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ACADEMIC ABSTRACT

The collapse of a mine pillar is a catastrophic event with great consequences for a mining
operation These events are not uncommon, and have been reported to produce air blasts able
to knock down, seriously injury or kill miners; cause cascade pillar failures which involve
the collapse of neighboring pillars; produce surface subsidence; and sterllizbdlea
reserves. In spite of the low probability of occurrence for a pillar collapse in comparison to
other ground control instability issues, these consequences make these events high risk.
Therefore, the design of these structures should be considened fiisk perspective rather

than from a facteof-safety deterministic approach, as it has been traditionally done.
Discontinuities are one of the main failure drivers in underground stone pillars. Regardless
of this, traditional pillar strength equatiods not consider the effect of these. Recently, the
NIOSH pillar strength equation introduced a Large Discontinuity Factor that acknowledges
the effect of discontinuities in pillar strength. However, this parameter only considers
SDYHUDJHG ™ S Ddetermidigte-May, failpg B account for the spatial variability of
fracture networksThis work presents a ridkased pillar design framework that enables to
characterize the effect of discontinuities in pillar strength, as well as account for theepossi
range of stresses that will be acting on pillars. The proposed method was evaluated in an
underground dipping stone mine. Discontinuities were characterized by integrating Laser
Scanning and virtual discontinuity mapping. Information obtained fromdigmontinuity
mapping process was used to generate discrete fracture networks (DFNs) for each
discontinuity set. The Discrete Element Modeling Software 3DEC was used along with the
DFNs to simulate fractured rock pillars. Different fractured pillar stiengiodeling
approaches were evaluated, and the most adequate in terms of pillar strength values, failure
mechanisms representation, and processing times, was selected. The selected model was
tested stochastically, and these results were used to charguiéaiztrength variability due

to the presence of discontinuities. Pillar stress distributions were estimated uosing a
stochastidinite volume continuous numerical model that accounted for the dipping nature

of the deposit and the case study mine desigpillar probability of failure baseline was
defined by contrasting resulting pillar strength and stress distributions using the reliability
method. Results from this design framework provide additional deeamsaking tools to
prevent pillar failure fron the design stages by reducing the uncertainty. The proposed
method enables the integration of pillar design into the risk analysis framework of the mining
operation, ultimately improving safety by preventing future pillar collapses.
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GENERAL AUDIENCE ABSTRACT

Underground mining operations involve the removal of rock material from the ground.
Engineers are required to design structural etest® ensure the stability of the openings as

the material is extracted. These structural elements are known as pillars, and are usually
carefully-designed regular chunks of rock left unmined. The pressures that the mined rock
was carrying are shed to geepillars, which sizes and dimensions must provide enough
strength to ensure the overall stability of the mine and avoid a collapse. Failure of mine pillars
are events that have occurred, causing serious consequences such as injuring and killing mine
workers, producing ground surface sinking affecting neighboring communities, and halting
the regular mine operation. Due to the severity of the consequences of pillar collapses, these
events are classified as high risk. Therefore, pillar design should besseftirfom a
perspective that estimates the likelihood of pillar failure given all possible hazards during
their design process. The rock material that composes mine pillars present fractures and
weakness planes that have an influence on pillar strengém tBough it has been widely
demonstrated that these features have a direct impact on pillar strength, most of the
commonly used pillar design methods fail to consider such effect, producing uncertainty
about the possible range of values for the actuahgth of the pillars. This work introduces

a pillar design framework that enables to characterize the effect of discontinuities in pillar
strength, as well as account for the possible range of stresses that will be acting on pillars.
The proposed method wavaluated in an underground inclined stone mine. Laser scanning
was used to map and characterize rock fractures. Fracturing information was used to generate
virtual threedimensional fracture models referred to as discrete fracture networks (DFNSs).
A computational mechanical model of the mine pillar was done using the software 3DEC to
evaluate the compressive strength of the fractured pillar. Multiple fracturing scenarios were
tested and distributions of possible pillar strengths were estimated fromtéiséseAn
additional computational model to estimate the distribution of the stresses in the pillar was
performed considering the mine designs and geological conditions. Results from both
analyses allowed to estimate a pillar probability of failure baselrhis design framework
provides additional decisiemaking tools to prevent pillar failure from the design stages by
reducing uncertainty. The proposed method enables the integration of pillar design into the
risk analysis framework of the mining opeoat, ultimately improving safety by preventing
future pillar collapse
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PREFACE

This work proposes a rigkased pillar design appach that integrates stochastic discrete
element modeling for pillar strength estimation, and stochastic continuous modeling for pillar
stress determination. This documentcsmposed ofsix chapterswhich describe the
progression of work to develop ansiplement this methodology in an underground case
study mine. Even though this methodology is implementedsipecific case study mine, it

can be adapted to the design or stability assessment of pillars in any underground mine
operation.

Chapter 1reviews current pillar design approaches and dives into the application of risk
analysis practices in the design of these elements. In this section, a series of pillar collapse
events and their consequences are discussed. Main faéalganisms in limestone pillars

are reviewed, and current industry standardpeesentd. The importance of implementing

risk analysis approaches in the design of pillars in underground mines is discussed, and a
series of studies where this has beeredmementiored. At the end of this section the authors
propose a rislbased pillar design methodology that through the reliability analysis method
integrates stochastic discrete element modeling for pillar strength estimation, and stochastic
continuous mdeling for stress determination. The following sections of this work seek to
expand on each of the components presented in the proposed methodology.

Chapter 2ntroduces the case study mine where the methodology proposedpiretzus
chapter will be implemented. This sectescribes the mining methods, and geomechanical
conditions of the operation. Within the geomechanical conditions are included intact rock
geomechanical properties, discontinuity properties, rock massrpespeand irsitu stress
conditions. Based on that information, a preliminary pillar stability assessment using current
industry design standards is performed. The reliability method is used to estimate a
preliminary probability of failure baseline, whietill be used to compare results from the
following chapters.

Chapter JFocuses on the implementation of stochastic discrete element modeling for pillar
strength estimation and uncertainty characterization. This section betiina discussion

on the usage of different numerical modeling approaches in the pillar design practice. It
introduceshe bonded block method (BBM) and the mgltale Discrete Fracture Network
tDiscrete Element Modeling (DFREM) approachin this sectia, multiple pillar strength
modeling approachesre evaluated and a series of tests are performed to define the most
adequate approach in terms of representing pillar strength values and failure mechanisms.
Results from this chapter are used to defin@ehststic DEM approach to evaluate the effect

of discontinuities variability on pillar strength.

Chapter 4focusses on the estimation of stresses in the case studyArstechastidinite

volume continuous model is used tamstte stresses in a simplified mine model. This section
uses the point estimate method to evaluate how variability on rock mass elastic properties
influence pillar stress distribution. The effect of horizontal to vertical stress ratio is also



evaluated. Raults obtained from this modeling approach are compared with 2D numerical
and analytical solutionsanddiscussed in the context of current pillar design guidelines.
Average and Standard deviation values for pillar stress on each pillar in the simpirfeed m
model are estimated, and are used in the following chapter for evaluating pillar probability
of failure.

Chapter Smplements the riskased pillar design methodologyoposed in Chapter y
integrating results from ChapseB and 41In this sectiommesults from the stochastic discrete
element modeling approach for pillar strength determination, and the stochastic continuous
modeling for pillar stress estimatiane summarized. Then the reliability analysis method is
used tocalculate pillar probability of failure for the simplified case study mine model using
the results from the two previous sections. Probability of Failure results are discussed in the
context of mining operation, current pillar design standards, and goomtiehl management

best practices. Additionally, resultd LIDAR and photogrammetric surveys are used to
validate numerical modeling results.

Finally, Chapter @presents two additional contributions tttee authodevelopedalong with

this work. The first contribution was a journal paper that compares Automated Discontinuity
Extraction Software (ADES) with Manual Virtual Discontinuity Mapping (MVDM) from
LIDAR mapped point clouds. The second contributierthe development ad technical
standard for the preparation of Ground Control Management Plans (GCMPs) in the
Colombian mining industryThese two projects contributed to tthevelopment of ideas and
concepts treated in this dissertation.






Chapter 1 A Preliminary Inv estigation on Stochastic Discrete Element
Modeling Approach for Pillar Design in Underground Limestone Mines

1. INTRODUCTION

Pillar design has historically been one of the most challenging dilemmas in underground
mine design. Despite the numerous resefinclings on this matter, pillar collapses continue

to occur in underground mine environments. A series of pillar failures and collapses and their
consequences have been reported in underground stone mines. Robd@26@T Jalescribe

a dominetype pillar collapse that occurred in 1986 in a property adjacent to the Doe Run
Mines with the potential of affecting their operation. Zipd01)references a series of pillar
collapses thataurred in both coal and hard rock mines during the 1990s. In 2006 a pillar
stability survey took place in 21 operating mines located in the central and Eastern United
States. This study yielded a total of nine pillar instability cases, where seveneot#ses
presented instability due to geological structures or weak bedding planes, whereas the other
two presented stress spalling and fracturing related instalBtgrhuizen et al., 200&ven

though major pillar collapses were not reported in thuslys it was concluded that pillars
intercepted by unfavorable geological structures and width to height ratios le€s5tzaa

more prone to present instability. In 2011, MSHA reported a massive pillar collapse which
involved 19 pillars in the benchedea of a portion of a mine that had been abandoned in the
early 1990s. Fortunately, no injuries were reported during this event, however, there is a high
risk for this collapse to continue to propagate to active areas of thgPhitigoson, 2012)

In 2015, a cascade pillar failure was reported in a limestone mine in Pennsylvania, where an
area of 3 Ha, encompassing 35 collapsed pillars. This collapse generated an air blast that
seriously injured three mine workdiissterhuizen, Tyrna, & Murphy, 2019)

Since the beginning of 2020 four large pillar collapses have occurred in different limestone
mines in the United States. Even though, all four events caused significant air blasts and
sinkholes in lhe surface, none of these events resulted in serious injuries for mine workers.
Amongst these events were included the Derry Township Pillar collapse in Pennsylvania and
the Crab Orchard Pillar Collapse in Tennessee, which were reported in local news
(1057News.com, 2021As a result of these events, MSHA developed the Pillar Collapse
Initiative, a website dedicated to raise awareness and communicate strategies to avoid this
type of accidents in underground min@dSHA, 2021) Rumbaugh, Mark, & Kostecki
presented a detailed description of all 5 stone pillar collpase events occourred in the U.S.
since 2015(in press) They also introduced a qualitative risk assessmmaatrix to help

mining operatorevaluate pillar collapse risk purrent and historic stone mine pillasllar
collapses are not limited to the United States. In October 2021, a pillar collapse occurred in
a sublevel open stoping operation in Antioq@alombia. This operation was in reclamation

L A short version of this chapter was published as a conference paper in the proceedings of
the39th International Conference on Ground Control in Mining in Canonsburg, PA.
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stages since march 20ZAlvarez, 2021) This collapse caused rmagnitude2.0 tremor
reported by the Colombian Geological Sur¢&gS, 2021)

A series of analytical, empirical, observational and numerical approaches have been
proposed for pillar design for a number of years. However, there is not a consensus on which
is the most adequate solution for this problem. Even though pillar design has higtorical
been based on empirical equations that are developed from specific case studies, a shift to
numerical analysis calibrated and validated by observation and instrumentation has been the
trend in more recent years. In addition to this shift, attentiorrdbabilistic risk analysis
approaches for pillar design has increased, but to a lesser @¥tdist, Mpunzi, & Joughin,

2015; Idris, Saiang, & Nordlund, 2015)his approach allows engineers to account for the
effect of variability in the different parameters on the risk of failure during the design stage.
The objective of this work is to revise existing pillar design approaches and focus on those
based on risk. This revision will be considered in order to devaefopmework to estimate

the pillar probability of failure based on the stochastic discrete element modeling approach,
which could be globally implemented by considering -specific conditions of each
operation. This methodology will be applied in futwerk in an underground dipping
deposit, where conventional design guidelines cannot be considered through conventional
approachegMonsalve J. et al., 2018%ection 2 describes and presents the two main failure
mechanisms that can generate instabilitpilfars in underground stone mines. Section 3
revises and describes the main pillar design methodologies that have been implemented in
industry, including analytical, empirical, numerical and observational approaches.
Subsequently, a review of probabilistisk analysis approaches proposed in underground
mine and pillar design will be discussed in section 4. Finally, section 5 describes in detall
each of the stages of the abawentioned methodology, which includes: Sije selection

and data collectign2) Discrete element modeling for pillar strength estimati@p
Continwm modeling for pillar stress estimatiod) Stochastic analysis and probability
distribution estimation5) Probability of failure calculatignrand 6)Model validation

2. PILLAR FAILURE MECHANISMS

Pillars are loaébearing elements left between excavations to provide global stability to the
overall structure(Brady & Brown, 1985) Different from other types of engineering
structures, pillars are complex elements not only due to the stress fields that they are exposed
but also due to their inherent anisotropyldPd are usually constituted of rock, specifically,

in a rock mass scale where discontinuities are present. Therefore, their behavior not only
depends on intact rock properties but also on the strength, the distribution and sizes of those
discontinuitieslt has been demonstrated by numerical simulations and comparison with field
observations that the presence of large discontinuities and weak bands can significantly
reduce the strength of pillars in underground stone nfiessrhuizen G. , 2000; Esterhuizen

& Ellenberg, 2007)



Two main pillar failure mechanisms have been described by numerous a(ithargy Y. ,

2014; Esterhuizen G. S., Dolin&llenberg, & Prosser, 2011; Elmo, 2006; Lunder J. , 1994)
The first mechanism is defined as a structurally controlled failure mechanism. It occurs due
to the presence of discontinuities and structural features that offer weaker paths for the rock
to fail. Figurel1.1 on the right indicates different possible failure types occurring due to the
presence of discontinuities in the rock mass, highlighting: (a) rock block sliding, (b) through
going shear failure, (c) shear failure aldngnsgressive joints, and (d) buckling. The other
failure mechanism occurs in areas under higitm stress and is referred to as stress
controlled instability. This failure mode has a progressive effect on the pillar stability and
can be reflected by afiing from the pillar surfaces. Failure starts at the corners of the pillar
and continues to propagate until substantial spalling is evident along with axial fractures. At
earlier stages, the pillar core remains intact. This progressive pillar degrgolaigvasses
XQWLO WKH IRUPDWDR® "RV KDISHH IXRE KO W L PiuwHL oD L O X U H
the left. Owning the fact that the main failure mechanism observed in the case study mine is
structurally controlled instabtl in pillars, this paper will focus on that type of failure
(Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 20E8ythermore, according to NIOSH
reports this appears to be the most prevalent failure mechanism in masuofidgrground
limestone mines in the United Stai@sterhuizen, lannacchione, Ellenberger, & Dolinar,

2006)

Structurally Controlled Failure
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Figure 1.1. Main Failure Mechanisms in Pillars in Underground Mines Right) Structurally controlled instability
types and evidence of some of these mechanisms in underground limestone pillars. left) Stress controlled pillar
failure stages and some pictures evidencing hourglass shaping and requirement of support to previemther

collapse. Modified after(Zhang Y., 2014)(Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011)
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3. ANALYSIS METHODS FOR PILLAR DESIGN

Selecting the optimal pillar geometry thadximizes extraction without compromising safety

and stability is not a trivial task. Specially, if the complexity of the materials conforming
such pillars is considered. Traditionally, there are two main elements to consider in pillar
design: the strengtbf the pillar, and the stresses to which this pillar will be exposed to
(Lunder J. , 1994)The ratio between the pillar strength and pillar stress allows practitioners
to account for a factor of safety of such system. Whepllar stress exceeds the strength

of the pillar, failure occurs in the system. This ratio is expressed in equation 1.1. Different
authors have stated that an adequate selection of a factor of safety allows to account for
uncertainty and variability inlment in the rock properties. However, the selection of this
factors of safety could be arbitrary and only depend on experience, engineering judgement;
and in the bestase scenario on statistical analysis of failed stable pillar ¢gs¢ésmon,

1970; Salamon & Munro, 1967)

EURAOBD AU Io
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Due to the fact that mine pillars are composkrbcks on a rock mass scale, intact rock-geo
mechanical properties are not representative of the mechanical behavior of these structural
elements(Goodman, Introduction to Rock Mechanics, 198Bue to this, a series of
analytical, empirical, observational and numerical approaches have been proposed to
estimate the strength of pillars. Similarly, pillar stress estimation has been approached from
analytical, observational and numerical approaches. The following sectionssailitaethe
different methods that have been implemented in underground mine pillar design to estimate
strength and stresses in pillars.

3.1.Analytical Methods

Theoretical approaches are derived from mathematical expressions to describe the
performance of mia pillars subject to a load for a given set of input variafllaader J. ,

1994) The most common analytical method used in pillar design is the tributary area for
estimating pillar load. A limitation is that this calculatiassumes flalying deposits and a

flat surface above the deposit. The tributary area method only accounts for the component of
the stress parallel of the axis of the pillar, whilciesnot necessarily reflect the actual stress

of the state on the pillafhis method also neglects other components of thenpring stress

field, an assumption which in many cases is not ten@rkdy & Brown, 1985) Another
famous analytical approach is the Wilson coal pillar strength equatioichwonsiders

pillars as a complex structure, with a reamform stress gradient, buiap confinement
arounda high-stress core, and progressive fail(\Mélson & Ashwin, 1972)



3.2.Empirical Methods

Empirical approaches areuwsgions derived from baeknalysis of stable, failed and unstable
pillars and thatonsiderparameters such as intact rock strength, height, and width of the
pillar. These empirical relations are designed based eapiefic conditions and all of them
consider different geological settings, rock types and mining condifi¢iveng Y. , 2014)

In the past 25 years, numerous authors have revised and studied pillar strength estimation
empirical formulagLunder J. , 1994; Martin & Maybee, 2000; Malan & Napier, 2011; Oke

& Kalenchuk, 2017)A general form of these empirical relations is presented in equation 1.2,
where, 55 is the pillar strength; K represents the strength of unit cube of the rock material
forming the pillar, or the design rock mass strength; W and H are the pillar width and height
respectively; A and B are empirically derived constants, arid Q Ge enfipldcally derived
power coefficients.

5L- @E$S—A (1.2)

It has been broadly acknowledged that even though, these equations have been successfully
implemented in numerousses (even in locations out of the scope of such equations), each

of them relies on a series of assumptions that must be considered during their implementation.
Unfortunately, as stated by Malan and Nag#€11)it is common in underground design to

turn interim solutions and initial assumptions into widespread practice. This becomes a
potential risk during the design stag&iorineni, 2014)if the designer does not consider
site-specific ©nditions and initial assumptions taken into account in the development of the
selected equation, this could trigger a possible pillar collapse in the future. Another drawback
RI WKHVH HPSLULFDO HTXDWLRQV OLHV LQ WiKRW WKHVH
mechanisms in different rock masses. In addition, the effect of discrete discontinuities on the
stability of the pillar is not accounted for eitl{&sterhuizen & Ellenberg, 2007; Esterhuizen

G., 2000)

In 2011, the National Institute for Occupational Health and Safety of the United States
(NIOSH), published a series of guidelines to help underground stone mining operators to
improve their designs and safety of these operatiésterhuizen G. S., Dolinar, Ellenberg,

& Prosser, 2011)This document was the product of over 10 years of research on this matter.
An empirical equation for pillar strength estimation that considers the impact of
discontinuities with respect the width to height ratio and the frequency of such fractures,
came as a result of this research. This equation is introduced in equation 1.3 As it can be seen
it follows a similar form as the already mentioned empirical formula. However, it contains
power constants derived from particular cases from the United States underground stone
industry and considers a Large Discontinuity Factor (LDF). This LDF is presented in
equation 1.4 and is calculated from a discontinuity dip factor (DDF) and a frequetary fac
(FF). These two factors where derived from multiple numerical simulations evaluating
explicitly the effect of discontinuities on the strength of rock pil{&sterhuizen G. , 2000;
Esterhuizen & Ellenberg, 20).
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Recent work has demonstrated that NIOSH pillar strength equatictoihe mines offers a
better result while predicting pillar strength compared to traditionally used empirical
equationgEsterhuizen, Tyrna, & Murphy, 2019 this study, a pillar failure case study was
back analyzed, wdre ultimate pillar strength was estimated via numerical modeling in
FLAC, obtaining an ultimate strength of 11 MPa. The empirical formulae from Hedley and
Grant (1972) Krauland and Sode1987) Lunder and Pakalni€l997) and the NIOSH
formula were compared to the estimated pillar strength. Results from the analysis indicated
that all of the classic pillar strength formulae failed to determineitiae pltimate strength.

On the other hand, the NIOSH formula when considering the effect of discontinuities yielded
values ranging between 4 MPa and 25 MPa. Nevertheless, it should be noted that these range
of values were obtained by considering maximund aminimum parameters for the
discontinuities on the case study, but not statistical parameters obtained from field
observation statistical distributions.

Even though, NIOSH Pillar design formula has shown to present good results in particular

case stus, it is worth mentioning that similar to all empirical equations it is clearly stated

in these guidelines thaB« 7KH JXLGHOLQHYV IRU SLOODU DQG URRI VSL
based; their validity, therefore, is restricted to rock conditions, minimgedsions, and pillar

stresses that are similar to those included in this study. These guidelines should be applicable

WR WKH PDMRULW\ RI VWRQH PLQHV LQ WKHTH®weahs UQ D QG
that this equation should not be applied in mingth dipping deposits, multiple seam

extraction, different geographical location, geologies or mining methods.

Oke & Kalenchuk(2017) proposed a pillar design decision tree to help underground
designers to identify, hich of the multiple pillar design methods is more appropriate
considering their specific conditions. This chart considers type of pillar to be designed, rock
guality and rock type. One of their main recommendations is that, it is responsibility of the
desgner to go back to the original source and review original assumptions that originated
each design method.



3.3.0bservational Methods

Observational methods, more than a design approach is a verification method in which field
engineers can verify if theondition of the pillar is in accordance with the deq§tille &
Holmberg, 2008)There are a series of visual rating systems that have been proposed in the
past to evaluate the conditions of mine pillars. Esterhuizen(@086)summarized the work

of various authors into two visual rating systems. One to account for instability related to
stresscontrolled failure and another one related to the structurally controlled failure. They
usedthese charts to evaluate the condition of pillars in 21 different underground Stone Mines
in the Central and Eastern United States. Not only have observational methods been used to
evaluate the condition of pillars, but also, they have been used to talihrmerical
modeling. These methods also consider instrumentation in underground excavations.
Instrumentation methods such as stress meters, extensometers and/or geophones have been
implemented in underground pillar mining to determine stresdistebuion after the
excavation takes place around the pillar system and measure deformations in the roof and the
pillar (Gangrade, Slaker, Collins, Braganza, & Winfield, 2019; Slaker, Murphy, & Winfield,
2019; Esterhizen, Gearhart, Klemetti, Dougherty, & \W&ryke, 2019) The most important

use for monitoring results with instrumentation is to validate and calibrate numerical models
so those are accurately simulating the phenomena of interest. In addition, Lasgrgshas

also been implemented to evaluate possible deformation on the pillar s(®lager,
Westman, Fahrman, & Luxbacher, 2018)d to validate results from discrete element
numerical model§Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 2019; Fekete &
Diedrichs, 2013)

Table 1.1. Pillar stability visual inspection ratings. a) Pillar stress rating. b) Geological structure rating. After
(Esterhuizen, lannachione, Ellenberg, & Dolinar, 2006)

a) Pillar Stress Rating b) Geological Structure Rating
Rating Sketch Rating Sketch Description
No stress related
1 fracturing or spalling 1 Less than 0.3 m (1 ft) of joint
observed. Joint or st related fallout during blasting.
None None -
related damage may Blast damage may exist.
exist.
Minor slabs or
spalling, fractures .
through intact rock at Pillar shape affecte_d .by 0.3
corners, pillar corners m (1-3 ft). Some joint or
2 P 2 bedding fallout during blasting
. and walls may be . :
Minor Minor may form step at bedding
concave, does not .
; : planes. No or little further
typically deteriorate - .
S L fallout after initial scaling.
after initial mining and
scaling.
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Slabbing, oniorskin,
p— fracture_s_more than 1n _
long, joints opened, Pillar shape affected by3a m
corner damage, pillars (3- 10 ft). Joint or bedding
3 ) 3
may need rescaling contrdled fallout. Fallout can
Moderate L Moderate . L L
after initial continue after initial mining
development. Original and scaling.
square pillar shape
maintained.
Spalling to hourglass
shape. Open cracks ir Large block fallout >3 m (>10
pillar more than 1m ft). Pillar shape compromised
4 long, debris around 4 by large block extrusion or
Severe pillar, original square | Severe block sliding on steep plane.
shape of pillar no Falls continue after initial
longer visible, saw mining and scaling.
tooth slabs on ribs
. Pillar bisected by through
Formation of large ; N
going structure dipping at mori
5 open cracks, extreme 5 .
. . than 35 degrees. Potential of
Very hourglass. Pillar likely|  Very .
. ) actual loss of top half of pillar,
Severe lostmost of its residual Severe .
strength Pillar strength depends on
' discontinuity trength.

3.4 Numerical Methods

Numerical meftods are computational simulation techniques to solve complex problems.
Theseapproacksdiscretize a continuous system with infinite degrees of freedom into a finite
number of small elements discrete pointsvhose behavior can be approximated by simple
mathematical descriptions with finite degrees of freedding & Stephansson, 200 Bach

of these elements must satisfy the governing equations of the model, such as the equations
of motion for systems of rigid or deformabledes. Problems related to stress and
deformation of bodies subjected to either static or dynamic loads can be solved using this
approachNumerical solutiondiave been used in underground mine pillar design. There are
two main uses of numerical modelimgpillar design, the first one is to estimate the stresses
acting on the pillars, and the second one is to evaluate failure mechanisms in the pillar given
a constitutive model to predict the material fail(lrender J. , 1994)n recent years, multiple
authors have proven that numerical modeling techniques are a reliable method to estimate
the strength of pillars in underground mir{@&sterhuizen & Ellenberg, 2007 sterhuizen,
Dolinar, & Ellenberger, 2007; Rafi&enani & Martin, 2018; Jessu & Spearing, 201t

only have they been able to estimate pillar strengths, but also have they reproduced complex
failure mechanisms that can occur when discontinuities egsept in the rock mass
(Esterhuizen G. , 2000; Elmo & Stead, 2010; Zhang, Stead, & EImo,.2015)

4. RISK ANALYSIS APPROACHES IN PILLAR DESIGN

Risk can be understood as the expectation of an adversenautgbich could generate
uncertainty on defined objectivéBaecher & Christian, 2003Risk analysis is the process
through which an understanding of all the possible risks that could arise during a particular
stage of a procesis developed. A risk analysis process provides inputs during decision
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making stages in an engineering project to define which of the many possible risks that could
possibly occur should be addressed. This process considers the source of the risk, its
cormsequences and the likelihood of those consequences occurringh&wegi, tprobabilistic

risk analysis (PRA) has been widely used in the last 30 years in some applications, such as
the analysis of critical facilities, risk assessment for dams, and cdrmtrand project
management, its practice has just been recently implemented in underground mine design.
PRA consists of assessing probability density functions (PDFs) of design parameters such as
loads and capacity for a certain system and computingtirese estimates its probability of
failure (Brown, 2012)

In 1995, Hoek, Kaiser & Bawden discussed Hislsed design in underground excavations,
including probabilistic design methods. They highlighted the difficultyngblementing
probability analysis into underground excavation design, especially, in those problems
involving stress driven instabilitfHoek, Kaiser, & Bawden, 1995Contrary to what they
described, numerous authors haverbable to implement stochastic design approaches for
both stress driven instability and structurally controlled instability. These advances have been
possible in part due to great advances in computational power, numerical modeling software,
rock mass chacterization techniques and data analysis tools. The following paragraph
summarizes a number of papers where reliabiidged design and probabilistic risk analysis
approaches have been implemented in underground mine design.

Griffiths, et al.(2002)assessed the influence of spatially varying strength in the stability of
underground mine pillars via numerical modeling. Their models combined random field
theory with an elastplastic finite element algorithm in a Mowgrlo-framework. Even
though their approach may lack practical applicability, they highlighted the importanee of re
interpretting traditional approaches based on factors of safety into a probability of failure
approach founded on reliability theofyomikos and Sofianog2011)discuss and describe
reliability theory and its applications in common stability problems in underground mine
design. They use analytical solutions to estimate the probability of pillar failureoahd
collapse in underground mines by considering distribution functions for the input parameters
from each case. Idris et §2015)used Artificial Neural Network (ANN) analysis to generate

a relationship between haantal insitu stress, rock mass deformation modulus and pillar
axial strain considering variability of the inputs (deformation modulus and stresses). Results
from these analyses were used to evaluate the probability of pillar failure and reliability index
considering axial strain results from the ANN model and the maximum strain that the pillar
can withstand. Their results indicated that, the thickness of the overburden and pillar
dimensions have a substantial effect on the probability of failure andiligliandex (ldris,
Saiang, & Nordlund, 2015)Son and Yan@2018) evaluated the reliability of pillar case
studies presented by Van Der Merwe and Ma{8i 3)by performing a probability analysis
using the updated Salamon and Munro strength formula and the Mathey strength formula.
They concluded that stable pillars were observed to have reliability values greater than 83%
while failed pillars presentkvalues slightly larger than 50%.
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Monsalve et al(2019)used 3DEC to generate a stochastic discrete element model to predict
the probability of rock block falls in an underground limestone mine drift. It was cattlud
that results from this approach can be implemented in risk management systems, allowing
engineers and operators to have greater control over possible block failures, to reduce ground
control related accidents, and to improve the safety of these operafialls, et al(2015)
performed a pillar failure risk analysis in an underground platinum narrow vein mine, where
pillar strength was determined using the Headley and G1&72)empirical formula and
average pillar stress was estimated using continuous elastic numerical modeling. The risk of
failure for selected areas was estimated based on the proportion of number of pillars with a
Factor of Safety below 1. Additionally, Monte @asimulations were carried out to evaluate
the impact of pillar size variability on the desigialls, Mpunzi, & Joughin, 2015Joughin
et al. (2012) proposed and implemented a risk evabratmodel to quantify the expected
injuries and economic losses resulting from rock falls in underground mines in South Africa.
They analyzed different case study mines and quantified the risk of a rock fall event
occurring. To quantify the risk differeparameters were considered such as, time exposure
of personnel, the spatial coincidence of the event, expected frequency of injuries, the severity
of injuries and fatalities, among others. They did not use a numerical modeling approach to
estimate the prability of rock falls but considered an analytical approach that would allow
them to estimate stochastically the probability of a rock(fidughin, Jager, Nezomba, &
Rwodze, 2012)

5. PROPOSED METHODOLOGY

Figure 1.2 presents the workflow proposed in order to estimate the probability of failure of
pillars considering probability density functions of the pillar strength and the pillar stress
obtained from stochastic contimau and discontinum numerical modiéng. This
methodology is divided into six phases: site selection and data collection, discrete element
modeling for pillar strength estimation, contina modeling for pillar stress estimation,
stochastic analysis, and probability distributions estimagicohability of failure calculation

and model validation. These stages are explained in detail below.

Site Selection and Discret Element Modeling for Stochastic Analysis and Probability Probability of Failure
Data Collection Pillar Strength Estimation Distribution Estimation Estimation

o
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[ Failure —
g - . = T
> 2 o .
3 I

) £ 0
Pillar strength [MPa]

Continuum Modeling for
Pillar Stress Estimation

<1}=Pfs, <a,

‘ F=22 pr=1-p)
N a
‘ o]
= 9 @
E —
= H 10 15 20 5 30 35 40
g Pillar stress [MPa] Model Validation

Figure 1.2. Proposed workflow for the integration of laser scanning and 3DEC modeling in the case studyne.
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5.1.Site selection and data collection

The area of interest of the case study mine will be selected for analysis. Once the area is
selected, information regarding the mine design, surface topography, geotechnical properties
of the intact rock and thdiscontinuities and structural geology will be collected. This
information will be used as inputs for the following numerical modeling stages.

5.2.Discrete element modeling for pillar strength estimation

Discontinuity properties will be used to generatesztmite fracture network, which will be
used to generate a fractured rock mass model in 3DEASCA, 2016) A fractured pillar
considering the design dimensions will be tested by applying velocity boundaries on the
pillar. Applied stress will be measured as the simulation progresses in order to generate stress
versus time step plots. The pillar strength will be defined at the point in which the pillar
would lose its capacity to keep supporting the Iéagure 1.3 displays a 5m by 5m by 10m
preliminary pillar model in 3DEC. The estimated pillar strength indicates 55 MPa and a
maximum block displacement of 1.1 m. It is possible to observe that the pillar presents
multiple structurally controlled failure nabanisms. Throughoing shear failure, as well as
toppling of some blocks on the left side of the pillar, can be observed. Considering that a
direct comparison with the real pillar strength would require the actual failure of a pillar, a
comparison with caventional pillar strength estimation equations will take place to evaluate
the discrepancy between the numerical model and empirical approaches.

3DEC DP5.20
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Figure 1.3. 3DEC Pillar Strength estimation test.
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5.3.Continuum modeling for pillar stress estimation

Pillar stresses will be determined with a FLAC 3D model. The topography of the study area
and the location of the excavations with respect to the surface will be considered in the stress
analysis. A simplified mineakign will be considered, and the progressive excavation will

be simulated. Pillars will be left in different levels similar to the mining method in the case
study mine. The average vertical stress in the middle of each pillar on each level will be
measurd. Figurel.4.a) presents an isometric view of the topography and of the stopes and
crosscut as designed in the case study mine. The sectidih XF@ure 1.4.b) shows a 2
dimensional section of the maximuprincipal stress distribution. One can visualize how
applied stresses increases with depth.

X )

a) b)

Figure 1.4. Isometric view of the topography and the excavations to be simulated. b) tvebmensional stress
analysis on the section X; 1 HYDOXDWLQJ VWUHVV GLVWULEXWLRQ RQ D VHULHV RI SL

5.4.Stochastic analysis and probability distribution estimation

A stochastic scheme can be applied for both calibrated models, pillar strength (3DEC) and
pillar stress estimation (FLAC3D). For each case, multiple models will be run by varying the
random seed number. The strength estimation model will allow variation of the orientation,
size and frequency of the discontinuities based on the parameters extranielhser
scanning and virtual discontinuity mapping, as it was done in previous(Morksalve J. ,
Baggett, Soni, Ripepi, & Hazzard, 201%he ultimate pillar strength will be extracted from
each iteration and a probabylidensity function will be defined for this variable. On the other
hand, for the stress estimation model, variation will be allowed in the deformational
properties of the rock mass based on the laboratory test data on the rock elastic properties. In
this model, average pillar stress will be measured for each pillar at each level for each
iteration and a probability density function at each pillar depth will be estimated.
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5.5.Probability of failure calculation

ResultingPDFs will be used to estimate the aillprobability of failure by considering a
reliability theory approach. Where pillar strength will be defined as capacity and pillar
average stress will be defined as demand. A limit state function will be defined by subtracting
the applied stress to thdlar strength and failure will be defined for values less than 0, as
shown inFigure1.2 A reliability index will be estimated as the expected value of the limit
state function divided by its standard deviation and the probadbiligilure will be defined

as 2BL sF ¥:U; It is important to note that this approach strongly depends on the
distributions obtained from the numerical models. In addition, the potential correlation
between pillar strength and stress should be explored and considered since tisisauylid
influence the results of the analysis.

5.6.Model validation

Taking into account that no pillar failure has taken place in the case study mine, direct pillar
strength validation can not be considered in this case. However, the numerical model can be
evaluated based on pillar performance under typical conditions. Once the average stresses
have been determined throughout the study area, additional static models to evaluate the
response of the fractured pillar to such average stress levels will beeredsitihe response

of the pillars to these loading conditions can be compared with the observed conditions of
the pillars in the field.

6. SUMMARY AND CONCLUSSIONS

This paper has reviewed different methods that have been used over time to evaluate and
desgn pillars in underground hard rock mines. The focus of this work centers in those cases
where pillar failures or instability occurs due to the presence of discrete discontinuities
affecting the strength of the pillar. Analytical, empirical, numerical abdervational
methods were discussed. In addition to this, risk analysis approaches that some authors have
used to improve pillar design were also discussed. The following are a series of conclusions
that have arisen from this review.

x There are two main fliare mechanisms that occur in pillars in underground hard rock
mines. Stress controlled instability and structurally controlled instability. It is important
to identify which is the most likely failure type to occur in each specific case since this
will i ndicate which is the most appropriate pillar design method to be used.

x Empirical pillar design methods are only applicable in specific cases where the
geological, geotechnical and operational conditions are similar to those of the mines
where each empirad relation was produced. These equations have been used routinely
without considering all of the initial assumptions. It is the responsibility of the engineer
and mine manager to recognize and understand such assumptions, since neglecting those
could trigger a possible pillar collapse in the future.
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x Numerical models have become a more reliable tool for simulating the behavior of pillars
and estimating their strength. However, their results depend strongly on the reliability of
the input parameters. Theoe€, instrumentation for ground control monitoring have
begun to be implemented with more frequency in underground mining projects, since
results from instrumentation can be used to calibrate and validate numerical models.

x Different authors have demongtd that the state of the art of numerical modeling
techniques offer an adequate tool not only to estimate the strength of a pillar but also to
understand underlying mechanics associated with the collapse of pillars in underground
hard rock mines.

x Even tlough discrete element models and the synthetic rock mass approach have been
used to estimate the effect of multiple discontinuity sets in the strength of a pillar, an
attempt to stochastically evaluate this effect has not been considered as of yet. It is
important to consider that these models are usually generated using discrete fracture
networks which are generated from statistical distributions of parameters such as
orientation, size and frequency. Therefore, each iteration will yield different values fo
strength. Results from these models should be validated by evaluating the performance
of the modelled pillar under regular operational conditions with the behavior of actual
pillars in the mine environment.

X A methodology that integrates stochastic diserelement modeling and finite difference

modeling to estimate pillar stress and strength with a probability risk analysis approach
based on reliability theory is presented.
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Chapter 2 Case Study Mine: Geotechnical and Pillar Design
Considerations

1. INTRODUCTION

In chapter 1 a thorough literature review discussing pillar design methods and novel risk
based pillar design techniques were discussed. In addition, #asskl pillar design
methodology that integrates laser scanning for discontinugyppmng and rock mass
characterization, stochastic discrete element modeling for pillar strength estimation, and
finite volume numerical modeling for stress estimation was also introduced. The proposed
methodology will be evaluated in a case study mine.

In this chapter, general geological, mining and geomechanical conditions of the case study
mine are described. Initially, the mining methods and operational conditions of the operation
are discussed. The geomechanical properties for the studied areasnararigad. This
summary compiles laser scanning, field observations and laboratory data obtained from field
work and preliminary studies held by the mining operator. The geomechanical description
contains information about the intact rock properties obtiafrem laboratory tests. This
section is followed by a description of the structural setting of the mine and the study area,
where a series of laser scans were taken to map and identify main discontinuity sets and their
properties, such as orientation, sipgs, and trace lengths. Rock mass properties are also
discussed and estimated using the generalized -Bomkn criteria. Finally, a brief
description of the stress setting of the study area is discussed using secondary information
obtained from the worldtress map (WSM) data ba@éeidbach, Rajabi, Reiter, & Ziegler,

2016)

Compiled information is used altogether to assess the current pillar design layout in the case
study mine. The pillar system is described and the strefghese elements is estimated by
using different empirical approaches applicable to this case study. Pillar stresses are
estimated using preliminary 2D numerical models and empirical pillar stress equations.
Variability obtained in laboratory testsused to estimate probability distributions for both
pillar stresses and strength for the different levels of the mine. A reliability analysis
considering such distributions is performed, and pillar probability of failure is estimated for
different scenarig. Results from this assessment are used as a reference to validate numerical
modeling results obtained from the proposed methodology in the following chapters of this
work.

2. CASE STUDY MINE

The case study mine consists of an underground operation tradtextn approximately 30

m ( CLOO ft) thick limestone seam. The ore body is located in the limb of a regional syncline
structure oriented approximately N36°E and dipping 30° towards the SE. As the deposit gets
deeper and closer to the limb of the fold structure, the ore body getsttlaind flattens out.
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Figure2.1 shows an isometric view of the surface and the mine excavations. It is possible to
observe how the tunnels follow the trend of the ore body. The tunnels are colored according

to their depth with rgpect to the mine entrance, where blue indicates those tunnels that are

DW WKH VDPH OHYHO RI WKH PLQHYY SRUWDO DQG WKRVH
ZLWK UHVSHFW WR WKH PLQHYfYV HQWU\

Figure 2.1. Isometric view of the case study mine tunnels from the surface.

7KLV RSHUDWLRQYV PLQLQJ PHWKRG FRQVLVWY RI D URRP
areas of the mine where the limestone seam is consistent and thick enough, 12.8 m (42 ft)
wide and 30 m (100 ft) high stopes are conformed. The excavation process starts with an

initial 12.8 m (42 ft) by 7.6 m (25 ft) top drift (hanging wall tunnel), followed by a bottom

drift (foot wall tunnel) with the same dimensions. The top and bottom driiegrarated by

a 15.2 m (50 ft) sill, which is extracted by vertical long hole drillifigure 2.2 illustrates

the configuration of the stopes.
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Bottom Drift

e 12 ft —

Figure 2.2. Stopes configuration indcating dim ons of the sill and top and bottom drifts. Photo by Richard

Bishop

The open stopes are supported by squadeth 80 ft) wide and 30 m (100 ft) tall pillars.
Figure2.3 describes the mining sequence used in the stasly mine. The process beggins

with the openning of a top drift close to the hanging wall of the deposit as indicéigdia

2.3.a). This initial tunnel will become the roof of the first stope when fully excavated. A
bottomdriilW FORVH WR WKH RUHERG\TV IRRWZDOO LV WKHQ H[F
as indicated ifrigure2.3.b). At the same time, the top haning wall drift for the second stope

is also advanced parallel to the initial stop#dra drift. The bottom drift of the second stope

is excavated underneath the second stope top drift as shdvguie2.3.c). At this point,

the top and bottom drifts for both stopes have been excavated. The portion of raaleanbe

top and bottom difts is referred to as the sill bench. A crosscut connecting the first stope
bottom drift and the second stope top drift is then excavated. At the same time, the sill bench
is drilled using vertical long hole drilling from the firsbpe top drift to the first stope bottom

drift as indicated irFigure2.3.d). Later, the sill bench is blasted and the blasted material is
mucked through the second stope top drift, as showigimre?2.3.€). Finally, the sill bench

on stope two and the ore between pillars are drilled for subsequent blagjurg2.3g) and

h) indicate the final layout of the stopes after excavation, where g) represents a cross section
in betweenhe pillars, and h) represents a cross section through one of the pillars.
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% Hanging wall % Ore body % Foot wall

Figure 2.3. Excavation Sequence a) Excavation of the hanging wall top drift for stope 1, b) Excavation of the
bottom foot wall drift for stope 1 and top hanging wall drift for stope 2, ¢) Excavation of the bottom drift for stope
2, d) stope 1 bottom drift and the stope 2 top drift are communicated through the excavation of a connection
crosscut. Long hole drilling from top to bottomdrifts in stope 1 is also prepared, e) Long hole blasting takes place
leading to the conformation of the open stope. Blasted material in stope 1 is removed from the stope 2 top drift, f)
Blasting pattern is drilled for stop 2 full excavation, and removalf material between pillars connecting stopes 1
and 2, g) Final configuration of the sopping on a section that does not intersect a pillar, and h) Final configuration
of the sopping on a section intersecting a pillar.

Main ground instability hazards encaered in the case study mine are related to the
presence of discontinuities, and karst features. Discontinuities such as the bedding plane, sub
vertical and oblique joint sets intercept forming rock blocks that fall or slide from the back
and the ribs oftte excavation. This failure mechanism was previously discussed and analyzed
by the authors as evidencedHigure2.4.a) and bYMonsalve J. , Baggett, Soni, Ripepi, &
Hazzard, 2019)On the other handhe presence of karst features intersecting pillars pose an
additional pillar stability hazard as discussed by Baggett, @G20) The following section
describes relevant geomechanical aspects necessary to awsignaluate pillar conditions

in the case study mine. These aspects are components of the case study mine geotechnical
model, and will be used throughout this work to base engineering design recommendations.

Figure 2.4. Geotechnical conditions observed in the CSM. a) Rock bocks fallen from the back of a top drift, b)
Intersection of bedding plane and vertical discontinuities forming rock wedges supported by rock bolts, and ¢)
Karst features intersecting rack pillars in a non-stoped area (Bishop R. , 2020)
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Geomechanical parameters from the operations were obtained from previous field

3. GEOMECHANICAL ASPECTS

exploration and laboratory testing campaigns undergone in the minedplexisting

geotechnical information was complemented with field observations, and laser scans of the
study area. The geomechanical parameters discussed in this section are the most relevant
parameters for pillar design in the case study mine. Amongsfeii@ecanical parameters
mentioned in this section are included the intact rock properties, discontinuity setting, stress

setting, and rock mass mechanical properties.

3.1.Intact Rock Properties

A summary of geomechanical properties of the intact rock wasided by the mine

operator. The data base consisted of results from a series of density tests, uniaxial
compressive tests and Brazilian tensile tdstg each rock unit (Hanging wall, Ore Body,

and Footwall), a total of six samples were tested for densitaxial compressive strength,

and tensile strengtiThe database did not contained information about the specific location
where the samples where take from in the case study frab&2.1 summarizes measured
properties fronthe laboratory tests, including, density, uniaxial compressive strength (UCS),
EUD]LOLDQ WHQVLOH VWUHQJWK

deviation are reported for each lithology.

\RXQJfV PRGXOXV DQG

Table 2.1. Intact rock property test results from CSM (Monsalve J. , Baggett, Bishop, & Ripepi, A Preliminary
Investigation for Characterization and Modeling of Structurally Controlled Underground Limestone Mines by
Integrating Laser Scanning with Discrete Element Modeling, 2018)

ooy | D onma | veswes | FeeteeR T dees o[ o ]

Mean SD Mean SD Mean SD Mean SD Mean | SD
Hangingwall | 2.69 0.01 | 163.74| 37.84 11.96 3.14 | 61.02| 6.79 | 0.19 | 0.02
Ore Body | 2.69 0.01 | 159.20| 21.25 6.30 1.99 | 64.11| 2.37 | 0.22 | 0.05
Footwall 2.72 0.01 | 217.29| 36.12 13.72 2.62 | 61.43| 3.5 | 0.21 | 0.03

Intact rock properties are used as inputs in later analytical and numerical analysis. The lack
of knowledge of where exactly these rock samples were taken and the limited amount of
laboratory tests provide uncertainty to any following analysis. In this work, it will be assumed

that these parameters are normally distributed following the mean andrsta®yiations

reported onTable2.1. The nature and continuity of this deposit makes this an acceptable

assumption for preliminary evaluations.
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3.2.Discontinuities

The main failure mechanism reported and observed in the cagesnalis the structurally
controlled instability. Not only can this failure mechanism cause rock blocks to fall or slide
from the back and the ribs of the excavation, but also it can affect pillar stability. Due to this,

it is important to characterize drunderstand the structural setting of the study area in the
case study mine. This section describes the methods for mapping and characterizing the
structural setting. Results from the mapping and characterization are presented. These results
will be usedo generate Discrete Fracture Network models for numerical modeling stages in
following chapters.

3.2.1. Discontinuity mapping

Figure2.5 shows a plan view of the case study mine. Mine tunnels are colored by depth from
the mine entry leel. Five sections were laser scanned in order to identify and virtually
mapped the discontinuities of each sector. In the figure these sections are referenced as
section A, B, C, D, and E. Nine laser scans were taken in Section A. In the other fomssectio
only 3 laser scans were taken for each. Sections A, B, C, and D were located relatively close
from each other at different depths of the mine. Section E was scanned in a further away area,
where the trend of the ore body changes due to local folding.imiage shows that the
direction of the tunnel in Section E is oriented almost perpendicular to the direction of the
tunnels in Sections A, B, C, and D.

‘Sectlon B ! b5 Depth from Mine
Section A ﬁ ¢ Section D Entry Level

Section C

Figure 2.5. Laser Scanned Sections for Virtual Disantinuity Mapping.
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7KH ODSWHNYV VRIWZDUH 3SRdKdlopwasXuSddRo virtadllyraidp hé
discontinuities in all sections. A total of 1,501 discontinuities were manually mapped from
the scanned sections using the Query Dip and StriteFigure2.6 shows a summary of the
mapped discontinuities labeled by mapped section. Sections A, B, C, and D are presented in
Figure2.6.a). It is possible to observe that discontinuities mapped frose gextions cluster
around the same areas. The bedding plane on sections A, B, C, and D is very well defined
with an average orientation N55°E dipping 26° towards theFsftre 2.6.b) shows the
stereographic projection for Sectidh It is possible to observe that the discontinuities
mapped in this section cluster in different areas than those mapped in sections A, B, C, and
D. The bedding plane mapped in section E has an average orientation of N134°W dipping
51° towards the NE. ®se results support that the ore body is tectonically affected on the
areas close to the Section E. This work focuses on the southwestern area of the operation
enclosed by the scanned sections A, B, C, and D. The selected area holds a similar structural
domain. The characteristics of the discontinuities of this domain will be discusses in the
following section.

Figure 2.6. Stereographic Analysis of Mapped Discontinuities in All the Laser Scanned SectionsRiscontinuities
mapped in Sections A, B, C, and D, b) Discontinuities Mapped in Section E.
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3.2.2. Discontinuity characterization

In previous work the authors performed the discontinuity mapping of Sect{MoAsalve

J. , Baggsdt Bishop, & Ripepi, 2019)Figure 2.7 summarizes the orientation, trace length

and fracture density distributions for the mapped discontinuities on that section. Four main
discontinuity sets were identified during the mappingpss. The bedding plane set, marked

as SET 4, reported an approximate trend of N34°E, and a dip of 29° towards SE. The second
discontinuity set, referred as SET 1, corresponded to-aestibal joint set perpendicular to

the bedding plane orientation. SRTand SET 3 were identified as steeply dipping oblique
joints. Table2.2 summarizes the statistical parameters for the probability distributions for the
orientation, trace length and fractured density measured as number ofidistiestper unit

length (Ro).

Figure 2.7. Stereo net Analysis and trace length and fracture density summary statistics for Section A.
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Table 2.2. Statistical Summary of the joint properties for each joint set mapped in Section A.

SET S1 S2 S3 S4 (Bedding)
PARAMETERS N=157 N=127 N=97 N=45
15 Dip [] 88 68 75 29
IS
E Dip Direction [°] 255 348 21 144
o K (Fisher) 103.9 102.4 69.5 197.3
Distribution Log-normal | Log-normal | Log-normal | Log-normal
)
-(’,l') Mean 0.353 0.318 0.018 0.778
Standard deviation 0.659 0.772 0.749 0.934
Min=0.18
% Number of fractures pe|  Normal Q2=0.576 Normal Normal
S unit length of scan line| p=1.011 | Median=1.180 pn=0.928 p=0.941
o (P10) 1 Q3=1.57 1 1
Max=1.883

3.3.Rock mass properties

Due to the scale of the mine openings, rock mass response not only depends on the intact
rock properties, but also on the discontinuities that compose it such as beddas joiais

and karsts. A commonly accepted criteria to estimate rock mass properties is the Generalized
HoekBrown failure criteria. This failure criteria allows to account for the effect of
discontinuities in rock strength byrsidering a Geological Strength Index (GSI). The GSI

is a classification system that takes into account the structure or blockiness of the rock mass
and the surface condition of the discontinuities. In the Generalized Blogkn criteria the

rock mass séngth and deformation properties are estimated by reducing the intact rock
properties according the GSI value observed in the field. Equation 2.1 presents the
generalized HoeBrown criterion equation for rock mass strength. In this equadias the
maximum principal stressg&; is minimum principal stresses, anéyjs the uniaxial
compressive Strength of the intact rodkg s, and a are constants that depend on the intact
rock material constant the GSI for the specific rockass, and a perturbance factor D that
depends on how much is the rock mass affected due to blasting or stress relBxatioiact

rock material constant should be ideally obtained from triaxial laboratory tests.

0
A1 & Fa\| ~|-L
e5Le7EeQ3\IOITOpEO (2.2)
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Equations 2.2, 2.3, and 2.4 can be used to calculate the paraimgtersand a.

S, AT-

| gL | A a7on © (2.2)
AT
oL A © (2.3)
JA° ¥
=L B T F AT (2.4)

Deformational properties of the rock mass can also be estimated using the following
expression derived bMoek & Diederichs(2006) This equation estimates the rock mass
deformation modulus'(y 5 ; based on the intacdbck deformation modulus' (;, the GSI, and

the Disturbance factor (D) as shown in Equatidn 2.

L%
‘aa L' o\rdat E 2% (2.5)

5>F2.6-1u7, A°

The generalized HoeRrown criteria is used to estimate rock mass properties for the case

study mineTable2.3presents the Generalized HeBkown parameters for the ore body, the
IRRWZDOO DQG KDQJLQJZDOO 7KH 8QLD[LDM@dUuRPSUHVVL
obtained from uniaxial compressive tests, and GSI values observed in the field were used to
estimate rock mass properties. An average GSI value of 75 was used in this analysis. GSI
values had been reported around the study area in the case sted¥wven though the

operation is an underground mine with little blasting control, a disturbance factor of 0 was
assumed since the simulations performed were intended to determine elastically stresses in a
mine-wide model.
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Table 2.3. Generalized HoekBrown Properties for hanging wall, ore body and foot wall according to laboratory

data and field observations.

Ore Body Hanging Wall Foot Wall
Hoek-Brown Classification Hoek-Brown Classification Hoek-Brown Classification
T 159.2 MPa é50 164 MPa &0 217.29 MPa
GSl 75 GSl 75 GSl 75
‘. 9 “ U 9 “u 10
D 0 D 0 D 0
d. 64000 MPa qu 61000 MPa qu 61000 MPa
Hoek-Brown Criterion Hoek-Brown Criterion Hoek-Brown Crite rion
mb 3.68536 mb 3.68536 mb 4.09484
s 0.0621765 S 0.0621765 s 0.0621765
a 0.500911 a 0.500911 a 0.500911
Failure Envelope Range Failure Envelope Range Failure Envelope Range
Application General Application General Application General
Tgegs 39.8 MPa 83066 41 MPa €106 54.3225 MPa
Mohr -Coulomb Fit Mohr -Coulomb Fit Mohr-Coulomb Fit
c 12.5325 MPa c 6.49272 MPa c 17.335 MPa
phi 36.7282° phi 52.128° phi 37.6901°
Rock Mass Parameters Rock Mass Parameters Rock Mass Parameters
ls -2.6859 MPa & -2.76688 MPa & -3.29936 MPa
1o 39.5966 MPa & 40.7904 MPa &y 54.0448 MPa
[ 49.9754 MPa €51 51.4822 MPa €51 70.5987 MPa
g-- 52246.4 MPa 'aa 49797.4 MPa "aa 49797.4 MPa
Notation

1 4 Intact Rock Uniaxial Compressive Strength

s » uGeological Strength Index

p: Disturbance Factor

g. Intact Rock Deformation Modulus
“ : Intact rock material constant

“ ~ & & Rock mass constants
| y«+3 MaximumConfinement Stress for Failure Envelope Range

I 5: Rock Mass Tensile Strength

1 4, Rock Mass Uniaxial Compressive Strength
14, Rock Mass Global Strength

g-- : Rock Mass Deformation Modulus
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Figure 2.8. Generalized HoekBrown Failure Criteria by Lithology

3.4.In-situ stress

Figure2.9 presents a google earth view including Virginia Geology and world stress map
(WSM) information(Heidbach Rajabi, Reiter, & Ziegler, 2016 hese information is
used to understand principal stresses orientation close to the case study mine area.

Figure 2.9. Virginia geology overlapped with world stress mapnformation.

Figure 2.10 shows two WSM data points located over the same geological province
(Valley and Ridge) where the case study mine is located. The point A is a data point
obtained using earthquake focal mechanisms measur@des county, 11 miles away

east from Blacksburg. The point B is located further north in Botetourt county 38 miles
away NW from Blacksburg. Point B was measured by borehole break out; in this test there
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were measuk5 Breakouts along 427 m at a depth2.21 km. According to the data
these two measurements are from Jily1®93.

Figure 2.10. World Stress Map information measured close to Blacksburg area. A) Stress measured by using
earthquake focalmechanisms in Giles county, VA. B) Stress measured during well bore breakout in Botetourt

county, VA.

Table2.4 presents a summary of the orientations of the two selected points from the stress
map. Both values indicate a maximinorizontal stress oriented towards north west ranging

in its azimuth from 35° to 55°, with a mean between 40° and 45°. This maximum principal
stress orientation is approximately parallel to the strike of the ore body and the mine drifts
and stopes, indicatg favorable conditions for the mine stability. No stress magnitude is
reported on any of the observed datapoints. Therefore, there is uncertainty on the possible
horizontal to vertical stress ratio. It is recommended to evaluate different horizontal to
vertical stress ratio through numerical simulations to evaluate the less favorable conditions
when estimating pillar loading conditions.

Table 2.4. Stress Orientation summary.

Stress Orientation

individual breakouts

Point Date Measurement Method (Strike/Plunge)
Earthquake focal &= 40°/0°
A +xwsm00899| 07/06/1993| mechanisms, single focal &= 301°/60°
mechanism &,=130°/30°
Well bore breakout
B +wsm00901| 07/06/1993 °rientation from analysis off s a/in th a50+10°

4. PILLAR DESIGN CONSIDERATIONS

As support elements, pillars are required to standbtis to which they will be exposed to
ensure the global stability of the underground workings. The traditional approach for pillar
design was described in Chapter 1. Pillar design consists of defining a factor of safety
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calculated as the ratio between #teength of the pillar and the stresses this element will
withstand, as expressed in equation 1.1. In this section current mine pillar layout will be
analyzed using a series of different analytical and empirical approaches. A preliminary
analysis on strasdistribution throughout the mine pillars will be presented. Later, Pillar
strength will be estimated using four different empirical methods applicable for limestone
mines. An assessment of pillar design will be performed based on the reliability analysis
theory evaluating current pillar conditions. Results from this section will be used as a
reference to compare those obtained in following chapters.

4.1.Stresses acting on the case study mine pillar

When an excavation takes place in a rock mass, the emniitstate of the system is
modified. This causes the stress state to change until a new equilibrium is reached. In the
room and pillar mining method, the rock pillars should be designed so these elements can
withstand the increment in stress magnitude edwtue to the removal of rock material.
There are a series of factors that influence the magnitude and orientation of the loads applied
to the pillargLunder J. , 1994)Amongst some of these factors are included ts#tingress
conditions, the mining induced stress changes, the span of the openings between pillars, the
arrangement, shape and orientation of the pillars, ground water, and the effect of geological
features such as joints, karsts, and faults.

There are two ma approaches used to estimate the stress applied to a pillar structure:
Analytical, and numerical. Analytical pillar stress determination methods are mathematical
expressions derived from physical principles. On the other hand, numerical methods are
compuational simulation techniques used to solve complex stiefsgsmation analyses
based on the governing equations for solid and deformable bodies.

The following section describe twanalyticalapproaches for estimating pillar stresses that
are applicabl¢o the particular case study. In addition, the applicability of numerical models
to estimate pillar stresses is also discussed. Both approachlgticaland numerical are

used to obtain an estimation of the stress level acting on the case study laiseRé@sults

from both approaches will provide insight on how the stress field is distributed at a final stage
of the excavation. These results will be compared with pillar strength estimations. This
comparison will provide a pillar design baseline far tase study mine.

4.1.1. Analytical methods for pillar stress estimation

Analytical methods consist of mathematical expressions derived from the physical principle
of static equilibrium. The most common analytical method for pillar stress estimation is the
tributary area theory. This method states that the load shed to the pillars is proportional to the
open area that correspond to each of the pillars in the excavation layout. It is assumed that
the ground topography above the excavations is completely #abréhbody is continuous,
consistent and flaiying. In addition, the method only accounts for the stress component

32



DFWLQJ SDUD O OH (BrtIR &\Biikwrh, 3286) OHe tifjutar led method has a
series of variantthat have been developed for multiple applications and particular cases.
Lunder(1994)described very well many of these variants. Considering the case study mine
conditions, the tributary area approach and the var@aniniclined seams proposed by
Pariseay{1982)will be used to analytically estimate pillar stresses on the case study mine at
different depth levels from an analytical stand point.

4.1.1.1.Tributary area theory

Figure2.11shows a horizontal fldying uniform deposit located at a depth h from the ground

surface. The ground surface is also assumed to be horizontal in this case. A rectangular
UHJXODU SLOODU DUUDQJHPHQ Wdéfiie thgpiday Wishhth&WL. Qe WKLV G
pillar length is defined as L, the room span$gs the distance between heading centers as

* 5 the distance between crosscut centersgibe insitu stress on top of the pillar ak ;,

and the pillar stress a&;. The insitu stress on top of the pillar is calculated asatrerage

specific weight (; of the overburden times the depth from the surface to the top of the pillar.

Figure 2.11. Tributary Area Theory Scheme

According to the tributary area theory, due to force ldguim the insitu stress on top of
the pillar times the tributary area equals the pillar stress time the area of the pillar, as shown
in Equation 2.6. Crossection % ; I LF@ure2.11 shows schematically the equilibrium of
forces.

Li UBNE>QRNMNE & U2EHHNNKN = (2.6)

In this case, the tributary area corresponds to the distance between heading centers times the
distance between crosscut cestérhe pillar area is calculated as the pillar width times the
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pillar length. By replacing in Equation 2.6 and solving for the pillar stress it is obtained that
the estimated pillar stress using the tributary area theory is calculated as shown in Equation
2.7.

& L Ly O L 00D @7

The extraction ratio (ER) is the measurement of how much material out of the total resources
can be extracted. This ealculated as one minus the ratio between the pillar area over the
tributary area, as shown in equation 2.8.

. D&
The tributary area formula can also be writteteirms of the excavation ratio, obtaining the
expression shown in equation 2.9.

N w
G Loe (29)

4.1.1.2.Inclined Pillar Stress Formula +Pariseau (1982)

Based on the tributary area formula, Beaiu (1982) proposed an extended solution to
account for dipping deposits as showrFigure 2.12. This method allows to estimate the
normal and shear stress components applied to the pillar. Results from this formulation were
compred with 2Dimensional Finite Element Numerical Modeling. Results from this
comparison indicated that average normal and shear stress results computed using this
analytical solution tend to ow@stimate actual stress values in comparison to the values
obtained from numerical modeling. It was also observed that these formulas presented a
greater accuracy for a 60% extraction ratio when compared to the finite element models.

Figure 2.12. Tributary Area Theory Variant for Dipping Deposits Scheme
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SDULVHDXfV LQFOLQHG SLOODU VWUHVYV IRUPXODV DUH HI[S
also function of then-situ stress on top of the pillar, the Horizontal to Vertical Stress ratio,

and the dip of theeaposit. Equation 2.10 and Equation 2.11 represent the average normal

stress and average shear stress applied to the pillar, respectively.

OG-8 A6 7Y Vel

G L :5? 3/II'E; (2.10)

0070 i _d.

ix L
a 52 YE;

(2.11
Where, & is the Average normal pillar of stress (MP#&),s the Average shear pillar stress
(MPa), Uis the average speifweight of overburderi/0 | 7; Dis the depth below the

surface (m),- 3is the Ratio of irsitu horizontal to vertical stres$,4is the extraction ratio,
and Uis the dip of the seam (°).

Notice that when the horizontal to vertical stneg® (- 4;is 1.0, or when the dipping of the
deposit is 0°, the results from the inclined pillar stress formula are the same of those obtained
using the conventional tributary area formula, and there is no shear stress component.

4.1.2. Numerical methodsfor pillar stress estimation

Numerical modeling has been proven useful to estimate the stresses acting around
underground mine excavations. Multiple authors have used continuous modeling methods
such as Finite Element Method (FEM), Finite Difference MétiieDM), or Boundary
Element Method (BEM) to estimate stresses around underground mine pillars and evaluate
multiple design scenariofGarzaCruz, Pierce, & Board, 2019; Esterhuizen, Tyrna, &
Murphy, 2019; Esterhuizen, Dolinar, & Ellenberger, 2Q0Th this section, the -2
Dimensional FEM software RS2 from Rocscience is used to evaluate and compare pillar
stresses on the case study mine with results obtained from the empirical equations
(Rocscience, 2022)

4.1.3. Case study mine pillar stress analysis

A preliminary finite element analysis using the software RS2 was carried out to compare
pillar stress estimation empirical approaches in the case study mine. Results from &his mod
are compared with the tributary area theory, and the inclined stress formula previously
describedFigure2.13indicates the numerical model set up, where nine stopes are excavated
leaving eight pillars as support elements. 8tapd Pillar dimensions are the same as the
ones described in previous sections. Three geotechnical units were defined, the hanging wall,
the ore body, and the foot wall. The stopes are excavated on the ore body and the supporting
pillars are constitutedfdahe ore body material. The analysis was performed in the elastic
range. The generalized He8&kown failure criteria was used, and the material properties
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were selected fromiable2.3. The stress condition was defined using a itydield stress
considering the surface topography fréigure2.1. The displacements on the sides and the
bottom of the model were restrained in both vertical and horizontal direction. Due to the
limited information on to stressagnitude, four stress scenarios were assumed in the analysis
by assigning the horizontal to vertical stress ratip (&lues of 0.5, 1.Ggnd1.5.

Figure 2.13. RS2 Pillar Stress Estimation Model Set up

A stress measurement line crossing all pillars through the center was defined. This horizontal
line was used to measure Normal stress, shear stress, maximum principal stress and minimum
principal stress at multiple elements along each pillar. These meesusewere used to
calculate average values and standard deviations for each stress comipigoueat.14
indicates on red the measurement line that crosses each pillar in the model.
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Figure 2.14. Stress measurement line along the conformed pillars in the 2 finite element model

The depth from the surface to the center of each was mea$af#e2.5 summarizes these
measurerants. Due to the irregular surface topography shoviigare2.13 the increase in

depth between the pillars is not linear. therefore, stresses applied to each pillar increase in a
nortlinear way. It is important toonsider these depths to compare stress estimation results
obtained from the tributary area approach and the inclined pillar stress formula.

Table 2.5. Pillar Depth from the ground surface.

Pillar Average Pilar Depth from
form the Ground Surface [m]

Pillar 1 164.8

Pillar 2 192.4

Pillar 3 222

Pillar 4 246.5

Pillar 5 270.6

Pillar 6 294

Pillar 7 319.8

Pillar 8 334.7
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Figure 2.15 and Figure 2.16 summarze the normal and shear pillar stress components as
function of the depth of the pillar respectively. The continuous lines represent the analytical
results using the tributary area method and the inclined pillar stress formula. Each line
represents a diffent horizontal to vertical stress ratig)(KT his variation on kis considered

due to the lack of sitepecific data with regards the stress magnitude. These lines offer a
range of values for normal and shear stresses according to these analyticahssolut
Numerical results are represented on the plot by the scatter points. Each point represents the
average normal and shear stresses measured along the measurement line for each pillar at
each of the depths presentedT@ble2.5. Each scatter point color represents the horizontal

to vertical stress ratio gkused on each model.

Figure 2.15 shows that normal stress estimation using the analytical solutions provide an
overestimation on pillar normal stees in comparison to thedmensional numerical
models. The analytical solutions estimate normal stresses in the range of 12 MPa to 17 MPa
for pillars at a depth of 164 m, and 24 MPa to 34 MPa for pillars at a depth of 334 m below
the surface. Whereas, 2iumerical results yielded average pillar normal stresses ranging
between 5.7 MPa to 6.2 MPa for pillars at 164 m below the surface, and 11.7 MPa to 12.9
MPa for pillars at 334 m below the ground surface. The analytical solution provides
conservative restd by yielding much higher normal stresses than the ones obtained through
numerical modeling. These results agree with the observations highlighted by Pariseau when
comparing his analytical solution to numerical simulatii®32) The numerical solution
considers explicitly the effect of the dip of the deposit and also the surface topography. As a
result of this, it can be noticed that the trend of the numerical solutions does not follow a
perfect linear trend. It is alspossible to observe that the tkas a greater effect on the
analytical solution than in the numerical solution. The simulation that yielded the highest
pillar normal stresses was the one consideringad k5. It is possible that the 2D solution
underestimates pillar stress magnitude, since this solution assumes that pillars are infinite in
length, and neglects their squared ciesstion.
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Normal Pillar Stress vs Depth
for a 30 Dipping Deposit
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Figure 2.15. Analytical vs. Numerical Normal Stress Estimatioron the Case Study Mine Pillars

Figure2.16 shows pillar shear stress results. In this case, the absolute value of the analytical
solution is compared with numerical analysis results. The analytical solutions estimate shear
stressef the range of 0 MPa to 6 MPa for pillars at a depth of 164 m, and 0 MPa to 12 MPa
for pillars at a depth of 334 m below the surface. The 0 MPa shear stresses values are obtained
for a ko of 1. The 2D numerical results yielded average pillar normakssasnging between

1.6 MPa to 6.1 MPa for pillars at 164 m below the surface, and 2.9 MPa to 10.6 MPa for
pillars at 334 m below the ground surface. Numerical and analytical shear stress results yield
comparable results, since numerical results fall withe range of values predicted by the
inclined pillar stress formula. However, for @it 1.0, the analytical solution neglects shear
stresses. The numerical solution indicates that even though that horizontal and vertical in

situ stresses are the sartiere could still be shear stresses in the pillars due to the dip of the
excavation.
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Shear Pillar Stress vs Depth
for a 30 Dipping Deposit
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Figure 2.16. Analytical vs. Numerical Shear Stress Estimation on the Case Study Mine Pillars

Considering that the simation with a k of 1.5 yielded the highest pillar normal stress
results, this scenario will be selected as the base case to analyze pillar stability performance
in the case study min€able2.6 summarizes the average, standardaten, and maximum

values for the normal and shear stresses measured on the elements in the pillar along the
stress measurement line indicatedrigure 2.14. This summary shows how average stress
values and their standard dewets vary with an increase of pillar depth. These values will

be used as a reference to estimate pillar probability of failure in the following sé&atjore
2.17shows how as pillars get deeper the average normal stress vlle@eamter of the pillar
increases. It is also observed that the distributions of stresses on each pillar gets wider,
indicating that there is more variability of normal stresses in pillars at greater depths.
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Table 2.6. Pillar Normal and Shear Stress Summary for an irsitu horizontal to vertical stress ratio of1.5 from the
2D Finite Element Numerical Model

Ratio of insitu horizontal vs vertical stress
<} Ailey=15
Average of SD Max of
Average| Normal Normal | Normal | Average of SD Shear

of Stress Stress Stress | Shear Stres§  Stress Max of Shear

Row Depth (total) (total) (total) (total) (total) Stress (total)
Labels [m] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa]
Pillar 1 164.8 6.16 0.29 6.87 1.65 0.57 2.26
Pillar 2 192.4 7.34 0.36 8.22 2.06 0.69 2.68
Pillar 3 222 8.59 0.66 9.84 2.32 0.76 3.79
Pillar 4 246.5 9.22 0.54 10.31 2.55 0.93 5.06
Pillar 5 270.6 10.34 1.11 12.06 2.92 1.08 5.99
Pillar 6 294 11.19 1.54 13.69 3.19 1.08 6.60
Pillar 7 319.8 11.66 1.66 13.30 3.26 1.27 7.05
Pillar 8 334.7 12.90 1.10 15.03 2.88 1.02 3.96

Pillar Normal Stress Probability Distribution
for the Simulation with a Ko of 1.5
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Figure 2.17. Probability Distribution of Pillar Normal Stresses by Pillar.

Even though, normal and shear stresses were measuneditidr, only normal stresses will

be accounted for in pillar stability analysis in this case. However, it is recommended to
evaluate the effect of shear stresses on pillar stability, and how these stresses may affect pillar
performance results. It isgemmended to investigate this effect by using further numerical
modeling.
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4.2 Pillar Strength Estimation Through Empirical Methods

Underground mine pillars are composed of rock material in a rock mass scale. This means
that not only these structural elem® are composed of intact rock, but also of the
discontinuities and structural features that characterize such rock mass. It has been broadly
demonstrated, that the mechanical properties of pillars are lower than those of the intact rock
(Bienawski, 1968) Therefore, empirical pillar strength estimation approaches have been
developed in order to estimate the strength of pillars as discussed in Chapter 1. Empirical
pillar strength equations are empirical relations derived frage studies of stable, failed

and unstable pillar arrangements. A data base is collected containing information such as
rock type, intact rock strength, pillar dimensions (width, height, and length), stress
conditions, pillar performance, amongst othefsef through statistical procedures such as

the maximum likelihood estimate a series parameter are fitted so the strength of the pillar can
be estimated as a function of the uniaxial compressive strength of the intact rock, the width
and the height of thdlfar. Many authors have developed pillar strength estimation equations
depending on specific case studies. However, the majority of these equations follow the form
presented in Equation 2.1 this section a series of empirical equations applicableeto t

case study mine are reviewed. The strength of the case study mine pillars is estimated using
the different approaches. Results from these equations are used as reference values to
compare results from further numerical modeling and to obtain a basélmar strength

under current design conditions.

5L - 07%8@E$=A (2.12)

4.2.1. Empirical pillar strength estimation formulae review

In this section four common empirical design equations applicable to the case study mine
will be reviewed. The Headley and Grant formula, the Krauland and Soder formula, the
Lunder & Pakalnis formula, and the formula proposed by the National Institute for
Occupational Safety and Health for stone mines. These four equations were selected because
they have been broadly applied in hard rock and limestone room and pillar mine operations
for pillar strength estimation.

4.2.1.1 Headley and Grant, 1972

7KH +HDGOH\ DQG *UDQWTfV HPSLULFDO IRUPXOD ZDV GHUL
Uranium Mines District in Otario, Canada. A comprehensive set of data from 28 operating

and noroperating mines was collected containing information about geological conditions,

mining methods, mining dimensions, artificial support, and on cases of pillar and roof

failures. A quartite ranging from 210 MPa to 275 MPa was the rock conforming the pillars
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of this study(Hedley & Grant, 1972) The Headley & Grant equation has also been
implemented in other hard rock mines in North America such as the Dole&liand zinc

mines in Missour{Brady & Brown, 1985)Equation 2.13 shows the general expression for
the Headley and Grant empirical formula when extrapolated to different case study areas
other than the Elliot Lake District.

~ ~A,d
5 L réétsz?%ES—m (2.13)

4.2.1.2 Krauland & Soder, 1987

7KH .UDXODQG DQG 6RGHU HPSLULFDO IRUPXOD ZDV GHYHC
Black Angel Mine at Marmolik, Greenland. Thigas a leagzinc room and pillar operation.

The sulfide mineralization was hosted in a 100 MPa limestone. The used database was
comprised of 14 unstable pillars showing fractures in their central parts. Equation 2.14
indicates the expression for the Krawda$a Soder empirical pillar strength equation. Notice

that this formulation does not consider power coefficients for the width and the height,
indicating a linear trend for this approximation.

5 Lrawv’%B@yyzErdatt=A (2.14)
U

4.2.1.3 Lunder & Pakalnis, 1997

Lunder & Pakalnis integrated six existing data bases from previous pillar case studies from
Canada, Sweden, Australian, and Glaed. They also complemented those with data from

the HW mine of Westmin Resources Ltd., Myra Falls operations. Their databased was
comprised of 65 hard rock pillars. This database contained information about pillar
orientation, pillar type (rib pillar,dwpoint pillar, or nose pillar), rock type, UCS extraction
ratio, pillar stability classification, pillar width, pillar height, pillar width to height ratio, core
stress calculated using Map3D (a boundary element numerical modeling software), stress
ratio for the scaled core stress divided by the UCS, and stress ratio for the scaled average
stress divided by the UCS. In addition, they proposed a pillar friction term depending on the
average pillar confinement. Their hypothesis stated tkatS L O O D b isvdépEndeption
average pillar confinement as a driving term. This confinement can be derived from the
ZLGWK KHLJKW UDWLR RI D PLQH SLOODU RUWndERWHQWLDOC
1994) Equation 2.15, 2.16, and1Z indicate the empirical equations derived by Lunder &
Pakalnis, whereais the mine pillar friction term?%, , is the average pillar confinement, w

is the pillar width in (m), and h is the pillar height in (m).

5 Lravi7% B rzEraw G (2.15)
AL P=d KO, (2.16)
S>Ygia

43



-8

%oel raxUBH K@ E rg we °© (2.17)

4.2.1.4NIOSH, 2011

The final empirical pillar strength determination equation that will be reviewed is the one
proposed b¥sterhuizen, Dolinar, Ellenberg, & Pros¢2011)of the National Institute for
Occupational Health and Safety (NIOSH). The greatest difference between this relation an
all the others previously discussed is that they considered a Large Discontinuity Factor (LDF)
and a Length Benefit Ratio (LBR). ThéDE accounts for the effect of discontinuities on
pillar strength. The LBR allows to account for the increase in pillar strength when the length
of the pillar is considerable with respect to the width to height ratio in rectangular pillars.
The database udéor this study was comprised of 34 underground Limestone mines located
in the eastern and midwestern United States. The compressive strengths of the rocks
conforming the studied pillars ranged between 44 MPa to 301 (Bterhuizen G. S.,
Dolinar, Ellenberg, & Prosser, 201The NIOSH Pillar strength Equation was previously
introduced in Equation 1.3 in Chapter 1.

Equation 1.4 in Chapter 1 shows how to calculate the LDF, which is function of the
Discontinuity Dip Faatr (DDF) and the Frequency Factor (FF)able 2.7 indicates the
values for the DDF. DDF values depend on the width to height ratio of the pillar and the dip
of the lessfavorable discontinuity set. The worst condition for thisapaeter occurs when
pillars have a W/H ratio less or equal than 0.5, and the dip of the less favorable discontinuity
is 60°. Table28 LQGLFDWH WKH SDUDPHWHUTY WDEOH WR FDOFX
frequency of the least faxable discontinuity set measured in number of discontinuities per
meter. The worst condition for this FF occurs when there are more than 3 discontinuities per
meter, obtaining an FF value of 1Table2.7 andTable2.8 were derived from a series of
parametric numerical analyses studies to determine the effect of these variables in pillar
strength(Dolinar & Esterhuizen, 2007; Esterhuizen G. , 200l)ese simulationsnty
consider the effect of one discontinuity set at the time. Additionally, the effect of
discontinuity size was not investigated at the time this empirical relation was proposed.
Zhang, Stead & Elmo demonstrated that the size of the discontinuitiesal@earhimpact

in ultimate pillar strength that should be accountedZ64.5)
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Table 2.7. Discontinuity Dip Factor (DDF) representing the strength reduction aused by a single discontinuity
intersecting a pillar at near its center(Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 2011)

Pillar width -to-height ratio
Discontinuity
(zl‘)) ? 0.6 0.7 0.8 0.9 1.0 1.1 1.2 | 1.32.0
30 015 | 015 | 0.15| 0.15| 0.16 | 0.16 | 0.16 | 0.16 | 0.16
40 023 [ 026 | 0.27 | 0.27 | 0.25| 0.24 | 0.23 | 0.23 | 0.22
50 061 | 065 | 061 | 053 | 044 | 0.37| 0.33| 0.30| 0.28
60 094 | 086 | 0.72| 056 | 043 | 0.34| 0.29 | 0.26 | 0.24
70 083 | 068 | 052 039 | 0.30| 0.24 | 0.21| 0.20 | 0.18
80 053 | 041 ) 031]| 025| 0.20]| 0.18| 0.17| 0.16 | 0.16
90 0.1 025 | 0.21| 0.18| 0.17 | 0.16 | 0.16 | 0.15| 0.15

Table 2.8. Frequency factor (FF) used in Equation 1.4 to account for large disotinuities (Esterhuizen G. S., Dolinar,
Ellenberg, & Prosser, 2011)

Average frequency of large| 0.0 | 0.1 | 0.2 | 0.3 | 0.5 | 1.0 2.0 3.0 >3.0
discontinuities per pillar

Frequency factor (FF) 0.00| 0.1 ] 0.18| 026 | 0.39| 0.63| 0.86 | 0.95 1.00

The NIOSH pillar strength formula can take a maximum pillar strength value when there are
no discontinuities following the form of Equation 2.18. The maximum pillar strength
obtained with the NIOSH pillar strength formula will be referred to 3 No
discontinuities Pillar Strength Scenario (NDS). The minimum values this equation can take
are variable following an-shape that depends on the LDF. This occurs when fracture
frequency is greater than 3 discontinuities per meter, and when tbktbgdiscontinuities

is 60°. Since the DDF is dependent on the W/H ratio, the minimum value for this pillar
strength equation can be written as shown in Equation 2.19. The minimum values provided
by the NIOSH Pillar strength formula will be termed asgitlar strength worst case scenario
(WCS). This worstase scenario only represents the lowest pillar strength values that can be
HVWLPDWHG XVLQJ WKH 1,26+ 3LOODU 6WUHQJWK )RUPXOD
likely to occour in the case studyine.

~ . d
5 L rawd7 % S0 (2.18)

45



~ ~ A ~ N, d
5 L rawd7 % OB F && (@ &E O ?KJP BEQEPBHISCH (2.19)

To account for the possible case study mine pillar strength values, the discontinuity properties
obtained from virtual discontinuity mapping reportedlable 2.2 will be considered. It is

possible to define FF and DDRRfU HDFK GLVFRQWLQXLW\ VHW SUHVHQW
Table2.9 indicates the selected values for each discontinuity set. These parameters are used

to estimate case study mine pillar strength conditions. These strength alirketieen the

IPS and the WCS.

Table 2.9. Discontinuity Dip Factor and Frequency Factor for Each Discontinuity Set Obtained from Mapped
Discontinuities.

Discontinuity | Frequency
Set .
Dip Factor
1 90 0.63
2 70 0.39
3 80 0.39
4 30 0.63

4.2.2. Empirical Pillar Strength Estimation Results

Rock properties, and mine design characteristics of the case study mine were used to estimate
pillar strength based on the previously discussed empirical equations. The tpathtls
analysis was performed considering the orebody intact rock properties repdréddaf. 1.

The orebody rock has an average uniaxial compressive strength of 159.20 MPa with a
standard deviation of 21.25 MPa. The fully sdmillars are squared with approximately 24

m width and 30 m height, yielding a W/H ratio of 0.8.

Figure2.18 summarizes the CSM pillar strengths for a wide range of W/H ratio scenarios

ranging from0.5t0 2.0 QVLGHULQJ HDFK RI WKH HPSLULFDO HTXDWLF
strength equation is marked in blue and ranges from values between 27.9 MPa for a W/H
UDWLR RI DQG 03D IRU D : + UDWLR RI 7TKH .UDX
marked in orangemal yielded values between 50.1 MPa for a W/H ratio of 0.5, and 68.9 MPa

for a W/H ratio of 2.0. The Lunder & Pakalnis formula is marked on gray and yielded
strengths between 49.5 MPa for a W/H ratio of 0.5, and a strength of 97.6 for a W/H ratio of

2.0. Asuming no discontinuities in the rock mass, the NIOSH pillar strength formula marked

in the dotted red line yields pillar strengths ranging between 31.3 MPa for a W/H ratio of 0.5,

and 47.5 MPa for a W/H ratio of 2.0. Finally, assuming the discontinuitytwase scenario,

the NIOSH strength formula marked on the discontinuous red line yields pillar strength

values ranging from 6.0 MPa for a W/H ratio of 0.5, and 37.7 MPa for a W/H ratio of 2.0.

JRU D : + UDWLR RI +HDGO\ *udn@hof36.3HWPY KRDANAHYV D SLC
6RGHUYY HVWLPDWHYVY D SLOODU VWUHQJIJWK RI 03D /X
VWUHQJIJWK RI 03D WKH 1,26+1V IRUPXOD ZLWKRXW GLVFI
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R 03D DQG WKH 1,26+ fig/dis€otiRutyD\WCH &stinkales a pillar
strength of 18.7 MPa.

Figure 2.18. Case Study Mine Pillar Strength Estimation Using the Headley & Grant, Krauland & Soder, Lunder
& Pakalnis, and NIOSH empirical formulae.

The NIOSH Pillar Strength formula only allows to account for the effect of one discontinuity
set at the time. DDF and the FF reportedrable2.9 were used to estimate pillar strengths

for each discontinuitget scenarioFigure2.19 shows the pillar strength values for each of
these scenarios. Th®F factor that affect the most pillar strength is the one calculated using
the properties of set 2 which correspond tlee sty dipping oblique joints. The effect of
discontinuity sets 3 and 1 are similar for pillars with W/H ratios between 0.5 and 0.8. For
pillars W/H ratios larger than 0.8, the LDF of set 1 has a greater effect on pillar strength than
VHW fV /') ToKtHe bedding plane (set 4) is the one that has the least effect in pillar
VWUHQJIJWK (YHQ WKRXJK EHGGLQJ SODQHYV /') KDV WKH Ol
this scenario will be selected as the case study mine (CSM) NIOSH pillar strehggh. T
selection is done based on the criteria that bedding plane is the largest and more continuous
fracture set in the rock maasd therefore is the one that controls the stability of the rock
mass
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Figure 2.19. Case Study Mine Pillar Strength Estimation Using the NIOSH empirical formula considering Case
Study Mine Discontinuity Set Properties.

From this analysis it is possible to observe that all pillar strength empirical equations yield
different results.. UDXODQG DQG 6RGHUTVY HTXDWLRQ LV WKH RQO\
The LunderPakalnis equation overestimafallar strengthin comparisorwith all the other
equations while the NIOSH strength equation assuming the WCS underestimates pillar
strengths. The NIOSH Pillar Strength formula is the only model that considers the effect of
discontinuities in pillar strength, therefore, is the only one that accounts for structurally
controlled instability in rock pillars. The equation that may be moredddr the CSM
considering the geographic location and the types of rocks used to generate the model is the
NIOSH pillar strength formula. In general, the main parameters to consider to estimate the
strength of pillars are the intact rock strength andgbemetry of the pillar. If further
numerical modeling is intended to estimate pillar strength on the case study mine, strength
values lying between 18.7 MPa, and 59.5 MPa would be expected for a W/H ratiolbf 0.8.

the NIOSH pillar strength equation idesgted as the most appropriate equation to estimate
pillar strength in the case study mine, for a 0.8 W/H ratio pillar the expected pillar strength
value is 32.68 MP&illar strength values presentedrigure2.19 will be used aseference

in future chapters to evaluate the performance of fractured pillar strength numerical models.
Numerical model will be able to account for the interaction between all discontinuity sets at
the same time.
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Since pillar geometry is constant in tb&se study mine, the only variable parameter while
estimating pillar strength is the intact rock UG&ble2.1 indicates that the intact rock UCS

iIs a parameter that has variability. Therefore, acknowledging that UCS is vangties

that the strength of the pillars should also have intrinsic variability. It is important to estimate
a range of possible values for pillar strength. If the intact rock UCS is assumed as a random
variable normally distributed with a mean value 6920 MPa, and a standard deviation of
21.25 as shown in equation 2.20, pillar strength can be estimated as a function of the UCS.

7%8 0:8,,; L SWlr /2=, L tsdw/2=; (2.20)

Since the only random variable in Equation 2.12 is the UCS, the mean value for each
empirical pillar strength equation can be estimated by evaluating each equation in the mean
UCS. Similarly, the standard deviation can be estimated by evaluating the tdG&asd
deviation on each empirical equatidrhis is possible due to that these equations are linear
and the result is the same as the one obtained using tharfiestapproximatiorifable2.10
summarizes the mean and standaediation values for each pillar strength estimation
formula.

Table 2.10. Pillar Strength Mean and Standard Deviation Estimations.

Pillar Strength [MPa]

Pillar Strength Formula Standard
Mean -

Deviation
Headl and Grant, 1972 35.29 471
Krauland & Soder, 1987 53.85 7.19
Lunder & Pakalnis, 1994 59.50 7.94
NIOSH, 2011 (No Discontinuities) | 36.09 4.82
NIOSH, 2011 (Worst Case Scenari¢ 18.71 2.41
NIOSH, 2011 (Case Study Mirget 4 32.68 4.36

Figure2.20shows the probability density functions for all empirical pillar strength equations
calculated based on the intact rock UCS variability. These values will be used in the
following section along with normal stress patility distributions from previous section to
estimate pillar probability of failure given current design conditions.
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Figure 2.20. Empirical Pillar Strength Probability Distributions for a 0.8 W/H ratio Pillar in the Case Study Mine
Using the Headley & Grant, Krauland & Soder, Lunder & Pakalnis, and NIOSH empirical formulae.

4 .3.Pillar Probability of Failure Estimation

In this section, values obtained from the preliminary stress estimation section will be
contrasted with those strength values obtained from the empirical equations. The reliability
analysis theory will be used to estimate pillar probability of failure considering the estimated
values for stress and strength. Results from this section widldgbas a reference to compare
results obtained from the Stochastic Discrete Element Modeling proposed methodology.

The reliability analysis method is a probabilistic risk analysis approach to analyze the
stability of engineering systems. Engineering systeare usually characterized by their
capacity to support certain loads, as well as by the loads these systems will be &xposed
throughout their service life. These capacity and demand parameters are not limited to
stresses, but also can refer to anyeotllesign parameter such as displacements,
deformations, seepage, amongst others. It is common for both capacity and demand loads to
not have a unique value, but rather to follow a distribution of multiple values. Even in some
situations, these values amlistributions can be uncertain. This method compares the
probability distributions of capacity and demand by introducing a limit state function that is
product of the difference between the capacity and demand distribution functions. The
statistical paranters (Mean and Standard Deviation) of the resulting function are estimated,
and a reliability index is calculated based on these statistical descriptors. The reliability index
indicates the distance between the average value of the limit state functids arititcal
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value. This value is proportional to the probability that demand will overcome the capacity
of the system. In other words, it defines the probability that the system will not perform
acceptablyBaecher & Christian2003)

In the pillar design context, a factor of safety is usually defined as the relation between pillar
strength and the normal stresses applied to it, as shown in Equation 2.21.
(B4 I (; agau f_ 1o

IcaBdexeae g

(2.21)

From this approach a limit state functic@can be defined as the difference between pillar
strength and pillar stress, as indicated in Equation 2.22.

Ckb;&50L 5 F & (2.22
Considering this limit state function, it is possible to define a failure set when the values for

pillar strength and stress yield negative values for the limit state function, as shown in
Equation 2.23.

(=E H QIN[BK5; 8,001 _ (2.23)

Similarly, a probability of failure can be defined as the probability for the function
Ckb, @85 oto take negative values, as defined in Equation.2.24

2y L 2:CkB;8500T; (2.24)

Given the limit state function, a reliability indexJ; can be defined as the ratio between the
mean value of the limit state function, and its standarétem, as shown in Equation 2.25.

uL-=2 (2.25)

(0]

The mean value of the limit state function can be found by simply evaluating the function in
the variables mean values, as:

L Ca,a; (2.26)

In the pillar design case, the mean value for the limit state function can be evaluated as
indicated in Equation 2.26.

aglag,Fa, (2.27)
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The variance of the limit state function can be found by using the first order second moment,
GHULYHG IURP WKH 7D\O RCKEE; vaduldd \x HA § BYUihRt)s R |

approximation, the variance of the limit state function can be calculated as shown in equation
2.27.

&® L @ C @& C (2.28)

Where, N tis the covariane matrix, and@; Cis a partial derivative vector o€ Equations
2.28 and 2.29 show how to calculate tRggand @ G respectively.

K « g 2.2
o
g:(@f%.
@ CL f(\)g( j (2.30)
084

For this particular problem, if it is assumed that the pillar strength is uncorreldkethe
pillar stress, the expression for the standard deviation for the limit state function can be
calculated as expressed in Equation 2.27.

&L §gglER,S® (2.31)

Additionally, if the pillar strength and pillar stress are normally distributed, the limit state
function is also normally distributed. In that case, the probability of failure can be directly
computed as:

20L5F014/&+5:GJ; (2.32
Where, NORMDIST denotes the cumulative standard normal distribution.

Considering already estimated probability distributions for pillar strength and pillar stress
from previous sections, the first order secona@nt reliability approach is used to estimate
pillar probability of failure in the case study minghis first order approximation to the
probability of failure uses the mean value and the second order information of the limit state
function, which is lessaccurate than a First Order Reliability Methdthis analysis is
performed at different levels of the mine by considering stress distributions measured at
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different pillar depths. Results are summarizedable2.11, where it igpossible to observe

that assuming the worst pillar stress scenario from the numerical models, the only pillar
strength equation that yields significant probability of failure values is the -casst
scenario of the NIOSH strength formula. The other p8laength estimations yield pillar
strengths that are able to withstand possible stresses around pillars.

Table 2.11. Pillar Probability of Failure Estimation for Different Levels of the Mine Considering Different
Empirical Strength Equations.

Normal Stress .
[MPa] Pillar Strength Model
Pillar
Level Headly | Krauland | Lund NIOSH
eadly raulan under NIOSH NIOSH
Standard and and and No
Mean . . . L CSM WCS
Deviation | Grant Soder Pakalnis | Disontinuities 2011 2011
1972 1987 1994 2011
1 6.16 0.29 0.000%| 0.000% | 0.000% 0.000% 0.003% 0.466%
2 7.34 0.36 0.000%| 0.000% | 0.000% 0.000% 0.000% 0.961%
3 8.59 0.66 0.000%| 0.000% | 0.000% 0.000% 0.000% 1.871%
4 9.22 0.54 0.000%| 0.000% | 0.000% 0.000% 0.001% 2.513%
5 10.34 1.11 0.000%| 0.000% | 0.000% 0.000% 0.001% 4.522%
6 11.19 1.54 0.000%| 0.000% | 0.000% 0.000% 0.004% 6.852%
7 11.66 1.66 0.000%| 0.000% | 0.000% 0.000% 0.011% 8.324%
8 12.90 1.10 0.000%| 0.000% | 0.000% 0.000% 0.008% 11.984%

It is worth noting that as discussed in the geomechanical aspects sethiere is a
considerable amount of uncertainty coming from the geotechnical information, and the
methods used to estimate both stresses and strength. Some examples regarding the
geotechnical model are the lack of knowledge of where rock samples wenre ftake
laboratory tests, or even the low amount of tested samples. The lack of stress measurements
is also another factor that provides uncertainty to these analyses. With regards to the analysis
methods used to estimate stresses and strength, it wasl@assilbserve that analytical
solutions difered from results obtained from 2D numerical modeling. With regards to pillar
strength estimation, it is evident that all empirical approaches provide different estimates for
pillar strength. Therefore, it is inpptant to evaluate solutions that enable to better
characterize the variability for these parameters.

In this preliminary assessment it was assumend that the pillagtstrand the pillar stress

were uncorrelated with each other. In real life, this agsiom may not be correct, since it

has been demonstrated that pillar confinement, due to greater W/H ratios, provide an increase
in pillar strength. In addition, the shear stress component has not been considered for these
analyses. It has also been disadsthat the presence of shear stresses have a negative impact
in pillar strengthGarzaCruz, Pierce, & Board, 2019)
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5. CONCLUSIONS

This chapter has presented the general geological, mining and geomechanical conditions of
the case study mine where a rlsksed pillar design methodology proposed in Chapter 1 will

be tested. The general mining conditions and methods are described. A description of the
geomechanical conditions of the mine are discussed, including intact ropkriees,
structural and stress setting, and rock mass mechanical properties. This information was
considered to perform a preliminary pillar stability assessment in the case study mine. The
stability assessment was performed by implementing the relyadnilalysis approach, based

on the estimation of statistical distribution for both pillar stress and strength. Results from
this preliminary assessment will be considered to compare and validate results from the
proposed pillar design methodology. Thedeling conclusions can be made after reviewing

this chapter:

X The case study mine extracts a dipping deposit with a room and pillar mining method
with eventual stoping. The stopes are supported by squared 24 m wide ankidi®
pillars. The main failure méanism observed in the case study mawhe structurally
controlled instability worsened by the presence of karst features. Ny matability
problems have been observed in the case study mine pillars.

x Preliminary geotechnical information was dis@gsn this chapter. Even though, the
case study mine counts with geotechnical information, there is still a high level of
uncertainty in important components of the geotechnical model relevant for pillar design.
Therefore, the usage of riddased design ni@ods is recommended in order to address
existing uncertainty.

x Pillar design is a process that requires the integration of multiple design methods,
analytical, empirical, and numerical. A preliminary evaluation of pillar conditions in the
case study minmdicates that even though these methods yield similar results that agree
with each other, therare limitationsand assumptions associatectérh method.

x Reliability analysis can be used to estimate pillar probability of failure with current
conditions A series of significant assumptions were made to implement this method.
Therefore, it is important to refine these models and evaluate the validity of such
assumptions to ensure the validity of the analyses.

X Results from the reliability analysis agreghnthe observed conditions in the mine where
no pillar has failed under current design conditions. This could be attributed to the usage
of the tributary method to estimate pillar stresses, and conservative pillar strength
equations, which produce neglg probabilities of failure. Results obtained from this
analysis are useful to compare the proposed pillar design methodology.
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Chapter 3 Pillar Strength Estimation Using an StochasticDiscrete
Element Modeling Approach?

1. INTRODUCTION

This work proposed a sbased pillar design methodology that integrates laser scanning for
discontinuity mapping and rock mass characterization, stochastic discrete element modeling
for pillar strength estimation, and finite volume numerical modeling for stress estimation.
The methodology will be implemented in a case study mine, which mining and
geomechanical conditions were discussed in Chapter 2. A preliminary pillar design
assessment was also performed in the previous chapter. This analysis integrated a series of
empirical,analytical and numerical approaches to evaluate current pillar conditions. A series
of probability distributions were estimated for both pillar stress and pillar strength, and the
pillar probability of failure was calculated using the reliability analysgthod. Preliminary
analysis results will be used to compare the suggestetdagsd pillar design methodology.

Prior to conducting the stochastic discrete element modeling for pillar strength estimation, it
is important to ensure the selected numenwadieling approach provides reasonable results.
Numerical modeling results are expected to represent not only failure mechanisms occurring
in discontinuity affected pillars, but also yield pillar strength values that agree with already
reviewed empirical séngth equationsThis chapter discusses numerical modeling in the
context of pillar design in underground mines. A series of numerical modeling approaches
are explored to identify the most appropriate method in terms of strength estimation and
failure medanisms replication.

The first section reviews the application of numerical modeling for pillar strength estimation
considering the effect of discontinuities. A series of modeling approaches using the Discrete
Element Modeling (DEM) method are discusset;luding the bonded block modeling
approach. This review also introduces the Msdtale DFNDEM modeling approach
proposed by Wang & C&j2020)

The secondextion presents the methodology used inchapterto defire the most adequate
discrete element modeling approach to represent pillar failure in the particular case study and
evaluate the effect of discontinuities on pillar strength variability. This methodology includes
the definition of discrete fracture netwsrto be used in the simulations, the selection of the
most adequate modeling approach using the discrete element method, the calibration of the
selected model, a sensitivity analysis of the parameters used in the selected approach, and the
estimation of tle pillar strength and its variability due to the presence of discontinuities.
Results obtained in this section will be used in the following Chefmiezvaluatehe effect

2 This chapter is tbe submitted as a staatbne journal paper in tHaternational
Journal of Mining Science and Technology.7 KH SDSHU ZDV HQWLWOHG 33LOOI
(VWLPDWLRQ 8VLQJ D 6WRFKDVWLF 'LVFUHWH (OHPHQW ORG
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of discontinuities omillar strengthvariability and estimate pillar probabilityf €ailure in the
case study mine

2. BACKGROUND

2.1.Numerical Methods for Pillar Design

Numerical methods are computational simulation techniques to solve complex problems.
Theseapproachksdiscretize a continuous system with infinite degrees of freedanaifmite
number of small elements whose behavior can be approximated by simple mathematical
descriptions with finite degrees of freeddding & Stephansson, 2007kach of these
elements must satisfy the governing equatidrisemodel, such as, the equations of motion

for systems of rigid or deformable bodies. Problems related to stress and deformation of
bodies subjected to either static or dynamic loads can be solved using this approach.
Numerical Solutions have been broaly used in rock engineering to study fundamental
processes occurring in rocks and for designing structures interacting with rock (Birsses

2006) Particularly, it has been used in underground mine pillar design. Tieetw@main

uses of numerical modelling in pillar design, the first one is to estimate the stresses acting on
the pillars, and the second one is to evaluate failure mechanisms in the pillar given a
constitutive model to predict material faill{leunder J. , 1994)

There are two main types of numerical models, continuous and discontinuous. The selection
of the most adequate numerical approach to simulate the behavior of the pillar or the
excavation, will depend on the overall bgfor of the rock mass under excavation. which
could be either CHILE (continuous, homogeneous, isotropic and linearly elastic) or DIANE
(discontinuous, inhomogeneous, anisotropic andeaiastic) (Hudson & Harrison, 2000)

Figure 3.1. summarizes the cases for when either continuous or discontinuous numerical
modelling are used in rock engineering design. Usually, continuous methods are used either
when the rock material is either completely intact arglh@adefects; when there are just a

few main planes of weakness; or when the rock mass is so highly fractured that its behavior
can be assumed equivalently continuous. Discontinuous modelling is usually used when there
are a few main discontinuities whicbuld cause instability or when the failure in the system

is manly governed by the orientation, persistence, size and strength of the discontinuities
(Structurally controlled failure mechanism).
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Figure 3.1. Suitability of different numerical methods for analysis depending on the rock mass structure. a)
Continuous methods +Continuous rock mass; b) Both continuous and discontinuous methoddRock mass with a
few main discontinuities; c) Discontinuous methodsRock masses with at least three well defined discontinuities; d)
Continuous methodstHighly fractured rock mass behaving as a equivalent continuous body. Modified aft¢Brown,
1987)

If there is interest on the detailstbese numerical methods detailed information can be found

in Jing & Hudson2002)and in Jing & Stephanss@¢®007) The following section presents

a series of works where these twgpeoaches have been used either to estimate stresses
applied to pillars in underground mine environments or to estimate the strength of these
structures.

2.1.1. Continuum methods

Esterhuizen & Ellenber(R007)used the twalimensional finite difference software FLAC

2D to determine the effect of weak bands in pillar strength in underground limestone mines.
They found that the bearing capacity of pillars can be significantly reduced by the presence
of weak bands. The compressistrength, the frictional resistance and the thickness of the
weak bands showed to have a significant impact on the degree of strength reduction. Also,
they showed that an increase on pillar width to height ratio diminishes the weakening effect
of the bads. The type of failure observed on the simulations were comparable to those
mechanisms observed in mines presenting such weak (isstdshuizen & Ellenberg, 20Q7)
Dolinar & Esterhuizer{2007) used the finiteszolumecode FLAC3D to evaluate the impact

of length on the strength of pillars. They performed a parametric study where the variation
of pillar length and constitutive model (bilinear brittle Maboulomb, MohfCoulomb and
ubiquitousjoint) for different width to height ratios was evaluated. From these models they
developed equations to estimate the increase of strength with height and length, which were
compared to previously existing empirical equations for empirical pillars. Slpitides with
width-to-height ratio between 0.5 and 1 presented little increase in strength for-tength
width ratios above 2. Those with a W:H ratio less than 0.5 presented no increase in the
strength by increasing length. On the other hand, pillars WitH ratio greater than 5.0
(squat pillars) presented a significant increase of strength with increase on pillar length
(Dolinar & Esterhuizen, 2007Esterhuizen, Dolinar, & Ellenbergé2007) evaluated the

effect of benching around pillars on pillar stress distribution and stability. They used the
boundary element software examine 3D to determine change on pillar load due to benching
and FLAC3D to determine the pillar strength during difféstages of benching. They found

that not only pillars reduce their strength as the benching progresses but also that these pillars
shed load onto the neighboring pillars due to its reduced stif{esssrhuizen, Dolinar, &
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Ellenberger, 2007)RadietRenani and Martin proposed a cohesion weakening and friction
strengthening model to simulate progressive failure of hard rock pillars in FLAC3D. Their
proposed approach was validated by comparing results with 85 case saudywiilich were
successfully classified into stable and unstable/failed p{lRaferRenani & Martin, 2018)

Jessu & Spearin@018)evaluated the effect of discontinuities on an inclindampstrength.

They used FLAC3D and obtained that discontinuities had a significant effect on the pillar
strength with the increase in the inclination of the pillar, even when the width to eight values
where highefJessu & Spearg, 2018)

2.1.2. Discrete methods

Esterhuizen(2000) used the discrete element modeling software UDEC to evaluate and
measure the effect of discontinuities and width to height ratios in pillar strength. He found
that as wdth to height ratio increases in pillars, the weakening effect of discontinuities is
reduced. He also concluded that the orientation relative to the loading direction and the width
to height ration should be considen@stehuizen G. , 2000)Even though, he was one of
WKH ILUVW DXWKRUYVY FRQVLGHULQJ H[SOLFLW GLVFRQWLQ>
details such as fracture persistence, possible rock bridging, and the natural randomness of the
fractures weg not considered. EImo & Ste&2010)used a hybrid Finite Element Method /
Discrete Element Method (FEM/DEM) model called ELFEN along with Discrete Fracture
Networks (DFNs) to simulate the behavior of slender fractivad rock pillars. This
approach allowed them to investigate mechanical processes such as the interaction between
newly generated and pexisting fractures and capturing the subsequent displacement and/or
rotation of independent blocks. They also congidehe natural variability of discontinuities

in rock by using DFNs to simulate the structure of the rock mass. They concluded that the
strength of slender pillars is predominantly influenced by naturally occurring fractures, and
that slender pillars areapticularly highly sensitive to the presence of inclined discontinuities
(Elmo & Stead, 2010Zhang, Stead, & EIm{015)used a synthetic rock mass approach

by integrating DFNs within # Particle Flow Code 3D (PFC3D) from ITASCA to evaluate

the peak strength and pgstak strain softening properties of a series of jointed pillars. They
found that the strength of the pillars presents-ay UDSH ZLWK UHVSHFW WR WK
orientation;and that the peak strength is affected with an increase of the joint size. They also
concluded that post peak behavior of a pillar will strongly depend on the orientation and size
of the fractures. They showed that a pillar with vertical joint sets angddosistence presents

a brittle postpeak behavior, whereas a pillar with inclined fractures of higher persistence
would indicate a ductile pogteak behaviorZhang, Stead, & Elmo, 2015)azaios,
Vlachopoulos, & Diederich@017)present a methodology to simulate moderately fractured

and highly interlocked rock masses. They describe and give details of all the stages that
should be considering when dealing with this sort of rock masslesling discontinuity and

data colleciton using LIDAR, discrete fracture network generation and numerical simulation.
They state that the integration of these different technolqgi®ades better insight and
understanding of the behavior of the rock maisder study, eventually leading to a more
efficient design and optimizatidivazaios, Vlachopoulos, & Diederichs, 201Muaka et al.
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(2017)presents a case study where the abueationed rethodology was used to evaluate

and estimate the strength of a fractured pillar intersected by-flddyshear structure. The
authors state that the numerical models they presented are still in their infancy and that further
refinement is required. Aesies of uncertainties are highlighted by the authors including the
dependency of the model of certain parameters such as the loading velocity, the size of the
Vornoi tessellation elements and the damping type and magnitude. They conclude that even
thoughthere is some uncertainty assoethto the UDEC models, the failure mechanisms on

the pillar of interest were successfully modelled indicating that not only this approach can be
used to understand underlying mechanics but also it can be used to evapmig s
alternativegMuaka, et al., 2017)

2.1.2.1.Bonded block method

The bonded block method (BBM) is a derivation of the discrete element method in which the
body of interest is discretized into small polyhedral or tetrahedemhents. Each of the
elements composing the geometry are independent blocks bonded to their neighbors by
contacts. When the shear or tensile strength of the contacts is surpassed by the stresses, the
contact is broken enabling relative displacement betie=neighbor blocks. This approach
mimics the fracture growth, propagation and coalescence process that occurs in intact rock
material(GarzaCruz, Pierce, & Board, 2019n this method the intact block properties can

also be defined as either elastic or inelastic, by zoning each individual block and defining a
specific constitutive modé€B5inha & Walton, 2020)

Figure3.2 demonstrates the bonded block (BB) maakdting. In this case, Sinha & Walton
evaluated the compressive strength of a granitic rock at laboratory scale considering a
multigrain approacli2020) Each colored grain represented a mineral grain composing the
laboratory sample, and is represented by an independent polyhedral block that is surrounded
by neighboring blocks. Contacts between blocks are characterized by shear and tensile
strength properties, and normal and shear stiffnesses. At the same time, eaddhaindiv
polyhedral block is discretized into zones. These zones are also characterized by a series of
mechanical properties depending on if they are assumed either elastic or inelastic. The
mechanical behavior of the tested sample and its post failure bekéllidepend on the
parameters defined for both contacts and zones.
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Figure 3.2. Bonded Block Model Setting Explanation taken from(Sinha & Walton, 2020)

Different authors &ve used the BBM in both laboratory and field scale settings to evaluate
rock material failure. Sinha & Walton upscaled laboratory calibrated 2D BB models to 8 m
mine pillar scale samples to evaluate if laboratory calibrated properties could reprodlce fiel
scale pillar behavio2018) They found that a single set of migearameters fails to
reproduce pillar behavior for different W/H ratios, and that further calibration for each
situation is required. GarZaruz, Piere & Board evaluated pillar design conditions at a
dipping underground mine by integrating pillar scale BB models and mine wide FLAC3D
simulations(2019) They calibrated 2D BBMs to match pillar performance in the dasly s

mine. The calibrated pillar BB models were used to evaluate the effect of shear loads and
pillar geometry on pillar strengths. A series of stability charts were designed, and used to
evaluate minavide pillar stability as function of the pillar geometind loads applied to the
pillars. Sinha & Walton studied the complexity of the BBM by evaluating how the selection
of different model representations could impact modeling results when simulating laboratory
scale granitic sampl€2020)

2.1.2.2 Multi -scale DENDEM approach

A Discrete Fracture Network (DFN) is a 3D geometric representation of a discontinuity set
observed on the fiel@Pierce, 2017)DFNs can be integrated with discrete elenmemerical
models to generate computational fractured rock mass models for subsequent stability
analysegVazaios, Vlachopoulos, & Diederichs, 201DEM results depend on the adequate
selection of an appropriate DFN model tteefively resemble fractured rock mass behavior
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DW WKH SUREOHPTY VFDOH +RZHYHU VLPXODWLQJ H[SOLFI
rock mass is usually untenable due to that computationally expensive models are generated.

Acknowledging these calitions, Wang & Cai proposed a mutitale DFNDEM approach
composed of two main elements: 1) The first one is the usage of DFN models of multiple
scales to consider discontinuities of filtered size ranges, and 2) the second one involves a
properties homagnization process for the fractured rock mass to provide equivalent
continuum properties to account for the effect of the filtevetddiscontinuities in the intact

rock (2020) The authors states that this novel appnoac useful in large scale rock
engineering problems for representing fractured rock mass failure mechanisms while
VLPSOLI\LQJ PRGHOYfV FRPSOH[LW\ DQG UHGXFLQJ FRPSXWL.
simulate fracturing zones (Highly Damaged Zone, ExtaneDamaged Zone, Excavation
disturbed Zone) around a tunnel in an underground research facility in Sweden, obtaining
reasonable results, as showrigure3.3.

Figure 3.3. Application of the Multi -Scale DFNDEM modeling approach to simulate fractured zones around a
tunnel in an underground research facility in Sweden, afte{Wang & Cai, 2020)

3. METHODOLOGY

This FKDSWHU YV tdeiX Vb fNé/ lhest rhadd&ling approach to simulate fractured pillar
strength while replicating the failure mechanisms observed in the case study mine. Results
from this section will be used to evaluate stochastically the strength of pillars in order to
chaacterize the effect of discontinuities variability on pillar strength. This section describes
the methodology used to define and select the modeling conditions to be used in following
chapters. The methodology illustratedrigure 3.4 is comprised of five steps: 1) Discrete
Fracture Networks definition, 2) Fractured Pillar Modelling Approach Selection, 3)
Calibration of the Fractured Pillar Model, 4) Sensitivity Analysis on the selected modeling
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approach, and 5) &hastic Discrete Element Modeling. The following sections describe
each of the elements mentioned.

Figure 3.4. Methodology for determining best modeling approach for stochastic pillar strength estimation.

3.1.Discrete Fracture Network Definition

Structural data obtained from laser scanning and virtual discontinuity mapping introduced in
Chapter 2vas used to define discrete fracture network models for each discontinuity set. Due
tothe scale of the pillars a mukicale DFN approach was used to simplify the fractured pillar
simulations in 3DEC in order to reduce complexity and processing times during the
simulations while still capturing the effect of the most significant featutgs.wWas done by
defining two DFN modelsThe first scale DFN considered all mapped discontinuities, and
was referred to as Dense DFN. The second scale DFN was referred to as Filtered DFN and
only considered those fractures larger than 2 m or approxinigély the width of the case
study mine pillars. For each DFN scale model orientation, trace length, and spacing
properties were defined in order to obtain statistical distributions for each parameter of each
discontinuity set. These statistical distribusomere used to generate fractured rock mass
models in 3DEC for subsequent numerical modeling. Each scale DFN was used for different
purposes. The Dense DFN was used in the fracture pillar model calibration through the
synthetic rock mass multiscale DADEM approach. Whereas, the filtered DFN was used to
explicitly simulate the fractures in the fidtale pillar models.
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3.2.Fractured Pillar Modeling Approach Selection
The Discrete element modeling software 3DEC from ITASCA was used to simulate the
fractured pilar failure to determine ultimate pillar strendfifASCA, 2016) This section
evaluated three different approaches: The initial approach considered a pillar intersected with
the filtered DFN, and with elastic intact rock bleckhe second approach considered a pillar
intersected with the filtered DFN, and with Me@oulomb elastiperfectly plastic intact
rock blocks. The third approach used the bonded block method to simulate intact rock
material. Two simulations were perfoech with the third approach: one without
discontinuities and a second one considering them by cutting the model with the filtered
DFN. The BBM without discontinuities represented a pillar sized intact rock sample, and the
BBM with discontinuities represertte fractured pillar.

Each simulation consisted of a 30 m high and 24 m wide squared pillar. The top and bottom
of the pillar were fixed in the x and y direction. Velocity boundaries with a magnitude of 0.1
m/s were applied on top and bottom of the ptilesimulate the uniaxial compression. Lateral
faces of the pillar were unrestrained, allowing displacements on the X, y, and Ziguis.

3.5 summarizes the model set up. A FISH Function was written to map vertical stress and
displacement on the pillar through the simulation. These aiisgkacement curves were
used to estimate pillar ultimate strength, and deformation modUdinte 3.1 summarizes

the intact rock and discontinuity properties used &mhetested modeling approach.

Figure 3.5. Pillar Model Setting and Boundary Conditions
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Table 3.1. Intact Blocks and Discontinuities Properties for Each Modéhg Approach.

Modeling Approach
Parameter Elastic Plastic Bonded Block
Intact Blocks Intact Blocks Intact Blocks
I . Mohr-Coulomb BBM - Elastic
Constitutive Model Elastic ElastoPlastic Blocks
Density [ton/m3] 2.7 2.7 2.7
E [GPa] 64 64 64
0.22 0.22 0.22
¢ [Mpa] - 32 -
T[] - 41 -
o[°] - 35 -
BBC kg, [GPa/m] - - 20000
BBC k, [GPa/m] - - 12000
BBC 1 [°] - - 30
BBC c [MPa] - - 60
Discontinuities Discontinuities Discontinuities
fp, [GPa/m] 30 30 30
fp, [GPa/m] 300 300 300
T1°] 30 30 30
c[MPa] 0 0 0
Notation:
( <RXQJYV (GPgXOXV &: Dilation Angle P]
3 RLVYVLR[Qifgnkddlegs] R fp,: Joint Normal Stiffness [GPa/m]
c: Cohesion [MPa] fp; Joirt Shear Stiffness [GPa/m]
1: Friction Angle [] BBC: Bonded Block Contact

The three modeling approaches were compared and evaluated based on the resuliing stress
displacement curves for each simulation and failure observations of each pillar model. UCS
DQG <RXQJTV re eoepu@XixonZtHe curves and compared with intact rock values
and empirical estimations describeddhapter 2 For the compressive strength comparison,
obtained values were contrasted with intact rock strength values, eanalties obtained

from pillar strength empirical equations presenteBigure2.18 6 LPXODWLRQVY GHIRUF
moduli were compared with intact rock values, and the rock mass modulus derived from the
Generalized HoeBrown failure citeria reported onTable 2.3. The most appropriate
modeling approach was selected based on the capabilities of the approach to represent
structurally controlled failure, as well as providing strength and deformational values
agreéng with those discussed in Chapter 2.

3.3.Fractured Pillar Model Calibration

In this step preliminary simulations obtained from the selected modeling approach are to be
calibrated so pillar strength results are within reasonable levels. Two calibratioacmso
were considered in this section. The first method was referred to as the Synthetic Rock Mass
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Multi-scale DFNDEM approach. A second approach used the NIOSH empirical strength
formula to calibrate intact pillar strength. A calibrated intact pillar ehedhs then subjected

to fracturing by cutting the model with the Filtered DFN. The following sections describe
each of the calibration approaches used.

3.3.1. Synthetic Rock Mass Multiscale DENDEM approach for pillar strength calibration

The multiscale DFNDEM approach proposed Wang & Cai(2020) was evaluated as a

tool for calibrating pillar strength. The first step of this approach consisted in defining the
multi-scale DFNs as described in tBescrete Fracture Network Definitiosection of the
methodology.The Dense DFN model was used for the homogenization of the intact block
properties. This process consisted of deriving equivalent continuum properties for the intact
rock blocks by considerg all size discontinuities using the representative elementary
volume (REV) concept. The REAS illustrated inFigure3.6 is the volume of rock at which

the variability of certain rock property is significantly reduced as thawelkeep increasing.

In this section the representative elementary volypnopertes (PREV) of interest vere
compressive strength and deformation modulus.

Figure 3.6. Representative Elementary Volume ConcdgWang & Cai, 2020)

The Dense DFN model was used to geneltatdifferent DFNrealizations. For each DFN

realization ten progressively increasing volume rock samples were tested in com@gssion
illustrated inFigure 3.7. The tested volumes ranged betweer? 1n500 ni. The stress

displacement curve for each tested sample was collected, and the compressive strength and
deformation modulus were calculatddeasured properties were plotted against sasipée

using boxplots. The boxplots showed the distribution for each parameter at each tested
volume using each DFN realizatidmgarithmic functions were fitted using the maximum

and minimum property values for each volume to define upper and lower fonitee

homogenized property. The average property was estimated by assigning weights to each
YROXPHYV PHDQ SURSHUW\ HVWLPDWH DFFRUGLQJ WR HDFk
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estimates with lower standard deviations had a greater effect in thepmugranty value.
Results from these estimations were used to represent the bedragemted inFigure3.6.

Figure 3.7. Stochastic DFN realizations to evaluate #heffect of discontinuities on rock properties due to sample
scale.

Results from these simulations were used to deforedgenized propertig€€ompressive
Strength and Deformation modulu§jesulting valuesvere used to calibrate the bonded
block intact pilar model. For this, bonded block contact parameters were adjusted until pillar
strength deformation curve matched the deformation modulus and compressive strength
obtained in the homogenization procésgure3.8 shows thealibration process for an intact

pillar being calibrated to intact rock properti§&able 3.2 summarizes the bonded block
contact properties change during the calibration pro&@sse the intact pillar properties

were calibrated, # effect of discontinuities in pillar strength were evaluated by cutting the
intact pillar model with the Filtered DFN Model. Results from this simulation were run
several timesllowing variation of the simulation seed numi@rdetermine the effect of
diVFRQWLQXLWLHVY UDQGRPQHVV LQ.SLOODU VWUHQJWK YD

Figure 3.8. Bonded Block Contact Properties Calibration Process.
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Table 3.2. Bonded Block Gntact Properties Obtained During Calibration Process.

Run | Density | Young Poisson | Edge Jkn Jks Phi | Cohesion| Tensile Young ucCs
[kg/m3] | Modulus | Modulus | length | [Gpa/m] | [Gpa/m] [°] [Mpa] Strength | Modulus | [MPa]
[Gpa] [m] [MPa] [Mpa]

Run1.2| 2700 64 0.22 0.037 1000 600 45 40 17 19790.86| 145.24
Run2 2700 64 0.22 0.037 20000 12000 45 40 17 57170.00| 344.72
Run3 2700 64 0.22 0.037 20000 10000 45 40 17 56633.61| 255.03
Run4 2700 64 0.22 0.037 10000 600 45 40 17 29940.47| 167.55
Run5 2700 64 0.22 0.037 20000 600 45 40 17 31081.48| 178.75
Run6 2700 64 0.22 0.037 20000 600 45 60 17 32094.18| 224.42
Run7 2700 64 0.22 0.037 20000 600 50 40 17 31586.78| 259.92
Run8 2700 64 0.22 0.037 | 20000 12000 30 40 17 57109.83| 114.00
Run9 2700 64 0.22 0.037 | 20000 12000 30 50 17 57083.64 | 137.62
Run10 | 2700 64 0.22 0.037 | 20000 12000 30 60 17 57081.66 | 161.54

3.3.2. Pillar Strength Empirical Equations as a Means for Pillar Strength Calibration

The second alternative for pillar model calibration used the NIOSH empirical pillar strength
formula introduced irChapter 2as the means fauillar strength calibration. An intact pillar
was simulated using the BBEpproach BB contact parameters were calibrated until intact
pillar strength matched the NIOSHIIBI Strength assuming no discontinuities. Parameter
calibration was performed for different width to height ratios including 0.5, 0.8 anéifte0.

the intact pillar model was calibrated to the NIOSH intact pillar strength values, the filtered
DFN modelwas used to cut through the intact pillar maated evaluate the effect of explicit
discontinuitieson pillar strength Results from this strength estimation approach were
compared with values obtained using the NIOSH pillar strength formula considericastn
study mine discontinuities.

3.4.Sensitivity Analysis on Selected Modeling Approach

A series of tests were performiadhe selected modeling approdolevaluate howdifferent
modeling parameters would affexmpressive strengtiesults Samples wee squared intact

pillar samples formed with elastic bonded blodks:. these tests some modeling parameters
remained fixed while other parameters were varied. Some of the parameters that were
evaluated included pillar width to height ratio, bonded blatdedength, and discontinuity
strength propertiesSamples were tested in uniaxial compression using the same boundary
conditions indicated ifrigure3.5. For all tests stresgisplacement curves were extracted and

the processingrhes were reported.

To explorethe effect of pillar width to height ratio on modeling resultsplume of 1.419

m® was maintained fixed and width to height ratios of 0.5, 0.6, 0.8, and 1.0 were evaluated.
The width of the sample was calculated using Eqoa3.1, and the height was obtained
dividing sample width by the W/H ratio. Bonded block contact properties were held constant
with a joint normal stiffness of 1000 GPa/m, a joint shear stiffness of 600 GPa/m, a cohesion
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of 40 MPa, and a friction angld 45°. The bonded block edge length was definetiC® of
the samplewidth.

sL's2" 3.1)

The effect of boded block size was explored by allowing variation in bonded block edge
length. In this test, the 1.471Fand 0.8 W/Hratio sample was used as the referenodeh

The based model considered a bonded block edge length of 10% the pillar width. Two other
simulations were tested considering edge lengths of 8%, and 6% times the sample width.
Bonded block strength properties were also remained unchanged and ussainthe
properties of the previous test.

Finally, the effect of discontinuity strength properties on fractured pillar strength was
analyzed. In this test a 0.8 W/H elastic bonded block pillar calibrated to the NIOSH Empirical
intact pillar strength was usédr the analysis. The pillar was intercepted with the Filtered
DFN model using a fixed random seed number. Three sets of discontinuity strength
properties were defined based B EVHUYDWLRQV IURP WKH FDVH VWXG\ P
experience in eastetonited Statesnining operations(Kurre & Walton, 2020) A normal
discontinuity strength was defined as the base discontinuity strength value considering no
cohesion and a friction angle of 3@ weak discontinuity scenario esidered a 0.01 MPa
cohesion, a friction angle of 15°, and a residual friction angle of 5°. Finally, a strong
discontinuity scenario assumed a 0.048 MPa cohesion, a 40° friction angle, and a 30° residual
friction angle.Table3.3 summarizes discontinuity properties, where joint shear and normal
stiffness was set in all scenarios as 30 GPa/m, and 300 GPa/m, respectively.

Table 3.3. Discontinuity Strength Properties for Sensitivity Analysis.

Scenario Discontinuity Strength Properties
C [MPa] Phi [°] Phi residual [°] Jks [GPa/m] | Jkn [GPa/m]
Normal Strength 0 30 30 30 300
WeakStrength 0.01 15 5 30 300
StrongStrength 0.048 60 40 30 300

3.5.Stochastic Pillar Strength Estimation

Resultdrom bothpillar strength calibration methods were compared with expected empirical

pillar strength values. The method that provided values within the expected empirical pillar
strength results was selecté@mhce the intact pillar properties were calibdibr the selected

method the effect of discontinuities in pillar strength were evaluated by cutting the intact

pillar model with the Filtered DFN Model. Fiftediltered DFN realizations were run to
HYDOXDWH WKH HIITHFW R G LpilarRieigth Qaxiabivty. R&sGItSSOQ GRP QH YV
this simulation were run several times allowing variation of the simulation seed number to
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Resultsfrom this section wi be presented and discussedinapter 5

4. RESULTS

This section presents the results obtained on each step described in the methodology for
determining the best modelling approach for stochastic pillar strelegermination.

4.1.Discrete Fracture Network Model

Discontinuity trace lengths of mapped discontinuities ranged from 0.1 m up to 13.6 m.

Dense DFN model was defined using rathppeddiscontinuities. This model was used to

derive the homogenized propestitor the intact rock blocks in the model calibrated using

the synthetic rock mass multiscale DIENEM approach.Figure 3.9.a) presents all the
discontinuities that were used to generate the dense DFN model. A top view of the
excavaW LRQV DQG DOO WKH PDSSHG GLVFRQWLQXLWLHYV DUH
stereographic analysis. A total of 430 discontinuities were used to define the discontinuity

sets for this model. Orientation, trace length and spacing statisticaulistnis were derived

for each discontinuity set on this modEhble3.4 summarizes the results of these parameters

for each discontinuity set.

Figure 3.9. Comparison between alinapped discontinuities and those larger than 2 m. a) Top. Top view of the
tunnels with all fractures, and Bottom. Stereographic analysis of all mapped discontinuities. b) Top. Top view of
the tunnels and discontinuities larger than 2m, and Bottom) Stereogphic Analysis of the subsampled
discontinuities.
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A Filtered DFN model was defined to reduce the amount of explicit discontinuities in the
fractured pillar modelsFigure 3.9.b) shows only those discontinuities larger than 2m used

to generate this DFN model. The figure shows on top the fractures overlaid with the tunnels
and at the bottom the stereographic projection of these subset. The amount of discontinuities
was reduced from 430 to 149 after filtering down the dataTsdile 3.4 compares the
orientation, size and density distributions for each discontinuity set on the filtered DFN
model with respect to the Dense DFN modéle exact same discontinuity sets are obtained
after filtering smaller discontinties.

Table 3.4. Comparison between statistical distributions of properties for the dense fracture network and filtered

fractures larger than 2m.

Dense DFN
PARAMETERS s1 S2 s3 S4 (Bedding
N=157 N=127 N=97 N=45
< Dip [°] 88 68 75 29
"5 Dip Direction [°] 255 348 21 144
c
% K (Fisher) 103.9 102.4 69.5 197.3
Distribution Log-normal Log-normal Log-normal Log-normal
(]
-UN) Mean 0.353 0.318 0.018 0.78
Standard deviation 0.659 0.772 0.749 0.934
Min=0.18
% Number of fractures per unit lengt Normal Q1=0.576 Normal Normal
g of sear i (‘;,10) g p=1.011 Median=1.18 §=0.928 p=0.941
[a) 1 Q3=1.577 1 1
Max=1.883
Filtered DFN
PARAMETERS S1 S2 S3 S4 (Bedding)
N=59 N=48 N=20 N=22
5 Dip [°] 88.64 69.60 77.07 28.88
% Dip Direction [°] 253.32 345.77 22.8 144.42
5 K (Fisher) 74.11 52.65 103.09 308.04
Distribution Log-normal Log-normal Log-normal Log-normal
(]
& Mean 1.113 1.342 1.136 1.603
Standard deviation 0.298 0.421 0.265 0.497
Min=0.153 Min=0.095 Min=0.054 Min=0.097
2 . Q1=0.352 Q1=0.278 Q1=0.273 Q1=0.271
2 | Number of fractires (F;elrol;”'t lengtl  \ledian=0.498 | Median=0.452 | Median=0.318 | Median=0.338
a Q3=0.685 Q3=0.606 Q3=0.370 Q3=0.436
Max=0.978 Max=0.999 Max=0.837 Max=0.483

The values reported ihable 3.4 were used to generate the two DFN models, which were
later used to generate fractured rock mass models in 3BB@e3.10 a) and b) show the
dense DFN and the resulting fractured rock mass model after cutting a 20 m x 2Dm x 2
block in 3DEC, respectively. Wheredsgure 3.10 ¢) and d) shows these results for the
filtered DFN. It is possible to observe that the dense DFN generates blocks with smaller sizes
than the ones obtained from cutting the klagth the filtered DFN.
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Figure 3.10. a) Dense DFN model, b) Fractured rock mass model generated from the dense DFN, c) Filtered DFN
model, and d) Fractured rock mass model generated from the filtered DFN.

4.2 Modeling Alternatives Results

Three different approaches to estimate pillar failure using a discrete element numerical
modeling were evaluated. The initial approach considered a pillar intersected with the filtered
DFN, and with elastic intact rock blogkshown inFigure 3.11.A). The second approach
considered a pillar intersected with the filtered DFN, and with Motulomb elastie
perfectly plastic intact rock blocks, shownkigure3.11.B). The thirdapproach used the
bonded block method to simulate intact rock material. Two simulations were performed with
the third approach: one without discontinuities and a second one considering them by cutting
the model with the filtered DFN. The BBM without distiomities represented a pillar sized
intact rock sample, which its properties were calibrated to the intact rock properties, shown
in Figure3.11.C). The BBM with discontinuities represented a fractured pillar as shown in
Figure3.11.D).
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Figure 3.11. Modeling Approach Comparison Results A) fractured pillar with elastic intact rock blocks, B)
fractured pillar with Mohr -Coulomb elasticperfectly plastic intact rock blocks, C) Intact Pillar with bonded block
method, D) Fractured pillar with bonded block method.

Figure3.12 summarizes the axial stress vs. axial displacement results for each pillar strength
modeling approach evaluated. DPIGGLWLRQ <RXQJYV PRGXOL DQG SHDN \
are reported ifTable3.5. Results obtained from these simulations were compared with intact

rock properties, rock mass properties, and pillar strength empirical formtriaduiced in

Chapter 2.

The green stresdisplacement curve marked as A shows the results for the fractured pillar
considering elastic blocks. This model is able to adequately represent the structurally failure
mechanism occurring in fractured pillars.idtpossible to observe the opening of existing
discontinuities, and the displacement and rotation of rock blocks, as shBignie3.11.A).

7KLV VLPXODWLRQ \LHOGV D SLOODU SHDN FRPSUHVVLYH \
Modulus of 13.55 GPa. Even though, though this simulation adequately represents the failure
mechanism, it over estimates pillar strength results, and underestimated pillar elastic modulus

in comparison with intact rock deformational properties and pillaangth empirical

equations.
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Pillar Strength Modeling Approach Evaluation
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Figure 3.12. Axial Stress vs. Axial Displacement Results for Each Evaluated Modeling Approach.

The second model consideg a fractured pillar with MokCoulomb elastigperfectlyplastic

rock block is represented Figure3.12 by the orange continuous line. This approach yields

D SLOODU VWUHQJWK YDOXH RI 03D DQG D <RXQJTV ORC
alsorepreserd structurally controlled ilar failure, similar to the previous modeétrength

results for this approach are between intact rock compressive strength (159.2 MPa) and
empirical pillar strength values (480 MPa) discussed i@hapter 2However, deforration

modulus values were underestimated in comparison with intact rock and rock mass
deformation modulus as presented able3.5.

The third modeling approach using the bonded block method to simulate intact rock material

is repesented ifrigure3.11 by the models C) and D). Simulation C represents an intact rock

pillar, and D a fractured pillar intersected by the filtered DFN model. The bonded block

contact properties for models C and D were calibratd@tiesintact pillar model would match

WKH FRPSUHVVLYH VWUHQJWK DQG \RXQJYV ORGXOXV IURF
Normal and Shear stiffnesses, friction angle, cohesion, and tensile strength were adjusted

until the intact pillar model compressistrength yielded a value close to 160 MPa, and the
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<RXQJIV ORGXOXV \LHOGHG D YDOXH FORVH WR *3D 5HVX(
by the blue continuous stredsplacement curve iffigure 3.12. The intact rock bonded

EORFN PRGHO zZzDV FDOLEUDWHG WR D FRPSUHVVLYH VWUH(¢
Modulus of 60.21 GPa, as shownTiable3.5. When considering the discontinuities in the

bonded block pillar model in simulation D, a pillalsH Q JW K R 03D DQG D <R
Modulus of 45.92 GPa were obtained. In this simulation, not only was it observed
displacement and opening of already existing discontinuities, but also the creation of new
fracturesasthe strength of the setontacts beteen bonded blocks whgingsurpassed.

Table 3.5. Young Modulus and Uniaxial Compressive Strength Results for Each Model.

Fractured Rock Mass
Model Young Modulus | Peak Strength

[Gpa] [MPa]
Laboratory TesResults on Intact Roék 64.11 159.20
Hoek-Brown Ore Boy Rock Mass Paramefers 52.24 39.59
A - Elastic 13.55 822.47

B - Mohr-Coulomb 14.30 86.7

C - Bonded Block Intact Pillar 60.21 167.4

D - Bonded Block Fractured Pillar 45.92 118.8

The uniaxial comressive strength and the deformation modulus of the four scenarios were
compared to the intact rock properties. Even though, models (A) and (B) are able to reproduce

the structurally controlled failure mechanism in the evaluated pillars, results obyatted

values that do not agree with those expected. Modedtimateillar strength valuethat

are WLPHV KLJKHU WKDQ WKH LQWDFW URFN VWUHQJWK 7
deformation modulus by providing a value that is almost 4 times |thaar the value

obtaired using the Generalized HeBkown Criteria. Model B vyials pillar strength value

thataremore reasonable since it falls between the intact rock compressive strength and the
strength values estimatedingpillar strength empiricadéquations. However, this model also
XQGHUHVWLPDWHY SLOODUYYVY GHIRUPDWLRQ PRGXOXV E\ \L
the one expected for the rock mass. The calibrated bonded block model, represented by C,
yields results that are comparablehose of the intact rock properties. When the effect of

the discontinuities was evaluated, a reasonable reduction on both evaluated parameters is
obtained.

After the comparison of each modeling approatte bonded block sthodwas selected as

the most apmpriate methodble to reproduce reasonable pillar strength values, at the same
time as reproducing the structurally controlled failure mechanism observed in the case study
mine. The following section evaluates two approaches for bonded block methociwaitib

to ensure the selected numerical model provides reasonable pillar strength estimations.

3 These values are documented able2.1. in Chapter 2
4 These values are derived from the parameters descrifi@bie2.3 in Chapter 2
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4 .3.Fractured Pillar Model Calibration

This section descritethe results obtained for each of the two evaluated calibration
approaches: 1) synthetic rock masdtirscale DFNDEM, and 2)NIOSH Empirical Pillar
Strength Equation. Based on the results, the most appropriate method is selected by
comparing each approach results with expected pillar streauggie ofvalues.

4.3.1. Synthetic Rock Mass Multiscale DENDEM Ap proach for Pillar Strength Calibration

The second component of the Mulicale DFNDEM approach is the property
homogenization process. In this stage, equivalent continuum properties are estimated for the
intact rock blocks so the effect of the smallescdintinuities that have not been accounted

for in the DFN model is considered. In the previous section, the bonded block modeling
approach was selected as pineferrednodeling method to simulate fractured pillar strength.
However, the bonded block contgroperties were calibrated so the intact pillar simulation
would match the laboratory scale intact rock properties. This assumption neglects the effect
that smaller discontinuities observed in the case study mine have in rock mass strength. Due
to this, a homogenization process to estimate the effect smaller discontinuities in rock
strength was performed.

Figure 3.13 and Figure 3.14 show the results for uniaxial compressive strength and
deformation moduls, respectively. Each point in the graph represent the prapedgured

for each volume ranging from 1%mp to 500 Minterceptedvith a DenseDFN realization

at a specific seed number. Properties for different volumes at the same DFN realization are
comected and have the same cofample volumes ranging from 0 to 108 show greater
variability for both compressive strength and deformation modulus. Results obtained from
this analysis agree with observations made by multiple authors stating thatopektips

tend to converge around a specific value as the sample volume reaches the representative
elementary voluméSari, 2021; Niazmandi & Binesh, 2020; Sari, 2021)
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Figure 3.13. Property homogenization using the Representative Elementary Volume Concefotr Uniaxial
Compressive Strength

Figure 3.14. Property homogenization using the Representative ElementarVolume Concept for Deformation
Modulus.
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Figure 3.15 and Figure 3.16 show with discontinuous blue lines the fitted logarithmic
equations representing the upper and lolweits for Uniaxial Compressive Strength, and
<RXQJYV ORGXOXV UHVSHFWLYHO\ 7KH KRPRJHQL]JHG SU
assigning weightt/) HODWLYH WR HDFK YROXPHYV VWDQGDUG GHYLD
properties are presented Table 3.6. A homogenized Uniaxial Compressive Strength of

03D zDV HVWLPDWHG 7KLV YDOXH LV WLPHYV WK
compressive strength, aldd5 times the Case Study Mine Pillar strength value estimated
using theNIOSH empirical strength formuldf. compared with the Hoek and Brown Rock
mass Uniaxial compressive strength the estimated value is 3.16 times hi@her.
KRPRJHQL]H GVcdRus@stifindtion had a value of @BGPa. This value is0.71
timestheintactURFNTV <RXQJTV ORGXOXV DQG -Broawbh Rétk WKH *HQ
Mass Deformation Moduludt is possible that the high intact rock compressive strength in
comparison to th&lIOSH empiricalintact pillar strength, othe Hoek-Brown Rock mass
UCS, isattributed to the elastic block assumption. Due to the lack of intact rockgilose
properties it was not possible to perform a moetailed intact rock property calibration
Perhaps the assumption of deformable bonded blocksafttay to obtain valas that are
more comparable with industry accepted UCS and Deformation modulus estimation
methods.

Figure 3.15. Uniaxial Compressive Strength Property Homogenization Using the Dense DFN to Estimate
Equivalent Continuum Intact Rock Properties.
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Figure3.16 <RXQJfV ORGXOXV 3URSHUW\ +RPRJHQL]DWLRQ 8VLQJ WKH '"HQVH ")1 WR
Intact Rock Properties.

Table3.6 (VWLPDWLRQ 9DOXHV IRU WKH +RPRJHQL]JHG <RXQJTV ORGXOXV DQG 8«

Homogenized Property Mean Value
<RXQJTV 0BPKO 46.07
UCS [MPa] 129.23

A coefficient of variationfCOV) analyses was performed footh parameters at each tested
volume. The Standard deviation for each volume was divided by the average value. Both
standard deviation and mean were calculated usingFaMl realization datapoints at each
volume. Figure 3.17 summaizes thechangeof COV as sample volume increase for both
UCS and Deformation Modulus. FetR X Q J TV 0tReGOOW Kedins close to 25% for 1

m® samples, and rapidly goes down as the volume increases1g® ni. From 100 mto

500 n? the COV stays stablelose to 8%. For UCS the COV starts at 17% for*sample,

and decreases rapidly down to 3% at 160 Between 100 fhand 500 mthe COV stays
constant.
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Figure 3.17. Coefficient of Variation for the HomoJHQL]HG 8QLD[LDO &RPSUHVVLYH 6WUHQJWK DQG

A bonded blockntactpillar model was calibrated considering the properties obtained from
the homogenization procesurteen iterations were performed until bonded block contact
properties wer@ble to reproduced the homogenized compressive strength and deformation
modulus in the pillar strength estimation simulatiBanded block contact parameters of the
calibrated model corresponded to a normal stiffness of 500 GPa/m, a shear stiffness of 80
GPa/m, a friction of 25°, a cohesion of 52 MPa, and a tensile strength of 17TH@a.
processing time for the calibrated model was 2 hours and 29 miAditexsscalibration the
bonded block intact pillar modgielded a deformation modulus of 45 GPa andrajaressive
strength of 127 MParhese values were reasonably close to the estimated homogenized
properties.

The calibrated model was tested considering the filtered DFN to evaluate the fractured pillar
strength Figure 3.18 showsthe stresslisplacement curve for the bonded block intact pillar
calibrated model, as well as 6 stochastic realizations considering the explicit effect of
discontinuities by intercepting the bonded block pillar model with the filtered DiFiyste

3.19 shows the pillar strength results for one of the DFN realizatibhe. six stochastic
realizations took an average processing time of 6 h and 38 minute3lkadractured pillar
strength model yielded a compressive strength of MME&. Even though, compressive
strength is decreased due to the effect of the discontinuthissyalue isnot within the
expectedangeconsideringhe empiricaktrength estimatioformulas (20 MPa to 60 MPa).
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Stochastic Fractured Pillar Strength Results
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Figure 3.18. Multi -Scale DFN/DEM Stochastic Pillar Strength Evaluation.

Figure 3.19. Fractured Pillar Strength Evaluation with bonded block model calibrated using MultiScale

DFN/DEM method. @ Crosssection across the pillar displaying block displacemenfiltered DFNs, and broken
bonded block interfaces. b) Isometrix view of the fractured pillar indicating bonded block interface breakage.
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4.3.2. Pillar Strength Empirical Equations as a Means for Pilar Strength Calibration

The secondpillar strength calibration alternative was basedl@enNIOSH empirical pillar
strength equationin this method the intact pillar strength obtained from the NIOSH
empirical equations was used as reference valudilbwata bonded block contact properties.
Contact properties were varied until the intact bonded block pillar model yielded a strength
value close to that estimated with the NIOSH formula. This process was done for three
different width to height ratio palr scenarios (0.5, 0.8, and 1.Bigure3.20 shows the pillar
strength results after calibration for each wittitheight ratio scenario, on top of the pillar
strength curve for pillars without discontinuities using the NIOSH gogbiequation. In
addition, the WCS and the CSM empirical strength estimation curves are displayed for
reference.

Figure 3.20. NIOSH Intact Pillar Strength Calibration.
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Figure3.21 present the calibration process results for each viadtieight ratio pillar model.

For each W/H ratiobonded block contact properties were adjusted until pillar peak strength
reached a value close to the NIOSH Intact Pillar Strength valud. id®bserved in the
graph the 0.8 W/H ratio pillar required more iterations to rettod NIOSH Intact Pillar
Strength value. For the other two W/H scenarios the prppalibration took less iterations
since the calibrated properties were closer ¢oetkpected value from previous calibrations.

Pillar Strength BBM Calibration to Pillar Strength BBM Calibration Pillar Strength BBM Calibration to
NIOSH Intact Pillar Strength to NIOSH Intact Pillar Strength NIOSH Intact Pillar Strength
W/H 0.8 W/H 0.5 W/H 1.0
40 45

o0 Runl WtoH 0.8 - Run12 WtoH 0.8 - Run12
Run2 WtoH 0.5 Runl 20 WtoH 1.0 - Runl
Run3 35 WitoH 0.5 Run2 \ WtoH 1.0 - Run2

50 WtoH 0.5 Run3 WtoH 1.0 - Run3

Run4
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Run5 30
g
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Figure 3.21. NIOSH Intact Pillar Strength Calibration. a) Calibration for a 0.5 Width to Height Pillar, b)
Calibration for a 0.8 Width to Height Pillar, c) Calibration for a 1.0 Width to Height Pillar.

Table3.7 summarizes the calibrated bonded block contact properties for each W/H scenario
andresulting bonded block intact pillar strength obtained with the calibrated pararfeter

the 0.5 W/H ratio pillar the calibrated model yielded a pillar an intact pillar strength of 31.23
MPa, producing a 084 error in comparison to the NIOSH intact pillar strength estimation.
For the 0.8 W/H riao pillar, the bonded block contact cabition yielded an intact pillar
strength 0f36.11 MPa,producing a 0.05% error in comparison the NIOSH intact pillar
strength estimation. Finally, for the MO'H ratio pillar, the bonded block contact calibration
yielded an intact pillar strength of 38.48Pa, producing a 0.25% error in comparison the
NIOSH intact pillar strength estimatiofss shown in this summary, different cohesion values
were required in order to match eagitlar strengthto its respectiveNIOSH empirical
strength value.This could e attributed to that bonded block edge length size was
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proportional to pillar width in all models in order to ensure consistency in processing times.

Therefore, bonded block size did not remain constant having some influence on resulting
strength. Similabehavior has also been observed by other authors when simulating 2D coal
pillars using a bonded block Voronoi geometii@smha & Walton, 2018)

Table 3.7. Homogenized parametes to Use as Reference for Bonded Block Contact Properties Calibration.

Parameter Model Geometry
Width to Height Ratio 0.5 0.8 1
Pillar Width 20.52 24 25.853
Pillar Height 41.039 30 25.853
Bonded Block Edge Length 1.642 1.92 2.068
Zones Edge Length 0575 0.672 0.724
Intact Blocks
Constitutive Model Elastic Elastic Elastic
Density [ton/m3] 2.7 2.7 2.7
E [GPa] 64 64 64
0.22 0.22 0.22
Bonded Block Contacts
BBC kg, [GPa/m] 500 500 500
BBC F, [GPa/m] 80 80 80
BBC 1T [°] 25 25 25
BBCc
[MPa] 155 15.3 16.2
&:[MPa] 17 17 17
Discontinuities
ey [GPa/m] 300 300 300
. [GPa/m] 30 30 30
T[] 30 30 30
c [MPa] 0 0 0
Strength Results
Expected NIOSH Intact Pillar Strength 31.34 36.09 38.59
Resulting Bonded Block Intact Pillar Streng 31.23 36.11 38.49
Notation:
( <RXQJV ORGXOXV >*3D@ 4 pjation Angle
c: Cghils_ic\)/n\fl\hPi\]Q TV Deyd R >'LP fp Joint Norn%al g]tiﬁness [GPa/m]
T-: Friction Angle ] fp; Joint Shear Stiffness [GPa/m]
&; Tensile Strength [MPa] BBC: Bonded Block Contact

4 .4 Sensitivity Analysis on Bonded Bbck Model Parameters
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The effect of a series of parameters on modeling results was explored through a sensitivity
analyses on the bonded block pillar model. The parameters analyzed in this section were
pillar width to height ratio, bonded block edge lengthd discontinuity strength properties.

This section describes results obtained on each analysis.

Figure 3.22 presents the results for the effect of sample W/H ratio on strength and
deformation properties. It is possible to obeethat for all cases the increase in W/H ratio
does not affect the deformation modulus on the sampled tests. However, this increase did
influence sample peak strength and gagtire behavior. Results from thasalysis indicates

a transition from brit# to plastic behavior as W/H ratio increases. This means that slender
samples tend to present a brittle post failure behavior, whereas the samples with higher W/H
ratio values transitioned to a plastic post failure behavior. Similar results have beecevide

by otherresearcherfRafierRenani & Martin, 2018; Li, Kim, & Walton, 2019)Vith regards

to processing time no significant increase was observed witthdregeof sample volume,

as indicated iMable3.8. It is possible that an increase in processing time was not observed
since the bonded block edge length was increased proportionally gdldinevidth in each

model. Therefore, the number of bonded blocks and elements was approximatehme

in all simulations.

Pillar W/H Ratio Effecin Bonded Block Model Resutls
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Figure 3.22. Evaluation of the Width to Height Ration Effect on Bonded Block Model Results.

Table 3.8. Effect of Pillar Width to Height Ratio on Processing Time.

Simulation W/H Sgg%%e[sl\jgz] M%Efﬁ:g?g%na] Processing Time
Runl 0.5 123.6 22.6 4h 55min
Runl.1 0.6 132.6 22.6 5h 22min
Runl1.2 0.8 145.2 23.0 3h 16min
Runl.3 1.0 216.9 23.2 4h 32min
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Figure 3.23 compared the effect dbonded blockedge length orsample compressive
strength.In this case, pillar W/H ratio remained fixed at 0.8 and bonded block edge length
was varied from 0.1 to 06 times the sample widtiRun 1.2, Run 2.1, and Run 1.2.2
corresponded to models widonded Block Edge length / Pillar Widthtios of 0.1, 0.08 and

0.06, respectivelyThis test showed that the reduction of bonded block edge length affected
pillar strength results by decreasing both samplapressive strength and deformation
modulusas indicated iTable3.9. On the other hand, processing time increased significantly
from 3 h and 16 min for the Run 1.2, up to 11 h and 15 min for run TR processing

time incresed was caused due to that smaller bonded block edge lengths increases the
number of bonded blocks and zones in the simulation, increasing the amount of calculations
taking place as the simulatignogresses

Bonded Block Edge Length to Pillar Width Rati®donded
Block Model Resutls
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Figure 3.23.Effect of the Bonded Block Edge Length on Pillar Strength Using the Bonded Block Method.

Table 3.9. Effect of Bonded Block Edge Length to Pillar Width Ratio on Processing Time.

Compressive | Deformation
Simulation Bondedpl?)l:ocl:NEéjt%e length / Strgngth Modulus Processing Time
mar Wi [MPa] [GPa]
Runl.2 0.1 145.2 23.1 3 h 16 min
Runl.2.1 0.08 138.3 19.8 4 h 57 min
Runl.2.2 0.06 123.9 16.0 11 h 15 min

Figure 3.24 summarizes the results obtained from the evaluation discontinuity strength on
pillar strength results. In this case, the calibrated fractured pillar was subjected to different
discontinuity strength scenarios. The normal strength cas#hevasenario used as a baseline
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for all simulations for the case study middl discontinuities frontdiscontinuiy sets were
assigned the same strength properties defined for each scenario. Thest@nggh scenario
provided a fractured pillar strengtf 33.8 MPa, thaveakdiscontinuity Strength scenario
yielded a fractured pillar strength of 23.5 MPa, and the strong discontinuity strength scenario
caused a fractured pillar strength of 35.1 MPaesulting values are compared to the
NIOSH-Calibratedintact pillar strength, the effect of normal discontinuities reduces pillar
strength to 93.5% the intact pillar strength, the weak discontinuities reduce pillar strength to
65.2% the intact pillar strength, and the strong discontinuities only reduce 9nl3#6
strength.

Discontinuities Strength Influence on Fractured Bonded
Block Pillar Strength
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Figure 3.24. Effect of Sample Volume on Pillar Strength Using the Bonded Block Method.

5. DISCUSSION

In previous work the authors assessed the rock fall probability in an area of theudgise st
mine using DFNs obtained from virtual discontinuity mapping, and a stochastic DEM
approach{(Monsalve J. , Baggett, Soni, Ripepi, & Hazzard, 20I®9)hat study, the interest
was to map alkize discontinuities to assesxk fall hazardsln that study, it was relevant

to account for small blocks of rock formed by smaller discontinuitiasll cm sided cubic
block has a volume of 0.0013mif this block falls from a height of 7.6 m (the approximate
height of the drifts athe case study mine), the impact force can reach up to 2.6 kN. This
force is enough to leave a person unconscious if impacted in thg®@ekara, Nsiampa,
Robbe, & alexandre, 2014)n this study, the objective was to evalu#ite effect of
discontinuities on pillar strength. The authors proposed a-sudte DFN approach to 1)
find equivalent continuum strength properties for the intact rock using a Dense DFN, and 2)
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Explicitly account for the most significant discontinuitiagillar scale simulations using a
Filtered DFN.

This work focusses in pillar stability and the effect of discontinuities on their strength. When
analyzing the stability of a pillar, smaller discontinuities may not be of major concern. In this
case, largr and more continuous discontinuities are of greater interest since these are the
ones causing structurally controlled failure of the ealéstructure. In addition, when all

sized discontinuities are considered while running a discrete element medalntiver of

blocks and elements increase causing a significant increase in processing time. Due to this,
not only it is necessary to generate models capturing major discontinuities, but also able to
account for the effect of smaller discontinuities onittiect rock mechanical properties.

There are multiple simulation approaches to evaluate pillar strength using Discrete Element
Modeling. Amongst the tested approaches (Elastiact rock blocksMohr-Coulomb Elastic
perfectly plastic intact rock block8ondedBlock Method, the calibrated bonded block
method approach offedthe mosteasonable results terms of reproducing pillar strength
values, as well as representing the structurally controlled failure mechanemparison

with the other twappoachs. Parametric analyses indicated thiasiimportant to identify

an adequate bonded block size that minimizes processing times while still capturing
adequately failure mechanisms.

After a preliminary stochastic analysis of the Midtale DFN/DEM mtact pillar strength
calibration approach, it was not possible to obtain pillar strength values agreeing with
empirical pillar strength estimations. Fractured pillar strength results obtained from this
approach were 3.4 times higher than the expected @Gi8M strength using the NIOSH
empirical formula. Using these results as a design parametersoguificantly over estimate

pillar strength leading to unsafe pillar designs. It is also important to highlight that the only
intact rock laboratory data csidered for these analyses was subjected to a limited number
of rock samples tested with density tests, uniaxial compressive tests and Brazilian tensile
tests. The synthetic rock mass approach along withisedie DFN/DEM modeling present

an interestingnethod to estimate pillar design strength. However, it is recommended to have
a more detailed characterization of the intact rockagmepostfailure geomechanical
properties to assist the calibration odslhmodels Working with a more complex modeling
approach such as assuming deformable bonded blocks increases the amount of input
parameters, increasing the model uncertastgliscussed by some auth@sha & Walton,

2020) Especially, when there is a lack of detajedandpost failure mechanical properties

for the rock material. As Dunn discusséBunn, 2019)

The calibration approach that yielded pillar strength results comparable to current pillar
design standards was the one thaduthe NIOSH intact pillar strength as the calibration
parameter.During the calibration process it was observed that the main parameters
controlling pillar modulus were associated with normal and shear joint stiffness, whereas
contact friction angles andohesion had a greater influence in ultimate pillar strength.
Friction angle also had significant influence in post peak pillar failure behavior. However,
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since the main goal of this work was to determine ultimate pillar strgmagh failure
behaviorcalibration is out of the scope of this work.

The sensitivity analyses enabled to observe the influence of some input parameters in pillar
strength modeling resultdhe definition of an adequate bonded block edge length is
necessary to ensure strength arailufe mechanisms while maintainingeasonable
processing times. The increase of W/H ratio affects the strength ariipost behavior of

the sample. It is important to make sure the calibration of the model ensure results that are
adequate with the r&adehavior. Finally, Discontinuity strength has a significant influence

on pillar strength results. Therefore, an adequate estimation of discontinuity stiength
necessary to ensure accurate pillar strength estimates.

6. CONCLUSIONS

This chapter discussetumerical modeling as a tool to simulate hard rock pillar failure in
underground stone mine¥his chapter discussed the applicability of a rsitle DFN

DEM modeling approach in the context of pillar design in underground stone mines. A
methodology toealuate and select the most appropriate modeling approach in terms of pillar
strength values and failure mechanisms representation was introduced. This methodology
consisted of the definition of DFNs, a fracture modeling approach comparison and selection,
the calibration of selected models, a sensitivity analysis on different modeling parameters,
and the stochastic pillar strength modeling. In the DFN definition process two fracture
networks were defirle A Dense DFNused to estimate synthetic rock masspprties for

one of the calibration approaches, and a Filtered DFN usssttwnt explicitly for the most
significant discontinuities. For the calibration process two alternatives were evaluated. The
first one was a synthetic rock mass malttale DFNDEM approach which failed to
reproduce expected pillar strength values. The second approach, used industry standard
empirical NIOSH npillar strength equation to calibrate the numerical models, adequately
representing expected pillar strength values. The stichagluation of fractured pillars

will be discussed in Chapter 5 based on results obtained from this section. Some of the
conclusions derived from this study are presented in the following list:

x Bonded block methodroved to be an interestirgpproachd simulate pillar failureNot
only results from the simulation enabled to timely obtain reasonable pillar strength
estimations, but alsib adequatelyepresergdfailure mechanisms in pillars.

x A Multi-scale DFN/DEN synthetic rock mass approach wasdédetecalibrating intact
rock properties for pillars. This approach failed to estimate reasonable pillar strength
values in comparison to industry accepted design guidelines.

x During the bonded block calibration process it was observed that bonded bitaktso
QRUPDO DQG VKHDU VWLIIQHVV KDG D VLJQLILFDQW LQI
modulus. It was also observed that strength parameters such as friction angle and
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cohesion had more influence in sample compressive strength angdepéstailure
behavior.

The empirical NIOSH pillar strength estimation equation was assh alternative

method to calibrate pillar strength in the bonded block fractured pillar model. Results

from this approach agreed with pillar strength estimates for fracturetspilléhe case

study mine.This calibrated approach will be used in Chapter 5 to evaluate the effect of
GLVFRQWLQXLWLHVY YDULDELOLW\ RQ SLOODU VWUHQJWEK

Sensitivity analysesre important to identify how different parameters may influence
numerical modetesults. In this caset was observedhat parameters such aample

W/H ratio, Bonded block edge length, and discontinuity strength did have an influence
in model results. Therefore, it is important to evaluate the effect of those parameters to
make sure¢he response agrees with expected pillar behavior.
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Chapter 4 Stochastic Pillar Stress Estimation Using a 3D Finite Volume
Model®

1. INTRODUCTION

Pillar stability assessment consistdetermining theelationbetweerthe strength of pillar
elements and th&tresses applied these support elemest Chapter 3liscussed a numerical
modeling approach for estimating and characteritieyariability of pillar strength due to

the effect of discontinties in the case study mi€SM). Even though a preliminary pillar

stress estimation assessment was performelapter 2 using analytical and 2D numerical
approaches, it was found that both approaches yielded different results and that both of them
consdered a series of assumptions that may not represent the actual 3D nature of the problem.

As discussed in Chapter 2, pillar stress distribution depends on many factors such as surface
topography, size and dimensions of the openings and the pillaregggeelastic properties

of the rock mass, depth of the excavations amongst others.-dinmeasional numerical
modeling offers an alternative to overcome many of the assumptions that analyticaland 2D
numerical solutions are subjected to. This chapter fotus in assessing pillar stress
distribution using a 3D Finite Volume Modeling Approach. Results from this model will be
compared with other solutions reviewed in Chapter 2.

The VHFRQG FRPSRQHQW RI WKLV ZRUNYfV IUDPHZRUN SURSH
numerical modeling to estimate stress distribution inntimee Not only, was this section

intended to estimate the magnitude of stresses, buibatkaracterize the uncertainty on this
parameter.n this section the Point Estimate Method (PEMyvas used as a practical

stochastic analysis tool to evaluate the impact of intact rock properties variability in pillar

stress distribution. Due to the lack of information with regards to direct stress measurements,

a parametric analysis was performed to eatuthe impact of having three different

horizontal to vertical stress ratios in pillar stress.

This chaptersdivided irto four main sections. The initial section discusses the continuous
numerical modeling approach used to estimate pillar stress @3Nk This section

discusses the data used to build the numerical models, as well as all the assumptions
considered to generate the stress model. The following section describes the PEM and how
it was implemented in this case study. Later, results fromsithelations are presented and
compared with results obtained from Chaptdfifally, a discussion focusing @tress

® This chapter was submitted as a statahe jounal paper in thdlining, Metallurgy,

and Exploration Journal. 7KH SDSHU Z B¥MchaQivHiniesluEne3Modeling for
Pillar Stress Estimation and Comparison with 2D Continuous Numerical, and Analytical
Solutions in an Underground Stone Mine D QuadérVeview at the time of the
submission of this dissertation.
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estimation approaches uncertainty characterization and data availability, and results in the
context of current pillar design standasts presented.

2. EINITE VOLUME MODELING FOR STRESS ESTIMATION

Surface topography and mine design information were used to generate a 3D mine geometry
in RhinocerogRobert McNeel & Associates, 202@igure4.1 shows a plane view of the

R S H U DthhdtsCafid/the surface topograpBysimulation area of 1,000 hectares was
defined to perform the numerical simulation. The selected area corresponds to the sections
of the mine where most of the geotechnicalladwas collected. The dip and strike of the
orebody were constant, and the area was actively in operation.

Figure 4.1. Plane view of theCSM with elevation contours.

Due to that the underground excavasionformation was outdated and the stope geometry
was not fully represented by the triangulated surfaces, a simplified mine geometeg align
with current pillar design and excavations was gener&igdre4.2.a) presents the suda
topography overlaid with the underground excavations surface triangulatnotesl by the
defined modeling aremarked on redFigure4.2.b) shows the simplified mine excavations
represented by approximately 415 m long, 12.8iche and 30 nhigh stopes, marked in
yellow. Thecrosscutdetween stopes are marked in orange, leaving 24 m wide squared
pillars between stope&riddle was used to create a mesh model to import the geometry into
3DEC(ITASCA, 2017). A finer mesh was used close to the excavations and the ore body.
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Figure 4.2. Isometric view of the simulation area. A) simulation area overlaid with current underground
excavation tunnels. b) Simuléion area overlaid with simplified mine model.

The orebody was divided into three lithologies, Hangingwall, Ore Body and Footwall.
Material properties were defined as elastic for each rock unit since the purpose of the
simulation was to map ultimate pitlatress distribution in the min€able4.1 summarizes

the elastic properties for each lithology considered in the model. The simulation used the
rock mass Young modulus estimated using the GeneralizedBtogkn criteria as preseed

in Table2.3. The rock mass Young modulus was the only parameter considered as variable.

Table 4.1. Input Material Properties for Numerical Model

Rock Mass Poisson's Densit
) Young's Modulus . 3}/
Lithology (GPa) Ratio (ton/m3)
Mean SD Mean Mean
Hangingwall |  49.80 6.79 0.19 2.7
Ore Body 52.25 2.37 0.22 2.7
Footwall 49.80 3.15 0.21 2.7

,Q VLWX VWUHVYVY FRQGLWLRQV ZHUH GHILQHG XVLQJ WKH 3L
enabled WR DFFRXQW IRU WKH HIIHFW RI FKDQJLQJ WRSRJUD S
Velocity vectors normal to the sides and the bottom of the model were fixed tofigurfe.

4.3 shows the vertical stress magnitude of thesita condition of the model. Boundary

conditions are also marked with blue squares indicating a velocity boundary on the faces.
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Figure 4.3. In-Situ Vertical Stress Model and Boundary Conditions.

In-Situ stress data presented@mapter 2indicated that maximum principal orientation is
parallel to the strike of the ore bodyhe model was set so tHR U H E R G \ fves pavallgll N H
to the X axis. Due to the lack of direct streseasurements three different horizontal to
vertical stress ratios were evaluated to define a tassrable condition. Table 4.2
summarizes the horizontal to vertical stress ratios for each scer@riepresents the
maximum horizontal stress which will be parallel to the akis in all three scenarioy
represents the horizontal stress parallel to thexys, and & represents the vertical stress
which is parallel to the Zaxis. In $ress scenario 1 all three stress magnitudes were the same.
In scenario 2,&; and & had the same magnitude argg was 0.5 times lower tham.
Scenario 3 assumed that baihand ézwerel.5 times higher tharés

Table 4.2. Horizontal to Vertical Stress Ratios for the Different Stress Scenarios

Scenario 1 i L & & L &
Scenario 2 éi L & &y L ravé
Scenario 3 €i L s@vé, éy L sdvé,

Themodel was run initiallyntil reaching equilibrium to obtain4situ stress conditioresfter
8,000 cycles Figure 4.3 shows the vertical stress of the-gitu stress model prior to
excavationThe excavation proce$sok place in one step where all the stopes and crosscuts
were removed all at oncéhe simulation was run for additional 10,500 steps using rock mass
elastic properties until reaching equilibriufigure4.4.a) shows the verticaltress around

the excavations.
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Figure 4.4. Case study simplified 3D Pillar Stress Model. a) Vertical Stress Distribution in Pillars. b) Pillar Model
Arrangement with Zones Colored by Pillar.

"(& TV EiK &cOpiihg language FISH, was used to write a function to map each pillar and
estimate average vertical streBdlars were labeled from 1 to 72 starting from the pillar 1
on level 8 until pillar 9 on level,¥ollowing the labeling indicted iRigure4.4.b). All zones
inside each pillar were assigned a group number corresponding to each pillar label. For
instance, all zones inside pillar 1 in level 8 were assigned a zone group equalsHigurdn
4.4.b) each pillar is colored according to each pillar number. In additiofiutiotion looped
through all zones of each pillar and calculated the average vertical stress. A text file was
generated and the values were reported on this file for further anAlysiage vertical stress
was also mapped as an additional zone attrilbugere4.5 shows each pillar colored by its
average vertical stress.

Figure 4.5. Case study simplified 3DPillar Model Mapped by Average Vertical Stress on the Pillars.

Results from the stressstamation model for each stress scenario were compared with
analytical and 2D numerical solutions presentedCimapter 2 The following segon
describes simplified stochastic approach to account for the effect of rock mass material
properties variability in pillar stress distribution.
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3. STOCHASTIC FINITE VOLUME MODELING USING THE POINT ESTIMATE
METHOD

Oncethepillar stress model was evaludtand compared with analytical and 2D numerical
approachesa simplified stochastic modeling approach was used to characterize the effect of
material properties on pillar stress distribution. The Point Estimate M@#ttid) was used

to account for the efté of material properties variability on pillar stress distribution. The
PEM is a stochastic analysis method that allows to estimate the mean and standard deviation
of aresulting parameter by only accounting for a limited amount of realizations. The teste
realizations are selected based on point estinoatles input parameters. The point estimates

are defined based on the mean and standard deviations ahpatparameterThere are
two-point estimatesdr eachinput parameter. The first one is onarstiard deviation above

the mean value of the parameté& i €; andthe second one is one standard deviation below

the mean value of the parametér k €; The mean and standard deviation of the output
distribution are calculated based on output results obtained from pthiet estimates
permutation.Figure 4.6 presents a visual description of this approach, whememerical
modelis run considering the input parameters point estimates and results are used to estimate
the first and second moment of the resulting distribufitnis methochas been widely used

and implemented in geotechnical engineering. In recent years it has been applied in mining
engineering problents eVWLPDWH URFN PDVV SURSHUWLHVY YDULDELC
variability in stope desig(ldris & Nordlund, 2019; Wesseloo & Mbenza, 202ZNe benefit

of this method is that with fewer simulations (less computing time), one can obtain an idea
of output variability of certain parameter of interest (characterize uncejtainty

Figure 4.6. Point Estimate MethodVisual Explanation, modified after (Wesseloo & Mbenza, 2020)
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An exploratory data analys was performedh R Studioto evaluatepotentialcorrelation
between input parametets.addition, the correlation between deformation moduli amongst
lithologies was exploredas shown irFigure4.7. The variables selected for the stochastic
DQDO\WVHV ZHUH H D F KatiGhLriéduRi<DRe) i e etk RoUnBoorrelation
between deformation moduli amongst lithologies observed on the exploratory data analysis,
and the limited available data, the simulations were run assuming that the parameters were
not correlated.

Figure47 &RUUHODWLRQ PDWUL[ EHWZHHQ OLWKRORJLHVY (ODVWLF

Table 4.3. Point Estimate Method trials using a 2 factorial scheme for the Deformation Modulus ofEach

Lithology
PEM Trials
E Hangingwall E Orebody E Footwall
Trials [MPa] [MPa] [MPa]
1 56.58 54.62 52.95
2 43.00 54.62 52.95
3 56.59 49.88 52.95
4 43.01 49.88 52.95
5 56.59 54.62 46.65
6 43.01 54.62 46.65
7 56.59 49.88 46.65
8 43.01 49.88 46.65

A 2" factorial scheme was defined to determine the point estimate methodTaidls4.3
VKRZV WKH SRLQW HVWLPDWHY IRU HDFK OLWKRORJ\YV GHIF
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trial was run for each stress scenario obtejra total of 24 pillar stress estimation models

with an average processing time of 5 hours and 42 mintikesoutput variable of interest

was the average vertical pillar stress calculated using the previously mentioned FISH
Functian. The pillar verticaktress averaged through all zones within the palks calculated

IRU HDFK RI WKH SLOODUV LQ WKH PRGHOYVY SLOODU DUU
containing the average vertical pillar stresses was the result for each simulation.

Since no orrelation was assumed between input parametersxibectedvalue (Average)

for each pillar stresF RQVLGHULQJ HO DV W LWwasscdleuatddudinediiatibnY DU LD E L (
4.1, where 4is the vertical pillar stress vector for tHesimulation and ris the total number

of simulations.

U ~rf
FE i, sborg Ay~ (4.1

Pillar stress variance waslcalated using equatioh2, where & 4 » s igtReaverage vertical
SLOODU VWUHVV YHFWRU FRQVL GSjjydvegightihg facvonfdr eachUR SHU W

trial trail (since there was no correlation betweepun variables ths weighting isﬁ—%for all
simulations), and4 is the vertical pillar stress vector for tfesimulation.

n ~oU ~ .
& oo o LAl SuUAS OF & g e (4.2)

Results obtained from each simulation were exported into a .csv file. R studio was used to
compute the average and standard deviation for each pillar using equations 4.1 and 4.2,
respectively.Once average and standard deviations were calculateghth pillar in the

model a FISH function was written to map back the pillars in the model with the calculated
properties.

4. MODELING RESULTS

Results from the 3D stress estimation models were compared with analyticaDalRichife
Elementumericaimodding resultsdiscussed ihapter 2Figure4.8 shows the comparison

of analytical and 2D numerical modeling approaches with those obtained using 3DEC in this
section for each stress seein. For this comparisothe average pillar stress alf pillars at

the same depth (or in the same leveds calculated and plotted against their deptiee
dimensionabillar stress estimation resultalfbetween analytical and 2D numerical stress
estimation results. Possibly, this indicates thath the analyticaland the 2D numerical
solution fail to capture actual pillar stress concentration. The analytical solution
overestimagsnormal stressesyhereas, theD FEM approachunderestimatepillar stress
magnitude
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Figure 4.8. Analytical vs.2D and 3D Numerical Normal Stress Estimation on th€SM Pillars.

Figure4.9 summarizes the average vertical pillar stress for edlar piithin the analyzed

pillar arrangemenfor each stress scenaritn addition, 95% confidente intervals were
marked with discontinuous lines taking into account the standard deviation estimated using
the PEM.AIl pillars at the same level are highliglak indicating that they are at the same
depth. It is possible to observe that there is varaibility in average pillar stress even in those
pillars that are at the same depth. Changes in the surface topography could be one of the
reasos for such variabilityAnother factor that should be considered is that pillars on the
abutments that are subjected to a lower load. This could be due to that the free faces of those
pillars are not fully exposed, therefore some of the load could be shed to the abutments of th
excavated area.
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Figure 4.9. Average and 95% Confidence Interval for Pillar Stresses at th€SM for Each Stress Scenario.

Figure 4.10 indicates standard deviation values obtaif@deach pillar using the point
estimate methodn generall, most of the pillars for the three stress scenarios have adgtandar
deviation ranging from 0.002 to 0.5 MPa. There are two pillars in particular that present
higher stresses and standard devistim comparison to the others, pillar 16, and pillar 29.
Figure4.11 shows an isometric view of the pillar arrangement. The top figures represent
average vertical stress on the pillars for each of the stress scenarios. Pkasstre plotted
using the same scale for each stress scenario. Pillar stress magnitteases as the
horizontal to vertical stress ratiol) moves from 0.5 (Stress scenario 2)1t0 (Stress
Scenario 1), and from 1.0 to 1.5 (Stress Scenarid&é)le 4.4 summarizes minimum and
maximum average vertical pillar stress for each stress scerfamather important
observation is that pillars that present higher average stresses were also those that presented
higher standard deafions.

Table 4.4. Minimum and Maximum Pillar Average Vertical Stress for Each Stress Scenario

Stress Scenario Minim.um Pillar Average Maximum Pillar Average
Vertical Stress [MPa] Vertical Stress [MPa]
Scenaio 2- & L r&vé, 6.73 17.84
Scenariot &L & 7.19 19.49
Scenario 3 & L s&vé, 9.37 23.44
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Figure 4.10. Pillar Stresses Standard Deviation at th€SM for Each Stress Scengo.

Figure 4.11. Isometric View of Pillar Vertical Stress Average and Standard Deviation for each stress scenario.

A top view of the pillar arrangement was overlaid with surface topography elevationrsonto
to evaluatewvhy particularly pillarsl6 and29 presented higher average and standard deviation
vertical stress valuegigure 4.12 shows that stress distribution on the pillar arrangement
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does follow thdrend ofsurface topogrzhy, where the central area of the pillar arrangement
coincides withthe valleyson the surface.

Figure 4.12. Plan view of the Pillar Arrangement Colored by Average Vertical Pillar Stress for theMost
Unfavorable Stress Scenario (Stress Scenario 3), overlaid with surface elevation contours.

5. DISCUSSION

Results fromthis analysisyield a series of observations that are worth to note with in this
work. These observations adévided in three sectiond) Stess estimation approaches, 2)
Uncertaintycharacteriation and data availability, and) Results in the context of current
pillar design standards

In this chaptera 3D finite volume model was used to estimate pillar stresses in a simplified
CSM model. Results from this assessment were compared with those obtaiGbdter 2

from a 2D Finite element numerical model, and an analytical solution. Results indicated that
both the 2D numerical solution and the analytical approaittofreproduce results from the

3D model.Both, 2D numerical solutions and analytical approaches are tied to a series of
assumptionghat fail to represent actual stress conditions in the field. For instance, the
inclined pillar stress formula assumeasttthe surface topography is flagglects the self
supporting capacity of the ground (pressure aatd,does not consider the effect of the out
of-plane stressThese assumptions lead to an overestimation of pillar s&kiksugh, 2D
numerical apprazhesallow to consider for the effect of topography at a particular eross
section, they assume that theillar and the surface topography are infinite in length,
neglecting the squared cressction of the actual pillaiThese assumptions cause 2D
numericé solutions to underestimate stress concentration on pilkansilar observations

have been done by Elmo, et al. when assessing the role of 2D and 3D numerical simulation
in pillar stress estimatio(2021) Not only, ae these results valid in underground pillar
design, butalso, they are applicable thhe analysis of rock slope stability in surface
operations. Obregocompaed 2D and 3D numerical solutions in slope stability problems
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obtaining thalD solutions tenda be conservativ€2020) He also observed that 3D slope
stability solutions produce similar resuits?2D whentheslope length to height ratio is greater
than 10(Obregon, 2020)

One of he objectives of this chapter was to characterize pillar stress variability. The Point
Estimate Method was used as a practical stochastic approach to etenaftect of rock

PDVV HODVWLF SURSHUWLHVY YDULMDE néetha\suceegsfuly OODU V\
enabled to estimate standard deviation values for each pillar in reasonable processing times

(a total of 137 hours). It is worth mentioning, that the only parameter considered as variable

was the rock mass elastic modulus, and that no etioelwas assumed between these
parameters. These assumptions were reasonable giaethastingdatg and the geologic

nature of the deposit. It is encouraged to explore the effect of other parameters in pillar stress
variability such as the potentighriability of rock density and deformation modulus with

depth, and the water table.

The NIOSH Pillar and roof Span Design Guidelines for Underground Stone Mines suggest
the usage of the tributary area load method for estimating pillar stré83seschater
indicates thatresults obtained fromhe tributary aredormula overestimate actual pillar
stressegor the mine The tributary area method results in stress estimations that are 50%
higherthanthe values obtained for the stress scenario 1, and 2gl8érhthan thevalues
obtained from stress scenario tBgless favorable stress conditiomrom a safalesign
standpoint, the tributary area method is valid for dimensioning pillars in underground dipping
stone mines. However, not considering the sigaift difference between both estimations,
may compromise valuable reserves. In addition, it is worth mentioning that stress
measurements are not common in underground stone mine oper@toktions from this

work also showed that the horizontal to ezt stress ratio is a parameter thassignificant
influence on pillar stress magnitude, therefore, a better characterization of this parameter may
provide valuable information in the pillar design process.

6. CONCLUSIONS

In this paper a thredimensionhFinite volume modeling approach was used to evaluate
pillar stress distribution in the CSM considering a simplified mine design, actual surface
topography, and rock mass properties for each lithology. Three different stress scenarios were
evaluated to amunt for the uncertainty related to current stress conditions in the mine. In
addition, a stochastic approach using the point estimate method was implemented to evaluate
the effect of elastic properties in pillar stress variability. Some of the conduderived

from this section are listed below

x The 3D FVM approach presented a reliaflethod to estimate pillar stress in the case
study mine. This approach addresses some of the assumptions and limitations from other
stress estimation methods, allowirng & more precise estimation.
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Results from 2D FEM, 3D FVM and analytical solutioyisld different pillar stress
estimation values. It is important that the practitioner understands the limitations and
applicability of each estimation technique. ldealilys recommended to compare
different solutions so the designs are based on informed decibioaddition, further

site investigation and monitoring is recommended to further refine any engineering
design derived from this study.

The horizontal to veital stress ratio has a significant influence on pillar stresses.
Therefore, it is recommended to performsitu stress measurements to reduce the
uncertainty associated to this parameter. In case, it is impossible or uneconomical to
perform such measuramts it is recommended to evaluate numerical models assuming
different scenarios and design based on the voaist scenario.

A simplified stochastic modeling approach demonstrated that variability in rock mass
elastic properties, does have an impactliamstress magnitudd.he implementation of
these stochastic analysis techniqiedeneficial in the uncertainty characterization
during the design process.

Resuts obtained from these analysesn be implemented to riddkased pillar design
approachesuch as the methodology proposed in this work.
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Chapter 5 A Risk Based Pillar Design Approach Combining Finite
Volume Modeling for Stress Estimation and Stochastic DEM for Pillar
Strength Determination®

1. INTRODUCTION

Pillar design is one of theast critical tasks during underground mine desigre design of

these support elements must ensure maximum resource recovery while maintaining long term
stability of the workingsRecent pillar collapses have demonstrated that these even& pose
greatrisknot only to underground mine infrastructuvet also to the safety of mine workers.
Five pillar collapse events have occurred in the bBeBveen 2015 and 2022, where only one
have caused serious injuries to mine workers, the other four events carsisered as near
PLVVHV 6RPH RI WKHVH FROODSVHY KDYH RFFXUUHG LQ DU
described byRumbaugh, Mark, & KostecKin press) Chapter 1discussedhe importance

of implementing riskbasel analysis methods into pillar designd proposeda risk-based
approach for pillar design and stability assessmiém proposed methodologylssed on

the integration of stochastic discrete element modeling for pillar strength estipaattbn
stochasticcontinuous modeling for pillar stress determinatidhe reliability method was
proposed as a means to combine both results to estimate pillar probability of failure.

This chapter combines results from previous sections of this work to evaluatetabiatys

based on the proposed rbksed pillar design methodology. In additioasults from
numerical models used in this work are validated by comparing its results with 3D
Photorealisitic pillar models obtained from drone and terrestrial based LIiDAR a
Photogrammetric surveys. This chapter is divided in four sections where: Section 1 uses the
results from bonded block pillar strength estimation techniques discussed in Chapter 3 to
evaluate the effect of discontinuities on pillar strength estimatidrdefine pillar average

and standard deviation valy&ection 2 summarizes the stochastic Finite Volume Modeling
results for pillar stress estimation from chapter 4; Section 3 estititemse study mine

pillar probability of failure by combining valuesbtained in sections 1 and 2 using the
reliability method. This section discusses the results in theexbof current ground control

and management best practices. Findlgction 4presents the results obtained from the
LIDAR and photogrammetric surys and compare those with a fractured pillar stability
assessment using the bonded block and Filtered DFN model.

® This chapter is to be submitted as a stalethe journal paper in tHeock Mechanics and
Rock Engineeringjournal. 7KH SDSHU ZDV H-Based RillarHDEsi§i$ Apraabth
Combining Stehastic Continuous and Discontinuous Modeling in an Underground Stone
OLQH"
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2. STOCHASTIC DISCRETE ELEMENT MODELING FOR PILLAR STRENGTH
ESTIMATION

Chapter 3 discussed discrete element numerical modeling and presewideliag approach

to estimate pillar strength in limestone mines. This numerical modeling approach was based

LQ WKH XVDJH RI ERQGHG EORFNV WR UHSUHVHQW 3LQWDFV
Discrete Fracture Network to account explicitly fbetpresence of discontinuities in rock

pillars. The calibration of the model was based on the industry accepted NIOSH pillar
strength formula and allowed to evaluate the effect of discontinuities in pillar strength. This

section will present the stochast&sults from this approach and will discuss results as an

input for the estimation of pillar probability of failure.

Once intact pillar bonded block contact properties were calibrated so intact pillar strength
matched the NIOSH empirica@quation valuegas shown inFigure 3.20), the effect of
discontinuities on pillar strength was evaluated. This process was donetwgpting the

intact pillar model with the filtered discrete fracture network model and simulating the failure
of the pillar in compression as describedrigure 3.5. A total of 15 stochastic realizations
were run for each of the evaluated pillar W/H ratios (0.5, 0.8 and 1.0). The- stress
displacement curves were recorded for each simulagi®nvell as the processing time per
simulation.Figure5.1 shows the stress deformation curveddiifferent realization of each

of the W/H ratios.The red lines indicate pmexisting fractures and bonded block contact
breakage de to shear or tensile failure on a cross section of the tested. pillar

Figure 5.1. Stochastic Pillar Strength Estimation Using the Bonded Block Method and a Filtered DFN. a) Pillar
strength test a 0.5 wilth-to-height ratio pillar, b) Pillar strength test a 0.8 width-to-height ratio pillar, Pillar
strength test a 1.0 widthto-height ratio pillar.

Results from the simulations were recorded in an excel data base and fractured pillar strength
and deformatiormodulus were calculated from the stressplacement curves\ fracture

pillar strengthsummary was imported into-Btudio and results were compared with the
NIOSH Pillar Strength assuming no discontinuities and the NIOSH Case Study Mine Pillar
Strength. e RStudio Fitdistrplus”library was used to fit probability distribution functions

for each fractured pillar strength by W/H ratio, and mean, standard deviation, and coefficient
of variation(COV) values were calculated for each case.
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Figure5.2 summarizes the results from the stochastic discrete element modeling analysis,
and compare numerical modeling results with the NIOSH empirical pillar strength
estimations.The black dotted line represents the 95% confidence intervh) (G the
NIOSH CSM strength curve by considering intact rock uniaxial compressive strength
variability. Results indicate that the presence of discontinuities does affect pillar strength for
all W/H ratios.In all three caseshe average fractured pitlatrength yielded values that were
lower than the intact pillar strength calibrated vadhseindicated infable5.1. For the 0.5

W/H ratio pillar, the fracture pillar strength was 95% the value of the NIOSH intact pillar
strength;For the 0.8 W/H ratio pillar the fracture pillar strength was 96% the strength of the
intact pillar; and for the 1.0 W/H ratio pillar the strength of the pillar considering the effect
of discontinuities was 98% the strength of the intact pillar. Discomis had less effect on

the pillars with higher W/H ratios.

Figure 5.2. Stochastic Discrete Element Modeling Pillar Strength Results for Multiple Width to Height Ratios
Compared with NIOSH Empirical Pil lar Strength Estimations.

Results were also compared with the NIOSH CSM pillar strength values. It was observed
that for all three W/H ratio cases, te®chastic DEMractured pillar strength was greater
than the values estimated using the NIOSH empist@ngth formula. The Stochastic
Discrete Element Model Pillar Strengths were 5%, 6% and 8% higher than the NIOSH CSM
Pillar Strength for the 0.5, 0.8 and 1.0 W/H ratio pillars, respectiydlystochastic DEM

pillar strength estimations were within t88% C.I. of the NIOSH CSM pillar strength
estimation.

109



Numerical models used to derive the NIOSH LDF assumed that discontinuities were
continuousacross theentire pillar producing conservative resultSsterhuizen, Dolina&
Ellenberger, 2008)The DFNs used in these simulations considered the effect of joint size in
pillar behavior This consideration may enable the representation of rock bridges within the
rock pillar, which may yield higher strengths than assuming tudhtinuous fractures. The
effect of discontinuity size on pillar strength effect has been documented in the pastiby
authorg(Zhang, Stead, & Elmo, 2015)

Table 5.1. Minimum and Maximum Pillar Average Vertical Stress for Each Stress Scenario

W/H Fractured Pillar Strength Fractured Pillar Fractured Pillar
Ratio Average Standard Streng'th/ NIOSH Strength/ NIOSH
[MPa] Deviation [MPa] COV [%] Intact Pillar Strength CSM Pillar Strength
0.5 29.7 0.42 1.41% 0.95 1.05
0.8 34.6 0.54 1.56% 0.96 1.06
1 37.7 0.49 1.29% 0.98 1.08

7KH VWRFKDVWLF DQDO\WLY HQDEOHG WR FKDUDFWHUL]H V
pillar strength variabilityFigure5.3 compares the experimental cumulative density functions

for all fractured pillar strengths for each W/H ratio. The red line represents the normal
theoretical cumulative density functidDF) for each caseAll stochastic DEM pillar

strength enpirical CDFs show good agreement with the Normal CDF model, concluding that

the Stochastic DEM Pillar strength values were all normally distribUitgale5.1 shows the

average and standard deviation fractured pillar strengtaicthW/H ratio. The COV for the

stochastic DEM pillar strength estimations were 1.41% for the 0.5 W/H ratio pillar, 1.56%

for the 0.8 W/H ratio pillar, and 1.29% for the 1.0 W/H ratio pillar.

Figure 5.3. Theoretical and Experimental Cumulative Density Functions forFractured Pillar Strengths for
Different W/H ratios.
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Figure5.4 showsthe histograms and the fitted probability distribution functions (PDFs) for
the stochastic DEM pillar stngth estimation for eachillar W/H ratio. It is possible to
observe that all fitted normal distributions align well with the SDEM pillar strength
histograms. These results are overlaid with the PDF of the NIOSH Case Study Mine Pillar
Strength considerinigtact rock variability. As discussed @hapter Antact rock UCS has a
standard deviation of 21.25 MPa. By considering this value on the NIOSH empirical pillar
strength equation, the NIOSH CSM pillar strength standard devigitds a value of 4.36
MPa, as recorded ihable2.10. Similarly, TheNIOSH CSM Pillar strength COVields a

value of 13.3%.

Figure 5.4. Histograms and Probability Distribution Fu nctions for Each W/H ratio Using the Stochastic DEM
Pillar Strength Estimation Approached Compared to the NIOSH Empirical Pillar Strength Distribution.

A total computing time of 293 hours and 55 minutes was recorded for all 45 simulations,
averaging 6 howr and 26 minutes per each simulatidiable 5.2 summarizes total and
average computing time for each pillar W/H ratio. As previously mentioned a total of 15
realizations were run for each scenario. The 0.5 W/H ratio pillars toekenage 8 hours

and 59 minutes per model, the 0.8 W/H ratio pillar simulations took on average 5 hours and
4 minutes, and the 1.0 W/H ratio pillars took 5 hours and 4 minutes per simulation. Slender
pillars took longer processing times since the bondedkbtize, and zone size were a
function of the pillar width as shown ihable 3.7. Therefore, slender pilladsad more
elements for computation. It is worth mentioning that this total computing doeenot
considerall the timeexpended in model calibration efforts.

Table 5.2. Computing Time Results for the Stochastic DEM Pillar Strength Estimation Approach for 15
simulations for each W/H Ratio.

Computing Time Width to Height Ratio Total
0.5 0.80 1.00
Total 143 h 58 min 78h56min | 71 h 0 min 293 h 55 min
Average 8 h 59 min 5h 15 min 5h4 min 6 h 26 min
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Results from the stochastic DEM analysis indicates that even though the presence of
discontinuity sets does have an impactpillar strength variability, their effect is minimum
when compared with other parameters such as intact rock variability that has a higher COV.
As it was shown, the COV for the for the NIOSH CSM pillar strength ioltDthe COV
obtained for StochastiDEM pillar strength when considering discontinuities variability.
These resultsndicate thatcharacterizing the effect of discontinuities on pillar strength
variability may not be as relevant as characterizing and having better estimates of intact rock
compressive strength and its variability. The time and resources invested in running
stochastic simulations to evaluate the effect of discontinuities on pillar strength variability,
may be reallocated to other tasks that may have greater contributioncertaunty
characterization. However, it is worth mentioning that the effect of discontinuities does have
to be considered in the estimation of pillar strength, since this work, just as many others
authors have demonstrated, that the presence of disctiesmaduces the strength of rock
pillars (Esterhuizen G. , 2000; EImo & Stead, 2010; Zhang Y. , 2014; Elmo, Cammarata, &
Brasile, 2021)

In the context of this work, results from thedtastic DEM for pillar strength determination

are valuable since allowed to estimate a more realistic pillar strength range of values for
different pillar geometries considering the case study mine site specific condrEmgts

from this section wilbe used to estimate pillar probability of failure in the following sections.
For the probability estimation section, the best estimate for pillar strength will be the Average
Stochastic DEM Pillar strength Estimated Va(34.6 MPa for 0.8 W/Hatio Pillas). For

pillar strength standard deviation, the selected value will be the NIOSH CSM pillar strength
standard deviation (4.36 MPa).

3. STOCHASTIC FINITE VOLUME MODELING FOR PILLAR STRE SS
ESTIMATION

Chapter 4oresented a stochastpproach for pillar stress estimation in the case study
mine. This sectiosummarizes the methods and results obtained in the stochastic pillar
stress estimation analysis.

A 3D Finite Volume Pillar Stress Model for a simplified section of the casky shine was
performed using the software 3DEC. This model uaedelastic modeling approach
considering ock mass propertieseported inTable 2.3. For the simulation, three stress
scenarios were defined due to tleek of information with regards to 4situ stress
measurement3.able4.2 summarizes each of the three scenarios. The Point Estimate Method
was used to estimate the effect of rock mass elastic properties variabilgillar stress
distribution. A total of 24 simulations were ruper each stress scenario. Results from each

of the 8 simulations were used to estimate average and standard deviation vertical stress
values for each pillar in the simplified modElgure5.5.a) shows each of the pillar marked

on the simplified mine model. Pillars are labeled from 1 to 72, starting at the bottom left of
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the pillar arrangemenEigure5.5.b) presents the average vertipdlar stress for one of the
stress scenarios.

Figure 5.5. Finite Volume Numerical Analysis to Estimate Stresses around the Case Study Mine

Results from this work enabled to estimate average and statelaadion vertical stress for

each individual pillar within the simplified mine model under evaluated stress scenario. It
was observed that vertical pillar stress increased with depth due to the dipping nature of the
deposit. The effect of surface topogngpvas also evidenced in these simulations since pillar
stress magnitude followed the surface elevation contour trends. Pillars on the abutments of
the pillar arrangement presented lower stresses, possibly due to the pressure arch load
developed due to treelf-supporting capacity of the ground on the abutments. Stress scenario

3 (G L say yielded the highst values for average pillar stress with a magnitude of 23.44
MPa, followed by stress scenario (G L s& which reporteda maximum pillar stress
magnitude of 19.49 MPa, artlden bystress scenario G L r & with a maximum pillar
stressvalue of 17.84 MPa. Another important observation was that pillars that presented
higher stresses, where the same dhasreported highestandard deviatiomalues Mean

and standard deviation values for average vertical stress for each pillar under each stress
scenario will be used to estimate pillar probabilities of failure in the following section.

4. PILLAR PROBABILITY OF FAILURE ESTIMATION

As discussed itChapter 2 the reliability analysis method is a risk analysis apprdhah

allows to estimate the probability of failure of certain system by considering the probability
distribution functions of the different variables affagt the systemThis section will
describe thecalculation procedure used to estimate pillar probability of failure in the case
study mine based on the results obtained from the previous two sections. Results obtained
from these calculations are presengadl will be discussedh the context of the mining
operationcurrentpillar designstandards, and ground control management best practices

The simplified pillar stress estimation model was used as the base model to estimate pillar
probability of failure The model geometmgnd its resultsas shown ifrigure5.5, wereused
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to 1) obtain pillar stress average and standard deviation for each pillar in the pillar
arrangement, and 2) report pillar probability of failure resaftisr calculation

The software FStudio was used to compute the probability of failure for galdér. As
described in the previous section, the results for the stochastic pillar stress estimation model
was a 72Zow x 2-column matrix where each row represedteach pillar in the pillar
arrangement following the labeling indicated Figure 5.5.a). The first column of that
resulting vector reported the average vertical pillar stress, and the second column contained
the standard deviatiofor each pillar. A total of thrematrixeswere obtained, one for each

pillar stress scenario evaluated, as describ@ale4.2.

Results from the stochastic DEM pillar strength estimation stagkthose of the stochastic

FVM stress estimatiowere used to estimate probability of failure for each individual pillar
using the equations 25, 2.27, 2.31, and 2.32, dsscribed irChapter 2 A Factor of Safety

was also calculated for each pillar aaling to Equation 2.21. For these calculations, it was
assumed that pillar strength, and pillar stress were not correlated, and that all pillars in the
pillar arrangement had the same W/H ratio. Therefore, the average and standard deviation
pillar strengthwas the same for all pillars. The average and standard deviation vertical pillar
stress were variable according to the stress simulation stochastic analysis.

A probability of failure anda Factor of Safety were calculated for each pifleach stress
scenario. Figure 5.6 summarizes the probability of failure for each pillar in the CSM
simplified pillar model. Pillars are labeled from 1 to 72, and are highlighted by level. This
means that pillars contained in the same level tap@roximately the same depth from the
mine portal.The maximum probabilities of failure were 0.056%, 0.014%, and 0.825% for
stress scenarios 1, 2 and 3, respectively. In all cases pillar #16 was the pillar with the highest
probability of failue. Stresscenario 2 G L r &, yielded the lower probability of failure
values, whereas stress scenaridz3 L sav, yielded the highest probabilities of failure. From
levels 1 to 4, all pillars seem to have a negligible probability of failure in all stress scenarios.
However, for stress scenario @llar #29 located at level 5, presents a probability of failure

of 0.199%. A value significantly higher than those obtained footinertwo stress scenarios.
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Figure 5.6. Pillar Probability of Failure for Each Stress Scenario

Current limestone pillar design guidelines do not define probability of failure as an
acceptance criterio(Esterhuizen G. S., Dolinar, Ellenberg, & Prosser, 20Th¢refore,

there is not an actual definition of what an acceptable probability of failure value could be
for underground stone mineSurrent guidelineslefine a 1.8 Probability of Failure as the
acceptable design parameter for pillars in Limestone mindsik/nited Statedzigure5.7
presents the calculated Pillar Factor of Safety for the Case Study Mine for each stress scenario
evaluated. For stress scenario@ (L r &), all pillars presented a Factor of Safety above the
design standard of 1.8. The minimum Factor of safety obtained in this case was 1.94,
calculated for pillar 16. For stress scenarioG, { s&), only one pillar did not meet the
design crieria of 1.8. The pillar that did not meet this criterion was pillar #16 in the level 7,
with a Factor of Safety of 1.77. In the case of stress scenaf® B &y, 17 pillar yielded

factor of safety values lower than the minimum acceptable value 8fTable 5.3
summarizes the factor of safety values and probability of failures for each of the 17 pillars
with a factor of safety lower than 1.8 assuming the weaise scenario for stress conditions.

In this case, the pillar witthe lowest factor of safety was again pillar #16, with a Factor of
Safety of 1.48.
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Figure 5.7. Pillar Factor of Safety for Each Stress Scenario

Table 5.3. Computing Time Results for the Stochastic DEM Pillar Strength Estimation Approach for 15

simulations for each W/H Ratio.

Stress Scenario3 1, L 15 L Ul 4
Pillar # Factor of Safety Pégﬁszh[%//o ? f

2 1.73 0.08
3 1.64 0.18
4 1.69 0.11
5 1.68 0.13
6 1.68 0.12
7 1.66 0.16
8 1.68 0.12
11 1.77 0.06
12 1.74 0.07
13 1.70 0.11
14 1.74 0.07
15 1.70 0.11
16 1.48 0.83
17 1.76 0.06
24 1.75 0.07
25 1.70 0.11
29 1.69 0.20
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Figure5.8 shows a plan view of the case study mine pillar arrangement overlaid with the
surface contour elevations. Pillars are mapped by their calculated probability of failure for
each different stress scenafiigure5.8.a) represents the results from stress scenar@ 2 (

r &, Figure 5.8.b) shows the resultsom stress scenario 1§ L s&), andFigure 5.8.c)

shows the resulfsom stress scenario 3¥ L s&). Pillars with higher probabilities of failure

were the same in all stress scenarios. However, the probability of failure value was in a
different scalePillars with higher probabilities of failure are those that alsogmesi higher

stress magnitudes and variability. These pillars were also associated to the surface change of
topography, and the dipping nature of the deposit.

Figure 5.8. Top view of the simplified Casestudy mine model colored by Probability of failure for each stress
scenario. a) Stress Scenario 2ko =0.5, b) Stress Scenario ko =1.0, and c) Stress Scenario 3ko =1.5.

Even though, there is notyadefinedacceptablgrobability of failurein underground stone
mines, the industry accepted guideline of a 1.8 Factor of Safety, and the design methodology
presented in this work can help in determining what an acceptable value for Pillar Probability
of Failure could beFigure 5.9 presents a plot indicating the factor of safety and the
probability of failure for all the analyzed pillars at the different stress conditions. In this case,
the Factor of safety follows a negative logarithmic trend with respect to the probability of
failure. Considering the trend of the plotted data, and the 1.8 Factor of Safety, a maximum
acceptable probability of failure of 0.05% could be definew. worth mentioning that this

value is only applicable for the case study mine. In order to damieeaeptable probability

of failure for other mine sites a similar exercise should be performed. This is due to that these
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results are dependent on the estimated standard deviations, which are only applicable to the
mine where this study took place.

Figure 5.9. Pillar Factor of Safetyvs. Probability of Failure for the Case Study Mine.

Probability of failure is a term thabnitially may soundoutrageous, just because the word
failure is implicit onthe term However, this concepthould be adopted and implemented as

an additional tool to acknowledge the inherent changing nature ehgtarials Designing

a mine basednly on factors of safety does not make the uncertainty associated to design
parameters go veay. Conversely, this prevents engineeasd decision makergo
acknowledge that parameters such as intact rock propelisesntinuity networks strength

and spatiality, stress magnitudes and orientations, and even operational conditions, have
variability that ultimately affects pillar performancélmo & Stead discussed the role of
behavioral factors and cognitive bias in the rock engineering pré2028) They discussed

how these two concepts prevent the adoptfarew characterization and design approaches.

International ground control best practices recommend the implementation of ground control
PDQDJHPHQW SODQV *&03V DV DQ DGPLQLVWUDWLYH FRQW
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associated to ground inbibity issues(Mine Health and Safety Inspectorate, 2001; Potvin &
Nedin, 2003; Mark, 2014; Department of Mines, Industry Regulation and Safety, 2019;
Galvin, 2020; Emery, Canbulat, Zhang, 202Q)A GCMP may be summarized as a living
documenbased on the application miodernrisk management principlés ground control.

This means that it should register and describe all the hazards related to the ground
conditions, as well as, &tify and assess all possible risks linked to these conditions. It
should déail the expected ground conditions, and acknowledge the uncertainty asstaciated

the geology and geomechanical properties of the rock mass. These documents should also
define al the engineering and operational controls requireprésent all identified ground

related risks from materializing.

An adequate GCMP is an administrative control that enangsmeers and management to

account for, and managground control relatedsks WKURXJK WKH GHILQLWLRQ RI
ULVN® OHYHOV DFFRUGLQJ Wgateh F&b&dgya,BOWMed&eMol, 07§V SURIL
Design approaches and engineering controls contained in GCMPs should allow to estimate

grourd instability hazard$likelihood of occurrenceso risks can be quantified according to

the consequences in case one of these events étamjigeorgiou summarizes a series of

risk matrixes to evaluate risks in mining operations by considering evefihdide of

occurance and consequences measured in different §2@1€3 If the highest probability

of failure value of 0.8% obtained from this analysis is compared to common risk matrixes,

the collapse of that pillar euld be categorized as a rare event, the lowest qualification.

The framework proposed in this woekables to estimate pillar failure likelihood through

the usage of the probability of failure in the context of pillar design and stability assessment.
The applicability of this methodology was tested in a case study mine, wheas shown

that it provides results that may support decision making in the stability assessment of
existing pillars in an underground stone operati®oth approaches used to estite pillar
strength angbillar stresses enabled to account for the uncertainty associated to most of the
design parameters such as intact rock strength, discontinuity networks variability, surface
topography, rock mass elastic properties, and horizontalettical stress ratio. Dunn
discussed the importance of implementing engineering design analysis and risk assessment
processes that help understanding and characterizing the unceasotyated to mining
projects (2019). This work introduced a new approach for pillar design that helps to
understand and reduce the uncertainty in the pillar design pesceggmately improving
safety in underground stone mine operations.

5. PILLAR STABILITY ASSESSMENT AND VALIDATION

The only method to determine the real ultimate pillar strength is by subjecting this element
to failure loads. In the past authors have performesitinlarge scale testing tietermine in

situ coal strength and deformation properfggnawski, 1968)However, such analyses are
costprohibitive,time consumingand the resulting datannotbe used in other sites. In the
context of large opening underground stone mines, these types of tests are simply untenable
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due to the cHienges and risks associated to the collapse of a large hard rock pillar. Other
authors, have used the experience obtained from real pillar collapse events to back calculate
the strength of prexisting pillarsusing numerical modelingy estimating the stsses at

which those pillars were exposed prior to the collggseerhuizen, Tyrna, & Murphy, 2019)

In the context of the case study mine, significant pillar failure or instability has been
observed or reported. Théoee, there is not a direct way to estimate ultimate pillar strength.
During the development of this projetiDAR technologiesvereused to map some areas

of the case study minenore specifically with the interest of mapping and characterizing
discontiruities as indicated ifrigure2.5. In addition, Bishop used Dro#ssed LIiDAR and
Photogrammeit surveys to generate high resoluti®-photorealistic models of some of

the pillars in the same case study m@@22) Results from these surveys were proposed as

a tool to compare numerical modeling results. One of the pillars in the case study mine was
selected and a detailed LIDAR and photogrammetric survey was performegigane5.10

shows onghe selected pillar, where a) shows a plan view, b) presents a cross sectional view,
c) shows one of the photos taken to this pillar at the moment of the drone based
photogrammetric survey, and d) shows the final point closultieg from the survey. Details
about the surveys and equipment used for such surveys are out of the scope of this work, and
are discussed in detail (Bishop R. , 2022)

Figure 5.10. Laser Scans and Photos of the Pillar Assessed for Stability. a) Plan View, b) Cross Section, c)
Photography of the Assessed Pillar, d) Isometric View, modified aft§Bishop R. , 2022)

The scanned pillar corresporajsproximately to pillar #3ih the simplified case study mine
modelfrom Figure5.5. This pillar is located approximately 203 m below the actual ground
surface. A static model to evaluate the response of a fractured bonded ibsochqdel

under actual pillar loading conditions was developed in 3DEGure5.11 shows the pillar
stability assessment model where the hanging wall and footwall blocks on top and bottom of
the pillar are modelled as elastiotks, and the pillar intact rock material is simulated using
the bonded block modeling approach. The pillar material is intersected by the filtered DFN
defined in Chapter 3Discontinuity Set 1 is marked in yellow, discontiyusets 2 and 3 are
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marked incyan, and discontinuity Set 4 is marked in magenta. The bonded block contact
faces are marked in orange.

Figure 5.11. 3DEC Pillar Stability Assessment Model

Table5.4 summarizes the properties used for each material in the model. Hangingwall and
footwall materials were simulated as elastic, with a 2.7 téoensity, a 49.80 GPa
GHIRUPDWLRQ PRGXOXV DQG D 3RLY¥YWIQIan dbBtidV LR 7KH
bonded block approach. Thended blocks were generated with an approximate edge length

of 1.92 m. Bonded blocks contact properties were defined based in the calibration properties

for a 0.8 W/H ratio pillar, as reported Trable5.4. For the discontinuity networkshohr-
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Coulomb constitutive model was agswith no cohesion, a 30° friction angle, a 30 GPa/m
joint shear stiffness, and a 300 GPa/m joint normal stiffness.

Table 5.4. Intact Blocks and Discontinuities Properties forPillar Stability Assessment Model

Material
Parameter .
Pillar
Constitutive Model Elastic Bonded Blocks
Density [ton/m3] 2.7
Young's Modulus [GPa] 64
Poisson's Ratio 0.22
BB Joint NormalStiffness [GPa/m] 500
BB Joint Shear Stiffness [GPa/m 80
BB Phi [°] 25
BB cohesion [MPa] 15.3
Tensile Strength [MPa] 17
Parameter Hangingwall and Footwall
Constitutive Model Elastic
Density [ton/m3] 2.7
Young's Modulus [GPa] 49.80
Poisson's Rati 0.19
Parameter Discontinuities
Joint Normal Stiffness [GPa/m] 300
Joint Shear Stiffness [GPa/m] 30
Phi [°] 30
cohesion [MPa] 0

Two loading conditions were determined for evaluating pillar performance model. For the
first approach the system wagbgected to irsitu stress conditions. For this case, stress
scenario of a.5 Ko was used. The model was solved prior to excavation until reaching
equilibrium. After insitu stresses were initialized, the material surrounding the pillar was
excavated. Theodel was initially solved as elastic, to previdrat effects of sudden removal

of the rock. Then the material was cycled until reaching equilibrium with actual material
properties. Total displacements and stress magnitudes were evaluated and compare with
images and 3D models obtained from the LIDAR and photogrammetric surveys. Only a
visual comparison was performed since the surveys were performed in an area where
excavation had taken place long time before.

The second loading scenario was performeddmyang a 0.05 m/s velocity boundary on top

and bottom of the modetil pillar failure.Figure5.11 indicates the velocity boundaries on

the tested modelA FISH function was used to calculate vertical stress vs vertical
displacenent curve as the load was applied to the system. The loads were measured on the
top and bottom of the hangingwall and footwall bloblysmeasuring reaction forces. The

area on top and bottom of the model wpproximately 1,785.4 fnandcrosssectionakrea
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in the middle of the pillar is of 594.92mThe strength of the pillar was calculated as the
strength of the system multiplied by theea of the top of the model divided by the cross
sectional area of the pillar. This analysis enalilezl observatiorof pillar failure before
during and after ultimate pillar strength was reached.

Figure5.12 and Figure 5.13 show the results for the initial loading condition, where pillar
#32 is subjected to initial +situ stress conditions, then surrounding material is excavated.
Figure5.13 highlights the displacements in the pillar surface. In addition, tagssections

across the X and Y axis of the pillars are showhe simulation indic@d maximum
displacements of 2.99 mm. The figure indicates piiktr areas with larger deformations are
located on the faces exposed to the mine drifts. The faces opened to treitg@sssented

lower displacements in the order of 2 mm. It is alscsimbs to observe that areas where
discontinuities are present and intersecting each other present higher magnitudes of
displacements, especially on the corners of the pillar.

Figure 5.12. 3DEC Pillar Stability Assessment Model Indicating Total Displacement Magnitude.

Figure5.13 shows the pillar colored by vertical stress. | the cross section it is possible to
observe that the areas of the pillar that present less displacemeiaispahose areas where
higher stresses concentrate. The areas identified with the highest stress concentrations were
the top of the pillar on the bottom stope, and the floor of the pillar on the top stope. The
maximum vertical pillar stress magnituderighe order of 21 MPa. This simulation, is also
showing that under the assumed stress conditions there are not bonded block contacts failing.
This indicates that the intact rock material is not subjected to failure.
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Figure 5.13. 3DEC Pillar Stability Assessment Modelndicating Vertical Stress Distribution

Figure5.14 is comparing the numerical modeling results with the 3D point cloud models
obtained from laser scanning, and plsotised to generate the phetlistic models of the

mine. Even though, no multitemporal evaluations were performed in the case study mine due
to the conditions of the project, the comparison between the stochastic DEM numerical model
and the 3D pillar susice shows some correlations that are worth mentioning. The figures on
the left shows pillar model generated with a stochastic Filtered DFN. The stochastic fracture
model was able to represent some of the fractures that were actually observed in tke field a
it is being indicated with the red circles. The same circled areas were the areas in the
numerical model that yielded higher displacements on the surface of the pillar. In the case
study mine, those areas presented rock material removal. The reagsbeséonoval of that
material are not clear, since the authors were not present in the operation when the pillar of
interest was excavated. However, two reasons that may explain the removal of material on
the corners of the pillar. One explanation to tliald be that the effect of blasting during

the mining process loosened up the material continuous to the discontinuities causing the
rock to fall during the blasting process. The other reason that could explain the removal of
materialon the pillar cornersould be due to the mechanical scaling practices the operation
performs.
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Figure 5.14. Comparison of numerical modeling results with LIDAR 3D model, and pillar photos from different
perspectives.

Figure5.15 shows the results for the second loading scenario, where velocity boundaries are
applied on top and bottom of the pillar until failure. The top figures show the pillar, the
hangingwall, and footwall blocks colored by displacemeath framdrom left to rightis
indicating a different point as the stretisplacement curve evolvestarting from irsitu

stress conditionStresses are being measured on top and bottom of the model by adding up
all reaction forces on top and bott@amd dividing the force by thevo times theareaFigure

5.16 shows inbluethe resulting stresgisplacement curve for the average stresses measured
on top and bottom of the model. The bottom imagdsgure5.15 are crosssections of the

pillar indicating the crack generation and propagation as the pillar reaches ultimate strength.
The red lins that appear as the simulation progresses represent bonded block breakage,
indicating that the intact rock mai&rin the pillar has failed.
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Figure 5.15. Multiple Images of the Fractured Bonded Block Pillar Model of Pillar #32 subjected to failure load at
different times during the loading processTop) Front view of the pillar, Bottom) Cross-Section of the Pillar in the
Down Dip Direction.

The force equilibrium concept was used to derive ultimate pillar strength. For this the stress
of pillar #32 was determined by multiplying the maximum model stress by the attea of

top of the model divided by the cressctional area in the center of the pillar. All recorded
stresses were divided by this aerial proportion allowing to generate a pillar stress vs
displacement curve, as indicatecbirangein Figure5.16. This model estimated an ultimate
pillar strength of 341 MPa, and a model ultimate strength of 11.4 MPa. The obtained pillar
strength is 99.4% the average stochastic DEM pillar strength value for a 0.8 W/H pillar, as
reported inTable5.1.

Fracture BB Pillar Strength for Pillar #32
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Figure 5.16. StressDisplacement Curve for the Fractured Bonded Block Model for Pillar #32
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The pillar stability assessment on Pillar #32 indicatephlar will be stable everi the actual

stress conditions on the mine are the worst stress conditions assumed of a 1.5 horizontal to
vertical stress ratio. Assuming worst stress scenario, this pillar would be subjected to an
average vertical stress of 17.8 MPa, yielding a factaabéty of 1.92 assuming that the
measured pillar strength Figure5.16 is the actual pillar strength. This result agrees with

the site observations and LiDAR and photogrammetric 3D pillar models, where no significant
signals of lar instability are observed. The authors suggest that a multitemporal-drone
based LiDAR/Photogrammetric survey as pillars are being excavated could be useful to
further validate stochastic discrete element numerical models integrating DFNs and the
bondel block method.

6. CONCLUSIONS

Even though, pillar collapses are evenith lower probability of occurrence in comparison

to other ground instability issues, the consequences of thikgesare such that make of

these higkrisk events.Therefore,design of new pillars and the stability assessment of old
pillars in legacy workings, should be considered from a risk management perspdusve.
dissertation introduced a riglased pillar design method that uses the reliability method to
combine stochastiDEM for pillar strength estimation, and stochastic continuous modeling
for pillar stress determination. In this chapter the proposed methodology was used to evaluate
the stability of a case study underground stone mine. In addition, LIDAR and
photogrammetc surveys were used to validate numerical modeling results. The following
are some conclusions derived from this work:

x A fractured pillar model combining the Bonded Block Method and a Filtered DFN model
was used to estimate the effect of discontinuibiesillar strength values. The bonded
block pillar model was calibrated using the NIOSH empirical pillar strength formula, and
the filtered DFN was defined to account for the most significant diseoties affecting
the pillar. Results from these modglslded pillar strength results that were reasonable
in comparison to current industry standards.

X A Stochastic Discrete Element Modeling approach enabled to characterize the effect of
the filtered DFN on pillar strength variability. It was determined tihat effect of
stochastiaiscontinuity networkson the pillar strength COV is much smalteanthe
effect of intact rock strength variability. Therefore, even though it is important to
explicitly characterize the effect of discontinuities on pillar giterthe effect of these
discontinuities do not affect strength variability as much as other parameters, such as
intact rock strength.

x A 3D Stochastic Finite Volume Model was performed to estimate stresses in a simplified
case study mine model. This apgch used the point estimate method to account for the
HITHFW RI URFN PDVV GHIRUPDWLRQ SURSHUWLHVY YDUL
addition, a parametric stress assessment was done to account for the uncertainty
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associated with the horizontal vertical stress ratid’his approach enabled to estimate
mean and standard deviation values for vertical stresses on each pillar in the simplified
model.

The reliability method was used to integrate strength and stress estimation results. This
approactenabled to estimate a pillar probability of failure for each pillar in a simplified
pillar arrangement in the case study mine. Since probability of failure is not a common
standard for pillar design in underground stone mines, it is not clear what ptabtee
value for this parameter could be. The authors proposed a threshold value of 0.05%
probability of failure by comparing obtained factors of safety and probabilities of failure
with the reference 1.8 factor of safety accepted standard.

Probability ofFailure should be considered as an additional tool in the risk assessment
process during the design, excavation and monitoring of an underground mine operation
This approach should be used to acknowledge the natural variability inherent to rocks
and rockmasses, and reduce the uncertainty associatedstntiaterialslt is important

that mine managers implement strategies that help to understand and reduce the
uncertainty in the pillar design processes, ultimately improving safety in underground
stone nme operations.

A pillar stability assessment was performed by simulating a specific pillar in the case
study mine using the bonded block pillar model intercepted by the filtered DFN. Results
from this assessment demonstrated that the evaluated pdkastable under current
stress conditions. In addition, LIDAR and Photogrammetiivey results were used to
compare results from the numerical model. It was possible to observe correlations
between the numerical model performance and the current sttite agsessed pillar.

This indicates that the numerical modeling approach used has potential to be extended to
other sites for the analysis of discontinegtfyected haretock pillars.
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Chapter 6 Additio nal Contributions

Throughout the developmenf this work the author has had the opportunity to work on
additional projects that have contributed to the development of ideas and concepts treated in
this dissertation. This section presents two of the contributions that have resulted from these
efforts with abstracts below and full documentation in the Appendixes

1. Automated Discontinuity Extraction Software Versus Manual Virtual Discontinuity
Mapping: Performance Evaluation in Rock Mass Characterization and Hazard
Identificatio n’

Authors: Juan J. Mogalvé, Alex Pfreundschuh Aman Soril, Nino Ripept
&Mining and Mineral Engineering Department, Virginia Polytechnic Institute &State
University

Abstract.
Ground control failures are one of the main causes of accidents in the underground stone
mining industry. Some of the fundamental tools for rockfall hazard identification are related
to rock mass characterization and geotechnical discontinuity mapping. Recent technological
advances in these methods are related to remote sensing techniques and podint clo
processing software for automated discontinuity mapping. Remote sensing techniques, such
as LIDAR and photogrammetry, generate multimillion pailouds with millimetric
precision, capturing the structure of the rock mass. The automated point cloadsprgc
tools offer alternative algoriththased methods to characterize and map these discontinuities.
However, their applicability is constrained by multiple factors such aspéeific conditions
of the rock mass and the parameters used within the nma@dgorithms. This paper
evaluates the performance of automated discontinuity extraction software compared with
manual virtual discontinuity mapping. Sampling windows from lssanned sections in an
underground limestone mine are defined and mapped dsoontinuity set extractor (DSE).
Results from the virtual discontinuity software are compared with manually extracted
fractures from 4Site based on reviewing orientation, trace length, spacing, number of
extracted discontinuities, and processing tifflee analysis determined that the automated
mapping algorithm was able to identify the same discontinuity sets that had been manually
mapped. The automated mapping software mapped an excessive amount of smaller fractures,
which caused the comparison oflbatapping techniques to be unsuccessful in terms of trace
length and spacing.

Key words. Virtual Discontinuity Mapping, Automated Discontinuity Mapping, Rock
Mass Characterization, Hazard ldentification, Rockfall, Underground.

The full text of this papes attached oAPPENDIX C.

" This paper was published in théning, Metallurgy & Exploration Journal , Available
on line on March 19, 2021.
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2. Development of a Ground Control Management Plans Standard in the Colombian Mining
Industry

Ground instabilityissuesare the main cause of accidents, emergencies, and deaths in the
Colombian minig indstry. Between 2005 and 2020, there were 931 emergencies reported

by the National Mining Agency, of which 35% were due to geomechanical accidespge

RI WKH LQWURGXFWLRQ RI JURXQG FRQWRoRkBUPPDQDJIHPHQV
30DQV’ LRLRRORPRQLQJ VDIHW\ UHJXODW LiRege pldpshas WKH LF
not been effectiveAs a member of thélealth and Safety Committee Colombian Mining
Professionals Association (AIMC), the author of this work has been actively involved in the
devebpment of a series of strategiesiprove safety and reduce ground control related

accidents in the Colombian Mining Indust8ome of the strategies that have been developed

during the past three years are listed below:

The 10 Commandments for the Prevention of Accidents due to Geomechanical Causes
in_Mining Excavations: This document contains the ten basic aspects that every mining
owner, operator memployer must take into account to avoid and pregeoimechanical
accidents any type of underground mining operation, regardless of the type of mineral and
the scale of the project.

Technical Standard for the Preparation of Ground Control Management Pans for

Mining Operations and Underground Civil Works in Colombia (TS 6620) through the
Colombian Institute of Technical Standards and Certificattba author lead the
development of a technical standard that contains the technical requirements agnbuahd
management plan should contain to be an effective administi@ativieol to avoid and
control geomechanical risks in underground mine operations. The standard is currently under
revision by the Mining Technical Committee and it is planned to béighell for public
consultation by June 2028s part of the development of this standaderies of webinars

and discussion panels were organized to communicate the importance of this project to the
industry at large. The list below contains a descnipéiod the links to the recordings of each

of these events.

Presentation Title Presenter
Importance of Ground Control Management Plans (GCN
in the Colombian Mining Industry
Ground Control Best Practices in Underground Coal Mi Dr. Cristopher Mark
Dr. Antonio Samaniego, Dr. Richard
Brummer, Dr. Alvaro de la Cruz Correa
Arroyave

Aman Soni

Discussion Panel: Ground Control Management Plans
Colombia

The 10 Commandments for the Prevention of Acciden
due to Geomechanical Causes in Mining Excavation
Ground Control Management Plans: A Risk Managemé
Tool to Prevent Geomechanical Accidents in Undergroy Juan J. Monsalve Valencia
Mining

Juan J. Monsalve Valencia

The research dorduring the development of these strategies has significantly contributed to
some of the ideas and discussior@uded inthis dissertation
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https://www.anm.gov.co/?q=anm-publica-decalogo-para-la-prevencion-de-accidentes-mineros
https://www.anm.gov.co/?q=anm-publica-decalogo-para-la-prevencion-de-accidentes-mineros
https://www.youtube.com/watch?v=Gu0QhoYQM1c&t=3s
https://www.youtube.com/watch?v=Gu0QhoYQM1c&t=3s
https://www.youtube.com/watch?v=w4AIbcy1R90
https://www.youtube.com/watch?v=Fy0_GfUoUTs&t=4854s
https://www.youtube.com/watch?v=Fy0_GfUoUTs&t=4854s
https://www.youtube.com/watch?v=mRn9z1gYi-0&t=3242s
https://www.youtube.com/watch?v=mRn9z1gYi-0&t=3242s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
https://www.youtube.com/watch?v=3r7NKPgvmoE&t=343s
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Conclusions, Recommendations and Future Work

1. SUMMARY AND CONCLUSIONS

Pillar design is one of the mostitical tasks in the design and planning of an underground
mine operation. Historic and recent pillar collapses have shiogvdamage potential these
events may have on any mining operatione to the severe consequences of these events,
they should be treated &sgh-risk. Therefore, mining operators and regulatory agenc
should implement riskased approaches to design and assess the stability of already existing
pillars especially in areas regarded as legacy workifiggs dissertation proposeand
implementeda riskbased pillar design approach that integrates stochastic discrete element
modeling for pillar strength estimation, and stochastic continuous modeling for pillar stress
determination.

This work reviewed current pillar design industry standards esaluated the applicability

of risk analysis practices in the design of rock pillArstochastic discrete element modeling
approach to evaluate the effeBl GLVFRQWLQXLWLH Vo pdldd $ir¥igtb O UDQGR
variability was proposedThis proposaincluded the evaluation of multiple discrete element
modeling approaches and the implementation of a racdtie DFNDEM approach to
simplify pillar strength simulations by only considering explicitlye tmost significant
discontinuities Two model calibation approaches were testéde first method used a
Synthetic Rock Mass Mulscale DFNDEM approach, and the second approach used the
NIOSH empirical strength formula to calibrate intact pillar strength. Results indicated that
the calibration method usj the NIOSH empirical pillar strength equation industry standard
was the most effectiv@he calibrated pillar strength model was used to evaluate the effect
of discontinuities on pillar strength variability. A stochastic Finite Volume Modeling
Approach sing the point estimate method (PEM) was used to estimate pillar stresses and
their variability in a case study mine. Resulfsom the stress estimation model were
integrated with those obtained from the stochastic DEM approach by using the reliability
andysis methodThe reliability method enabled to estimate pillar probability of failure for
the mine where the proposed methodology was implemented. Finally, results from LiDAR
and Photogrammetric surveys were used as a way to compare numerical modeliag res
and validate this methodology. The following are some of the conclusions derived from this
work:

x Pillar collapses arbigh-risk events that continue to occur in the U.S. and abiRisd.
based approaches are necessary in the design new operatitns stabdility assessment
of old workings.This dissertation presentedigsk-based pillar design methodology that
may provide additional decisiemaking tools during the mine design process.

X The proposed methodology was evaluated in a CSM that exdardgiping deposit with
structurally controlled instability as the main observed failure mechafisenmining
methods and geomechanical conditions of the case study mine were described, and a
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preliminary pillar stability assessment using current pillarigtespractices was
performed.

X A stochastic DEM approach using the Bonded Block Method was used to estimate pillar
strength, and strength variability due to the presence of discontinuities. The SDEM with
BBM approach enabled to reproduce the structuraihrotied failure mechanisms and
obtain strength results comparable to those obtained ifrdastry accepte@mpirical
pillar strength equations.

X The Stochastic DEM enabled to characterize the effect afificentinuity networks on
pillar strength varialiity. The variability due to the presence of stochastic fracture
networks is much smaller than the effect of intact rock strength variability. Therefore, the
time and resources invested in running stochastic simulations to evaluate the effect of
discontinuties on pillar strength variability, may be reallocated to other tasks that may
have greater contribution on uncertainty characterization.

X A stochastic FVM based on the point estimate method was used to estimate pillar stress
variability in the CSM dueR LQWDFW URFN HODVWTHis &prBa8SiHUWLHV
yielded results that overcome limitations of 2D numerical and analytical solutions,
commonly accepted for pillar design. The approach also enabled to account for different
stress scenarios redagithe uncertainty related to some parameters that had limited data
available.

x A Pillar probability of failure was estimated and mapped using the reliability method. No
significant probability of failure was observed in the case study riine.maximum
probability of failure values where obtained assuming the less favorable stress conditions,
yielding a value of 0.8%rThis value is classified as a rare event, the lowest likelihood
rating. This result provides valuable information to quantify the riskase ¢hat pillar
collapses.

x A stability assessment model was performed combining the stress models and the
fractured bonded block pillar model to estimate pillar performance under current mine
conditions. Results were compared with current pill@DAR and Photogrammetric
survey observations. Results from the numerical stability assessment showed good
correlation with the 3D photorealistic images produced by these surveys. This shows the
potential of this pillar strength simulation approach to reprodudar giehavior in
underground stone operations.

2. RECOMMENDATIONS

The author is aware that the immediate implementation of the proposed methodetogy as
not possible. However, there are some actions that the underground stone industry could
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slowly begin implemening to control the risk of pillar collapse. Some of these
recommendations are listed below:

X Integrate a risk management approach to the ground control management plans in the
operations.

x Reducing uncertainty by continuous refinement of the gebarmecal model of the
operation.

X ldentification reporting and communicatiad mainfailure mechanismsbserved in the
operations.

x Implement qualitative risk assessment approaches to evaluate pillar conditions (pillar
collapse imitative) to prioritize t'se areas that require immediate attention.

x Implement continuous monitoring measures in areas identified as high risk.

x Implement design conformance inspections to make sure operational practices are
following design specifications. (e.g. Check that pil@ometries are following design
Width/Height ratios, and make sure that blasting or scaling practices are not affecting this
parameter).

x Develop training programs for the miners to teach them how to identify and report
geomechanical hazards in the wddge.

X Make sure they are aware of the limitations and assumptions of all design approaches

used.It is recommended to have external auditors that review and validate existing
designs and operational conditions.

3. EUTURE WORK

The authorsuggests that bageon this work there are a series of opportunities to keep
GHYHORSLQJ UHVHDUFK WR LPSURYH SLOODU GHVLJQ DQG I
the areas in which research can be directed:

x Keep exploring the synthetic rock mass approach for caligratitact pillar strength.
Performing extensive laboratory testing campaigns (pre and post failure) to allow detailed
discontinuous numerical modeling calibration.

x Exploring the applicability of PFC3D using this methodology. Evaluate in terms of ease
of calibrating the models, processing time, and results reliability.

135



The Discrete Fracture Netwoskare an important component of this work. Developing
methodologies to validate resulting fracture networks with actual discontinuities in the
field is very rel@ant.

Implement the proposed methodology as a forensic analysis tool in some of the case
studies mine whenecentpillar collapses have recently occurred.

Perform multitemporal dronédased LiDAR/Photogrammetric pillar surveys as mining
takes place téurther validate stochastic DEM numerical models.

Evaluate whatf scenarios in case one of the pillars is removed due to sudden collapse,
and evaluate how the probability of failure value change.

Explore the applicability of the bonded block model witkRNs to study the relation
between sudden pillar collapses and airblasts. Coupled numerical models.
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Appendix A - Statistical Analysis and Results Computation

Juan J. Monsalve

1/14/2022

Load Libraries used in the project.

#{r, include=FALSE}

library (MASS)
library (survival)
library (fitdistrplus)

library (ggplot2)

## Warning: package 'ggplot2' was built under R version 4.0.5

Rock Lab Exploratory Data Analysis
RockLabData <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress est

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

# Correlation panel

panel.cor <- function (X, y){
usr <- par(‘'usr);  on.exit (par(usr))
par(usr = c(0, 1, 0, 1))
r <- round(cor(x, y), digits=2)

txt <- pasteO('R =", r)
cex.cor <- 0.8 /strwidth (txt)
text (0.5, 0.5, txt, cex = cex.cor *r)

my_cols <- c("#00AFBB", "#E7B800", "#FCA4EQ7", "#FC4EQ7")

group <- NA

group[RockLabData$Lithology == "Hanging Wall"] <- 1
group[RockLabDatas$Lithology == "Foot Wall"] <- 2
group[RockLabData$Lithology == "Anomalous Zone'] <- 3



group[RockLabData$Lithology == "Ore Body'] <- 4

# Create the plots
pairs (RockLabData[ , 3 : 7],

col = c("honeydew3", "cyan3", "cyanl", "slateblue2")[group], # Change color by group

pch = c(19, 19, 19, 19)[group], # Change points by group

labels = c("Density [ton/m"3]", "UCS [MPa]", "Tensil Strength [MPa]", "Young's Modulus [GPa]", "Poisson's
main = "Intact Rock Data Correlation Matrix")

pairs (RockLabData[ , 3 : 7],lower.panel = panel.cor,
main = "Intact Rock Data Correlation Matrix",labels = c("Density [ton/m"3", "UCS [MPa]", "Tensile Stre



#dev.off

OreBodyData <- subset (RockLabData, RockLabData$Lithology == 'Ore Body')
OreBodyData

## Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.

## 19 CL-LS-U-01 Ore Body 2.696604 129.17 8.40
## 20 CL-LS-U-02 Ore Body 2.705522 151.55 5.24
## 21 CL-LS-U-03 Ore Body 2.686377 161.03 5.28
## 22 CL-LS-U-04 Ore Body 2.688386 171.47 4.84
## 23 CL-LS-U-05 Ore Body 2.673868 150.19 5.93
## 24 CL-LS-U-06 Ore Body 2.686728 191.79 4.61
# Young.s.Modulus..GPa. Poisson.s.Ratio

## 19 64.53 0.24

## 20 61.16 0.17

## 21 65.78 0.20

## 22 67.09 0.20

## 23 61.43 0.32

##H 24 64.67 0.21

# Create the plots
pairs (OreBodyData[,3 : 7], lower.panel = panel.cor)



HangingWallData <- subset (RockLabData, RockLabData$Lithology == 'Hanging Wall)
HangingWallData

## Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.

## 1 CL-HW-U-01 Hanging Wall 2.71 129.94 14.59
## 2 CL-HW-U-02 Hanging Wall 2.69 201.91 12.19
## 3 CL-HW-U-03 Hanging Wall 2.69 155.37 6.06
## 4 CL-HW-U-04 Hanging Wall 2.68 110.59 11.21
## 5 CL-HW-U-05 Hanging Wall 2.68 188.43 13.98
## 6 CL-HW-U-06 Hanging Wall 2.70 196.22 13.71
##  Young.s.Modulus..GPa. Poisson.s.Ratio

# 1 63.09 0.21

## 2 48.75 0.16

## 3 67.02 0.18

## 4 57.78 0.22

## 5 65.64 0.19

## 6 63.85 0.18

# Create the plots
pairs (HangingWallData[,3 : 7],
lower.panel = panel.cor)



FootWallData <- subset(RockLabData, RockLabData$Lithology == 'Foot Wall)
FootWallData

# Sample Lithology Density..ton.m.3. UCS..MPa. Tensile.Strengh..MPa.

## 7 CL-FW-U-01 Foot Wall 2.725247 258.14 16.96
## 8 CL-FW-U-02 Foot Wall 2.720776 234.50 16.20
## 9 CL-FW-U-03 Foot Wall 2.741121 242.42 9.89
## 10 CL-FW-U-04 Foot Wall 2.722317 196.94 12.10
## 11 CL-FW-U-05 Foot Wall 2.712114 158.15 13.24
## 12 CL-FW-U-06 Foot Wall 2.708844 213.61 13.90
#Ht Young.s.Modulus..GPa. Poisson.s.Ratio

#it 7 63.64 0.19

## 8 64.47 0.19

## 9 61.36 0.24

## 10 59.23 0.19

## 11 56.33 0.18

#i# 12 63.57 0.24

# Create the plots
pairs (FootWallData[,3 : 7],
lower.panel = panel.cor)



#Define Intact Rock Mean and Standard Deviation for further pillar strength calculations.

hist (OreBodyData$UCS..MPa.)



IR_OB_UCS <g¢(mearfOreBodyDatatUCS..MPa.), sd(OreBodyDatatUCS..MPa.))
name¢lR_OB_UCS) <-c("Mean_IR_UCS","StDev_IR_UCS")

IR_OB_UCS

## Mean_IR_UCS StDev_IR_UCS
# 159.20000 21.24859

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

EModData <-chind (OreBodyDatabtYoung.s.Modulus..GPa.,HangingWallData $Young.s.Modulus..GPa.,FootWallData $
colnames(EModData) <- c('E_OB'/E HW''E FW")
EModData

#H E OB E HW E_FW
## [1,] 64.53 63.09 63.64
## [2)] 61.16 48.75 64.47
## [3,] 65.78 67.02 61.36
## [4,] 67.09 57.78 59.23
## [5,] 61.43 65.64 56.33
## [6,] 64.67 63.85 63.57



# Create the plots
pairs (EModData[,1: 3],

lower.panel = panel.cor, labels = c("Hangining Wall Young's Modulus [GPa]", "Ore Body Young's Modul
main = "Elastic Moduli Correlation Between Lithologies")

par (mfrow=c(1,2), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

# Create the plots
pairs (RockLabData[ , 3 : 7],

col = c("honeydew3", "cyan3", "cyanl", "slateblue2")[group], # Change color by group

pch = ¢(19, 19, 19, 19)[group], # Change points by group

labels = c("Density [ton/m”3]", "UCS [MPa]", "Tensile Strength [MPa]", "Young's Modulus [GPa]", "Poisson's
main = "Intact Rock Data Correlation Matrix")



# Create the plots

pairs (EModData[,1: 3],
lower.panel = panel.cor, labels = c("Hangining Wall Young's Modulus [GPa]", "Ore Body Young's Modult
main = "Elastic Moduli Correlation Between Lithologies")



EModData

H#H E OB E HW E_FW
## [1] 64.53 63.09 63.64
## [2,] 61.16 48.75 64.47
## [3,] 65.78 67.02 61.36
## [4,] 67.09 57.78 59.23
## [5,] 61.43 65.64 56.33
## [6,] 64.67 63.85 63.57

cor (EModData)

Hit E_OB E_HW E_FW
## E_OB 1.000000000 0.3311312 0.004122742
## E_HW 0.331131191 1.0000000 -0.407050936
## E_FW 0.004122742 -0.4070509 1.000000000

#dev.off

Empirical Pillar Strength Estimation
Empirical Pillar Strength Functions De nition

1) This section beggins by de ning the common pillar strength equations that are used within this work.
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#Define NIOSH Empirical Pillar Strength Equation Formula

NIOSH_Pillar_Strength <-  function (W, H, UCS, DDF, FF) {
LDF<-1 DDEFF
output <- 0.65 *UCSLDF (W'0.3/H"0.59)
return (output)

#Define Headley and Grant Empirical Pillar Strength Equation Formula

HandG_Pillar_Strength <-  function (W, H, UCS) {
output <- 0.58 *UCS(W'0.5/H'0.75)
return (output)
}

#Define Krauland and Soder Empirical Pillar Strength Equation Formula

KandS_Pillar_Strength <-  function (W, H, UCS) {
output <- 0.354 *UCS(0.775+0.222 *WH)
return (output)
}

#Define Lunder and Pakalnis Empirical Pillar Strength Equation Formula
LandP_Pillar_Strength <-  function (W, H, UCS) {
Cpav<- 0.46*(log ((W/ H)+0.75)) ~(1.4 / (W H))
k<-tan (acos((1 - Cpav)/ (1 +Cpav)))
output <- 0.44 *UCS$(0.68+0.52 *k)
return (output)

#Define Pillar Probability of Failure Function

P_PoF <-function (Strength_Mu, Strength_SD, Stress Mu, Stress SD) {
Beta<- (Strength_Mu - Stress_Mu)/sqgrt (Strength_SD "2+Stress_SD"2)
PoF<-1-pnorm(Beta)

output <- PoF
return (output)

NIOSH Pillar Strength Formula Function De nition

#Define NIOSH Empirical Pillar Strength Equation Formula

NIOSH_Pillar_Strength_full <- function (W, H, UCS, Average_ Dip, Average_ Discontinuity Frequency) {
WtoH <- WH
if (Average_Dip == 0 & Average_ Discontinuity Frequency == 0) {

output <- 0.65 *UCS(W'0.3/H'0.59)

11



return (output)
} else {

if (Average_Discontinuity Frequency

FF<-0

} else if
FF<-0.1
} else if
FF<-0.18
} else if
FF<-0.26
} else if
FF<-0.39
} else if
FF<-0.63
} else if
FF<-0.86
} else if
FF<-0.95
} else if
FF<-1.0

}

DDF_Set=

if (Average Dip < 35) {
for (i in Llilength (WtoH)) {

if (WtoH[i] > 1.3) {
DDF <- -0*WtoH][i] +0.16
DDF_Set[i,1] <- DDF

} else if (2.0 >= WtoH]i]
DDF <- -0*WtoH][i] +0.16
DDF_Set[i]<-DDF

} else if (1.3 >= WtoHIJi]
DDF <- -0*WtoH][i] +0.16
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i]
DDF <- -0*WtoH][i] +0.16
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH]Ji]
DDF <- -0*WtoH]Ji] +0.16
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i]
DDF <- -0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH]Ji]
DDF <- 0.1*WtoH[i] +0.08
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH]Ji]
DDF <- @WtoHJi] +0.15
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i]
DDF <- -0*WtoH]Ji] +0.15

& WtoH[i]

& WtoH[i]

& WtoH[i]

& WtoHI[i]

& WitoH[i]

& WtoHI[i]

& WtoH[i]

& WtoH[i]

( Average_Discontinuity_Frequency

matrix (ncol=1,nrow= length (WtoH))

\Y

\Y%

\Y

V

\Y

V

\Y

\Y

< 0.05) {

( 0.05 < Average_Discontinuity_Frequency
( 0.15 < Average_Discontinuity Frequency
( 0.25 < Average_Discontinuity Frequency
( 0.4 < Average_Discontinuity_Frequency
( 0.75 < Average_Discontinuity Frequency
( 1.5 < Average_Discontinuity Frequency

( 2.5 < Average_Discontinuity_Frequency

& Average_Discontinuity Frequency
& Average_Discontinuity Frequency
& Average_Discontinuity Frequency
& Average_Discontinuity Frequency
& Average_Discontinuity Frequency
& Average_Discontinuity Frequency

& Average_Discontinuity Frequency

> 3.0) {

1.3) {

1.2 ) {

1.1) {

1.0) {

0.9 ) {

0.8) {

0.7 ) {

0.6 ) {
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< 0.15) {

< 0.25) {
< 0.4) {
< 0.75) {
< 15) {
< 25) {

<=3.0) {



} else
for
if

} else
for
if

DDF_Set[i]<-DDF

else if (0.6 >= WtoH[i] & WtoH[i]] >= 0.5) {
DDF <- -0*WtoHJi] +.15

DDF_Set[i]<-DDF

else if ( WtoH[i] < 0.5) {

DDF <- 0.15

DDF_Set[i]<-DDF

if (35 < Average Dip & Average Dip < 45) {
(i in 21length (WtoH)) {

(WtoH[i] > 1.3) {

DDF <- -0.1*WtoH][i] +0.35

DDF_Set[i,1]<-DDF

else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.1*WtoH]Ji] +0.35

DDF_Set[i]<-DDF

else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0*WtoH]Ji] +0.23

DDF_Set[i]<-DDF

else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.1*WtoH]Ji] +0.34

DDF_Set[i]<-DDF

else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.1*WtoH[i] +0.34

DDF_Set[i]<-DDF

else if (1.0 >= WtoH[i] & WtoH[i]] > 0.9 ) {
DDF <- -0.2*WtoH][i] +0.43

DDF_Set[i]<-DDF

else if (0.9 >= WtoH[i] & WtoH[i]] > 0.8 ) {
DDF <- @WtoH][i] +0.27

DDF_Set[i]<-DDF

else if (0.8 >= WtoH[i] & WtoH[i]] > 0.7 ) {
DDF <- 0.I*WtoH][i] +0.2

DDF_Set[i]<-DDF

else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- 0.3*WtoH][i] +0.08

DDF_Set[i]<-DDF

else if (0.6 >= WtoH[i] & WtoH[i] >= 0.5 ) {
DDF <- -0*WtoH]Ji] +0.23

DDF_Set[i]<-DDF

else if ( WtoH[i] < 0.5) {

DDF <- 0.23

DDF_Set[i]<-DDF

if (45 < Average Dip & Average Dip < 55) {
(i in Lilength (WtoH)) {

(WtoH[i] > 1.3) {

DDF <- -0.2*WtoH][i] +0.54

DDF_Set[i,1]<-DDF

13



else if (2.0 >= WtoH[i] & WtoH[i]
DDF <- -0.2*WtoH][i] +0.54
DDF_Set[i]<-DDF

else if (1.3 >= WtoH[i] & WtoH[i]
DDF <- -0.3*WtoH][i] +0.66
DDF_Set[i]<-DDF

else if (1.2 >= WtoH[i] & WtoH]Ji]
DDF <- -0.4*WtoH][i] +0.77
DDF_Set[i]<-DDF

else if (1.1 >= WtoH[i] & WitoH[i]
DDF <- -0.7*WtoH][i] +1.07
DDF_Set[i]<-DDF

else if (1.0 >= WtoH[i] & WtoH]i]
DDF <- -0.9*WtoH][i] +1.25
DDF_Set[i]<-DDF

else if (0.9 >= WtoH[i] & WtoHJi]
DDF <- -0.8*WtoH][i] +1.17
DDF_Set[i]<-DDF

else if (0.8 >= WtoH[i] & WtoHI[i]
DDF <- -0.4*WtoH[i] +0.89
DDF_Set[i]<-DDF

else if (0.7 >= WtoH[i] & WitoHI[i]
DDF <- 0.4*WtoH][i] +0.41
DDF_Set[i]<-DDF

else if (0.6 >= WtoH[i] & WtoH[i]
DDF <- -0*WtoH]Ji] +0.61
DDF_Set[i]<-DDF

else if ( WtoH[i] < 0.5 ) {

DDF <- 0.61

DDF_Set[i]<-DDF

>1.3) {

>1.2) {

>1.1){

>1.0) {

>09) {

>0.8) {

> 0.7 ) {

> 0.6 ) {

>=0.5) {

}

}

} else if (55 < Average_Dip & Average Dip < 65) {
for (i in Llilength (WtoH)) {

if

(WtoH[i] > 1.3) {

DDF <- -0.2*WtoH][i] +0.50
DDF_Set[i,1]<-DDF

else if (2.0 >= WtoH[i] & WtoH[i]
DDF <- -0.2*WtoH][i] +0.50
DDF_Set[i]<-DDF

else if (1.3 >= WtoH[i] & WtoH[i]
DDF <- -0.3*WtoH][i] +0.62
DDF_Set[i]<-DDF

else if (1.2 >= WtoH[i] & WtoH]i]
DDF <- -0.5*WtoH][i] +0.84
DDF_Set[i]<-DDF

else if (1.1 >= WtoH[i] & WtoH[i]
DDF <- -0.9*WtoH][i] +1.24
DDF_Set[i]<-DDF

else if (1.0 >= WtoH[i] & WtoHI[i]
DDF <- -1.3*WtoH][i] +1.60
DDF_Set[i]<-DDF

>13){

>1.2) {

>1.1){

>1.0) {

>0.9) {
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else if (0.9 >= WtoH[i] & WitoH[i]
DDF <- -1.6*WtoH][i] +1.84
DDF_Set[i]<-DDF

else if (0.8 >= WtoH[i] & WtoH[i]
DDF <- -1.4*WtoH]i] +1.7
DDF_Set[i]<-DDF

else if (0.7 >= WtoH[i] & WtoH]Ji]
DDF <- -0.8*WtoH][i] +1.34
DDF_Set[i]<-DDF

else if (0.6 >= WtoH[i] & WitoH[i]
DDF <- -0*WtoH[i] +0.94
DDF_Set[i]<-DDF

else if ( WtoH[i] < 0.5) {

DDF <- 0.94

DDF_Set[i]<-DDF

>0.8) {

>0.7){

>06) {

>=0.5) {

}

}

} else if (65 < Average Dip & Average Dip < 75) {
for (i in Lilength (WtoH)) {

if

(WtoH[i] > 1.3) {

DDF <- -0.2*WtoH][i] +0.44
DDF_Set][i,1]<-DDF

else if (2.0 >= WtoH[i] & WtoH[i]
DDF <- -0.2*WtoH][i] +0.44
DDF_Set[i]<-DDF

else if (1.3 >= WtoH[i] & WtoH[i]
DDF <- -0.1*WtoH][i] +0.32
DDF_Set[i]<-DDF

else if (1.2 >= WtoH[i] & WtoH[i]
DDF <- -0.3*WtoH][i] +0.54
DDF_Set[i]<-DDF

else if (1.1 >= WtoH[i] & WitoHI[i]
DDF <- -0.6*WtoH][i] +0.84
DDF_Set[i]<-DDF

else if (1.0 >= WtoH[i] & WtoH[i]
DDF <- -0.9*WtoH][i] +1.11
DDF_Set[i]<-DDF

else if (0.9 >= WtoH[i] & WitoH[i]
DDF <- -1.3*WtoH][i] +1.43
DDF_Set[i]<-DDF

else if (0.8 >= WtoH[i] & WtoH[i]
DDF <- -1.60*WtoH[i] +1.64
DDF_Set[i]<-DDF

else if (0.7 >= WtoH[i] & WtoH]Ji]
DDF <- -1.5*WtoH][i] +1.58
DDF_Set[i]<-DDF

else if (0.6 >= WtoH[i] & WtoH[i]
DDF <- -0*WtoH][i] +0.83
DDF_Set[i]<-DDF

else if ( WtoH[i] < 0.5 ) {

DDF <- 0.83

DDF_Set[i]<-DDF

>1.3) {

>12) {

>1.1) {

>1.0) {

>0.9) {

>08) {

>0.7){

>06) {

>=0.5) {
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}
}

} else if (75 < Average_ Dip & Average_Dip < 85) {
for (i in Llength (WtoH)) {

if (WtoH[i] > 1.3) {
DDF <- -0*WtoH][i] +0.16
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0.0*WtoH[i] +0.16
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.1*WtoH][i] +0.28
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
DDF <- -0.1*WtoH]Ji] +0.28
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i] > 1.0 ) {
DDF <- -0.2*WtoH][i] +0.38
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i] > 0.9 ) {
DDF <- -0.5*WtoH]Ji] +0.65
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH[i] > 0.8 ) {
DDF <- -0.6*WtoH[i] +0.73
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i]] > 0.7 ) {
DDF <- -1.0*WtoH][i] +1.01
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH[i] > 0.6 ) {
DDF <- -1.2*WtoH[i] +1.13
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i] & WtoH[i]] >=0.5) {
DDF <- -0*WtoH][i] +0.53
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5) {
DDF <- 0.53
DDF_Set[i]<-DDF

}

}

} else if (85 < Average Dip & Average_Dip <= 90) {
for (i in Lllength (WtoH)) {

if (WtoH[i] > 1.3) {
DDF <- -0*WtoH[i] +0.15
DDF_Set[i,1]<-DDF

} else if (2.0 >= WtoH[i] & WtoH[i] > 1.3 ) {
DDF <- -0*WtoH][i] +0.15
DDF_Set[i]<-DDF

} else if (1.3 >= WtoH[i] & WtoH[i] > 1.2 ) {
DDF <- -0.1*WtoH][i] +0.27
DDF_Set[i]<-DDF

} else if (1.2 >= WtoH[i] & WtoH[i] > 1.1 ) {
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DDF <- OWtoHJi] +0.16
DDF_Set[i]<-DDF

} else if (1.1 >= WtoH[i] & WtoH[i]
DDF <- -0.1*WtoH]Ji] +0.26
DDF_Set[i]<-DDF

} else if (1.0 >= WtoH[i] & WtoH[i]
DDF <- -0.1*WtoH]Ji] +0.26
DDF_Set[i]<-DDF

} else if (0.9 >= WtoH[i] & WtoH]i]
DDF <- -0.3*WtoH]i] +0.42
DDF_Set[i]<-DDF

} else if (0.8 >= WtoH[i] & WtoH[i]
DDF <- -0.4*WtoH][i] +0.49
DDF_Set[i]<-DDF

} else if (0.7 >= WtoH[i] & WtoH]i]
DDF <- -0.6*WtoH]Ji] +0.61
DDF_Set[i]<-DDF

} else if (0.6 >= WtoH[i]] & WtoH[i] >= 0.5) {
DDF <- -0*WtoH[i] +0.31
DDF_Set[i]<-DDF

} else if ( WtoH[i] < 0.5) {
DDF <- 0.31
DDF_Set[i]<-DDF

Vv

1.0) {

V

0.9){

\Y

0.8) {

\Y

0.7 ) {

\Y

0.6 ) {

LDF<-1 DDF_SetFF
output <- 0.65 *UCSLDF (W'0.3/H'0.59)
return (output)

}
}

Case Study Mine Empirical Pillar Strength Estimation

Pillar Strength Estimation Using Empirical Equations

Height <- 30
Width <- seq(15,150, by=1)
IR_OB_UCS [1]

## Mean_IR_UCS
#H 159.2

WtoH <- Width' Height

HandG_PS <HandG_Pillar_Strength (Width,Height,IR_OB_UCS [1])

17



KandS_PS <-KandS_Pillar_Strength (Width,Height,IR_OB_UCS [1])
LandP_PS <-LandP_Pillar_Strength (Width,Height,IR_OB_UCS [1])
NIOSH_IR_PS NIOSH_Pillar_Strength (Width,Height,IR_OB_UCS [1],0,1)

#NIOSH Worst Case Scenario

DDF_WCS «natrix (ncol=1,nrow= length (Width))
name¢DDF_WCS) <- "DDF WCS"
DDF=0

for
if

}
}

(i in 21length (Width)) {
(WtoH[i] > 1.3) {

DDF = 0.24

DDF_WCSJi,1]=DDF

else if (1.3 >= WtoH[i] & WitoH[i]
DDF = -0.2*WtoH][i] +0.5
DDF_WCSJi]=DDF

else if (1.2 >= WtoH[i] & WtoHI[i]
DDF = -0.3*WtoH][i] +0.62
DDF_WCS][i]=DDF

else if (1.1 >= WtoH[i] & WitoHTJi]
DDF = -0.4998 WtoH][i] +0.8398
DDF_WCSJi]=DDF

else if (1.0 >= WtoH[i] & WitoH[i]
DDF = -1.1014 WtoH[i] +1.4329
DDF_WCS]Ji]=DDF

else if (0.8 >= WtoH[i] & WtoH[i]
DDF = -1.5*WtoH]Ji] +1.7643
DDF_WCSJi]=DDF

else if (0.6 >= WtoH[i] & WitoH[i]
DDF = -0.7998 WtoH][i] +1.3399
DDF_WCSJi]=DDF
else if ( WtoH]i]
DDF = 0.94
DDF_WCS][i]=DDF

<05){

\

1.2) {

\Y

1.1) {

\

1.0 ) {

\%

0.8) {

\

06) {

>=05) {

NIOSH_WCS_PSN(OSH_Pillar_Strength (Width,Height,IR_OB_UCS [1],DDF_WCS,0.86)

#pdf(file =

par (mfrow=c(1,1), mai= c¢(.8,.8,.8,.8),mar= c(6,4,5,1) +.05)

plot (WtoH,NIOSH_IR_PS, type = "I", col="Red", ylim = ¢(0,140), xlim
lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, Ity = 4)

lines (WtoH,HandG_PS, col="forestgreen", lwd = 2)
lines (WtoH,KandS_PS, col="dodgerblue”, lwd = 2)
lines (WtoH,LandP_PS, col="darkGray", lwd = 2)
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legend ("topleft”, legend= c("NIOSH No Discontinuities","NIOSH WCS","Headley & Grant","Krauland & Soder","Lun

#dev.off

Case Study Mine Pillar Strength Estimation Using the NIOSH empirical formula considering Case Study
Mine Discontinuity Set Properties.

#SET 1

NIOSH_Setl PS <NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],90,1)
#SET 2

NIOSH_Set2_PS NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],70,0.5)
#SET 3

NIOSH_Set3 PS NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],80,0.5)
#SET 4

NIOSH_Set4 PS NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],30,1)

NIOSH_CSM_PS <- NIOSH_Set4 PS
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#Plot
main= "Empirical Pillar Strength \n Using Set 1 Discontinuity Properties"

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

plot (WtoH,NIOSH_IR_PS, type = "I", col="Red", ylim = ¢(0,50), xlim = ¢(0.5,2), main= "NIOSH Empirical Pilla
lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, Ity = 4)

lines (WtoH,NIOSH_Setl PS, type = "I, col="blue", ylim = ¢(0,140), xlim = ¢(0.5,2), , ylab = "Pillar Strength
lines (WtoH,NIOSH_Set2 PS, type = "I", col="cyanl", ylim = c(0,140), xlim = ¢(0.5,2), ylab = "Pillar Strength
lines (WtoH,NIOSH_Set3 PS, type = "I, col="gold1", ylim = ¢(0,140), xlim = ¢(0.5,2), ylab = "Pillar Strength
lines (WtoH,NIOSH_Set4 PS, type = "I", col="magenta”, ylim = ¢(0,140), xlim = ¢(0.5,2), ylab = "Pillar Streng

legend ("bottomright”, legend=  c¢("NIOSH No Discontinuities","NIOSH Worst Case Scenario”,"NIOSH - Set 1","NIO¢

#points(x= SDEM_PS_WtoH0.5$WtoH, y=SDEM_PS_W1toHO0.5%$Pillar_Strength, col = "black", bg="forestgreen", pch

#points(x= SDEM_PS_WtoH0.8$WtoH, y=SDEM_PS_WtoHO0.8$Pillar_Strength, col = "black", bg="dodgerblue", pch

#points(x= SDEM_PS_WtoH1.0$WtoH, y=SDEM_PS_WtoH1.0$Pillar_Strength, col

"black", bg="gold1", pch = 21, |
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#dev.off

Case Study Mine Empirical Pillar Strength

IR_OB_UCS

## Mean_IR_UCS StDev_IR_UCS
#H 159.20000 21.24859

NIOSH_CSM_PS <NIOSH_Pillar_Strength_full ~ (Width,Height,IR_OB_UCS [1],30,1)
#NIOSH_CSM_PS

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

plot (WtoH,NIOSH_CSM_PS, type = "I", col="Red", ylim = ¢(20,45), xlim = ¢(0.5,1), main= "Empirical Pillar Stre

lines (WtoH,NIOSH_IR_PS, col="black", lwd = 2, lty=1)
lines (WtoH,NIOSH_CSM_PS+1:980SH_Pillar_Strength_full ~ (Width,Height,IR_OB_UCS[2],30,1), col="black", lwd =
lines (WtoH,NIOSH_CSM_PS-1.96I0SH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [2],30,1), col="black", lwd =

legend ("topleft”, legend= c("NIOSH No Discontinuities”, "NIOSH Case Study Mine","NIOSH Case Study Mine 95

21



#dev.off

Height <- 30
Width <- seq(15,150, by=1)
WtoH <- Width' Height

NIOSH_WCS PS2N¢OSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],60,2)
NIOSH_WCS_PS2_SINI®SH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [2],60,2)

plot (WtoH,NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],60,2), type = "I, col="Red", ylim = c(C

lines (WtoH,NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],60,2) +1.97*NIOSH_WCS_PS2_ SD, col="gr
lines (WtoH,NIOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [1],60,2) -1.97*NIOSH_WCS_PS2_SD, col="gr

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],40,2), col="gray", lwd = 2, Ity = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],50,2), col="blue", lwd = 2, Ity = 1)
#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],60,2), col="yellow", lwd = 2, Ity = 1)
#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],70,2), col="black", lwd = 2, Ity = 1)
#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],80,2), col="orange", lwd = 2, Ity = 1)

#lines(WtoH,NIOSH_Pillar_Strength_full(Width,Height,IR_OB_UCS [1],90,2), col="green", lwd = 2, Ity = 1)

22



Stochastic DEM Pillar Strength

Stochastic DEM Plllar Strength - Calibrated using Multi-Scale DFN/DEM Approach

#Multi Scale DFN/DEM Approach to identify representative elementary volume Compressive Strength.
DDFN_IR_PropCal <-read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stres:

DDFN_IR_PropCal

# Run Random.Seed.. Volume..m.3. Height.m. W.H Side..m.

#it 1 Runi 10001 1419 1.304000 0.8 1.043000
#it 2 Runl.1 10001 5.000 1.984000 0.8 1.587000
# 3 Runl.2 10001 10.000 2.500000 0.8 2.000000
# 4 Runl.3 10001 15.000 2.862000 0.8 2.289000
#i# 5 Runl.4 10001 20.000 3.150000 0.8 2.520000
#it 6 Runl.5 10001 25.000 3.393000 0.8 2.714000
#it 7 Runl.6 10001 50.000 4.275000 0.8 3.420000
## 8 Runl.7 10001 100.000 5.386000 0.8 4.309000
# 9 Runl.8 10001 250.000 7.310000 0.8 5.848000
## 10 Runl.9 10001 500.000 9.210000 0.8 7.368000
## 11 Run2 10002 1.419 1.304000 0.8 1.043000
## 12 Run2.1 10002 5.000 1.984000 0.8 1.587000
## 13 Run2.2 10002 10.000 2.500000 0.8 2.000000
## 14 Run2.3 10002 15.000 2.862000 0.8 2.289000
## 15 Run2.4 10002 20.000 3.150000 0.8 2.520000
## 16 Run2.5 10002 25.000 3.393000 0.8 2.714000
## 17 Run2.6 10002 50.000 4.275000 0.8 3.420000
## 18 Run2.7 10002 100.000 5.386000 0.8 4.309000
## 19 Run2.8 10002 250.000 7.310000 0.8 5.848000
## 20 Run2.9 10002 500.000 9.210000 0.8 7.368000
#it 21 Run3 10003 1.419 1.304000 0.8 1.043000
## 22 Run3.1 10003 5.000 1.984000 0.8 1.587000
## 23 Run3.2 10003 10.000 2.500000 0.8 2.000000
## 24 Run3.3 10003 15.000 2.862000 0.8 2.289000
## 25 Run34 10003 20.000 3.150000 0.8 2.520000
## 26 Run3.5 10003 25.000 3.393000 0.8 2.714000
## 27 Run3.6 10003 50.000 4.275000 0.8 3.420000
## 28 Run3.7 10003 100.000 5.386000 0.8 4.309000
## 29 Run3.8 10003 250.000 7.310000 0.8 5.848000
## 30 Run3.9 10003 500.000 9.210000 0.8 7.368000
## 31 Run4 10004 1.419 1.303970 0.8 1.043176
## 32 Run4.l 10004 5.000 1.984251 0.8 1.587401
## 33 Run4.2 10004 10.000 2.500000 0.8 2.000000
## 34 Run4.3 10004 15.000 2.861786 0.8 2.289428
## 35 Rund.4 10004 20.000  3.149803 0.8 2.519842
## 36 Run4.5 10004 25.000 3.393022 0.8 2.714418
## 37 Run4.6 10004 50.000 4.274940 0.8 3.419952
## 38 Run4.7 10004 100.000 5.386087 0.8 4.308869
## 39 Run4.8 10004 250.000 7.310044 0.8 5.848035
## 40 Run4.9 10004 500.000 9.210079 0.8 7.368063
# 41 Run5 10005 1419 1.303970 0.8 1.043176
## 42 Run5.1 10005 5.000 1.984251 0.8 1.587401
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Run10.6
Run10.7
Runl10.8
Run10.9

Runll
Runi1l.1
Runl11.2
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Runll.4
Run11.5
Run11.6
Runl11.7
Runl11.8
Runl11.9

Runl12
Runi2.1
Run12.2
Run12.3
Runl12.4
Runl12.5
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Run12.8
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Runl13.1
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Runl4
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Run14.8
Run14.9
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10012 1.419
10012 5.000
10012 10.000
10012 15.000
10012 20.000
10012 25.000
10012 50.000
10012 100.000
10012 250.000
10012 500.000
10013 1.419
10013 5.000
10013 10.000
10013 15.000
10013 20.000
10013 25.000
10013 50.000
10013 100.000
10013 250.000
10013 500.000
10014 1.419
10014 5.000
10014 10.000
10014 15.000
10014 20.000
10014 25.000
10014 50.000
10014 100.000
10014 250.000
10014 500.000
Young.Modulus..Mpa. UCS..MPa. NOTES
44922.79 122.88434 NA
50497.10 140.56689 NA
46403.79 132.54214 NA
43034.78 132.93228 NA
40249.61 130.49812 NA
40211.91 128.29170 NA
44341.92 131.04712 NA
43170.18 126.76653 NA
43638.43 130.04598 NA

4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8

1.303970 0.8

1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8

1.303970 0.8

1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8
1.303970 0.8
1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8

1.303970 0.8

1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8
Time Time..min. Cycles

3 h 45

h 30
h 30
h 30
2h 48
2h 57
3h 15
3h 43

min
5h
min
min
min
min
min
min
min

3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063

225
300
150
150
150
168
177
195
223

58074
80000
40000
40000
40000
40000
40000
40000
40000



#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

44708.63
36366.01
43071.97
45415.15
45131.32
45716.42
46228.25
46141.86
43070.74
44186.19
45453.09
49958.09
42572.22
42605.76
43944.10
44711.44
44937.70
45200.46
45120.12
45072.77
44529.72
49387.53
46238.10
47040.26
45074.10
44104.38
42743.41
43772.82
43514.84
40628.91
39948.07
57689.24
57797.18
56484.60
57089.40
57454.53
57454.53
56742.01
54787.34
52293.74
50612.53
56280.37
56354.88
50572.08
48027.74
45269.00
45587.30
44980.28
42770.26
52012.07
50302.64
35211.86
40067.13
42367.64

135.08635
126.58614
124.97872
124.16689
118.29944
123.35441
123.02545
123.40373
122.35736
131.72539
139.45627
138.45064
124.07697
118.80845
121.20999
121.49605
121.81149
129.66141
123.15576
129.64059
132.51144
135.36700
135.60329
131.90328
123.60140
123.27137
122.26122
127.10078
124.65280
127.07175
129.25141
158.62343
142.88781
134.67985
135.67662
138.04643
138.04643
135.22383
134.76936
138.55198
143.88339
145.36283
137.40898
129.35466
126.02426
124.36693
128.24889
128.44492
126.89224
138.36645
138.46750
115.14443
117.70273
113.25969

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

4h 16 min
2h 29 min
2h 29 min

2h

35min

2h 39 min
2h 50 min
2h 53 min
3h 11 min

3h
3h
4h

21min
38min
11min

2h 20 min
2h 42 min
2h 59 min

2h
2h
2h
3h
3h
3h
4h
3h
2h
2h

50min
48min
54min
38min
25min
54min
10min
19min
36min
45min

2h 45 min

2h
2h
3h
3h
3h
3h
2h
2h
2h
2h
2h
2h
2h
2h
3h
4h
2h
2h
2h
2h
2h

49min
51min
00min
35min
56min
55min
17min
24min
29min
30min
29min
30min
40min
51min
16min
34min
20min
35min
40min
47min
54min

2h58min

3h
3h
3h

2h

2h
2h
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04min
18min
16min

32min
35min
37min

256
149
149
155
159
170
173
191
201
218
251
140
162
179
170
168
168
218
205
234
250
199
156
165
165
169
171
180
215
236
235
137
144
149
150
149
150
160
171
196
274
140
155
160
167
174
178
184
198
196

152
155
157

40000
40000
40000
40000
40000
66666
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000

NA
40000
40000
40000



#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H

64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117

43777.94
45048.52
4544493
47291.99
48889.60
52012.07
50302.64
27012.57
33148.06
36458.91
37845.79
39107.93
40085.64
42809.29
43097.02
40734.28
42118.50
49746.46
37626.14
39367.99
40871.88
41935.90
42946.93
44343.54
45028.22
47722.71
49293.40
26642.16
28618.52
31015.44
32489.82
33412.39
33791.58
36247.87
39584.46
46139.46
48918.35
57554.42
45371.50
47487.65
49224.98
49701.37
49424.64
48731.15
48699.09
49625.86
48552.99
57544.76
59111.38
59171.46
57959.22
55918.83
53921.59
50759.62

117.47369
115.91459
116.02469
117.12980
125.91959
138.36645
138.46750

87.39133
104.41159
107.39131
106.92768
109.03268
111.64927
119.37519
125.65250
126.12958
134.56255
115.94802
119.70565
116.17828
119.12774
119.70926
119.49783
123.30313
126.99454
132.08978
138.67429

94.47136
103.25266
108.75345
110.14593
110.10164
108.25570
113.62094
120.94067
133.70280
141.31781
158.82782
117.82559
122.05323
123.73166
124.48933
122.20751
127.92725
128.01872
131.85121
138.84863
159.08295
150.64854
144.75756
139.44493
135.59506
130.81407
122.28209

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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2h
3h
2h
2h

40min
42min
53min
56min

3h 1min

3h
4h

12min
31min

3h 3min

3h
3h

41min
26min

3h 8min

NR
NR
NR
NR
NR

5h 7min

2h
3h
3h
2h
3h
3h
4h
2h
5h
6h
2h
3h

25min
13min
16min
51min
17min
12min
29min
55min
48min
37min
56min
23min

3h 7min

4h
4h
5h
5h
3h
3h
4h
2h
2h
2h
2h
2h
2h

39min
39min
15min
17min
26min
38min
52min
20min
44min
35min
37min
39min
41min

3h 4min

3h
3h
4h
2h
2h
2h
2h
2h
2h
2h

14min
38min
18min
24min
27min
32min
41min
33min
38min
54min

160
222
173
176
181
192
271
183
221
206
188
NR
NR
NR
NR
NR
307
145
193
196
171
197
192
269
775
348
397
176
203
187
279
279
315
317
206
218
292
140
164
155
157
159
161
184
194
218
258
144
147
152
161
153
158
133

40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA



## 118 47132.36 122.31460 NA  3h 25min 205 NA

# 119 49501.71 131.26009 NA  3h 19min 199 NA
## 120 51594.77 143.71546 NA NA
## 121 45187.49 127.65948 NA  4h 17min 257 NA
## 122 45650.14 115.82955 NA  2h 41min 161 NA
## 123 43344.85 109.41793 NA  3h 02min 182 NA
#H 124 42018.27 102.73034 NA  2h 52min 172 NA
## 125 42356.26 102.75420 NA  3h 18min 198 NA
## 126 42021.95 104.30120 NA  3h 27min 207 NA
## 127 44159.91 108.77767 NA  3h 22min 202 NA
## 128 47661.74 120.63908 NA  3h 20min 200 NA
## 129 47813.12 130.69509 NA  3h 40min 220 NA
## 130 47904.19 137.69279 NA 4 14min 254 NA
## 131 40592.38 NA NA  3h 11min 191 NA
## 132 38429.45 NA NA  3h 18min 198 NA
## 133 41461.71 NA NA  2h 48min 168 NA
## 134 43071.99 NA NA  2h 50min 170 NA
## 135 43968.74 NA NA  2h 49min 169 NA
## 136 44834.99 NA NA  2h 34min 154 NA
## 137 NA NA NA  3h 29min 209 NA
## 138 NA NA NA  3h 44min 224 NA
## 139 NA NA NA NA
## 140 NA NA NA NA

levels (DDFN_IR_PropCal)

## NULL

Vol <- DDFN_IR_PropCatVolume..m.3[1 : 10]
RSeed <-seq(10001,10013,by=1)

Realizations_UCS<- matrix (nrow=Ilength (Vol),ncol= length (RSeed))

for (i in llength (RSeed)) {
Realizations_UCS],i]<- subset (DDFN_IR_PropCal, DDFN_IR_PropC#@Random.Seed.. == RSeed][i])[,8]
}

colnames(Realizations_UCS) <- RSeed
Realizations_UCS

H#H 10001 10002 10003 10004 10005 10006 10007 10008
## [1,] 122.8843 126.5861 138.4506 135.3670 158.6234 145.3628 115.1444 87.39133
## [2,] 140.5669 124.9787 124.0770 135.6033 142.8878 137.4090 117.7027 104.41159
## [3,] 132.5421 124.1669 118.8084 131.9033 134.6799 129.3547 113.2597 107.39131
## [4,] 132.9323 118.2994 121.2100 123.6014 135.6766 126.0243 117.4737 106.92768
## [5,] 130.4981 123.3544 121.4960 123.2714 138.0464 124.3669 115.9146 109.03268
## [6,] 128.2917 123.0255 121.8115 122.2612 138.0464 128.2489 116.0247 111.64927
## [7,] 131.0471 123.4037 129.6614 127.1008 135.2238 128.4449 117.1298 119.37519
## [8,] 126.7665 122.3574 123.1558 124.6528 134.7694 126.8922 125.9196 125.65250
## [9,] 130.0460 131.7254 129.6406 127.0717 138.5520 138.3665 138.3665 126.12958
## [10,] 135.0864 139.4563 132.5114 129.2514 143.8834 138.4675 138.4675 134.56255
H#H 10009 10010 10011 10012 10013

## [1,] 115.9480 94.47136 158.8278 159.0829 127.6595
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## [2,] 119.7056 103.25266 117.8256 150.6485 115.8295
## [3,] 116.1783 108.75345 122.0532 144.7576 109.4179
## [4,] 119.1277 110.14593 123.7317 139.4449 102.7303
## [5,] 119.7093 110.10164 124.4893 135.5951 102.7542
## [6,] 119.4978 108.25570 122.2075 130.8141 104.3012
## [7,] 123.3031 113.62094 127.9272 122.2821 108.7777
## [8,] 126.9945 120.94067 128.0187 122.3146 120.6391
## [9,] 132.0898 133.70280 131.8512 131.2601 130.6951
## [10,] 138.6743 141.31781 138.8486 143.7155 137.6928

# Defining the maximum and minimum strengths obtained from the simulation results.

max subset (DDFN_IR_PropCal, DDFN_IR_PropC&Volume..m.3. == Vol[1]) $UCS..MPa.[1: 13])

## [1] 159.0829

max subset (DDFN_IR_PropCal, DDFN_IR_PropCé&Volume..m.3. == Vol[2]) $UCS..MPa.[1: 13])

## [1] 150.6485

Max_UCS <matrix (nrow
Min_UCS <-matrix (nrow

length (Vol), ncol=1)
length (Vol), ncol=1)

for (i in 21:length (Vol)) {
Max_UCS]Ji]J<- max subset (DDFN_IR_PropCal, DDFN_IR_PropCé@Volume.. m.3. == Vol[i]) $UCS..MPa.[1: 13])
Min_UCS]Ji]J<- min(subset (DDFN_IR_PropCal, DDFN_IR_PropCéVolume..m.3. == Vol[i]) $UCS..MPa.[1: 13])
}

df.Max_UCS <- data.frame (Vol,Max_UCS)
df.Min_UCS <- data.frame (Vol,Min_UCS)

Logfit Max_UCS <- Im(Max_UCSlog (Vol),data=df.Max_UCS)
Logfit_ Min_UCS <- Im(Min_UCSog (Vol),data=df.Min_UCS)

#Calculating the Weighted Average for Uniaxial Compressive Strenght Accounting for Standard Deviation of Each )

df.Limits_UCS <- data.frame (Vol, predict (Logfit Max_UCS), predict (Logfit Min_UCS))
colnames(df.Limits_UCS)<-  c("Vol", "MaxUCS", "MinUCS")

df.Limits_UCS

## Vol MaxUCS MinUCS
# 1 1.419 150.7134 88.97526
# 2 5.000 147.1510 97.50969
## 3  10.000 145.1905 102.20654
## 4  15.000 144.0437 104.95403
## 5 20.000 143.2300 106.90340
## 6  25.000 142.5988 108.41545
## 7 50.000 140.6383 113.11230
## 8 100.000 138.6778 117.80915
## 9 250.000 136.0862 124.01806
## 10 500.000 134.1256 128.71491
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Wi_UCS <-sun(df.Limits_UCS $SD_UCR)/ df.Limits_UCS $SD_UCS
Wi_UCS

## numeric(0)

X_UCS <-sunf{Wi_UCSdf.Limits_UCS $MeanUCHum(Wi_UCS)
X_UCS

## [1] NaN
#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢
# Graph 1
par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)
plot (0,0,ylim = ¢(90,160), xlim = ¢(0,500), type = "I, lwd = 3, xlab = expression (Volume~-m'3) ,ylab = "l
for (i in Llilength (RSeed)) {

points (Vol, Realizations_UCS,i], col = RSeed][i], pch = 16)

lines (Vol, Realizations_UCS],i], col = RSeed]i])
}

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
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# Graph 2
par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)
plot (Vol, predict (Logfit Max_UCS), ylim = ¢(90,160), xlim = ¢(0,500), type = "I", Ity =2 , col = "darkblue",lwd

for (i in Lllength (RSeed)) {
points (Vol, Realizations_UCS],i], col = RSeed][i], pch = 16)

}
lines (Vol, predict (Logfit_Min_UCS), Ity =3 , col = "darkblue", lwd =2)

#lines(x=c(0,510),y=c(mean(DDFN_IR_PropCal$UCS..MPa.[1:130]),mean(DDFN_IR_PropCal$UCS..MPa.[1:130])), Ity =:
lines (x=¢(0,510),y= c(X_UCS,X_UCS), Ity =2 , col = "red", lwd =2)

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
legend ("bottomright”, legend=  c("Homogenized UCS", "Upper Limit","Lower Limit"), Ity = c(2,2,3), lwd =

# Graph 3
par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit Max _UCS),log = "x", ylim = ¢(90,160), type = "I", Ity =2 , col = "darkblue", lwd = 2, x
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for (i in llength (RSeed)) {
points (Vol, Realizations_UCS],i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_UCS],i], col = RSeed]i])

}

lines (Vol, predict (Logfit Min_UCS), Ity =2 , col = "darkblue", lwd =2)
lines (c(0,510), c(mearDDFN_IR_PropCatUCS..MPa.[1: 130]), meai(DDFN_IR_PropCatUCS..MPa.[1: 130])), Ity =2 ,

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)

#Graph 4

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=UCS..MPa., group =Volume..m.3., color = Random.Seed..)) +
geom_boxplot( ) +
theme_bw)) +
xlim (0,500) +
ylim (90,160) +
labs (x= expression (Log(Volume~nmi'3)) ,y= "Uniaxial Compressive Strength [MPa]")

## Warning: Removed 11 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=UCS..MPa., group =Volume..m.3., color = Random.Seed..))
geom_boxplot( ) +
scale_x_continuous (trans='log10) +
theme_bw) +
xlim (0,500) +
ylim (90,160) +
labs (x= expression (Log(Volume~nm'3)) ,y= "Uniaxial Compressive Strength [MPa]")

## Scale for 'X' is already present. Adding another scale for 'x', which will
## replace the existing scale.

## Warning: Removed 11 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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#+
#geom_line(data = df.Limits_UCS, aes(x = Vol, y =MaxUCS))

# Calculting the Coefficient of Variation for each volume sample

df.Limits_UCS $MeanUCS<- rowMeangas.matrix (Realizations_UCS))
df.Limits_UCS $SD_UCS <- 1
for (i in Llength (Vol)) {

df.Limits_UCS $SD_UCS]i]<-sd(Realizations_UCS]i,])
}
df.Limits_UCS $COV_UCS <- df.Limits_UCS$SD_UCS df.Limits_UCS $MeanUCS
df.Limits_UCS

H#H Vol  MaxUCS MinUCS MeanUCS SD_UCS COV_UCs
## 1 1.419 150.7134 88.97526 129.6769 23.084507 0.17801556
#H 2 5.000 147.1510 97.50969 125.7615 14.701350 0.11689869
#t 3 10.000 145.1905 102.20654 122.5590 11.584072 0.09451835
## 4  15.000 144.0437 104.95403 121.3328 10.835627 0.08930503
## 5 20.000 143.2300 106.90340 121.4331 10.199102 0.08398948
## 6  25.000 142.5988 108.41545 121.1104 9.380727 0.07745599
## 7 50.000 140.6383 113.11230 123.6383 7.430835 0.06010140
#t 8 100.000 138.6778 117.80915 125.3134 3.746550 0.02989745
##t 9 250.000 136.0862 124.01806 132.2690 4.045996 0.03058915
## 10 500.000 134.1256 128.71491 137.8412 4.170885 0.03025863
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#dev.off

#Multi Scale DFN/DEM Approach to identify representative elementary volume Young's Modulus.

DDFN_IR_PropCal

## Run Random.Seed.. Volume..m.3. Height.m. W.H Side..m.

# 1 Runl 10001 1419 1.304000 0.8 1.043000
#it 2 Runl.1 10001 5.000 1.984000 0.8 1.587000
## 3 Runl.2 10001 10.000 2.500000 0.8 2.000000
#it 4 Runl1.3 10001 15.000 2.862000 0.8 2.289000
## 5 Runl.4 10001 20.000  3.150000 0.8 2.520000
## 6 Runl.5 10001 25.000 3.393000 0.8 2.714000
# 7 Runl.6 10001 50.000 4.275000 0.8 3.420000
#i 8 Runl.7 10001 100.000 5.386000 0.8 4.309000
## 9 Run1.8 10001 250.000 7.310000 0.8 5.848000
## 10 Runl.9 10001 500.000 9.210000 0.8 7.368000
## 11 Run2 10002 1419 1.304000 0.8 1.043000
## 12 Run2.1 10002 5.000 1.984000 0.8 1.587000
## 13 Run2.2 10002 10.000 2.500000 0.8 2.000000
## 14  Run2.3 10002 15.000 2.862000 0.8 2.289000
## 15 Run2.4 10002 20.000  3.150000 0.8 2.520000
## 16 Run2.5 10002 25.000 3.393000 0.8 2.714000
## 17 Run2.6 10002 50.000 4.275000 0.8 3.420000
## 18 Run2.7 10002 100.000 5.386000 0.8 4.309000
## 19 Run2.8 10002 250.000 7.310000 0.8 5.848000
## 20 Run2.9 10002 500.000 9.210000 0.8 7.368000
#i# 21 Run3 10003 1.419 1.304000 0.8 1.043000
## 22 Run3.1 10003 5.000 1.984000 0.8 1.587000
## 23 Run3.2 10003 10.000 2.500000 0.8 2.000000
## 24  Run3.3 10003 15.000 2.862000 0.8 2.289000
## 25 Run3.4 10003 20.000 3.150000 0.8 2.520000
## 26 Run3.5 10003 25.000 3.393000 0.8 2.714000
## 27 Run3.6 10003 50.000 4.275000 0.8 3.420000
## 28 Run3.7 10003 100.000 5.386000 0.8 4.309000
## 29 Run3.8 10003 250.000 7.310000 0.8 5.848000
## 30 Run3.9 10003 500.000 9.210000 0.8 7.368000
## 31 Run4 10004 1419 1.303970 0.8 1.043176
## 32 Rund.l 10004 5.000 1.984251 0.8 1.587401
## 33 Run4.2 10004 10.000 2.500000 0.8 2.000000
## 34 Run4.3 10004 15.000 2.861786 0.8 2.289428
## 35 Rund.4 10004 20.000  3.149803 0.8 2.519842
## 36 Run4.5 10004 25.000 3.393022 0.8 2.714418
## 37 Run4.6 10004 50.000 4.274940 0.8 3.419952
## 38 Run4d.7 10004 100.000 5.386087 0.8 4.308869
## 39 Run4.8 10004 250.000 7.310044 0.8 5.848035
## 40 Run4.9 10004 500.000 9.210079 0.8 7.368063
#it 41 Run5 10005 1419 1.303970 0.8 1.043176
## 42 Runb.1 10005 5.000 1.984251 0.8 1.587401
## 43 Run5.2 10005 10.000 2.500000 0.8 2.000000
## 44 Run5.3 10005 15.000 2.861786 0.8 2.289428
## 45 Run5.4 10005 20.000  3.149803 0.8 2.519842
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a7
48
49
50
51
52
53
54
55
56
57
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59
60
61
62
63
64
65
66
67
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

Run5.5
Run5.6
Run5.7
Run5.8
Run5.9
Run6
Run6.1
Run6.2
Run6.3
Run6.4
Run6.5
Run6.6
Run6.7
Run6.8
Run6.9
Run7
Run7.1
Run7.2
Run7.3
Run7.4
Run7.5
Run7.6
Run7.7
Run7.8
Run7.9
Run8
Run8.1
Run8.2
Run8.3
Run8.4
Run8.5
Run8.6
Run8.7
Run8.8
Run8.9
Run9
Run9.1
Run9.2
Run9.3
Run9.4
Run9.5
Run9.6
Run9.7
Run9.8
Run9.9
Run10
Runl10.1
Run10.2
Run10.3
Runl10.4
Run10.5
Runl10.6
Run10.7
Run10.8

10005
10005
10005
10005
10005
10006
10006
10006
10006
10006
10006
10006
10006
10006
10006
10007
10007
10007
10007
10007
10007
10007
10007
10007
10007
10008
10008
10008
10008
10008
10008
10008
10008
10008
10008
10009
10009
10009
10009
10009
10009
10009
10009
10009
10009
10010
10010
10010
10010
10010
10010
10010
10010
10010

25.000
50.000
100.000
250.000
500.000
1.419
5.000
10.000
15.000
20.000
25.000
50.000
100.000
250.000
500.000
1.419
5.000
10.000
15.000
20.000
25.000
50.000
100.000
250.000
500.000
1.419
5.000
10.000
15.000
20.000
25.000
50.000
100.000
250.000
500.000
1.419
5.000
10.000
15.000
20.000
25.000
50.000
100.000
250.000
500.000
1.419
5.000
10.000
15.000
20.000
25.000
50.000
100.000
250.000

3.393022
4.274940
5.386087
7.310044
9.210079
1.303970
1.984251
2.500000
2.861786
3.149803
3.393022
4.274940
5.386087
7.310044
9.210079
1.303970
1.984251
2.500000
2.861786
3.149803
3.393022
4.274940
5.386087
7.310044
9.210079
1.303970
1.984251
2.500000
2.861786
3.149803
3.393022
4.274940
5.386087
7.310044
9.210079
1.303970
1.984251
2.500000
2.861786
3.149803
3.393022
4.274940
5.386087
7.310044
9.210079
1.303970
1.984251
2.500000
2.861786
3.149803
3.393022
4.274940
5.386087
7.310044
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0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
0.8 7.368063
0.8 1.043176
0.8 1.587401
0.8 2.000000
0.8 2.289428
0.8 2.519842
0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
0.8 7.368063
0.8 1.043176
0.8 1.587401
0.8 2.000000
0.8 2.289428
0.8 2.519842
0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
0.8 7.368063
0.8 1.043176
0.8 1.587401
0.8 2.000000
0.8 2.289428
0.8 2.519842
0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
0.8 7.368063
0.8 1.043176
0.8 1.587401
0.8 2.000000
0.8 2.289428
0.8 2.519842
0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
0.8 7.368063
0.8 1.043176
0.8 1.587401
0.8 2.000000
0.8 2.289428
0.8 2.519842
0.8 2.714418
0.8 3.419952
0.8 4.308869
0.8 5.848035
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100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140

O©CoO~NOOOTA,WNPE

[N
o

11
12

Run10.9
Runll
Runll.l
Runll.2
Runl11.3
Runll.4
Runl1l.5
Runl11.6
Runl11.7
Runl11.8
Runl11.9
Run12
Runl2.1
Runl12.2
Runl12.3
Runl2.4
Runl12.5
Runl12.6
Runl12.7
Runl12.8
Runl12.9
Runl13.1
Runl13.1
Run13.2
Run13.3
Runl13.4
Run13.5
Run13.6
Run13.7
Run13.8
Run13.9
Runl14
Runl14.1
Runl14.2
Run14.3
Runl14.4
Runl14.5
Runl14.6
Run14.7
Run14.8
Run14.9

10010 500.000
10011 1.419
10011 5.000
10011 10.000
10011 15.000
10011 20.000
10011 25.000
10011 50.000
10011 100.000
10011 250.000
10011 500.000
10012 1.419
10012 5.000
10012 10.000
10012 15.000
10012 20.000
10012 25.000
10012 50.000
10012 100.000
10012 250.000
10012 500.000
10013 1.419
10013 5.000
10013 10.000
10013 15.000
10013 20.000
10013 25.000
10013 50.000
10013 100.000
10013 250.000
10013 500.000
10014 1.419
10014 5.000
10014 10.000
10014 15.000
10014 20.000
10014 25.000
10014 50.000
10014 100.000
10014 250.000
10014 500.000
Young.Modulus..Mpa. UCS..MPa. NOTES
44922.79 122.88434 NA
50497.10 140.56689 NA
46403.79 132.54214 NA
43034.78 132.93228 NA
40249.61 130.49812 NA
40211.91 128.29170 NA
44341.92 131.04712 NA
43170.18 126.76653 NA
43638.43 130.04598 NA
44708.63 135.08635 NA
36366.01 126.58614 NA
43071.97 124.97872 NA

9.210079 0.8 7.368063
1.303970 0.8 1.043176
1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8

1.303970 0.8

1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8
1.303970 0.8
1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8

1.303970 0.8

1.984251 0.8
2.500000 0.8
2.861786 0.8
3.149803 0.8
3.393022 0.8
4.274940 0.8
5.386087 0.8
7.310044 0.8
9.210079 0.8
Time Time..min. Cycles

3 h 45

30
30
30
2h 48
2h 57
3h 15
3h 43
4h 16
2h 29
2h 29

NDNDN
> S5 0

37

min
5h
min
min
min
min
min
min
min
min
min
min

1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063
1.043176
1.587401
2.000000
2.289428
2.519842
2.714418
3.419952
4.308869
5.848035
7.368063

225
300
150
150
150
168
177
195
223
256
149
149

58074
80000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
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13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

45415.15
45131.32
45716.42
46228.25
46141.86
43070.74
44186.19
45453.09
49958.09
42572.22
42605.76
43944.10
44711.44
44937.70
45200.46
45120.12
45072.77
44529.72
49387.53
46238.10
47040.26
45074.10
44104.38
42743.41
43772.82
43514.84
40628.91
39948.07
57689.24
57797.18
56484.60
57089.40
57454.53
57454.53
56742.01
54787.34
52293.74
50612.53
56280.37
56354.88
50572.08
48027.74
45269.00
45587.30
44980.28
42770.26
52012.07
50302.64
35211.86
40067.13
42367.64
43777.94
45048.52
45444.93

124.16689
118.29944
123.35441
123.02545
123.40373
122.35736
131.72539
139.45627
138.45064
124.07697
118.80845
121.20999
121.49605
121.81149
129.66141
123.15576
129.64059
132.51144
135.36700
135.60329
131.90328
123.60140
123.27137
122.26122
127.10078
124.65280
127.07175
129.25141
158.62343
142.88781
134.67985
135.67662
138.04643
138.04643
135.22383
134.76936
138.55198
143.88339
145.36283
137.40898
129.35466
126.02426
124.36693
128.24889
128.44492
126.89224
138.36645
138.46750
115.14443
117.70273
113.25969
117.47369
115.91459
116.02469

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

2h

35min

2h 39 min
2h 50 min
2h 53 min
3h 11 min

3h
3h
4h

21min
38min
11min

2h 20 min
2h 42 min
2h 59 min

2h
2h
2h
3h
3h
3h
4h
3h
2h
2h

50min
48min
54min
38min
25min
54min
10min
19min
36min
45min

2h 45 min

2h
2h
3h
3h
3h
3h
2h
2h
2h
2h
2h
2h
2h
2h
3h
4h
2h
2h
2h
2h
2h

49min
51min
00min
35min
56min
55min
17min
24min
29min
30min
29min
30min
40min
51min
16min
34min
20min
35min
40min
47min
54min

2h58min

3h
3h
3h

2h
2h
2h
2h
3h
2h
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04min
18min
16min

32min
35min
37min
40min
42min
53min

155
159
170
173
191
201
218
251
140
162
179
170
168
168
218
205
234
250
199
156
165
165
169
171
180
215
236
235
137
144
149
150
149
150
160
171
196
274
140
155
160
167
174
178
184
198
196

152
155
157
160
222
173

40000
40000
66666
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000

NA
40000
40000
40000
40000
40000
40000
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67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

47291.99
48889.60
52012.07
50302.64
27012.57
33148.06
36458.91
37845.79
39107.93
40085.64
42809.29
43097.02
40734.28
42118.50
49746.46
37626.14
39367.99
40871.88
41935.90
42946.93
44343.54
45028.22
47722.71
49293.40
26642.16
28618.52
31015.44
32489.82
33412.39
33791.58
36247.87
39584.46
46139.46
48918.35
57554.42
45371.50
47487.65
49224.98
49701.37
49424.64
48731.15
48699.09
49625.86
48552.99
57544.76
59111.38
59171.46
57959.22
55918.83
53921.59
50759.62
47132.36
49501.71
51594.77

117.12980
125.91959
138.36645
138.46750

87.39133
104.41159
107.39131
106.92768
109.03268
111.64927
119.37519
125.65250
126.12958
134.56255
115.94802
119.70565
116.17828
119.12774
119.70926
119.49783
123.30313
126.99454
132.08978
138.67429

94.47136
103.25266
108.75345
110.14593
110.10164
108.25570
113.62094
120.94067
133.70280
141.31781
158.82782
117.82559
122.05323
123.73166
124.48933
122.20751
127.92725
128.01872
131.85121
138.84863
159.08295
150.64854
144.75756
139.44493
135.59506
130.81407
122.28209
122.31460
131.26009
143.71546

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

1

39

2h

56min

3h 1min

3h
4h

12min
31min

3h 3min

3h
3h

41min
26min

3h 8min

NR
NR
NR
NR
NR

5h 7min

2h
3h
3h
2h
3h
3h
4h
2h
5h
6h
2h
3h

25min
13min
16min
51min
17min
12min
29min
55min
48min
37min
56min
23min

3h 7min

4h
4h
5h
5h
3h
3h
4h
2h
2h
2h
2h
2h
2h

39min
39min
15min
17min
26min
38min
52min
20min
44min
35min
37min
39min
41min

3h 4min

3h
3h
4h
2h
2h
2h
2h
2h
2h
2h
3h
3h

14min
38min
18min
24min
27min
32min
41min
33min
38min
54min
25min
19min

176
181
192
271
183
221
206
188
NR
NR
NR
NR
NR
307
145
193
196
171
197
192
269
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348
397
176
203
187
279
279
315
317
206
218
292
140
164
155
157
159
161
184
194
218
258
144
147
152
161
153
158
133
205
199

40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
40000
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40000
40000
40000
40000
40000
40000
40000
40000
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA



# 121 45187.49 127.65948 NA  4h 17min 257 NA

#H 122 45650.14 115.82955 NA  2h 41min 161 NA
## 123 43344.85 109.41793 NA  3h 02min 182 NA
## 124 42018.27 102.73034 NA  2h 52min 172 NA
## 125 42356.26 102.75420 NA  3h 18min 198 NA
## 126 42021.95 104.30120 NA  3h 27min 207 NA
#H 127 44159.91 108.77767 NA  3h 22min 202 NA
## 128 47661.74 120.63908 NA  3h 20min 200 NA
## 129 47813.12 130.69509 NA  3h 40min 220 NA
## 130 47904.19 137.69279 NA 4 14min 254 NA
## 131 40592.38 NA NA  3h 11min 191 NA
## 132 38429.45 NA NA  3h 18min 198 NA
## 133 41461.71 NA NA  2h 48min 168 NA
## 134 43071.99 NA NA  2h 50min 170 NA
## 135 43968.74 NA NA  2h 49min 169 NA
## 136 44834.99 NA NA  2h 34min 154 NA
## 137 NA NA NA  3h 29min 209 NA
## 138 NA NA NA  3h 44min 224 NA
## 139 NA NA NA NA
## 140 NA NA NA NA

levels (DDFN_IR_PropCal)

## NULL

Vol

## [1] 1.419 5000 10.000 15.000 20.000 25.000 50.000 100.000 250.000
## [10] 500.000

RSeed

## [1] 10001 10002 10003 10004 10005 10006 10007 10008 10009 10010 10011 10012
## [13] 10013

Realizations_EMod<- matrix (nrow=length (Vol),ncol= length (RSeed))

for (i in Llilength (RSeed)) {
Realizations_EMod[,i]<- subset (DDFN_IR_PropCal, DDFN_IR_PropC@Random.Seed.. == RSeed][i])[,7]
}

colnames(Realizations_ EMod) <- RSeed
Realizations_ EMod

#H 10001 10002 10003 10004 10005 10006 10007 10008
## [1,] 44922.79 36366.01 49958.09 49387.53 57689.24 56280.37 35211.86 27012.57
## [2,] 50497.10 43071.97 42572.22 46238.10 57797.18 56354.88 40067.13 33148.06
## [3,] 46403.79 45415.15 42605.76 47040.26 56484.60 50572.08 42367.64 36458.91
## [4,] 43034.78 45131.32 43944.10 45074.10 57089.40 48027.74 43777.94 37845.79
## [5,] 40249.61 45716.42 44711.44 44104.38 57454.53 45269.00 45048.52 39107.93
## [6,] 40211.91 46228.25 44937.70 42743.41 57454.53 45587.30 45444.93 40085.64
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#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H

[7,] 44341.92 46141.86 45200.46 43772.82 56742.01 44980.28 47291.99 42809.29
[8,] 43170.18 43070.74 45120.12 43514.84 54787.34 42770.26 48889.60 43097.02
[9,] 43638.43 44186.19 45072.77 40628.91 52293.74 52012.07 52012.07 40734.28
[10,] 44708.63 45453.09 44529.72 39948.07 50612.53 50302.64 50302.64 42118.50

10009 10010 10011

[1,] 49746.46
[2,] 37626.14
[3,] 39367.99
[4,] 40871.88
[5,] 41935.90
[6,] 42946.93
[7,] 44343.54
[8,] 45028.22
[9,] 47722.71
[10,] 49293.40

26642.16 57554.42
28618.52 45371.50
31015.44 47487.65
32489.82 49224.98
33412.39 49701.37
33791.58 49424.64
36247.87 48731.15
39584.46 48699.09
46139.46 49625.86
48918.35 48552.99

57544.76
59111.38
59171.46
57959.22
55918.83
53921.59
50759.62
47132.36
49501.71
51594.77

10012 10013

45187.49
45650.14
43344.85
42018.27
42356.26
42021.95
44159.91
47661.74
47813.12
47904.19

# Defining the maximum and minimum Young Modulus obtained from the simulation results.

max subset (DDFN_IR_PropCal, DDFN_IR_PropC&Volume..m.3. == Vol[1]) $Young.Modulus..Mpa.[1 : 13])
## [1] 57689.24
maXx subset (DDFN_IR_PropCal, DDFN_IR_PropCé&Volume..m.3. == Vol[2]) $Young.Modulus..Mpa.[1 : 13])
## [1] 59111.38

Max_EMod <imatrix (nrow
Min_EMod <-matrix (nrow

for

}

(i in 21:length (Vol)) {
Max_EMod[i]<- max subset (DDFN_IR_PropCal, DDFN_IR_PropCéVolume.. m.3. == Vol[i]) $Young.Modulus..N

Min_EMod[i]<-

df.Max_EMod <- data.frame (Vol,Max_EMod)
df.Min_EMod <- data.frame (Vol,Min_EMod)

length (Vol), ncol=1)
length (Vol), ncol=1)

min( subset (DDFN_IR_PropCal, DDFN_IR_PropC&Volume..m.3. == Vol[i]) $Young.Modulus..\

Logfit_ Max_EMod <- Im(Max_EModlog (Vol),data=df.Max_EMod)
Logfit_Min_EMod <- Im(Min_EMod-log (Vol),data=df.Min_EMod)

#Calculating the Weighted Average for Deformation Modulus Accounting for Standard Deviation of Each Volume

df.Limits_EMod <-
colnames(df.Limits_ EMod)<-

df.Limits_ EMod

H#H
#H
##
#H#

## 4

Vol

data.frame (Vol, predict (Logfit_Max_EMod), predict (Logfit_Min_EMod))

MaxUCS  MIinUCS

1 1.419 60367.48 26305.96
2 5.000 58709.25 29642.88
3 10.000 57796.66 31479.32

15.000 57262.83 32553.58

c("Vol", "MaxUCS", "MinUCS")
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## 5 20.000 56884.07 33315.77
## 6  25.000 56590.28 33906.97
## 7 50.000 55677.69 35743.42
## 8 100.000 54765.10 37579.87
## 9 250.000 53558.72 40007.52
## 10 500.000 52646.13 41843.96

Wi_EMod <-sun{df.Limits_EMod $SD_EMo@)/ df.Limits_EMod $SD_EMd@
Wi_EMod

## numeric(0)

X_EMod <-sun{Wi_EModdf.Limits_EMod $MeanEModdum(Wi_EMod)
X_EMod

## [1] NaN
#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢
# Graph 1

par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (0,0,xlim = ¢(0,500),ylim = ¢(25000,60000), type = "I, lwd = 3, xlab = expression (Volume~m'3) ,ylab
for (i in lilength (RSeed)) {

points (Vol, Realizations_EMod[,i], col = RSeed[i], pch = 16)

lines (Vol, Realizations_EMod[,i], col = RSeed[i])
}

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
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# Graph 2
par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)

plot (Vol, predict (Logfit Max EMod), xlim = ¢(0,500),ylim = ¢(25000,60000), type = "I, Ity =2 , col = "darkblu

for (i in Lllength (RSeed)) {
points (Vol, Realizations_EMod|,i], col = RSeed]i], pch = 16)

}

lines (Vol, predict (Logfit Min_EMod), Ity =3 , col = "darkblue", lwd =2)
#lines(x=c(0,510),y=c(mean(DDFN_IR_PropCal$Young.Modulus..Mpa.[1:130]),mean(DDFN_IR_PropCal$Young.Modulus.
lines (x=¢(0,510),y= c(X_EMod,X_EMod), Ity =2 , col = "red", lwd =2)

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
legend ("bottomright”, legend=  c("Homogenized Young's Modulus", "Upper Limit","Lower Limit"), Ity = c(2,2
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# Graph 3
par(mar=c(5.1, 4.1, 4.1, 8.1), xpd=TRUE)
plot (Vol, predict (Logfit Max_EMod),ylim = ¢(25000,60000),log = "x", type = "I, Ity =2 , col = "darkblue", lwd =
for (i in Lllength (RSeed)) {
points (Vol, Realizations_EMod[,i], col = RSeed[i], pch = 16)
lines (Vol, Realizations_EMod[,i], col = RSeed[i])
}
lines (Vol, predict (Logfit_ Min_EMod), Ity =2 , col = "darkblue", lwd =2)
lines (c¢(0,510), c(meafDDFN_IR_PropCabYoung.Modulus..Mpa.[1 : 130]), meafDDFN_IR_PropCabYoung.Modulus..M

legend ("bottomright”, inset= c(-0.2,0), legend=RSeed, pch=19, col= RSeed, title="Realization", cex = 0.9)
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#Graph 4

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=Young.Modulus..Mpa., group =Volume..m.3., color = Random.Seec
geom_boxplot( ) +
xlim (0,500) +
ylim (25000,60000) +
scale_x_continuous (trans='log10) +
theme_bw)) +
labs (x= expression (Log(Volume~m'3)) ,y= "Young's Modulus [MPa]") #+

## Scale for 'X' is already present. Adding another scale for 'x', which will
## replace the existing scale.

## Warning: Removed 4 rows containing non-finite values (stat_boxplot).
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#geom_line(data = df.Limits_EMod, aes(x = Vol, y =MaxEmod))

ggplot (DDFN_IR_PropCal, aes(x=Volume..m.3., y=Young.Modulus..Mpa., group =Volume..m.3., color = Random.Seec
geom_boxplot( ) +
xlim (0,500) +
ylim (25000,60000) +
theme_bwv)) +
labs (x= expression (Log(Volume~m'3)) ,y= "Young's Modulus [MPa]")

## Warning: Removed 4 rows containing non-finite values (stat_boxplot).

## Warning: Removed 1 rows containing missing values (geom_segment).
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# Calculting the Coefficient of Variation for each volume sample

df.Limits_EMod $MeanEMod<- rowMean§as.matrix (Realizations_EMod))
df.Limits_EMod $SD_EMod <- 1
for (i in llength (Vol)) {

df.Limits_EMod $SD_EMod[i]<-sd(Realizations_EMod[i,])
}
df.Limits_EMod $COV_EMod <- df.Limits_ EMo@#SD_EMod df.Limits_EMod $MeanEMod
df.Limits_EMod

#t Vol MaxUCS MinUCS MeanEMod SD _EMod COV_EMod
## 1 1.419 60367.48 26305.96 45654.14 11161.690 0.24448365

#it 2 5.000 58709.25 29642.88 45086.49 9224.904 0.20460464

## 3  10.000 57796.66 31479.32 45210.43 7590.189 0.16788579

## 4  15.000 57262.83 32553.58 45114.56 6958.535 0.15424144

## 5 20.000 56884.07 33315.77 44998.97 6492.596 0.14428321

## 6  25.000 56590.28 33906.97 44984.64 6104.788 0.13570826

## 7 50.000 55677.69 35743.42 45809.44 4721.619 0.10307088

## 8 100.000 54765.10 37579.87 45578.92 3863.197 0.08475841

## 9 250.000 53558.72 40007.52 47029.33 4042.625 0.08595966

## 10 500.000 52646.13 41843.96 47249.20 3589.839 0.07597673
df.Limits_UCS

#it Vol MaxUCS MinUCS MeanUCS SD_UCS COv_ucCs
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# 1 1.419 150.7134 88.97526 129.6769 23.084507 0.17801556
## 2 5.000 147.1510 97.50969 125.7615 14.701350 0.11689869
## 3 10.000 145.1905 102.20654 122.5590 11.584072 0.09451835
## 4  15.000 144.0437 104.95403 121.3328 10.835627 0.08930503
## 5 20.000 143.2300 106.90340 121.4331 10.199102 0.08398948
## 6  25.000 142.5988 108.41545 121.1104 9.380727 0.07745599
## 7 50.000 140.6383 113.11230 123.6383 7.430835 0.06010140
## 8 100.000 138.6778 117.80915 125.3134 3.746550 0.02989745
## 9 250.000 136.0862 124.01806 132.2690 4.045996 0.03058915
## 10 500.000 134.1256 128.71491 137.8412 4.170885 0.03025863
df.Limits_EMod

## Vol MaxUCS MinUCS MeanEMod SD EMod COV_EMod
# 1 1.419 60367.48 26305.96 45654.14 11161.690 0.24448365
# 2 5.000 58709.25 29642.88 45086.49 9224.904 0.20460464
## 3  10.000 57796.66 31479.32 45210.43 7590.189 0.16788579
## 4  15.000 57262.83 32553.58 45114.56 6958.535 0.15424144
## 5 20.000 56884.07 33315.77 44998.97 6492.596 0.14428321
## 6  25.000 56590.28 33906.97 44984.64 6104.788 0.13570826
## 7 50.000 55677.69 35743.42 45809.44 4721.619 0.10307088
## 8 100.000 54765.10 37579.87 45578.92 3863.197 0.08475841
## 9 250.000 53558.72 40007.52 47029.33 4042.625 0.08595966
## 10 500.000 52646.13 41843.96 47249.20 3589.839 0.07597673
#Graph 5 - Coefficient of Variation

plot (Vol,df.Limits EMod $COV_EMod, type= "I, xlim = ¢(0,500) , ylim = ¢(0,0.25), xlab =

lines (Vol,df.Limits_UCS $COV_UCS, type= "I, col = 2, lwd = 3)

legend ("topright”, legend=

c("Uniaxial Compressive Strength","Young Modulus"), lwd = 3, col=
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#dev.off

Stochastic DEM Plllar Strength - Calibrated using NIOSH Empirical Formulae

Importing Results from Stochastic Discrete Element Modeling Simulations

SDEM_PS_W!1toHO0.5 «ead.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stres:
SDEM_PS_W!toHO0.5 <iata.frame (SDEM_PS_WtoHO0.5)

SDEM_PS_WtoHO0.8 read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress
SDEM_PS_WtoH0.8 <iata.frame (SDEM_PS_WtoHO0.8)

SDEM_PS_WtoH1.0 fead.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stres:
SDEM_PS_W!toH1.0 <lata.frame (SDEM_PS_WtoH1.0)

hist (SDEM_PS_WtoHO0.5[,3], nclass=7, freq = FALSE)
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hist (SDEM_PS_W1toHO0.8[,3], nclass=6, freq = FALSE)
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hist (SDEM_PS_ WtoH1.0[,3], nclass=6, freq = FALSE)
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Norm.fit SDEM_PS_WtoHO0.5<- fitdist (SDEM_PS_WtoHGBillar_Strength,"norm™ )
Norm.fit SDEM_PS_WtoHO0.8<- fitdist (SDEM_PS_WtoHGBillar_Strength,"norm" )
Norm.fit SDEM_PS_WtoH1.0<- fitdist (SDEM_PS_WtoHZHBillar_Strength,"norm" )

Norm.fit SDEM_PS_WtoHO0.5

## Fitting of the distribution ' norm
## Parameters:

##t estimate Std. Error

## mean 29.7253333 0.1050624
## sd 0.4069048 0.0742883

by maximum likelihood

Norm.fit. SDEM_PS_WtoH0.8

## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:

## estimate Std. Error

## mean 34.6353333 0.13477180

## sd 0.5219689 0.09529648

Norm.fit SDEM_PS_WtoH1.0
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## Fitting of the distribution ' norm ' by maximum likelihood
## Parameters:

## estimate Std. Error

## mean 37.7113333 0.12141340

## sd 0.4702321 0.08585049

denscomfflist (Norm.fit SDEM_PS_W!toHO0.5))

denscomiflist (Norm.fit SDEM_PS_W!toH0.8))
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denscomfflist (Norm.fit. SDEM_PS_W!toH1.0))

54



cdfcomp(list (Norm.fit. SDEM_PS_WtoHO0.5))
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cdfcomp(list (Norm.fit. SDEM_PS_WtoHO0.8))
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cdfcomp(list (Norm.fit. SDEM_PS_WtoH1.0))
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#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

hist (SDEM_PS_W1toHO0.5[,3], pch=20, breaks=9, prob=TRUE, main="Stochastic DEM Pillar Strength Estimation", col
hist (SDEM_PS_W1toH0.8[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane”, add=T , col = 4)
hist (SDEM_PS_ WtoH1.0[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 7)

lines (seq(25,50,0.1), dnorn(seq(25,50,0.1),Norm.fit SDEM_PS_WtoH0.5 $estimate[1],Norm.fit. SDEM_PS WtoH0.5
lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),Norm.fit. SDEM_PS_W1toH0.8 $estimate[1],Norm.fit. SDEM_PS_WtoH0.8
lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),Norm.fit. SDEM_PS_WtoH1.0 $estimate[1],Norm.fit. SDEM_PS_WtoHO0.5

legend (x=38.15,y=1.0, c("W/H 0.5","W/H 0.8","W/H 1.0"),lty = c(1,2,3), lwd = ¢(3,3), border = F, bty = "n")

legend (x=38.5,y=1.3, c("W/H 0.5","W/H 0.8","W/H 1.0"),fill = c("green”,"blue”, "yellow"), border = F, bty = "n"
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par (mfrow=c(1,3), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

cdfcomp(list (Norm.fit. SDEM_PS_WtoHO0.5), main
cdfcomp(list (Norm.fit. SDEM_PS_W1toHO0.8), main
cdfcomp(list (Norm.fit. SDEM_PS_ WtoH1.0), main

"CDF \n Stochastic DEM Pillar Strength \n W/H 0.5")
"CDF \n Stochastic DEM Pillar Strength \n W/H 0.8")
"CDF \n Stochastic DEM Pillar Strength \n W/H 1.0")
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#dev.off
par (mfrow=c(1,1), mai= c¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)
hist (SDEM_PS_W1toHO0.5[,3], pch=20, breaks=9, prob=TRUE, main="Stochastic DEM Pillar Strength Estimation", col

hist (SDEM_PS_ WtoHO0.8[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 4)
hist (SDEM_PS_WtoH1.0[,3], pch=20, breaks=9, prob=TRUE, main="Set 1 - Bedding plane", add=T , col = 7)

lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),Norm.fit. SDEM_PS_W1toHO0.5 $estimate[1],Norm.fit. SDEM_PS_WtoHO0.5
lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),Norm.fit. SDEM_PS_W!toH0.8 $estimate[1],Norm.fit. SDEM_PS_W1toH0.8
lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),Norm.fit. SDEM_PS_WtoH1.0 $estimate[1],Norm.fit. SDEM_PS_WtoH1.0
lines (seq(25,50,0.1), dnorm(seq(25,50,0.1),34.685,4.818), lwd= 2, col = 'red’, Ity = 4);

legend (x=38.5,y=1.3, c("W/H 0.5","W/H 0.8","W/H 1.0"),fill = c("green”,"blue”, "yellow"), border = F, bty = "n"
legend (x=38.15,y=1.0, c("W/H 0.5","W/H 0.8","W/H 1.0", "CSM Empirical PS"), col=  ¢(1,1,1,2), Ity =  ¢c(1,2,3
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#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

par (mfrow=c(1,1), mai= c¢(.8,.8,.8,.8),mar= c(6,4,5,1) +.05)

plot (WtoH,NIOSH_IR_PS, type = "I", col="Red", ylim = c(0,40), xlim = ¢(0.5,1), main= "Empirical Pillar Strenc

lines (WtoH,NIOSH_WCS_PS, col="red", lwd = 3, Ity = 4)
lines (WtoH,NIOSH_CSM_PS, col="black", lwd = 2, Ity = 1)

points (x= ¢(0.5,0.8,1.0), y= ¢(31.2,36.1 , 38.5), col = "black", bg="forestgreen", pch = 21, lwd= 1)

legend (x=0.832,y=8, legend= c("NIOSH Intact Pillar Strength","NIOSH Worst Case Scenario","NIOSH Case Study |

legend (x='bottomright',y=38.8, c("BBM Calibrated Pillar Strength"), col = c("forestgreen”,"dodgerblue","gold1'
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#dev.off

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

par (mfrow=c(1,1), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)
plot (WtoH,NIOSH_CSM_PS, type = "I", col="Red", Ity = 2, ylim = c(20,47), xlim = ¢(0.5,1), main= "Stocastic

lines (WtoH,NIOSH_IR_PS, col="black", lwd = 2, Ity = 1)

lines (WtoH,NIOSH_CSM_PS+1*80SH_Pillar_Strength_full  (Width,Height,IR_OB_UCSJ[2],30,1), col="black", lwd =
lines (WtoH,NIOSH_CSM_PS-1.9610SH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [2],30,1), col="black", Iwd =
lines (WtoH,NIOSH_CSM_PS+1*NJOSH_Pillar_Strength_full  (Width,Height,IR_OB_UCSJ[2],30,1), col="black", lwd =
lines (WtoH,NIOSH_CSM_PS-1.48I0SH_Pillar_Strength_full  (Width,Height,IR_OB_UCS [2],30,1), col="black", lwd =

y=c(SDEM_PS_WtoHGBillar_Strength, SDEM_PS_W1toH0.8 $Pillar_Strength,SDEM_PS_WtoH1.0 $Pillar_Strength)
x=c(SDEM_PS_WtoH®®/toH,SDEM_PS_WtoH#V8toH, SDEM_PS_ WtoHdVitoH)

#boxplot(formula = y ~ x)

points (x= SDEM_PS_WtoH®W/toH, y=SDEM_PS_WtoH8Rllar_Strength, col = "black”, bg="forestgreen", pch = 21, |
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points (x= SDEM_PS_WtoH®®/toH, y=SDEM_PS_WtoHER8llar_Strength, col

points (x= SDEM_PS_WtoH®EWtoH, y=SDEM_PS_WtoHiRillar_Strength, col

"black”, bg="dodgerblue", pch = 21, I

"black”, bg="gold1", pch = 21, lwd= 1

legend (x=0.486,y=43.5, c("'SDEM Strength - W/H 0.5","SDEM Strength - W/H 0.8","SDEM Strength - W/H 1.0"),
legend (x=0.48,y=48.5, c("NIOSH No Discontinuities","NIOSH Case Study Mine Strength", "NIOSH Case Study Min

#dev.off

PS_Analysis <- as.data.frame (rbind (0.5,0.8,1.0))
colnames(PS_Analysis) <-' W/H'

PS_Analysis

#H# W/H
# 1 05
#t 2 0.8
# 3 1.0

PS_Analysis $"SDEM Pillar Strength" <-  c(meafSDEM_PS_WtoH@Billar_Strength), = meaiSDEM_PS_WtoHGBillar
PS_Analysis $"SDEM Pillar Strenth StDev" <-  c(sd(SDEM_PS_WtoHGBillar_Strength),  sd(SDEM_PS_WtoH®Bille
PS_Analysis $"COV" <- PS_Analysis$'SDEM Pillar Strenth StDev" /PS_Analysis $'SDEM Pillar Strength”
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PS_Analysis $'"NIOSH CSM Pillar Strength" <- ¢(NIOSH_Pillar_Strength_full

PS_Analysis $"FPs/NFPs" <- PS_Analysis $ SDEM Pillar Strength

(30*0.5,30,IR_OB_UCS[1],30,1), NI

/ PS_Analysis $ NIOSH CSM Pillar Strength

PS_Analysis $"Intact Pillar Strength" <- c(NIOSH_Pillar_Strength_full ~ (30*0.5,30,IR_OB_UCSJ1],0,0),

PS_Analysis $"FPs/IPs" <- PS_Analysis $ SDEM Pillar Strength®

/ PS_Analysis $'Intact Pillar Strength

PS_Analysis

# W/H SDEM Pillar Strength SDEM Pillar Strenth StDev cov

## 1 0.5 29.72533 0.4211865 0.01416928

## 2 0.8 34.63533 0.5402892 0.01559936

# 3 1.0 37.71133 0.4867365 0.01290690

## NIOSH CSM Pillar Strength FPs/NFPs Intact Pillar Strength  FPs/IPs

#it 1 28.38381 1.047264 31.34601 0.9482972
#it 2 32.68186 1.059773 36.09261 0.9596240
## 3 34.70144 1.086737 38.59146 0.9771936

Pillar Stress Estimation

2D FEM Pillar Stress Estimation
Function to de n the Pariseau inclined pillar stress analytical solution.

#Peariseau Inclined Stress Formula (1982)

NIOSH

Pariseau_Pillar_Stress <- function (Avg_OB_Density, OB_height, Ko, OB_Dip, P_Width, P_Legth, Hc, Xc, Norm:

gamma = Avg_OB_Densit9.81/ 1000
ER = 1((P_Width *P_Legth)/ (Hc* Xc))

if (Normal_or_Shear == 1) {

Avg_Norm_Pillar_Stress = (gamma*OB_height*(((1 +Ko)+(1- Ko)*cos (2*OB_Digpi/180)) /2)) / (1- ER)

output = Avg_Norm_Pillar_Stress

} else if (Normal_or_Shear == 2) {
Avg_Shear_Pillar_Stress = (gamma *OB_height*(((1 - Ko)*sin
output = Avg_Norm_Pillar_Stress

}

return (output)

Depth <- seq(0,350, by=1)

HW_Density <- meaifHangingWallData $Density..ton.m.3.)
Ko <- ¢(1.0, 1.5, 0.5)

OB_Dip <- 30

P_Width <- 24.384

P_Length <- 24.384

Hc <- 48.768

Xc <- 37.1856
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(2*OB_Dippi / 180)) / 2)) / (1- ER)



Analytical_Norm_Stress_Est <-  matrix (nrow = length (Depth), ncol = 3)
colnames(Analytical Norm_Stress Est) <- ¢("Ko=1.0","Ko=1.5","K0=0.5")

for (i in 1:3) {

Analytical_Norm_Stress_Est[,i] <- Pariseau_Pillar_Stress  (HW_Density, Depth, Ko[i], OB_Dip, P_Width, P_L
}

par (mfrow=c(1,1), mai= c¢(.5,.5,.5,.5),mar= c(4,4,4,1) +.1)
plot (Analytical_Norm_Stress_Est[,1],Depth, type = "I", col = "blue", lwd = 2, ylim = rev (¢(0,350)), xlab -
lines (Analytical_Norm_Stress Est[,2] , Depth, col = "red", lwd = 2)

lines (Analytical Norm_Stress Est[,3], Depth, col = "forestgreen”, lwd = 2)

legend (x = "bottomleft", c("Ko = 1.0","Ko = 1.5", "Ko = 0.5"), col = c("blue","red","forestgreen"), Ity =

RS2 P_Stress k 1.0 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar St
RS2 _P_Stress k 0.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar St
RS2_P_Stress_k_1.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar St

#For Ko = 1.0

AVG_RS2 P_Stress k 1.0 <-subset(aggregate (RS2 _P_Stress _k 1.0[,4 :12], list (RS2_P_Stress k 1.0%Pillar), me
AVG_RS2_P_Stress_k 1.0
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#Ht Group.1 Depth..m. Distance..m. Ko....H..V Normal.Stress..total...MPa.

## 1 Pillar 1 164.8 11.75610 1 5.834322
## 2 Pillar 2 192.4 61.06645 1 7.034469
## 3 Pillar 3 222.0 110.31057 1 8.378107
## 4 Pillar 4 246.5 159.51403 1 8.854882
## 5 Pillar 5 270.6 208.70377 1 10.137549
## 6 Pillar 6 294.0 257.90723 1 11.025997
## 7 Pillar 7 319.8 307.15135 1 11.275022
## 8 Pillar 8 334.7 356.46170 1 12.482809
##  Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.

# 1 3.124261 7.868145

# 2 3.865472 9.589191

## 3 4.317265 11.115477

# 4 4.720627 11.873915

#H 5 5.398385 13.622037

## 6 5.843464 14.770596

# 7 5.946118 15.178555

## 8 5.439120 15.622369

##  Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.

# 1 0.1143733 0.10767428

#H 2 0.1291445 0.06266776

## 3 0.1477940 0.15313046

#it 4 0.1536278 0.25832917

# 5 0.1739945 0.09926221

## 6 0.1920889 0.19464540

# 7 0.1946533 0.43056717

## 8 0.2073792 0.58121485

##  Standard.Deviation.of.Sigma.Three..MPa.

# 1 0.05369356

#t 2 0.06339156

## 3 0.06850594

# 4 0.08429747

# 5 0.08342032

# 6 0.07682276

#t 7 0.08957386

## 8 0.09420868

#For Ko = 1.5

AVG_RS2 P_Stress k 1.5 <-subset(aggregate (RS2_P_Stress _k 1.5[,4 :12], list (RS2_P_Stress k 1.5%Pillar), me
AVG_RS2 P Stress k 1.5

#H Group.1l Depth..m. Distance..m. Ko..SigH.SigV Normal.Stress..total...MPa.

## 1 Pillar 1 164.8 11.75610 15 6.159905
## 2 Pillar 2 192.4 61.06645 1.5 7.338062
## 3 Pillar 3 222.0 110.31057 15 8.585792
## 4 Pillar 4 246.5 159.51403 15 9.218714
## 5 Pillar 5 270.6 208.70377 15 10.335836
## 6 Pillar 6 294.0 257.90723 15 11.194781
## 7 Pillar 7 319.8 307.15135 15 11.657864
## 8 Pillar 8 334.7 356.46170 15 12.895769
##  Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.

# 1 1.648382 6.757327

#it 2 2.056829 8.110546
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## 3 2.320727 9.429324

# 4 2.549202 10.181873

# 5 2.923951 11.508572

## 6 3.187651 12.511515

#H 7 3.255326 13.096196

## 8 2.878989 13.796669

##  Standard.Deviation.of.Sigma.One..MPa. COV.Sigma.1l Mean.of.Sigma.Three..MPa.

# 1 0.04730173 0.007038696 0.6693287
#t 2 0.05370661 0.006625957 0.7926963
## 3 0.06468388 0.006727610 0.9054331
## 4 0.07109954 0.006928689 1.0448251
## 5 0.07935047 0.006756155 1.0632635
## 6 0.08802277 0.006845241 1.1899305
# 7 0.09402173 0.007097148 1.3402168
## 8 0.10019695 0.007090004 1.3661936
#For Ko = 0.5

AVG_RS2 P_Stress k 0.5 <-subset(aggregate (RS2_P_Stress _k 0.5[,4 :12],
AVG_RS2_P_Stress_k_0.5

list (RS2_P_Stress_k_0.5%Pillar), me

# Group.1 Depth..m. Distance..m. Ko...SigH.SigV Normal.Stress..total...MPa.

## 1 Pillar 1 164.8 11.75610 0.5 5.508739
## 2 Pillar 2 192.4 61.06645 0.5 6.730876
## 3 Pillar 3 222.0 110.31057 0.5 8.170423
## 4 Pillar 4 246.5 159.51403 0.5 8.491051
## 5 Pillar 5 270.6 208.70377 0.5 9.939263
## 6 Pillar 6 294.0 257.90723 0.5 10.857214
## 7 Pillar 7 319.8 307.15135 0.5 10.892180
## 8 Pillar 8 334.7 356.46170 0.5 12.069849
##  Shear.Stress..total...MPa. Sigma.One..MPa.

# 1 4.618380 9.331214

# 2 5.704027 11.477838

## 3 6.322909 13.275682

# 4 6.892052 14.107030

## 5 7.880173 16.299098

#it 6 8.499278 17.648737

# 7 8.636910 17.917452

## 8 8.016654 18.101022

##  Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.

# 1 0.1813869 -0.8194341

##t 2 0.2079006 -1.0917320

#i# 3 0.2370228 -1.0892929

# 4 0.2442636 -1.0779934

## 5 0.2776818 -1.4446160

# 6 0.3055603 -1.4342575

#H 7 0.3062336 -1.1476112

#i 8 0.3264954 -0.8772230

##  Standard.Deviation.of.Sigma.Three..MPa.

# 1 0.08663026

# 2 0.10211465

## 3 0.11140708

#t 4 0.12511029

#H 5 0.13400533
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#H
##
##

6
7
8

0.12726657
0.14342671
0.15380238

par (mfrow=c(1,1), mai= c(.5,.5,.5,.5),mar=

plot (Analytical Norm_Stress_Est[,1],Depth, type =
lines (Analytical Norm_Stress Est[,2] , Depth, col = "red", lwd = 2)
lines (Analytical_Norm_Stress_Est[,3], Depth, col = "forestgreen", lwd = 2)

c(4,4,41) +1)

", col = "blue", lwd = 2, ylim =

rev (¢(0,350)),

points (y= AVG_RS2_P_Stress_k_1.8Depth..m., x=AVG_RS2 P_Stress_k 1.0 $Normal.Stress..total...MPa., col
points (y= AVG_RS2_P_Stress_k_1.5Depth..m., x=AVG_RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa., col
points (y= AVG_RS2_P_Stress_k_0.5Depth..m., x=AVG_RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col

RS2 P Stress k 0.5

H#H
#H#
##
#H#
H#H
#H
##
##
##

O~NOOTRAWN PP

X
194.1702
195.4077
196.6451
197.8826
199.1201
200.3576
201.5951
202.8326

Y
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784

Pillar Depth..m. Distance..m. Ko...SigH.SigV

Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar

1

PR RPRRPRRRPR

164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
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0.000000
1.237484
2.474967
3.712451
4.949935
6.187418
7.424902
8.662386

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

xlab -

"bla
"bla
"bla
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35
36
37
38
39
40
41
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45
46
47
48
49
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51
52
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54
55
56
57
58
59
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204.0700
205.3075
206.5450
207.7825
209.0200
210.2575
211.4949
212.7324
213.9699
215.2074
216.4449
217.6824
218.7407
219.3744
220.0081
220.6418
221.2756
221.9093
222.5430
223.1767
223.8105
224.4442
225.0779
225.7117
226.3454
226.9791
227.6128
228.2466
228.8803
229.5140
230.1478
230.7815
231.4759
232.7134
233.9508
235.1883
236.4258
237.6633
238.9008
240.1383
241.3757
242.6132
243.8507
245.0882
246.3257
247.5632
248.8006
250.0381
251.2756
252.5131
253.7506
254.9881
255.9857
256.6194

362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.7784
362.4629
361.4000
360.3371
359.2742
358.2113
357.1484
356.0855
355.0226
353.9598
352.8969
351.8340
350.7711
349.7082
348.6453
347.5824
346.5195
345.4566
344.3937
343.3308
342.2679
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117
341.3117

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope

Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
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DO OO OO,

340.8895 Stope Level 7
339.8266 Stope Level 7

164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
164.8
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
192.4
NA
NA
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9.899870
11.137353
12.374837
13.612321
14.849804
16.087288
17.324772
18.562255
19.799739
21.037223
22.274706
23.512190

24.616496
25.853979
27.091463
28.328947
29.566430
30.803914
32.041398
33.278881
34.516365
35.753849
36.991332
38.228816
39.466300
40.703784
41.941267
43.178751
44.416235
45.653718
46.891202
48.128686
49.310353
50.547836
51.785320
53.022804
54.260287
55.497771
56.735255
57.972738
59.210222
60.447706
61.685189
62.922673
64.160157
65.397641
66.635124
67.872608
69.110092
70.347575
71.585059
72.822543
73.905856
75.143340

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
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0.5
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0.5
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0.5
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0.5
0.5
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0.5
0.5
0.5
0.5
0.5
0.5
0.5
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257.8869
258.5206
259.1543
259.7881
260.4218
261.0555
261.6893
262.3230
262.9567
263.5904
264.2242
264.8579
265.4916
266.1254
266.7591
267.3928
268.0265
268.7816
270.0191
271.2565
272.4940
273.7315
274.9690
276.2065
277.4440
278.6814
279.9189
281.1564
282.3939
283.6314
284.8689
286.1063
287.3438
288.5813
289.8188
291.0563
292.2938
293.2307
293.8645
294.4982
295.1319
295.7657
296.3994
297.0331
297.6668
298.3006
298.9343
299.5680
300.2018
300.8355
301.4692
302.1029
302.7367

338.7637
337.7008
336.6379
335.5750
334.5121
333.4492
332.3863
331.3234
330.2605
329.1976
328.1347
327.0718
326.0089
324.9460
323.8831
322.8202
321.7573
320.6944
319.8451
319.8451
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319.8451
319.8451
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319.8451
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319.8451
319.8451
319.8451
319.8451
319.8451
319.8451
319.3160
318.2531
317.1902
316.1273
315.0644
314.0015
312.9386
311.8757
310.8128
309.7499
308.6870
307.6241
306.5612
305.4983
304.4354
303.3725

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
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Stope

Level
Level
Level
Level
Level
Level
Level
Level
Level
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Pillar
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Level
Level
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NA
NA
NA
NA
NA
NA
NA
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NA
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NA
NA
NA
NA
NA
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NA
222.0
222.0
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222.0
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222.0
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222.0
222.0
222.0
222.0
222.0
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NA
NA
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76.380824
77.618307
78.855791
80.093275
81.330758
82.568242
83.805726
85.043210
86.280693
87.518177
88.755661
89.993144
91.230628
92.468112
93.705595
94.943079
96.180563
97.418046

98.554473

99.791957
101.029441
102.266924
103.504408
104.741892
105.979375
107.216859
108.454343
109.691827
110.929310
112.166794
113.404278
114.641761
115.879245
117.116729
118.354212
119.591696
120.829180
122.066663

123.142677
124.380161
125.617644
126.855128
128.092612
129.330095
130.567579
131.805063
133.042546
134.280030
135.517514
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304.0041
304.6379
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306.0873
307.3247
308.5622
309.7997
311.0372
312.2747
313.5122
314.7496
315.9871
317.2246
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320.9371
322.1746
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329.5995
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331.1095
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349.5804
350.8179
352.0553
353.2928
354.5303

302.3096
301.2467
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NA
NA
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
246.5
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
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142.942416
144.179900
145.417383
146.654867

147.757933
148.995416
150.232900
151.470384
152.707867
153.945351
155.182835
156.420318
157.657802
158.895286
160.132769
161.370253
162.607737
163.845221
165.082704
166.320188
167.557672
168.795155
170.032639
171.270123

172.352805
173.590288
174.827772
176.065256
177.302739
178.540223
179.777707
181.015190
182.252674
183.490158
184.727642
185.965125
187.202609
188.440093
189.677576
190.915060
192.152544
193.390027
194.627511
195.864995

196.947677
198.185160
199.422644
200.660128
201.897611
203.135095
204.372579
205.610062
206.847546
208.085030

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
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##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
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H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
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##
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##
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H#H
#H
##
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#H
H#H
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171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224

355.7678
357.0053
358.2428
359.4802
360.7177
361.9552
363.1927
364.4302
365.6677
366.9051
367.7208
368.3546
368.9883
369.6220
370.2557
370.8895
371.5232
372.1569
372.7907
373.4244
374.0581
374.6918
375.3256
375.9593
376.5930
377.2268
377.8605
378.4942
379.1279
379.7617
380.6987
381.9361
383.1736
384.4111
385.6486
386.8861
388.1236
389.3610
390.5985
391.8360
393.0735
394.3110
395.5485
396.7859
398.0234
399.2609
400.4984
401.7359
402.9734
404.2108
404.9659
405.5996
406.2333
406.8671

276.9117
276.9117
276.9117
276.9117
276.9117
276.9117
276.9117
276.9117
276.9117
276.9117
276.1691
275.1062
274.0433
272.9804
271.9175
270.8546
269.7917
268.7288
267.6659
266.6030
265.5401
264.4772
263.4143
262.3514
261.2885
260.2256
259.1627
258.0998
257.0369
255.9740
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450
255.4450

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope

Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar

254.5957 Stope Level
253.5328 Stope Level
252.4699 Stope Level
251.4070 Stope Level
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270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
270.6
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
294.0
NA
NA
NA
NA
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209.322514
210.559997
211.797481
213.034965
214.272448
215.509932
216.747416
217.984899
219.222383
220.459867

221.562932
222.800416
224.037900
225.275384
226.512867
227.750351
228.987834
230.225318
231.462802
232.700286
233.937769
235.175253
236.412737
237.650220
238.887704
240.125188
241.362671
242.600155
243.837639
245.075122

246.151136
247.388620
248.626103
249.863587
251.101071
252.338554
253.576038
254.813522
256.051005
257.288489
258.525973
259.763457
261.000940
262.238424
263.475908
264.713391
265.950875
267.188359
268.425842
269.663326

270.799753
272.037237
273.274720
274.512204

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
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##
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H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
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##
#H#
#H#
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##
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H#H
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##
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225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278

407.5008
408.1345
408.7682
409.4020
410.0357
410.6694
411.3032
411.9369
412.5706
413.2043
413.8381
414.4718
415.1055
415.7393
416.3730
417.0067
418.0043
419.2418
420.4793
421.7168
422.9543
424.1918
425.4293
426.6667
427.9042
429.1417
430.3792
431.6167
432.8542
434.0916
435.3291
436.5666
437.8041
439.0416
440.2791
441.5165
442.2109
442.8446
443.4784
4441121
4447458
445.3796
446.0133
446.6470
447.2807
447.9145
448.5482
449.1819
449.8157
450.4494
451.0831
451.7168
452.3506
452.9843

250.3441
249.2812
248.2183
247.1554
246.0925
245.0296
243.9667
242.9038
241.8409
240.7780
239.7151
238.6522
237.5893
236.5264
235.4635
234.4006
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.9783
233.0222
231.9593
230.8964
229.8335
228.7706
227.7077
226.6448
225.5819
224.5190
223.4561
222.3932
221.3303
220.2674
219.2045
218.1416
217.0787
216.0158
214.9529

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope

Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope
Stope

Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
Level
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12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
319.8
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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275.749688
276.987171
278.224655
279.462139
280.699622
281.937106
283.174590
284.412074
285.649557
286.887041
288.124525
289.362008
290.599492
291.836976
293.074459
294.311943

295.395257
296.632740
297.870224
299.107708
300.345191
301.582675
302.820159
304.057643
305.295126
306.532610
307.770094
309.007577
310.245061
311.482545
312.720028
313.957512
315.194996
316.432479
317.669963
318.907447

320.089114
321.326597
322.564081
323.801565
325.039048
326.276532
327.514016
328.751500
329.988983
331.226467
332.463951
333.701434
334.938918
336.176402
337.413885
338.651369
339.888853
341.126336

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5



#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
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279
280
281
282
283
284
285
286
287
288
289
290
201
292
293
294
295
296
297
298
299
300
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453.6180
454.2518
455.3100
456.5475
457.7850
459.0225
460.2600
461.4975
462.7349
463.9724
465.2099
466.4474
467.6849
468.9224
470.1598
471.3973
472.6348
473.8723
475.1098
476.3473
477.5847
478.8222

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

3.842844
5.025608
6.208371
7.672458
9.283451
10.418938
10.515077
10.611216
10.758897
10.923881
11.055577
11.039083
11.022589
11.290382
11.708161
11.879257
10.336455
8.793652
7.626523
6.611859

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

213.8900 Stope Level 12 NA  342.363820

212.8271 Stope Level 12 NA  343.601304
2125117 Pillar 8 334.7  344.705609
212.5117 Pillar 8 334.7 345.943093
212.5117 Pillar 8 334.7 347.180577
212.5117 Pillar 8 334.7 348.418060
2125117 Pillar 8 334.7 349.655544
2125117 Pillar 8 334.7 350.893028
212.5117 Pillar 8 334.7 352.130511
212.5117 Pillar 8 334.7 353.367995
212.5117 Pillar 8 334.7 354.605479
212.5117 Pillar 8 334.7 355.842962
2125117 Pillar 8 334.7 357.080446
2125117 Pillar 8 334.7 358.317930
212.5117 Pillar 8 334.7 359.555414
212.5117 Pillar 8 334.7 360.792897
212.5117 Pillar 8 334.7 362.030381
2125117 Pillar 8 334.7 363.267865
2125117 Pillar 8 334.7 364.505348
212.5117 Pillar 8 334.7 365.742832
212.5117 Pillar 8 334.7 366.980316
212.5117 Pillar 8 334.7 368.217799

Normal.Stress..total...MPa. Shear.Stress..total...MPa. Sigma.One..MPa.

3.842496 0.03864750
4.290295 1.29513612
4.738094 2.55162475
5.149229 3.78486868
5.541217 5.00597444
5.764332 5.84715508
5.618326 5.85790467
5.472320 5.86865426
5.399307 5.91814368
5.350800 5.98063861
5.327439 6.02430826
5.416025 5.98417451
5.504610 5.94404076
5.720247 6.10171844
6.002915 6.36375931
6.251814 6.43135970
6.266090 5.14803197
6.280367 3.86470424
6.170621 2.47970925
6.068239 1.87704571

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA

NA NA
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32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85

NA
NA
NA
NA
NA
NA
NA
NA
NA
5.168306
5.634502
6.100699
6.536391
6.962313
7.117904
6.891407
6.664909
6.482531
6.307993
6.227308
6.383373
6.539438
6.797778
7.089293
7.346090
7.484174
7.622257
7.764176
7.496671
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
8.419066
9.161716
9.904366
9.444701
8.785821
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NA
NA
NA
NA
NA
NA
NA
NA
NA
0.15865973
1.67619200
3.19372427
4.71954050
6.24801007
7.16063729
7.20282547
7.24501364
7.28118912
7.31629620
7.35836966
7.41801607
7.47766247
7.64773301
7.85362066
7.67049941
6.15721762
4.64393583
2.90160015
2.74979081
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.45865374
2.53045993
4.60226612
5.95783322
7.19472498

NA

NA

NA

NA

NA

NA

NA

NA

NA
5.252608
6.557935
7.863262
9.659113
11.612077
12.800292
12.907599
13.014906
13.130265
13.247055
13.365542
13.488313
13.611083
13.877438
14.190366
14.040764
12.309603
10.578442
9.492942
8.557155

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
8.622018
10.373978
12.125937
13.164251
14.084318
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86

87

88

89

90

91

92

93

94

95

96

97

98

99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139

8.313117
8.015879
7.718640
7.559331
7.407347
7.379436
7.550273
7.721110
7.770171
7.798668
7.877755
8.061085
8.244415
8.496523
7.779048
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
8.085703
8.081463
8.077224
8.321039
8.575645
8.633888
8.569340
8.505373
8.452421
8.399469
8.413482
8.498658
8.583834
8.595313
8.603400
8.656518
8.770019
8.889660
9.487228
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7.78496783
7.76575972
7.74655161
7.84389820
7.94743420
8.00867402
8.00216192
7.99564983
8.25361055
8.55622892
8.20485176
6.50584968
4.80684759
3.10395944
3.18778842
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.92387011
2.71671226
4.50955441
6.33336889
8.15853061
8.76553496
8.61079879
8.47153324
8.62602043
8.78050761
8.85328130
8.83921701
8.82515271
8.95559498
9.09268919
8.39027401
6.56217319
4.73537865
3.01027344

14.514341
14.482510
14.450679
14.588611
14.735558
14.835695
14.860848
14.886001
15.205626
15.574975
15.166975
13.157170
11.147365
10.194162
9.342623

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
8.423528
9.485613
10.547698
12.804255
15.112770
15.936928
15.832887
15.750304
16.075182
16.400059
16.577826
16.599255
16.620685
16.684939
16.751164
15.850645
13.653835
11.478951
11.011009
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140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193

7.621345

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
10.795178
11.649174
12.400227
11.502630
10.605033
10.198345
9.986644
9.753795
9.401558
9.049321
9.035096
9.260407
9.473567
9.483626
9.493685
9.616994
9.841686
10.079500
10.420169
6.738617

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
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4.68056632

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
1.07303699
3.59466844
6.06066640
7.63568104
9.21069568
9.60948984
9.54109239
9.50545472
9.65474988
9.80404504
9.90210345
9.96385246
10.03566665
10.27571982
10.51577299
9.53096896
7.44965449
5.36701443
3.27398344
5.59915185

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

10.543066
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
11.279657
13.338731
15.342826
16.466422
17.590018
17.881160
17.841653
17.830078
17.976185
18.122292
18.255502
18.379573
18.507647
18.702627
18.897608
17.734755
15.356351
13.136512
12.159624
11.182737
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247

NA

NA

NA

NA

NA

NA

NA
13.391461
13.795531
13.945228
12.751746
11.558264
11.000742
10.586456
10.226100
10.026724
9.827347
9.901060
10.099943
10.293697
10.459898
10.626098
10.679515
10.666154
10.714480
10.989929
5.603896

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
10.044917
10.662703
11.226792
11.637798
12.048805
11.671402
11.222291

78

NA

NA

NA

NA

NA

NA

NA
2.66409591
5.20085190
7.54578108
8.87779672
10.20981236
10.32993444
10.17710362
10.07833474
10.14093971
10.20354468
10.21611869
10.20576140
10.25278113
10.60810328
10.96342544
9.76371740
7.64327283
5.50313097
3.29046826
6.11057996

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
1.49596815
3.89516144
6.21554517
8.31125414
10.40696311
10.52718933
10.46774032

NA
NA
NA
NA
NA
NA
NA
14.232043
16.093747
17.794235
18.643442
19.492650
19.433996
19.170867
18.994812
19.078675
19.162538
19.202542
19.222444
19.312362
19.778495
20.244628
18.777416
16.165465
13.867366
12.724793
11.582220
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
10.792815
12.651047
14.700720
17.296169
19.891617
19.938672
19.753945
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248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
201
292
293
294
295
296
297
298
299
300

10.877320
10.724569
10.571818
10.685477
10.871600
11.076875
11.337418
11.597961
11.774284
11.919229
12.014206
12.000041
3.878087

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
13.510618
14.730982
15.200267
14.335102
13.473002
12.787234
12.101465
11.593040
11.299750
11.006461
10.994361
11.018218
11.141256
11.442297
11.743337
11.632423
11.436541
11.125035
10.650207
10.175378

79

10.48571056
10.64657938
10.80744820
10.93377867
11.05071484
11.20464976
11.46534798
11.72604621
10.15004727
7.88973611
5.55475908
3.05669658
6.44686397

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
2.17129728
4.69311816
6.86191275
8.40348161
9.91974566
9.98028387
10.04082208
10.12249765
10.22981509
10.33713252
10.31772394
10.28211004
10.41375361
10.84557847
11.27740333
9.53281520
7.33933085
5.01956320
2.52141914
0.02327507

Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.

19.735436
20.023730
20.312023
20.526844
20.721681
20.955426
21.301447
21.647467
19.883038
17.332302
15.115535
13.628221
12.140907
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
14.310878
16.655559
18.464312
19.320876
20.160958
20.052823
19.944689
19.905139
19.948790
19.992441
19.936004
19.866768
20.031589
20.616478
21.201367
19.053597
16.342202
13.968558
12.071992
10.175425
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0.28072172
0.25129382
0.22186591
0.21636004
0.22334605
0.22163653
0.20092052
0.18020450
0.16497993
0.15159891
0.13597376
0.11035855
0.08474333
0.07429386
0.07184568
0.07404452
0.10852986
0.14301520
0.27219599
0.43980856
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.36089014
0.31737199
0.27385384
0.26469731
0.26654681
0.25636917
0.22919221
0.20201525
0.18230300
0.16391717
0.14309287
0.11611746
0.08914204
0.08150535
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-0.45076918
-0.37269299
-0.29461679
-0.65490132
-1.24409401
-1.59338372
-1.41829939
-1.24321506
-1.14860106
-1.08100209
-1.01620936
-0.96390906
-0.91160876
-0.97938288
-1.11050698
-1.14212195
-0.48237020
0.17738155
0.01724962
-0.47562895
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
-0.53615808
-0.40088730
-0.26561653
-0.80081970
-1.55077587
-1.92556832
-1.77009981
-1.61463130
-1.51640916
-1.42835919
-1.36716960
-1.37373609
-1.38030259
-1.48357118
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55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108

0.08014134
0.08634464
0.11842326
0.15050187
0.29964756
0.47593808
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.46073998
0.42418279
0.38762561
0.34773466
0.30729132
0.27027653
0.23649307
0.20270962
0.17920779
0.15625196
0.12983646
0.09787911
0.06592177
0.06316230
0.06533306
0.08502075
0.14080390
0.19658705
0.36956943
0.55382851
NA
NA
NA
NA
NA
NA
NA
NA
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-1.61820600
-1.52832410
-0.67073922
0.18684566
-0.11172741
-0.67838367

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-2.16441391
-1.20375149
-0.24308907
-0.63551482
-1.25213696
-1.47928815
-1.33937239
-1.19945662
-1.20964023
-1.22779456
-1.23579331
-1.22752441
-1.21925551
-1.41060275
-1.63565626
-1.51124975
-0.66674499
0.17775978
-0.26684551
-0.83548687

NA

NA

NA

NA

NA

NA

NA

NA
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109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.47984062
0.40517092
0.33050121
0.31359283
0.29919696
0.26907726
0.22912511
0.19033753
0.17366266
0.15698778
0.13243468
0.09950926
0.06658385
0.06507897
0.06502045
0.10161259
0.18734907
0.27410301
0.44006369
0.60602437
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.55172043
0.50304559
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NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-0.77439868
-0.52964794
-0.28489719
-0.99756714
-1.75188312
-1.89189619
-1.64777219
-1.41196426
-1.33406011
-1.25615596
-1.19818368
-1.16139324
-1.12460281
-1.33805919
-1.56303494
-1.36123266
-0.58717004
0.16923873
-0.44864930
-1.06653734

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-3.15144301
-1.59622362
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163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216

0.45382564
0.39587569
0.33792574
0.29077985
0.24792531
0.20749902
0.18078057
0.15406211
0.12558181
0.09585294
0.06841209
0.07921518
0.09001827
0.13024190
0.19680322
0.27875591
0.48135713
0.68395835
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.62814677
0.55866370
0.49004395
0.42598281
0.36192168
0.30900665
0.25860205
0.21369039
0.18517509
0.15665980
0.12897212
0.10166378
0.08090646
0.09534959
0.10979271
0.15898150

83

-0.17895602
-0.97101822
-1.76308042
-1.83339960
-1.61704440
-1.44272629
-1.50571261
-1.56869894
-1.61271161
-1.64327844
-1.68903665
-1.98871834
-2.28840004
-1.84662533
-0.74108779
0.16577474
-0.48471960
-1.13521395

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-3.89774088
-2.38612482
-1.16224460
-1.45771160
-1.75317859
-1.66740216
-1.49575887
-1.36411504
-1.35186884
-1.33962264
-1.33737606
-1.33971273
-1.38169682
-1.63671732
-1.89173781
-1.38840881
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217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270

0.22874326
0.32866605
0.53963480
0.75060355
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.57007522
0.47929317
0.40457725
0.37566357
0.34674989
0.29802284
0.24749371
0.20666511
0.18374151
0.16081791
0.13870415
0.11681067
0.10579378
0.12616229
0.14653081
0.18816976
0.23773361
0.34952213
0.59722203
0.84492193
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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-0.43605955
0.17580963
-0.46589064
-1.10759091

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-0.52928838
-0.18897955
-0.15095368
-0.97469311
-1.79843254
-1.76376656
-1.65102640
-1.55680062
-1.49674821
-1.43669580
-1.47695993
-1.54450978
-1.65282041
-1.87874999
-2.10467958
-1.28773259
-0.08223313
0.45699462
-0.45905102
-1.37509667

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
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271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
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NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.63081068
0.56982947
0.50522530
0.43418421
0.36355486
0.31661197
0.26966908
0.22944665
0.19737685
0.16530706
0.14723559
0.13095419
0.12169982
0.12505706
0.12841430
0.17412905
0.22858025
0.35916047
0.59727370
0.83538693

Standard.Deviation.of.Sigma.Three..MPa.

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
-2.48490969
-0.66093273
0.23761596
-0.50805408
-1.23743837
-1.02994242
-0.82244646
-0.74355309
-0.82066819
-0.89778329
-0.92645263
-0.94892688
-1.07875731
-1.40126262
-1.72376793
-0.94859536
0.05297884
0.29558628
-0.53385452
-1.36329533

0.09665862
0.07169154
0.04672446
0.04484683
0.05502631
0.06335407
0.06763435
0.07191463
0.07688545
0.08208809
0.08815522
0.09807076
0.10798630
0.11469844
0.11972048
0.12065821
0.09321897
0.06577973
0.09654950
0.15094318
NA
NA
NA
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24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.11318757
0.08572293
0.05825829
0.05310241
0.05509203
0.05815282
0.06272762
0.06730241
0.07761687
0.08895122
0.10069951
0.11349200
0.12628449
0.13914028
0.15201659
0.15430254
0.12037623
0.08644992
0.13244514
0.19697211
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H

78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131

NA
NA
NA
0.12834581
0.13541027
0.14247474
0.10386057
0.05767781
0.03873702
0.04547113
0.05220524
0.07063568
0.08968724
0.10626085
0.11886518
0.13146952
0.14752158
0.16415582
0.16553037
0.13546079
0.10539121
0.12971288
0.15926797
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.09656505
0.09889723
0.10122941
0.09638238
0.09122307
0.09128762
0.09461876
0.09776420
0.09738364
0.09700308
0.10331895
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#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
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#H#
H#H
#H
##
##
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#H
#H
H#H
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H#H
#H
##
#H#
#H
H#H
H#H

132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185

0.11675119
0.13018343
0.14831688
0.16666674
0.17162559
0.15862865
0.14624311
0.18145330
0.21666348
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.19618400
0.18918724
0.17924179
0.12207243
0.06490306
0.04739175
0.04563251
0.04740640
0.06912518
0.09084396
0.11087989
0.12972324
0.14892944
0.17420075
0.19947206
0.19331718
0.15902911
0.13291309
0.17085552
0.20879795
NA
NA
NA
NA
NA
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#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H

186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239

NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.27323192
0.16487722
0.07138813
0.05639471
0.04140129
0.04170157
0.04544642
0.05389173
0.07636782
0.09884392
0.11728142
0.13386787
0.15056911
0.16788713
0.18520515
0.17783126
0.15583724
0.14544523
0.17776915
0.21009307
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
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#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
H#H
#H
##
##
#H
#H
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H

240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293

NA
0.14634392
0.11189446
0.08776623
0.09306237
0.09835851
0.10592827
0.11370482
0.11764139
0.11449021
0.11133903
0.12580006
0.14505154
0.16357737
0.18000928
0.19644119
0.16951113
0.12642536
0.12639259
0.22039633
0.31440007

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA

NA
0.21008233
0.23834024
0.22506641
0.13800267
0.05243757
0.05308533
0.05373309
0.06557412
0.09099375
0.11641338
0.13747982
0.15798960
0.17519792
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## 294 0.18648106

## 295 0.19776420
## 296 0.16886643
#i# 297 0.13168115
## 298 0.14381702
## 299 0.22561952
## 300 0.30742201
plot (RS2_P_Stress_k 1.0$Distance..m.,RS2_P_Stress_k 1.0 $Normal.Stress..total...MPa., type = "I", col = "blue", I

lines (RS2_P_Stress_k_1.5%Distance..m.,RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa. , col = "red", lwd = 2)

lines (RS2_P_Stress_k_0.5%Distance..m.,RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "forestgreen"”, lwd

subset (RS2_P_Stress_k_1.0, RS2_P_Stress_k_1.0 $Pillar == "Pillar 7")  $Normal.Stress..total...MPa.

## [1] 11.539835 11.715600 11.877882 12.001728 12.125574 11.828919 11.494020
## [8] 11.225900 11.081043 10.936185 11.014982 11.154612 11.290167 11.413963
## [15] 11.537759 11.767254 12.036130 12.323294 12.650402 4.485195

A<-subset (RS2_P_Stress_k 1.0, RS2 _P_Stress_k_1.0 $Pillar == "Pillar 7")
hist (A$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)
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B<-subset (RS2_P_Stress k 1.5, RS2 _P_Stress_k_ 1.0 $Pillar == "Pillar 7")
hist (B$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)
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subset (RS2_P_Stress_k 1.5, RS2 _P_Stress_k 1.0 $Pillar == "Pillar 7")  $Normal.Stress..total...MPa.

## [1] 13.034753 12.768496 12.528972 12.365657 12.202343 11.986437 11.765749
## [8] 11.574480 11.437516 11.300552 11.344486 11.437624 11.503458 11.490507
## [15] 11.477556 11.760223 12.153030 12.632381 13.300762 5.092303

C<-subset (RS2_P_Stress_k 0.5, RS2 _P_Stress k 1.0 $Pillar == "Pillar 7")
hist (C$Normal.Stress..total...MPa.)
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boxplot (A$Normal.Stress..total...MPa.)
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subset (RS2_P_Stress_k 0.5, RS2 _P_Stress_k_1.0 $Pillar

#H#
#H#

== "Pillar 7")

## [15] 11.597961 11.774284 11.919229 12.014206 12.000041 3.878087

Stochastic 3D Pillar Stress Estimation

Assuming No Correlation between Lithologies' Young Moduli

Stress Scenario 1 Sigma

P_Stressl.1
P_Stressl1.2
P_Stress1.3
P_Stressl1.4
P_Stressl.5
P_Stressl.6
P_Stressl1.7
P_Stress1.8

read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My
read.csv ("G:/My

Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
Drive/RESEARCH/My
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Papers/PhD.
Papers/PhD.
Papers/PhD.
Papers/PhD.
Papers/PhD.
Papers/PhD.
Papers/PhD.
Papers/PhD.

Thesis/Chapter
Thesis/Chapter
Thesis/Chapter
Thesis/Chapter
Thesis/Chapter
Thesis/Chapter
Thesis/Chapter
Thesis/Chapter

[1] 10.044917 10.662703 11.226792 11.637798 12.048805 11.671402 11.222291
[8] 10.877320 10.724569 10.571818 10.685477 10.871600 11.076875 11.337418

A DDA DdD

Stochastic
Stochastic
Stochastic
Stochastic
Stochastic
Stochastic
Stochastic
Stochastic

$Normal.Stress..total...MPa.

Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar

Stress
Stress
Stress
Stress
Stress
Stress
Stress
Stress

est
est
est
est
est
est
est
est



Stress_Case_1 <- abs(cbind (P_Stress1.1,P_Stress1.2,P_Stress1.3,P_Stress1.4,P_Stress1.5,P_Stress1.6,P_Stressl1.7,
#Stress_Case_1
nameg¢Stress_Case_1) <- ¢(1,2,3,4,5,6,7,8)

Stress_Case_1$"AvgStress Case 1" <- rowSumgStress_Case_1[ c(1:8)]) /8
Stress_Case_1$"'StDevStress_Case 1" <- sqrt (rowSum§Stress_Case_1[1 : 8] "2)) / 8- (Stress_Case_1 $AvgStress_Ca

plot (seq(1,72, by=1),Stress_Case 1 $AvgStress Case 1, type = "I", col="Red", main= "Average Pillar Stress - Sc
lines (seq(1,72, by=1),Stress Case 1 $AvgStress Case 1+1.96*Stress_Case 1$StDevStress Case 1, type = "I", c
lines (seq(1,72, by=1),Stress_Case_1 $AvgStress Case 1-1.96 *Stress_Case_1$StDevStress_Case_1, type = "I", c

Stress Scenario 2

- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est

P_Stress2.1 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.2 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.3 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.4 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.6 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.7 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress2.8 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter

AP DD
1

Stress_Case_2 <- abs(cbind (P_Stress2.1,P_Stress2.2,P_Stress2.3,P_Stress2.4,P_Stress2.5,P_Stress2.6,P_Stress2.7,|
nameg¢Stress_Case 2) <- ¢(1,2,3,4,5,6,7,8)
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Stress_Case_2%"'AvgStress_Case 2" <- rowSumgStress_Case_2[ c¢(1:8)]) /8
Stress_Case_2%"StDevStress Case 2" <- sqgrt (rowSum§(Stress_Case_2[1 : 8]/2)) / 8- (Stress_Case_2 $AvgStress_Ca

plot (seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2, type = "I", col="Red", main= "Average Pillar Stress - Sc

lines (seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_ 2+1.96* Stress_Case_2$StDevStress_Case_2, type = "I", c

lines (seq(1,72, by=1),Stress_Case_2 $AvgStress_Case_2-1.96 *Stress_Case_2$StDevStress_Case_2, type , CC

Stress Scenario 3

- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est
- Stochastic Pillar Stress est

P_Stress3.1 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.2 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.3 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.4 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.5 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.6 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.7 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter
P_Stress3.8 <- read.csv ("G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter

AR D

Stress_Case_3 <- abs(cbind (P_Stress3.1,P_Stress3.2,P_Stress3.3,P_Stress3.4,P_Stress3.5,P_Stress3.6,P_Stress3.7,|
Stress_Case_3

99



#H
##
#H#
#H#
#H#
#H
##
#H#
#H
#H#
#H
H#H
##
#H#
#H
H#H
#H
##
#H#
#H
H#H
H#H
##
#H#
#H
#H#
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H#
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#H
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##
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#H
##
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O©CoOoO~NOOUITA,WNE

GO o bbb, BEDIMBEDIMDIEDEDDNWOWOWWWWWWWWWNDNDNDNDNNNNNNRERPRERRPEPERPERPERPRRERER
WNPFPOOO~NODUPRARWNRPOOO~NOUPRAWNPOOONOURARWNPOOONOODMWNEO

V1
18.77320
19.77520
20.89770
20.26150
20.44670
20.38270
20.67590
20.35400
17.44790
17.81080
19.42270
19.72910
20.26790
19.75370
20.21760
22.91260
19.48870
16.80300
16.88880
17.80500
18.78250
18.85180
18.50230
19.57480
20.21000
18.62340
16.28290
15.85050
19.32650
18.05170
17.25210
17.73010
17.40400
17.39720
17.31360
14.81170
13.97610
16.41860
16.29030
15.90590
15.70770
16.10810
15.55450
15.78880
13.65030
12.62240
13.73460
14.15090
13.83560
13.84400
14.15740
14.49410
14.24230

V1
19.07110
20.25630
21.39690
20.74680
20.89280
20.90380
21.22780
20.85780
17.75290
18.06670
19.79650
20.06890
20.66220
20.13300
20.67080
23.98500
19.91800
17.09720
17.15640
18.17110
19.13290
19.22240
18.83610
20.01480
20.76250
18.95140
16.58770
16.22400
20.53500
18.41650
17.55180
18.07990
17.75790
17.73820
17.64670
15.09790
14.19580
16.83460
16.60360
16.22730
16.02550
16.43850
15.83430
16.12400
13.93370
12.87520
14.05860
14.41550
14.11580
14.14630
14.48170
14.81820
14.53820

V1
18.54010
19.43720
20.55610
19.95590
20.11350
20.04600
20.30420
19.97930
17.41250
17.60140
19.15640
19.49000
20.01370
19.48640
19.94350
22.63410
19.18590
16.78740
16.71740
17.55610
18.54520
18.64120
18.26760
19.35310
19.87040
18.37640
16.26340
15.64110
20.59890
17.86220
17.04890
17.54330
17.21560
17.20350
17.09530
14.80820
13.83920
16.17190
16.12100
15.74330
15.55290
15.94750
15.40170
15.60110
13.64040
12.47990
13.58510
14.00230
13.69690
13.70120
14.00620
14.33200
14.07230

V1

18.83090
19.91680
21.05730
20.44040
20.56060
20.56490
20.84610
20.47650
17.71630
17.85020
19.53580
19.83880
20.41430
19.86990
20.39920
23.34430
19.61620
17.08060
16.97800
17.92070
18.89740
19.01460
18.60350
19.79870
20.41120
18.71050
16.56630
15.99690
22.74560
18.22920
17.34780
17.89440
17.57100
17.54740
17.42970
15.09210
14.04850
16.57600
16.43600
16.06390
15.86910
16.27940
15.68280
15.93640
13.92070
12.72400
13.90790
14.26450
13.97360
13.99990
14.32800
14.65180
14.36790

18.98680
20.05920
21.17560
20.49460
20.74240
20.64560
20.98000
20.68570
17.36410
18.00680
19.64540
19.92450
20.45980
19.97670
20.41650
23.56080
19.74500
16.69250
17.02060
18.00810
18.97290
18.99390
18.69740
19.70400
20.45600
18.83900
16.17200
15.98810
18.19080
18.16170
17.41720
17.84640
17.52080
17.52810
17.48570
14.68570
14.07730
16.58580
16.39630
16.00030
15.79490
16.19510
15.65300
15.91450
13.53380
12.71770
13.80810
14.25250
13.91690
13.92180
14.23610
14.59010
14.36100

100

V1

19.27570
20.51560
21.64690
20.95380
21.16170
21.14110
21.51350
21.16550
17.65270
18.25490
19.99200
20.23730
20.82770
20.33110
20.84510
24.38000
20.14560
16.97310
17.28330
18.35940
19.30290
19.33960
19.01030
20.11670
21.00480
19.13770
16.46640
16.37240
23.32640
18.50750
17.70040
18.17550
17.85250
17.84260
17.79350
14.96390
14.30000
17.00620
16.69190
16.30590
16.09280
16.50400
15.91050
16.22780
13.81210
12.97230
14.11570
14.50340
14.18250
14.20830
14.54340
14.89670
14.63540

V1

18.74320
19.70870
20.82330
20.17990
20.39420
20.29840
20.59440
20.29610
17.33300
17.78940
19.37150
19.68000
20.20120
19.70100
20.13480
22.73590
19.43210
16.68290
16.84440
17.74970
18.72950
18.78070
18.45610
19.47620
20.10660
18.58640
16.15830
15.77240
20.07230
17.97120
17.20860
17.65760
17.33080
17.33350
17.26400
14.68790
13.93800
16.33470
16.22510
15.83570
15.63890
16.03400
15.50070
15.72480
13.52950
12.57050
13.65780
14.10070
13.77600
13.77690
14.08290
14.42600
14.18940

V1
19.02480
20.16370
21.29640
20.63830
20.81450
20.79150
21.11680
20.76950
17.62100
18.03020
19.72370
20.00120
20.57480
20.05870
20.56510
23.99010
19.83390
16.96290
17.09960
18.09810
19.06050
19.12850
18.77040
19.89330
20.64190
18.89130
16.45070
16.13710
18.93590
18.31790
17.49000
17.98700
17.66340
17.65060
17.57320
14.96390
14.14880
16.74130
16.52140
16.13920
15.93460
16.34370
15.75920
16.03790
13.80430
12.81560
13.96370
14.34850
14.03740
14.05910
14.38740
14.72780
14.46330

V1



## 54 12.39660 12.66430 12.39840 12.66220 12.27070 12.53520 12.27750 12.53800
## 55 11.26500 11.52560 11.11590 11.36540 11.36640 11.63100 11.21280 11.46550
## 56 11.97740 12.29090 11.82960 12.13780 12.05490 12.35740 11.90510 12.20160
## 57 12.93090 13.27440 12.77610 13.11360 13.00520 13.33910 12.84760 13.17420
## 58 12.25360 12.54580 12.11870 12.40550 12.32570 12.60380 12.18880 12.46070
## 59 12.05410 12.36020 11.91530 12.21510 12.12640 12.41720 11.98570 12.26950
## 60 12.16210 12.46070 12.03660 12.33080 12.21580 12.49940 12.08970 12.36820
## 61 12.45610 12.70730 12.31930 12.56610 12.55150 12.78380 12.41210 12.63980
## 62 12.35390 12.60850 12.20510 12.45760 12.46130 12.69890 12.31030 12.54560
## 63 11.15390 11.42180 11.16110 11.42390 11.01940 11.28750 11.03150 11.29420
## 64 9.28071 9.52535 0.15715 9.39109 9.35173 9.60175 9.22439 9.46265
## 65 12.03250 12.58960 11.71900 12.24620 12.23930 12.82790 11.91000 12.46570
## 66 10.88870 11.30330 10.67950 11.07450 11.01370 11.44140 10.79360 11.19870
## 67 9.44602 9.74078 9.33227 9.61648 9.48657 9.77329 9.37167 9.64710
## 68 9.71256 10.02320 9.59346 9.89578 9.75320 10.05350 9.63239 9.92381
## 69 9.94591 10.21310 9.84394 10.10540 9.97963 10.23480 9.87757 10.12620
## 70 10.07330 10.31950 9.96204 10.20120 10.13450 10.36480 10.02220 10.24530
## 71 10.63220 10.90300 10.50920 10.77450 10.69560 10.95180 10.57230 10.82250
#t 72 9.57774 9.84221 9.58566 9.84350 9.44420 9.70998 9.45711 9.71604

nameg¢Stress_Case_3) <- ¢(1,2,3,4,5,6,7,8)

Stress_Case_3%"AvgStress Case 3" <- rowSum§Stress _Case 3[ ¢(1:8)]) /8
Stress_Case_3%"StDevStress Case 3" <- sqgrt (rowSum§Stress_Case_3[1 :8]"2)) / 8- (Stress_Case 3 $AvgStress_Ca

Norm.fit SDEM_PS_WtoHO0.8estimate[1]

Ht mean
## 34.63533

Norm.fit SDEM_PS_WtoH0.8sd[1]

Ht mean
## 0.1347718

PoF_Results_SC3_SDEM <P_PofNorm.fit. SDEM_PS_W!toHO0.8estimate[1],Norm.fit. SDEM_PS_WtoH0.8 $sd[1],Stress_
PoF_Results SC3_SDEM

0000000O00O0O0O0OO0OOOOOOOOOOOOOOOOOOOOODOOOOOO
00000000000OO0OO0O0OOOOOOOOOODOOOOOOOOOO

PoF_Results_ SC3_NIOSH_CSM R- PoK34.685,4.818,Stress_Case_1 $AvgStress_Case_1,Stress_Case_13$StDevStress
PoF_Results_ SC3 NIOSH_CSM

## [1] 1.562462e-05 1.200846e-04 2.823383e-04 1.762016e-04 1.654093e-04
## [6] 1.565215e-04 1.995761e-04 1.358268e-04 6.281340e-06 7.792101e-06
## [11] 1.317983e-04 1.631173e-04 1.970708e-04 1.395087e-04 1.528260e-04
## [16] 8.458931e-04 9.457648e-05 4.114669e-06 4.975601e-06 3.281039e-05
## [21] 7.147322e-05 7.985746e-05 5.057526e-05 9.994754e-05 1.112503e-04
## [26] 5.691328e-05 3.020635e-06 2.085781e-06 2.290087e-04 4.375966e-05
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## [31] 2.206109e-05 2.958662e-05 2.156471e-05 2.307248e-05 2.186602e-05
## [36] 8.326440e-07 4.795037e-07 7.954097e-06 1.181325e-05 6.933986e-06
## [41] 6.270861e-06 8.153544e-06 6.140108e-06 6.519742e-06 3.178593e-07
## [46] 1.191006e-07 1.101892e-06 2.103027e-06 1.372251e-06 1.249945e-06
## [51] 1.225599e-06 1.974918e-06 2.078111e-06 1.076007e-07 3.711713e-08
## [56] 2.730452e-07 5.954208e-07 3.487739%e-07 2.321194e-07 2.641092e-07
## [61] 4.510989e-07 3.937854e-07 3.336831e-08 5.797085e-09 1.810763e-07
## [66] 6.641123e-08 1.791432e-08 1.840417e-08 3.317275e-08 4.373412e-08
## [71] 6.912991e-08 7.770266e-09

plot (seq(1,72, by=1),PoF_Results SC3 _NIOSH_CSM, type = "I, col="Red", main= "Average Pillar Stress", ylab =
plot (seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3, type = "I", col="Red", main= "Average Pillar Stress - Sc
lines (seq(1,72, by=1),Stress_Case_3 $AvgStress_Case_3+1.96* Stress_Case_3$StDevStress_Case_3, type = "I", c

lines (seq(1,72, by=1),Stress Case_3 $AvgStress Case 3-1.96 *Stress_Case 33$StDevStress Case_3, type

"G
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PoF_Results_ SC3 NIOSH_CSM

## [1] 1.562462e-05
## [6] 1.565215e-04
## [11] 1.317983e-04
## [16] 8.458931e-04
## [21] 7.147322e-05
## [26] 5.691328e-05
## [31] 2.206109e-05
## [36] 8.326440e-07
## [41] 6.270861e-06
## [46] 1.191006e-07
## [51] 1.225599e-06
## [56] 2.730452e-07
## [61] 4.510989e-07
## [66] 6.641123e-08
## [71] 6.912991e-08

1.200846e-04
1.995761e-04
1.631173e-04
9.457648e-05
7.985746e-05
3.020635e-06
2.958662e-05
4.795037e-07
8.153544e-06
1.101892e-06
1.974918e-06
5.954208e-07
3.937854e-07
1.791432e-08
7.770266e-09

Ploting 3 Stress Case Scenarios

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar=

2.823383e-04
1.358268e-04
1.970708e-04
4.114669e-06
5.057526e-05
2.085781e-06
2.156471e-05
7.954097e-06
6.140108e-06
2.103027e-06
2.078111e-06
3.487739e-07
3.336831e-08
1.840417e-08

1.762016e-04
6.281340e-06
1.395087e-04
4.975601e-06
9.994754e-05
2.290087e-04
2.307248e-05
1.181325e-05
6.519742e-06
1.372251e-06
1.076007e-07
2.321194e-07
5.797085e-09
3.317275e-08

c(4,4,4,1) +1)
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1.654093e-04
7.792101e-06
1.528260e-04
3.281039e-05
1.112503e-04
4.375966e-05
2.186602e-05
6.933986e-06
3.178593e-07
1.249945e-06
3.711713e-08
2.641092e-07
1.810763e-07
4.373412e-08



plot (seq(1,72, by=1),Stress_Case_1 $AvgStress_Case_1, type = "I", col="blue", main= "Stochastic Pillar Stress Es

lines (seq(1,72, by=1),Stress Case 1
lines (seq(1,72, by=1),Stress_Case 1

lines (seq(1,72, by=1),Stress_Case 3
lines (seq(1,72, by=1),Stress_Case_3
lines (seq(1,72, by=1),Stress_Case_3

lines (seq(1,72, by=1),Stress Case 2
lines (seq(1,72, by=1),Stress_Case 2
lines (seq(1,72, by=1),Stress_Case_2

$AvgStress_Case_1+1.96* Stress_Case_1$StDevStress_Case_1, type = "I", c
$AvgStress_Case_1-1.96 * Stress_Case_1$StDevStress_Case_1, type = "I", c
$AvgStress_Case_3, type = "I", col="red", main= "Average Pillar Stress", yla
$AvgStress_Case_3+1.96* Stress_Case_3%$StDevStress_Case_3, type = "I", c
$AvgStress_Case_3-1.96 * Stress_Case_3%$StDevStress_Case_3, type = "I", c
$AvgStress_Case_2, type = "I", col="forestgreen", main= "Average Pillar Stre
$AvgStress_Case_2+1.96* Stress_Case_2$StDevStress _Case_2, type = "I", cc

$AvgStress_Case 2-1.96 * Stress_Case_2$StDevStress_Case_2, type

legend (x = "topright",  c("Average Pillar Stress - Stress Scenario 1", "95% CI - Stress Scenario 1","Average Pill

#dev.off

#Pillar Standard Deviation

plot (seq(1,72, by=1),Stress_Case_1 $StDevStress Case 1, type = "I", col="Blue", main= "Pillars' Standard Deviati

lines (seq(1,72, by=1),Stress_Case 2
lines (seq(1,72, by=1),Stress_Case 3

$StDevStress_Case_2, type
$StDevStress_Case_3, type

“I', col="forestgreen", main= "Average Pillar S
"I, col="red", main= "Average Pillar Stress", \

legend (x = "topright",  c("Pillar Stress Standard Deviation - Stress Scenario 1","Pillar Stress Standard Deviation -
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#Pillar Coefficient of Variation

plot (seq(1,72, by=1),Stress_Case_1 $StDevStress Case 1/ Stress_Case_1$AvgStress_Case 1100, type = "I, col=
lines (seq(1,72, by=1),Stress_Case_2 $StDevStress_Case_2/ Stress_Case_2%$AvgStress_Case_2100, type

"I", col
lines (seq(1,72, by=1),Stress_Case_3 $StDevStress_Case_3/ Stress_Case_3%AvgStress_Case_3"100, type

|||||, CO|

legend (x = "topright",  c("Pillar COV - Stress Scenario 1","Pillar COV - Stress Scenario 3", "Pillar COV - Stress
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hist (Stress_Case_1 $StDevStress_Case_1/ Stress_Case_1$AvgStress_Case_1*100, pch=20, breaks=7, prob=T, main:
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hist (Stress_Case_2 $StDevStress_Case_2/ Stress_Case_2$AvgStress_Case_2°100, pch=20, breaks=7, prob=T, main:

107



hist (Stress_Case_ 3 $StDevStress Case 3/ Stress_Case_3%AvgStress Case 37100, pch=20, breaks=7, prob=T, main:
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maxStress_Case_1 $AvgStress_Case_1)

## [1] 19.48661

min(Stress_Case_1 $AvgStress_Case_1)

# [1] 7.191474

maxStress_Case_2 $AvgStress_Case_2)

## [1] 17.84199

min(Stress_Case_2 $AvgStress_Case_2)

## [1] 6.734489

maxStress_Case_3 $AvgStress_Case_3)

## [1] 23.44285
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min(Stress_Case_3 $AvgStress_Case_3)

## [1] 9.374353

Calculating Average Pillar Stress per Mine Level

#PIillArM Stands for Pillar Arrangement Matrix
# The pillar model has 8 levels (8 columns of pillars), where each level has 9 pillars in the same row
# This section seeks to calculate the average pillar stress per level.

prow <- 8
pcol <- 9

AvgStress_Summary <-chind (Stress_Case_1 $"'AvgStress Case 1",Stress_Case_2 $"AvgStress Case 2",Stress_Case
colnames(AvgStress_Summary) <- cbind ("AvgStress Case_1","AvgStress Case_ 2","AvgStress_Case 3")
rownamegAvgStress_Summary) <- seq(1,72,by=1)

AvgStress_Summary

## AvgStress_Case_1 AvgStress_Case_2 AvgStress_Case_3

#t 1 14.610900 13.566450 18.905725
#H 2 16.968850 15.664950 19.979087
## 3 18.051613 16.735613 21.106275
## 4 17.450737 16.214588 20.458900
## 5 17.369512 16.117013 20.640800
## 6 17.299612 15.781075 20.596750
##H 7 17.602150 16.079250 20.907338
## 8 17.118388 15.766063 20.573050
## 9 13.639988 12.850300 17.537550
## 10 13.860862 13.075938 17.926300
## 11 17.089813 16.210763 19.580500
#H 12 17.360038 16.414763 19.871225
## 13 17.598300 16.492475 20.427700
## 14 17.163150 16.193325 19.913812
## 15 17.275787 15.835913 20.399075
## 16 19.486612 17.841988 23.442850
#t 17 16.680112 15.587850 19.670675
## 18 13.199475 12.461012 16.884950
## 19 13.391600 12.641787 16.998563
## 20 15.439175 14521987 17.958525
## 21 16.350625 15.368125 18.927975
#H 22 16.485862 15.484512 18.996588
## 23 15.943162 15.094650 18.642962
## 24 16.755650 15.419675 19.741450
## 25 16.878162 15.968600 20.432925
## 26 16.079200 15.159850 18.764512
#H 27 12.882075 12.126500 16.368462
## 28 12.499175 11.392825 15.997813
## 29 17.447837 15.539037 20.466425
## 30 15.777238 14.700875 18.189737
## 31 14.996875 14217075 17.377100
## 32 15.328687 14.306463 17.864275
## 33 14.972037 14.010250 17.539500
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## 34 15.047063 14.108300 17.530137

## 35 14.983550 14.044412 17.450212
## 36 11.603713 10.847887 14.888912
## 37 11.073775 10.525712 14.065463
## 38 13.878525 13.148687 16.583638
## 39 14.309613 13.499712 16.410700
## 40 13.740662 12.946400 16.027687
# 41 13.634950 12.853537 15.827050
## 42 13.913100 13.027900 16.231288
## 43 13.613400 12.882925 15.662088
## 44 13.672387 12.779650 15.919412
## 45 10.689512 10.012750 13.728100
## 46 9.787292 9.253520 12.722200
## 47 11.870637 11.169275 13.853938
## 48 12.512313 12.010325 14.254787
## 49 12.088413 11.582088 13.941838
## 50 11.997063 11.425325 13.957187
## 51 11.976900 11.073425 14.277888
## 52 12.448738 11.597625 14.617088
## 53 12.498200 11.788638 14.358725
## 54 9.698715 9.068513 12.467863
## 55 8.756166 8.206309 11.368450
## 56 10.542725 9.907659 12.094337
## 57 11.276150 10.532750 13.057638
## 58 10.772937 10.388700 12.362825
## 59 10.394850 9.927811 12.167938
## 60 10.514350 9.990559 12.270412
## 61 11.014575 10.634412 12.554500
## 62 10.885362 10.397338 12.455150
## 63 8.667179 8.127871 11.224163
## 64 7.191474 6.734489 9.374353
## 65 10.145874 8.932778 12.253775
## 66 9.259119 8.626095 11.049175
## 67 8.132576 7.759766 9.551773
## 68 8.154570 7.666344 9.823487
## 69 8.660391 8.270345 10.040819
## 70 8.899563 8.585261 10.165355
## 71 9.300543 8.784915 10.732637
## 72 7.434660 7.016971 9.647055

AvgStress_Case_1 Per_Level <- matrix (nrow
AvgStress_Case_ 2 Per_Level <- matrix (nrow
AvgStress_Case_3 Per_Level <- matrix (nrow

prow, ncol= pcol)
prow, ncol= pcol)
prow, ncol= pcol)

for (k in 1:3) {
count = 0
for (i in 1:prow) {
for ( in 1:pcol) {
count= count + 1

if (k ==1) {

AvgStress_Case 1 Per_Levelli,j]=AvgStress_Summary[count,k]
} else if (k ==2) {
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}
}
}
}

#For

AvgStress_Case 2 Per_Levelli,j]J=AvgStress_Summary[count,k]
} else if
AvgStress_Case_ 3 Per_Levelli,j]=AvgStress_Summary[count,k]

Ko =

1.0

(k

==3) {

AVG_RS2 P_Stress k 1.0

##
##
#i
H#H
H#H
##
##
##
#H#
H#H
H#H
##
##
#H#
H#H
#H
##
##
##
H#H
#H
##
##
##
#H
H#H
H#H
##
##
#H#
#H#
#H
##
##
#i
#H#

ONO O WNPE O~NO O WNPE O~NOOUOT A WN P

O~NOOUT R WN P

#For

AVG_

Group.1 Depth..m. Distance..m. Ko....H..V Normal.Stress..total...MPa.

Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar
Pillar

O~NOOT A WN P

164.8
192.4
222.0
246.5
270.6
294.0
319.8
334.7

Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.

Standard.Deviation.of.Sigma.Three..MPa.

11.75610 1 5.834322
61.06645 1 7.034469
110.31057 1 8.378107
159.51403 1 8.854882
208.70377 1 10.137549
257.90723 1 11.025997
307.15135 1 11.275022
356.46170 1 12.482809
3.124261 7.868145
3.865472 9.589191
4.317265 11.115477
4.720627 11.873915
5.398385 13.622037
5.843464 14.770596
5.946118 15.178555
5.439120 15.622369
Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
0.1143733 0.10767428
0.1291445 0.06266776
0.1477940 0.15313046
0.1536278 0.25832917
0.1739945 0.09926221
0.1920889 0.19464540
0.1946533 0.43056717
0.2073792 0.58121485
0.05369356
0.06339156
0.06850594
0.08429747
0.08342032
0.07682276
0.08957386
0.09420868

Ko =

15

RS2 P _Stress k 1.5
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#Ht Group.1 Depth..m. Distance..m. Ko..SigH.SigV Normal.Stress..total...MPa.

## 1 Pillar 1 164.8 11.75610 15 6.159905

## 2 Pillar 2 192.4 61.06645 15 7.338062

## 3 Pillar 3 222.0 110.31057 15 8.585792

## 4 Pillar 4 246.5 159.51403 15 9.218714

## 5 Pillar 5 270.6 208.70377 15 10.335836

## 6 Pillar 6 294.0 257.90723 15 11.194781

## 7 Pillar 7 319.8 307.15135 15 11.657864

## 8 Pillar 8 334.7 356.46170 15 12.895769

##  Shear.Stress..total...MPa. Mean.of.Sigma.One..MPa.

# 1 1.648382 6.757327

# 2 2.056829 8.110546

## 3 2.320727 9.429324

# 4 2.549202 10.181873

#H 5 2.923951 11.508572

## 6 3.187651 12.511515

# 7 3.255326 13.096196

# 8 2.878989 13.796669

##  Standard.Deviation.of.Sigma.One..MPa. COV.Sigma.1 Mean.of.Sigma.Three..MPa.

# 1 0.04730173 0.007038696 0.6693287
#H 2 0.05370661 0.006625957 0.7926963
## 3 0.06468388 0.006727610 0.9054331
# 4 0.07109954 0.006928689 1.0448251
## 5 0.07935047 0.006756155 1.0632635
## 6 0.08802277 0.006845241 1.1899305
# 7 0.09402173 0.007097148 1.3402168
## 8 0.10019695 0.007090004 1.3661936
#For Ko = 0.5

AVG_RS2 _P_Stress k 0.5

#H
#H
#H
##
#H#
#H
H#H
H#H
##
##
#H
H#H
#H
H#H
#H#
#H#
#H#
H#H
#H
##
#H#
#H

1
2
3
4
5
6
7
8

O~NO O WNPE

1
2
3

Group.1 Depth..m. Distance..m. Ko...SigH.SigV Normal.Stress..total...MPa.

Pillar 1 164.8 11.75610 0.5 5.508739
Pillar 2 192.4 61.06645 0.5 6.730876
Pillar 3 222.0 110.31057 0.5 8.170423
Pillar 4 246.5 159.51403 0.5 8.491051
Pillar 5 270.6 208.70377 0.5 9.939263
Pillar 6 294.0 257.90723 0.5 10.857214
Pillar 7 319.8 307.15135 0.5 10.892180
Pillar 8 334.7 356.46170 0.5 12.069849
Shear.Stress..total...MPa. Sigma.One..MPa.
4.618380 9.331214
5.704027 11.477838
6.322909 13.275682
6.892052 14.107030
7.880173 16.299098
8.499278 17.648737
8.636910 17.917452
8.016654 18.101022
Standard.Deviation.of.Sigma.One..MPa. Mean.of.Sigma.Three..MPa.
0.1813869 -0.8194341
0.2079006 -1.0917320
0.2370228 -1.0892929
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#it 4 0.2442636 -1.0779934
## 5 0.2776818 -1.4446160
#i 6 0.3055603 -1.4342575
#it 7 0.3062336 -1.1476112
## 8 0.3264954 -0.8772230
##  Standard.Deviation.of.Sigma.Three..MPa.

# 1 0.08663026

#it 2 0.10211465

#i# 3 0.11140708

#it 4 0.12511029

## 5 0.13400533

## 6 0.12726657

#Ht 7 0.14342671

## 8 0.15380238

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

par (mfrow=c(1,1), mai= c(.5,.5,.5,.5),mar= c(4,4,4,1) +.1)

plot (Analytical_Norm_Stress_Est[,1],Depth, type = "I", col = "blue", lwd = 2, ylim = rev (c(150,340)), xlin
lines (Analytical Norm_Stress Est[,2] , Depth, col = "red", lwd = 2)

lines (Analytical_Norm_Stress_Est[,3], Depth, col = "forestgreen", lwd = 2)

#2D FEM Average Pillar Stress vs. Depth

points (y= AVG_RS2 P_Stress_k_1.8Depth..m., x=AVG_RS2 P _Stress_k 1.0 $Normal.Stress..total...MPa., col = "bla
lines (y= AVG_RS2_P_Stress_k_1.@Depth..m., x=AVG_RS2_P_Stress_k_1.0 $Normal.Stress..total...MPa., col = "blue

points (y= AVG_RS2_P_Stress_k_1.5Depth..m., x=AVG_RS2_P_Stress_k_1.5 $Normal.Stress..total...MPa., col = "bla
lines (y= AVG_RS2 P_Stress_k 1.5Depth..m., x=AVG_RS2 P_Stress_k_ 1.5 $Normal.Stress..total...MPa., col = "red"

points (y= AVG_RS2_P_Stress_k_0.5Depth..m., x=AVG_RS2 P _Stress_k 0.5 $Normal.Stress..total...MPa., col = "bla
lines (y= AVG_RS2_P_Stress_k_0.5Depth..m., x=AVG_RS2_P_Stress_k_0.5 $Normal.Stress..total...MPa., col = "fore:

#3D FVM Average Pillar Stress vs. Depth

points (y= AVG_RS2 P_Stress_k_1.@Depth..m., x= rev(rowMeangAvgStress_Case_1 Per_Level)), col = "black", bg=
lines (y= AVG_RS2_P_Stress_k_1.@8Depth..m., x= rev (rowMeang§AvgStress_Case_1_Per_Level)), col="blue", Ity = 2,

points (y= AVG_RS2_P_Stress_k_1.5Depth..m., x= rev (rowMeangAvgStress_Case_3 Per_Level)), col = "black", bg=
lines (y= AVG_RS2_P_Stress_k_1.8Depth..m., x= rev (rowMeangAvgStress_Case_3_Per_Level)), col="red", Ity = 2,

points (y= AVG_RS2 P_Stress_k 0.5Depth..m., x= rev(rowMean$AvgStress_Case_ 2 Per_Level)), col = "black", bg=
lines (y= AVG_RS2_P_Stress_k_0.5Depth..m., x= rev (rowMeangAvgStress_Case_2_Per_Level)), col = "forestgreen”,

legend (x = "topright", c("Analytical - Ko
legend (x=28.8 ,y=156.5, c(" "," "," "), col
legend (x=28.8 ,y=171.5, c(" """ "), col

1.0","Analytical - Ko = 1.5", "Analytical - Ko = 0.5", "2D FEM - Ko =
c("blue","red","forestgreen"), lwd =1, Ity = c(NA,NA,NA), |

c("blue","red","forestgreen"), lwd =1, Ity = c(NA,NA,NA), |
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#dev.off

AVG_RS2_P_Stress_k_1.8Depth..m.

## [1] 164.8 192.4 222.0 246.5 270.6 294.0 319.8 334.7

Pariseau_Pillar_Stress  (HW_Density, AVG_RS2_P_Stress_k_1.68Depth..m., 1, OB_Dip, P_Width, P_Length, Hc, Xc

## [1] 13.27233 15.49513 17.87899 19.85213 21.79304 23.67759 25.75542 26.95540

AVG_RS2_P_Stress_k_1.05Normal.Stress..total...MPa.

## [1] 5.834322 7.034469 8.378107 8.854882 10.137549 11.025997 11.275022
## [8] 12.482809

Pariseau_Pillar_Stress  (HW_Density, AVG_RS2_P_Stress_k_1.8Depth..m., 1, OB_Dip, P_Width, P_Length, Hc, Xc

## [1] 1.547719 1.502367 1.534264 1.507427 1.478540 1.519900 1.548276 1.616120

#PIllArM Stands for Pillar Arrangement Matrix
# The pillar model has 8 levels (8 columns of pillars), where each level has 9 pillars in the same row
# This section seeks to calculate the average pillar stress per level.
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prow <- 8
pcol <- 9

StDevStress_Summary <- cbhind (Stress_Case_1 $'StDevStress Case 1",Stress_Case_2 $"StDevStress Case 2",Stress
colnames(StDevStress_Summary) <- chind ("StDevStress_Case 1","StDevStress Case 2","StDevStress Case_3")
rownameg¢StDevStress_Summary) <- seq(1,72,by=1)

StDevStress_Case_1 Per_Level <- matrix (nrow = prow, ncol= pcol)
StDevStress_Case_2 Per_Level <- matrix (nrow = prow, ncol= pcol)
StDevStress_Case_3 Per_Level <- matrix (nrow = prow, ncol= pcol)

for (k in 1:3) {
count = 0
for (i in 1:prow) {
for (j in 1:pcol) {
count= count + 1

if (k ==1){

StDevStress_Case_1 Per_Level[i,j]=StDevStress_Summary[count,K]
} else if (k ==2) {

StDevStress_Case_2_Per_Levelli,j]J=StDevStress_Summary[count,k]
} else if (k ==3) {

StDevStress_Case_3 Per_Level[i,j]=StDevStress_Summary[count,K]
}

}
}
}

#library(plotly)
# Plot Average Pillar Stress for Stress Scenario 1
#fig <- plot_ly(z = AvgStress_Case_1 Per_Level) %>%

# add_surface(AvgStress_Case_2_Per_Level) %>%
# add_surface(AvgStress_Case_3 Per_Level)

#fig <- fig %>% add_surface()

#fig

#p <- plot_ly() %>%
# add_surface(z = datal$z) %>%
# add_surface(z = data2$z)

write.csv  (AvgStress_Summary[,1], file="AvgStress Case 1.csv")
write.csv  (AvgStress_Summary[,2], file="AvgStress_Case_2.csv")
write.csv  (AvgStress_Summary[,3], file="AvgStress_Case_3.csv")

write.csv (Stress_Case_1 $StDevStress_Case_1, file="StDevStress_Case_1.csv")

write.csv (Stress_Case_2 $StDevStress_Case_2, file="StDevStress Case 2.csv")
write.csv (Stress_Case_3 $StDevStress_Case_3, file="StDevStress Case 3.csv")
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Pillar Probability of Failure Calculation

#Case 1 - Pillar Strength (Avergae) and Variability (Standard Deviation) Obtained from the Stochastic Discrete Ele

Norm.fit. SDEM_PS_WtoH0.8

## Fitting of the distribution ' norm ' by maximum likelihood

## Parameters:
#t
## mean 34.6353333
## sd

estimate Std. Error

0.13477180

0.5219689 0.09529648

Norm.fit. SDEM_PS_WtoHO0.&estimate[1]

H# mean
## 34.63533

Norm.fit. SDEM_PS_WtoHO0.&estimate[2]

Hit sd
## 0.5219689

PoF_Results Case 1 <- P_PofNorm.fit. SDEM_PS_ WtoHO0.8estimate[1],

PoF_Results Case 1

## [1] 7.701304e-04
## [6] 9.201480e-03
## [11] 7.645888e-03
## [16] 5.659184e-02
## [21] 3.957098e-03
## [26] 3.097173e-03
## [31] 1.116253e-03
## [36] 3.268173e-05
## [41] 2.879653e-04
## [46] 4.016492e-06
## [51] 4.959012e-05
## [56] 9.828821e-06
## [61] 1.688474e-05
## [66] 2.140764e-06
## [71] 2.234120e-06

6.920409e-03
1.195264e-02
9.613422e-03
5.351581e-03
4.457920e-03
1.310517e-04
1.530958e-03
1.803129e-05
3.820786e-04
4.422521e-05
8.293471e-05
2.277886e-05
1.458552e-05
5.205179e-07
2.113359e-07

1.735213e-02
7.902317e-03
1.178167e-02
1.828368e-04
2.727113e-03
8.799505e-05
1.089184e-03
3.722697e-04
2.814882e-04
8.874186e-05
8.762577e-05
1.279475e-05
1.018008e-06
5.359382e-07

1.044970e-02
2.884057e-04
8.126453e-03
2.244579e-04
5.675851e-03
1.415639e-02
1.171448e-03
5.697040e-04
3.003832e-04
5.601256e-05
3.598930e-06
8.248373e-06
1.540920e-07
1.011749e-06

write.csv (PoF_Results_Case_1, file="PoF_Results_Case_1.csv")

#Case 2 - Pillar Strength (Average) obtained from Stochastic DEM Approach and Variability (Standard Deviation) c

PoF_Results Case 2<- P_PofNorm.fit SDEM_PS_W!toHO0.8estimate[1],

PoF_Results_Case 2
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9.764136e-03
3.639847e-04
8.964314e-03
1.712205e-03
6.372927e-03
2.333228e-03
1.105920e-03
3.209060e-04
1.157283e-05
5.064888e-05
1.142273e-06
9.480242e-06
6.323323e-06
1.363285e-06

NIOSH_Pillar_Strength (30*0.8,30,IR_OB_L

NIOSH_Pillar_Strength (30*0.8,30,IR_OB_U



## [1] 2.693486e-04
##  [6] 2.350343e-03
## [11] 3.499184e-03
## [16] 1.473516€-02
## [21] 1.594544e-03
## [26] 1.312200e-03
## [31] 5.194133e-04
## [36] 1.386240e-05
## [41] 1.274369e-04
## [46] 2.104067e-06
## [51] 1.800796€-05
## [56] 4.641425€-06
## [61] 1.089980e-05
## [66] 9.725899e-07
## [71] 1.183005e-06

2.118380e-03
3.101192e-03
4.189109e-03
1.973300e-03
1.774701e-03
5.808415e-05
5.665937e-04
9.585985e-06
1.531305e-04
2.013517e-05
3.254275e-05
9.682331e-06
8.277388e-06
3.223043e-07
1.217156e-07

maxXPoF_Results_Case_2*100)

## [1] 1.473516

min(PoF_Results_Case_2*100)

## [1] 8.390716e-06

5.598018e-03
2.330494e-03
4.486325e-03
8.346532e-05
1.228096e-03
2.592032e-05
4.214911e-04
1.749145e-04
1.314560e-04
5.144705e-05
4.038113e-05
8.190593e-06
5.146107e-07
2.857915e-07

3.498801e-03
1.264959e-04
3.429307e-03
1.019602e-04
1.668418e-03
1.989568e-03
4.658290e-04
2.510681e-04
1.182359e-04
3.200081e-05
1.669584e-06
4.746117e-06
8.390716e-08
6.185779e-07

write.csv  (PoF_Results_Case_2, file="PoF_Results_Case_2.csVv")

#Case 3 - Pillar Strength (Average) obtained from Stochastic DEM Approach and Variability (Standard Deviation) c

PoF_Results_Case 3<- P_PokNorm.fit SDEM_PS_WtoHO0.8bestimate[1],

PoF_Results_Case_3

##  [1] 3.442859e-02
## [6] 1.244025e-01
## [11] 5.824718e-02
## [16] 8.258765e-01
## [21] 3.508998e-02
## [26] 3.082682e-02
## [31] 9.779322e-03
## [36] 1.008355e-03
## [41] 2.455697e-03
## [46] 1.117871e-04
## [51] 5.561022e-04
## [56] 5.705110e-05
## [61] 9.335166€-05
## [66] 1.810816e-05
## [71] 1.230977e-05

7.933055e-02
1.556123e-01
7.225214e-02
6.267560e-02
3.699303e-02
4.015888e-03
1.477102e-02
4.471542e-04
3.558675e-03
3.634407e-04
7.774343e-04
1.603477e-04
8.400322e-05
3.060963e-06
3.426313e-06

1.777258e-01
1.226741e-01
1.089692e-01
6.352692e-03
2.796884e-02
2.896924e-03
1.124321e-02
4.943162e-03
2.102496e-03
5.415625e-04
6.021442e-04
7.616057e-05
2.158439e-05
4.249022e-06

1.122596e-01
1.116077e-02
7.483425e-02
7.029685e-03
6.576959e-02
1.997474e-01
1.114934e-02
4.182893e-03
2.681913e-03
3.958800e-04
8.507618e-05
6.173228e-05
2.462139e-06
5.475262e-06
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3.209793e-03
1.619507e-04
2.465679e-03
7.059899e-04
2.806434e-03
8.353381e-04
4.385912e-04
1.406669e-04
5.225981e-06
2.681450e-05
5.714655e-07
5.111036e-06
1.434747e-06
9.225417e-07

1.279491e-01
1.553180e-02
1.071401e-01
1.606267e-02
1.109076e-01
1.934803e-02
1.043174e-02
2.955712e-03
3.184804e-04
4.026765e-04
2.544922e-05
6.890445e-05
7.127604e-05
6.335779e-06

NIOSH_Pillar_Strength (30*0.8,30,IR_OB_U



maxXPoF_Results_Case_3*100)

## [1] 82.58765

min(PoF_Results_Case_3*100)

## [1] 0.0002462139

write.csv (PoF_Results_Case_3, file="PoF_Results Case_ 3.csv")

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)
plot (seq(1,72, by=1),PoF Results Case 1, type = "I", col="blue", main= "Pillar Probability of Failure", ylab = "Prob

lines (seq(1,72, by=1),PoF_Results_Case_3, type = "I", col="red", main= "Average Pillar Stress", ylab = "Probability
lines (seq(1,72, by=1),PoF_Results_Case_2, type = "I", col="forestgreen”, main= "Average Pillar Stress", ylab = "Pi

legend (x = "topright",  c("Pillar Probability of Failure - Stress Scenario 1","Pillar Probability of Failure - Stress Sc
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#dev.off

maxXPoF_Results_Case_1)

## [1] 0.05659184

maxXPoF_Results_Case_2)

## [1] 0.01473516

maxXPoF_Results_Case_3[20: 40])

## [1] 0.1997474

which(PoF_Results_Case _1==mafPoF_Results_Case_1))

# [1] 16

which(PoF_Results_Case 2==mafPoF _Results Case_2))

## [1] 16

which(PoF_Results_Case_3==maxPoF_Results_Case_3[20: 40]))

## [1] 29

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

par (mfrow=c(1,1), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (seq(1,72, by=1),PoF_Results_Case_ 2, type = "I', col="forestgreen”, main= "Pillar Probability of Failure", ylab -

#lines(seq(1,72, by=1),PoF_Results_Case_3, type = "I", col="red", main= "Average Pillar Stress", ylab = "Pillar Stre:
#lines(seq(1,72, by=1),PoF_Results_Case_2, type = "I", col="forestgreen", main= "Average Pillar Stress", ylab = "PIil

legend (x = "topright”,  c("Average Pillar Stress - Stress Scenario 1", "95% CIl - Stress Scenario 1","Average Pills
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#dev.off

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using ¢

par (mfrow=c(1,1), mai= c(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (seq(1,72, by=1),PoF Results Case 3, type = "I, col="red", main= "Pillar Probability of Failure", ylab = "Pillar

#lines(seq(1,72, by=1),PoF_Results_Case_3, type , col="red", main= "Average Pillar Stress", ylab = "Pillar Stre:

#lines(seq(1,72, by=1),PoF_Results_Case 2, type

"I', col="forestgreen", main= "Average Pillar Stress", ylab = "PIil

legend (x = "topright",  c("Average Pillar Stress - Stress Scenario 1", "95% CI - Stress Scenario 1","Average Pills
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#dev.off

FoS_StressScl <- Norm.fit. SDEM_PS_WtoHO0.8estimate[1] / Stress_Case_1$AvgStress_Case_1
FoS_StressSc2 <- Norm.fit. SDEM_PS_W!toHO0.8estimate[1] / Stress_Case_2$AvgStress_Case_2
FoS_StressSc3 <- Norm.fit. SDEM_PS_WtoHO0.&estimate[1] / Stress_Case_3%AvgStress _Case 3

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

par (mfrow=c(1,1), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (seq(1,72, by=1),FoS_StressScl, type = "I", col="blue", main= "Pillar Factor of Safety", ylab = "Factor of Safe

lines (seq(1,72, by=1),FoS_StressSc2, type = "|", col="forestgreen", main= "Average Pillar Stress", ylab = "Pillar St

lines (seq(1,72, by=1),FoS_StressSc3, type

“I', col="red", main= "Average Pillar Stress", ylab = "Pillar Stress [M
lines (c(-5,80), ¢(1.8,1.8), type = "I", col="black", Ity=2, main= "Average Pillar Stress", ylab = "Pillar Stress [MPa]'

legend (x = "topleft",  c("Pillar Factor of Safety - Stress Scenario 1","Pillar Factor of Safety - Stress Scenario 2",

122



#dev.off

min(FoS_StressSc1l)

## [1] 1.777391

min(FoS_StressSc2)

## [1] 1.941226

min(FoS_StressSc3)

# [1] 1.477437

which(FoS_StressScl==min(FoS_StressScl))

## [1] 16

which(FoS_StressSc2==min(FoS_StressSc?2))

## [1] 16
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which(FoS_StressSc3==min(FoS_StressSc3))

# [1] 16

34.4/ Stress_Case_1$AvgStress_Case_1 [32]

## [1] 2.244158

34.4/ Stress_Case_2%AvgStress_Case_2 [32]

## [1] 2.404508

34.4/ Stress_Case_3%AvgStress_Case_3 [32]

## [1] 1.925631

Stress_Case_3%AvgStress_Case_3 [32]

## [1] 17.86427

Pillars with F.S. Less than the minimum F.S. of 1.8

which(FoS_StressSc1<1.8)

## [1] 16

which(FoS_StressSc2<1.8)

## integer(0)

which(FoS_StressSc3<1.8)

## [1] 2 3 4 5 6 7 811 12 13 14 15 16 17 24 25 29

length (FoS_StressScl[FoS_StressScl <1.8])

## 1] 1

length (FoS_StressScl[FoS_StressSc2 <1.8])

# 1] 0

length (FoS_StressScl[FoS_StressSc3 <1.8])

## [1] 17
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Case3_POF_FS_Summary &s.data.frame (cbind (which(FoS_StressSc3<1.8), c(FoS_StressSc3|[2 : 8],FoS_StressSc3|:
colnames(Case3_POF_FS_Summary) <('Pillar #,'Factor of Safety','Probability of Failure [%])
write.csv (Case3_POF_FS_Summary,"G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar

Case3 POF_FS_Summary

## Pillar # Factor of Safety Probability of Failure [%]

## 1 2 1.733579 0.07933055
#H 2 3 1.640997 0.17772579
## 3 4 1.692923 0.11225964
## 4 5 1.678003 0.12794915
## 5 6 1.681592 0.12440251
## 6 7 1.656611 0.15561230
# 7 8 1.683529 0.12267414
## 8 11 1.768869 0.05824718
## 9 12 1.742989 0.07225214
## 10 13 1.695508 0.10896919
## 11 14 1.739262 0.07483425
#H 12 15 1.697887 0.10714006
## 13 16 1.477437 0.82587645
## 14 17 1.760760 0.06267560
## 15 24 1.754447 0.06576959
## 16 25 1.695075 0.11090759
## 17 29 1.692300 0.19974743

POF_vs_FOS <ebind (c(FoS_StressScl,FoS_StressSc2,FoS_StressSc3), c(PoF_Results_Case_1,PoF_Results_Case_
colnames(POF_vs_FOS) <-c("FoS", "PoF")

LogFit FOS_POF <-Im(POF_vs_FOSJ,1] ~ log (POF_vs_FOSI,2]))
XPOF <-seq(from=0,t0=0.8,length.out=1000)
yFOS <- LogFit FOS_PCHeoefficients[1]  +LogFit FOS_PO#coefficients[2]  *log (xPOF)

#pdf(file = "G:/My Drive/RESEARCH/My Papers/PhD. Thesis/Chapter 4 - Stochastic Pillar Stress estimation Using &

par (mfrow=c(1,1), mai= ¢(.8,.8,.8,.8),mar= c(4,4,4,1) +.1)

plot (PoF_Results_Case_3,FoS_StressSc3, col = "black", bg="red", pch = 21, lwd= 0.5, xlab = "Pillar Probability c
points (PoF_Results_Case_1,FoS_StressScl, col = "black”, bg="forestgreen"”, pch = 21, lwd= 0.5)

points (PoF_Results_Case 2,FoS_StressSc2, col = "black”, bg="blue", pch = 21, lwd= 0.5)

lines (c(-5,1), ¢(1.8,1.8), lwd = 2)

lines (¢(0.05,0.05), c(-2,6), lwd = 2)

legend (x=0.5,y=3.5, c("Pillars for Stress Scenario 1","Pillars for Stress Scenario 2","Pillars for Stress Scenario 3"),
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#dev.off
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Abstract

Ground control failures are one of the main causes of accidents in the underground stone mining industry. Some of the
fundamental tools for rockfall hazard identification are related to rock mass characterization and geotechnical discontinuity
mapping. Recent technological advances in these methods are related to remote sensing techniques and point cloud processi
software for automated discontinuity mapping. Remote sensing techniques, such as LIiDAR and photogrammetry, generate multi
million point clouds with millimetric precision, capturing the structure of the rock mass. The automated point cloud processing
tools offer alternative algorithm-based methods to characterize and map these discontinuities. However, their applicability is
constrained by multiple factors such as site specific conditions of the rock mass and the parameters used within the mappinc
algorithms. This paper evaluates the performance of automated discontinuity extraction software compared with manual virtual
discontinuity mapping. Sampling windows from laser-scanned sections in an underground limestone mine are defined and
mapped using discontinuity set extractor (DSE). Results from the virtual discontinuity software are compared with manually
extracted fractures from I-Site based on reviewing orientation, trace length, spacing, number of extracted discontinuities, and
processing time. The analysis determined that the automated mapping algorithm was able to identify the same discontinuity set:
that had been manually mapped. The automated mapping software mapped an excessive amount of smaller fractures, whic
caused the comparison of both mapping techniques to be unsuccessful in terms of trace length and spacing.

KeywordsVirtual discontinuity mapping Automated discontinuity mappingRock mass characterizatiotdazard
identification- Rockfall - Underground

1 Introduction conditions, mining dimensions, and pillar stresses that are
similar to those included in this study” Therefore, general
Geomechanical failure is still one of the main causes of acairethodologies that allow each mining operator to characterize
dents in underground stone mines in the USA, causing 11% ahd take into account site-specific conditions are required to
the accidents in 2014]. In 2011, the National Institute for complement existing guidelines. Moreover, these general ap-
Occupational Safety and Health issued the Pillar and Rogiroaches should be based on hazard identification and should
Span Design guidelines for Underground Stone mines. Thalow one to evaluate the probability of rock fall, failure, or
document was the product of more than 10 years of researchdallapse 8]. These types of approaches would allow one to
34 underground stone operations in the Eastern amndove on to risk assessment-based design practices [
Midwestern USA 2]. However, as it is stated in the report Rock mass characterization is the process through which
“... The guidelines for pillar and roof span design are empirnformation is collected about the structure of a rock mass, the
ically based; their validity, therefore, is restricted to rocknature of its discontinuities, and the rock types that compose it
[5]. This information is usually used to perform engineering
analyses using analytical or numerical methods to validate the
*  Jjuan J. Monsalve stability of an excavation or identify potential hazards within a
jimvo4@vt.edu defined rock mas$f9]. Technological advances in discrete
fracture networks (DFNs) have enabled the generation of ex-
1 Mining and Minerals Engineering Department, Virginia PolytechnicPliCit virtual 3-dimensional representations of discontinuities
Institute & State University, Blacksburg, VA, USA mapped on the field. This has yielded engineering analyses
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that help to reduce a projesuncertainty by considering sto- of this software, engineers have the ability to conduct geotech-
chastic simulationslp]. However, an adequate volume of nical mapping studies. The software itself contains a variety of
data should be collected to generate significant DFN modelgeotechnical tools in order to formulate representative data for
Unfortunately, manual conventional rock mass characterizatructural rock mass classification. The query strike and dip
tion on occasions can be dangerous, difficult to perform, takeol within the software allows engineers to map discontinu-
considerable amounts of time, and provide only limitedties by defining discontinuity planes. These planes are gener-
amounts of data to perform statistically sound analyisBs [ ated by selecting a group of points that belong to the exposed
In the past 10 years, laser scanning and photogrammefnacture on the rock face. Planes are fit by averaging the coor-
technologies have been implemented in underground excawinates of the selected points within each individual fracture,
tions to perform rock mass characterization and discontinuigs shown in Figl. Discontinuity elements contain informa-
mapping. Researchers have proved that rock mass charact&mn such as the X, Y, Z coordinates of the element centroid,
ization can be performed accurately from point clouds obtairstrike, dip, dip direction, maximum length, and area of the
ed from these two methods, yielding results that agree witfitted plane 20].
observations and analyses obtained through manual rock masdn addition to this, once a discontinuity set has been de-
characterization1R, 13]. Along with these remote sensing fined, the discontinuity spacing tool can be used to measure
techniques, a series of processing software and algorithriige spacing between fractures belonging to the same set. This
have been developed to aid engineers during the discontinuttyol measures the shortest distance from the centroid of a
mapping process from point clouds. Different authors havdiscontinuity to the intersection of its normal with the
developed a series of automated and semi-automated algoejected plane of its neighboring discontinuity. Fig@re
rithms for discontinuity mapping, either from point cloudsshows a lateral view of a section where the spacing between
[14, 15] or triangular irregular networkd§-19]. However,  discontinuities belonging to the same family has been mea-
most of the case studies where these automated discontinistyred, indicated as yellow lines. The table below this image
extraction (ADE) algorithms are applied seem to have vemndicates the results from this measurement, including the dis-
well-defined discontinuities and may not represent challengontinuities used for each spacing measurement, the centroid
ing conditions that could result in other sites. of the initial plane, and the length of the spacing.
The goal of this work is to evaluate and compare disconti-
nuity mapping results from an open-source automated disco®-2 DSE
tinuity extraction software (ADES) with manual virtual dis-
continuity mapping (MVDM) software through the compari- Discontinuity set extractor (DSE) is a MATLAB-based soft-
son of orientation, trace length, spacing, number of extractedare developed by researchers at the Universidad de Alicante
discontinuities, and processing times. The initial section ah Spain that uses a series of algorithms to automatically iden-
this work describes the different software and algorithms thaify discontinuity sets from point cloud44]. This software
were used to compare both mapping methods. The followingtegrates a series of algorithms that yield point clouds con-
section describes the methodology used in this work whictaining those coplanar points that represent each defined dis-
includes (1) laser scanning and scan referencing, (2) mappiogntinuity set. This process starts with a local curvature cal-
windows selection, (3) virtual discontinuity mapping, (4) DSEculation that encompasses a nearest neighbor search and a
automated mapping, (5) data processing, and 6) data analysisplanarity test that determines whether each point and its
Finally, results obtained from this comparison are presentettighbors share the same plane equation. In addition to this,
and a series of conclusions are made. a normal vector to the plane is defined for each pait [
The first step is local a curvature calculation which incor-
porates three distinct subsections: nearest neighbor searching
2 Software (knnsearch), coplanarity test, and plan adjustments/calculation
of the normal vector. The nearest neighbor method involves
This section briefly describes the three main software thalefining a plane of best fit within a defined range of neigh-
were used during the comparison process. I-Site studio whsring points relative to a raw data point. Within MATLAB,
used during the MVDM process, whereas DSE and Clouthe knnsearch function utilizes an algorithm that finds and

Compare were used for the ADE operation. calculates the nearest neighbors based on the knn search func-
tion and Euclidean distance. The function allows the user to
2.1 I-Site Studio select the nearest neighbors (k) relative to each individual

pointin the imported point cloud. At this point, the coplanarity
I-Site studio is a point cloud processing and geotechnical analf the point set must be analyzed. The coplanarity test checks
ysis software developed by Maptek that allows users to pr@very point and its associated neighbors to determine if the
cess and inspect multi-million-point clouds. Through the usplane is coplanar, but if not, the plane subset will be rejected.
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Fig. 1 I-Site discontinuity
mapping and results

The test itself is derived from the principal component analyrespect to their planes. This is done in order to define the
sis (PCA). Following the coplanarity test, the orientation ofliscontinuity sets within the point cloud of interest. The pro-
previously identified set is computed. This process is done lgess consists of converting the plane specific normal vector
identifying a normal or Eigen vector which depicts the orienand pole densities into a stereographic projection. Within
tation parameters of the best fit plane. From this point, thBSE, the kde2d Gaussian kernel MATLAB function is used
orientation of the points and their nearest neighbors are calde- calculate the kernel widths and pole densities. The semi-
lated to obtain a more accurate orientatibf.| automatic set identification portion of the statistical analysis of
The second step is the statistical analysis of the principte principle poles essentially distributes a primarinciple’
poles which incorporates kernel density estimation (KDE) andrientation to every point within the point cloud. If a ptsnt
semi-automatic set identification. This methodology is tunedrientation differs significantly with all the principal poles,
toward the parallelism of the normal vectors generated in tthis point is not considered.
previous step. Statistical analysis of this methodology is con- The final step is a cluster analysis of the data. The cluster
ducted by the stereographpcojection of the poles with analysis consists of clustering (DBSCAN), plane generation

Fig. 2 I-Site discontinuity spacing measurements and results
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(PCA), and an error fitting check (tolerance). The clusterind Case Study Mine
process is performed by using ttaensity-based scan algo-
rithm with noisé (DBSCAN) which is optimal for processing The case study mine operates in a limestone bed located in the
high-density, homogeneous, point clouds. The DBSCAN akimb of a regional syncline structure. The ore body is 100 ft
gorithm utilizes a series of input parameters such as the nutiick and dips 30° toward the SE. In a previous study, the
ber of points to be considered within the nearest neighb@uthors of the paper determined that there were four main
region in order to define and output clusters of points thadiscontinuity sets in an area adjacent of where the scans were
relate to the defined principal poles. Once this is definedaken for this particular study. The identified discontinuity sets
plane generation takes places which takes the points attributedre classified as follows: set 4, which corresponds to the
to a discontinuity set and cluster and defines the best fit plafeedding planes and contacts between rock units, which are
algebraically. The plane is then checked to determine the qualmost parallel to the tunnel orientation and has a mean dip
ity of data fitting. The fitting check relies on a minimum mod-of 29° toward the SE; set 1, which is nearly perpendicular to
ule value and low standard deviation. The result from the DSthe tunnel orientation and presents a subvertical dip; and sets 2
processing is a set of point clouds each individuallyand 3, which are oblique joints with a steep dip The rock
representing the defined discontinuity sets for each mappimgass was defined as jointy since it presented at least 3 clear
window analyzed14]. discontinuity sets throughout the excavations. In addition, ra-
dial fractures associated to the blasting were observed close to
the blasthole marks in the field and in the laser scans. An
2.3 Cloud Compare-Facets average GSI of 75 was determined throughout field observa-
tions which indicates that the rock mass is a blocky.
Cloud Compare is an opemgce point cloud processing Furthermore, the main failure mechanism observed in the op-
software that has been used in different applications su@ration was classified as structurally controlled rock fall in-
as volume calculations, measuring deformations, and diduced by gravity.
continuity mapping 15, 21-23]. Cloud Compare contains
a series of plugins to perform different point cloud anal-
yses for multiple applications. Among these plugins,
FACETS is a plugin used in structural geology to map4 Methodology
discontinuities from 3D point clouds. This plugin clustersA methodology to evaluate the performance of DSE as an

p0|nts.W|th|.n a point cloud based upon user-deflneq COADES was proposed. This methodology compares automated
planarity criterion. Cloud @mpare was used to visualize

and process point clouds generated from DSE. Usinmapping results obtaineding DSE with those obtained

FACETS, the discontinuity set point clouds from DSEgsmg MVDM on a predefined section of the case study mine.

were converted into planes that were comparable to trféhe proposed methodology is comprised of six stages: (1)

. o . . aser scanning and scan referencing, (2) mapping window
discontinuity planes mapped in I-Site. . ) . g .
. _ selection, (3) manual virtual discontinuity mapping, (4) DSE
There are two FACET methods utilized within Cloud utomated mapping, (5) data processing, and (6) data analysis
Compare (Kd-Tree and Fast-Marching), both utilizing a lea bpIng. P 9 ysIS.

square fitting algorithm. Clustering is computed in three dif- his methodology can also be used to test other automated

ferent steps. The first is elementary which results in Smaﬂlscontlnwty mapping algorithm to verify their performance.

defined planes. The second incorporates the clustering of the

elementary planes that share the same coplanarity into largeil Laser Scanning and Scan Referencing

planes. Finally, planes that are parallel to each other are joined

into similar plane sets. Resulting planes can be exported intdf@rough the utilization of a Faro Focus 3D Laser Scanner,
CSV file type containing information about the facets such athree different scans were conducted in a defined section of
geospatial coordinates, normal vector coordinates, dip, dthe case study underground limestone mine. These scans,
direction, horizontal and vertical extent, and surface areahich ultimately result in multi-million point clouds, were
The Kd-Tree algorithm divides a 3D point cloud into quartedownloaded from the LiDAR scanner and individually proc-
cells until each independent cell contains points that represazgsed within Maptek I-Site studio software. The scanned

a best-fit plane. This is dependent on the user input root-megmeint clouds were then referenced with each other through
square threshold, otherwise known as the maximum allottébe use of inflatable balls as reference targets, ultimately
distance between points. The Fast-Marching algorithm usesesulting in a complete referenced scan of the area of interest.
lattice subdivision as defined by the octree structure. Cells thahe dataset was used for a geotechnical rock mass character-
are adjacent to one another merge if the current ¢S  ization and discontinuity mapping analysis for predicting and
value does not exceed the maximum distance critesja [ determining the potential rock fall hazards that exist. Figure
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Fig. 3 Case study mire-section
of interest referenced point cloud
indicating mapping windows

depicts the complete referenced composite point cloud froch3 Manual Virtual Discontinuity Mapping
the three separate scans of the case study section.
In order to generate the reference point cloud of the ard&ithin I-Site, manual virtual discontinuity mapping was con-

of interest, proper registration of the different scans had tducted. Utilizing the' Query Strike and Dip function, the

be conducted. This was imperative to avoid any errordiscontinuities were mapped on each of the three mapping

greater than 5 mm. This process was done in I-Site byindow sections as seen below in Fg.

using a combination of automated initial positioning and Each discontinuity was individually identified, analyzed,

global registration. Automated initial positioning registersand mapped for each window, and classified into discontinu-

scan against a predetermined reference scan by using ignsets. Mapping these discontinuities required a high atten-

automated positioning method. This process provides t&on to detail in order to reduce the amount of points that may

relatively good fit between point clouds that are registereckside outside the plane of interest and skew the resulting

together but must be fully registered using the global regaveraged plane. This process is critical and should be per-

istration function. Global registration, however, aligns thdormed by a qualified engineer or geologist not only with

pre-positioned point clouds byiatching individual points experience on discontinuity mapping but also field experience

and point sets in regions that contain overlap. The resultingn the particular site.

point cloud of the section was then ready to be analyzed

and sectioned off into mapping windows that display no4.4 DSE Automated Mapping

table and uniform discontinuity planes and sets for the

purpose of this analysis. The three different mapping windows were imported into
DSE in order to automatically map the discontinuities and
resulting discontinuity sets that may be present. In order to

4.2 Mapping Window Selection calculate and cluster the points within each respective point
cloud the number of nearest neighbor points had to be defined.

In order to investigate the discontinuities and resulting joinEor the purpose of this research, the input parameter for the

sets in the mine section, three unique mapping windows wergarest neighbors was set to 30. The nearest neighbor search

selected within the control area. The three individual windows/as based on the point amounts rather than distance for a more

were from the roof, rib, and karst laden pillar areas, respeaccurate result. These conditions were defined by following

tively. These windows that encompass a 12 m x 12 m argaevious recommendations by Riquelme et d4][

were selected based on their defined discontinuities observEdrthermore, the number of principal poles for the algorithm

both in the field and within the generated laser scanned poitu find within the sections was set to 5. This was determined

clouds. The areas of concern cumulatively contain approxiased on the observation and previous knowledge of 3 to 4

mately 11.4 million points which reduced processing timgoint sets that were field mapped in the mine section. The DSE

within the manual virtual and automated discontinuity mapMATLAB algorithm was then executed and the result was a

ping software as compared with the 125,939,262-points mirseries of five point clouds that each individually represented

section point cloud. The mapping windows selected for thithe clustered discontinuities associated with each of the five

investigation are shown in Fig. main principal poles for each mapping window. Clusters that
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Fig. 4 |-Site mapped discontinuities Rib sectionb Karst sectionc Roof section

had less than 100 points were eliminated within DSE to sindiscontinuity sets definition, (2) dataset filtering, (3) probabil-
plify the point cloud and remove unnecessary data. ity density functions (PDFs) fitting, and (4) PDF comparison.
The stereographic analysis process was performed in
the DIPS software developed by Rocscieriz8.[A com-
5 Data Processing plied database was loaded into the software comprised of
information such ag, y, and zcoordinate of the centroid
The clusters of points for the identified fracture sets were thesf each discontinuity element, dip, dip direction, and
visually examined and filtered. The physical filtering of thestrike, length and area of the mapped plane, mapping
data to best match the observed discontinuities was conductethdow, and mapping software. This database was com-
in Cloud Compare. The filtering of the data consisted of reprised of 330 discontinuitelements where 244 were
moving discontinuities from small sizes, along with removingnapped in DSE and 86 were mapped on I-Site. The main
surfaces that were oriented similar to discontinuities due to tlidscontinuity sets were defined as the areas with greater
structure and fracturing of the selected area. Cloud Compgpele concentrations. After each discontinuity set was de-
was then used to generate clustered discontinuity set poiimed, a new parameter was created which indicated the
clouds into facets. The two algorithms for facet generatiodiscontinuity set to which each fracture belonged. Those
were tested on the resulting point clouds. Facets generatdigcontinuities that did not belong to any discontinuity set
from the Fast-Marching algorithm produced planes that bestere not taken into account for the following steps and
matched the surfaces encompassed by the points, whereasweege considered as random fractures.
Kd-tree method tended to partition individual discontinuities The main dataset was subsampled into six datasets filtered
into multiple facets. Due to this, the Fast-Marching algorithniby mapping method and discontinuity set. Each subset was
for facet generation was used. From this point, the facets ftlnen imported into I-Site to measure the spacing between dis-
each discontinuity set within each sampling window wereontinuities belonging to each set and extracted from each

compared with the discontinuities mapped in I-Site. mapping method, as previously explained in RigAt this
point, there were two datasets for each subset: one containing
5.1 Data Analysis information about the discontinuity size and the other contain-

ing information about spacing, totaling 12 datasets.
Once the discontinuities were mapped both manually with |- The statistical analysis software RStudio was used to per-
Site and automatically with DSE, the data analysis processfsm statistical analyses on the resulting datasets by using the
proceeded. On this stage, five main parameters were consiitidistrplus package. PDFs were fitted and validated for dis-
ered to evaluate the performance of the two mapping methodsntinuity size and spacing for each dataset. The probability
processing time, number of extracted discontinuities, orientdensity functions were fitted using the maximum likelihood
tion, trace length and spacing. The processing time was evaistimate (MLE) approach. Furthermore, the best fitting PDF
uated based on a comparison between the time it took to maas selected by comparing different modBlayesian infor-
each mapping window with the time it took DSE to processnation criteria (BIC). The model with the lowest BIC was
each point cloud. In order to analyze the remaining parameefined as the best fit for each parame2&i.[Spacing and
ters, four steps took place: (1) stereographic analysis amce length of manually mapped discontinuity were used as
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reference dataset to compare those of the automatically eencentrating in three main areas of the stereographic net,
tracted discontinuities using DSE. indicating that the discontinuity orientations obtained from
For each joint set, the PDF of the trace lengths extractdabth methods were similar. With regard to the discontinuity
with DSE were compared to the PDFs obtained for the santmce length, it is possible to observe that both dataset scales
parameter for the discontinuities mapped manually on I-Sitdiffer. In general, DSE-extracted discontinuities have smaller
The comparison between both distribution functions was pelengths compared to the ones extracted from I-Site. The lower
formed by comparing the means and the standard deviatitwm of the DSE extracted fractures range from 0.17 to 1.85 m
through hypothesis testing. A Studerittest was performed and contain 193 mapped elements. Whereas the lower bin on
to evaluate if the mean trace length value of the DSE extractélte manually mapped discontinuities range from 0.77 to 2.60
data set was significantly different to the mean trace length of and are comprised of 51 fractures. This indicates that ADES
the reference data set. In this case, the null hypothesis was tteatded to map smaller discontinuities, which during the man-
the mean trace length for both datasets was the samel mapping were not considered as a potential hazard for rock
Additionally, anF test was performed between the two samfall.
ples to evaluate the difference between variances of both Results from the stereographic analysis yielded three main
PDFs. The hypothesis test for theest stated that the variance discontinuity sets, as shown in F&).Set 1 corresponds to the
for both compared datasets was the same. BothahdF  bedding plane dipping 27°, with a dip direction of 132° and a
statistics calculated from these tests are associated with disherK of 118. The second set represents an oblique dipping
value. Ap value indicates the probability for the analyzedjoint dipping 47° toward 342° and a Fish€rof 24. Finally,
variable to be greater than the obtained statistic. A significantlee third discontinuity set represents a vertical parallel to the
value is then defined as rejection threshold value. In this cadeedding dip joint, with a dip of 83° and a dip direction of 261°
a significance value of 0.05 was considered for botlthet and aK of 37. The obtained discontinuity sets show good
and theF test. When the value is less than the defined agreement with those previously mapped by Monsalve et al.
significance levelg value < 0.05), the null hypothesis is in an area adjacent to the same case study r@je This
rejected. In the context of this study, this rejection for botlindicates that both study sections present similar structural
theF andt tests implies that the discontinuities mapped usingomains. The presence of some random discontinuities show-
ADES were not the same as the manually mapped discontitg on the stereo net could be attributed to the presence of
nuities. These two tests are only applicable if the fitted PDFsactures associated to the blasting process. As it was previ-
are both normal. If the fitted PDF is log-normal, this procedureusly described, it is possible to observe on the field radial
can be applied as long as both data sets are normalized. Thecturing patterns close to the blast hole indicating damage on
same procedure was performed to compare discontinuitile rock mass due to the explosive damage.
spacing between the manually mapped and automatically ex- Once the discontinuity sets were defined and the six sub-
tracted discontinuities. Figufe summarizes the four de- sampled datasets were generated, the PDF fitting and PDF
scribed steps comparing orientation, size, and spacing besmparison steps for the desired parameters was conducted.
tween discontinuities. Figure9 summarizes the results from these two steps with
regard to discontinuity trace length. On the top of the figure,
one can observe the comparison between the PDFs obtained
6 Results and Discussion from both mapping methods for each discontinuity set. The
mapping windows beneath each of the PDFs correlates to their
The stereographic analysis presented in6-djsplays the I- respective discontinuity set, showing the automatically ex-
Site mapped discontinuities with red crosses; the DSE extrattacted discontinuities in blue and the manually mapped frac-
ed discontinuities with white diamonds; and a set of disconttures in green. It is possible to observe for each of the three
nuities that were manually mapped on the field on an arediscontinuity sets that the distribution parameters for both I-
corresponding to the rib mapping window is also plotted an&ite and DSE-extracted discontinuities have a log-normal dis-
indicated with green triangles. Almost all discontinuities tendribution. In all three cases, the distribution obtained from
to cluster on three main areas. DSE extracted 244 discontinDSE looks more skewed to the left, indicating that the
ities, whereas only 86 discontinuities were mapped from IADES depicted smaller-sized discontinuities, as mentioned
Site. The manually mapped discontinuities concentrate welkefore. This can also be visually evidenced in the mapping
on the areas where most of the DSE and I-Site extracted disindows where some discontinuities seem to be mapped ex-
continuities are clustered. actly the same from both methods, while smaller fractures
Figure7 separates DSE and I-Site extracted discontinuitiesere mapped in blue. These results were also statistically sup-
in two different stereo-nets. Each pole is also scaled by digorted by the previously mentioned hypothesis tests, indicated
continuity trace length, as shown in the scale under eaéh Tablel. For the three discontinuity sets, results indicated
graph. In both cases, it is possible to notice that poles atbat the mean trace length values were significantly different
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Fig. 5 Data analysis process flowchart

between the I-Site and DSE-extracted discontinuities. Furthermore, the discontinuity spacing analysis yielded re-
However, trace length variances were statistically similar faults indicating that spacings measured from the DSE-
both methods in all discontinuity sets. extracted discontinuities were similar to those measured

Fig. 6 Overall stereographic analysis comparing discontinuities mapped from DSE, I-Site, and manually on the field
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Fig. 7 Comparison between DSE extracted and I-Site extracted discontinuities by discontinuity trace length

within I-Site. FigurelOindicates the spacing PDFs and visu-discontinuities did not present the same spacing distribution
ally depicts these values. In the three cases, the DSE obtairesithe ones extracted from I-Site.

PDFs seem to be closer to the ones obtained from I-Site. This With regard to the processing time comparison between
is validated by the statistical results provided in Tabladi-  both mapping methods, Tallesummarizes the results. On
cating that for sets 1 and 2, the spacing measurements obtanerage, a discontinuity can be mapped on I-Site in 48 s.
ed from DSE are statistically the same as the ones obtain@terefore, the amount of time to map a point cloud section
from |-Site. Set 3 results indicated that DSE extractewill depend on the size of the point cloud and the amount of

Fig. 8 Main discontinuity set definition
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Table 1 Summary of statistical tests for variance and mean of spacing and joint trace length obtained from DSE and I-Site extracted discontinuities

Parameter/SET Software  Distribution Mean  Standard deviation ~Number of Variance comparison Mean comparison
mapped fractures

F test p value ttest pvalue

Trace length 1 I-Site Log-normal 1.236 0.7 8 0.650 0.584 2.328 0.032
DSE Log-normal  0.359 0.889 12

2 |-Site Log-normal  0.82 0.584 24 0.593 0.155 6.821  1.71E-08
DSE Log-normal  0.179 0.769 90

3 I-Site Log-normal  0.841 0.481 15 1.129 0.745 4.098  3.60E-04
DSE Log-normal  0.214 0.462 32

Spacing 1 I-Site Normal 2.073 0461 5 0.896 0.988 1252 0.248
DSE Normal 1732 0.523 14

2 |-Site Log-normal  0.327 0.285 30 1.195 0.495 1814 0.077
DSE Log-normal  0.221 0.264 128

3 I-Site Normal 2,600 0.649 14 1.298 0.511 3.289  0.003
DSE Normal 1933 0.584 40

discontinuities present. On the contrary, DSE processing tinigsues in an underground mine operation. Among some of
depends on the size and density of the point cloud, rather théme elements composing a GCMP are included geotechni-
the amount of discontinuities mapped. On average, it tookal characterization, ground control hazard recognition,
3.75 hlonger to process the point clouds on DSE than directgnd ground inspection and monitoring8]. As remote
manually mapping the discontinuities on I-Site. However, theensing techniques become cost-effective and accessible
processing for automatically generating the discontinuitie® mining operators, and automated discontinuity mapping
does not include the processing time to convert this poirglgorithms continue to ewn, the application of these
clouds into faces with Cloud Compare. technologies provides engiers with tools to forecast

Today, international groundaotrol best practices indi- and control ground control related risks. Results from
cate that ground control management plans (GCMP) atbese mapping processes not only are useful for identify-
one of the most effective tools to forecast and preverihg fractures and discontinuities prone to produce a rock
ground control related risk26, 27]. A GCMP is a mul- fall condition but also can be integrated to advanced nu-
tilevel dynamic document grounded in modern risk manmerical modeling, and probabilistic risk analysis design
agement tailored to managing all ground control relatedpproaches4] 29].

Fig. 9 Statistical Summary of comparison between trace length of discontinuity sets obtained with DSE and I-Site
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Fig. 10 Statistical summary of comparison between spacing of discontinuity sets obtained with DSE and I-Site

7 Conclusions & Three main discontinuity sets were defined as a result of
the mapping process. The same discontinuity sets were
This paper has introduced two alternative methods for rock identified by the two compared methods.
mass characterization that are different from conventional di& The parameters used to compare both mapping processes
continuity mapping: manual virtual discontinuity mapping  were number of extracted dsttinuities, orientation,
(MVDM) and automated discontinuity extraction software trace length, spacing, and processing time.
(ADES). Both methods work on point clouds extracted from& Resulting mapped discontinuities were compared by sta-
conventional remote sensing techniques such as laser scanningtistical inference procedures. In addition to that a visual
and photogrammetry. In this wg both methods were used to inspection of the mapping results allowed us to understand
map discontinuities on three predefined 144mapping win- the statistical results.
dows. Manual and automatically extracted discontinuities wei® ADES identifies and maps smaller discontinuities that
used to define the main discomtity sets within the areas of may not be mapped by the user in MVDM based on its
interest. Three main discontityusets were defined, and their engineering judgment (smaller discontinuities may not
orientations and statistical distribution properties were estimat- have a severe impact on the stability of the excavation).
ed for each by performing a stereographic analysis. After the DSE is an open source software, and its results indicate that it
definition of the three discontinuity families, a statistical analy-  could be successfully used and implemented by mining op-
sis was performed to compare the trace length and spacing erators to gain insight into the structural condition of the mine
probability distributions for each set from each mapping meth- operation and ultimately identify potential rock fall hazards.
od. Results from these PDF estimations were used to evalu&te Even though DSE requires more processing time than
the performance of the automated extraction software. The fol- MVDM, it allows engineers to allocate this time to other tasks.
lowing are conclusions derived from this work: & Even though, ADES can extract the discontinuities automat-
& MVDM and ADES were successfully compared under ically, additional supervision by the engineer is required to
controlled conditions. Results indicated that ADE  avoid the extraction of planes that do not correspond to real
yielded results that could be comparable with the man- geological structures in the field. Filtering the results from the
ually mapped discontinuities.

Table 2 Processing time

Comparison between ADES and Section Number of |-Site DSE Difference
MVDM points (h)
Number of Mapping Number of Mapping
discontinuities time (h) discontinuities time (h)
Rib 4,671,120 36 0.48 109 1.98 15
Roof 5,076,309 27 0.36 80 2.3 1.94
Karst 1,695,942 23 0.31 55 0.62 0.31
Total 11,443,371 86 1.15 244 49 3.75
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automated mapping is important to avoid misleadind3:

information.
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APPENDIX D.

3DEC Code for Stochastic Bonded Block Pillar Strength Estimation
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; fname: fragment.dat

; lllustrate how the Fragment logic can be used
; to study the fragmentation of a Bondeldé&k Model.

model new
model random 10001

[Vol_=30*24*24]

[Side_= ((Vol_/2)(1/3))]

[WtoH=0.8]

[Height_=(1/WtoH)*Side ]

[Area_= Side_*Side_]

[bb_elf=0.06] ; Bonded block g& length factor = Bonded Block edge length/ Width
[px1 =-Side_/2] ;8 and 30

[px2 = Side_/2]

[pyl =-Side /2]

[py2 = Side_/2]

[pz1=0]

[pz2 = Height_]

[global velt_] ; initial loading velocity on top
[global velb_] ; initial loading vectity on bottom
[global displim_] ; displacement limit

[global unbal_limit = 1000] ; unbalanced force limit used in servo control

; make model a bit wider than we really want so we can trim off the aligned edges
block create brick [pxbb_elf*Side_][px2+bb_elf*Side_] [pyibb_elf*Side_] [py2+bb_elf*Side ] [pz1]
[pz2]

block zone generate edgelength [bb_elf*Side_]

block zone list poly

model new

model random 10001

model larg-strain on

model title '‘Bonded Block Model Properties Calibration to PREP¥lar Scale Sample Vol = 17,280 m"3'

[Vol_=30*24*24]

[Side_= ((Vol_/2)(1/3))]

[WtoH= 0.8]

[Height_=(1/WtoH)*Side ]

[Area_= Side_*Side_]

[bb_elf=0.06] ; Bonded block edge lehdgactor = Bonded Block edge length/ Width
[px1 =-Side /2] ;8 and 30

[px2 = Side_/2]

[pyl =-Side /2]

[py2 = Side /2]
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[pz1 =0]
[pz2 = Height_]

[global velt ] ; initial loading velocity on top
[global velb_] ; initial loading velocity dmttom
[global displim_] ; displacement limit

[global unbal_limit = 1000] ; unbalanced force limit used in servo control
program call "7V_DFNs_Generation_DFN2m.dat"

; set minimum joint set id > 1 so we can differentiate from DFN
block cut set mixid 2

program call 'poly'
; Cutting the additional distance on the sides to eliminate aligned edges on the sides of the geometry

block cut jointset o [px1] 0 O dip 90 dig 90
block cut jointset o [px2] 0 0 dip 90 dig 90
block cut jointset o 0 [pyl0 dip 90 dipd 0
block cut jointset o 0 [py2] O dip 90 did O

block delete range pes[px1] [px1-bb_elf*Side_]
block delete range pos[px2] [px2+bb_elf*Side_]
block delete range pas[pyl] [pyl-bb_elf*Side ]
block delete range pes[py2] [py2+bb elf*Side_]

; cut DEN-id 1

block cut dfn name 'SET_4"
block cut dfn name 'SET_1'
block cut dfn name 'SET_2"
;block cut dfn name 'SET_3'

; generate zones
block zone gen edgelength [0.35*bb_elf*Side_]
;block zone gen edgelength [0.35*bb_elf*Side_*0.%fy;smaller zones

; assign contact properties
block contact jmodel assign mohr
block contact prop stiffnessormal 50e10 stiffnesshear 8e10 fric 25 coh 10.2e6 ten 17e6

; outside of DFN should be inifnitely strong

; not necessary in this case sifreetures will stop at block boundaries

;block contact prop coh 32e6 ten 17e6 fric 41 range-gshtl

; how set realistic strength for fractures

block contact prop stiffnessormal 30e10 stiffnesshear 3e10 coh 0 fric 30 ten 0 range-8ffec 'SET_1"
block contact prop stiffnessormal 30e10 stiffnesshear 3e10 coh O fric 30 ten 0 range-8étec 'SET_2'
block contact prop stiffnessormal 30e10 stiffnesshear 3e10 coh O fric 30 ten O range-8étec 'SET_3'
block contact prop stiffnessormal 30e10 #fnessshear 3e10 coh 0 fric 30 ten 0 range-8ffec 'SET_4'

block contact materighble default jmodel mohr
block contact materighble default property stiffnessormal 30e10 stiffnesshear 3e10 fric 30
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; Zone properties
block zone cmodel assigihastic
block zone prop dens 2700 young 649 poiss 0.22

; set up stress and strain histories
block gridpoint group 'top' range pagpz2]
block gridpoint group 'bottom' range pp$pz1]

[global area = Area_]
[global length = Height ]

fish def zzstress
; compression positive, units MPa
local top_reaction = 0.0
local bottom_reaction = 0.0
loop foreach gp block.gp.list
if block.gp.group(gp) = 'top'
top_reaction = top_reactiorblock.gp.force.reaction.z(gp)
local top_disp = block.gdisp.z(gp)
endif
if block.gp.group(gp) = 'bottom’
bottom_reaction = bottom_reaction + block.gp.force.reaction.z(gp)
endif
end_loop

zzstress = 0.56*(top_reaction + bottom_reaction)/area
zzstrain =2.0*top_disp/length
end

fish history zzstress
fish history zzstrain

block fragment compute
block fragment filkgroup slot 'fragmentpre’
block fragment dump filename ‘fragmeipise. txt'

model save 'initial’

; boundary conditions
block gridpoint apply velocity 0 velocityy 0 velocityz -0.05 range group 'top’

block gridpoint apply velocityk 0 velocityy 0 velocityz 0.05 range group ‘bottom’

program call "plot_Cracks.fis"

fish callback add plot_crackg interval 200
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model cyle 12000
model save 'Stoch_UCS_FracturedPillar'

; how compute fragement information

block fragment compute

block fragment filkgroup slot ‘fragments’
block fragment dump filename ‘fragments.txt'

plot 'plot01' export csv file 'SPilStrengthNIOSH_Run8.¢'.cs
plot 'plot02' export bitmap file 'SPilStrengthNIOSH_Run8.1_2D.jpg'
;plot 'plot03' export bitmap file 'SPilStrengthPREV_Run8.1.jpg’

program return

; eof: fragment.dat

153



APPENDIX E.

3DEC Code for Stochastic Pillar Stress Estimation
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; Case Study Mine 3D Stress Estimate, using the PEM Method, only assuming the deformation modulus as
varibale.

; Stress Scenario #3: SH = Sh ; Sh=Sv

; First PEL tral

; FileName: Stress1.1

model new

call 'GVol _CSM_Stress3DEC7.3ddat'

block cut jointset origin 437.873206.957 516.655 dip 30 difirection 180 jointseid 10001
block cut jointset origin 413.473219.757 478.785 dip 30 diglirection 180 jointseid 10002
block join

model save 'Geometry'

model restore 'Geometry’

; Geometry and orebody generation. Definition of groups for the hangingwall and the footwall.

block hide range plane origin 437387206.957 516.655 below dip 30 dijfirection 180
block group 'Hangingwall’

block hide off

block hide range plane origin 413.4723.9.757 478.785 above dip 30 dipection 180
block group 'Footwall’

block hide off

block hide range group 'Hangingwall’

block hide range group 'Footwall'

block hide off

; Mesh generation

block zone generate edgelength 50 range group 'Hangingwall'
block zone generate edgelength 10 range group '10001"
block zone geneta edgelength 10 range group '10002'

block zone generate edgelength 50 range group 'Footwall'

model save 'Zoned'

model restore 'Zoned'

; --- MAT 1: Hangingwall---

; density = 2.7 Ton/m3

; E=500® MPa, Poisson's Ratio= 0.3

block zone cmodel assign elastic

block zone property young 54616 poisson 0.22 density 0.0027

block zone property young 56587 poisson 0.19 density 0.0027 range group 'Hangingwall’
block zone property young 52947 poisson 0.2dsitg 0.0027 range group 'Footwall’

; --- insitu stress state based in density of overburden
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; gravity (m/s2)

model gravity 0 09.81

;horizontal sxx=syy=1.5*szz

block insitu topograph rati® 1 ratioy 1 raticz 1

; --- Boundary conditions for insitu stress state

; top of model open, no stress

; bottom

block gridpoint apply velocity 0 range positioz 0

; sides

block gridpoint apply velocitk 0 range positiox -267.595 tolerance.D
block gridpoint apply velocitk 0 range positiox 732.405 tolerance 0.1
block gridpoint apply velocityy 0 range positioty -837.943 tolerance 0.1
block gridpoint apply velocityy 0 range positioty 162.057 tolerance 0.1

Save boundary

model histoy mechanical unbalancadaximum
model history mechanical ratio

model largestrain off

model solve elastic cyc 8000

model save '¥Situ’

; --- Excavation---

;history delete

block gridpoint intialize displacement 0 0 0
block delete range group '10002'

model history mechanical unbalaneedximum
model history mechanical ratio

model solve elastic cycles 500

model solve cyc 10000

model save 'Excavatestressl.l'
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APPENDIX F.

3DEC Code for Pillar Stability Assessment
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; This model simulates one of the CSM under current mine stress scenario.
; The pillar is simulted as a fractured pillar using the BBM and considering the Filtered DFN
; This model seeks to verify thpillars at the case study mine are stable under current stress conditions.

;;; Geometry and orebody generation. Definition of groups for the hangingwall and the footwall.
;; This will be used in case the madenot imported from 3DEC with already defined groups.

model new

;call 'GVol_SinglePillar_3DEC7.3ddat’

block create brick 206.073 254.873898.968-362.382 365.419 446.92

block cut jointset origin 437.873206.957 516.655 dip 30 difirection 180 jintsetid 10001
block cut jointset origin 413.473219.757 478.785 dip 30 difirection 180 jointseid 10001
block hide range plane origin 437.8786.957 516.655 below dip 30 difirection 180
block group 'Hangingwall’

block hide off

block hide rangeup 'Hangingwall'

block cut jointset origin 218.273392.864 385.419 dip 90 difirection 180 jointseid 10001
block cut jointset origin 218.273392.864 385.419 dip 90 digirection 90 jointsetd 10001
block cut jointset origin 218.273392.864 3853119 dip 0 dipdirection 90 jointsetd 10001
block cut jointset origin 242.673368.482 400.31 dip 90 digirection O jointsetd 10001
block cut jointset origin 242.673368.482 400.31 dip 90 digirection 90 jointsetd 10001
block hide range plane lwel origin 413.473219.757 478.785 dip 30 digirection 180
block hide range plane above origin 218.2332.864 385.419 dip 90 digirection 180
block hide range plane below origin 218.2392.864 385.419 dip 90 digirection 90

block hide range plangelow origin 242.673368.482 400.31 dip 90 digirection 180
block hide range plane above origin 242.6388.482 400.31 dip 90 digirection 90

block hide range plane below origin 218.2392.864 385.419 dip O digirection 90

block group 'Pillar’

block hide off

block hide range group 'Hangingwall’

block hide range group 'Pillar'

block cut jointset origin 242.673368.482 400.31 dip O digirection 90 jointsetd 10001
block hide range plane below origin 218.2332.864 385.419 dip O digirection90
block hide range plane below origin 413.4239.757 478.785 dip 30 digirection 180
block hide range plane above origin 242.6388.482 400.31 dip 90 digirection 180
block hide range plane above origin 242.6388.482 400.31 dip 0 digirection 90

block hide off range plane below origin 413.4239.757 478.785 dip 30 digirection 180
block hide off range plane below origin 218.23%2.864 385.419 dip 0 digirection 90

block group 'Footwall'

block hide off

block hide range group 'Hangingwal
block hide range group 'Pillar'

block hide range group 'Footwall'

block group 'Excavation’

block hide off
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block join

model save 'Geometry'

;block hide range group 'Footwall'
;block hide range group 'Haimgwall'
;block hide range group 'Excavation’

block zone generate edgelength 3
block zone list poly

model new

model random 10001

model largestrain on

model title 'Single Pillar @bility Assesment CSM'

program call "7V_DFNs_Generation_DFN2m.dat"

; set minimum joint set id > 1 so we can differentiate from DFN
block cut set mirid 2

program call ‘poly’

block hide range group 'Pillar'
block join
block hide off

block hide rangemup 'Hangingwall'
block hide range group 'Excavation'
block hide range group 'Footwall'

; cut DFN-id 1

block cut dfn name 'SET_4"'
block cut dfn name 'SET_1"
block cut dfn name 'SET_2"'
;block cut dfn name 'SET_3'
block hide off

;; generate zonesMesh generation

;block zone generate
block zone generate edgelength 1

;block zone generate edgelength 1 range group 'Pillar'
;block zone generate edgelength 1 range group 'Excavated'
;block zone generate edgelength 2 range group 'Footwall’

model save 'Zogd'
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; assign contact properties
block contact jmodel assign mohr
block contact prop stiffnessormal 50e10 stiffnesshear 8e10 fric 25 coh 15.3e6 ten 17e6

; outside of DFN should be inifnitely strong

; not necessary in this case since fracturesstdf at block boundaries

;block contact prop coh 32e6 ten 17e6 fric 41 range-gEntl

; how set realistic strength for fractures

block contact prop stiffnessormal 30e10 stiffnesshear 3e10 coh 0 fric 30 ten 0 range-8étec 'SET_1'
block contact prp stiffnessnormal 30e10 stiffnesshear 3e10 coh O fric 30 ten 0 range-8étec 'SET_2'
block contact prop stiffnessormal 30e10 stiffnesshear 3e10 coh 0 fric 30 ten 0 range-8étec 'SET_3'
block contact prop stiffnessormal 30e10 stiffnesshear 810 coh 0 fric 30 ten 0 range eddec 'SET_4'

block contact materigible default jmodel mohr
block contact materigtable default property stiffnessormal 30e10 stiffnesshear 3e10 fric 30

; Zone properties

block zone cmodel assign elastic

block zane prop dens 2700 young 49e9 poiss 0.22 range group 'Hangingwall' ; Elastic modulus from
Generalized HoeBrown Criteria

block zone prop dens 2700 young 52e9 poiss 0.22 range group 'Footwall’ ; Elastic modulus from
Generalized HoeBrown Criteria
block zone prop dens 2700 young 64e9 poiss 0.22 range group 'Pillar'  ; Elastic modulus the same that was

used for pillar stregnth estimation models with the BBM
block zone prop dens 2700 young 64€9 poiss 0.22 range group 'Excavation’

; --- insitu stresstate based in density of overburden

[Model_Top = 446.920]
[Model_Bottom = 365.419]

; The top of the model (elev 446.92 m) is at a depth of 203.058 m from the surface (elev 649.978)
; vertical stress: szz=(2700kg/m3*Q)*(649.978m)

; at z=446.92m : szz6.37 MPa

; Aradient of zss: 26.5 kPa/m = 0.0265 MPa/m

; (positive: less compression going)

;horizontal 1.5*sxx=szz ;1.5*syy=*szz

block insitu stress8.06e6-8.06e6-5.37e6 0 0 0
;gradientz 0.0397 0.0397 0.0265

; gravity (m/s2)
model gravity 0 39.81

; --- Boundary conditions for insitu stress state

; top
block gridpoint apply velocity 0 range positioz [Model_Top] tolerance 0.1
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: bottom

block gridpoint apply velocity 0 range posibn-z [Model_Bottom] tolerance 0.1

; sides

block gridpoint apply velocitk 0 range positiox 206.073 tolerance 0.1

block gridpoint apply velocitk 0 range positiox 254.873 tolerance 0.1

block gridpoint apply velocityy 0 range positioty -398.968 dlerance 0.1

block gridpoint apply velocityy 0 range positioty -362.382 tolerance 0.1

;Save boundary
program call "plot_Cracks.fis"

fish callback add plot_crack4 interval 200

; set up stress and straintbises
block gridpoint group 'top' range pegModel_Top]
block gridpoint group 'bottom' range ppgModel_Bottom]

[global area = 1785.383]
[global length = 81.502]

fish def zzstress
; compression positive, units MPa
local top_reaction = 0.0
locd bottom_reaction = 0.0
loop foreach gp block.gp.list
if block.gp.group(gp) = 'top'
top_reaction = top_reactiorblock.gp.force.reaction.z(gp)
local top_disp = block.gp.disp.z(gp)
endif
if block.gp.group(gp) = 'bottom’
bottom_reaction = bottom_reaction + block.gp.force.reaction.z(gp)
endif
end_loop

zzstress = 0.56*(top_reaction + bottom_reaction)/area
zzstrain =2.0*top_disp/length
end

fish history zzstress
fish history zzstrain

block fragment compute

block fragment filkgroup slot ‘fragmentpre’
block fragment dump filename 'fragmeiptse.txt'
model history mechanical unbalaneedximum
model history mechanical ratio

model largestrain off

model solve elastic cyc 8000
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model save 'lfSitu’

; --- Excavation---

;history delete

block gridpoint initialize displacement 0 0 0
block delete range group 'Excavation’

model history mechanical unbalaneedximum
model history mechanical ratio

model solve elstic cycles 2000

model solve cyc 10000

model save 'Excavated'
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