G�� �V�W�D�Q�G�D�U�G��
deviation are reported for each lithology. 
 
 

Table 2.1. Intact rock property test results from CSM (Monsalve J. , Baggett, Bishop, & Ripepi, A Preliminary 
Investigation for Characterization and Modeling of Structurally Controlled Underground Limestone Mines by 

Int egrating Laser Scanning with Discrete Element Modeling, 2018). 

Lithology  
Density (ton/m3) UCS (MPa) Brazilian Tensile 

Strength (MPa) 
Young's 

Modulus (GPa) 
�3�R�L�V�V�R�Q�¶�V��

Ratio 
Mean SD Mean SD Mean SD Mean SD Mean SD 

Hangingwall 2.69 0.01 163.74 37.84 11.96 3.14 61.02 6.79 0.19 0.02 

Ore Body 2.69 0.01 159.20 21.25 6.30 1.99 64.11 2.37 0.22 0.05 

Footwall 2.72 0.01 217.29 36.12 13.72 2.62 61.43 3.15 0.21 0.03 

 
 
Intact rock properties are used as inputs in later analytical and numerical analysis. The lack 
of knowledge of where exactly these rock samples were taken and the limited amount of 
laboratory tests provide uncertainty to any following analysis. In this work, it will be assumed 
that these parameters are normally distributed following the mean and standard deviations 
reported on Table 2.1. The nature and continuity of this deposit makes this an acceptable 
assumption for preliminary evaluations.  
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3.2. Discontinuities 
 
The main failure mechanism reported and observed in the case study mine is the structurally 
controlled instability. Not only can this failure mechanism cause rock blocks to fall or slide 
from the back and the ribs of the excavation, but also it can affect pillar stability. Due to this, 
it is important to characterize and understand the structural setting of the study area in the 
case study mine. This section describes the methods for mapping and characterizing the 
structural setting. Results from the mapping and characterization are presented. These results 
will be used to generate Discrete Fracture Network models for numerical modeling stages in 
following chapters. 
 
3.2.1. Discontinuity mapping 
 
Figure 2.5 shows a plan view of the case study mine. Mine tunnels are colored by depth from 
the mine entry level. Five sections were laser scanned in order to identify and virtually 
mapped the discontinuities of each sector. In the figure these sections are referenced as 
section A, B, C, D, and E. Nine laser scans were taken in Section A. In the other four sections 
only 3 laser scans were taken for each. Sections A, B, C, and D were located relatively close 
from each other at different depths of the mine. Section E was scanned in a further away area, 
where the trend of the ore body changes due to local folding. The image shows that the 
direction of the tunnel in Section E is oriented almost perpendicular to the direction of the 
tunnels in Sections A, B, C, and D.  
 

 
Figure 2.5. Laser Scanned Sections for Virtual Discontinuity Mapping.  
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�7�K�H���0�D�S�W�H�N�¶�V���V�R�I�W�Z�D�U�H���3�R�L�Q�W���6�W�X�G�L�R�����I�R�U�P�H�U�O�\���,-Site Studio) was used to virtually map the 
discontinuities in all sections. A total of 1,501 discontinuities were manually mapped from 
the scanned sections using the Query Dip and Strike tool. Figure 2.6 shows a summary of the 
mapped discontinuities labeled by mapped section. Sections A, B, C, and D are presented in 
Figure 2.6.a). It is possible to observe that discontinuities mapped from these sections cluster 
around the same areas. The bedding plane on sections A, B, C, and D is very well defined 
with an average orientation N55°E dipping 26° towards the SE. Figure 2.6.b) shows the 
stereographic projection for Section E. It is possible to observe that the discontinuities 
mapped in this section cluster in different areas than those mapped in sections A, B, C, and 
D. The bedding plane mapped in section E has an average orientation of N134°W dipping 
51° towards the NE. These results support that the ore body is tectonically affected on the 
areas close to the Section E. This work focuses on the southwestern area of the operation 
enclosed by the scanned sections A, B, C, and D. The selected area holds a similar structural 
domain. The characteristics of the discontinuities of this domain will be discusses in the 
following section. 
 

 
Figure 2.6. Stereographic Analysis of Mapped Discontinuities in All the Laser Scanned Sections a) Discontinuities 

mapped in Sections A, B, C, and D, b) Discontinuities Mapped in Section E. 
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3.2.2. Discontinuity characterization 
 
In previous work the authors performed the discontinuity mapping of Section A (Monsalve 
J. , Baggett, Bishop, & Ripepi, 2019). Figure 2.7 summarizes the orientation, trace length 
and fracture density distributions for the mapped discontinuities on that section. Four main 
discontinuity sets were identified during the mapping process. The bedding plane set, marked 
as SET 4, reported an approximate trend of N34°E, and a dip of 29° towards SE. The second 
discontinuity set, referred as SET 1, corresponded to a sub-vertical joint set perpendicular to 
the bedding plane orientation. SET 2 and SET 3 were identified as steeply dipping oblique 
joints. Table 2.2 summarizes the statistical parameters for the probability distributions for the 
orientation, trace length and fractured density measured as number of discontinuities per unit 
length (P10). 
 

 
Figure 2.7. Stereo net Analysis and trace length and fracture density summary statistics for Section A. 
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Table 2.2. Statistical Summary of the joint properties for each joint set mapped in Section A. 

SET S1 
N=157 

S2 
N=127 

S3 
N=97 

S4 (Bedding) 
N=45 PARAMETERS 

O
rie

nt
at

io
n Dip [°] 88 68 75 29 

Dip Direction [°] 255 348 21 144 

K (Fisher) 103.9 102.4 69.5 197.3 

S
iz

e 

Distribution Log-normal Log-normal Log-normal Log-normal 

Mean 0.353 0.318 0.018 0.778 

Standard deviation 0.659 0.772 0.749 0.934 

D
en

si
ty Number of fractures per 

unit length of scan line 
(P10) 

Normal 
µ=1.011 
�1� ������������ 

Min=0.18 
Q2=0.576 

Median=1.180 
Q3=1.577 

Max=1.883 

Normal 
µ=0.928 
�1� ���������� 

Normal 
µ=0.941 
�1� ���������� 

 
3.3. Rock mass properties 

 
Due to the scale of the mine openings, rock mass response not only depends on the intact 
rock properties, but also on the discontinuities that compose it such as bedding planes, joints 
and karsts. A commonly accepted criteria to estimate rock mass properties is the Generalized 
Hoek-Brown failure criteria . This failure criteria allows to account for the effect of 
discontinuities in rock strength by considering a Geological Strength Index (GSI). The GSI 
is a classification system that takes into account the structure or blockiness of the rock mass 
and the surface condition of the discontinuities. In the Generalized Hoek-Brown criteria the 
rock mass strength and deformation properties are estimated by reducing the intact rock 
properties according the GSI value observed in the field. Equation 2.1 presents the 
generalized Hoek-Brown criterion equation for rock mass strength. In this equation �ê�5 is the 
maximum principal stress, �ê�7 is minimum principal stresses, and �ê�Ö�Ü is the uniaxial 
compressive Strength of the intact rock. �I �Õ, s, and a are constants that depend on the intact 
rock material constant �I �Ü, the GSI for the specific rock mass, and a perturbance factor D that 
depends on how much is the rock mass affected due to blasting or stress relaxation. The intact 
rock material constant �I �Ü should be ideally obtained from triaxial laboratory tests.  
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Equations 2.2, 2.3, and 2.4 can be used to calculate the parameters �I �Õ, s, and a. 
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Deformational properties of the rock mass can also be estimated using the following 
expression derived by Hoek & Diederichs (2006). This equation estimates the rock mass 
deformation modulus (�' �å�à�; based on the intact rock deformation modulus (�' �Ü�;, the GSI, and 
the Disturbance factor (D) as shown in Equation 2.5.  
 
 

 

�' �å�à 
L �' �Ü
\�r�ä�r�t 
E
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�5�>�Ø�>�:�2�,�6�-�1�µ�7�¸�Ä�º�;���-�-�?
  ̀      (2.5)  

 
 
The generalized Hoek-Brown criteria is used to estimate rock mass properties for the case 
study mine. Table 2.3presents the Generalized Hoek-Brown parameters for the ore body, the 
�I�R�R�W�Z�D�O�O���� �D�Q�G�� �K�D�Q�J�L�Q�J�Z�D�O�O���� �7�K�H�� �8�Q�L�D�[�L�D�O�� �F�R�P�S�U�H�V�V�L�Y�H�� �V�W�U�H�Q�J�W�K�� �D�Q�G�� �<�R�X�Q�J�¶�V��modulus 
obtained from uniaxial compressive tests, and GSI values observed in the field were used to 
estimate rock mass properties. An average GSI value of 75 was used in this analysis. GSI 
values had been reported around the study area in the case study mine. Even though the 
operation is an underground mine with little blasting control, a disturbance factor of 0 was 
assumed since the simulations performed were intended to determine elastically stresses in a 
mine-wide model. 
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Table 2.3. Generalized Hoek-Brown Properties for hanging wall, ore body and foot wall according to laboratory 
data and field observations. 

Ore Body  Hanging Wall Foot Wall 

Hoek-Brown Classification Hoek-Brown Classification Hoek-Brown Classification 

�Ì �‰�• 159.2 MPa �ê�Ö�Ü 164 MPa �ê�Ö�Ü 217.29 MPa 

GSI 75 GSI 75 GSI 75 

�“ �• 9 �“ �Ü 9 �“ �Ü 10 

D 0 D 0 D 0 

�q�• 64000 MPa �q�Ü 61000 MPa �q�Ü 61000 MPa 

Hoek-Brown Criterion  Hoek-Brown Criterion  Hoek-Brown Crite rion 

mb 3.68536 mb 3.68536 mb 4.09484 

s 0.0621765 s 0.0621765 s 0.0621765 

a 0.500911 a 0.500911 a 0.500911 

Failure Envelope Range Failure Envelope Range Failure Envelope Range 

Application  General Application  General Application  General 

�Ì 
Ü�“�‡�ž 39.8 MPa �ê�7�à�Ô�ë 41 MPa �ê�7�à�Ô�ë 54.3225 MPa 

Mohr -Coulomb Fit Mohr -Coulomb Fit Mohr -Coulomb Fit 

c 12.5325 MPa c 6.49272 MPa c 17.335 MPa 

phi 36.7282°  phi 52.128° phi 37.6901° 

Rock Mass Parameters Rock Mass Parameters Rock Mass Parameters 

�Ì �š -2.6859 MPa �ê�ç -2.76688 MPa �ê�ç -3.29936 MPa 

�Ì �‰ 39.5966 MPa �ê�Ö 40.7904 MPa �ê�Ö 54.0448 MPa 

�Ì �‰�“ 49.9754 MPa �ê�Ö�à 51.4822 MPa �ê�Ö�à 70.5987 MPa 

�q�˜�“  52246.4 MPa �' �å�à 49797.4 MPa �' �å�à 49797.4 MPa 

Notation 
�Ì �‰�•: Intact Rock Uniaxial Compressive Strength 
�s�•�u: Geological Strength Index 
�p: Disturbance Factor 
�q�•: Intact Rock Deformation Modulus 
�“ �•: Intact rock material constant 
�“ �ˆ�á�•�á�‡: Rock mass constants 
�Ì 
Ü�“�‡�ž: Maximum Confinement Stress for Failure Envelope Range 
�Ì �š : Rock Mass Tensile Strength 
�Ì �‰: Rock Mass Uniaxial Compressive Strength 
�Ì �‰�“: Rock Mass Global Strength 
�q�˜�“ : Rock Mass Deformation Modulus 
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Figure 2.8. Generalized Hoek-Brown Failure Criteria by Lithology  

3.4. In-situ stress 
 

Figure 2.9 presents a google earth view including Virginia Geology and world stress map 
(WSM) information (Heidbach, Rajabi, Reiter, & Ziegler, 2016). These information is 
used to understand principal stresses orientation close to the case study mine area. 
 

 
Figure 2.9. Virginia geology overlapped with world stress map information.  

Figure 2.10 shows two WSM data points located over the same geological province 
(Valley and Ridge) where the case study mine is located. The point A is a data point 
obtained using earthquake focal mechanisms measured in Giles county, 11 miles away 
east from Blacksburg. The point B is located further north in Botetourt county 38 miles 
away NW from Blacksburg. Point B was measured by borehole break out; in this test there 
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were measured 5 Breakouts along 427 m at a depth of 2.21 km. According to the data 
these two measurements are from July 6th, 1993. 
 

 
Figure 2.10. World Stress Map information measured close to Blacksburg area. A) Stress measured by using 

earthquake focal mechanisms in Giles county, VA. B) Stress measured during well bore breakout in Botetourt 
county, VA.  

Table 2.4 presents a summary of the orientations of the two selected points from the stress 
map. Both values indicate a maximum horizontal stress oriented towards north west ranging 
in its azimuth from 35° to 55°, with a mean between 40° and 45°. This maximum principal 
stress orientation is approximately parallel to the strike of the ore body and the mine drifts 
and stopes, indicating favorable conditions for the mine stability. No stress magnitude is 
reported on any of the observed datapoints. Therefore, there is uncertainty on the possible 
horizontal to vertical stress ratio. It is recommended to evaluate different horizontal to 
vertical stress ratio through numerical simulations to evaluate the less favorable conditions 
when estimating pillar loading conditions.  
 

Table 2.4. Stress Orientation summary. 

Point Date Measurement Method  Stress Orientation 
(Strike/Plunge) 

A �± wsm00899 07/06/1993 
Earthquake focal 

mechanisms, single focal 
mechanism 

�ê�5= 40°/0° 
�ê�6 = 301°/60° 
�ê�7 = 130°/30° 

B �± wsm00901 07/06/1993 

Well bore breakout 
orientation from analysis of 

individual breakouts 
 

�ê�Á Azimuth 45°±10° 

 
4. PILLAR DESIGN CONSIDERATIONS  

 
As support elements, pillars are required to stand the loads to which they will be exposed to 
ensure the global stability of the underground workings. The traditional approach for pillar 
design was described in Chapter 1. Pillar design consists of defining a factor of safety 
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calculated as the ratio between the strength of the pillar and the stresses this element will 
withstand, as expressed in equation 1.1. In this section current mine pillar layout will be 
analyzed using a series of different analytical and empirical approaches. A preliminary 
analysis on stress distribution throughout the mine pillars will be presented. Later, Pillar 
strength will be estimated using four different empirical methods applicable for limestone 
mines. An assessment of pillar design will be performed based on the reliability analysis 
theory evaluating current pillar conditions. Results from this section will be used as a 
reference to compare those obtained in following chapters. 
 

4.1. Stresses acting on the case study mine pillar 
 
When an excavation takes place in a rock mass, the equilibrium state of the system is 
modified. This causes the stress state to change until a new equilibrium is reached. In the 
room and pillar mining method, the rock pillars should be designed so these elements can 
withstand the increment in stress magnitude caused due to the removal of rock material. 
There are a series of factors that influence the magnitude and orientation of the loads applied 
to the pillars (Lunder J. , 1994). Amongst some of these factors are included the in-situ stress 
conditions, the mining induced stress changes, the span of the openings between pillars, the 
arrangement, shape and orientation of the pillars, ground water, and the effect of geological 
features such as joints, karsts, and faults.  
 
There are two main approaches used to estimate the stress applied to a pillar structure: 
Analytical, and numerical. Analytical pillar stress determination methods are mathematical 
expressions derived from physical principles. On the other hand, numerical methods are 
computational simulation techniques used to solve complex stress-deformation analyses 
based on the governing equations for solid and deformable bodies.  
 
The following section describe two analytical approaches for estimating pillar stresses that 
are applicable to the particular case study. In addition, the applicability of numerical models 
to estimate pillar stresses is also discussed. Both approaches analytical and numerical are 
used to obtain an estimation of the stress level acting on the case study mine pillars. Results 
from both approaches will provide insight on how the stress field is distributed at a final stage 
of the excavation. These results will be compared with pillar strength estimations. This 
comparison will provide a pillar design baseline for the case study mine. 
 
4.1.1. Analytical methods for pillar stress estimation 
 
Analytical methods consist of mathematical expressions derived from the physical principle 
of static equilibrium. The most common analytical method for pillar stress estimation is the 
tributary area theory. This method states that the load shed to the pillars is proportional to the 
open area that correspond to each of the pillars in the excavation layout. It is assumed that 
the ground topography above the excavations is completely flat, the ore body is continuous, 
consistent and flat-lying. In addition, the method only accounts for the stress component 
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�D�F�W�L�Q�J���S�D�U�D�O�O�H�O���W�R���W�K�H���S�L�O�O�D�U�¶�V���D�[�L�V��(Brady & Brown, 1985). The tributary area method has a 
series of variants that have been developed for multiple applications and particular cases. 
Lunder (1994) described very well many of these variants. Considering the case study mine 
conditions, the tributary area approach and the variant for inclined seams proposed by 
Pariseau (1982) will be used to analytically estimate pillar stresses on the case study mine at 
different depth levels from an analytical stand point. 
 
4.1.1.1. Tributary area theory  
 
Figure 2.11 shows a horizontal flat-lying uniform deposit located at a depth h from the ground 
surface. The ground surface is also assumed to be horizontal in this case. A rectangular 
�U�H�J�X�O�D�U���S�L�O�O�D�U���D�U�U�D�Q�J�H�P�H�Q�W���L�V���H�[�F�D�Y�D�W�H�G���L�Q���W�K�L�V���G�H�S�R�V�L�W�����/�H�W�¶�V define the pillar width as W, the 
pillar length is defined as L, the room span as �S�â, the distance between heading centers as 
�*�Ö, the distance between crosscut centers as �: �Ö the in-situ stress on top of the pillar as  �L�í�í, 
and the pillar stress as �ê�ã. The in-situ stress on top of the pillar is calculated as the average 
specific weight (�Û�; of the overburden times the depth from the surface to the top of the pillar. 
 

 
Figure 2.11. Tributary Area Theory Scheme 

According to the tributary area theory, due to force equilibrium the in-situ stress on top of 
the pillar times the tributary area equals the pillar stress time the area of the pillar, as shown 
in Equation 2.6.  Cross-section X-�;�¶���L�Q��Figure 2.11 shows schematically the equilibrium of 
forces.  

�L�í�í �Û�6�N�E�>�Q�P�=�N�U���#�N�A�=
L���ê�ã �Û�2�E�H�H�=�N���#�N�A�=     (2.6) 
 
In this case, the tributary area corresponds to the distance between heading centers times the 
distance between crosscut centers. The pillar area is calculated as the pillar width times the 
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pillar length. By replacing in Equation 2.6 and solving for the pillar stress it is obtained that 
the estimated pillar stress using the tributary area theory is calculated as shown in Equation 
2.7. 

�ê�ã 
L �L�í�í �Û
�:�Á�Î�Û�Ñ�Î�;

�:�Ð�Û�Å�;

L �Û�Û�D�Û

�:�Á�Î�Û�Ñ�Î�;

�:�Ð�Û�Å�;
    (2.7) 

 
The extraction ratio (ER) is the measurement of how much material out of the total resources 
can be extracted. This is calculated as one minus the ratio between the pillar area over the 
tributary area, as shown in equation 2.8. 
 

�'�4 
L �s
F
�:�Ð�Û�Å�;

�:�Á�Î�Û�Ñ�Î�;
     (2.8) 

 
The tributary area formula can also be written in terms of the excavation ratio, obtaining the 
expression shown in equation 2.9. 
 

�ê�ã 
L
�
 �Û�Û

�5�?�¾�Ë
     (2.9) 

 
 
4.1.1.2. Inclined Pillar Stress Formula �± Pariseau (1982) 
 
Based on the tributary area formula, Pariseau (1982) proposed an extended solution to 
account for dipping deposits as shown in Figure 2.12. This method allows to estimate the 
normal and shear stress components applied to the pillar. Results from this formulation were 
compared with 2-Dimensional Finite Element Numerical Modeling. Results from this 
comparison indicated that average normal and shear stress results computed using this 
analytical solution tend to over-estimate actual stress values in comparison to the values 
obtained from numerical modeling. It was also observed that these formulas presented a 
greater accuracy for a 60% extraction ratio when compared to the finite element models. 
 

 
Figure 2.12. Tributary Area Theory Variant for Dipping Deposits Scheme 
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�3�D�U�L�V�H�D�X�¶�V���L�Q�F�O�L�Q�H�G���S�L�O�O�D�U���V�W�U�H�V�V���I�R�U�P�X�O�D�V���D�U�H���H�[�S�U�H�V�V�H�G���L�Q���W�H�U�P�V���R�I���W�K�H���(�[�W�U�D�F�W�L�R�Q���5�D�W�L�R�����,�W���L�V��
also function of the in-situ stress on top of the pillar, the Horizontal to Vertical Stress ratio, 
and the dip of the deposit. Equation 2.10 and Equation 2.11 represent the average normal 
stress and average shear stress applied to the pillar, respectively. 
 

�ê�ã 
L
�
 �Û�Û

�:�-�6�¼�Ú�;�6�:�-�7�¼�Ú�;�Y�e�i�.
�
�.

�:�5�?�¾�Ë�;
      (2.10) 
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�:�5�?�¾�Ë�;
          (2.11) 

 
Where, �ê�ã is the Average normal pillar of stress (MPa), �ì�ã is the Average shear pillar stress 
(MPa), �Û is the average specific weight of overburden �:�/�0 ���I �7�;, �D is the depth below the 
surface (m), �-�â is the Ratio of in-situ horizontal to vertical stress, �' �4 is the extraction ratio, 
and �Ù is the dip of the seam (°). 
 
Notice that when the horizontal to vertical stress ratio (�-�â�; is 1.0, or when the dipping of the 
deposit is 0°, the results from the inclined pillar stress formula are the same of those obtained 
using the conventional tributary area formula, and there is no shear stress component. 
 
4.1.2. Numerical methods for pillar stress estimation 
 
Numerical modeling has been proven useful to estimate the stresses acting around 
underground mine excavations. Multiple authors have used continuous modeling methods 
such as Finite Element Method (FEM), Finite Difference Method (FDM), or Boundary 
Element Method (BEM) to estimate stresses around underground mine pillars and evaluate 
multiple design scenarios (Garza-Cruz, Pierce, & Board, 2019; Esterhuizen, Tyrna, & 
Murphy, 2019; Esterhuizen, Dolinar, & Ellenberger, 2007). In this section, the 2-
Dimensional FEM software RS2 from Rocscience is used to evaluate and compare pillar 
stresses on the case study mine with results obtained from the empirical equations 
(Rocscience, 2022). 
 
4.1.3. Case study mine pillar stress analysis 
 
A preliminary finite element analysis using the software RS2 was carried out to compare 
pillar stress estimation empirical approaches in the case study mine. Results from this model 
are compared with the tributary area theory, and the inclined stress formula previously 
described. Figure 2.13 indicates the numerical model set up, where nine stopes are excavated 
leaving eight pillars as support elements. Stope and Pillar dimensions are the same as the 
ones described in previous sections. Three geotechnical units were defined, the hanging wall, 
the ore body, and the foot wall. The stopes are excavated on the ore body and the supporting 
pillars are constituted of the ore body material. The analysis was performed in the elastic 
range. The generalized Hoek-Brown failure criteria was used, and the material properties 
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were selected from Table 2.3. The stress condition was defined using a gravity field stress 
considering the surface topography from Figure 2.1. The displacements on the sides and the 
bottom of the model were restrained in both vertical and horizontal direction. Due to the 
limited information on to stress magnitude, four stress scenarios were assumed in the analysis 
by assigning the horizontal to vertical stress ratio (ko) values of 0.5, 1.0, and 1.5. 
 

  

Figure 2.13. RS2 Pillar Stress Estimation Model Set up 

A stress measurement line crossing all pillars through the center was defined. This horizontal 
line was used to measure Normal stress, shear stress, maximum principal stress and minimum 
principal stress at multiple elements along each pillar. These measurements were used to 
calculate average values and standard deviations for each stress component. Figure 2.14 
indicates on red the measurement line that crosses each pillar in the model. 
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Figure 2.14. Stress measurement line along the conformed pillars in the 2-D finite element model 

 
The depth from the surface to the center of each was measured. Table 2.5 summarizes these 
measurements. Due to the irregular surface topography shown in Figure 2.13 the increase in 
depth between the pillars is not linear. therefore, stresses applied to each pillar increase in a 
non-linear way. It is important to consider these depths to compare stress estimation results 
obtained from the tributary area approach and the inclined pillar stress formula. 

 

Table 2.5. Pillar Depth from the ground surface. 

Pillar  Average Pillar Depth from 
form the Ground Surface [m] 

Pillar 1 164.8 
Pillar 2 192.4 
Pillar 3 222 
Pillar 4 246.5 
Pillar 5 270.6 
Pillar 6 294 
Pillar 7 319.8 
Pillar 8 334.7 
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Figure 2.15 and Figure 2.16 summarize the normal and shear pillar stress components as 
function of the depth of the pillar respectively. The continuous lines represent the analytical 
results using the tributary area method and the inclined pillar stress formula. Each line 
represents a different horizontal to vertical stress ratio (ko). This variation on ko is considered 
due to the lack of site-specific data with regards the stress magnitude. These lines offer a 
range of values for normal and shear stresses according to these analytical solutions. 
Numerical results are represented on the plot by the scatter points. Each point represents the 
average normal and shear stresses measured along the measurement line for each pillar at 
each of the depths presented on Table 2.5. Each scatter point color represents the horizontal 
to vertical stress ratio (ko) used on each model. 
 
Figure 2.15 shows that normal stress estimation using the analytical solutions provide an 
overestimation on pillar normal stresses in comparison to the 2-dimensional numerical 
models. The analytical solutions estimate normal stresses in the range of 12 MPa to 17 MPa 
for pillars at a depth of 164 m, and 24 MPa to 34 MPa for pillars at a depth of 334 m below 
the surface. Whereas, 2D numerical results yielded average pillar normal stresses ranging 
between 5.7 MPa to 6.2 MPa for pillars at 164 m below the surface, and 11.7 MPa to 12.9 
MPa for pillars at 334 m below the ground surface. The analytical solution provides 
conservative results by yielding much higher normal stresses than the ones obtained through 
numerical modeling. These results agree with the observations highlighted by Pariseau when 
comparing his analytical solution to numerical simulations (1982). The numerical solution 
considers explicitly the effect of the dip of the deposit and also the surface topography. As a 
result of this, it can be noticed that the trend of the numerical solutions does not follow a 
perfect linear trend. It is also possible to observe that the ko has a greater effect on the 
analytical solution than in the numerical solution. The simulation that yielded the highest 
pillar normal stresses was the one considering a ko of 1.5. It is possible that the 2D solution 
underestimates pillar stress magnitude, since this solution assumes that pillars are infinite in 
length, and neglects their squared cross-section.  
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Figure 2.15. Analytical vs. Numerical Normal Stress Estimation on the Case Study Mine Pillars 

Figure 2.16 shows pillar shear stress results. In this case, the absolute value of the analytical 
solution is compared with numerical analysis results. The analytical solutions estimate shear 
stresses in the range of 0 MPa to 6 MPa for pillars at a depth of 164 m, and 0 MPa to 12 MPa 
for pillars at a depth of 334 m below the surface. The 0 MPa shear stresses values are obtained 
for a ko of 1. The 2D numerical results yielded average pillar normal stresses ranging between 
1.6 MPa to 6.1 MPa for pillars at 164 m below the surface, and 2.9 MPa to 10.6 MPa for 
pillars at 334 m below the ground surface. Numerical and analytical shear stress results yield 
comparable results, since numerical results fall within the range of values predicted by the 
inclined pillar stress formula. However, for a ko of 1.0, the analytical solution neglects shear 
stresses. The numerical solution indicates that even though that horizontal and vertical in-
situ stresses are the same, there could still be shear stresses in the pillars due to the dip of the 
excavation.  
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Figure 2.16. Analytical vs. Numerical Shear Stress Estimation on the Case Study Mine Pillars 

Considering that the simulation with a ko of 1.5 yielded the highest pillar normal stress 
results, this scenario will be selected as the base case to analyze pillar stability performance 
in the case study mine. Table 2.6 summarizes the average, standard deviation, and maximum 
values for the normal and shear stresses measured on the elements in the pillar along the 
stress measurement line indicated in Figure 2.14. This summary shows how average stress 
values and their standard deviations vary with an increase of pillar depth. These values will 
be used as a reference to estimate pillar probability of failure in the following section. Figure 
2.17 shows how as pillars get deeper the average normal stress value in the center of the pillar 
increases. It is also observed that the distributions of stresses on each pillar gets wider, 
indicating that there is more variability of normal stresses in pillars at greater depths. 
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Table 2.6. Pillar Normal and Shear Stress Summary for an in-situ horizontal to vertical stress ratio of 1.5 from the 
2D Finite Element Numerical Model.  

Ratio of in-situ horizontal vs vertical stress  
�<�}���A���•H�l�•V = 1.5 

Row 
Labels 

Average 
of 

Depth 
[m] 

Average of 
Normal 
Stress 
(total) 
[MPa] 

SD 
Normal 
Stress 
(total) 
[MPa] 

Max of 
Normal 
Stress 
(total) 
[MPa] 

Average of 
Shear Stress 

(total) 
[MPa] 

SD Shear 
Stress 
(total) 
[MPa] 

Max of Shear 
Stress (total) 

[MPa] 

Pillar 1 164.8 6.16 0.29 6.87 1.65 0.57 2.26 

Pillar 2 192.4 7.34 0.36 8.22 2.06 0.69 2.68 

Pillar 3 222 8.59 0.66 9.84 2.32 0.76 3.79 

Pillar 4 246.5 9.22 0.54 10.31 2.55 0.93 5.06 

Pillar 5 270.6 10.34 1.11 12.06 2.92 1.08 5.99 

Pillar 6 294 11.19 1.54 13.69 3.19 1.08 6.60 

Pillar 7 319.8 11.66 1.66 13.30 3.26 1.27 7.05 

Pillar 8 334.7 12.90 1.10 15.03 2.88 1.02 3.96 

 

 
Figure 2.17. Probability Distribution of Pillar Normal Stresses by Pillar. 

 
Even though, normal and shear stresses were measured in the pillar, only normal stresses will 
be accounted for in pillar stability analysis in this case. However, it is recommended to 
evaluate the effect of shear stresses on pillar stability, and how these stresses may affect pillar 
performance results. It is recommended to investigate this effect by using further numerical 
modeling.  
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4.2. Pillar Strength Estimation Through Empirical Methods 

 
Underground mine pillars are composed of rock material in a rock mass scale. This means 
that not only these structural elements are composed of intact rock, but also of the 
discontinuities and structural features that characterize such rock mass. It has been broadly 
demonstrated, that the mechanical properties of pillars are lower than those of the intact rock 
(Bienawski, 1968). Therefore, empirical pillar strength estimation approaches have been 
developed in order to estimate the strength of pillars as discussed in Chapter 1. Empirical 
pillar strength equations are empirical relations derived from case studies of stable, failed 
and unstable pillar arrangements. A data base is collected containing information such as 
rock type, intact rock strength, pillar dimensions (width, height, and length), stress 
conditions, pillar performance, amongst others. Then through statistical procedures such as 
the maximum likelihood estimate a series parameter are fitted so the strength of the pillar can 
be estimated as a function of the uniaxial compressive strength of the intact rock, the width 
and the height of the pillar. Many authors have developed pillar strength estimation equations 
depending on specific case studies. However, the majority of these equations follow the form 
presented in Equation 2.12. In this section a series of empirical equations applicable to the 
case study mine are reviewed. The strength of the case study mine pillars is estimated using 
the different approaches. Results from these equations are used as reference values to 
compare results from further numerical modeling and to obtain a baseline of pillar strength 
under current design conditions. 
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4.2.1. Empirical pillar strength estimation formulae review 
 
In this section four common empirical design equations applicable to the case study mine 
will be reviewed. The Headley and Grant formula, the Krauland and Soder formula, the 
Lunder & Pakalnis formula, and the formula proposed by the National Institute for 
Occupational Safety and Health for stone mines. These four equations were selected because 
they have been broadly applied in hard rock and limestone room and pillar mine operations 
for pillar strength estimation. 
 
4.2.1.1. Headley and Grant, 1972 
 
�7�K�H�� �+�H�D�G�O�H�\�� �D�Q�G�� �*�U�D�Q�W�¶�V�� �H�P�S�L�U�L�F�D�O�� �I�R�U�P�X�O�D�� �Z�D�V�� �G�H�U�L�Y�H�G�� �X�V�L�Q�J�� �G�D�W�D�� �I�U�R�P�� �W�K�H�� �(�O�O�L�R�W�� �/�D�N�H��
Uranium Mines District in Ontario, Canada. A comprehensive set of data from 28 operating 
and non-operating mines was collected containing information about geological conditions, 
mining methods, mining dimensions, artificial support, and on cases of pillar and roof 
failures. A quartzite ranging from 210 MPa to 275 MPa was the rock conforming the pillars 
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of this study (Hedley & Grant, 1972). The Headley & Grant equation has also been 
implemented in other hard rock mines in North America such as the Doe Run lead and zinc 
mines in Missouri (Brady & Brown, 1985). Equation 2.13 shows the general expression for 
the Headley and Grant empirical formula when extrapolated to different case study areas 
other than the Elliot Lake District. 
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4.2.1.2. Krauland & Soder, 1987 
 
�7�K�H�� �.�U�D�X�O�D�Q�G�� �D�Q�G�� �6�R�G�H�U�� �H�P�S�L�U�L�F�D�O�� �I�R�U�P�X�O�D�� �Z�D�V�� �G�H�Y�H�O�R�S�H�G�� �X�V�L�Q�J�� �G�D�W�D�� �I�U�R�P�� �W�K�H�� �%�R�O�L�G�H�Q�¶�V��
Black Angel Mine at Marmolik, Greenland. This was a lead-zinc room and pillar operation. 
The sulfide mineralization was hosted in a 100 MPa limestone. The used database was 
comprised of 14 unstable pillars showing fractures in their central parts. Equation 2.14 
indicates the expression for the Krauland & Soder empirical pillar strength equation. Notice 
that this formulation does not consider power coefficients for the width and the height, 
indicating a linear trend for this approximation. 
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4.2.1.3. Lunder & Pakalnis, 1997 
 
Lunder & Pakalnis integrated six existing data bases from previous pillar case studies from 
Canada, Sweden, Australian, and Greenland. They also complemented those with data from 
the H-W mine of Westmin Resources Ltd., Myra Falls operations. Their databased was 
comprised of 65 hard rock pillars. This database contained information about pillar 
orientation, pillar type (rib pillar, drawpoint pillar, or nose pillar), rock type, UCS extraction 
ratio, pillar stability classification, pillar width, pillar height, pillar width to height ratio, core 
stress calculated using Map3D (a boundary element numerical modeling software), stress 
ratio for the scaled core stress divided by the UCS, and stress ratio for the scaled average 
stress divided by the UCS. In addition, they proposed a pillar friction term depending on the 
average pillar confinement. Their hypothesis stated that �³�«���S�L�O�O�D�U���V�W�U�H�Q�J�Wh is dependent on 
average pillar confinement as a driving term. This confinement can be derived from the 
�Z�L�G�W�K���K�H�L�J�K�W�� �U�D�W�L�R�� �R�I�� �D�� �P�L�Q�H�� �S�L�O�O�D�U�� �R�U�� �S�R�W�H�Q�W�L�D�O�O�\�� �I�U�R�P�� �Q�X�P�H�U�L�F�D�O�� �P�R�G�H�O�L�Q�J�´��(Lunder J. , 
1994). Equation 2.15, 2.16, and 2.17 indicate the empirical equations derived by Lunder & 
Pakalnis, where, �â is the mine pillar friction term, �%�ã�Ì�á

 is the average pillar confinement, w 
is the pillar width in (m), and h is the pillar height in (m). 
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4.2.1.4. NIOSH, 2011 
 
The final empirical pillar strength determination equation that will be reviewed is the one 
proposed by Esterhuizen, Dolinar, Ellenberg, & Prosser (2011) of the National Institute for 
Occupational Health and Safety (NIOSH). The greatest difference between this relation an 
all the others previously discussed is that they considered a Large Discontinuity Factor (LDF) 
and a Length Benefit Ratio (LBR). The LDF accounts for the effect of discontinuities on 
pillar strength. The LBR allows to account for the increase in pillar strength when the length 
of the pillar is considerable with respect to the width to height ratio in rectangular pillars. 
The database used for this study was comprised of 34 underground Limestone mines located 
in the eastern and midwestern United States. The compressive strengths of the rocks 
conforming the studied pillars ranged between 44 MPa to 301 MPa (Esterhuizen G. S., 
Dolinar, Ellenberg, & Prosser, 2011). The NIOSH Pillar strength Equation was previously 
introduced in Equation 1.3 in Chapter 1. 
 
Equation 1.4 in Chapter 1 shows how to calculate the LDF, which is function of the 
Discontinuity Dip Factor (DDF) and the Frequency Factor (FF).  Table 2.7 indicates the 
values for the DDF. DDF values depend on the width to height ratio of the pillar and the dip 
of the less-favorable discontinuity set. The worst condition for this parameter occurs when 
pillars have a W/H ratio less or equal than 0.5, and the dip of the less favorable discontinuity 
is 60°. Table 2.8 �L�Q�G�L�F�D�W�H�� �W�K�H�� �S�D�U�D�P�H�W�H�U�¶�V�� �W�D�E�O�H�� �W�R�� �F�D�O�F�X�O�D�W�H�� �W�K�H�� �)�)���� �)�)�� �G�H�S�H�Q�G�V�� �R�Q�� �W�K�H��
frequency of the least favorable discontinuity set measured in number of discontinuities per 
meter. The worst condition for this FF occurs when there are more than 3 discontinuities per 
meter, obtaining an FF value of 1.0. Table 2.7 and Table 2.8 were derived from a series of 
parametric numerical analyses studies to determine the effect of these variables in pillar 
strength (Dolinar & Esterhuizen, 2007; Esterhuizen G. , 2000). These simulations only 
consider the effect of one discontinuity set at the time. Additionally, the effect of 
discontinuity size was not investigated at the time this empirical relation was proposed. 
Zhang, Stead & Elmo demonstrated that the size of the discontinuities does have an impact 
in ultimate pillar strength that should be accounted for (2015).  
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Table 2.7. Discontinuity Dip Factor (DDF) representing the strength reduction caused by a single discontinuity 
intersecting a pillar at near its center (Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011) 

Discontinuity 
dip 
(°) 

Pillar width -to-height ratio 

�”������ 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3-2.0 

30 0.15 0.15 0.15 0.15 0.16 0.16 0.16 0.16 0.16 

40 0.23 0.26 0.27 0.27 0.25 0.24 0.23 0.23 0.22 

50 0.61 0.65 0.61 0.53 0.44 0.37 0.33 0.30 0.28 

60 0.94 0.86 0.72 0.56 0.43 0.34 0.29 0.26 0.24 

70 0.83 0.68 0.52 0.39 0.30 0.24 0.21 0.20 0.18 

80 0.53 0.41 0.31 0.25 0.20 0.18 0.17 0.16 0.16 

90 0.1 0.25 0.21 0.18 0.17 0.16 0.16 0.15 0.15 

 
Table 2.8. Frequency factor (FF) used in Equation 1.4 to account for large discontinuities (Esterhuizen G. S., Dolinar, 
Ellenberg, & Prosser, 2011) 

Average frequency of large 
discontinuities per pillar 

 

0.0 0.1 0.2 0.3 0.5 1.0 2.0 3.0 >3.0 

Frequency factor (FF) 
 

0.00 0.1 0.18 0.26 0.39 0.63 0.86 0.95 1.00 

 
The NIOSH pillar strength formula can take a maximum pillar strength value when there are 
no discontinuities following the form of Equation 2.18. The maximum pillar strength 
obtained with the NIOSH pillar strength formula will be referred to as NIOSH No-
discontinuities Pillar Strength Scenario (NDS).  The minimum values this equation can take 
are variable following an s-shape that depends on the LDF. This occurs when fracture 
frequency is greater than 3 discontinuities per meter, and when the dip of the discontinuities 
is 60°. Since the DDF is dependent on the W/H ratio, the minimum value for this pillar 
strength equation can be written as shown in Equation 2.19. The minimum values provided 
by the NIOSH Pillar strength formula will be termed as the pillar strength worst case scenario 
(WCS). This worst-case scenario only represents the lowest pillar strength values that can be 
�H�V�W�L�P�D�W�H�G���X�V�L�Q�J���W�K�H���1�,�2�6�+���3�L�O�O�D�U���6�W�U�H�Q�J�W�K���)�R�U�P�X�O�D�����7�K�L�V���G�R�H�V�Q�¶�W���P�H�D�Q���W�K�D�W���W�K�H�V�H���Y�D�O�X�H�V���D�U�H��
likely to occour in the case study mine. 

�5�ã 
L �r�ä�x�w�Û�7�%�5�Û
�Ð�,�ä�/

�Á�,�ä�1�5   (2.18) 
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To account for the possible case study mine pillar strength values, the discontinuity properties 
obtained from virtual discontinuity mapping reported in Table 2.2 will be considered. It is 
possible to define FF and DDF f�R�U���H�D�F�K���G�L�V�F�R�Q�W�L�Q�X�L�W�\���V�H�W���S�U�H�V�H�Q�W���L�Q���W�K�H���&�6�0�¶�V���U�R�F�N���P�D�V�V����
Table 2.9 indicates the selected values for each discontinuity set. These parameters are used 
to estimate case study mine pillar strength conditions. These strength curves fall between the 
IPS and the WCS. 
 

Table 2.9. Discontinuity Dip Factor and Frequency Factor for Each Discontinuity Set Obtained from Mapped 
Discontinuities. 

Set Discontinuity 
Dip 

Frequency 
Factor 

1 90 0.63 
2 70 0.39 
3 80 0.39 
4 30 0.63 

 
 
4.2.2. Empirical Pillar Strength Estimation Results 
 
Rock properties, and mine design characteristics of the case study mine were used to estimate 
pillar strength based on the previously discussed empirical equations. The pillar strength 
analysis was performed considering the orebody intact rock properties reported in Table 2.1. 
The orebody rock has an average uniaxial compressive strength of 159.20 MPa with a 
standard deviation of 21.25 MPa. The fully stoped pillars are squared with approximately 24 
m width and 30 m height, yielding a W/H ratio of 0.8.  
 
Figure 2.18 summarizes the CSM pillar strengths for a wide range of W/H ratio scenarios 
ranging from 0.5 to 2.0 co�Q�V�L�G�H�U�L�Q�J���H�D�F�K���R�I���W�K�H���H�P�S�L�U�L�F�D�O���H�T�X�D�W�L�R�Q�����7�K�H���+�H�D�G�O�H�\���D�Q�G���*�U�D�Q�W�¶�V��
strength equation is marked in blue and ranges from values between 27.9 MPa for a W/H 
�U�D�W�L�R�� �R�I�� ���������� �D�Q�G�� ���������� �0�3�D�� �I�R�U�� �D�� �:���+�� �U�D�W�L�R�� �R�I�� ���������� �7�K�H�� �.�U�D�X�O�D�Q�G�� �	�� �6�R�G�H�U�¶�V�� �I�R�U�P�X�O�D�� �Z�D�V��
marked in orange and yielded values between 50.1 MPa for a W/H ratio of 0.5, and 68.9 MPa 
for a W/H ratio of 2.0. The Lunder & Pakalnis formula is marked on gray and yielded 
strengths between 49.5 MPa for a W/H ratio of 0.5, and a strength of 97.6 for a W/H ratio of 
2.0. Assuming no discontinuities in the rock mass, the NIOSH pillar strength formula marked 
in the dotted red line yields pillar strengths ranging between 31.3 MPa for a W/H ratio of 0.5, 
and 47.5 MPa for a W/H ratio of 2.0. Finally, assuming the discontinuity worst case scenario, 
the NIOSH strength formula marked on the discontinuous red line yields pillar strength 
values ranging from 6.0 MPa for a W/H ratio of 0.5, and 37.7 MPa for a W/H ratio of 2.0. 
�)�R�U���D���:���+���U�D�W�L�R���R�I�����������+�H�D�G�O�\���	���*�U�D�Q�W�¶�V���H�V�W�L�P�D�W�H�V���D���S�L�O�O�D�U���V�Wrength of 35.3 MPa, Krauland 
�	�� �6�R�G�H�U�¶�V�� �H�V�W�L�P�D�W�H�V�� �D�� �S�L�O�O�D�U���V�W�U�H�Q�J�W�K�� �R�I�� ���������� �0�3�D���� �/�X�Q�G�H�U���	�� �3�D�N�D�O�Q�L�V�¶�V�� �H�V�W�L�P�D�W�H�V�� �D�� �S�L�O�O�D�U��
�V�W�U�H�Q�J�W�K���R�I�������������0�3�D�����W�K�H���1�,�2�6�+�¶�V���I�R�U�P�X�O�D���Z�L�W�K�R�X�W���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V���H�V�W�L�P�D�W�H�V���D���S�L�O�O�D�U���V�W�U�H�Q�J�W�K��
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�R�I�� ���������� �0�3�D���� �D�Q�G�� �W�K�H�� �1�,�2�6�+�¶�V�� �I�R�U�P�X�O�D�� �D�V�V�X�P�Lng discontinuity WCS estimates a pillar 
strength of 18.7 MPa. 

 
Figure 2.18. Case Study Mine Pillar Strength Estimation Using the Headley & Grant, Krauland & Soder, Lunder 

& Pakalnis, and NIOSH empirical formulae. 

The NIOSH Pillar Strength formula only allows to account for the effect of one discontinuity 
set at the time. DDF and the FF reported on Table 2.9 were used to estimate pillar strengths 
for each discontinuity set scenario. Figure 2.19 shows the pillar strength values for each of 
these scenarios. The LDF factor that affect the most pillar strength is the one calculated using 
the properties of set 2 which correspond the steeply dipping oblique joints. The effect of 
discontinuity sets 3 and 1 are similar for pillars with W/H ratios between 0.5 and 0.8. For 
pillars W/H ratios larger than 0.8, the LDF of set 1 has a greater effect on pillar strength than 
�V�H�W�����¶�V���/�'�)�����7�K�H���/�'�)���Ior the bedding plane (set 4) is the one that has the least effect in pillar 
�V�W�U�H�Q�J�W�K�����(�Y�H�Q���W�K�R�X�J�K�����E�H�G�G�L�Q�J���S�O�D�Q�H�¶�V���/�'�)���K�D�V���W�K�H���O�H�D�V�W���V�L�J�Q�L�I�L�F�D�Q�W���H�I�I�H�F�W���R�Q���S�L�O�O�D�U���V�W�U�H�Q�J�W�K����
this scenario will be selected as the case study mine (CSM) NIOSH pillar strength. This 
selection is done based on the criteria that bedding plane is the largest and more continuous 
fracture set in the rock mass and therefore is the one that controls the stability of the rock 
mass.  
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Figure 2.19. Case Study Mine Pillar Strength Estimation Using the NIOSH empirical formula considering Case 

Study Mine Discontinuity Set Properties. 

From this analysis it is possible to observe that all pillar strength empirical equations yield 
different results. �.�U�D�X�O�D�Q�G���D�Q�G���6�R�G�H�U�¶�V���H�T�X�D�W�L�R�Q���L�V���W�K�H���R�Q�O�\���R�Q�H���W�K�D�W���I�R�O�O�R�Z�V���D���O�L�Q�H�D�U���W�U�H�Q�G����
The Lunder-Pakalnis equation overestimates pillar strength in comparison with all the other 
equations, while the NIOSH strength equation assuming the WCS underestimates pillar 
strengths. The NIOSH Pillar Strength formula is the only model that considers the effect of 
discontinuities in pillar strength, therefore, is the only one that accounts for structurally 
controlled instability in rock pillars. The equation that may be more suited for the CSM 
considering the geographic location and the types of rocks used to generate the model is the 
NIOSH pillar strength formula. In general, the main parameters to consider to estimate the 
strength of pillars are the intact rock strength and the geometry of the pillar. If further 
numerical modeling is intended to estimate pillar strength on the case study mine, strength 
values lying between 18.7 MPa, and 59.5 MPa would be expected for a W/H ratio of 0.8. If 
the NIOSH pillar strength equation is selected as the most appropriate equation to estimate 
pillar strength in the case study mine, for a 0.8 W/H ratio pillar the expected pillar strength 
value is 32.68 MPa. Pillar strength values presented in Figure 2.19 will be used as reference 
in future chapters to evaluate the performance of fractured pillar strength numerical models. 
Numerical model will be able to account for the interaction between all discontinuity sets at 
the same time. 
 



49 
 

 
Since pillar geometry is constant in the case study mine, the only variable parameter while 
estimating pillar strength is the intact rock UCS. Table 2.1 indicates that the intact rock UCS 
is a parameter that has variability. Therefore, acknowledging that UCS is variable, implies 
that the strength of the pillars should also have intrinsic variability. It is important to estimate 
a range of possible values for pillar strength. If the intact rock UCS is assumed as a random 
variable normally distributed with a mean value of 159.20 MPa, and a standard deviation of 
21.25 as shown in equation 2.20, pillar strength can be estimated as a function of the UCS. 
 

�7�%�5���1���0�:�ä�Î�¼�Ì 
L �s�w�{�ä�t�r���/�2�=���á�ê�Î�¼�Ì 
L �t�s�ä�t�w���/�2�=�;  (2.20) 
 

Since the only random variable in Equation 2.12 is the UCS, the mean value for each 
empirical pillar strength equation can be estimated by evaluating each equation in the mean 
UCS. Similarly, the standard deviation can be estimated by evaluating the UCS standard 
deviation on each empirical equation. This is possible due to that these equations are linear 
and the result is the same as the one obtained using the first-order approximation. Table 2.10 
summarizes the mean and standard deviation values for each pillar strength estimation 
formula. 
 

Table 2.10. Pillar Strength Mean and Standard Deviation Estimations. 

Pillar Strength Formula 
Pillar Strength [MPa] 

Mean 
Standard 
Deviation 

Headly and Grant, 1972 35.29 4.71 
Krauland & Soder, 1987 53.85 7.19 
Lunder & Pakalnis, 1994 59.50 7.94 

NIOSH, 2011 (No Discontinuities) 36.09 4.82 
NIOSH, 2011 (Worst Case Scenario) 18.71 2.41 

NIOSH, 2011 (Case Study Mine �t Set 4) 32.68 4.36 
 
Figure 2.20 shows the probability density functions for all empirical pillar strength equations 
calculated based on the intact rock UCS variability. These values will be used in the 
following section along with normal stress probability distributions from previous section to 
estimate pillar probability of failure given current design conditions.  
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Figure 2.20. Empirical Pillar Strength Probability Distributions for a 0.8 W/H ratio  Pillar in the Case Study Mine 

Using the Headley & Grant, Krauland & Soder, Lunder & Pakalnis, and NIOSH empirical formulae. 

4.3. Pillar Probability of Failure Estimation  
 
In this section, values obtained from the preliminary stress estimation section will be 
contrasted with those strength values obtained from the empirical equations. The reliability 
analysis theory will be used to estimate pillar probability of failure considering the estimated 
values for stress and strength. Results from this section will be used as a reference to compare 
results obtained from the Stochastic Discrete Element Modeling proposed methodology. 
 
The reliability analysis method is a probabilistic risk analysis approach to analyze the 
stability of engineering systems. Engineering systems are usually characterized by their 
capacity to support certain loads, as well as by the loads these systems will be exposed to 
throughout their service life. These capacity and demand parameters are not limited to 
stresses, but also can refer to any other design parameter such as displacements, 
deformations, seepage, amongst others. It is common for both capacity and demand loads to 
not have a unique value, but rather to follow a distribution of multiple values. Even in some 
situations, these values and distributions can be uncertain. This method compares the 
probability distributions of capacity and demand by introducing a limit state function that is 
product of the difference between the capacity and demand distribution functions. The 
statistical parameters (Mean and Standard Deviation) of the resulting function are estimated, 
and a reliability index is calculated based on these statistical descriptors. The reliability index 
indicates the distance between the average value of the limit state function and its critical 
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value. This value is proportional to the probability that demand will overcome the capacity 
of the system. In other words, it defines the probability that the system will not perform 
acceptably (Baecher & Christian, 2003). 
 
In the pillar design context, a factor of safety is usually defined as the relation between pillar 
strength and the normal stresses applied to it, as shown in Equation 2.21. 
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      (2.21) 

 
From this approach a limit state function �C can be defined as the difference between pillar 
strength and pillar stress, as indicated in Equation 2.22. 
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Considering this limit state function, it is possible to define a failure set when the values for 
pillar strength and stress yield negative values for the limit state function, as shown in 
Equation 2.23. 
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Similarly, a probability of failure can be defined as the probability for the function 
�C
k�5�ã�á�ê�ã
o to take negative values, as defined in Equation 2.24. 
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Given the limit state function, a reliability index �:�Ú�; can be defined as the ratio between the 
mean value of the limit state function, and its standard deviation, as shown in Equation 2.25. 
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The mean value of the limit state function can be found by simply evaluating the function in 
the variables mean values, as:   
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In the pillar design case, the mean value for the limit state function can be evaluated as 
indicated in Equation 2.26. 
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The variance of the limit state function can be found by using the first order second moment, 
�G�H�U�L�Y�H�G���I�U�R�P���W�K�H���7�D�\�O�R�U�¶�V���V�H�U�L�H�V���H�[�S�D�Q�V�L�R�Q���R�I���C
k�5�ã�á�ê�ã
o about �ä�Ì�Û���=�J�@���ä�� �Û. By using this 

approximation, the variance of the limit state function can be calculated as shown in equation 
2.27. 
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Where, �Ñ�Ñ�Ñ is the covariance matrix, and �Ø�Ñ�C is a partial derivative vector of �C. Equations 
2.28 and 2.29 show how to calculate the �Ñ�Ñ�Ñ and �Ø�Ñ�C, respectively. 
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For this particular problem, if it is assumed that the pillar strength is uncorrelated with the 
pillar stress, the expression for the standard deviation for the limit state function can be 
calculated as expressed in Equation 2.27. 
 

�ê�Ú 
L 
§�ê�Ì�Û
�6 
E�ê�� �Û

�6     (2.31) 

 
 
Additionally, if the pillar strength and pillar stress are normally distributed, the limit state 
function is also normally distributed. In that case, the probability of failure can be directly 
computed as: 
 

�2�Ù 
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Where, NORMDIST denotes the cumulative standard normal distribution. 
 
Considering already estimated probability distributions for pillar strength and pillar stress 
from previous sections, the first order second moment reliability approach is used to estimate 
pillar probability of failure in the case study mine. This first order approximation to the 
probability of failure uses the mean value and the second order information of the limit state 
function, which is less accurate than a First Order Reliability Method. This analysis is 
performed at different levels of the mine by considering stress distributions measured at 
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different pillar depths. Results are summarized in Table 2.11, where it is possible to observe 
that assuming the worst pillar stress scenario from the numerical models, the only pillar 
strength equation that yields significant probability of failure values is the worst-case 
scenario of the NIOSH strength formula. The other pillar strength estimations yield pillar 
strengths that are able to withstand possible stresses around pillars. 
 

Table 2.11. Pillar Probability of Failure Estimation for Different Levels of the Mine Considering Diff erent 
Empirical Strength Equations. 

Pillar 
Level 

Normal Stress 
[MPa] 

Pillar Strength Model 

Mean 
Standard 
Deviation 

Headly 
and 

Grant 
1972 

Krauland 
and 

Soder 
1987 

Lunder 
and 

Pakalnis 
1994 

NIOSH 
No 

Discontinuities 
2011 

NIOSH 
CSM 
2011 

NIOSH 
WCS 
2011 

1 6.16 0.29 0.000% 0.000% 0.000% 0.000% 0.003% 0.466% 

2 7.34 0.36 0.000% 0.000% 0.000% 0.000% 0.000% 0.961% 

3 8.59 0.66 0.000% 0.000% 0.000% 0.000% 0.000% 1.871% 

4 9.22 0.54 0.000% 0.000% 0.000% 0.000% 0.001% 2.513% 

5 10.34 1.11 0.000% 0.000% 0.000% 0.000% 0.001% 4.522% 

6 11.19 1.54 0.000% 0.000% 0.000% 0.000% 0.004% 6.852% 

7 11.66 1.66 0.000% 0.000% 0.000% 0.000% 0.011% 8.324% 

8 12.90 1.10 0.000% 0.000% 0.000% 0.000% 0.008% 11.984% 

 
It is worth noting that as discussed in the geomechanical aspects sections, there is a 
considerable amount of uncertainty coming from the geotechnical information, and the 
methods used to estimate both stresses and strength. Some examples regarding the 
geotechnical model are the lack of knowledge of where rock samples were taken for 
laboratory tests, or even the low amount of tested samples. The lack of stress measurements 
is also another factor that provides uncertainty to these analyses. With regards to the analysis 
methods used to estimate stresses and strength, it was possible to observe that analytical 
solutions differed from results obtained from 2D numerical modeling. With regards to pillar 
strength estimation, it is evident that all empirical approaches provide different estimates for 
pillar strength. Therefore, it is important to evaluate solutions that enable to better 
characterize the variability for these parameters. 
 
In this preliminary assessment it was assumend that the pillar strength and the pillar stress 
were uncorrelated with each other. In real life, this assumption may not be correct, since it 
has been demonstrated that pillar confinement, due to greater W/H ratios, provide an increase 
in pillar strength. In addition, the shear stress component has not been considered for these 
analyses. It has also been discussed that the presence of shear stresses have a negative impact 
in pillar strength (Garza-Cruz, Pierce, & Board, 2019). 
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5. CONCLUSIONS 

 
This chapter has presented the general geological, mining and geomechanical conditions of 
the case study mine where a risk-based pillar design methodology proposed in Chapter 1 will 
be tested. The general mining conditions and methods are described. A description of the 
geomechanical conditions of the mine are discussed, including intact rock properties, 
structural and stress setting, and rock mass mechanical properties. This information was 
considered to perform a preliminary pillar stability assessment in the case study mine. The 
stability assessment was performed by implementing the reliability analysis approach, based 
on the estimation of statistical distribution for both pillar stress and strength. Results from 
this preliminary assessment will be considered to compare and validate results from the 
proposed pillar design methodology. The following conclusions can be made after reviewing 
this chapter: 

�x The case study mine extracts a dipping deposit with a room and pillar mining method 
with eventual stoping. The stopes are supported by squared 24 m wide and 30 m high 
pillars. The main failure mechanism observed in the case study mine is the structurally 
controlled instability worsened by the presence of karst features. No major instability 
problems have been observed in the case study mine pillars. 
 

�x Preliminary geotechnical information was discussed in this chapter. Even though, the 
case study mine counts with geotechnical information, there is still a high level of 
uncertainty in important components of the geotechnical model relevant for pillar design. 
Therefore, the usage of risk-based design methods is recommended in order to address 
existing uncertainty. 
 

�x Pillar design is a process that requires the integration of multiple design methods, 
analytical, empirical, and numerical. A preliminary evaluation of pillar conditions in the 
case study mine indicates that even though these methods yield similar results that agree 
with each other, there are limitations and assumptions associated to each method.  

 
�x Reliability analysis can be used to estimate pillar probability of failure with current 

conditions. A series of significant assumptions were made to implement this method. 
Therefore, it is important to refine these models and evaluate the validity of such 
assumptions to ensure the validity of the analyses. 
 

�x Results from the reliability analysis agree with the observed conditions in the mine where 
no pillar has failed under current design conditions. This could be attributed to the usage 
of the tributary method to estimate pillar stresses, and conservative pillar strength 
equations, which produce negligible probabilities of failure. Results obtained from this 
analysis are useful to compare the proposed pillar design methodology. 
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Chapter 3 Pillar Strength Estimation Using an Stochastic Discrete 
Element Modeling Approach2 

 
1. INTRODUCTION  

 
This work proposed a risk-based pillar design methodology that integrates laser scanning for 
discontinuity mapping and rock mass characterization, stochastic discrete element modeling 
for pillar strength estimation, and finite volume numerical modeling for stress estimation. 
The methodology will be implemented in a case study mine, which mining and 
geomechanical conditions were discussed in Chapter 2. A preliminary pillar design 
assessment was also performed in the previous chapter. This analysis integrated a series of 
empirical, analytical and numerical approaches to evaluate current pillar conditions. A series 
of probability distributions were estimated for both pillar stress and pillar strength, and the 
pillar probability of failure was calculated using the reliability analysis method. Preliminary 
analysis results will be used to compare the suggested risk-based pillar design methodology.  

Prior to conducting the stochastic discrete element modeling for pillar strength estimation, it 
is important to ensure the selected numerical modeling approach provides reasonable results. 
Numerical modeling results are expected to represent not only failure mechanisms occurring 
in discontinuity affected pillars, but also yield pillar strength values that agree with already 
reviewed empirical strength equations. This chapter discusses numerical modeling in the 
context of pillar design in underground mines. A series of numerical modeling approaches 
are explored to identify the most appropriate method in terms of strength estimation and 
failure mechanisms replication. 

The first section reviews the application of numerical modeling for pillar strength estimation 
considering the effect of discontinuities. A series of modeling approaches using the Discrete 
Element Modeling (DEM) method are discussed, including the bonded block modeling 
approach. This review also introduces the Multi-scale DFN-DEM modeling approach 
proposed by Wang & Cai  (2020). 

The second section presents the methodology used in this chapter to define the most adequate 
discrete element modeling approach to represent pillar failure in the particular case study and 
evaluate the effect of discontinuities on pillar strength variability. This methodology includes 
the definition of discrete fracture networks to be used in the simulations, the selection of the 
most adequate modeling approach using the discrete element method, the calibration of the 
selected model, a sensitivity analysis of the parameters used in the selected approach, and the 
estimation of the pillar strength and its variability due to the presence of discontinuities. 
Results obtained in this section will be used in the following Chapters to evaluate the effect 

                                                 
2 This chapter is to be submitted as a stand-alone journal paper in the International 
Journal of Mining Science and Technology. �7�K�H���S�D�S�H�U���Z�D�V���H�Q�W�L�W�O�H�G���³�3�L�O�O�D�U���6�W�U�H�Q�J�W�K��
�(�V�W�L�P�D�W�L�R�Q���8�V�L�Q�J���D���6�W�R�F�K�D�V�W�L�F���'�L�V�F�U�H�W�H���(�O�H�P�H�Q�W���0�R�G�H�O�L�Q�J���$�S�S�U�R�D�F�K�´�� 
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of discontinuities on pillar strength variability and estimate pillar probability of failure in the 
case study mine.  

 
 

2. BACKGROUND  
 
 

2.1. Numerical Methods for Pillar Design 
 
Numerical methods are computational simulation techniques to solve complex problems. 
These approaches discretize a continuous system with infinite degrees of freedom into a finite 
number of small elements whose behavior can be approximated by simple mathematical 
descriptions with finite degrees of freedom (Jing & Stephansson, 2007). Each of these 
elements must satisfy the governing equations of the model, such as, the equations of motion 
for systems of rigid or deformable bodies. Problems related to stress and deformation of 
bodies subjected to either static or dynamic loads can be solved using this approach. 
Numerical Solutions have been broadly used in rock engineering to study fundamental 
processes occurring in rocks and for designing structures interacting with rock masses (Elmo, 
2006). Particularly, it has been used in underground mine pillar design. There are two main 
uses of numerical modelling in pillar design, the first one is to estimate the stresses acting on 
the pillars, and the second one is to evaluate failure mechanisms in the pillar given a 
constitutive model to predict material failure (Lunder J. , 1994). 
 
There are two main types of numerical models, continuous and discontinuous. The selection 
of the most adequate numerical approach to simulate the behavior of the pillar or the 
excavation, will depend on the overall behavior of the rock mass under excavation. which 
could be either CHILE (continuous, homogeneous, isotropic and linearly elastic) or DIANE 
(discontinuous, inhomogeneous, anisotropic and non-elastic) (Hudson & Harrison, 2000). 
Figure 3.1. summarizes the cases for when either continuous or discontinuous numerical 
modelling are used in rock engineering design. Usually, continuous methods are used either 
when the rock material is either completely intact and has no defects; when there are just a 
few main planes of weakness; or when the rock mass is so highly fractured that its behavior 
can be assumed equivalently continuous. Discontinuous modelling is usually used when there 
are a few main discontinuities which could cause instability or when the failure in the system 
is manly governed by the orientation, persistence, size and strength of the discontinuities 
(Structurally controlled failure mechanism). 
 



58 
 

 
Figure 3.1. Suitability of different numerical methods for analysis depending on the rock mass structure. a) 
Continuous methods �± Continuous rock mass; b) Both continuous and discontinuous methods �±Rock mass with a 
few main discontinuities; c) Discontinuous methods �± Rock masses with at least three well defined discontinuities; d) 
Continuous methods �± Highly fractured rock mass behaving as a equivalent continuous body. Modified after (Brown, 
1987). 

If there is interest on the details of these numerical methods detailed information can be found 
in Jing & Hudson (2002) and in Jing & Stephansson (2007). The following section presents 
a series of works where these two approaches have been used either to estimate stresses 
applied to pillars in underground mine environments or to estimate the strength of these 
structures.  
 
2.1.1. Continuum methods 
 
Esterhuizen & Ellenberg (2007) used the two-dimensional finite difference software FLAC-
2D to determine the effect of weak bands in pillar strength in underground limestone mines. 
They found that the bearing capacity of pillars can be significantly reduced by the presence 
of weak bands. The compressive strength, the frictional resistance and the thickness of the 
weak bands showed to have a significant impact on the degree of strength reduction. Also, 
they showed that an increase on pillar width to height ratio diminishes the weakening effect 
of the bands. The type of failure observed on the simulations were comparable to those 
mechanisms observed in mines presenting such weak bands (Esterhuizen & Ellenberg, 2007). 
Dolinar & Esterhuizen (2007) used the finite volume code FLAC3D to evaluate the impact 
of length on the strength of pillars. They performed a parametric study where the variation 
of pillar length and constitutive model (bilinear brittle Mohr-Coulomb, Mohr-Coulomb and 
ubiquitous joint) for different width to height ratios was evaluated. From these models they 
developed equations to estimate the increase of strength with height and length, which were 
compared to previously existing empirical equations for empirical pillars. Slender pillars with 
width-to-height ratio between 0.5 and 1 presented little increase in strength for length-to-
width ratios above 2. Those with a W:H ratio less than 0.5 presented no increase in the 
strength by increasing length. On the other hand, pillars with W:H ratio greater than 5.0 
(squat pillars) presented a significant increase of strength with increase on pillar length 
(Dolinar & Esterhuizen, 2007). Esterhuizen, Dolinar, & Ellenberger (2007) evaluated the 
effect of benching around pillars on pillar stress distribution and stability. They used the 
boundary element software examine 3D to determine change on pillar load due to benching 
and FLAC3D to determine the pillar strength during different stages of benching. They found 
that not only pillars reduce their strength as the benching progresses but also that these pillars 
shed load onto the neighboring pillars due to its reduced stiffness (Esterhuizen, Dolinar, & 
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Ellenberger, 2007). Radiei-Renani and Martin proposed a cohesion weakening and friction 
strengthening model to simulate progressive failure of hard rock pillars in FLAC3D. Their 
proposed approach was validated by comparing results with 85 case study pillars which were 
successfully classified into stable and unstable/failed pillars (Rafiei-Renani & Martin, 2018). 
Jessu & Spearing (2018) evaluated the effect of discontinuities on an inclined pillar strength. 
They used FLAC3D and obtained that discontinuities had a significant effect on the pillar 
strength with the increase in the inclination of the pillar, even when the width to eight values 
where higher (Jessu & Spearing, 2018). 
 
2.1.2. Discrete methods 
 
Esterhuizen (2000) used the discrete element modeling software UDEC to evaluate and 
measure the effect of discontinuities and width to height ratios in pillar strength. He found 
that as width to height ratio increases in pillars, the weakening effect of discontinuities is 
reduced. He also concluded that the orientation relative to the loading direction and the width 
to height ration should be considered (Esterhuizen G. , 2000). Even though, he was one of 
�W�K�H���I�L�U�V�W���D�X�W�K�R�U�¶�V���F�R�Q�V�L�G�H�U�L�Q�J���H�[�S�O�L�F�L�W���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V���L�Q���D���Q�X�P�H�U�L�F�D�O���S�L�O�O�D�U���V�W�U�H�Q�J�W�K���V�L�P�X�O�D�W�L�R�Q����
details such as fracture persistence, possible rock bridging, and the natural randomness of the 
fractures were not considered. Elmo & Stead (2010) used a hybrid Finite Element Method / 
Discrete Element Method (FEM/DEM) model called ELFEN along with Discrete Fracture 
Networks (DFNs) to simulate the behavior of slender fractured hard rock pillars. This 
approach allowed them to investigate mechanical processes such as the interaction between 
newly generated and pre-existing fractures and capturing the subsequent displacement and/or 
rotation of independent blocks. They also considered the natural variability of discontinuities 
in rock by using DFNs to simulate the structure of the rock mass. They concluded that the 
strength of slender pillars is predominantly influenced by naturally occurring fractures, and 
that slender pillars are particularly highly sensitive to the presence of inclined discontinuities 
(Elmo & Stead, 2010). Zhang, Stead, & Elmo (2015) used a synthetic rock mass approach 
by integrating DFNs within the Particle Flow Code 3D (PFC3D) from ITASCA to evaluate 
the peak strength and post-peak strain softening properties of a series of jointed pillars. They 
found that the strength of the pillars presents a U-�V�K�D�S�H�� �Z�L�W�K�� �U�H�V�S�H�F�W�� �W�R�� �W�K�H�� �M�R�L�Q�W�� �V�H�W�V�¶��
orientation; and that the peak strength is affected with an increase of the joint size. They also 
concluded that post peak behavior of a pillar will strongly depend on the orientation and size 
of the fractures. They showed that a pillar with vertical joint sets and low persistence presents 
a brittle post-peak behavior, whereas a pillar with inclined fractures of higher persistence 
would indicate a ductile post-peak behavior (Zhang, Stead, & Elmo, 2015). Vazaios, 
Vlachopoulos, & Diederichs (2017) present a methodology to simulate moderately fractured 
and highly interlocked rock masses. They describe and give details of all the stages that 
should be considering when dealing with this sort of rock masses including discontinuity and 
data colleciton using LiDAR, discrete fracture network generation and numerical simulation. 
They state that the integration of these different technologies provides better insight and 
understanding of the behavior of the rock mass under study, eventually leading to a more 
efficient design and optimization (Vazaios, Vlachopoulos, & Diederichs, 2017). Muaka et al. 
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(2017) presents a case study where the above-mentioned methodology was used to evaluate 
and estimate the strength of a fractured pillar intersected by a clay-filled shear structure. The 
authors state that the numerical models they presented are still in their infancy and that further 
refinement is required. A series of uncertainties are highlighted by the authors including the 
dependency of the model of certain parameters such as the loading velocity, the size of the 
Vornoi tessellation elements and the damping type and magnitude. They conclude that even 
though there is some uncertainty associated to the UDEC models, the failure mechanisms on 
the pillar of interest were successfully modelled indicating that not only this approach can be 
used to understand underlying mechanics but also it can be used to evaluate support 
alternatives (Muaka, et al., 2017). 
 
2.1.2.1. Bonded block method 
 
The bonded block method (BBM) is a derivation of the discrete element method in which the 
body of interest is discretized into small polyhedral or tetrahedral elements. Each of the 
elements composing the geometry are independent blocks bonded to their neighbors by 
contacts. When the shear or tensile strength of the contacts is surpassed by the stresses, the 
contact is broken enabling relative displacement between the neighbor blocks. This approach 
mimics the fracture growth, propagation and coalescence process that occurs in intact rock 
material (Garza-Cruz, Pierce, & Board, 2019). In this method the intact block properties can 
also be defined as either elastic or inelastic, by zoning each individual block and defining a 
specific constitutive model (Sinha & Walton, 2020).  
 
Figure 3.2 demonstrates the bonded block (BB) model setting. In this case, Sinha & Walton 
evaluated the compressive strength of a granitic rock at laboratory scale considering a 
multigrain approach (2020). Each colored grain represented a mineral grain composing the 
laboratory sample, and is represented by an independent polyhedral block that is surrounded 
by neighboring blocks. Contacts between blocks are characterized by shear and tensile 
strength properties, and normal and shear stiffnesses. At the same time, each individual 
polyhedral block is discretized into zones. These zones are also characterized by a series of 
mechanical properties depending on if they are assumed either elastic or inelastic. The 
mechanical behavior of the tested sample and its post failure behavior will depend on the 
parameters defined for both contacts and zones. 
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Figure 3.2. Bonded Block Model Setting Explanation taken from (Sinha & Walton, 2020) 

Different authors have used the BBM in both laboratory and field scale settings to evaluate 
rock material failure. Sinha & Walton upscaled laboratory calibrated 2D BB models to 8 m 
mine pillar scale samples to evaluate if laboratory calibrated properties could reproduce field 
scale pillar behavior (2018). They found that a single set of micro-parameters fails to 
reproduce pillar behavior for different W/H ratios, and that further calibration for each 
situation is required. Garza-Cruz, Pierce & Board evaluated pillar design conditions at a 
dipping underground mine by integrating pillar scale BB models and mine wide FLAC3D 
simulations (2019). They calibrated 2D BBMs to match pillar performance in the case study 
mine. The calibrated pillar BB models were used to evaluate the effect of shear loads and 
pillar geometry on pillar strengths. A series of stability charts were designed, and used to 
evaluate mine-wide pillar stability as function of the pillar geometry and loads applied to the 
pillars. Sinha & Walton studied the complexity of the BBM by evaluating how the selection 
of different model representations could impact modeling results when simulating laboratory 
scale granitic samples (2020).   
 
2.1.2.2. Multi -scale DFN-DEM approach 
 
A Discrete Fracture Network (DFN) is a 3D geometric representation of a discontinuity set 
observed on the field (Pierce, 2017). DFNs can be integrated with discrete element numerical 
models to generate computational fractured rock mass models for subsequent stability 
analyses (Vazaios, Vlachopoulos, & Diederichs, 2017). DEM results depend on the adequate 
selection of an appropriate DFN model to effectively resemble fractured rock mass behavior 
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�D�W���W�K�H���S�U�R�E�O�H�P�¶�V���V�F�D�O�H�����+�R�Z�H�Y�H�U�����V�L�P�X�O�D�W�L�Q�J���H�[�S�O�L�F�L�W�O�\���H�Y�H�U�\���V�L�Q�J�O�H���G�L�V�F�R�Q�W�L�Q�X�L�W�\���Z�L�W�K�L�Q���W�K�H��
rock mass is usually untenable due to that computationally expensive models are generated. 
 
Acknowledging these conditions, Wang & Cai proposed a multi-scale DFN-DEM approach 
composed of two main elements: 1) The first one is the usage of DFN models of multiple 
scales to consider discontinuities of filtered size ranges, and 2) the second one involves a 
properties homogenization process for the fractured rock mass to provide equivalent 
continuum properties to account for the effect of the filtered-out discontinuities in the intact 
rock (2020). The authors states that this novel approach is useful in large scale rock 
engineering problems for representing fractured rock mass failure mechanisms while 
�V�L�P�S�O�L�I�\�L�Q�J���P�R�G�H�O�¶�V���F�R�P�S�O�H�[�L�W�\���D�Q�G���U�H�G�X�F�L�Q�J���F�R�P�S�X�W�L�Q�J���W�L�P�H�����7�K�H�\���X�V�H�G���W�K�L�V���D�S�S�U�R�D�F�K���W�R��
simulate fracturing zones (Highly Damaged Zone, Excavation Damaged Zone, Excavation 
disturbed Zone) around a tunnel in an underground research facility in Sweden, obtaining 
reasonable results, as shown in Figure 3.3.  
 

 
Figure 3.3. Application of the Multi -Scale DFN-DEM modeling approach to simulate fractured zones around a 

tunnel in an underground research facility in Sweden, after (Wang & Cai, 2020)  

 
3. METHODOLOGY  

 
This �F�K�D�S�W�H�U�¶�V���R�E�M�H�F�W�L�Y�H���L�V to explore the best modeling approach to simulate fractured pillar 
strength while replicating the failure mechanisms observed in the case study mine. Results 
from this section will be used to evaluate stochastically the strength of pillars in order to 
characterize the effect of discontinuities variability on pillar strength. This section describes 
the methodology used to define and select the modeling conditions to be used in following 
chapters. The methodology illustrated in Figure 3.4 is comprised of five steps: 1) Discrete 
Fracture Networks definition, 2) Fractured Pillar Modelling Approach Selection, 3) 
Calibration of the Fractured Pillar Model, 4) Sensitivity Analysis on the selected modeling 
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approach, and 5) Stochastic Discrete Element Modeling. The following sections describe 
each of the elements mentioned. 

 
Figure 3.4. Methodology for determining best modeling approach for stochastic pillar strength estimation. 

3.1. Discrete Fracture Network Definition 
 
Structural data obtained from laser scanning and virtual discontinuity mapping introduced in 
Chapter 2 was used to define discrete fracture network models for each discontinuity set. Due 
to the scale of the pillars a multi-scale DFN approach was used to simplify the fractured pillar 
simulations in 3DEC in order to reduce complexity and processing times during the 
simulations while still capturing the effect of the most significant features. This was done by 
defining two DFN models. The first scale DFN considered all mapped discontinuities, and 
was referred to as Dense DFN. The second scale DFN was referred to as Filtered DFN and 
only considered those fractures larger than 2 m or approximately 12 % the width of the case 
study mine pillars. For each DFN scale model orientation, trace length, and spacing 
properties were defined in order to obtain statistical distributions for each parameter of each 
discontinuity set. These statistical distributions were used to generate fractured rock mass 
models in 3DEC for subsequent numerical modeling. Each scale DFN was used for different 
purposes. The Dense DFN was used in the fracture pillar model calibration through the 
synthetic rock mass multiscale DFN-DEM approach. Whereas, the filtered DFN was used to 
explicitly simulate the fractures in the full-scale pillar models. 
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3.2. Fractured Pillar Modeling Approach Selection 
The Discrete element modeling software 3DEC from ITASCA was used to simulate the 
fractured pillar failure to determine ultimate pillar strength (ITASCA, 2016). This section 
evaluated three different approaches: The initial approach considered a pillar intersected with 
the filtered DFN, and with elastic intact rock blocks. The second approach considered a pillar 
intersected with the filtered DFN, and with Mohr-Coulomb elastic-perfectly plastic intact 
rock blocks. The third approach used the bonded block method to simulate intact rock 
material. Two simulations were performed with the third approach: one without 
discontinuities and a second one considering them by cutting the model with the filtered 
DFN. The BBM without discontinuities represented a pillar sized intact rock sample, and the 
BBM with discontinuities represented a fractured pillar.  

Each simulation consisted of a 30 m high and 24 m wide squared pillar. The top and bottom 
of the pillar were fixed in the x and y direction. Velocity boundaries with a magnitude of 0.1 
m/s were applied on top and bottom of the pillar to simulate the uniaxial compression. Lateral 
faces of the pillar were unrestrained, allowing displacements on the x, y, and z axis. Figure 
3.5 summarizes the model set up. A FISH Function was written to map vertical stress and 
displacement on the pillar through the simulation. These stress-displacement curves were 
used to estimate pillar ultimate strength, and deformation modulus. Table 3.1 summarizes 
the intact rock and discontinuity properties used for each tested modeling approach.  

 

Figure 3.5. Pillar Model Setting and Boundary Conditions 
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 Table 3.1. Intact Blocks and Discontinuities Properties for Each Modeling Approach. 

Parameter 
Modeling Approach 

Elastic Plastic Bonded Block 
Intact Blocks Intact Blocks Intact Blocks 

Constitutive Model Elastic Mohr-Coulomb 
Elasto-Plastic  

BBM - Elastic 
Blocks 

Density [ton/m3] 2.7 2.7 2.7 
E [GPa] 64 64 64 

�� 0.22 0.22 0.22 
c [Mpa] - 32 - 
�î   [°]  - 41 - 
�ð [°]  - 35 - 

BBC �F�Þ�Ù
 [GPa/m] - - 20000 

BBC �F�Þ�Þ
 [GPa/m] - - 12000 

BBC �î  [°]  - - 30 
BBC c [MPa] - - 60 

  Discontinuities Discontinuities Discontinuities 
�F�Þ�Þ

 [GPa/m] 30 30 30 
�F�Þ�Ù

 [GPa/m] 300 300 300 
�î  [°]  30 30 30 

c [MPa] 0 0 0 
Notation: 
�(�����<�R�X�Q�J�¶�V���0�R�G�X�O�X�V [GPa]  
�������3�R�L�V�V�L�R�Q�¶�V���5�D�W�L�R��[Dimensionless] 
c: Cohesion [MPa] 
�î : Friction Angle [°] 

 
�ð: Dilation Angle [°] 
�F�Þ�Ù

: Joint Normal Stiffness [GPa/m] 
�F�Þ�Þ

: Joint Shear Stiffness [GPa/m] 
BBC:  Bonded Block Contact 

 

The three modeling approaches were compared and evaluated based on the resulting stress-
displacement curves for each simulation and failure observations of each pillar model. UCS 
�D�Q�G���<�R�X�Q�J�¶�V���P�R�G�X�O�X�V���Z�Hre computed from the curves and compared with intact rock values 
and empirical estimations described in Chapter 2. For the compressive strength comparison, 
obtained values were contrasted with intact rock strength values, and the values obtained 
from pillar strength empirical equations presented in Figure 2.18�����6�L�P�X�O�D�W�L�R�Q�V�¶���G�H�I�R�U�P�D�W�L�R�Q��
moduli were compared with intact rock values, and the rock mass modulus derived from the 
Generalized Hoek-Brown failure criteria reported on Table 2.3. The most appropriate 
modeling approach was selected based on the capabilities of the approach to represent 
structurally controlled failure, as well as providing strength and deformational values 
agreeing with those discussed in Chapter 2. 

3.3. Fractured Pillar Model Calibration  
 
In this step preliminary simulations obtained from the selected modeling approach are to be 
calibrated so pillar strength results are within reasonable levels. Two calibration approaches 
were considered in this section. The first method was referred to as the Synthetic Rock Mass 
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Multi -scale DFN-DEM approach. A second approach used the NIOSH empirical strength 
formula to calibrate intact pillar strength. A calibrated intact pillar model was then subjected 
to fracturing by cutting the model with the Filtered DFN. The following sections describe 
each of the calibration approaches used. 
 
3.3.1. Synthetic Rock Mass Multi-scale DFN-DEM approach for pillar strength calibration  
 
The multi-scale DFN-DEM approach proposed by Wang & Cai (2020)  was evaluated as a 
tool for calibrating pillar strength. The first step of this approach consisted in defining the 
multi-scale DFNs as described in the Discrete Fracture Network Definition section of the 
methodology. The Dense DFN model was used for the homogenization of the intact block 
properties. This process consisted of deriving equivalent continuum properties for the intact 
rock blocks by considering all size discontinuities using the representative elementary 
volume (REV) concept. The REV as illustrated in  Figure 3.6 is the volume of rock at which 
the variability of certain rock property is significantly reduced as the volume keep increasing. 
In this section the representative elementary volume properties (PREV) of interest were 
compressive strength and deformation modulus. 

 
Figure 3.6. Representative Elementary Volume Concept (Wang & Cai, 2020) 

The Dense DFN model was used to generate 13 different DFN realizations. For each DFN 
realization ten progressively increasing volume rock samples were tested in compression as 
illustrated in Figure 3.7. The tested volumes ranged between 1m3 to 500 m3. The stress-
displacement curve for each tested sample was collected, and the compressive strength and 
deformation modulus were calculated. Measured properties were plotted against sample size 
using boxplots. The boxplots showed the distribution for each parameter at each tested 
volume using each DFN realization. Logarithmic functions were fitted using the maximum 
and minimum property values for each volume to define upper and lower limits for the 
homogenized property. The average property was estimated by assigning weights to each 
�Y�R�O�X�P�H�¶�V���P�H�D�Q���S�U�R�S�H�U�W�\���H�V�W�L�P�D�W�H���D�F�F�R�U�G�L�Q�J���W�R���H�D�F�K���Y�R�O�X�P�H�¶�V���V�W�D�Q�G�D�U�G���G�H�Y�L�D�W�L�R�Q�����3�U�R�S�H�U�W�\��
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estimates with lower standard deviations had a greater effect in the mean property value. 
Results from these estimations were used to represent the behavior presented in  Figure 3.6. 
 

 
Figure 3.7. Stochastic DFN realizations to evaluate the effect of discontinuities on rock properties due to sample 

scale. 

Results from these simulations were used to define homogenized properties (Compressive 
Strength and Deformation modulus). Resulting values were used to calibrate the bonded 
block intact pillar model. For this, bonded block contact parameters were adjusted until pillar 
strength deformation curve matched the deformation modulus and compressive strength 
obtained in the homogenization process. Figure 3.8 shows the calibration process for an intact 
pillar being calibrated to intact rock properties. Table 3.2 summarizes the bonded block 
contact properties change during the calibration process. Once the intact pillar properties 
were calibrated, the effect of discontinuities in pillar strength were evaluated by cutting the 
intact pillar model with the Filtered DFN Model. Results from this simulation were run 
several times allowing variation of the simulation seed number to determine the effect of 
di�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶���U�D�Q�G�R�P�Q�H�V�V���L�Q���S�L�O�O�D�U���V�W�U�H�Q�J�W�K���Y�D�O�X�H�V���D�Q�G���Y�D�U�L�D�E�L�O�L�W�\. 

 
Figure 3.8. Bonded Block Contact Properties Calibration Process. 



68 
 

Table 3.2. Bonded Block Contact Properties Obtained During Calibration Process. 

Run Density 
[kg/m3] 

Young 
Modulus 

[Gpa] 

Poisson 
Modulus 

Edge 
length 

[m] 

Jkn 
[Gpa/m] 

Jks 
[Gpa/m] 

Phi 
[°] 

Cohesion 
[Mpa] 

Tensile 
Strength 
[MPa] 

Young 
Modulus 

[Mpa] 

UCS 
[MPa] 

Run1.2 2700 64 0.22 0.037 1000 600 45 40 17 19790.86 145.24 

Run2 2700 64 0.22 0.037 20000 12000 45 40 17 57170.00 344.72 

Run3 2700 64 0.22 0.037 20000 10000 45 40 17 56633.61 255.03 

Run4 2700 64 0.22 0.037 10000 600 45 40 17 29940.47 167.55 

Run5 2700 64 0.22 0.037 20000 600 45 40 17 31081.48 178.75 

Run6 2700 64 0.22 0.037 20000 600 45 60 17 32094.18 224.42 

Run7 2700 64 0.22 0.037 20000 600 50 40 17 31586.78 259.92 

Run8 2700 64 0.22 0.037 20000 12000 30 40 17 57109.83 114.00 

Run9 2700 64 0.22 0.037 20000 12000 30 50 17 57083.64 137.62 

Run10 2700 64 0.22 0.037 20000 12000 30 60 17 57081.66 161.54 

 
3.3.2. Pillar Strength Empirical Equations as a Means for Pillar Strength Calibration 
 
The second alternative for pillar model calibration used the NIOSH empirical pillar strength 
formula, introduced in Chapter 2, as the means for pillar strength calibration. An intact pillar 
was simulated using the BBM approach. BB contact parameters were calibrated until intact 
pillar strength matched the NIOSH Pillar Strength assuming no discontinuities. Parameter 
calibration was performed for different width to height ratios including 0.5, 0.8 and 1.0. After 
the intact pillar model was calibrated to the NIOSH intact pillar strength values, the filtered 
DFN model was used to cut through the intact pillar model and evaluate the effect of explicit 
discontinuities on pillar strength. Results from this strength estimation approach were 
compared with values obtained using the NIOSH pillar strength formula considering the case 
study mine discontinuities. 
   

3.4. Sensitivity Analysis on Selected Modeling Approach 
 
A series of tests were performed in the selected modeling approach to evaluate how different 
modeling parameters would affect compressive strength results. Samples were squared intact 
pillar samples formed with elastic bonded blocks. For these tests some modeling parameters 
remained fixed while other parameters were varied. Some of the parameters that were 
evaluated included pillar width to height ratio, bonded block edge length, and discontinuity 
strength properties. Samples were tested in uniaxial compression using the same boundary 
conditions indicated in Figure 3.5. For all tests stress-displacement curves were extracted and 
the processing times were reported. 
 
To explore the effect of pillar width to height ratio on modeling results, a volume of 1.419 
m3 was maintained fixed and width to height ratios of 0.5, 0.6, 0.8, and 1.0 were evaluated. 
The width of the sample was calculated using Equation 3.1, and the height was obtained 
dividing sample width by the W/H ratio. Bonded block contact properties were held constant 
with a joint normal stiffness of 1000 GPa/m, a joint shear stiffness of 600 GPa/m, a cohesion 
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of 40 MPa, and a friction angle of 45°. The bonded block edge length was defined as 10% of 
the sample width.  
 

�S 
L 
§�Ï�â�ß

�6

�/
      (3.1) 

 
The effect of bonded block size was explored by allowing variation in bonded block edge 
length. In this test, the 1.4719 m3 and 0.8 W/H-ratio sample was used as the reference model. 
The based model considered a bonded block edge length of 10% the pillar width. Two other 
simulations were tested considering edge lengths of 8%, and 6% times the sample width. 
Bonded block strength properties were also remained unchanged and used the same 
properties of the previous test. 
 
Finally, the effect of discontinuity strength properties on fractured pillar strength was 
analyzed. In this test a 0.8 W/H elastic bonded block pillar calibrated to the NIOSH Empirical 
intact pillar strength was used for the analysis. The pillar was intercepted with the Filtered 
DFN model using a fixed random seed number. Three sets of discontinuity strength 
properties were defined based on �R�E�V�H�U�Y�D�W�L�R�Q�V���I�U�R�P���W�K�H���F�D�V�H���V�W�X�G�\���P�L�Q�H���D�Q�G���R�W�K�H�U���D�X�W�K�R�U�¶�V��
experience in eastern United States mining operations (Kurre & Walton, 2020). A normal 
discontinuity strength was defined as the base discontinuity strength value considering no 
cohesion and a friction angle of 30°. A weak discontinuity scenario considered a 0.01 MPa 
cohesion, a friction angle of 15°, and a residual friction angle of 5°. Finally, a strong 
discontinuity scenario assumed a 0.048 MPa cohesion, a 40° friction angle, and a 30° residual 
friction angle. Table 3.3 summarizes discontinuity properties, where joint shear and normal 
stiffness was set in all scenarios as 30 GPa/m, and 300 GPa/m, respectively. 
 

Table 3.3. Discontinuity Strength Properties for Sensitivity Analysis. 

Scenario 
Discontinuity Strength Properties 

C [MPa] Phi [°] Phi residual [°] Jks [GPa/m] Jkn [GPa/m] 

Normal Strength 0 30 30 30 300 

Weak Strength 0.01 15 5 30 300 

Strong Strength 0.048 60 40 30 300 

 
3.5. Stochastic Pillar Strength Estimation 

 
Results from both pillar strength calibration methods were compared with expected empirical 
pillar strength values. The method that provided values within the expected empirical pillar 
strength results was selected. Once the intact pillar properties were calibrated for the selected 
method, the effect of discontinuities in pillar strength were evaluated by cutting the intact 
pillar model with the Filtered DFN Model. Fifteen filtered DFN realizations were run to 
�H�Y�D�O�X�D�W�H���W�K�H���H�I�I�H�F�W���R�I���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶���U�D�Q�G�R�P�Q�H�V�V���R�Q��pillar strength variability. Results from 
this simulation were run several times allowing variation of the simulation seed number to 
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�G�H�W�H�U�P�L�Q�H���W�K�H���H�I�I�H�F�W���R�I���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶���U�D�Q�G�R�P�Q�H�V�V���L�Q���S�L�O�O�D�U���V�W�U�H�Q�J�W�K���Y�D�O�X�H�V���D�Q�G���Y�D�U�L�D�E�L�O�L�W�\�� 
Results from this section will be presented and discussed in Chapter 5. 
 

4. RESULTS 
 
This section presents the results obtained on each step described in the methodology for 
determining the best modelling approach for stochastic pillar strength determination. 
 

4.1. Discrete Fracture Network Model 
 
Discontinuity trace lengths of mapped discontinuities ranged from 0.1 m up to 13.6 m. A 
Dense DFN model was defined using all mapped discontinuities. This model was used to 
derive the homogenized properties for the intact rock blocks in the model calibrated using 
the synthetic rock mass multiscale DFN-DEM approach. Figure 3.9.a) presents all the 
discontinuities that were used to generate the dense DFN model. A top view of the 
excava�W�L�R�Q�V���D�Q�G���D�O�O���W�K�H���P�D�S�S�H�G���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V���D�U�H���S�U�H�V�H�Q�W�H�G���R�Q���W�R�S���R�I���W�K�H���G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶��
stereographic analysis. A total of 430 discontinuities were used to define the discontinuity 
sets for this model. Orientation, trace length and spacing statistical distributions were derived 
for each discontinuity set on this model. Table 3.4 summarizes the results of these parameters 
for each discontinuity set.  
 

 
Figure 3.9. Comparison between all mapped discontinuities and those larger than 2 m. a) Top. Top view of the 

tunnels with all fractures, and Bottom. Stereographic analysis of all mapped discontinuities. b) Top. Top view of 
the tunnels and discontinuities larger than 2m, and Bottom) Stereographic Analysis of the subsampled 

discontinuities. 
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A Filtered DFN model was defined to reduce the amount of explicit discontinuities in the 
fractured pillar models. Figure 3.9.b) shows only those discontinuities larger than 2m used 
to generate this DFN model. The figure shows on top the fractures overlaid with the tunnels 
and at the bottom the stereographic projection of these subset. The amount of discontinuities 
was reduced from 430 to 149 after filtering down the data set. Table 3.4 compares the 
orientation, size and density distributions for each discontinuity set on the filtered DFN 
model with respect to the Dense DFN model. The exact same discontinuity sets are obtained 
after filtering smaller discontinuities.  
 

Table 3.4. Comparison between statistical distributions of properties for the dense fracture network and filtered 
fractures larger than 2m. 

PARAMETERS 

Dense DFN 

S1 
N=157 

S2 
N=127 

S3 
N=97 

S4 (Bedding) 
N=45 

O
rie

nt
at

io
n

 Dip [°] 88 68 75 29 

Dip Direction [°] 255 348 21 144 

K (Fisher) 103.9 102.4 69.5 197.3 

S
iz

e 

Distribution Log-normal Log-normal Log-normal Log-normal 

Mean 0.353 0.318 0.018 0.78 

Standard deviation 0.659 0.772 0.749 0.934 

D
en

si
ty

 

Number of fractures per unit length 
of scan line (P10) 

Normal 
µ=1.011 
�1� ������������ 

Min=0.18 
Q1=0.576 

Median=1.18 
Q3=1.577 

Max=1.883 

Normal 
µ=0.928 
�1� ���������� 

Normal 
µ=0.941 
�1� ���������� 

PARAMETERS 
Filtered DFN 

S1 
N=59 

S2 
N=48 

S3 
N=20 

S4 (Bedding) 
N=22 

O
rie

nt
at

io
n

 

Dip [°] 88.64 69.60 77.07 28.88 

Dip Direction [°] 253.32 345.77 22.98 144.42 

K (Fisher) 74.11 52.65 103.09 308.04 

S
iz

e 

Distribution Log-normal Log-normal Log-normal Log-normal 

Mean 1.113 1.342 1.136 1.603 

Standard deviation 0.298 0.421 0.265 0.497 

D
en

si
ty

 

Number of fractures per unit length 
of scan line (P10) 

Min=0.153 
Q1=0.352 

Median=0.498 
Q3=0.685 

Max=0.978 

Min=0.095 
Q1=0.278 

Median=0.452 
Q3=0.606 

Max=0.999 

Min=0.054 
Q1=0.273 

Median=0.318 
Q3=0.370 

Max=0.837 

Min=0.097 
Q1=0.271 

Median=0.338 
Q3=0.436 

Max=0.483 

 
The values reported in Table 3.4 were used to generate the two DFN models, which were 
later used to generate fractured rock mass models in 3DEC. Figure 3.10 a) and b) show the 
dense DFN and the resulting fractured rock mass model after cutting a 20 m x 20 m x 20 m 
block in 3DEC, respectively. Whereas, Figure 3.10 c) and d) shows these results for the 
filtered DFN. It is possible to observe that the dense DFN generates blocks with smaller sizes 
than the ones obtained from cutting the block with the filtered DFN. 

 



72 
 

 
Figure 3.10. a) Dense DFN model, b) Fractured rock mass model generated from the dense DFN, c) Filtered DFN 

model, and d) Fractured rock mass model generated from the filtered DFN. 

4.2. Modeling Alternatives Results 
 
Three different approaches to estimate pillar failure using a discrete element numerical 
modeling were evaluated. The initial approach considered a pillar intersected with the filtered 
DFN, and with elastic intact rock blocks, shown in Figure 3.11.A). The second approach 
considered a pillar intersected with the filtered DFN, and with Mohr-Coulomb elastic-
perfectly plastic intact rock blocks, shown in Figure 3.11.B). The third approach used the 
bonded block method to simulate intact rock material. Two simulations were performed with 
the third approach: one without discontinuities and a second one considering them by cutting 
the model with the filtered DFN. The BBM without discontinuities represented a pillar sized 
intact rock sample, which its properties were calibrated to the intact rock properties, shown 
in Figure 3.11.C). The BBM with discontinuities represented a fractured pillar as shown in 
Figure 3.11.D).  
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Figure 3.11. Modeling Approach Comparison Results A) fractured pillar with elastic intact rock blocks, B) 
fractured pillar with Mohr -Coulomb elastic-perfectly plastic intact rock blocks, C) Intact Pillar with bonded block 

method, D) Fractured pillar with bonded block method. 

Figure 3.12 summarizes the axial stress vs. axial displacement results for each pillar strength 
modeling approach evaluated. In �D�G�G�L�W�L�R�Q�����<�R�X�Q�J�¶�V���P�R�G�X�O�L���D�Q�G���S�H�D�N���V�W�U�H�Q�J�W�K�V���I�R�U���H�D�F�K���W�H�V�W��
are reported in Table 3.5. Results obtained from these simulations were compared with intact 
rock properties, rock mass properties, and pillar strength empirical formulas introduced in 
Chapter 2.  

The green stress-displacement curve marked as A shows the results for the fractured pillar 
considering elastic blocks. This model is able to adequately represent the structurally failure 
mechanism occurring in fractured pillars. It is possible to observe the opening of existing 
discontinuities, and the displacement and rotation of rock blocks, as shown in Figure 3.11.A). 
�7�K�L�V�� �V�L�P�X�O�D�W�L�R�Q�� �\�L�H�O�G�V�� �D�� �S�L�O�O�D�U�� �S�H�D�N�� �F�R�P�S�U�H�V�V�L�Y�H�� �V�W�U�H�Q�J�W�K�� �R�I�� �������������� �0�3�D���� �D�Q�G�� �D�� �<�R�X�Q�J�¶�V��
Modulus of 13.55 GPa. Even though, though this simulation adequately represents the failure 
mechanism, it over estimates pillar strength results, and underestimated pillar elastic modulus 
in comparison with intact rock deformational properties and pillar strength empirical 
equations. 
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Figure 3.12. Axial Stress vs. Axial Displacement Results for Each Evaluated Modeling Approach. 

The second model considering a fractured pillar with Mohr-Coulomb elastic-perfectly-plastic 
rock block is represented in Figure 3.12 by the orange continuous line. This approach yields 
�D���S�L�O�O�D�U���V�W�U�H�Q�J�W�K���Y�D�O�X�H���R�I�������������0�3�D�����D�Q�G���D���<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���R�I���������������*�3�D�����7�K�L�V���V�L�P�X�O�D�W�L�R�Q 
also represents structurally controlled pillar failure, similar to the previous model. Strength 
results for this approach are between intact rock compressive strength (159.2 MPa) and 
empirical pillar strength values (40 �± 60 MPa) discussed in Chapter 2. However, deformation 
modulus values were underestimated in comparison with intact rock and rock mass 
deformation modulus as presented in Table 3.5. 

The third modeling approach using the bonded block method to simulate intact rock material 
is represented in Figure 3.11 by the models C) and D). Simulation C represents an intact rock 
pillar, and D a fractured pillar intersected by the filtered DFN model. The bonded block 
contact properties for models C and D were calibrated so the intact pillar model would match 
�W�K�H�� �F�R�P�S�U�H�V�V�L�Y�H�� �V�W�U�H�Q�J�W�K�� �D�Q�G�� �\�R�X�Q�J�¶�V�� �0�R�G�X�O�X�V�� �I�U�R�P�� �O�D�E�R�U�D�W�R�U�\�� �W�H�V�W�V�� �R�Q�� �W�K�H�� �L�Q�W�D�F�W�� �U�R�F�N����
Normal and Shear stiffnesses, friction angle, cohesion, and tensile strength were adjusted 
until the intact pillar model compressive strength yielded a value close to 160 MPa, and the 
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�<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���\�L�H�O�G�H�G���D���Y�D�O�X�H���F�O�R�V�H���W�R���������*�3�D�����5�H�V�X�O�W�V���I�U�R�P���V�L�P�X�O�D�W�L�R�Q���&���D�U�H���U�H�S�U�H�V�H�Q�W�H�G��
by the blue continuous stress-displacement curve in Figure 3.12. The intact rock bonded 
�E�O�R�F�N���P�R�G�H�O���Z�D�V���F�D�O�L�E�U�D�W�H�G���W�R���D���F�R�P�S�U�H�V�V�L�Y�H���V�W�U�H�Q�J�W�K���Y�D�O�X�H���R�I���������������0�3�D�����D�Q�G���D���<�R�X�Q�J�¶�V��
Modulus of 60.21 GPa, as shown in Table 3.5. When considering the discontinuities in the 
bonded block pillar model in simulation D, a pillar st�U�H�Q�J�W�K���R�I���������������0�3�D�����D�Q�G���D���<�R�X�Q�J�¶�V��
Modulus of 45.92 GPa were obtained. In this simulation, not only was it observed 
displacement and opening of already existing discontinuities, but also the creation of new 
fractures as the strength of the sub-contacts between bonded blocks was being surpassed. 
 

Table 3.5. Young Modulus and Uniaxial Compressive Strength Results for Each Model. 

Model 
Fractured Rock Mass 

Young Modulus 
[Gpa] 

Peak Strength 
[MPa]  

Laboratory Test Results on Intact Rock3 64.11 159.20 

Hoek-Brown Ore Boy Rock Mass Parameters4 52.24  39.59 
A - Elastic 13.55 822.47 

B - Mohr-Coulomb 14.30 86.7 
C - Bonded Block Intact Pillar 60.21 167.4 

D - Bonded Block Fractured Pillar 45.92 118.8 
 
The uniaxial compressive strength and the deformation modulus of the four scenarios were 
compared to the intact rock properties. Even though, models (A) and (B) are able to reproduce 
the structurally controlled failure mechanism in the evaluated pillars, results obtained yield 
values that do not agree with those expected. Model A estimates pillar strength values that 
are ���� �W�L�P�H�V�� �K�L�J�K�H�U�� �W�K�D�Q�� �W�K�H�� �L�Q�W�D�F�W�� �U�R�F�N�� �V�W�U�H�Q�J�W�K���� �7�K�H�� �V�D�P�H�� �P�R�G�H�O�� �X�Q�G�H�U�H�V�W�L�P�D�W�H�V�� �S�L�O�O�D�U�¶�V��
deformation modulus by providing a value that is almost 4 times lower than the value 
obtained using the Generalized Hoek-Brown Criteria. Model B yields pillar strength values 
that are more reasonable since it falls between the intact rock compressive strength and the 
strength values estimated using pillar strength empirical equations. However, this model also 
�X�Q�G�H�U�H�V�W�L�P�D�W�H�V���S�L�O�O�D�U�¶�V���G�H�I�R�U�P�D�W�L�R�Q���P�R�G�X�O�X�V���E�\���\�L�H�O�G�L�Q�J���D���Y�D�O�X�H���W�K�D�W���L�V�����������W�L�P�H�V���O�H�V�V���W�K�D�Q��
the one expected for the rock mass. The calibrated bonded block model, represented by C, 
yields results that are comparable to those of the intact rock properties. When the effect of 
the discontinuities was evaluated, a reasonable reduction on both evaluated parameters is 
obtained. 

After the comparison of each modeling approach, the bonded block method was selected as 
the most appropriate method able to reproduce reasonable pillar strength values, at the same 
time as reproducing the structurally controlled failure mechanism observed in the case study 
mine. The following section evaluates two approaches for bonded block method calibration 
to ensure the selected numerical model provides reasonable pillar strength estimations. 

                                                 
3 These values are documented in Table 2.1. in Chapter 2. 
4 These values are derived from the parameters described in Table 2.3 in Chapter 2. 
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4.3. Fractured Pillar Model Calibration  
 
This section describes the results obtained for each of the two evaluated calibration 
approaches: 1) synthetic rock mass multi -scale DFN-DEM, and 2) NIOSH Empirical Pillar 
Strength Equation. Based on the results, the most appropriate method is selected by 
comparing each approach results with expected pillar strength range of values.  
 
4.3.1. Synthetic Rock Mass Multi-scale DFN-DEM Approach for Pillar Strength Calibration  
 
The second component of the Multi-Scale DFN-DEM approach is the property 
homogenization process. In this stage, equivalent continuum properties are estimated for the 
intact rock blocks so the effect of the smaller discontinuities that have not been accounted 
for in the DFN model is considered. In the previous section, the bonded block modeling 
approach was selected as the preferred modeling method to simulate fractured pillar strength. 
However, the bonded block contact properties were calibrated so the intact pillar simulation 
would match the laboratory scale intact rock properties. This assumption neglects the effect 
that smaller discontinuities observed in the case study mine have in rock mass strength. Due 
to this, a homogenization process to estimate the effect smaller discontinuities in rock 
strength was performed. 
 
Figure 3.13 and Figure 3.14 show the results for uniaxial compressive strength and 
deformation modulus, respectively. Each point in the graph represent the property measured 
for each volume ranging from 1 m3 up to 500 m3 intercepted with a Dense DFN realization 
at a specific seed number. Properties for different volumes at the same DFN realization are 
connected and have the same color. Sample volumes ranging from 0 to 100 m3 show greater 
variability for both compressive strength and deformation modulus. Results obtained from 
this analysis agree with observations made by multiple authors stating that rock properties 
tend to converge around a specific value as the sample volume reaches the representative 
elementary volume (Sari, 2021; Niazmandi & Binesh, 2020; Sari, 2021). 
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Figure 3.13. Property homogenization using the Representative Elementary Volume Concept for Uniaxial 

Compressive Strength. 

 
Figure 3.14. Property homogenization using the Representative Elementary Volume Concept for Deformation 

Modulus. 
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Figure 3.15 and Figure 3.16 show with discontinuous blue lines the fitted logarithmic 
equations representing the upper and lower limits for Uniaxial Compressive Strength, and 
�<�R�X�Q�J�¶�V�� �0�R�G�X�O�X�V���� �U�H�V�S�H�F�W�L�Y�H�O�\���� �7�K�H�� �K�R�P�R�J�H�Q�L�]�H�G�� �S�U�R�S�H�U�W�\�� �Y�D�O�X�H�� �Z�D�V�� �F�D�O�F�X�O�D�W�H�G�� �E�\��
assigning weights �U�H�O�D�W�L�Y�H���W�R���H�D�F�K���Y�R�O�X�P�H�¶�V���V�W�D�Q�G�D�U�G���G�H�Y�L�D�W�L�R�Q�����5�H�V�X�O�W�V���I�R�U���W�K�H���K�R�P�R�J�H�Q�L�]�H�G��
properties are presented in Table 3.6. A homogenized Uniaxial Compressive Strength of 
�������������� �0�3�D�� �Z�D�V�� �H�V�W�L�P�D�W�H�G���� �7�K�L�V�� �Y�D�O�X�H�� �L�V�� ���������� �W�L�P�H�V�� �W�K�H�� �L�Q�W�D�F�W�� �U�R�F�N�¶�V�� �P�H�D�Q�� �X�Q�L�D�[�L�D�O��
compressive strength, and 3.95 times the Case Study Mine Pillar strength value estimated 
using the NIOSH empirical strength formula. If compared with the Hoek and Brown Rock 
mass Uniaxial compressive strength the estimated value is 3.16 times higher. The 
�K�R�P�R�J�H�Q�L�]�H�G�� �<�R�X�Q�J�¶�V��Modulus estimation had a value of 46,07 GPa. This value is 0.71 
times the intact �U�R�F�N�¶�V���<�R�X�Q�J�¶�V���0�R�G�X�O�X�V�����D�Q�G�������������W�L�P�H�V���W�K�H���*�H�Q�H�U�D�O�L�]�H�G���+�R�H�N-Brown Rock 
Mass Deformation Modulus. It is possible that the high intact rock compressive strength in 
comparison to the NIOSH empirical intact pillar strength, or the Hoek-Brown Rock mass 
UCS, is attributed to the elastic block assumption. Due to the lack of intact rock post-failure 
properties it was not possible to perform a more detailed intact rock property calibration. 
Perhaps the assumption of deformable bonded blocks may allow to obtain values that are 
more comparable with industry accepted UCS and Deformation modulus estimation 
methods.  
  

 
Figure 3.15. Uniaxial Compressive Strength Property Homogenization Using the Dense DFN to Estimate 

Equivalent Continuum Intact Rock Properties.  
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Figure 3.16�����<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���3�U�R�S�H�U�W�\���+�R�P�R�J�H�Q�L�]�D�W�L�R�Q���8�V�L�Q�J���W�K�H���'�H�Q�V�H���'�)�1���W�R���(�V�W�L�P�D�W�H���(�T�X�L�Y�D�O�H�Q�W���&�R�Q�W�L�Q�X�X�P��

Intact Rock Properties. 

 

Table 3.6�����(�V�W�L�P�D�W�L�R�Q���9�D�O�X�H�V���I�R�U���W�K�H���+�R�P�R�J�H�Q�L�]�H�G���<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���D�Q�G���8�Q�L�D�[�L�D�O���&�R�P�S�U�H�V�V�L�Y�H���6�W�U�H�Q�J�W�K�� 

Homogenized Property Mean Value 
�<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���>GPa] 46.07  

UCS [MPa] 129.23 
 
 
A coefficient of variation (COV) analyses was performed for both parameters at each tested 
volume. The Standard deviation for each volume was divided by the average value. Both 
standard deviation and mean were calculated using all DFN realization datapoints at each 
volume. Figure 3.17 summarizes the change of COV as sample volume increase for both 
UCS and Deformation Modulus. For �<�R�X�Q�J�¶�V���0�R�G�X�O�X�V the COV begins close to 25% for 1 
m3 samples, and rapidly goes down as the volume increases up to 100 m3. From 100 m3 to 
500 m3 the COV stays stable close to 8%. For UCS the COV starts at 17% for 1 m3 sample, 
and decreases rapidly down to 3% at 100 m3. Between 100 m3 and 500 m3 the COV stays 
constant. 
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Figure 3.17. Coefficient of Variation for the Homo�J�H�Q�L�]�H�G���8�Q�L�D�[�L�D�O���&�R�P�S�U�H�V�V�L�Y�H���6�W�U�H�Q�J�W�K���D�Q�G���<�R�X�Q�J�¶�V���0�R�G�X�O�X�V�� 

A bonded block intact pillar model was calibrated considering the properties obtained from 
the homogenization process. Fourteen iterations were performed until bonded block contact 
properties were able to reproduced the homogenized compressive strength and deformation 
modulus in the pillar strength estimation simulation. Bonded block contact parameters of the 
calibrated model corresponded to a normal stiffness of 500 GPa/m, a shear stiffness of 80 
GPa/m, a friction of 25°, a cohesion of 52 MPa, and a tensile strength of 17 MPa. The 
processing time for the calibrated model was 2 hours and 29 minutes. After calibration the 
bonded block intact pillar model yielded a deformation modulus of 45 GPa and a compressive 
strength of 127 MPa. These values were reasonably close to the estimated homogenized 
properties.  
 
The calibrated model was tested considering the filtered DFN to evaluate the fractured pillar 
strength. Figure 3.18 shows the stress-displacement curve for the bonded block intact pillar 
calibrated model, as well as 6 stochastic realizations considering the explicit effect of 
discontinuities by intercepting the bonded block pillar model with the filtered DFNs. Figure 
3.19 shows the pillar strength results for one of the DFN realizations. The six stochastic 
realizations took an average processing time of 6 h and 38 minutes each. The fractured pillar 
strength model yielded a compressive strength of 110 MPa. Even though, compressive 
strength is decreased due to the effect of the discontinuities, this value is not within the 
expected range considering the empirical strength estimation formulas (20 MPa to 60 MPa).  
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Figure 3.18. Multi -Scale DFN/DEM Stochastic Pillar Strength Evaluation. 

 
 
 

 
Figure 3.19. Fractured Pillar Strength Evaluation with bonded block model calibrated using Multi-Scale 

DFN/DEM method. a) Cross-section across the pillar displaying block displacement, filtered DFNs, and broken 
bonded block interfaces. b) Isometrix view of the fractured pillar indicating bonded block interface breakage. 
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4.3.2. Pillar Strength Empirical Equations as a Means for Pillar Strength Calibration  
 
The second pillar strength calibration alternative was based on the NIOSH empirical pillar 
strength equation. In this method the intact pillar strength obtained from the NIOSH 
empirical equations was used as reference value to calibrate bonded block contact properties. 
Contact properties were varied until the intact bonded block pillar model yielded a strength 
value close to that estimated with the NIOSH formula. This process was done for three 
different width to height ratio pillar scenarios (0.5, 0.8, and 1.0). Figure 3.20 shows the pillar 
strength results after calibration for each width-to-height ratio scenario, on top of the pillar 
strength curve for pillars without discontinuities using the NIOSH empirical equation. In 
addition, the WCS and the CSM empirical strength estimation curves are displayed for 
reference. 
 
 
 

 
Figure 3.20. NIOSH Intact Pillar Strength Calibration.  
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Figure 3.21 present the calibration process results for each width-to-height ratio pillar model. 
For each W/H ratio, bonded block contact properties were adjusted until pillar peak strength 
reached a value close to the NIOSH Intact Pillar Strength value. As it is observed in the 
graph, the 0.8 W/H ratio pillar required more iterations to reach the NIOSH Intact Pillar 
Strength value. For the other two W/H scenarios the property calibration took less iterations 
since the calibrated properties were closer to the expected value from previous calibrations.  
 
 
 

 

Figure 3.21. NIOSH Intact Pillar Strength Calibration. a) Calibration for a 0.5 Width to Height Pillar, b) 
Calibration for a 0.8 Width to Height Pillar,  c) Calibration for a 1.0 Width to Height Pillar.  

 
 
Table 3.7 summarizes the calibrated bonded block contact properties for each W/H scenario, 
and resulting bonded block intact pillar strength obtained with the calibrated parameters. For 
the 0.5 W/H ratio pillar the calibrated model yielded a pillar an intact pillar strength of 31.23 
MPa, producing a 0.35% error in comparison to the NIOSH intact pillar strength estimation. 
For the 0.8 W/H ratio pillar, the bonded block contact calibration yielded an intact pillar 
strength of 36.11 MPa, producing a 0.05% error in comparison the NIOSH intact pillar 
strength estimation. Finally, for the 1.0 W/H ratio pillar, the bonded block contact calibration 
yielded an intact pillar strength of 38.49 MPa, producing a 0.25% error in comparison the 
NIOSH intact pillar strength estimation. As shown in this summary, different cohesion values 
were required in order to match each pillar strength to its respective NIOSH empirical 
strength value. This could be attributed to that bonded block edge length size was 

0

10

20

30

40

50

60

0 0.0005 0.001 0.0015

P
ill

ar
 S

tr
en

gt
h 

[M
P

a]

Vertical Strain

Pillar Strength BBM Calibration to 
NIOSH Intact Pillar Strength

W/H 0.8

Run1

Run2

Run3

Run4

Run5

Run6

Run7

Run8

0

5

10

15

20

25

30

35

40

0 0.0005 0.001

P
ill

ar
 S

tr
en

gt
h 

[M
P

a]

Vertical Strain

Pillar Strength BBM Calibration 
to NIOSH Intact Pillar Strength

W/H 0.5

WtoH 0.8 - Run12

WtoH 0.5 Run1

WtoH 0.5 Run2

WtoH 0.5 Run3

WtoH 0.5 Run4

WtoH 0.5 Run5

0

5

10

15

20

25

30

35

40

45

0 0.0005 0.001

P
ill

ar
 S

tr
en

gt
h 

[M
P

a]

Vertical Strain

Pillar Strength BBM Calibration to 
NIOSH Intact Pillar Strength

W/H 1.0

WtoH 0.8 - Run12

WtoH 1.0 - Run1

WtoH 1.0 - Run2

WtoH 1.0 - Run3

WtoH 1.0 - Run4

c) b) a) 



84 
 

proportional to pillar width in all models in order to ensure consistency in processing times. 
Therefore, bonded block size did not remain constant having some influence on resulting 
strength. Similar behavior has also been observed by other authors when simulating 2D coal 
pillars using a bonded block Voronoi geometries (Sinha & Walton, 2018). 
 

Table 3.7. Homogenized parameters to Use as Reference for Bonded Block Contact Properties Calibration. 

Parameter Model Geometry 
Width to Height Ratio 0.5 0.8 1 

Pillar Width 20.52 24 25.853 
Pillar Height 41.039 30 25.853 

Bonded Block Edge Length 1.642 1.92 2.068 
Zones Edge Length 0.575 0.672 0.724 

  
    
 Intact Blocks 

Constitutive Model Elastic Elastic Elastic 
Density [ton/m3] 2.7 2.7 2.7 

E [GPa] 64 64 64 
�� 0.22 0.22 0.22 

 Bonded Block Contacts 

BBC �F�Þ�Ù
 [GPa/m] 500 500 500 

BBC �F�Þ�Þ
 [GPa/m] 80 80 80 

BBC �î   [°]  25 25 25 
BBC c 
 [MPa] 15.5 15.3 16.2 

�ê�ç [MPa] 17 17 17 
 Discontinuities 

�F�Þ�Ù
  [GPa/m] 300 300 300 

�F�Þ�Þ
 [GPa/m] 30 30 30 
�î   [°]  30 30 30 

c [MPa] 0 0 0 
 Strength Results 

Expected NIOSH Intact Pillar Strength 31.34 36.09 38.59 
Resulting Bonded Block Intact Pillar Strength 31.23 36.11 38.49 

Notation: 
�(�����<�R�X�Q�J�¶�V���0�R�G�X�O�X�V���>�*�3�D�@�� 
�������3�R�L�V�V�L�R�Q�¶�V���5�D�W�L�R���>�'�L�P�H�Q�V�Lonless] 
c: Cohesion [MPa] 
�î : Friction Angle [°] 
�ê�ç: Tensile Strength [MPa] 

 
�ð: Dilation Angle [°] 
�F�Þ�Ù

: Joint Normal Stiffness [GPa/m] 
�F�Þ�Þ

: Joint Shear Stiffness [GPa/m] 
BBC:  Bonded Block Contact 

 

4.4. Sensitivity Analysis on Bonded Block Model Parameters 
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The effect of a series of parameters on modeling results was explored through a sensitivity 
analyses on the bonded block pillar model. The parameters analyzed in this section were 
pillar width to height ratio, bonded block edge length, and discontinuity strength properties. 
This section describes results obtained on each analysis. 

Figure 3.22 presents the results for the effect of sample W/H ratio on strength and 
deformation properties. It is possible to observe that for all cases the increase in W/H ratio 
does not affect the deformation modulus on the sampled tests. However, this increase did 
influence sample peak strength and post-failure behavior. Results from this analysis indicates 
a transition from brittle to plastic behavior as W/H ratio increases. This means that slender 
samples tend to present a brittle post failure behavior, whereas the samples with higher W/H 
ratio values transitioned to a plastic post failure behavior. Similar results have been evidenced 
by other researchers (Rafiei-Renani & Martin, 2018; Li, Kim, & Walton, 2019). With regards 
to processing time no significant increase was observed with the change of sample volume, 
as indicated in Table 3.8. It is possible that an increase in processing time was not observed 
since the bonded block edge length was increased proportionally to the pillar width in each 
model. Therefore, the number of bonded blocks and elements was approximately the same 
in all simulations. 

 

Figure 3.22. Evaluation of the Width to Height Ration Effect on Bonded Block Model Results. 

Table 3.8. Effect of Pillar Width to  Height Ratio on Processing Time. 

Simulation W/H 
Compressive 

Strength [MPa] 
Deformation 

Modulus [GPa] 
Processing Time 

Run1 0.5 123.6 22.6 4h 55min 
Run1.1 0.6 132.6 22.6 5h 22min 
Run1.2 0.8 145.2 23.0 3h 16min 
Run1.3 1.0 216.9 23.2 4h 32min 
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Figure 3.23 compared the effect of bonded block edge length on sample compressive 
strength. In this case, pillar W/H ratio remained fixed at 0.8 and bonded block edge length 
was varied from 0.1 to 0.06 times the sample width. Run 1.2, Run 1.2.1, and Run 1.2.2 
corresponded to models with Bonded Block Edge length / Pillar Width ratios of 0.1, 0.08 and 
0.06, respectively. This test showed that the reduction of bonded block edge length affected 
pillar strength results by decreasing both sample compressive strength and deformation 
modulus as indicated in Table 3.9. On the other hand, processing time increased significantly 
from 3 h and 16 min for the Run 1.2, up to 11 h and 15 min for run 1.2.2. This processing 
time increased was caused due to that smaller bonded block edge lengths increases the 
number of bonded blocks and zones in the simulation, increasing the amount of calculations 
taking place as the simulation progresses. 

.  

 
Figure 3.23.Effect of the Bonded Block Edge Length on Pillar Strength Using the Bonded Block Method. 

 
Table 3.9. Effect of Bonded Block Edge Length to Pillar Width Ratio on Processing Time. 

Simulation 
Bonded Block Edge length / 

Pillar Width  

Compressive 
Strength 
[MPa]  

Deformation 
Modulus 

[GPa] 
Processing Time 

Run1.2 0.1 145.2  23.1 3 h 16 min 
Run1.2.1 0.08 138.3 19.8 4 h 57 min 
Run1.2.2 0.06 123.9 16.0 11 h 15 min 

 

Figure 3.24 summarizes the results obtained from the evaluation discontinuity strength on 
pillar strength results. In this case, the calibrated fractured pillar was subjected to different 
discontinuity strength scenarios. The normal strength case was the scenario used as a baseline 
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for all simulations for the case study mine. All discontinuities from discontinuity sets were 
assigned the same strength properties defined for each scenario. The normal strength scenario 
provided a fractured pillar strength of 33.8 MPa, the weak discontinuity Strength scenario 
yielded a fractured pillar strength of 23.5 MPa, and the strong discontinuity strength scenario 
caused a fractured pillar strength of 35.1 MPa. If resulting values are compared to the 
NIOSH-Calibrated intact pillar strength, the effect of normal discontinuities reduces pillar 
strength to 93.5% the intact pillar strength, the weak discontinuities reduce pillar strength to 
65.2% the intact pillar strength, and the strong discontinuities only reduce 97.3% pillar 
strength. 

  
Figure 3.24. Effect of Sample Volume on Pillar Strength Using the Bonded Block Method. 

5. DISCUSSION 
 
In previous work the authors assessed the rock fall probability in an area of the case study 
mine using DFNs obtained from virtual discontinuity mapping, and a stochastic DEM 
approach (Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 2019). In that study, the interest 
was to map all-size discontinuities to assess rock fall hazards. In that study, it was relevant 
to account for small blocks of rock formed by smaller discontinuities. An 11 cm sided cubic 
block has a volume of 0.001 m3. If this block falls from a height of 7.6 m (the approximate 
height of the drifts at the case study mine), the impact force can reach up to 2.6 kN. This 
force is enough to leave a person unconscious if impacted in the head (Oukara, Nsiampa, 
Robbe, & alexandre, 2014). In this study, the objective was to evaluate the effect of 
discontinuities on pillar strength. The authors proposed a multi-scale DFN approach to 1) 
find equivalent continuum strength properties for the intact rock using a Dense DFN, and 2) 

0

5

10

15

20

25

30

35

40

0 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014

A
xi

al
 S

tr
es

s 
[M

P
a]

Axial Displacement [m]

Discontinuities Strength Influence on Fractured Bonded 
Block Pillar Strength 

Normal Strength

Weak Strength

Strong Strength



88 
 

Explicitly account for the most significant discontinuities in pillar scale simulations using a 
Filtered DFN. 

This work focusses in pillar stability and the effect of discontinuities on their strength. When 
analyzing the stability of a pillar, smaller discontinuities may not be of major concern. In this 
case, larger and more continuous discontinuities are of greater interest since these are the 
ones causing structurally controlled failure of the over-all structure. In addition, when all 
sized discontinuities are considered while running a discrete element model, the number of 
blocks and elements increase causing a significant increase in processing time. Due to this, 
not only it is necessary to generate models capturing major discontinuities, but also able to 
account for the effect of smaller discontinuities on the intact rock mechanical properties. 
 
There are multiple simulation approaches to evaluate pillar strength using Discrete Element 
Modeling. Amongst the tested approaches (Elastic intact rock blocks, Mohr-Coulomb Elastic 
perfectly plastic intact rock blocks, Bonded Block Method), the calibrated bonded block 
method approach offered the most reasonable results in terms of reproducing pillar strength 
values, as well as representing the structurally controlled failure mechanism in comparison 
with the other two approaches. Parametric analyses indicated that it is important to identify 
an adequate bonded block size that minimizes processing times while still capturing 
adequately failure mechanisms. 
 
After a preliminary stochastic analysis of the Multi-Scale DFN/DEM intact pillar strength 
calibration approach, it was not possible to obtain pillar strength values agreeing with 
empirical pillar strength estimations. Fractured pillar strength results obtained from this 
approach were 3.4 times higher than the expected CSM pillar strength using the NIOSH 
empirical formula. Using these results as a design parameter could significantly over estimate 
pillar strength leading to unsafe pillar designs. It is also important to highlight that the only 
intact rock laboratory data considered for these analyses was subjected to a limited number 
of rock samples tested with density tests, uniaxial compressive tests and Brazilian tensile 
tests. The synthetic rock mass approach along with multi-scale DFN/DEM modeling present 
an interesting method to estimate pillar design strength. However, it is recommended to have 
a more detailed characterization of the intact rock pre-and-post-failure geomechanical 
properties to assist the calibration of these models. Working with a more complex modeling 
approach such as assuming deformable bonded blocks increases the amount of input 
parameters, increasing the model uncertainty as discussed by some authors (Sinha & Walton, 
2020). Especially, when there is a lack of detailed pre-and-post failure mechanical properties 
for the rock material. As Dunn discusses,  (Dunn, 2019) 
 
The calibration approach that yielded pillar strength results comparable to current pillar 
design standards was the one that used the NIOSH intact pillar strength as the calibration 
parameter. During the calibration process it was observed that the main parameters 
controlling pillar modulus were associated with normal and shear joint stiffness, whereas 
contact friction angles and cohesion had a greater influence in ultimate pillar strength. 
Friction angle also had significant influence in post peak pillar failure behavior. However, 
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since the main goal of this work was to determine ultimate pillar strength post failure 
behavior calibration is out of the scope of this work.  
 
The sensitivity analyses enabled to observe the influence of some input parameters in pillar 
strength modeling results. The definition of an adequate bonded block edge length is 
necessary to ensure strength and failure mechanisms while maintaining reasonable 
processing times. The increase of W/H ratio affects the strength and post-failure behavior of 
the sample. It is important to make sure the calibration of the model ensure results that are 
adequate with the rock behavior. Finally, Discontinuity strength has a significant influence 
on pillar strength results. Therefore, an adequate estimation of discontinuity strength is 
necessary to ensure accurate pillar strength estimates. 
 

6. CONCLUSIONS 
 
This chapter discussed numerical modeling as a tool to simulate hard rock pillar failure in 
underground stone mines. This chapter discussed the applicability of a multi-scale DFN-
DEM modeling approach in the context of pillar design in underground stone mines. A 
methodology to evaluate and select the most appropriate modeling approach in terms of pillar 
strength values and failure mechanisms representation was introduced. This methodology 
consisted of the definition of DFNs, a fracture modeling approach comparison and selection, 
the calibration of selected models, a sensitivity analysis on different modeling parameters, 
and the stochastic pillar strength modeling. In the DFN definition process two fracture 
networks were defined. A Dense DFN used to estimate synthetic rock mass properties for 
one of the calibration approaches, and a Filtered DFN used to account explicitly for the most 
significant discontinuities. For the calibration process two alternatives were evaluated. The 
first one was a synthetic rock mass multi-scale DFN-DEM approach which failed to 
reproduce expected pillar strength values. The second approach, used industry standard 
empirical NIOSH pillar strength equation to calibrate the numerical models, adequately 
representing expected pillar strength values. The stochastic evaluation of fractured pillars 
will be discussed in Chapter 5 based on results obtained from this section. Some of the 
conclusions derived from this study are presented in the following list: 
 
�x Bonded block method proved to be an interesting approach to simulate pillar failure. Not 

only results from the simulation enabled to timely obtain reasonable pillar strength 
estimations, but also it adequately represented failure mechanisms in pillars. 
 

�x A Multi -scale DFN/DEN synthetic rock mass approach was tested for calibrating intact 
rock properties for pillars. This approach failed to estimate reasonable pillar strength 
values in comparison to industry accepted design guidelines. 

 
�x During the bonded block calibration process it was observed that bonded block contacts 

�Q�R�U�P�D�O�� �D�Q�G�� �V�K�H�D�U�� �V�W�L�I�I�Q�H�V�V�� �K�D�G�� �D�� �V�L�J�Q�L�I�L�F�D�Q�W�� �L�Q�I�O�X�H�Q�F�H�� �R�Q�� �W�K�H�� �V�D�P�S�O�H�¶�V�� �G�H�I�R�U�P�D�W�L�R�Q��
modulus. It was also observed that strength parameters such as friction angle and 
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cohesion had more influence in sample compressive strength and post-peak failure 
behavior.  
 

�x The empirical NIOSH pillar strength estimation equation was used as an alternative 
method to calibrate pillar strength in the bonded block fractured pillar model. Results 
from this approach agreed with pillar strength estimates for fractured pillars in the case 
study mine. This calibrated approach will be used in Chapter 5 to evaluate the effect of 
�G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶���Y�D�U�L�D�E�L�O�L�W�\���R�Q���S�L�O�O�D�U���V�W�U�H�Q�J�W�K�� 

 
�x Sensitivity analyses are important to identify how different parameters may influence 

numerical model results. In this case, it was observed that parameters such as sample 
W/H ratio, Bonded block edge length, and discontinuity strength did have an influence 
in model results. Therefore, it is important to evaluate the effect of those parameters to 
make sure the response agrees with expected pillar behavior. 
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Chapter 4 Stochastic Pillar Stress Estimation Using a 3D Finite Volume 
Model5 

 
1. INTRODUCTION  

 
Pillar stability assessment consists of determining the relation between the strength of pillar 
elements and the stresses applied to these support elements. Chapter 3 discussed a numerical 
modeling approach for estimating and characterizing the variability of pillar strength due to 
the effect of discontinuities in the case study mine (CSM). Even though a preliminary pillar 
stress estimation assessment was performed in chapter 2 using analytical and 2D numerical 
approaches, it was found that both approaches yielded different results and that both of them 
considered a series of assumptions that may not represent the actual 3D nature of the problem.  
 
As discussed in Chapter 2, pillar stress distribution depends on many factors such as surface 
topography, size and dimensions of the openings and the pillars, geology, elastic properties 
of the rock mass, depth of the excavations amongst others. Three-dimensional numerical 
modeling offers an alternative to overcome many of the assumptions that analytical and 2D-
numerical solutions are subjected to. This chapter will focus in assessing pillar stress 
distribution using a 3D Finite Volume Modeling Approach. Results from this model will be 
compared with other solutions reviewed in Chapter 2. 
 
The �V�H�F�R�Q�G�� �F�R�P�S�R�Q�H�Q�W�� �R�I�� �W�K�L�V�� �Z�R�U�N�¶�V�� �I�U�D�P�H�Z�R�U�N�� �S�U�R�S�R�V�H�G�� �W�K�H�� �X�V�D�J�H�� �R�I�� ���'�� �F�R�Q�W�L�Q�X�Rus 
numerical modeling to estimate stress distribution in the mine. Not only, was this section 
intended to estimate the magnitude of stresses, but also to characterize the uncertainty on this 
parameter. In this section, the Point Estimate Method (PEM), was used as a practical 
stochastic analysis tool to evaluate the impact of intact rock properties variability in pillar 
stress distribution. Due to the lack of information with regards to direct stress measurements, 
a parametric analysis was performed to evaluate the impact of having three different 
horizontal to vertical stress ratios in pillar stress. 
 
This chapter is divided into four main sections. The initial section discusses the continuous 
numerical modeling approach used to estimate pillar stress in the CSM. This section 
discusses the data used to build the numerical models, as well as all the assumptions 
considered to generate the stress model. The following section describes the PEM and how 
it was implemented in this case study. Later, results from the simulations are presented and 
compared with results obtained from Chapter 2. Finally, a discussion focusing on stress 

                                                 
5 This chapter was submitted as a stand-alone journal paper in the Mining, Metallurgy, 
and Exploration Journal. �7�K�H���S�D�S�H�U���Z�D�V���H�Q�W�L�W�O�H�G���³Stochastic Finite Volume Modeling for 
Pillar Stress Estimation and Comparison with 2D Continuous Numerical, and Analytical 
Solutions in an Underground Stone Mine�´�����D�Q�G���L�V under review at the time of the 
submission of this dissertation. 
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estimation approaches uncertainty characterization and data availability, and results in the 
context of current pillar design standards are presented. 
 

2. FINITE VOLUME MODELING FOR STRESS ESTIMATION  
 
Surface topography and mine design information were used to generate a 3D mine geometry 
in Rhinoceros (Robert McNeel & Associates, 2020). Figure 4.1 shows a plane view of the 
�R�S�H�U�D�W�L�R�Q�¶�V tunnels and the surface topography. A simulation area of 1,000 hectares was 
defined to perform the numerical simulation. The selected area corresponds to the sections 
of the mine where most of the geotechnical data was collected. The dip and strike of the 
orebody were constant, and the area was actively in operation. 
 

 
Figure 4.1. Plane view of the CSM with elevation contours. 

Due to that the underground excavations information was outdated and the stope geometry 
was not fully represented by the triangulated surfaces, a simplified mine geometry aligned 
with current pillar design and excavations was generated. Figure 4.2.a) presents the surface 
topography overlaid with the underground excavations surface triangulations limited by the 
defined modeling area marked on red. Figure 4.2.b) shows the simplified mine excavations 
represented by approximately 415 m long, 12.8 m wide and 30 m high stopes, marked in 
yellow. The crosscuts between stopes are marked in orange, leaving 24 m wide squared 
pillars between stopes. Griddle was used to create a mesh model to import the geometry into 
3DEC (ITASCA, 2017). A finer mesh was used close to the excavations and the ore body. 
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Figure 4.2. Isometric view of the simulation area. A) simulation area overlaid with current underground 

excavation tunnels. b) Simulation area overlaid with simplified mine model. 

 
The orebody was divided into three lithologies, Hangingwall, Ore Body and Footwall. 
Material properties were defined as elastic for each rock unit since the purpose of the 
simulation was to map ultimate pillar stress distribution in the mine. Table 4.1 summarizes 
the elastic properties for each lithology considered in the model. The simulation used the 
rock mass Young modulus estimated using the Generalized Hoek-Brown criteria as presented 
in Table 2.3. The rock mass Young modulus was the only parameter considered as variable.  
 

Table 4.1. Input Material Properties for Numerical Model  

Lithology  

Rock Mass 
Young's Modulus 

(GPa) 

Poisson's 
Ratio 

Density 
(ton/m3) 

Mean SD Mean Mean 

Hangingwall 49.80 6.79 0.19 2.7 

Ore Body 52.25 2.37 0.22 2.7 
Footwall 49.80 3.15 0.21 2.7 

 
 
�,�Q���V�L�W�X���V�W�U�H�V�V���F�R�Q�G�L�W�L�R�Q�V���Z�H�U�H���G�H�I�L�Q�H�G���X�V�L�Q�J���W�K�H���³�L�Q�V�L�W�X���W�R�S�R�J�U�D�S�K�\�´���F�R�P�P�D�Q�G�����7�K�L�V���D�S�S�U�R�D�F�K��
enabled �W�R�� �D�F�F�R�X�Q�W�� �I�R�U�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �F�K�D�Q�J�L�Q�J�� �W�R�S�R�J�U�D�S�K�\�� �R�Q�� �S�L�O�O�D�U�V�¶�� �V�W�U�H�V�V�� �G�L�V�W�U�L�E�X�W�L�R�Q����
Velocity vectors normal to the sides and the bottom of the model were fixed to 0 m/s. Figure 
4.3 shows the vertical stress magnitude of the In-situ condition of the model. Boundary 
conditions are also marked with blue squares indicating a velocity boundary on the faces.  
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Figure 4.3. In-Situ Vertical Stress Model and Boundary Conditions. 

In-Situ stress data presented in Chapter 2 indicated that maximum principal orientation is 
parallel to the strike of the ore body. The model was set so the �R�U�H�E�R�G�\�¶�V���V�W�U�L�N�H��was parallel 
to the X- axis. Due to the lack of direct stress measurements three different horizontal to 
vertical stress ratios were evaluated to define a less favorable condition. Table 4.2 
summarizes the horizontal to vertical stress ratios for each scenario. �ê�Á represents the 
maximum horizontal stress which will be parallel to the X- axis in all three scenarios, �ê�Û 
represents the horizontal stress parallel to the Y- axis, and �ê�é represents the vertical stress 
which is parallel to the Z- axis. In stress scenario 1 all three stress magnitudes were the same. 
In scenario 2, �ê�Á and �ê�é had the same magnitude and �ê�Û was 0.5 times lower than �ê�é. 
Scenario 3 assumed that both �ê�Á and �ê�Û were 1.5 times higher than �ê�é. 
 

Table 4.2. Horizontal to Vertical Stress Ratios for the Different Stress Scenarios 

Scenario 1 �ê�Á 
L �ê�é �ê�Û 
L �ê�é 
Scenario 2 �ê�Á 
L �ê�é  �ê�Û 
L �r�ä�w �ê�é 
Scenario 3 �ê�Á 
L �s�ä�w���ê�é   �ê�Û 
L �s�ä�w �ê�é 

 
The model was run initially until reaching equilibrium to obtain in-situ stress conditions after 
8,000 cycles. Figure 4.3 shows the vertical stress of the in-situ stress model prior to 
excavation. The excavation process took place in one step where all the stopes and crosscuts 
were removed all at once. The simulation was run for additional 10,500 steps using rock mass 
elastic properties until reaching equilibrium. Figure 4.4.a) shows the vertical stress around 
the excavations. 
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Figure 4.4. Case study simplified 3D Pillar Stress Model. a) Vertical Stress Distribution in Pillars. b) Pillar Model 

Arrangement with Zones Colored by Pillar. 

���'�(�&�¶�V���E�X�L�O�W-in scripting language FISH, was used to write a function to map each pillar and 
estimate average vertical stress. Pillars were labeled from 1 to 72 starting from the pillar 1 
on level 8 until pillar 9 on level 1, following the labeling indicted in Figure 4.4.b). All zones 
inside each pillar were assigned a group number corresponding to each pillar label. For 
instance, all zones inside pillar 1 in level 8 were assigned a zone group equals to 1. In Figure 
4.4.b) each pillar is colored according to each pillar number. In addition, the function looped 
through all zones of each pillar and calculated the average vertical stress. A text file was 
generated and the values were reported on this file for further analysis. Average vertical stress 
was also mapped as an additional zone attribute. Figure 4.5 shows each pillar colored by its 
average vertical stress. 

 

 
Figure 4.5. Case study simplified 3D Pillar Model Mapped by Average Vertical Stress on the Pillars. 

Results from the stress estimation model for each stress scenario were compared with 
analytical and 2D numerical solutions presented in Chapter 2. The following section 
describes simplified stochastic approach to account for the effect of rock mass material 
properties variability in pillar stress distribution. 
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3. STOCHASTIC FINITE VOLUME MODELING USING THE POINT ESTIMATE 
METHOD  

 
Once the pillar stress model was evaluated and compared with analytical and 2D numerical 
approaches, a simplified stochastic modeling approach was used to characterize the effect of 
material properties on pillar stress distribution. The Point Estimate Method (PEM) was used 
to account for the effect of material properties variability on pillar stress distribution. The 
PEM is a stochastic analysis method that allows to estimate the mean and standard deviation 
of a resulting parameter by only accounting for a limited amount of realizations. The tested 
realizations are selected based on point estimates of the input parameters. The point estimates 
are defined based on the mean and standard deviations of each input parameter. There are 
two-point estimates for each input parameter. The first one is one standard deviation above 
the mean value of the parameter (�ä
E�ê�;, and the second one is one standard deviation below 
the mean value of the parameter (�ä
F �ê�;. The mean and standard deviation of the output 
distribution are calculated based on output results obtained from the point estimates 
permutation. Figure 4.6 presents a visual description of this approach, where a numerical 
model is run considering the input parameters point estimates and results are used to estimate 
the first and second moment of the resulting distribution. This method has been widely used 
and implemented in geotechnical engineering. In recent years it has been applied in mining 
engineering problems to e�V�W�L�P�D�W�H���U�R�F�N���P�D�V�V���S�U�R�S�H�U�W�L�H�V�¶���Y�D�U�L�D�E�L�O�L�W�\���D�Q�G���W�K�H���H�I�I�H�F�W���R�I���P�D�W�H�U�L�D�O�V��
variability in stope design (Idris & Nordlund, 2019; Wesseloo & Mbenza, 2020). The benefit 
of this method is that with fewer simulations (less computing time), one can obtain an idea 
of output variability of certain parameter of interest (characterize uncertainty). 

 

Figure 4.6. Point Estimate Method Visual Explanation, modified after (Wesseloo & Mbenza, 2020). 

 



98 
 

An exploratory data analysis was performed in R Studio to evaluate potential correlation 
between input parameters. In addition, the correlation between deformation moduli amongst 
lithologies was explored, as shown in Figure 4.7. The variables selected for the stochastic 
�D�Q�D�O�\�V�H�V�� �Z�H�U�H�� �H�D�F�K�� �O�L�W�K�R�O�R�J�\�¶�V�� �G�H�I�R�U�Pation modulus. Due to the weak to non-correlation 
between deformation moduli amongst lithologies observed on the exploratory data analysis, 
and the limited available data, the simulations were run assuming that the parameters were 
not correlated.  

 

Figure 4.7�����&�R�U�U�H�O�D�W�L�R�Q���P�D�W�U�L�[���E�H�W�Z�H�H�Q���O�L�W�K�R�O�R�J�L�H�V�¶���(�O�D�V�W�L�F���0�R�G�X�O�L�� 

 
Table 4.3. Point Estimate Method trials using a 2n factorial scheme for the Deformation Modulus of Each 

Lithology  

PEM Trials  

Trials  
E Hangingwall 

[MPa] 
E Orebody 

[MPa] 
E Footwall 

[MPa] 
1 56.58 54.62 52.95 
2 43.00 54.62 52.95 
3 56.59 49.88 52.95 
4 43.01 49.88 52.95 
5 56.59 54.62 46.65 
6 43.01 54.62 46.65 
7 56.59 49.88 46.65 
8 43.01 49.88 46.65 

 

A 2n factorial scheme was defined to determine the point estimate method trials. Table 4.3 
�V�K�R�Z�V���W�K�H���S�R�L�Q�W���H�V�W�L�P�D�W�H�V���I�R�U���H�D�F�K���O�L�W�K�R�O�R�J�\�¶�V���G�H�I�R�U�P�D�W�L�R�Q���P�R�G�X�O�X�V���D�W���H�D�F�K���V�L�P�X�O�D�W�L�R�Q�����(�D�F�K��
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trial was run for each stress scenario obtaining a total of 24 pillar stress estimation models, 
with an average processing time of 5 hours and 42 minutes. The output variable of interest 
was the average vertical pillar stress calculated using the previously mentioned FISH 
Function. The pillar vertical stress averaged through all zones within the pillar was calculated 
�I�R�U���H�D�F�K���R�I���W�K�H���������S�L�O�O�D�U�V���L�Q���W�K�H���P�R�G�H�O�¶�V���S�L�O�O�D�U���D�U�U�D�Q�J�H�P�H�Q�W�����7�K�H�U�H�I�R�U�H�����D���������[�������V�L�]�H���Y�H�F�W�R�U��
containing the average vertical pillar stresses was the result for each simulation. 

Since no correlation was assumed between input parameters the expected value (Average) 
for each pillar stress �F�R�Q�V�L�G�H�U�L�Q�J���H�O�D�V�W�L�F���S�U�R�S�H�U�W�L�H�V�¶���Y�D�U�L�D�E�L�O�L�W�\ was calculated using equation 
4.1, where �4�Ü, is the vertical pillar stress vector for the ith simulation, and n is the total number 
of simulations. 

�Æ�~�‹�™�›�’�š�™
L

Ú


Û�”
�Ã �~�•


Û�”
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Ú      (4.1) 

Pillar stress variance was calculated using equation 4.2, where �ä�Ë�Ø�æ�è�ß�ç�æ is the average vertical 
�S�L�O�O�D�U���V�W�U�H�V�V���Y�H�F�W�R�U���F�R�Q�V�L�G�H�U�L�Q�J���H�O�D�V�W�L�F���S�U�R�S�H�U�W�L�H�V�¶���Y�D�U�L�D�E�L�O�L�W�\�����S�Ü is a weighting factor for each 

trial trail (since there was no correlation between in-put variables this weighting is 
�5

�6�Ù
 for all 

simulations), and���4�Ü, is the vertical pillar stress vector for the ith simulation. 
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Results obtained from each simulation were exported into a .csv file. R studio was used to 
compute the average and standard deviation for each pillar using equations 4.1 and 4.2, 
respectively. Once average and standard deviations were calculated for each pillar in the 
model a FISH function was written to map back the pillars in the model with the calculated 
properties.  

4. MODELING RESULTS  
 

Results from the 3D stress estimation models were compared with analytical and 2-D Finite 
Element numerical modeling results discussed in Chapter 2. Figure 4.8 shows the comparison 
of analytical and 2D numerical modeling approaches with those obtained using 3DEC in this 
section for each stress scenario. For this comparison, the average pillar stress of all pillars at 
the same depth (or in the same level) was calculated and plotted against their depth. Three-
dimensional pillar stress estimation results fall between analytical and 2D numerical stress 
estimation results. Possibly, this indicates that both the analytical and the 2D numerical 
solution fail to capture actual pillar stress concentration. The analytical solution 
overestimates normal stresses, whereas, the 2D FEM approach underestimates pillar stress 
magnitude. 

 

 



100 
 

 

Figure 4.8. Analytical vs.2D and 3D Numerical Normal Stress Estimation on the CSM Pillars. 

Figure 4.9 summarizes the average vertical pillar stress for each pillar within the analyzed 
pillar arrangement for each stress scenario. In addition, 95% confidente intervals were 
marked with discontinuous lines taking into account the standard deviation estimated using 
the PEM. All pillars at the same level are highlighted indicating that they are at the same 
depth. It is possible to observe that there is varaibility in average pillar stress even in those 
pillars that are at the same depth. Changes in the surface topography could be one of the 
reasos for such variability. Another factor that should be considered is that pillars on the 
abutments that are subjected to a lower load. This could be due to that  the free faces of those 
pillars are not fully exposed, therefore some of the load could be shed to the abutments of the 
excavated area. 
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Figure 4.9. Average and 95% Confidence Interval for Pillar Stresses at the CSM for Each Stress Scenario. 

Figure 4.10 indicates standard deviation values obtained for each pillar using the point 
estimate method. In generall, most of the pillars for the three stress scenarios have a standard 
deviation ranging from 0.002 to 0.5 MPa. There are two pillars in particular that present 
higher stresses and standard deviations in comparison to the others, pillar 16, and pillar 29. 
Figure 4.11 shows an isometric view of the pillar arrangement. The top figures represent 
average vertical stress on the pillars for each of the stress scenarios. Pillar stresses are plotted 
using the same scale for each stress scenario. Pillar stress magnitude increases as the 
horizontal to vertical stress ratio (�G�â) moves from 0.5 (Stress scenario 2) to 1.0 (Stress 
Scenario 1), and from 1.0 to 1.5 (Stress Scenario 3). Table 4.4 summarizes minimum and 
maximum average vertical pillar stress for each stress scenario. Another important 
observation is that pillars that present higher average stresses were also those that presented 
higher standard deviations. 
 

Table 4.4. Minimum and Maximum Pillar Average Vertical Stress for Each Stress Scenario 

Stress Scenario 
Minimum Pillar Average 

Vertical Stress [MPa] 
Maximum Pillar Average 

Vertical Stress [MPa] 
Scenario 2- �ê�Û 
L �r�ä�w �ê�é 6.73 17.84 
Scenario 1 -  �ê�Û 
L �ê�é 7.19 19.49 
Scenario 3 - �ê�Û 
L �s�ä�w �ê�é 9.37 23.44 
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Figure 4.10. Pillar Stresses Standard Deviation at the CSM for Each Stress Scenario.  

 

 

Figure 4.11. Isometric View of Pillar Vertical Stress Average and Standard Deviation for each stress scenario. 

A top view of the pillar arrangement was overlaid with surface topography elevation contours 
to evaluate why particularly pillars 16 and29 presented higher average and standard deviation 
vertical stress values. Figure 4.12 shows that stress distribution on the pillar arrangement 
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does follow the trend of surface topography, where the central area of the pillar arrangement 
coincides with the valleys on the surface.  
 

 
Figure 4.12. Plan view of the Pillar Arrangement Colored by Average Vertical Pillar Stress for the Most 

Unfavorable Stress Scenario (Stress Scenario 3), overlaid with surface elevation contours. 

5. DISCUSSION 
 
Results from this analysis yield a series of observations that are worth to note with in this 
work. These observations are divided in three sections: 1) Stress estimation approaches, 2) 
Uncertainty characterization and data availability, and 3) Results in the context of current 
pillar design standards. 
 
In this chapter, a 3D finite volume model was used to estimate pillar stresses in a simplified 
CSM model. Results from this assessment were compared with those obtained in Chapter 2 
from a 2D Finite element numerical model, and an analytical solution. Results indicated that 
both the 2D numerical solution and the analytical approach fail to reproduce results from the 
3D model. Both, 2D numerical solutions and analytical approaches are tied to a series of 
assumptions that fail to represent actual stress conditions in the field. For instance, the 
inclined pillar stress formula assumes that the surface topography is flat, neglects the self-
supporting capacity of the ground (pressure arch), and does not consider the effect of the out-
of-plane stress. These assumptions lead to an overestimation of pillar stress. Although, 2D 
numerical approaches allow to consider for the effect of topography at a particular cross-
section, they assume that the pillar and the surface topography are infinite in length, 
neglecting the squared cross-section of the actual pillar. These assumptions cause 2D 
numerical solutions to underestimate stress concentration on pillars. Similar observations 
have been done by Elmo, et al. when assessing the role of 2D and 3D numerical simulation 
in pillar stress estimation (2021). Not only, are these results valid in underground pillar 
design, but also, they are applicable to the analysis of rock slope stability in surface 
operations. Obregon compared 2D and 3D numerical solutions in slope stability problems, 
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obtaining that 2D solutions tend to be conservative (2020). He also observed that 3D slope 
stability solutions produce similar results to 2D when the slope length to height ratio is greater 
than 10 (Obregon, 2020).  
 
One of the objectives of this chapter was to characterize pillar stress variability. The Point 
Estimate Method was used as a practical stochastic approach to estimate the effect of rock 
�P�D�V�V�� �H�O�D�V�W�L�F�� �S�U�R�S�H�U�W�L�H�V�¶�� �Y�D�U�L�D�E�L�O�L�W�\�� �R�Q�� �S�L�O�O�D�U�� �V�W�U�H�V�V�� �G�L�V�W�U�L�E�X�W�L�R�Q�� This method successfully 
enabled to estimate standard deviation values for each pillar in reasonable processing times 
(a total of 137 hours). It is worth mentioning, that the only parameter considered as variable 
was the rock mass elastic modulus, and that no correlation was assumed between these 
parameters. These assumptions were reasonable given the pre-existing data, and the geologic 
nature of the deposit. It is encouraged to explore the effect of other parameters in pillar stress 
variability such as the potential variability of rock density and deformation modulus with 
depth, and the water table. 
 
The NIOSH Pillar and roof Span Design Guidelines for Underground Stone Mines suggest 
the usage of the tributary area load method for estimating pillar stresses. This chapter 
indicates that results obtained from the tributary area formula overestimate actual pillar 
stresses for the mine. The tributary area method results in stress estimations that are 50% 
higher than the values obtained for the stress scenario 1, and 20% higher than the values 
obtained from stress scenario 3 (the less favorable stress condition). From a safe-design 
standpoint, the tributary area method is valid for dimensioning pillars in underground dipping 
stone mines. However, not considering the significant difference between both estimations, 
may compromise valuable reserves. In addition, it is worth mentioning that stress 
measurements are not common in underground stone mine operations. Simulations from this 
work also showed that the horizontal to vertical stress ratio is a parameter that has significant 
influence on pillar stress magnitude, therefore, a better characterization of this parameter may 
provide valuable information in the pillar design process. 
 

6. CONCLUSIONS 
 
In this paper a three-dimensional Finite volume modeling approach was used to evaluate 
pillar stress distribution in the CSM considering a simplified mine design, actual surface 
topography, and rock mass properties for each lithology. Three different stress scenarios were 
evaluated to account for the uncertainty related to current stress conditions in the mine. In 
addition, a stochastic approach using the point estimate method was implemented to evaluate 
the effect of elastic properties in pillar stress variability. Some of the conclusions derived 
from this section are listed below: 

�x The 3D FVM approach presented a reliable method to estimate pillar stress in the case 
study mine. This approach addresses some of the assumptions and limitations from other 
stress estimation methods, allowing for a more precise estimation. 
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�x Results from 2D FEM, 3D FVM and analytical solutions yield different pillar stress 
estimation values. It is important that the practitioner understands the limitations and 
applicability of each estimation technique. Ideally, it is recommended to compare 
different solutions so the designs are based on informed decisions. In addition, further 
site investigation and monitoring is recommended to further refine any engineering 
design derived from this study. 

 
�x The horizontal to vertical stress ratio has a significant influence on pillar stresses. 

Therefore, it is recommended to perform in-situ stress measurements to reduce the 
uncertainty associated to this parameter. In case, it is impossible or uneconomical to 
perform such measurements it is recommended to evaluate numerical models assuming 
different scenarios and design based on the worst-case scenario. 

 
�x A simplified stochastic modeling approach demonstrated that variability in rock mass 

elastic properties, does have an impact in pillar stress magnitude. The implementation of 
these stochastic analysis techniques is beneficial in the uncertainty characterization 
during the design process. 

 
�x Results obtained from these analyses can be implemented to risk-based pillar design 

approaches such as the methodology proposed in this work.  
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Chapter 5 A Risk Based Pillar Design Approach Combining Finite 
Volume Modeling for Stress Estimation and Stochastic DEM for Pillar 

Strength Determination6 
 

1. INTRODUCTION  
 
Pillar design is one of the most critical tasks during underground mine design. The design of 
these support elements must ensure maximum resource recovery while maintaining long term 
stability of the workings. Recent pillar collapses have demonstrated that these events pose a 
great risk not only to underground mine infrastructure, but also to the safety of mine workers. 
Five pillar collapse events have occurred in the U.S. between 2015 and 2022, where only one 
have caused serious injuries to mine workers, the other four events can be considered as near 
�P�L�V�V�H�V�����6�R�P�H���R�I���W�K�H�V�H���F�R�O�O�D�S�V�H�V���K�D�Y�H���R�F�F�X�U�U�H�G���L�Q���D�U�H�D�V���F�R�Q�V�L�G�H�U�H�G���D�V���³�O�H�J�D�F�\���Z�R�U�N�L�Q�J�V�´���D�V��
described by Rumbaugh, Mark, & Kostecki (in press). Chapter 1 discussed the importance 
of implementing risk-based analysis methods into pillar design and proposed a risk-based 
approach for pillar design and stability assessment. The proposed methodology is based on 
the integration of stochastic discrete element modeling for pillar strength estimation, and 
stochastic continuous modeling for pillar stress determination. The reliability method was 
proposed as a means to combine both results to estimate pillar probability of failure.  
 
This chapter combines results from previous sections of this work to evaluate pillar stability 
based on the proposed risk-based pillar design methodology. In addition, results from 
numerical models used in this work are validated by comparing its results with 3D-
Photorealisitic pillar models obtained from drone and terrestrial based LiDAR and 
Photogrammetric surveys. This chapter is divided in four sections where: Section 1 uses the 
results from bonded block pillar strength estimation techniques discussed in Chapter 3 to 
evaluate the effect of discontinuities on pillar strength estimation and define pillar average 
and standard deviation values; Section 2 summarizes the stochastic Finite Volume Modeling 
results for pillar stress estimation from chapter 4; Section 3 estimates the case study mine 
pillar probability of failure by combining values obtained in sections 1 and 2 using the 
reliability method. This section discusses the results in the context of current ground control 
and management best practices. Finally, Section 4 presents the results obtained from the 
LiDAR and photogrammetric surveys and compare those with a fractured pillar stability 
assessment using the bonded block and Filtered DFN model. 
 
 

                                                 
6 This chapter is to be submitted as a stand-alone journal paper in the Rock Mechanics and 
Rock Engineering journal. �7�K�H���S�D�S�H�U���Z�D�V���H�Q�W�L�W�O�H�G���³�$���5�L�V�N-Based Pillar Design Approach 
Combining Stochastic Continuous and Discontinuous Modeling in an Underground Stone 
�0�L�Q�H�´�� 



108 
 

2. STOCHASTIC DISCRETE ELEMENT MODELING FOR PILLAR STRENGTH 
ESTIMATION  

 
Chapter 3 discussed discrete element numerical modeling and presented a modeling approach 
to estimate pillar strength in limestone mines. This numerical modeling approach was based 
�L�Q���W�K�H���X�V�D�J�H���R�I���E�R�Q�G�H�G���E�O�R�F�N�V���W�R���U�H�S�U�H�V�H�Q�W���³�L�Q�W�D�F�W���U�R�F�N�´���P�D�W�H�U�L�D�O���D�Q�G���W�K�H���X�V�D�J�H���R�I���D���)�L�O�W�H�U�H�G��
Discrete Fracture Network to account explicitly for the presence of discontinuities in rock 
pillars. The calibration of the model was based on the industry accepted NIOSH pillar 
strength formula and allowed to evaluate the effect of discontinuities in pillar strength. This 
section will present the stochastic results from this approach and will discuss results as an 
input for the estimation of pillar probability of failure. 
 
Once intact pillar bonded block contact properties were calibrated so intact pillar strength 
matched the NIOSH empirical equation values (as shown in Figure 3.20), the effect of 
discontinuities on pillar strength was evaluated. This process was done by intercepting the 
intact pillar model with the filtered discrete fracture network model and simulating the failure 
of the pillar in compression as described in Figure 3.5. A total of 15 stochastic realizations 
were run for each of the evaluated pillar W/H ratios (0.5, 0.8 and 1.0). The stress-
displacement curves were recorded for each simulation, as well as the processing time per 
simulation. Figure 5.1 shows the stress deformation curve for a different realization of each 
of the W/H ratios. The red lines indicate pre-existing fractures and bonded block contact 
breakage due to shear or tensile failure on a cross section of the tested pillars. 
 

 

Figure 5.1. Stochastic Pillar Strength Estimation Using the Bonded Block Method and a Filtered DFN. a) Pillar 
strength test a 0.5 width-to-height ratio pillar, b) Pillar strength test a 0.8 width-to-height ratio pillar, Pillar 

strength test a 1.0 width-to-height ratio pillar.  

Results from the simulations were recorded in an excel data base and fractured pillar strength 
and deformation modulus were calculated from the stress-displacement curves. A fracture 
pillar strength summary was imported into R-Studio and results were compared with the 
NIOSH Pillar Strength assuming no discontinuities and the NIOSH Case Study Mine Pillar 
Strength. The R-Studio �³fitdistrplus�  ́library was used to fit probability distribution functions 
for each fractured pillar strength by W/H ratio, and mean, standard deviation, and coefficient 
of variation (COV) values were calculated for each case.  
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Figure 5.2 summarizes the results from the stochastic discrete element modeling analysis, 
and compare numerical modeling results with the NIOSH empirical pillar strength 
estimations. The black dotted line represents the 95% confidence interval (C.I.) for the 
NIOSH CSM strength curve by considering intact rock uniaxial compressive strength 
variability. Results indicate that the presence of discontinuities does affect pillar strength for 
all W/H ratios. In all three cases, the average fractured pillar strength yielded values that were 
lower than the intact pillar strength calibrated value as indicated in Table 5.1. For the 0.5 
W/H ratio pillar, the fracture pillar strength was 95% the value of the NIOSH intact pillar 
strength; For the 0.8 W/H ratio pillar the fracture pillar strength was 96% the strength of the 
intact pillar; and for the 1.0 W/H ratio pillar the strength of the pillar considering the effect 
of discontinuities was 98% the strength of the intact pillar. Discontinuities had less effect on 
the pillars with higher W/H ratios.  
 

 

Figure 5.2. Stochastic Discrete Element Modeling Pillar Strength Results for Multiple Width to Height Ratios 
Compared with NIOSH Empirical Pil lar Strength Estimations. 

 
Results were also compared with the NIOSH CSM pillar strength values. It was observed 
that for all three W/H ratio cases, the stochastic DEM fractured pillar strength was greater 
than the values estimated using the NIOSH empirical strength formula. The Stochastic 
Discrete Element Model Pillar Strengths were 5%, 6% and 8% higher than the NIOSH CSM 
Pillar Strength for the 0.5, 0.8 and 1.0 W/H ratio pillars, respectively. All stochastic DEM 
pillar strength estimations were within the 95% C.I. of the NIOSH CSM pillar strength 
estimation. 
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Numerical models used to derive the NIOSH LDF assumed that discontinuities were 
continuous across the entire pillar producing conservative results (Esterhuizen, Dolinar, & 
Ellenberger, 2008). The DFNs used in these simulations considered the effect of joint size in 
pillar behavior. This consideration may enable the representation of rock bridges within the 
rock pillar, which may yield higher strengths than assuming fully continuous fractures. The 
effect of discontinuity size on pillar strength effect has been documented in the past by other 
authors (Zhang, Stead, & Elmo, 2015). 
 

Table 5.1. Minimum  and Maximum Pillar Average Vertical Stress for Each Stress Scenario 

W/H 
Ratio 

Fractured Pillar Strength  Fractured Pillar 
Strength / NIOSH 

Intact Pillar Strength 

Fractured Pillar 
Strength / NIOSH 

CSM Pillar Strength  Average 
[MPa] 

Standard 
Deviation [MPa] 

COV [%]  

0.5 29.7 0.42 1.41% 0.95 1.05 
0.8 34.6 0.54 1.56% 0.96 1.06 
1 37.7 0.49 1.29% 0.98 1.08 

 
�7�K�H�� �V�W�R�F�K�D�V�W�L�F�� �D�Q�D�O�\�V�L�V�� �H�Q�D�E�O�H�G���W�R�� �F�K�D�U�D�F�W�H�U�L�]�H�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶�� �Y�D�U�L�D�E�L�O�L�W�\�� �R�Q��
pillar strength variability. Figure 5.3 compares the experimental cumulative density functions 
for all fractured pillar strengths for each W/H ratio. The red line represents the normal 
theoretical cumulative density function (CDF) for each case. All stochastic DEM pillar 
strength empirical CDFs show good agreement with the Normal CDF model, concluding that 
the Stochastic DEM Pillar strength values were all normally distributed. Table 5.1 shows the 
average and standard deviation fractured pillar strength for each W/H ratio. The COV for the 
stochastic DEM pillar strength estimations were 1.41% for the 0.5 W/H ratio pillar, 1.56% 
for the 0.8 W/H ratio pillar, and 1.29% for the 1.0 W/H ratio pillar. 

 
Figure 5.3. Theoretical and Experimental Cumulative Density Functions for Fractured Pillar Strengths for 

Different W/H ratios.  
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Figure 5.4 shows the histograms and the fitted probability distribution functions (PDFs) for 
the stochastic DEM pillar strength estimation for each pillar W/H ratio. It is possible to 
observe that all fitted normal distributions align well with the SDEM pillar strength 
histograms. These results are overlaid with the PDF of the NIOSH Case Study Mine Pillar 
Strength considering intact rock variability. As discussed in Chapter 2 intact rock UCS has a 
standard deviation of 21.25 MPa. By considering this value on the NIOSH empirical pillar 
strength equation, the NIOSH CSM pillar strength standard deviation yields a value of 4.36 
MPa, as recorded in Table 2.10. Similarly, The NIOSH CSM Pillar strength COV yields a 
value of 13.3%. 

 

Figure 5.4. Histograms and Probability Distribution Fu nctions for Each W/H ratio Using the Stochastic DEM 
Pillar Strength Estimation Approached Compared to the NIOSH Empirical Pillar Strength Distribution. 

A total computing time of 293 hours and 55 minutes was recorded for all 45 simulations, 
averaging 6 hours and 26 minutes per each simulation. Table 5.2 summarizes total and 
average computing time for each pillar W/H ratio. As previously mentioned a total of 15 
realizations were run for each scenario. The 0.5 W/H ratio pillars took on average 8 hours 
and 59 minutes per model, the 0.8 W/H ratio pillar simulations took on average 5 hours and 
4 minutes, and the 1.0 W/H ratio pillars took 5 hours and 4 minutes per simulation. Slender 
pillars took longer processing times since the bonded block size, and zone size were a 
function of the pillar width as shown in Table 3.7. Therefore, slender pillars had more 
elements for computation. It is worth mentioning that this total computing time does not 
consider all the time expended in model calibration efforts.   
 

Table 5.2. Computing Time Results for the Stochastic DEM Pillar Strength Estimation Approach for 15 
simulations for each W/H Ratio. 

Computing Time 
Width to Height Ratio Total 

0.5 0.80 1.00 
Total 143 h 58 min 78 h 56 min 71 h 0 min 293 h 55 min 

Average 8 h 59 min 5 h 15 min 5 h 4 min 6 h 26 min 
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Results from the stochastic DEM analysis indicates that even though the presence of 
discontinuity sets does have an impact on pillar strength variability, their effect is minimum 
when compared with other parameters such as intact rock variability that has a higher COV. 
As it was shown, the COV for the for the NIOSH CSM pillar strength is 10-fold the COV 
obtained for Stochastic DEM pillar strength when considering discontinuities variability. 
These results indicate that characterizing the effect of discontinuities on pillar strength 
variability may not be as relevant as characterizing and having better estimates of intact rock 
compressive strength and its variability. The time and resources invested in running 
stochastic simulations to evaluate the effect of discontinuities on pillar strength variability, 
may be reallocated to other tasks that may have greater contribution on uncertainty 
characterization. However, it is worth mentioning that the effect of discontinuities does have 
to be considered in the estimation of pillar strength, since this work, just as many others 
authors have demonstrated, that the presence of discontinuities reduces the strength of rock 
pillars (Esterhuizen G. , 2000; Elmo & Stead, 2010; Zhang Y. , 2014; Elmo, Cammarata, & 
Brasile, 2021). 
 
In the context of this work, results from the stochastic DEM for pillar strength determination 
are valuable since allowed to estimate a more realistic pillar strength range of values for 
different pillar geometries considering the case study mine site specific conditions. Results 
from this section will be used to estimate pillar probability of failure in the following sections. 
For the probability estimation section, the best estimate for pillar strength will be the Average 
Stochastic DEM Pillar strength Estimated Value (34.6 MPa for 0.8 W/H-ratio Pillars). For 
pillar strength standard deviation, the selected value will be the NIOSH CSM pillar strength 
standard deviation (4.36 MPa).  
 

3. STOCHASTIC FINITE VOLUME MODELING FOR PILLAR STRE SS 
ESTIMATION  

 
Chapter 4 presented a stochastic approach for pillar stress estimation in the case study 
mine. This section summarizes the methods and results obtained in the stochastic pillar 
stress estimation analysis.  
 
A 3D Finite Volume Pillar Stress Model for a simplified section of the case study mine was 
performed using the software 3DEC. This model used an elastic modeling approach 
considering rock mass properties reported in Table 2.3. For the simulation, three stress 
scenarios were defined due to the lack of information with regards to in-situ stress 
measurements. Table 4.2 summarizes each of the three scenarios. The Point Estimate Method 
was used to estimate the effect of rock mass elastic properties variability on pillar stress 
distribution. A total of 24 simulations were run, 8 per each stress scenario. Results from each 
of the 8 simulations were used to estimate average and standard deviation vertical stress 
values for each pillar in the simplified model. Figure 5.5.a) shows each of the pillar marked 
on the simplified mine model. Pillars are labeled from 1 to 72, starting at the bottom left of 
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the pillar arrangement. Figure 5.5.b) presents the average vertical pillar stress for one of the 
stress scenarios.  
 

 
Figure 5.5. Finite Volume Numerical Analysis to Estimate Stresses around the Case Study Mine 

Results from this work enabled to estimate average and standard deviation vertical stress for 
each individual pillar within the simplified mine model under evaluated stress scenario. It 
was observed that vertical pillar stress increased with depth due to the dipping nature of the 
deposit. The effect of surface topography was also evidenced in these simulations since pillar 
stress magnitude followed the surface elevation contour trends. Pillars on the abutments of 
the pillar arrangement presented lower stresses, possibly due to the pressure arch load 
developed due to the self-supporting capacity of the ground on the abutments. Stress scenario 
3 (�G�â 
L �s�ä�w�; yielded the highest values for average pillar stress with a magnitude of 23.44 
MPa, followed by stress scenario 1 (�G�â 
L �s�ä�r�;which reported a maximum pillar stress 
magnitude of 19.49 MPa, and then by stress scenario 2 (�G�â 
L �r�ä�w�; with a maximum pillar 
stress value of 17.84 MPa. Another important observation was that pillars that presented 
higher stresses, where the same ones that reported higher standard deviation values. Mean 
and standard deviation values for average vertical stress for each pillar under each stress 
scenario will be used to estimate pillar probabilities of failure in the following section.  
 

4. PILLAR PROBABILITY OF FAILURE ESTIMATION  
 
As discussed in Chapter 2, the reliability analysis method is a risk analysis approach that 
allows to estimate the probability of failure of certain system by considering the probability 
distribution functions of the different variables affecting the system. This section will 
describe the calculation procedure used to estimate pillar probability of failure in the case 
study mine based on the results obtained from the previous two sections. Results obtained 
from these calculations are presented and will be discussed in the context of the mining 
operation, current pillar design standards, and ground control management best practices. 
 
The simplified pillar stress estimation model was used as the base model to estimate pillar 
probability of failure. The model geometry and its results, as shown in Figure 5.5, were used 
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to 1) obtain pillar stress average and standard deviation for each pillar in the pillar 
arrangement, and 2) report pillar probability of failure results after calculation. 
 
The software R-Studio was used to compute the probability of failure for each pillar. As 
described in the previous section, the results for the stochastic pillar stress estimation model 
was a 72-row x 2-column matrix where each row represented each pillar in the pillar 
arrangement following the labeling indicated in Figure 5.5.a). The first column of that 
resulting vector reported the average vertical pillar stress, and the second column contained 
the standard deviation for each pillar. A total of three matrixes were obtained, one for each 
pillar stress scenario evaluated, as described in Table 4.2.  
 
Results from the stochastic DEM pillar strength estimation stage, and those of the stochastic 
FVM stress estimation were used to estimate probability of failure for each individual pillar 
using the equations 2.25, 2.27, 2.31, and 2.32, as described in Chapter 2. A Factor of Safety 
was also calculated for each pillar according to Equation 2.21. For these calculations, it was 
assumed that pillar strength, and pillar stress were not correlated, and that all pillars in the 
pillar arrangement had the same W/H ratio. Therefore, the average and standard deviation 
pillar strength was the same for all pillars. The average and standard deviation vertical pillar 
stress were variable according to the stress simulation stochastic analysis.  
 
A probability of failure and a Factor of Safety were calculated for each pillar at each stress 
scenario. Figure 5.6 summarizes the probability of failure for each pillar in the CSM 
simplified pillar model. Pillars are labeled from 1 to 72, and are highlighted by level. This 
means that pillars contained in the same level are at approximately the same depth from the 
mine portal. The maximum probabilities of failure were 0.056%, 0.014%, and 0.825% for 
stress scenarios 1, 2 and 3, respectively. In all cases pillar #16 was the pillar with the highest 
probability of failure. Stress scenario 2 (�G�â 
L �r�ä�w�; yielded the lower probability of failure 
values, whereas stress scenario 3 (�G�â 
L �s�ä�w�; yielded the highest probabilities of failure. From 
levels 1 to 4, all pillars seem to have a negligible probability of failure in all stress scenarios. 
However, for stress scenario 3, pillar #29 located at level 5, presents a probability of failure 
of 0.199%. A value significantly higher than those obtained for the other two stress scenarios. 
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Figure 5.6. Pillar Probability of Failure for Each Stress Scenario 

 
Current limestone pillar design guidelines do not define probability of failure as an 
acceptance criterion (Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011). Therefore, 
there is not an actual definition of what an acceptable probability of failure value could be 
for underground stone mines. Current guidelines define a 1.8 Probability of Failure as the 
acceptable design parameter for pillars in Limestone mines in the United States. Figure 5.7 
presents the calculated Pillar Factor of Safety for the Case Study Mine for each stress scenario 
evaluated. For stress scenario 2 (�G�â 
L �r�ä�w), all pillars presented a Factor of Safety above the 
design standard of 1.8. The minimum Factor of safety obtained in this case was 1.94, 
calculated for pillar 16. For stress scenario 1 (�G�â 
L �s�ä�r), only one pillar did not meet the 
design criteria of 1.8. The pillar that did not meet this criterion was pillar #16 in the level 7, 
with a Factor of Safety of 1.77. In the case of stress scenario 3 (�G�â 
L �s�ä�w), 17 pillar yielded 
factor of safety values lower than the minimum acceptable value of 1.8. Table 5.3 
summarizes the factor of safety values and probability of failures for each of the 17 pillars 
with a factor of safety lower than 1.8 assuming the worst-case scenario for stress conditions. 
In this case, the pillar with the lowest factor of safety was again pillar #16, with a Factor of 
Safety of 1.48. 
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Figure 5.7. Pillar Factor of Safety for Each Stress Scenario 

 
 
 

Table 5.3. Computing Time Results for the Stochastic DEM Pillar Strength Estimation Approach for 15 
simulations for each W/H Ratio. 

Stress Scenario 3 - �Ì �t 
L �Ì �Ž 
L 
Ú�ä
Þ���Ì �œ  

Pillar # Factor of Safety Probability of 
Failure [%]  

2 1.73 0.08 
3 1.64 0.18 
4 1.69 0.11 
5 1.68 0.13 
6 1.68 0.12 
7 1.66 0.16 
8 1.68 0.12 
11 1.77 0.06 
12 1.74 0.07 
13 1.70 0.11 
14 1.74 0.07 
15 1.70 0.11 
16 1.48 0.83 
17 1.76 0.06 
24 1.75 0.07 
25 1.70 0.11 
29 1.69 0.20 
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Figure 5.8 shows a plan view of the case study mine pillar arrangement overlaid with the 
surface contour elevations. Pillars are mapped by their calculated probability of failure for 
each different stress scenario. Figure 5.8.a) represents the results from stress scenario 2 (�G�â 
L
�r�ä�w), Figure 5.8.b) shows the results from stress scenario 1 (�G�â 
L �s�ä�r), and Figure 5.8.c) 
shows the results from stress scenario 3 (�G�â 
L �s�ä�w). Pillars with higher probabilities of failure 
were the same in all stress scenarios. However, the probability of failure value was in a 
different scale. Pillars with higher probabilities of failure are those that also presented higher 
stress magnitudes and variability. These pillars were also associated to the surface change of 
topography, and the dipping nature of the deposit. 
 
 
 

 
Figure 5.8. Top view of the simplified Case study mine model colored by Probability of failure for each stress 

scenario. a) Stress Scenario 2 �± ko =0.5, b) Stress Scenario 1 �± ko =1.0, and c) Stress Scenario 3 �± ko =1.5. 

 
 
Even though, there is not any defined acceptable probability of failure in underground stone 
mines, the industry accepted guideline of a 1.8 Factor of Safety, and the design methodology 
presented in this work can help in determining what an acceptable value for Pillar Probability 
of Failure could be. Figure 5.9 presents a plot indicating the factor of safety and the 
probability of failure for all the analyzed pillars at the different stress conditions. In this case, 
the Factor of safety follows a negative logarithmic trend with respect to the probability of 
failure. Considering the trend of the plotted data, and the 1.8 Factor of Safety, a maximum 
acceptable probability of failure of 0.05% could be defined. It is worth mentioning that this 
value is only applicable for the case study mine. In order to derive an acceptable probability 
of failure for other mine sites a similar exercise should be performed. This is due to that these 
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results are dependent on the estimated standard deviations, which are only applicable to the 
mine where this study took place. 

 
Figure 5.9. Pillar Factor of Safety vs. Probability of Failure for the Case Study Mine. 

Probability of failure is a term that initially may sound outrageous, just because the word 
failure is implicit on the term. However, this concept should be adopted and implemented as 
an additional tool to acknowledge the inherent changing nature of geo-materials. Designing 
a mine based only on factors of safety does not make the uncertainty associated to design 
parameters go away. Conversely, this prevents engineers and decision makers to 
acknowledge that parameters such as intact rock properties, discontinuity networks strength 
and spatiality, stress magnitudes and orientations, and even operational conditions, have 
variability that ultimately affects pillar performance. Elmo & Stead discussed the role of 
behavioral factors and cognitive bias in the rock engineering practice (2020). They discussed 
how these two concepts prevent the adoption of new characterization and design approaches. 
 
International ground control best practices recommend the implementation of ground control 
�P�D�Q�D�J�H�P�H�Q�W���S�O�D�Q�V�����*�&�0�3�V�����D�V���D�Q���D�G�P�L�Q�L�V�W�U�D�W�L�Y�H���F�R�Q�W�U�R�O���W�R�R�O���W�R���H�Q�V�X�U�H���W�K�H���R�S�H�U�D�W�L�R�Q�¶�V���V�D�I�H�W�\��
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associated to ground instability issues (Mine Health and Safety Inspectorate, 2001; Potvin & 
Nedin, 2003; Mark, 2014; Department of Mines, Industry Regulation and Safety, 2019; 
Galvin, 2020; Emery, Canbulat, & Zhang, 2020). A GCMP may be summarized as a living 
document based on the application of modern risk management principles to ground control. 
This means that it should register and describe all the hazards related to the ground 
conditions, as well as, identify and assess all possible risks linked to these conditions. It 
should detail the expected ground conditions, and acknowledge the uncertainty associated to 
the geology and geomechanical properties of the rock mass. These documents should also 
define all the engineering and operational controls required to prevent all identified ground 
related risks from materializing. 
 
An adequate GCMP is an administrative control that enables engineers and management to 
account for, and manage ground control related risks �W�K�U�R�X�J�K���W�K�H���G�H�I�L�Q�L�W�L�R�Q���R�I���³�D�F�F�H�S�W�D�E�O�H��
�U�L�V�N�´���O�H�Y�H�O�V���D�F�F�R�U�G�L�Q�J���W�R���H�D�F�K���R�U�J�D�Q�L�]�D�W�L�R�Q�¶�V���S�U�R�I�L�O�H��(Stacey, Terburgge, & Wesseloo, 2007). 
Design approaches and engineering controls contained in GCMPs should allow to estimate 
ground instability hazards�¶ likelihood of occurrence, so risks can be quantified according to 
the consequences in case one of these events occur. Hadjigeorgiou summarizes a series of 
risk matrixes to evaluate risks in mining operations by considering event likelihood of 
occurance and consequences measured in different scales (2019). If the highest probability 
of failure value of 0.8% obtained from this analysis is compared to common risk matrixes, 
the collapse of that pillar would be categorized as a rare event, the lowest qualification. 
 
The framework proposed in this work enables to estimate pillar failure likelihood through 
the usage of the probability of failure in the context of pillar design and stability assessment.  
The applicability of this methodology was tested in a case study mine, where it was shown 
that it provides results that may support decision making in the stability assessment of 
existing pillars in an underground stone operation. Both approaches used to estimate pillar 
strength and pillar stresses enabled to account for the uncertainty associated to most of the 
design parameters such as intact rock strength, discontinuity networks variability, surface 
topography, rock mass elastic properties, and horizontal to vertical stress ratio. Dunn 
discussed the importance of implementing engineering design analysis and risk assessment 
processes that help understanding and characterizing the uncertainty associated to mining 
projects (2019). This work introduced a new approach for pillar design that helps to 
understand and reduce the uncertainty in the pillar design processes, ultimately improving 
safety in underground stone mine operations.  
 

5. PILLAR STABILITY ASSESSMENT AND VALIDATION  
 
The only method to determine the real ultimate pillar strength is by subjecting this element 
to failure loads. In the past authors have performed in-situ large scale testing to determine in-
situ coal strength and deformation properties (Bienawski, 1968). However, such analyses are 
cost-prohibitive, time consuming, and the resulting data cannot be used in other sites. In the 
context of large opening underground stone mines, these types of tests are simply untenable 
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due to the challenges and risks associated to the collapse of a large hard rock pillar. Other 
authors, have used the experience obtained from real pillar collapse events to back calculate 
the strength of pre-existing pillars using numerical modeling by estimating the stresses at 
which those pillars were exposed prior to the collapse (Esterhuizen, Tyrna, & Murphy, 2019). 
 
In the context of the case study mine, no significant pillar failure or instability has been 
observed or reported. Therefore, there is not a direct way to estimate ultimate pillar strength. 
During the development of this project, LiDAR technologies were used to map some areas 
of the case study mine, more specifically with the interest of mapping and characterizing 
discontinuities, as indicated in Figure 2.5. In addition, Bishop used Drone-based LiDAR and 
Photogrammetric surveys to generate high resolution 3D-photorealistic models of some of 
the pillars in the same case study mine (2022). Results from these surveys were proposed as 
a tool to compare numerical modeling results. One of the pillars in the case study mine was 
selected and a detailed LiDAR and photogrammetric survey was performed on it. Figure 5.10 
shows one the selected pillar, where a) shows a plan view, b) presents a cross sectional view, 
c) shows one of the photos taken to this pillar at the moment of the drone based 
photogrammetric survey, and d) shows the final point cloud resulting from the survey. Details 
about the surveys and equipment used for such surveys are out of the scope of this work, and 
are discussed in detail in (Bishop R. , 2022). 
 

 
Figure 5.10. Laser Scans and Photos of the Pillar Assessed for Stability. a) Plan View, b) Cross Section, c) 

Photography of the Assessed Pillar, d) Isometric View, modified after (Bishop R. , 2022).  

The scanned pillar corresponds approximately to pillar #32 in the simplified case study mine 
model from Figure 5.5. This pillar is located approximately 203 m below the actual ground 
surface. A static model to evaluate the response of a fractured bonded block pillar model 
under actual pillar loading conditions was developed in 3DEC.  Figure 5.11 shows the pillar 
stability assessment model where the hanging wall and footwall blocks on top and bottom of 
the pillar are modelled as elastic blocks, and the pillar intact rock material is simulated using 
the bonded block modeling approach. The pillar material is intersected by the filtered DFN 
defined in  Chapter 3. Discontinuity Set 1 is marked in yellow, discontinuity sets 2 and 3 are 
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marked in cyan, and discontinuity Set 4 is marked in magenta. The bonded block contact 
faces are marked in orange.  
 
 
 

 
Figure 5.11. 3DEC Pillar Stability Assessment Model. 

 
Table 5.4 summarizes the properties used for each material in the model. Hangingwall and 
footwall materials were simulated as elastic, with a 2.7 ton/m3density, a 49.80 GPa 
�G�H�I�R�U�P�D�W�L�R�Q���P�R�G�X�O�X�V�����D�Q�G���D�������������3�R�L�V�V�R�Q�¶�V���U�D�W�L�R�����7�K�H���S�L�O�O�D�U���Z�D�V���V�L�P�X�O�D�Wed using an elastic 
bonded block approach. The bonded blocks were generated with an approximate edge length 
of 1.92 m. Bonded blocks contact properties were defined based in the calibration properties 
for a 0.8 W/H ratio pillar, as reported in Table 5.4. For the discontinuity networks a Mohr-
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Coulomb constitutive model was used with no cohesion, a 30° friction angle, a 30 GPa/m 
joint shear stiffness, and a 300 GPa/m joint normal stiffness. 
 

Table 5.4. Intact Blocks and Discontinuities Properties for Pillar Stability Assessment Model. 

Parameter 
Material  

Pillar  
Constitutive Model Elastic Bonded Blocks 
Density [ton/m3] 2.7 

Young's Modulus [GPa] 64 
Poisson's Ratio 0.22 

BB Joint Normal Stiffness [GPa/m] 500 
BB Joint Shear Stiffness [GPa/m] 80 

BB Phi [°] 25 
BB cohesion [MPa] 15.3 

Tensile Strength [MPa] 17 
Parameter Hangingwall and Footwall 

Constitutive Model Elastic 
Density [ton/m3] 2.7 

Young's Modulus [GPa] 49.80 
Poisson's Ratio 0.19 

 Parameter Discontinuities 
Joint Normal Stiffness [GPa/m] 300 
Joint Shear Stiffness [GPa/m] 30 

Phi [°] 30 
cohesion [MPa] 0 

 
Two loading conditions were determined for evaluating pillar performance model. For the 
first approach the system was subjected to in-situ stress conditions. For this case, stress 
scenario of a 1.5 Ko was used. The model was solved prior to excavation until reaching 
equilibrium. After in-situ stresses were initialized, the material surrounding the pillar was 
excavated. The model was initially solved as elastic, to prevent the effects of sudden removal 
of the rock. Then the material was cycled until reaching equilibrium with actual material 
properties. Total displacements and stress magnitudes were evaluated and compare with 
images and 3D models obtained from the LiDAR and photogrammetric surveys. Only a 
visual comparison was performed since the surveys were performed in an area where 
excavation had taken place long time before. 
 
The second loading scenario was performed by applying a 0.05 m/s velocity boundary on top 
and bottom of the model until pillar failure. Figure 5.11 indicates the velocity boundaries on 
the tested model. A FISH function was used to calculate vertical stress vs vertical 
displacement curve as the load was applied to the system. The loads were measured on the 
top and bottom of the hangingwall and footwall blocks by measuring reaction forces. The 
area on top and bottom of the model was approximately 1,785.4 m2, and cross-sectional area 
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in the middle of the pillar is of 594.9 m2. The strength of the pillar was calculated as the 
strength of the system multiplied by the area of the top of the model divided by the cross-
sectional area of the pillar. This analysis enabled the observation of pillar failure before 
during and after ultimate pillar strength was reached. 
 
Figure 5.12 and Figure 5.13 show the results for the initial loading condition, where pillar 
#32 is subjected to initial in-situ stress conditions, then surrounding material is excavated. 
Figure 5.13 highlights the displacements in the pillar surface. In addition, two cross-sections 
across the X and Y axis of the pillars are shown. The simulation indicated maximum 
displacements of 2.99 mm. The figure indicates that pillar areas with larger deformations are 
located on the faces exposed to the mine drifts. The faces opened to the cross-cuts presented 
lower displacements in the order of 2 mm. It is also possible to observe that areas where 
discontinuities are present and intersecting each other present higher magnitudes of 
displacements, especially on the corners of the pillar.  
 

 
Figure 5.12. 3DEC Pillar Stability Assessment Model Indicating Total Displacement Magnitude. 

Figure 5.13 shows the pillar colored by vertical stress. I the cross section it is possible to 
observe that the areas of the pillar that present less displacements, are also those areas where 
higher stresses concentrate. The areas identified with the highest stress concentrations were 
the top of the pillar on the bottom stope, and the floor of the pillar on the top stope. The 
maximum vertical pillar stress magnitude is in the order of 21 MPa. This simulation, is also 
showing that under the assumed stress conditions there are not bonded block contacts failing. 
This indicates that the intact rock material is not subjected to failure. 
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Figure 5.13. 3DEC Pillar Stability Assessment Model indicating Vertical Stress Distribution 

Figure 5.14 is comparing the numerical modeling results with the 3D point cloud models 
obtained from laser scanning, and photos used to generate the photorealistic models of the 
mine. Even though, no multitemporal evaluations were performed in the case study mine due 
to the conditions of the project, the comparison between the stochastic DEM numerical model 
and the 3D pillar surface shows some correlations that are worth mentioning. The figures on 
the left shows pillar model generated with a stochastic Filtered DFN. The stochastic fracture 
model was able to represent some of the fractures that were actually observed in the field as 
it is being indicated with the red circles. The same circled areas were the areas in the 
numerical model that yielded higher displacements on the surface of the pillar. In the case 
study mine, those areas presented rock material removal. The reasons for the removal of that 
material are not clear, since the authors were not present in the operation when the pillar of 
interest was excavated. However, two reasons that may explain the removal of material on 
the corners of the pillar. One explanation to this could be that the effect of blasting during 
the mining process loosened up the material continuous to the discontinuities causing the 
rock to fall during the blasting process. The other reason that could explain the removal of 
material on the pillar corners could be due to the mechanical scaling practices the operation 
performs. 
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Figure 5.14. Comparison of numerical modeling results with LiDAR 3D model, and pillar photos from different 

perspectives. 

Figure 5.15 shows the results for the second loading scenario, where velocity boundaries are 
applied on top and bottom of the pillar until failure. The top figures show the pillar, the 
hangingwall, and footwall blocks colored by displacement, each frame from left to right is 
indicating a different point as the stress-displacement curve evolves, starting from in-situ 
stress condition. Stresses are being measured on top and bottom of the model by adding up 
all reaction forces on top and bottom and dividing the force by the two times the area. Figure 
5.16 shows in blue the resulting stress-displacement curve for the average stresses measured 
on top and bottom of the model. The bottom images in Figure 5.15 are cross-sections of the 
pillar indicating the crack generation and propagation as the pillar reaches ultimate strength. 
The red lines that appear as the simulation progresses represent bonded block breakage, 
indicating that the intact rock material in the pillar has failed. 
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Figure 5.15. Multiple Images of the Fractured Bonded Block Pillar Model of Pillar #32 subjected to failure load at 
different times during the loading process. Top) Front view of the pillar, Bottom) Cross-Section of the Pillar in the 

Down Dip Direction. 

The force equilibrium concept was used to derive ultimate pillar strength. For this the stress 
of pillar #32 was determined by multiplying the maximum model stress by the area of the 
top of the model divided by the cross-sectional area in the center of the pillar. All recorded 
stresses were divided by this aerial proportion allowing to generate a pillar stress vs 
displacement curve, as indicated in orange in Figure 5.16. This model estimated an ultimate 
pillar strength of 34.4 MPa, and a model ultimate strength of 11.4 MPa. The obtained pillar 
strength is 99.4% the average stochastic DEM pillar strength value for a 0.8 W/H pillar, as 
reported in Table 5.1.  
 

 
Figure 5.16. Stress-Displacement Curve for the Fractured Bonded Block Model for Pillar #32. 
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The pillar stability assessment on Pillar #32 indicate this pillar will be stable even if the actual 
stress conditions on the mine are the worst stress conditions assumed of a 1.5 horizontal to 
vertical stress ratio. Assuming worst stress scenario, this pillar would be subjected to an 
average vertical stress of 17.8 MPa, yielding a factor of safety of 1.92 assuming that the 
measured pillar strength in Figure 5.16 is the actual pillar strength. This result agrees with 
the site observations and LiDAR and photogrammetric 3D pillar models, where no significant 
signals of pillar instability are observed. The authors suggest that a multitemporal drone-
based LiDAR/Photogrammetric survey as pillars are being excavated could be useful to 
further validate stochastic discrete element numerical models integrating DFNs and the 
bonded block method.  
 

6. CONCLUSIONS 
 
Even though, pillar collapses are events with lower probability of occurrence in comparison 
to other ground instability issues, the consequences of these failures are such that make of 
these high-risk events. Therefore, design of new pillars and the stability assessment of old 
pillars in legacy workings, should be considered from a risk management perspective. This 
dissertation introduced a risk-based pillar design method that uses the reliability method to 
combine stochastic DEM for pillar strength estimation, and stochastic continuous modeling 
for pillar stress determination. In this chapter the proposed methodology was used to evaluate 
the stability of a case study underground stone mine. In addition, LiDAR and 
photogrammetric surveys were used to validate numerical modeling results. The following 
are some conclusions derived from this work: 
 
�x A fractured pillar model combining the Bonded Block Method and a Filtered DFN model 

was used to estimate the effect of discontinuities on pillar strength values. The bonded 
block pillar model was calibrated using the NIOSH empirical pillar strength formula, and 
the filtered DFN was defined to account for the most significant discontinuities affecting 
the pillar. Results from these models yielded pillar strength results that were reasonable 
in comparison to current industry standards. 
 

�x A Stochastic Discrete Element Modeling approach enabled to characterize the effect of 
the filtered DFN on pillar strength variability. It was determined that the effect of 
stochastic discontinuity networks on the pillar strength COV is much smaller than the 
effect of intact rock strength variability. Therefore, even though it is important to 
explicitly characterize the effect of discontinuities on pillar strength, the effect of these 
discontinuities do not affect strength variability as much as other parameters, such as 
intact rock strength. 
 

�x A 3D Stochastic Finite Volume Model was performed to estimate stresses in a simplified 
case study mine model. This approach used the point estimate method to account for the 
�H�I�I�H�F�W�� �R�I�� �U�R�F�N�� �P�D�V�V�� �G�H�I�R�U�P�D�W�L�R�Q�� �S�U�R�S�H�U�W�L�H�V�¶�� �Y�D�U�L�D�E�L�O�L�W�\�� �R�Q�� �S�L�O�O�D�U�� �V�W�U�H�V�V�� �G�L�V�W�U�L�E�X�W�L�R�Q���� �,�Q��
addition, a parametric stress assessment was done to account for the uncertainty 
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associated with the horizontal to vertical stress ratio. This approach enabled to estimate 
mean and standard deviation values for vertical stresses on each pillar in the simplified 
model. 

 
�x The reliability method was used to integrate strength and stress estimation results. This 

approach enabled to estimate a pillar probability of failure for each pillar in a simplified 
pillar arrangement in the case study mine. Since probability of failure is not a common 
standard for pillar design in underground stone mines, it is not clear what an acceptable 
value for this parameter could be. The authors proposed a threshold value of 0.05% 
probability of failure by comparing obtained factors of safety and probabilities of failure 
with the reference 1.8 factor of safety accepted standard. 

 
�x Probability of Failure should be considered as an additional tool in the risk assessment 

process during the design, excavation and monitoring of an underground mine operation. 
This approach should be used to acknowledge the natural variability inherent to rocks 
and rock masses, and reduce the uncertainty associated to these materials. It is important 
that mine managers implement strategies that help to understand and reduce the 
uncertainty in the pillar design processes, ultimately improving safety in underground 
stone mine operations.   

 
�x A pillar stability assessment was performed by simulating a specific pillar in the case 

study mine using the bonded block pillar model intercepted by the filtered DFN. Results 
from this assessment demonstrated that the evaluated pillar was stable under current 
stress conditions. In addition, LiDAR and Photogrammetric survey results were used to 
compare results from the numerical model. It was possible to observe correlations 
between the numerical model performance and the current state of the assessed pillar. 
This indicates that the numerical modeling approach used has potential to be extended to 
other sites for the analysis of discontinuity-affected hard-rock pillars. 
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Chapter 6 Additio nal Contributions 
 

Throughout the development of this work the author has had the opportunity to work on 
additional projects that have contributed to the development of ideas and concepts treated in 
this dissertation. This section presents two of the contributions that have resulted from these 
efforts with abstracts below and full documentation in the Appendixes.  

1. Automated Discontinuity Extraction Software Versus Manual Virtual Discontinuity 
Mapping: Performance Evaluation in Rock Mass Characterization and Hazard 

Identificatio n7 
 

Authors: Juan J. Monsalvea, Alex Pfreundschuha, Aman Sonia, Nino Ripepia 

a Mining and Mineral Engineering Department, Virginia Polytechnic Institute &State 
University 

 
Abstract. 

Ground control failures are one of the main causes of accidents in the underground stone 
mining industry. Some of the fundamental tools for rockfall hazard identification are related 
to rock mass characterization and geotechnical discontinuity mapping. Recent technological 
advances in these methods are related to remote sensing techniques and point cloud 
processing software for automated discontinuity mapping. Remote sensing techniques, such 
as LiDAR and photogrammetry, generate multimillion point-clouds with millimetric 
precision, capturing the structure of the rock mass. The automated point cloud processing 
tools offer alternative algorithm-based methods to characterize and map these discontinuities. 
However, their applicability is constrained by multiple factors such as site-specific conditions 
of the rock mass and the parameters used within the mapping algorithms. This paper 
evaluates the performance of automated discontinuity extraction software compared with 
manual virtual discontinuity mapping. Sampling windows from laser-scanned sections in an 
underground limestone mine are defined and mapped using discontinuity set extractor (DSE). 
Results from the virtual discontinuity software are compared with manually extracted 
fractures from I-Site based on reviewing orientation, trace length, spacing, number of 
extracted discontinuities, and processing time. The analysis determined that the automated 
mapping algorithm was able to identify the same discontinuity sets that had been manually 
mapped. The automated mapping software mapped an excessive amount of smaller fractures, 
which caused the comparison of both mapping techniques to be unsuccessful in terms of trace 
length and spacing. 

Key words. Virtual Discontinuity Mapping, Automated Discontinuity Mapping, Rock 
Mass Characterization, Hazard Identification, Rockfall, Underground. 

 
The full text of this paper is attached on APPENDIX C. 

                                                 
7 This paper was published in the Mining, Metallurgy & Exploration Journal , Available 
on line on March 19, 2021. 
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2. Development of a Ground Control Management Plans Standard in the Colombian Mining 
Industry  

   
Ground instability issues are the main cause of accidents, emergencies, and deaths in the 
Colombian minig industry. Between 2005 and 2020, there were 931 emergencies reported 
by the National Mining Agency, of which 35% were due to geomechanical accidents. In spite 
�R�I�� �W�K�H�� �L�Q�W�U�R�G�X�F�W�L�R�Q�� �R�I�� �J�U�R�X�Q�G�� �F�R�Q�W�U�R�O�� �P�D�Q�D�J�H�P�H�Q�W�� �S�O�D�Q�V�� ���U�H�I�H�U�U�H�G�� �W�R�� �D�V�� �³Rock Support 
�3�O�D�Q�V�´�����L�Q���&�R�O�R�P�E�L�D�¶�V���P�L�Q�L�Q�J���V�D�I�H�W�\���U�H�J�X�O�D�W�L�R�Q���L�Q���������������W�K�H���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q��these plans has 
not been effective. As a member of the Health and Safety Committee Colombian Mining 
Professionals Association (AIMC), the author of this work has been actively involved in the 
development of a series of strategies to improve safety and reduce ground control related 
accidents in the Colombian Mining Industry. Some of the strategies that have been developed 
during the past three years are listed below: 
 
The 10 Commandments  for the Prevention of Accidents due to Geomechanical Causes 
in Mining Excavations: This document contains the ten basic aspects that every mining 
owner, operator or employer must take into account to avoid and prevent geomechanical 
accidents any type of underground mining operation, regardless of the type of mineral and 
the scale of the project. 
 
Technical Standard for the Preparation of Ground Control Management Plans for 
Mining Operations and Underground Civil Works in Colombia (TS 6620): through the 
Colombian Institute of Technical Standards and Certification the author lead the 
development of a technical standard that contains the technical requirements a ground control 
management plan should contain to be an effective administrative control to avoid and 
control geomechanical risks in underground mine operations. The standard is currently under 
revision by the Mining Technical Committee and it is planned to be published for public 
consultation by June 2022. As part of  the development of this standard a series of webinars 
and discussion panels were organized to communicate the importance of this project to the 
industry at large. The list below contains a description and the links to the recordings of each 
of these events. 

Presentation Title Presenter 
Importance of Ground Control Management Plans (GCMP) 

in the Colombian Mining Industry 
Aman Soni 

Ground Control Best Practices in Underground Coal Mines Dr. Cristopher Mark 

Discussion Panel: Ground Control Management Plans in 
Colombia 

Dr. Antonio Samaniego, Dr. Richard 
Brummer, Dr. Alvaro de la Cruz Correa 

Arroyave 
The 10 Commandments for the Prevention of Accidents 
due to Geomechanical Causes in Mining Excavations Juan J. Monsalve Valencia 

Ground Control Management Plans: A Risk Management 
Tool to Prevent Geomechanical Accidents in Underground 

Mining 
Juan J. Monsalve Valencia 

 
The research done during the development of these strategies has significantly contributed to 
some of the ideas and discussions included in this dissertation 

https://www.anm.gov.co/?q=anm-publica-decalogo-para-la-prevencion-de-accidentes-mineros
https://www.anm.gov.co/?q=anm-publica-decalogo-para-la-prevencion-de-accidentes-mineros
https://www.youtube.com/watch?v=Gu0QhoYQM1c&t=3s
https://www.youtube.com/watch?v=Gu0QhoYQM1c&t=3s
https://www.youtube.com/watch?v=w4AIbcy1R90
https://www.youtube.com/watch?v=Fy0_GfUoUTs&t=4854s
https://www.youtube.com/watch?v=Fy0_GfUoUTs&t=4854s
https://www.youtube.com/watch?v=mRn9z1gYi-0&t=3242s
https://www.youtube.com/watch?v=mRn9z1gYi-0&t=3242s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
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Conclusions, Recommendations and Future Work 
 

1. SUMMARY AND CONCLUSIONS  
 
Pillar design is one of the most critical tasks in the design and planning of an underground 
mine operation. Historic and recent pillar collapses have shown the damage potential these 
events may have on any mining operation. Due to the severe consequences of these events, 
they should be treated as high-risk. Therefore, mining operators and regulatory agencies 
should implement risk-based approaches to design and assess the stability of already existing 
pillars especially in areas regarded as legacy workings. This dissertation proposed and 
implemented a risk-based pillar design approach that integrates stochastic discrete element 
modeling for pillar strength estimation, and stochastic continuous modeling for pillar stress 
determination.   
 
This work reviewed current pillar design industry standards, and evaluated the applicability 
of risk analysis practices in the design of rock pillars. A stochastic discrete element modeling 
approach to evaluate the effect �R�I�� �G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�¶�� �Q�D�W�X�U�D�O�� �U�D�Q�G�R�P�Q�H�V�V��on pillar strength 
variability was proposed. This proposal included the evaluation of multiple discrete element 
modeling approaches and the implementation of a multi-scale DFN-DEM approach to 
simplify pillar strength simulations by only considering explicitly the most significant 
discontinuities. Two model calibration approaches were tested: The first method used a 
Synthetic Rock Mass Multi-scale DFN-DEM approach, and the second approach used the 
NIOSH empirical strength formula to calibrate intact pillar strength. Results indicated that 
the calibration method using the NIOSH empirical pillar strength equation industry standard 
was the most effective. The calibrated pillar strength model was used to evaluate the effect 
of discontinuities on pillar strength variability. A stochastic Finite Volume Modeling 
Approach using the point estimate method (PEM) was used to estimate pillar stresses and 
their variability in a case study mine. Results from the stress estimation model were 
integrated with those obtained from the stochastic DEM approach by using the reliability 
analysis method. The reliability method enabled to estimate pillar probability of failure for 
the mine where the proposed methodology was implemented. Finally, results from LiDAR 
and Photogrammetric surveys were used as a way to compare numerical modeling results 
and validate this methodology. The following are some of the conclusions derived from this 
work: 
 
�x Pillar collapses are high-risk events that continue to occur in the U.S. and abroad. Risk 

based approaches are necessary in the design new operations and the stability assessment 
of old workings. This dissertation presented a risk-based pillar design methodology that 
may provide additional decision-making tools during the mine design process.  
 

�x The proposed methodology was evaluated in a CSM that extracts a dipping deposit with 
structurally controlled instability as the main observed failure mechanism. The mining 
methods and geomechanical conditions of the case study mine were described, and a 
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preliminary pillar stability assessment using current pillar design practices was 
performed. 
 

�x A stochastic DEM approach using the Bonded Block Method was used to estimate pillar 
strength, and strength variability due to the presence of discontinuities. The SDEM with 
BBM approach enabled to reproduce the structurally controlled failure mechanisms and 
obtain strength results comparable to those obtained from industry accepted empirical 
pillar strength equations. 

 
�x The Stochastic DEM enabled to characterize the effect of the discontinuity networks on 

pillar strength variability. The variability due to the presence of stochastic fracture 
networks is much smaller than the effect of intact rock strength variability. Therefore, the 
time and resources invested in running stochastic simulations to evaluate the effect of 
discontinuities on pillar strength variability, may be reallocated to other tasks that may 
have greater contribution on uncertainty characterization. 

 
�x A stochastic FVM based on the point estimate method was used to estimate pillar stress 

variability in the CSM due t�R�� �L�Q�W�D�F�W�� �U�R�F�N�� �H�O�D�V�W�L�F�� �S�U�R�S�H�U�W�L�H�V�¶�� �Y�D�U�L�D�E�L�O�L�W�\�� This approach 
yielded results that overcome limitations of 2D numerical and analytical solutions, 
commonly accepted for pillar design. The approach also enabled to account for different 
stress scenarios reducing the uncertainty related to some parameters that had limited data 
available.  

 
�x A Pillar probability of failure was estimated and mapped using the reliability method. No 

significant probability of failure was observed in the case study mine. The maximum 
probability of failure values where obtained assuming the less favorable stress conditions, 
yielding a value of 0.8%. This value is classified as a rare event, the lowest likelihood 
rating. This result provides valuable information to quantify the risk in case that pillar 
collapses. 

 
�x A stability assessment model was performed combining the stress models and the 

fractured bonded block pillar model to estimate pillar performance under current mine 
conditions. Results were compared with current pillar LiDAR and Photogrammetric 
survey observations. Results from the numerical stability assessment showed good 
correlation with the 3D photorealistic images produced by these surveys. This shows the 
potential of this pillar strength simulation approach to reproduce pillar behavior in 
underground stone operations. 

 

2. RECOMMENDATIONS  
 

The author is aware that the immediate implementation of the proposed methodology as-is is 
not possible. However, there are some actions that the underground stone industry could 
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slowly begin implementing to control the risk of pillar collapse. Some of these 
recommendations are listed below: 

�x Integrate a risk management approach to the ground control management plans in the 
operations. 
 

�x Reducing uncertainty by continuous refinement of the geomechanical model of the 
operation. 
 

�x Identification, reporting and communication of main failure mechanisms observed in the 
operations. 

 
�x Implement qualitative risk assessment approaches to evaluate pillar conditions (pillar 

collapse imitative) to prioritize those areas that require immediate attention. 
 

�x Implement continuous monitoring measures in areas identified as high risk. 
 

�x Implement design conformance inspections to make sure operational practices are 
following design specifications. (e.g. Check that pillar geometries are following design 
Width/Height ratios, and make sure that blasting or scaling practices are not affecting this 
parameter). 

 
�x Develop training programs for the miners to teach them how to identify and report 

geomechanical hazards in the workplace. 
 

�x Make sure they are aware of the limitations and assumptions of all design approaches 
used. It is recommended to have external auditors that review and validate existing 
designs and operational conditions.  

 

3. FUTURE WORK  
 

The author suggests that based on this work there are a series of opportunities to keep 
�G�H�Y�H�O�R�S�L�Q�J���U�H�V�H�D�U�F�K���W�R���L�P�S�U�R�Y�H���S�L�O�O�D�U���G�H�V�L�J�Q���D�Q�G���P�L�Q�H�U�¶�V���V�D�I�H�W�\�����7�K�H���I�R�O�O�R�Z�L�Q�J���D�U�H���V�R�P�H���R�I��
the areas in which research can be directed: 

�x Keep exploring the synthetic rock mass approach for calibrating intact pillar strength. 
Performing extensive laboratory testing campaigns (pre and post failure) to allow detailed 
discontinuous numerical modeling calibration. 
 

�x Exploring the applicability of PFC3D using this methodology. Evaluate in terms of ease 
of calibrating the models, processing time, and results reliability. 
 



136 
 

�x The Discrete Fracture Networks are an important component of this work. Developing 
methodologies to validate resulting fracture networks with actual discontinuities in the 
field is very relevant.  
 

�x Implement the proposed methodology as a forensic analysis tool in some of the case 
studies mine where recent pillar collapses have recently occurred. 
 

�x Perform multi-temporal drone-based LiDAR/Photogrammetric pillar surveys as mining 
takes place to further validate stochastic DEM numerical models. 

 
�x Evaluate what-if scenarios in case one of the pillars is removed due to sudden collapse, 

and evaluate how the probability of failure value change. 
 

�x Explore the applicability of the bonded block model with DFNs to study the relation 
between sudden pillar collapses and airblasts. Coupled numerical models. 
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Appendix A - Statistical Analysis and Results Computation

Juan J. Monsalve

1/14/2022

Load Libraries used in the project.

#{r, include=FALSE}

library (MASS)
library (survival)
library (fitdistrplus)
library (ggplot2)

## Warning: package 'ggplot2' was built under R version 4.0.5

Rock Lab Exploratory Data Analysis

RockLabData <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/RockLabData.csv", sep = ",")

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/saving_plot1.pdf", width = 8, height = 8)

# Correlation panel
panel.cor <- function (x, y){

usr <- par ("usr"); on.exit ( par (usr))
par (usr = c(0, 1, 0, 1))
r <- round( cor (x, y), digits=2)
txt <- paste0 ("R = ", r)
cex.cor <- 0.8 /strwidth (txt)
text (0.5, 0.5, txt, cex = cex.cor * r)

}

my_cols <- c("#00AFBB", "#E7B800", "#FC4E07", "#FC4E07")

group <- NA
group[RockLabData$Lithology == "Hanging Wall"] <- 1
group[RockLabData$Lithology == "Foot Wall"] <- 2
group[RockLabData$Lithology == "Anomalous Zone"] <- 3
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group[RockLabData$Lithology == "Ore Body"] <- 4

# Create the plots
pairs (RockLabData[ , 3 : 7],

col = c("honeydew3", "cyan3", "cyan1", "slateblue2")[group], # Change color by group
pch = c(19, 19, 19, 19)[group], # Change points by group
labels = c("Density [ton/m^3]", "UCS [MPa]", "Tensil Strength [MPa]", "Young's Modulus [GPa]", "Poisson's Ratio"),
main = "Intact Rock Data Correlation Matrix")

pairs (RockLabData[ , 3 : 7],lower.panel = panel.cor,
main = "Intact Rock Data Correlation Matrix",labels = c("Density [ton/m^3", "UCS [MPa]", "Tensile Strength [MPa]", "Young's Modulus [GPa]", "Poisson's Ratio"))
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#dev.off

OreBodyData <- subset (RockLabData, RockLabData$Lithology == 'Ore Body')
OreBodyData

## Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.
## 19 CL-LS-U-01 Ore Body 2.696604 129.17 8.40
## 20 CL-LS-U-02 Ore Body 2.705522 151.55 5.24
## 21 CL-LS-U-03 Ore Body 2.686377 161.03 5.28
## 22 CL-LS-U-04 Ore Body 2.688386 171.47 4.84
## 23 CL-LS-U-05 Ore Body 2.673868 150.19 5.93
## 24 CL-LS-U-06 Ore Body 2.686728 191.79 4.61
## Young.s.Modulus..GPa. Poisson.s.Ratio
## 19 64.53 0.24
## 20 61.16 0.17
## 21 65.78 0.20
## 22 67.09 0.20
## 23 61.43 0.32
## 24 64.67 0.21

# Create the plots
pairs (OreBodyData[,3 : 7], lower.panel = panel.cor)
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HangingWallData <- subset (RockLabData, RockLabData$Lithology == 'Hanging Wall')
HangingWallData

## Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.
## 1 CL-HW-U-01 Hanging Wall 2.71 129.94 14.59
## 2 CL-HW-U-02 Hanging Wall 2.69 201.91 12.19
## 3 CL-HW-U-03 Hanging Wall 2.69 155.37 6.06
## 4 CL-HW-U-04 Hanging Wall 2.68 110.59 11.21
## 5 CL-HW-U-05 Hanging Wall 2.68 188.43 13.98
## 6 CL-HW-U-06 Hanging Wall 2.70 196.22 13.71
## Young.s.Modulus..GPa. Poisson.s.Ratio
## 1 63.09 0.21
## 2 48.75 0.16
## 3 67.02 0.18
## 4 57.78 0.22
## 5 65.64 0.19
## 6 63.85 0.18

# Create the plots
pairs (HangingWallData[,3 : 7],

lower.panel = panel.cor)
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FootWallData <- subset (RockLabData, RockLabData$Lithology == 'Foot Wall')
FootWallData

## Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.
## 7 CL-FW-U-01 Foot Wall 2.725247 258.14 16.96
## 8 CL-FW-U-02 Foot Wall 2.720776 234.50 16.20
## 9 CL-FW-U-03 Foot Wall 2.741121 242.42 9.89
## 10 CL-FW-U-04 Foot Wall 2.722317 196.94 12.10
## 11 CL-FW-U-05 Foot Wall 2.712114 158.15 13.24
## 12 CL-FW-U-06 Foot Wall 2.708844 213.61 13.90
## Young.s.Modulus..GPa. Poisson.s.Ratio
## 7 63.64 0.19
## 8 64.47 0.19
## 9 61.36 0.24
## 10 59.23 0.19
## 11 56.33 0.18
## 12 63.57 0.24

# Create the plots
pairs (FootWallData[,3 : 7],

lower.panel = panel.cor)
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#Define Intact Rock Mean and Standard Deviation for further pillar strength calculations.

hist (OreBodyData$UCS..MPa.)
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IR_OB_UCS <-c( mean(OreBodyData$UCS..MPa.), sd(OreBodyData$UCS..MPa.))
names(IR_OB_UCS) <-c("Mean_IR_UCS","StDev_IR_UCS")

IR_OB_UCS

## Mean_IR_UCS StDev_IR_UCS
## 159.20000 21.24859

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/EModLitCorr.pdf", width = 8, height = 8)

EModData <-cbind (OreBodyData$Young.s.Modulus..GPa.,HangingWallData $Young.s.Modulus..GPa.,FootWallData $Young.s.Modulus..GPa.)
colnames(EModData) <- c('E_OB','E_HW','E_FW')
EModData

## E_OB E_HW E_FW
## [1,] 64.53 63.09 63.64
## [2,] 61.16 48.75 64.47
## [3,] 65.78 67.02 61.36
## [4,] 67.09 57.78 59.23
## [5,] 61.43 65.64 56.33
## [6,] 64.67 63.85 63.57
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# Create the plots
pairs (EModData[,1 : 3],

lower.panel = panel.cor, labels = c("Hangining Wall Young's Modulus [GPa]", "Ore Body Young's Modulus [GPa]", "Foot Wall Young's Modulus [GPa]"),
main = "Elastic Moduli Correlation Between Lithologies")

par (mfrow=c(1,2), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

# Create the plots
pairs (RockLabData[ , 3 : 7],

col = c("honeydew3", "cyan3", "cyan1", "slateblue2")[group], # Change color by group
pch = c(19, 19, 19, 19)[group], # Change points by group
labels = c("Density [ton/m^3]", "UCS [MPa]", "Tensile Strength [MPa]", "Young's Modulus [GPa]", "Poisson's Ratio"),
main = "Intact Rock Data Correlation Matrix")
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# Create the plots
pairs (EModData[,1 : 3],

lower.panel = panel.cor, labels = c("Hangining Wall Young's Modulus [GPa]", "Ore Body Young's Modulus [GPa]", "Foot Wall Young's Modulus [GPa]"),
main = "Elastic Moduli Correlation Between Lithologies")
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EModData

## E_OB E_HW E_FW
## [1,] 64.53 63.09 63.64
## [2,] 61.16 48.75 64.47
## [3,] 65.78 67.02 61.36
## [4,] 67.09 57.78 59.23
## [5,] 61.43 65.64 56.33
## [6,] 64.67 63.85 63.57

cor (EModData)

## E_OB E_HW E_FW
## E_OB 1.000000000 0.3311312 0.004122742
## E_HW 0.331131191 1.0000000 -0.407050936
## E_FW 0.004122742 -0.4070509 1.000000000

#dev.off

Empirical Pillar Strength Estimation

Empirical Pillar Strength Functions De�nition

1) This section beggins by de�ning the common pillar strength equations that are used within this work.
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#Define NIOSH Empirical Pillar Strength Equation Formula

NIOSH_Pillar_Strength <- function (W, H, UCS, DDF, FF) {
LDF<-1- DDF*FF
output <- 0.65 *UCS*LDF* (Ŵ 0.3 / Ĥ 0.59)

return (output)
}

#Define Headley and Grant Empirical Pillar Strength Equation Formula

HandG_Pillar_Strength <- function (W, H, UCS) {
output <- 0.58 *UCS* (Ŵ 0.5 / Ĥ 0.75)

return (output)
}

#Define Krauland and Soder Empirical Pillar Strength Equation Formula

KandS_Pillar_Strength <- function (W, H, UCS) {
output <- 0.354 *UCS* (0.775+0.222 *W/ H)

return (output)
}

#Define Lunder and Pakalnis Empirical Pillar Strength Equation Formula

LandP_Pillar_Strength <- function (W, H, UCS) {
Cpav<- 0.46* ( log ((W/ H)+0.75)) ^(1.4 / (W/ H))
k<- tan ( acos((1 - Cpav)/ (1 +Cpav)))
output <- 0.44 *UCS* (0.68+0.52 *k)

return (output)
}

#Define Pillar Probability of Failure Function

P_PoF <- function (Strength_Mu, Strength_SD, Stress_Mu, Stress_SD) {
Beta<- (Strength_Mu - Stress_Mu) /sqrt (Strength_SD ^2+Stress_SD^2)
PoF<-1-pnorm(Beta)
output <- PoF

return (output)
}

NIOSH Pillar Strength Formula Function De�nition

#Define NIOSH Empirical Pillar Strength Equation Formula

NIOSH_Pillar_Strength_full <- function (W, H, UCS, Average_Dip, Average_Discontinuity_Frequency) {

WtoH <- W/ H

if (Average_Dip == 0 & Average_Discontinuity_Frequency == 0) {
output <- 0.65 *UCS* (Ŵ 0.3 / Ĥ 0.59)
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return (output)
} else {

if (Average_Discontinuity_Frequency < 0.05) {
FF<-0

} else if ( 0.05 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 0.15) {
FF<-0.1

} else if ( 0.15 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 0.25) {
FF<-0.18

} else if ( 0.25 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 0.4) {
FF<-0.26

} else if ( 0.4 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 0.75) {
FF<-0.39

} else if ( 0.75 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 1.5) {
FF<-0.63

} else if ( 1.5 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency < 2.5) {
FF<-0.86

} else if ( 2.5 < Average_Discontinuity_Frequency & Average_Discontinuity_Frequency <= 3.0) {
FF<-0.95

} else if ( Average_Discontinuity_Frequency > 3.0) {
FF<-1.0

}

DDF_Set= matrix (ncol=1,nrow= length (WtoH))

if (Average_Dip < 35) {
for (i in 1:length (WtoH)) {

if (WtoH[i] > 1.3) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i,1] <- DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- 0.1*WtoH[i] +0.08
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- 0*WtoH[i] +0.15
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -0*WtoH[i] +0.15
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DDF_Set[i]<-DDF
} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {

DDF <- -0*WtoH[i] +.15
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.15
DDF_Set[i]<-DDF

}
}

} else if (35 < Average_Dip & Average_Dip < 45) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0.1*WtoH[i] +0.35
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.1*WtoH[i] +0.35
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0*WtoH[i] +0.23
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.1*WtoH[i] +0.34
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.1*WtoH[i] +0.34
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.2*WtoH[i] +0.43
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- 0*WtoH[i] +0.27
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- 0.1*WtoH[i] +0.2
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- 0.3*WtoH[i] +0.08
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.23
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.23
DDF_Set[i]<-DDF

}
}

} else if (45 < Average_Dip & Average_Dip < 55) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0.2*WtoH[i] +0.54
DDF_Set[i,1]<-DDF
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} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.2*WtoH[i] +0.54
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.3*WtoH[i] +0.66
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.4*WtoH[i] +0.77
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.7*WtoH[i] +1.07
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.9*WtoH[i] +1.25
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -0.8*WtoH[i] +1.17
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- -0.4*WtoH[i] +0.89
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- 0.4*WtoH[i] +0.41
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.61
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.61
DDF_Set[i]<-DDF

}
}

} else if (55 < Average_Dip & Average_Dip < 65) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0.2*WtoH[i] +0.50
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.2*WtoH[i] +0.50
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.3*WtoH[i] +0.62
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.5*WtoH[i] +0.84
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.9*WtoH[i] +1.24
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -1.3*WtoH[i] +1.60
DDF_Set[i]<-DDF
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} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -1.6*WtoH[i] +1.84
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- -1.4*WtoH[i] +1.7
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -0.8*WtoH[i] +1.34
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.94
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.94
DDF_Set[i]<-DDF

}
}

} else if (65 < Average_Dip & Average_Dip < 75) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0.2*WtoH[i] +0.44
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.2*WtoH[i] +0.44
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.1*WtoH[i] +0.32
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.3*WtoH[i] +0.54
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.6*WtoH[i] +0.84
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.9*WtoH[i] +1.11
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -1.3*WtoH[i] +1.43
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- -1.60*WtoH[i] +1.64
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -1.5*WtoH[i] +1.58
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.83
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.83
DDF_Set[i]<-DDF
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}
}

} else if (75 < Average_Dip & Average_Dip < 85) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0*WtoH[i] +0.16
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.1*WtoH[i] +0.28
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.1*WtoH[i] +0.28
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.2*WtoH[i] +0.38
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.5*WtoH[i] +0.65
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -0.6*WtoH[i] +0.73
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- -1.0*WtoH[i] +1.01
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -1.2*WtoH[i] +1.13
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.53
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.53
DDF_Set[i]<-DDF

}
}

} else if (85 < Average_Dip & Average_Dip <= 90) {
for (i in 1:length (WtoH)) {
if (WtoH[i] > 1.3) {

DDF <- -0*WtoH[i] +0.15
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0*WtoH[i] +0.15
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.1*WtoH[i] +0.27
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
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DDF <- 0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.1*WtoH[i] +0.26
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.1*WtoH[i] +0.26
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -0.3*WtoH[i] +0.42
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.7 ) {
DDF <- -0.4*WtoH[i] +0.49
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -0.6*WtoH[i] +0.61
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH[i] +0.31
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5 ) {
DDF <- 0.31
DDF_Set[i]<-DDF

}
}

}

LDF<-1- DDF_Set*FF
output <- 0.65 *UCS*LDF* (Ŵ 0.3 / Ĥ 0.59)
return (output)

}

}

Case Study Mine Empirical Pillar Strength Estimation

Pillar Strength Estimation Using Empirical Equations

Height <- 30
Width <- seq(15,150, by=1)
IR_OB_UCS [1]

## Mean_IR_UCS
## 159.2

WtoH <- Width/ Height

HandG_PS <-HandG_Pillar_Strength (Width,Height,IR_OB_UCS [1])
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KandS_PS <-KandS_Pillar_Strength (Width,Height,IR_OB_UCS [1])
LandP_PS <-LandP_Pillar_Strength (Width,Height,IR_OB_UCS [1])
NIOSH_IR_PS <-NIOSH_Pillar_Strength (Width,Height,IR_OB_UCS [1],0,1)

#NIOSH Worst Case Scenario

DDF_WCS <-matrix (ncol=1,nrow= length (Width))
names(DDF_WCS) <- "DDF_WCS"
DDF=0

for (i in 1:length (Width)) {
if (WtoH[i] > 1.3) {

DDF = 0.24
DDF_WCS[i,1]=DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF = -0.2*WtoH[i] +0.5
DDF_WCS[i]=DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF = -0.3*WtoH[i] +0.62
DDF_WCS[i]=DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF = -0.4998*WtoH[i] +0.8398
DDF_WCS[i]=DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF = -1.1014*WtoH[i] +1.4329
DDF_WCS[i]=DDF

} else if (0.8 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF = -1.5*WtoH[i] +1.7643
DDF_WCS[i]=DDF

} else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF = -0.7998*WtoH[i] +1.3399
DDF_WCS[i]=DDF

} else if ( WtoH[i] < 0.5 ) {
DDF = 0.94
DDF_WCS[i]=DDF

}
}

NIOSH_WCS_PS <-NIOSH_Pillar_Strength (Width,Height,IR_OB_UCS [1],DDF_WCS,0.86)

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig2.18.CSM Empirical Pillar Strength Estimation.pdf", width = 8, height = 6)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(6,4,5,1) +.05)

plot (WtoH,NIOSH_IR_PS, type = "l", col="Red", ylim = c(0,140), xlim = c(0.5,2), main= "Empirical Pillar Strength Estimation vs. Width to Height Ratio", ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 3, lty = 3)

lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, lty = 4)
lines (WtoH,HandG_PS, col="forestgreen", lwd = 2)
lines (WtoH,KandS_PS, col="dodgerblue", lwd = 2)
lines (WtoH,LandP_PS, col="darkGray", lwd = 2)
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legend ("topleft", legend= c("NIOSH No Discontinuities","NIOSH WCS","Headley & Grant","Krauland & Soder","Lunder & Pakalnis"), col= c("red","red","forestgreen","dodgerblue","gray"), lty = c(3,4,1,1,1), lwd = 2, bty= "n", cex = 0.8)

#dev.off

Case Study Mine Pillar Strength Estimation Using the NIOSH empirical formula considering Case Study
Mine Discontinuity Set Properties.

#SET 1

NIOSH_Set1_PS <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],90,1)

#SET 2

NIOSH_Set2_PS <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],70,0.5)

#SET 3

NIOSH_Set3_PS <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],80,0.5)

#SET 4

NIOSH_Set4_PS <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],30,1)

NIOSH_CSM_PS <- NIOSH_Set4_PS
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#Plot

main= "Empirical Pillar Strength \n Using Set 1 Discontinuity Properties"

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig2.19.CSM Empirical Pillar Strength Estimation Considering CSM Discontinuities.pdf", width = 8, height = 6)

plot (WtoH,NIOSH_IR_PS, type = "l", col="Red", ylim = c(0,50), xlim = c(0.5,2), main= "NIOSH Empirical Pillar Strength Estimation vs. Width to Height Ratio \n Consideiring Each Discontinity Set Properties", ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 3, lty = 3, cex.main = 0.9)

lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, lty = 4)

lines (WtoH,NIOSH_Set1_PS, type = "l", col="blue", ylim = c(0,140), xlim = c(0.5,2), , ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty = 1)

lines (WtoH,NIOSH_Set2_PS, type = "l", col="cyan1", ylim = c(0,140), xlim = c(0.5,2), ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty = 1)

lines (WtoH,NIOSH_Set3_PS, type = "l", col="gold1", ylim = c(0,140), xlim = c(0.5,2), ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty = 1)

lines (WtoH,NIOSH_Set4_PS, type = "l", col="magenta", ylim = c(0,140), xlim = c(0.5,2), ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty = 1)

legend ("bottomright", legend= c("NIOSH No Discontinuities","NIOSH Worst Case Scenario","NIOSH - Set 1","NIOSH - Set 2","NIOSH - Set 3","NIOSH - Set 4"), col= c("red","red","blue","cyan1","gold1","magenta"), lty = c(3,4,1,1,1,1), lwd = 2, bty= "n", cex = 0.8)

#points(x= SDEM_PS_WtoH0.5$WtoH, y=SDEM_PS_WtoH0.5$Pillar_Strength, col = "black", bg="forestgreen", pch = 21, lwd= 1)

#points(x= SDEM_PS_WtoH0.8$WtoH, y=SDEM_PS_WtoH0.8$Pillar_Strength, col = "black", bg="dodgerblue", pch = 21, lwd= 1)

#points(x= SDEM_PS_WtoH1.0$WtoH, y=SDEM_PS_WtoH1.0$Pillar_Strength, col = "black", bg="gold1", pch = 21, lwd= 1)
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#dev.off

Case Study Mine Empirical Pillar Strength

IR_OB_UCS

## Mean_IR_UCS StDev_IR_UCS
## 159.20000 21.24859

NIOSH_CSM_PS <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],30,1)
#NIOSH_CSM_PS

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig2.18.CSM Empirical Pillar Strength Estimation with 95 CI.pdf", width = 8, height = 6)

plot (WtoH,NIOSH_CSM_PS, type = "l", col="Red", ylim = c(20,45), xlim = c(0.5,1), main= "Empirical Pillar Strength Estimation", ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty=2 )

lines (WtoH,NIOSH_IR_PS, col="black", lwd = 2, lty=1)
lines (WtoH,NIOSH_CSM_PS+1.96*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS[2],30,1), col="black", lwd = 1, lty=2)
lines (WtoH,NIOSH_CSM_PS-1.96*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [2],30,1), col="black", lwd = 1, lty=2)

legend ("topleft", legend= c("NIOSH No Discontinuities", "NIOSH Case Study Mine","NIOSH Case Study Mine 95% C.I."), col= c("black","red","black"), lty = c(1,2,2), lwd = c(2,2,1), bty= "n", cex = 0.8)
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#dev.off

Height <- 30
Width <- seq(15,150, by=1)
WtoH <- Width/ Height

NIOSH_WCS_PS2 <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],60,2)
NIOSH_WCS_PS2_SD <-NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [2],60,2)

plot (WtoH,NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],60,2), type = "l", col="Red", ylim = c(0,60), xlim = c(0.5,2), main= "WCS Empirical Pillar Strength Estimation vs. Width to Height Ratio", ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 2, lty = 1)

lines (WtoH,NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],60,2) +1.97 *NIOSH_WCS_PS2_SD, col="gray", lwd = 1, lty = 2)
lines (WtoH,NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [1],60,2) - 1.97 *NIOSH_WCS_PS2_SD, col="gray", lwd = 1, lty = 2)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],40,2), col="gray", lwd = 2, lty = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],50,2), col="blue", lwd = 2, lty = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],60,2), col="yellow", lwd = 2, lty = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],70,2), col="black", lwd = 2, lty = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],80,2), col="orange", lwd = 2, lty = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],90,2), col="green", lwd = 2, lty = 1)
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Stochastic DEM Pillar Strength

Stochastic DEM PIllar Strength - Calibrated using Multi-Scale DFN/DEM Approach

#Multi Scale DFN/DEM Approach to identify representative elementary volume Compressive Strength.

DDFN_IR_PropCal <-read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/MultiScaleDFNDEMPillarStrengthCalibration.csv", sep = ",")

DDFN_IR_PropCal

## Run Random.Seed.. Volume..m.3. Height..m. W.H Side..m.
## 1 Run1 10001 1.419 1.304000 0.8 1.043000
## 2 Run1.1 10001 5.000 1.984000 0.8 1.587000
## 3 Run1.2 10001 10.000 2.500000 0.8 2.000000
## 4 Run1.3 10001 15.000 2.862000 0.8 2.289000
## 5 Run1.4 10001 20.000 3.150000 0.8 2.520000
## 6 Run1.5 10001 25.000 3.393000 0.8 2.714000
## 7 Run1.6 10001 50.000 4.275000 0.8 3.420000
## 8 Run1.7 10001 100.000 5.386000 0.8 4.309000
## 9 Run1.8 10001 250.000 7.310000 0.8 5.848000
## 10 Run1.9 10001 500.000 9.210000 0.8 7.368000
## 11 Run2 10002 1.419 1.304000 0.8 1.043000
## 12 Run2.1 10002 5.000 1.984000 0.8 1.587000
## 13 Run2.2 10002 10.000 2.500000 0.8 2.000000
## 14 Run2.3 10002 15.000 2.862000 0.8 2.289000
## 15 Run2.4 10002 20.000 3.150000 0.8 2.520000
## 16 Run2.5 10002 25.000 3.393000 0.8 2.714000
## 17 Run2.6 10002 50.000 4.275000 0.8 3.420000
## 18 Run2.7 10002 100.000 5.386000 0.8 4.309000
## 19 Run2.8 10002 250.000 7.310000 0.8 5.848000
## 20 Run2.9 10002 500.000 9.210000 0.8 7.368000
## 21 Run3 10003 1.419 1.304000 0.8 1.043000
## 22 Run3.1 10003 5.000 1.984000 0.8 1.587000
## 23 Run3.2 10003 10.000 2.500000 0.8 2.000000
## 24 Run3.3 10003 15.000 2.862000 0.8 2.289000
## 25 Run3.4 10003 20.000 3.150000 0.8 2.520000
## 26 Run3.5 10003 25.000 3.393000 0.8 2.714000
## 27 Run3.6 10003 50.000 4.275000 0.8 3.420000
## 28 Run3.7 10003 100.000 5.386000 0.8 4.309000
## 29 Run3.8 10003 250.000 7.310000 0.8 5.848000
## 30 Run3.9 10003 500.000 9.210000 0.8 7.368000
## 31 Run4 10004 1.419 1.303970 0.8 1.043176
## 32 Run4.1 10004 5.000 1.984251 0.8 1.587401
## 33 Run4.2 10004 10.000 2.500000 0.8 2.000000
## 34 Run4.3 10004 15.000 2.861786 0.8 2.289428
## 35 Run4.4 10004 20.000 3.149803 0.8 2.519842
## 36 Run4.5 10004 25.000 3.393022 0.8 2.714418
## 37 Run4.6 10004 50.000 4.274940 0.8 3.419952
## 38 Run4.7 10004 100.000 5.386087 0.8 4.308869
## 39 Run4.8 10004 250.000 7.310044 0.8 5.848035
## 40 Run4.9 10004 500.000 9.210079 0.8 7.368063
## 41 Run5 10005 1.419 1.303970 0.8 1.043176
## 42 Run5.1 10005 5.000 1.984251 0.8 1.587401
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## 43 Run5.2 10005 10.000 2.500000 0.8 2.000000
## 44 Run5.3 10005 15.000 2.861786 0.8 2.289428
## 45 Run5.4 10005 20.000 3.149803 0.8 2.519842
## 46 Run5.5 10005 25.000 3.393022 0.8 2.714418
## 47 Run5.6 10005 50.000 4.274940 0.8 3.419952
## 48 Run5.7 10005 100.000 5.386087 0.8 4.308869
## 49 Run5.8 10005 250.000 7.310044 0.8 5.848035
## 50 Run5.9 10005 500.000 9.210079 0.8 7.368063
## 51 Run6 10006 1.419 1.303970 0.8 1.043176
## 52 Run6.1 10006 5.000 1.984251 0.8 1.587401
## 53 Run6.2 10006 10.000 2.500000 0.8 2.000000
## 54 Run6.3 10006 15.000 2.861786 0.8 2.289428
## 55 Run6.4 10006 20.000 3.149803 0.8 2.519842
## 56 Run6.5 10006 25.000 3.393022 0.8 2.714418
## 57 Run6.6 10006 50.000 4.274940 0.8 3.419952
## 58 Run6.7 10006 100.000 5.386087 0.8 4.308869
## 59 Run6.8 10006 250.000 7.310044 0.8 5.848035
## 60 Run6.9 10006 500.000 9.210079 0.8 7.368063
## 61 Run7 10007 1.419 1.303970 0.8 1.043176
## 62 Run7.1 10007 5.000 1.984251 0.8 1.587401
## 63 Run7.2 10007 10.000 2.500000 0.8 2.000000
## 64 Run7.3 10007 15.000 2.861786 0.8 2.289428
## 65 Run7.4 10007 20.000 3.149803 0.8 2.519842
## 66 Run7.5 10007 25.000 3.393022 0.8 2.714418
## 67 Run7.6 10007 50.000 4.274940 0.8 3.419952
## 68 Run7.7 10007 100.000 5.386087 0.8 4.308869
## 69 Run7.8 10007 250.000 7.310044 0.8 5.848035
## 70 Run7.9 10007 500.000 9.210079 0.8 7.368063
## 71 Run8 10008 1.419 1.303970 0.8 1.043176
## 72 Run8.1 10008 5.000 1.984251 0.8 1.587401
## 73 Run8.2 10008 10.000 2.500000 0.8 2.000000
## 74 Run8.3 10008 15.000 2.861786 0.8 2.289428
## 75 Run8.4 10008 20.000 3.149803 0.8 2.519842
## 76 Run8.5 10008 25.000 3.393022 0.8 2.714418
## 77 Run8.6 10008 50.000 4.274940 0.8 3.419952
## 78 Run8.7 10008 100.000 5.386087 0.8 4.308869
## 79 Run8.8 10008 250.000 7.310044 0.8 5.848035
## 80 Run8.9 10008 500.000 9.210079 0.8 7.368063
## 81 Run9 10009 1.419 1.303970 0.8 1.043176
## 82 Run9.1 10009 5.000 1.984251 0.8 1.587401
## 83 Run9.2 10009 10.000 2.500000 0.8 2.000000
## 84 Run9.3 10009 15.000 2.861786 0.8 2.289428
## 85 Run9.4 10009 20.000 3.149803 0.8 2.519842
## 86 Run9.5 10009 25.000 3.393022 0.8 2.714418
## 87 Run9.6 10009 50.000 4.274940 0.8 3.419952
## 88 Run9.7 10009 100.000 5.386087 0.8 4.308869
## 89 Run9.8 10009 250.000 7.310044 0.8 5.848035
## 90 Run9.9 10009 500.000 9.210079 0.8 7.368063
## 91 Run10 10010 1.419 1.303970 0.8 1.043176
## 92 Run10.1 10010 5.000 1.984251 0.8 1.587401
## 93 Run10.2 10010 10.000 2.500000 0.8 2.000000
## 94 Run10.3 10010 15.000 2.861786 0.8 2.289428
## 95 Run10.4 10010 20.000 3.149803 0.8 2.519842
## 96 Run10.5 10010 25.000 3.393022 0.8 2.714418
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## 97 Run10.6 10010 50.000 4.274940 0.8 3.419952
## 98 Run10.7 10010 100.000 5.386087 0.8 4.308869
## 99 Run10.8 10010 250.000 7.310044 0.8 5.848035
## 100 Run10.9 10010 500.000 9.210079 0.8 7.368063
## 101 Run11 10011 1.419 1.303970 0.8 1.043176
## 102 Run11.1 10011 5.000 1.984251 0.8 1.587401
## 103 Run11.2 10011 10.000 2.500000 0.8 2.000000
## 104 Run11.3 10011 15.000 2.861786 0.8 2.289428
## 105 Run11.4 10011 20.000 3.149803 0.8 2.519842
## 106 Run11.5 10011 25.000 3.393022 0.8 2.714418
## 107 Run11.6 10011 50.000 4.274940 0.8 3.419952
## 108 Run11.7 10011 100.000 5.386087 0.8 4.308869
## 109 Run11.8 10011 250.000 7.310044 0.8 5.848035
## 110 Run11.9 10011 500.000 9.210079 0.8 7.368063
## 111 Run12 10012 1.419 1.303970 0.8 1.043176
## 112 Run12.1 10012 5.000 1.984251 0.8 1.587401
## 113 Run12.2 10012 10.000 2.500000 0.8 2.000000
## 114 Run12.3 10012 15.000 2.861786 0.8 2.289428
## 115 Run12.4 10012 20.000 3.149803 0.8 2.519842
## 116 Run12.5 10012 25.000 3.393022 0.8 2.714418
## 117 Run12.6 10012 50.000 4.274940 0.8 3.419952
## 118 Run12.7 10012 100.000 5.386087 0.8 4.308869
## 119 Run12.8 10012 250.000 7.310044 0.8 5.848035
## 120 Run12.9 10012 500.000 9.210079 0.8 7.368063
## 121 Run13.1 10013 1.419 1.303970 0.8 1.043176
## 122 Run13.1 10013 5.000 1.984251 0.8 1.587401
## 123 Run13.2 10013 10.000 2.500000 0.8 2.000000
## 124 Run13.3 10013 15.000 2.861786 0.8 2.289428
## 125 Run13.4 10013 20.000 3.149803 0.8 2.519842
## 126 Run13.5 10013 25.000 3.393022 0.8 2.714418
## 127 Run13.6 10013 50.000 4.274940 0.8 3.419952
## 128 Run13.7 10013 100.000 5.386087 0.8 4.308869
## 129 Run13.8 10013 250.000 7.310044 0.8 5.848035
## 130 Run13.9 10013 500.000 9.210079 0.8 7.368063
## 131 Run14 10014 1.419 1.303970 0.8 1.043176
## 132 Run14.1 10014 5.000 1.984251 0.8 1.587401
## 133 Run14.2 10014 10.000 2.500000 0.8 2.000000
## 134 Run14.3 10014 15.000 2.861786 0.8 2.289428
## 135 Run14.4 10014 20.000 3.149803 0.8 2.519842
## 136 Run14.5 10014 25.000 3.393022 0.8 2.714418
## 137 Run14.6 10014 50.000 4.274940 0.8 3.419952
## 138 Run14.7 10014 100.000 5.386087 0.8 4.308869
## 139 Run14.8 10014 250.000 7.310044 0.8 5.848035
## 140 Run14.9 10014 500.000 9.210079 0.8 7.368063
## Young.Modulus..Mpa. UCS..MPa. NOTES Time Time..min. Cycles
## 1 44922.79 122.88434 NA 3 h 45 min 225 58074
## 2 50497.10 140.56689 NA 5 h 300 80000
## 3 46403.79 132.54214 NA 2 h 30 min 150 40000
## 4 43034.78 132.93228 NA 2 h 30 min 150 40000
## 5 40249.61 130.49812 NA 2 h 30 min 150 40000
## 6 40211.91 128.29170 NA 2h 48 min 168 40000
## 7 44341.92 131.04712 NA 2h 57 min 177 40000
## 8 43170.18 126.76653 NA 3h 15 min 195 40000
## 9 43638.43 130.04598 NA 3h 43 min 223 40000
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## 10 44708.63 135.08635 NA 4h 16 min 256 40000
## 11 36366.01 126.58614 NA 2h 29 min 149 40000
## 12 43071.97 124.97872 NA 2h 29 min 149 40000
## 13 45415.15 124.16689 NA 2h 35min 155 40000
## 14 45131.32 118.29944 NA 2h 39 min 159 40000
## 15 45716.42 123.35441 NA 2h 50 min 170 66666
## 16 46228.25 123.02545 NA 2h 53 min 173 40000
## 17 46141.86 123.40373 NA 3h 11 min 191 40000
## 18 43070.74 122.35736 NA 3h 21min 201 40000
## 19 44186.19 131.72539 NA 3h 38min 218 40000
## 20 45453.09 139.45627 NA 4h 11min 251 40000
## 21 49958.09 138.45064 NA 2h 20 min 140 40000
## 22 42572.22 124.07697 NA 2h 42 min 162 40000
## 23 42605.76 118.80845 NA 2h 59 min 179 40000
## 24 43944.10 121.20999 NA 2h 50min 170 40000
## 25 44711.44 121.49605 NA 2h 48min 168 40000
## 26 44937.70 121.81149 NA 2h 54min 168 40000
## 27 45200.46 129.66141 NA 3h 38min 218 40000
## 28 45120.12 123.15576 NA 3h 25min 205 40000
## 29 45072.77 129.64059 NA 3h 54min 234 40000
## 30 44529.72 132.51144 NA 4h 10min 250 40000
## 31 49387.53 135.36700 NA 3h 19min 199 40000
## 32 46238.10 135.60329 NA 2h 36min 156 40000
## 33 47040.26 131.90328 NA 2h 45min 165 40000
## 34 45074.10 123.60140 NA 2h 45 min 165 40000
## 35 44104.38 123.27137 NA 2h 49min 169 40000
## 36 42743.41 122.26122 NA 2h 51min 171 40000
## 37 43772.82 127.10078 NA 3h 00min 180 40000
## 38 43514.84 124.65280 NA 3h 35min 215 40000
## 39 40628.91 127.07175 NA 3h 56min 236 40000
## 40 39948.07 129.25141 NA 3h 55min 235 40000
## 41 57689.24 158.62343 NA 2h 17min 137 40000
## 42 57797.18 142.88781 NA 2h 24min 144 40000
## 43 56484.60 134.67985 NA 2h 29min 149 40000
## 44 57089.40 135.67662 NA 2h 30min 150 40000
## 45 57454.53 138.04643 NA 2h 29min 149 40000
## 46 57454.53 138.04643 NA 2h 30min 150 40000
## 47 56742.01 135.22383 NA 2h 40min 160 40000
## 48 54787.34 134.76936 NA 2h 51min 171 40000
## 49 52293.74 138.55198 NA 3h 16min 196 40000
## 50 50612.53 143.88339 NA 4h 34min 274 40000
## 51 56280.37 145.36283 NA 2h 20min 140 40000
## 52 56354.88 137.40898 NA 2h 35min 155 40000
## 53 50572.08 129.35466 NA 2h 40min 160 40000
## 54 48027.74 126.02426 NA 2h 47min 167 40000
## 55 45269.00 124.36693 NA 2h 54min 174 40000
## 56 45587.30 128.24889 NA 2h58min 178 40000
## 57 44980.28 128.44492 NA 3h 04min 184 40000
## 58 42770.26 126.89224 NA 3h 18min 198 40000
## 59 52012.07 138.36645 NA 3h 16min 196 40000
## 60 50302.64 138.46750 NA NA
## 61 35211.86 115.14443 NA 2h 32min 152 40000
## 62 40067.13 117.70273 NA 2h 35min 155 40000
## 63 42367.64 113.25969 NA 2h 37min 157 40000

26



## 64 43777.94 117.47369 NA 2h 40min 160 40000
## 65 45048.52 115.91459 NA 3h 42min 222 40000
## 66 45444.93 116.02469 NA 2h 53min 173 40000
## 67 47291.99 117.12980 NA 2h 56min 176 40000
## 68 48889.60 125.91959 NA 3h 1min 181 40000
## 69 52012.07 138.36645 NA 3h 12min 192 40000
## 70 50302.64 138.46750 NA 4h 31min 271 40000
## 71 27012.57 87.39133 NA 3h 3min 183 40000
## 72 33148.06 104.41159 NA 3h 41min 221 40000
## 73 36458.91 107.39131 NA 3h 26min 206 40000
## 74 37845.79 106.92768 NA 3h 8min 188 40000
## 75 39107.93 109.03268 NA NR NR 40000
## 76 40085.64 111.64927 NA NR NR 40000
## 77 42809.29 119.37519 NA NR NR 40000
## 78 43097.02 125.65250 NA NR NR 40000
## 79 40734.28 126.12958 NA NR NR 40000
## 80 42118.50 134.56255 NA 5h 7min 307 40000
## 81 49746.46 115.94802 NA 2h 25min 145 40000
## 82 37626.14 119.70565 NA 3h 13min 193 40000
## 83 39367.99 116.17828 NA 3h 16min 196 40000
## 84 40871.88 119.12774 NA 2h 51min 171 40000
## 85 41935.90 119.70926 NA 3h 17min 197 40000
## 86 42946.93 119.49783 NA 3h 12min 192 40000
## 87 44343.54 123.30313 NA 4h 29min 269 40000
## 88 45028.22 126.99454 NA 12h 55min 775 40000
## 89 47722.71 132.08978 NA 5h 48min 348 40000
## 90 49293.40 138.67429 NA 6h 37min 397 40000
## 91 26642.16 94.47136 NA 2h 56min 176 40000
## 92 28618.52 103.25266 NA 3h 23min 203 40000
## 93 31015.44 108.75345 NA 3h 7min 187 40000
## 94 32489.82 110.14593 NA 4h 39min 279 40000
## 95 33412.39 110.10164 NA 4h 39min 279 40000
## 96 33791.58 108.25570 NA 5h 15min 315 40000
## 97 36247.87 113.62094 NA 5h 17min 317 40000
## 98 39584.46 120.94067 NA 3h 26min 206 40000
## 99 46139.46 133.70280 NA 3h 38min 218 40000
## 100 48918.35 141.31781 NA 4h 52min 292 40000
## 101 57554.42 158.82782 NA 2h 20min 140 40000
## 102 45371.50 117.82559 NA 2h 44min 164 NA
## 103 47487.65 122.05323 NA 2h 35min 155 NA
## 104 49224.98 123.73166 NA 2h 37min 157 NA
## 105 49701.37 124.48933 NA 2h 39min 159 NA
## 106 49424.64 122.20751 NA 2h 41min 161 NA
## 107 48731.15 127.92725 NA 3h 4min 184 NA
## 108 48699.09 128.01872 NA 3h 14min 194 NA
## 109 49625.86 131.85121 NA 3h 38min 218 NA
## 110 48552.99 138.84863 NA 4h 18min 258 NA
## 111 57544.76 159.08295 NA 2h 24min 144 NA
## 112 59111.38 150.64854 NA 2h 27min 147 NA
## 113 59171.46 144.75756 NA 2h 32min 152 NA
## 114 57959.22 139.44493 NA 2h 41min 161 NA
## 115 55918.83 135.59506 NA 2h 33min 153 NA
## 116 53921.59 130.81407 NA 2h 38min 158 NA
## 117 50759.62 122.28209 NA 2h 54min 133 NA
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## 118 47132.36 122.31460 NA 3h 25min 205 NA
## 119 49501.71 131.26009 NA 3h 19min 199 NA
## 120 51594.77 143.71546 NA NA
## 121 45187.49 127.65948 NA 4h 17min 257 NA
## 122 45650.14 115.82955 NA 2h 41min 161 NA
## 123 43344.85 109.41793 NA 3h 02min 182 NA
## 124 42018.27 102.73034 NA 2h 52min 172 NA
## 125 42356.26 102.75420 NA 3h 18min 198 NA
## 126 42021.95 104.30120 NA 3h 27min 207 NA
## 127 44159.91 108.77767 NA 3h 22min 202 NA
## 128 47661.74 120.63908 NA 3h 20min 200 NA
## 129 47813.12 130.69509 NA 3h 40min 220 NA
## 130 47904.19 137.69279 NA 4 14min 254 NA
## 131 40592.38 NA NA 3h 11min 191 NA
## 132 38429.45 NA NA 3h 18min 198 NA
## 133 41461.71 NA NA 2h 48min 168 NA
## 134 43071.99 NA NA 2h 50min 170 NA
## 135 43968.74 NA NA 2h 49min 169 NA
## 136 44834.99 NA NA 2h 34min 154 NA
## 137 NA NA NA 3h 29min 209 NA
## 138 NA NA NA 3h 44min 224 NA
## 139 NA NA NA NA
## 140 NA NA NA NA

levels (DDFN_IR_PropCal)

## NULL

Vol <- DDFN_IR_PropCal$Volume..m.3[1 : 10]
RSeed <- seq(10001,10013,by=1)

Realizations_UCS<- matrix (nrow=length (Vol),ncol= length (RSeed))

for (i in 1:length (RSeed)) {
Realizations_UCS[,i]<- subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Random.Seed.. == RSeed[i])[,8]

}

colnames(Realizations_UCS) <- RSeed
Realizations_UCS

## 10001 10002 10003 10004 10005 10006 10007 10008
## [1,] 122.8843 126.5861 138.4506 135.3670 158.6234 145.3628 115.1444 87.39133
## [2,] 140.5669 124.9787 124.0770 135.6033 142.8878 137.4090 117.7027 104.41159
## [3,] 132.5421 124.1669 118.8084 131.9033 134.6799 129.3547 113.2597 107.39131
## [4,] 132.9323 118.2994 121.2100 123.6014 135.6766 126.0243 117.4737 106.92768
## [5,] 130.4981 123.3544 121.4960 123.2714 138.0464 124.3669 115.9146 109.03268
## [6,] 128.2917 123.0255 121.8115 122.2612 138.0464 128.2489 116.0247 111.64927
## [7,] 131.0471 123.4037 129.6614 127.1008 135.2238 128.4449 117.1298 119.37519
## [8,] 126.7665 122.3574 123.1558 124.6528 134.7694 126.8922 125.9196 125.65250
## [9,] 130.0460 131.7254 129.6406 127.0717 138.5520 138.3665 138.3665 126.12958
## [10,] 135.0864 139.4563 132.5114 129.2514 143.8834 138.4675 138.4675 134.56255
## 10009 10010 10011 10012 10013
## [1,] 115.9480 94.47136 158.8278 159.0829 127.6595
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## [2,] 119.7056 103.25266 117.8256 150.6485 115.8295
## [3,] 116.1783 108.75345 122.0532 144.7576 109.4179
## [4,] 119.1277 110.14593 123.7317 139.4449 102.7303
## [5,] 119.7093 110.10164 124.4893 135.5951 102.7542
## [6,] 119.4978 108.25570 122.2075 130.8141 104.3012
## [7,] 123.3031 113.62094 127.9272 122.2821 108.7777
## [8,] 126.9945 120.94067 128.0187 122.3146 120.6391
## [9,] 132.0898 133.70280 131.8512 131.2601 130.6951
## [10,] 138.6743 141.31781 138.8486 143.7155 137.6928

# Defining the maximum and minimum strengths obtained from the simulation results.

max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[1]) $UCS..MPa.[1: 13])

## [1] 159.0829

max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[2]) $UCS..MPa.[1: 13])

## [1] 150.6485

Max_UCS <-matrix (nrow = length (Vol), ncol=1)
Min_UCS <-matrix (nrow = length (Vol), ncol=1)

for (i in 1:length (Vol)) {
Max_UCS[i]<- max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[i]) $UCS..MPa.[1: 13])
Min_UCS[i]<- min( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[i]) $UCS..MPa.[1: 13])

}

df.Max_UCS <- data.frame (Vol,Max_UCS)
df.Min_UCS <- data.frame (Vol,Min_UCS)

Logfit_Max_UCS <- lm(Max_UCS~log (Vol),data=df.Max_UCS)
Logfit_Min_UCS <- lm(Min_UCS~log (Vol),data=df.Min_UCS)

#Calculating the Weighted Average for Uniaxial Compressive Strenght Accounting for Standard Deviation of Each Volume

df.Limits_UCS <- data.frame (Vol, predict (Logfit_Max_UCS), predict (Logfit_Min_UCS))
colnames(df.Limits_UCS)<- c("Vol", "MaxUCS", "MinUCS")
df.Limits_UCS

## Vol MaxUCS MinUCS
## 1 1.419 150.7134 88.97526
## 2 5.000 147.1510 97.50969
## 3 10.000 145.1905 102.20654
## 4 15.000 144.0437 104.95403
## 5 20.000 143.2300 106.90340
## 6 25.000 142.5988 108.41545
## 7 50.000 140.6383 113.11230
## 8 100.000 138.6778 117.80915
## 9 250.000 136.0862 124.01806
## 10 500.000 134.1256 128.71491
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Wi_UCS <-sum(df.Limits_UCS $SD_UCŜ2) / df.Limits_UCS $SD_UCŜ2
Wi_UCS

## numeric(0)

X_UCS <-sum(Wi_UCS*df.Limits_UCS $MeanUCS)/sum(Wi_UCS)
X_UCS

## [1] NaN

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig3.12-15_UCS.pdf", width = 8, height = 5)

# Graph 1

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (0,0,ylim = c(90,160), xlim = c(0,500), type = "l", lwd = 3, xlab = expression (Volume~m̂ 3) ,ylab = "Uniaxial Compressive Strength [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Uniaxial Compressive Strength") #log = "x"
for (i in 1:length (RSeed)) {

points (Vol, Realizations_UCS[,i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_UCS[,i], col = RSeed[i])

}

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
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# Graph 2

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit_Max_UCS), ylim = c(90,160), xlim = c(0,500), type = "l", lty =2 , col = "darkblue",lwd = 2, xlab = expression (Volume~m̂ 3) ,ylab = "Uniaxial Compressive Strength [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Uniaxial Compressive Strength") #log = "x"

for (i in 1:length (RSeed)) {
points (Vol, Realizations_UCS[,i], col = RSeed[i], pch = 16)

}
lines (Vol, predict (Logfit_Min_UCS), lty =3 , col = "darkblue", lwd =2)
#lines(x=c(0,510),y=c(mean(DDFN_IR_PropCal$UCS..MPa.[1:130]),mean(DDFN_IR_PropCal$UCS..MPa.[1:130])), lty =2 , col = "red", lwd =2)
lines (x= c(0,510),y= c(X_UCS,X_UCS), lty =2 , col = "red", lwd =2)

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
legend ("bottomright", legend= c("Homogenized UCS", "Upper Limit","Lower Limit"), lty = c(2,2,3), lwd = c(2,2,2), bty= "n", col= c("Red","DarkBlue","DarkBlue"), cex = 0.9)

# Graph 3

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit_Max_UCS),log = "x", ylim = c(90,160), type = "l", lty =2 , col = "darkblue", lwd = 2, xlab = expression ( Log(Volume~m̂ 3)) ,ylab = "Uniaxial Compressive Strength [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Uniaxial Compressive Strength vs Volume in Logarithmic Scale")
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for (i in 1:length (RSeed)) {
points (Vol, Realizations_UCS[,i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_UCS[,i], col = RSeed[i])

}

lines (Vol, predict (Logfit_Min_UCS), lty =2 , col = "darkblue", lwd =2)
lines ( c(0,510), c( mean(DDFN_IR_PropCal$UCS..MPa.[1: 130]), mean(DDFN_IR_PropCal$UCS..MPa.[1: 130])), lty =2 , col = "red", lwd =2)

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)

#Graph 4

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=UCS..MPa., group =Volume..m.3., color = Random.Seed..)) +
geom_boxplot( ) +
theme_bw() +
xlim (0,500) +
ylim (90,160) +
labs (x= expression ( Log(Volume~m̂ 3)) ,y= "Uniaxial Compressive Strength [MPa]")

## Warning: Removed 11 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=UCS..MPa., group =Volume..m.3., color = Random.Seed..)) +
geom_boxplot( ) +
scale_x_continuous (trans='log10') +
theme_bw() +
xlim (0,500) +
ylim (90,160) +
labs (x= expression ( Log(Volume~m̂ 3)) ,y= "Uniaxial Compressive Strength [MPa]")

## Scale for 'x' is already present. Adding another scale for 'x', which will
## replace the existing scale.

## Warning: Removed 11 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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#+
#geom_line(data = df.Limits_UCS, aes(x = Vol, y =MaxUCS))

# Calculting the Coefficient of Variation for each volume sample

df.Limits_UCS $MeanUCS<- rowMeans( as.matrix (Realizations_UCS))
df.Limits_UCS $SD_UCS <- 1
for (i in 1:length (Vol)) {

df.Limits_UCS $SD_UCS[i]<-sd(Realizations_UCS[i,])
}
df.Limits_UCS $COV_UCS <- df.Limits_UCS$SD_UCS/ df.Limits_UCS $MeanUCS
df.Limits_UCS

## Vol MaxUCS MinUCS MeanUCS SD_UCS COV_UCS
## 1 1.419 150.7134 88.97526 129.6769 23.084507 0.17801556
## 2 5.000 147.1510 97.50969 125.7615 14.701350 0.11689869
## 3 10.000 145.1905 102.20654 122.5590 11.584072 0.09451835
## 4 15.000 144.0437 104.95403 121.3328 10.835627 0.08930503
## 5 20.000 143.2300 106.90340 121.4331 10.199102 0.08398948
## 6 25.000 142.5988 108.41545 121.1104 9.380727 0.07745599
## 7 50.000 140.6383 113.11230 123.6383 7.430835 0.06010140
## 8 100.000 138.6778 117.80915 125.3134 3.746550 0.02989745
## 9 250.000 136.0862 124.01806 132.2690 4.045996 0.03058915
## 10 500.000 134.1256 128.71491 137.8412 4.170885 0.03025863
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#dev.off

#Multi Scale DFN/DEM Approach to identify representative elementary volume Young's Modulus.

DDFN_IR_PropCal

## Run Random.Seed.. Volume..m.3. Height..m. W.H Side..m.
## 1 Run1 10001 1.419 1.304000 0.8 1.043000
## 2 Run1.1 10001 5.000 1.984000 0.8 1.587000
## 3 Run1.2 10001 10.000 2.500000 0.8 2.000000
## 4 Run1.3 10001 15.000 2.862000 0.8 2.289000
## 5 Run1.4 10001 20.000 3.150000 0.8 2.520000
## 6 Run1.5 10001 25.000 3.393000 0.8 2.714000
## 7 Run1.6 10001 50.000 4.275000 0.8 3.420000
## 8 Run1.7 10001 100.000 5.386000 0.8 4.309000
## 9 Run1.8 10001 250.000 7.310000 0.8 5.848000
## 10 Run1.9 10001 500.000 9.210000 0.8 7.368000
## 11 Run2 10002 1.419 1.304000 0.8 1.043000
## 12 Run2.1 10002 5.000 1.984000 0.8 1.587000
## 13 Run2.2 10002 10.000 2.500000 0.8 2.000000
## 14 Run2.3 10002 15.000 2.862000 0.8 2.289000
## 15 Run2.4 10002 20.000 3.150000 0.8 2.520000
## 16 Run2.5 10002 25.000 3.393000 0.8 2.714000
## 17 Run2.6 10002 50.000 4.275000 0.8 3.420000
## 18 Run2.7 10002 100.000 5.386000 0.8 4.309000
## 19 Run2.8 10002 250.000 7.310000 0.8 5.848000
## 20 Run2.9 10002 500.000 9.210000 0.8 7.368000
## 21 Run3 10003 1.419 1.304000 0.8 1.043000
## 22 Run3.1 10003 5.000 1.984000 0.8 1.587000
## 23 Run3.2 10003 10.000 2.500000 0.8 2.000000
## 24 Run3.3 10003 15.000 2.862000 0.8 2.289000
## 25 Run3.4 10003 20.000 3.150000 0.8 2.520000
## 26 Run3.5 10003 25.000 3.393000 0.8 2.714000
## 27 Run3.6 10003 50.000 4.275000 0.8 3.420000
## 28 Run3.7 10003 100.000 5.386000 0.8 4.309000
## 29 Run3.8 10003 250.000 7.310000 0.8 5.848000
## 30 Run3.9 10003 500.000 9.210000 0.8 7.368000
## 31 Run4 10004 1.419 1.303970 0.8 1.043176
## 32 Run4.1 10004 5.000 1.984251 0.8 1.587401
## 33 Run4.2 10004 10.000 2.500000 0.8 2.000000
## 34 Run4.3 10004 15.000 2.861786 0.8 2.289428
## 35 Run4.4 10004 20.000 3.149803 0.8 2.519842
## 36 Run4.5 10004 25.000 3.393022 0.8 2.714418
## 37 Run4.6 10004 50.000 4.274940 0.8 3.419952
## 38 Run4.7 10004 100.000 5.386087 0.8 4.308869
## 39 Run4.8 10004 250.000 7.310044 0.8 5.848035
## 40 Run4.9 10004 500.000 9.210079 0.8 7.368063
## 41 Run5 10005 1.419 1.303970 0.8 1.043176
## 42 Run5.1 10005 5.000 1.984251 0.8 1.587401
## 43 Run5.2 10005 10.000 2.500000 0.8 2.000000
## 44 Run5.3 10005 15.000 2.861786 0.8 2.289428
## 45 Run5.4 10005 20.000 3.149803 0.8 2.519842
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## 46 Run5.5 10005 25.000 3.393022 0.8 2.714418
## 47 Run5.6 10005 50.000 4.274940 0.8 3.419952
## 48 Run5.7 10005 100.000 5.386087 0.8 4.308869
## 49 Run5.8 10005 250.000 7.310044 0.8 5.848035
## 50 Run5.9 10005 500.000 9.210079 0.8 7.368063
## 51 Run6 10006 1.419 1.303970 0.8 1.043176
## 52 Run6.1 10006 5.000 1.984251 0.8 1.587401
## 53 Run6.2 10006 10.000 2.500000 0.8 2.000000
## 54 Run6.3 10006 15.000 2.861786 0.8 2.289428
## 55 Run6.4 10006 20.000 3.149803 0.8 2.519842
## 56 Run6.5 10006 25.000 3.393022 0.8 2.714418
## 57 Run6.6 10006 50.000 4.274940 0.8 3.419952
## 58 Run6.7 10006 100.000 5.386087 0.8 4.308869
## 59 Run6.8 10006 250.000 7.310044 0.8 5.848035
## 60 Run6.9 10006 500.000 9.210079 0.8 7.368063
## 61 Run7 10007 1.419 1.303970 0.8 1.043176
## 62 Run7.1 10007 5.000 1.984251 0.8 1.587401
## 63 Run7.2 10007 10.000 2.500000 0.8 2.000000
## 64 Run7.3 10007 15.000 2.861786 0.8 2.289428
## 65 Run7.4 10007 20.000 3.149803 0.8 2.519842
## 66 Run7.5 10007 25.000 3.393022 0.8 2.714418
## 67 Run7.6 10007 50.000 4.274940 0.8 3.419952
## 68 Run7.7 10007 100.000 5.386087 0.8 4.308869
## 69 Run7.8 10007 250.000 7.310044 0.8 5.848035
## 70 Run7.9 10007 500.000 9.210079 0.8 7.368063
## 71 Run8 10008 1.419 1.303970 0.8 1.043176
## 72 Run8.1 10008 5.000 1.984251 0.8 1.587401
## 73 Run8.2 10008 10.000 2.500000 0.8 2.000000
## 74 Run8.3 10008 15.000 2.861786 0.8 2.289428
## 75 Run8.4 10008 20.000 3.149803 0.8 2.519842
## 76 Run8.5 10008 25.000 3.393022 0.8 2.714418
## 77 Run8.6 10008 50.000 4.274940 0.8 3.419952
## 78 Run8.7 10008 100.000 5.386087 0.8 4.308869
## 79 Run8.8 10008 250.000 7.310044 0.8 5.848035
## 80 Run8.9 10008 500.000 9.210079 0.8 7.368063
## 81 Run9 10009 1.419 1.303970 0.8 1.043176
## 82 Run9.1 10009 5.000 1.984251 0.8 1.587401
## 83 Run9.2 10009 10.000 2.500000 0.8 2.000000
## 84 Run9.3 10009 15.000 2.861786 0.8 2.289428
## 85 Run9.4 10009 20.000 3.149803 0.8 2.519842
## 86 Run9.5 10009 25.000 3.393022 0.8 2.714418
## 87 Run9.6 10009 50.000 4.274940 0.8 3.419952
## 88 Run9.7 10009 100.000 5.386087 0.8 4.308869
## 89 Run9.8 10009 250.000 7.310044 0.8 5.848035
## 90 Run9.9 10009 500.000 9.210079 0.8 7.368063
## 91 Run10 10010 1.419 1.303970 0.8 1.043176
## 92 Run10.1 10010 5.000 1.984251 0.8 1.587401
## 93 Run10.2 10010 10.000 2.500000 0.8 2.000000
## 94 Run10.3 10010 15.000 2.861786 0.8 2.289428
## 95 Run10.4 10010 20.000 3.149803 0.8 2.519842
## 96 Run10.5 10010 25.000 3.393022 0.8 2.714418
## 97 Run10.6 10010 50.000 4.274940 0.8 3.419952
## 98 Run10.7 10010 100.000 5.386087 0.8 4.308869
## 99 Run10.8 10010 250.000 7.310044 0.8 5.848035
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## 100 Run10.9 10010 500.000 9.210079 0.8 7.368063
## 101 Run11 10011 1.419 1.303970 0.8 1.043176
## 102 Run11.1 10011 5.000 1.984251 0.8 1.587401
## 103 Run11.2 10011 10.000 2.500000 0.8 2.000000
## 104 Run11.3 10011 15.000 2.861786 0.8 2.289428
## 105 Run11.4 10011 20.000 3.149803 0.8 2.519842
## 106 Run11.5 10011 25.000 3.393022 0.8 2.714418
## 107 Run11.6 10011 50.000 4.274940 0.8 3.419952
## 108 Run11.7 10011 100.000 5.386087 0.8 4.308869
## 109 Run11.8 10011 250.000 7.310044 0.8 5.848035
## 110 Run11.9 10011 500.000 9.210079 0.8 7.368063
## 111 Run12 10012 1.419 1.303970 0.8 1.043176
## 112 Run12.1 10012 5.000 1.984251 0.8 1.587401
## 113 Run12.2 10012 10.000 2.500000 0.8 2.000000
## 114 Run12.3 10012 15.000 2.861786 0.8 2.289428
## 115 Run12.4 10012 20.000 3.149803 0.8 2.519842
## 116 Run12.5 10012 25.000 3.393022 0.8 2.714418
## 117 Run12.6 10012 50.000 4.274940 0.8 3.419952
## 118 Run12.7 10012 100.000 5.386087 0.8 4.308869
## 119 Run12.8 10012 250.000 7.310044 0.8 5.848035
## 120 Run12.9 10012 500.000 9.210079 0.8 7.368063
## 121 Run13.1 10013 1.419 1.303970 0.8 1.043176
## 122 Run13.1 10013 5.000 1.984251 0.8 1.587401
## 123 Run13.2 10013 10.000 2.500000 0.8 2.000000
## 124 Run13.3 10013 15.000 2.861786 0.8 2.289428
## 125 Run13.4 10013 20.000 3.149803 0.8 2.519842
## 126 Run13.5 10013 25.000 3.393022 0.8 2.714418
## 127 Run13.6 10013 50.000 4.274940 0.8 3.419952
## 128 Run13.7 10013 100.000 5.386087 0.8 4.308869
## 129 Run13.8 10013 250.000 7.310044 0.8 5.848035
## 130 Run13.9 10013 500.000 9.210079 0.8 7.368063
## 131 Run14 10014 1.419 1.303970 0.8 1.043176
## 132 Run14.1 10014 5.000 1.984251 0.8 1.587401
## 133 Run14.2 10014 10.000 2.500000 0.8 2.000000
## 134 Run14.3 10014 15.000 2.861786 0.8 2.289428
## 135 Run14.4 10014 20.000 3.149803 0.8 2.519842
## 136 Run14.5 10014 25.000 3.393022 0.8 2.714418
## 137 Run14.6 10014 50.000 4.274940 0.8 3.419952
## 138 Run14.7 10014 100.000 5.386087 0.8 4.308869
## 139 Run14.8 10014 250.000 7.310044 0.8 5.848035
## 140 Run14.9 10014 500.000 9.210079 0.8 7.368063
## Young.Modulus..Mpa. UCS..MPa. NOTES Time Time..min. Cycles
## 1 44922.79 122.88434 NA 3 h 45 min 225 58074
## 2 50497.10 140.56689 NA 5 h 300 80000
## 3 46403.79 132.54214 NA 2 h 30 min 150 40000
## 4 43034.78 132.93228 NA 2 h 30 min 150 40000
## 5 40249.61 130.49812 NA 2 h 30 min 150 40000
## 6 40211.91 128.29170 NA 2h 48 min 168 40000
## 7 44341.92 131.04712 NA 2h 57 min 177 40000
## 8 43170.18 126.76653 NA 3h 15 min 195 40000
## 9 43638.43 130.04598 NA 3h 43 min 223 40000
## 10 44708.63 135.08635 NA 4h 16 min 256 40000
## 11 36366.01 126.58614 NA 2h 29 min 149 40000
## 12 43071.97 124.97872 NA 2h 29 min 149 40000
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## 13 45415.15 124.16689 NA 2h 35min 155 40000
## 14 45131.32 118.29944 NA 2h 39 min 159 40000
## 15 45716.42 123.35441 NA 2h 50 min 170 66666
## 16 46228.25 123.02545 NA 2h 53 min 173 40000
## 17 46141.86 123.40373 NA 3h 11 min 191 40000
## 18 43070.74 122.35736 NA 3h 21min 201 40000
## 19 44186.19 131.72539 NA 3h 38min 218 40000
## 20 45453.09 139.45627 NA 4h 11min 251 40000
## 21 49958.09 138.45064 NA 2h 20 min 140 40000
## 22 42572.22 124.07697 NA 2h 42 min 162 40000
## 23 42605.76 118.80845 NA 2h 59 min 179 40000
## 24 43944.10 121.20999 NA 2h 50min 170 40000
## 25 44711.44 121.49605 NA 2h 48min 168 40000
## 26 44937.70 121.81149 NA 2h 54min 168 40000
## 27 45200.46 129.66141 NA 3h 38min 218 40000
## 28 45120.12 123.15576 NA 3h 25min 205 40000
## 29 45072.77 129.64059 NA 3h 54min 234 40000
## 30 44529.72 132.51144 NA 4h 10min 250 40000
## 31 49387.53 135.36700 NA 3h 19min 199 40000
## 32 46238.10 135.60329 NA 2h 36min 156 40000
## 33 47040.26 131.90328 NA 2h 45min 165 40000
## 34 45074.10 123.60140 NA 2h 45 min 165 40000
## 35 44104.38 123.27137 NA 2h 49min 169 40000
## 36 42743.41 122.26122 NA 2h 51min 171 40000
## 37 43772.82 127.10078 NA 3h 00min 180 40000
## 38 43514.84 124.65280 NA 3h 35min 215 40000
## 39 40628.91 127.07175 NA 3h 56min 236 40000
## 40 39948.07 129.25141 NA 3h 55min 235 40000
## 41 57689.24 158.62343 NA 2h 17min 137 40000
## 42 57797.18 142.88781 NA 2h 24min 144 40000
## 43 56484.60 134.67985 NA 2h 29min 149 40000
## 44 57089.40 135.67662 NA 2h 30min 150 40000
## 45 57454.53 138.04643 NA 2h 29min 149 40000
## 46 57454.53 138.04643 NA 2h 30min 150 40000
## 47 56742.01 135.22383 NA 2h 40min 160 40000
## 48 54787.34 134.76936 NA 2h 51min 171 40000
## 49 52293.74 138.55198 NA 3h 16min 196 40000
## 50 50612.53 143.88339 NA 4h 34min 274 40000
## 51 56280.37 145.36283 NA 2h 20min 140 40000
## 52 56354.88 137.40898 NA 2h 35min 155 40000
## 53 50572.08 129.35466 NA 2h 40min 160 40000
## 54 48027.74 126.02426 NA 2h 47min 167 40000
## 55 45269.00 124.36693 NA 2h 54min 174 40000
## 56 45587.30 128.24889 NA 2h58min 178 40000
## 57 44980.28 128.44492 NA 3h 04min 184 40000
## 58 42770.26 126.89224 NA 3h 18min 198 40000
## 59 52012.07 138.36645 NA 3h 16min 196 40000
## 60 50302.64 138.46750 NA NA
## 61 35211.86 115.14443 NA 2h 32min 152 40000
## 62 40067.13 117.70273 NA 2h 35min 155 40000
## 63 42367.64 113.25969 NA 2h 37min 157 40000
## 64 43777.94 117.47369 NA 2h 40min 160 40000
## 65 45048.52 115.91459 NA 3h 42min 222 40000
## 66 45444.93 116.02469 NA 2h 53min 173 40000
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## 67 47291.99 117.12980 NA 2h 56min 176 40000
## 68 48889.60 125.91959 NA 3h 1min 181 40000
## 69 52012.07 138.36645 NA 3h 12min 192 40000
## 70 50302.64 138.46750 NA 4h 31min 271 40000
## 71 27012.57 87.39133 NA 3h 3min 183 40000
## 72 33148.06 104.41159 NA 3h 41min 221 40000
## 73 36458.91 107.39131 NA 3h 26min 206 40000
## 74 37845.79 106.92768 NA 3h 8min 188 40000
## 75 39107.93 109.03268 NA NR NR 40000
## 76 40085.64 111.64927 NA NR NR 40000
## 77 42809.29 119.37519 NA NR NR 40000
## 78 43097.02 125.65250 NA NR NR 40000
## 79 40734.28 126.12958 NA NR NR 40000
## 80 42118.50 134.56255 NA 5h 7min 307 40000
## 81 49746.46 115.94802 NA 2h 25min 145 40000
## 82 37626.14 119.70565 NA 3h 13min 193 40000
## 83 39367.99 116.17828 NA 3h 16min 196 40000
## 84 40871.88 119.12774 NA 2h 51min 171 40000
## 85 41935.90 119.70926 NA 3h 17min 197 40000
## 86 42946.93 119.49783 NA 3h 12min 192 40000
## 87 44343.54 123.30313 NA 4h 29min 269 40000
## 88 45028.22 126.99454 NA 12h 55min 775 40000
## 89 47722.71 132.08978 NA 5h 48min 348 40000
## 90 49293.40 138.67429 NA 6h 37min 397 40000
## 91 26642.16 94.47136 NA 2h 56min 176 40000
## 92 28618.52 103.25266 NA 3h 23min 203 40000
## 93 31015.44 108.75345 NA 3h 7min 187 40000
## 94 32489.82 110.14593 NA 4h 39min 279 40000
## 95 33412.39 110.10164 NA 4h 39min 279 40000
## 96 33791.58 108.25570 NA 5h 15min 315 40000
## 97 36247.87 113.62094 NA 5h 17min 317 40000
## 98 39584.46 120.94067 NA 3h 26min 206 40000
## 99 46139.46 133.70280 NA 3h 38min 218 40000
## 100 48918.35 141.31781 NA 4h 52min 292 40000
## 101 57554.42 158.82782 NA 2h 20min 140 40000
## 102 45371.50 117.82559 NA 2h 44min 164 NA
## 103 47487.65 122.05323 NA 2h 35min 155 NA
## 104 49224.98 123.73166 NA 2h 37min 157 NA
## 105 49701.37 124.48933 NA 2h 39min 159 NA
## 106 49424.64 122.20751 NA 2h 41min 161 NA
## 107 48731.15 127.92725 NA 3h 4min 184 NA
## 108 48699.09 128.01872 NA 3h 14min 194 NA
## 109 49625.86 131.85121 NA 3h 38min 218 NA
## 110 48552.99 138.84863 NA 4h 18min 258 NA
## 111 57544.76 159.08295 NA 2h 24min 144 NA
## 112 59111.38 150.64854 NA 2h 27min 147 NA
## 113 59171.46 144.75756 NA 2h 32min 152 NA
## 114 57959.22 139.44493 NA 2h 41min 161 NA
## 115 55918.83 135.59506 NA 2h 33min 153 NA
## 116 53921.59 130.81407 NA 2h 38min 158 NA
## 117 50759.62 122.28209 NA 2h 54min 133 NA
## 118 47132.36 122.31460 NA 3h 25min 205 NA
## 119 49501.71 131.26009 NA 3h 19min 199 NA
## 120 51594.77 143.71546 NA NA
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## 121 45187.49 127.65948 NA 4h 17min 257 NA
## 122 45650.14 115.82955 NA 2h 41min 161 NA
## 123 43344.85 109.41793 NA 3h 02min 182 NA
## 124 42018.27 102.73034 NA 2h 52min 172 NA
## 125 42356.26 102.75420 NA 3h 18min 198 NA
## 126 42021.95 104.30120 NA 3h 27min 207 NA
## 127 44159.91 108.77767 NA 3h 22min 202 NA
## 128 47661.74 120.63908 NA 3h 20min 200 NA
## 129 47813.12 130.69509 NA 3h 40min 220 NA
## 130 47904.19 137.69279 NA 4 14min 254 NA
## 131 40592.38 NA NA 3h 11min 191 NA
## 132 38429.45 NA NA 3h 18min 198 NA
## 133 41461.71 NA NA 2h 48min 168 NA
## 134 43071.99 NA NA 2h 50min 170 NA
## 135 43968.74 NA NA 2h 49min 169 NA
## 136 44834.99 NA NA 2h 34min 154 NA
## 137 NA NA NA 3h 29min 209 NA
## 138 NA NA NA 3h 44min 224 NA
## 139 NA NA NA NA
## 140 NA NA NA NA

levels (DDFN_IR_PropCal)

## NULL

Vol

## [1] 1.419 5.000 10.000 15.000 20.000 25.000 50.000 100.000 250.000
## [10] 500.000

RSeed

## [1] 10001 10002 10003 10004 10005 10006 10007 10008 10009 10010 10011 10012
## [13] 10013

Realizations_EMod<- matrix (nrow=length (Vol),ncol= length (RSeed))

for (i in 1:length (RSeed)) {
Realizations_EMod[,i]<- subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Random.Seed.. == RSeed[i])[,7]

}

colnames(Realizations_EMod) <- RSeed
Realizations_EMod

## 10001 10002 10003 10004 10005 10006 10007 10008
## [1,] 44922.79 36366.01 49958.09 49387.53 57689.24 56280.37 35211.86 27012.57
## [2,] 50497.10 43071.97 42572.22 46238.10 57797.18 56354.88 40067.13 33148.06
## [3,] 46403.79 45415.15 42605.76 47040.26 56484.60 50572.08 42367.64 36458.91
## [4,] 43034.78 45131.32 43944.10 45074.10 57089.40 48027.74 43777.94 37845.79
## [5,] 40249.61 45716.42 44711.44 44104.38 57454.53 45269.00 45048.52 39107.93
## [6,] 40211.91 46228.25 44937.70 42743.41 57454.53 45587.30 45444.93 40085.64
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## [7,] 44341.92 46141.86 45200.46 43772.82 56742.01 44980.28 47291.99 42809.29
## [8,] 43170.18 43070.74 45120.12 43514.84 54787.34 42770.26 48889.60 43097.02
## [9,] 43638.43 44186.19 45072.77 40628.91 52293.74 52012.07 52012.07 40734.28
## [10,] 44708.63 45453.09 44529.72 39948.07 50612.53 50302.64 50302.64 42118.50
## 10009 10010 10011 10012 10013
## [1,] 49746.46 26642.16 57554.42 57544.76 45187.49
## [2,] 37626.14 28618.52 45371.50 59111.38 45650.14
## [3,] 39367.99 31015.44 47487.65 59171.46 43344.85
## [4,] 40871.88 32489.82 49224.98 57959.22 42018.27
## [5,] 41935.90 33412.39 49701.37 55918.83 42356.26
## [6,] 42946.93 33791.58 49424.64 53921.59 42021.95
## [7,] 44343.54 36247.87 48731.15 50759.62 44159.91
## [8,] 45028.22 39584.46 48699.09 47132.36 47661.74
## [9,] 47722.71 46139.46 49625.86 49501.71 47813.12
## [10,] 49293.40 48918.35 48552.99 51594.77 47904.19

# Defining the maximum and minimum Young Modulus obtained from the simulation results.

max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[1]) $Young.Modulus..Mpa.[1 : 13])

## [1] 57689.24

max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[2]) $Young.Modulus..Mpa.[1 : 13])

## [1] 59111.38

Max_EMod <-matrix (nrow = length (Vol), ncol=1)
Min_EMod <-matrix (nrow = length (Vol), ncol=1)

for (i in 1:length (Vol)) {
Max_EMod[i]<- max( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[i]) $Young.Modulus..Mpa.[1 : 13])
Min_EMod[i]<- min( subset (DDFN_IR_PropCal, DDFN_IR_PropCal$Volume..m.3. == Vol[i]) $Young.Modulus..Mpa.[1 : 13])

}

df.Max_EMod <- data.frame (Vol,Max_EMod)
df.Min_EMod <- data.frame (Vol,Min_EMod)

Logfit_Max_EMod <- lm(Max_EMod~log (Vol),data=df.Max_EMod)
Logfit_Min_EMod <- lm(Min_EMod~log (Vol),data=df.Min_EMod)

#Calculating the Weighted Average for Deformation Modulus Accounting for Standard Deviation of Each Volume

df.Limits_EMod <- data.frame (Vol, predict (Logfit_Max_EMod), predict (Logfit_Min_EMod))
colnames(df.Limits_EMod)<- c("Vol", "MaxUCS", "MinUCS")
df.Limits_EMod

## Vol MaxUCS MinUCS
## 1 1.419 60367.48 26305.96
## 2 5.000 58709.25 29642.88
## 3 10.000 57796.66 31479.32
## 4 15.000 57262.83 32553.58
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## 5 20.000 56884.07 33315.77
## 6 25.000 56590.28 33906.97
## 7 50.000 55677.69 35743.42
## 8 100.000 54765.10 37579.87
## 9 250.000 53558.72 40007.52
## 10 500.000 52646.13 41843.96

Wi_EMod <-sum(df.Limits_EMod $SD_EMod̂2) / df.Limits_EMod $SD_EMod̂2
Wi_EMod

## numeric(0)

X_EMod <-sum(Wi_EMod*df.Limits_EMod $MeanEMod)/sum(Wi_EMod)
X_EMod

## [1] NaN

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig3.12-15_EMod.pdf", width = 8, height = 5)

# Graph 1

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (0,0,xlim = c(0,500),ylim = c(25000,60000), type = "l", lwd = 3, xlab = expression (Volume~m̂ 3) ,ylab = "Young's Modulus [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Young's Modulus") #log = "x"
for (i in 1:length (RSeed)) {

points (Vol, Realizations_EMod[,i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_EMod[,i], col = RSeed[i])

}

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
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# Graph 2

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit_Max_EMod), xlim = c(0,500),ylim = c(25000,60000), type = "l", lty =2 , col = "darkblue",lwd = 2, xlab = expression (Volume~m̂ 3) ,ylab = "Young's Modulus [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Young's Modulus") #log = "x"

for (i in 1:length (RSeed)) {
points (Vol, Realizations_EMod[,i], col = RSeed[i], pch = 16)

}
lines (Vol, predict (Logfit_Min_EMod), lty =3 , col = "darkblue", lwd =2)
#lines(x=c(0,510),y=c(mean(DDFN_IR_PropCal$Young.Modulus..Mpa.[1:130]),mean(DDFN_IR_PropCal$Young.Modulus..Mpa.[1:130])), lty =2 , col = "red", lwd =2)
lines (x= c(0,510),y= c(X_EMod,X_EMod), lty =2 , col = "red", lwd =2)

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
legend ("bottomright", legend= c("Homogenized Young's Modulus", "Upper Limit","Lower Limit"), lty = c(2,2,3), lwd = c(2,2,2), bty= "n", col= c("Red","DarkBlue","DarkBlue"), cex = 0.9)
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# Graph 3

par (mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit_Max_EMod),ylim = c(25000,60000),log = "x", type = "l", lty =2 , col = "darkblue", lwd = 2, xlab = expression ( Log(Volume~m̂ 3)) ,ylab = "Young's Modulus [MPa]", main = "Multi Scale DFN/DEM Property Homogenization Resutls \n Young's Modulus vs Volume in Logarithmic Scale")

for (i in 1:length (RSeed)) {
points (Vol, Realizations_EMod[,i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_EMod[,i], col = RSeed[i])

}

lines (Vol, predict (Logfit_Min_EMod), lty =2 , col = "darkblue", lwd =2)
lines ( c(0,510), c( mean(DDFN_IR_PropCal$Young.Modulus..Mpa.[1 : 130]), mean(DDFN_IR_PropCal$Young.Modulus..Mpa.[1 : 130])), lty =2 , col = "red", lwd =2)

legend ("bottomright", inset= c( - 0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)

44



#Graph 4

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=Young.Modulus..Mpa., group =Volume..m.3., color = Random.Seed..)) +
geom_boxplot( ) +
xlim (0,500) +
ylim (25000,60000) +
scale_x_continuous (trans='log10') +
theme_bw() +
labs (x= expression ( Log(Volume~m̂ 3)) ,y= "Young's Modulus [MPa]") #+

## Scale for 'x' is already present. Adding another scale for 'x', which will
## replace the existing scale.

## Warning: Removed 4 rows containing non-finite values (stat_boxplot).
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#geom_line(data = df.Limits_EMod, aes(x = Vol, y =MaxEmod))

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=Young.Modulus..Mpa., group =Volume..m.3., color = Random.Seed..)) +
geom_boxplot( ) +
xlim (0,500) +
ylim (25000,60000) +
theme_bw() +
labs (x= expression ( Log(Volume~m̂ 3)) ,y= "Young's Modulus [MPa]")

## Warning: Removed 4 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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# Calculting the Coefficient of Variation for each volume sample

df.Limits_EMod $MeanEMod<- rowMeans( as.matrix (Realizations_EMod))
df.Limits_EMod $SD_EMod <- 1
for (i in 1:length (Vol)) {

df.Limits_EMod $SD_EMod[i]<-sd(Realizations_EMod[i,])
}
df.Limits_EMod $COV_EMod <- df.Limits_EMod$SD_EMod/ df.Limits_EMod $MeanEMod
df.Limits_EMod

## Vol MaxUCS MinUCS MeanEMod SD_EMod COV_EMod
## 1 1.419 60367.48 26305.96 45654.14 11161.690 0.24448365
## 2 5.000 58709.25 29642.88 45086.49 9224.904 0.20460464
## 3 10.000 57796.66 31479.32 45210.43 7590.189 0.16788579
## 4 15.000 57262.83 32553.58 45114.56 6958.535 0.15424144
## 5 20.000 56884.07 33315.77 44998.97 6492.596 0.14428321
## 6 25.000 56590.28 33906.97 44984.64 6104.788 0.13570826
## 7 50.000 55677.69 35743.42 45809.44 4721.619 0.10307088
## 8 100.000 54765.10 37579.87 45578.92 3863.197 0.08475841
## 9 250.000 53558.72 40007.52 47029.33 4042.625 0.08595966
## 10 500.000 52646.13 41843.96 47249.20 3589.839 0.07597673

df.Limits_UCS

## Vol MaxUCS MinUCS MeanUCS SD_UCS COV_UCS
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## 1 1.419 150.7134 88.97526 129.6769 23.084507 0.17801556
## 2 5.000 147.1510 97.50969 125.7615 14.701350 0.11689869
## 3 10.000 145.1905 102.20654 122.5590 11.584072 0.09451835
## 4 15.000 144.0437 104.95403 121.3328 10.835627 0.08930503
## 5 20.000 143.2300 106.90340 121.4331 10.199102 0.08398948
## 6 25.000 142.5988 108.41545 121.1104 9.380727 0.07745599
## 7 50.000 140.6383 113.11230 123.6383 7.430835 0.06010140
## 8 100.000 138.6778 117.80915 125.3134 3.746550 0.02989745
## 9 250.000 136.0862 124.01806 132.2690 4.045996 0.03058915
## 10 500.000 134.1256 128.71491 137.8412 4.170885 0.03025863

df.Limits_EMod

## Vol MaxUCS MinUCS MeanEMod SD_EMod COV_EMod
## 1 1.419 60367.48 26305.96 45654.14 11161.690 0.24448365
## 2 5.000 58709.25 29642.88 45086.49 9224.904 0.20460464
## 3 10.000 57796.66 31479.32 45210.43 7590.189 0.16788579
## 4 15.000 57262.83 32553.58 45114.56 6958.535 0.15424144
## 5 20.000 56884.07 33315.77 44998.97 6492.596 0.14428321
## 6 25.000 56590.28 33906.97 44984.64 6104.788 0.13570826
## 7 50.000 55677.69 35743.42 45809.44 4721.619 0.10307088
## 8 100.000 54765.10 37579.87 45578.92 3863.197 0.08475841
## 9 250.000 53558.72 40007.52 47029.33 4042.625 0.08595966
## 10 500.000 52646.13 41843.96 47249.20 3589.839 0.07597673

#Graph 5 - Coefficient of Variation

plot (Vol,df.Limits_EMod $COV_EMod, type= 'l', xlim = c(0,500) , ylim = c(0,0.25), xlab = expression (Volume~m̂ 3), ylab = "Coefficient of Variation", col = 3, lty = 1, lwd = 3, main = "Multi-Scale DFN/DEM Property Homogenization Results \n Property Coefficient of Variation Vs. Sample Volume")
lines (Vol,df.Limits_UCS $COV_UCS, type= 'l', col = 2, lwd = 3)
legend ("topright", legend= c("Uniaxial Compressive Strength","Young Modulus"), lwd = 3, col= c(2,3), cex = 0.9)
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#dev.off

Stochastic DEM PIllar Strength - Calibrated using NIOSH Empirical Formulae

Importing Results from Stochastic Discrete Element Modeling Simulations

SDEM_PS_WtoH0.5 <-read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/SDEM_PillarStrength_WtoH0.5.csv", sep = ",")

SDEM_PS_WtoH0.5 <-data.frame (SDEM_PS_WtoH0.5)

SDEM_PS_WtoH0.8 <-read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/SDEM_PillarStrength_WtoH0.8.csv", sep = ",")

SDEM_PS_WtoH0.8 <-data.frame (SDEM_PS_WtoH0.8)

SDEM_PS_WtoH1.0 <-read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/SDEM_PillarStrength_WtoH1.0.csv", sep = ",")

SDEM_PS_WtoH1.0 <-data.frame (SDEM_PS_WtoH1.0)

hist (SDEM_PS_WtoH0.5[,3], nclass=7, freq = FALSE)
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hist (SDEM_PS_WtoH0.8[,3], nclass=6, freq = FALSE)
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hist (SDEM_PS_WtoH1.0[,3], nclass=6, freq = FALSE)
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Norm.fit.SDEM_PS_WtoH0.5<- fitdist (SDEM_PS_WtoH0.5$Pillar_Strength,"norm" )

Norm.fit.SDEM_PS_WtoH0.8<- fitdist (SDEM_PS_WtoH0.8$Pillar_Strength,"norm" )

Norm.fit.SDEM_PS_WtoH1.0<- fitdist (SDEM_PS_WtoH1.0$Pillar_Strength,"norm" )

Norm.fit.SDEM_PS_WtoH0.5

## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:
## estimate Std. Error
## mean 29.7253333 0.1050624
## sd 0.4069048 0.0742883

Norm.fit.SDEM_PS_WtoH0.8

## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:
## estimate Std. Error
## mean 34.6353333 0.13477180
## sd 0.5219689 0.09529648

Norm.fit.SDEM_PS_WtoH1.0
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## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:
## estimate Std. Error
## mean 37.7113333 0.12141340
## sd 0.4702321 0.08585049

denscomp( list (Norm.fit.SDEM_PS_WtoH0.5))

denscomp( list (Norm.fit.SDEM_PS_WtoH0.8))
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denscomp( list (Norm.fit.SDEM_PS_WtoH1.0))
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cdfcomp( list (Norm.fit.SDEM_PS_WtoH0.5))
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cdfcomp( list (Norm.fit.SDEM_PS_WtoH0.8))
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cdfcomp( list (Norm.fit.SDEM_PS_WtoH1.0))
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#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig5.8.Stochastic_PillarStrength.pdf", width = 8, height = 5)

hist (SDEM_PS_WtoH0.5[,3], pch=20, breaks=9, prob=TRUE, main="Stochastic DEM Pillar Strength Estimation", col = 3, xlab = 'Pillar Strength [MPa]', xlim = c(28,41), )
hist (SDEM_PS_WtoH0.8[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 4)
hist (SDEM_PS_WtoH1.0[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 7)

lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH0.5 $estimate[1],Norm.fit.SDEM_PS_WtoH0.5 $estimate[2]), lwd= 2, col = 1, lty = 1);
lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH0.8 $estimate[1],Norm.fit.SDEM_PS_WtoH0.8 $estimate[2]), lwd= 2, col = 1, lty = 2);
lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH1.0 $estimate[1],Norm.fit.SDEM_PS_WtoH0.5 $estimate[2]), lwd= 2, col = 1, lty = 3);

legend (x=38.5,y=1.3, c("W/H 0.5","W/H 0.8","W/H 1.0"),fill = c("green","blue", "yellow"), border = F, bty = "n")
legend (x=38.15,y=1.0, c("W/H 0.5","W/H 0.8","W/H 1.0"),lty = c(1,2,3), lwd = c(3,3), border = F, bty = "n")
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par (mfrow=c(1,3), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

cdfcomp( list (Norm.fit.SDEM_PS_WtoH0.5), main = "CDF \n Stochastic DEM Pillar Strength \n W/H 0.5")
cdfcomp( list (Norm.fit.SDEM_PS_WtoH0.8), main = "CDF \n Stochastic DEM Pillar Strength \n W/H 0.8")
cdfcomp( list (Norm.fit.SDEM_PS_WtoH1.0), main = "CDF \n Stochastic DEM Pillar Strength \n W/H 1.0")
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#dev.off

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

hist (SDEM_PS_WtoH0.5[,3], pch=20, breaks=9, prob=TRUE, main="Stochastic DEM Pillar Strength Estimation", col = 3, xlab = 'Pillar Strength [MPa]', xlim = c(25,45), )
hist (SDEM_PS_WtoH0.8[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 4)
hist (SDEM_PS_WtoH1.0[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 7)

lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH0.5 $estimate[1],Norm.fit.SDEM_PS_WtoH0.5 $estimate[2]), lwd= 2, col = 1, lty = 1);
lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH0.8 $estimate[1],Norm.fit.SDEM_PS_WtoH0.8 $estimate[2]), lwd= 2, col = 1, lty = 2);
lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),Norm.fit.SDEM_PS_WtoH1.0 $estimate[1],Norm.fit.SDEM_PS_WtoH1.0 $estimate[2]), lwd= 2, col = 1, lty = 3);
lines ( seq(25,50,0.1), dnorm( seq(25,50,0.1),34.685,4.818), lwd= 2, col = 'red', lty = 4);

legend (x=38.5,y=1.3, c("W/H 0.5","W/H 0.8","W/H 1.0"),fill = c("green","blue", "yellow"), border = F, bty = "n")
legend (x=38.15,y=1.0, c("W/H 0.5","W/H 0.8","W/H 1.0", "CSM Empirical PS"), col= c(1,1,1,2), lty = c(1,2,3,4), lwd = c(3,3), border = F, bty = "n")

60



#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Fig3.18.CSM Empirical Pillar Strength Estimation.pdf", width = 8, height = 6)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(6,4,5,1) +.05)

plot (WtoH,NIOSH_IR_PS, type = "l", col="Red", ylim = c(0,40), xlim = c(0.5,1), main= "Empirical Pillar Strength Estimation vs. Width to Height Ratio", ylab = "Pillar Strength [MPa]", xlab = "Width to Height Ratio", lwd = 3, lty = 3)

lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, lty = 4)
lines (WtoH,NIOSH_CSM_PS, col="black", lwd = 2, lty = 1)

points (x= c(0.5,0.8,1.0), y= c(31.2,36.1 , 38.5), col = "black", bg="forestgreen", pch = 21, lwd= 1)

legend (x=0.832,y=8, legend= c("NIOSH Intact Pillar Strength","NIOSH Worst Case Scenario","NIOSH Case Study Mine"), col= c("red","red","black","dodgerblue","gray"), lty = c(3,4,1,1,1), lwd = 2, bty= "n", cex = 0.8)

legend (x='bottomright',y=38.8, c("BBM Calibrated Pillar Strength"), col = c("forestgreen","dodgerblue","gold1"), lwd =1, lty = c(NA,NA,NA), pch = c(19,19,19),bty = "n", cex = 0.8)
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#dev.off

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure5.6.SDEM Pillar Strength Est.pdf", width = 8, height = 5)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (WtoH,NIOSH_CSM_PS, type = "l", col="Red", lty = 2, ylim = c(20,47), xlim = c(0.5,1), main= "Stocastic Discrete Elemet Modeling Pillar Strength Results \n for multiple Width to Height Ratios ", ylab = "Pillar Strength [MPa]", xlab= "Width to Height Ratio", lwd = 2 )

lines (WtoH,NIOSH_IR_PS, col="black", lwd = 2, lty = 1)

lines (WtoH,NIOSH_CSM_PS+1.96*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS[2],30,1), col="black", lwd = 1, lty=2)
lines (WtoH,NIOSH_CSM_PS-1.96*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [2],30,1), col="black", lwd = 1, lty=2)
lines (WtoH,NIOSH_CSM_PS+1.15*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS[2],30,1), col="black", lwd = 2, lty=2)
lines (WtoH,NIOSH_CSM_PS-1.15*NIOSH_Pillar_Strength_full (Width,Height,IR_OB_UCS [2],30,1), col="black", lwd = 2, lty=2)

y=c(SDEM_PS_WtoH0.5$Pillar_Strength,SDEM_PS_WtoH0.8 $Pillar_Strength,SDEM_PS_WtoH1.0 $Pillar_Strength)
x=c(SDEM_PS_WtoH0.5$WtoH,SDEM_PS_WtoH0.8$WtoH,SDEM_PS_WtoH1.0$WtoH)

#boxplot(formula = y ~ x)

points (x= SDEM_PS_WtoH0.5$WtoH, y=SDEM_PS_WtoH0.5$Pillar_Strength, col = "black", bg="forestgreen", pch = 21, lwd= 1)
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points (x= SDEM_PS_WtoH0.8$WtoH, y=SDEM_PS_WtoH0.8$Pillar_Strength, col = "black", bg="dodgerblue", pch = 21, lwd= 1)

points (x= SDEM_PS_WtoH1.0$WtoH, y=SDEM_PS_WtoH1.0$Pillar_Strength, col = "black", bg="gold1", pch = 21, lwd= 1)

legend (x=0.486,y=43.5, c("SDEM Strength - W/H 0.5","SDEM Strength - W/H 0.8","SDEM Strength - W/H 1.0"), col = c("forestgreen","dodgerblue","gold1"), lwd =1, lty = c(NA,NA,NA), pch = c(19,19,19),bty = "n", cex = 0.8)
legend (x=0.48,y=48.5, c("NIOSH No Discontinuities","NIOSH Case Study Mine Strength", "NIOSH Case Study Mine 95% C.I."), col = c(1,2,1), lty = c(1,2,2), lwd = c(3,3,1), border = F, bty = "n", cex = 0.8)

#dev.off

PS_Analysis <- as.data.frame ( rbind (0.5,0.8,1.0))
colnames(PS_Analysis) <-' W/H'

PS_Analysis

## W/H
## 1 0.5
## 2 0.8
## 3 1.0

PS_Analysis $"SDEM Pillar Strength" <- c( mean(SDEM_PS_WtoH0.5$Pillar_Strength), mean(SDEM_PS_WtoH0.8$Pillar_Strength), mean(SDEM_PS_WtoH1.0$Pillar_Strength))
PS_Analysis $"SDEM Pillar Strenth StDev" <- c( sd(SDEM_PS_WtoH0.5$Pillar_Strength), sd(SDEM_PS_WtoH0.8$Pillar_Strength), sd(SDEM_PS_WtoH1.0$Pillar_Strength))
PS_Analysis $"COV" <- PS_Analysis$"SDEM Pillar Strenth StDev" / PS_Analysis $"SDEM Pillar Strength"
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PS_Analysis $"NIOSH CSM Pillar Strength" <- c( NIOSH_Pillar_Strength_full (30*0.5,30,IR_OB_UCS[1],30,1), NIOSH_Pillar_Strength_full (30*0.8,30,IR_OB_UCS[1],30,1), NIOSH_Pillar_Strength_full (30,30,IR_OB_UCS[1],30,1))

PS_Analysis $"FPs/NFPs" <- PS_Analysis $`SDEM Pillar Strength` / PS_Analysis $`NIOSH CSM Pillar Strength`

PS_Analysis $"Intact Pillar Strength" <- c( NIOSH_Pillar_Strength_full (30*0.5,30,IR_OB_UCS[1],0,0), NIOSH_Pillar_Strength_full (30*0.8,30,IR_OB_UCS[1],0,0), NIOSH_Pillar_Strength_full (30,30,IR_OB_UCS[1],0,0))

PS_Analysis $"FPs/IPs" <- PS_Analysis $`SDEM Pillar Strength` / PS_Analysis $`Intact Pillar Strength`

PS_Analysis

## W/H SDEM Pillar Strength SDEM Pillar Strenth StDev COV
## 1 0.5 29.72533 0.4211865 0.01416928
## 2 0.8 34.63533 0.5402892 0.01559936
## 3 1.0 37.71133 0.4867365 0.01290690
## NIOSH CSM Pillar Strength FPs/NFPs Intact Pillar Strength FPs/IPs
## 1 28.38381 1.047264 31.34601 0.9482972
## 2 32.68186 1.059773 36.09261 0.9596240
## 3 34.70144 1.086737 38.59146 0.9771936

Pillar Stress Estimation

2D FEM Pillar Stress Estimation

Function to de�n the Pariseau inclined pillar stress analytical solution.

#Peariseau Inclined Stress Formula (1982)

Pariseau_Pillar_Stress <- function (Avg_OB_Density, OB_height, Ko, OB_Dip, P_Width, P_Legth, Hc, Xc, Normal_or_Shear) {
gamma = Avg_OB_Density*9.81 / 1000
ER = 1- ((P_Width *P_Legth) / (Hc*Xc))

if (Normal_or_Shear == 1) {
Avg_Norm_Pillar_Stress = (gamma*OB_height* (((1 +Ko)+(1 - Ko)*cos (2 *OB_Dip*pi / 180)) / 2)) / (1 - ER)
output = Avg_Norm_Pillar_Stress

} else if (Normal_or_Shear == 2) {
Avg_Shear_Pillar_Stress = (gamma *OB_height* (((1 - Ko)*sin (2 *OB_Dip*pi / 180)) / 2)) / (1 - ER)
output = Avg_Norm_Pillar_Stress

}
return (output)

}

Depth <- seq(0,350, by=1)
HW_Density <- mean(HangingWallData $Density..ton.m.3.)
Ko <- c(1.0, 1.5, 0.5)
OB_Dip <- 30
P_Width <- 24.384
P_Length <- 24.384
Hc <- 48.768
Xc <- 37.1856
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Analytical_Norm_Stress_Est <- matrix (nrow = length (Depth), ncol = 3)
colnames(Analytical_Norm_Stress_Est) <- c("Ko=1.0","Ko=1.5","Ko=0.5")

for (i in 1: 3) {
Analytical_Norm_Stress_Est[,i] <- Pariseau_Pillar_Stress (HW_Density, Depth, Ko[i], OB_Dip, P_Width, P_Length, Hc, Xc,1)

}

par (mfrow=c(1,1), mai= c(.5,.5,.5,.5),mar= c(4,4,4,1) +.1)

plot (Analytical_Norm_Stress_Est[,1],Depth, type = "l", col = "blue", lwd = 2, ylim = rev ( c(0,350)), xlab = "Normal Stress [MPa]" , ylab = "Depth [m]", main = "Pariseau Pillar Stress Analytical Solution")
lines (Analytical_Norm_Stress_Est[,2] , Depth, col = "red", lwd = 2)
lines (Analytical_Norm_Stress_Est[,3], Depth, col = "forestgreen", lwd = 2)

legend (x = "bottomleft", c("Ko = 1.0","Ko = 1.5", "Ko = 0.5"), col = c("blue","red","forestgreen"), lty = c(1,1,1), lwd = c(2,2,2), border = F, bty = "n", cex = 0.9)

RS2_P_Stress_k_1.0 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/RS2_Stress_k_1.0.csv", sep = ",", header= TRUE)
RS2_P_Stress_k_0.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/RS2_Stress_k_0.5.csv", sep = ",", header= TRUE)
RS2_P_Stress_k_1.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/RS2_Stress_k_1.5.csv", sep = ",", header= TRUE)

#For Ko = 1.0

AVG_RS2_P_Stress_k_1.0 <-subset ( aggregate (RS2_P_Stress_k_1.0[,4 : 12], list (RS2_P_Stress_k_1.0$Pillar), mean)[1 : 8,])
AVG_RS2_P_Stress_k_1.0
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## Group.1 Depth..m. Distance..m. Ko....H..V Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 1 5.834322
## 2 Pillar 2 192.4 61.06645 1 7.034469
## 3 Pillar 3 222.0 110.31057 1 8.378107
## 4 Pillar 4 246.5 159.51403 1 8.854882
## 5 Pillar 5 270.6 208.70377 1 10.137549
## 6 Pillar 6 294.0 257.90723 1 11.025997
## 7 Pillar 7 319.8 307.15135 1 11.275022
## 8 Pillar 8 334.7 356.46170 1 12.482809
## Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.
## 1 3.124261 7.868145
## 2 3.865472 9.589191
## 3 4.317265 11.115477
## 4 4.720627 11.873915
## 5 5.398385 13.622037
## 6 5.843464 14.770596
## 7 5.946118 15.178555
## 8 5.439120 15.622369
## Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
## 1 0.1143733 0.10767428
## 2 0.1291445 0.06266776
## 3 0.1477940 0.15313046
## 4 0.1536278 0.25832917
## 5 0.1739945 0.09926221
## 6 0.1920889 0.19464540
## 7 0.1946533 0.43056717
## 8 0.2073792 0.58121485
## Standard.Deviation.of.Sigma.Three..MPa.
## 1 0.05369356
## 2 0.06339156
## 3 0.06850594
## 4 0.08429747
## 5 0.08342032
## 6 0.07682276
## 7 0.08957386
## 8 0.09420868

#For Ko = 1.5

AVG_RS2_P_Stress_k_1.5 <-subset ( aggregate (RS2_P_Stress_k_1.5[,4 : 12], list (RS2_P_Stress_k_1.5$Pillar), mean)[1 : 8,])
AVG_RS2_P_Stress_k_1.5

## Group.1 Depth..m. Distance..m. Ko..SigH.SigV Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 1.5 6.159905
## 2 Pillar 2 192.4 61.06645 1.5 7.338062
## 3 Pillar 3 222.0 110.31057 1.5 8.585792
## 4 Pillar 4 246.5 159.51403 1.5 9.218714
## 5 Pillar 5 270.6 208.70377 1.5 10.335836
## 6 Pillar 6 294.0 257.90723 1.5 11.194781
## 7 Pillar 7 319.8 307.15135 1.5 11.657864
## 8 Pillar 8 334.7 356.46170 1.5 12.895769
## Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.
## 1 1.648382 6.757327
## 2 2.056829 8.110546
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## 3 2.320727 9.429324
## 4 2.549202 10.181873
## 5 2.923951 11.508572
## 6 3.187651 12.511515
## 7 3.255326 13.096196
## 8 2.878989 13.796669
## Standard.Deviation.of.Sigma.One..MPa. COV.Sigma.1 Mean.of.Sigma.Three..MPa.
## 1 0.04730173 0.007038696 0.6693287
## 2 0.05370661 0.006625957 0.7926963
## 3 0.06468388 0.006727610 0.9054331
## 4 0.07109954 0.006928689 1.0448251
## 5 0.07935047 0.006756155 1.0632635
## 6 0.08802277 0.006845241 1.1899305
## 7 0.09402173 0.007097148 1.3402168
## 8 0.10019695 0.007090004 1.3661936

#For Ko = 0.5

AVG_RS2_P_Stress_k_0.5 <-subset ( aggregate (RS2_P_Stress_k_0.5[,4 : 12], list (RS2_P_Stress_k_0.5$Pillar), mean)[1 : 8,])
AVG_RS2_P_Stress_k_0.5

## Group.1 Depth..m. Distance..m. Ko...SigH.SigV Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 0.5 5.508739
## 2 Pillar 2 192.4 61.06645 0.5 6.730876
## 3 Pillar 3 222.0 110.31057 0.5 8.170423
## 4 Pillar 4 246.5 159.51403 0.5 8.491051
## 5 Pillar 5 270.6 208.70377 0.5 9.939263
## 6 Pillar 6 294.0 257.90723 0.5 10.857214
## 7 Pillar 7 319.8 307.15135 0.5 10.892180
## 8 Pillar 8 334.7 356.46170 0.5 12.069849
## Shear.Stress..total...MPa. Sigma.One..MPa.
## 1 4.618380 9.331214
## 2 5.704027 11.477838
## 3 6.322909 13.275682
## 4 6.892052 14.107030
## 5 7.880173 16.299098
## 6 8.499278 17.648737
## 7 8.636910 17.917452
## 8 8.016654 18.101022
## Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
## 1 0.1813869 -0.8194341
## 2 0.2079006 -1.0917320
## 3 0.2370228 -1.0892929
## 4 0.2442636 -1.0779934
## 5 0.2776818 -1.4446160
## 6 0.3055603 -1.4342575
## 7 0.3062336 -1.1476112
## 8 0.3264954 -0.8772230
## Standard.Deviation.of.Sigma.Three..MPa.
## 1 0.08663026
## 2 0.10211465
## 3 0.11140708
## 4 0.12511029
## 5 0.13400533
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## 6 0.12726657
## 7 0.14342671
## 8 0.15380238

par (mfrow=c(1,1), mai= c(.5,.5,.5,.5),mar= c(4,4,4,1) +.1)

plot (Analytical_Norm_Stress_Est[,1],Depth, type = "l", col = "blue", lwd = 2, ylim = rev ( c(0,350)), xlab = "Normal Stress [MPa]" , ylab = "Depth [m]", main = "Normal Pillar Stress Vs Depth \n Comparison Between Analytical Solution and 2D FEM")
lines (Analytical_Norm_Stress_Est[,2] , Depth, col = "red", lwd = 2)
lines (Analytical_Norm_Stress_Est[,3], Depth, col = "forestgreen", lwd = 2)

points (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x=AVG_RS2_P_Stress_k_1.0 $Normal.Stress..total...MPa., col = "black", bg="blue", pch = 21, lwd= 1)
points (y= AVG_RS2_P_Stress_k_1.5$Depth..m., x=AVG_RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa., col = "black", bg="red", pch = 21, lwd= 1)
points (y= AVG_RS2_P_Stress_k_0.5$Depth..m., x=AVG_RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "black", bg="forestgreen", pch = 21, lwd= 1)

RS2_P_Stress_k_0.5

## X Y Pillar Depth..m. Distance..m. Ko...SigH.SigV
## 1 194.1702 362.7784 Pillar 1 164.8 0.000000 0.5
## 2 195.4077 362.7784 Pillar 1 164.8 1.237484 0.5
## 3 196.6451 362.7784 Pillar 1 164.8 2.474967 0.5
## 4 197.8826 362.7784 Pillar 1 164.8 3.712451 0.5
## 5 199.1201 362.7784 Pillar 1 164.8 4.949935 0.5
## 6 200.3576 362.7784 Pillar 1 164.8 6.187418 0.5
## 7 201.5951 362.7784 Pillar 1 164.8 7.424902 0.5
## 8 202.8326 362.7784 Pillar 1 164.8 8.662386 0.5
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## 9 204.0700 362.7784 Pillar 1 164.8 9.899870 0.5
## 10 205.3075 362.7784 Pillar 1 164.8 11.137353 0.5
## 11 206.5450 362.7784 Pillar 1 164.8 12.374837 0.5
## 12 207.7825 362.7784 Pillar 1 164.8 13.612321 0.5
## 13 209.0200 362.7784 Pillar 1 164.8 14.849804 0.5
## 14 210.2575 362.7784 Pillar 1 164.8 16.087288 0.5
## 15 211.4949 362.7784 Pillar 1 164.8 17.324772 0.5
## 16 212.7324 362.7784 Pillar 1 164.8 18.562255 0.5
## 17 213.9699 362.7784 Pillar 1 164.8 19.799739 0.5
## 18 215.2074 362.7784 Pillar 1 164.8 21.037223 0.5
## 19 216.4449 362.7784 Pillar 1 164.8 22.274706 0.5
## 20 217.6824 362.7784 Pillar 1 164.8 23.512190 0.5
## 21 218.7407 362.4629 Stope Level 6 NA 24.616496 0.5
## 22 219.3744 361.4000 Stope Level 6 NA 25.853979 0.5
## 23 220.0081 360.3371 Stope Level 6 NA 27.091463 0.5
## 24 220.6418 359.2742 Stope Level 6 NA 28.328947 0.5
## 25 221.2756 358.2113 Stope Level 6 NA 29.566430 0.5
## 26 221.9093 357.1484 Stope Level 6 NA 30.803914 0.5
## 27 222.5430 356.0855 Stope Level 6 NA 32.041398 0.5
## 28 223.1767 355.0226 Stope Level 6 NA 33.278881 0.5
## 29 223.8105 353.9598 Stope Level 6 NA 34.516365 0.5
## 30 224.4442 352.8969 Stope Level 6 NA 35.753849 0.5
## 31 225.0779 351.8340 Stope Level 6 NA 36.991332 0.5
## 32 225.7117 350.7711 Stope Level 6 NA 38.228816 0.5
## 33 226.3454 349.7082 Stope Level 6 NA 39.466300 0.5
## 34 226.9791 348.6453 Stope Level 6 NA 40.703784 0.5
## 35 227.6128 347.5824 Stope Level 6 NA 41.941267 0.5
## 36 228.2466 346.5195 Stope Level 6 NA 43.178751 0.5
## 37 228.8803 345.4566 Stope Level 6 NA 44.416235 0.5
## 38 229.5140 344.3937 Stope Level 6 NA 45.653718 0.5
## 39 230.1478 343.3308 Stope Level 6 NA 46.891202 0.5
## 40 230.7815 342.2679 Stope Level 6 NA 48.128686 0.5
## 41 231.4759 341.3117 Pillar 2 192.4 49.310353 0.5
## 42 232.7134 341.3117 Pillar 2 192.4 50.547836 0.5
## 43 233.9508 341.3117 Pillar 2 192.4 51.785320 0.5
## 44 235.1883 341.3117 Pillar 2 192.4 53.022804 0.5
## 45 236.4258 341.3117 Pillar 2 192.4 54.260287 0.5
## 46 237.6633 341.3117 Pillar 2 192.4 55.497771 0.5
## 47 238.9008 341.3117 Pillar 2 192.4 56.735255 0.5
## 48 240.1383 341.3117 Pillar 2 192.4 57.972738 0.5
## 49 241.3757 341.3117 Pillar 2 192.4 59.210222 0.5
## 50 242.6132 341.3117 Pillar 2 192.4 60.447706 0.5
## 51 243.8507 341.3117 Pillar 2 192.4 61.685189 0.5
## 52 245.0882 341.3117 Pillar 2 192.4 62.922673 0.5
## 53 246.3257 341.3117 Pillar 2 192.4 64.160157 0.5
## 54 247.5632 341.3117 Pillar 2 192.4 65.397641 0.5
## 55 248.8006 341.3117 Pillar 2 192.4 66.635124 0.5
## 56 250.0381 341.3117 Pillar 2 192.4 67.872608 0.5
## 57 251.2756 341.3117 Pillar 2 192.4 69.110092 0.5
## 58 252.5131 341.3117 Pillar 2 192.4 70.347575 0.5
## 59 253.7506 341.3117 Pillar 2 192.4 71.585059 0.5
## 60 254.9881 341.3117 Pillar 2 192.4 72.822543 0.5
## 61 255.9857 340.8895 Stope Level 7 NA 73.905856 0.5
## 62 256.6194 339.8266 Stope Level 7 NA 75.143340 0.5
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## 63 257.2532 338.7637 Stope Level 7 NA 76.380824 0.5
## 64 257.8869 337.7008 Stope Level 7 NA 77.618307 0.5
## 65 258.5206 336.6379 Stope Level 7 NA 78.855791 0.5
## 66 259.1543 335.5750 Stope Level 7 NA 80.093275 0.5
## 67 259.7881 334.5121 Stope Level 7 NA 81.330758 0.5
## 68 260.4218 333.4492 Stope Level 7 NA 82.568242 0.5
## 69 261.0555 332.3863 Stope Level 7 NA 83.805726 0.5
## 70 261.6893 331.3234 Stope Level 7 NA 85.043210 0.5
## 71 262.3230 330.2605 Stope Level 7 NA 86.280693 0.5
## 72 262.9567 329.1976 Stope Level 7 NA 87.518177 0.5
## 73 263.5904 328.1347 Stope Level 7 NA 88.755661 0.5
## 74 264.2242 327.0718 Stope Level 7 NA 89.993144 0.5
## 75 264.8579 326.0089 Stope Level 7 NA 91.230628 0.5
## 76 265.4916 324.9460 Stope Level 7 NA 92.468112 0.5
## 77 266.1254 323.8831 Stope Level 7 NA 93.705595 0.5
## 78 266.7591 322.8202 Stope Level 7 NA 94.943079 0.5
## 79 267.3928 321.7573 Stope Level 7 NA 96.180563 0.5
## 80 268.0265 320.6944 Stope Level 7 NA 97.418046 0.5
## 81 268.7816 319.8451 Pillar 3 222.0 98.554473 0.5
## 82 270.0191 319.8451 Pillar 3 222.0 99.791957 0.5
## 83 271.2565 319.8451 Pillar 3 222.0 101.029441 0.5
## 84 272.4940 319.8451 Pillar 3 222.0 102.266924 0.5
## 85 273.7315 319.8451 Pillar 3 222.0 103.504408 0.5
## 86 274.9690 319.8451 Pillar 3 222.0 104.741892 0.5
## 87 276.2065 319.8451 Pillar 3 222.0 105.979375 0.5
## 88 277.4440 319.8451 Pillar 3 222.0 107.216859 0.5
## 89 278.6814 319.8451 Pillar 3 222.0 108.454343 0.5
## 90 279.9189 319.8451 Pillar 3 222.0 109.691827 0.5
## 91 281.1564 319.8451 Pillar 3 222.0 110.929310 0.5
## 92 282.3939 319.8451 Pillar 3 222.0 112.166794 0.5
## 93 283.6314 319.8451 Pillar 3 222.0 113.404278 0.5
## 94 284.8689 319.8451 Pillar 3 222.0 114.641761 0.5
## 95 286.1063 319.8451 Pillar 3 222.0 115.879245 0.5
## 96 287.3438 319.8451 Pillar 3 222.0 117.116729 0.5
## 97 288.5813 319.8451 Pillar 3 222.0 118.354212 0.5
## 98 289.8188 319.8451 Pillar 3 222.0 119.591696 0.5
## 99 291.0563 319.8451 Pillar 3 222.0 120.829180 0.5
## 100 292.2938 319.8451 Pillar 3 222.0 122.066663 0.5
## 101 293.2307 319.3160 Stope Level 8 NA 123.142677 0.5
## 102 293.8645 318.2531 Stope Level 8 NA 124.380161 0.5
## 103 294.4982 317.1902 Stope Level 8 NA 125.617644 0.5
## 104 295.1319 316.1273 Stope Level 8 NA 126.855128 0.5
## 105 295.7657 315.0644 Stope Level 8 NA 128.092612 0.5
## 106 296.3994 314.0015 Stope Level 8 NA 129.330095 0.5
## 107 297.0331 312.9386 Stope Level 8 NA 130.567579 0.5
## 108 297.6668 311.8757 Stope Level 8 NA 131.805063 0.5
## 109 298.3006 310.8128 Stope Level 8 NA 133.042546 0.5
## 110 298.9343 309.7499 Stope Level 8 NA 134.280030 0.5
## 111 299.5680 308.6870 Stope Level 8 NA 135.517514 0.5
## 112 300.2018 307.6241 Stope Level 8 NA 136.754998 0.5
## 113 300.8355 306.5612 Stope Level 8 NA 137.992481 0.5
## 114 301.4692 305.4983 Stope Level 8 NA 139.229965 0.5
## 115 302.1029 304.4354 Stope Level 8 NA 140.467449 0.5
## 116 302.7367 303.3725 Stope Level 8 NA 141.704932 0.5
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## 117 303.3704 302.3096 Stope Level 8 NA 142.942416 0.5
## 118 304.0041 301.2467 Stope Level 8 NA 144.179900 0.5
## 119 304.6379 300.1839 Stope Level 8 NA 145.417383 0.5
## 120 305.2716 299.1210 Stope Level 8 NA 146.654867 0.5
## 121 306.0873 298.3784 Pillar 4 246.5 147.757933 0.5
## 122 307.3247 298.3784 Pillar 4 246.5 148.995416 0.5
## 123 308.5622 298.3784 Pillar 4 246.5 150.232900 0.5
## 124 309.7997 298.3784 Pillar 4 246.5 151.470384 0.5
## 125 311.0372 298.3784 Pillar 4 246.5 152.707867 0.5
## 126 312.2747 298.3784 Pillar 4 246.5 153.945351 0.5
## 127 313.5122 298.3784 Pillar 4 246.5 155.182835 0.5
## 128 314.7496 298.3784 Pillar 4 246.5 156.420318 0.5
## 129 315.9871 298.3784 Pillar 4 246.5 157.657802 0.5
## 130 317.2246 298.3784 Pillar 4 246.5 158.895286 0.5
## 131 318.4621 298.3784 Pillar 4 246.5 160.132769 0.5
## 132 319.6996 298.3784 Pillar 4 246.5 161.370253 0.5
## 133 320.9371 298.3784 Pillar 4 246.5 162.607737 0.5
## 134 322.1746 298.3784 Pillar 4 246.5 163.845221 0.5
## 135 323.4120 298.3784 Pillar 4 246.5 165.082704 0.5
## 136 324.6495 298.3784 Pillar 4 246.5 166.320188 0.5
## 137 325.8870 298.3784 Pillar 4 246.5 167.557672 0.5
## 138 327.1245 298.3784 Pillar 4 246.5 168.795155 0.5
## 139 328.3620 298.3784 Pillar 4 246.5 170.032639 0.5
## 140 329.5995 298.3784 Pillar 4 246.5 171.270123 0.5
## 141 330.4758 297.7426 Stope Level 9 NA 172.352805 0.5
## 142 331.1095 296.6797 Stope Level 9 NA 173.590288 0.5
## 143 331.7432 295.6168 Stope Level 9 NA 174.827772 0.5
## 144 332.3770 294.5539 Stope Level 9 NA 176.065256 0.5
## 145 333.0107 293.4910 Stope Level 9 NA 177.302739 0.5
## 146 333.6444 292.4281 Stope Level 9 NA 178.540223 0.5
## 147 334.2782 291.3652 Stope Level 9 NA 179.777707 0.5
## 148 334.9119 290.3023 Stope Level 9 NA 181.015190 0.5
## 149 335.5456 289.2394 Stope Level 9 NA 182.252674 0.5
## 150 336.1793 288.1765 Stope Level 9 NA 183.490158 0.5
## 151 336.8131 287.1136 Stope Level 9 NA 184.727642 0.5
## 152 337.4468 286.0507 Stope Level 9 NA 185.965125 0.5
## 153 338.0805 284.9878 Stope Level 9 NA 187.202609 0.5
## 154 338.7143 283.9249 Stope Level 9 NA 188.440093 0.5
## 155 339.3480 282.8620 Stope Level 9 NA 189.677576 0.5
## 156 339.9817 281.7991 Stope Level 9 NA 190.915060 0.5
## 157 340.6154 280.7362 Stope Level 9 NA 192.152544 0.5
## 158 341.2492 279.6733 Stope Level 9 NA 193.390027 0.5
## 159 341.8829 278.6104 Stope Level 9 NA 194.627511 0.5
## 160 342.5166 277.5475 Stope Level 9 NA 195.864995 0.5
## 161 343.3930 276.9117 Pillar 5 270.6 196.947677 0.5
## 162 344.6304 276.9117 Pillar 5 270.6 198.185160 0.5
## 163 345.8679 276.9117 Pillar 5 270.6 199.422644 0.5
## 164 347.1054 276.9117 Pillar 5 270.6 200.660128 0.5
## 165 348.3429 276.9117 Pillar 5 270.6 201.897611 0.5
## 166 349.5804 276.9117 Pillar 5 270.6 203.135095 0.5
## 167 350.8179 276.9117 Pillar 5 270.6 204.372579 0.5
## 168 352.0553 276.9117 Pillar 5 270.6 205.610062 0.5
## 169 353.2928 276.9117 Pillar 5 270.6 206.847546 0.5
## 170 354.5303 276.9117 Pillar 5 270.6 208.085030 0.5
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## 171 355.7678 276.9117 Pillar 5 270.6 209.322514 0.5
## 172 357.0053 276.9117 Pillar 5 270.6 210.559997 0.5
## 173 358.2428 276.9117 Pillar 5 270.6 211.797481 0.5
## 174 359.4802 276.9117 Pillar 5 270.6 213.034965 0.5
## 175 360.7177 276.9117 Pillar 5 270.6 214.272448 0.5
## 176 361.9552 276.9117 Pillar 5 270.6 215.509932 0.5
## 177 363.1927 276.9117 Pillar 5 270.6 216.747416 0.5
## 178 364.4302 276.9117 Pillar 5 270.6 217.984899 0.5
## 179 365.6677 276.9117 Pillar 5 270.6 219.222383 0.5
## 180 366.9051 276.9117 Pillar 5 270.6 220.459867 0.5
## 181 367.7208 276.1691 Stope Level 10 NA 221.562932 0.5
## 182 368.3546 275.1062 Stope Level 10 NA 222.800416 0.5
## 183 368.9883 274.0433 Stope Level 10 NA 224.037900 0.5
## 184 369.6220 272.9804 Stope Level 10 NA 225.275384 0.5
## 185 370.2557 271.9175 Stope Level 10 NA 226.512867 0.5
## 186 370.8895 270.8546 Stope Level 10 NA 227.750351 0.5
## 187 371.5232 269.7917 Stope Level 10 NA 228.987834 0.5
## 188 372.1569 268.7288 Stope Level 10 NA 230.225318 0.5
## 189 372.7907 267.6659 Stope Level 10 NA 231.462802 0.5
## 190 373.4244 266.6030 Stope Level 10 NA 232.700286 0.5
## 191 374.0581 265.5401 Stope Level 10 NA 233.937769 0.5
## 192 374.6918 264.4772 Stope Level 10 NA 235.175253 0.5
## 193 375.3256 263.4143 Stope Level 10 NA 236.412737 0.5
## 194 375.9593 262.3514 Stope Level 10 NA 237.650220 0.5
## 195 376.5930 261.2885 Stope Level 10 NA 238.887704 0.5
## 196 377.2268 260.2256 Stope Level 10 NA 240.125188 0.5
## 197 377.8605 259.1627 Stope Level 10 NA 241.362671 0.5
## 198 378.4942 258.0998 Stope Level 10 NA 242.600155 0.5
## 199 379.1279 257.0369 Stope Level 10 NA 243.837639 0.5
## 200 379.7617 255.9740 Stope Level 10 NA 245.075122 0.5
## 201 380.6987 255.4450 Pillar 6 294.0 246.151136 0.5
## 202 381.9361 255.4450 Pillar 6 294.0 247.388620 0.5
## 203 383.1736 255.4450 Pillar 6 294.0 248.626103 0.5
## 204 384.4111 255.4450 Pillar 6 294.0 249.863587 0.5
## 205 385.6486 255.4450 Pillar 6 294.0 251.101071 0.5
## 206 386.8861 255.4450 Pillar 6 294.0 252.338554 0.5
## 207 388.1236 255.4450 Pillar 6 294.0 253.576038 0.5
## 208 389.3610 255.4450 Pillar 6 294.0 254.813522 0.5
## 209 390.5985 255.4450 Pillar 6 294.0 256.051005 0.5
## 210 391.8360 255.4450 Pillar 6 294.0 257.288489 0.5
## 211 393.0735 255.4450 Pillar 6 294.0 258.525973 0.5
## 212 394.3110 255.4450 Pillar 6 294.0 259.763457 0.5
## 213 395.5485 255.4450 Pillar 6 294.0 261.000940 0.5
## 214 396.7859 255.4450 Pillar 6 294.0 262.238424 0.5
## 215 398.0234 255.4450 Pillar 6 294.0 263.475908 0.5
## 216 399.2609 255.4450 Pillar 6 294.0 264.713391 0.5
## 217 400.4984 255.4450 Pillar 6 294.0 265.950875 0.5
## 218 401.7359 255.4450 Pillar 6 294.0 267.188359 0.5
## 219 402.9734 255.4450 Pillar 6 294.0 268.425842 0.5
## 220 404.2108 255.4450 Pillar 6 294.0 269.663326 0.5
## 221 404.9659 254.5957 Stope Level 11 NA 270.799753 0.5
## 222 405.5996 253.5328 Stope Level 11 NA 272.037237 0.5
## 223 406.2333 252.4699 Stope Level 11 NA 273.274720 0.5
## 224 406.8671 251.4070 Stope Level 11 NA 274.512204 0.5
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## 225 407.5008 250.3441 Stope Level 11 NA 275.749688 0.5
## 226 408.1345 249.2812 Stope Level 11 NA 276.987171 0.5
## 227 408.7682 248.2183 Stope Level 11 NA 278.224655 0.5
## 228 409.4020 247.1554 Stope Level 11 NA 279.462139 0.5
## 229 410.0357 246.0925 Stope Level 11 NA 280.699622 0.5
## 230 410.6694 245.0296 Stope Level 11 NA 281.937106 0.5
## 231 411.3032 243.9667 Stope Level 11 NA 283.174590 0.5
## 232 411.9369 242.9038 Stope Level 11 NA 284.412074 0.5
## 233 412.5706 241.8409 Stope Level 11 NA 285.649557 0.5
## 234 413.2043 240.7780 Stope Level 11 NA 286.887041 0.5
## 235 413.8381 239.7151 Stope Level 11 NA 288.124525 0.5
## 236 414.4718 238.6522 Stope Level 11 NA 289.362008 0.5
## 237 415.1055 237.5893 Stope Level 11 NA 290.599492 0.5
## 238 415.7393 236.5264 Stope Level 11 NA 291.836976 0.5
## 239 416.3730 235.4635 Stope Level 11 NA 293.074459 0.5
## 240 417.0067 234.4006 Stope Level 11 NA 294.311943 0.5
## 241 418.0043 233.9783 Pillar 7 319.8 295.395257 0.5
## 242 419.2418 233.9783 Pillar 7 319.8 296.632740 0.5
## 243 420.4793 233.9783 Pillar 7 319.8 297.870224 0.5
## 244 421.7168 233.9783 Pillar 7 319.8 299.107708 0.5
## 245 422.9543 233.9783 Pillar 7 319.8 300.345191 0.5
## 246 424.1918 233.9783 Pillar 7 319.8 301.582675 0.5
## 247 425.4293 233.9783 Pillar 7 319.8 302.820159 0.5
## 248 426.6667 233.9783 Pillar 7 319.8 304.057643 0.5
## 249 427.9042 233.9783 Pillar 7 319.8 305.295126 0.5
## 250 429.1417 233.9783 Pillar 7 319.8 306.532610 0.5
## 251 430.3792 233.9783 Pillar 7 319.8 307.770094 0.5
## 252 431.6167 233.9783 Pillar 7 319.8 309.007577 0.5
## 253 432.8542 233.9783 Pillar 7 319.8 310.245061 0.5
## 254 434.0916 233.9783 Pillar 7 319.8 311.482545 0.5
## 255 435.3291 233.9783 Pillar 7 319.8 312.720028 0.5
## 256 436.5666 233.9783 Pillar 7 319.8 313.957512 0.5
## 257 437.8041 233.9783 Pillar 7 319.8 315.194996 0.5
## 258 439.0416 233.9783 Pillar 7 319.8 316.432479 0.5
## 259 440.2791 233.9783 Pillar 7 319.8 317.669963 0.5
## 260 441.5165 233.9783 Pillar 7 319.8 318.907447 0.5
## 261 442.2109 233.0222 Stope Level 12 NA 320.089114 0.5
## 262 442.8446 231.9593 Stope Level 12 NA 321.326597 0.5
## 263 443.4784 230.8964 Stope Level 12 NA 322.564081 0.5
## 264 444.1121 229.8335 Stope Level 12 NA 323.801565 0.5
## 265 444.7458 228.7706 Stope Level 12 NA 325.039048 0.5
## 266 445.3796 227.7077 Stope Level 12 NA 326.276532 0.5
## 267 446.0133 226.6448 Stope Level 12 NA 327.514016 0.5
## 268 446.6470 225.5819 Stope Level 12 NA 328.751500 0.5
## 269 447.2807 224.5190 Stope Level 12 NA 329.988983 0.5
## 270 447.9145 223.4561 Stope Level 12 NA 331.226467 0.5
## 271 448.5482 222.3932 Stope Level 12 NA 332.463951 0.5
## 272 449.1819 221.3303 Stope Level 12 NA 333.701434 0.5
## 273 449.8157 220.2674 Stope Level 12 NA 334.938918 0.5
## 274 450.4494 219.2045 Stope Level 12 NA 336.176402 0.5
## 275 451.0831 218.1416 Stope Level 12 NA 337.413885 0.5
## 276 451.7168 217.0787 Stope Level 12 NA 338.651369 0.5
## 277 452.3506 216.0158 Stope Level 12 NA 339.888853 0.5
## 278 452.9843 214.9529 Stope Level 12 NA 341.126336 0.5
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## 279 453.6180 213.8900 Stope Level 12 NA 342.363820 0.5
## 280 454.2518 212.8271 Stope Level 12 NA 343.601304 0.5
## 281 455.3100 212.5117 Pillar 8 334.7 344.705609 0.5
## 282 456.5475 212.5117 Pillar 8 334.7 345.943093 0.5
## 283 457.7850 212.5117 Pillar 8 334.7 347.180577 0.5
## 284 459.0225 212.5117 Pillar 8 334.7 348.418060 0.5
## 285 460.2600 212.5117 Pillar 8 334.7 349.655544 0.5
## 286 461.4975 212.5117 Pillar 8 334.7 350.893028 0.5
## 287 462.7349 212.5117 Pillar 8 334.7 352.130511 0.5
## 288 463.9724 212.5117 Pillar 8 334.7 353.367995 0.5
## 289 465.2099 212.5117 Pillar 8 334.7 354.605479 0.5
## 290 466.4474 212.5117 Pillar 8 334.7 355.842962 0.5
## 291 467.6849 212.5117 Pillar 8 334.7 357.080446 0.5
## 292 468.9224 212.5117 Pillar 8 334.7 358.317930 0.5
## 293 470.1598 212.5117 Pillar 8 334.7 359.555414 0.5
## 294 471.3973 212.5117 Pillar 8 334.7 360.792897 0.5
## 295 472.6348 212.5117 Pillar 8 334.7 362.030381 0.5
## 296 473.8723 212.5117 Pillar 8 334.7 363.267865 0.5
## 297 475.1098 212.5117 Pillar 8 334.7 364.505348 0.5
## 298 476.3473 212.5117 Pillar 8 334.7 365.742832 0.5
## 299 477.5847 212.5117 Pillar 8 334.7 366.980316 0.5
## 300 478.8222 212.5117 Pillar 8 334.7 368.217799 0.5
## Normal.Stress..total...MPa. Shear.Stress..total...MPa. Sigma.One..MPa.
## 1 3.842496 0.03864750 3.842844
## 2 4.290295 1.29513612 5.025608
## 3 4.738094 2.55162475 6.208371
## 4 5.149229 3.78486868 7.672458
## 5 5.541217 5.00597444 9.283451
## 6 5.764332 5.84715508 10.418938
## 7 5.618326 5.85790467 10.515077
## 8 5.472320 5.86865426 10.611216
## 9 5.399307 5.91814368 10.758897
## 10 5.350800 5.98063861 10.923881
## 11 5.327439 6.02430826 11.055577
## 12 5.416025 5.98417451 11.039083
## 13 5.504610 5.94404076 11.022589
## 14 5.720247 6.10171844 11.290382
## 15 6.002915 6.36375931 11.708161
## 16 6.251814 6.43135970 11.879257
## 17 6.266090 5.14803197 10.336455
## 18 6.280367 3.86470424 8.793652
## 19 6.170621 2.47970925 7.626523
## 20 6.068239 1.87704571 6.611859
## 21 NA NA NA
## 22 NA NA NA
## 23 NA NA NA
## 24 NA NA NA
## 25 NA NA NA
## 26 NA NA NA
## 27 NA NA NA
## 28 NA NA NA
## 29 NA NA NA
## 30 NA NA NA
## 31 NA NA NA
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## 32 NA NA NA
## 33 NA NA NA
## 34 NA NA NA
## 35 NA NA NA
## 36 NA NA NA
## 37 NA NA NA
## 38 NA NA NA
## 39 NA NA NA
## 40 NA NA NA
## 41 5.168306 0.15865973 5.252608
## 42 5.634502 1.67619200 6.557935
## 43 6.100699 3.19372427 7.863262
## 44 6.536391 4.71954050 9.659113
## 45 6.962313 6.24801007 11.612077
## 46 7.117904 7.16063729 12.800292
## 47 6.891407 7.20282547 12.907599
## 48 6.664909 7.24501364 13.014906
## 49 6.482531 7.28118912 13.130265
## 50 6.307993 7.31629620 13.247055
## 51 6.227308 7.35836966 13.365542
## 52 6.383373 7.41801607 13.488313
## 53 6.539438 7.47766247 13.611083
## 54 6.797778 7.64773301 13.877438
## 55 7.089293 7.85362066 14.190366
## 56 7.346090 7.67049941 14.040764
## 57 7.484174 6.15721762 12.309603
## 58 7.622257 4.64393583 10.578442
## 59 7.764176 2.90160015 9.492942
## 60 7.496671 2.74979081 8.557155
## 61 NA NA NA
## 62 NA NA NA
## 63 NA NA NA
## 64 NA NA NA
## 65 NA NA NA
## 66 NA NA NA
## 67 NA NA NA
## 68 NA NA NA
## 69 NA NA NA
## 70 NA NA NA
## 71 NA NA NA
## 72 NA NA NA
## 73 NA NA NA
## 74 NA NA NA
## 75 NA NA NA
## 76 NA NA NA
## 77 NA NA NA
## 78 NA NA NA
## 79 NA NA NA
## 80 NA NA NA
## 81 8.419066 0.45865374 8.622018
## 82 9.161716 2.53045993 10.373978
## 83 9.904366 4.60226612 12.125937
## 84 9.444701 5.95783322 13.164251
## 85 8.785821 7.19472498 14.084318

75



## 86 8.313117 7.78496783 14.514341
## 87 8.015879 7.76575972 14.482510
## 88 7.718640 7.74655161 14.450679
## 89 7.559331 7.84389820 14.588611
## 90 7.407347 7.94743420 14.735558
## 91 7.379436 8.00867402 14.835695
## 92 7.550273 8.00216192 14.860848
## 93 7.721110 7.99564983 14.886001
## 94 7.770171 8.25361055 15.205626
## 95 7.798668 8.55622892 15.574975
## 96 7.877755 8.20485176 15.166975
## 97 8.061085 6.50584968 13.157170
## 98 8.244415 4.80684759 11.147365
## 99 8.496523 3.10395944 10.194162
## 100 7.779048 3.18778842 9.342623
## 101 NA NA NA
## 102 NA NA NA
## 103 NA NA NA
## 104 NA NA NA
## 105 NA NA NA
## 106 NA NA NA
## 107 NA NA NA
## 108 NA NA NA
## 109 NA NA NA
## 110 NA NA NA
## 111 NA NA NA
## 112 NA NA NA
## 113 NA NA NA
## 114 NA NA NA
## 115 NA NA NA
## 116 NA NA NA
## 117 NA NA NA
## 118 NA NA NA
## 119 NA NA NA
## 120 NA NA NA
## 121 8.085703 0.92387011 8.423528
## 122 8.081463 2.71671226 9.485613
## 123 8.077224 4.50955441 10.547698
## 124 8.321039 6.33336889 12.804255
## 125 8.575645 8.15853061 15.112770
## 126 8.633888 8.76553496 15.936928
## 127 8.569340 8.61079879 15.832887
## 128 8.505373 8.47153324 15.750304
## 129 8.452421 8.62602043 16.075182
## 130 8.399469 8.78050761 16.400059
## 131 8.413482 8.85328130 16.577826
## 132 8.498658 8.83921701 16.599255
## 133 8.583834 8.82515271 16.620685
## 134 8.595313 8.95559498 16.684939
## 135 8.603400 9.09268919 16.751164
## 136 8.656518 8.39027401 15.850645
## 137 8.770019 6.56217319 13.653835
## 138 8.889660 4.73537865 11.478951
## 139 9.487228 3.01027344 11.011009
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## 140 7.621345 4.68056632 10.543066
## 141 NA NA NA
## 142 NA NA NA
## 143 NA NA NA
## 144 NA NA NA
## 145 NA NA NA
## 146 NA NA NA
## 147 NA NA NA
## 148 NA NA NA
## 149 NA NA NA
## 150 NA NA NA
## 151 NA NA NA
## 152 NA NA NA
## 153 NA NA NA
## 154 NA NA NA
## 155 NA NA NA
## 156 NA NA NA
## 157 NA NA NA
## 158 NA NA NA
## 159 NA NA NA
## 160 NA NA NA
## 161 10.795178 1.07303699 11.279657
## 162 11.649174 3.59466844 13.338731
## 163 12.400227 6.06066640 15.342826
## 164 11.502630 7.63568104 16.466422
## 165 10.605033 9.21069568 17.590018
## 166 10.198345 9.60948984 17.881160
## 167 9.986644 9.54109239 17.841653
## 168 9.753795 9.50545472 17.830078
## 169 9.401558 9.65474988 17.976185
## 170 9.049321 9.80404504 18.122292
## 171 9.035096 9.90210345 18.255502
## 172 9.260407 9.96385246 18.379573
## 173 9.473567 10.03566665 18.507647
## 174 9.483626 10.27571982 18.702627
## 175 9.493685 10.51577299 18.897608
## 176 9.616994 9.53096896 17.734755
## 177 9.841686 7.44965449 15.356351
## 178 10.079500 5.36701443 13.136512
## 179 10.420169 3.27398344 12.159624
## 180 6.738617 5.59915185 11.182737
## 181 NA NA NA
## 182 NA NA NA
## 183 NA NA NA
## 184 NA NA NA
## 185 NA NA NA
## 186 NA NA NA
## 187 NA NA NA
## 188 NA NA NA
## 189 NA NA NA
## 190 NA NA NA
## 191 NA NA NA
## 192 NA NA NA
## 193 NA NA NA
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## 194 NA NA NA
## 195 NA NA NA
## 196 NA NA NA
## 197 NA NA NA
## 198 NA NA NA
## 199 NA NA NA
## 200 NA NA NA
## 201 13.391461 2.66409591 14.232043
## 202 13.795531 5.20085190 16.093747
## 203 13.945228 7.54578108 17.794235
## 204 12.751746 8.87779672 18.643442
## 205 11.558264 10.20981236 19.492650
## 206 11.000742 10.32993444 19.433996
## 207 10.586456 10.17710362 19.170867
## 208 10.226100 10.07833474 18.994812
## 209 10.026724 10.14093971 19.078675
## 210 9.827347 10.20354468 19.162538
## 211 9.901060 10.21611869 19.202542
## 212 10.099943 10.20576140 19.222444
## 213 10.293697 10.25278113 19.312362
## 214 10.459898 10.60810328 19.778495
## 215 10.626098 10.96342544 20.244628
## 216 10.679515 9.76371740 18.777416
## 217 10.666154 7.64327283 16.165465
## 218 10.714480 5.50313097 13.867366
## 219 10.989929 3.29046826 12.724793
## 220 5.603896 6.11057996 11.582220
## 221 NA NA NA
## 222 NA NA NA
## 223 NA NA NA
## 224 NA NA NA
## 225 NA NA NA
## 226 NA NA NA
## 227 NA NA NA
## 228 NA NA NA
## 229 NA NA NA
## 230 NA NA NA
## 231 NA NA NA
## 232 NA NA NA
## 233 NA NA NA
## 234 NA NA NA
## 235 NA NA NA
## 236 NA NA NA
## 237 NA NA NA
## 238 NA NA NA
## 239 NA NA NA
## 240 NA NA NA
## 241 10.044917 1.49596815 10.792815
## 242 10.662703 3.89516144 12.651047
## 243 11.226792 6.21554517 14.700720
## 244 11.637798 8.31125414 17.296169
## 245 12.048805 10.40696311 19.891617
## 246 11.671402 10.52718933 19.938672
## 247 11.222291 10.46774032 19.753945
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## 248 10.877320 10.48571056 19.735436
## 249 10.724569 10.64657938 20.023730
## 250 10.571818 10.80744820 20.312023
## 251 10.685477 10.93377867 20.526844
## 252 10.871600 11.05071484 20.721681
## 253 11.076875 11.20464976 20.955426
## 254 11.337418 11.46534798 21.301447
## 255 11.597961 11.72604621 21.647467
## 256 11.774284 10.15004727 19.883038
## 257 11.919229 7.88973611 17.332302
## 258 12.014206 5.55475908 15.115535
## 259 12.000041 3.05669658 13.628221
## 260 3.878087 6.44686397 12.140907
## 261 NA NA NA
## 262 NA NA NA
## 263 NA NA NA
## 264 NA NA NA
## 265 NA NA NA
## 266 NA NA NA
## 267 NA NA NA
## 268 NA NA NA
## 269 NA NA NA
## 270 NA NA NA
## 271 NA NA NA
## 272 NA NA NA
## 273 NA NA NA
## 274 NA NA NA
## 275 NA NA NA
## 276 NA NA NA
## 277 NA NA NA
## 278 NA NA NA
## 279 NA NA NA
## 280 NA NA NA
## 281 13.510618 2.17129728 14.310878
## 282 14.730982 4.69311816 16.655559
## 283 15.200267 6.86191275 18.464312
## 284 14.335102 8.40348161 19.320876
## 285 13.473002 9.91974566 20.160958
## 286 12.787234 9.98028387 20.052823
## 287 12.101465 10.04082208 19.944689
## 288 11.593040 10.12249765 19.905139
## 289 11.299750 10.22981509 19.948790
## 290 11.006461 10.33713252 19.992441
## 291 10.994361 10.31772394 19.936004
## 292 11.018218 10.28211004 19.866768
## 293 11.141256 10.41375361 20.031589
## 294 11.442297 10.84557847 20.616478
## 295 11.743337 11.27740333 21.201367
## 296 11.632423 9.53281520 19.053597
## 297 11.436541 7.33933085 16.342202
## 298 11.125035 5.01956320 13.968558
## 299 10.650207 2.52141914 12.071992
## 300 10.175378 0.02327507 10.175425
## Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
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## 1 0.28072172 -0.45076918
## 2 0.25129382 -0.37269299
## 3 0.22186591 -0.29461679
## 4 0.21636004 -0.65490132
## 5 0.22334605 -1.24409401
## 6 0.22163653 -1.59338372
## 7 0.20092052 -1.41829939
## 8 0.18020450 -1.24321506
## 9 0.16497993 -1.14860106
## 10 0.15159891 -1.08100209
## 11 0.13597376 -1.01620936
## 12 0.11035855 -0.96390906
## 13 0.08474333 -0.91160876
## 14 0.07429386 -0.97938288
## 15 0.07184568 -1.11050698
## 16 0.07404452 -1.14212195
## 17 0.10852986 -0.48237020
## 18 0.14301520 0.17738155
## 19 0.27219599 0.01724962
## 20 0.43980856 -0.47562895
## 21 NA NA
## 22 NA NA
## 23 NA NA
## 24 NA NA
## 25 NA NA
## 26 NA NA
## 27 NA NA
## 28 NA NA
## 29 NA NA
## 30 NA NA
## 31 NA NA
## 32 NA NA
## 33 NA NA
## 34 NA NA
## 35 NA NA
## 36 NA NA
## 37 NA NA
## 38 NA NA
## 39 NA NA
## 40 NA NA
## 41 0.36089014 -0.53615808
## 42 0.31737199 -0.40088730
## 43 0.27385384 -0.26561653
## 44 0.26469731 -0.80081970
## 45 0.26654681 -1.55077587
## 46 0.25636917 -1.92556832
## 47 0.22919221 -1.77009981
## 48 0.20201525 -1.61463130
## 49 0.18230300 -1.51640916
## 50 0.16391717 -1.42835919
## 51 0.14309287 -1.36716960
## 52 0.11611746 -1.37373609
## 53 0.08914204 -1.38030259
## 54 0.08150535 -1.48357118
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## 55 0.08014134 -1.61820600
## 56 0.08634464 -1.52832410
## 57 0.11842326 -0.67073922
## 58 0.15050187 0.18684566
## 59 0.29964756 -0.11172741
## 60 0.47593808 -0.67838367
## 61 NA NA
## 62 NA NA
## 63 NA NA
## 64 NA NA
## 65 NA NA
## 66 NA NA
## 67 NA NA
## 68 NA NA
## 69 NA NA
## 70 NA NA
## 71 NA NA
## 72 NA NA
## 73 NA NA
## 74 NA NA
## 75 NA NA
## 76 NA NA
## 77 NA NA
## 78 NA NA
## 79 NA NA
## 80 NA NA
## 81 0.46073998 -2.16441391
## 82 0.42418279 -1.20375149
## 83 0.38762561 -0.24308907
## 84 0.34773466 -0.63551482
## 85 0.30729132 -1.25213696
## 86 0.27027653 -1.47928815
## 87 0.23649307 -1.33937239
## 88 0.20270962 -1.19945662
## 89 0.17920779 -1.20964023
## 90 0.15625196 -1.22779456
## 91 0.12983646 -1.23579331
## 92 0.09787911 -1.22752441
## 93 0.06592177 -1.21925551
## 94 0.06316230 -1.41060275
## 95 0.06533306 -1.63565626
## 96 0.08502075 -1.51124975
## 97 0.14080390 -0.66674499
## 98 0.19658705 0.17775978
## 99 0.36956943 -0.26684551
## 100 0.55382851 -0.83548687
## 101 NA NA
## 102 NA NA
## 103 NA NA
## 104 NA NA
## 105 NA NA
## 106 NA NA
## 107 NA NA
## 108 NA NA
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## 109 NA NA
## 110 NA NA
## 111 NA NA
## 112 NA NA
## 113 NA NA
## 114 NA NA
## 115 NA NA
## 116 NA NA
## 117 NA NA
## 118 NA NA
## 119 NA NA
## 120 NA NA
## 121 0.47984062 -0.77439868
## 122 0.40517092 -0.52964794
## 123 0.33050121 -0.28489719
## 124 0.31359283 -0.99756714
## 125 0.29919696 -1.75188312
## 126 0.26907726 -1.89189619
## 127 0.22912511 -1.64777219
## 128 0.19033753 -1.41196426
## 129 0.17366266 -1.33406011
## 130 0.15698778 -1.25615596
## 131 0.13243468 -1.19818368
## 132 0.09950926 -1.16139324
## 133 0.06658385 -1.12460281
## 134 0.06507897 -1.33805919
## 135 0.06502045 -1.56303494
## 136 0.10161259 -1.36123266
## 137 0.18734907 -0.58717004
## 138 0.27410301 0.16923873
## 139 0.44006369 -0.44864930
## 140 0.60602437 -1.06653734
## 141 NA NA
## 142 NA NA
## 143 NA NA
## 144 NA NA
## 145 NA NA
## 146 NA NA
## 147 NA NA
## 148 NA NA
## 149 NA NA
## 150 NA NA
## 151 NA NA
## 152 NA NA
## 153 NA NA
## 154 NA NA
## 155 NA NA
## 156 NA NA
## 157 NA NA
## 158 NA NA
## 159 NA NA
## 160 NA NA
## 161 0.55172043 -3.15144301
## 162 0.50304559 -1.59622362
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## 163 0.45382564 -0.17895602
## 164 0.39587569 -0.97101822
## 165 0.33792574 -1.76308042
## 166 0.29077985 -1.83339960
## 167 0.24792531 -1.61704440
## 168 0.20749902 -1.44272629
## 169 0.18078057 -1.50571261
## 170 0.15406211 -1.56869894
## 171 0.12558181 -1.61271161
## 172 0.09585294 -1.64327844
## 173 0.06841209 -1.68903665
## 174 0.07921518 -1.98871834
## 175 0.09001827 -2.28840004
## 176 0.13024190 -1.84662533
## 177 0.19680322 -0.74108779
## 178 0.27875591 0.16577474
## 179 0.48135713 -0.48471960
## 180 0.68395835 -1.13521395
## 181 NA NA
## 182 NA NA
## 183 NA NA
## 184 NA NA
## 185 NA NA
## 186 NA NA
## 187 NA NA
## 188 NA NA
## 189 NA NA
## 190 NA NA
## 191 NA NA
## 192 NA NA
## 193 NA NA
## 194 NA NA
## 195 NA NA
## 196 NA NA
## 197 NA NA
## 198 NA NA
## 199 NA NA
## 200 NA NA
## 201 0.62814677 -3.89774088
## 202 0.55866370 -2.38612482
## 203 0.49004395 -1.16224460
## 204 0.42598281 -1.45771160
## 205 0.36192168 -1.75317859
## 206 0.30900665 -1.66740216
## 207 0.25860205 -1.49575887
## 208 0.21369039 -1.36411504
## 209 0.18517509 -1.35186884
## 210 0.15665980 -1.33962264
## 211 0.12897212 -1.33737606
## 212 0.10166378 -1.33971273
## 213 0.08090646 -1.38169682
## 214 0.09534959 -1.63671732
## 215 0.10979271 -1.89173781
## 216 0.15898150 -1.38840881
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## 217 0.22874326 -0.43605955
## 218 0.32866605 0.17580963
## 219 0.53963480 -0.46589064
## 220 0.75060355 -1.10759091
## 221 NA NA
## 222 NA NA
## 223 NA NA
## 224 NA NA
## 225 NA NA
## 226 NA NA
## 227 NA NA
## 228 NA NA
## 229 NA NA
## 230 NA NA
## 231 NA NA
## 232 NA NA
## 233 NA NA
## 234 NA NA
## 235 NA NA
## 236 NA NA
## 237 NA NA
## 238 NA NA
## 239 NA NA
## 240 NA NA
## 241 0.57007522 -0.52928838
## 242 0.47929317 -0.18897955
## 243 0.40457725 -0.15095368
## 244 0.37566357 -0.97469311
## 245 0.34674989 -1.79843254
## 246 0.29802284 -1.76376656
## 247 0.24749371 -1.65102640
## 248 0.20666511 -1.55680062
## 249 0.18374151 -1.49674821
## 250 0.16081791 -1.43669580
## 251 0.13870415 -1.47695993
## 252 0.11681067 -1.54450978
## 253 0.10579378 -1.65282041
## 254 0.12616229 -1.87874999
## 255 0.14653081 -2.10467958
## 256 0.18816976 -1.28773259
## 257 0.23773361 -0.08223313
## 258 0.34952213 0.45699462
## 259 0.59722203 -0.45905102
## 260 0.84492193 -1.37509667
## 261 NA NA
## 262 NA NA
## 263 NA NA
## 264 NA NA
## 265 NA NA
## 266 NA NA
## 267 NA NA
## 268 NA NA
## 269 NA NA
## 270 NA NA
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## 271 NA NA
## 272 NA NA
## 273 NA NA
## 274 NA NA
## 275 NA NA
## 276 NA NA
## 277 NA NA
## 278 NA NA
## 279 NA NA
## 280 NA NA
## 281 0.63081068 -2.48490969
## 282 0.56982947 -0.66093273
## 283 0.50522530 0.23761596
## 284 0.43418421 -0.50805408
## 285 0.36355486 -1.23743837
## 286 0.31661197 -1.02994242
## 287 0.26966908 -0.82244646
## 288 0.22944665 -0.74355309
## 289 0.19737685 -0.82066819
## 290 0.16530706 -0.89778329
## 291 0.14723559 -0.92645263
## 292 0.13095419 -0.94892688
## 293 0.12169982 -1.07875731
## 294 0.12505706 -1.40126262
## 295 0.12841430 -1.72376793
## 296 0.17412905 -0.94859536
## 297 0.22858025 0.05297884
## 298 0.35916047 0.29558628
## 299 0.59727370 -0.53385452
## 300 0.83538693 -1.36329533
## Standard.Deviation.of.Sigma.Three..MPa.
## 1 0.09665862
## 2 0.07169154
## 3 0.04672446
## 4 0.04484683
## 5 0.05502631
## 6 0.06335407
## 7 0.06763435
## 8 0.07191463
## 9 0.07688545
## 10 0.08208809
## 11 0.08815522
## 12 0.09807076
## 13 0.10798630
## 14 0.11469844
## 15 0.11972048
## 16 0.12065821
## 17 0.09321897
## 18 0.06577973
## 19 0.09654950
## 20 0.15094318
## 21 NA
## 22 NA
## 23 NA
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## 24 NA
## 25 NA
## 26 NA
## 27 NA
## 28 NA
## 29 NA
## 30 NA
## 31 NA
## 32 NA
## 33 NA
## 34 NA
## 35 NA
## 36 NA
## 37 NA
## 38 NA
## 39 NA
## 40 NA
## 41 0.11318757
## 42 0.08572293
## 43 0.05825829
## 44 0.05310241
## 45 0.05509203
## 46 0.05815282
## 47 0.06272762
## 48 0.06730241
## 49 0.07761687
## 50 0.08895122
## 51 0.10069951
## 52 0.11349200
## 53 0.12628449
## 54 0.13914028
## 55 0.15201659
## 56 0.15430254
## 57 0.12037623
## 58 0.08644992
## 59 0.13244514
## 60 0.19697211
## 61 NA
## 62 NA
## 63 NA
## 64 NA
## 65 NA
## 66 NA
## 67 NA
## 68 NA
## 69 NA
## 70 NA
## 71 NA
## 72 NA
## 73 NA
## 74 NA
## 75 NA
## 76 NA
## 77 NA

86



## 78 NA
## 79 NA
## 80 NA
## 81 0.12834581
## 82 0.13541027
## 83 0.14247474
## 84 0.10386057
## 85 0.05767781
## 86 0.03873702
## 87 0.04547113
## 88 0.05220524
## 89 0.07063568
## 90 0.08968724
## 91 0.10626085
## 92 0.11886518
## 93 0.13146952
## 94 0.14752158
## 95 0.16415582
## 96 0.16553037
## 97 0.13546079
## 98 0.10539121
## 99 0.12971288
## 100 0.15926797
## 101 NA
## 102 NA
## 103 NA
## 104 NA
## 105 NA
## 106 NA
## 107 NA
## 108 NA
## 109 NA
## 110 NA
## 111 NA
## 112 NA
## 113 NA
## 114 NA
## 115 NA
## 116 NA
## 117 NA
## 118 NA
## 119 NA
## 120 NA
## 121 0.09656505
## 122 0.09889723
## 123 0.10122941
## 124 0.09638238
## 125 0.09122307
## 126 0.09128762
## 127 0.09461876
## 128 0.09776420
## 129 0.09738364
## 130 0.09700308
## 131 0.10331895
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## 132 0.11675119
## 133 0.13018343
## 134 0.14831688
## 135 0.16666674
## 136 0.17162559
## 137 0.15862865
## 138 0.14624311
## 139 0.18145330
## 140 0.21666348
## 141 NA
## 142 NA
## 143 NA
## 144 NA
## 145 NA
## 146 NA
## 147 NA
## 148 NA
## 149 NA
## 150 NA
## 151 NA
## 152 NA
## 153 NA
## 154 NA
## 155 NA
## 156 NA
## 157 NA
## 158 NA
## 159 NA
## 160 NA
## 161 0.19618400
## 162 0.18918724
## 163 0.17924179
## 164 0.12207243
## 165 0.06490306
## 166 0.04739175
## 167 0.04563251
## 168 0.04740640
## 169 0.06912518
## 170 0.09084396
## 171 0.11087989
## 172 0.12972324
## 173 0.14892944
## 174 0.17420075
## 175 0.19947206
## 176 0.19331718
## 177 0.15902911
## 178 0.13291309
## 179 0.17085552
## 180 0.20879795
## 181 NA
## 182 NA
## 183 NA
## 184 NA
## 185 NA
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## 186 NA
## 187 NA
## 188 NA
## 189 NA
## 190 NA
## 191 NA
## 192 NA
## 193 NA
## 194 NA
## 195 NA
## 196 NA
## 197 NA
## 198 NA
## 199 NA
## 200 NA
## 201 0.27323192
## 202 0.16487722
## 203 0.07138813
## 204 0.05639471
## 205 0.04140129
## 206 0.04170157
## 207 0.04544642
## 208 0.05389173
## 209 0.07636782
## 210 0.09884392
## 211 0.11728142
## 212 0.13386787
## 213 0.15056911
## 214 0.16788713
## 215 0.18520515
## 216 0.17783126
## 217 0.15583724
## 218 0.14544523
## 219 0.17776915
## 220 0.21009307
## 221 NA
## 222 NA
## 223 NA
## 224 NA
## 225 NA
## 226 NA
## 227 NA
## 228 NA
## 229 NA
## 230 NA
## 231 NA
## 232 NA
## 233 NA
## 234 NA
## 235 NA
## 236 NA
## 237 NA
## 238 NA
## 239 NA
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## 240 NA
## 241 0.14634392
## 242 0.11189446
## 243 0.08776623
## 244 0.09306237
## 245 0.09835851
## 246 0.10592827
## 247 0.11370482
## 248 0.11764139
## 249 0.11449021
## 250 0.11133903
## 251 0.12580006
## 252 0.14505154
## 253 0.16357737
## 254 0.18000928
## 255 0.19644119
## 256 0.16951113
## 257 0.12642536
## 258 0.12639259
## 259 0.22039633
## 260 0.31440007
## 261 NA
## 262 NA
## 263 NA
## 264 NA
## 265 NA
## 266 NA
## 267 NA
## 268 NA
## 269 NA
## 270 NA
## 271 NA
## 272 NA
## 273 NA
## 274 NA
## 275 NA
## 276 NA
## 277 NA
## 278 NA
## 279 NA
## 280 NA
## 281 0.21008233
## 282 0.23834024
## 283 0.22506641
## 284 0.13800267
## 285 0.05243757
## 286 0.05308533
## 287 0.05373309
## 288 0.06557412
## 289 0.09099375
## 290 0.11641338
## 291 0.13747982
## 292 0.15798960
## 293 0.17519792
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## 294 0.18648106
## 295 0.19776420
## 296 0.16886643
## 297 0.13168115
## 298 0.14381702
## 299 0.22561952
## 300 0.30742201

plot (RS2_P_Stress_k_1.0$Distance..m.,RS2_P_Stress_k_1.0 $Normal.Stress..total...MPa., type = "l", col = "blue", lwd = 2)

lines (RS2_P_Stress_k_1.5$Distance..m.,RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa. , col = "red", lwd = 2)

lines (RS2_P_Stress_k_0.5$Distance..m.,RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "forestgreen", lwd = 2)

subset (RS2_P_Stress_k_1.0, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7") $Normal.Stress..total...MPa.

## [1] 11.539835 11.715600 11.877882 12.001728 12.125574 11.828919 11.494020
## [8] 11.225900 11.081043 10.936185 11.014982 11.154612 11.290167 11.413963
## [15] 11.537759 11.767254 12.036130 12.323294 12.650402 4.485195

A<-subset (RS2_P_Stress_k_1.0, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7")
hist (A$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)

92



B<-subset (RS2_P_Stress_k_1.5, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7")
hist (B$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)
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subset (RS2_P_Stress_k_1.5, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7") $Normal.Stress..total...MPa.

## [1] 13.034753 12.768496 12.528972 12.365657 12.202343 11.986437 11.765749
## [8] 11.574480 11.437516 11.300552 11.344486 11.437624 11.503458 11.490507
## [15] 11.477556 11.760223 12.153030 12.632381 13.300762 5.092303

C<-subset (RS2_P_Stress_k_0.5, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7")
hist (C$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)
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subset (RS2_P_Stress_k_0.5, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7") $Normal.Stress..total...MPa.

## [1] 10.044917 10.662703 11.226792 11.637798 12.048805 11.671402 11.222291
## [8] 10.877320 10.724569 10.571818 10.685477 10.871600 11.076875 11.337418
## [15] 11.597961 11.774284 11.919229 12.014206 12.000041 3.878087

Stochastic 3D Pillar Stress Estimation

Assuming No Correlation between Lithologies' Young Moduli

Stress Scenario 1 Sigma

P_Stress1.1 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.1.txt", sep = ",", header= FALSE)
P_Stress1.2 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.2.txt", sep = ",", header= FALSE)
P_Stress1.3 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.3.txt", sep = ",", header= FALSE)
P_Stress1.4 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.4.txt", sep = ",", header= FALSE)
P_Stress1.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.5.txt", sep = ",", header= FALSE)
P_Stress1.6 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.6.txt", sep = ",", header= FALSE)
P_Stress1.7 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.7.txt", sep = ",", header= FALSE)
P_Stress1.8 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses1.8.txt", sep = ",", header= FALSE)
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Stress_Case_1 <- abs( cbind (P_Stress1.1,P_Stress1.2,P_Stress1.3,P_Stress1.4,P_Stress1.5,P_Stress1.6,P_Stress1.7,P_Stress1.8))
#Stress_Case_1
names(Stress_Case_1) <- c(1,2,3,4,5,6,7,8)

Stress_Case_1$"AvgStress_Case_1" <- rowSums(Stress_Case_1[ c(1 : 8)]) / 8
Stress_Case_1$"StDevStress_Case_1" <- sqrt ( rowSums((Stress_Case_1[1 : 8] ^2)) / 8- (Stress_Case_1 $AvgStress_Case_1̂ 2))

plot ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1, type = "l", col="Red", main= "Average Pillar Stress - Scenario 1", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2, ,ylim = c(7,25), xlim = c(0,72))
lines ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1+1.96*Stress_Case_1$StDevStress_Case_1, type = "l", col="blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )
lines ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1-1.96 *Stress_Case_1$StDevStress_Case_1, type = "l", col="Blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )

Stress Scenario 2

P_Stress2.1 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.1.txt", sep = ",", header= FALSE)
P_Stress2.2 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.2.txt", sep = ",", header= FALSE)
P_Stress2.3 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.3.txt", sep = ",", header= FALSE)
P_Stress2.4 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.4.txt", sep = ",", header= FALSE)
P_Stress2.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.5.txt", sep = ",", header= FALSE)
P_Stress2.6 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.6.txt", sep = ",", header= FALSE)
P_Stress2.7 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.7.txt", sep = ",", header= FALSE)
P_Stress2.8 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses2.8.txt", sep = ",", header= FALSE)

Stress_Case_2 <- abs( cbind (P_Stress2.1,P_Stress2.2,P_Stress2.3,P_Stress2.4,P_Stress2.5,P_Stress2.6,P_Stress2.7,P_Stress2.8))
names(Stress_Case_2) <- c(1,2,3,4,5,6,7,8)
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Stress_Case_2$"AvgStress_Case_2" <- rowSums(Stress_Case_2[ c(1 : 8)]) / 8
Stress_Case_2$"StDevStress_Case_2" <- sqrt ( rowSums((Stress_Case_2[1 : 8] ^2)) / 8- (Stress_Case_2 $AvgStress_Case_2̂ 2))

plot ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2, type = "l", col="Red", main= "Average Pillar Stress - Scenario 2", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2, ,ylim = c(7,25), xlim = c(0,72))

lines ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2+1.96*Stress_Case_2$StDevStress_Case_2, type = "l", col="blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )

lines ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2-1.96 *Stress_Case_2$StDevStress_Case_2, type = "l", col="Blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )

Stress Scenario 3

P_Stress3.1 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.1.txt", sep = ",", header= FALSE)
P_Stress3.2 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.2.txt", sep = ",", header= FALSE)
P_Stress3.3 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.3.txt", sep = ",", header= FALSE)
P_Stress3.4 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.4.txt", sep = ",", header= FALSE)
P_Stress3.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.5.txt", sep = ",", header= FALSE)
P_Stress3.6 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.6.txt", sep = ",", header= FALSE)
P_Stress3.7 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.7.txt", sep = ",", header= FALSE)
P_Stress3.8 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Pillar_stresses3.8.txt", sep = ",", header= FALSE)

Stress_Case_3 <- abs( cbind (P_Stress3.1,P_Stress3.2,P_Stress3.3,P_Stress3.4,P_Stress3.5,P_Stress3.6,P_Stress3.7,P_Stress3.8))
Stress_Case_3
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## V1 V1 V1 V1 V1 V1 V1 V1
## 1 18.77320 19.07110 18.54010 18.83090 18.98680 19.27570 18.74320 19.02480
## 2 19.77520 20.25630 19.43720 19.91680 20.05920 20.51560 19.70870 20.16370
## 3 20.89770 21.39690 20.55610 21.05730 21.17560 21.64690 20.82330 21.29640
## 4 20.26150 20.74680 19.95590 20.44040 20.49460 20.95380 20.17990 20.63830
## 5 20.44670 20.89280 20.11350 20.56060 20.74240 21.16170 20.39420 20.81450
## 6 20.38270 20.90380 20.04600 20.56490 20.64560 21.14110 20.29840 20.79150
## 7 20.67590 21.22780 20.30420 20.84610 20.98000 21.51350 20.59440 21.11680
## 8 20.35400 20.85780 19.97930 20.47650 20.68570 21.16550 20.29610 20.76950
## 9 17.44790 17.75290 17.41250 17.71630 17.36410 17.65270 17.33300 17.62100
## 10 17.81080 18.06670 17.60140 17.85020 18.00680 18.25490 17.78940 18.03020
## 11 19.42270 19.79650 19.15640 19.53580 19.64540 19.99200 19.37150 19.72370
## 12 19.72910 20.06890 19.49000 19.83880 19.92450 20.23730 19.68000 20.00120
## 13 20.26790 20.66220 20.01370 20.41430 20.45980 20.82770 20.20120 20.57480
## 14 19.75370 20.13300 19.48640 19.86990 19.97670 20.33110 19.70100 20.05870
## 15 20.21760 20.67080 19.94350 20.39920 20.41650 20.84510 20.13480 20.56510
## 16 22.91260 23.98500 22.63410 23.34430 23.56080 24.38000 22.73590 23.99010
## 17 19.48870 19.91800 19.18590 19.61620 19.74500 20.14560 19.43210 19.83390
## 18 16.80300 17.09720 16.78740 17.08060 16.69250 16.97310 16.68290 16.96290
## 19 16.88880 17.15640 16.71740 16.97800 17.02060 17.28330 16.84440 17.09960
## 20 17.80500 18.17110 17.55610 17.92070 18.00810 18.35940 17.74970 18.09810
## 21 18.78250 19.13290 18.54520 18.89740 18.97290 19.30290 18.72950 19.06050
## 22 18.85180 19.22240 18.64120 19.01460 18.99390 19.33960 18.78070 19.12850
## 23 18.50230 18.83610 18.26760 18.60350 18.69740 19.01030 18.45610 18.77040
## 24 19.57480 20.01480 19.35310 19.79870 19.70400 20.11670 19.47620 19.89330
## 25 20.21000 20.76250 19.87040 20.41120 20.45600 21.00480 20.10660 20.64190
## 26 18.62340 18.95140 18.37640 18.71050 18.83900 19.13770 18.58640 18.89130
## 27 16.28290 16.58770 16.26340 16.56630 16.17200 16.46640 16.15830 16.45070
## 28 15.85050 16.22400 15.64110 15.99690 15.98810 16.37240 15.77240 16.13710
## 29 19.32650 20.53500 20.59890 22.74560 18.19080 23.32640 20.07230 18.93590
## 30 18.05170 18.41650 17.86220 18.22920 18.16170 18.50750 17.97120 18.31790
## 31 17.25210 17.55180 17.04890 17.34780 17.41720 17.70040 17.20860 17.49000
## 32 17.73010 18.07990 17.54330 17.89440 17.84640 18.17550 17.65760 17.98700
## 33 17.40400 17.75790 17.21560 17.57100 17.52080 17.85250 17.33080 17.66340
## 34 17.39720 17.73820 17.20350 17.54740 17.52810 17.84260 17.33350 17.65060
## 35 17.31360 17.64670 17.09530 17.42970 17.48570 17.79350 17.26400 17.57320
## 36 14.81170 15.09790 14.80820 15.09210 14.68570 14.96390 14.68790 14.96390
## 37 13.97610 14.19580 13.83920 14.04850 14.07730 14.30000 13.93800 14.14880
## 38 16.41860 16.83460 16.17190 16.57600 16.58580 17.00620 16.33470 16.74130
## 39 16.29030 16.60360 16.12100 16.43600 16.39630 16.69190 16.22510 16.52140
## 40 15.90590 16.22730 15.74330 16.06390 16.00030 16.30590 15.83570 16.13920
## 41 15.70770 16.02550 15.55290 15.86910 15.79490 16.09280 15.63890 15.93460
## 42 16.10810 16.43850 15.94750 16.27940 16.19510 16.50400 16.03400 16.34370
## 43 15.55450 15.83430 15.40170 15.68280 15.65300 15.91050 15.50070 15.75920
## 44 15.78880 16.12400 15.60110 15.93640 15.91450 16.22780 15.72480 16.03790
## 45 13.65030 13.93370 13.64040 13.92070 13.53380 13.81210 13.52950 13.80430
## 46 12.62240 12.87520 12.47990 12.72400 12.71770 12.97230 12.57050 12.81560
## 47 13.73460 14.05860 13.58510 13.90790 13.80810 14.11570 13.65780 13.96370
## 48 14.15090 14.41550 14.00230 14.26450 14.25250 14.50340 14.10070 14.34850
## 49 13.83560 14.11580 13.69690 13.97360 13.91690 14.18250 13.77600 14.03740
## 50 13.84400 14.14630 13.70120 13.99990 13.92180 14.20830 13.77690 14.05910
## 51 14.15740 14.48170 14.00620 14.32800 14.23610 14.54340 14.08290 14.38740
## 52 14.49410 14.81820 14.33200 14.65180 14.59010 14.89670 14.42600 14.72780
## 53 14.24230 14.53820 14.07230 14.36790 14.36100 14.63540 14.18940 14.46330
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## 54 12.39660 12.66430 12.39840 12.66220 12.27070 12.53520 12.27750 12.53800
## 55 11.26500 11.52560 11.11590 11.36540 11.36640 11.63100 11.21280 11.46550
## 56 11.97740 12.29090 11.82960 12.13780 12.05490 12.35740 11.90510 12.20160
## 57 12.93090 13.27440 12.77610 13.11360 13.00520 13.33910 12.84760 13.17420
## 58 12.25360 12.54580 12.11870 12.40550 12.32570 12.60380 12.18880 12.46070
## 59 12.05410 12.36020 11.91530 12.21510 12.12640 12.41720 11.98570 12.26950
## 60 12.16210 12.46070 12.03660 12.33080 12.21580 12.49940 12.08970 12.36820
## 61 12.45610 12.70730 12.31930 12.56610 12.55150 12.78380 12.41210 12.63980
## 62 12.35390 12.60850 12.20510 12.45760 12.46130 12.69890 12.31030 12.54560
## 63 11.15390 11.42180 11.16110 11.42390 11.01940 11.28750 11.03150 11.29420
## 64 9.28071 9.52535 9.15715 9.39109 9.35173 9.60175 9.22439 9.46265
## 65 12.03250 12.58960 11.71900 12.24620 12.23930 12.82790 11.91000 12.46570
## 66 10.88870 11.30330 10.67950 11.07450 11.01370 11.44140 10.79360 11.19870
## 67 9.44602 9.74078 9.33227 9.61648 9.48657 9.77329 9.37167 9.64710
## 68 9.71256 10.02320 9.59346 9.89578 9.75320 10.05350 9.63239 9.92381
## 69 9.94591 10.21310 9.84394 10.10540 9.97963 10.23480 9.87757 10.12620
## 70 10.07330 10.31950 9.96204 10.20120 10.13450 10.36480 10.02220 10.24530
## 71 10.63220 10.90300 10.50920 10.77450 10.69560 10.95180 10.57230 10.82250
## 72 9.57774 9.84221 9.58566 9.84350 9.44420 9.70998 9.45711 9.71604

names(Stress_Case_3) <- c(1,2,3,4,5,6,7,8)

Stress_Case_3$"AvgStress_Case_3" <- rowSums(Stress_Case_3[ c(1 : 8)]) / 8
Stress_Case_3$"StDevStress_Case_3" <- sqrt ( rowSums((Stress_Case_3[1 : 8] ^2)) / 8- (Stress_Case_3 $AvgStress_Case_3̂ 2))

Norm.fit.SDEM_PS_WtoH0.8$estimate[1]

## mean
## 34.63533

Norm.fit.SDEM_PS_WtoH0.8$sd[1]

## mean
## 0.1347718

PoF_Results_SC3_SDEM <-P_PoF(Norm.fit.SDEM_PS_WtoH0.8$estimate[1],Norm.fit.SDEM_PS_WtoH0.8 $sd[1],Stress_Case_1 $AvgStress_Case_1,Stress_Case_1$StDevStress_Case_1)
PoF_Results_SC3_SDEM

## [1] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
## [39] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PoF_Results_SC3_NIOSH_CSM <-P_PoF(34.685,4.818,Stress_Case_1 $AvgStress_Case_1,Stress_Case_1$StDevStress_Case_1)
PoF_Results_SC3_NIOSH_CSM

## [1] 1.562462e-05 1.200846e-04 2.823383e-04 1.762016e-04 1.654093e-04
## [6] 1.565215e-04 1.995761e-04 1.358268e-04 6.281340e-06 7.792101e-06
## [11] 1.317983e-04 1.631173e-04 1.970708e-04 1.395087e-04 1.528260e-04
## [16] 8.458931e-04 9.457648e-05 4.114669e-06 4.975601e-06 3.281039e-05
## [21] 7.147322e-05 7.985746e-05 5.057526e-05 9.994754e-05 1.112503e-04
## [26] 5.691328e-05 3.020635e-06 2.085781e-06 2.290087e-04 4.375966e-05

101



## [31] 2.206109e-05 2.958662e-05 2.156471e-05 2.307248e-05 2.186602e-05
## [36] 8.326440e-07 4.795037e-07 7.954097e-06 1.181325e-05 6.933986e-06
## [41] 6.270861e-06 8.153544e-06 6.140108e-06 6.519742e-06 3.178593e-07
## [46] 1.191006e-07 1.101892e-06 2.103027e-06 1.372251e-06 1.249945e-06
## [51] 1.225599e-06 1.974918e-06 2.078111e-06 1.076007e-07 3.711713e-08
## [56] 2.730452e-07 5.954208e-07 3.487739e-07 2.321194e-07 2.641092e-07
## [61] 4.510989e-07 3.937854e-07 3.336831e-08 5.797085e-09 1.810763e-07
## [66] 6.641123e-08 1.791432e-08 1.840417e-08 3.317275e-08 4.373412e-08
## [71] 6.912991e-08 7.770266e-09

plot ( seq(1,72, by=1),PoF_Results_SC3_NIOSH_CSM, type = "l", col="Red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2)

plot ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3, type = "l", col="Red", main= "Average Pillar Stress - Scenario 3", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2, ,ylim = c(7,25), xlim = c(0,72))

lines ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3+1.96*Stress_Case_3$StDevStress_Case_3, type = "l", col="blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )

lines ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3-1.96 *Stress_Case_3$StDevStress_Case_3, type = "l", col="Blue", main= "Average Pillar Stress", ylab = "Pillar Strength [MPa]", xlab= "Pillar #", lwd = 1 )
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PoF_Results_SC3_NIOSH_CSM

## [1] 1.562462e-05 1.200846e-04 2.823383e-04 1.762016e-04 1.654093e-04
## [6] 1.565215e-04 1.995761e-04 1.358268e-04 6.281340e-06 7.792101e-06
## [11] 1.317983e-04 1.631173e-04 1.970708e-04 1.395087e-04 1.528260e-04
## [16] 8.458931e-04 9.457648e-05 4.114669e-06 4.975601e-06 3.281039e-05
## [21] 7.147322e-05 7.985746e-05 5.057526e-05 9.994754e-05 1.112503e-04
## [26] 5.691328e-05 3.020635e-06 2.085781e-06 2.290087e-04 4.375966e-05
## [31] 2.206109e-05 2.958662e-05 2.156471e-05 2.307248e-05 2.186602e-05
## [36] 8.326440e-07 4.795037e-07 7.954097e-06 1.181325e-05 6.933986e-06
## [41] 6.270861e-06 8.153544e-06 6.140108e-06 6.519742e-06 3.178593e-07
## [46] 1.191006e-07 1.101892e-06 2.103027e-06 1.372251e-06 1.249945e-06
## [51] 1.225599e-06 1.974918e-06 2.078111e-06 1.076007e-07 3.711713e-08
## [56] 2.730452e-07 5.954208e-07 3.487739e-07 2.321194e-07 2.641092e-07
## [61] 4.510989e-07 3.937854e-07 3.336831e-08 5.797085e-09 1.810763e-07
## [66] 6.641123e-08 1.791432e-08 1.840417e-08 3.317275e-08 4.373412e-08
## [71] 6.912991e-08 7.770266e-09

Ploting 3 Stress Case Scenarios

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure4.8.Pillar Stress Dist.pdf", width = 8, height = 5)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)
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plot ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1, type = "l", col="blue", main= "Stochastic Pillar Stress Estimation", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2,ylim = c(7,25), xlim = c(1,72))
lines ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1+1.96*Stress_Case_1$StDevStress_Case_1, type = "l", col="blue", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )
lines ( seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1-1.96 *Stress_Case_1$StDevStress_Case_1, type = "l", col="Blue", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )

lines ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )
lines ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3+1.96*Stress_Case_3$StDevStress_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )
lines ( seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3-1.96 *Stress_Case_3$StDevStress_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )

lines ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )
lines ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2+1.96*Stress_Case_2$StDevStress_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )
lines ( seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2-1.96 *Stress_Case_2$StDevStress_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 1, lty = 2 )

legend (x = "topright", c("Average Pillar Stress - Stress Scenario 1", "95% CI - Stress Scenario 1","Average Pillar Stress - Stress Scenario 3", "95% CI - Stress Scenario 3", "Average Pillar Stress - Stress Scenario 2", "95% CI - Stress Scenario 2"), col = c("blue","blue","red","red","forestgreen","forestgreen"), lty = c(1,2,1,2,1,2), lwd = c(3,1,3,1,3,1), border = F, bty = "n", cex = 0.75)

#dev.off

#Pillar Standard Deviation

plot ( seq(1,72, by=1),Stress_Case_1 $StDevStress_Case_1, type = "l", col="Blue", main= "Pillars' Standard Deviation", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2,ylim = c(0,1.8), xlim = c(0,72))
lines ( seq(1,72, by=1),Stress_Case_2 $StDevStress_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )
lines ( seq(1,72, by=1),Stress_Case_3 $StDevStress_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

legend (x = "topright", c("Pillar Stress Standard Deviation - Stress Scenario 1","Pillar Stress Standard Deviation - Stress Scenario 3", "Pillar Stress Standard Deviation - Stress Scenario 2"), col = c("blue","red","forestgreen"), lty = c(1,1,1), lwd = c(2,2,2), border = F, bty = "n", cex = 0.75)
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#Pillar Coefficient of Variation

plot ( seq(1,72, by=1),Stress_Case_1 $StDevStress_Case_1/ Stress_Case_1$AvgStress_Case_1*100, type = "l", col="Blue", main= "Pillar Coefficient of Variation", ylab = "COV [%]", xlab= "Pillar #", lwd = 2, ylim= c(0,10), xlim = c(0,72))
lines ( seq(1,72, by=1),Stress_Case_2 $StDevStress_Case_2/ Stress_Case_2$AvgStress_Case_2*100, type = "l", col="forestgreen", main= "Pillar Coefficient of Variation", ylab = "COV [%]", xlab= "Pillar #", lwd = 2 )
lines ( seq(1,72, by=1),Stress_Case_3 $StDevStress_Case_3/ Stress_Case_3$AvgStress_Case_3*100, type = "l", col="red", main= "Pillar Coefficient of Variation", ylab = "COV [%]", xlab= "Pillar #", lwd = 2 )

legend (x = "topright", c("Pillar COV - Stress Scenario 1","Pillar COV - Stress Scenario 3", "Pillar COV - Stress Scenario 2"), col = c("blue","red","forestgreen"), lty = c(1,1,1), lwd = c(2,2,2), border = F, bty = "n", cex = 0.75)
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hist (Stress_Case_1 $StDevStress_Case_1/ Stress_Case_1$AvgStress_Case_1*100, pch=20, breaks=7, prob=T, main="Pillar Coefficient of Variation [%]", col = 'blue', ylim= c(0,1.1))
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hist (Stress_Case_2 $StDevStress_Case_2/ Stress_Case_2$AvgStress_Case_2*100, pch=20, breaks=7, prob=T, main="Pillar Coefficient of Variation [%]", add=F , col = 'forestgreen')
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hist (Stress_Case_3 $StDevStress_Case_3/ Stress_Case_3$AvgStress_Case_3*100, pch=20, breaks=7, prob=T, main="Pillar Coefficient of Variation [%]", add=F , col = 'red')
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max(Stress_Case_1 $AvgStress_Case_1)

## [1] 19.48661

min(Stress_Case_1 $AvgStress_Case_1)

## [1] 7.191474

max(Stress_Case_2 $AvgStress_Case_2)

## [1] 17.84199

min(Stress_Case_2 $AvgStress_Case_2)

## [1] 6.734489

max(Stress_Case_3 $AvgStress_Case_3)

## [1] 23.44285
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min(Stress_Case_3 $AvgStress_Case_3)

## [1] 9.374353

Calculating Average Pillar Stress per Mine Level

#PillArM Stands for Pillar Arrangement Matrix
# The pillar model has 8 levels (8 columns of pillars), where each level has 9 pillars in the same row
# This section seeks to calculate the average pillar stress per level.

prow <- 8
pcol <- 9

AvgStress_Summary <- cbind (Stress_Case_1 $"AvgStress_Case_1",Stress_Case_2 $"AvgStress_Case_2",Stress_Case_3 $"AvgStress_Case_3")
colnames(AvgStress_Summary) <- cbind ("AvgStress_Case_1","AvgStress_Case_2","AvgStress_Case_3")
rownames(AvgStress_Summary) <- seq(1,72,by=1)
AvgStress_Summary

## AvgStress_Case_1 AvgStress_Case_2 AvgStress_Case_3
## 1 14.610900 13.566450 18.905725
## 2 16.968850 15.664950 19.979087
## 3 18.051613 16.735613 21.106275
## 4 17.450737 16.214588 20.458900
## 5 17.369512 16.117013 20.640800
## 6 17.299612 15.781075 20.596750
## 7 17.602150 16.079250 20.907338
## 8 17.118388 15.766063 20.573050
## 9 13.639988 12.850300 17.537550
## 10 13.860862 13.075938 17.926300
## 11 17.089813 16.210763 19.580500
## 12 17.360038 16.414763 19.871225
## 13 17.598300 16.492475 20.427700
## 14 17.163150 16.193325 19.913812
## 15 17.275787 15.835913 20.399075
## 16 19.486612 17.841988 23.442850
## 17 16.680112 15.587850 19.670675
## 18 13.199475 12.461012 16.884950
## 19 13.391600 12.641787 16.998563
## 20 15.439175 14.521987 17.958525
## 21 16.350625 15.368125 18.927975
## 22 16.485862 15.484512 18.996588
## 23 15.943162 15.094650 18.642962
## 24 16.755650 15.419675 19.741450
## 25 16.878162 15.968600 20.432925
## 26 16.079200 15.159850 18.764512
## 27 12.882075 12.126500 16.368462
## 28 12.499175 11.392825 15.997813
## 29 17.447837 15.539037 20.466425
## 30 15.777238 14.700875 18.189737
## 31 14.996875 14.217075 17.377100
## 32 15.328687 14.306463 17.864275
## 33 14.972037 14.010250 17.539500
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## 34 15.047063 14.108300 17.530137
## 35 14.983550 14.044412 17.450212
## 36 11.603713 10.847887 14.888912
## 37 11.073775 10.525712 14.065463
## 38 13.878525 13.148687 16.583638
## 39 14.309613 13.499712 16.410700
## 40 13.740662 12.946400 16.027687
## 41 13.634950 12.853537 15.827050
## 42 13.913100 13.027900 16.231288
## 43 13.613400 12.882925 15.662088
## 44 13.672387 12.779650 15.919412
## 45 10.689512 10.012750 13.728100
## 46 9.787292 9.253520 12.722200
## 47 11.870637 11.169275 13.853938
## 48 12.512313 12.010325 14.254787
## 49 12.088413 11.582088 13.941838
## 50 11.997063 11.425325 13.957187
## 51 11.976900 11.073425 14.277888
## 52 12.448738 11.597625 14.617088
## 53 12.498200 11.788638 14.358725
## 54 9.698715 9.068513 12.467863
## 55 8.756166 8.206309 11.368450
## 56 10.542725 9.907659 12.094337
## 57 11.276150 10.532750 13.057638
## 58 10.772937 10.388700 12.362825
## 59 10.394850 9.927811 12.167938
## 60 10.514350 9.990559 12.270412
## 61 11.014575 10.634412 12.554500
## 62 10.885362 10.397338 12.455150
## 63 8.667179 8.127871 11.224163
## 64 7.191474 6.734489 9.374353
## 65 10.145874 8.932778 12.253775
## 66 9.259119 8.626095 11.049175
## 67 8.132576 7.759766 9.551773
## 68 8.154570 7.666344 9.823487
## 69 8.660391 8.270345 10.040819
## 70 8.899563 8.585261 10.165355
## 71 9.300543 8.784915 10.732637
## 72 7.434660 7.016971 9.647055

AvgStress_Case_1_Per_Level <- matrix (nrow = prow, ncol= pcol)
AvgStress_Case_2_Per_Level <- matrix (nrow = prow, ncol= pcol)
AvgStress_Case_3_Per_Level <- matrix (nrow = prow, ncol= pcol)

for (k in 1: 3) {
count = 0

for (i in 1: prow) {
for (j in 1: pcol) {

count= count + 1

if (k == 1) {
AvgStress_Case_1_Per_Level[i,j]=AvgStress_Summary[count,k]

} else if (k ==2) {
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AvgStress_Case_2_Per_Level[i,j]=AvgStress_Summary[count,k]
} else if (k ==3) {

AvgStress_Case_3_Per_Level[i,j]=AvgStress_Summary[count,k]
}

}
}
}

#For Ko = 1.0

AVG_RS2_P_Stress_k_1.0

## Group.1 Depth..m. Distance..m. Ko....H..V Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 1 5.834322
## 2 Pillar 2 192.4 61.06645 1 7.034469
## 3 Pillar 3 222.0 110.31057 1 8.378107
## 4 Pillar 4 246.5 159.51403 1 8.854882
## 5 Pillar 5 270.6 208.70377 1 10.137549
## 6 Pillar 6 294.0 257.90723 1 11.025997
## 7 Pillar 7 319.8 307.15135 1 11.275022
## 8 Pillar 8 334.7 356.46170 1 12.482809
## Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.
## 1 3.124261 7.868145
## 2 3.865472 9.589191
## 3 4.317265 11.115477
## 4 4.720627 11.873915
## 5 5.398385 13.622037
## 6 5.843464 14.770596
## 7 5.946118 15.178555
## 8 5.439120 15.622369
## Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
## 1 0.1143733 0.10767428
## 2 0.1291445 0.06266776
## 3 0.1477940 0.15313046
## 4 0.1536278 0.25832917
## 5 0.1739945 0.09926221
## 6 0.1920889 0.19464540
## 7 0.1946533 0.43056717
## 8 0.2073792 0.58121485
## Standard.Deviation.of.Sigma.Three..MPa.
## 1 0.05369356
## 2 0.06339156
## 3 0.06850594
## 4 0.08429747
## 5 0.08342032
## 6 0.07682276
## 7 0.08957386
## 8 0.09420868

#For Ko = 1.5

AVG_RS2_P_Stress_k_1.5
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## Group.1 Depth..m. Distance..m. Ko..SigH.SigV Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 1.5 6.159905
## 2 Pillar 2 192.4 61.06645 1.5 7.338062
## 3 Pillar 3 222.0 110.31057 1.5 8.585792
## 4 Pillar 4 246.5 159.51403 1.5 9.218714
## 5 Pillar 5 270.6 208.70377 1.5 10.335836
## 6 Pillar 6 294.0 257.90723 1.5 11.194781
## 7 Pillar 7 319.8 307.15135 1.5 11.657864
## 8 Pillar 8 334.7 356.46170 1.5 12.895769
## Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.
## 1 1.648382 6.757327
## 2 2.056829 8.110546
## 3 2.320727 9.429324
## 4 2.549202 10.181873
## 5 2.923951 11.508572
## 6 3.187651 12.511515
## 7 3.255326 13.096196
## 8 2.878989 13.796669
## Standard.Deviation.of.Sigma.One..MPa. COV.Sigma.1 Mean.of.Sigma.Three..MPa.
## 1 0.04730173 0.007038696 0.6693287
## 2 0.05370661 0.006625957 0.7926963
## 3 0.06468388 0.006727610 0.9054331
## 4 0.07109954 0.006928689 1.0448251
## 5 0.07935047 0.006756155 1.0632635
## 6 0.08802277 0.006845241 1.1899305
## 7 0.09402173 0.007097148 1.3402168
## 8 0.10019695 0.007090004 1.3661936

#For Ko = 0.5

AVG_RS2_P_Stress_k_0.5

## Group.1 Depth..m. Distance..m. Ko...SigH.SigV Normal.Stress..total...MPa.
## 1 Pillar 1 164.8 11.75610 0.5 5.508739
## 2 Pillar 2 192.4 61.06645 0.5 6.730876
## 3 Pillar 3 222.0 110.31057 0.5 8.170423
## 4 Pillar 4 246.5 159.51403 0.5 8.491051
## 5 Pillar 5 270.6 208.70377 0.5 9.939263
## 6 Pillar 6 294.0 257.90723 0.5 10.857214
## 7 Pillar 7 319.8 307.15135 0.5 10.892180
## 8 Pillar 8 334.7 356.46170 0.5 12.069849
## Shear.Stress..total...MPa. Sigma.One..MPa.
## 1 4.618380 9.331214
## 2 5.704027 11.477838
## 3 6.322909 13.275682
## 4 6.892052 14.107030
## 5 7.880173 16.299098
## 6 8.499278 17.648737
## 7 8.636910 17.917452
## 8 8.016654 18.101022
## Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
## 1 0.1813869 -0.8194341
## 2 0.2079006 -1.0917320
## 3 0.2370228 -1.0892929
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## 4 0.2442636 -1.0779934
## 5 0.2776818 -1.4446160
## 6 0.3055603 -1.4342575
## 7 0.3062336 -1.1476112
## 8 0.3264954 -0.8772230
## Standard.Deviation.of.Sigma.Three..MPa.
## 1 0.08663026
## 2 0.10211465
## 3 0.11140708
## 4 0.12511029
## 5 0.13400533
## 6 0.12726657
## 7 0.14342671
## 8 0.15380238

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure4.8.Analytical 2D and 3D Stress Est.pdf", width = 8, height = 8)

par (mfrow=c(1,1), mai= c(.5,.5,.5,.5),mar= c(4,4,4,1) +.1)

plot (Analytical_Norm_Stress_Est[,1],Depth, type = "l", col = "blue", lwd = 2, ylim = rev ( c(150,340)), xlim = c(5, 35), xlab = "Normal Stress [MPa]" , ylab = "Depth [m]", main = "Normal Pillar Stress Vs Depth \n Comparison Between Analytical, 2D and 3D Numerical \n Solutions")
lines (Analytical_Norm_Stress_Est[,2] , Depth, col = "red", lwd = 2)
lines (Analytical_Norm_Stress_Est[,3], Depth, col = "forestgreen", lwd = 2)

#2D FEM Average Pillar Stress vs. Depth

points (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x=AVG_RS2_P_Stress_k_1.0 $Normal.Stress..total...MPa., col = "black", bg="blue", pch = 21, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x=AVG_RS2_P_Stress_k_1.0 $Normal.Stress..total...MPa., col = "blue",lty =1, lwd=1)

points (y= AVG_RS2_P_Stress_k_1.5$Depth..m., x=AVG_RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa., col = "black", bg="red", pch = 21, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_1.5$Depth..m., x=AVG_RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa., col = "red",lty =1, lwd=1)

points (y= AVG_RS2_P_Stress_k_0.5$Depth..m., x=AVG_RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "black", bg="forestgreen", pch = 21, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_0.5$Depth..m., x=AVG_RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "forestgreen",lty =1, lwd=1)

#3D FVM Average Pillar Stress vs. Depth

points (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x= rev ( rowMeans(AvgStress_Case_1_Per_Level)), col = "black", bg="blue", pch = 22, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x= rev ( rowMeans(AvgStress_Case_1_Per_Level)), col="blue", lty = 2, lwd=1, type = "l")

points (y= AVG_RS2_P_Stress_k_1.5$Depth..m., x= rev ( rowMeans(AvgStress_Case_3_Per_Level)), col = "black", bg="red", pch = 22, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_1.0$Depth..m., x= rev ( rowMeans(AvgStress_Case_3_Per_Level)), col="red", lty = 2, lwd=1, type = "l")

points (y= AVG_RS2_P_Stress_k_0.5$Depth..m., x= rev ( rowMeans(AvgStress_Case_2_Per_Level)), col = "black", bg="forestgreen", pch = 22, lwd= 1)
lines (y= AVG_RS2_P_Stress_k_0.5$Depth..m., x= rev ( rowMeans(AvgStress_Case_2_Per_Level)), col = "forestgreen",lty = 2, lwd= 1, type ="l")

legend (x = "topright", c("Analytical - Ko = 1.0","Analytical - Ko = 1.5", "Analytical - Ko = 0.5", "2D FEM - Ko = 1.0","2D FEM - Ko = 1.5", "2D FEM - Ko = 0.5","3D FVM - Ko = 1.0","3D FVM - Ko = 1.5", "3D FVM - Ko = 0.5"), col = c("blue","red","forestgreen"), lty = c(1,1,1,1,1,1,2,2,2), lwd = c(2,2,2, 1,1,1,1,1,1), border = F, bty = "n", cex = 0.75)
legend (x=28.8 ,y=156.5, c(" "," "," "), col = c("blue","red","forestgreen"), lwd =1, lty = c(NA,NA,NA), pch = c(19,19,19),bty = "n", cex = 0.8)
legend (x=28.8 ,y=171.5, c(" "," "," "), col = c("blue","red","forestgreen"), lwd =1, lty = c(NA,NA,NA), pch = c(15,15,15),bty = "n", cex = 0.8)
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#dev.off

AVG_RS2_P_Stress_k_1.0$Depth..m.

## [1] 164.8 192.4 222.0 246.5 270.6 294.0 319.8 334.7

Pariseau_Pillar_Stress (HW_Density, AVG_RS2_P_Stress_k_1.0$Depth..m., 1, OB_Dip, P_Width, P_Length, Hc, Xc,1)

## [1] 13.27233 15.49513 17.87899 19.85213 21.79304 23.67759 25.75542 26.95540

AVG_RS2_P_Stress_k_1.0$Normal.Stress..total...MPa.

## [1] 5.834322 7.034469 8.378107 8.854882 10.137549 11.025997 11.275022
## [8] 12.482809

Pariseau_Pillar_Stress (HW_Density, AVG_RS2_P_Stress_k_1.0$Depth..m., 1, OB_Dip, P_Width, P_Length, Hc, Xc,1) /rev ( rowMeans(AvgStress_Case_1_Per_Level))

## [1] 1.547719 1.502367 1.534264 1.507427 1.478540 1.519900 1.548276 1.616120

#PillArM Stands for Pillar Arrangement Matrix
# The pillar model has 8 levels (8 columns of pillars), where each level has 9 pillars in the same row
# This section seeks to calculate the average pillar stress per level.
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prow <- 8
pcol <- 9

StDevStress_Summary <- cbind (Stress_Case_1 $"StDevStress_Case_1",Stress_Case_2 $"StDevStress_Case_2",Stress_Case_3 $"StDevStress_Case_3")
colnames(StDevStress_Summary) <- cbind ("StDevStress_Case_1","StDevStress_Case_2","StDevStress_Case_3")
rownames(StDevStress_Summary) <- seq(1,72,by=1)

StDevStress_Case_1_Per_Level <- matrix (nrow = prow, ncol= pcol)
StDevStress_Case_2_Per_Level <- matrix (nrow = prow, ncol= pcol)
StDevStress_Case_3_Per_Level <- matrix (nrow = prow, ncol= pcol)

for (k in 1: 3) {
count = 0

for (i in 1: prow) {
for (j in 1: pcol) {

count= count + 1

if (k == 1) {
StDevStress_Case_1_Per_Level[i,j]=StDevStress_Summary[count,k]

} else if (k ==2) {
StDevStress_Case_2_Per_Level[i,j]=StDevStress_Summary[count,k]

} else if (k ==3) {
StDevStress_Case_3_Per_Level[i,j]=StDevStress_Summary[count,k]

}
}

}
}

#library(plotly)
# Plot Average Pillar Stress for Stress Scenario 1
#fig <- plot_ly(z = AvgStress_Case_1_Per_Level) %>%
# add_surface(AvgStress_Case_2_Per_Level) %>%
# add_surface(AvgStress_Case_3_Per_Level)
#fig <- fig %>% add_surface()
#fig

#p <- plot_ly() %>%
# add_surface(z = data1$z) %>%
# add_surface(z = data2$z)

write.csv (AvgStress_Summary[,1], file="AvgStress_Case_1.csv")
write.csv (AvgStress_Summary[,2], file="AvgStress_Case_2.csv")
write.csv (AvgStress_Summary[,3], file="AvgStress_Case_3.csv")

write.csv (Stress_Case_1 $StDevStress_Case_1, file="StDevStress_Case_1.csv")
write.csv (Stress_Case_2 $StDevStress_Case_2, file="StDevStress_Case_2.csv")
write.csv (Stress_Case_3 $StDevStress_Case_3, file="StDevStress_Case_3.csv")
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Pillar Probability of Failure Calculation

#Case 1 - Pillar Strength (Avergae) and Variability (Standard Deviation) Obtained from the Stochastic Discrete Element Modeling Approach

Norm.fit.SDEM_PS_WtoH0.8

## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:
## estimate Std. Error
## mean 34.6353333 0.13477180
## sd 0.5219689 0.09529648

Norm.fit.SDEM_PS_WtoH0.8$estimate[1]

## mean
## 34.63533

Norm.fit.SDEM_PS_WtoH0.8$estimate[2]

## sd
## 0.5219689

PoF_Results_Case_1 <- P_PoF(Norm.fit.SDEM_PS_WtoH0.8$estimate[1], NIOSH_Pillar_Strength (30*0.8,30,IR_OB_UCS[2],0.15,0.26),Stress_Case_1 $AvgStress_Case_1,Stress_Case_1$StDevStress_Case_1)*100
PoF_Results_Case_1

## [1] 7.701304e-04 6.920409e-03 1.735213e-02 1.044970e-02 9.764136e-03
## [6] 9.201480e-03 1.195264e-02 7.902317e-03 2.884057e-04 3.639847e-04
## [11] 7.645888e-03 9.613422e-03 1.178167e-02 8.126453e-03 8.964314e-03
## [16] 5.659184e-02 5.351581e-03 1.828368e-04 2.244579e-04 1.712205e-03
## [21] 3.957098e-03 4.457920e-03 2.727113e-03 5.675851e-03 6.372927e-03
## [26] 3.097173e-03 1.310517e-04 8.799505e-05 1.415639e-02 2.333228e-03
## [31] 1.116253e-03 1.530958e-03 1.089184e-03 1.171448e-03 1.105920e-03
## [36] 3.268173e-05 1.803129e-05 3.722697e-04 5.697040e-04 3.209060e-04
## [41] 2.879653e-04 3.820786e-04 2.814882e-04 3.003832e-04 1.157283e-05
## [46] 4.016492e-06 4.422521e-05 8.874186e-05 5.601256e-05 5.064888e-05
## [51] 4.959012e-05 8.293471e-05 8.762577e-05 3.598930e-06 1.142273e-06
## [56] 9.828821e-06 2.277886e-05 1.279475e-05 8.248373e-06 9.480242e-06
## [61] 1.688474e-05 1.458552e-05 1.018008e-06 1.540920e-07 6.323323e-06
## [66] 2.140764e-06 5.205179e-07 5.359382e-07 1.011749e-06 1.363285e-06
## [71] 2.234120e-06 2.113359e-07

write.csv (PoF_Results_Case_1, file="PoF_Results_Case_1.csv")

#Case 2 - Pillar Strength (Average) obtained from Stochastic DEM Approach and Variability (Standard Deviation) defined by Intact Rock Strength

PoF_Results_Case_2<- P_PoF(Norm.fit.SDEM_PS_WtoH0.8$estimate[1], NIOSH_Pillar_Strength (30*0.8,30,IR_OB_UCS[2],0.15,0.26),Stress_Case_2 $AvgStress_Case_2,Stress_Case_2$StDevStress_Case_2)*100
PoF_Results_Case_2
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## [1] 2.693486e-04 2.118380e-03 5.598018e-03 3.498801e-03 3.209793e-03
## [6] 2.350343e-03 3.101192e-03 2.330494e-03 1.264959e-04 1.619507e-04
## [11] 3.499184e-03 4.189109e-03 4.486325e-03 3.429307e-03 2.465679e-03
## [16] 1.473516e-02 1.973300e-03 8.346532e-05 1.019602e-04 7.059899e-04
## [21] 1.594544e-03 1.774701e-03 1.228096e-03 1.668418e-03 2.806434e-03
## [26] 1.312200e-03 5.808415e-05 2.592032e-05 1.989568e-03 8.353381e-04
## [31] 5.194133e-04 5.665937e-04 4.214911e-04 4.658290e-04 4.385912e-04
## [36] 1.386240e-05 9.585985e-06 1.749145e-04 2.510681e-04 1.406669e-04
## [41] 1.274369e-04 1.531305e-04 1.314560e-04 1.182359e-04 5.225981e-06
## [46] 2.104067e-06 2.013517e-05 5.144705e-05 3.200081e-05 2.681450e-05
## [51] 1.800796e-05 3.254275e-05 4.038113e-05 1.669584e-06 5.714655e-07
## [56] 4.641425e-06 9.682331e-06 8.190593e-06 4.746117e-06 5.111036e-06
## [61] 1.089980e-05 8.277388e-06 5.146107e-07 8.390716e-08 1.434747e-06
## [66] 9.725899e-07 3.223043e-07 2.857915e-07 6.185779e-07 9.225417e-07
## [71] 1.183005e-06 1.217156e-07

max(PoF_Results_Case_2*100)

## [1] 1.473516

min(PoF_Results_Case_2*100)

## [1] 8.390716e-06

write.csv (PoF_Results_Case_2, file="PoF_Results_Case_2.csv")

#Case 3 - Pillar Strength (Average) obtained from Stochastic DEM Approach and Variability (Standard Deviation) defined by Intact Rock Strength

PoF_Results_Case_3<- P_PoF(Norm.fit.SDEM_PS_WtoH0.8$estimate[1], NIOSH_Pillar_Strength (30*0.8,30,IR_OB_UCS[2],0.15,0.26),Stress_Case_3 $AvgStress_Case_3,Stress_Case_3$StDevStress_Case_3)*100
PoF_Results_Case_3

## [1] 3.442859e-02 7.933055e-02 1.777258e-01 1.122596e-01 1.279491e-01
## [6] 1.244025e-01 1.556123e-01 1.226741e-01 1.116077e-02 1.553180e-02
## [11] 5.824718e-02 7.225214e-02 1.089692e-01 7.483425e-02 1.071401e-01
## [16] 8.258765e-01 6.267560e-02 6.352692e-03 7.029685e-03 1.606267e-02
## [21] 3.508998e-02 3.699303e-02 2.796884e-02 6.576959e-02 1.109076e-01
## [26] 3.082682e-02 4.015888e-03 2.896924e-03 1.997474e-01 1.934803e-02
## [31] 9.779322e-03 1.477102e-02 1.124321e-02 1.114934e-02 1.043174e-02
## [36] 1.008355e-03 4.471542e-04 4.943162e-03 4.182893e-03 2.955712e-03
## [41] 2.455697e-03 3.558675e-03 2.102496e-03 2.681913e-03 3.184804e-04
## [46] 1.117871e-04 3.634407e-04 5.415625e-04 3.958800e-04 4.026765e-04
## [51] 5.561022e-04 7.774343e-04 6.021442e-04 8.507618e-05 2.544922e-05
## [56] 5.705110e-05 1.603477e-04 7.616057e-05 6.173228e-05 6.890445e-05
## [61] 9.335166e-05 8.400322e-05 2.158439e-05 2.462139e-06 7.127604e-05
## [66] 1.810816e-05 3.060963e-06 4.249022e-06 5.475262e-06 6.335779e-06
## [71] 1.230977e-05 3.426313e-06
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max(PoF_Results_Case_3*100)

## [1] 82.58765

min(PoF_Results_Case_3*100)

## [1] 0.0002462139

write.csv (PoF_Results_Case_3, file="PoF_Results_Case_3.csv")

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure5.4.1.Pillar PoF.pdf", width = 8, height = 5)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot ( seq(1,72, by=1),PoF_Results_Case_1, type = "l", col="blue", main= "Pillar Probability of Failure", ylab = "Probability of Failure [%]", xlab= "Pillar #", lwd = 2,ylim = c(0,0.85), xlim = c(1,72))

lines ( seq(1,72, by=1),PoF_Results_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Probability of Failure [%]", xlab= "Pillar #", lwd = 2 )
lines ( seq(1,72, by=1),PoF_Results_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Probability of Failure [%]", xlab= "Pillar #", lwd = 2 )

legend (x = "topright", c("Pillar Probability of Failure - Stress Scenario 1","Pillar Probability of Failure - Stress Scenario 3", "Pillar Probability of Failure - Stress Scenario 2"), col = c("blue","red","forestgreen"), lty = c(1,1,1), lwd = c(3,3,3), border = F, bty = "n", cex = 0.75)

119



#dev.off

max(PoF_Results_Case_1)

## [1] 0.05659184

max(PoF_Results_Case_2)

## [1] 0.01473516

max(PoF_Results_Case_3[20: 40])

## [1] 0.1997474

which(PoF_Results_Case_1==max(PoF_Results_Case_1))

## [1] 16

which(PoF_Results_Case_2==max(PoF_Results_Case_2))

## [1] 16

which(PoF_Results_Case_3==max(PoF_Results_Case_3[20: 40]))

## [1] 29

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure4.8.Pillar Stress Dist.pdf", width = 8, height = 5)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot ( seq(1,72, by=1),PoF_Results_Case_2, type = "l", col="forestgreen", main= "Pillar Probability of Failure", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2,ylim = c(0,0.02), xlim = c(1,72))

#lines(seq(1,72, by=1),PoF_Results_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

#lines(seq(1,72, by=1),PoF_Results_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

legend (x = "topright", c("Average Pillar Stress - Stress Scenario 1", "95% CI - Stress Scenario 1","Average Pillar Stress - Stress Scenario 3", "95% CI - Stress Scenario 3", "Average Pillar Stress - Stress Scenario 2", "95% CI - Stress Scenario 2"), col = c("blue","blue","red","red","forestgreen","forestgreen"), lty = c(1,2,1,2,1,2), lwd = c(3,1,3,1,3,1), border = F, bty = "n", cex = 0.75)
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#dev.off

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure4.8.Pillar Stress Dist.pdf", width = 8, height = 5)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot ( seq(1,72, by=1),PoF_Results_Case_3, type = "l", col="red", main= "Pillar Probability of Failure", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2,ylim = c(0,0.8), xlim = c(1,72))

#lines(seq(1,72, by=1),PoF_Results_Case_3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

#lines(seq(1,72, by=1),PoF_Results_Case_2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

legend (x = "topright", c("Average Pillar Stress - Stress Scenario 1", "95% CI - Stress Scenario 1","Average Pillar Stress - Stress Scenario 3", "95% CI - Stress Scenario 3", "Average Pillar Stress - Stress Scenario 2", "95% CI - Stress Scenario 2"), col = c("blue","blue","red","red","forestgreen","forestgreen"), lty = c(1,2,1,2,1,2), lwd = c(3,1,3,1,3,1), border = F, bty = "n", cex = 0.75)
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#dev.off

FoS_StressSc1 <- Norm.fit.SDEM_PS_WtoH0.8$estimate[1] / Stress_Case_1$AvgStress_Case_1
FoS_StressSc2 <- Norm.fit.SDEM_PS_WtoH0.8$estimate[1] / Stress_Case_2$AvgStress_Case_2
FoS_StressSc3 <- Norm.fit.SDEM_PS_WtoH0.8$estimate[1] / Stress_Case_3$AvgStress_Case_3

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure5.4.2.Pillar FoS.pdf", width = 8, height = 8)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot ( seq(1,72, by=1),FoS_StressSc1, type = "l", col="blue", main= "Pillar Factor of Safety", ylab = "Factor of Safety", xlab= "Pillar #", lwd = 2, ylim= c(1,5), xlim = c(1,72))

lines ( seq(1,72, by=1),FoS_StressSc2, type = "l", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

lines ( seq(1,72, by=1),FoS_StressSc3, type = "l", col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

lines ( c( - 5,80), c(1.8,1.8), type = "l", col="black", lty=2, main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]", xlab= "Pillar #", lwd = 2 )

legend (x = "topleft", c("Pillar Factor of Safety - Stress Scenario 1","Pillar Factor of Safety - Stress Scenario 2", "Pillar Factor of Safety - Stress Scenario 3", "Factor of Safety = 1.8"), col = c("blue","forestgreen","red","black"), lty = c(1,1,1,2), lwd = c(3,3,3,3), border = F, bty = "n", cex = 0.75)
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#dev.off

min(FoS_StressSc1)

## [1] 1.777391

min(FoS_StressSc2)

## [1] 1.941226

min(FoS_StressSc3)

## [1] 1.477437

which(FoS_StressSc1==min(FoS_StressSc1))

## [1] 16

which(FoS_StressSc2==min(FoS_StressSc2))

## [1] 16
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which(FoS_StressSc3==min(FoS_StressSc3))

## [1] 16

34.4 / Stress_Case_1$AvgStress_Case_1 [32]

## [1] 2.244158

34.4 / Stress_Case_2$AvgStress_Case_2 [32]

## [1] 2.404508

34.4 / Stress_Case_3$AvgStress_Case_3 [32]

## [1] 1.925631

Stress_Case_3$AvgStress_Case_3 [32]

## [1] 17.86427

Pillars with F.S. Less than the minimum F.S. of 1.8

which(FoS_StressSc1<1.8)

## [1] 16

which(FoS_StressSc2<1.8)

## integer(0)

which(FoS_StressSc3<1.8)

## [1] 2 3 4 5 6 7 8 11 12 13 14 15 16 17 24 25 29

length (FoS_StressSc1[FoS_StressSc1 <1.8])

## [1] 1

length (FoS_StressSc1[FoS_StressSc2 <1.8])

## [1] 0

length (FoS_StressSc1[FoS_StressSc3 <1.8])

## [1] 17
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Case3_POF_FS_Summary <-as.data.frame ( cbind ( which(FoS_StressSc3<1.8), c(FoS_StressSc3[2 : 8],FoS_StressSc3[11 : 17],FoS_StressSc3[24 : 25],FoS_StressSc3[29]), c(PoF_Results_Case_3[2 : 8],PoF_Results_Case_3[11 : 17],PoF_Results_Case_3[24 : 25],PoF_Results_Case_3[29])))

colnames(Case3_POF_FS_Summary) <-c('Pillar #','Factor of Safety','Probability of Failure [%]')

write.csv (Case3_POF_FS_Summary,"G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/PoFandFOS_Summary_SC3.csv", row.names = FALSE)

Case3_POF_FS_Summary

## Pillar # Factor of Safety Probability of Failure [%]
## 1 2 1.733579 0.07933055
## 2 3 1.640997 0.17772579
## 3 4 1.692923 0.11225964
## 4 5 1.678003 0.12794915
## 5 6 1.681592 0.12440251
## 6 7 1.656611 0.15561230
## 7 8 1.683529 0.12267414
## 8 11 1.768869 0.05824718
## 9 12 1.742989 0.07225214
## 10 13 1.695508 0.10896919
## 11 14 1.739262 0.07483425
## 12 15 1.697887 0.10714006
## 13 16 1.477437 0.82587645
## 14 17 1.760760 0.06267560
## 15 24 1.754447 0.06576959
## 16 25 1.695075 0.11090759
## 17 29 1.692300 0.19974743

POF_vs_FOS <-cbind ( c(FoS_StressSc1,FoS_StressSc2,FoS_StressSc3), c(PoF_Results_Case_1,PoF_Results_Case_2,PoF_Results_Case_3))
colnames(POF_vs_FOS) <-c("FoS", "PoF")

LogFit_FOS_POF <-lm(POF_vs_FOS[,1] ~ log (POF_vs_FOS[,2]))
xPOF <- seq(from=0,to=0.8,length.out=1000)
yFOS <- LogFit_FOS_POF$coefficients[1] +LogFit_FOS_POF$coefficients[2] *log (xPOF)

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using a 3D Finite Volume Model/Analysis/Pillar Probability of Failure Analysis/Figure5.8.Pillar FoS vs PoF.pdf", width = 8, height = 8)

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (PoF_Results_Case_3,FoS_StressSc3, col = "black", bg="red", pch = 21, lwd= 0.5, xlab = "Pillar Probability of Failure [%]", ylab = "Pillar Factor of Safety", main = "Factor of Safety vs. Probability of Failure")
points (PoF_Results_Case_1,FoS_StressSc1, col = "black", bg="forestgreen", pch = 21, lwd= 0.5)
points (PoF_Results_Case_2,FoS_StressSc2, col = "black", bg="blue", pch = 21, lwd= 0.5)
lines ( c( - 5,1), c(1.8,1.8), lwd = 2)
lines ( c(0.05,0.05), c( - 2,6), lwd = 2)

legend (x=0.5,y=3.5, c("Pillars for Stress Scenario 1","Pillars for Stress Scenario 2","Pillars for Stress Scenario 3"), col = c("forestgreen","blue","red"), lwd =1, lty = c(NA,NA,NA), pch = c(19,19,19),bty = "n", cex = 0.8)
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#dev.off
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Abstract
Ground control failures are one of the main causes of accidents in the underground stone mining industry. Some of the
fundamental tools for rockfall hazard identification are related to rock mass characterization and geotechnical discontinuity
mapping. Recent technological advances in these methods are related to remote sensing techniques and point cloud processing
software for automated discontinuity mapping. Remote sensing techniques, such as LiDAR and photogrammetry, generate multi-
million point clouds with millimetric precision, capturing the structure of the rock mass. The automated point cloud processing
tools offer alternative algorithm-based methods to characterize and map these discontinuities. However, their applicability is
constrained by multiple factors such as site specific conditions of the rock mass and the parameters used within the mapping
algorithms. This paper evaluates the performance of automated discontinuity extraction software compared with manual virtual
discontinuity mapping. Sampling windows from laser-scanned sections in an underground limestone mine are defined and
mapped using discontinuity set extractor (DSE). Results from the virtual discontinuity software are compared with manually
extracted fractures from I-Site based on reviewing orientation, trace length, spacing, number of extracted discontinuities, and
processing time. The analysis determined that the automated mapping algorithm was able to identify the same discontinuity sets
that had been manually mapped. The automated mapping software mapped an excessive amount of smaller fractures, which
caused the comparison of both mapping techniques to be unsuccessful in terms of trace length and spacing.

KeywordsVirtual discontinuity mapping. Automated discontinuity mapping. Rock mass characterization. Hazard
identification. Rockfall . Underground

1 Introduction

Geomechanical failure is still one of the main causes of acci-
dents in underground stone mines in the USA, causing 11% of
the accidents in 2019 [1]. In 2011, the National Institute for
Occupational Safety and Health issued the Pillar and Roof
Span Design guidelines for Underground Stone mines. This
document was the product of more than 10 years of research in
34 underground stone operations in the Eastern and
Midwestern USA [2]. However, as it is stated in the report
“… The guidelines for pillar and roof span design are empir-
ically based; their validity, therefore, is restricted to rock

conditions, mining dimensions, and pillar stresses that are
similar to those included in this study….” Therefore, general
methodologies that allow each mining operator to characterize
and take into account site-specific conditions are required to
complement existing guidelines. Moreover, these general ap-
proaches should be based on hazard identification and should
allow one to evaluate the probability of rock fall, failure, or
collapse [3]. These types of approaches would allow one to
move on to risk assessment-based design practices [4].

Rock mass characterization is the process through which
information is collected about the structure of a rock mass, the
nature of its discontinuities, and the rock types that compose it
[5]. This information is usually used to perform engineering
analyses using analytical or numerical methods to validate the
stability of an excavation or identify potential hazards within a
defined rock mass [6–9]. Technological advances in discrete
fracture networks (DFNs) have enabled the generation of ex-
plicit virtual 3-dimensional representations of discontinuities
mapped on the field. This has yielded engineering analyses
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that help to reduce a project’s uncertainty by considering sto-
chastic simulations [10]. However, an adequate volume of
data should be collected to generate significant DFN models.
Unfortunately, manual conventional rock mass characteriza-
tion on occasions can be dangerous, difficult to perform, take
considerable amounts of time, and provide only limited
amounts of data to perform statistically sound analyses [11].

In the past 10 years, laser scanning and photogrammetry
technologies have been implemented in underground excava-
tions to perform rock mass characterization and discontinuity
mapping. Researchers have proved that rock mass character-
ization can be performed accurately from point clouds obtain-
ed from these two methods, yielding results that agree with
observations and analyses obtained through manual rock mass
characterization [12, 13]. Along with these remote sensing
techniques, a series of processing software and algorithms
have been developed to aid engineers during the discontinuity
mapping process from point clouds. Different authors have
developed a series of automated and semi-automated algo-
rithms for discontinuity mapping, either from point clouds
[14, 15] or triangular irregular networks [16–19]. However,
most of the case studies where these automated discontinuity
extraction (ADE) algorithms are applied seem to have very
well-defined discontinuities and may not represent challeng-
ing conditions that could result in other sites.

The goal of this work is to evaluate and compare disconti-
nuity mapping results from an open-source automated discon-
tinuity extraction software (ADES) with manual virtual dis-
continuity mapping (MVDM) software through the compari-
son of orientation, trace length, spacing, number of extracted
discontinuities, and processing times. The initial section of
this work describes the different software and algorithms that
were used to compare both mapping methods. The following
section describes the methodology used in this work which
includes (1) laser scanning and scan referencing, (2) mapping
windows selection, (3) virtual discontinuity mapping, (4) DSE
automated mapping, (5) data processing, and 6) data analysis.
Finally, results obtained from this comparison are presented
and a series of conclusions are made.

2 Software

This section briefly describes the three main software that
were used during the comparison process. I-Site studio was
used during the MVDM process, whereas DSE and Cloud
Compare were used for the ADE operation.

2.1 I-Site Studio

I-Site studio is a point cloud processing and geotechnical anal-
ysis software developed by Maptek that allows users to pro-
cess and inspect multi-million-point clouds. Through the use

of this software, engineers have the ability to conduct geotech-
nical mapping studies. The software itself contains a variety of
geotechnical tools in order to formulate representative data for
structural rock mass classification. The query strike and dip
tool within the software allows engineers to map discontinu-
ities by defining discontinuity planes. These planes are gener-
ated by selecting a group of points that belong to the exposed
fracture on the rock face. Planes are fit by averaging the coor-
dinates of the selected points within each individual fracture,
as shown in Fig.1. Discontinuity elements contain informa-
tion such as the X, Y, Z coordinates of the element centroid,
strike, dip, dip direction, maximum length, and area of the
fitted plane [20].

In addition to this, once a discontinuity set has been de-
fined, the discontinuity spacing tool can be used to measure
the spacing between fractures belonging to the same set. This
tool measures the shortest distance from the centroid of a
discontinuity to the intersection of its normal with the
projected plane of its neighboring discontinuity. Figure2
shows a lateral view of a section where the spacing between
discontinuities belonging to the same family has been mea-
sured, indicated as yellow lines. The table below this image
indicates the results from this measurement, including the dis-
continuities used for each spacing measurement, the centroid
of the initial plane, and the length of the spacing.

2.2 DSE

Discontinuity set extractor (DSE) is a MATLAB-based soft-
ware developed by researchers at the Universidad de Alicante
in Spain that uses a series of algorithms to automatically iden-
tify discontinuity sets from point clouds [14]. This software
integrates a series of algorithms that yield point clouds con-
taining those coplanar points that represent each defined dis-
continuity set. This process starts with a local curvature cal-
culation that encompasses a nearest neighbor search and a
coplanarity test that determines whether each point and its
neighbors share the same plane equation. In addition to this,
a normal vector to the plane is defined for each point [14].

The first step is local a curvature calculation which incor-
porates three distinct subsections: nearest neighbor searching
(knnsearch), coplanarity test, and plan adjustments/calculation
of the normal vector. The nearest neighbor method involves
defining a plane of best fit within a defined range of neigh-
boring points relative to a raw data point. Within MATLAB,
the knnsearch function utilizes an algorithm that finds and
calculates the nearest neighbors based on the knn search func-
tion and Euclidean distance. The function allows the user to
select the nearest neighbors (k) relative to each individual
point in the imported point cloud. At this point, the coplanarity
of the point set must be analyzed. The coplanarity test checks
every point and its associated neighbors to determine if the
plane is coplanar, but if not, the plane subset will be rejected.
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The test itself is derived from the principal component analy-
sis (PCA). Following the coplanarity test, the orientation of
previously identified set is computed. This process is done by
identifying a normal or Eigen vector which depicts the orien-
tation parameters of the best fit plane. From this point, the
orientation of the points and their nearest neighbors are calcu-
lated to obtain a more accurate orientation [14].

The second step is the statistical analysis of the principle
poles which incorporates kernel density estimation (KDE) and
semi-automatic set identification. This methodology is tuned
toward the parallelism of the normal vectors generated in the
previous step. Statistical analysis of this methodology is con-
ducted by the stereographicprojection of the poles with

respect to their planes. This is done in order to define the
discontinuity sets within the point cloud of interest. The pro-
cess consists of converting the plane specific normal vector
and pole densities into a stereographic projection. Within
DSE, the kde2d Gaussian kernel MATLAB function is used
to calculate the kernel widths and pole densities. The semi-
automatic set identification portion of the statistical analysis of
the principle poles essentially distributes a primary“principle”
orientation to every point within the point cloud. If a point’s
orientation differs significantly with all the principal poles,
this point is not considered [14].

The final step is a cluster analysis of the data. The cluster
analysis consists of clustering (DBSCAN), plane generation

Fig. 1 I-Site discontinuity
mapping and results

Fig. 2 I-Site discontinuity spacing measurements and results
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(PCA), and an error fitting check (tolerance). The clustering
process is performed by using the“density-based scan algo-
rithm with noise” (DBSCAN) which is optimal for processing
high-density, homogeneous, point clouds. The DBSCAN al-
gorithm utilizes a series of input parameters such as the num-
ber of points to be considered within the nearest neighbor
region in order to define and output clusters of points that
relate to the defined principal poles. Once this is defined,
plane generation takes places which takes the points attributed
to a discontinuity set and cluster and defines the best fit plane
algebraically. The plane is then checked to determine the qual-
ity of data fitting. The fitting check relies on a minimum mod-
ule value and low standard deviation. The result from the DSE
processing is a set of point clouds each individually
representing the defined discontinuity sets for each mapping
window analyzed [14].

2.3 Cloud Compare—Facets

Cloud Compare is an open-source point cloud processing
software that has been used in different applications such
as volume calculations, measuring deformations, and dis-
continuity mapping [15, 21–23]. Cloud Compare contains
a series of plugins to perform different point cloud anal-
yses for multiple applications. Among these plugins,
FACETS is a plugin used in structural geology to map
discontinuities from 3D point clouds. This plugin clusters
points within a point cloud based upon user-defined co-
planarity criterion. Cloud Compare was used to visualize
and process point clouds generated from DSE. Using
FACETS, the discontinuity set point clouds from DSE
were converted into planes that were comparable to the
discontinuity planes mapped in I-Site.

There are two FACET methods utilized within Cloud
Compare (Kd-Tree and Fast-Marching), both utilizing a least
square fitting algorithm. Clustering is computed in three dif-
ferent steps. The first is elementary which results in small
defined planes. The second incorporates the clustering of the
elementary planes that share the same coplanarity into larger
planes. Finally, planes that are parallel to each other are joined
into similar plane sets. Resulting planes can be exported into a
CSV file type containing information about the facets such as
geospatial coordinates, normal vector coordinates, dip, dip
direction, horizontal and vertical extent, and surface area.
The Kd-Tree algorithm divides a 3D point cloud into quarter
cells until each independent cell contains points that represent
a best-fit plane. This is dependent on the user input root-mean-
square threshold, otherwise known as the maximum allotted
distance between points. The Fast-Marching algorithm uses a
lattice subdivision as defined by the octree structure. Cells that
are adjacent to one another merge if the current cells’ RMS
value does not exceed the maximum distance criteria [15].

3 Case Study Mine

The case study mine operates in a limestone bed located in the
limb of a regional syncline structure. The ore body is 100 ft
thick and dips 30° toward the SE. In a previous study, the
authors of the paper determined that there were four main
discontinuity sets in an area adjacent of where the scans were
taken for this particular study. The identified discontinuity sets
were classified as follows: set 4, which corresponds to the
bedding planes and contacts between rock units, which are
almost parallel to the tunnel orientation and has a mean dip
of 29° toward the SE; set 1, which is nearly perpendicular to
the tunnel orientation and presents a subvertical dip; and sets 2
and 3, which are oblique joints with a steep dip [7]. The rock
mass was defined as jointy since it presented at least 3 clear
discontinuity sets throughout the excavations. In addition, ra-
dial fractures associated to the blasting were observed close to
the blasthole marks in the field and in the laser scans. An
average GSI of 75 was determined throughout field observa-
tions which indicates that the rock mass is a blocky.
Furthermore, the main failure mechanism observed in the op-
eration was classified as structurally controlled rock fall in-
duced by gravity.

4 Methodology

A methodology to evaluate the performance of DSE as an
ADES was proposed. This methodology compares automated
mapping results obtained using DSE with those obtained
using MVDM on a predefined section of the case study mine.
The proposed methodology is comprised of six stages: (1)
laser scanning and scan referencing, (2) mapping window
selection, (3) manual virtual discontinuity mapping, (4) DSE
automated mapping, (5) data processing, and (6) data analysis.
This methodology can also be used to test other automated
discontinuity mapping algorithm to verify their performance.

4.1 Laser Scanning and Scan Referencing

Through the utilization of a Faro Focus 3D Laser Scanner,
three different scans were conducted in a defined section of
the case study underground limestone mine. These scans,
which ultimately result in multi-million point clouds, were
downloaded from the LiDAR scanner and individually proc-
essed within Maptek’s I-Site studio software. The scanned
point clouds were then referenced with each other through
the use of inflatable balls as reference targets, ultimately
resulting in a complete referenced scan of the area of interest.
The dataset was used for a geotechnical rock mass character-
ization and discontinuity mapping analysis for predicting and
determining the potential rock fall hazards that exist. Figure3
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depicts the complete referenced composite point cloud from
the three separate scans of the case study section.

In order to generate the reference point cloud of the area
of interest, proper registration of the different scans had to
be conducted. This was imperative to avoid any errors
greater than 5 mm. This process was done in I-Site by
using a combination of automated initial positioning and
global registration. Automated initial positioning registers
scan against a predetermined reference scan by using an
automated positioning method. This process provides a
relatively good fit between point clouds that are registered
together but must be fully registered using the global reg-
istration function. Global registration, however, aligns the
pre-positioned point clouds bymatching individual points
and point sets in regions that contain overlap. The resulting
point cloud of the section was then ready to be analyzed
and sectioned off into mapping windows that display no-
table and uniform discontinuity planes and sets for the
purpose of this analysis.

4.2 Mapping Window Selection

In order to investigate the discontinuities and resulting joint
sets in the mine section, three unique mapping windows were
selected within the control area. The three individual windows
were from the roof, rib, and karst laden pillar areas, respec-
tively. These windows that encompass a 12 m × 12 m area
were selected based on their defined discontinuities observed
both in the field and within the generated laser scanned point
clouds. The areas of concern cumulatively contain approxi-
mately 11.4 million points which reduced processing time
within the manual virtual and automated discontinuity map-
ping software as compared with the 125,939,262-points mine
section point cloud. The mapping windows selected for this
investigation are shown in Fig.3.

4.3 Manual Virtual Discontinuity Mapping

Within I-Site, manual virtual discontinuity mapping was con-
ducted. Utilizing the“Query Strike and Dip” function, the
discontinuities were mapped on each of the three mapping
window sections as seen below in Fig.4.

Each discontinuity was individually identified, analyzed,
and mapped for each window, and classified into discontinu-
ity sets. Mapping these discontinuities required a high atten-
tion to detail in order to reduce the amount of points that may
reside outside the plane of interest and skew the resulting
averaged plane. This process is critical and should be per-
formed by a qualified engineer or geologist not only with
experience on discontinuity mapping but also field experience
on the particular site.

4.4 DSE Automated Mapping

The three different mapping windows were imported into
DSE in order to automatically map the discontinuities and
resulting discontinuity sets that may be present. In order to
calculate and cluster the points within each respective point
cloud the number of nearest neighbor points had to be defined.
For the purpose of this research, the input parameter for the
nearest neighbors was set to 30. The nearest neighbor search
was based on the point amounts rather than distance for a more
accurate result. These conditions were defined by following
previous recommendations by Riquelme et al. [14].
Furthermore, the number of principal poles for the algorithm
to find within the sections was set to 5. This was determined
based on the observation and previous knowledge of 3 to 4
joint sets that were field mapped in the mine section. The DSE
MATLAB algorithm was then executed and the result was a
series of five point clouds that each individually represented
the clustered discontinuities associated with each of the five
main principal poles for each mapping window. Clusters that

Fig. 3 Case study mine—section
of interest referenced point cloud
indicating mapping windows
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had less than 100 points were eliminated within DSE to sim-
plify the point cloud and remove unnecessary data.

5 Data Processing

The clusters of points for the identified fracture sets were then
visually examined and filtered. The physical filtering of the
data to best match the observed discontinuities was conducted
in Cloud Compare. The filtering of the data consisted of re-
moving discontinuities from small sizes, along with removing
surfaces that were oriented similar to discontinuities due to the
structure and fracturing of the selected area. Cloud Compare
was then used to generate clustered discontinuity set point
clouds into facets. The two algorithms for facet generation
were tested on the resulting point clouds. Facets generated
from the Fast-Marching algorithm produced planes that best
matched the surfaces encompassed by the points, whereas the
Kd-tree method tended to partition individual discontinuities
into multiple facets. Due to this, the Fast-Marching algorithm
for facet generation was used. From this point, the facets for
each discontinuity set within each sampling window were
compared with the discontinuities mapped in I-Site.

5.1 Data Analysis

Once the discontinuities were mapped both manually with I-
Site and automatically with DSE, the data analysis processes
proceeded. On this stage, five main parameters were consid-
ered to evaluate the performance of the two mapping methods:
processing time, number of extracted discontinuities, orienta-
tion, trace length and spacing. The processing time was eval-
uated based on a comparison between the time it took to map
each mapping window with the time it took DSE to process
each point cloud. In order to analyze the remaining parame-
ters, four steps took place: (1) stereographic analysis and

discontinuity sets definition, (2) dataset filtering, (3) probabil-
ity density functions (PDFs) fitting, and (4) PDF comparison.

The stereographic analysis process was performed in
the DIPS software developed by Rocscience [24]. A com-
plied database was loaded into the software comprised of
information such asx, y, and zcoordinate of the centroid
of each discontinuity element, dip, dip direction, and
strike, length and area of the mapped plane, mapping
window, and mapping software. This database was com-
prised of 330 discontinuityelements where 244 were
mapped in DSE and 86 were mapped on I-Site. The main
discontinuity sets were defined as the areas with greater
pole concentrations. After each discontinuity set was de-
fined, a new parameter was created which indicated the
discontinuity set to which each fracture belonged. Those
discontinuities that did not belong to any discontinuity set
were not taken into account for the following steps and
were considered as random fractures.

The main dataset was subsampled into six datasets filtered
by mapping method and discontinuity set. Each subset was
then imported into I-Site to measure the spacing between dis-
continuities belonging to each set and extracted from each
mapping method, as previously explained in Fig.2. At this
point, there were two datasets for each subset: one containing
information about the discontinuity size and the other contain-
ing information about spacing, totaling 12 datasets.

The statistical analysis software RStudio was used to per-
form statistical analyses on the resulting datasets by using the
fitdistrplus package. PDFs were fitted and validated for dis-
continuity size and spacing for each dataset. The probability
density functions were fitted using the maximum likelihood
estimate (MLE) approach. Furthermore, the best fitting PDF
was selected by comparing different models’ Bayesian infor-
mation criteria (BIC). The model with the lowest BIC was
defined as the best fit for each parameter [25]. Spacing and
trace length of manually mapped discontinuity were used as

Fig. 4 I-Site mapped discontinuities.a Rib section.b Karst section.c Roof section
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reference dataset to compare those of the automatically ex-
tracted discontinuities using DSE.

For each joint set, the PDF of the trace lengths extracted
with DSE were compared to the PDFs obtained for the same
parameter for the discontinuities mapped manually on I-Site.
The comparison between both distribution functions was per-
formed by comparing the means and the standard deviation
through hypothesis testing. A Student’s t test was performed
to evaluate if the mean trace length value of the DSE extracted
data set was significantly different to the mean trace length of
the reference data set. In this case, the null hypothesis was that
the mean trace length for both datasets was the same.
Additionally, anF test was performed between the two sam-
ples to evaluate the difference between variances of both
PDFs. The hypothesis test for theF test stated that the variance
for both compared datasets was the same. Both thet andF
statistics calculated from these tests are associated with ap
value. A p value indicates the probability for the analyzed
variable to be greater than the obtained statistic. A significance
value is then defined as rejection threshold value. In this case,
a significance value of 0.05 was considered for both thet test
and theF test. When thep value is less than the defined
significance level (p value < 0.05), the null hypothesis is
rejected. In the context of this study, this rejection for both
theF andt tests implies that the discontinuities mapped using
ADES were not the same as the manually mapped disconti-
nuities. These two tests are only applicable if the fitted PDFs
are both normal. If the fitted PDF is log-normal, this procedure
can be applied as long as both data sets are normalized. The
same procedure was performed to compare discontinuity
spacing between the manually mapped and automatically ex-
tracted discontinuities. Figure5 summarizes the four de-
scribed steps comparing orientation, size, and spacing be-
tween discontinuities.

6 Results and Discussion

The stereographic analysis presented in Fig.6 displays the I-
Site mapped discontinuities with red crosses; the DSE extract-
ed discontinuities with white diamonds; and a set of disconti-
nuities that were manually mapped on the field on an area
corresponding to the rib mapping window is also plotted and
indicated with green triangles. Almost all discontinuities tend
to cluster on three main areas. DSE extracted 244 discontinu-
ities, whereas only 86 discontinuities were mapped from I-
Site. The manually mapped discontinuities concentrate well
on the areas where most of the DSE and I-Site extracted dis-
continuities are clustered.

Figure7 separates DSE and I-Site extracted discontinuities
in two different stereo-nets. Each pole is also scaled by dis-
continuity trace length, as shown in the scale under each
graph. In both cases, it is possible to notice that poles are

concentrating in three main areas of the stereographic net,
indicating that the discontinuity orientations obtained from
both methods were similar. With regard to the discontinuity
trace length, it is possible to observe that both dataset scales
differ. In general, DSE-extracted discontinuities have smaller
lengths compared to the ones extracted from I-Site. The lower
bin of the DSE extracted fractures range from 0.17 to 1.85 m
and contain 193 mapped elements. Whereas the lower bin on
the manually mapped discontinuities range from 0.77 to 2.60
m and are comprised of 51 fractures. This indicates that ADES
tended to map smaller discontinuities, which during the man-
ual mapping were not considered as a potential hazard for rock
fall.

Results from the stereographic analysis yielded three main
discontinuity sets, as shown in Fig.8. Set 1 corresponds to the
bedding plane dipping 27°, with a dip direction of 132° and a
FisherK of 118. The second set represents an oblique dipping
joint dipping 47° toward 342° and a FisherK of 24. Finally,
the third discontinuity set represents a vertical parallel to the
bedding dip joint, with a dip of 83° and a dip direction of 261°
and aK of 37. The obtained discontinuity sets show good
agreement with those previously mapped by Monsalve et al.
in an area adjacent to the same case study mine [20]. This
indicates that both study sections present similar structural
domains. The presence of some random discontinuities show-
ing on the stereo net could be attributed to the presence of
fractures associated to the blasting process. As it was previ-
ously described, it is possible to observe on the field radial
fracturing patterns close to the blast hole indicating damage on
the rock mass due to the explosive damage.

Once the discontinuity sets were defined and the six sub-
sampled datasets were generated, the PDF fitting and PDF
comparison steps for the desired parameters was conducted.
Figure9 summarizes the results from these two steps with
regard to discontinuity trace length. On the top of the figure,
one can observe the comparison between the PDFs obtained
from both mapping methods for each discontinuity set. The
mapping windows beneath each of the PDFs correlates to their
respective discontinuity set, showing the automatically ex-
tracted discontinuities in blue and the manually mapped frac-
tures in green. It is possible to observe for each of the three
discontinuity sets that the distribution parameters for both I-
Site and DSE-extracted discontinuities have a log-normal dis-
tribution. In all three cases, the distribution obtained from
DSE looks more skewed to the left, indicating that the
ADES depicted smaller-sized discontinuities, as mentioned
before. This can also be visually evidenced in the mapping
windows where some discontinuities seem to be mapped ex-
actly the same from both methods, while smaller fractures
were mapped in blue. These results were also statistically sup-
ported by the previously mentioned hypothesis tests, indicated
in Table1. For the three discontinuity sets, results indicated
that the mean trace length values were significantly different
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between the I-Site and DSE-extracted discontinuities.
However, trace length variances were statistically similar for
both methods in all discontinuity sets.

Furthermore, the discontinuity spacing analysis yielded re-
sults indicating that spacings measured from the DSE-
extracted discontinuities were similar to those measured

Fig. 5 Data analysis process flowchart

Fig. 6 Overall stereographic analysis comparing discontinuities mapped from DSE, I-Site, and manually on the field
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within I-Site. Figure10 indicates the spacing PDFs and visu-
ally depicts these values. In the three cases, the DSE obtained
PDFs seem to be closer to the ones obtained from I-Site. This
is validated by the statistical results provided in Table1, indi-
cating that for sets 1 and 2, the spacing measurements obtain-
ed from DSE are statistically the same as the ones obtained
from I-Site. Set 3 results indicated that DSE extracted

discontinuities did not present the same spacing distribution
as the ones extracted from I-Site.

With regard to the processing time comparison between
both mapping methods, Table2 summarizes the results. On
average, a discontinuity can be mapped on I-Site in 48 s.
Therefore, the amount of time to map a point cloud section
will depend on the size of the point cloud and the amount of

Fig. 7 Comparison between DSE extracted and I-Site extracted discontinuities by discontinuity trace length

Fig. 8 Main discontinuity set definition
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discontinuities present. On the contrary, DSE processing time
depends on the size and density of the point cloud, rather than
the amount of discontinuities mapped. On average, it took
3.75 h longer to process the point clouds on DSE than directly
manually mapping the discontinuities on I-Site. However, the
processing for automatically generating the discontinuities
does not include the processing time to convert this point
clouds into faces with Cloud Compare.

Today, international ground control best practices indi-
cate that ground control management plans (GCMP) are
one of the most effective tools to forecast and prevent
ground control related risks [26, 27]. A GCMP is a mul-
tilevel dynamic document grounded in modern risk man-
agement tailored to managing all ground control related

issues in an underground mine operation. Among some of
the elements composing a GCMP are included geotechni-
cal characterization, ground control hazard recognition,
and ground inspection and monitoring [28]. As remote
sensing techniques become cost-effective and accessible
to mining operators, and automated discontinuity mapping
algorithms continue to evolve, the application of these
technologies provides engineers with tools to forecast
and control ground control related risks. Results from
these mapping processes not only are useful for identify-
ing fractures and discontinuities prone to produce a rock
fall condition but also can be integrated to advanced nu-
merical modeling, and probabilistic risk analysis design
approaches [4, 29].

Table 1 Summary of statistical tests for variance and mean of spacing and joint trace length obtained from DSE and I-Site extracted discontinuities

Parameter/SET Software Distribution Mean Standard deviation Number of
mapped fractures

Variance comparison Mean comparison

F test p value t test p value

Trace length 1 I-Site Log-normal 1.236 0.7 8 0.650 0.584 2.328 0.032
DSE Log-normal 0.359 0.889 12

2 I-Site Log-normal 0.82 0.584 24 0.593 0.155 6.821 1.71E-08
DSE Log-normal 0.179 0.769 90

3 I-Site Log-normal 0.841 0.481 15 1.129 0.745 4.098 3.60E-04
DSE Log-normal 0.214 0.462 32

Spacing 1 I-Site Normal 2.073 0.461 5 0.896 0.988 1.252 0.248
DSE Normal 1.732 0.523 14

2 I-Site Log-normal 0.327 0.285 30 1.195 0.495 1.814 0.077
DSE Log-normal 0.221 0.264 128

3 I-Site Normal 2.600 0.649 14 1.298 0.511 3.289 0.003
DSE Normal 1.933 0.584 40

Fig. 9 Statistical Summary of comparison between trace length of discontinuity sets obtained with DSE and I-Site
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7 Conclusions

This paper has introduced two alternative methods for rock
mass characterization that are different from conventional dis-
continuity mapping: manual virtual discontinuity mapping
(MVDM) and automated discontinuity extraction software
(ADES). Both methods work on point clouds extracted from
conventional remote sensing techniques such as laser scanning
and photogrammetry. In this work, both methods were used to
map discontinuities on three predefined 144 m2 mapping win-
dows. Manual and automatically extracted discontinuities were
used to define the main discontinuity sets within the areas of
interest. Three main discontinuity sets were defined, and their
orientations and statistical distribution properties were estimat-
ed for each by performing a stereographic analysis. After the
definition of the three discontinuity families, a statistical analy-
sis was performed to compare the trace length and spacing
probability distributions for each set from each mapping meth-
od. Results from these PDF estimations were used to evaluate
the performance of the automated extraction software. The fol-
lowing are conclusions derived from this work:

& MVDM and ADES were successfully compared under
controlled conditions. Results indicated that ADE
yielded results that could be comparable with the man-
ually mapped discontinuities.

& Three main discontinuity sets were defined as a result of
the mapping process. The same discontinuity sets were
identified by the two compared methods.

& The parameters used to compare both mapping processes
were number of extracted discontinuities, orientation,
trace length, spacing, and processing time.

& Resulting mapped discontinuities were compared by sta-
tistical inference procedures. In addition to that a visual
inspection of the mapping results allowed us to understand
the statistical results.

& ADES identifies and maps smaller discontinuities that
may not be mapped by the user in MVDM based on its
engineering judgment (smaller discontinuities may not
have a severe impact on the stability of the excavation).

& DSE is an open source software, and its results indicate that it
could be successfully used and implemented by mining op-
erators to gain insight into the structural condition of the mine
operation and ultimately identify potential rock fall hazards.

& Even though DSE requires more processing time than
MVDM, it allows engineers to allocate this time to other tasks.

& Even though, ADES can extract the discontinuities automat-
ically, additional supervision by the engineer is required to
avoid the extraction of planes that do not correspond to real
geological structures in the field. Filtering the results from the

Fig. 10 Statistical summary of comparison between spacing of discontinuity sets obtained with DSE and I-Site

Table 2 Processing time
comparison between ADES and
MVDM

Section Number of
points

I-Site DSE Difference
(h)

Number of
discontinuities

Mapping
time (h)

Number of
discontinuities

Mapping
time (h)

Rib 4,671,120 36 0.48 109 1.98 1.5

Roof 5,076,309 27 0.36 80 2.3 1.94

Karst 1,695,942 23 0.31 55 0.62 0.31

Total 11,443,371 86 1.15 244 4.9 3.75
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automated mapping is important to avoid misleading
information.
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APPENDIX D. 
 

3DEC Code for Stochastic Bonded Block Pillar Strength Estimation 
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; fname: fragment.dat 
; 
; Illustrate how the Fragment logic can be used 
; to study the fragmentation of a Bonded Block Model. 
; 
;=============================================================================
= 
model new 
model random 10001 
 
[Vol_=30*24*24] 
[Side_= ((Vol_/2)^(1/3))] 
[WtoH= 0.8] 
[Height_=(1/WtoH)*Side_] 
[Area_= Side_*Side_] 
[bb_elf= 0.06] ; Bonded block edge length factor = Bonded Block edge length/ Width 
[px1 = -Side_/2] ;8 and 30 
[px2 = Side_/2] 
[py1 = -Side_/2] 
[py2 = Side_/2] 
[pz1 = 0] 
[pz2 = Height_] 
[global velt_]          ; initial loading velocity on top 
[global velb_]          ; initial loading velocity on bottom 
[global displim_]      ; displacement limit 
[global unbal_limit = 1000]  ; unbalanced force limit used in servo control 
 
; make model a bit wider than we really want so we can trim off the aligned edges 
block create brick [px1-bb_elf*Side_] [px2+bb_elf*Side_] [py1-bb_elf*Side_] [py2+bb_elf*Side_] [pz1] 
[pz2] 
 
block zone generate edgelength [bb_elf*Side_] 
 
block zone list poly 
; 
;========================================================================= 
 
model new 
model random 10001 
model large-strain on 
model title 'Bonded Block Model Properties Calibration to PREV - Pillar Scale Sample Vol = 17,280 m^3' 
 
[Vol_=30*24*24] 
[Side_= ((Vol_/2)^(1/3))] 
[WtoH= 0.8] 
[Height_=(1/WtoH)*Side_] 
[Area_= Side_*Side_] 
[bb_elf= 0.06] ; Bonded block edge length factor = Bonded Block edge length/ Width 
[px1 = -Side_/2] ;8 and 30 
[px2 = Side_/2] 
[py1 = -Side_/2] 
[py2 = Side_/2] 
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[pz1 = 0] 
[pz2 = Height_] 
[global velt_]          ; initial loading velocity on top 
[global velb_]          ; initial loading velocity on bottom 
[global displim_]      ; displacement limit 
[global unbal_limit = 1000]  ; unbalanced force limit used in servo control 
 
program call "7V_DFNs_Generation_DFN2m.dat" 
 
; set minimum joint set id > 1 so we can differentiate from DFN 
block cut set min-id 2 
 
program call 'poly' 
 
; Cutting the additional distance on the sides to eliminate aligned edges on the sides of the geometry 
 
block cut joint-set o [px1] 0 0 dip 90 dip-d 90 
block cut joint-set o [px2] 0 0 dip 90 dip-d 90 
block cut joint-set o  0 [py1] 0 dip 90 dip-d 0 
block cut joint-set o  0 [py2] 0 dip 90 dip-d 0 
 
block delete range pos-x [px1] [px1-bb_elf*Side_] 
block delete range pos-x [px2] [px2+bb_elf*Side_] 
block delete range pos-y [py1] [py1-bb_elf*Side_] 
block delete range pos-y [py2] [py2+bb_elf*Side_] 
 
; cut DFN - id 1 
block cut dfn name 'SET_4' 
block cut dfn name 'SET_1' 
block cut dfn name 'SET_2' 
;block cut dfn name 'SET_3' 
 
; generate zones 
block zone gen edgelength [0.35*bb_elf*Side_] 
;block zone gen edgelength [0.35*bb_elf*Side_*0.1]  ; try smaller zones 
 
; assign contact properties 
block contact jmodel assign mohr 
block contact prop stiffness-normal 50e10 stiffness-shear 8e10 fric 25 coh 10.2e6 ten 17e6 
 
 
; outside of DFN should be inifnitely strong 
;   not necessary in this case since fractures will stop at block boundaries 
;block contact prop coh 32e6 ten 17e6 fric 41 range joint-set 1 
; now set realistic strength for fractures 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_1' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_2' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_3' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_4' 
 
block contact material-table default jmodel mohr 
block contact material-table default property stiffness-normal 30e10 stiffness-shear 3e10 fric 30 
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; zone properties 
block zone cmodel assign elastic 
block zone prop dens 2700 young 64e9 poiss 0.22 
 
; set up stress and strain histories 
block gridpoint group 'top' range pos-z [pz2] 
block gridpoint group 'bottom' range pos-z [pz1] 
 
[global area = Area_] 
[global length = Height_] 
 
fish def zzstress 
  ; compression positive, units MPa 
  local top_reaction = 0.0 
  local bottom_reaction = 0.0 
  loop foreach gp block.gp.list 
    if block.gp.group(gp) = 'top' 
      top_reaction = top_reaction - block.gp.force.reaction.z(gp) 
      local top_disp = block.gp.disp.z(gp) 
    endif 
    if block.gp.group(gp) = 'bottom' 
      bottom_reaction = bottom_reaction + block.gp.force.reaction.z(gp) 
    endif 
  end_loop 
 
  zzstress = 0.5e-6*(top_reaction + bottom_reaction)/area 
  zzstrain = -2.0*top_disp/length 
end 
 
fish history zzstress 
fish history zzstrain 
 
block fragment compute 
block fragment fill-group slot 'fragments-pre' 
block fragment dump filename 'fragments-pre.txt' 
 
model save 'initial' 
 
=============================================== 
 
 
; boundary conditions 
block gridpoint apply velocity-x 0 velocity-y 0 velocity-z -0.05 range group 'top' 
block gridpoint apply velocity-x 0 velocity-y 0 velocity-z 0.05 range group 'bottom' 
 
 
 
program call "plot_Cracks.fis" 
 
fish callback add plot_cracks -1 interval 200 
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model cycle 12000 
model save 'Stoch_UCS_FracturedPillar' 
 
; now compute fragement information 
block fragment compute 
block fragment fill-group slot 'fragments' 
block fragment dump filename 'fragments.txt' 
 
plot 'plot01' export csv file 'SPilStrengthNIOSH_Run8.1.csv' 
plot 'plot02' export bitmap file 'SPilStrengthNIOSH_Run8.1_2D.jpg' 
;plot 'plot03' export bitmap file 'SPilStrengthPREV_Run8.1.jpg' 
 
program return 
;=============================================================================
= 
; eof: fragment.dat 
  



154 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

APPENDIX E. 
 

3DEC Code for Stochastic Pillar Stress Estimation 
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; Case Study Mine 3D Stress Estimate, using the PEM Method, only assuming the deformation modulus as 
varibale. 
; Stress Scenario #3: SH = Sh ; Sh = Sv 
; First PEL trial 
; FileName: Stress1.1 
 
model new 
 
call 'GVol_CSM_Stress3DEC7.3ddat' 
block cut joint-set origin 437.873 -206.957 516.655 dip 30 dip-direction 180 jointset-id 10001 
block cut joint-set origin 413.473 -219.757 478.785 dip 30 dip-direction 180 jointset-id 10002 
block join 
model save 'Geometry' 
 
model restore 'Geometry' 
;_________________________________________________________ 
; 
; Geometry and orebody generation. Definition of groups for the hangingwall and the footwall. 
 
block hide range plane origin 437.879 -206.957 516.655 below dip 30 dip-direction 180 
block group 'Hangingwall' 
block hide off 
block hide range plane origin 413.473 -219.757 478.785 above dip 30 dip-direction 180 
block group 'Footwall' 
block hide off 
block hide range group 'Hangingwall' 
block hide range group 'Footwall' 
block hide off 
;;_________________________________________________________ 
 
; Mesh generation 
 
block zone generate edgelength 50 range group 'Hangingwall' 
block zone generate edgelength 10 range group '10001' 
block zone generate edgelength 10 range group '10002' 
block zone generate edgelength 50 range group 'Footwall' 
 
model save 'Zoned' 
;_________________________________________________________ 
 
model restore 'Zoned' 
; --- MAT 1: Hangingwall --- 
; density = 2.7 Ton/m3 
; E=50000 MPa, Poisson's Ratio= 0.3 
; 
block zone cmodel assign elastic 
block zone property young 54616 poisson 0.22 density 0.0027 
block zone property young 56587 poisson 0.19 density 0.0027 range group 'Hangingwall' 
block zone property young 52947 poisson 0.21 density 0.0027 range group 'Footwall' 
;;_________________________________________________________ 
 
; --- insitu stress state based in density of overburden --- 
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; gravity (m/s2) 
model gravity 0 0 -9.81 
;horizontal sxx=syy=1.5*szz 
block insitu topograph ratio-x 1 ratio-y 1 ratio-z 1 
 
; --- Boundary conditions for insitu stress state --- 
 
; top of model open, no stress 
; bottom 
block gridpoint apply velocity-z 0 range position-z 0 
; 
; sides 
block gridpoint apply velocity-x 0 range position-x -267.595 tolerance 0.1 
block gridpoint apply velocity-x 0 range position-x 732.405 tolerance 0.1 
block gridpoint apply velocity-y 0 range position-y -837.943 tolerance 0.1 
block gridpoint apply velocity-y 0 range position-y 162.057 tolerance 0.1 
; 
Save boundary 
; 
model history mechanical unbalanced-maximum 
model history mechanical ratio 
model large-strain off  
model solve elastic cyc 8000 
; 
model save 'In-Situ' 
;;_________________________________________________________ 
 
; --- Excavation --- 
;history delete 
block gridpoint initialize displacement 0 0 0 
block delete range group '10002' 
model history mechanical unbalanced-maximum 
model history mechanical ratio 
model solve elastic cycles 500 
model solve cyc 10000 
model save 'Excavated-Stress1.1' 
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3DEC Code for Pillar Stability Assessment 
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; This model simulates one of the CSM under current mine stress scenario. 
; The pillar is simulted as a fractured pillar using the BBM and considering the Filtered DFN 
; This model seeks to verify that pillars at the case study mine are stable under current stress conditions. 
;____________________________________________ 
 
;;; Geometry and orebody generation. Definition of groups for the hangingwall and the footwall. 
;; This will be used in case the model is not imported from 3DEC with already defined groups. 
 
model new 
;call 'GVol_SinglePillar_3DEC7.3ddat' 
block create brick 206.073 254.873   -398.968 -362.382  365.419 446.92 
block cut joint-set origin 437.873 -206.957 516.655 dip 30 dip-direction 180 jointset-id 10001 
block cut joint-set origin 413.473 -219.757 478.785 dip 30 dip-direction 180 jointset-id 10001 
block hide range plane origin 437.879 -206.957 516.655 below dip 30 dip-direction 180 
block group 'Hangingwall' 
block hide off 
block hide range group 'Hangingwall' 
block cut joint-set origin 218.273 -392.864 385.419 dip 90 dip-direction 180 jointset-id 10001 
block cut joint-set origin 218.273 -392.864 385.419 dip 90 dip-direction 90 jointset-id 10001 
block cut joint-set origin 218.273 -392.864 385.419 dip 0 dip-direction 90 jointset-id 10001 
block cut joint-set origin 242.673 -368.482 400.31 dip 90 dip-direction 0 jointset-id 10001 
block cut joint-set origin 242.673 -368.482 400.31 dip 90 dip-direction 90 jointset-id 10001 
block hide range plane below origin 413.473 -219.757 478.785 dip 30 dip-direction 180 
block hide range plane above  origin 218.273 -392.864 385.419 dip 90 dip-direction 180 
block hide range plane below  origin 218.273 -392.864 385.419 dip 90 dip-direction 90 
block hide range plane below  origin 242.673 -368.482 400.31 dip 90 dip-direction 180 
block hide range plane above  origin 242.673 -368.482 400.31 dip 90 dip-direction 90 
block hide range plane below  origin 218.273 -392.864 385.419 dip 0 dip-direction 90 
 
block group 'Pillar' 
block hide off 
block hide range group 'Hangingwall' 
block hide range group 'Pillar' 
block cut joint-set origin 242.673 -368.482 400.31 dip 0 dip-direction 90 jointset-id 10001 
block hide range plane below origin 218.273 -392.864 385.419 dip 0 dip-direction 90 
block hide range plane below origin 413.473 -219.757 478.785 dip 30 dip-direction 180 
block hide range plane above origin 242.673 -368.482 400.31 dip 90 dip-direction 180 
block hide range plane above origin 242.673 -368.482 400.31 dip 0 dip-direction 90 
 
block hide off range plane below origin 413.473 -219.757 478.785 dip 30 dip-direction 180 
block hide off range plane below  origin 218.273 -392.864 385.419 dip 0 dip-direction 90 
 
block group 'Footwall' 
 
block hide off 
 
block hide range group 'Hangingwall' 
block hide range group 'Pillar' 
block hide range group 'Footwall' 
block group 'Excavation' 
 
block hide off 
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block join 
 
model save 'Geometry' 
;____________________________________________ 
 
;block hide range group 'Footwall' 
;block hide range group 'Hangingwall' 
;block hide range group 'Excavation' 
 
block zone generate edgelength 3 
block zone list poly 
;========================================================================= 
 
model new 
model random 10001 
model large-strain on 
model title 'Single Pillar Stability Assesment CSM' 
 
program call "7V_DFNs_Generation_DFN2m.dat" 
 
; set minimum joint set id > 1 so we can differentiate from DFN 
block cut set min-id 2 
 
program call 'poly' 
 
block hide range group 'Pillar' 
block join 
block hide off 
 
block hide range group 'Hangingwall' 
block hide range group 'Excavation' 
block hide range group 'Footwall' 
 
; cut DFN - id 1 
block cut dfn name 'SET_4' 
block cut dfn name 'SET_1' 
block cut dfn name 'SET_2' 
;block cut dfn name 'SET_3' 
 
block hide off 
 
;; generate zones - Mesh generation 
 
;block zone generate 
block zone generate edgelength 1  
 
;block zone generate edgelength 1 range group 'Pillar' 
;block zone generate edgelength 1 range group 'Excavated' 
;block zone generate edgelength 2 range group 'Footwall' 
 
model save 'Zoned' 
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; assign contact properties 
block contact jmodel assign mohr 
block contact prop stiffness-normal 50e10 stiffness-shear 8e10 fric 25 coh 15.3e6 ten 17e6 
 
 
; outside of DFN should be inifnitely strong 
;   not necessary in this case since fractures will stop at block boundaries 
;block contact prop coh 32e6 ten 17e6 fric 41 range joint-set 1 
; now set realistic strength for fractures 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_1' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_2' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_3' 
block contact prop stiffness-normal 30e10 stiffness-shear 3e10  coh 0 fric 30 ten 0 range dfn-3dec 'SET_4' 
 
block contact material-table default jmodel mohr 
block contact material-table default property stiffness-normal 30e10 stiffness-shear 3e10 fric 30 
 
; zone properties 
block zone cmodel assign elastic 
block zone prop dens 2700 young 49e9 poiss 0.22 range group 'Hangingwall' ; Elastic modulus from 
Generalized Hoek-Brown Criteria 
block zone prop dens 2700 young 52e9 poiss 0.22 range group 'Footwall'    ; Elastic modulus from 
Generalized Hoek-Brown Criteria 
block zone prop dens 2700 young 64e9 poiss 0.22 range group 'Pillar'      ;  Elastic modulus the same that was 
used for pillar stregnth estimation models with the BBM 
block zone prop dens 2700 young 64e9 poiss 0.22 range group 'Excavation' 
 
; --- insitu stress state based in density of overburden --- 
 
[Model_Top = 446.920] 
[Model_Bottom = 365.419] 
 
 
; The top of the model (elev 446.92 m) is at a depth of 203.058 m from the surface (elev 649.978) 
; vertical stress: szz=(2700kg/m3*g)*(649.978m - z) 
;                  at z=446.92m : szz=-5.37 MPa 
;                  z-gradient of zss: 26.5 kPa/m = 0.0265 MPa/m 
;                  (positive: less compression going) 
; 
;horizontal 1.5*sxx=szz  ;1.5*syy=*szz 
 
block insitu stress -8.06e6 -8.06e6 -5.37e6 0 0 0  
;gradient-z 0.0397 0.0397 0.0265 
 
; gravity (m/s2) 
model gravity 0 0 -9.81 
 
; --- Boundary conditions for insitu stress state --- 
 
; top 
block gridpoint apply velocity-z 0 range position-z [Model_Top] tolerance 0.1 
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; bottom 
block gridpoint apply velocity-z 0 range position-z [Model_Bottom] tolerance 0.1 
; 
; sides 
block gridpoint apply velocity-x 0 range position-x 206.073 tolerance 0.1 
block gridpoint apply velocity-x 0 range position-x 254.873 tolerance 0.1 
block gridpoint apply velocity-y 0 range position-y -398.968 tolerance 0.1 
block gridpoint apply velocity-y 0 range position-y -362.382 tolerance 0.1 
 
;Save boundary 
 
program call "plot_Cracks.fis" 
 
fish callback add plot_cracks -1 interval 200 
;________________________________________ 
 
; set up stress and strain histories 
block gridpoint group 'top' range pos-z [Model_Top] 
block gridpoint group 'bottom' range pos-z [Model_Bottom] 
 
[global area = 1785.383] 
[global length = 81.502] 
 
fish def zzstress 
  ; compression positive, units MPa 
  local top_reaction = 0.0 
  local bottom_reaction = 0.0 
  loop foreach gp block.gp.list 
    if block.gp.group(gp) = 'top' 
      top_reaction = top_reaction - block.gp.force.reaction.z(gp) 
      local top_disp = block.gp.disp.z(gp) 
    endif 
    if block.gp.group(gp) = 'bottom' 
      bottom_reaction = bottom_reaction + block.gp.force.reaction.z(gp) 
    endif 
  end_loop 
 
  zzstress = 0.5e-6*(top_reaction + bottom_reaction)/area 
  zzstrain = -2.0*top_disp/length 
end 
 
fish history zzstress 
fish history zzstrain 
 
block fragment compute 
block fragment fill-group slot 'fragments-pre' 
block fragment dump filename 'fragments-pre.txt' 
model history mechanical unbalanced-maximum 
model history mechanical ratio 
model large-strain off  
 
model solve elastic cyc 8000 
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model save 'In-Situ' 
;;_________________________________________________________ 
; --- Excavation --- 
; 
;history delete 
block gridpoint initialize displacement 0 0 0 
block delete range group 'Excavation' 
model history mechanical unbalanced-maximum 
model history mechanical ratio 
model solve elastic cycles 2000 
model solve cyc 10000 
model save 'Excavated' 
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