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A Bayesian Framework for Multi-Stage Robot, Map and Target
Localization

Ioannis Papakis

(ABSTRACT)

This thesis presents a generalized Bayesian framework for a mobile robot to localize itself and
a target, while building a map of the environment. The proposed technique builds upon the
Bayesian Simultaneous Robot Localization and Mapping (SLAM) method, to allow the robot
to localize itself and the environment using map features or landmarks in close proximity.
The target feature is distinguished from the rest of features since the robot has to navigate
to its location and thus needs to be observed from a long distance. The contribution of
the proposed approach is on enabling the robot to track a target object or region, using a
multi-stage technique. In the first stage, the target state is corrected sequentially to the
robot correction in the Recursive Bayesian Estimation. In the second stage, with the target
being closer, the target state is corrected simultaneously with the robot and the landmarks.
The process allows the robot’s state uncertainty to be propagated into the estimated target’s
state, bridging the gap between tracking only methods where the target is estimated assuming
known observer state and SLAM methods where only landmarks are considered. When the
robot is located far, the sequential stage is efficient in tracking the target position while
maintaining an accurate robot state using close only features. Also, target belief is always
maintained in comparison to temporary tracking methods such as image-tracking. When
the robot is closer to the target and most of its field of view is covered by the target, it is
shown that simultaneous correction needs to be used in order to minimize robot, target and
map entropies in the absence of other landmarks.



A Bayesian Framework for Multi-Stage Robot, Map and Target
Localization

Ioannis Papakis

(GENERAL AUDIENCE ABSTRACT)

This thesis presents a generalized framework with the goal of allowing a robot to localize
itself and a static target, while building a map of the environment. This map is used as in the
Simultaneous Localization and Mapping (SLAM) framework to enhance robot accuracy and
with close features. Target, here, is distinguished from the rest of features since the robot has
to navigate to its location and thus needs to be continuously observed from a long distance.
The contribution of the proposed approach is on enabling the robot to track a target object
or region, using a multi-stage technique. In the first stage, the robot and close landmarks
are estimated simultaneously and they are both corrected. Using the robot’s uncertainty in
its estimate, the target state is then estimated sequentially, considering known robot state.
That decouples the target estimation from the rest of the process. In the second stage, with
the target being closer, target, robot and landmarks are estimated simultaneously. When
the robot is located far, the sequential stage is efficient in tracking the target position while
maintaining an accurate robot state using close only features. When the robot is closer to
the target and most of its field of view is covered by the target, it is shown that simultaneous
correction needs to be used in order to minimize robot, target and map uncertainties in the
absence of other landmarks.
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Robotics has been a growing field for the past decades, integrating advances and innovations
from different areas, which foster its growth. An increasing demand for autonomous tasks
currently performed by humans, can be recognized in today’s societies.

A commonly known industry to be associated with robots is the manufacturing. Due to its
structured environment where many of the repetitive tasks can be deterministically designed,
robot practical use and return of investment have made them prevalent. However, due to
the continuous increase in their autonomous capabilities, their use has also been extended
to the security, intelligent transportation, services and medical sectors among others [3].

Robotic research has been expanding in many areas. Those include the study of their kine-
matics, dynamics, sensing and estimation, motion planning, control and artificial intelligence
to name a few [47]. Robot perception and localization is one of the fundamental areas of
research, assisting robot operation in complex scenarios. Its vital role in enabling robot
autonomy is commonly found in dynamic, unstructured and unknown environments, such
as urban areas. Under those conditions, probabilistic techniques instead of deterministic
methods are applied that deal with uncertainty in the robot perception of its environment
and self-state.

Although many advances have been made in the field of localization, several challenges need
to be addressed, such as long-term capability, operating in varying environment conditions
and with many dynamic objects among others [9]. For a robot often needed to engage with
a specific target and perform a task, such as drop off a package or manipulate an object, the
ability to locate its target but also maintain an accurate self-localization is necessary. The
need to develop robust systems through which the robot can perceive and localize itself and
its environment, remains one of the pillars of ongoing research.
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2 Chapter 1. Introduction

This thesis’ goals are to:

• Develop a global frame target localization method to estimate and approach a target
from a long distance using a mobile robot platform.

• Develop a framework for robot localization and mapping while allowing for the use of
target tracking.

• Investigate the effectiveness of the approach in experimental outdoor environments.

• Implement the approach using a variety of target objects.

• Compare the technique to similar approaches and previously proposed methods.

• A Bayesian method based on the Extended Kalman Filter that enables target tracking
and Simultaneous Robot Localization and Mapping (SLAM) to be combined under a
common formulation, using a multi-stage approach through:

The development of an uncertainty propagation method from robot to target in
the tracking stage.
A target uncertainty transfer procedure from the tracking to the SLAM stage.
A sensor modelling process to estimate noise characteristics for observations of
each stage.

• The ability to maintain belief for targets outside the robot field of view.

• A framework extension to deal with target regions in a multi-stage process by sequen-
tially tracking each subregion and reach the target for engagement with high-precision.

I. , Spencer Leamy, Tomonari Furukawa. Autonomous Navigation to
a Targeted Distant Position Using Multi-Stage SLAM and Tracking. Proceedings of
the 5th International Symposium on Future Active Safety Technology toward Zero
Accidents, 2019.



1.5. Outline 3

Chapter 2 presents fundamental literature on the topic of robot localization using proba-
bilistic methods. Also, it delves into the topic of target localization for a robot which has
the task of locating and engaging with a target. Chapter 3 presents fundamental formu-
lations concerning probability theory, robot and target localization. Chapter 4 proposes a
framework for robot, map and target localization that can be applied in real-world scenarios.
Chapter 5 is focusing on the experimental validation and analysis of the proposed approach,
also in comparison with other techniques.



This chapter presents an overview of the SLAM history, with its past and current state
of the art methods, as well as its connection to the tracking literature through various
applications. Both SLAM and tracking have seen large number of uses in different domains
and many times have crossed paths to enhance robot autonomy. Therefore, they will also
be presented through some of the common applications they have shared in the context of
robotics.

SLAM refers to the simultaneous state estimation of robot and a model of the environment
as perceived by on-board the robot sensors. Robot state is usually defined as pose, referring
to position and orientation. Environment state usually refers to the position of environment
features, extracted from sensor data or could also be raw data information.

SLAM has applications mainly in cases that robot localization is not feasible with other
methods such as GPS or ad hoc localization infrastructure such as radio beacons. Such
applications can be found at homes, factories, any kind of indoor facility with no GPS and
also natural environments such as caves and underwater. Also in any case that an a-priori
map is not available.

For the robot operating autonomously, it is important to localize itself using its surrounding
information. The robot will be able to do mission and motion planning by deciding where is
the next position to move and avoid obstacles in its path. Even in the case that the robot
is operated by a human operator, SLAM can be used to provide visualization information.

Here it is important to make a distinction between SLAM and odometry only based localiza-
tion. By odometry, we refer to measuring the robot displacement using sensors that measure
sequential small displacement steps such as wheel odometers, inertial measurement units,
cameras by tracking feature points, etc. Such sensors and techniques can only estimate the
discrete incremental and sequential progression of robot displacement without being able to
recognize if an environment has been revisited. The result is that by accumulating error,
robot estimated position will eventually become inconsistent with the actual one. Recogniz-

4



2.1. Fundamentals of Simultaneous Robot Localization and Mapping (SLAM) 5

ing previously visited areas, is a process termed as loop-closing and is the fundamental trait
of SLAM systems in combination with odometry localization.

To provide a historical overview of SLAM, two main development phases can be recognized
[10]. The classical age of SLAM (1986-2004), refers to the problem definition and early
solving through probabilistic techniques, such as the Extended Kalman Filter (EKF) [21],
Particle Filter (PF)[35] and maximum-likelihood estimation (MLE)[25]. Many versions of
those techniques were developed and algorithms were created to deal with data association,
memory and efficiency issues. The next period is the algorithmic analysis age (2004-2015),
which tackled problems regarding observability, convergence and consistency of SLAM. Dur-
ing this period many modern and now also state of the art techniques were implemented
based on the three main techniques of the previous era. The most notable techniques nowa-
days use the maximum-likelihood estimation, exploiting the sparsity of the SLAM problem
and using efficient optimization solvers.

To define the SLAM problem, as mentioned previously, techniques such as the EKF, PF
and MLE have been developed [49]. Although, this chapter won’t present in detail the
implementation for those techniques, the general framework will be presented to differentiate
between them. The filtering techniques[27] are considered to be the EKF and PF, whereas
the MLE techniques are usually referred to as smoothing techniques. The basic distinction
can be seen in figure 2.1, where the filtering techniques tackle the online SLAM problem by
estimating the current time step state using the previous only state, whereas the smoothing
techniques use a set of previous states.

Figure 2.1: Inference progression in filtering and smoothing [49]

Filtering approaches are commonly expressed through the use of probabilities which model
state probabilistically. Seeing figure 2.1a, the robot state is defined is defined by T and
inputs such as measurements by x. The goal is to maximize the probability of T , given the
set of x using Recursive Bayesian Estimation. Here all poses except the current one, are
marginalized, as seen in the figure. This means essentially that only historic measurements
and not robot states are used for the estimation.

Smoothing, known to the computer vision community as Bundle-Adjustment [49], is based
on computing the state using historic measurements and a subset of historic states. The



6 Chapter 2. Review of Literature

problem is usually dealt with the use of graphs in which factors represent probabilistic
constraints over nodes. Marginalizing the set of poses, as seen in figure 2.1b, makes the
problem sparse, without having to involve all past states, and computationally efficient to
be solved by optimization algorithms.

So far, the focus was on the back-end of SLAM, however the front-end is a vital part of
the process. Front-end usually refers to sensor input, data processing and data association.
The first process determines the rules to identify landmarks such as points, lines, planes,
objects or just process raw data. Many sensors can be used to achieve that, with cameras
and lidars being the most dominant. In the age of semantics, semantic information can
be used also to derive environment information and labels to identify features. Maps can
therefore be distinguished as metric maps and semantic maps [10]. Metric maps usually
employ landmarks or occupancy grids. Landmark or feature based maps identify a number
of environment features which are extracted from raw data. Occupancy maps are generally
more dense representation of the environment and exploit most of the raw data of the sensor
to represent the environment. Semantic mapping on the other hand, assigns class labels to
places and objects to recognize previously visited places in comparison to metric only map
models.

The data association is also critical for the matching of features. By matching, it is meant
discovering the connection of one feature to another previously observed. Data association
is very important for short-term data association as well as long-term, finding applications
in visual odometry and loop-closure respectively. Many data association techniques have
been developed to tackle the uncertainty in dealing with sparse and dense data. Popular
techniques include RANSAC, Joint Compatibility and Hough Transform [1].

Figure 2.2: SLAM application



2.2. Target Search, Tracking & Engagement 7

Autonomous robots have many applications in which approaching a target and engaging
through an autonomous task with it is necessary. The need for developing such robot ca-
pabilities can be found in warehouses, manufacturing environments, the package delivering
industry, search and rescue operations and many more [29],[5]. The same demands and
challenges have been introduced in robotics competitions [2] in order to test existing state
of the art techniques and their limitations and develop novel methods, tackling particular
sub-problems. The ability to localize a target from a far distance and finally approach and
engage has been the main goal.

Localizing a target requires the use of many different robotic perception and information
processing methods. Various sensors with different data types exist, creating the need to
process the data for each different sensor. Lidar sensors have been used to track moving
[17],[31] and static objects [55] using point clouds. Information from cameras, monocular
[18] and stereo cameras [56] has also been extensively applied to detect objects using images.
Those sensors as well as others such as radars are commonly fused together to detect and
estimate the target’s state more reliably and accurately [14],[41],[4].

Those sensors provide the output and several methods are then applied to extract useful
information. Detection techniques are very broad and utilize color, edges, optical flow,
texture and point cloud geometry. They can be categorized to point detectors [33],[34],
segmentation methods [20],[30], background modellers [15] and supervised classifiers with
the use of deep of deep neural networks [11], support vector machines [40] and others.

The first step in the process of engaging with a target after defining a sensor suite and
detection scheme, is to first search for the target. Several techniques for searching have been
proposed, depending on the application. A search agent has to localize itself and also search
for the target [39]. Searching for a target in unknown environments is also commonly dealt
with a team of robots such as UAVs, for scenarios in which a target has been lost or not
yet detected [45],[23], such as in search and rescue scenarios. In those scenarios, multiple
robots and their cooperation generalizes the concept of searching by enabling the usage of all
available search agents. Searching for targets in occluded environments has moreover been
addressed [54], as well as searching for multiple targets [22]. Optimizing search operations
to minimize time and space coverage is another task commonly dealt with a team of robots
[38] and by handling non-Gaussian beliefs [7].

After the target has been found, its state involving its position, pose, velocity and other
characteristics have to be estimated and continuously updated in order to improve accuracy
and also maintain the information. Several techniques exist for tracking applications. Point
tracking techniques are commonly dealt with deterministic and probabilistic methods such
as Kalman [52], Particle [26] and PHD filters [19]. Kernel and Silhouette trackers make use
of appearence based models, contours and shapes. Common techniques involve Mean-Shift
[50], KLT [46] and Hough transform [44] trackers. A more thorough analysis of various



8 Chapter 2. Review of Literature

detection and tracking methods can be found also in [53], [43].

Once the robot is located close to the target, control schemes can be used to engage with
it using various manipulators. Control schemes usually include visual servoing [12], [13], in
which features in the image frame provide guidance for a robot to approach a location using
minimization of desired to current features position. Control laws such as position and force
based, can be applied to a specially designed gripper and robotic arm to reach a specific
position and apply a desired force.

The majority of the techniques presented for target localization, assuming that the agent is
searching, estimating and engaging, do not formulate the problem to include the global frame
for target localization. SLAM, which provides the robot with the capability to estimate the
robot’s position in a global frame, has been introduced with tracking applications for moving
objects [16]. Those kinds of techniques can help an autonomous agent deal with complex
environments where moving objects have to be avoided [51] and also distinguished from fixed
landmarks [32]. The ability to combine target tracking and robot localization when a target
is static has however only recently been introduced in a common formulation [28]. By this
definition, the robot’s position is unknown and has to be estimated, while the target is being
sequentially tracked or simultaneously estimated with the robot depending on their distance
using a multi-stage method.

This thesis proposes a method to perform robot, target and map localization using observa-
tions from sensors on-board the robot. The scenario considered, in this case, is a target being
located far from the robot when detected. Enabling the capability for the robot to localize
itself using surrounding close map features enhances its capability for accurate localization
in unknown environments. At the same time, the target can be estimated by propagating
the robot’s uncertainty into the target estimate, tracking its position and maintaining belief
even when the target is outside the sensor’s field of view. Moreover, the target can be simul-
taneously corrected with the robot when the target is close and not many other environment
features can be observed. Its main contributions are that the current framework propagates
robot uncertainty to target estimation continuously for both stages, reducing monotonously
the target uncertainty and allowing the robot to estimate features by tracking as well.



This chapter presents an overview of Bayesian Estimation and its use for robot and target
localization. First, it describes fundamental rules of probability theory. It then formulates
Recursive Bayesian Estimation as it handles a generalized estimation problem for a dynamic
system. Next, it presents how it can be applied to the problem of robot localization through
the recursive procedure and appropriate notations. Finally, it describes the problem of robot
and target localization through a generalized formulation as well as through the Extended
Kalman Filter using a multi-stage process.

In probability theory, variables are considered random, meaning that their value depends
on probabilistic inference laws. The outcome of an event is thus subject to a randomness
which is described through a function p. If X represents all possible discrete values, then the
aforementioned function satisfies the following properties:�

p(x) 2 [0; 1] 8x 2 XP
i p(xi) = 1

(3.1)

The continuous space is used for a random variable taking a range of values, instead of
only one specific. For the case of a continuous random variable, the probability density
function (pdf) can be defined. Here, the function represents the probability within an interval
x1 � x � x2 of the continuous X space. The probability is therefore defined within intervals
such that: �

p(x1 ! x2) =
R x2

x1
p(x)dxR

x
p(x)dx = 1

(3.2)

Many probability distribution functions exist for continuous variables. The most common
probability distribution function is the Gaussian, due to its ability to represent many phe-

9
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nomena. The Gaussian probability density is given by:

p(x) =
e(�0:5�(

(x��)
�

)2)

(2��2)�0:5

in the uni-variate case and

p(x) = det(2��)0:5e�0:5(x��)T ��1(x��))

in the multi-variate case.

Moreover, when an event is associated with another event, this relationship can be expressed
through the conditional PDF. It describes the probability of x1 occurring when x2 is known
to hold. That is written through:

p(x1 j x2) =
p(x1; x2)

p(x2)

and this means that if a and b are independent, meaning p(x1 j x2) = p(x1), then p(x1; x2) =
p(x1)p(x2), defining that way the conditional independence.

An important addition is the Bayes rule. Bayes rule is another probabilistic law which relates
a conditional probability p(x1 j x2) to p(x2 j x1), which is its inverse. The rule takes the
form:

p(x1 j x2) =
p(x2 j x1)p(x1)

p(x2)

Those rules and associations are the building blocks for probabilistic inference and are used
to derive the relationships among system states.

Recursive Bayesian Estimation refers to constantly updating belief about the system’s state.
This operation is necessary and very commonly found in most systems which rely on noisy
sensor input to perform actions. In fact, when there is some initial belief about the state,
this can be constantly updated, using the Bayes rule and probability theory to derive the
new stochastic belief.

Stochastic state estimate is a necessary means of representing belief about system’s state.
In Bayesian estimation theory, that belief is broken down into a motion and a sensor model.
The motion model is used to describe a dynamic system and the connection between a control
action uk and the system state xk at time step k. That connection is commonly expressed as
xk = f(x1:k�1; uk; vk) or otherwise p(xk j x1:k�1; uk; vk), with the model dynamics expressed
through function f. Moreover, the connection between the state and the input measurements
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is described with the sensor model zk = h(xk; wk) or p(xk j zk; wk) where wk is the modelled
noise. The modelled noises vk; wk will be omitted in the following derivations.

Due to the fact that the process of evaluating system state through f is based on the modelled
only dynamics and prior to the time step’s k measurements, the first step utilizing it is called
prediction. Prediction is written as:

p(xk j z1:k�1; uk) = fpred(p(xk�1 j z1:k�1)p(xk j xk�1; uk)) �!R
X

(p(xk�1 j z1:k�1)p(xk j xk�1; uk)dx
(3.3)

where x0; :::; xk�2 has been omitted for a Markovian motion model where p(xk j x0; :::; xk�1) =
p(xk j xk�1)

The next step is to update this belief with the measurements or else called observations at
time step k. Due to the fact that these measurements are able to update the predicted belief,
they constitute the correction step. The correction step can be probabilistically derived as:

p(xk j z1:k) = fcor(p(xk j z1:k�1); p(zk j xk)) �!
l(xk j zk)p(xk j z1:k�1)R

X
l(xk j zk)p(xk j z1:k�1)dx

(3.4)

with l(xk j zk) = p(zk j xk), defined as likelihood. Prediction and correction are the two
necessary components and represent the modelled system state input fused with the actual
system input from the measurements. The weight of the importance to either of those factors
determines the extent to which the system relies on the dynamics and the measurements.
Due to the probabilistic nature of the states, uncertainties are maintained to express the
historic state progression and provide relative weights for future beliefs.

Figure 3.1: Propagating uncertainties through motion and sensor models
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A whole field in robotics is dedicated to the Bayesian estimation of the robot’s state. Since
uncertainties are dominant in many robotics platforms such as unmanned vehicles and walk-
ing robots, those need to be dealt with probabilistic inference laws to continue maintaining
a robust to noise belief.

The most common of all states that could be estimated, the pose (position and orientation)
is dealt with. Having a good estimate of it, provides the robot with the capability to choose
motion actions while being in a coordinate frame defined as its original position or some
other global frame such as geodesic coordinates. Its position and orientation is subject to
uncertainty coordinates. Its position and orientation is subject to uncertainty always due to
noisy sensors.

For the robot to achieve robust estimation, the RBE can be employed such that the sys-
tem state xr

k is recursively updated using the motion model f r and sensor model hr. This
operation will be similarly to before expressed as:

p(xr
k j zr

1:k�1; ur
k) =

Z
p(xr

k j xr
k�1; ur

k)p(xr
k�1 j zr

1:k�1; ur
1:k�1)dxk

using the Markovian motion model which means that p(xr
k j xr

k�1; :::; xr
0) = p(xr

k j xr
k�1).

Next, when new external measurements arrive, the updated belief takes the form of:

p(xr
k j zr

1:k; ur
k) =

l(xr
k j zr

k)p(xr
k j zr

1:k�1)R
X

l(xr
k j zr

k)p(xr
k j zr

1:k�1)dx

In robot platforms, prediction is usually done with odometry information with techniques
such as dead reckoning. It relies on measuring wheel revolutions and steering angle in the
case of ground vehicles. Usually methods such as this, are prone to error accumulation,
which is termed as drift. The correction step is providing external input to the system such
as GPS and beacons, which help to globally localize the robot with a less smooth however
input. Combining the smooth but drifting input and the more noisy but not drifting input
through the RBE helps provide a robust state estimate.

A robot usually has to perform a task reaching a targeted position close to an object of
interest. Defining that region of interest as target, the problem of robot localization becomes
clearly connected to the target localization. Maintaining an accurate belief about the target
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Figure 3.2: Robot, Target uncertainties in origin frame

state is essential for performing autonomous navigation to that targeted position in order to
do the task.

Target state is also subject to noisy estimation since it has to be estimated with the use of
exteroceptive sensors on-board the robot such as cameras and lidars. Target belief can now
be expressed as p(xt

k j zt
k; xr

k) since it is dependent on the robot sensor which is located in the
robot frame. For the problem of localizing a static target, only the sensor model is defined
such that:

zt
k =

�
ht(xt

k�1; xr
k) if xt 2 X t

o;
0 otherwise (3.5)

defining as X t
o the probability of detecting the target in the observable region X t

o = fxt j
0 � Pd � 1g. Moreover, since the target might be detected or not, the observation likelihood
can be defined such that:

l(xt
k j zt

k; xr
k) =

�
p(zt

k j xt
k; xr

k) zk 2 Xd

1 � Pd otherwise (3.6)

where Xd can be defined as the detectable region X t
d = fxt j � � Pd � 1g and Pd the

probability of detection.

After defining these sensors characteristics for target estimation, the RBE can now be im-
plemented. Using a multi-stage approach, previously proposed [28], to engage with a target
in a scenario of a large field operation has recently been proposed. The target has been
considered to be static, narrowing the scope of the problem. A generalized framework is pre-
sented to deal with the problems by means of a simultaneous and sequential approach. In
multistage localization, robot and target are located sequentially when the target is faraway
from the robot. When their locations are closer though, they are estimated simultaneously.
Using this approach, the traditional target tracking and robot localization are handled in a
unified framework. The approach is able to first track the target when it is far thus avoiding
increasing uncertainties in the robot system and providing a low-precision tracking technique
for target localization, since the robot position is well known. The second stage minimizes
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Figure 3.3: Belief space

the entropy of robot and target and increases accuracy which is needed when the robot is
close to the target for engagement.

In the following formulations, the robot and target belief will be referred by p(xr
k); p(xt

k). The
time steps 1 : k are defined along with the sequence of states, x1:k = fxi j 8i 2 f1; :::; kgg
and observations z1:k = fzi j 8i 2 f1; :::; kgg.

The recursion involves the prediction about the next time step’s state and correction of the
state for that step. This process is constituted of the following:

Prediction takes place only for the robot. The PDF of the current state p(xr
k j zr

1:k; ur
1:k)

is first predicted from the previous belief state p(xr
k�1). Using a Markovian motion model,

which means p(xr
k j xr

k�1; : : : ; xr
0) = p(xr

k j xr
k�1), the Chapman-Kolmogorov equation takes

the form:

p(xr
k j zr

1:k�1; ur
1:k) =

Z
X

p(xr
k j xr

k�1; ur
k) � p(xr

k�1 j zr
1:k�1ur

1:k�1)dxk (3.7)

The RBE is implemented through the use of the Extended Kalman Filter (EKF), which
makes the assumption of Gaussian noise models wk � N(0; �w), vk � N(0; �v). Prediction
for robot motion is given by:

xr
kjk�1 = f r(xr

k�1jk�1; ur
k) (3.8a)

�r
kjk�1 = rrf

r�r
k�1jk�1rrf

rT + �w
k�1 (3.8b)

with rrf
r the motion model Jacobian at xk�1jk�1.

The correction step of the process is incorporating sensor measurements
from the robot zr

k and the target zt
k. The PDF takes the corrected form as previously
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mentioned:
p(xr

k j zr
1:k; xr

kjk�1) =
l(xr

k j zr
k)p(xr

k j zr
1:k�1)R

X
l(xr

k j zr
k)p(xr

k j zr
1:k�1)dx

(3.9)

Using the EKF this can be written:

xr
kjk = xr

kjk�1 + W r
k (zr

k � hr(xr
kjk�1)) (3.10a)

�r
kjk = (I � W r

k rrh
r)�r

kjk�1 (3.10b)

When the target is observed, the following belief is updated only for the target:

p(xt
k j zt

1:k; xr
k; xt

k�1) =
l(xt

k j zt
k; xr

k)p(xt
k j zt

1:k�1; xr
k)R

X
l(xt

k j zt
k; xr

k)p(xt
k j zt

1:k�1; xr
k)dx

(3.11)

Using the EKF the equations take a similar form again as:

xt
kjk = xt

kjk�1 + W t
k(zt

k � ht(xt
kjk�1; xr

kjk)) (3.12a)
�t0

kjk = (I � W t
krth

t)�t
kjk�1 (3.12b)

�t
kjk = �t0

kjk + �r
kjk (3.12c)

with the Kalman gain in general defined as Wk = rhT (rh�kjk�1rhT + �v
k)�1.

This time the prediction is the same as in the sequential stage. The
difference is that the positions of the target and robot are estimated simultaneously as:

p(xrt
k j zr

1:k; zt
1:k; ur

1:k) =
l(xrt

k j zr
k; zt

k) � p(xrt
k j zr

1:k�1; zt
1:k�1; ur

1:k)R
X

l(xrt
k j zr

k; zt
k) � p(xrt

k j zr
1:k�1; zt

1:k�1; ur
1:k)dxk�1

(3.13)

In EKF form this is written as:

"
xr

kjk
xt

kjk

#
=

"
xr

kjk�1

xt
kjk�1

#
+

"
W rr

k W rt
k

W tr
k W tt

k

#"
zr � hr(xr

kjk�1)

zt � ht(xt
k�1jk�1; xr

kjk�1)

#
(3.14a)"

�r
kjk �rt

kjk
�tr

kjk �t
kjk

#
=

 "
I 0
0 I

#
�

"
W r

k W rt
k

W tr
k W t

k

#"
rhr

k rhr
k

rht
k rht

k

#!"
�r

kjk�1 �rt
kjk�1

�tr
kjk�1 �t

kjk�1

#
(3.14b)
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Figure 3.4: Multi-stage robot and target localization framework [24]



This chapter presents a multi-stage framework for a robot to localize itself and a target
from a long distance, using surrounding map features. The proposed framework consists
of two multi-stage Bayesian techniques, which localize the robot and the environment in a
global frame. Features are extracted from raw sensor data and the target is detected. The
robot maps the environment and localizes itself by simultaneously correcting its position
accurately, using close features as in SLAM. The target estimation which is commonly dealt
within the target tracking framework is corrected sequentially by propagating robot uncer-
tainty, in the case that the robot needs to rely only on close features. Target uncertainty
is gradually reduced reaching a lower limit. When the robot is closer to the target, it is
shown that simultaneous correction needs to be used in order to minimize robot, target and
map entropies. The experimental validation of the approach on a single target, on multiple
targets and on a target region, using an unmanned ground vehicle shows the applicability
and effectiveness of the approach in real-world autonomous operation.

The block diagram in figure 4.1 illustrates the recursive process of the proposed framework.
Robot position is first predicted through the use of a motion model. Sensor observations
are extracted and labelled in a way that separates the target from the rest of the features.
Those extracted features are then filtered to determine whether they should be considered
as landmarks through techniques such as data association. In the case of target detection,
it is first estimated sequentially to the robot, similarly to many target tracking problems.
This will be the basic assumption in this study, in the sense that the robot can only gain
small information in comparison to more robust close observations. During this stage, target
uncertainty is being gradually reduced reaching a lower limit and a stable estimate. Robot
uncertainty also remains low by observing other features. When the robot approaches the
target, its field of view can be easily covered by mostly the target or only the target without
many other features. Thus, a distance criterion can be defined to make simultaneous correc-
tion between target and robot take place. Using this as stage selection, although sequential
localization is efficient in the first stage, in order to further minimize the target entropy, si-

17
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multaneous correction needs to take place. Also, when target uncertainty has been reduced
in the first stage, robot and map uncertainty, being corrected with every target observation,
can be reduced more significantly in the second stage.

The proposed technique builds upon the previous framework of Chapter 3. It incorporates
map features in the process to provide loop closing capabilities for robot estimation, in
addition to the previous technique, achieving lower uncertainties and lower error. This is
done by a more accurate method for the propagation of robot uncertainty to target when
corrected sequentially. The sensor noise is also modelled based on the estimated states rather
than the measurements.

Figure 4.1: Multi-stage SLAM and target localization framework
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Using features in the environment, the robot is able to correct its position at all k time steps.
The robot state will be expressed by xr

k and map state as xm
k = [xm1

k ; :::; xmn
k ] where n the

number of landmarks. Moreover, target state will be again referred by xt
k. Similarly to the

previous approach, a sensor model will be used, defined as heteroscedastic noise model. That
means that the expected noise variance is changing depending on the values of the states
observed. That is expressed by �w = �w(v1; v2), where u the vectors of variables observed.
Since features are considered fixed in the environment, no motion model is defined for them.
To narrow down the scope of the problem, target will also be considered static. The motion
model thus for the robot only will be referred as f r and G = rf r is its derivative, whereas
hm the sensor model for the features and ht the sensor model for the target. Then:

Hm = rhm =

"
@v1

@xr
@v2

@xm

@v1

@xr
@v2

@xm

#
(4.1a)

H t = rht =

"
@v1

@xr
@v2

@xt

@v1

@xr
@v2

@xt

#
(4.2a)

Moreover, in this framework a different technique is used to calculate the noise characteristic
when estimating the target. Sensor noise �w may vary based on v1; v2; :: values as previously
mentioned. Instead of using those observations to calculate the noise characteristics, here is
proposed to use the estimated states and derive a relationship among noise and those values
such as estimated range, bearing, etc. This can be expressed as �w = �w(xr; xi) where r
robot state and i the other feature or target state observed. This is shown graphically for
both sequential and simultaneous stages in figure 4.2.

The proposed approach builds upon the following recursive process:
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Figure 4.2: Noise calculation during each stage’s states estimation

For the robot and map:"
xr

kjk�1

xm
kjk�1

#
=

"
f r(xr

k�1jk�1; ur
k)

xm
k�1jk�1

#
(4.3a)"

�r
kjk�1 (�rm

kjk�1)T

�rm
kjk�1 �m

kjk�1

#
=

"
Gk�1 0
0 I

#
�

"
�r

k�1jk�1 (�rm
k�1jk�1)T

�rm
k�1jk�1 �m

k�1jk�1

#
�

"
(Gk�1)T 0

0 I

#

+

"
�v 0
0 0

#
(4.3b)

For the target:

xt
kjk�1 = xt

k�1jk�1 (4.4a)
�t

kjk�1 = �t
k�1jk�1 (4.4b)

�rt
kjk�1 = (G � �tr

k�1jk�1)T (4.4c)

During this step, measurements are incorporated to update the predicted
states. For the robot and the features the sequential correction process is:"

xr
kjk

xm
kjk

#
=

"
xr

kjk�1

xm
kjk�1

#
+

kX
i=1

(Kmi

k � (zmi

k � hmi

k (xr
kjk�1; xmi

kjk�1))) (4.5a)"
�r

kjk (�rm
kjk)T

�rm
kjk �m

kjk

#
= (I �

kX
i=1

Kmi

k rhmi

k ) �

"
�r

kjk�1 (�rmi

kjk�1)T

�rmi

kjk�1 �mi

kjk�1

#
(4.5b)
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where k the number observed features and:

Kmi
k =

"
�r

kjk�1 (�rmi

kjk�1)T

�rmi

kjk�1 �mi

kjk�1

#
� Hm0 � (Hm0 �

"
�r

kjk�1 (�rmi

kjk�1)T

�rmi

kjk�1 �mi

kjk�1

#
� Hm0 T + �w

k )�1

(4.6a)

where Hm0
= Hm � F with F mapping the low-dimensional Hm such that Hm � F0 =

(n1 + n � n2)2, where n1 robot states, n2 landmark states and n landmarks number.

For the target estimate correction:

xt
kjk = xt

kjk�1 + F1 � (Kt
k � (zt

k � ht
k(xr

kjk; xt
kjk�1))) (4.7a)"

�tr
kjk

�t
kjk

#
= (I � Kt

krht
k) �

"
�r

kjk (�rt
kjk�1)T

�rt
kjk�1 �t

kjk�1

#
� F2 (4.7b)

with F1 = [0; I], F2 = [0; I] and:

Kt
k =

"
�r

kjk (�rt
kjk�1)T

�rt
kjk�1 �t

kjk�1

#
� H t � (H t �

"
�r

kjk (�rt
kjk�1)T

�rt
kjk�1 �t

kjk�1

#
� H tT + �w

k )�1 (4.8a)

Robot uncertainty estimated through map corrections is thus propagated to the target.
Notice that maintaining the correlations of �rt is as important as maintaining �rm, since
otherwise estimates become overconfident and uncertainty can be quickly reduced to almost
zero.

To initialize target uncertainty, a similar approach can be followed to landmark initialization.
That means that:

�t
0 = rh�1

x �r
k(rh�1

x )T + rh�1
v �w

k (rh�1
v )T

�rt
0 = rh�1

x �r
k

After the stage selection to simultaneous, it is crucial to maintain the information gained
by sequentially correcting target position. Target can then be included as in figure 4.3,
where xt

kjk is the last updated state of target together with �t
kjk, �rt

kjk while �mt
kjk can be

initialized as �mt
kjk = rg�1

x �rm
kjk. This process allows transition from sequential to simultaneous

with minimum information loss. Notice that target is written separately from the rest of
landmarks, since its tracking states might be different such as estimating its 3D position
instead of only 2D landmarks.

With the new state vector, simultaneous localization is written as:
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Figure 4.3: Propagating uncertainty between stages
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Next, the correction step is:" xr
kjk
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kjk

xt
kjk

#
=

" xr
kjk�1

xm
kjk�1

xt
kjk�1

#
+

kX
i=1

(Kmi

k � (zmi

k � hmi

k (xr
kjk�1; xmi

kjk�1))) + Kt
k � (zt

k � ht
k(xr

kjk�1; xt
kjk�1))

(4.10a)" �r
kjk (�rm

kjk)T (�rt
kjk)T

�rm
kjk �m

kjk �mt
kjk

T

�rt
kjk �mt

kjk �t
kjk

T

#
= (I �

kX
i=1

Kmi

k rhmi

k � Kt
krht

k) �

" �r
kjk�1 (�rm

kjk�1)T (�rt
kjk�1)T

�rm
kjk�1 �m

kjk�1 �mt
kjk�1

T

�rt
kjk�1 �mt

kjk�1 �t
kjk�1

T

#
(4.10b)

where:
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(4.11a)
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where Hm0
= Hm � F0 with F mapping the low-dimensional Hm such that Hm � F0 =

(n1 + n � n2 + n3)2, where n1 robot states, n2 landmark states, n landmarks number and n3

the target states.

and
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where H t0
= H t � F1 with F1 mapping it similarly to the high dimensional space.

Further things to notice is that this formulation is able to differentiate target state and
landmark states in the simultaneous and sequential stage. It propagates robot uncertainty
to the target differently and in a way that target uncertainty is bounded and monotonously
decreasing, in comparison to the previous approach. Last, it is able to maintain belief for
target even when changing stage without loss of information.

The presented and proposed approach for long to close range target localization using sur-
rounding map features is implemented on an unmanned ground vehicle (UGV). Basic as-
sumptions will be made here to formulate a complete solution to the framework. The robot
is localizing 2D landmarks positions using range-bearing observations. 2D position will be
assumed for the vehicle as well and bearing. To simplify the problem formulation, target will
also be assumed to have a 2D position to be tracked although any number of states different
from other landmarks could be estimated.

These states will be expressed as Xr
k = [xr

k; yr
k; �r

k], X t
k = [xt

k; yt
k] and Xm

k = [xm
k ; ym

k ].
Moreover, the covariances are:
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Further definitions involve motion and sensor models. The motion model is f r = xr
k�1jk�1 +

(xodom
k �xodom

k�1 ), where (xodom
k �xodom

k�1 ) the odometry interval from last correction. In addition,
landmarks are first corrected and provide absolute localization for the robot instead of only
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relative such as odometry. The sensor model for those is range bearing and formulation is
seen below. Notice the difference in the formulations for each stage:

h = hm = ht =

" p
q

atan( dy
dx

) � �r

#
(4.14a)

and

rhm = rht =
1

q

"
�p

qdx -pqdy 0 p
qdx

p
qdy

dy -dx -q -dy dx

#
(4.15a)

where q = dT d with:

dmi =

"
xm

kjk�1 � xr
kjk�1; ym

kjk�1 � yr
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#
(4.16a)

for landmarks and:

dt =

"
xt

kjk�1 � xr
kjk; yt

kjk�1 � yr
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#
(4.17a)

in the sequential stage while:

dt =

"
xt

kjk�1 � xr
kjk�1; yt

kjk�1 � yr
kjk�1

#
(4.18a)

in the simultaneous stage.

As previously mentioned, F0 is used to map rh to the dimensions of � for correction, thus:

F0 =

266664
1 0 0 0 � � � 0 0 0 0 � � � 0
0 1 0 0 � � � 0 0 0 0 � � � 0
0 0 1 0 � � � 0 0 0 0 � � � 0
0 0 0 0 � � � 0 1 0 0 � � � 0
0 0 0 0 � � � 0 0 1 0 � � � 0

377775
where the first omitted size is 2j � 2 and the second 2N � 2j with N number of landmarks
plus target if included and j the ID of current observation. If target had more states then
the rows would have to be increased. Overall, the back-end design will have the structure of
figure 4.4.

For the data association, 4.5, among observations, map features are the only ones considered
to be similar while target is different and no association is needed. Thus for the target to
landmarks identification a semantic rule is established which identifies both. For the data
association which is needed since landmarks are similar, any data association rule can be
established as mentioned in Chapter 2, such as nearest neighbor.
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Figure 4.4: Implemented recursive back-end

Figure 4.5: Implemented front-end

This section is adding to the previous distinction of targets and features based on distance
of observation. Target engagement is a crucial part for many robotic tasks. Many applica-
tions require that the target is detected from long range, localized in the environment and
finally manipulated by the robot. In those kinds of scenarios, there are two areas that need
to be addressed concerning the target’s special characteristics and the mission for target
engagement. The proposed framework will be extended here and generalized as a technique
to engage sequentially with multiple regions of interest, expressed as target region.
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First, concerning the target’s characteristics which can be seen as potential landmarks to
be used in SLAM, there are several differences. These differences which can be identified to
represent a generalized scenario for robot-target engagement are summarized in figure 4.6.
Those differences are broken down in usage and spatio-temporal characteristics.

Figure 4.6: Targets and Landmarks

In fact, a target position needs to be estimated maximally meaning from the first observation.
Although map features observations which are far from the robot could be ignored and the
robot can rely on closest features, a target needs to be estimated from far for the robot to
approach it by selecting motion actions. Those characteristics differentiate the target from
the features and therefore change the localization technique to be implemented.

Also, a target being an object or a target region, might be completely different in its spatio-
temporal characteristics. Its size might be much larger since it can be an object. The
detection method might place only a bounded box region around the target space, defining a
region rather than a specific feature. Moreover, it might only be a temporary feature and it
can be moved after the robot approaches it to pick it up and place it in a different position.

The robot task is the next topic to discuss on the design of a target localization framework.
As discussed previously, targets have spatial characteristics and those play a role for the
engagement task. Moreover, they can be detected differently depending on the distance
by which they are observed. As seen in figures 4.7, there are cases such as approaching a
building structure with some target of interest inside it, grabbing a tool on larger board
or landing on helipad marked by segments of different size. All these operations require
different levels of precision based on how the target is detected. A large feature seen from
far can be estimated with a good tracking method. This feature may no longer be observed
when closer however. Moreover, it might not be an appropriate feature to use for robot
localization when closer or might not be interesting since the final target location might be
detected.

Defining as target region of interest (ROI) in those cases, the same region which involves all
target of interest features, a multi-stage localization framework can be implemented to start
from lower precision and move towards higher. If a higher level segmentation algorithm is
implemented to first detect a target feature which is larger than the smaller area of final
targeted position, the robot needs to localize first this element and then progress in smaller
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Figure 4.7: Target regions defined by multiple levels of precision

regions. It can be more adequately expressed as an a-priori known detection and localization
scheme by which the target can be estimated in multiple levels.

The process is shown in figure 4.8, depicting a multiple level of precision approach in which a
target region is segmented by a detection algorithm and then applied to define what an ROI
stands for. If those labels are recognized as higher or lower hierarchy based on our a-priori
knowledge, the structure is created based on label architecture:

S1 � S2 � :::Sn

defining any labelled regions of interest.

Figure 4.8: Hierarchical labelling and multi-stage localization scheme

A multi-stage approach as presented could be applied to those scenarios as a method to
track any static object of temporary interest based on the distance of observation and the
required level of precision. The sequential stage can be used to track features of the target
region which seen from far can be good features for tracking whereas the simultaneous stage
could be used to provide high precision with the area of the target region that the robot
wants to engage with when closer.



The experimental analysis will focus on three main parts.

First part:

• Evaluate the performance of the proposed multi-stage method for a distant located
target from the start position of the robot, sections 4.1 and 4.2.1-4.2.4.

• Compare the approach with the previously proposed multi-stage method of section 3.4
in terms of accuracy and uncertainty estimation, while adding the landmarks to both
stages in order to compare with the same setup of sensors. Comparison will be made
for the sequential only stage formulations, where target is estimated using 3.12, since
simultaneous will be identical.

• Compare the approach with the sequential only method, similarly to a tracking only
method, using the proposed framework of chapter 4, without the simultaneous part,
to show the effectiveness of simultaneous stage.

Second part:

• Demonstrate the ability to handle multiple targets under the same process.

• Demonstrate the ability to maintain belief during target field of view tracking loss.

Third part:

• Demonstrate the ability to localize a target region which is comprised of multiple levels
of precision.

• Demonstrate the applicability of the technique, section 4.2.5, in cases of targets whose
characteristics differ significantly from other landmarks.
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