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1. Introduction

Though it is almost a century since the inception of quantum mechanics (QM), its

foundations and origin remain quite puzzling and continue to inspire intense inquiry.

In this letter, we attempt to illuminate the connection between the mathematical

structure of QM and its physical characteristics by constructing a ‘mutant’ quantum

mechanical model which shares many, but not all of the mathematical features of

canonical QM. By investigating which characteristics of canonical QM survive the

‘mutation’ and which ones do not, we hope to clarify the relation between the

mathematical genotype and the physical phenotype.

In canonical QM, the states of an N -level quantum system are described by

vectors in the Hilbert space HC = CN . In the following, we introduce a ‘mutation’

by replacing HC with Hq = ZN
q

1,2,3,4, where Zq is shorthand for the finite Galois
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field GF (q), q = pn for some prime p, and n ∈ N. For the case n = 1, we have

GF (p) = Z/pZ. Such replacements of the vector space have been considered pre-

viously, e.g. real QM in which HC is replaced by HR = RN 5, and quaternionic

QM in which it is replaced by HH = HN 6. However, the vector space Hq, in con-

tradistinction to HR, HC, or HH, lacks an inner product, normalizable states, and

symmetric/hermitian operators. Nevertheless, we find that we can construct a per-

fectly ‘quantum’ model on it, which predicts probabilities of physical measurements

that cannot be reproduced in any hidden variable theory. What will not survive this

‘mutation,’ however, are the super-classical correlations of canonical QM. In partic-

ular, we show that in our discrete QM, the Clauser-Horne-Shimony-Holt (CHSH)
7 version of Bell’s inequality 8,9 is not violated.

Before we proceed, we emphasize that our model is distinct from ‘Galois quan-

tum systems’ discussed in the literature 10,11. There, it is the phase space which

is assumed to be Zq ×Zq, that is, the position and momentum of a particle take on

values in Zq. In our approach, it is the wave-functions that take on values in Z
N
q ,

while the outcomes of measurements take on values in R.

2. The Model

Our starting point is the following canonical expression for the probability of ob-

taining the outcome represented by the dual-vector 〈x| ∈ H∗

C
when a measurement

is performed on the state represented by the vector |ψ〉 ∈ HC:

P (x|ψ) =

∣

∣〈x|ψ〉
∣

∣

2

∑

y

∣

∣〈y|ψ〉
∣

∣

2
. (1)

Here, |ψ〉 is not normalized and the sum in the denominator runs over the duals of all

the eigenstates of a hermitian operator which represents the observable in question.

However, for this expression to be interpretable as a probability, the necessary

condition is that the dual-vectors in the sum span the entire dual vector space

H∗

C
, and any reference to operators acting on HC is inessential. The interpretation

that the bracket 〈x|ψ〉 ∈ C is an inner product between two vectors also need not

be imposed. The probability depends only on the absolute values of the brackets

|〈x|ψ〉| ∈ R. Since we can multiply |ψ〉 with any non-zero complex number without

changing the probabilities defined via Eq. (1), we are compelled to identify vectors

which differ by a non-zero multiplicative constant as representing the same physical

state, endowing the state space with the complex projective geometry

CPN−1 = (CN\{0} )
/

(C\{0} ) ∼= S2N−1
/

S1 , (2)

where each line going through the origin of CN is identified as a ‘point.’

Thus, to construct a ‘mutant’ QM on Hq, we represent states with vectors

|ψ〉 ∈ Hq, and outcomes of measurements with dual-vectors 〈x| ∈ H∗

q . Observables

are associated with a choice of basis of H∗

q , each dual-vector in it representing a
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different outcome. The bracket 〈x|ψ〉 ∈ Zq is converted into a non-negative real

number |〈x|ψ〉| ∈ R via the absolute value function:

| k | =

{

0 if k = 0 ,

1 if k 6= 0 .
(3)

Here, underlined numbers and symbols represent elements of Zq, to distinguish

them from elements of R or C. Note that Eq. (3) is not to be interpreted as a

condition imposed on 〈x|ψ〉 ∈ Zq; all non-zero values of Zq are mapped to one.

Since Zq\{0} is a cyclic multiplicative group, this assignment of ‘absolute values’ is

the only one consistent with the requirement that the map from Zq to non-negative

R be product preserving, that is: |kl| = |k||l|. With these assignments, Eq. (1) can

be applied as it stands to calculate probabilities. Since the same absolute value is

assigned to all non-zero brackets, all outcomes 〈x| for which the bracket with the

state |ψ〉 is non-zero are given equal probabilistic weight.

The product preserving nature of the absolute value function guarantees that

the probabilities of product observables on product states factorize in multi-particle

systems:

P (xy|ψφ) =
∣

∣(〈x| ⊗ 〈y|) (|ψ〉 ⊗ |φ〉)
∣

∣

2

∑

zw

∣

∣(〈z| ⊗ 〈w|) (|ψ〉 ⊗ |φ〉)
∣

∣

2

=

∣

∣〈x|ψ〉〈y|φ〉
∣

∣

2

∑

zw

∣

∣〈z|ψ〉〈w|φ〉
∣

∣

2
=

∣

∣〈x|ψ〉
∣

∣

2∣
∣〈y|φ〉

∣

∣

2

∑

zw

∣

∣〈z|ψ〉
∣

∣

2∣
∣〈w|φ〉

∣

∣

2

=

∣

∣〈x|ψ〉
∣

∣

2

∑

z

∣

∣〈z|ψ〉
∣

∣

2

∣

∣〈y|φ〉
∣

∣

2

∑

w

∣

∣〈w|φ〉
∣

∣

2
= P (x|ψ)P (y|φ) . (4)

This property is crucial if we want to have isolated particle states, and is of course

shared by canonical QM defined on HC.

Note also that the multiplication of |ψ〉 with a non-zero element of Zq will not

affect the probability. Thus, vectors that differ by non-zero multiplicative constants

are identified as representing the same physical state, and the state space is endowed

with the finite projective geometry 12,13,14,15

PG(N − 1, q) = (ZN
q \{0} )

/

(Zq\{0} ) , (5)

where each ‘line’ going through the origin of ZN
q is identified as a ‘point,’ in close

analogy to the complex projective geometry of canonical QM.

3. An Example

To give a concrete example of our proposal, let us construct a 2-level system, anal-

ogous to spin, for which Hq = Z2
q , and the state space is PG(1, q). This geometry

consists of q + 1 ‘points,’ which can be represented by the vectors

| 0 〉 =
[

1

0

]

, | 1 〉 =
[

0

1

]

, | r 〉 =
[

ar−1

1

]

, (6)
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r = 2, 3, · · · , q, where a is the generator of the multiplicative group Zq\{0} with

aq−1 = 1. The number q + 1 results from the fact that of the q2 − 1 non-zero

vectors, every q − 1 are equivalent, thus the number of inequivalent vectors are

(q2 − 1)/(q − 1) = (q + 1). Similarly, the q + 1 inequivalent dual-vectors can be

represented as:

〈 0 | =
[

0 −1
]

,

〈 1 | =
[

1 0
]

,

〈 r | =
[

1 −ar−1
]

, r = 2, 3, · · · , q , (7)

where the minus signs are dropped when the characteristic of Zq is two. From these

definitions, we find:

〈r̄|s〉 = 0 if r = s ,

6= 0 if r 6= s , (8)

and

∣

∣〈r̄|s〉
∣

∣ = 1− δrs . (9)

Observables are associated with a choice of basis of H∗

q :

Ars ≡ { 〈r̄|, 〈s̄| } , r 6= s . (10)

We assign the outcome +1 to the first dual-vector of the pair, and the outcome

−1 to the second to make these observables spin-like. This assignment implies

Asr = −Ars. The indices rs can be considered as indicating the direction of the

‘spin,’ and the interchange of the indices as indicating a reversal of this direction.

Applying Eq. (1) to this system, it is straightforward to show that

P (Ars = +1 | r) = 0 , P (Ars = −1 | r) = 1 ,

P (Ars = +1 | s) = 1 , P (Ars = −1 | s) = 0 ,

P (Ars = ±1 | t) = 1

2
, for t 6= r, s , (11)

and thus,

〈Ars〉r = −1 ,

〈Ars〉s = +1 ,

〈Ars〉t = 0 , for t 6= r, s. (12)

So for each ‘spin,’ there exist two ‘eigenstates,’ one for +1 (‘spin’ up) and another

for −1 (‘spin’ down). For all other states the two outcomes ±1 are equally probable.

The states and observables ‘rotate’ into each other under changes of bases. For

the projective geometry PG(1, q), the group of all possible basis transformations

constitute the projective group PGL(2, q) of order q(q2 − 1). PGL(2, q) is formally

a subgroup of Sq+1, the group of all possible permutations of the q + 1 states.
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4. Spin Correlations

To show that our system is truly quantum, we use an argument analogous to those

of Greenberger, Horne, Shimony, and Zeilinger 16,17, and of Hardy 18 for canonical

QM. Let us construct a two ‘spin’ system on the tensor product space Z2
q⊗Z2

q = Z4
q .

The number of non-zero vectors in this space is q4 − 1, of which every q − 1 are

equivalent, so the number of inequivalent states is (q4−1)/(q−1) = q3+q2+q+1. Of

these, (q+1)2 are product states, leaving (q3+q2+q+1)−(q+1)2 = q(q2−1) that

are entangled. As noted previously, Eq. (1) applied to tensored spaces with the

product preserving absolute value function Eq. (3) ensures that the expectation

values of product observables factorize for product states, thereby rendering the

distinction between product and entangled states meaningful.

The number of entangled states matches the order of the group PGL(2, q), since

arranging the 4 elements of an entangled state into a 2 × 2 array gives rise to a

non-singular matrix. The entangled states fall into ‘conjugacy’ classes, matching

those of PGL(2, q), that transform among themselves under PGL(2, q) ‘rotations.’

The singlet state, corresponding to the conjugacy class of the unit element, can be

expressed as

|S〉 = |r〉 ⊗ |s〉 − |s〉 ⊗ |r〉 , r 6= s , (13)

for any two states |r〉 and |s〉 up to a multiplicative constant. If the characteristic

of Zq is two, the minus sign is replaced by a plus sign.

Products of the ‘spin’ observables are defined as

ArsAtu = { 〈r̄| ⊗ 〈t̄| , 〈r̄| ⊗ 〈ū| , 〈s̄| ⊗ 〈t̄| , 〈s̄| ⊗ 〈ū| } , (14)

the four tensor products representing the outcomes ++, +−, −+, and −−, and the

expectation value giving the correlation between the two ‘spins.’ The probabilities

of the four outcomes are particularly easy to calculate for the singlet state |S〉 since
1

(

〈r̄| ⊗ 〈s̄|
)

|S〉 = 0 if r = s ,

6= 0 if r 6= s , (15)

thus
∣

∣

∣

(

〈r̄| ⊗ 〈s̄|
)

|S〉
∣

∣

∣
= 1− δrs , (16)

and we obtain the probabilities and correlations listed in Table. 1.

To demonstrate that these correlations cannot be reproduced in any hidden

variable theory, it suffices to look at the correlations between two observables that

share an index. For instance, consider the following two:

X ≡ A01 , Y ≡ A02 . (17)

First, from the first row of Table 1 we can discern that

P (X1X2; + + |S) = P (X1X2;−− |S) = 0 ,

P (Y1Y2; + + |S) = P (Y1Y2;−− |S) = 0 ,
(18)
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Observable ++ +− −+ −− E.V.

ArsArs 0
1

2

1

2
0 −1

ArsArt 0
1

3

1

3

1

3
−1

3

ArsAst

1

3

1

3
0

1

3
+
1

3

ArsAtu

1

4

1

4

1

4

1

4
0

Table 1. Probabilities and expectation values of product observables in the singlet state |S〉. The
indices r, s, t, and u are distinct. Cases that can be obtained by flipping signs using Ars = −Asr

are not shown.

where we have added subscripts to distinguish between the two ‘spins.’ This tells

us that the pairs (X1X2) and (Y1Y2) are completely anti-correlated. Next, from the

second row of Table 1, we conclude:

P (X1Y2; + + |S) = P (Y1X2; + + |S) = 0 , (19)

which means that if either one of the pairs (X1Y2) and (Y1X2) is +1, then its

partner must be −1. Thus, the implications of either X1 = +1 or X1 = −1 would

be:

X1 = +1 → Y2 = −1 → Y1 = +1 → X2 = −1 ,

X1 = −1 → X2 = +1 → Y1 = −1 → Y2 = +1 .
(20)

In either case, we cannot classically have (X1Y2) = (−−) or (Y1X2) = (−−), even

though both configurations have quantum mechanical probabilities of 1/3. Thus,

our ‘mutant’ QM is truly ‘quantum’ and its predictions do not allow any hidden

variable mimic.

Let us now look at what the Clauser-Horne-Shimony-Holt (CHSH) bound 7

would be in our ‘mutant’ QM. The CHSH bound is the upper bound of the absolute

value of the following combination of correlators:

〈A, a ;B, b〉 ≡ 〈AB〉+ 〈Ab〉+ 〈aB〉 − 〈ab〉 , (21)

where A and a are two observables of particle 1, and B and b are two observables

of particle 2. All four observables are assumed to take on only the values ±1 upon

measurement. For classical hidden variable theory, the bound on |〈A, a;B, b〉| is 2,
while for canonical QM it is 2

√
2 19,20.

To calculate this bound for our model, it suffices to examine all possible correla-

tors for the singlet state |S〉 only. This is because all q(q2 − 1) entangled states can

be transformed into |S〉 via local PGL(2, q) rotations, that is, PGL(2, q) transfor-

mations on only one of the entangled particles. We can also restrict the observables

entering the correlator to those in which the indices are in increasing order, i.e. Ars
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with r < s, since

〈A, a ;B, b〉 = 〈A,−a ; b, B〉 = −〈−A, a ; b, B〉
= 〈a,A ;B,−b〉 = −〈a,A ;−B, b〉 . (22)

These considerations simplify our task considerably, and we find that the absolute

value of the CHSH correlator is maximized for the cases

〈Ars, Atu;Atu, Ars〉S = −2 (r < s, t < u) ,

〈Ars, Ast;Art, Ars〉S = −2 (r < s < t) . (23)

Thus, the CHSH bound for our ‘mutant’ QM is 2.

5. Conclusion

In conclusion, we have constructed a ‘mutant’ QM based on a linear vector space

over the Galois field Zq = GF (q). We find that though it is fully ‘quantum’ in

the sense that no hidden variable theory can reproduce its predictions, the CHSH

bound of its correlations nevertheless has the ‘classical’ value of 2. Thus, our model

provides an existence proof that ‘quantum’-ness does not necessarily require the

violation of the CHSH bound.

The state space of our ‘mutant’ QM is the finite projective space PG(N−1, q), in

close analogy to the CPN−1 of canonical QM. We recall that this complex projective

space can be understood as the coset

CPN−1 ∼= U(N)
/ (

U(N − 1)× U(1)
)

. (24)

This structure incorporates unitary evolution described by the U(N) factor, thereby

preserving the normalization of state vectors, with generic Berry phases described

by the U(N − 1) factor, which characterize possible degenerate states, and the

quantum mechanical U(1) phases 21. The corresponding coset structure of PG(N−
1, q) is :

PG(N − 1, q) ∼= GL(N, q)
/ (

AGL(N − 1, q)× Z(N, q)
)

, (25)

where, GL(N, q) is the general linear group on Hq, Z(N, q) its center consisting

of N × N unit matrices multiplied by a ‘phase’ in Zq\{0}, and AGL(N − 1, q) is

the affine linear group which keeps the direction of a vector in Hq invariant. The

projective linear group we encountered earlier is itself the coset group

PGL(N, q) = GL(N, q)
/

Z(N, q) . (26)

Thus, our discrete QM possesses analogs of the geometric structure of canonical

QM, with GL(N, q) generating evolution over finite time steps, and AGL(N − 1, q)

characterizing possible degeneracies in dynamical systems. The extent that elements

of this affine group and the center Z(N, q) determines any super-selection sectors

has yet to be explored 22.

The q = 2 case of our model, constructed on Z2 = {0, 1}, would be particularly

simple. It could, perhaps, be the simplest quantum theory imaginable and provide
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a setting to explore the most basic questions concerning the foundations of QM, as

well as a platform to develop ideas relevant to quantum information and quantum

computing 23.

A question we addressed in a previous publication 24 was whether a super-

quantum theory whose CHSH bound exceeds the Cirel’son value of 2
√
2 of canonical

QM exists 19,25. Such super-quantum models are expected to go ‘beyond’ canonical

QM in one way or another. The model discussed in this paper was discovered in

the process of looking for such a model, though, of course, its correlations are

sub-quantum instead. An interesting question to ask is whether a ‘super’ version

of our discrete model can be constructed in which the CHSH bound exceeds 2.

We conjectured in Ref. 24 that a super-quantum theory may exist in the ~ → ∞
limit of canonical QM. Recalling that 1/~ is effectively the curvature of CPN−1,

this complex projective space would degenerate to C
N−1 in the ~ → ∞ limit.

Extrapolating this intuition to our discrete QM, whose geometry is described by

PG(N −1, q) = (ZN
q \{0})/(Zq\{0}), the super-quantum limit would correspond to

degenerating this projective space into ZN−1
q . Thus, the construction of a ‘super’

version of discrete QM may require working in this space.

Another interesting avenue, already alluded to above, would be to use our dis-

crete QM to explore the structure of the conjectured general geometric quantum

theory 22. Such a structure was argued to be relevant for quantum gravity. In par-

ticular, in that context, it was argued that non-linear Grassmannian spaces are the

natural generalization of complex projective spaces 26,27,28. It view of our proposal,

it would be interesting to explore discrete analogs of non-linear Grassmannians by

replacing complex spaces with Zq-spaces.

Finally, since we have succeeded in constructing a QM on a space without an in-

ner product, it cannot be an essential gene necessary for the survival of a ‘quantum’

theory. The absence of an inner product allows the vector and dual-vector spaces

to be distinct, and our construction gives separate physical meanings to the two:

the dual-vectors represent possible outcomes of a measurement, while the vectors

represent the latent possibilities of a state. This removal of the required existence

of an inner product potentially allows for the construction of quantum theories on

spaces that have not heretofore been considered, e.g. Banach spaces.

We will explore these, and other related questions in upcoming publications 29.
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