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by
Charles Frederick Bunting
William A. Davis, Chairman
ELECTRICAL ENGINEERING
(ABSTRACT)

Finite element techniques have been applied to a wide variety of problems in
electromagnetics, but have been handicapped by the appearance of spurious solutions.
Both weighted residual methods and variational methods are the basic finite element
techniques that are examined to establish a framework for the discussion of spurious
solutions. A simple waveguide example is used to explore the fundamental problem with
these spurious solutions. A method is developed that focuses on the functional form as the
fundamental cause underlying the difficulties with spurious solutions. By using analytical
rather than numerical means, it is shown that the solution form allows for the existence of
an improper gradient behavior in a general field expansion. A new functional that satisfies
Maxwell's equations and eliminates spurious solutions is introduced. This new functional
is shown to be self-adjoint and positive definite, thus providing an error minimization. The
analytical form as well as the finite element method is applied to demonstrate the robust

nature of the functional.
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Chapter 1
Introduction

The electromagnetic analysis of microwave structures has expanded significantly
with the introduction of computers to assist in the approximate numerical solution of
problems considered unsolvable by standard analytical methods. The researcher is
commonly forced into choosing a numerical approach for problems involving scattering or
guided propagation whenever the geometry under consideration does not coincide with a
separable coordinate system. Numerical approaches are also required when asymptotic
techniques cannot be used. Numerical solutions to Maxwell’s equations can be broadly
grouped into two categories: integral equation methods and differential equation methods.
Integral equation methods are typically preferred for the solution of radiation and
scattering problems since the radiation boundaries are included implicitly within the
formulation. A disadvantage of integral equation methods in problems with multiple
boundaries is that an additional set of equations is introduced for each boundary in the
solution domain. Differential equation methods typically introduce a discretization of the
domain including the boundary. The boundary discretization presents several difficulties
when the boundaries recede to infinity as is commonly required for scattering problems.
Differential equation methods are more typically used in the solution of Maxwell’s
equations in problems where the guidance of electromagnetic energy is of interest or a
closed geometry exists.

The application of numerical methods for solving differential equations in
electromagnetics has taken several paths in the last decade, from early applications of the
finite difference method [Wexler, 1969], transmission line matrix methods [Itoh, 1989],

spectral domain methods [Mittra, 1973], to the finite difference time domain method
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which is now coming into maturity [Taflove, 1987]. The finite element method has also
been widely applied to problems in electromagnetics, but this application has been
handicapped by the appearance of what have been called spurious modes. The finite
element method using triangular type bases remains attractive while most of the above
mentioned techniques are limited to rectangular geometries.

By examining weighted residual and variational methods a basic framework for
discussion will be obtained, while concentrating on differential equation methods. Finite
element analysis applied to a simple waveguide example experiences a fundamental
problem in that unwanted or spurious solutions are generated. The waveguide example
may be used as a fundamental vehicle for exploring finite elements. Issues concerning
spurious solutions and the approaches used to eliminate these undesirable solutions will be
discussed. The emphasis of this research is to examine the “functional” representations
commonly used in numerical solutions to Maxwell's equations, establish a methodology
for evaluating the “functional” representations and to propose a new functional based on

the insights gained.

Basic Techniques

Techniques applied in the analysis of structures are sometimes based on the
approximation of the equation to be solved by forming a weak (or weighted) equality?.
Initially a set of known expansion functions must be chosen that may approximate the

expected field behavior. A solution is obtained by weakly equating both sides of the field

1 The definition of a functional useful for variational methods implies a mapping to the real number line.
Many representations used in the literature fail to satisfy this requirement. Quotes will be used when this
strictness of definition is lacking in a representation. Alternatively when a connection to weighted
residuals is clear, the representation will be designated a weighted residual representation.

2 A weak equality is defined in an integral sense with an appropriate set of weighting functions.
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equations over an appropriate set of weighting functions. This set of weak equalities
creates a matrix form for the set of unknown coefficients associated with the known
expansion functions. These weak equalities provide a measure of error in the form of a
residual that is minimized in a weighted integral or projection sense. This minimization is
commonly called the method of weighted residuals [Finlayson,1966; 1967;1972]. Moment
methods [Harrington, 1968] and mode matching are common methods that implement the
method of weighted residuals in electromagnetics. The choice of expansion and weighting
functions, sometimes referred to as basis and testing functions, has been the subject of
considerable research. The application of techniques such as collocation (point-matching
using Dirac delta weights), subdomain (pulse), and Galerkin (using the same basis and
testing function) are associated with the particular choice of a weighting function.
Collocation and subdomain approaches provide computational simplicity in certain cases.
The Galerkin method is commonly considered to be the most accurate though
computationally intensive.

Weighted residual methods provide a means of establishing a formalism to
approach either integral or differential operators, but lack the capability to provide formal
error bounds. The application of variational methods provides a formal means of
establishing error bounds provided that the operator is self-adjoint and positive definite. A
common application of variational methods is made by using the Rayleigh-Ritz method
[Harrington,1961; Stakgold,1968]. The Rayleigh Ritz method differs from the method of
weighted residuals in that a functional representation for the physical problem is required.
This functional is minimized for the solution corresponding to the differential equation of
interest. A self-adjoint operator provides symmetry and is analogous to the symmetry of a
Green’s function (implying reciprocity). Gelfand [1963] indicates that self-adjointness of

an operator is typically a result of the law of conservation of energy and is usually
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satisfied for dissipationless systems. Gelfand also indicates that the eigenvalues of a self-
adjoint linear operator are always real with orthogonal eigenfunctions. A positive (or
negative) definite operator is needed to demonstrate minimum (or maximum)
characteristics of a solution whereas a semidefinite operator will yield a stationary point3
about a solution. Variational methods that provide a global minimum are dependent upon
the availability of a functional that meets the criteria of a self-adjoint and positive definite
operator. Lacking these characteristics, the variational method may provide a stationary
solution that is local in nature.

An important application of variational methods has been implemented in the finite
element method. Originating in the design and analysis for structural engineering
[HrenikofY,1941; Courant,1943; Turer,1956; Clough,1960], the finite element method
provides a powerful means of analyzing structures and mechanical devices [Reddy,1984].
The finite element method is essentially the Rayleigh-Ritz method applied to a discretized
domain or mesh. The application of finite element techniques in electrical engineering has
primarily focused on the areas of magnetostatics and electrostatics [Silvester,1990;
Steele,1987; Jin,1993]. From a physical perspective the variational approach typically
provides an upper (or lower) bound solution for some useful physical quantity such as

capacitance, inductance, or characteristic impedance [Hammond,1981].

Introduction To The Problem of Interest

There are several approaches available in applying finite element techniques to
solve Maxwell's equations for a given geometry. Some problems are solved by applying a
static or quasi-static methodology. The solution to Laplace's or Poisson's equation

represents a static solution. A quasi-static approach assumes that the fields are nearly

3 A point of zero slope, not necessarily a minimum.
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TEM (transverse electromagnetic), requiring insight on the part of the researcher as to the
limitations of such an approximation. The partial differential equation for this quasi-TEM
approach has the same minimum properties as the static case. For more general solutions,
the choice of a dynamic or “full-field” expression of Maxwell's equations may be
preferable. This full-field expression plays an important role in the resulting numerical
solution and is typically expressed by a functional or weighted residual representation for
use in finite elements or the related weighted residuals.

The application of finite element techniques to a more general solution of
Maxwell's equations meets with a difficulty in that the generation of false or spurious
solutions often results. The difficulties associated with spurious solutions and the
techniques to eliminate them have dominated the literature dealing with metallic and
dielectric waveguides [Angkaew,1987; Boyse,1992; Femandez 1990; Hayata, 1989,
Kobelansky,1986; Rahman,1984; Lee,1991; Lynch,1990,1991; Paulsen,1991]. The
purpose of this work is to examine some of the approaches used to handle spurious
solutions, provide a more comprehensive answer to the characteristics of spurious
solutions, and suggest an electromagnetics functional that eliminates spurious solutions in
the waveguide problem. Generalized methods of obtaining functionals for linear and non-
linear applications will be explored and compared to typical approaches. Specific
numerical experiments will be performed to illustrate the various approaches and any
resulting limitations. The main goal of this research is to examine various functional forms
used in the numerical solution of Maxwell's equations, establish a methodology for
evaluating the forms, and to propose and evaluate a new functional based on the insights
gained.

The key contribution of this work is the introduction of a new functional that

forces both the satisfaction of Maxwell’s equations and the elimination of spurious
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solutions. A method will be developed that directs the focus to the functional
representation as the fundamental cause underlying the difficulties with spurious solutions.
This research will provide a key point that has been missed in the examination of spurious
solutions by purely numerical means. By using an analytical rather than numerical means,
it will be shown that the solution form allows for the existence of an improper gradient
behavior in a general expansion function. It will be shown that the linear behavior of the
parameter in the penalty method* found in numerical solutions is predicted by the exact
modal approach. This linear behavior will be demonstrated in a numerical experiment as

well as by the modal approach.

Outline of Dissertation:

Chapter 2 will spend considerable effort in the examination of variational methods
as presented in the literature. By examining direct methods of variational calculus
[Reddy,1984; Stakgold,1968] and the mverse problem of obtaining a functional that
satisfies a minimizing principle [Atherton, 1975; Tonti,1984], the background for analyzing
the variational approach will be established for solving problems in electromagnetics. The
methodologies and limitations of obtaining a functional for a given problem
[Morishita,1977; Chen,1980] in electromagnetics will also be discussed. The connection
between variational methods and the method of weighted residuals will be explored to
clarify misinterpretations resulting from a common abuse of terminology in the literature.
The works of Finlayson [1966;1967;1972] and Sarkar [1983] will be especially helpful in

this regard.

4 The penalty method is a method that attempts to eliminate spurious solutions by using the notion of a
Lagrange multiplier to enforce an additional constraint on the typical full-field expression.
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Chapter 3 will briefly present the finite element method and apply it to a variety of
problems. The practical implementation of finite elements will also be addressed.
Application of finite elements to problems in electromagnetics will be addressed with
typical static, quasi-static, and full-field applications. The problem of spurious solutions
will be demonstrated for a simple waveguide example in the full-field regime.

The causes of spurious solutions and the methods used to eliminate spurious
solutions as presented in the literature will be considered in Chapter 4. The literature is
abundant with material that addresses the causes of these undesirable solutions with little
consensus as to exactly what spurious modes represent. Although many diverse
explanations exist for the causes of spurious solutions there has been a relatively narrow
range of approaches used to eliminate spurious solutions from numerical schemes. An
examination of these methods will be made and their limitations will be discussed. The
work of Lynch [1991] will be examined in some detail since Lynch views the problem of
spurious solutions from a more fundamental point of view. Chapter 4 also introduces a
modal approach that highlights the fundamental nature of the spurious solutions.
Motivated by the Helmholtz theorem, this analysis can be performed by using an
expansion that contains both divergenceless terms (TE and TM forms) and gradient terms
that span the entire domain for a given problem. By using entire domain expansion
functions that satisfy the boundary conditions, the difficulties that may be introduced by
discretizing the domain for finite elements are completely avoided. This approach yields
significant insight into the nature of a given functional and provides some answers
regarding the true source of spurious solutions. This modal approach will be applied to the
commonly used weighted residual form used in the penalty method of which a special case

is the generic full-field “functional”.
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A new functional is suggested in Chapter 5 and is examined by the modal
approach. The proposed functional is motivated by the difficulty that appears to be
connected with applying a numerical scheme to the second order partial differential
equation that results from combining Maxwell’s equations.

In Chapter 6 the new functional is then implemented in a finite element scheme
that eliminates the spurious solutions and provides a rigorous means of obtaining
numerical results. Particular attention is given to the uncommon form of the eigenvalue

problem that results from the finite element application to the new functional.
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Chapter 2
Variational Methods and the Method of Weighted Residuals

The search for variational principles and the physical meaning of functionals has
been the subject of much research for many years. Recent work at Virginia Tech has
endeavored to search further [Bunting,1992; Davis,1992] by re-examining the means of
obtaining a functional from fundamental principles. This chapter seeks to detail the basics
of variational methods in the application of a numerical approximation. A common
starting point in applying variational principles is to be given a functional and apply the so-
called direct method of variational calculus [Reddy,1984; Stakgold,1968]. The direct
method will be briefly discussed and important issues highlighted. Conversely, the
problem of obtaining a functional for a particular physical process described by a
differential equation is sometimes referred to as the inverse problem of variational
calculus [Atherton,1975; Tonti,1984]. Although many variational methods rely on simply
obtaining a stationary point (a point of zero slope, not necessarily a minimum), the goal of
inverse methods is to provide a minimizing principle, that is, a global minimum within the
solution space. The notion of inverse methods will be briefly sketched with an emphasis
on those variational approaches that are used in electromagnetic applications. The physical
interpretation associated with certain functionals will be discussed and the physical aspects
of minimization will be mentioned. Another significant issue that is sometimes obscured in
the literature, the connection between variational methods and the method of weighted
residuals, will be explored. This connection becomes important when the error of these
methods is considered. The works of Finlayson [1966;1967;1972] and Sarkar [1983] will

be especially helpful in this regard.
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2.1 Variational Methods

The approximation of the solution to the operator equation for the linear operator
L in a domain ) given by

Lu= f, forallu eQ 2.1
can be approached by several methods. The method of weighted residuals is general in
that it can be applied to any operator by forming a weighted integral expression that
corresponds to the residual of Lu— f. The concepts underlying the method of weighted
residuals will be further discussed in later sections with a comparison to variational
methods. In distinguishing between direct and inverse variational methods as suggested by
Atherton [1975] and Tonti [1984] it is intended that typical practical applications of the
finite element method or Rayleigh-Ritz methods begin with an associated functional for a

linear operator in the classical form as described by Stakgold [1968] as!

F(u)=<Lu,u)—<f,u)—<u,f) (2.2)

where the brackets represent an inner product typically defined as integration over the
domain given by <a, b> = Iab' dV . The following section will examine the generalization
Vv

to nonlinear operators, for which the functional given by (2.2) may not suffice.

The examination of direct methods of variational calculus typically revolves
around the physical descriptions such as Fermat's principle, the Brachistochrone problem,
kinematics, and particle motion. The works of Weinstock [1952] and Fox [1950] are
fundamental works in the area of variational calculus that delve into these classical

examples. The development of the concepts of variational methods in the solution of the

1 An alternate form is that of the scale independent Schwinger Levine form [Stakgold,1968] given by

_

(Lu,uy
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problems of mathematical physics will be presented in this section along with a brief
development of the basic concepts of variational calculus.

The goal of obtaining a variational principle is that sometimes a more
comprehensive picture of the physical process can be achieved for some problems.
Another benefit is that a variational principle may result in stationarity or minimization of
some specific quantity of interest. Some examples of such quantities mnclude resonant
frequency [Harrington, 1961], radiation resistance and characteristic impedance
[Hammond, 1981], radar cross section [Stakgold, 1968], and cutoff frequency [Itoh,
1989].

The calculus of variations is essential in discussing the ideas of variational
principles and a brief introduction will assist. This summary is based on the work of
Finlayson [1972] and Reddy [1986]. The solution to a second-order differential operator
of the form of (2.1) over the region Q is desired. This solution is subject to either

ou(r)

Dirichlet boundary conditions #(7) = c,, Neumann boundary conditions P a, ,

with 7 €0X), the boundary of ), or a mixed boundary condition involving a linear
combination of Dirichlet and Neumann conditions. The notion of extrema of a function is
related to the derivative behavior, namely a vanishing first derivative and non-negative
second derivative. Recall that a function transforms each element of one set of real
numbers into one element of another, representing a one-to-one mapping in the real
number set. A linear functional maps the members of the vector space onto the real line.
Thus a functional can be thought of as a mapping of a set of functions in some class onto
the real line, whose domain is formed by a space of admissible functions. The analogy to a
vanishing first derivative in the language of the calculus of variations is that of a vanishing
first variation, corresponding to a stationary point. Stationarity is expressed symbolically

as,
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OF(u)=0 (2.3)
where ¢ is an operator that is commonly called the first variation. The first variation is
considered a variational operator that acts as a total differential operator with respect to
the independent variables [Reddy,1984]. Specifically the definition of the derivative with
respect to the independent variables? is used to obtain the variation which can be written

as

} e

where ¢ is an arbitrarily small real number and 7 is an arbitrary function [Reddy,1986;

SF (u) = g{dig [Flu+ 87])]

Stakgold,1968]. For the functional to be stationary about some solution u# then the
functional must be stationary about small perturbations in the solution represented by &7
[Hazel, 1972]. Minimization requires the second variation be non-negative, or §>F(u)> 0,
for a positive definite functional.

The minimization theorem as given by Stakgold [1968] illustrates the significance
of minimizing a functional representation of the operator equation given in (2.1). Consider

L a symmetric positive definite operator defined on a linear space S. An operator is said to
be symmetric if the inner product (Lu, v>= (u,Lv) for all # and v € S and is positive

definite if (Lu,u)> 0, forallu#0. Uniqueness is guaranteed by the positive definite

nature of L. Thus if L is semi-definite, one cannot be certain that the obtained solution is

the only one that satisfies (2.1). Without proof the minimum theorem can be stated as :

Given a functional as in (2.2), if (2.1) has a solution u, then u is the one
and only element in S which minimizes F for the positive definite and
symmetric operator L. This can be restated that if among the elements in S

2 This derivative is called the Gateaux derivative.
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there exists one which minimizes F, then it is the solution of (2.1)
[Stakgold,1968].

So now that it has been established that the approximation to the variational statement of
the differential equation provides the best solution it is now helpful to can examine some
consequences of satisfying (2.3). There are three useful consequences of a vanishing first
variation. The first consequence is that the Euler equation is satisfied. The Euler equation
is often discussed in variational calculus and simply corresponds to a weighted statement
of the original operator equation. Another consequence is that if the problem is stationary
about some physical quantity, the quantity will be more accurately approximated than u
itself [Harrington, 1990]. Finally, the natural boundary conditions are satisfied. The
natural boundary conditions correspond to those boundary conditions on (2.1) that need
not be imposed on the set of admissible functions in the associated functional in (2.2).
Typically the Neumann-type boundary conditions are formulated in terms of natural
boundary conditions, but Hazel [1972] has extended these concepts to include specific
Dirichlet boundary conditions. Natural boundary conditions often correspond to a
physically meaningful quantity. In electrostatics the natural boundary condition
corresponds to the surface flux density; in magnetostatics, the magnetic flux density; and
in electromagnetics it can represent the electric surface current [Paulsen, 1988].

The numerical implementation of a variational principle occurs in the form of the
Rayleigh-Ritz or simply Ritz method. Consider an approximation to the true solution as
given by

u= iaivi(-) (2.5)

i=1

where in this context the unknown coefficients a; are known as Ritz-parameters [Itoh,

1989], and the expansion functions v/(¢) are typically required to satisfy the essential
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boundary conditions of the problem. This approximation corresponds to seeking # in the

N-dimensional subspace generated by the finite set {vl,vz,‘..,v,,,}. This approximation to

u is then applied in the variation of (2.2) resulting in N unknowns. The needed N equations

are obtained by taking the variation of F (fi) with respect to the Ritz-parameters and

setting each variation equal to zero, that is,

=0,i=12,...,.N (2.6)

resulting in a matrix expression for the unknown coefficients. Note that since the
expansion functions are required to satisfy the essential boundary conditions; the resulting
matrix will be a full matrix for expansion functions that span the entire domam. Except for
simple geometrical shapes lying along a separable coordinate system, difficulties arise in
specifying these expansion functions so that the essential boundary conditions are
satisfied. These expansion functions are commonly polynomials, sine and cosine functions,

Bessel functions, or any other admissible functions satisfying the boundary conditions.

2.2 Inverse Variational Methods

Though perhaps an artificial boundary between the so-called direct methods, the
inverse method is concemed primarily with obtaining a variational principle, that is, a
functional expression for a given differential equation. The lack of preciseness commonly
found in the electromagnetics literature regarding the application of variational methods
motivates a more careful examination of the means of obtaining a variational statement.
Typical applications are in reality an application of weighted residual methods and do not
exhibit the advantages of a variational approach. For most linear physical problems

obtaining a variational principle is rather straightforward, however, there remain some
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problems of mathematical physics that have resisted such a formalism. Many nonlinear
operators as well as the Navier-Stokes equations governing fluid flow and some heat
transport problems are examples of equations that do not yield a strict variational principle
[Finlayson, 1972]. The lack of a varational principle that provides some form of
minimization does not in any way prevent the researcher from applying numerical methods

since the more general weighted residual method can provide satisfactory results.

2.2.1 General Inverse Methods

The work of Atherton [1975] focuses on the application of inverse variational
methods to nonlinear equations and systems of equations. Atherton suggests that there are
several types of problems found in mathematical physics. While some problems can be
approached by a straightforward scheme, other problems require a transformation to be
rendered a variational principle. Atherton introduces what he terms “composite”
variational principles that apply the concept of adjoint variables. Atherton suggests that the
composite variational principle can be applied to any equation or set of equations. A
drawback to the use of these composite principles is that the physical aspects of the
variational formulation are likely to be obscured. The ideas of inverse methods are more
fully developed by Tonti [1982; 1984].

Tonti [1982; 1984] suggests that the key to obtaining a variational principle
associated with a general problem is that the required symmetry of a linear operator is
connected to the definition of the inner product which Tonti calls a bilinear form.
Harrington [1968] examines this idea in his discussion of extended operators where a non-
self-adjoint operator is rendered self-adjoint through a change in the bilinear form. Magri
[1974] demonstrated that every linear equation has a variational formulation that is based

on these ideas. Tonti's extension to nonlinear operators involves the numerical
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computation of an “integrating factor” that alters the bilinear form. This integrating factor
permits the operator to be written in a symmetric form. Tonti suggests that this approach
eliminates any physical interpretation of the variational method. Tonti stresses that the
variational formulation requires a bilinear functional that maps from a (possibly complex)
vector space to the real line. This point is often not stressed in the literature covering finite
elements. As mentioned previously, Tonti suggests that the “question of knowing whether
a given problem admits a variational formulation is similar to the question of knowing if a
vector field admits a potential,” and the problem transformation via an integrating factor

allows an affirmative answer to this question.

2.2.2 Inverse Methods in Electromagnetics

The variational statement for static functionals as applied to electrostatics or
magnetostatics is easily obtained from first principles and can often be found to yield
useful physical interpretations of minimization of the stored electric or magnetic energy,
respectively. Specific functionals that arise in the context of a more rigorous search for an
appropriate variational statement for use in electromagnetic problems were examined in
the work of Bunting [1992], Chen [1980], and Morishita [1977].

The thesis work [Bunting, 1992] that motivated the investigation of the current
work obtained a variational statement of Maxwell's equations from first principles. The
variational statement made the stored energy stationary subject to an additional constraint
that the total energy be zero. Applying a Lagrange multiplier technique, the functional

expression obtained was found as to be in the form of a “reaction” (due the lack of

conjugation) given by
F:I{sz.E—(VxE).(VxE)}dV+fEx(VxE").ﬁ. 2.7)
V &
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This expression is similar to one suggested by Webb [1983] for the application of
variational techniques to general lossy media. Most finite element applications use a form
of (2.7) that has the conjugation. The work of Bunting [1992] also demonstrated some
difficulties with the application of (2.7) through the application of an approach similar to
the modal approach to be developed later.

Morishita [1977] applied the principle of least action to obtain a variational
statement in a normalized Schwinger-Levine form that was similar to Berk's [1956]
fundamental paper as also reported by Harrington [1961]. Morishita's functional for the

propagation constant is

[{0o" < E+oull” B+ B -V x A " -V x E}dS + §i+(Ex H')dl
N &

Y= — = = —
[{A" ixE -E ixH }ds
s (2.8)
The expression of (2.8) demonstrates a different coupling than that of (2.7) in that the
curl-curl form is not directly present. Chen [1980] examines a variational approach for

non-self-adjoint electromagnetic problems by introducing an adjoint set of variables.

Chen's results are essentially the same as Morishita's, but in a slightly different form.

2.3 The Relationship Between Variational Methods and the Method of Weighted
Residuals

The application of a numerical scheme in the analysis of electromagnetic structures
is often not clearly represented in the literature. The finite element method in the strictest
sense is applied in the context of variational methods and with that classification comes
the resulting implications of minimization and sometimes a physically meaningful

interpretation. The most common applications of finite elements in the electromagnetics
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literature, however, represent an application of a weighted residual approach. Finlayson
[1972] indicates that variational methods are a subset of the method of weighted residuals
and can sometimes yield identical matrix representations, particularly if a Galerkin
approach is used. The purpose of these subsections is to examine several articles that
serve to clarify the definitions regarding variational approaches and the method of

weighted residuals.

2.3.1 The Method of Weighted Residuals - A Review and Connection to Variational
Methods [Finlayson, 1966]

An excellent review of the method of weighted residuals was done by Finlayson
[1966] providing a comparison of variational techniques as well as a wealth of references
for the origins of the nomenclature associated with weighted residual methods. To provide
a historical perspective Finlayson gives Crandall [1956] credit for coining the name
“method of weighted residuals” who provided a umification of the ideas of various
weighting functions under a single concept. In a discussion conceming the choice of
weighting functions, Finlayson credits Galerkin [1915] with the application of Galerkin's
method wherein the expansion functions and weighting functions are the same, Biezeno
[1923] with introduction of the subdomain method, Picone [1928] with the application of
least squares, Kravchuk [1932] with the first application of method of moments, and
Frazer [1937] with the initial application of collocation (use of a Dirac delta function as a
weighting function).

Typically the trial functions are chosen to satisfy the boundary conditions but not
necessarily the differential equation. Collatz [1960], however, reverses this by choosing
trial functions that satisfy the differential equation but not the boundary conditions. In
Collatz's approach a weighted spatial average is performed over the boundary. Mixed

methods [Schuleshko, 1960] use trial functions that do not satisfy either the differential
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equation or the boundary conditions. Schuleshko's [1960] approach makes the differential
equation residual orthogonal to one set of weighting functions while simultaneously
setting the boundary integral orthogonal to another set of weighting functions.

Several refinements of the basic method are discussed, such as forcing trial
functions to satisfy derived boundary conditions [Duncan,1937]. Still another refinement
was to reduce the partial differential equation to a set of ordinary differential equations.
Finlayson stresses the effects of the choice of trial functions as the most critical aspect of
obtaining an accurate solution. To extend these concepts Kantorovich [1958] discusses an
approach that forces the trial functions from a complete set to satisfy complex boundary
shapes.

In comparing Galerkin's method to other weighted residual approaches for self-
adjoint eigenvalue problems it is noted that Galerkin's method leads to symmetric matrices
and thereby real eigenvalues. Finlayson cautions that other approaches can lead to
complex eigenvalues as an approximation to the correct eigenvalues. The least squares
method is criticized in the application to linear problems since the linear problem is turned
into a nonlinear one through application of the least squares approach as will be discussed
momentarily.

Finlayson compares the relationship between the Galerkin method and variational
techniques, as represented by the Ralyeigh-Ritz method, by examining both initial and
boundary value problems, as well as the eigenvalue problem. Finlayson indicates that the
most significant motivation for obtaining a variational principle is that a variational
principle will allow an upper or lower bound to a problem whereas the method of
weighted residuals will simply result in a number (which may be the same as that obtained
from the variational approach) that merely represents the best solution in a projection

sense. Finlayson points out that while the Galerkin method may yield an identical
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numerical result, there is no information concerning error bounds in the computed result.
The key distinction between the approaches is that a functional, which may or may not
represent a physical quantity, is being minimized or maximized. The condition of
stationarity results from lack of positive definiteness in the functional expression, and
when achieved for a given functional implies that the variational integral is insensitive to
changes in the approximate solution. The notion of insensitivity in the variational result is
further developed by Harrington [1990]. Harrington points out that the quantity that is
minimized (such as the propagation constant in Eq. 2.8) will attain a higher degree of
accuracy than the unknown fields themselves.

The application of variational principles is limited to linear problems that are self-
adjoint. Non-self-adjoint problems are handled by the application of adjoint variational
methods which utilize the original equation and its adjoint. This adjoint equation may not
have physical significance but can be related to the concept of a Green's function
[Davis, 1994]. Finlayson cites Mikhlin [1964] as providing a connection between the least

squares method and the adjoint variational method in the boundary value problem

=/ eV 2.9
Bu=0€edV (29)
as equivalent to applying variational methods to the differential equation
L'(Lu- f)=0. (2.10)
For which the following minimum principle is suggested
1=jLu ) av+ §Bu )’ ds, (2.11)
14 XN =8
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with natural boundary conditions of the form [Becker,1964]
N,(Lu- f)=0 (2.12)

representing a differential operator. Finlayson points out that the Euler equation is simply

L’(Lu- f) = 0, with the equivalence to the original problem relying on the premise that

Lu=0¢eV
Bu=0edV =S5 13)
have only a trivial solution.

Finlayson presents an important summary of the least squares method approaches
as initially discussed by Crandall [1956] and Becker [1964]. The eigenvalue problem can
be expressed as

L(u)+ Au=0 (2.14)
with # = 0 on the boundary. As a first approximation with a trial solution u = c;%, the
residual is expressed

R(w) = c,(L(1) + Au,). (2.15)

Finlayson gives the mean square error for the least squares method as

I=c[(LG)+Au) dv . (2.16)

14

Crandall's approach is to obtain A from

j—cl = 2¢, [(L(w,) + Aw,)" aV =0, (2.17)
Vv

1

which Finlayson points out as being quadratic in A and potentially leading to complex
values of A. Becker approaches the eigenvalue problem from a different point of view,

namely
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% = ZCfJ:(L(u| )+ Au)u, dV =0 (2.18)
which is linear in A, yielding real values as long as the equation and #, are real. Finlayson
also examines Becker's [1964] criterion for determining the variational method to be used.
Becker indicates that a “good variational method” will (i) minimize error in some sense,
and (ii) utilize a functional that is positive definite. While recognizing that the least squares
method does indeed guarantee these points, Finlayson argues that including a criterion of
simplicity in application is also desirable. This concern is based on the previously
mentioned idea that a nonlinearity is introduced when applying least squares to linear
eigenvalue problems. Finlayson also discusses the convergence aspects of the various
methods. Mikhlin [1964] establishes conditions that guarantee a sequence of approximate
solutions that converge in the mean to the exact solution in connection with the least

squares method.

2.3.2 Some Comments on the Search for Variational Principles: [Finlayson, 1967]

In a highly critical work Finlayson [1967] examines the use of the term variational
principle as applied to many problems of mathematical physics. The variational description
implies that one should obtain the Euler equations and natural boundary conditions that
match the equation of interest, boundary conditions, and any material constitutive
relations. Finlayson describes the efforts to bring the ideas of variational techniques to
bear on many problems as going “too far” and often merely represent an application of the
method of weighted residuals. While this may seem excessively concerned with semantics,
the claim of obtaining a variational principle carries several advantages over the method of

weighted residuals that have already been emphasized. Recall that the variational integral
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may represent a physical quantity of interest (such as the propagation constant or radar
cross section) to the analyst. A variational approach implies that this physical quantity will
be more accurate than the solution itself. Of greater significance is that the variational
concept will provide a minimum or a maximum corresponding to an upper or a lower
bound to the solution obtained.

Finlayson describes several attempts in the literature to use variational principles
such as “restricted variational principles” that fail to demonstrate the advantages described
above. Finlayson goes on to say that “.. they are substantially equivalent to the more
straightforward method of Galerkin ... it is concluded that the recent mutants are sterile,
~ at least so far as ... practical calculations are concemed. The search for variational
principles has been pushed too far. [Finlayson,1967]”. Finlayson describes a general
framework for the existence of variational principles through examples in particle
mechanics and concludes. Finlayson suggests that there always exists a stationary principle

for operators that are self-adjoint.

2.3.3 Further Distinctions Between the Variational Method, Galerkin's method, and the

method of Least Squares: Sarkar [1983]

Sarkar [1983] compares the variational method, Galerkin's method, and the
method of least squares by introducing the mathematical foundation of linear spaces in a
tutorial fashion. This approach is more mathematically rigorous than the approach
reported by Finlayson given above, but generally agrees with the previous conclusions

with more substance. Recall that we desire a solution of the operator equation

Lu=f (2.19)
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by using an appropriate method depending upon the nature of the operator L and the
boundary conditions applied to solve (2.19). The typical approximate solution # to the
unknown u begins with an expansion function

7= av,) | (2.20)

Mz

1

Il
—

where the v; are known functions of space and/or time that typically form a complete set
and the undetermined coefficients a; are the desired solution of the resulting matrix
representation of (2.19). When the expansion functions form a complete set we are able to

assure a uniformly convergent solution which is defined by

lim | - 7] = 0, (2.21)

where "0" can represent the 1,2, or infinity norm.

The typical variational method attempts to solve (2.19) by obtaining the minimization of
F(a) = (Lu,a)-(f,a@)- (4, f), (2.22)

where it is assumed that the operator L is self-adjoint. If L is not self-adjoint the
discussion can continue with the substitution L — L'L, and f — L' f where Sarkar
indicates that the method essentially becomes the method of least squares. Sarkar
examines several important issues regarding the application of variational methods such as
the existence of a functional for a given problem, convergence criterion for minimization,
and the restrictions on the expansion functions in (2.20). A functional that represents the
solution of (2.19) can exist if the operator is self-adjoint, positive definite, and has a

bounded inner product for a solution u,. For real L, the bounded solutions satisfy
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<Lu0,u0> < oo for u, € D(L), where D(L) represents the domain of L . This requirement

translates into the necessity of a square integrable function /- A functional then can be
shown to exist for a positive definite, self-adjoint operator with a square integrable forcing
function.

The issue of convergence is crucial in the application of numerical methods in any
setting. The investigator will need to make decisions regarding accuracy requirements and
the determination of the finite approximation will be essential. The satisfaction of (2.21) is
the key requirement regarding convergence and can be simply interpreted to indicate that
if the solution will converge, increasing the order of approximation will yield more
accurate results. While this may seem an unnecessary requirement, the quest for a
numerical scheme that yields a uniformly convergent solution is not always easily
obtainable for every numerical approach. Some expansions appear in the form of
asymptotic expansions that, while increasing accuracy for certain high orders, will begin to
diverge as the order increases without limit. In the application of variational methods, the
solution which minimizes the functional will be guaranteed to be convergent if the
operator L is a definite operator. Recall that an operator L is said to be definite if Lu =0
only has a trivial solution # = 0. It can then be concluded that if a self-adjoint positive
definite operator is used it is possible to gain increasing accuracy as the order of
approximation in (2.20) is increased. The Pocklington integral equation and the Hallen
integral equation are examples of operators (in this case integral operators) that are neither
positive or negative definite and guarantee no increase in accuracy as the system order is
increased.

Sarkar suggests that the expansion functions used in the variational method are not
required to be in (L), the domain of the operator L. This requirement is rather surprising

since other sources [Reddy,1986; Stakgold,1968] imply that the so-called essential
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boundary conditions must be satisfied by the expansion functions. Sarkar's statement may
refer to the natural boundary conditions, since all boundary conditions which may be
applied are considered to modify the domain definition. A significant requirement is that
the expansion functions are required to be a complete set with respect to the inner
product. The implication of these requirements for a second order differential equation is
that the expansion function must be capable of representing the derivative of # and not just
u itself.

By comparison, Sarkar indicates that the weighted residual method as typified by
Galerkin's method differs from the variational method in that the expansion functions v;
must lie completely in D(L). It can therefore be noted that the functions v; must satisfy all
boundary conditions as well as any differentiability requirements imposed by L. There is
no restriction on L as to self-adjointness and linearity. Sarkar examines several concepts
of convergence that will be summarized as weak convergence, strong convergence, and
uniform convergence to the solution. Galerkin's method essentially guarantees weak

convergence of the residuals as dictated by

%i_eo(Lﬁ —f,vn> —>O0forn=1,2,... N.

In order to make a more certain generalization of the convergence (the convergence in the

norm), the concept of strong convergence must be examined in which we desire

lim| L7 - f]| - 0. (2.23)

Sarkar indicates that if the operator L is bounded, then strong convergence is always
guaranteed. In cases when L is unbounded there are some conditions that will allow for
strong convergence, but these are not germane to the discussion in this context. The final

consideration is the uniform convergence demonstrated in (2.21). Sarkar indicates that if

Chapter 2: Variational Methods 26



the inverse operator is bounded and strong convergence is assured, the sequence of
solutions converges to the exact solution. If either condition is not attained, there is
nothing that can be said regarding accuracy without a priori knowledge of the exact
solution.

The method of least squares is also examined by Sarkar and compared to
variational and weighted residual methods. Whereas variational and weighted residuals
methods had restrictions on strong convergence as detailed by (2.23), Sarkar suggests that
the method of least squares is guaranteed to demonstrate strong convergence even if the
operator is unbounded. Sarkar gives the example of using the least squares method to

solve Lu = f by using the functional
F'(y)=|Lu=fI =(Lu~ f,Lu~ f), (2.24)

by substituting # as defined by eq. (2.20) and obtaining the variation of eq. (2.24). This

typical procedure leads to the set of equations

N
Zai<Lvi,ij> = <f,Luj> forj=12,..., N.
i=1
The expansion functions for the least squares method are required to be complete with
respect to the norm (Lu, Lu). The least squares method has no difficulty in handling non-

self-adjoint and nonlinear operators if the integrals exist.

2.4 General Observations
A common thread that runs throughout this brief examination of key literature
regarding the application of variational methods is that although variational methods in the

strict sense provide a minimization and therefore an optimum solution, there is no way in
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general to assure a precise physical meaning. For functional expressions that correspond
to operators that are self-adjoint and positive definite it is sometimes possible to obtain a
physical interpretation typically involving energy or power concepts. The key significance
of a variational method is the ability to provide a solution that is insensitive to small
changes about the solution and thereby minimizes certain quantities while relaxing
accuracy requirements on the fields themselves. This powerful property can be seen in the
Schwinger-Levine form of (2.8) provides a solution for y that may be more accurate than
the fields £ or H. A final observation is that while the variational method is a subset of
the weighted residual method, the solutions may be identical under certain circumstances
such as when a Galerkin method is used. There is a lack of clarity that often surrounds the
application of some numerical schemes that can be addressed by proper numerical
classification. This chapter has sought to bring some light on this sometimes gray area by
noting that the majority of numerical methods reported in the current literature are
application of weighted residuals even though the word “functional” is frequently

introduced.
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Chapter 3
Finite Element Techniques and Application to

Problems in Electromagnetics

The finite element method is a means by which the solution to a differential
equation is approximated according to a variational principle where the domain is
composed of simple finite geometric shapes or elements whose union forms the original
problem domain. This discretized domain may also be referred to as a mesh. The finite
element method typically uses piecewise polynomial approximation functions with
compact support to approximate the domain. Similar to classical variational methods, the
finite element method seeks the projection of the finite subspace Sy to the infinite-
dimensional subspace S. Classical variational methods use expansion functions that are
defined over the entire domain, satisfy essential boundary conditions, and use a finite
series expression to approximate the solution. The dimension N in classical methods is
determined by the number of terms retained in the series representation. The finite element
method also generates a finite dimensional subspace, but does so by partitioning the
solution domain into geometrically simple shapes or elements. This discretization allows
for the modeling of arbitrarily complex boundary shapes depending upon the choice of
elements used to form the mesh. This chapter will present the basic ideas of finite
elements including the basis functions used, the shape functions which form the basic
interpolation, and the matrix representation. Following this brief survey, some basic
electromagnetic problems will be discussed including a static problem for the solution of
Laplace's equation, a quasi-static problem that examines the propagation characteristics of
a weakly guiding dielectric waveguide, and a full-field expansion for a general solution to

Maxwell's equations in a rectangular metallic waveguide. The application of finite element
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techniques in a weighted residual form to the full-field problem is shown to exhibit a

difficulty in that spurious solutions are generated that do not satisfy Maxwell's equations.

3.1 Basic Concepts

To construct the space of basis functions Sy, the solution domain is discretized by
choosing node points corresponding to the points in the domain at which the solution is to
be computed. Shape functions connecting the nodes are chosen that are defined over a
single finite element and are used to define basis functions. The basis functions are formed
by enforcing the continuity of adjacent element shape functions. The dimension of the
space S corresponds to the number of nodes chosen. Other nodal distributions over an
element may be determined by the geometry of the element and the degree of the shape
function desired to approximate the solution. Lapidus [1982], Reddy [1984], and Silvester
[1990] discuss the various shape functions in significant detail. A linear shape function in
an element is equal to unity over one node point and is zero over all others within the
element.

The spatial discretization in the current work uses linear triangular elements. This
choice represents one of the simplest forms of finite elements. A benefit of this choice is
that the integration is exact and does not require a numerical algorithm as do the higher
order rectangular elements. Another benefit is that triangular elements easily model
complex geometrical shapes whereas rectangular elements do not. The linear triangular
element has nodes located at the vertices and is the minimum acceptable shape function
for the second order operators considered in this paper. (Recall that the degree of
expansion function required is reduced by one through integration by parts in a function

theoretic sense, though not required with a distributional interpretation.)
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3.2 Basis Functions

The basis functions are pyramid-shaped basis i
functions [Steele, 1987] with each basis function
associated with one node. These basis functions have
local (or compact) support, which is to say that they are
nonzero only over those elements that contain the
corresponding node point. Examining Fig. 3.1, the

elements adjoining a particular node constitute the

support of the basis function. Basis functions have a Figure 3.1. Pyramidal basis
value of unity at their node point and have a nonzero function for node /.
gradient over their support. This nonvanishing gradient property allows for globally
continuous elements and for computations corresponding to the gradient of the desired
solution. The alternative pulse basis function fails in this regard, and though well suited to
source modeling in the moment method, will not be considered for finite element
techniques used here [Steele,1987]. These pyramidal basis functions v,(x, ) are linearly

independent and as such can be represented over the space Sy as the linear combination to

approximate the exact solution « with # as given by

iu(x,y) = Zu,vi(x,y) (3.1)

where u; are real numbers. It is important to keep in mind that since more than one

element constitutes the support of v,(x,) the basis functions are composed of more than

one shape function.
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3.3 Shape Functions For Triangular Elements

The solution domain can be represented by ) bounded by 02 and approximated
by the union of nonoverlapping triangles €, , each with boundary 0, , as seen in Fig. 3.2.
The solution can be thought of as the summation of the contribution of the individual

elements by considering the contributions of each element adjoining, say, node i in (3.1).

The domain of a shape function is a single finite
element. The linear interpolation functions required
take the form

49(x,y)=a, +a,x+a,y (3.2)

where the set {L,x,y} is linearly independent. By

writing expressions relating the values at the three Figure 3.2, Domain discretization.

nodes u; and satisfying the expression v(x,,y,) = u,,
it is possible to obtain a matrix expression to evaluate the constants a;. Referring to Fig

3.3, the values at the nodes in terms of the coefficients can be written

(x3,y3)
1 x, y 1 u,
L x, y, §@ =% - (3.3)
1 x a u xLyD)
3 Vs 3 3 2y

Figure 3.3. Basic linear element.

Solving eq. (3.3) leads to the following set of equations:

1
%= H[ul(xz)’z = X,0,) + (X, —x,p3) Hau(x,y, - x2y1)]

1

a, =ﬁ[u1(y2'}ﬁ)+u2()ﬁ_y1)+u3(yl_y2)] 34)
1

a; = g[ul(xs =x,) +uy(x, = %) +u5(x, _x‘)]

where the area of triangle is given by the following determinant
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1 x, »y
y =%1 xi y: :(xz.VJ_xs}’2)+(x3y1—x1y3)+(x1y2_xzyl). (3.5)

2
1 x, y,

The area relationship in eq. (3.5) can be obtained by considering a cross product of two
vectors, forming a parallelogram, where the factor of 1/2 recovers the triangle area. Note
that the area given in eq. (3.5) is positive for nodes numbered counterclockwise. The node
ordering determines the handedness of the cross product and a “negative” area is obtained
for clockwise (left-handedness) node order.

Substituting the values of a; from (3.4) mto (3.2), the following approximation for

the unknown in the element is given by

3
7 (x,y) = u O (x,y) +u, ) (x,y) +up O (x,y) = Dy (3.6)
i=1

where () represents a Lagrange interpolation function for triangular elements given by

1
O = Lo+ prrra)i-123 G)

e

and «,,f,, and y, are constants obtained from the local element geometry given

explicitly as
Q; =XV — X Y,
Bi=Yy;= Y (3.8)
Vi =X _xj

where i # j # k, and i, j, k permute in a natural order. The linear shape functions (¥

are

shown in Fig 3.4, and have the following properties:
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v (x,.y,)=68, ij=123 i&ﬂ . B
1 ) 2

3
and Zwﬁ"(xj.,yﬂ:l L, E ]{L
i=1
1

Figure 3.4. Shape Functions [Reddy, 1984]
(L-v)

3.4 Matrix Representation For Finite Element Problems

A point of confusion in the literature for the numerical application of finite
elements is the distinction between the shape function used to interpolate over the
triangular region and the actual degrees of freedom in the problem. The degrees of
freedom are the nodes defined by the basis functions v,(x,y) which have compact support
over the intersection of elements that form the pyramidal base as seen in Fig. 3.1. The
numerical solution is obtained by forming the first variation of the functional F{u) for the
given problem by setting it to zero, that is

OF (u) =0. (3.9)
Formally this can be accomplished byv introducing the N-dimensional approximation to u

umu = iaivi(x,y) = iai Z';y/i,(j)(x,y), (3.10)

=1 j=

where the double summation on the right hand side of (3.10) represents a formal

definition of the shape function ., (x,y) defined over each element and N is the
number of interior nodes. The subscript e/(j) refers to those elements which contain node
i (there are N; of them) where a search over the nodelist that details the nodes contained
within each element is required. This formalism is mentioned to try to eliminate confusion

that sometimes exists when the so-called element matrices are introduced. The expansion
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function v,(x, ) is the collection of interpolating polynomials as described in Fig 3.1 as
the approximation to the field at node / having compact support. This compact support is
defined by the elements that contain the 7, node. Setting the first variation to zero yields

the required N equations and corresponds to computing

SF=0=——=0f=1,...N (3.11)

where ay represents the “free” variables. The Dirichlet boundary conditions are enforced
by eliminating the equation that corresponds to the known boundary data. This elimination
can be performed in such a way as to preserve the symmetry of the system of equations.
The linear system can be solved using a number of methods, but with consideration given
to sparsity, a large number of unknowns can be handled on a personal computer. The
sparse solution techniques are interesting in their own right and are discussed in Bunting

[1992].

3.5 Finite Element Techniques Applied To Electromagnetics

Consider Maxwell's equations in a homogeneous, isotropic, time harmonic form

given by
VxE=-jouH+J, (3.12)
VxH= josk + M, (3.13)
V.ék = p, (3.14)
and VeuA=0. (3.15)

Numerical methods typically must be applied whenever the geometry does not coincide
with a separable coordinate system. There are three major divisions of numerical
approaches that can be used in solving Maxwell's equations that depend on the frequency

range and medium characteristics. In general, problems can be characterized as static,
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quasi-static, or full-field. The following sub-sections will discuss the application of finite
element techniques to each problem type. Section 3.5.1 will discuss the solution of
Laplace's equation that can be useful in obtaining the characteristic impedance of TEM
structures as an example of a static problem. Section 3.5.2 will discuss a quasi-static
approximation to the solution of a weakly guiding rectangular dielectric waveguide that
will focus on the computation of the propagation characteristics that are essential in
determining the usefulness of the propagation channel. Section 3.5.3 will discuss the full-
field approach that must be used when hybrid modes are present (such as when an
inhomogeneous medium is present), higher order modes exist, or wall losses are present.
The full-field approach presents a fundamental difficulty in the application of finite
element techniques in that false solutions are obtained that do not correspond to solutions
of Maxwell's equations. The remainder of this work will be devoted to the examination
these false solutions, the methods that are used to eliminate them, and the development of

a more fundamental approach that reveals the nature of the flawed solutions.

3.5.1 Finite Element Techniques Applied To Electrostatics

The application of finite element techniques to problems in electrostatics or
magnetostatics is relatively straightforward [Bunting,1992]. The static problem of interest
is the Poisson equation given by

Ve(eVV)=—p (3.16)
since it is assumed that the curl free electric field can be written as the gradient of a scalar,
or specifically £ = —~VV . As a special case consider Laplace's equation for the potential in
a homogeneous source free region given by

ViV =0, 3.17)

subject to either Dirichlet or Neumann boundary conditions.
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The variational formulation for this self-adjoint problem can be easily obtained by

the application (2.2). Integrating by parts and applying the divergence theorem leads to

F(V)= ‘[ 51VV|2aQ—:LV %/Z—dn. (3.18)

Due to continuity, the boundary term cancels on interelement boundaries that do not
coincide with the boundary of the domain &Q. For V specified on the boundary as with
the specification of Dirichlet boundary conditions, the boundary term doesn't contribute to
the variation (since it is fixed) so it can be eliminated without loss of generality. Omitting
the boundary term, the functional corresponds to the twice the electric energy stored

within the domain Q. The observation that the energy E = 1CV'? leads to the variational

expression for the capacitance [Daly, 1984]

[dvrdaa
C= 2 (3.19)

where the denominator represents the potential difference between surfaces 52, and 5X,.

In order to demonstrate the method, consider the geometry of Fig. 3.5 modeling a
circularly symmetric coaxial transmission line with perfectly electric conducting walls with
outer to inner radii of ratio a/b = 2. Applying finite element techniques! to solve eq. (3.19)
leads to a matrix representation of the form Ax = b, where the unknowns represent the

potential at each vertex. The right hand side contains the assigned potential values on the

1 This problem may be solved in a one-dimensional form [Cheng,1989], but a two-dimensional form is
used to better illustrate the problem at hand.
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boundary. The capacitance is computed to
be C/e=9.1180 compared to the exact
value of C/e=9.0647 for a difference of
0.584%. Harrington [1990] points out that

the capacitance obtained by minimizing

(3.19) is more accurately modeled than the

actual unknown potential V.

A s
100 820 S TAVATATAN
NI

AV v

Figure 3.5. Coaxial Transmission Line with
solution of Laplace's equation was dimension a/b =2. Denote outer boundary
oQ, and inner boundary 9Q,.

The solution to the numerical

problem of the form Ax = b for the

performed using a conjugate gradient
approach [Press, 1992]. Although direct methods that perform an LU decomposition
could have been easily implemented, these direct methods tend to be optimized for speed
and not necessarily optimized for memory usage. The conjugate gradient method is an
iterative method that is related to the method of steepest descent used in optimization, but
is much more robust and ideally converges in N steps. Optimal use of sparsity requires
special data structures that store only the nonzero matrix entries. The conjugate gradient
method is a fastly converging iterative method that can be implemented in such a way as
to eliminate all nonzero entries from the algorithm. Another concem that tends to
complicate finite element implementations for direct methods is that the mesh node
orderings must be optimized to minimize the numerical bandwidth that directly bears on
the storage capability. The application of the conjugate gradient method does not require
node reordering since the sparse data structures eliminate the need to minimize the

bandwidth.
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3.5.2 Finite Element Techniques Applied To A Weakly Guiding Rectangular
Dielectric Waveguide-A Quasi-Static Approximation

The general application of finite element techniques for dielectric waveguides
requires a full vector formulation, but in most practical communication applications of
optical fibers a quasi-static approximation can be made. For the purposes of this work a
two region problem is considered as depicted by Fig. 3.6. A weakly guiding condition
exists whenever the refractive index of the core and cladding differ by less than a percent
and the longitudinal component is much smaller than the transverse components (although
not strictly zero). This approximation is reasonable for typical communications
applications where the weak guiding condition y

provides minimal intermodal dispersion. The

results of this section are based on an independent

study that was designed to study a comparison of

the effective index method and finite element n,
techniques [Bunting, 1994]. Figure 3.6. Dielectric Waveguide
As mentioned previously, an examination of the physics associated with the
weakly guiding condition reveals that since the longitudinal components are much smaller
than the transverse components, it is sufficient to consider the transverse components
alone, say e, or e . The particular choice of e, or e, will determine the polarization. The
assumption that the longitudinal components are small with respect to the transverse
components is essentially the same as saying that the fields are nearly TEM, and thus a
quasi-static approach. Another important consideration that will be discussed more fully in
the following section is that the continuity of the normal derivative across the

inhomogeneity is obtained “naturally” as a result of the variational formulation. For this

problem the quasi-static solution corresponds to the solution of the Helmholtz equation
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Viy +(kgn® - f )y =0 (3.20)
with y =e . This expression can also be written in operator form Lu=f where it can be

seen that L=V’ +(kjn’ — ) and u=e,. The required functional can be obtained by
writing
F(e,)=+{Lu,u)=1[[e,V?e, +(kin* - p*)e} |dQ2. (3.21)
Q

x

Making use of a couple of vector identities, eq. (3.21) can be written

F(e,)=1[[-Ve, - Ve, +(k;n’ - p*)el |[d2+1 fe, Ve, « ids (3.22)
Q X
where the boundary term
&
e Ve, ends= pe —*ds (3.23)
foverresfea

dictates the form of boundary condition required in the finite element formulation. The
essential boundary condition is dictated by the form of # in the boundary term, in this case
u = e, so e, must be specified on the boundary. Another important characteristic which
arises from the boundary term of (3.23) is the natural boundary condition. When set to
zero (often by simply omitting the term) the natural boundary condition is automatically
satisfied without explicit enforcement. By examining eq. (3.23) the normal derivative of

e, is the natural boundary condition thereby satisfying a required boundary condition

x

along the interface separating the core and cladding.
Expanding eq. (3.22) leads to an expression of the form

Fle)=4(f [—&&—&&Jr(k;nz - ﬂZ)ej]dQ (3.24)
Gl & & & &
where the numerical solution obtained by forming the first variation to zero, that is
SF(e,) =0, (3.25)

where the N-dimensional approximation to e, is
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N N

N i
€~ Zexivi(x>y) = Zexi V/iel(j)(xay)' (3.26)
i=1 =1

=1 j

The unknown is the electric field e, at each node. Setting the first variation to zero yields

the required N equations and corresponds to computing

OF =0 = ai=0,f=1,...,1v (3.27)

e,
where e, represent the “free” variables (interior nodes in this case). The resulting system
of equations is an N x N matrix eigenvalue problem of the form Ax = ABx.

In a more practical setting the matrix entries are typically computed on an element-
by-element basis and then “assembled” using connection information provided by the
sparse matrix data structures [Bunting,1992] that are obtained from the nodelist. In order
to provide continuity with existing literature the eigenvalue problem is written by using
element matrices as

(4 Jle.} = £°[Be e (3.28)
where {e, } represents the electric field at the nodes contained in element e. The matrices

in eq. (3.28) are

4] H{k;nz ey AT A AT Ay }dg, 529
and B |= ” {{e}{e} }aar, (3.30)

Q
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where the vector {¥} represents the linear shape function defined in element e at each

node in the element and is detailed in Appendix C.1. The global system Ax = ABx is
obtained by summing the contributions from each element as detailed by Reddy [1984].

Two simple iterative approaches can be used to solve the matrix eigenvalue
problem Ax = ABx that take full advantage of the matrix sparsity. A power method
[Johnson, 1982] can be implemented in order to compute the maximum eigenvalue
corresponding to the propagation constant. The power method is a brute force method
that works well in computing the largest eigenvalue, but is of little use in compuﬁng the
next eigenvalue. The second largest eigenvalue computation is required to obtain cutoff
information about the next mode for design considerations. An additional iterative
approach can be used based on the work of Lancaster [1966] that can compute any
eigenvalue using a Rayleigh quotient that depends on an initial estimate. An advantage of
using either iterative approach is that the corresponding eigenvector (and thereby the field
distribution) is made available for post-computation and verification of results. The
Lancaster algorithm is an approach that relies on the availability of a good guess to the
expected eigenvalue, thus limiting the convergence if eigenvalues are closely spaced.

More robust iterative schemes have recently been introduced such as the conjugate
gradient method and the related Lanczos methods [Saad, 1991]. The motivation behind
exploring a more reliable, efficient, and fast eigenvalue routine is attempting to maximize
the storage efficiency that finite element techniques yield due to the sparsity of the
matrices. For the purposes of solving the eigenvalue problem for the weakly guiding
waveguide the IMSL routine GVLSP was utilized in this work. Although a dense matrix
eigenvalue solver, this IMSL routine is very reliable and provides accurate results.
Unfortunately, the use of a dense solver necessarily limits the problem size to the available

computer memory.
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The rectangular dielectric guide has

no closed form solution, so a comparison to

other approximate techniques will be

helpful. A commonly applied method in the

analysis of weakly guiding fibers is the

Figure 3.7. Rectangular Dielectric
Waveguide (72 nodes). effective index method. As detailed in

Appendix A, the effective index method is a
method that reduces the two-dimensional Helmholtz problem into a set of coupled one-
dimensional problems [Adams,1981]. This reduction is made by forming an equivalence
between the two-dimensional rectangular guide (providing field confinement in both x and
y) and two one-dimensional slab guides (one providing confinement in x, the other in y).
The effective index method will now be compared to the finite element method for a
rectangular dielectric waveguide. Consider the finite element mesh for the rectangular
guide with ratio of width to height a/b = 2 as depicted in Fig. 3.7. The core has a
refractive index of 1.48. The cladding has a refractive index of 1.45 and is assumed to be
of infinite extent as far as the fields are concemed. The application of finite element
techniques to this problem of infinite extent requires that the solution domain be truncated
in some way. Since the fields will be zero sufficiently far from the core, the simplest
method to model the field decay is to set e, = 0 on the outer fictitious boundary. Applying
the finite element method to the mesh described by Fig. 3.7 yields the plot of Fig. 3.8,
where the normalized propagation constant ﬁ (defined on the plot on the vertical axis as
B/k, ) versus the normalized frequency V is plotted to compare with the effective index
method. The normalized frequency is a standard unit of measure in the optics literature

and can be given by V = k,a/n’ —n’_.. . The cutoff values are nearly the same and the
0 core cladding y

S-V tracks well for practically all ¥. It is worth pointing out that the finite element
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solution is smaller for the dominant mode, but larger for the second mode. Since the finite
element method provides a minimum solution there is an apparent dilemma in evaluating
the effective index method. The accuracy of the effective index method near cutoff is poor
since the fields are no longer confined to the core. The mesh used to model the
rectangular waveguide uses thin triangles in the cladding region in the vicinity of the core.

The orientation of these thin triangles can influence the solution for the higher order

solutions.
TEMP Sen. 21. 1004 1:0840 &M
Rectangular Dielectric WG
rect16.msh (72 nodes)
1.48
1.47
[=]
~
~
Q
1.46
1.45 LA ;':/1 P L ' L | L |
0 1 2 3 4 5 6 7 8 9 10
v

Figure 3.8. A Comparison of the effective index method and the
finite element method.

Obvious limitations to the application of finite element techniques are the
discretization error and truncation of the infinite domain. The discretization error can be
reduced using a higher order system (by increasing the discretization) or by the application
of higher order elements discussed in detail by Silvester [1990]. The infinite domain
approximated in this work by a zero boundary condition on the outer boundary can be
handled by more elegant methods such as infinite elements [Bettess, 1977] or iterative

techniques [Chiang, 1985].
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3.5.3 Finite Element Techniques Applied In A Full-Field Setting - A Difficulty
Encountered

A full-field approach is required when the medium is characterized by higher order
modes, hybrid modes such as for a general inhomogeneous media, or a waveguide with
imperfectly conducting walls. Recall that the weakly guiding dielectric waveguide was
characterized by a longitudinal component that was very small as compared to the
transverse components. The quasi-static approach allowed the formulation to be
expressed essentially as a scalar problem. Other problems can be expressed in a scalar
form when there is a distinct separation between TE and TM modes. In general, however,
this approximation cannot be applied and a full vector formulation is required. This
subsection will examine the typical full-field expression used in finite element techniques
as applied to a rectangular waveguide with perfectly conducting walls. The reader may
note that the rectangular waveguide problem can be easily cast as either a TE or TM
problem for the homogeneous case. The solution corresponds to the scalar Helmholtz
equation for e, or s, (with the unknown u =/, for the TE case and u=e, for the TM
case). The remaining fields can then be found from Maxwell's equations. The motivation
for applying the full-field functional for this simple geometry is that the fundamental
difficulty with can be easily demonstrated and thereby exposing the surprising weakness of
the commonly used full-field form.

Consider an approach that begins with the source-free Maxwell's equations. If an
expression in terms of all three components of the electric field and no magnetic field is

desired, take the curl of (3.12) and use (3.13) to write

VxVxE-Kk*E=0 (3.31)
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where k = a)\/sz . A typical expression useful for a finite element implementation can be
written by applying Eq. 2.2. After integrating by parts, applying the divergence theorem,
and assuming that the proper boundary conditions will be enforced the following

“functional” expression is obtained:

AE) = [[(V < E)+(V x B) -K*E . E"|a0. (3.32)

This expression is only a useful functional useful for variational methods for £ real, hence
the use of quotations in calling (3.32) a functional. A complex functional cannot provide a
minimum in any sense, but may yield a saddle point in the complex plane. It is more
appropriate to write the expression as a weighted residual expansion that is formed by

defining a residual
R(s)=[E;-(VxVxE-k*E)dQ=0. (3.33)
Q

After integrating by parts and accounting for the boundary term the weighted residual

expression 1s

J{(VXE)o(VxE,) - RE.E;|aa=o0. (3.34).

which is of a similar form as (3.32), however, the numerical scheme is not variational.

Consider the electric field to have a z dependence of the form

E(x,y,z)=&(x,y)e™” (3.35)
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where y = a +jf . The real part of y corresponds to the attenuation constant in Nepers
per meter and the imagmary part of y is the phase constant in radians per meter. Using the

z dependence of (3.35), the weighted residual form can be written

J‘{(&ye, + }ey)(ﬁye; + y'e;") +(d,e, +12,)(d,e5, +7es,)
] (3.36)
+{0”xe; -0d.e, )(ﬁxe;n - 5ye;n) - kz(exe;n +ege, +ee. )}dS =0

which can be written in an eigenvalue form Ax = k*Bx for the wavenumber k. The
specific matrix entries for (3.36) are detailed in Jin [1993]. An eigenvalue problem of this
form is useful if the propagation characteristics are known such as in a measurement
environment and the knowledge of the medium characteristics are desired. Jin [1993]
suggests that the eigenvalue problem can be cast in terms of the real propagation constant
by a transformation of variables, but this transformation will not be examined here.

Consider the model for a rectangular metal waveguide of Fig. 3.9 with dimensions

a=10cmand b = 0.5 cm. A useful

characteristic that will reduce some

computational overhead is computation

of the cutoff frequency from the cutoff

wavenumber k. The cutoff wavenumber

_ ) Figure 3.9. Rectangular waveguide model
can be obtained by setting the with 16 nodes, 18 elements.
propagation constant y = 0 in (3.36). The

exact cutoff wavenumbers for a rectangular waveguide are given by the equation

k? =(’%”) +("7”) ‘ (3.37)
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For the purposes of this study, it was
desired to compute several of the first
eigenvalues which are listed in Table 3.1. It is
important to note that the first few eigenvalues
are not even close to the exact solutions. These
solutions correspond to solutions that do not
satisfy Maxwell's equations and are false
solutions. There are three solutions that occur

before the first physical eigenvalue at w. Since

Table 3.1. Full-field results for the
cutoff wavenumbers comparing the
full expansion form and exact
results for the 16 node rectangular
waveguide of Fig. 3.9.

Full Expansion Exact
2.849202E-03 3.1416
2.104455 6.2832
2.691510 6.2832
3.174411 7.0248
5.415371 7.0248
6.599501 8.8858
6.829937 8.8858
7.639579 9.4248

the false solutions occur in the area of the smallest eigenvalue, an iterative approach

would have led to an incorrect result. Fig. 3.10 portrays a graphical representation of the

o Full-Field
Exact

T Rectangular Waveguide
PEC Walls

9

Eigenvalues: Cutoff Wavenumbers

8 9 10

Figure 3.10. Graphical representation of the tabular data in Table 3.1 for
the 16 node rectangular waveguide of Fig. 3.9 comparing the exact results

and the full-field finite element results.
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data in Table 3.1 where the cutoff wavenumbers are plotted along the x-axis. It can be
noted that results for the full-field problem are not easily connected to the exact solution.
Field plots (not detailed here) for the questionable solutions reveal a possibly divergent
characteristic.

Though the application of a full vector formulation is not necessarily required for
the homogeneous rectangular metal waveguide, this canonical problem reveals that
spurious solutions appear to contaminate the spectrum. Applying the scalar approaches of
Section 3.5.2 and the TE and TM approach to the rectangular waveguide reveal that every
eigenvalue that was computed formed a one-to-one correspondence with the physical
modes, though the higher order modes suffered greater inaccuracy. The presence of
spurious solutions prevents a one-to-one correspondence between the approximate and
exact solutions. The remainder of this dissertation will address the questions: Why are
these false solutions present? What is the fundamental problem with the straightforward

approach of Eq. (3.34)?
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Chapter 4

Spurious Solutions: Causes and Remedies

There are several approaches available in applying finite element techniques to
solve Maxwell's equations. For non-dynamic problems a static approach can be used
without worry since the elliptical form of the equations is mathematically well developed
for the variational method. These problems include Laplace's and Poisson's equations for
electrostatics and magnetostatics. Some dynamic electromagnetic problems that involve
the guidance of energy in a microstrip or waveguide can be solved adequately by applying
a static or quasi-static methodology. A quasi-static approach assumes that the fields are
nearly TEM (transverse electromagnetic), requiring insight on the part of the researcher as
to the limitations of such an approximation. The partial differential equation for the quasi-
static approach has the same minimum properties as the static case mentioned earlier. A
general solution of an electromagnetic problem when the medium is anisotropic, when
higher order modes are present, or when hybrid modes are known to exist requires the
choice of a dynamic or “full-field” expression of Maxwell's equations. The form of the
full-field expression plays an important role in the resulting numerical solution and is
typically expressed by a functional representation for use in finite elements or the related
weighted residual form. Many full-field vector finite element implementations in the
literature begin with the so-called curl-curl representation that results from Maxwell's
equations as depicted by

p=[|(VxE)-(VxE) -#E-E"|an,

which is more appropriately expressed in the weighted residual form

[[(VxE)+(VxE,) -kE.E;|a0=o. (4.1)
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A boundary term resulting from the application of the divergence theorem to the
V xV x E term has been set to zero, upon enforcement of 7 x £ =0 on the boundary.
This expression is directly related to the expression discussed in eq. (2.7) where the
application of the conjugate form is more commonly used.

The application of finite element techniques to a more general solution of
Maxwell's equations as depicted by eq. (4.1) presents a difficulty with the generation of
false or spurious solutions (or modes as they are sometimes called) corrupting the
obtained solution. These false solutions are manifested when the numerical eigenvalues
obtained do not correspond to a physical solution as demonstrated in the previous chapter.
The difficulties associated with spurious solutions and the techniques to eliminate them
have dominated the literature for the numerical analysis of metallic and dielectric
waveguides [Angkaew,1987; Boyse,1992; Fernandez,1990; Hayata, 1989,
Kobelansky,1986; Rahman,1984; Lee,1991; Lynch,1990,1991; Paulsen,1991]. Although
many diverse explanations exist for the causes of spurious solutions, there has been a
relatively narrow range of approaches used to eliminate spurious solutions from numerical
schemes. An examination of these methods will be made and limitations will be discussed.

An important observation made by Rahman [1984] and others is the divergent
nature of these false solutions which indicates that they do not satisfy Maxwell's
equations. The observation that these solutions demonstrate a non-zero divergence leads
to a means of identifying the incorrect solutions in the post-computational procedure.
Many approaches to eliminate these false solutions have focused on redefining the
functional in such a manner as to eliminate the false solutions. One approach has been the
penalty method, which attempts to enforce the divergence in a least squares sense. Other
efforts have focused on defining the functional in terms of scalar and vector potentials.

The causes of spurious solutions that result from applying finite elements to eq. (4.1) have

Chapter 4: Spurious Solutions: Causes and Remedies 51



been attributed to several difficulties, including the failure of node based elements to
properly model the null space of the curl operator [Wong, 1988] and the improper
handling of natural boundary conditions [Konrad, 1976]. A more recent approach departs
from the typical finite element expansidn function (a pyramidal basis function of compact
support defined for each node) and defines a basis set over each element. This approach,
known as the edge element method, by definition disallows divergent solutions though a
divergence may exist at the boundary of the elements.

The first section will examine the most common explanations for spurious
solutions. The work of Lynch [1991] will be examined in some detail since he views the
problem of spurious solutions from a fundamental point of view. In the following sections
the most commonly used methods of eliminating false solutions will be discussed,
including alternative functional methods such as penalty methods and alternative basis
function description as demonstrated by edge elements.

The current work endeavors to provide more fundamental picture into the causes
of spurious solutions by examining an approach that focuses on the basic method and does
not rely on numerical trial and error to observe spurious solutions. By using a modal
approach, the true nature of the spurious solutions may be observed independent of the
mesh structure and the numerical basis functions used. The attention is focused on the

functional representation since the spurious nature is felt to originate there.

4.1 General Observations on the Causes of Spurious Solutions

Nearly all references to spurious solutions in the electromagnetics literature have
cited the presence of divergent fields in the undesirable solutions. The very presence of
divergent solutions in a source free region indicate a failure to satisfy the source-free

Maxwell's equations and may provide a key to the cause of the false solutions. In the
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effort to assign a clear source to the difficulty there is not nearly as much agreement.
Some have focused on numerical difficulties such as boundary condition implementation
(or the potential lack thereof). Following is a brief description of several views in the
literature on the causes of spurious solutions that has provided the motivation for research
into this difficulty.

4.1.1 Boundary Conditions

Konrad [1976] identifies natural boundary conditions as the cause of spurious
solutions indicating that a larger than expected set of solutions that satisfy these
conditions leads to nonphysical solutions. Starting with a volume integration of the curl-
curl form and applying vector identities, the following surface integration results (a
volume integration still exists and is essential to the solution, but is not of direct interest
for this discussion)

[[E* x(V x E)]- ds.

&

Noting that Maxwell's equations lead to

J'[E' x(VxE)]-ﬁdS=ij(E' xﬁ).ﬁdS

E%
where the right hand side £° x A is the conjugate of the complex Poynting vector,
representing the flow of power across the boundary. For a perfectly conducting boundary,
the electric field is tangential everywhere to the surface so that the right-hand side is zero.
Therefore the integrand of the surface integration that results from applying vector
identities to the curl-curl form is identically zero, or by applying further identities we can

also write
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Konrad claims that this surface integration represents the natural boundary conditions for
the curl-curl form. By examining the conditions for uniqueness, Konrad indicates that
spurious solutions exist whenever the surface term is zero without satisfaction of either
Aix(VxE)=0, oriix E=0 on the boundary. To eliminate the spurious solutions, one
must assure that the surface integration vanishes only under these conditions. A difficulty
with this explanation is that the condition 72x E = 0 represents an essential boundary
condition and must be explicitly enforced. There also seems to be no practical way of
assessing satisfaction of certain boundary conditions a priori, so that the spurious solutions

can only be checked as a post computational step.

4.1.2 Numerical Difficulties [Lynch, 1991]

Lynch's interesting research deals with the problem of so called “vector parasites”
in the finite difference and finite element techniques. Lynch has cited a numerical cause of
slow convergence for cross derivatives of the type &*/dxJy for the penalty and curl-curl
approaches. Lynch's approach differs from that of most researchers in that he attempts to
provide fundamental insight into the flaws associated with the curl-curl formulations,
penalty methods, and what he terms primitive Maxwell approaches! . By postulating the
field description in terms of a curl and divergence, where E = E(x,y)= {2’0 }e’j(””’ )

y0

whose x and y behavior is separable. The curl and divergenceis given by

Vx E=Ce o)z
V.E=De /77

1 The so-called primitive form of Maxwell's equations involves a matrix representation of the two curl

equations directly.
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where
C=-j(of,,—1E,)

D = -j(OExO +}Ey0)
Lynch then inverts the equations for D and C to write the x and y components of the

electric field as

E, = j(oD-1C)/(c* +77)

E,= j(oC+;/D)/(a2 +72)‘

By applying the curl-curl, penalty method and primitive Maxwell's equation form to
explicit expressions for the x and y components Lynch suggests that a divergent field is
demonstrated for the flawed solutions, that is, D # 0 was permitted. He also examines the
driven problem for the Helmholtz equation and indicates that the specification of
divergence free boundary conditions yields the proper solutions.

Lynch finds that penalty approach is critically flawed, with results that are
completely incorrect for large values of penalty parameter. Lynch suggested that the
primitive Maxwell's equations can be rendered nonspurious by the use of a staggered grid
similar to the grid used in the finite difference time domain method. Lynch finds that the
penalty method produces poor results except for p = 1, pointing out that the penalty
method essentially becomes the Helmholtz scheme at this value. He recommends an
approach that uses a potential formulation to ensure zero divergence in a global fashion.
Lynch concludes that the Helmholtz scheme offers the most promise for future finite

element implementations.
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4.2 Approaches to Eliminate Spurious Solutions

4.2.1 Alternative Functional Representations

The majority of methods used to eliminate spurious solutions have been alternative
functional representations, which modify the functional or weighted residual form to
accomplish the removal of suspect solutions. The following discussion includes such
alternative methods as the penalty method, scalar/vector potential formulations, the
method of local potentials, and the first order Maxwell curl equations. The highlights of

each approach will be discussed along with some advantages and disadvantages of each.

4.2.1.1 The Penalty Method [Rahman, 1984]

The concept of a penalty method is described in detail by Reddy [1984] as a means
of enforcing any additional constraints on the problem. The essence is similar to methods
used in optimization theory where an equation is satisfied subject to a constraint. The
essence of the penalty method as applied to the elimination of spurious solutions is to
modify the curl-curl formulation to ensure that the resulting solutions are non-divergent.
This modification is affected by introducing a least squares representation of the
divergence that is multiplied by a variable real parameter entering in the form of a
Lagrange multiplier that controls the degree to which the divergence is enforced. A typical

expression that implements the penalty method is given by

j[(v xE)-(VxE,) +p(v.E)(v.E;)—k2E.E;]dQ -o0. 4.2)
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When the penalty term denoted by the letter p is set to zero, the curl-curl form of (4.1) is

recovered. When p is set to unity, the “functional” corresponding to the Helmholtz

equation is obtained. As an example of applying the penalty method, consider the

rectangular waveguide model used to obtain the results of the curl-curl form depicted in

Fig. 4.1. The solution to (4.2) leads
to the results summarized in Table
4.1 A graphical depiction of the data
of Table 4.1 is seen in Fig. 4.2.
Note that with the penalty
parameter set to zero, the same
results are obtained as in Table 3.1
for the standard full-field
functional. The first few modes
in the p = 1 column correspond
to physical modes, however, not
all provide zero divergence. In a
later section the nature of the
spurious  solutions will be
examined as a function of the

parameter p.

Figure 4.1. 16 node rectangular waveguide model
(the same as Fig. 3.9).

Table 4.1. Penalty method results for the 16 node
mesh of Figure 4.1. The results for p=0
correspond to the full-field functional.

p=0 p=1 Exact
2.849202E-03 3.187462 3.1416
2.104455 6.671525 6.2832
2.691510 6.900833 6.2832
3.174411 7.804257 7.0248
5.415371 8.167882 7.0248
6.599501 8.247024 8.8858
6.829937 10.382930 8.8858
7.639579 10.672380 9.4248
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T Rectangular Waveguide

PEC Walls
X Erxact
o Panalty Method:p =0
& Penalty Methad: p=1

Eigenvalues: Cutoff Wavenumbers

Figure 4.2. Graphical representation of the data in Table 4.1.

In typical applications of the penalty method, the parameter is dependent upon the
geometry under consideration, the mesh used to discretize the domain, the frequency of
operation, and the constitutive relations of the medium. For the problems addressed by
Reddy [1984] involving fluid dynamics, the parameter was set to orders of 104-1012. This
undesirable dependence requires the analyst to adjust the parameter for each problem
encountered until the divergent fields are minimized. Some researchers [Paulsen, 1991;
Rahman, 1984] indicate that the penalty term merely shifts the spurious eigenvalues out of
the search window of the numerical eigenvalue solver. The shifting of the eigenvalues is
demonstrated by the work of Rahman in plots of eigenvalues for various values of the
penalty parameter. Though Rahman limits the variation of the parameter to small values,
the effect on the undesirable solutions was clearly demonstrated. Paulsen [1991] develops

what he calls an “expanded weak form™ which is a simple modification of the penalty
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method that sets the penalty parameter equal to unity, resulting in a solution of
Helmholtz's equation. Koshiba's work in dielectric waveguides [1985,1992] is based

entirely upon an application of the penalty method.

4.2.1.2 Scalar/Vector Potentials [Biro,1989; Bardi, 1990; and Boyse,1992]

The application of potentials in the elimination of spurious solutions focuses on the
divergent nature of the false solutions that contaminate the computed spectrum of
eigenvalues. A vector potential arises from the notion that since the magnetic intensity is
exactly divergence free, it can be written as the curl of another vector. For simplicity, this
discussion follows Harrington [1961] where a homogeneous medium is considered.
Harrington writes the magnetic vector potential 4 as

H=VxA. ’ 4.3)
The application of Maxwell's curl equation for the electric field leads to the expression

V x (E + ja),ufl) = 0. Since a lamellar field can be written as the gradient of a scalar, it is

possible to write the electric field as
E=—joud-Ve. (4.4)
An equation for the magnetic vector potential is typically obtained by substituting (4.3)

and (4.4) into Maxwell's curl equation for the magnetic intensity V x H = jwek +J ,

which may be written
V(V A)-V?A-KA=J- jweVé,

The divergence of A is also required to completely specify the vector potential. The
specification of V « 4 is commonly referred to as the gauge and the particular choice is

often a matter of convenience. Typical applications in electromagnetics utilize the Lorentz
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gauge which relates the divergence of the magnetic vector potential to the scalar potential

in order to obtain a decoupling. For example, the choice VA =—jweg, leads to the
vector Helmholtz equation for A given by

VA+k*A=-J, (4.5)

whose solution is not necessarily solenoidal. The magnetic field is then obtained by
applying (4.3), and the electric field can be obtained via the Maxwell's curl equation for
the electric field. In either case, the fields themselves are solenoidal which is the desired
result.

Biro [1989], Bardi [1990] and Boyse [1992] apply the concepts of potentials to
finite element techmiques. The various géuge conditions and the implications to the
material types have also been explored. Biro's focus is on the application of finite elements
to the eddy current problem. Bardi applies the concepts of potentials using a Coulomb
gauge in order to apply finite elements to the problem of loaded dielectric waveguides.
Boyse discusses the use of various forms of a Lorentz gauge a more generalized approach
to solving electromagnetics problems. Biro and Boyse devote considerable effort in order

to demonstrate the uniqueness properties of their recommended approaches.

4.2.1.3 The Method of Local Potentials [Fernandez, 1990]

The work of Fernandez [1990] addresses finite element techniques for application
to both lossy and anisotropic materials. Fernandez examines systems that can be described
by two field components in order to examine hybrid modes. Fernandez notes that a
functional expression that begins with the Helmholtz equation in the transverse magnetic

field leads to a non-self-adjoint system. He also indicates that a variational expression
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obtained by applying a more general approach [Chen,1980] requires the adjoint field
which does not correspond to the physical magnetic field.
Beginning with an expression representing the Helmholtz equation for the

magnetic field and enforcing V, « H, = 0 leads to the following expression of the operator
form L(ﬁ ,) = 0 for the transverse magnetic field given by

V, x(e,V, xH,)-% x [Z‘,“ .V, x(2V, .ﬁ,)]

-klH, +y22x[2','1 -(z"xﬁ,)]=0 (*9)
Fernandez notes that in (4.6) all of the individual terms except the second are self-adjoint
operators. Fernandez suggests that the method of local potentials [Schechter, 1967] can
be used to obtain a variational expression. Applying this method, the second term in (4.6)
is considered a known function of position described by the operator form L,H,,, when

evaluated at a stationary point (though not subjecting this term to the variations). Eq. (4.6)

can be considered to be the sum of two operators L; and L,

L(H,)+ Ly(H,,) =0

where the first operator is self-adjoint and the second operator (the non-self-adjoint part)
is considered to be known. A variational expression is obtained following Mikhlin [1964]
where elimination of second order derivatives yields an equation of the general form
Ax = y?Bx. An important practical observation is that the line integral that occurs in the 4
term is nonzero only at dielectric interfaces. Fundamentally this approach provides a
stationarity for a self-adjoint problem. There is no claim concerning a minimization and no

discussion concerning the physical interpretation.
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4.2.1.4 Divergent Free Fields [Kobelansky,1986]

Kobelansky suggests that the eigenvalue problem corresponding to the simple curl-
curl form of (4.1) can be written in matrix form as S¥ —4k*7x = 0. Kobelansky
recommends that the divergence-free field condition can be obtained by solving an

intermediate problem

G(E)=[[(V-E)V-E) - 2E.E . (4.7)

Q
Kobelansky suggests that the solutions to (4.7) can be used as a basis to form a divergence
free solution space. Kobelansky considers this basis to be expressed as a matrix N whose

columns form the divergent free basis resulting from the finite element solution of (4.7).

Kobelansky restricts the solutions to the original problem of (4.1) by expressing the

solutions to (4.7) as ¥ = Ny and then solving for the set of eigenvalues £. The overall
matrix expression that describes this process is N7 SNy —k*N” Ny = 0. Kobelansky
claims that the vector ¥ will be divergence free and will satisfy the boundary conditions

when the result of (4.7) used in the solution to the original problem as described by (4.1).

4.2.1.5 Transverse Electric and Magnetic Fields [Angkaew, 1987]

Angkaew provides an interesting approach that he derives for an anisotropic
medium that by writing the functional expression in terms of the transverse electric and
magnetic fields. A connection to this work can be made by simply replacing his
permittivity and permeability tensors with the scalar representations ¢ and .

From Maxwell's equations Angkaew writes the following set of equations

l

wee, + jV x (zh,) +

fe (4.8)
wph, — JV x (Ze,) - £ x

I
oo

Ql .
Il
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and
1 ~

ez = —(V X h,)
ja’gl (4.9)
h,=———(Vxg,)
jou

After discussing the required boundary conditions, Ankaew writes the variational principle

in Schwinger-Levine [Stakgold,1968] form as

A.h)= ZAeh) (4.10)

where
A(é,,_,)=_![é,'.a)e€,+l;, .a)ph,-w—il(Vxé‘,) .(Vxé,)—é(Vxﬁ,)‘.(Vxﬁ,)]dS
and

B(z,h)= [[2-(& <k +&, xk)|as. (4.11)

An advantage of this approach is that the propagation constant is the eigenvalue directly.

The solutions correspond to the stationary points of (4.10) and have the general form of

u=a+ jb. Angkaew indicates that only solutions with b = 0 and a # O correspond to

physical solutions. This is to say that only the purely real solutions are approximations of
the true guided wave propagation constants. The reader can note that the curl-curl form is

present in (4.11), but now with both the transverse electric and magnetic fields expressly

given.

4.2.1.6 First Order Maxwell Curl Equations [Svedin, 1989]

Svedin [1989] proposes the following weak form that contains only first order

Maxwell's equations given by
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ZH[ g (JV x H + wg,8E) + Hy, «(-jV X E +a);10,[1ﬁ)]dxdy =0. (4.12)

where the test functions are required to satisfy all boundary conditions explicitly. By

applying a Galerkin method the following matrix eigenvalue problem results:

(o[ P+ AQ]+ [R])Gf{ 3;) ~0

where either @ or § can represent the eigenvalue. Svedin also discusses the imposition of
boundary conditions for eq. (4.12) in some detail. Note that in the weak form of (4.12)

the curl-curl form is nof explicitly present.

4.2.2 Alternate Basis Descriptions

This section represents a review of the literature dealing with techniques that have
been successfully applied by engineers to obtain useful results from the use of alternative
basis sets instead of addressing the functional representation. Though the ideas of basis
functions associated with application in a finite element context are quite extensive in the
literature [Reddy,1984; Lapidus, 1982] the focus of this work is to examine those
methods which have been specifically developed to handle spurious solutions. The
approach of this section is to examine the literature concerning edge elements and the
motivation behind the concept. By examining the work of Wong [1988] and Bossavit

[1989], the idea of alternate bases will be examined.
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4.2.2.1 C! Finite Elements [Wong,1988]

Wong examines the spurious eigenvalues that result from the differential operator
equation

VxVxE-k*E=0 (4.13)
where the differential equation in (4.13) can be expressed in variational form as in eq.
(4.1). Indicating that spurious solutions exist for the infinitely degenerate eigenvalue £ = 0,
Wong then suggests that there exists infinitely many scalar functions ¢ that may satisfy
¢ =0 on Q and that any electric field that can be written as E = -V ¢ is an eigenfunction
that corresponds to the degenerate eigenvalue. The suggestion is made that any numerical
method used must account for this infinite dimensional null space of the curl operator.
Wong suggests three approaches to handling these unstable solutions. These are the
application of C! finite elements, tangential finite elements, and Lagrangian elements on a
special discretization on a “C! mesh”.

To understand the essence of this approach some terminology is required. The
designation of a “C™” finite element refers to the order of continuous derivatives within
each element and across the interelement boundaries. Thus a Cl finite element has
continuous first derivatives in the element and between its neighbors. The typical linear
finite element basis functions are CO, that is, possessing no continuous derivatives. In
applying C! finite elements, Wong suggests to impose V.+E =0 everywhere in the
domain. The condition 7 x £ = 0 on /Q implies that the trivial solution £ =0 will be the
only solution to the degenerate k£ = 0 eigenvalue. The construction of solenoidal expansion
functions is accomplished by using an auxiliary vector field A where £ =V x A. The
introduction of this auxiliary field necessitates the use of C! finite elements since the
integrand in eq. (4.1) will now contain second derivatives and a square integrable field is

desired.
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Wong mentions the application of so-called tangential vector finite elements as
redefining the typical basis set from on whose degrees of freedom are defined at the nodes
(often referred to as the Lagrangian basis) to a basis set that uses the edges as the degrees
of freedom. Although papers by Bossavit [1989] and Lee [1992] go into much more depth
and will be discussed momentarily, Wong provides the key idea behind the tangential
vector finite element. The basic idea behind vector finite elements is to properly
approximate the null space of the curl operator, that is, to eliminate any vector field that
can be written as the gradient of a scalar. The degenerate eigenvalue is computed and
those zero solutions are ignored.

Finally, Wong suggests that the application of typical Langrangian finite elements
on a C! mesh can be used to eliminate spurious solutions. The degenerate eigenfunction
E =-V¢ can be approximated in a square integrable sense by CO polynomials, but the
scalar ¢ must be interpolated by C! functions. Wong suggests that a carefully chosen mesh
must be used to properly model the continuous gradient behavior between elements. The
mesh is based on the idea of fitting data to a smooth quadratic polynomial as typified by
Bezier polynomials [Cendes, 1987]. Bezier polynomials ensure C! continuity between
triangular regions by requiring coplanar adjacent triangles of the Bezier net. Cendes
[1987] presents the ideas of C! interpolation for arbitrary point sets and discusses the
background and application of Bezier polynomials required to form the Bezier net that can

be used to define a consistent mesh.

4.2.2.2 Edge Elements [Bossavit, 1989A, 1989B]
A recent approach to the problem of spurious solutions redefines the basis
functions used to interpolate the unknown within the domain. This redefinition introduces

the edge element method. From a fundamental point of view, edge elements alter the
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basis functions from the nearly universal node based element to basis functions that are
defined along the edges of the element. Lee [1991] applies edge elements to the problem
of propagation in an inhomogeneous waveguide to obtain nonspurious solutions. The
fundamental literature regarding edge elements is due to Bossavit [1989]. Bossavit
provides some insight as to why the choice of edge elements may be preferred over
standard nodal elements in the application to electromagnetic scattering problems.
Originally proposed by Whitney [1957], the edge element is based on the concepts of
differential geometry. The edge elements are finite element bases whose degrees of
freedom are interpreted as the circulation (curl) along an edge of the mesh instead of at

the nodes. Recall from Section 3.3 that the typical Lagrange finite element y( is given

by
) =
! 2 Area

(a, +Bx+7.y), i=123

and «,,f,, and y, are constants obtained from local element geometry. The following
discussion highlights some key ideas associated with edge elements by defining an edge as
comprising nodes i and j and denoted e = {i, j}. The Whitney element of order zero is
w, = w9, corresponding to the classic Lagrange element already defined above. The
Whitney element of order one is a vector quantity for an edge containing nodes i and j and
is given by

W, =y VYD -y PV (4.14)
The vector field expressed in (4.14) does not have continuous derivatives, but Bossavit

examines the curl of w, as
v = (0 ()
Vxw, =2Vy " xVy®,

whose tangential part is continuous across an edge. Bossavit indicates that this continuity

is desirable for the modeling of vector fields such as the electric or magnetic field
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intensity. Higher order Whitney forms are also used to expand the desired field along a
facet or a volume if needed. Edge elements offer significant advantages over nodal based
elements in the implementation of boundary conditions which typically involve the
specification of 7 x E, corresponding to the tangential component of the field. The node
based expansion functions require the definition of a form of “average normal ” to the

surface [Paulsen, 1988] before 7 x £ can be defined.

4.3 Modal Analysis Approach - An Exact Approach for the Investigation of the
Causes of Spurious Solutions in the Functional Representation

The goal of the modal approach is to examine the functional representations used
in finite element schemes and provide a more fundamental understanding of the limitations
of the commonly used numerical approaches. Such a method is motivated by the need of
an approach which does not rely on numerical results alone to identify false solutions. The
domain will be considered to be a separable geometry so that entire domain expansion
functions may be used to eliminate the discretization error, errors in interpolation, and
errors in boundary condition impleniéntation. By a judicious choice of expansion functions
that exactly satisfy the boundary conditions and provide orthogonality we can use an
expansion form of an infinite series that will provide an exact answer. A convenient form
for the expansion functions is composed of the functions that describe the modal fields in
the separable geometry.

An important aspect of the modal approach is allowing for all possible vector field
descriptions. Since we cannot assume that the computer “knows” what form of solution
will be required, the modal approach applies the basic idea of the Helmholtz theorem
which specifies that any vector can be represented in terms of a lamellar part and a

solenoidal part. In other words, any vector field can be completely specified by a
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description that contains a gradient and a curl. The intent is that if a possible vector field is
given, the numerical algorithm should be able to impose the necessary restrictions without
human intervention.

In the following sections the modal approach will be examined for the problem of
obtaining either the propagation constant or the wavenumber for a rectangular metallic
waveguide. The penalty method will be examined in detail with the curl-curl form as a
special case. A comparison will be made with the numerical results of Rahman [1984] to
demonstrate the parameter dependence of the wavenumber with the penalty method. It
will be shown that the penalty method will permit a gradient form in the resulting vector
field. In addition, a complete decoupling of vector components results for the penalty term

set to unity, corresponding to a Helmholtz form.

4.3.1 Application Of The Modal Approach To The Penalty Method
The weighted residual form that serves as the starting point for applying the

penalty method is
J'E;.[VXVXE—kZE—pV(V.E)]=o, (4.15)
v

or equivalently

[{(vxE).(vxE;)_sz.E;+p(v.E)(v.E;)}dv
_HE; xVxE® +p(V.E)E;}.ﬁdg: 0 (4.16)

&

In a waveguide the electric field may be written £(x,y,z) = &(x,y)e™™ and the V operator

may be replaced with V =V, — 3z so that (4.16) may be written
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¥ (4.17)

The volume under consideration can be depicted as in Fig. 4.3

with three surfaces S1, S2, and Cedz (C represents the

— . ) . A a N
St *| circumference of the disk) and unit normals -z,z, and n

d respectively. Noting that the z integration can be performed
Figure 4.3. Geometry
of the disk volume.  independent of the transverse components and that is it is possible

to write

NIE'—,N &
ml
R
&
I
|
|
N
&

&

25inh[(7 +y')%]x {(y+y')-l'|‘[(ﬁ X éﬂ')-(Vr X€ -y x é)+p[(ﬁ.é;)(V, -é—}é'é):”dl
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(4.18)

Examining the integration around the contour as described by (4.18), the Dirichlet
boundary conditions (also the essential boundary conditions) are 2xé, and 7+€,. The
specification of 7xé& on a perfectly conducting surface will be set to zero. Paulsen
[1991] indicates that in order to obtain a proper solution the proper boundary condition
for the other boundary term is 7.€, =0. The specification of 7.&, =0 seems
questionable since on a perfect conductor a surface charge is required leading to a
condition of 77«€, = p,. Since the primary concern at this point is the removal of the
boundary term to ease the computational overhead, it can be noted that the expansion
function to be used as described by (4.22) will be chosen such that £ exactly satisfies
V. E =0 on the boundary and thus eliminating the need to ‘specify ne«e, . Simplifying the
boundary integration and multiplying (4.17) through by (y +y‘) results in significant

cancellation with the resulting two-dimensional weighted residual expression given by

[

(4.19)

Making use of the Helmholtz theorem to generalize the possible values of electric
field suggests that £ can be written as the sum of a gradient term and a curl expression

givenby a sum of TE and TM modes such as

Ez[V(}’e’”)—Vx(fy/he'”)+VxVx(z‘t//‘e”‘)]. (4.20)
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Using V =V, — 2 in eq. (4.20) results in the following electric field representation:
e=V,(f-mw.)+ixVy, iy +Viy.) (4.21)

The choice of expansion functions for y, , ¥, and f is motivated by the desire
to satisfy the boundary condition that was assumed in omitting the integration over the
waveguide wall in eq. (4.19) and to provide orthogonality in performing the integration

over the cross section. A natural choice for the expansion functions is the modal fields

given by
—ZZA sin(== x) sin(%* y), (4.22)
s(5)= 55 B oz 2)eot), (@23
and ZZC sin(” x) sin(2= y). (4.24)

The “ng,” basis function required by £ is the set {z//,m Wi f"m} where

V.. (%69) = fo(x,y) = sin(%= x) sin(%= y)

(4.25)
¥, (x,y) = cos("= x) cos(5* )

Integration over the surface for the rectangular waveguide results in the constant ab/4
that can be eliminated. After substitution the following results for {t//em,q/,‘_‘, fm}are

obtained:
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Fory, :

[fxvr(l'f'*'VfWe)]'[zA XV,(V,ZVI:_‘ )]_7{[2)(Vr(f-We)_(Vt'//h)]'[éxvt(vr2'//:~,)]}
[Ex V(o + V20 )| [Ex V(v )] Ex VA - ) - (V)] [ x V(v )]

KV - ) VL [V v W ) (Vi ]}

AR ][‘V2(7 v, )|+l +Viv. Vi)
VI - |Vive )=’ p(Viv. + o )Vivi ) =0
(4.26)

For y, :

[x9,(7 + Vi) (Vw )V, ) 7[2 <V, (1 + V,’w,)].(v,y,;_)

7 ExV(f =)=V (Vi )= E [V~ )+ 2x Vo, ] (x V) =0
(4.27)

and for /-

[2x V. (1 +Viw.)|- [ % Vi(r"fm)]

AEx V(S =) = (V) [Ex Vi r fo) |47 [Ex Vit + V.20, )] [ V()]
P [ExVS =)= (V)] |23V, (fnn)]

VS = )+ V] V)] (Vi + ) (r 7))

o[V = VI el + Viw Vi ()]
-V (- ) fu) -7 oV, + )7 SL) = 0

(4.28)
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Applying the method of weighted residuals to (4.26) - (4.28) by using the ng,

expansion functions of (4.25) results in three equations for Ay, By, and Cpy,;, given by

(R2)(k2 +37")(k2 =77 =KW A} = (R2)(r " +7)p(k2 - 7*) - > [{Cm} =0, (429)

(k2){k2-7* -K H{B.} =0, (4.30)

and
~(r +7" k2R =1 = H A L+ (k2 37" ) p(R2 - 77) - K2 HCo} =0, (4.31)

2 2
where k? is the cutoff wavenumber given by k= (ﬂ) +(n—:—) and k* is the
a

2 . . ..
wavenumber where k = 77[ = w4 e . The resulting matrix expression is of the form

A¥ = 0 with

(K2XEZ +yy")(k2 -y* - k) 0 (k)" + ) P2 ~ 1)~ ]
A= 0 (k2)k2-7? -k} 0

NITT (A e 0 (k3+yy‘)[p(k3—y2)—k’]

(4.32)

and X = {Am,Bm,Cm}T. For a nontrivial solution the determinant must vanish, leading

to the eigenvalue equation

detfA} = (k)2 =12 =) [plk2 - 2) -2 k2 = () (B2 -72)} =0, @33)
To examine the possible solutions that can provide a solution for eq. (4.33) there

are three possible cases to consider:
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1) the classical solution (k? —y* — k2) =0,

2) the solution (k? - %) =0,
and  3) the solution [p(k? ~7*)~k*]=0.
For the classical solution where (kf -y’ —k’) =0, the fields are divergence free for
p # 1 (since C,, = 0) and are completely decoupled for p=1. This decoupling can be seen
by examining eqs. (4.29)-(4.31) where the gradient term is permitted since C,,,, cannot be
eliminated. This decoupling is characteristic of the Helmholtz equation, which cannot
guarantee solenoidal fields. The second case of (k,2 - }/2) =0 allows the presence of a
solution at £ = 0 and also permits a gradient term to exist since C,,,, cannot be eliminated.

The more interesting example of the pervasive spurious solutions is case of
[p(kf -7%)- k’] = 0 which permits a gradient solution as well. For p # 1 the parameter
dependence of the problem does not allow for the elimination the spurious solutions.
Consider the 16 node mesh model for a rectangular waveguide with PEC walls as
depicted by Fig. 4.1. The plot of Fig. 4.4 depicts the finite element solution for the cutoff
wavenumber squared (k2) for varying penalty parameter p as depicted by the hollow
cirlces. It can be seen that as the parameter p is varied there are some finite element
solutions for &2 which have an obvious linear dependence. The modal approach is able to
predict the linear behavior of the penalty method as reported by Rahman [1984]. Consider

eq. (4.33) with y = 0 to obtain

k2
v = {1; < (434)
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Penalty Method Analysis
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Figure 4.4. Penalty method applied to the 16 node mesh of the rectangular
waveguide of Figure 4.1.

The solid line is a plot of pk? for the mode corresponding to the 7E,, mode and the
dashed line is a plot for the 7F,, mode. Though this expression does not provide the y-
intercepts of the plot of Fig. 4.4, the slope very accurately approximates the slope for &’
as computed by the finite element solutions.

Typical numerical eigenvalue schemes which take advantage of sparsity are
iterative methods that return the first few eigenvalues. The numerical experiment was
performed by obtaining all the eigenvalues using an IMSL routine and not using sparse
techniques. It has been suggested by Rahman [1984] that the spurious solutions are those
which are dependent on the penalty parameter. By increasing the penalty term, the

spurious eigenvalues are pushed out of the search window of iterative schemes. Though
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not investigated in this work, the effect of shifting the eigenvalues may also be a part of

the reason that edge elements eliminate spurious solutions.

4.4 Observations Regarding Spurious Solutions

Though the techniques described in Section 4.2 are often found to solve much of
the problems with spurious solutions as far as practical computations are concemed, they
are conceptually “fix-ups”. These fix-ups only partially answer the question “Why are
these false solutions present?” posed at the end of Chapter 3. The modal approach
described in Section 4.3 more directly responds this question from a more fundamental
point of view. The functional representation of the curl-curl form allows divergent
solutions to exist because a gradient solution cannot be eliminated from the solution
space. Although Wong [1988] is suggestive of this “improper modeling of the null space
of the curl operator,” there is little consideration given as to the means of rigorously
demonstrating the phenomena. Lynch [1991] focuses on the numerical issues regarding
convergence of the derivatives in the formulation.

The results of the modal approach suggest that the functional is the fundamental
cause of spurious solutions and not the expansion functions as suggested by the
application of edge elements. A more satisfying approach that will be explored in the next
chapter is to obtain a robust functional that will eliminate spurious solutions, satisfy

Maxwell's equations, and provide a minimum for any reasonable basis set.
q P y
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Chapter 5

A Functional That Eliminates Spurious Solutions

The introduction of a new functional is motivated by the failure of previous
functional forms to properly enforce the divergence criterion on the problem to be
solved, as was demonstrated by the modal approach applied to the penalty method and
the special case of a full-field functional in the previous chapter. Most formulations begin
with Maxwell's equations and then perform a substitution to obtain a representation that
is either in terms of the electric field or the magnetic field. These equations are typically
in the form of a “vector” wave equation which is a second order partial differential
equation in the form of a reduced wave equation: an elliptical equation [Zachmanoglou,
1986]. In order to obtain the weighted residual form typically used in finite element
approaches to these second order systems, a residual is formed by integrating the product
of the equation and a weighting function over the domain. Integration by parts is often
used to obtain the weak form involving only first order derivatives as was seen earlier in
(4.1). As was mentioned in Chapter 4, several researchers make use of Maxwell's
equations directly in attempting to eliminate the spurious solutions that appear in finite
element applications. These approaches essentially constitute an application of the
method of weighted residuals since the “functionals” used do not provide a mapping to
the real line and do not provide a minimization. The purpose of this chapter is to
introduce a new functional whose minimum corresponds to a solution of Maxwell's
equations, eliminates spurious solutions, and that provides a mapping from the complex
space to the real line. The first section will introduce this new functional and discuss
several important characteristics that distinguish the new approach from others. A key

distinction is that the functional provides a minimum and not simply a stationary point.
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The Euler equation will also be examined. The second section will apply the modal
approach developed in the previous chapter to the new functional, which shall be denoted
the EH functional since both fields are explicitly represented. It will be shown that the
new functional eliminates the gradient part of a general vector expansion function, thus

eliminating divergent solutions.

5.1 The Functional (EH) And Its Properties

The proposed new functional that provides a mapping to the real line is given by

pE,0) = [{C|Vx A - joek - T +C,|VxE+ joudl + M| }av,  (5.1)
14

where the constants Cjand C, are real valued and are strictly positive. Examining (5.1) it
will be noted that the functional is dependent upon both £ and H , obtained by taking the
magnitude squared of each of Maxwell's equations. The magnitude squared is consistent
with the definition of an inner product over a complex space. Recall that the divergence
information is contained within the curl equations, so that divergence need not be
explicitly expressed. The constraint on the constants and the use of the magnitude
squared yields a functional which is positive definite and renders a mapping from a
complex space to the real line, thus providing a functional that is useful in the application
of variational techniques.

The first variation can be examined by considering a set of complex expansion

functions which can be expressed as
E=YE.g,

5.
H=YHh, (52)
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with complex coefficients £, and H, givenby E, =a, + jb, and H, = c, + jd,. The first

variation of (5.1) can be obtained and expressed simply by

z—-g—b ;[{ [VxH Jjwek - J) (ja)a'én')] )

+C, [(V x E + jouH + M) +(V xé':)]}dV = 0,

and

?&_‘_—?ﬁ—d— J{ [Vxﬁ—ja)&‘E—j).(Vxﬁ;)] 5.0
+C, [(V x E + jouH + A7[) . (—jw,u'ﬁn')]}dV = 0, |
where the conjugate of (5.3) and (5.4) would have been obtained if a summation were
used in place of the difference on the lefi-hand side. Note that the first variation results in

a set of coupled equations. The second variation is given by

J T
o"’(af; _é(b) ;[{ (a) eg'le,

Fp _
Ae,)? 5‘(d) ZI{(

It can be seen that since the second variation is always positive, the numerical solution to

2)+C2|V><é"|2 }dV>0

and

)+C2

(5.1) corresponds to a minimum, and represents an upper bound to the exact solution.
The Euler equation for the EH functional can be obtained by considering (5.3)

and (5.4) with appropriate boundary conditions to yield

[ «[Ci(joe™ )V x A - joek - ) +C,V x(V x E + jouf + M)|aV =o,

1 4

and jﬁ; .[clv x(Vx H - joek - J)+Cy(-jou" )V x E + jouf + M)]dV =0.
1 4
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This system of equations can be written in the form of the least squares operator form

L*(Lu - f) = 0 which is the same as (2.13) where for the EH functional

e R

The expression for the adjoint L* is simply the conjugate transpose of L, providing the
conjugate form of the source free Maxwell's equations.

An interesting question that may be explored is: What if the coefficients are set as

1-_F (5.5)

where the material parameters ¢ and u are considered real? Performing this substitution
in (5.3) yields an expression (after applying vector identities and canceling appropriate

terms) that can be written

[Cl(VXxVXE-RE-T+Vx K).2;|dv

V

_ . . (5.6)

+§[(Vx E + jou + ) (7 x&;)]dS = 0

w

Note that the first integral corresponds to the standard curl-curl form, now with sources
included, as depicted by Eq. 3.33. The surface integral can be easily removed if perfect
conductors bound the domain via application of 72 x &, = 0. Re-capturing the curl-curl
equation by imposing the constraints on the coefficients as described by (5.5) is
suggestive of a fundamental difficulty associated with the curl-curl equation for
numerical applications. The hypothesized constraint of (5.5) represents a violation of the
original constraints on the EH functional of (5.1) where C; and C, are strictly positive.
The weighted residual form of Eq. 3.33 is not positive definite and demonstrated

spurious solutions as was discussed in Chapter 3.
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5.2 Application Of The Modal Approach To The EH Functional
The modal approach as applied to a rectangular waveguide requires the reduction
of the volume integral to a surface integration for the two-dimensional waveguide

problem leading to

Ar

pV<E:ﬁ>={I e‘(’*’”’dz}ps(&ﬁ),

2

where
R

This constant term will be omitted in the discussion to follow with j(O) = I(O)
vV

S=
The expression for the electric and magnetic fields will assume the modal form
[Harrington,1961] with the inclusion of the gradient term to allow the proper form for
any general vector as required by the Helmholtz theorem. The general field expressions

for both electric and magnetic fields are given by
E=2(x,y)e” =[V(fe") -V x(y,e ™) +VxV x (2y.e7)] (5.7)

and H=h(x,y)e™ = [V(ge"’) -V x(Zp,e”)+VxVx (2¢he"’)]. (5.8)

Applying V =V, -z yields

Vt(f_W¢)+2xthh _2(7f+VrZW¢) (5.9

e

and E=V,(g—y¢,,)+2xV,¢¢—2(yg+Vf¢h). (5.10)
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The potential definitions for the field which provide orthogonality and the appropriate

boundary behavior are

v, = ;;Am sin(% x) sin(5* ), (5.11)
W, = ; E":Bm cos(= x) cos( 2= y), (5.12)
J = 2,2, Consin( x)sin(), (5.13)
@, = ; ;Dm cos(== x) cog(%= y), (5.14)
0. = 2.2 Eysin{x)sin(y), (5.15)
and g= ; ;Fm cos(Z x) cos( 2= y). (5.16)

Repeating eqs. (5.3) and (5.4) with the surface integration explicitly given and the

source terms removed

(5.18)
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Since the electric and magnetic field intensities are each modeled by three

independent functions {y,,,, f} and {p,,9,, g}, respectively, (5.17) and (5.18) must
each result in three equations as determined by the &, and /, functions. Careful attention
must be given to the fact that orthogonality has been employed to greatly simplify the
integrations required in eqs. (5.17) - (5.18) as is detailed in Appendix B. More
importantly, the orthogonality allows the infinite sum used in the definition of the
expansion functions to be simplified to a closed analytical form for each orthogonal

component as

v Cf-jor (BB +40))
rotes (KYHC Ny +7) + o +42)]]
+C (RN A ol 72K = (") +72(r")']
+jau(k ) EL] -4 +(r) ]} =0

(5.19)

vii  Cljos (k[P )}
+o*es’(k2)[B, ]}
+Co{[Bu R )(KE +777) + (k2 D K2 = 177)
+jou( k) F ) +77)} =0

(5.20)

7 e (@) (BN +77))

+a)2££'{[CM](77* +k2)=[A,. [&2)(r +y')}} (5.21)
+G,{0}=0
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0 C{lE.NK) K +777) - jodCL Yk )y +77)
—jod 4, \k2)(-1r* - k2)} (5.22)
+Cy{—jou [ 4, k2 )~k +7*)+ 0 s’ (K2 ) B, J}=0

oi: Gk -rk - () 470 ) |
_ja)g[Bm"](kf)[—kf +(7')2]} (5.23)
+Co{-jou'[B,, Jk2)-1r" = k2)+ 0" e’ (D, 21" + £2)

+o* i’ (k2)(-7r - 77)} = 0

g G {O}
+C{-jou (B2) B N7 +7")+ 0" s’ (k2) (-7 = 7") (5.24)

+o’ ' [F,, |(k? +)7')} =0

Obtaining the components as detailed in (5.19) - (5.24) is quite involved and results in
significant cancellation. The reader is shown only the important final results.
The system of equations that results from taking the first variation in egs. (5.17)

and (5.18) detailed in (5.19) - (5.24) can be expressed by the system of equations
(CA, +C,A,)e,} (5.25)

where {e,,}:{Am’B Cmn’Dmn’Emn’an}T

mn >
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and

—wzgg'(yy' +k2) 0 ~a'se’(y +7°) 0 —jos'(yy"+k2) 0
0 o’es” 0 ~jws (k! -7?) 0 0
AL 2 —a’ee (y+77) 0 o ee’k (" + kD) 0 joe(y+y7) 0
‘ 0 joek? -7 0 k2 -7 0 0
joe(yy” +k?) 0 —jody +7") 0 (" +k2) 0
I 0 0 0 0 0 0
(5.26)
k2 -yl 0 0 0 —jok2-7") 0 ]
0 (}7' +kf) 0 —ja)p(}’y' +kf) 0 ja),u(}/+7’)
A2 2 0 0 0 0 0 0
’ 0 Jou'(yr” +k2) 0 o (" +k2) 0 —o*u’(y +7°)
jou' (k2 -7?) 0 0 0 o’ u 0
I 0 —jou(y+y) 0 —o’uu(y+77) 0 o k2 (k2 +y7°) |
(5.27)

The overall matrix can be obtained by substituting (5.26) and (5.27) into
A = C,A1+C,A2 giving

[c,w?ee”B+c,DD" 0 —c,0*ee”C 0 —c, joe B —c, jouD” 0
0 cw'ee” +¢,B 0 ~c,joe D -c, jouB 0 c,jouC
A =& —c,wec’C 0 c,w'ee’k*B o ¢, joeC 0
0 ¢, jodD” +c,jou"B 0 DD +c,0*uu"B 0 —c,0*uu"C
¢, jweB +c, jou"D 0 —c, jweC 0 o B+ec,0uy” 0
L 0 —c,jou’C 0 —c,0’ uC 0 0y kB
(5.28)
where
2 -
B= (kc +yy )
C=(y+r") (5.29)
(12 2
D= (kc 4 )
. 2 2|?
and DD =|k.-y"|.
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The desired eigenvalues are obtained from setting |A| = 0. The form of the zero

locations in the matrix of (5.28) suggests that there are two independent solutions, the

first eigenvalue equation for {B,,,D,,,F,.} or {w,, 9, g}is

K-y [k -k 4y =0 (5.30)

ale,) ko wy’

The remaining part of the determinant is the eigenvalue equation for {4,,,,C,,.E,,} or

{v..f 0.} is

K-y [k k2447 =o0. (5.31)

(c,) c,kio’es”

These eigenvalue forms require either
k> —k2+y*=0
D ki-y*=0

or 3) k2 =0.

The solutions of (5.25) corresponding to the minimum of the variational
expression given by (5.1) decouple into a set of TE and TM modes as demonstrated by

(5.30) and (5.31). The solution is independent of the constants Cy and C,. The apparent
k2 —y? ‘2 = 0 actually forces all fields to be zero, thus being a valid

spurious solution of

trivial solution of the full problem.

This chapter has suggested an approach that can be applied to test a given
functional expression for the appropriate solutions to a prescribed boundary value
problem. By applying the concepts of the Helmholtz theorem to allow for the possibility

of a gradient type solution to exist, the modal approach does not constrain the vector
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nature of the problem. It must be kept in mind that the computer cannot possibly know
what form is desired, requiring a complete generalization of the vector field in the test
process. The undesirable gradient behavior was completely eliminated by the introduction
of the least squares variational expression. The variational expression is self-adjoint and
positive definite so that a true minimum will result and not merely stationarity as obtained
by all other forms typically applied in finite element applications for the full-field
electromagnetic problem. In the next chapter, the numerical implementation and

associated processing will be pursued.
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Chapter 6

The EH Functional-Finite Element Implementation

This chapter details the finite element implementation of the EH functional
introduced in Chapter 5. After presenting a detailed expression for the first variation in
terms of a normalization that allows the wavenumber to be explicitly represented, the
matrix representation will then be examined. A direct application of finite element
techniques to the functional leads to difficulties in practical computation of the
eigenvalues, so alternative representations are explored. A scalar analog of the matrix
representation allows for a circular solution of the eigenvalues in the complex plane that
will be suggestive of a grouping that satisfies the modal approach as detailed in Appendix
C. Finally a least squares matrix approach will be employed that will yield results that are
free from the spurious solutions that plague the full-field and penalty approaches as well
as avoiding the difficulties arising due to the circle type solutions. This functional will be
shown to eliminate spurious solutions in finite element applications and provide a solution

which converges as the node density of the mesh used to discretize the domain is

increased.

6.1 Finite Element Implementation for the EH Functional
Recall the functional introduced in the previous chapter expressed by Eq. 5.1

repeated here as

p(E,ﬁ)=j{c,\VxH-ja)gE—J|’ +CZ|V><E+jw#F1+A71|’}dV. (6.1)
| 4
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As in Chapter 5, the expansion functions can be expressed as

E = ZEnén

S, 6.2)
H=) H,h,

with complex coefficients £, and H, given by E, = a, + jb, and H, = c, + jd,. Referring

to Eqgs. 5.3 and 5.4 the first variation of (6.1) yields a set of coupled equations

b j{ [(Vx A - jw - 7).« (jore])] )
+C2[(V><E+jawﬁ+1\7[).(Vxé"')]}dV = 0,

and
@d j{ [ Vxl?—ja)gE—j).(ini;)]

+C, [(V x E+ jouH + M) .(—jwp‘ﬁ;)]}dV =0

(6.4)

Repeating eqs. (6.3) and (6.4) with the two-dimensional integration explicitly

given and assuming a source free region
I{C [ja)g (V xh— }th) e, +a)2££'(é-e‘;)]
s
+C2[(V x&-1x€)+(V, x& —y'ixe)+ jouh+(V,x&, —y'Z xé’n‘)]}dS——-O

and (6.5)

) Sy
—
o
':
}‘l
k‘l
v
/—\
E}l
|

| =
*

N)

3‘
\_/
s

&

L]
—

<

X

;“

|
&

N

X

k‘
\—/

(6.6)
+C, [—jwp‘(v, x&—)zx&)sh, +o*puu’h .En‘]}dS =0

These equations form the basis for the numerical solution.
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6.2 Matrix Representation
In order to obtain the proper matrix representations of (6.5) and (6.6) the

Cartesian coordinate form may be used by expanding the curl and cross products! as

£ 0y % d,h,

V,xh=|d, &, 0|={ -dh ¢,
h, h, h| |3.h -3,
~h

and Zxh={h |,
0

with similar expressions for V, x& and Z xé. Expanding in components leads to the
following representations for eqs. (6.5) and (6.6):
C,[ jawe’|(0,h, +1h e, = (O,h, +7h)e;, +(O,h, - ,h,)e, | dS
s

+Cl‘[w2££'(exe;" +ee, +e,e;)dS
S
+G,[|(G.e. +72,) (0,00 + 7€) +(Oee, +12.)( 065, + 7€)

S
Hd.e, - 0,e.)(0.6, ~ 0,¢,)]dS

+Czjjwﬂ[h,(§ e’ + 7'3;") - hy(ﬁxe; + y'e;") + h:(o"xe;n - o"ye;n)]ds =0
° (6.7)

1 A brief comment on the notation may be helpful. This matrix representation is meant to prepare the
reader for the representations that will follow in this chapter. In a standard representation the transverse
curlis V, xh = 28 h, - 50,h, +3(8,h, - 3,h,) and £ x h = -%h, + Ph,.

91
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and
Cl_”(ﬁyh, +1h, )0, + 7 B) +(0.h, + 1 )(O.K, + 7R,

N

H,h, - 0,h,)(0,h,, - 3,,)]dS

x""zn

=C,[ jowde, (0,1, +7"h,) - e (0.1, +K..) +e,(2.h, - O,K,)|dS
S

~C, [ jou'[(B,e, + 12, )1, = (B,, + 1, B, + (e, - 0,2, )13, | dS
A

+C, [ @ s’ (R, + h b, + B A, ) dS = 0
s (6.8)
To set up the element matrices for a homogeneous media that will be used in the

numerical implementation, it is possible to normalize in such a way as to replace the radian

frequency @ with the wavenumber k by performing a transformation of variables. This
normalization can be accomplished by letting C, = cl|n2‘ =c, \/;—1””— =¢,nn" and then
: eVe

dividing (6.6) by 7°. A similar substitution for C, can be made in (6.5) but omit the

division by 7. Egs. (6.5) and eq. (6.6) can be rewritten as

(6.9)
and
J‘{cl[(Vr xﬁ—ﬁxﬁ)-(vt xh -y fxﬁn)—Jke.(V, xh -y Exﬁ;)]
s , (6.10)

Chapter 6: Finite Element Implementation 92



where the wavenumber is written explicitly since the unknown magnetic field components
are premultiplied by 7. Rewriting eqs. (6.7) and (6.8) in terms of the possible eigenvalues

y and k leads to

o[ k[ 0,h, +h,)es, — Db, +1h)e;, + (0., - 3,h,)e, |dS
S

X xn

+c,J-|k]2(e e, tee, +eze;)dS
N

+C2J'[(&yez +7ey)(é’ye:n +}/'e;n) +(ﬁxe; +e, )(5xe:n +},‘e;n)

S
-&—(&xey -Je, )(o"xe;" - &’ye:m)]dS
e[ (0,0 7 ) - (0. ) ok (2.65 - 02 ) S =0
S

(6.11)
and
o[[M o, + )01, +1'h,)+n{dh, + ) O,h, +y'h,)
S
+1(3,h, —8,h, )3k, - O, 1.,)|dS
| jk[e, (0,1, +y°h,) - e (0., +7h,,) +e,(0.h;, - 5yh;")]ds
S
—c, [ j[(0,e, +7e, )L ~ (O, +10,)h;, +(D,e, — O,e, B, |dS
A
+c2I\k\2(nhxh;n +nh b, + 1h, kS = 0
5 . (6.12)

The presence of 77 may be eliminated with the definition of the unknown field components
at each node.

The general eigenvalue problem as described by (6.11) and (6.12) can be written

{|k|2M — JK(C, +y C,)' + jk(C, +7 C,) + [ K, +9K, +7"K! +K,}f =0, (6.13)
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where the symbol f represents the conjugate transpose operation and the vector
X= {e, e, e nh, nh, nh,}r. There are three basic problems that can be
examined in the context of (6.13). The first problem is one which considers the
propagation constant y for a prescribed frequency of operation @ (imbedded in the
definition of k). The second problem that can be useful in material characterization is the
determination of k for a measured propagation constant je.acireq- The third useful
problem is the determination of the cutoff wavenumber k_ which requires y = 0.

The eigenvalue problem for % (based on a known ) can be expressed

{Jiel* M - jieC" + jk"C+ K}f =0 (6.14)

where C=(C, +7 C,) and K =[y['K, + K, +7 'K} + K. Eq. (6.14) can be expanded in

matrix form as

[e,M,, 0 0 0 0 0 e,
0 oM, 0 0 0 0 |le,
~ 0 0 oM, i 0 0 0 e,
Me=g o o M, o 0 T}}h' K (6.15)
P2 44 x
0 0 0 oMy 0 ||mh
| 0 0 0 0 ;M || nh, )
[0 0 0 0 ¢Cs5 ¢Cslle,
0 0 0 ¢C, 0 ¢Cxlle,
Ci = 0 ,,,,,,,,,,, O ,,,,,,,,,,, 0 ,,,,,, ..?‘.C}‘? ,,,,, ?‘.?3,5, AAAAAAAA 0 ﬁ?ﬁ. L, (6.16)
0 ¢C,; ,Cy: O 0 0 || nh,
C, 0 ¢C, 0 0 0 ||mh,
,Co 6Cq O © 0 0 0 ||mh,]
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and

(CZKII cZKll c2K13 0 0 0 1 ex ]
Ky 6K, 6Ky 0 0 0 e,
ki=| 2K GKe @Ky 000 el (6.17)
0 0 0 :c¢K, K, oKy ||mh,
0 0 0 oKy oKy oKy || nh,
| 0 0 0 ‘cKy oKy oKy ](mh,

Typical entries in (6.15) are obtained by a summation over those nodes which

form the support at a particular node. For example,

%Z Area of elements that form support, m=n

1 .
P Z Area of elements that contain m and n, m+# n

with subsequent entries found in a similar manner. The entries for (6.16) are of the form

y % > Area of elements that form support, m=n

Cistmm =¥ ,[ e, =
5 4 s Z Area of elements that contain m and n, m# n

oh, . %Z(xi -X; ), elements that have support m = n
and ClG(m,n) = '[ T] ay ex,, = 1 . ,
s - Z(x,. - xj), elements that contain m and n, m # n

where the notation (x,. -Xx j) refers to the y-components of the local nodes where i, j, and
m (or n) form the element (progressing modulo 3) and 7 # j # m. The entries for K are

even more complex with y dependence as shown in Eq. C.21. In the finite element
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program used to automate the matrix fill, the most commonly used approach is to develop
so-called element matrices. These element matrices are then assembled by maintaining
continuity between elements corresponding the requirements of the compact support. The
detailed entries? for eqs. (6.15) - (6.17) are found in Appendix C.1.

In the work of Bunting [1992] the eigenvalue problem of the form

[MZ +CA+Kli=0 (6.18)
was examined using an iterative approach based on a Rayleigh quotient developed by

Lancaster [1966]. Scott [1982] suggests that (6.18) can be recast in a general eigenvalue

form Ax = ABx as

o et Al o

The generalized eigenvalue form is useful for the current discussion since it is desired to
compute all the eigenvalues to determine if a one-to-one correspondence exists between
the computed eigenvalues and the exact eigenvalues. Applying a formal change of
variables as Scott suggests is problematic to the eigenvalue problem for &£ described in
(6.14) since it cannot be brought into a generalized form such as Ax = ABx due to the
presence of the |k|2 term. Attempts to compute an eigenvalue based on a brute force
method that attempts to minimize the determinant for estimates of k& presents a difficulty

in the numerical realm.

2 The boundary conditions must also be applied leading to the replacement of certain rows (and columns if
symmetry is to be maintained) such that unity appears on the diagonal. The final matrix form will reflect
the imposition of the boundary conditions.
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6.3 A Complex Circle Solution Explored and Extended

The scalar form of (6.14) leads to solutions that form circles in the complex plane.

Consider the scalar problem ‘k —Iﬂz = R* whose solution is given by a circle in the
complex plane centered at & with radius R expanded as (k —k)(k —k ) =R
or
2 7 * 77 % -2 2

k[ -k —kk* +[k| -R*=0. (6.20)
having the form of (6.14).

It can be shown through a modal approach as demonstrated in Appendix C.2 that
the solution to (6.14) can be facilitated by applying these concepts. The resulting matrix

form that uses a factorization motivated by the complex circle solution is

[(e1+M0)'(k1+M7C)fe = [(MC)'(M'C)-M K]z ~0. (6:21)

for the exact problem. For the modal problem the second term is identically zero, and thus
appears to be independent of the contribution of C' and K as is examined in Appendix
C.2. The modal solution form given by C'C—K =0 (obtained by considering M to be
the identity matrix I) corresponds to a circle of zero radius. This important result indicates
that the solution is independent of the coefficients c, and c, due to the form of the matrix
C. The elimination of C' and K from (6.21) leads to a matrix eigenvalue problem of the
form ATAX = 0 given by

(e 1+M7Q)' (k 1+ MO =0. (6.22)

The elimination of C' and K from (6.9) and (6.10) with the curl in a compact form

suppressing the explicit z dependence yields the reduced system
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[{e (v xnfl) - jk(E)]- j&°2; }as =o, (6.23)

N

and [{e[(vxE)+ jk(n)]«(~ k)i, Jas = o. (6.24)

s
An observation that can be made regarding (6.23) and (6.24) is that they represent a
weighted residual form on Maxwell's equations, but with variational significance since
they were derived from a functional that includes both the electric and magnetic fields as
given by (6.14). Although (6.23) and (6.24) provide the exact solution in the modal
approach, the resulting finite element approach encounters apparently spurious solutions.
The terms corresponding to K and C' are a subset of the solution in an analytical sense
when a complete set of basis functions is used. This form is similar to the weighted
residual form used by Svedin [1989] discussed in Chapter 4. Table 6.1 demonstrates the
finite element results for the cutoff wavenumbers obtained by setting y = 0 for the

rectangular waveguide model described in Fig. 6.1 for the reduced system. Of concem in

this “complex-circle” approach are
the effective radii of the “circles”,

though it is difficult to see the

direct analogy of the scalar problem

to the matrix problem of (6.22). A

graphical approach to assist in Figure 6.1. 16 node rectangular waveguide mesh
interpreting Table 6.1 can be seen in (the same as Fig. 3.9).

Fig. 6.2
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Table 6.1. Cutoff wavenumbers for
the reduced system EH Functional

of Figure 6.1.

EH Functional Exact
2.7819 3.1416
3.1407 6.2832
4.4463 6.2832
45174 7.0248
5.5795 7.0248
6.0137 8.8858
6.2136 8.8858
6.7182 09.4248

T Rectangular Waveguide
PEC Walls

Exact
o Circle Solution

A4

7 8 9 10

Eigenvalues: Cutoff Wavenumbers

Figure 6.2. Graphical depiction of cutoff wavenumbers of the data of Table
6.1 to compare the reduced system for the circle type solutions and the
exact modes for the 16 node mesh of Fig. 6.1.
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Figure 6.2 demonstrates the spurious solutions that apparently still alter the spectrum of
solutions. It can be pointed out that the spurious solutions may be the intersection of
circles whose radii could not be forced to zero.

An alternative formulation for the numerical solution is motivated by the need to
enforce additional constraints on (6.23) and (6.24). It appears as though there is
information required from the K matrix. Consider the first variation of the EH functional
given by (6.3) and (6.4). Motivated by the results of the complex circle solution, it can be
noted that each term in both equations must independently be set to zero leading
effectively to an overdetermined system of equations. This overdetermined system can be

handled by the application of the method of least squares by writing (6.14)

{[kf* M - jkC" + jk*C+ K]z =0

as two separate problems
(~/AM +C)ii =0 (6.25)
and  (—jkC"+K)ii =0 (6.26)

which must be solved simultaneously. This coupled problem can be viewed as the

overdetermined system

M [C
Jjk ct il = Ku. (6.27)

Applying a least squares matrix approach, (6.27) is multiplied by [MJr C] to yield
JK[M'M +CC']z =[M'C+CK]a. (6.28)

It is important to note that eq. (6.28) is in the form of a generalized eigenvalue problem

Ax = ABx so that all the eigenvalues and eigenvectors can be computed. Table 6.2 details
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the eigenvalues corresponding to the cutoff Table 6.2. Cutoff wavenumbers for

the EH Functional using the least
wavenumbers for the mesh of the 16 node gquares matrix approach for the 16

rectangular waveguide model depicted by Fig.

node mesh of Fig. 6.1.

6.1. Once again a graphical approach to the | EH Functional Exact
3.2213 3.1416
presentation of the data of Table 6.2 may prove 7.1625 6.2832
7.8256 6.2832
- the i . .
more valuable in the interpretation of the results 8.4975 70248
obtained. Consider the plot of Fig. 6.3. Note that 8.6236 7.0248
12.224 8.8858
the approximate numerical modes, though not 12.483 3.8858
accurate at higher orders, can be nearly brought 12.890 9.4248
into correspondence with the exact solutions.
T Rectangular Waveguide
PEC Walls
5 EFanctional
4 5 6 7 8 % 10 11 2o
Eigenvalues: Cutoff Wavenumbers

Figure 6.3. Graphical depiction of the numerical solution for the EH
functional of the data in Table 6.2 using the least squares matrix approach

for the 16 node rectangular waveguide model of Fig. 6.1.
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It is significant to note that the eigenvalues are free from the appearance of the

spurious solutions that plagued the
full-field and penalty method
approaches. The higher order modes
are not very accurate for the coarse
discretization.  The  ideas  of
convergence can be demonstrated by
considering the more finely discretized

mesh of Fig. 6.4 where the

Figure 6.4. Rectangular waveguide model with
51 nodes.

rectangular waveguide is modeled with 80 elements and 51 nodes. The results for the

cutoff wavenumbers are given by Table 6.3. The more finely discretized mesh provides

improved results appearing to converge toward the exact results. These results

demonstrate that even the higher order modes are adequately modeled by the more finely

discretized mesh of Fig. 6.4. Once again, there are no spurious solutions generated. Fig,

6.5 depicts the graphical representation of the data of Table 6.3. It is possible to now bring

the solutions of the numerical problem into a one-to-one correspondence with the exact

problem. The higher order modes are fairly accurately modeled as well.
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Table 6.3. Cutoff wavenumbers for
the EH Functional using the least
squares matrix approach for the 51
node mesh waveguide model of

Figure 6.4.

EH Functional Exact
3.1735 3.1416
6.4754 6.2832
6.5890 6.2832
7.2982 7.0248
7.3209 7.0248
9.6666 8.8858
9.7231 8.8858
10.545 9.4248

T Rectangular Waveguide
PEC Walls
x Exact

[a] EH Functional

3 4 5 6 7 8 9 10 11

Eigenvalues: Cutoff Wavenumbers

Figure 6.5. Graphical depiction of the numerical solution for the EH
functional of the data in Table 6.3 using the least squares matrix approach
for the 51 node rectangular waveguide model of Fig. 6.4.
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Chapter 7
Conclusions

This work has examined the application of finite element techniques to a more
general solution of Maxwell's equations. Generalized methods of obtaining functional
representations for linear and nonlinear applications were explored and compared to
typical approaches. A comparison of weighted residual methods and variational methods
was made in an effort to clarify the distinctions between the approaches and highlight the
strengths and limitations of each method. An examination of some of the causes of
spurious solutions and the approaches used to eliminate them was made. A more
comprehensive answer regarding the characteristics of spurious solutions has been
presented by applying a modal approach based on the Helmholtz theorem. A new
functional that explicitly represents the electric and magnetic field has been suggested to
eliminate spurious solutions.

The key contributions of this work have been the introduction of a new functional
(EH) forcing the satisfaction of Maxwell’s equations, providing a minimization, and
eliminating spurious solutions. A modal approach has been developed that has brought
scrutiny to various functional forms as the fundamental cause underlying the difficulties
with spurious solutions. This research has provided a key point that has been missed in the
examination of spurious solutions. Typically the functional has been found to allow for the
existence of an improper gradient behavior in a general expansion function motivated by
application of the Helmholtz theorem. It has also been shown that the linear behavior of
the parameter in the penalty method can be predicted in an exact formulation by the modal

approach.
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The EH functional has been successfully implemented in a finite element scheme
after demonstrating the ability to eliminate the improper gradient behavior in the exact
modal approach. The unusual eigenvalue equation involving the magnitude squared was
examined. A complex circle concept was examined and motivated the application of a
least squares matrix approach. The resulting numerical solution for the cutoff
wavenumber demonstrated the robustness of the functional in that spurious solutions were
eliminated. The convergence was also briefly examined with the numerical solutions
appearing to closely approximate even the higher order modes.

Suggested future work includes the extension of the eigenvalue problem to the
solution of the propagation constant as the eigenvalue. The practical solution to the
eigenvalue problem involving the quadratic form with the magnitude squared should be
investigated further. Another area that needs further exploration is the nature of natural
boundary conditions in the variational method and the practical enforcement in a
numerical scheme. The application of edge elements in the EH functional would provide
an interesting connection to the numerical implementation of the typical edge element
process. The issue of boundary conditions for the EH functional has not been directly
addressed in this work. Practical implementations for inhomogeneous media may require
careful consideration. The reader may easily see several other areas of useful research

including the links to physical parameters such as energy and power.

Chapter 7: Conclusions 105



References

Adams, M.J. (1981), An Introduction to Optical Waveguides. New York: John Wiley and

Sons.

Angkaew, T., M. Matsuhura, and N. Kumagai (1987), “Finite element analysis of
waveguide modes: A novel approach that eliminates spurious modes,” /EEE
Trans. Microwave Theory Tech., vol.35, pp.117-123.

Atherton, R'W. and G.H. Hamsey (1975), “On the existence and formulation of
variational principles for nonlinear differential equations” Studies in Appl. Math,
vol.54, Mar.

Aubourg, M. and P. Guillon (1991), “A mixed finite element formulation for microwave
devices problems, application to MIS structures,” J. of Electromag. Waves and
Applic. vol.5, pp.371-386.

Becker, M. (1964) Principles and Applications of Variational Methods. MIT Press.

Bardi, 1. and O. Biro (1990), “Improved finite element formulation for dielectric
waveguides,” IEEE Trans. Magn., vol. 26, pp. 450-451.

Belinfante, E.I. (1948), “A first order variational principle for classical electrodynamics,”
Phys. Rev., vol.74, pp.779.

Berk, A. D. (1956) “Varational principles for electromagnetic resonators and
waveguides,” /RE Trans. vol.4, pp. 104-111, April.

Bettess, P. (1977), “Infinite Elements,” Int. J. Numer. Meth. Eng, vol. 11, pp. 53-64.

Biezeno, C.B. (1924), “Graphical and numerical methods for solving stress problems,”
Proc. First Intern. Congress Appl. Mech., Delft., pp. 3-17.

References 106



Biro, O. and K. Preis (1989), “On the use of the magnetic vector potential in the finite
element analysis of three dimensional eddy currents,” JEEE Trans. Magn., vol. 25,
pp. 3145-3159.

Bossavit, A. and 1. Mayergoyz (1989), “Edge elements for scattering problems,” /EEE
Trans. Magn., vol.25, pp.2816-2821, July.

Bossavit, A. (1989) “Simplicial finite elements for scattering problems in
electromagnetics,” Comp. Methods in Applied Mech. and Eng., vol.76, pp.299-
316.

Boyse, W.E., D.R. Lynch, K.D. Paulsen, and G.N. Minerbo (1992), “Nodal based finite
element modeling of Maxwell's equations,” /EEE Trans. Antennas Propagat.,
vol.40, pp.642-651, June.

Bunting, C. F. (1992), Issues Related to Finite Element Techniques for Two Dimensional
Transmission Structures. Virginia Tech. M.S. Thesis.

Bunting, C.F. (1994), Optical Waveguide Analysis - An Independent Study.

Cairo, L. (1965), Variational Techniques in Electromagnetism. New York: Gordon and
Breach.

Cendes, Z.J. and P. Silvester (1970), “Numerical solution of dielectric loaded waveguides:
I-finite element analysis,” /EEE Trans. Microwave Theory Techniques, vol. 18,

pp- 1124-1131, December.

Cendes, Z.J. and S.H. Wong (1987), “C! quadratic interpolation over arbitrary point
sets,” IEEE Computer Graphics and Appl., vol. 7, pp. 8-16, November.

Cheng, D.K. (1989), Field and Wave Electromagnetics, 2nd Edition. Reading,
Massachusetts: Addison-Wesley Publishing Company.

References 107



Chiang, K.S. (1984), “Finite element method for cutoff frequencies of weakly guiding
fibres of arbitrary cross section,” Optical and Quant. Electron., vol. 16, pp. 487-
493.

Chiang, K.S. (1985), “Finite element analysis of optical fibres with iterative treatment of
the infinite 2D space,” Optical and Quant. Electron., vol. 17, pp. 381-391.

Chiang, K.S. (1986), “Analysis of optical fibers by the effective index method,” App!.
Opt., vol. 25, pp. 348-354.

Chiang, K.S. (1986), “Finite element analysis of weakly guiding fibers with arbitrary
refractive index distribution,” J. Lightwave Tech., vol. 4, pp. 980-990, August.

Chen, C. H. and C. D. Lien (1980), “The variational principle for non-self-adjoint
electromagnetic problems,” IEEE Trans. Microwave Theory Tech., vol. 28,
pp-878-886, August.

Chew, W.C. and M.A. Nasir (1989), “A variational analysis of anisotropic inhomogeneous
dielectric waveguides,” IEEE Trans. Microwave Theory Tech., vol.37, pp.661-
668, April.

Clough, R W. (1960), “The finite element method in plane stress analysis,” J. Struct. Div.,
ASCE, Pro. 2nd Conf. Electronic Computation, pp.345-378.

Collatz, L. (1960) The Numerical Treatment of Differential Equations. Berlin: Springer.

Courant, R. (1943), “Variational methods for the solution of problems of equilibrium and
vibration,” Bull. Am. Math. Soc., vol. 49, pp.1-43.

Crandall, S.H. (1956) Engineering Analysis. New York: McGraw-Hill.

Crowley, C.W., P.P. Silvester, and H. Hurwitz (1988), “Covariant projection elements for
3D vector field problems,” IEEE Trans. Magn., vol.24, pp.397-400, January.

References 108



D'Angelo, J. and I.D. Mayergoyz (1990), “Finite element methods for the solution of RF
radiation and scattering,” Electromagnetics, vol.10, pp.177-199.

Daly, P. (1984), “Upper and lower bounds to the characteristic impedance of transmission
lines using the finite element method,” Int. J Comput. Math. Electr. Electron.
Eng., COMPEL, vol. 3, pp.65-78.

Davies, J.B., F.A. Femandez, and G.Y. Philippou (1982), “Finite element analysis of all
modes in cavities with circular symmetry,” IEEE Trans. Microwave Theory Tech.,
vol.30, pp.1975-1980, November.

Davis, W.A. and C.F. Bunting, (1992) “Variational formulations in electromagnetics:
Basic concepts,” AEU, vol.46.

Davis, W.A. (1994) Personal Communication.

Duncan, W.J. (1937), “Galerkin's method in mechanics and differential equations,” Gt.
Brit. Aero. Res. Council Rept. and Memo. 1798; reprinted n Gt. Brit. Air Ministry
Aero. Res. Comm. Tech. Rept. 1, pp. 484-516.

Dyott, R.B., J.R. Cozens, and D.G. Morris (1979), “Preservation of polarization in optical
fibre waveguides with elliptical cores,” Electron. Let., vol. 15, pp. 380-382, June.

English, W.J. (1971), “Vector variational solutions of inhomogeneously loaded cylindrical
waveguide structures,” /EEE Trans. Microwave Theory Tech., vol.19, pp.9-18,

January.

Eyges, L., P. Gianino, and P. Wintersteiner (1979), “Modes of dielectric waveguides of
arbitrary cross sectional shape,” J. Opt. Soc. Am., vol. 69, pp. 1226-1235.

Femandez, F.A. and Y. Lu (1990), “Variational finite element analysis of dielectric
waveguides with no spurious solutions,” Electron. Let., vol.26, pp.2125-2126,

December.

References 109



Femnandez, F.A., J.B. Davis, et al. (1991), “Sparse matrix eigenvalue solver for finite
element solution of dielectric waveguides,” Electron. Let., vol. 27, pp. 1825-1826,
September.

Finlayson, B. (1972) The Method of Weighted Residuals and Variational Principles.

Academic Press.

Finlayson, B.A. and L.E. Scriven (1965), “The method of weighted residuals and its
relation to certain variational principles for analysis of transport process,” Chem.
Engr. Sci., vol.20, pp.395.

Finlayson, B.A. and L.E. Scriven (1966), “The method of weighted residuals a review,”
Applied Mech. Rev., vol.19, pp.735-748, September.

Finlayson, B.A. and L.E. Scriven (1967), “On the search for variational principles,” Int. J.
Heat and Mass Transfer, vol.10, pp.799-821.

Fox, C., (1950) An Introduction to the Calculus of Variations. London: Oxford
University Press. Now available from Dover Pub., Inc. 1987.

Frazer, R. A., W.P. Jones, and S.W. Skan (1937), “Approximations to functions and to
the solutions of differential equations,” Gt. Brit. Aero. Res. Council Rept. and
Memo. 1799; reprinted in Gt. Brit. Air Ministry Aero. Res. Comm. Tech. Rept. 1,
pp. 517-549.

Galerkin, B.G. (1915), “Rods and plates. Series in some problems of elastic equilibrium
of rods and plates.” Vestn. Inzh. Tech. (USSR), vol. 19, pp. 897-908. Translation
63-18924, Clearinghouse, Federal Sci. Tech. Info.

Gelfand, 1. M. (1963), “Functional Analysis,” in Mathematics: Its Content, Methods, and

Meaning, eds. A.D. Alaksandov, A.N. Kolmogorov, and M.A. Lavrentev.
Cambridge, Mass: MIT Press.

References 110



Gianino, P.D., B. Bendow, and P. Wintersteimer (1981), “Propagation characteristics of
irregularly shaped step index fiber guides,” in Physics of Fiber Optics, Vol. 2, P.
Bendow and S. Mittra, eds. pp. 330-341.

Gloge, D. (1971), “Dispersion in weakly guiding fibers,” Appl. Opt., vol. 10, pp. 2442-
2445.

Hammond, P. (1981), Energy Methods in Electromagnetism. Oxford Univ. Pr.

Harrington, R.F. (1961), Time Harmonic Electromagnetic Fields. New York: McGraw-
Hill.

Harrington, R.F. (1968), Field Computation by Moment Methods. Malabar, Florida:
Robert Krieger Pub. Co., Inc.

Harrington, R.F. (1990), “Origin and development of the method of moments for field
computation,” /EEE Trans. Antennas Propagat. Mag. vol. 32, pp. 31-36, June.

Hayata, K., M. Eguchi, and M. Koshiba (1989), “Finite element formulation for guided
wave problems using transversal electric field component,” /EEE Trans.

Microwave Theory Tech., vol.37, pp.256-258 January.

Hazel, T.G. and A. Wexler (1972), “Variational formulation of the Dirichlet boundary
condition,” /IEEE Trans. Microwave Theory Tech. vol. 20, pp.385-390, June.

Hrenikoff, A. (1941), “Solution of problems in elasticity by the framework method,” J.
Appl. Mech., Trans. ASME, vol. 8, pp.169-175.

Itoh, T. (1989) Numerical Techniques for Microwave and Millimeter-Wave Passive
Structures. New York: John Wiley and Sons.

Jin, J. (1993), The Finite Element Method in Electromagnetics. New York: John Wiley

and Sons.

References 111



Johnson, L. W. and R. D. Riess (1982), Numerical Analysis, 2nd Ed. Massachusetts:
Addison-Wesley Pub. Co.

Jones, D.L. and F.J. Evans (1971), “A classification of physical variables and its

application to variational methods,” J. Franklin Inst., vol.291.

Kantorovich, L.V. and V.I. Krylov (1959), Approximate Methods in Higher Analysis.
Interscience. Also see Appl. Mech. Rev. vol. 12, Rev. 4830.

Kobelansky, A.J. and J.P. Webb (1986), “Eliminating spurious modes in finite element
waveguide problems by using divergence-free fields,” Electron. Lett., vol.22,
pp-569-570.

Konrad, A. (1976), “Vector variational formulation of electromagnetic fields in
anisotropic media,” /EEE Trans. Microwave Theory Tech. vol. 24, pp.553-559,
September.

Koshiba, M. (1992), Optical Waveguide Analysis. New York: McGraw-Hill.

Koshiba, M., K. Hayata, and M. Suzuki (1982), “Approximate scalar finite element
analysis of anisotropic optical waveguides,” Electron. Let., vol. 18, pp. 411-413,
May.

Koshiba, M., K. Hayata, and M. Suzuki (1983), “On the accuracy of approximate scalar
finite element analysis of dielectric optical waveguides,” Trans. IECE Japan, vol.
66E, pp. 157-158, February.

Koshiba, M., K. Hayata, and M. Suzuki (1984), “Approximate scalar finite element
analysis of anisotropic optical waveguides with off diagonal elements in the
permittivity tensor,” /EEE Trans. Microwave Theory Techniques, vol. 32, pp.
587-593, June.

References 112



Koshiba, M., K. Hayata, and M. Suzuki (1985), “Finite element formulation in terms of
the electric field vector for electromagnetic waveguide problems,” /EEE Trans.
Microwave Theory Tech., vol.33, pp.900-905, October.

Kravchuk, M.F. (1932), “Application of the method of moments to the solutions of linear
differential and integral equations,” (in Ukrainian), Kiev. Soobshch. Akad. Nauk
USSR, vol. 1, p. 168, referred to by Shulesko (1960), Kantorovich (1959), and
Mikhlin (1964).

Lancaster, P. (1966), Lambda-Matrices and Vibrating Systems. New York: Pergamon

Press.

Lapidus, L. and G. Pinder (1982) Numerical Solution of Partial Differential Equations in
Science and Engineering. New York: John Wiley and Sons.

Lee, J.F., D.K. Sun, and Z.J. Cendes (1991), ‘“Full-wave analysis of dielectric waveguides
using tangential vector finite elements,” /EEE Trans. Microwave Theory Tech.,
vol.39, pp.1262-1271, August.

Lewis, J.E. and G. Deshpande (1979), “Modes on elliptical cross section dielectric tube
waveguides,” /EE J. Microwaves, Optics, and Acoustics, vol. 3, pp. 147-155, July.

Lynch, D.R. and K.D. Paulsen (1990), “Time-domain integration of the Maxwell
equations on finite elements,” IEEE Trans. Antennas Propagat., vol.38, pp.1933-
1942, December.

Lynch, D.R. and K.D. Paulsen (1991), “Origin of vector parasites in numerical Maxwell
solutions,” IEEE Trans. Microwave Theory Tech., vol.39, pp.383-394, March.

Mabaya, N., Lagasse, P.E., and Vandenbulcke, P. (1981), “Finite Element analysis of

optical waveguides,” /EEE Trans. Microwave Theory Techniques, vol. 29, pp.
600-605.

References 113



Magri, F. (1974), “Variational formulation for every linear equation,” Int. J. Engng. Sci.,
vol. 12, pp.537-549.

Mikhlin, S.G. (1964), Variational Methods in Mathematical  Physics.
Pergamon/MacMillan.

Mittra, R. (1973), Computer Techniques for Electromagnetics. Oxford: Pergamon Press.

Morishita, K. and N. Kumagai (1977), “Unified approach to the systematic derivation of
variational expressions for electromagnetic fields,” /EEE Trans. Microwave
Theory Tech., vol.25, pp.34-40, January.

Morishita, K. and N. Kumagai (1978), “Systematic derivation of variational expressions
for electromagnetic and/or acoustic waves,” I[EEE Trans. Microwave Theory
Tech., vol.26, pp.684-689, September.

Paulsen, K.D., D.R. Lynch, and T.W. Strohbehn (1988), ‘“Three dimensional finite,
boundary, and hybrid element solution for lossy dielectric media,” /IEEE Trans.
Microwave Theory Tech. vol. 36, pp.682-693, April.

Paulsen, K.D. and D.R. Lynch (1991), “Elimination of vector parasites in finite element
Maxwell solutions,” /EEE Trans. Microwave Theory Tech., vol.39, pp.395-404,
March.

Picone, M. (1928), “Sul metodo delle minime potenze ponderate e sul metodo di Ritz per
il calcolo approssimato nei problemi della fisica-matematica,” Rend. Circ. Mat.
Palermo, vol. 52, pp. 225-253.

Press, W.H., B.P. Flannery, S.A. Tevkolsky, and W.T. Vetterling (1992), Numerical

Recipes, The Art of Scientific Computing Second Edition. New York: McGraw-
Hill.

References 114



Rahman, B.M.A. and J.B. Davies (1984), ‘Finite element analysis of optical and
microwave waveguide problems,” /IEEE Trans. Microwave Theory Tech., vol.32,
pp-20-28, January.

Rahman, B.M.A. and J.B. Davies (1984), ‘“Penalty function improvement of waveguide
solution by finite elements,” IEEE Trans. Microwave Theory Tech., vol.32,
pp-922-928, August.

Reddy, J.N. (1984), An Introduction to the Finite Element Method. New Y ork: McGraw-
Hill.

Reddy, J.N. (1986), Applied Functional Analysis and Variational Methods in
Engineering. New York: McGraw-Hill.

Saad, S.A. (1985), “Review of numerical methods for the analysis of arbitrarily shaped
microwave and optical dielectric waveguides,” IEEE Trans. Microwave Theory
Techniques, vol. 33, pp. 894-899.

Sadiku, M.N.O. (1989), “A simple mtroduction to finite element analysis of
electromagnetic problems,” /EEE Trans. Educat., vol. 32, pp. 85-93, May.

Safaai-Jazi, A. (1993) Class notes EE5154, Virgimia Tech.

Sarkar, T.K. (1983), “A note on the variational method (Rayleigh-Ritz), Galerkin's
method, and the method of least squares,” Radio Sci., vol.18, pp.1207-1224.

Schuleshko, P. (1960), “A new method of solving boundary value problems in
mathematical physics, Generalizations of previous methods of solving boundary
value problems of mathematical physics,” Austral. J. Appl. Sci., vol. 10, pp.1-7,
pp- 8-16; Appl. Mech. Rev,, vol. 13, Rev. 3.

Shaw, J. K., A M. Vengsarkar, and R.O. Claus (1991), “Direct numerical analysis of dual
mode elliptical core optical fibers,” Opt. Let., vol. 16, pp. 135-137, February.

References 115



Silvester, P.P. and R.L. Ferrari (1990), Finite Elements for Electrical Engineers. New
York: Cambridge University Press.

Stakgold, L., (1968), Boundary Value Problems of Mathematical Physics, Vol.2. New
York: The MacMillan Co.

Steele, C.W. (1987), Numerical Computation of Electric and Magnetic Fields. New
York: Van Nostrand Reinhold Co.

Svedin, J.A.M. (1989), “A numerically efficient finite element formulation for the general
waveguide problem without spurious modes,” /EEE Trans. Microwave Theory
Tech.,vol.37, pp.1708-1715, November.

Taflove, A and K.R. Umashankar (1987), “The finite difference time domain method for
electromagnetic scattering and interaction problems,” J. Electromagnetic Waves
Appl., vol. 1, pp.363-387.

Tonti, E. (1982), “A general solution of the inverse problem of the calculus of variations,”
Hadronic J., vol.5, pp.1404-1450.

Tonti, E. (1984), “Variational formulation for every nonlinear problem,” /nt. J. Engng.
Sci, vol.22, pp.1343-1371.

Tumer, M., R. Clough, H. Martin, and L. Topp (1956), “Stiffness and deflection analysis
of complex structures,” J. Aero. Sci., vol. 23, pp. 805-823.

Webb, J.P., GL. Maile, and R.L. Ferrari (1983), “Finite element solution of three-
dimensional electromagnetic problems,” /EE Proc., vol. 130, pt. H, no. 2, pp.153-
159, March.

Weinstock, R. (1974), Calculus of Variations. (Originally pub in 1952) Dover Pub., Inc.

Wexler, A. (1969), “Computation of electromagnetic fields,” IEEE Trans. Microwave

Theory Tech. vol. 17, pp. 416-439, August.

References 116



Whitney, (1957), Geometric Integration Theory. Princeton Univ. Press.

Wong, S.H. and Z.J. Cendes (1988), “Combined finite element-modal solution of three-
dimensional eddy current problems,” /EEE Trans. Mag., vol.24, pp.2685-2687,

November.

Yeh, C.W. (1979), “Optical Waveguide Theory,” IEEE Trans. Circuits and Systems, vol.
26, pp. 1011-1019.

Zachmanoglou, E.C. and D.W. Thoe (1986), Introduction to Partial Differential

Equations. New York: Dover Publications Inc. Originally published in 1976 by
The Williams & Wilkins Company, Baltimore, MD.

References 117



Appendix A
The Effective Index Method - Some Basics

The effective index method is an intuitive approximation that reduces a two
dimensional problem to a set of coupled one dimensional problems [Adams, 1981]. The
desired field behavior is governed by the following Helmholtz equation:

Viy+(kan’ - By =0 (A1)
where v = y(x,y). Following the development of Safaai-Jazi [1993], the scalar variable
y represents either E, or E, with the magnetic field given through the impedance of the
medium since the solutions are nearly plane waves. These magnetic fields can be

computed from

E
H, B pab, =2 with g, = /ﬁi, (A2)
"i ni 80 ni

The solution to Eq. (A.1), ¥(x,y), is assumed to be separable, that is we can write

w(x,y) =y, (x)v,(y) so that two coupled ordinary differential equations are obtained.

The equations for y, and y , are

2
ddx"i’ +hiy, =0 (A3)
d2
and dy”;’ +hly, = (A4)
where the separation equation
B =kin* -k - k, (A.5)

provides the relationship between the equivalent wavenumbers.
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A.1 Application of EIM to a Rectangular Waveguide
Thus for a rectangular guide as depicted in Fig. A.1 the equivalent problem will be
one dimensional planar waveguides to be discussed momentarily. The refractive index of

the core is given by n, and the cladding refractive index is n,, with n, > n,.

The first equivalent problem is the planar waveguide problem depicted in Fig. A.2

y

145}
Figure A.1. Rectangular Dielectric WG.
as the “y-problem” corresponding to the solution of (A.4) The solution for the dominant
mode is of the form of an even TE mode that can be expressed in the form of

y

nm
Figure A.2. “y-problem” for the
rectangular dielectric waveguide of

Fig. A. 1.
Ae 7Y, y>b
v, = Bcos(kyy), ly[<b (A.6)
Ae™? y<-b
where y} =k (n —m) -k} (A.7)
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Yy
n

By equating y, and at y = b and making use of symmetry the eigenvalue equation

for k, is obtained from

tan(k,b) =%. (A.8)

y

where if # = k b and w = y ,b we can rewrite (A.8) as

utanu=w. (A.9)

It is also useful to define a normalized frequency V', where

V? =0’k (n} -n3). (A.10)

Though not pursued here this normalized frequency is a convenient means of graphical
evaluation since ¥V* =u* +w” which is the equation of a circle of radius V in the u-w
plane.

The solution to the next problem is a TM problem and relies on the solution for
the wavenumber £, that describes the field confinement in the y direction to provide an

effective refractive index in the core. This “x-problem” is depicted in Fig. A.3.

Figure A.3 “x-problem” for the
rectangular dielectric waveguide of
Fig. A.1.
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Eq. (A.3) has solutions of the form

Ce™ ™ | x>a
v, =< Dcos(kx), |¢|<a (A.11)
Ce'”, x<-a
where similarly
}’;2
L= ki (my —n) K2 (A.12)

The effective index of refraction n.4arises from the separation equation (A.5) where we

can write
k 2
5o nf—[—’) » A1)
ko
k 2
wd :n:_(k_y) | (A14)
0

It is seen from (A.14) that £, is required from the solution of the “y-problem”. Equating

the scalar field and its normal derivative at x = a leads to an eigenvalue equation similar to

that of eq. (A.8), that is

2 ~
n 4
{”Zg Jtan.(k,a) = —kj , (A.15)

we can write # = k_a and w = ¥ ,a leading to a simplified expression

2
(i}z tanii = . (A.16)
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Summary of Effective Index Method:

The steps needed to use the effective index method are summarized as follows:

1) Solve (A.9) for k, with u and w given and the normalized frequency (A.10).
2) Use k, in (A.14) for ], to solve eq. (A.15) for k, ,

3) Determine B from
B= n;,—(k—*) . (A.17)

It is important to note that although the even modes were examined above, the extension

to odd modes is straightforward. For example eq. (A.9) becomes ucotu =—-w and eq.

(A.16) becomes #écotii=—w. It can be noted that the order of solution for &, and £,

should lead to the dominant term obtained first. The dominant term will correspond to the

dimension that provides the strongest confinement of fields.
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Appendix B
Chapter S Notes

The purpose of this appendix is provide some detail conceming the integration

required in Chapter 5. Repeating Eqgs. (5.17) and (5.18)

I{Cl[ng'(V, xh -1z xi_{) e +a)253'(é.én')]

S

and (B.1)

I{Cl[(V, x/;—}z“xl;).(V, xh' —y Exﬁn)—ste (V, xh' —y'Zxh’

y (B.2)
+C,[-jou’(V, x& - x@) b + @’ wh b} ||dS = 0

In order to simplify the notation, (B.1) can be expressed as Hc, I} +¢,1?}dS where
S

It = jos' |2 xV,(V.0,) + 722 x V()| [V £y -7 W)+ Ex V.pi]
+7(V,0) [V S =7 'Wo) +Ex V]
(Vo )Vivi +77 1) (B.3)
+0" 88" [V (f = 1w )+ Ex V) [V (7 -7 W) +Ex V]
H +Viv JViva +7° 1))

and
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I =|2xV,(Vw)+ 72 x V. () + 1 (V)]
[2xV(V L)+ () 2x Vv 7 (V)
+H(Vy) (V. v)

+jou{[V.(8-1p,)+ £ % V,¢’,]~[:2 <V,(Viw)+(r') 2%V, (v.) +7‘(V,t//?.,.)]
(12 +Vieu) (V. V)]

(B.4)
Similarly in order to simplify the notation, (B.2) can be expressed as HC;[ S +c,I? }dS

N

where

Il = [z xV,(V0,)+ 72 x V,(9,) + 7(V,¢¢)].
(2% V,(V20L,)+(r) Ex V(o) +77(V.0%)|
HV.’0.)(V. ¢..)
—jod V(f-rw )+ExV,p,]
[3 <V,(V,20,) +(r') 2%V, (g}) + 7'(V,¢):")]

—(2f+V;2‘//¢)(Vx2¢:n) (B.5)

and

13 == jou{[xV,(V.2y )+ 12 x V() +1(V.p)]-

[V.(g;-7"01) +2x V.0, ]

-(Vvi)r g + View)} : (B.6)
v’ {[V,(g-19,)+2xV,0,]-[V.(g: - 7" pr) + 2 x V.00,

g+ Vie)r g +Vion)}
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The orthogonality present in the choice of expansion functions of Egs. (5.11) -
(5.16) will be used in order to greatly simply these expressions.
For the specific problem of a rectangular Ay

waveguide as depicted in Fig. B.1, the integration can

b
be carefully performed making use of orthogonality.

The dot products can be evaluated by integrating over

X
N
/

a rectangular domain. An example is considered from a

Figure B.1. Geometry of a
rectangular waveguide used to
discuss orthogonality.

2
[2 X V,(V,z(ph )] V. f5 = kf[mmr ]I:— cosz(ﬂ x) sin’ (ﬂ y) +sin? [ﬂ x) cos> (ﬂ y)]
ab a b a b

Integrating the first term in the bracketed term

I cos? [m_;z' x) sin® (ﬂ )’) ds = r cos? (m x)
a b 0 a

N

(B.3) namely

(o) ()%

[——a—b-+@]=o.
4 4

so that
2 )

[2 » V;(V,Z%)] V= kcz(mmr J

ab

If we note that the expansion functions can be denoted

a

(V410 8) ~[']cos(%x)co{n7” y) L fee

(V.00 )~ sl x s "2 ) 7 -
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Using the abbreviated representation of f* and f“ the previous example can be

expressed as

(23 V(v )V =k (”’”” )[ ~fEfE T €l=0 (BS)

upon integration. It is of vital importance that the orthogonality be imposed. This property

would not be applicable if we had products /¢ x £ in (B.8) since integration say over x
PP

would be the product of a sine and a cosine function which are not orthogonal over

x €(0,a). The possible results of evaluating the integration (omitting the ab/4) factor are

detailed as

[2xV,(V2r%)] [2 xV,(V, f”)] = k¢[o]

(2x 0,75 [ 9,(v27%)]= [2 xV,(V, fss)] JEx V%)= ko]

(V27®)-(Vir™) = (V= V. )= K[

(ZxV, f2)e(£xV, fZ)= (V. SF)(V.SF) = K2[o]

(Zx V) e(ExVfC )= (V) (VS )=K[e]

[5 xV,(V, fSS)] (V, /) = (V. f5) e (Ex V, 1) = (£x V,£%) o(V, 1) =

(Vir=)r ==kl

(B.9)

Care must be exercised in employing the dot product generalizations of eq. (B.9)

in that the amplitude coefficients from (B.3) - (B.6) must be properly computed. For

example, the first nonzero dot product in eq. (B.9) will yield

Joe'[2xV,(V,0,)][£x V] = joeT [t xV (v, 7) - [z x v.r*]

(B.10)
= —kf(ja)s')Dm

since the »n subscript on y/,, implies that the variation with respect to the conjugate term

has been taken.
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Appendix C
Chapter 6 Notes

C.1 General Matrix Entries for the New Functional

This appendix details the matrix entries for the finite element implementation of
the new functional as given by Eq. 6.14. The overall element matrices for the 6 degrees of
freedom {e,,ey ,e,,hx,hy,h,} are 18x18 matrices that must be assembled in the global
matrix whose dimension is a function of the total number of nodes contained in the mesh.
All the integration required for the nodal based linear elements can be summarized by six
element integrations. Following the work of Bunting [1992] several auxiliary matrices will
be defined that will be used throughout this appendix. The individual element matrices are

3 x 3 matrices, given in the form

A= g{‘l’}{‘l’}’ ey C.1)
B= i{‘P}ﬁ,{‘P}’ ddy (C2)
C= ‘_[{‘P}ﬁy{‘l’}r dx dy (C.3)
D= lay{\{f}ay{q’}’ dxdy (C.4)
E- ([ﬁy{‘l‘}ﬁ,{‘*’}’ dsdy (C.5)
F= ‘j} o {¥}o ¥} drdy (C.6)
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The vector ‘¥ represents the elemental shape functions given by

vi?(x,5)

¥ =y (x,) )

w9 (x,y)

where the shape function definition is given in Chapter 3, where y ! represents a

Lagrange interpolation function for triangular elements given by

1
' = H(ai +Bx+y.y),i=123 (C.8)

and «,,f,, and y, are constants obtained from the local element geometry given
explicitly as

A; =XV — XY

ﬂizyj_yk (C9)

Vi=X —X;

where i # j # k, and 7, j, and k permute in a natural order. The area 4, is given by

X, N
X, Y, (C.10)
X3

Y3

A =

1
e 2

[ U —

where the indices in (C. 10) refer to the local coordinates.
The integration over the individual triangular shape functions is exact and is given

by Reddy [1984] and Silvester [1990]

m!n! p!
m+n+p+2)
( p+2)

[(r©) () (v) da=2

Q

A¢

(C.11)

where the superscripts m, n and p are integers indicating the power on .
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The computation for A in (C.1) proceeds as follows

v,
A=Y &dv=[{w,tly, v, v, )dcay
Q Q !//3

or
ViV, v,
A=[lvay, vl vy, |dedy. (C.12)
@ Vi, Vv, V’:

Integrating (C.12) using (C.11) results in

2

A¢
A="4
12

1 1
2 1] (C.13)
1 1 2

The computation of B in (C.2) proceeds as

¥
B=[{¥)o.(¥) dedy=—[{v. ({8, B, Blaxay,
° A

ﬂl A¢
where for the 1,1 entry _[W1ﬂ1 dxdy = 5
Q

The element matrix for B can be summarized as

114 By B, P,
BZET ﬂl '82 ﬂs . (C.14)
‘LB B By
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The computation of C in (C.3) is similar to B and proceeds as

¥,
C= [0 (¥Y dxdv=—-[ 1wy, 72 1),
? T lys

A
where for the 1,1 entry J!//lyldxdy = 71—3'—
Q

The element matrix for C can be summarized as

Vi Y2 Vs
Yi Y2 V3|
“Nre 72 75

A

4

c-+
6 A

The element matrix for D in (C.4) is obtained by computing

V1
A 71 LI LR
Q e Q }/

3

YT v Yi7s
1 2
or D=——y7y V2 7a¥s|
4 A4 5
Vs¥i YVi¥Va2 V3

The element matrix for E in (C.5) is computed by

71
E=[0,{¥}0,{¥) dedy= 4(;)2 [{r.t8, B, B)axcb
Q e Q }/3
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or

N R R A AT
Ezﬁ YBy vaBy 7.5 | (C.17)
vibo 7B ¥ib

(4

The element matrix for F in (C.6) is computed

By
[$B.1{8, B, B}axcay
VA

1

F= Iﬁx{qj}ﬁx{q’}rdx@ =m

: B BB, BB,
or F= U B, ﬂ§ B.Bs |- (C.18)
BB BB, B

e

In summary, the element matrices that are required to numerically implement the

finite element solution to Eq. 6.14 are

4 2 1 1
A=—1 2 1} .1
n (C.13)
1 1 2
B s B
B":ET ﬂl B, Bs |- (C.14)
LB B, By
Ny (v 72 75
ngf Yv Y2 Vs (CIS)
(V1 V2 Vs
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2

1 Vi
D:E 1298
EVA
1 -71.51
E=4_AT Y5
_73,31
1 Wi
and F=4A ,Bzﬂl
‘ _ﬂ3ﬂl

Y2
72
V3V

7.5,
Y5,
7’3ﬂ2

BB,
ik
B3,

I e

Ya¥s |

2

Vs

Y155

Y255 |-

7B

BAs

BB |

3

The entries for M in Eq. 6.15 are

Cx =

[c,A 0
0 cA
0 0
0 0
0 0

| 0 0
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(C.17)

(C.18)

(C.19)

¢+ (C.20)
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And finally the matrix entries for K in Eq. 6.17 are

K& =

[c,(7»"A+D)

-6E 1B
02(7}'°A+F) c,)C
ar€  a(F+D)
0
0
0 0

0 0
0 0
0 0
o(’A+D)  —¢E
—c,E” a7 A+F
¢y BT cy C’

Te.
ey

,,,,,,,,,,,, O . p&l
c,7B m,
¢ C nh,
¢(F+D) |(7h

(C.21)

C.2 Examination Of A Modal Approach Based on the Circle Concept.

Some insight may be gained by examining a modal expansion in the equation

resulting from the EH functional that has been developed. Consider a modal expansion

where the electric and magnetic fields for a rectangular waveguide are written

and

e,=e,f"
e, =€ f*
e, =elf
h= K"
h =k [
b= R

where the f*(x, y) terms represent sinusoidal products. For example

F5(x,y) = sin(%x) cos(nTﬂ y).
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Consider Eqgs. 6.11 and 6.12 given below as

cljjk [r](é’h +1h,)er, — (b, +h,)e,, +n(d,h, - 3,h,) ]ds

+C:I|k| e.e,, +tee, +e,em)dS
h
+02I[(§ye, +)ey)(0”ye; +y'e;") +(0,e, +ye,)(é’,e:" +7'e;n)
s
-4-(0"xey - J,e, )(&,e;” - o"ye;n)]dS'
vy [ Hh (0,65, 477 = nh, (0,65, +7"€) + b (9,5, - 0,5, S =0
s
(C.24)
o Mo+ )01, +7°H) + 1(Oh, + Ok, +7°H)
S
+1(0,h, = 3,h.)0.h;, - O,h3,)]dS
—¢, j JHe. (0 +7"B,) = e, (0.1, +1 H,,) +e, (3., - O,1,)|dS
_cz'[jk[ +7ey)h —(d,e, +1e, )1, (5e —é‘e)h ]dS
s

., [|kl* (i, 1, + by, + i 12, JAS = 0
5 (C.25)
Using the expansion functions of (C.22) and (C.23) in (C.24) and (C.25) lead to

j Jjk [ 2= d +9h)es, — [l +40)es, + [ = +["b—”]hf)e;]a’S

+cl_[|k| (exem +eye; +efe;)dS

N

+cz_”([';,—”]e +ye})("b—"e +}/e )+ e +}e (["’”]e +}/e )

*{'""]e 3 (& ],,, [z, as
+02‘S[1k[ e +y’e, |- nh, ([ ]e +y’e., +77h°([””‘ e,, [ ] )]dS=0

(C.26)
and
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afl-Lv +m;’)(—[';—"]h; Hr R ) e )
ool + LR ) (L + e as

—a e (sl v ) e (e ) e (L + )| as

-6 I I ((Eler +rep o = ((=le? + e s, + (e = [t o s

+c, [kl ik, +nhih, + nhik;,)AS = 0
s (C.27)

Writing this in matrix form for an eigenvalue % results in

[k M +4C" +k"C+K}E =0 (C.28)

where ¥ = {e" vs€, . mh, nh°} The matrices of (C.28) are 6 by 6 matrices where

x?2 y’ z?

¢, 0 0.0 0 0
0 ¢, 0.0 0 0
0 0 ¢ 0 0 0
M= LT (C.29)
0 0 0 ¢ 0 0
0 0 0 0 ¢, O
0 0 0.0 0 ¢
[0 0 0 0 9V 4 —cl(ﬁl)_”)-
0 0 0 -Gy 0 cl(%)
c-1 2 O 0 &l -alw) 0 (C.30)
0 -,y (=) 0 0 0
5Y4 0 cz(%) 0 0 0
(%) -af=E) 0 0 0 0
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and

[+ (@] —alz=))
(=) a[m @] ar
K=| ) er(® ook
0 0 0
0 0 0
i 0

Note that we can rewrite (C.28) {|k|2M +kC' + k'C+K}f =0 by considering M as an

identity matrix I to simplify the notation! as

[(k1+0)'(k1+C) +K - C'Cz = 0.

(C.32)

Note that for the modal solution form given by egs. (C.30) and (C.31) K-C'C=0

corresponding to a circle of zero radius. This very important result indicates that the

solution is quite independent of the coefficients ¢, and c, since the inverse of the diagonal

matrix M has no effect on the block antidiagonal matrix C. The system of equations can

therefore be written simply as the solution of the form A'AX = 0 to

(k1+0) (k1+O)fe = 0.

(C.33)

1 M is diagonal, so its inverse is the reciprocal of each entry. Chapter S considers the full form.
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The eigenvalues corresponding to the solution of (C.33) result in
mr\' (nr)’
k’(cl)l(cz)s[kz +y? - [—) - [7) ]: 0. (C.34)
a

The solution to (C.34) yields the exact solution for a rectangular waveguide. Also, it can

be seen that the result is independent of the coefficients ¢; and c,.
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