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CHAPTER 1

INTRODUCTION

This thesis was motivated in part by some recent results of
Stroud and Barrow [3] showing the existence of Gaussian-type formulas
for the problem of interpolating harmonic functions. Their results
exhibit in a concrete fashion the character of Gaussian approximations
to a specific important class of linear functionals. The general
problem (of which they considered only a very special case) is described
below.

Let X be a compact subset of R” and let H be a subspace (normally
of infinite dimension) of C(X) where C(X) denotes the real-valued
continuous functions defined on X. Finally, let Wm denote a subspace
of H with Wm being of dimension m.

If L is a linear functional on C(X) then a standard problem in
numerical analysis is to find an approximation for the restriction
of L to H. In particular, we seek an approximation Q to L where Q is

of the form:

n
Q(f) = ) A,f(x.) = L(f) , feH (1.1)
et j J
j=1
(Normally, L is a positive linear functional om H.)
Typically, we comstruct a sequence of approximations Ql, QZ’
seee, Qm,-~--, where Qm is a linear combination of point evaluations

as in (1.1) and each approximation Qm is exact for some given subspace



Wm of H. That is, we want Qm to satisfy:
n
Qm(p) = ) A.p(x.) = L(p), for all peW (1.2)
ju1 43 m

Here, the Wm are usually chosen so that Wm becomes dense in H
as the dimension of Wm grows.

We expect that the value n in (1.2) will increase as the value
m (the dimension of Wm) increases. If the value n grows very fast
then the formula becomes unpractical. Therefore, we would 1like our
formulas to use as few points as possible. If we observe that the
weights Aj and the nodes xj in (1.2) can be considered as parameters,
then Qm contains 2n parameters. Thus it may be possible to choose
the Aj and xj so that Qm(p) = L(p) for all p in Wm, where n = m/2,
(assuming m is even). Frequently, if Lis a positive linear functional,
it is easy to show that n < m/2 in (1.2) is not possible.

Formulas with both positive and negative coefficients are
particularly undesirable if the magnitudes of coefficients are large
compared with L(1) (we assume Wm contains the constant functions).

The reason for this is because

n
121 A, = L)

and a large amount of round-off error is introduced if
n

z IA] >» L(1)
=1 *

Therefore, we want the weights to be all positive in (1.2).
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In addition, it is easy to show that “QmH = z |Aj| (we use the
=1

sup norm on C(X) and the corresponding operator norm for Qm), so the
uniform boundedness principle shows that Qm(f) + L(f) as m + @ (as
Wm becomes dense in H) as long as Hle[ < M. The positive weights

Aj in (1.2) will ensure that Hle[ is bounded. This is true because

L) = Q (1)

]
I o~—p
g

Thus, if the weights are positive, it follows that

n n
] = 7 |A,| = A, = L(1)
Il = 5141 = T
that is, = L(1) and this is a bound on || independent of m.
% Q|

In summary, a formula which has all of its weights Aj positive
and uses a minimum number of nodes is more desirable, and will have a
smaller error, than a formula for which one or both of these properties
is lacking.

A formula Qm(f) which has positive weights, which uses a minimum
number of nodes and which satisfies Qm(p) = L(p) for all pewm is called
a Gaussian approximation for L.

The classical example of a Gaussian approximation is given by

Gaussian quadrature, where:

X

[aab]
C(X)

H



Wm = The set of all polynomials of degree m or less,
m odd.
b
L(f) = J w(x)f(x)dx, w(x) is a fixed positive continuous

a

weight function.
For m = 2n-1, it follows that the dimension of Wm is 2n and it is easy
to show that there always exist positive weights A.j and nodes xj so

that

b n
L(f) = f w)Ex)dx = ) A.f(x,) = Q, (£ (1.3)
a j=1 J J

J
where if f is a polynomial of degree m = 2n-1 or less, then L(f)
= Qm(f). In addition, the xj in (3) can be characterized as the
zeros of the n-th degree orthogonal polynomial pn(x), where the

crthogonality conditions are the usual
b
J W(X)pi(X)pj (x)dx = 0 , i#3, degree (p) =k .
a

In general, if L is any positive linear functional defined on C[a,b]
then results from the recently developed Tchebyscheff-system theory
(see Karlin and Studden [11]) can be used to characterize and to find
the Gaussian approximation for L.

For linear functionals defined on C(X) where X is a subset of
R™ (n 2 2) there is no such systematic body of theory. The study, for

example, of approximating integrals of functions of several variables



is in a general state of disarray and only special cases have been
analyzed. Even in special cases, such as when X is a unit cube, the
analysis is nowhere as near complete as in the theory of Gaussian
quadrature for functions of a single real variable. In addition,
when X is not a subset of the real line there are far more linear
functionals which admit a Gaussian approximation. For example,
Gaussian interpolation formulas exist for some subspaces of C(X)
(for example, the harmonic functions as shown by Stroud and Barrow).
On the other hand, there can be no true Gaussian interpolation
formulas for subspaces of C[a,b].

In summary, we have defined the common thread of this thesis to
be the search for useful information about and examples of Gaussian
approximations to linear functionals (which are typically positive
functionals on a subspace H of C(X)). In this context, if Wm is a

n
subspace of H then a Gaussian approximation Qm(f) = z Ajf(xj)‘z
j=1

L(f) is characterized by: Qm is exact on Wm, Qm has positive weights
Aj and the number of nodes, n, is as small as is possible. In the
generality we have stated the problem, very little is known. 1In
Chapters 2 and 3 we consider twd special cases and then in Chapter

4 we examine some aspects of the general problem. One reason the
problem of Gaussian approximation is so interesting (and so in-
tractable) is that the standard approaches of numerical analysis

and approximation theory are not productive and numerious techniques

from other areas of Mathematics must be adapted to this problem. For



example, to prove the existence of Gaussian interpolation formulas
for harmonic functioms, Stroud and Barrow had to employ severai
results from homotopy theory. As another example, Gaussian approxi-
mations are known to be connected with the problem of finding common
zerts of sets of orthogonal polynomials (polynomials in several
variables). This means that Gaussian approximation is linked in-
timately with algebraic geometry and the study of varieties in
R[xl, Koy xn].

Finally, we are considering Gaussian approximations in the
context of numerical procedures, so existence and uniqueness theorems
are not the only end aim. We need a way to actually find the Gaussian

approximations so we can use them in computer implementations for

real problems.



CHAPTER 2

GAUSS HARMONIC FORMULAS

2.1 INTRODUCTION

In this chapter we discuss Gauss harmonic formulas. Mainly,
we provide an algorithm for constructing such formulas. Gauss har-
monic formulas approximate a harmonic function at an interior point
of a region D in terms of a linear combination of the boundary
values of the harmonic function. Such formulas are useful for
approximatiﬁg the solution of the Dirichlet problem.

Let us consider the two-dimensional Dirichlet problem; that is,
find a function u(x,y) to satisfy

2 2
%;% + %;% =0 in D
where u is given on B.
Here, D is an open, bounded, simply connected region in R? and B is
the boundary of D. ‘

For any given point @ in D, o = (x*,y*), it is well known (see

for example [13, p. 85]) that

u(a) = J w(a;x,y)u(x,y)do where
B

- 3G
w(asx,y) S vy (a3x,y) .



Here G(a3;X,y) is the Green's function for D, so w(a;x,y) is the
normal derivative of the Green's function.

We are interested in approximations of the form

N
ula) = ZAku(xk,yk) (2.1)
k=1

where the points (xk,yk) are distinct and lie on B, with a = (x*,y*).

DEFINITION 1. We say that (2.1) is a harmonic interpolation formula

of degree d if (2.1) is exact for all harmonic polynomials of degree
< d and if there is at least one harmonic polynomial of degree d+1
for which (2.1) is not exact.

A polynomial of degree k is of course a polynomial p(x,y) of
two variables, where the highest degree of either x and/or y is k.

A harmonic polynomial p(xX,y) is a polynomial which satisfies Laplace's
32 32
equation 5§§-+ 5;% = 0. For each positive integer i there are two

basic harmonic polynomials of degree i and moreover, these basic
polynomials are homogeneous. The first few of these basic harmonic

polynomials are listed in Table 1 below.



i p(x,y) q(x,y)

1 X y

2 x2 - y2 2xy

3 x3 -3xy? 3x2y - y3

4 x* - 6x%y2 + y* 4x3y - 4xy3

Table 1: The harmonic polynomials of degree 1,2,3,4.

The basic harmonic polynomials of degree k are characterized as being
Re(zk) and Im(zk) where z = x + iy. Thus a harmonic polynomial of

degree k is an expression of the form

k . k .
p(x,y) = a0-+ Z a,Re(z9) + Z b,Im(zJ)
j=l J j=l J

where the aj, 0 < j £k, and the bj’ 1l < j <k, are real scalars.
Note that the constant polynomials are harmonic polynomials of
degree zero.

For convenience, we let Hn denote the set of all harmonic poly-

nomials of degree n or less. Clearly, we have
Hn = gpan{l, Re(zm), Im(z™) |m=1,2,+++,n} .

Thus if (2.1) is a harmonic interpolation formula of degree d then

it will be exact for any linear combination of
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1, Re(zm), Im(zm) 3 m=1, 2, <+, d

z =x+ iy , i=/-1

For a given N we want to find the nodes (xk,yk) and the weights
Ak’ k=1,2,+-+,N, so that (2.1) will be harmonic interpolation

formula of as high degree as possible. Since each (x ) is re-

kK
stricted to lie on B, there are 2N free parameters in the choice of
<xk’yk)’Ak' On the other hand, the dimension of HN-l is 2N-1. There-

fore we would expect that by choosing one of the free parameters in

advance, we could uniquely determine the other parameters so that

(2.1) has degree N-1.

DEFINITION 2. The approximation (2.1) is called a Gauss harmonic

interpolation formula if

(a) the weights Ak are real and positive

(b) the approximation (2.1) has degree N-1.

In 1976, Stroud and Barrow established the existence of Gauss
harmonic interpolation formulas for regions in R? (see [3]), and
they discussed (see [4]) approximation formulas for the Poisson
equation in 1977. 1In [7], Davis and Wilson showed the existence of
nonnegétive interpolation formulas for uniformly elliptic equatioms.
Barrow ([1], [2]) discussed similar Gauss interpolation formulas for
the heat equation. For the Dirichlet problem in higher dimensioms,

the existence of non-negative interpolation formulas has been
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established by Davis [6] but the existence of Gauss‘interpolation
formulas in dimensions greater than two is still an open problem.
Finally, Johnmson and Riess [10] gave a closed-form solution for
circular region.

The purpose of this chapter is to discuss a method for computing
such formulas for general regions. In Section 2 we state a necessary
and sufficient condition for a formula to have degree N-1. 1In Sectiomn
3 we derive a nonlinear system of equations which the points must
satisfy. In Section 4 we discuss the numerical solution for the

formulas and in Section 5 we discuss the properties of the formulas.
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2.2 PRELIMINARY RESULTS

For any constant o in €, & = x* + iy%*,
{1, Re(z-a)J, Im(z-a)Jlj =1, 2, ***, N-1} is also a basis for HV 1
N—
Therefore, a harmonic polynomial of degree N-1 can be written as an
expression of the form
N-1 N-1

) akRe(z—on)k + ) b
k=1 k=1

h(z) = a Im(z-—a)k

0 k

where the ak and bk are real.

We have the following elementary results:

LEMMA 2.1 Given the formula (2.1), the following are equivalent:

(a) Formula éZ.l) is exact on HN—l
) A1u(zk) for the functioms
k=1 <

() u(a)

u(z) = (z=0)3 and u(z) = (z=a)3, 0 < § < M1
N

(c) The weights Ak are real and u(a)= Z Aku(zk)
k=1

for the functions u(z) = (z—a)J, 0 £ j £ N-1.

(PROOF) First we note that u(a) =1 for u(z) = 1 and u(a) = 0 for

u(z) = (z=0)3, 1 < j < N-1.

(a) == (b): From (a) we have, for 1 £ j £ N-1,
7 j ) 3

) Re(z, -a)? = 0, Im(z, -a)” = 0 and
o A
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N
z = 1. Therefore,
k=lAk

N
. N . N .
) (z,-0)3 = Y ARe(z -0)d =1 J A Im(z -a)d = 0.
k=1 R k=lAk k k=1Ak k

ry 5 7 . N ,
and ) A (z,-0)) = ) ARe(z,-a)? - i [ A Im(z -a)J = 0.
k=lAk k k=1Ak k k=1Ak k

Hence we get (b). N

N - .
(b) => (c): Since 2 Aku(zk) = u(a) for u(z) = (z-a)J,
k=1

0 £ j £ N-1, we can take conjugates on both sides and obtain
. :

z K?u(zk) = u(a) for u(z) = (z—a)j, 0 < j £ N-1. But, by
k=1

N N
b)), z u(z, ) = u(e) and therefore Z ( f— Yu(z,) = 0 for
N " T S T

u(z) = (z—a)J, 0 < j £ N-1. However the matrix

l l e 0 00 l
zlja 22':(1 e e e 0o ZNja
TON-1 toN-1 © o N-1
i (zl - a) (z2 - ) (zN a) |

is a Vandermonde matrix and is non-singular whenever 215295

are distinct. So, we have Ak4zk = 0, that is Ak==2£

LU I

> IN-1
and thus the weights Ak are real. This is (c).

N .
(c) = (a): Suppose u(a) = ) A u(z, ) for u(z) = (z-a)7,
LA
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0 < j < N-1.
———— N ——— *
Since the Ak are real, we have u(a) = z Aku(zk), for u(z) = (z—a)J,
k=1
N

0 < j £ N-1, and therefore, we have u(c) = z Aku(zk), for u(z)
k=1

. . N .
(z-a)J and u(z) = (z-a)-, 0 £ j £ N-1. Now, Z AkRe(zk-a)J
, k=1

N . N . N .
L) A (z )+ 4 Y A (z -a)d = 0, similarly, ) A Im(z -a)?
2L At ? LA L Bt

N . N .
é%- z Ak(zk—oc)J - 5%- z Ak(zk-on):j =0 for 0 < j £ N-1. Hence
k=1 k=1
(2.1) is exact on HN—l‘ This completes the proof.

For convenience, we let uo(z) = 1 and uj(z) = (z—a)J, ji=1,2,

coo.o’N_l'

LEMMA 2 For any N distinct points z,,z,,***,z_., there are unique
LEMMA 2 y P 172 2 d

weights A A2,°°°,AN such that

1’

N
uj(a) = kZlAkuj(zk) for j = 0,1,+++,N-1 . (2.2)

(PROOF) Since the coefficient matrix for the (N XN) system in (2.2)
is a Vandermonde matrix, we have unique weights Al,Az,“-,AN which

satisfy (2.2). Q.E.D.

In view of Lemma 2, it follows that the weights Ak are determined

whenever the nodes z + iyk are chosen. By Lemma 1, we need

k- Tk
some means to characterize the nodes z) so that the weights Ak are

real. In general, it is a very hard problem to actually determine
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the nodes of a Gauss harmonic formula, but we have found the
following characterization to be useful in numerical calculations.

(There is no obvious way to use the characterization given in Lemma 1.)

THEOREM 2.1 The interpolation formula (2.2) is exact on HN—l if and

only if, for each j, 1 £ j < N-1, we have

(z) 4+ a

uj(Z) = (z)

251" §,N-1"N-1

at z = 2152452

N

(PROOF) Suppose formula (2.2) is exact on HN—l' Since

[~ - - 2 ® o 200 — N_l 7]
1 z, - (zl a) (zl a)
- - 2 teees AN L
1 z, = 0 (22 a) (22 @)
. : _.. 2 sesv e _.. N_l -
1 zy ~ @ (zN o) (zN a)

is a Vandermonde matrix, it is nonsingular. So, for each j, 1<j<N-1,

we have

(z) + *= + a,

(A) u,(z) = u (z) + ajlul J,N—luN-l

3% 7 250% =)

es oo Z

holds at z = 205 Z5s > Zye
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If formula (2.2) is exact on HN-l then from Lemma 1, we have
N N
u, (a) = u,(z,) and u,(a) = u, (z,)
3( ) kZlAk itk 3 kZlAk ik

for 0 £ j £ N-1.
N
Therefore .(z,) =u,(a) =0 for 1 < j < N-1. On the other
, kZlAkuJ( BINCY iz

hand, from (A), we have

N N N
k..Z::I-Aku:,‘(zk) = ajokglAkuO(zk) + ajlkzlAkul(zk) Fooe

N
+ aj,N-lkzlAkuN—l(zk) = ajouo(a) + ajlul(a) oot aj,N-luN-l(a)
= ajO'
Therefore, it follows that a., = 0 for each j, 1 < j £ N-1. Hence we

get the necessary condition.

Conversely, suppose for each j, 0 < j < N-1, we have

u,(z) = ajlul(z) + s+ 3, (z)

i 3,N-1"N-1

holds at z = Z1s 295 ey zy

N
From Lemma 2, we have that u,(a) = Z Aku,(z ) for 0 < j £ N-1 and
3 k=l £k -

N
we want to prove that u,(e¢) = z Aku.(z ) for 1 < j £ N-1.
i k=l K31k



17

By our assumption, we have for each j, 1 £ j £ N-1

N N N

Y Au. (z) = a, Z u,(z,) +eeet a, ) u, . (z)
LA T A LAt M 3o8-1 4 -1
= ajlul(a)+°--+ aj,N-luN-l(a) =0 = uj(a)

Therefore, from Lemma 1, we can conclude the formula (2.2) is exact

on HN—l and this completes the proof.
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2.3 THE SYSTEM OF EQUATIONS FOR THE NODES

From Theorem 2.1, if formula (2.2) is exact on HN—l then for

each j, 1 £ j £ N-1, uj(z) = ajlul(z)+-°-+aj’N_luN_l(z) holds at

LRI

z = 205 2, > Zye

That is, for each j, 1 < j < N-1

o 2 N-1 - -
Y1 Y1 v [ 351 wi
2 N-1 . .
N-1 YN-1 N-1 . ;%-1
w w2 e 00 0 WN-l | —j
L. N N N . i aj,N-lJ i wN
where W = z, - a, 1 £k £ N.

Let us consider the subsystem consisting of the first N-1

equations. Again, the coefficient matrix is a Vandermonde matrix;

so there exist unique scalars al’ az,"°', aN—l’ such that

2 ... N-1_—
alw + azw + + aN_lw =W for w

]
£

...’ WN

l’

1 N-1

N-
That is, there exists a polynomial pj(w) = Qw +**+ 0. W 1

pj(wk) = ;i , 1 <k < N-1.

In general, pj(wﬁ # ;%. But, from Theorem 2.1, w

1’72

-oo’w

satisfy pj(w) =W if zl,--'z\I are Gauss nodes. We investigate
I\

N

with

must

under what condtions the points Wi sWosttts Wy have the property that
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pj’(wN) = GIJ\] 1<j < N-1.

We define the function fj as follows: fj(w) = %;.

p. (w)
Let qj(w) = —l;——, then q(w) is a (N-2)-nd degree polynomial

and interpolates the function fj at w = Wis WostttsWy oo that is,

for 1 < k < N-1.

e |wiu-

1 (wk) =

From Newton's divided difference formula, the (N-1)-st degree

polynomial which interpolates fj at w = Wy, W T Wy has the form:

22"

rj(W) = qj(W) + fj[wl’WZ’ '-',WN](W - wl)'“(w - W, .)

N-1

£l 1-£Lw ]

where f[wl] = f(wl), f[wl,wz] = ——;;—:_;Z__, e

]

f[wz’ e e e )WN]—f[Wl’ LRI ’WN_l

f[w JERRR: ]___
1 N Wy T W

£

Now, if fj[wl’...’wN] = 0 then rj(w) = qj(w). Ig p;rticular, qj(wk)

=j
W,
k

= < - = —

rj(wk), 1 <k £N. But rj(wk) fj(wk) 5 », 1 £k £N, and so
k
= = - ] . = .
we have, qj(wk) 3 , 1 £k £N. Therefore, pj(wk) wkqj(wk)

= wﬂ, 1 <k £ N. Hence, we can conclude that if we choose zl,“',zN

(and hence wl,"',wN) so that
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]
(@]

fl[wl)wz, ce ’WN]

|
o

fz[wl’WZ’...’wN] = 2.3)

|
(@)

fN_l[Wlswza"')WN] =

then, from Theorem 2.1, the formula (2.2) is exact on HN—l'
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2.4 NUMERICAL PROCEDURE FOR DETERMINING THE FORMULA

Without loss of generality, we assume the origin is interior to
D and that D is starlike with respect to the origin. Thus, see
Figure 1, the boundary B can be parameterized in terms of an angle

8, 0 < 6 < 2m.

(me\,'a(e\\

(=]

> X
([ ey

FIGURE 1 A parameterization of the boundary of D

For z(0) = (x(0),y(8)), we try to find 61,"°,8N_1 so that

z X(ek) + iy(ek) solves Equation (2.3) in Section 3. Here,

k

Z

N x(eN) + iy(eN) is fixed and (2.3) becomes a complex-valued

system of N-1 equations and we are looking for a real solution

e LRI e

6
2 > N-1°

We use Newton's method to solve (2.3), and note that a good
initial guess is required. To generate this initial guess, we draw
on the results on [8]. 1In [8] a solution to (2.3) is given when the

boundary of D is C = {z||z| = 1}; that is, the interpolation nodes

can.be easily calculated for a circular region and for any o in



|z| < 1. The circular region interpolation nodes are mapped to B
using a conformal mapping from C to B, and the images are then used
as an initial guess for the problem of solving (2.3). Since conformal
mappings preserve harmonic functions there is some reason to hope this
procedure will generate reasonable initial guess for Newton's method
applied to (2.3). The numerical experiments detailed later support
this assumption. Thus the procedure we used to solve (2.3) is as follows:
(1) Find the conformal mapping & from C to the given

region D and the inverse mapping Y of ¢, where C is the

circular region.

(ii) For a given @ in D, use [8] to find the interpolation

nodes SR for B = Y(a).

N

(iii) Use zg = ®<tk)’ k=1, 2, ***, N as an initial guess.

(iv) Apply Newton's method. Define the vectors

B ER
25(83) 0 s
50 = ’ io = ’ :«10 =
_zgl-l O ] _931-1 i _fﬁc\)rd
and Ffl[wg,...,ng
g(YO) - f2[w2,~°-,wg]

- 0 0
_fN_l[Wls sW. ]_ .
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» 1 £ j < N-1. Newton's

< |2

0
Here, W = z, - g, 1 <k <N, fj(w) =

method is _Q} = g? - Jalfﬁyp), where J, is the (N-1) x (N-1)

Jacobian matrix in which the element of jth row and kth column is

39
35_{j (we may use a simple difference quotient to approximate it).
k
Usually it is proposed that one not compute the inverse(IEJo but
. .0 - .0 .1 ) . 0 __.,0
find §” = 8~ - 8~ as the solution of the linear system JO § =fWw).

Repeat this step to compute g? from Q} and so on.
Having found the nodes zl,"',zN, it is easy to determine the
weights Al,'°°,AN. In particular, if (2.2) is a Gauss harmonic inter-

polation formula of degree N - 1, then z, and Ak must satisfy the

k

following 2N-1 equations:

A+ Ay ek A =1

1
AlRe(z?) + AZRe(z‘;) oot ANRe(zIL\’I‘) = Re(a™) (2.4)
AlIm(zT) + Azlm(z;) el ANIm(zﬁ) = Im(am)

m=1,2,***,N-1.

If we choose 215295 *s2y to satisfy the system of Equation (2.3)
then, from Lemma 1, we know that all the Ak are real. Therefore,
it can be seen that system (2.4) will be equivalent to the following

system:
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A Ay b A =1

1
s ee e = (2.5)
Apzg ¥ Agzptettt Ay =
N-1 N-1 N-1 _ N-1
Alzl + AZZZ +eooot ANzN = q

Clearly, the system (2.5) is a Vandermonde system and is easily

solved for the Ak:

We have not been able to prove that Ak > 0, but in the numerical
tests we made we found this was always true. In Chapter 5, we give
an extensive list of numerical results and illustrate how the pro-

cedure described in this section worked in practice.
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2.5 THE PROPERTIES OF THE GAUSS HARMONIC FORMULAS

The following result is known (and easy to prove, see [3], Lemma 3).

LEMMA 3  There cannot be a harmonic interpolation fofmula of degree
N-1 with N-1 or fewer points.

Therefore, we cannot construct a formula with N points having
degree larger than N-1, this means the Gauss harmonic formulas attain
highest precision.

One reason for comsidering approximations which are exact for
harmonic polynomials is found in a theorem of Walsh. If u(x,y) is
continuous on B then (see Walsh [17, Lemma 1, p. 169]) given any ¢ > 0
we can find an integer N and a harmonic polynomial pN(x,y) of degree
N so that [u(x,y) - pN(x,y)[ < ¢ for all (x,y)eB U D. Therefore, we
have

N+1
luGx,y) - kZlAkucxk,ykﬂ < JuGy)-py .yl

N+1

+ oy (x.y) - kzl AP (Y]
IN4Z-1 N-zl:-l

+ Py (X, »y,) - u(xy ,y,) |
T e S A

N+1 .
e + kzl[Akl IpN(xk,yk) - u(x,yy) |

IA

N+1

e(l + izl lAkI)'

]



26

N+1 .
In general, Z IAkI grows larger as N increases, the convergence of
k=1
N
the formulas requires the unifcrm boundedness of z IAkl; that is,
k=1

N .
z lAkl < M independent of N. This is guaranteed because the weights
k=1

are all positive in the Gauss harmonic formulas; that is, because

N N
z lAkI = Z Ak = 1 for all N. Hence, we conclude for any given point
k=1 k=1

a in D that the sequence of Gauss formulas converges to the true solution
and there is no condition necessary for u beyond continuity. Also, we
note that positive weights have good rounding properties.

We are not able.to find a closed-form solution as in [10] for general
regions. But, if the region D is bounded by unit square B:lxl =1,

|y| 21or lyl =1, IXI < 1 then we get the following result:

PROPOSITION If a is real and O < a < 1 then
(a) Re(z? - (1+a)z + @) = 0 has 3 roots on B.
(b) Re(z2 - az2 - z + @) = 0 has 4 roots on B.
Moreover, the weights for each formula are real when the nodes are
chosen as roots of the equation in (a) or (b).
(PROOF) (a) 1If o is real then Re(z2 - (4a)z + a) = 0 is

r2c0826 - (l+a)rcosd + o = 0. At 6 = 0,

equivalent to p(®)
p(0) = 0, that is, z = 1 is a root of p(8) = 0. At 8 =m1/2,
p(w/2) = -r2+a and since r(8) 2 1, o <'l, it follows thaﬁ

p(n/2) < 0.
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At 8 = n,Ap(n) =12 + (1+0)r + @ > 0 and so there is a root for

/2 <8 < .

Since, p(8) is an even function and the region is symmetric, there
is also a root in -m < 6 < - 7w/2. Therefore, p(8) = 0 has 3 roots,

1, zl, El’ on B. Now, we verify the weights are all real.

- _= (a-1) (a-z.)
AO = (o zl)(a Z1) is real if o is real. Next, Al = 7 1_ )
(1-2 ) (1-z)) (z,-1)(z,-2,
a -1 a-z o =
e p—) where , —3 1S pure imaginary.
1 71 1 -1 1 - - -
a-Z o=z -(zl—a)(zl—l)
Thus A, is real if : is pure imaginary and =
1 z,-1 z,-1 lzl—l]2
- (2~ (a+1)Z +a) L a-2
= lzl"llz . Since Re(zl-(a+l)zl+a) =0, zl_l is pure imaginary.
Hence, A.l is real. Finally, A2 = Kl so A2 is real if Al is real.

Therefore, all the weights are real. Similarly, we have (b). Q.E.D.

By modifying the proof, the above result remains true for the
region symmetric about the x-axis and having the point z = 1 in the
boundary.

We make one final comment: the uniqueness of the formula is
not true for every simply connected region. Let us consider 3-point
formula with a is real, as in the Proposition. Then Re (z2-(1+a) z+a)
= 0 can be written as (xlyz) - (14+a)x + @ = 0 and is equivalent to

1+ -a)2 _
(x - —Eg ) - y2 = (l4a) which defines a hyperbola. Therefore, if the

region D has one side satisfying this equation then any two symmetric

points on this side along with the point z = 1 can serve as Gauss nodes.
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Moreover, by direct computation, if the point z; =% + iyl is chosen
with xq is positive (and hence X 2 1) then the weights Al = A2 are

negative but if z. is chosen with X < 0 then the weights A

1 = A2 are

1
positive. Therefore, to guarantee the uniqueness of the formula, we
need some other conditons. These may include convexity of the region,

but we don't know yet.



CHAPTER 3
MAXIMUM PRECISION IN ELLIOTT-DONALDSON FORMULAS

1. INTRODUCTION. In [ 8] Elliott and Donaldson consider a large

class of formulas for approximating I(f) = { w(Tt)f(1)dr where L is
either a smooth arc or a simple closed contoir in the complex plane,
w is a weight function and I(f) is either an ordinary integral or a
Cauchy principal-value integral depending on the nature of the
function f. 1In this chapter we consider such approximations for

integrals of the form

I(f) = —— f f£(z) 4, , (3.1)
L

where L is a simple closed curve containing o and the origin, with
o # 0. Our approximations for (3.1) shall be of the form
n

Q) = ] Af(r
k=1

k) , (3.2)

where Tk, 1 £k £n, are distinct points on L. Such formulas can
be used when f is analytic, of course, to approximate f(a) using known
values of f on L.

As a specific instance where a formula such as (3.2) finds a
practical application, consider Laplace's equation V2y = 0 for the
region bounded by L and where u(x,y) is specified on L. In this

situation, the solution u(x,y) is the real part of an analytic

29



30

function f(z) = u(x,y) + iv(x,y) and there are numerical techniques
(c.f. Swarztrauber [l6],»or Bickner [5 ]) for approximating the
conjugate harmonic function v(x,y) for (x,y) on L. Thus for a = a

+ ib, u(a,b) = Re(f(a)) and by (3.2)
n
f(a) = ) aluG) + )] .
k=1

Besides being useful, a formula for approximating I(f) provides an

- interesting example related to the general problem of constructing
quadrature formulas which have a maximum degree of precision.

While Gaussian quadrature is well understood for functions of a real
variable, the theory of Gaussian cubature is not nearly so well
developed. For example (c.f. Schmid [14] or [15]), given a region

Q in the plane there is no known simple procedure to determine the

number of nodes required so that the quadrature

n
Z B.f(x.,y.) = IJ f(x,y)dA
3=1 3 3173 Q
is exact for all bivariate polynomials of degree 2k-1 or less. The
problem of approximating I(f) has a similar character.

Returning to the approximation (3.2)

1 £(2) _ T
Th JL e 2 ‘vkzl Af(T)
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we see immediately that the quadrature cannot be exact for poly-
nomials of degree n. That is, if f(z) = (z—rl)(z—rz) see (z—rn)

then Q(f) = 0 but I(f) = f(a) # 0; thus, in contrast to the situation
for function of a real variable, there can be no quadrature which

has precision greater than n-1. However, if we comsider the con-
straints imposed on (3.2) by requiring precision n-1l, we find that

parameters are being wasted. Specifically, suppose we insist that

n
£(@) = ] A f(1)
LA
for f(z) = 1, z, *** , z ~. Equating real and imaginary parts,
the imposed constraints give rise to a real system of 2n equations

in 3n unknowns (for Ak =a, + ibk and T = X

contribute 2n parameters while the T, are constrained to lie on

+ iyk, the weights

L and so these nodes contribute n parameters). Thus (for n even)
there is the possibility of asking that (3.2) be exact for a

set of n + n/2 functions. Since (3.2) cannot be exact for zj if

j 2 n, we might naturally ask that I(zj) = Q(zj) and I(Ej) = Q(Ej)

for as wide a range as possible. Requiring exactness on conjugate
powers leads to Gauss harmonic interpolation, investigated by Barrow
and Stroud [3]. 1In [3], they showed that Gauss harmonic interpolation
formulas always exist with exactness of 0 £ j £ n-1, and we discuss a

method for constructing such formulas in Chapter 2. In this chapter

we consider the natural alternative of requiring I(zJ) = Q(zJ) for
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as large a range as possible, allowing negative values of j as well
as positive ones. In Section 2, we give a characterization of
formulas for which I(zJ) = Q(zJ) when -n+l < j £ n-1 or when -n+l

£ j £ n-2.

Before giving the characterization, we observe that if the
origin is not interior to L then I(zJ) = Q(zJ) cannot hold for more

than n consecutive integers. For example, there can be no four point

formulas exact for zz, z, 1, z-l, 2_2. The reason is fairly evident

22 + **° + a z-2

there are constants ags 2ps > 3, SO that f£(z) = a, 4

vanishes at four nodes. 1If the origin is not interior to L, then
f(z) is analytic and I(f) = f(a) whereas Q(f) = 0. But f(z)

4

= (aoz + v+ a4)/z2 and hence f(a) # 0. None the less, asking for

exactness of the form

b,zJ s r <0<s
r 3

I o~

p(z) =
k|

is still sensible, even though the reciprocal powers are not analytic.

Again the reason is fairly evident since

|1¢6) - (B ] = [1(f-0) - Q(f-0)| 2 K |[[£-p]]

where |[f-¢|] = max{ | f(z) - p(z)l: z on L}. Clearly we can better
approximate f on L by functions of the form o than we can if we restrict

ourselves only to polynomials of degree s or less.
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2. FORMULAS OF MAXTMUM PRECISION.

The results in this section are based on the work of Elliott and

Donaldson [ll]. As in [ll], we have

n

- ® e 0 n
pn(z) = ckfl(z - Tk) = a, + a,z + + a_z (3.3)

and qm(z) is a polynomial, none of whose roots lie on L. Defining

p_(1)
1 j L dt, zéL , (3.4)

27i L qm(r)(r—a)(r—z)

Wn,m(z> -

then in Theorem 1, [ 8 ], Elliott and Donaldson give a formula of
form (3.2) which by Theorem 3 of [8 ] gives exact values of I for

f(z) = zs/qm(z), Ky S8 5 (n - Ky - 2), where «k, is an integer such

1

that ¥ (2 = 0(z"l) for large |z| and where Ky

ks

is a nonpositive

integer such that z wn m(z) is analytic in the finite plane ex-

3

cluding L. We wish to have the formula exact for functions of the
form £(z) = zj, so we must take qm(z) = z™ and we shall choose m
and pn(z) as in (3.3) (or equivalently the nodes of (3.2)) in order
to achieve maximum precision.

First we consider the integral in (3.4) with qm(r) = 1™ where

(t - a)—l(T - z)-l and g(1)

z is exterior to L. Letting h(T)
m-1

= p (Dh(1), then g(m—l)(r) = ( m-1 ) p(k)(r)h(m—k-l)(r). Now,
n k=0 k 7~ 'n
(x) r . .
h 0 1 -
PO ) werdw,

3=0



34

so
(a—z)h(m—k-l)(O) ) 0Lm—k _ Zm—k
(m-k-1)! (az)m?k
Hence,
1 . (m-1)
lim g (t)
(m-1)! 50
(k)
_ mil ( m-1 ) Pa (0) (m~k-1) (am—k-zm—k)
k=0 k (m-1) ! (a-2) (az)m—k

Using p(k)(O) = k! a with a, = 0 for k > n, we have that the residue

at the m—th order pole at T = 0 is

m-1 oLm—k_zm-k
_— . (3.5)
k=0 K (d-z)(az)m k
The residue at the simple pole at T = o is pn(a)/am(a-z), and so

for z exterior to L, V¥ (z) (denoted by ¥- (z)) is given by
n,m n,m

Y-  (2)

n,n = (z=-a)

1 pn(a) mel m-k m-k
z (3.6)

o T a e -z o
a

Letting Yﬁ m(z) denote (3.4) for z interior to L, the residue
at the simple pole T = z is pn(z)/zm(z—a). Adding this to the

residues for T = a and v = 0 yields
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+ _ 1 Pn(a) - Fm(a) pn(z) - Fm(z)
¥ (z) = - R (3.7)
n,m (z=a) L. m m
a z
where F_(t) = a, + a,t + ¢« + a tm-'l
m 0 1 -1 ‘
In the nontrivial case where m < n, (3.7) yields
+ m m m m n
- - Q...+
(z a)Wn’m(z) (1/a"z) [z (ama + a o )
m m n
-a (amz + + a z )]
(3.8)
= *» 0 e n-m —
= [(am+la + + a o ) a 1z
- a z2 - see — 3 zn-m]
m+2 n '
-1+ . .. .
From (3.8) we have that z Wn m(z) is analytic if and only if
b
m=-1 n -2+
e e = \y : . . .
(am+la + + a o ) 0, z ¥ ) (z) is analytic if and only if
_ -3,+ . .. . _
a 41 = 0, z Wn’m(z) is analytic if and only if a o= 0, and so on.

Finally, sz Wz,m(z) is analytic if and only if a _, = 0, where <,
= - {(n-m-1). (If we try to go further, we find a_q = 0. But
coupling this with the first condition yields anan = 0, a contra-
diction.) Hence with «k, = - (n-m-1) and choosing a, = 1, pn(z)
has the form

_ Ve my n-1 n
pn(z) = (aO + a;z + +az ) oz + z . (3.9)
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Using (3.6) and (3.9) we have

-m m-1
{am‘*‘z (ao+az+--o +am 2 )}. (3.10)

1 -1

K
Thus for a_ # O we have ¥ (z) = 0(z !) for large |z| withk = -1.
m n,m 1
From Theorem 3 of [8 ], (3.2) gives exact values of I for
£(z) = z2° ™ where -(n-m-1) < s <n -1, and thus gives exact values
of I for £(z) = zJ where -n + 1 < jsn-1-m Since q (2) is
a polynomial, m > 0, and so chéosing m = 0 yields the largest range
. . . n-1 n
of precision. However, if m = 0 then pn(z) =a; - oz + z . For
a simple region such as when L is the unit circle, it is easy to
show that pn(z) does not have distinct roots on L for a # 0 and
n > 2. Hence we reject m = 0 and take m = 1. In this we have
n-1 n

Pn(Z) =a, taz-oz + 2z, (3.11)

1n
where we must choose a, and a; such that the zeros of pn(z), {Tk‘k=1’

are simple and lie on L. From Theorem 1 of [ 8] Q(f) is given by

n (a +a o )

. 0"%1%
un kzl Py (M) (T ®)

f(Tk) s (3.12)

where Q(zj) = I(zg) for -n+1 < j<n- 2.

In the special case where o = 0, a similar formula may be
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derived in the above fashion which is exact for f(z) = zj where
-n+1<3j<n-1.

To see that the above formulas are of maximal precision, we
consider the case where a # 0. Suppose that Q in (3.2) is any

quadrature such that Q(zd) = I(zd) for -n + 1 < j £<n-1and pn(z)

is given by (3.3). With f(z) = pn(z)/z, setting I(f) = Q(f) yields

I(f) = -pn(O)/a + pn(a)/a =Q(f) =0,

or pn(a) = pn(O). Using this result with £(z) pn(z)/zm, 2 <m

< n -1, inductively yields
(n-2)
] = " - e e e = =
p) (0) = p(0) P, (0) =0

and hence p(z) has the form given by (3.11) and Q(f) is given by
. = 1 - .

(3.12). Since An (a0 + alTn)/pn(Tn)(T Tn), letting £(z)

= (z - Tl)(z - 12)---(2 - Tn_l), we have

I(f) = (a-tq) *=+ (a-t__,) = Q(f) = (apta;T )/ (a-1 ),

n-1
or pn(a) = (a0 + alrn), From (3.11), pn(a) =ag + a o. With a, #0
this yields T, =% a contradiction and I(zJ) = Q(zJ), -n+1<j<n
-1 is not possible. As mentioned above, the case a; = 0 which does

allow =n + 1 £ j £ n - 1 only applies to regions where pn(z) = ao—azn-
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+ 2" has simple zeros on the boundary but such regions do not even
include the unit circle. The examples which follow show that there
is a formula using a; # 0 for the unit circle.

Finally if pn(z) were such that I(zj) = Q(zj) for -n £ j <n
-1, then the above induction with f(z) = pn(z)/zm, 1 <m < n, yields

(k)

p(0@) = p(a) and p (0) =0 for 1 <k <n -1, and hence

p(a) = ag + anan = p(0) = ag »

or a_ = 0 and p(z) = a, which does not have the required zeros on L.

0
If we instead suppose I(zJ) = Q(zJ), -n < j £n -2, and proceed
inductively as before setting I(f) = Q(f) for f(z) = pn(z)/zm,
(k)
- = an' =
2 <m<n-1, then we get pn(a) apn(O) + pn(O) and P ) =0

for 2

A

k < n - 2. Hence pn(z) has the form of (3.11). Finally

with f(z) pn(z)/zn, we get I(f) =1 # Q(f) = 0, and so I(zd)
= Q(zJ) for -n £ j £ n - 2 is not possible.
Similar calculations may be applied to the analogous formula

for o = 0 showing I(zJ) = Q(zj) for -n+1 < 3j <n-114is best

possible.



39

3. EXAMPLES. From [10] we have

Im(zm - azm—l),

¢(z)

{

then ¢(z) has n distinct zeros,

2]

the following result.

L = {z: 1}. Choosing a

0

THEOREM. If 2m = n, then p_(z)
_— n

zeros on the unit circle and they

i0
= e

0 and z

[

PROOF. If ¢(z)

3

and sin mb® - o sin (m-1)6 = O.

im6

(e

ime_

+ i sinm 6) -

elme (e—lme) = 1.

Letting {t, } . be the n dis

k k=1
formula for Q(£f) in (3.12) which
h|

z° where -n + 1 < j <n - 2.

that if

-

)

0 <a < 2m = n ,

n . .
zk}k=l’ on the unit circle,

-1 and al

a in (3.11) yields

n-1

n .
-1 + oz - «az + z has n distinct

m-1

Im(zm-az ).

are the zeros of ¢(z)

m-1
oz

then z" cos mb - o cos(m-1)6

Using this below, we have

aei(m—l)e‘+aei(l_m)e)

i @ sin (m-1)86)

tinct zeros of pn(z) yields a

gives exact values for I for f(z)

On the unit circle z° = l/zJ, and
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so this formula is also exact for f£(z) = z° for 2 - n < j£n-1.

Thus this formula is a slight variant of a Gauss harmonic interpolation
formula as discussed in Barrow and Stroud [3] and many others. It

will yield f(a) from boundary data for the harmonic polynomials
f£(z) =1, Re(z™, Im(z); 1, 2, *++ , n - 2 .

For extensions to other circular regions and ngmerical computations
see [10].

Another well known maximal precision formula on the unit circle
comes from the special case o = 0. In this case we take pn(z) =-1

+ 2% in (3.11) and have T, = exp (2mik/n), 1 £ k < n. Using this

in (3.12) yields

n
Q(f) = (1/n) [ f(z)
k=1

Letting f(z) = zf(z) we have an approximation formula for 1(£)

I 3 = 1
= JL f(z)/z dz = e

i jL f(z) dz = I(f), given by

. n
I(f) = (1/n) T, f(1,)
g, e

Since the case o = 0 yields one more degree of precision, this is

precisely the Gaussian formula studied by Lyness and Delves (12]

and others which is exact for £(z) = z° where -n <js$n-2.
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A simple non-circle result is that p(z) = a + a;z - az? + 23

with

[\V)
[

(1 - a)(1+(1 - a)(@ - b%/a%)/4) + b?%/a?

-a, +ao -1

Y
]

has roots 1, r, r; r = (o - 1)/2 + i(b/2a)v4a?-(a-1)2; on the ellipse

x2/a? + y2/b2 = 1.



CHAPTER 4
THE APPROXIMATION OF LINEAR FUNCTIONALS

4,1 INTRODUCTION

Let T be a compact subset of R" and let uo(t), ul(t), ... be a
sequence of linearly independent real-valued functiomns, continuous
on T. Let Xn(T) denote the linear span of uo(t), ul(t),....,un(t)
and let X _(T) denote the linear span of uo(t),...,un(t),... .

Let L be a linear functional defined on X = Xn(T) or X, = X _(T).

We are interested in approximations of the form:

n
Lu = ) Au(t,) (4.1)
520 31

where the Aj are real nonzero constants and the tj are points of T.

DEFINITION 1 We say (4.1) has precision m if (1) is exact on Xm

and there is some u in X for which equality does not hold in (4.1).

m+1

DEFINITION 2 We say L is a positive linear functional if Lu > 0

whenever u(t) > 0 and u(t) #0 on T, u in X, -

In this chapter we derive several properties about the formula
(4.1) and we hope that these results will be useful for future

development.

42
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4.2 GENERAL THEORIES

We assume in all that follows that L u, # 0.

LEMMA 4.1 For any n, there exist Vo V10TtV in Xn such that

l’

Lvg=1,Lv,=Lv,=""=1 v, = 0, and X = span{vo,v

,-'-,vn}.

1

-1
= = - < i <
(PROOF) Take vy (L uo) uys vi uy (L ui)VO’ 1 <i<n. Then

= -1 = = -
L vy = (L uo) (L uo) =1 and L \ L uy (L ui)(L vo)

0,

1 i <n. Now, we show that Vo> vl,"‘, vn are. linearly independent.
+ coe = 0- -
Suppose aOVO alVl +eo ot alvn 0; then we have aovo + al[ul (Lul)vo]+

® e e - - : -lr - —_—e e o
+ Gn[un (L un)vo] 2 0. That is, (L u,) “Lo.-a (L ul)

0 01

o o s e _:_ . o e 1
n(L un)]u0 + a_u, +°°°+ @ u 0. But, uys U »u_ are linearly

11 1’
independent so aO - al(L ul) —cea Gn(L un) = 0 and al =a, =
***a = (0. Therefore, we have a, = ¢, =<++*= a = 0 and hence X
n 0 1 n n
= span{vo,vl,“’,vn}.

LEMMA 4.2 Let VO, vl,'°', Vn be as in the Lemma 1. For any to, tl’

cee g = < i,% < n.
, tn in T, det ui(tj) (L uo) det Vi(tj), 0<i,j<n
(PROOF) Use the following fact:

det[Al,Az—cAl,A3,°°°,An] = det[Al,AZ,A3,"°,An] -c det[Al,Al,A3.
'~°,An] and

oAl = det[A ,A),+*+,A ] = det A, where A = (4.4,
c is any number.

Therefore, the conclusion is obvious.
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The results that follow show that there is some fundamental
(r + 1)-dimensional subspace of Xm’ say W, with the property that
an approximation to L which is exact on W is then exact on Xm. More-
over, there is an approximation to L which uses just r + 1 point

evaluations; r + 1 = dimension W.

n
THEOREM 4.1 Suppose 2 Aju(tj) =L u for all u in Xm.
j=0

Then there exists a subset {xo,xl,°",xr} of {to,tl,'°°,tn}, a sub-

set {¢O,¢l,"°,¢r} of {v ."Vm}’ and BO,Bl,"',Br such that

O,Vl"

n
jzl Bju(xj) = L u holds for all u in Xm; where also, ¢O = v0 and

det ¢i(xj) #0, 0 <i,j <r.

(PROOF) We define G = (u(to),'°',u(tn))€Rn+l, usXm, and

+1
A= (AO,Al,"',An)ERn )

Let W = {GeR“+l: A*Q = 0}. We have the following results:

~

(i) v, = (vi(to),---,vi(tn))EW, for each i, 1 < i £ m.

1

(ii) W is a subspace of Rn+ and W = span{vl,v ---,vm} (since,

23
n

for any u in X , Lemma 1 shows that u = z a;ve
i=0

a,v,.

Oll

and thus u =
i

Wo~8 g

m
Aeu = .Z ai(A-vi) = a

i=0 0

m
Hence, if GeW then ay = 0 and therefore U= ) av,.)
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(iii) 4if dim W = r then r < min(m,n). (Since, suppose @l,-~-,¢r}

S {vy,-++,v_} is a basis for W. Then A-$i = 0, for each
i, 1 <i<r. If r >n+ 1 then A-$i = 0 for at least

. . . n+l .
n+l linear independent vectors in R ; therefore, A is

the zero vector. This contradicts the fact that A-GO = 1.

On the other hand, from (ii), r < m and hence r < min(m,n).)

(iv) $O,¢i,---,$n are linearly independent, where 50 = GO'

0%
A+ (opdg * 0g9] *e++* a $) = 0 and from the fact

(Since, suppose q + al$l +ooot ar$r = 0. Then

A°$O =1 and A.$i =0, 1<1ixm, we have oy = 0. Hence
4] = @y =eee=a = 0 because $l""’$r are linear in-
dependent.)

Now, we consider the (r+l1) x (n+l) matrix M, where M is defined

J

as follows:

o

©-des e OS> O
-

~

From (iii) and (iv), we see that rank M = r+l. So, we can choose

{x ---,xr} from {t ---,tn} so that det ¢i(xj) # 0. There-

0’1’

j¢i(xj)

O,XI’

T
fore, we can solve z B

L¢i, 0<iz<r, for B
350

O’Bl’. o e ’Br'

r
Next, we prove z B.u(x,) L u is exact on X . For any u,
j=0 1 "
m . -
u(t) = Z a.vj(t), where vjsw for each j, 1 £ j £ m. Thus, ueW.

j=1



46

From (iii), 1 Z B ¢ and in particular, we have u(xj) = z Bk¢k(xj)

k=1

[

for each j, 0 £ j s r.

Il o~1n

r
so, ] Byulxp) = 2 B, ( Z By b (x50 =

r
8 (L B.o (x))
3=0 j=0 I k=1 k=1 € j=0 33

r
= Z Bk(L¢ k) = 0. On the other hand, L u =

o.L v, = 0 and thus
k=1 3 ]

1 3

W o~8

[ve]
c
—~
]
~
1}

L u for any ue span{vl,v2,~--,vm}. From the comnstruction,

o
<

o

~~
]
A —a
i

=L vy Hence Z B u(x ) =L u for all u in Xm. This
j=0 37 J 3=0 3

completes the proof.

From Theorem 1 and Lemma 2, we have the following observation:

OBSERVATION In Theorem 1, we can choose @O,¢l,"',¢r} as a subset

of {u ,"',um} instead of {v.,v

ooVt

0°'1 1

We note that if Bi = 0 for some i, we can delete X from XO’

xl,"',xr and any function ¢ from ¢ ¢ v ¢r. Moreover, the
formula Q(u) = 2 BJu(xJ) is also exact on X . Therefore, we can
j=0
J#l

assume the Bk are nonzero in the formula.

For convenience, we use F(to,tl, st AO l,"',An;¢0,¢l,"',¢n)

to denote the formula having the t, as nodes, the Ak as weights (where

k

the A _are nonzero), and where det ¢i(t.) # 0.

We see that there can be only one formula involving to -“,tr
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when the determinant condition is satisfied and this constitutes a
weak uniqueness criterion. In addition, if we add another point to
the set {tO,tl,"‘,tr}, it will not increase the precision; in fact,

it will decrease the precision.

COROLLARY 4.1  Suppose F(xo,"‘,xr;AO,"',Ar;¢0,"',¢r) and
F(YO,'°',YS;BO,"',BS;WO,"‘,ws) are formulas which are exact on
X and assume s 2 r. Then {xo,'°',xr} ¢:{y0,"',ys} unless r = s

and B, = A,, 02 j <s.
J J

(PROOF) Suppose they are two different formulas and {xo,"°,xr}<=

r s
{yo’...,ys}; then we have jZO Ajwi(xj) =1L wi = jzo iji(yj),

for 0 < i £ s. Since det wi(yi) # 0, we have, B, = 0 for some k,

k

a contradiction.

i E {y _eee 1
Hence, {xo, ,xr} : {]0’ s g3

COROLLARY 4.2  If, in the formula (4.1), det ¢, (t,) # 0 for some

subset {¢O,¢l,~-',¢n} of {uo,ul,---,um} with ¢0 =u, then ¥ = n and

{xo,xl,-°°xr} = {to,tl,-",tn}.

(PROOF) This follows immediately from Corollary 4.1.

Without loss of generality, in the formula we are interested

in, we assume the Ak are nonzero and that there exist ¢0,¢l,'°°,¢n in
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{uo,ul,"°,um} with det ¢i(tj) # 0 and also that 9 = ug-

The following characterizes the nodes in terms of a determinant

condition. This theorem generalizes the result in Theorem 2.1.

THEOREM 4.2  Suppose {to,t1,°",tn} are such that det ¢i(tj) #0

l,"-,v }, m > n, ¢0 = v,

O”Al"..’Ah such that Z A, u(tJ)— L uon X_ if
j= =0 J

and only if det ¢i(tj) =0,0<j<n,1<is<n+1for any ¢

for a subset {¢ ',¢n} of {vo,v

0’¢l’..

Then there exist A

n+l’
¢

n+l€span{vl,~",vm}.

(PROOF)  Suppose det ¢ (t ) #0, 0<j<n,1<1i<n+1, for some

¢ €span{v1,"°,vm}. Then z A, u(t ) =Lu

=0
This implies AO = Al —eve= An =

0 for u = ¢l’¢2"°"¢

n+l n+l’

3
0, a contradiction.

Conversely, suppose det ¢i(tj) =0,0s<j<n,1l<icg<n+1, for any

¢n+l’ ¢n*&.espan{vl,---,vm}.

In

Now, det ¢i(tj) #0, 0 £i,j £ n, so there exist AO’ Al,---, A

such that z A ¢ (t ) L ¢i, 0 < i < n. Moreover, for any

j=0
¢n*1.espan{vi,°'°,vm}, there exists a function u(t), u(t) = lgoa ¢ (t)
with u(tj) = ¢n+l(tj)’ 0 £ j £ n. Therefore,
) z
A ¢ (¢.) = A u(t ) = =qa,. .
n=0 1 n+l" ] =0 0
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On the other hand, by assumption, det ¢i(tj) =0, 0<3j<mn,1c¢x
n
1 = =
so from Cramer's rule, we have ao 0 and hence j;o Aj¢n+l(tj) ao
n
=0=1 ¢n+l' Therefore, jZO Aju(tj) = L u for ueXm. Q.E.D.

The following is another characterization of the formula.

THEOREM 4.3  Suppose {to,tl,

0 <i,j < n, for a subset {¢0,¢l,"',¢n} of {u

'°',tn} are such that det ¢i(tj) # 0,

-oo’un}, m > n,

O’ul’

n
o, = uye Then there exist AO’ Al, LN An such that jzoAju(tj) =Lu

on Xm if and only if for any ¢ in Xm’ ¢(tj) =0, 0 <3j<n, implies

L% = 0.

(PROOF) Suppose the formula is exact on Xm and suppose for some ¢ in

n
X , ${t.,) =0, 0<j <n. ThenLo = ) A.¢(t.) = O.
m J on J 3

j=0
Conversely, suppose for ¢ in X that ¢(tj) =0, 0£j<n, implies

Lé = Q.

Since det ¢i(tj) # 0, 0 <i,j £ n, we can choose A, ,A

gofys Tty SO

n
that z A.¢.(t,) = Lé.,, 0 £ i < n. Moreover, for any ¢ in X _, there
2o d 1] i m
n
exists u(t) = z a.¢.(t) with u(t.) = ¢(t.), 0 £ j < n.
j=0 33 3 j

Therefore, u(tj) - ¢(tj) =0, 0

A
[
IA
3

By assumption, we have L(u - ¢) 0; that is, Lu = L. But

i < nt+l,
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n
Lu = Z Aju(tj) and u(tj) = ¢(tj), 0 £ j £ n and hence Lp = Lu

3=0
n n n
= ) Au(t,) = ) A.¢(t,). Therefore, ) A,u(t,) = Lu for any u
j20 43 420 3T 550 33
in Xm. Q.E.D.

If {to,tl,---,tn} has high precision then usually any subset
of it will not give rise to a good approximation formula. The reason

is the following.

THEOREM 4.4  Suppose F(yo,yl,-~-,yS;BO,Bk,o~-,Bs) has precision n
and F(xo,xl,---,xr;AO,Al,~-~,Ar) has precision m; we assume n > m
and s > r. If s < m then {xo,xl,---,xr} ¢:{yo,yl,---,y }.

S

(PROOF) Consider

— - — - - -

ug(yg)  up g eeeee u (yg) %0 u; (7g)

uo(yl) up(yy) eeeee uw Gy * ui(yl)

e e e
oo
ees e

e e

L uO(ys) ul(ys) um(ys)- L “m Llli(ym) -

where i > m.

If s < m then we have a nonzero solution; that is, there is a non-

m
zero polynomial u(t) = Z a.u, (t) with u(y.) =u,.(v.), 0 < j < s.
55033 i i3

s s
By assumption, Lu, = Z B.u,(y.) and Lu = Z B.,u(u,), so we have
i =0 i3 $=0 3 1]
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Lu, = Lu.
i

. [and coe
Now, if {xo,x ,Xr} {yo,yl, ,ys} then

17

n
Z Au, (X ) = )} A.u(x.,) = Lu = Lu,
_0 J i J=O J J 1

That is, F(x °',Ar) has precision greater than m,

O’Xl,.. ’X ’ O)

a contradiction.

Hence’ {Xo,xl,.."xr} ¢ {yO’yl’..',yS}'

b
EXAMPLE Let T = [a,b], Xn = span{l,x,°'~,xn}and Lu= j w(x)u(x)dx.
a

As is well known, the nodes of an n-point Gauss formula are not a sub-

set of the nodes of an (n+l)-point Gauss formula.



CHAPTER 5

NUMERICAL RESULTS

5.1 INTRODUCTION

In this chapter we implement the method we described in

Section 2.4.

LEMMA 5.1 A transformation of the (x,y)-plane which is either

(i) a rotation, or (ii) a translation, transforms a harmonic

polynomial of degree n into another harmonic polynomial of degree n.
Let D be a symmetric region centered at the origin and let Dl

be a region having the same shape as D. Then there is a trans-

formation ¢ which is a composition of rotations and translations

and which maps D1 onto D. Suppose, for any o in D, there is a

Gauss harmonic formula

I~

u(a) = Aku(zk) , u in Hn_l(z)

k=1

Now, for any B in D,, let a = ®(B) and z

1’ k = @(wk), 1<%k < n.
n
Then (uo®)(B) § Ak(uo@)(w ) and from Lemma 5.1, this is a
= k
Gauss harmonic formula for B in Dl.

Therefore, we may as well assume that the symmetric region D is

centered at the origin.

52
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5.2 NUMERICAL RESULTS

We give two examples of approximations obtained using Gauss

harmonic interpolation formulas.

EXAMPLE 1. We take the region D to be unit circle: x? + y2<<l;

(0.5,0) and u(x,y) to be the harmonic function

a = (x* ,Y*)

1/ z-2]) = -%en[(x-2)*+ y?].

Table 1 gives approximations obtained using Gauss harmonic
formulas with N =_12, 16 and 20 points. In each formula the fixed
point on the boundary was (XN,yN) = (1,0). The points and weights
are given in Table 2.

We use evenly spaced points, ek = 2kn/N, 0 € k < N-1, as an

initial guess.

TABLE 1. Approximation of u(x,y) = En(l’z-Zl) with o = 0.5.

N

12 -0.40543928
16 -0.40546389
20 -0.40546506

Exact Value -0.40546511




TABLE 2. The 12-point Gauss harmonic formula with o
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0.5.

%k A

0.00000000 0.21428571
0.45988378 0.16153854
0.96031320 0.09152924
1.49099466 0.05505350
2.03606984 0.03858950
2.58757413 0.03144049
3.14159265 0.02941176

We note that the nodes appear as conjugate pairs if a is real;
and the weights are equal for each pair. We got exactly the same

results as in [8].
EXAMPLE 2. Let D be the square with the bdundary
B={(&x,]| |x|] =1, |yl slor |y|] =1, |x] =1} .

By the Schwarz-Christoffel formula one mapping function of D onto

the unit circle is given by:

5 9 13
- a g a 9 1lla 13
¥(z) az + — z z 15600 2 S

10 * 120 +
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where )

a = J —9t o 0.92703734

0 (14t%)%

(see [9, p. 159]); and the (inverse) mapping function of the unit

circle onto D is given by:

iﬂ/4_z

. e
o(z) = éi%:il Jo (1-s*)~

Ny

ds

where b = B(%,%), B is the beta function. We chose this particular
mapping because it sends the real axis onto the real axis and preserves
symmetry.

In the following tables we use Gauss harmonic formulas to
approximate the harmonic functions ul(x,y) = n(1/|z-2|)
= =% n[(x-2)2 + y21, uz(x,y) = e* cody and u3(x,y) = (04X COANY
at various points. The nodes are found using Newton's method where

the initial guesses are @(zi); z, are the nodes on [zl =1 for y(a).
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TABLE 3. Approximation of u(x,y) = -%€n[(x-2)2 + y2].

(x*,y%) N=38 N =12 N = 16 u(x*,y*)
(0.2,0.0) -0.58589795 -0.58770621 -0.58777730 -0.58778666
(0.2,0.3) -0.60122773 -0.60144158 -0.60149237 -0.60148615
(0.2,0.5) -0.62576156 -0.62498453 -0.62494690 -0.62495087
(0.2,0.8) -0.67810733 -0.67795241 -0.67791263 -0.67791758
(0.5,0.0) -0.40362497 -0.40537585 -0.40545532  -0.40546511
(0.5,0.3) -0.42430241 -0.42504268 -0.42509244  -0.42507546
(0.5,0.5) -0.45708615 ~-0.53059940 -0.53063087 -0.53062825
(0.8,0.0) -~0.18115717 -0.18225679 -0.18231493 -0.18232156
(0.8,0.3) -0.21275899 -0.21257968 -0.21262910 -0.21263387
(0.8,0.5) -0.26150873 -0.26241034 -0.26236426 -0.26236426
(0.8,0.8) -0.36609240 -0.36618777 -0.36618374 -0.36618395
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TABLE 4. Approximation of u(x,y) = eXQOAy.

(x*,y%) N=28 N =10 N =12 u(x*,y*)
(0.2,0.0) 1.2214942 1.2214036 1.2214028 1.2214028
(0.2,0.3) 1.1668773 1.1668499 1.1669506 1.1668526
(0.2,0.5) 1.0718466 1.0718820 1.0718818 1.0718818
(0.2,0.8) 0.85094173 0.85095985 0.85095949 0.85095950
(0.5,0.0) 1.6487906 1.6487220 1.6487213 1.6487213
(0.5,0.3) 1.5751012 1.5750842 1.5750836 1.5750836
(0.5,0.5) 1.4469440 1.4468890 1.4468890 1.4468890
(0.5,0.8) 1.1486903 1.1486749 1.1486752 1.1486752
(0.8,0.0) 2.2255741 2.2255413 2.2255409 2.2255409
(0.8,0.3) 2.1261293 2.1261405 2.1261405 2.1261405
(0.8,0.5) 1.9531178 1.9530962 1.9530959 1.9530959
(0.8,0.8) 1.5505639 1.5505493 1.5505493 1.5505493
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TABLE 5. Approximation of u(x,y) = cosx coshy.

(x*,y%) N =28 N =10 N =12 u(x*,y*)
(0.2,0.0) 0.98015378 0.98006578 0.98006659 0.98006658
(0.2,0.3) 1.0245316 0.10245021 1.0245013 1.0245013
(0.2,0.5) 1.1051166 1.1051483 1.1051485 1.1051485
(0.2,0.8) 1.3107569 1.3107749 1.3107753 1.3107753
(0.5,0.0) 0.87764412 0.87758193 0.87758257 0.87758256
(0.5,0.3) 0.91738365 0.91737028 0.91737086 0.91737065
(0,5,0.5) 0.98963398 0.98958487 0.98958488 0.98958488
(0.5,0.8) 1.1737268 1.1737098 1.1737096 1.1737096
(0.8,0.0) 0.69673424 0.69670639 0.69670671 0.69670671
(0.8,0.3) 0.72828402 0.72829436  0.72839436 0.72839436
(0.8,0.5) 0.78564048 0.78562432 0.78562458 0.78562458
(0.8,0.8) 0.93181207 0.93179989  0.93179990 0.93179990

As to be expected, the approximations at (x*,v*) improve as n

increases and also as (x*,y*) moves closer to the boundary.
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GAUSS-TYPE FORMULAS FOR LINEAR FUNCTIONALS
by
Jih-Hsiang Chen

(ABSTRACT)

We give a method, by solving a nonlinear system of equationms,
for Gauss harmonic interpolation formulas which are useful for
approximating the solution of the Dirichlet problem.

We also discuss approximations for integrals of the form

1 [ £
I(f) = T JT p— dz .

R

Our approximations shall be of the form

n

Q(f) = } £(t,)
k=lAk K

We characterize the nodes T et T to get the maximum

1° T2s
precision for our formulas.

Finally, we propose a general problem of approximating for

linear functionals; our results need further development.
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