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(ABSTRACT) 

The concise description of one- and multidimensional stationary and nonstationary vehicle 

loading histories for fatigue analysis using stochastic process theory is presented in this 

study. The load history is considered to have stationary random and nonstationary mean 

and variance content. The stationary variations are represented by a class of time series 

referred to as Autoregressive Moving Average (ARMA) models, while a Fourier series is 

used to account for the variation of the mean and variance. Due to the use of random 

phase angles in the Fourier series, an ensemble of mean and variance variations is 

obtained. The methods of nonparametric statistics are used to determine the success of 

the modeling of nonstationarity. Justification of the method is obtained through 

comparison of rainflow cycle distributions and resulting fatigue lives of original and 

simulated loadings. Due to the relatively small number of Fourier coefficients needed 

together with the use of ARMA models, a concise description of complex loadings is 

achieved. The overall frequency content and sequential information of the load history is 

statistically preserved. An ensemble of load histories can be constructed on-line with 

minimal computer storage capacity as used in testing equipment. The method can be used 

in a diversity of fields where a concise representation of random loadings is desired.
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CHAPTER 1. INTRODUCTION 

Engineering's primary objective is to design structures to fulfill a function and guard this 

design against failure. A common failure mode is fatigue, i.e. cracking or disintegrating of 

parts of the structure caused by repeated loading. Fatigue analysis, therefore, is an impor- 

tant part of the design process for any structure or component subject to repetitive dy- 

namic loading. 

The analysis with respect to fatigue failure gains more importance as structures are 

designed, primarily for economic reasons, to have a finite life. Weight and size considera- 

tion in efficient design mandate for a structure to survive safely all anticipated operating 

loads, yet a structure must not be over designed to the degree that it becomes uneconom- 

ical to built or operate. Particularly in the area of vehicle design it has become the objec- 

tive to design components to safely perform only over a prescribed service interval. 

One of the crucial elements in fatigue analysis is detailed knowledge of the operation 

conditions and the associated loading to which the component in question is subjected. 

For some cases the loadings can be estimated in advance of the analysis in many cases of 

structural analysis, however, a preliminary design is necessary to obtain actual loadings, 

which is done by subjecting the preliminary design to the environment in which the final 

structure is supposed to operate.



Because the phenomenon of fatigue failure is still not fully understood, for complex 

structures, analytical studies alone cannot provide sufficient information for a fatigue safe 

design. Two methods for verification of a design are simulation studies and fatigue test- 

ing. Fatigue testing exposes a structure to dynamic loads as they would be anticipated un- 

der operating conditions and records the life to failure. For more effective and better con- 

trolled testing it has become customary to perform many fatigue tests in a laboratory 

rather than in the actual environment of operation. As testing equipment has become 

more advanced, these laboratory fatigue tests provide the means for reliable and efficient 

repetition of complex loadings. Simulation studies, such as Monte Carlo simulations, on 

the other hand, are computer based calculations of the fatigue life according to a model for 

the structure and the fatigue phenomenon, including uncertainties with respect to struc- 

tural and or loading parameters. For both fatigue testing and simulation studies an effi- 

cient description of the loading environment is necessary. 

In general, fatigue loadings are lengthy because fatigue failure occurs only after many 

repetitions of the applied load. In the case of complex loadings with a variety of different 

loading events, it is desired to reduce these lengthy records for further analysis. The two 

main methods of reduction are the building of mathematical models to describe the loads, 

or the actual loading data are condensed to fatigue relevant information only. From either 

the formed model or condensed description, fatigue load histories then can be recon- 

structed for simulation studies or for laboratory testing of test specimen or actual compo- 

nents. The accurate and concise modeling of lengthy fatigue loadings is the objective of 

this study. 

Load modeling can be accomplished by two principal methods. Depending on the



problem, either a deterministic function or a stochastic process is used to reproduce es- 

sential features of the original history. The deterministic approach uses a well defined 

function to describe the original history. The stochastic approach attempts to describe the 

load data in terms of a random process which has statistical characteristics similar to that 

of the original history. If the load records are of random nature, as they are for many 

structural components exposed to environmental loads, the stochastic approach is most 

suitable. 

Stochastic methods can further be divided into regression analysis and time series 

analysis, where the former method assumes that the observations are statistically inde- 

pendent and therefore disregards information with regard to the sequence of observations. 

The latter method, on the other hand, takes into account the relation of observations over 

time. Because for dynamic loadings observations will be related to each other, time series 

analysis methods are used in this study to model loadings. In particular, a class of sto- 

chastic processes referred to as Autoregressive Moving Average models, ARMA, are used 

to represent random variations in load records. 

Another distinction among random processes can be made with respect to stationarity. 

A nonstationary record is recognized as one for which some characteristics, such as mean 

or variance, change over time. This nonstationary behavior can be modeled in variety of 

ways. In the current study a Fourier series description is chosen to account for nonsta- 

tionarities. 

Depending on the type of loading, a single channel or multichannel description may be 

necessary. For the case where only one variable is under observation, such as strain in one



direction, a single channel description is appropriate. For the case, however, where a 

multiaxial state of strain is to be investigated, a multichannel history will be observed and 

needs to be modeled as such to account for interdependencies among channels. 

The model proposed herein gives the first complete description of nonstationary multi- 

channel fatigue loadings using ARMA models. In comparison to other commonly used 

methods of history reconstruction such as the Rainflow method, the To-From matrix 

method and the power spectral density (PSD) method, the presented approach is superior 

on four accounts. First, the model requires fewer parameters to accurately describe the 

original loading. Second, the dynamic characteristics, also referred to as correlations, are 

preserved in the reconstruction as it is the case only for the PSD method. Third, mul- 

tichannel situations are covered as a consistent extension of the single channel case. Fi- 

nally, a truly stochastic description is achieved, such that regenerated records can be infi- 

nitely long with no periodicity. 

Including this introduction, the dissertation consists of the following chapters. A lit- 

erature review containing an overview of random fatigue load modeling and ARMA mod- 

els in structural dynamics is presented in Chapter 2. The theory of ARMA models is pre- 

sented in Chapter 3. Fatigue life calculations as they are used in this study are reviewed in 

Chapter 4. The proposed random fatigue load model is presented in Chapter 5. Case 

studies for uniaxial and multiaxial loadings are shown in Chapters 6 and 7, respectively 

The dissertation is concluded in Chapter 8 with summarizing remarks and recommenda- 

tions for further work.



CHAPTER 2. LITERATURE REVIEW 

A review of the literature pertinent to this dissertation is presented. First a review of 

common methods for random fatigue load representations is provided. Furthermore, the 

use of ARMA models in stochastic structural dynamics is reviewed. 

2.1 Random Fatigue Load Modeling 

Fatigue load histories are in general lengthy and of irregular nature. Three reasons (Beste 

et al., 1991) make it desirable to find a concise description. First, the amount of storage 

required can be reduced. Secondly, concentration on the fatigue relevant content allows 

reducing the length of the history. Finally, manipulation of histories becomes possible, in- 

cluding the superposition and extrapolation of histories. 

In fatigue load reconstruction the strategy is to define some characteristic of the 

original loading such as power spectral density, rainflow cycle content, etc., as the target 

spectrum. A simulated history has to have similar characteristics to be a faithful recon- 

struction, i.e., it has to meet the target spectrum. Furthermore, the load description needs 

to allow for efficient regeneration of histories, preferably in real time (Buxbaum, 1979). 

Two basic approaches exist to random load modeling (Bily and Bukoveczky, 1976). 

Either only extreme values are being recorded and subsequently reconstructed, or the



whole history is taken into account. 

2.1.1 Methods of Modeling Extreme Values 

These methods are model free and they evaluate the time series via a count. Methods of 

reconstructing only the extreme values reduce the required storage by discarding all inter- 

mediate points. These methods work well for fatigue loading histories in the absence of 

creep, because only the extremes induce fatigue damage, while intermediate points are ir- 

relevant. 

In the Rainflow Matrix method (Dowling, 1972; Perret, 1987; ten Have, 1989) the fa- 

tigue relevant information is summarized in the form of a rainflow range mean matrix con- 

taining the distribution of closed stress-strain hysteresis loops formed by the original his- 

tory. Asa result, the rainflow cycles of the reconstructed histories are identical to those of 

the original history, while the reconstruction yields histories with a different sequence of 

loadings. The loading sequence, however, has been shown to affect the fatigue life 

(Gassner, 1941; Buxbaum et al., 1991) and should therefore be preserved. Finney and 

Denton (1986) quantified this effect on life for different reconstructions. The sequence of 

events in a history reconstructed from a rainflow matrix is governed by principals of the 

rainflow counting method, yet many possible sequences can be_ reconstructed. 

Khosrovaneh (1989) and Khosrovaneh and Dowling (1990) show a method to obtain re- 

constructed records which do not exhibit any distinct pattern, i.e., they appear to be of 

random nature as the original loading. A more formalized approach, not yet accepted in 

the international community though, to obtaining sequences with random characteristics is 

presented by Kriiger (1985) and more recently Kriger et al. (1992).



The 7o-From Matrix method (Haibach et al., 1976; Dowling and Thangjitham, 1987; 

Fash et al., 1989) requires information concerning the transition behavior between adja- 

cent peaks and valleys. Similar to the rainflow matrix method of reconstruction, the load 

history is discretized into a convenient number of levels. The time series for peaks and 

valleys is regenerated using the To-From Matrix without considering the intermediate 

points. This method provides an identical number of peaks and valleys as of the original 

history but results in different rainflow cycles and sequence of the original loading. 

2.1.2 Methods of Modeling Complete Histories 

These methods are concerned with the descriptions of random loadings based on correla- 

tion theory. For these techniques, a model is formed which becomes a substitute for the 

data, this leads to a concise description with few parameters. A model may be defined 

either in the time or frequency domain. 

A commonly used method proposed by Yang (1972) represents the random data by its 

power spectral density, i.e., the distribution of the power of the process over frequency. 

Wirsching and Shehata (1977) used this type of simulation, also known as the PSD 

method, and verified experimentally its suitability. Therefore, it is generally accepted that 

if the power spectral density of the model matches the data, a successful reconstruction 

can be obtained. 

Approaches in the time domain include the Markov method, which is based on a ran- 

dom process that has a single step memory, i.e. the current value of the process depends 

only on the previous value. Transition probabilities for any two adjacent points are de-



duced from the original history. This method is particularly successful for processes which 

contain only correlation between two adjacent points. An extension to this method is 

shown by Sgrensen and Brincker (1989) who derive a reconstruction method yielding only 

extreme values. 

A more general class of time series models called Autoregressive Moving Average 

(ARMA) models also have been used in fatigue load modeling. These models in essence 

match the spectral content of data to any desired degree. Moreover, they lead to concise 

descriptions and operate in the time domain, allowing for efficient load reconstruction. 

Figure 1 (Dowling et al., 1992) shows a typical stationary random load history and recon- 

structions using the Power Spectral Density method, an ARMA model, the To-From 

method, and the Rainflow Matrix method. 

2.1.3 Fatigue Damage Estimation without Simulation 

The most accurate procedure for fatigue analysis is to simulate a time history, identify 

rainflow cycles, and then using a damage accumulation model, calculate fatigue life. How- 

ever, because this procedure ts lengthy and requires many simulations to obtain an accu- 

rate estimate, considerable effort has been made to estimate fatigue damage without 

simulating time series. 

Commonly used models for the description of the loading are the power spectral den- 

sity function (Wirsching and Haugen, 1973; Wirsching and Light, 1980; Wu and Huang, 

1993) and the Markov process (Kriiger and Petersen, 1985; Frendahl and Rychlik, 1993). 

The distribution functions of rainflow cycles can also be estimated without simulating time
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Figure 2.1. Portion of an original fatigue loading history and typical reconstructions by 
PSD, ARMA, To-From, and Rainflow method, respectively.



series. For the case of a Markov process, contributions are due to Rychlik (1989) and 

Bishop and Sherratt (1990) and for general Gaussian loads due to Rychlik (1992). 

2.2 ARMA Models in Structural Dynamics 

Autoregressive models were introduced by Yule (1927) in the context of modeling sun- 

spot activity. Slutzky (1927) was the first to use moving average models to detect cyclical 

trends in economic time series. Bartlett (1946) noted the important relationship between 

ARMA models and systems characterized by linear differential equations. A linear system 

sampled at discrete points in time will lead to a time series that is identical to one obtained 

from an appropriate ARMA model. The book Time Series Analysis Forecasting and 

Control by Box and Jenkins (1970 and 1976) unified different approaches to ARMA 

model building and has become the standard reference. Applications to engineering prob- 

lems using ARMA models have appeared in an increasing number since the early 1970's. 

Efficiency with respect to storage requirement and regeneration effort and the equiva- 

lence of an ARMA model and the response of a linear elastic system to random loads led 

to the use of ARMA models in the field of stochastic structural mechanics. In particular, 

the estimation of the response of randomly excited linear systems and the simulation of 

load records have received attention. Random load modeling using ARMA models has 

traditionally been concentrated in the fields of earthquake-, wind-, and ocean-engineering. 

Gersch et al. (1973) obtained estimates of the period and damping values of a linear 

multi-degree-of-freedom structure from random load histories via an ARMA model. Pi 

and Mickelborough (1988) identified modal parameters of a structure from load records 
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using ARMA models. Li and Kareem (1990) obtained the response of a linear system 

excited by a forcing function formulated as an ARMA model. An emerging technique in 

random vibration analysis called Monte Carlo simulation requires a large number of re- 

cords of random loads to obtain reliable response estimates. Spanos and Mignolet (1989) 

review at length the literature on ARMA models for Monte Carlo studies. 

Methods for efficient simulation of random processes have been presented by Samaras 

et al. (1985), Mignolet and Spanos (1987), and Spanos and Mignolet (1987) for the uni- 

variate case. Methods for modeling multivariate time series are due to Gersch and 

Yonemoto (1977) and Tiao and Box (1981). Random fields were introduced to ARMA 

models by Naganuma et al. (1987), with the most recent extensions by Spanos and 

Mignolet (1992) and Mignolet and Spanos (1992). 

The modeling of a stationary fatigue loading is demonstrated by the matching of a fre- 

quency domain target spectrum using an autoregressive model by Lin and Hartt (1984). 

An experimental study showing the applicability of autoregressive processes to fatigue 

load modeling is due to Sarkani (1990). Dowling et al. (1992) and Thangjitham et al. 

(1993) showed the good agreement of rainflow matrices and fatigue life (both simulated 

and experimentally obtained) for a typical stationary random ground vehicle loading. 

Leser et al. (1993) show good agreement of the same measures for a nonstationary record. 

For the case of earthquake ground motion modeling, both random variation and non- 

stationarity are present. The so called Kanai Tajimi spectrum has been developed as rep- 

resentative for the stationary random component of earthquakes. Spanos and Mignolet 

(1987) developed ARMA models which approximated this target spectrum well. 

1]



Polhemus and Cakmak (1981), Cakmak and Sherif (1984), and Turkstra et al. (1988) use 

a stationary ARMA model modulated by a deterministic function to account for the typical 

build up and decay of variance in earthquake acceleration time series. The assumption of 

the earthquake records being piece-wise stationary led Chang et al. (1982) to the method 

of modeling segments of the record individually by low order ARMA models. Finally, 

time varying ARMA parameters can be employed to account for the nonstationary nature 

of the observed series (Nau et al., 1982; Gersch and Kitagawa, 1985; Toki et al. 1985; 

Deodatis and Shinozuka, 1988). Hoshiya et al. (1988) use an AR model to describe a 

temporally and spatially propagating earthquake. A review of the literature describing the 

use of ARMA models in earthquake engineering is due to Kozin (1988). 

Wind velocities are simulated using ARMA models in the context of structural design 

of buildings. The von Karman spectrum is deemed an authentic target spectrum for wind 

loads. Good approximation to this target spectrum using ARMA models have been ob- 

tained by Spanos and Schultz (1985, 1986). A tri-directional wind loading is modeled by 

Spanos and Mignolet (1987), and wind velocity and air pressure on a cooling tower were 

represented with an ARMA model by Reed and Scanlan (1983). The extreme values of a 

wind loading were investigated by Tavares (1977), while Li and Kareem (1990) repre- 

sented both input and output of the model of a wind loaded structure by ARMA models. 

The simulation of wave kinematics is important in ocean engineering. The so called 

Pierson Moskowitz (P-M) spectrum is often used as a realistic target to verify simulations. 

Spanos (1983) shows pure autoregressive, moving average, and ARMA models which 

agree with the P-M spectrum. Spanos and Mignolet (1987) and Mignolet and Spanos 

(1988) demonstrate an ARMA model obtained via pure AR or MA models respectively, 
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which almost perfectly matches this spectrum. Other contributions to the modeling of 

wave elevation are due to Holm and Hovem (1979), Houmb and Overvik (1981) and 

Fines et al. (1981). 

Textbooks covering model order and parameter estimation techniques and practical 

applications of ARMA models have appeared since the work by Box and Jenkins (1970, 

revised 1976) by Chatfield (1980), Pandit and Wu (1983), Brockwell and Davis (1987), 

Marple (1987), Kay (1988), Wei (1990), and Pandit (1991). 
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CHAPTER 3. AUTOREGRESSIVE MOVING AVERAGE 

MODELS 

Characteristics regarding estimation and model building for Autoregressive Moving 

Average, ARMA, models are discussed here. ARMA models are employed in this study 

to represent the stationary content of random fatigue loading histories as they provide a 

versatile method for accurate and concise modeling. 

3.1 Model Description 

According to Box and Jenkins (1976), the dynamic relationship between two sequences y, 

and x, observed at discrete time intervals, ¢=1, 2, ..., which are related to each other, 

can be represented by the linear, time invariant, and causal system 

Vy, = VoX, VX, + VQX,_2 += (Vo + VB + v,B? +...)x, =v(B)x, (3.1) 

where B is the so called back-shift operator such that B’x,=x,,. For brevity, v(B), 

which in general 1s of infinite order can, often with sufficient accuracy, be efficiently repre- 

sented by two polynomials, each of lower order than v(B), such that v(B) = ©(B)/®(B). 

Therefore, Eq. (3.1) can be rewritten as: 
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�o�f� �A�R�M�A� �m�o�d�e�l�s� �t�h�a�t� �c�a�n� �b�e� �u�s�e�f�u�l� �i�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�s� �t�h�a�t� �a�n� �A�R�M�A� �m�o�d�e�l� �o�f� 

�f�i�n�i�t�e� �o�r�d�e�r� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �e�q�u�i�v�a�l�e�n�t� �A�R� �o�r� �M�A� �m�o�d�e�l� �o�f� �i�n�f�i�n�i�t�e� �o�r�d�e�r�.� 

�T�h�e�r�e� �a�r�e� �t�w�o� �i�m�p�o�r�t�a�n�t� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �v�a�l�u�e�s� �t�h�e� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �a�s�s�u�m�e� 

�(�B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �1�9�7�6�)�.� �T�h�e� �f�i�r�s�t� �r�e�s�t�r�i�c�t�i�o�n� �i�s� �w�i�t�h� �r�e�g�a�r�d� �t�o� �t�h�e� �A�R� �p�a�r�a�m�e�t�e�r�s�.� �I�n� �o�r�-� 

�d�e�r� �t�o� �y�i�e�l�d� �a� �s�t�a�b�l�e� �m�o�d�e�l�,� �i�.�e�.� �a� �m�o�d�e�l� �l�e�a�d�i�n�g� �t�o� �a� �t�i�m�e� �s�e�r�i�e�s� �t�h�a�t� �d�o�e�s� �n�o�t� �b�e�c�o�m�e� �u�n�-� 

�b�o�u�n�d�e�d�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�u�s�t� �h�o�l�d�.� �T�h�e� �r�o�o�t�s� �o�f� �®�(�B�)� �=�0� �m�u�s�t� �l�i�e� �o�u�t�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� 

�o�f� �t�h�e� �c�o�m�p�l�e�x� �p�l�a�n�e�.� �S�i�m�i�l�a�r�l�y�,� �a� �r�e�s�t�r�i�c�t�i�o�n� �o�n� �t�h�e� �M�A� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �m�a�d�e�.� �I�n� �o�r�-� 

�d�e�r� �f�o�r� �t�h�e� �i�n�v�e�r�t�e�d� �A�R�M�A� �m�o�d�e�l�,� �e�,� �=� �(�®�(�B�)�/�@�(�B�)�)�y�,�,� �t�o� �y�i�e�l�d� �b�o�u�n�d�e�d� �o�u�t�p�u�t�,� �e�,�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �m�u�s�t� �h�o�l�d�.� �T�h�e� �r�o�o�t�s� �o�f� �©�(�B�)�=�0� �m�u�s�t� �l�i�e� �o�u�t�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �o�f� �t�h�e� �c�o�m�-� 

�p�l�e�x� �p�l�a�n�e�.� �H�o�w�e�v�e�r�,� �o�n�e� �c�a�n� �a�l�w�a�y�s� �t�r�a�n�s�f�o�r�m� �t�h�e� �M�A� �p�a�r�a�m�e�t�e�r�s�,� �s�u�c�h� �t�h�a�t� �a�n� �i�n�v�e�r�t�-� 

�i�b�l�e� �m�o�d�e�l� �i�s� �o�b�t�a�i�n�e�d�.� �W�h�i�l�e� �s�t�a�b�i�l�i�t�y� �i�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �a� �m�o�d�e�l� �t�o� �b�e� �u�s�e�d� �i�n� �s�i�m�u�l�a�t�i�n�g� 
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�s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �i�n�v�e�r�t�i�b�i�l�i�t�y� �i�s� �m�a�i�n�l�y� �u�s�e�f�u�l� �i�n� �t�h�e� �s�t�e�p� �o�f� �m�o�d�e�l� �b�u�i�l�d�i�n�g� �a�n�d� �d�o�e�s� �n�o�t� 

�h�a�v�e� �t�o� �b�e� �s�a�t�i�s�f�i�e�d� �f�o�r� �s�i�m�u�l�a�t�i�n�g� �a� �t�i�m�e� �s�e�r�i�e�s�.� 

�T�h�e� �A�R�M�A� �m�o�d�e�l� �c�a�n� �a�l�s�o� �b�e� �c�o�n�v�e�n�i�e�n�t�l�y� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� 

�(�P�r�i�e�s�t�l�e�y�,� �1�9�8�1�)�.� �T�h�e� �o�n�e� �s�i�d�e�d� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y�,� �S�(�f�)�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a�n� 

�A�R�M�A�(�p�,�q�)� �m�o�d�e�l� �i�s� �g�i�v�e�n� �i�n� �a� �c�l�o�s�e�d� �f�o�r�m� �d�e�s�c�r�i�p�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �A�R�M�A� �p�a�-� 

�r�a�m�e�t�e�r�s� 

�.� �,� �e�p� �[�2� 
�;� �-�6�,�e�°�"� �-�0�,�e�%�7�%�  �� �.�.�,� �-� �0�,�7�9�"� �|� 

�a�p� �f�e� �e� �l�-� �g�e�?�"� �-�¢�,�e�°�"� �_�~�.�.�,� �-� �9�,�7�?�"� �|� 
� � �(�3�.�7�)� 

�
N

�
 

�|�
 �S�(�f�)�=�2�0� 

�w�h�e�r�e� �f� �i�s� �t�h�e� �l�i�n�e�a�r� �f�r�e�q�u�e�n�c�y� �a�n�d� �i� �=� �V�-�1�.� 

�3�.�2� �V�e�c�t�o�r� �A�R�M�A� �M�o�d�e�l�s� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �m�o�r�e� �t�h�a�n� �o�n�e� �t�i�m�e� �s�e�r�i�e�s� �n�e�e�d�s� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �a� �v�e�c�t�o�r� �A�R�M�A� 

�m�o�d�e�l� �i�s� �i�n�t�r�o�d�u�c�e�d�.� �T�h�e� �r�e�a�s�o�n� �t�o� �m�o�d�e�l� �t�i�m�e� �s�e�r�i�e�s� �j�o�i�n�t�l�y� �i�s� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �d�e�p�e�n�d�e�n�-� 

�c�i�e�s� �a�m�o�n�g� �t�h�e�m�.� 

 ��e�n�c�:�  ��e�c� �y� �=� �l�y�)� �y�p�)� �i�]� �T�h�e� �n�-�d�i�m�e�n�s�i�o�n�a�l� �t�i�m�e� �s�e�r�i�e�s� �y�,� �=� �V�i� �V�e� �w�e�e� �D�Y�;� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 

�P� �q� 

�>� �O�9�1� �=� �>� �9�,�e�,�.� �(�3�.�8�)� 
�i�=�0� �i�=�0� 

�i�n� �w�h�i�c�h� �@�,� �a�n�d� �0�,� �a�r�e� �m�a�t�r�i�c�e�s� �o�f� �o�r�d�e�r� �n�x�n�,� �s�u�c�h� �a�s� �[�¢�,�,�]� �a�n�d� �[�6�,�,�]�.� �a�n�d� �s�u�p�e�r�s�c�r�i�p�t� �T� 
�i� �i� 

�i�n�d�i�c�a�t�e�s� �t�h�e� �t�r�a�n�s�p�o�s�e� �o�f� �a� �v�e�c�t�o�r� �o�r� �m�a�t�r�i�x�.� �W�h�i�l�e� �¢�=�- ��I�,� �a�n�d� �8�,� �= ��I�,� �a�r�e� �w�i�t�h�o�u�t� 
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�l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y� �a�s�s�u�m�e�d� �t�o� �b�e� �n�e�g�a�t�i�v�e� �i�d�e�n�t�i�t�y� �m�a�t�r�i�c�e�s� �o�f� �o�r�d�e�r� �n�x�n�,� �e�,� �i�s� �a�n� �n�-�d�i�-� 

�m�e�n�s�i�o�n�a�l� �G�a�u�s�s�i�a�n� �w�h�i�t�e� �n�o�i�s�e� �s�e�r�i�e�s� �w�i�t�h� �z�e�r�o� �m�e�a�n� �a�n�d� �c�r�o�s�s�c�o�r�r�e�l�a�t�i�o�n� �a�c�c�o�r�d�i�n�g� �t�o� 

�T�)�_� �E�l�e�,�e�?� �|�=� �V�6�,�,� �(�3�.�9�)� 

�w�h�e�r�e� �V� �i�s� �a� �s�y�m�m�e�t�r�i�c�,� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e�,� �n�x�n� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�f� �t�h�e� �n�o�i�s�e� �a�n�d� �0�,�,� �i�s� 

�t�h�e� �K�r�o�n�e�c�k�e�r� �d�e�l�t�a�.� �C�o�n�t�e�m�p�o�r�a�n�e�o�u�s� �c�r�o�s�s�-�c�o�r�r�e�l�a�t�i�o�n�s� �(�c�o�r�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �c�h�a�n�-� 

�n�e�l�s�)� �a�r�e� �e�x�p�r�e�s�s�e�d� �t�h�r�o�u�g�h� �o�f�f� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �i�n� �$� �a�n�d�@�,�,� �w�h�i�l�e� �a�u�t�o�-�c�o�r�r�e�l�a�t�i�o�n�s� 

�(�c�o�r�r�e�l�a�t�i�o�n�s� �w�i�t�h�i�n� �a� �s�e�r�i�e�s�)� �a�r�e� �g�o�v�e�r�n�e�d� �b�y� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �i�n� �@�,� �a�n�d� �9�,�.� 

�E�q�u�i�v�a�l�e�n�t�l�y� �t�o� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�l�o�s�e�d� �f�o�r�m� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �p�o�w�e�r� �s�p�e�c�-� 

�t�r�u�m�,� �t�h�e� �s�p�e�c�t�r�u�m�,� �S�(�f�)�,� �o�f� �t�h�e� �n�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�c�e�s�s� �i�s� �(�K�a�y�,� �1�9�8�8�)� 

�S�(�f�)� �=� �1�S� �o�e�m� �|� �s�o�e�m� �|� �|� �a�e�]� �S�e�m� �|� �(�3�.�1�0�)� 
�J� 

�w�i�t�h� �0� �<� �f� �<� �1�/�2� �a�n�d� �w�h�e�r�e� �*� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �o�f� �a� �m�a�t�r�i�x�.� 

�3�.�3�.� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� 

�S�t�a�t�i�s�t�i�c�a�l� �i�n�f�e�r�e�n�c�e� �o�f� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �o�b�s�e�r�v�e�d� �d�a�t�a� �m�a�y� �b�e� �p�e�r�f�o�r�m�e�d� �e�i�t�h�e�r� 

�t�h�r�o�u�g�h� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�o�r�s� �o�r� �t�h�r�o�u�g�h� �m�o�m�e�n�t� �e�s�t�i�m�a�t�o�r�s�.� �B�o�t�h� �t�e�c�h�n�i�q�u�e�s� 

�y�i�e�l�d� �e�f�f�i�c�i�e�n�t�,� �u�n�b�i�a�s�e�d� �a�n�d� �c�o�n�s�i�s�t�e�n�t� �e�s�t�i�m�a�t�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�-� 

�m�a�t�i�o�n� �l�e�a�d�s� �t�o� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �p�o�s�s�i�b�l�y� �m�o�r�e� �t�h�a�n� �o�n�e� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �(�K�a�y�,� 

�1�9�8�8�)�.� �T�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �s�o� �s�e�v�e�r�e� �t�h�a�t� �t�h�e� �c�o�m�m�o�n�l�y� �u�s�e�d� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� 
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�(�A�k�a�i�k�e�,� �1�9�7�3�)� �a�p�p�r�o�a�c�h� �w�i�l�l� �n�o�t� �a�l�w�a�y�s� �c�o�n�v�e�r�g�e� �t�o� �a� �s�o�l�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �a�p�p�r�o�x�i�m�a�t�e� 

�p�r�o�c�e�d�u�r�e�s� �i�n� �l�i�n�e�a�r� �f�o�r�m� �b�a�s�e�d� �o�n� �t�h�e� �m�e�t�h�o�d� �o�f� �m�o�m�e�n�t�s� �e�s�t�i�m�a�t�o�r�s� �a�r�e� �o�f�t�e�n� �u�s�e�d�.� 

�T�w�o� �p�r�i�n�c�i�p�a�l� �m�e�t�h�o�d�s� �c�o�e�x�i�s�t� �u�s�i�n�g� �a�n� �i�n�t�e�r�m�e�d�i�a�t�e� �a�p�p�r�o�x�i�m�a�t�e� �m�o�d�e�l� �e�i�t�h�e�r� �o�f� �p�u�r�e� 

�a�u�t�o�r�e�g�r�e�s�s�i�v�e� �o�r� �p�u�r�e� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �t�y�p�e�.� �T�h�e�s�e� �m�e�t�h�o�d�s�,� �w�h�i�l�e� �a�p�p�r�o�x�i�m�a�t�e� �i�n� �n�a�-� 

�t�u�r�e�,� �w�i�l�l� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l�l�y� �o�p�t�i�m�a�l� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�s� �f�o�r� �e�s�t�i�m�a�-� 

�t�i�o�n�s� �b�a�s�e�d� �o�n� �l�o�n�g� �t�i�m�e� �s�e�r�i�e�s� �(�K�a�y�,� �1�9�8�8�)�.� 

�U�s�i�n�g� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �g�i�v�e�n� �d�a�t�a�,� �a� �l�a�r�g�e� �o�r�d�e�r� �A�R� �m�o�d�e�l� �c�a�n� �b�e� 

�b�u�i�l�t�,� �w�h�i�c�h� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �r�e�l�i�a�b�l�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �t�a�r�g�e�t� �s�p�e�c�t�r�u�m�.� �T�h�e� �a�u�t�o�r�e�-� 

�g�r�e�s�s�i�v�e� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �v�i�a� �a� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� 
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�|� �0� �-�C�,�.�(�p�-�4�)� �|� �C�,�(�P�-�1�)� �C�,�(�0�)� �|� 

�=�[�-�C�,�,�(�-�1�)� �.�.�.� �-�C�,�.�(�-�¢�)� �C�y�(�l�)� �.�.�.� �C�*�(�p�)�D�"� �(�3�.�2�5�)� 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�w�o� �s�e�t�s� �o�f� 

�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �n�e�e�d� �t�o� �b�e� �s�o�l�v�e�d� �i�n� �o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �o�b�s�e�r�v�e�d� 

�v�e�c�t�o�r� �t�i�m�e� �s�e�r�i�e�s�,� �y�,�.� 

�2�3



�3�.�4� �M�o�d�e�l� �B�u�i�l�d�i�n�g� 

�T�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �a�n� �A�R�M�A� �m�o�d�e�l� �a�s� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �t�h�a�t� �t�r�a�n�s�f�o�r�m�s� �a�n� �o�b�s�e�r�v�e�d� 

�s�e�r�i�e�s� �t�o� �w�h�i�t�e� �n�o�i�s�e� �i�s� �u�n�d�e�r�l�y�i�n�g� �a�l�l� �c�r�i�t�e�r�i�a� �f�o�r� �m�o�d�e�l� �o�r�d�e�r� �d�e�t�e�r�m�i�n�a�t�i�o�n� �f�o�u�n�d� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e�.� �A�R�M�A� �m�o�d�e�l�s� �f�o�r� �v�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �(�p�,�q�)� �a�r�e� �f�i�t�t�e�d� �t�o� �t�h�e� �d�a�t�a� �a�n�d� �t�h�e� �a�p�-� 

�p�r�o�p�r�i�a�t�e� �m�o�d�e�l� �i�s� �s�o�u�g�h�t� �t�h�r�o�u�g�h� �c�r�i�t�e�r�i�a� �b�a�s�e�d� �o�n� �t�h�e� �r�e�s�i�d�u�a�l�s�,� �e�,�,� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�e�,� �=� �®�(�B�)�/�O�(�B�)�y�,� �=�v�"�'�(�B�)�y�,�.� �I�n� �e�s�s�e�n�c�e�,� �t�h�e�s�e� �c�r�i�t�e�r�i�a� �s�t�a�t�e� �t�h�a�t� �t�h�e� �p�r�o�p�e�r� �m�o�d�e�l� �h�a�s� 

�b�e�e�n� �f�o�u�n�d� �w�h�e�n� �t�h�e� �s�e�r�i�e�s� �o�f� �r�e�s�i�d�u�a�l�s�,� �e�,�,� �i�s� �c�l�o�s�e� �t�o� �w�h�i�t�e� �n�o�i�s�e�.� �W�h�e�r�e� �c�l�o�s�e�n�e�s�s� �i�s� 

�m�e�a�s�u�r�e�d� �b�y� �s�o�m�e� �s�t�a�t�i�s�t�i�c�a�l� �c�r�i�t�e�r�i�o�n�.� 

�S�o�m�e� �c�o�m�m�o�n�l�y� �u�s�e�d� �c�r�i�t�e�r�i�a� �a�r�e� �A�k�a�i�k�e�'�s� �I�n�f�o�r�m�a�t�i�o�n� �C�r�i�t�e�r�i�o�n�,� �A�I�C�,� �(�A�k�a�i�k�e�,� 

�1�9�7�4�)� �w�h�i�c�h� �i�n�v�e�s�t�i�g�a�t�e�s� �t�h�e� �r�e�l�a�t�i�o�n� �o�f� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s� 

�a�n�d� �t�h�e� �m�o�d�e�l� �o�r�d�e�r�.� �P�a�n�d�i�t� �(�1�9�7�3�)� �u�s�e�s� �a� �t�e�s�t� �b�a�s�e�d� �o�n� �t�h�e� �F�-�d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �c�o�m�p�a�r�e� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �r�e�s�i�d�u�a�l�s� �f�o�r� �c�o�m�p�e�t�i�n�g� �m�o�d�e�l�s�.� �F�i�n�a�l�l�y�,� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �(�1�9�7�6�)� �i�n�t�r�o�d�u�c�e�d� �a� 

�m�e�a�s�u�r�e� �c�a�l�l�e�d� �t�h�e� �Q�-�s�t�a�t�i�s�t�i�c� �t�h�a�t� �i�n�d�i�c�a�t�e�s� �p�r�o�p�e�r� �m�o�d�e�l� �o�r�d�e�r� �t�h�r�o�u�g�h� �m�e�a�s�u�r�i�n�g� �t�h�e� 

�a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�d�u�a�l�s�.� 

�M�o�s�t� �t�i�m�e� �s�e�r�i�e�s� �l�i�t�e�r�a�t�u�r�e� �i�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �s�e�r�i�e�s� �t�h�a�t� �c�o�n�t�a�i�n� �5�0� �t�o� �5�0�0� �o�b�s�e�r�v�a�-� 

�t�i�o�n�s�.� �F�o�r� �s�u�c�h� �s�h�o�r�t� �r�e�c�o�r�d�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �t�e�s�t� �w�i�l�l� �l�e�a�d� �t�o� �a�n� �A�R�M�A� �m�o�d�e�l� �w�i�t�h� �o�r�d�e�r�s� �p� 

�a�n�d� �q� �w�e�l�l� �b�e�l�o�w� �h�u�n�d�r�e�d�,� �i�n� �f�a�c�t�,� �o�f�t�e�n� �b�e�l�o�w� �t�e�n�.� �F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �o�b�s�e�r�v�e�d� �s�e�-� 

�r�i�e�s� �i�s� �m�u�c�h� �l�o�n�g�e�r�,� �s�a�y� �o�f� �o�r�d�e�r� �1�0�°� �t�o� �1�0�°�,� �h�o�w�e�v�e�r�,� �a�n�y� �s�t�a�t�i�s�t�i�c�a�l� �t�e�s�t� �w�i�l�l� �b�e� �r�e�s�t�r�i�c�t�i�v�e� 

�a�n�d� �d�e�m�a�n�d� �A�R�M�A� �m�o�d�e�l�s� �o�f� �v�e�r�y� �l�a�r�g�e� �o�r�d�e�r�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �n�e�w� �c�r�i�t�e�r�i�o�n� �f�o�r� �m�o�d�e�l� �o�r�d�e�r� �d�e�t�e�r�m�i�n�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �t�h�a�t� �i�s� �b�a�s�e�d� �o�n� 

�t�h�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �t�i�m�e� �s�e�r�i�e�s� �a�n�d� �t�h�e� �t�i�m�e� �s�e�r�i�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �a� �p�r�o�p�o�s�e�d� 

�2�4



�m�o�d�e�l�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �s�c�h�e�m�e� �i�s� �t�h�a�t� �a� �m�o�r�e� �c�o�n�c�i�s�e� �m�o�d�e�l� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �t�h�a�n� 

�w�o�u�l�d� �b�e� �i�f� �a�n�y� �o�f� �t�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �m�e�t�h�o�d�s� �w�a�s� �c�h�o�s�e�n�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �f�o�r� 

�t�h�e� �c�a�s�e� �w�h�e�r�e� �o�n�e� �n�e�e�d�s� �t�o� �f�i�n�d� �a�n� �A�R�M�A� �m�o�d�e�l� �f�o�r� �a� �l�a�r�g�e� �d�a�t�a� �s�e�t�.� 

�A�f�t�e�r� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �e�s�t�i�m�a�t�e�d�,� �a� �p�r�e�l�i�m�i�n�a�r�y� �s�e�-� 

�l�e�c�t�i�o�n� �i�s� �m�a�d�e� �b�a�s�e�d� �o�n� �t�h�e� �c�l�o�s�e�n�e�s�s� �o�f� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�u�m� �o�f� �a�n� �A�R�M�A� �m�o�d�e�l� �t�o� �t�h�e� 

�s�p�e�c�t�r�u�m� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�.� �A� �g�e�n�e�r�a�l�l�y� �a�p�p�l�i�c�a�b�l�e� �m�e�a�s�u�r�e� �o�f� �a�s�s�o�c�i�a�t�i�o�n� �b�e�t�w�e�e�n� 

�t�w�o� �v�a�r�i�a�b�l�e�s� �i�s� �p�r�o�v�i�d�e�d� �t�h�r�o�u�g�h� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�.� �F�o�r� �t�w�o� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�,� �x� 

�a�n�d� �y�,� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �d�e�f�i�n�e�d� �v�i�a� �t�h�e� �c�o�v�a�r�i�a�n�c�e�,� �c�o�v�(�x�,�y�)�,� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�-� 

�v�i�a�t�i�o�n�s�,� �o�,�,� �a�n�d� �o�,�,� �a�s� �(�M�i�l�l�e�r� �a�n�d� �F�r�e�u�n�d�,� �1�9�7�7�)� 

�r�p�,� �=� �L�O�Y�)� �(�3�.�2�6�)� 
�0�,�0�,� 

�w�h�i�l�e� �a�n� �e�s�t�i�m�a�t�o�r� �i�s� �o�b�t�a�i�n�e�d� �a�s� 

�(�3�.�2�7�)� � � 

�w�h�e�r�e� �x�,� �a�n�d� �y� �a�r�e� �s�a�m�p�l�e� �p�o�i�n�t�s� �a�n�d� �x� �a�n�d� �Y� �a�r�e� �e�s�t�i�m�a�t�o�r�s� �f�o�r� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �r�e�s�p�e�c�-� 

�t�i�v�e� �v�a�r�i�a�b�l�e�s� �a�n�d� �N� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �p�o�i�n�t�s�.� �T�h�i�s� �d�e�f�i�n�i�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� 

�-�l�<�p�,�,� �<�1� �a�n�d� �f�o�r� �p�,�,�=�0� �o�b�s�e�r�v�a�t�i�o�n�s� �o�f� �x� �a�n�d� �y� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d�,� �w�h�i�l�e� �f�o�r� �p�,�,� �=�1� 

�t�h�e�y� �a�r�e� �i�d�e�n�t�i�c�a�l�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �n�e�a�r�e�r� �t�h�e� �v�a�l�u�e� �o�f� �p�,�,� �t�o� �u�n�i�t�y�,� �t�h�e� �c�l�o�s�e�r� �t�h�e� �r�e�s�e�m�-� 

�b�l�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o�.� 

�2�5



�T�h�e� �c�l�o�s�e�n�e�s�s� �o�f� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�u�m�,� �S�(�f�)�,� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �t�o� �t�h�e� �o�n�e� �o�b�-� 

�t�a�i�n�e�d� �f�r�o�m� �a�n� �A�R�M�A� �m�o�d�e�l� �i�s� �t�h�e�r�e�f�o�r�e� �m�e�a�s�u�r�e�d� �b�y� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�-� 

�c�i�e�n�t�,� �p�e�  ��)� �T�h�e� �m�o�d�e�l� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �a�t� �a� �g�i�v�e�n� �c�o�r�r�e�l�a�t�i�o�n� 

�l�e�v�e�l�,� �e�.�g�.� �p �� �=�0�8�,� �p�\�? �� �=� �0�9�,� �e�t�c�.�,� �i�s� �c�h�o�s�e�n� �f�o�r� �f�u�r�t�h�e�r� �s�t�u�d�y�.� �T�h�i�s� �a�l�l�o�w�s� �r�u�l�i�n�g� �o�u�t� 

�a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�l�s� �d�u�e� �t�o� �t�h�e�i�r� �l�a�c�k� �o�f� �m�a�t�c�h�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� 

�o�r�i�g�i�n�a�l� �r�e�c�o�r�d�.� �T�h�e� �f�i�n�a�l� �m�o�d�e�l� �s�e�l�e�c�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �f�a�t�i�g�u�e� �l�i�v�e�s� �o�b�-� 

�t�a�i�n�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �a�n�d� �a� �l�o�a�d�i�n�g� �r�e�c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �t�h�e� �A�R�M�A� �m�o�d�e�l� �c�o�r�r�e�-� 

�s�p�o�n�d�i�n�g� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �c�o�r�r�e�l�a�t�i�o�n� �l�e�v�e�l�.� �A� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�i�s� �c�o�m�p�a�r�i�s�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� 

�C�h�a�p�t�e�r� �4�.� �U�n�l�i�k�e� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �t�i�m�e� �s�e�r�i�e�s� �l�i�t�e�r�a�t�u�r�e�,� �t�h�i�s� �s�t�u�d�y� �t�i�e�s� �t�h�e� �s�t�e�p� �o�f� �m�o�d�e�l� 

�b�u�i�l�d�i�n�g� �d�i�r�e�c�t�l�y� �t�o� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�i�m�u�l�a�t�e�d� �t�i�m�e� �s�e�r�i�e�s�.� 

�3�.�5� �N�o�n�s�t�a�t�i�o�n�a�r�i�t�y� �a�n�d� �A�R�M�A� �M�o�d�e�l�s� 

�I�n� �m�a�n�y� �c�a�s�e�s� �o�f� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �t�h�e� �l�o�a�d�i�n�g�s� �a�r�e� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �n�a�t�u�r�e�.� �T�h�e� �t�w�o� 

�m�o�s�t� �c�o�m�m�o�n� �p�a�r�a�m�e�t�e�r�s� �t�o� �c�h�a�n�g�e� �w�i�t�h� �t�i�m�e� �a�r�e� �t�h�e� �m�e�a�n� �v�a�l�u�e� �a�n�d� �t�h�e� �v�a�r�i�a�n�c�e�.� �N�o�n�-� 

�s�t�a�t�i�o�n�a�r�i�t�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�e�a�n� �v�a�l�u�e� �i�s� �h�a�n�d�l�e�d� �t�h�r�o�u�g�h� �s�u�b�t�r�a�c�t�i�o�n� �o�f� �t�h�e� �p�r�e�s�u�m�e�d� 

�m�e�a�n� �v�a�r�i�a�t�i�o�n�.� �T�h�i�s� �s�u�b�t�r�a�c�t�i�o�n� �i�s� �c�o�m�m�o�n�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �d�e�t�r�e�n�d�i�n�g� �(�B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� 

�1�9�7�6�)� �a�n�d� �i�s� �u�s�u�a�l�l�y� �t�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �a�n�y� �t�i�m�e� �s�e�r�i�e�s� �a�n�a�l�y�s�i�s�.� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �i�n�h�e�r�e�n�t�l�y� 

�s�t�a�t�i�o�n�a�r�y� �d�e�s�c�r�i�p�t�i�o�n�s� �o�f� �r�a�n�d�o�m� �p�r�o�c�e�s�s�e�s�.� �H�o�w�e�v�e�r�,� �a�t�t�e�m�p�t�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� �t�o� �a�p�p�l�y� 

�t�h�e�m� �t�o� �c�a�s�e�s� �w�h�i�c�h� �i�n�v�o�l�v�e� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�i�e�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �v�a�r�i�a�n�c�e� 

�c�h�a�n�g�e�s� �o�v�e�r� �t�i�m�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �A�R�M�A� �m�o�d�e�l�s� �w�e�r�e� �o�r�i�g�i�n�a�l�l�y� �a�p�p�l�i�e�d� �t�o� 

�e�a�r�t�h�q�u�a�k�e� �l�o�a�d�i�n�g�s�,� �w�h�i�c�h� �a�r�e� �i�n�h�e�r�e�n�t�l�y� �n�o�n�s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�i�r� �v�a�r�i�a�n�c�e�.� 

�O�n�e� �m�e�t�h�o�d� �u�s�e�d� �f�o�r� �h�a�n�d�l�i�n�g� �s�u�c�h� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�y� �i�s� �t�o� �d�i�v�i�d�e� �t�h�e� �o�b�s�e�r�v�e�d� �l�o�a�d�i�n�g� 

�i�n�t�o� �s�e�g�m�e�n�t�s� �w�h�i�c�h� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �s�t�a�t�i�o�n�a�r�y� �(�C�h�a�n�g� �e�t� �a�l�.�,� �1�9�8�2�)�.� �A�n� �A�R�M�A� �m�o�d�e�l� 
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�t�h�e�n� �i�s� �f�i�t�t�e�d� �t�o� �e�a�c�h� �s�e�g�m�e�n�t�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �w�o�r�k�s� �w�e�l�l� �i�f� �i�t� �i�s� �c�l�e�a�r� �h�o�w� �t�o� �d�e�c�i�d�e� �o�n� �t�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �s�e�g�m�e�n�t�.� �A�p�p�l�i�c�a�t�i�o�n�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �m�o�d�e�l�i�n�g� �e�a�r�t�h�q�u�a�k�e� �l�o�a�d�i�n�g�s� �h�a�v�e� 

�u�s�e�d� �t�h�i�s� �m�e�t�h�o�d� �s�u�c�c�e�s�s�f�u�l�l�y� �b�e�c�a�u�s�e� �t�h�e� �v�a�r�i�a�n�c�e� �c�h�a�n�g�e�s� �i�n� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �m�a�n�n�e�r�,� 

�s�i�m�i�l�a�r� �f�o�r� �a�l�l� �e�a�r�t�h�q�u�a�k�e�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �p�r�o�b�l�e�m�a�t�i�c� �i�n� �t�h�e� �c�a�s�e� �o�f� �r�a�p�i�d�l�y� 

�c�h�a�n�g�i�n�g� �v�a�l�u�e�s� �o�f� �v�a�r�i�a�n�c�e� �s�i�n�c�e� �t�h�e� �s�e�g�m�e�n�t� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �s�t�a�t�i�o�n�a�r�y� �n�e�e�d�s� �t�o� �b�e� 

�s�h�o�r�t�,� �b�u�t� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �o�b�t�a�i�n� �a� �r�e�l�i�a�b�l�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �i�f� �t�h�e� �s�e�r�i�e�s� �i�s� 

�s�h�o�r�t�.� 

�A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �i�s� �t�o� �e�s�t�i�m�a�t�e� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �v�a�r�y� �i�n� �t�i�m�e�.� �T�h�i�s� �i�n�c�l�u�d�e�s� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �p�a�r�t�,� �t�h�e� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �p�a�r�t� �a�n�d� �t�h�e� �v�a�r�i�-� 

�a�n�c�e� �o�f� �t�h�e� �i�n�p�u�t� �w�h�i�t�e� �n�o�i�s�e� �s�e�q�u�e�n�c�e� �(�G�e�r�s�c�h� �a�n�d� �K�i�t�a�g�a�w�a�,� �1�9�8�5�,� �N�a�u� �e�t� �a�l�.�,� �1�9�8�2�)�.� �I�t� 

�i�s� �o�f�t�e�n� �d�i�f�f�i�c�u�l�t�,� �h�o�w�e�v�e�r�,� �t�o� �o�b�t�a�i�n� �r�e�l�i�a�b�l�e� �e�s�t�i�m�a�t�e�s� �f�o�r� �s�u�c�h� �p�a�r�a�m�e�t�e�r�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� 

�w�h�e�n� �o�n�l�y� �a� �l�i�m�i�t�e�d� �a�m�o�u�n�t� �o�f� �d�a�t�a� �i�s� �a�v�a�i�l�a�b�l�e�.� 

�A� �t�h�i�r�d� �a�p�p�r�o�a�c�h�,� �c�h�o�s�e�n� �i�n� �t�h�i�s� �s�t�u�d�y�,� �i�s� �t�o� �e�s�t�i�m�a�t�e� �a� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �w�h�i�c�h� �w�i�l�l� 

�m�o�d�e�l� �t�h�e� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�a�n�c�e�.� �T�h�e� �f�u�n�c�t�i�o�n� �s�,� �i�s� �i�n�f�e�r�r�e�d� �f�r�o�m� �t�h�e� 

�o�b�s�e�r�v�e�d� �r�e�c�o�r�d�,� �x�,�,� �s�u�c�h� �t�h�a�t� �t�h�e� �q�u�o�t�i�e�n�t�,� �x�,� �/�s�,�,� �i�s� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�a�n�c�e� 

�(�H�s�u� �a�n�d� �H�u�n�t�e�r�,� �1�9�7�6�;� �P�o�l�h�e�m�u�s� �a�n�d� �C�a�k�m�a�k�,� �1�9�8�1�;� �N�a�u� �e�t� �a�l�.�,� �1�9�8�2�)�.� 

�3�.�6� �J�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�e� �U�s�e� �o�f� �A�R�M�A� �M�o�d�e�l�s� 

�T�h�e�r�e� �a�r�e� �f�o�u�r� �d�e�s�i�r�a�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �A�R�M�A� �m�o�d�e�l�s� �t�h�a�t� �m�a�k�e� �t�h�e�m� �s�u�i�t�a�b�l�e� �f�o�r� �a�p�-� 

�p�l�i�c�a�t�i�o�n� �t�o� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d�i�n�g�s� �o�f� �d�y�n�a�m�i�c�a�l�l�y� �l�o�a�d�e�d� �s�t�r�u�c�t�u�r�e�s�:� 

�F�i�r�s�t�,� �t�h�e� �A�R�M�A� �m�o�d�e�l� �f�r�a�m�e�w�o�r�k� �a�l�l�o�w�s� �f�o�r� �s�y�s�t�e�m�a�t�i�c� �d�i�r�e�c�t� �a�n�a�l�y�s�i�s� �o�f� �d�i�s�c�r�e�t�i�z�e�d� 

�2�7



�l�o�a�d� �r�e�c�o�r�d�s� �s�a�m�p�l�e�d� �a�t� �e�q�u�i�d�i�s�t�a�n�t� �t�i�m�e� �i�n�t�e�r�v�a�l�s�.� �T�h�e� �c�o�m�p�l�e�t�e� �c�y�c�l�e� �o�f� �m�o�d�e�l� �b�u�i�l�d�i�n�g� 

�a�n�d� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h�o�u�t� �a�d�d�i�t�i�o�n�a�l� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �u�n�d�e�r�l�y�-� 

�i�n�g� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �T�h�e�r�e�f�o�r�e�,� �a� �l�o�a�d� �m�o�d�e�l� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �o�n� �a�n� �e�m�p�i�r�i�c�a�l� �b�a�s�i�s� 

�f�r�o�m� �o�b�s�e�r�v�e�d� �d�a�t�a� �a�n�d� �r�e�g�e�n�e�r�a�t�i�o�n� �p�e�r�f�o�r�m�e�d� �b�y� �e�v�a�l�u�a�t�i�n�g� �a� �s�y�s�t�e�m� �o�f� �d�i�f�f�e�r�e�n�c�e� 

�e�q�u�a�t�i�o�n�s�.� �T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� �b�u�i�l�d�i�n�g� �a� �d�y�n�a�m�i�c� �m�o�d�e�l� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �v�i�a� �a� �s�y�s�t�e�m� �o�f� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �a�n�d� �o�b�t�a�i�n�i�n�g� �r�e�s�p�o�n�s�e� �d�a�t�a� �t�h�r�o�u�g�h� �n�u�-� 

�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�i�s� �s�y�s�t�e�m�.� 

�S�e�c�o�n�d�l�y�,� �t�h�e�r�e� �i�s� �a� �t�h�e�o�r�e�t�i�c�a�l� �b�a�s�i�s� �f�o�r� �u�s�i�n�g� �A�R�M�A� �m�o�d�e�l�s� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �s�a�m�p�l�i�n�g� 

�o�f� �a� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �r�a�n�d�o�m� �p�r�o�c�e�s�s�.� �B�a�r�t�l�e�t�t� �(�1�9�4�6�)� �s�t�a�t�e�d� �t�h�e� �p�h�y�s�i�c�a�l�l�y� �m�e�a�n�i�n�g�f�u�l� �i�n�-� 

�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �a�n� �A�R�M�A� �m�o�d�e�l� �a�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a� �l�i�n�e�a�r� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �G�i�v�e�n� �a� 

�l�i�n�e�a�r� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �o�f� �o�r�d�e�r� �n�,� �s�u�b�j�e�c�t�e�d� �t�o� �a� �w�h�i�t�e� �n�o�i�s�e� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �a�n�d� �s�a�m�p�l�e�d� 

�a�t� �e�q�u�a�l� �t�i�m�e� �i�n�t�e�r�v�a�l�s�,� �t�h�e� �s�a�m�p�l�e�s� �w�i�l�l� �b�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �a�n� 

�A�R�M�A�(�n�,�n�- ��1�)� �m�o�d�e�l� �g�i�v�e�n� �t�h�e� �r�i�g�h�t� �p�a�r�a�m�e�t�e�r�s� �¢�,� �a�n�d� �@�,�.� �T�h�i�s� �i�m�p�o�r�t�a�n�t� �r�e�s�u�l�t� �p�r�o�-� 

�v�i�d�e�s� �a� �l�i�n�k� �b�e�t�w�e�e�n� �d�y�n�a�m�i�c� �s�y�s�t�e�m�s� �i�n� �d�i�s�c�r�e�t�e� �t�i�m�e� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e�.� �M�o�r�e�o�v�e�r�,� �t�h�e� 

�s�i�m�p�l�i�c�i�t�y� �i�n� �f�o�r�m�i�n�g� �a� �t�i�m�e� �s�e�r�i�e�s� �v�i�a� �a�n� �A�R�M�A� �m�o�d�e�l� �i�s� �n�o�t� �a�c�h�i�e�v�e�d� �a�t� �t�h�e� �c�o�s�t� �o�f� �a�c�c�u�-� 

�r�a�c�y�.� �T�h�e� �A�R�M�A� �m�o�d�e�l� �c�o�r�r�e�c�t�l�y� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �i�r�r�e�g�u�l�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� 

�c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �p�r�o�c�e�s�s� �a�n�d� �i�t� �i�s� �i�n� �f�a�c�t� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �t�o� �s�i�m�u�l�a�t�e� �a� �t�i�m�e� �s�e�r�i�e�s� �v�i�a� �a�n� 

�A�R�M�A� �m�o�d�e�l� �t�h�a�n� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�i�n�g� �a� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�N�a�u� �e�t� �a�l�.�,� �1�9�8�2�)�.� 

�T�h�i�r�d�l�y�,� �A�R�M�A� �m�o�d�e�l�s� �l�e�a�d� �t�o� �t�h�e� �m�o�s�t� �c�o�n�c�i�s�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �a� �r�a�n�d�o�m� �l�o�a�d�i�n�g� �o�f� �a�l�l� 

�p�r�o�p�o�s�e�d� �m�e�t�h�o�d�s�.� �T�h�e� �l�e�v�e�l� �o�f� �r�e�d�u�c�t�i�o�n� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �a�c�t�u�a�l� �d�a�t�a� �a�r�e� �r�e�-� 

�p�l�a�c�e�d� �b�y� �a� �m�o�d�e�l� �i�n�s�t�e�a�d� �o�f� �b�e�i�n�g� �s�u�m�m�a�r�i�z�e�d� �t�h�r�o�u�g�h� �s�o�m�e� �c�o�u�n�t�i�n�g� �m�e�t�h�o�d�.� �N�o� �a�r�b�i�-� 

�t�r�a�r�y� �l�e�v�e�l� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �n�e�e�d�s� �t�o� �b�e� �i�m�p�o�s�e�d� �a�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�e� �c�o�u�n�t�i�n�g� �m�e�t�h�o�d�s�.� �I�t� 

�i�s� �r�a�t�h�e�r� �t�h�e� �o�b�s�e�r�v�e�d� �d�a�t�a� �a�n�d� �i�t�s� �i�n�h�e�r�e�n�t� �c�o�r�r�e�l�a�t�i�o�n� �s�t�r�u�c�t�u�r�e� �t�h�a�t� �w�i�l�l� �d�i�c�t�a�t�e� �t�h�e� �n�e�c�e�s�-� 
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�s�a�r�y� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �a�n� �a�c�c�u�r�a�t�e� �d�e�s�c�r�i�p�t�i�o�n�.� �A�n� �o�b�s�e�r�v�e�d� �r�e�c�o�r�d� �o�f� �t�h�e�o�r�e�t�i�-� 

�c�a�l�l�y� �i�n�f�i�n�i�t�e� �l�e�n�g�t�h� �c�a�n� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �i�s� �u�s�u�a�l�l�y� �m�u�c�h� 

�l�e�s�s� �t�h�a�n� �o�n�e�-�h�u�n�d�r�e�d� �a�n�d� �o�f�t�e�n� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �f�i�v�e� �t�o� �t�w�e�n�t�y�-�f�i�v�e� �(�a�l�l� �r�e�f�e�r�e�n�c�e�s� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w� �f�a�l�l� �i�n�t�o� �t�h�i�s� �r�a�n�g�e�)�.� �T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �c�o�u�n�t�i�n�g� �m�e�t�h�o�d�s� �f�o�r� �w�h�i�c�h� 

�t�h�e� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�m�e�n�t� �d�e�p�e�n�d�s� �o�n� �t�h�e� �d�e�s�i�r�e�d� �r�e�s�o�l�u�t�i�o�n�.� �T�y�p�i�c�a�l�l�y�,� �r�a�i�n�f�l�o�w� �m�a�t�r�i�c�e�s� 

�a�r�e� �o�f� �s�i�z�e� �3�2�x�3�2� �o�r� �e�v�e�n� �6�4�x�6�4�,� �w�h�i�c�h� �t�r�a�n�s�l�a�t�e�s� �i�n�t�o� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �1�0�2�4� �o�r� 

�4�0�9�6� �p�a�r�a�m�e�t�e�r�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �r�a�n�d�o�m� �l�o�a�d� �r�e�c�o�r�d�s� �i�s� �e�x�t�r�e�m�e�l�y� �e�f�f�i�c�i�e�n�t�.� �R�e�g�e�n�e�r�a�t�i�o�n� 

�m�e�r�e�l�y� �i�n�v�o�l�v�e�s� �t�h�e� �b�a�c�k�w�a�r�d� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �a� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n� �o�f� �l�o�w� �o�r�d�e�r�.� �T�h�i�s� �i�s� �i�n� 

�c�o�n�t�r�a�s�t� �t�o� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �m�e�t�h�o�d�,� �f�o�r� �w�h�i�c�h�,� �f�o�r� �e�a�c�h� �p�o�i�n�t� �i�n� �t�h�e� �t�i�m�e� �s�e�r�i�e�s� 

�t�o� �b�e� �g�e�n�e�r�a�t�e�d�,� �a�l�l� �f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t�s� �n�e�e�d� �t�o� �b�e� �u�s�e�d� �v�i�a� �a� �d�i�s�c�r�e�t�e� �i�n�v�e�r�s�e� �F�o�u�r�i�e�r� 

�t�r�a�n�s�f�o�r�m�.� �W�h�i�l�e� �t�h�i�s� �p�r�o�c�e�s�s� �h�a�s� �b�e�c�o�m�e� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �s�i�n�c�e� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �F�a�s�t� 

�F�o�u�r�i�e�r� �T�r�a�n�s�f�o�r�m� �(�C�o�o�l�e�y� �a�n�d� �T�u�k�e�y�,� �1�9�6�5�)�,� �i�t� �s�t�i�l�l� �r�e�q�u�i�r�e�s� �m�o�r�e� �c�a�l�c�u�l�a�t�i�o�n�s� �t�h�a�n� �a�n� 

�A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �M�o�r�e�o�v�e�r�,� �t�r�u�l�y� �r�a�n�d�o�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�e�c�o�r�d�s� �a�r�e� �o�b�t�a�i�n�e�d�,� 

�w�h�e�r�e�a�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �R�a�i�n�f�l�o�w� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �n�o� �c�l�e�a�r� �m�e�t�h�o�d� �h�a�s� �e�v�o�l�v�e�d� �t�o� �a�c�h�i�e�v�e� 

�t�h�i�s�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �m�o�r�e� �t�h�a�n� �o�n�e� �v�a�r�i�a�b�l�e� �n�e�e�d�s� �t�o� �b�e� �c�o�n�-� 

�s�i�d�e�r�e�d�,� �s�i�n�c�e� �i�t� �i�s� �p�h�y�s�i�c�a�l�l�y� �n�o�t� �c�l�e�a�r� �w�h�a�t� �c�o�n�s�t�i�t�u�t�e�s� �a� �c�y�c�l�e� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�u�l�t�i�a�x�i�a�l� 

�l�o�a�d�i�n�g�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �p�r�o�b�l�e�m�a�t�i�c� �i�n� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �f�a�t�i�g�u�e� 

�l�o�a�d�i�n�g�s� �f�o�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�a�s�o�n�s�:� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �m�o�d�e�l� �b�u�i�l�d�i�n�g� �a�n�d� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�s� �n�o�t� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �b�u�t� 

�r�a�t�h�e�r� �i�t�e�r�a�t�i�v�e�.� 
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�M�o�r�e�o�v�e�r�,� �p�r�a�c�t�i�c�a�l� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �n�e�c�e�s�s�a�r�i�l�y� �a�p�p�r�o�x�i�m�a�t�e�.� �M�o�d�e�l� �o�r�d�e�r� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �a�n�d� �h�a�n�d�l�i�n�g� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�y� �a�r�e� �a�r�e�a�s� �o�f� �c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h� �a�n�d� �h�a�v�e� �n�o�t� 

�b�e�e�n� �r�e�s�o�l�v�e�d� �e�n�t�i�r�e�l�y�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �t�h�e� �m�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e�.� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �f�a�t�i�g�u�e� �l�o�a�d� �m�o�d�e�l�i�n�g� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �o�n�l�y� �t�o� �o�b�t�a�i�n� �t�i�m�e� �s�e�r�i�e�s� �t�h�a�t� 

�c�o�n�s�i�s�t� �o�f� �e�x�t�r�e�m�e� �v�a�l�u�e�s� �o�n�l�y�.� �A�R�M�A� �m�o�d�e�l�s�,� �h�o�w�e�v�e�r�,� �g�e�n�e�r�a�t�e� �t�i�m�e� �s�e�r�i�e�s� �t�h�a�t� �c�o�n�t�a�i�n� 

�e�x�t�r�e�m�e�s� �a�n�d� �i�n�t�e�r�m�e�d�i�a�t�e� �p�o�i�n�t�s� �n�e�c�e�s�s�i�t�a�t�i�n�g� �r�e�m�o�v�a�l� �o�f� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �p�o�i�n�t�s� �p�r�i�o�r� �t�o� 

�s�o�m�e� �a�p�p�l�i�c�a�t�i�o�n�.� 

�3�0



�C�H�A�P�T�E�R� �4�.� �F�A�T�I�G�U�E� �L�I�F�E� �C�A�L�C�U�L�A�T�I�O�N� 

�F�a�t�i�g�u�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�r�e� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� �T�h�e� �f�i�r�s�t� �i�n� �d�e�p�t�h� �s�t�u�d�y� �o�n� 

�f�a�t�i�g�u�e� �i�s� �d�u�e� �t�o� �W�o�h�l�e�r� �(�1�8�5�8�)� �w�h�o� �i�n�v�e�s�t�i�g�a�t�e�d� �f�a�i�l�u�r�e�s� �i�n� �r�a�i�l�r�o�a�d� �a�x�l�e�s�.� �R�e�s�e�a�r�c�h� �i�n� 

�t�h�e� �a�r�e�a� �i�s� �s�t�i�l�l� �a�c�t�i�v�e� �t�i�l�l� �t�o�d�a�y�,� �b�e�c�a�u�s�e� �t�h�e� �a�c�t�u�a�l� �p�h�e�n�o�m�e�n�o�n� �o�f� �f�a�t�i�g�u�e� �i�s� �s�t�i�l�l� �n�o�t� �q�u�i�t�e� 

�u�n�d�e�r�s�t�o�o�d�.� 

�F�a�i�l�u�r�e� �d�u�e� �t�o� �f�a�t�i�g�u�e� �o�c�c�u�r�s� �i�n� �t�w�o� �s�t�a�g�e�s�.� �T�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�s� �t�h�e� �s�o� �c�a�l�l�e�d� �i�n�i�t�i�a�t�i�o�n� 

�s�t�a�g�e�,� �i�.�e�.�,� �t�h�e� �t�i�m�e� �i�t� �t�a�k�e�s� �f�o�r� �t�h�e� �l�o�a�d�e�d� �c�o�m�p�o�n�e�n�t� �t�o� �s�h�o�w� �a� �d�e�t�e�c�t�a�b�l�e�,� �e�n�g�i�n�e�e�r�i�n�g� 

�s�i�z�e�,� �c�r�a�c�k�.� �T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �i�s� �t�h�e� �c�r�a�c�k� �g�r�o�w�t�h� �s�t�a�g�e�,� �1�.�e�.� �t�h�e� �t�i�m�e� �i�t� �t�a�k�e�s� �f�o�r� �t�h�e� �i�n�i�t�i�a�l� 

�c�r�a�c�k� �t�o� �g�r�o�w� �u�n�t�i�l� �f�i�n�a�l� �f�a�i�l�u�r�e� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t� �o�c�c�u�r�s�.� �T�h�i�s� �s�t�u�d�y� �w�i�l�l� �c�o�n�s�i�d�e�r� �o�n�l�y� 

�t�h�e� �l�i�f�e� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t� �u�n�t�i�l� �a�n� �i�n�i�t�i�a�l� �c�r�a�c�k� �o�c�c�u�r�s�,� �t�h�e� �s�o� �c�a�l�l�e�d� �i�n�i�t�i�a�t�i�o�n� �l�i�f�e�.� 

�T�o�d�a�y� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �d�o�m�i�n�a�t�e� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �p�r�e�d�i�c�t�i�n�g� �f�a�t�i�g�u�e� �l�i�f�e� �u�n�t�i�l� �t�h�e� �i�n�i�t�i�a�-� 

�t�i�o�n� �o�f� �c�r�a�c�k�s�.� �T�h�e� �s�o� �c�a�l�l�e�d� �s�t�r�e�s�s� �b�a�s�e�d� �a�p�p�r�o�a�c�h� �a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �W�o�h�l�e�r� �(�1�8�5�8�)� �a�n�a�-� 

�l�y�z�e�s� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �c�o�m�p�o�n�e�n�t� �u�n�d�e�r� �s�t�u�d�y�.� �I�t� �i�s� �s�t�i�l�l� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �m�e�t�h�o�d� �i�n� �f�a�t�i�g�u�e� 

�a�n�a�l�y�s�i�s� �d�u�e� �t�o� �i�t�s� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �o�v�e�r�a�l�l� �r�e�l�i�a�b�i�l�i�t�y�.� �T�h�e� �s�o� �c�a�l�l�e�d� �l�o�c�a�l� �s�t�r�a�i�n� �a�p�p�r�o�a�c�h�,� 

�w�a�s� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �l�a�t�e� �1�9�5�0�'�s� �t�h�r�o�u�g�h� �e�a�r�l�y� �1�9�6�0�'�s� �(�e�.�g�.� �C�o�f�f�i�n� �a�n�d� �T�a�v�e�r�n�e�l�l�i�,� �1�9�5�9�;� 

�M�a�n�s�o�n�,� �1�9�6�5�)�,� �a�n� �o�v�e�r�v�i�e�w� �i�s� �b�e�i�n�g� �p�r�o�v�i�d�e�d� �b�y� �D�o�w�l�i�n�g� �e�t� �a�l�.� �(�1�9�7�7�)�.� �T�h�e� �s�t�r�a�i�n� �b�a�s�e�d� 

�a�p�p�r�o�a�c�h� �c�o�n�c�e�r�n�s� �i�t�s�e�l�f� �w�i�t�h� �t�h�e� �p�l�a�s�t�i�c� �s�t�r�a�i�n�s� �o�c�c�u�r�r�i�n�g� �a�t� �t�h�e� �p�o�i�n�t� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �u�n�d�e�r� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�.� �B�o�t�h� �t�h�e� �l�o�c�a�l� �s�t�r�a�i�n� �a�n�d� �s�t�r�e�s�s� �b�a�s�e�d� �a�p�p�r�o�a�c�h�e�s� �r�e�l�a�t�e� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �o�f� �a� 
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�c�o�m�p�o�n�e�n�t� �t�o� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�s� �t�h�r�o�u�g�h� �a� �s�t�r�a�i�n� �o�r� �s�t�r�e�s�s� �v�e�r�s�u�s� �l�i�f�e� �c�u�r�v�e�.� �T�h�i�s� �c�u�r�v�e� �r�e�-� 

�l�a�t�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�y�c�l�e�s� �t�o� �f�a�i�l�u�r�e� �f�o�r� �a� �g�i�v�e�n� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �r�a�n�g�e�,� �w�h�e�r�e� �t�h�e� �t�e�r�m� �c�y�c�l�e� 

�r�e�f�e�r�s� �t�o� �a� �c�o�m�p�l�e�t�e� �r�e�v�e�r�s�a�l� �o�f� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n�,� �a�n�d� �t�h�e� �r�a�n�g�e� �i�s� �t�w�i�c�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�i�s� 

�r�e�v�e�r�s�a�l�.� �M�o�s�t� �m�a�t�e�r�i�a�l�s� �w�i�l�l� �d�e�f�o�r�m� �p�l�a�s�t�i�c�a�l�l�y� �u�n�d�e�r� �c�y�c�l�i�c� �l�o�a�d�i�n�g�,� �a�n�d� �t�h�i�s� �p�l�a�s�t�i�c� �d�e�-� 

�f�o�r�m�a�t�i�o�n� �w�i�l�l� �i�n�d�u�c�e� �h�y�s�t�e�r�e�s�i�s� �l�o�o�p�s�,� �c�a�u�s�i�n�g� �f�a�t�i�g�u�e� �d�a�m�a�g�e�.� 

�C�y�c�l�e� �c�o�u�n�t�i�n�g� �r�e�f�e�r�s� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �s�p�e�c�t�r�u�m� �l�o�a�d�i�n�g�s� �t�o� �i�d�e�n�t�i�f�y� �d�a�m�a�g�i�n�g� �h�y�s�-� 

�t�e�r�e�s�i�s� �l�o�o�p�s�.� �A� �v�a�r�i�e�t�y� �o�f� �m�e�t�h�o�d�s�,� �s�u�c�h� �a�s� �p�e�a�k� �c�o�u�n�t�i�n�g�,� �r�a�n�g�e� �c�o�u�n�t�i�n�g�,� �a�n�d� �l�e�v�e�l� 

�c�r�o�s�s�i�n�g� �c�o�u�n�t�i�n�g� �h�a�v�e� �b�e�e�n� �p�r�o�p�o�s�e�d� �t�o� �c�o�u�n�t� �c�y�c�l�e�s�,� �b�u�t� �t�h�e� �r�a�i�n�f�l�o�w� �c�o�u�n�t�i�n�g� �m�e�t�h�o�d� 

�i�n�t�r�o�d�u�c�e�d� �b�y� �E�n�d�o� �e�t� �a�l�.� �(�1�9�7�4�)� �i�s� �n�o�w� �t�h�e� �m�o�s�t� �w�i�d�e�l�y� �a�c�c�e�p�t�e�d�;� �s�e�e� �a�l�s�o� �A�S�T�M� �(�1�9�8�7�)�.� 

�T�h�e� �t�e�r�m� �c�u�m�u�l�a�t�i�v�e� �d�a�m�a�g�e� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �f�a�t�i�g�u�e� �d�u�e� �t�o� �l�o�a�d�i�n�g�s� 

�w�h�e�r�e� �n�o�t� �a�l�l� �c�y�c�l�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� �r�a�n�g�e�.� �T�h�i�s� �t�y�p�e� �o�f� �g�e�n�e�r�a�l� �i�r�r�e�g�u�l�a�r� �l�o�a�d�i�n�g� �i�s� �o�f�t�e�n� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �s�p�e�c�t�r�u�m� �l�o�a�d�i�n�g�.� �T�h�e� �d�a�m�a�g�e� �c�a�u�s�e�d� �b�y� �a� �s�i�n�g�l�e� �c�y�c�l�e� �i�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� 

�t�h�e� �n�u�m�b�e�r� �o�f� �c�y�c�l�e�s� �t�o� �f�a�i�l�u�r�e�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �t�o�t�a�l� �d�a�m�a�g�e� �f�o�r� �a�n� �i�r�r�e�g�u�l�a�r� �l�o�a�d�i�n�g� �a� 

�v�a�r�i�e�t�y� �o�f� �d�a�m�a�g�e� �a�c�c�u�m�u�l�a�t�i�o�n� �r�u�l�e�s� �e�x�i�s�t�,� �e�.�g�.� �M�a�n�s�o�n� �e�t� �a�l�.�,� �1�9�6�7�;� �M�i�l�l�e�r� �a�n�d� 

�Z�a�c�h�a�r�i�a�h�,� �1�9�7�7�;� �H�a�s�h�i�n� �a�n�d� �R�o�t�e�m�,� �1�9�7�8�.� �T�h�e� �P�a�l�m�g�r�e�n� �(�1�9�2�4�,� �1�9�4�5�)� �-� �M�i�n�e�r� �(�1�9�4�5�)� 

�r�u�l�e�,� �w�h�i�c�h� �a�s�s�e�r�t�s� �t�h�a�t� �f�a�t�i�g�u�e� �f�a�i�l�u�r�e� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� �d�a�m�a�g�e� �o�f� �a�l�l� �c�y�c�l�e�s� 

�r�e�a�c�h�e�s� �u�n�i�t�y�,� �i�s� �t�h�e� �b�e�s�t� �a�v�a�i�l�a�b�l�e� �m�e�t�h�o�d�,� �S�c�h�i�i�t�z� �(�1�9�7�6�)� �c�o�n�c�l�u�d�e�d�.� �T�h�i�s� �s�i�m�p�l�e� �r�u�l�e� 

�w�o�r�k�s� �s�a�t�i�s�f�a�c�t�o�r�i�l�y� �a�c�c�o�r�d�i�n�g� �t�o� �D�o�w�l�i�n�g� �(�1�9�7�2�)� �i�f� �c�a�r�e� �i�s� �t�a�k�e�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �c�y�c�l�e� 

�c�o�u�n�t�i�n�g�,� �m�e�a�n� �s�t�r�e�s�s� �e�f�f�e�c�t� �o�f� �t�h�e� �l�o�a�d�i�n�g�,� �a�n�d� �o�v�e�r�s�t�r�a�i�n� �e�f�f�e�c�t�s�.� 

�4�.�1� �U�n�i�a�x�i�a�l� �C�a�s�e� 

�L�o�a�d�i�n�g� �s�i�t�u�a�t�i�o�n�s� �w�h�e�r�e� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� �c�a�u�s�e�s� �p�r�o�p�o�r�t�i�o�n�a�l� �s�t�r�e�s�s�i�n�g� �a�r�e� �t�h�e� �m�o�s�t� 

�w�i�d�e�l�y� �s�t�u�d�i�e�d�.� �I�t� �i�s� �f�o�r� �t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �s�u�c�h� �a�s� �b�e�n�d�i�n�g�,� �o�r� �t�e�n�s�i�o�n�,� �o�r� �t�o�r�s�i�o�n�,� �t�h�a�t� �t�h�e� �l�o�-� 
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�c�a�l� �s�t�r�a�i�n� �a�p�p�r�o�a�c�h� �w�a�s� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �l�o�c�a�l� �s�t�r�a�i�n� �a�p�p�r�o�a�c�h� �a�s�s�u�m�e�s� �t�h�a�t� �f�a�t�i�g�u�e� �d�a�m�-� 

�a�g�e� �i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �s�u�r�f�a�c�e� �s�t�r�a�i�n� �a�t� �a� �c�r�i�t�i�c�a�l� �l�o�c�a�t�i�o�n� �s�u�c�h� �a�s� �a� �n�o�t�c�h�.� �A�f�t�e�r� �p�e�r�f�o�r�m�-� 

�i�n�g� �a� �r�a�i�n�f�l�o�w� �c�y�c�l�e� �c�o�u�n�t� �o�n� �t�h�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�i�e�s�,� �t�h�e�r�e� �a�r�e� �t�w�o� �p�o�s�s�i�b�l�e� �a�p�p�r�o�a�c�h�e�s�.� 

�T�h�e�y� �a�r�e� �t�h�e� �s�o� �c�a�l�l�e�d� �_�f�u�l�/� �a�n�a�l�y�s�i�s�,� �w�h�i�c�h� �t�a�k�e�s� �a�c�t�u�a�l� �m�e�a�n� �s�t�r�e�s�s�e�s� �i�n�t�o� �a�c�c�o�u�n�t�,� �a�n�d� �t�h�e� 

�s�o� �c�a�l�l�e�d� �b�o�u�n�d�e�d� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�,� �w�h�i�c�h� �d�o�e�s� �n�o�t� �c�o�n�s�i�d�e�r� �a�c�t�u�a�l� �m�e�a�n� �s�t�r�e�s�s�e�s�,� �b�u�t� 

�p�l�a�c�e�s� �p�h�y�s�i�c�a�l�l�y� �m�e�a�n�i�n�g�f�u�l� �b�o�u�n�d�s� �o�n� �t�h�e� �e�x�p�e�c�t�e�d� �l�i�f�e�.� 

�U�s�u�a�l�l�y�,� �t�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �l�o�c�a�l� �s�t�r�a�i�n� �a�p�p�r�o�a�c�h� �i�s� �t�o� �c�o�n�v�e�r�t� �t�h�e� �g�i�v�e�n� �n�o�m�i�n�a�l� �s�t�r�e�s�s� 

�t�o� �a� �l�o�c�a�l� �n�o�t�c�h� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�s�p�o�n�s�e�.� �T�h�i�s� �i�s� �a�c�h�i�e�v�e�d� �t�h�r�o�u�g�h� �e�l�a�s�t�i�c� �p�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�n�-� 

�c�o�r�p�o�r�a�t�i�n�g� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �a�n�d� �i�s� �w�e�l�l� �e�s�t�a�b�l�i�s�h�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �e�.�g�.� 

�B�a�n�n�a�n�t�i�n�e� �e�t� �a�l�.� �(�1�9�9�0�)�,� �D�o�w�l�i�n�g� �(�1�9�9�3�)�,� �F�u�c�h�s� �a�n�d� �S�t�e�p�h�e�n�s� �(�1�9�8�0�)�,� �a�n�d� �S�o�c�i�e� �(�1�9�7�7�)�.� 

�I�n� �t�h�i�s� �s�t�u�d�y�,� �h�o�w�e�v�e�r�,� �t�h�e� �i�s�s�u�e� �o�f� �o�b�t�a�i�n�i�n�g� �t�h�e� �l�o�c�a�l� �s�t�a�i�n�s� �i�s� �a�v�o�i�d�e�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� 

�t�h�e� �r�e�c�o�r�d�e�d� �l�o�a�d�i�n�g� �h�i�s�t�o�r�i�e�s� �a�r�e� �t�h�e� �s�u�r�f�a�c�e� �s�t�r�a�i�n� �a�t� �s�o�m�e� �c�r�i�t�i�c�a�l� �l�o�c�a�t�i�o�n�.� �L�o�c�a�l� 

�s�t�r�e�s�s�e�s�,� �t�h�e�r�e�f�o�r�e�,� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �l�o�c�a�l� �s�t�r�a�i�n�s� �u�s�i�n�g� �t�h�e� �c�y�c�l�i�c� �s�t�r�e�s�s�-�s�t�r�a�i�n� 

�c�u�r�v�e�.� 

�I�f� �t�h�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�y� �i�s� �a�s�s�u�m�e�d� �t�o� �r�e�p�e�a�t� �i�t�s�e�l�f�;� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�t�r�e�s�s�-�s�t�r�a�i�n� �h�y�s�t�e�r�e�s�i�s� 

�l�o�o�p�s� �w�i�l�l� �c�o�n�s�i�s�t� �o�f� �o�n�e� �m�a�j�o�r� �c�y�c�l�e� �d�u�e� �t�o� �t�h�e� �e�x�t�r�e�m�e� �p�e�a�k� �a�n�d� �v�a�l�l�e�y� �i�n� �t�h�e� �h�i�s�t�o�r�y� �a�n�d� 

�a�l�l� �r�e�m�a�i�n�i�n�g� �m�i�n�o�r� �c�y�c�l�e�s� �w�i�l�l� �l�i�e� �i�n�s�i�d�e� �t�h�e� �m�a�j�o�r� �c�y�c�l�e�.� �A� �t�y�p�i�c�a�l� �s�t�r�e�s�s� �s�t�r�a�i�n� �r�e�s�p�o�n�s�e� 

�f�o�r� �t�h�e� �m�a�j�o�r� �a�n�d� �a� �m�i�n�o�r� �c�y�c�l�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�.� 

�T�o� �p�e�r�f�o�r�m� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �h�a�v�e� �t�h�e� �s�t�a�b�l�e� �(�h�a�l�f�-�l�i�f�e�)� �c�y�-� 

�c�l�i�c� �s�t�r�e�s�s�-�s�t�r�a�i�n� �c�u�r�v�e� �(�L�a�n�d�g�r�a�f� �e�t� �a�l�.�,� �1�9�6�9�)� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�l�i�f�e� �c�u�r�v�e� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l�,� 

�1�. ¬�.�,� 
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�F�i�g�u�r�e� �4�.�1�.� �O�u�t�e�r�m�o�s�t�,� �Z�,�,�,� �a�n�d� �a� �t�y�p�i�c�a�l� �i�n�n�e�r�,� �L�,�,� �s�t�r�e�s�s�-�s�t�r�a�i�n� �h�y�s�t�e�r�e�s�i�s� �l�o�o�p�.� 
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� � � �  �� �-�S�2�.�4�(�S�2�)�"� �(�4�.�1�)� 

�e� �=�£�(�2�N�,�)�'� �+�6�;� �(�2�N�,�)�°� �(�4�.�2�)� 

�w�h�e�r�e�  ¬�,� �a�n�d� �o�,�,� �a�r�e� �t�h�e� �s�t�r�a�i�n� �a�n�d� �s�t�r�e�s�s� �a�m�p�l�i�t�u�d�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �E� �i�s� �t�h�e� �e�l�a�s�t�i�c� �m�o�d�u�-� 

�l�u�s�,� �N�,� �i�s� �t�h�e� �l�i�f�e� �i�n� �c�y�c�l�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �z�e�r�o� �m�e�a�n� �s�t�r�e�s�s�,� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �q�u�a�n�t�i�t�i�e�s�,� 

�é�E�'�,�,� �o�'�,�,� �H ��,� �n ��,� �b�,� �a�n�d� �c� �a�r�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �c�u�r�v�e� �f�i�t�t�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� 

�o�b�t�a�i�n�e�d� �f�a�t�i�g�u�e� �s�t�r�e�s�s�-�s�t�r�a�i�n�-�l�i�f�e� �d�a�t�a�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �m�e�a�n� �s�t�r�e�s�s� �o� �o�n� �l�i�f�e� �m�a�y� �b�e� �e�s�t�i�m�a�t�e�d�,� �f�o�r� �e�x�a�m�p�l�e� �a�c�c�o�r�d�i�n�g� �t�o� 

�M�o�r�r�o�w� �(�1�9�6�8�)� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� 

�N�=� �v�(�-�Z�)� �(�4�.�3�)� �L�d� 

�O�F� 

�w�h�e�r�e� �N� �i�s� �t�h�e� �l�i�f�e� �i�n� �c�y�c�l�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �n�o�n�z�e�r�o� �m�e�a�n� �s�t�r�e�s�s�.� 

�A� �p�a�r�t�i�c�u�l�a�r� �r�a�i�n�f�l�o�w� �c�y�c�l�e�,� �C�,�,� �w�h�i�c�h� �f�o�r�m�s� �a� �c�l�o�s�e�d� �l�o�c�a�l� �s�t�r�e�s�s�-�s�t�r�a�i�n� �h�y�s�t�e�r�e�s�i�s� �y�o�?� 

�l�o�o�p�,� �Z�,�,� �s�u�c�h� �a�s� �t�h�e� �o�n�e� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�,� �w�i�t�h� �m�e�a�n�s�,� �o�,� �a�n�d�  ¬�,�,� �a�n�d� �r�a�n�g�e�s�,� �A�o�,� �a�n�d� �i�j�?� 

�A�e� �,�,� �c�a�u�s�e�s� �d�a�m�a�g�e�,� �D�,�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �P�a�l�m�g�r�e�n�-�M�i�n�e�r� �r�u�l�e�,� �t�h�e� �d�a�m�a�g�e�,� �D�,�,�,� �i�s� �d�e�-� 

�f�i�n�e�d� �a�s� 

�D�,� �= ��-� �(�4�.�4�)� 
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�w�h�e�r�e� �n�,� �a�n�d� �N�,�,�,� �7�,�7� �=� �1�,� �2�,� �.�.�.�,�.�M�,� �a�r�e� �t�h�e� �n�u�m�b�e�r�s� �o�f� �c�y�c�l�e�s� �c�o�u�n�t�e�d� �a�n�d� �t�h�e� �n�u�m�b�e�r� 

�o�f� �c�y�c�l�e�s� �t�o� �f�a�i�l�u�r�e� �(�l�i�f�e�)� �f�o�r� �t�h�e� �g�i�v�e�n� �c�y�c�l�e�,� �C�,�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �M� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�q�u�a�l� 

�c�l�a�s�s� �i�n�t�e�r�v�a�l�s� �t�h�e� �l�o�a�d�i�n�g� �r�a�n�g�e� �w�a�s� �d�i�v�i�d�e�d� �i�n�t�o�.� �T�h�e� �c�o�m�p�o�n�e�n�t� �l�i�f�e�,� �N�,�,� �i�s� �t�h�e�n� �c�a�l�c�u�-� 
�A�t� �M� 

�l�a�t�e�d� �f�r�o�m� �t�h�e� �i�n�d�u�c�e�d� �d�a�m�a�g�e� �d�u�e� �t�o� �»� �>�i�n�,� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �a�s� 
�i�=�l� �j�=�l� 

�M� �M� �|� 
�N�,� �-�|�3� �3�0�,� �|� �(�4�.�5�)� 

�w�h�e�r�e� �J�V�,� �i�s� �g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �b�l�o�c�k�s� �(�r�e�p�e�t�i�t�i�o�n�s�)� �o�f� �t�h�e� �l�o�a�d� �h�i�s�t�o�r�y�.� 

�4�.�1�.�1� �F�u�l�l� �A�n�a�l�y�s�i�s� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �c�o�m�p�l�e�t�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�y� �i�s� �a�v�a�i�l�a�b�l�e� �a�n�d� �a�s�s�u�m�e�d� �t�o� �r�e�p�e�a�t� �i�t�s�e�l�f� 

�c�o�n�t�i�n�u�o�u�s�l�y�,� �t�h�e� �h�i�s�t�o�r�y� �m�a�y� �b�e� �r�e�o�r�d�e�r�e�d� �t�o� �s�t�a�r�t� �w�i�t�h� �t�h�e� �h�i�g�h�e�s�t� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� 

�s�t�r�a�i�n�.� �T�h�i�s� �r�e�o�r�d�e�r�i�n�g� �s�i�m�p�l�i�f�i�e�s� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �f�o�r� �e�a�c�h� 

�c�y�c�l�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�.� �U�s�i�n�g� �E�q�s�.� �(�4�.�1�)�-�(�4�.�3�)�,� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �f�o�r� �e�a�c�h� �c�y�c�l�e� �f�o�r�m�e�d� �c�a�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d�,� �w�h�e�r�e� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�c�t� �m�e�a�n� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �f�o�r� �e�a�c�h� �c�y�c�l�e� �a�n�d� �a�c�c�o�u�n�t� 

�f�o�r� �t�h�e�i�r� �i�n�f�l�u�e�n�c�e� �o�n� �f�a�t�i�g�u�e� �l�i�f�e� �a�c�c�u�r�a�t�e�l�y�.� �T�h�i�s� �l�e�a�d�s� �t�o� �t�h�e� �m�o�s�t� �a�c�c�u�r�a�t�e� �a�n�a�l�y�t�i�c�a�l� �l�i�f�e� 

�p�r�e�d�i�c�t�i�o�n� �c�u�r�r�e�n�t�l�y� �a�v�a�i�l�a�b�l�e� �(�M�T�S� �S�y�s�t�e�m�s�,� �1�9�9�1�)�.� 

�4�.�1�.�2� �B�o�u�n�d�e�d� �L�i�f�e� �C�a�l�c�u�l�a�t�i�o�n� 

�W�h�e�n� �t�h�e� �l�o�a�d� �h�i�s�t�o�r�y� �i�s� �r�e�d�u�c�e�d� �t�o� �a� �r�a�i�n�f�l�o�w� �m�a�t�r�i�x�,� �i�n�f�o�r�m�a�t�i�o�n� �r�e�g�a�r�d�i�n�g� �t�h�e� �s�e�q�u�e�n�c�e� 

�o�f� �l�o�a�d�i�n�g� �i�s� �l�o�s�t� �d�e�s�p�i�t�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�i�s� �s�e�q�u�e�n�c�e� �m�a�y� �a�f�f�e�c�t� �f�a�t�i�g�u�e� �l�i�f�e�.� �S�o�c�i�e� �e�t� �a�l�.� 

�(�1�9�7�9�)�,� �t�h�e�r�e�f�o�r�e�,� �m�o�t�i�v�a�t�e�d� �t�h�e� �i�d�e�a� �t�o� �p�u�t� �b�o�u�n�d�s� �o�n� �t�h�e� �e�x�p�e�c�t�e�d� �l�i�f�e� �o�f� �a� �c�o�m�p�o�n�e�n�t� 
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�s�u�b�j�e�c�t�e�d� �t�o� �l�o�a�d�i�n�g�s� �r�e�c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �r�a�i�n�-�f�l�o�w� �m�a�t�r�i�c�e�s�.� �C�o�n�l�e� �a�n�d� �L�a�n�d�g�r�a�f� �(�1�9�8�3�)� 

�s�u�b�m�i�t�t�e�d� �a� �c�o�m�p�l�e�t�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m�,� �D�o�w�l�i�n�g� �a�n�d� �K�h�o�s�r�o�v�a�n�e�h� �(�1�9�8�9�)� �a�n�d� 

�K�h�o�s�r�o�v�a�n�e�h� �(�1�9�8�9�)� �p�r�o�v�i�d�e�d� �m�o�r�e� �d�e�t�a�i�l�.� 

�C�y�c�l�e�s� �t�h�a�t� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �b�y� �t�h�e�i�r� �r�a�n�g�e� �a�n�d� �m�e�a�n� �v�a�l�u�e� �i�n� �s�t�r�a�i�n� �t�h�e�n� �p�e�r�m�i�t� �o�n�e� �t�o� 

�p�l�a�c�e� �b�o�u�n�d�s� �o�n� �t�h�e� �p�o�s�s�i�b�l�e� �l�o�c�a�l� �m�e�a�n� �s�t�r�e�s�s� �f�o�r� �t�h�e� �s�u�b�-�c�y�c�l�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1� �f�o�r� 

�t�h�e� �l�o�w�e�r� �b�o�u�n�d�,� �a�n�d� �i�n� �F�i�g�.� �4�.�2� �f�o�r� �t�h�e� �u�p�p�e�r� �b�o�u�n�d�.� �S�i�m�i�l�a�r� �b�o�u�n�d�s� �m�a�y� �b�e� �p�l�a�c�e�d� �o�n� 

�t�h�e� �l�o�c�a�l� �m�e�a�n� �s�t�r�e�s�s�e�s� �f�o�r� �a�l�l� �r�a�i�n�f�l�o�w� �s�u�b�c�y�c�l�e�s�.� �T�h�e�s�e� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d� �i�n� �t�w�o� �s�e�p�a�r�a�t�e� 

�l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�s� �b�a�s�e�d� �o�n� �E�q�s�.� �(�4�.�1�)�-�(�4�.�3�)�.� �T�h�e�s�e� �b�o�u�n�d�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�x�t�r�e�m�e�s� �i�n� �l�i�f�e� 

�f�r�o�m� �a�l�l� �p�o�s�s�i�b�l�e� �s�e�q�u�e�n�c�e� �t�h�a�t� �c�o�u�l�d� �b�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �a� �r�a�i�n�f�l�o�w� �m�a�t�r�i�x�.� �A� �l�i�f�e� �p�r�e�-� 

�d�i�c�t�i�o�n� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�u�l�l� �a�n�a�l�y�s�i�s�,� �w�i�l�l�,� �t�h�e�r�e�f�o�r�e�,� �a�l�w�a�y�s� �f�a�l�l� �w�i�t�h�i�n� �t�h�e�s�e� �b�o�u�n�d�s�.� �I�t� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e�s�e� �b�o�u�n�d�s� �a�r�e� �u�s�u�a�l�l�y� �r�e�a�s�o�n�a�b�l�y� �c�l�o�s�e� �a�n�d� �g�i�v�e� �l�i�f�e� �p�r�e�d�i�c�t�i�o�n�s� 

�t�h�a�t� �a�r�e� �w�e�l�l� �w�i�t�h�i�n� �t�h�e� �s�c�a�t�t�e�r� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �r�e�s�u�l�t�s�.� �M�o�r�e�o�v�e�r�,� �f�o�r� �l�o�w� 

�s�t�r�a�i�n� �l�e�v�e�l�s�,� �i�.�e�.� �a�t� �l�o�n�g� �l�i�v�e�s�,� �t�h�e� �d�a�m�a�g�e� �i�n�d�u�c�e�d� �b�y� �s�m�a�l�l� �c�y�c�l�e�s� �b�e�c�o�m�e�s� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� 

�I�t� �i�s� �t�h�e� �m�a�j�o�r� �c�y�c�l�e� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �a�l�m�o�s�t� �e�n�t�i�r�e�l�y� �t�h�e� �r�e�s�u�l�t�i�n�g� �f�a�t�i�g�u�e� �l�i�f�e�.� �T�h�e� �m�e�a�n� 

�s�t�r�e�s�s� �o�f� �t�h�e� �m�a�j�o�r� �c�y�c�l�e� �i�s� �p�r�o�p�e�r�l�y� �a�c�c�o�u�n�t�e�d� �f�o�r� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �b�o�u�n�d�s� �w�i�l�l� �c�o�n�-� 

�v�e�r�g�e� �t�o� �e�a�c�h� �o�t�h�e�r� �a�s� �t�h�e� �s�t�r�a�i�n� �l�e�v�e�l� �i�s� �l�o�w�e�r�e�d�.� 

�4�.�1�.�3�.� �C�r�i�t�e�r�i�o�n� �t�o� �C�o�m�p�a�r�e� �U�n�i�a�x�i�a�l� �F�a�t�i�g�u�e� �L�i�v�e�s� 

�I�n� �C�h�a�p�t�e�r� �3� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �a� �c�r�i�t�e�r�i�o�n� �t�o� �c�o�m�p�a�r�e� �t�h�e� �c�l�o�s�e�n�e�s�s� �o�f� �t�w�o� �r�e�c�o�r�d�s� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e�i�r� �f�a�t�i�g�u�e� �l�i�v�e�s� �i�s� �n�e�e�d�e�d�.� �T�h�e� �b�o�u�n�d�e�d� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n� �p�l�a�c�e�s� �p�h�y�s�i�c�a�l�l�y� 

�m�e�a�n�i�n�g�f�u�l� �b�o�u�n�d�s� �o�n� �t�h�e� �l�i�f�e� �o�f� �a� �c�o�m�p�o�n�e�n�t�.� �I�f� �t�h�i�s� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �t�o� �a�n� �o�r�i�g�i�n�a�l� 

�l�o�a�d�i�n�g�,� �a� �p�o�s�s�i�b�l�e� �c�r�i�t�e�r�i�o�n� �i�s� �t�o� �d�e�m�a�n�d� �t�h�a�t� �a�n�y� �r�e�c�o�n�s�t�r�u�c�t�e�d� �l�o�a�d�i�n�g� �h�a�s� �a� �l�i�f�e�,� �c�a�l�c�u�-� 

�l�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�u�l�l� �a�n�a�l�y�s�i�s�,� �w�h�i�c�h� �i�s� �(�n�e�a�r�l�y�)� �i�n�s�i�d�e� �t�h�e�s�e� �b�o�u�n�d�s�.� 
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�F�i�g�u�r�e� �4�.�2�.� �O�u�t�e�r�m�o�s�t�,� �Z�,�,�,� �a�n�d� �t�h�e� �i�n�n�e�r�,� �L�,� �,�»� �s�t�r�e�s�s�-�s�t�r�a�i�n� �h�y�s�t�e�r�e�s�i�s� �l�o�o�p� �c�o�r�r�e�s�p�o�n�d�-� 

�i�n�g� �t�o� �u�p�p�e�r� �b�o�u�n�d� �o�f� �l�o�o�p� �i�n� �F�i�g�.� �4�.�1�.� 
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�4�.�2� �M�u�l�t�i�a�x�i�a�l� �C�a�s�e� 

�M�u�l�t�i�a�x�i�a�l� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �s�t�a�t�e�s� �o�c�c�u�r� �w�h�e�n� �t�h�e� �l�o�a�d�i�n�g� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �i�n� �m�o�r�e� �t�h�a�n� 

�o�n�e� �d�i�r�e�c�t�i�o�n�,� �o�r� �w�h�e�n� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t� �i�s� �c�o�m�p�l�e�x�.� �F�a�t�i�g�u�e� �l�i�f�e� �c�a�l�c�u�l�a�-� 

�t�i�o�n�s� �f�o�r� �a� �m�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �s�t�a�t�e� �a�r�e� �a�n� �a�r�e�a� �o�f� �c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h�.� �N�o� �s�i�n�-� 

�g�l�e� �m�e�t�h�o�d� �h�a�s� �e�m�e�r�g�e�d� �a�s� �a� �r�e�l�i�a�b�l�e� �a�n�a�l�y�s�i�s� �t�o�o�l� �t�o� �p�r�e�d�i�c�t� �f�a�t�i�g�u�e� �l�i�f�e� �a�n�d� �c�o�r�r�e�l�a�t�e� �t�e�s�t� 

�r�e�s�u�l�t�s�.� �R�a�t�h�e�r� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�e�s� �a�r�e� �p�u�r�s�u�e�d� �a�n�d� �r�e�v�i�e�w�e�d� �b�y� �L�e�e�s�e� �(�1�9�8�8�)�.� 

�T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �u�s�e�s� �a�n� �e�n�e�r�g�y� �b�a�s�e�d� �c�r�i�t�e�r�i�o�n� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� �a�m�o�u�n�t� �o�f� �p�l�a�s�t�i�c� �w�o�r�k� 

�r�e�q�u�i�r�e�d� �t�o� �c�a�u�s�e� �f�a�t�i�g�u�e� �f�a�i�l�u�r�e� �(�G�a�r�u�d�,� �1�9�8�1�)�.� �W�h�i�l�e� �t�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �p�r�e�d�i�c�t�i�o�n�s� 

�w�h�i�c�h� �a�g�r�e�e� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �i�n�t�e�g�r�a�t�e� �t�h�i�s� �m�e�t�h�o�d� �i�n�t�o� �d�e�s�i�g�n� 

�a�n�d� �t�e�s�t�i�n�g� �o�f� �c�o�m�p�o�n�e�n�t�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�r� �l�o�n�g� �l�i�f�e�,� �o�n�l�y� �l�i�t�t�l�e� �p�l�a�s�t�i�c� �w�o�r�k� �i�s� �i�n�v�o�l�v�e�d� 

�a�n�d� �t�h�e� �e�f�f�e�c�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �q�u�a�n�t�i�f�y�.� �F�i�n�a�l�l�y�,� �f�a�t�i�g�u�e� �d�a�m�a�g�e� �i�s� �i�n�d�u�c�e�d� �a�l�o�n�g� �p�r�e�f�e�r�r�e�d� 

�d�i�r�e�c�t�i�o�n�s�,� �b�u�t� �a�n� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h� �i�s� �a� �s�c�a�l�a�r� �c�o�n�c�e�p�t� �t�h�e�r�e�b�y� �i�g�n�o�r�i�n�g� �t�h�e� �p�h�y�s�i�c�a�l� �p�r�o�c�-� 

�e�S�S�.� 

�A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �c�o�n�c�e�p�t� �a�s� �d�e�r�i�v�e�d� �f�r�o�m� 

�c�l�a�s�s�i�c�a�l� �t�h�e�o�r�y� �o�f� �y�i�e�l�d� �c�r�i�t�e�r�i�a�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �r�e�d�u�c�e�s� �t�h�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�a�t�e� �o�f� 

�s�t�r�e�s�s� �t�o� �a�n� �e�q�u�i�v�a�l�e�n�t� �o�r� �e�f�f�e�c�t�i�v�e� �u�n�i�a�x�i�a�l� �s�t�r�e�s�s�.� �T�h�i�s� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� �t�h�e�n� �c�a�n� �b�e� �u�s�e�d� �i�n� 

�c�o�m�b�i�n�a�t�i�o�n� �w�i�t�h� �t�h�e� �u�n�i�a�x�i�a�l� �l�o�c�a�l� �s�t�r�a�i�n� �a�p�p�r�o�a�c�h� �t�o� �e�s�t�i�m�a�t�e� �f�a�t�i�g�u�e� �l�i�f�e�.� �B�r�o�w�n� �a�n�d� 

�M�i�l�l�e�r� �(�1�9�8�2�)� �r�e�v�i�e�w�e�d� �t�h�e� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �i�n� �t�h�i�s� �a�p�p�r�o�a�c�h�.� �A�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� 

�m�e�t�h�o�d� �i�s� �i�t�s� �s�i�m�p�l�i�c�i�t�y�,� �w�h�i�c�h� �m�a�k�e�s� �i�t� �u�s�e�f�u�l� �f�o�r� �b�a�s�i�c� �e�n�g�i�n�e�e�r�i�n�g� �a�p�p�l�i�c�a�t�i�o�n�s�.� �A�l�s�o�,� 

�t�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �g�o�o�d� �p�r�e�d�i�c�t�i�o�n�s� �i�n� �h�i�g�h� �c�y�c�l�e� �f�a�t�i�g�u�e�,� �i�.�e�.� �l�o�n�g� �l�i�f�e�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� 

�t�h�i�s� �m�e�t�h�o�d� �p�e�r�f�o�r�m�s� �p�o�o�r�l�y� �i�n� �t�h�e� �c�a�s�e� �o�f� �n�o�n�p�r�o�p�o�r�t�i�o�n�a�l� �l�o�a�d�i�n�g�,� �i�.�e�.� �w�h�e�r�e� �t�h�e� �p�r�i�n�c�i�-� 

�p�a�l� �a�x�e�s� �o�f� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �r�o�t�a�t�e� �d�u�r�i�n�g� �l�o�a�d�i�n�g�.� �M�o�r�e�o�v�e�r�,� �n�o� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� 
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�b�e�t�w�e�e�n� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� �o�r� �s�t�r�a�i�n� �a�n�d� �t�h�e� �f�a�t�i�g�u�e� �p�h�e�n�o�m�e�n�o�n� �e�x�i�s�t�s�.� 

�T�h�e� �t�h�i�r�d� �a�n�d� �m�o�s�t� �r�e�c�e�n�t�l�y� �d�e�v�e�l�o�p�e�d� �m�e�t�h�o�d� �t�o� �m�o�d�e�l� �f�a�t�i�g�u�e� �l�i�f�e� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� 

�a�p�p�r�o�a�c�h� �(�B�r�o�w�n� �a�n�d� �M�i�l�l�e�r�,� �1�9�7�3�)�.� �T�h�i�s� �m�o�d�e�l� �c�o�n�s�i�d�e�r�s� �t�h�e� �p�l�a�n�e� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �o�n� 

�w�h�i�c�h� �t�h�e� �c�o�m�b�i�n�e�d� �s�h�e�a�r� �s�t�r�e�s�s� �a�m�p�l�i�t�u�d�e� �a�n�d� �m�e�a�n� �n�o�r�m�a�l� �s�t�r�e�s�s�,� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �i�n�i�t�i�a�t�-� 

�i�n�g� �f�a�t�i�g�u�e�,� �a�r�e� �m�o�s�t� �s�e�v�e�r�e�.� �B�r�o�w�n� �a�n�d� �M�i�l�l�e�r� �(�1�9�8�5�)� �p�o�i�n�t� �o�u�t� �t�h�e� �n�e�e�d� �f�o�r� �t�w�o� �c�r�i�t�i�c�a�l� 

�p�l�a�n�e�s� �t�o� �d�i�s�t�i�n�g�u�i�s�h� �b�e�t�w�e�e�n� �c�r�a�c�k� �i�n�i�t�i�a�t�i�o�n� �a�n�d� �c�r�a�c�k� �g�r�o�w�t�h�.� �T�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �a�p�-� 

�p�r�o�a�c�h� �y�i�e�l�d�s� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t� �a�n�d� �p�r�e�d�i�c�t�i�o�n�,� �e�v�e�n� �f�o�r� �n�o�n�p�r�o�p�o�r�-� 

�t�i�o�n�a�l� �l�o�a�d�i�n�g�.� �E�v�e�n� �t�h�o�u�g�h� �a� �c�o�m�m�o�n�l�y� �a�g�r�e�e�d� �o�n� �c�r�i�t�e�r�i�o�n� �f�o�r� �d�e�f�i�n�i�n�g� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� 

�h�a�s� �n�o�t� �b�e�e�n� �f�o�u�n�d�,� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �a�p�p�r�o�a�c�h� �s�e�e�m�s� �t�o� �b�e� �t�h�e� �m�o�s�t� �s�u�i�t�a�b�l�e� �a�p�p�r�o�a�c�h�.� 

�T�h�i�s� �i�s� �b�e�c�a�u�s�e� �o�f� �i�t�s� �c�o�r�r�e�c�t� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �h�o�w� �d�a�m�a�g�e� �i�s� �i�n�d�u�c�e�d� �a�n�d� �c�r�a�c�k�s� 

�w�i�l�l� �a�c�t�u�a�l�l�y� �g�r�o�w�.� 

�4�.�2�.�1� �S�i�m�p�l�i�f�i�e�d� �C�r�i�t�i�c�a�l� �P�l�a�n�e� �A�p�p�r�o�a�c�h� 

�J�u�n�e�j�a� �(�1�9�9�2�)� �d�e�v�e�l�o�p�e�d� �a� �m�u�l�t�i�a�x�i�a�l� �f�a�t�i�g�u�e� �d�a�m�a�g�e� �m�o�d�e�l� �f�o�r� �a�p�p�r�o�x�i�m�a�t�e�l�y� �p�r�o�p�o�r�-� 

�t�i�o�n�a�l� �l�o�a�d�i�n�g�.� �T�h�i�s� �m�o�d�e�l� �i�s� �u�s�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�u�d�y� �t�o� �c�o�n�f�i�r�m� �t�h�e� �a�g�r�e�e�m�e�n�t� �i�n� �l�i�f�e� �f�o�r� 

�m�u�l�t�i�a�x�i�a�l� �l�o�a�d� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�,� �a�n�d� �i�t� �i�s� �t�h�e�r�e�f�o�r�e� �b�r�i�e�f�l�y� �r�e�v�i�e�w�e�d�.� �T�h�e� �a�n�a�l�y�s�i�s�,� �b�a�s�e�d� �o�n� 

�t�h�e� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �f�a�t�i�g�u�e� �d�a�m�a�g�e� �p�r�o�c�e�s�s�,� �i�s� �c�o�n�d�u�c�t�e�d� �b�y� �f�i�r�s�t� �o�b�t�a�i�n�i�n�g� 

�t�h�e� �c�r�i�t�i�c�a�l� �f�a�t�i�g�u�e� �d�a�m�a�g�e� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �i�s� �f�o�u�n�d� �v�i�a� �a� �h�i�s�t�o�g�r�a�m� �t�e�c�h�-� 

�n�i�q�u�e�,� �i�n�t�r�o�d�u�c�e�d� �b�y� �B�o�n�n�e�n� �e�t� �a�l�.� �(�1�9�9�1�)�.� �F�i�r�s�t�,� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� �v�e�c�t�o�r�s�,� �i�.�e�.�,� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� �v�a�l�u�e�s� �a�n�d� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �o�r�i�e�n�t�a�t�i�o�n�s�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� �r�e�f�e�r�e�n�c�e� 

�o�r�i�e�n�t�a�t�i�o�n�,� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �i�n� �t�h�e� �h�i�s�t�o�r�y�.� �A� �h�i�s�t�o�g�r�a�m� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� 

�v�a�l�u�e�s� �a�n�d� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �o�r�i�e�n�t�a�t�i�o�n�s� �i�s� �t�h�e�n� �f�o�r�m�e�d� �f�o�r� �t�h�e� �e�n�t�i�r�e� �h�i�s�t�o�r�y�.� �S�i�n�c�e� �t�h�e� 

�c�o�u�n�t�s� �i�n� �t�h�e� �h�i�s�t�o�g�r�a�m� �r�e�p�r�e�s�e�n�t� �t�h�e� �n�u�m�b�e�r� �o�f� �d�a�t�a� �p�o�i�n�t�s� �i�n� �t�h�e� �h�i�s�t�o�r�y� �f�o�r� �w�h�i�c�h� �a� �p�a�r�-� 
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�t�i�c�u�l�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� �v�a�l�u�e� �a�n�d� �r�e�s�p�e�c�t�i�v�e� �o�r�i�e�n�t�a�t�i�o�n� �o�c�c�u�r�r�e�d�,� �t�h�e� �d�i�s�t�r�i�-� 

�b�u�t�i�o�n� �o�f� �t�h�e�s�e� �c�o�u�n�t�s� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� �a�n�g�l�e� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�y�c�l�i�n�g� �o�f� �t�h�e� 

�s�t�r�a�i�n� �e�v�e�n�t�s� �f�o�r� �t�h�a�t� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �o�r�i�e�n�t�a�t�i�o�n� �f�o�r� �w�h�i�c�h� �t�h�e� �l�a�r�g�e�s�t� �s�p�r�e�a�d� �o�f� �p�r�i�n�c�i�p�a�l� 

�s�t�r�a�i�n� �v�a�l�u�e�s� �i�s� �c�o�v�e�r�e�d� �w�i�t�h� �t�h�e� �m�o�s�t� �n�o�n�z�e�r�o� �v�a�l�u�e�s� �i�n� �d�i�f�f�e�r�e�n�t� �b�i�n�s� �i�s� �c�h�o�s�e�n� �t�o� �b�e� �t�h�e� 

�c�r�i�t�i�c�a�l� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �f�a�t�i�g�u�e� �c�r�a�c�k�s� �i�n�i�t�i�a�t�e� �a�n�d� �g�r�o�w� �o�n� �t�h�i�s� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �a�n�d� �l�e�a�d� �t�o� 

�f�a�i�l�u�r�e� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�.� �A�f�t�e�r� �s�e�l�e�c�t�i�n�g� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e�,� �t�h�e� �s�t�r�a�i�n� �h�i�s�t�o�r�y� �i�s� �t�r�a�n�s�-� 

�f�o�r�m�e�d� �a�l�o�n�g� �a�n�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�i�s� �p�l�a�n�e�,� �a�n�d� �t�h�e�s�e� �a�r�e� �t�a�k�e�n� �t�o� �b�e� �t�h�e� �n�e�w� �p�r�i�n�c�i�p�a�l� 

�d�i�r�e�c�t�i�o�n�s�.� 

�T�w�o� �f�a�t�i�g�u�e� �f�a�i�l�u�r�e� �m�o�d�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �F�i�r�s�t�,� �a�n� �a�n�a�l�y�s�i�s� �i�n�v�e�s�t�i�g�a�t�i�n�g� �f�a�i�l�u�r�e� �d�u�e� 

�t�o� �n�o�r�m�a�l� �s�t�r�a�i�n� �o�n� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �i�s� �p�e�r�f�o�r�m�e�d�.� �T�h�e� �u�n�i�a�x�i�a�l� �c�y�c�l�i�c� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n� 

�o�f� �E�q�.� �(�4�.�1�)� �i�s� �m�o�d�i�f�i�e�d� �t�o� �a� �s�i�m�i�l�a�r� �f�o�r�m� 

� � � � �é�,�= ��3� �(�4�:� �J� �(�4�.�6�)� 

�w�h�e�r�e� �&�,� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�t�r�a�i�n� �a�n�d� �G�,� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�t�r�e�s�s� �a�m�p�l�i�t�u�d�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �M�o�r�e�-� 

�o�v�e�r�,� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s�,� �F�E�,� �H ��,� �a�n�d� �n �� �o�f� �E�q�.� �(�4�.�1�)� �a�r�e� �a�d�j�u�s�t�e�d� �t�o� �r�e�f�l�e�c�t� �t�h�e� �b�i�a�x�i�a�l� 

�S�t�a�t�e� �s�t�r�e�s�s� �s�t�a�t�e� �o�n� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e� �a�n�d� �b�e�c�o�m�e� �F�.�,� �H ��,� �a�n�d� �n ��,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �p� �n�>� �4�1�,� �n� �P�p� �y� 

�T�h�e� �m�o�d�i�f�i�e�d� �s�t�r�a�i�n� �l�i�f�e� �e�q�u�a�t�i�o�n� �t�h�e�n� �b�e�c�o�m�e�s� 

�1�-�0�5�A� 

�V�1�-�A�+�7�?� 
�é�,� �=� �+� �(�2�N�,�) �� �+�e�"�,� �(�2�N�,�)�°� �(�4�.�7�)� 

�w�h�e�r�e� �v� �1�s� �P�o�i�s�s�o�n�'�s� �r�a�t�i�o� �a�n�d� �A� �i�s� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s� �a�m�p�l�i�t�u�d�e� �r�a�t�i�o�.� 
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�J�u�n�e�j�a� �(�1�9�9�2�)� �p�r�o�p�o�s�e�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �m�e�a�n� �s�t�r�e�s�s�e�s� �b�y� �m�o�d�i�f�y�i�n�g� �M�o�r�r�o�w�'�s� �m�o�d�e�l� 

�s�u�c�h� �a�s� 

� � �N�=� �n�i� �o� �(�4�.�8�)� 

�w�h�e�r�e� �o� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �m�e�a�n� �s�t�r�e�s�s� �a�n�d� �o�,� �t�h�e� �e�f�f�e�c�t�i�v�e� �f�a�t�i�g�u�e� �s�t�r�e�n�g�t�h� �c�o�e�f�f�i�c�i�e�n�t�.� 

�T�h�e� �s�t�r�a�i�n� �l�i�f�e� �e�q�u�a�t�i�o�n� �i�n�c�o�r�p�o�r�a�t�i�n�g� �m�e�a�n� �s�t�r�e�s�s�e�s� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �S�m�i�t�h�-�W�a�t�s�o�n�-� 

�T�o�p�p�e�r� �(�S�o�c�i�e�,� �1�9�8�7�)� �m�o�d�e�l� �i�s� 

�9�2� 

�O�m�e� �o�t� �=� �0�'�8�'�,�(�2�N�)� �+�L� �a�n�) �� �(�4�.�9�)� 
�m�a�x� 

�w�h�e�r�e� �¢ ¬�,� �i�s� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n� �a�m�p�l�i�t�u�d�e� �a�n�d� �0�,� �i�s� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�e�s�s� �o�n� �t�h�e� �p�r�i�n�c�i�p�a�l� 

�s�t�r�a�i�n� �p�l�a�n�e� �d�u�r�i�n�g� �a� �c�y�c�l�e�.� 

�T�h�e� �o�t�h�e�r� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �c�o�n�s�i�d�e�r�s� �t�h�e� �c�a�s�e� �w�h�e�r�e� �s�h�e�a�r� �s�t�r�a�i�n�s� �d�o�m�i�n�a�t�e� �t�h�e� �d�a�m�a�g�e� 

�o�n� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�a�n�e�.� �T�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �m�o�d�e�l� �p�r�o�p�o�s�e�d� �b�y� �S�o�c�i�e� �(�1�9�8�7�)� �c�o�n�s�i�d�e�r�s� �t�h�e� 

�m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�a�i�n� �a�m�p�l�i�t�u�d�e�,� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �t�e�n�s�i�l�e� �s�t�r�e�s�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �p�l�a�n�e� 

�o�f� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�a�i�n�,� �t�o� �b�e� �t�h�e� �d�a�m�a�g�e� �p�a�r�a�m�e�t�e�r� �i�n� �t�h�e� �s�t�r�a�i�n� �l�i�f�e� �e�q�u�a�t�i�o�n�.� �I�n�c�l�u�d�i�n�g� 

�m�e�a�n� �s�t�r�e�s�s� �e�f�f�e�c�t� �t�h�e� �s�t�r�a�i�n� �l�i�f�e� �e�q�u�a�t�i�o�n� �i�s� 

� � 

�O�o� �c� �T�y� �b� 
�1�+ �� �|�=�y�'�(�2�N�)� �+ ��(�2�N� �4�.�1�0� �Y�o� �|� �r�'�,�(� �)� �G� �(� �)� �(� �)� 
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�w�h�e�r�e� �y�/�,� �i�s� �t�h�e� �s�h�e�a�r� �f�a�t�i�g�u�e� �d�u�c�t�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�,� �r�/�,� �i�s� �t�h�e� �s�h�e�a�r� �f�a�t�i�g�u�e� �s�t�r�e�n�g�t�h� �c�o�e�f�f�i�-� 

�c�i�e�n�t�,� �G� �i�s� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s�,� �y�,�,�,�.� �i�s� �t�h�e� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�a�i�n� �a�m�p�l�i�t�u�d�e�,� �o�,� �i�s� �t�h�e� 

�m�a�x�i�m�u�m� �t�e�n�s�i�l�e� �s�t�r�e�s�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�a�i�n� �p�l�a�n�e�,� �a�n�d� �o�,� �i�s� �t�h�e� 

�y�i�e�l�d� �s�t�r�e�n�g�t�h�.� �A�c�c�o�r�d�i�n�g� �t�o� �S�o�c�i�e� �(�1�9�8�7�)�,� �t�h�e� �s�h�o�r�t�e�r� �o�f� �t�h�e� �t�w�o� �l�i�v�e�s� �o�f� �E�q�s�.� �(�4�.�9�)� �a�n�d� 

�(�4�.�1�0�)� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� �a�s� �t�h�e� �m�o�s�t� �a�p�p�r�o�p�r�i�a�t�e� �e�s�t�i�m�a�t�e� �o�f� �l�i�f�e�.� 

�U�s�i�n�g� �t�h�e� �P�a�l�m�g�r�e�n�-�M�i�n�e�r� �r�u�l�e�,� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �i�r�r�e�g�u�l�a�r� �l�o�a�d�i�n�g�s�.� 

�A�l�l� �t�h�r�e�e� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�s�.� �(�4�.�7�)�,� �(�4�.�9�)�,� �a�n�d� 

�(�4�.�1�0�)� �a�n�d� �t�h�e� �s�h�o�r�t�e�s�t� �l�i�f�e�,� �i�.�e�.� �t�h�e� �m�o�s�t� �c�o�n�s�e�r�v�a�t�i�v�e� �e�s�t�i�m�a�t�e�,� �w�i�l�l� �b�e� �r�e�p�o�r�t�e�d�.� 
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�C�H�A�P�T�E�R� �5�.� �R�A�N�D�O�M� �F�A�T�I�G�U�E� �L�O�A�D� �M�O�D�E�L� 

�T�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �t�o� �d�e�s�c�r�i�b�e� �f�a�t�i�g�u�e� �r�a�n�d�o�m� �l�o�a�d� �h�i�s�t�o�r�i�e�s� �i�s� �i�n�t�r�o�d�u�c�e�d� �h�e�r�e�.� �I�t� �i�s� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �b�o�t�h� �s�t�a�t�i�o�n�a�r�y� �a�n�d� �n�o�n�s�t�a�t�i�o�n�a�r�y� �c�a�s�e�s�,� �a�n�d� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�i�e�s� �c�a�n� �b�e� �m�o�d�-� 

�e�l�e�d� �a�s� �b�e�i�n�g� �e�i�t�h�e�r� �d�e�t�e�r�m�i�n�i�s�t�i�c� �o�r� �s�t�o�c�h�a�s�t�i�c�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �s�i�n�g�l�e� �c�h�a�n�n�e�l� �c�a�s�e� �i�s� �i�n�-� 

�c�l�u�d�e�d� �a�s� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e� �o�f� �t�h�e� �p�r�e�s�e�n�t�e�d� �m�u�l�t�i�c�h�a�n�n�e�l� �m�o�d�e�l�.� 

�5�.�1� �A�s�s�u�m�p�t�i�o�n�s� 

�T�h�e� �t�i�m�e� �h�i�s�t�o�r�y� �i�s� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �a� �z�e�r�o�-�m�e�a�n� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �a�n�d� �e�v�e�n�t�s� 

�w�h�i�c�h� �a�f�f�e�c�t� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �b�o�t�h� �t�h�e� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e�.� �M�e�a�n� �a�n�d� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� 

�c�o�m�p�o�n�e�n�t�s� �c�o�n�t�r�i�b�u�t�e� �d�i�s�t�i�n�c�t�l�y� �t�o� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �(�P�S�D�)� �o�f� �t�h�e� �c�o�m�b�i�n�e�d� 

�p�r�o�c�e�s�s�.� �T�h�e� �m�e�a�n� �v�a�r�i�a�t�i�o�n� �i�s� �o�f� �s�l�o�w�l�y� �v�a�r�y�i�n�g� �n�a�t�u�r�e� �a�n�d� �c�o�n�t�r�i�b�u�t�e�s� �o�n�l�y� �t�o� �t�h�e� �l�o�w� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �t�h�e� �P�S�D�,� �w�h�i�l�e� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �v�a�r�i�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �m�a�y� �a�f�f�e�c�t� 

�t�h�e� �P�S�D� �a�t� �a�n�y� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �v�a�r�i�a�n�c�e�,� �e�v�e�n� �t�h�o�u�g�h� �a�l�s�o� �a�s�s�u�m�e�d� �t�o� �b�e� �o�f� 

�s�l�o�w�l�y� �v�a�r�y�i�n�g� �n�a�t�u�r�e�,� �h�o�w�e�v�e�r�,� �c�a�n�n�o�t� �b�e� �d�e�t�e�c�t�e�d� �i�n� �a� �P�S�D� �p�l�o�t� �o�f� �t�h�e� �w�h�o�l�e� �h�i�s�t�o�r�y�.� �I�t� 

�c�o�u�l�d� �o�n�l�y� �b�e� �s�e�e�n� �i�f� �t�h�e� �e�v�o�l�u�t�i�o�n�a�r�y� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �(�P�r�i�e�s�t�l�e�y�,� �1�9�6�5�)�,� �1�.�e�.�,� �t�h�e� 

�P�S�D� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�,� �w�a�s� �k�n�o�w�n�.� 

�M�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n� �o�f� �e�a�c�h� �c�h�a�n�n�e�l� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� 

�v�a�r�i�a�t�i�o�n�s� �o�f� �o�t�h�e�r� �c�h�a�n�n�e�l�s�,� �w�h�i�l�e� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �v�a�r�i�a�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�r�r�e�-� 
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�l�a�t�e�d� �a�m�o�n�g� �c�h�a�n�n�e�l�s�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �a�n�d� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �c�o�m�-� 

�p�o�n�e�n�t�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �e�a�c�h� �o�t�h�e�r�.� 

�F�o�r� �t�h�e� �c�a�s�e�s� �s�t�u�d�i�e�d�,� �t�h�e� �r�a�n�d�o�m� �l�o�a�d�i�n�g�s� �r�e�p�r�e�s�e�n�t� �a�c�t�u�a�l� �d�a�t�a� �o�f� �t�h�e� �s�t�r�a�i�n� �r�e�s�p�o�n�s�e� 

�a�t� �a� �g�i�v�e�n� �p�o�i�n�t� �o�f� �a� �v�e�h�i�c�l�e� �t�r�a�v�e�l�i�n�g� �o�v�e�r� �a� �r�o�u�g�h� �r�o�a�d�.� �T�h�e� �i�r�r�e�g�u�l�a�r� �r�o�a�d� �p�r�o�f�i�l�e� �i�n�-� 

�d�u�c�e�s� �s�t�r�a�i�n�,� �w�h�i�c�h� �h�a�s� �a� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �n�a�t�u�r�e�,� �w�h�i�l�e� �m�a�n�e�u�v�e�r�s�,� �s�u�c�h� �a�s� �s�t�e�e�r�i�n�g� �o�r� 

�c�h�a�n�g�e� �i�n� �v�e�l�o�c�i�t�y�,� �i�n�d�u�c�e� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�t�i�o�n�s� �i�n� �s�t�r�a�i�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �m�e�a�n� �a�n�d� �v�a�r�i�-� 

�a�n�c�e�.� �T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �m�a�n�e�u�v�e�r�s� �b�e�i�n�g� �o�f� �s�l�o�w� �v�a�r�y�i�n�g� �n�a�t�u�r�e� �i�s� �j�u�s�t�i�f�i�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �a�c�t�u�a�l� �d�r�i�v�i�n�g� �b�e�h�a�v�i�o�r� �(�M�c�L�e�a�n� �a�n�d� �H�o�f�f�m�a�n�n�,� �1�9�7�1�)�.� 

�5�.�2� �T�i�m�e� �S�e�r�i�e�s� �M�o�d�e�l� 

�T�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �m�u�l�t�i�c�h�a�n�n�e�l� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�y� �w�i�t�h� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�o�d�e�l� �t�h�e�n� �i�s� �e�m�p�l�o�y�e�d�:� 

�x�X�,� �=�m�,�+�S�,�-�0�,� �(�5�.�1�)� 

�T� 

�w�h�e�r�e� �x�,� �=� �[�x�t� �b�e�e� �x�! �� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �u�n�d�e�r�l�y�i�n�g� �h�i�s�t�o�r�y�,� �c�o�n�s�i�s�t�i�n�g� �o�f� �7� �c�h�a�n�n�e�l�s�,� 
�T� 

�m�,� �=� �[�m � �� �v�e�e� �m�m�! �� �i�s� �t�h�e� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �m�e�a�n� �v�a�l�u�e�,� �s�,� �i�s� �a� �(�7� �x�n�)� �d�i�-� 

�a�g�o�n�a�l� �m�a�t�r�i�x� �w�i�t�h� �e�l�e�m�e�n�t�s� �s�f� �a�s� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�s� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� 

�v�a�r�i�a�n�c�e�,� �a�n�d� �n�,� �=� �[�n �� �w�e�s� �n�i ��)� �l� �a� �z�e�r�o�-�m�e�a�n� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �p�r�o�c�e�s�s�.� �T�h�e� �f�o�l�l�o�w�-� 

�i�n�g� �s�e�c�t�i�o�n�s� �w�i�l�l� �s�h�o�w� �h�o�w� �e�a�c�h� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �E�q�.� �(�5�.�1�)� �a�r�e� �m�o�d�e�l�e�d�.� �F�o�r� �s�i�m�-� 

�p�l�i�c�i�t�y�,� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �w�i�l�l� �b�e� �s�h�o�w�n� �o�n�l�y� �f�o�r� �t�h�e� �s�c�a�l�a�r� �c�o�m�p�o�n�e�n�t�s�,� �m�!�?�,� �s�,� �n�{�,� �w�h�e�r�e� 

�t�h�e� �v�e�c�t�o�r� �a�n�d� �m�a�t�r�i�x� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �c�o�m�b�i�n�i�n�g� �a�l�l� �7� �c�o�m�p�o�n�e�n�t�s�.� �A�l�s�o� �f�o�r� 

�c�o�n�v�e�n�i�e�n�c�e�,� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �/� �w�i�l�l� �b�e� �d�r�o�p�p�e�d� �w�h�e�r�e� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �a� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� 
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�v�e�c�t�o�r� �o�r� �m�a�t�r�i�x� �i�s� �i�m�p�l�i�e�d�.� �A�l�s�o�,� �i�t� �i�s� �u�n�d�e�r�s�t�o�o�d� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r� �¢� �r�e�f�e�r�s� �t�o� �d�i�s�c�r�e�t�e� 

�p�o�i�n�t�s� �i�n� �t�i�m�e�,� �a�s� �t�h�i�s� �s�t�u�d�y� �i�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �m�o�d�e�l�i�n�g� �s�a�m�p�l�e�d� �t�i�m�e� �s�e�r�i�e�s�.� 

�5�.�2�.�1� �M�e�a�n� �D�e�s�c�r�i�p�t�i�o�n� 

�T�o� �m�i�n�i�m�i�z�e� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �m�e�a�n� �v�a�r�i�a�t�i�o�n� �i�n� �a� 

�d�e�t�e�r�m�i�n�i�s�t�i�c� �m�a�n�n�e�r� �a� �t�r�u�n�c�a�t�e�d� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �i�s� �u�s�e�d� �s�u�c�h� �t�h�a�t� 

�M�n� 

�m�,� �=� �5�4� �+� �>� �l�a� �c�o�s�(�@�,�k�t� �A�t� �)�+�6�,� �s�i�n�(�@�,�k�t� �A�t�)�|� �(�5�.�2�)� 
�k�=�l� 

�w�h�e�r�e� �A�f� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�,� �a�,� �=�2�2�/�(�N� �A�t�)� �i�s� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �f�r�e�-� 

�q�u�e�n�c�y�,� �A�f�,� �a�n�d� �N� �a�r�e� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �t�r�u�n�c�a�t�e�d� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �a�n�d� �t�h�e� �t�o�t�a�l� 

�n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �p�o�i�n�t�s� �o�f� �t�h�e� �h�i�s�t�o�r�y�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �a�,� �a�n�d� �6�,� �a�r�e� �t�h�e� �d�i�s�c�r�e�t�e� 

�F�o�u�r�i�e�r� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �M�,� �«� �(�N�/�2�-�1�)�,� �m�,� �w�i�l�l� �b�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �l�o�w� 

�f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �x�,�,� �i�.�e�.�,� �i�t�s� �m�e�a�n� �v�a�r�i�a�t�i�o�n�.� �T�h�e� �v�a�l�u�e� �o�f� �7�,� �i�s� �f�o�u�n�d� �s�u�c�h� �t�h�a�t� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�n�d� �t�r�u�n�c�a�t�e�d� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �y�i�e�l�d�s� �a� �p�r�o�c�e�s�s�,� �d�,�,� 

�w�h�i�c�h� �i�s� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�'�s� �m�e�a�n�,� 

�(�5�.�3�)� 

�T�o� �f�i�n�d� �t�h�e� �p�a�r�a�m�e�t�e�r� �1�7�,� �o�n�e� �m�e�t�h�o�d� �i�s� �g�i�v�e�n� �b�y� �B�u�x�b�a�u�m� �a�n�d� �Z�a�s�c�h�e�l� �(�1�9�7�7�)�,� �w�h�o� 

�a�n�a�l�y�z�e� �t�h�e� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �t�o� �d�e�c�i�d�e� �w�h�i�c�h� �p�a�r�t� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�p�e�c�t�r�u�m� �i�s� �d�u�e� �t�o� �s�t�a�-� 

�t�i�o�n�a�r�y� �r�a�n�d�o�m� �l�o�a�d�i�n�g�s� �a�n�d� �n�o�n�s�t�a�t�i�o�n�a�r�y� �l�o�a�d�i�n�g�s�.� �F�i�l�t�e�r�i�n�g� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� 

�a�l�l�o�w�s� �o�n�e� �t�o� �s�e�p�a�r�a�t�e� �t�h�e� �t�w�o� �c�o�m�p�o�n�e�n�t�s�.� �T�h�i�s�,� �h�o�w�e�v�e�r�,� �i�s� �o�f�t�e�n� �d�i�f�f�i�c�u�l�t� �a�s� �i�n�f�o�r�m�a�-� 

�t�i�o�n� �r�e�g�a�r�d�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �t�h�e� �a�c�t�u�a�l� �i�n�p�u�t� �s�p�e�c�t�r�u�m� �a�r�e� �s�e�l�d�o�m� 
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�a�v�a�i�l�a�b�l�e�.� �T�h�e�r�e�f�o�r�e�,� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �s�e�r�i�e�s� �d�,� �i�s� �i�n�d�e�e�d� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �i�t�s� �m�e�a�n� �v�a�l�u�e�,� �t�h�e� �m�e�t�h�o�d�s� �o�f� �n�o�n�p�a�r�a�m�e�t�r�i�c� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �u�s�e�d�.� 

�5�.�2�.�2� �V�a�r�i�a�n�c�e� �D�e�s�c�r�i�p�t�i�o�n� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �z�e�r�o� �m�e�a�n� �c�o�m�p�o�n�e�n�t�,� �s�,�-�n�,�,� �t�h�e�n� �n�e�e�d�s� �t�o� �b�e� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �i�t�s� �r�e�s�p�e�c�t�i�v�e� 

�c�o�m�p�o�n�e�n�t�s�.� �T�o� �m�o�d�e�l� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �i�n� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�a�n�n�e�r�,� �a� �m�e�t�h�o�d� �s�i�m�i�-� 

�l�a�r� �t�o� �t�h�e� �o�n�e� �f�o�r� �t�h�e� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �i�s� �u�s�e�d�.� �T�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� 

�f�u�n�c�t�i�o�n� �t�h�a�t� �r�e�n�d�e�r�s� �t�h�e� �q�u�o�t�i�e�n�t� �d�,�/�s�,� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�a�n�c�e�.� �T�h�i�s� �i�s� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �s�a�y�i�n�g� �t�h�a�t� �s�,� �i�s� �d�e�f�i�n�e�d� �a�s� �a�n� �e�s�t�i�m�a�t�o�r� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �d�,�.� �I�n� 

�o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �d�,� �a� �p�r�o�c�e�d�u�r�e� �a�s� �s�h�o�w�n� �b�y� �N�a�u� �e�t� �a�l�.� �(�1�9�8�2�)� 

�i�s� �e�m�p�l�o�y�e�d�.� 

�F�o�r� �t�h�e� �z�e�r�o� �m�e�a�n� �t�i�m�e� �s�e�r�i�e�s�,� �d�,�,� �s�a�m�p�l�e�d� �a�t� �d�i�s�c�r�e�t�e� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �i�n�t�e�r�v�a�l�s�,� �a� �s�i�m�-� 

�p�l�e� �e�s�t�i�m�a�t�e�,� �o�?�,� �f�o�r� �t�h�e� �t�r�u�e� �v�a�r�i�a�n�c�e�,� �o�?� �,� �i�s� �o�b�t�a�i�n�e�d� �v�i�a� �a� �m�o�v�i�n�g� �w�i�n�d�o�w� �s�u�c�h� �a�s� 

�o�=�S�\� �w�d� �(�5�.�4�)� 

�3�
 

�w� �,�=�l� �w�,�2�0� �(�5�.�5�)� 

�T�o� �d�e�t�e�r�m�i�n�e� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �s�i�z�e�,� �7�,� �o�f� �t�h�e� �w�i�n�d�o�w�,� �i�n�f�e�r�e�n�c�e� �m�e�t�h�o�d�s� �f�r�o�m� �c�l�a�s�s�i�c�a�l� 

�s�t�a�t�i�s�t�i�c�s� �c�a�n� �b�e� �u�s�e�d�.� �V�i�a� �a� �C�h�i� �S�q�u�a�r�e� �t�e�s�t� �a� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�a�n� �b�e� �c�o�n�s�t�r�u�c�t�e�d� 
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�(�M�i�l�l�e�r� �a�n�d� �F�r�e�u�n�d�,� �1�9�7�7�)� �s�u�c�h� �a�s� 

�X�n�-�v�i�-�a� �<� �c�o�;� �<� �L�n�-�i�a� 
�(�5� �6�)� 

�n�-�1� �|�}� �o�°�®� �|� �n�e�l� �t� 

� � 

�w�h�e�r�e� �o�?� �i�s� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �t�r�u�e� �v�a�r�i�a�n�c�e�,� �G�?� �i�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e�,� �a�n�d� �y�7�_�,�,� �i�n�d�i�-� 

�c�a�t�e�s� �t�h�e� �C�h�i� �S�q�u�a�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �(�7�-�1�)� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�t� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l� �a�.� 

�F�o�r� �a�n� �a�c�c�e�p�t�a�b�l�e� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �o�f� �2�5�%� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�u�s�t� �h�o�l�d� 

�0�.�7�5�<�G�?�/�o�?� �<�1�2�5�.� �T�h�e�s�e� �b�o�u�n�d�s�,� �w�i�t�h� �a� �c�h�o�s�e�n� �v�a�l�u�e� �o�f� �a� �=� �0�.�9�,� �r�e�q�u�i�r�e� �a� �m�i�n�i�m�u�m� 

�n�u�m�b�e�r� �o�f� �n�=� �9�6�,� �t�h�e�r�e�f�o�r�e�,� �a� �v�a�l�u�e� �o�f� �»� �=� �1�0�0� �i�s� �c�h�o�s�e�n� �t�o� �a�c�c�u�r�a�t�e�l�y� �e�s�t�i�m�a�t�e� �t�h�e� �t�r�u�e� 

�v�a�r�i�a�n�c�e�,� �o�°�.� �F�o�r� �o�t�h�e�r� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l�s� �a�n�d� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r�s� �s�e�e� �T�a�b�l�e� �5�.�1�.� 

�T�h�e� �s�i�m�p�l�e�s�t� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n� �i�s� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �o�n�e�,� �i�.�e�.� �w�,� �=� �1�/�(�n�+�1�)�.� �H�o�w�-� 

�e�v�e�r�,� �i�t� �i�s� �u�s�u�a�l�l�y� �p�r�e�f�e�r�a�b�l�e� �t�o� �u�s�e� �a� �m�o�r�e� �g�r�a�d�u�a�l�l�y� �v�a�r�y�i�n�g� �w�i�n�d�o�w�,� �s�u�c�h� �t�h�a�t� �n�e�i�g�h�b�o�r�-� 

�i�n�g� �p�o�i�n�t�s� �h�a�v�e� �a� �s�t�r�o�n�g�e�r� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �t�h�a�n� �p�o�i�n�t�s� �t�h�a�t� �a�r�e� 

�f�u�r�t�h�e�r� �a�w�a�y� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �o�b�s�e�r�v�a�t�i�o�n�.� �N�a�u� �e�t� �a�l�.� �(�1�9�8�2�)� �u�s�e� �a� �c�o�s�i�n�e� �b�e�l�l� �s�h�a�p�e�d� 

�w�i�n�d�o�w�,� �w�h�i�l�e� �i�n� �t�h�i�s� �s�t�u�d�y�,� �f�o�r� �s�i�m�p�l�i�c�i�t�y�,� �a� �t�r�i�a�n�g�u�l�a�r� �w�i�n�d�o�w� �i�s� �i�n�t�r�o�d�u�c�e�d� �s�u�c�h� �t�h�a�t� 

�4� 
�>� �f�o�r� �0�<�j�<�2� 
�n� �2� 

�m�y� �4�4� �n� �O�D� 
�-�=�z�J�j�+�7� �f�o�r�  ��<�j�<�n� 

�n� �n� �2� 

�N�a�u� �e�t� �a�l�.� �(�1�9�8�2�)� �s�h�o�w� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �v�i�a� �E�q�.� �(�5�.�4�)� �t�e�n�d�s� �t�o� �b�e� �b�i�-� 

�a�s�e�d� �i�n� �a� �s�y�s�t�e�m�a�t�i�c� �w�a�y�.� �P�e�a�k� �v�a�l�u�e�s� �i�n� �v�a�r�i�a�n�c�e� �w�i�l�l� �b�e� �u�n�d�e�r�e�s�t�i�m�a�t�e�d�,� �w�h�i�l�e� �e�s�t�i�m�a�t�e�d� 

�t�r�o�u�g�h�s� �w�i�l�l� �b�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�r�u�e� �v�a�l�u�e�s�.� �I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �m�o�r�e� �a�c�c�u�-� 
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�T�a�b�l�e� �5�.�1�.� 

�T�a�b�l�e� �§�.�2�.� 

�C�h�i�-�S�q�u�a�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�.� 

� � 

�n�-� �s�a�m�p�l�e� �s�i�z�e� 
� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � � � � � 
� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�e�r�r�o�r� �a� �=� �0�.�9�8� �a� �=� �0�.�9�5� �a� �=� �0�.�9�0� 

�1�0�%� �1�0�2�4� �7�3�1� �5�1�9� 

�2�0�%� �2�7�4� �1�9�3� �1�3�4� 

�2�5�%� �1�9�6� �1�3�8� �9�6� 

�3�0�%� �1�3�2� �9�3� �6�4� 

�4�0�%� �7�9� �5�6� �3�8� 

�5�0�%� �5�4� �3�8� �2�6� 

�S�t�u�d�e�n�t�'�s� �-�d�i�s�t�r�i�b�u�t�i�o�n� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�.� 

�n�-� �s�a�m�p�l�e� �s�i�z�e� 

�e�r�r�o�r� �a� �=� �0�.�9�8� �a� �=� �0�.�9�5� �a� �=� �0�.�9�0� 

�1�0�%� �4�5�1� �3�2�0� �2�2�6� 

�2�0�%� �1�2�6� �9�0� �6�4� 

�2�5�%� �9�0� �6�3� �4�5� 

�3�0�%� �6�0� �4�3� �3�1� 

�4�0�%� �3�6� �2�6� �1�9� 

�5�0�%� �2�5� �1�8� �1�3� � � � � � � � � 
� � 

�4�9� 

� � 

� 



�r�a�t�e� �e�s�t�i�m�a�t�e� �a� �c�o�r�r�e�c�t�i�o�n� �c�o�u�l�d� �b�e� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�i�s� �k�n�o�w�n� �d�e�v�i�a�t�i�o�n�.� �H�o�w�-� 

�e�v�e�r�,� �a�s� �a� �c�o�n�c�i�s�e�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �o�n�l�y� �a�p�p�r�o�x�i�m�a�t�e�,� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �i�s� �d�e�s�i�r�e�d�,� 

�n�o� �f�u�r�t�h�e�r� �r�e�f�i�n�e�m�e�n�t� �i�s� �p�e�r�f�o�r�m�e�d�.� 

�o�,� �t�h�e�n� �g�i�v�e�s� �a�n� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �d�,� �a�n�d� �c�a�n�,� �t�h�e�r�e�f�o�r�e�,� �b�e� �u�s�e�d� 

�t�o� �d�e�r�i�v�e� �a�n� �e�s�t�i�m�a�t�e� �f�o�r� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�.� 

�T�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� �c�o�n�c�i�s�e�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �o�,�.� �T�h�e� �f�a�c�t� �t�h�a�t� �o�,� �i�s� 

�n�o�t� �e�v�e�n�l�y� �d�i�s�t�r�i�b�u�t�e�d� �m�a�k�e�s� �i�t� �d�i�f�f�i�c�u�l�t� �t�o� �p�o�s�t�u�l�a�t�e� �m�o�d�e�l�s� �t�h�a�t� �w�o�u�l�d� �d�e�s�c�r�i�b�e� �i�t�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �B�o�x� �a�n�d� �C�o�x� �(�1�9�6�4�)� �i�s� �c�o�m�m�o�n�l�y� �u�s�e�d� �t�o� �e�n�h�a�n�c�e� 

�s�y�m�m�e�t�r�y� 

�t� �(�5�.�8�)� �t� 

�~� �B�C� �o�*� �8�6� �f�o�r� �«�=� �A� �#�0� 
�l�o�g�o�,� �f�o�r� �A�=�0� 

�w�h�e�r�e� �o�?�°� �i�n�d�i�c�a�t�e�s� �t�h�e� �B�o�x� �C�o�x� �t�r�a�n�s�f�o�r�m� �o�f� �G�,�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �2� �o�f� �t�h�i�s� �p�o�w�e�r� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �l�e�a�d�s� �t�o� �a� �l�o�g�a�r�i�t�h�m�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�o�r� �2� �=�0� �a�n�d� �t�o� �n�o� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�f�o�r� �A�=�1�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �/� �i�s� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�e�r�i�e�s� �h�a�s� �z�e�r�o� �s�k�e�w�n�e�s�s�,� 

�i�.�e�.� �i�t� �b�e�c�o�m�e�s� �s�y�m�m�e�t�r�i�c�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �a�b�o�u�t� �i�t�'�s� �m�e�a�n�,� �i�n� �o�r�d�e�r� �t�o� �f�a�c�i�l�i�t�a�t�e� �m�o�d�e�l�i�n�g� �b�y� 

�a� �h�a�r�m�o�n�i�c� �f�u�n�c�t�i�o�n�.� �I�f� �m�o�r�e� �t�h�a�n� �o�n�e� �v�a�l�u�e� �o�f� �/� �f�u�l�f�i�l�l�s� �t�h�i�s� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� 

�t�i�m�e� �s�e�r�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e�s�e� �v�a�l�u�e�s� �o�f� �A� �a�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�e�r�i�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �w�i�t�h� �t�h�e� �g�i�v�e�n� �v�a�l�u�e�s� �o�f� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �f�o�r� �e�a�c�h� �4�.� �A� �n�o�r�m�a�l�i�z�e�d� �e�r�r�o�r�,� 

 ¬�,� �b�e�t�w�e�e�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �h�i�s�t�o�g�r�a�m� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�e�r�i�e�s� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� 

�J�u�n�c�t�i�o�n� �(�p�d�f�)� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �A�n�g� �a�n�d� 

�T�a�n�g� �(�1�9�7�5�)� �a�s� 

�5�0



�e�o� �y�t�d� �(�5�.�9�)� 

�w�h�e�r�e�,� �J� �d�e�n�o�t�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�v�a�l�s� �t�h�e� �t�o�t�a�l� �r�a�n�g�e� �o�f� �6�°� �w�a�s� �d�i�v�i�d�e�d� �i�n�t�o�,� �A�,� �i�n�d�i�-� 

�c�a�t�e�s� �t�h�e� �r�e�l�a�t�i�v�e� �f�r�e�q�u�e�n�c�y� �o�f� �a� �c�e�r�t�a�i�n� �v�a�l�u�e� �o�f� �7�°�,� �a�n�d� �f� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� 

�t�h�e� �p�d�f� �e�v�a�l�u�a�t�e�d� �a�t� �t�h�e� �s�a�m�e� �v�a�l�u�e� �o�f� �o�?�°�.� �T�h�e� �v�a�l�u�e� �o�f� �A� �t�h�a�t� �l�e�a�d�s� �t�o� �t�h�e� �m�i�n�i�m�u�m� 

�e�r�r�o�r�,�  ¬�,� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �o�p�t�i�m�a�l� �p�a�r�a�m�e�t�e�r�.� 

�I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �i�s� �a� �t�r�u�n�c�a�t�e�d� �F�o�u�r�i�e�r� �s�e�r�i�e�s� 

�M�,� 
�s�r�e� �=� �x�e� �+� �>�I� �e� �c�o�s�(�w�,� �A�t� �A�r�)�+�d�,� �s�i�n�(�w�,�k�t� �A�t�)� �(�5�.�1�0�)� �t� 

�k�=�]� 

�w�h�e�r�e� �a�s� �b�e�f�o�r�e� �A�?� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�,� �w�,� �=� �2�7�/� �(�N� �A�r�)� �i�s� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� 

�f�r�e�q�u�e�n�c�y�,� �M�/�,� �a�n�d� �N� �a�r�e� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �t�r�u�n�c�a�t�e�d� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �a�n�d� �t�h�e� �t�o�t�a�l� 

�n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �p�o�i�n�t�s� �o�f� �t�h�e� �h�i�s�t�o�r�y�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �c�,� �a�n�d� �d�,� �a�r�e� �t�h�e� �d�i�s�c�r�e�t�e� 

�F�o�u�r�i�e�r� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�o�r� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e� �w�h�e�r�e� �M�,� �=�(�N�/�2�-�1�)�,� �s�?�°� �=�o�7�°�,� �w�h�i�l�e� �f�o�r� 

�M�,� �<�(�N�/�2�-�1�)�,� �s�?�°� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �o�?�°� �l�e�a�d�i�n�g� �t�o� �s�,� �a�s� �a� �s�u�i�t�a�b�l�e� �s�c�a�l�i�n�g� �f�u�n�c�-� 

�t�i�o�n�.� �T�h�e� �v�a�l�u�e� �o�f� �M�,� �i�s� �f�o�u�n�d� �s�u�c�h� �t�h�a�t� �s�°�°� �a�n�d� �G�°� �h�a�v�e� �a� �p�r�e�s�c�r�i�b�e�d� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�-� 

�f�i�c�i�e�n�t� �o�f� �p�o�;� �=� �0�.�9�5�.� �M�,� �i�s� �m�u�c�h� �s�m�a�l�l�e�r� �t�h�a�n� �(�N�/�2�-�1�)�,� �s�i�n�c�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �v�a�r�i�a�n�c�e� 

�h�a�s� �b�e�e�n� �c�a�l�c�u�l�a�t�e�d� �v�i�a� �a�n� �a�v�e�r�a�g�e� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �o�f� �s�l�o�w�l�y� �v�a�r�y�i�n�g� �n�a�t�u�r�e�.� 

�5�.�2�.�3� �R�a�n�d�o�m� �C�o�m�p�o�n�e�n�t� �D�e�s�c�r�i�p�t�i�o�n� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t�,� �n�,�,� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �A�R�M�A� �m�o�d�e�l� 

�o�f� �a�p�p�r�o�p�r�i�a�t�e� �o�r�d�e�r�.� �A� �v�e�c�t�o�r� �A�R�M�A� �m�o�d�e�l� �i�s� �e�m�p�l�o�y�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �c�o�r�r�e�l�a�t�i�o�n�s� 

�5�]



�a�m�o�n�g� �c�o�m�p�o�n�e�n�t�s�,� �7 ��,� �o�f� �n�,�.� �N�o� �c�o�m�m�o�n�l�y� �a�g�r�e�e�d� �o�n� �a�p�p�r�o�a�c�h� �o�f� �m�o�d�e�l� �s�e�l�e�c�t�i�o�n� �f�o�r� 

�v�e�c�t�o�r� �A�R�M�A� �m�o�d�e�l�s� �h�a�s� �b�e�e�n� �f�o�u�n�d�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �m�o�d�e�l� �o�r�-� 

�d�e�r� �s�e�l�e�c�t�i�o�n� �w�i�l�l� �b�e� �i�d�e�n�t�i�c�a�l� �f�o�r� �b�o�t�h� �s�i�n�g�l�e�-� �a�n�d� �m�u�l�t�i�-�c�h�a�n�n�e�l� �c�a�s�e�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�p�r�o�p�e�r� �A�R�M�A� �m�o�d�e�l� �i�s� �m�a�d�e� �s�u�c�h� �t�h�a�t� �a� �p�a�r�s�i�m�o�n�i�o�u�s� �m�o�d�e�l� �i�s� �c�h�o�s�e�n� �a�c�c�o�r�d�i�n�g� �t�o� 

�S�e�c�t�i�o�n� �3�.�4�.� 

�5�.�3� �N�o�n�p�a�r�a�m�e�t�r�i�c� �S�t�a�t�i�s�t�i�c�s� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �a� �s�e�q�u�e�n�c�e� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �i�s� �o�f� �r�a�n�d�o�m� �n�a�t�u�r�e�,� �s�t�a�t�i�s�t�i�c�a�l� 

�t�e�s�t�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� �O�b�s�e�r�v�a�t�i�o�n�s� �c�a�n� �b�e� �e�i�t�h�e�r� �i�n�d�i�v�i�d�u�a�l� �e�v�e�n�t�s�,� �o�r� �a� �c�o�m�m�o�n� 

�m�e�a�s�u�r�e� �o�f� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �e�v�e�n�t�s�,� �s�u�c�h� �a�s� �t�h�e� �i�n�t�e�r�v�a�l� �m�e�a�n�,� �4�,� �f�o�r� �a� �g�i�v�e�n� �i�-�t�h� �i�n�t�e�r�v�a�l� �o�f� 

�a� �h�i�s�t�o�r�y�.� �I�f� �n�o� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�e�q�u�e�n�c�e� �i�s� �a�v�a�i�l�a�b�l�e�,� �a� 

�n�o�n�p�a�r�a�m�e�t�r�i�c� �t�e�s�t� �i�s� �d�e�s�i�r�e�d� �b�e�c�a�u�s�e� �n�o� �a�s�s�u�m�p�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �n�e�c�e�s�-� 

�s�a�r�y�.� �I�n� �n�o�n�p�a�r�a�m�e�t�r�i�c� �i�n�f�e�r�e�n�c�e�,� �t�h�e� �m�e�t�h�o�d�s� �a�r�e� �b�a�s�e�d� �o�n�l�y� �o�n� �t�h�e� �r�e�l�a�t�i�v�e� �o�c�c�u�r�r�e�n�c�e� �o�f� 

�a�n� �u�n�d�e�r�l�y�i�n�g� �e�v�e�n�t�.� �T�h�e�r�e�f�o�r�e�,� �i�n�f�o�r�m�a�t�i�o�n� �o�r� �a�s�s�u�m�p�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �t�h�e� �u�n�d�e�r�l�y�i�n�g� 

�p�o�p�u�l�a�t�i�o�n� �a�r�e� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �a�s�s�e�s�s� �w�h�e�t�h�e�r� �a� �s�e�q�u�e�n�c�e� �i�s� �o�f� �r�a�n�d�o�m� �n�a�t�u�r�e� �o�r� �c�o�n�t�a�i�n�s� 

�d�e�t�e�r�m�i�n�i�s�t�i�c� �t�r�e�n�d�s� �(�G�i�b�b�o�n�s�,� �1�9�7�1�)�.� 

�T�h�r�e�e� �n�o�n�p�a�r�a�m�e�t�r�i�c� �t�e�s�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�a�t�i�o�n�a�r�i�t�y� �o�f� �d�,� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �m�e�a�n� �v�a�l�u�e�.� �I�n� �g�e�n�e�r�a�l�,� �g�i�v�e�n� �a� �t�i�m�e� �s�e�r�i�e�s� �o�f� �l�e�n�g�t�h� �N�,� �o�n�e� �d�i�v�i�d�e�s� �t�h�i�s� �s�e�-� 

�r�i�e�s� �i�n�t�o� �N�V�,� �i�n�t�e�r�v�a�l�s� �e�a�c�h� �c�o�n�t�a�i�n�i�n�g� �N�V�,� �p�o�i�n�t�s�,� �s�u�c�h� �t�h�a�t� �V�N� �=� �N�V�,� �x� �N�,�.� �T�h�e� �m�e�a�n�s� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �i�n�t�e�r�v�a�l�,� �z�,�,� �w�h�e�r�e� �i�=�(�1�,� �2�,� �.�.�.�,� �N�,�)�,� �a�n�d� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �t�h�e� �s�e�-� 

�q�u�e�n�c�e� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �t�o� �b�e� �t�e�s�t�e�d� �f�o�r� �r�a�n�d�o�m�n�e�s�s�.� 

�h�e�s�e� �i�n�t�e�r�v�a�l�s� �n�e�e�d� �t�o� �b�e� �s�u�f�f�i�c�i�e�n�t�l�y� �l�o�n�g� �t�o� �g�i�v�e� �r�e�l�i�a�b�l�e� �e�s�t�i�m�a�t�e�s� �f�o�r� �t�h�e� �m�e�a�n�,� �y�e�t� 
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�s�h�o�r�t� �e�n�o�u�g�h� �t�o� �b�e� �a�b�l�e� �t�o� �d�e�t�e�c�t� �v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �w�h�o�l�e� �r�e�c�o�r�d�.� �F�u�r�t�h�e�r�-� 

�m�o�r�e�,� �f�o�r� �p�r�o�p�e�r� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �t�r�e�a�t� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �i�n�t�e�r�v�a�l� 

�m�e�a�n�s� �a�s� �i�f� �t�h�e�y� �w�e�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �t�o� �e�a�c�h� �o�t�h�e�r�.� �N�o� �c�o�m�m�o�n� �r�u�l�e� �h�a�s� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d� �i�n� 

�t�h�e� �l�i�t�e�r�a�t�u�r�e� �a�s� �t�o� �w�h�a�t� �t�h�i�s� �i�n�t�e�r�v�a�l� �l�e�n�g�t�h� �s�h�o�u�l�d� �b�e�.� �A�n� �a�r�g�u�m�e�n�t� �t�o� �s�u�p�p�o�r�t� �t�h�e� �c�h�o�i�c�e� 

�o�f� �i�n�t�e�r�v�a�l� �s�i�z�e�,� �h�o�w�e�v�e�r�,� �c�a�n� �b�e� �m�a�d�e� �u�s�i�n�g� �i�n�f�e�r�e�n�c�e� �m�e�t�h�o�d�s� �f�r�o�m� �c�l�a�s�s�i�c�a�l� �s�t�a�t�i�s�t�i�c�s�.� 

�T�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �n�e�c�e�s�s�a�r�y� �n�u�m�b�e�r� �o�f� �d�a�t�a� �p�o�i�n�t�s� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �i�n�t�e�r�v�a�l� �m�e�a�n�,� �w�w�,� �a� 

�S�t�u�d�e�n�t�'�s� �t�-�t�e�s�t� �c�a�n� �b�e� �u�s�e�d� �(�M�i�l�l�e�r� �a�n�d� �F�r�e�u�n�d�,� �1�9�7�7�)� 

�X�t�,�»� �o�k� �<�u�<�|�x�X� �+�1� �o�e� �(�5�.�1�1�)� �i� �a�,�N ��p� �J�N�>� �i� �a�,�N�p� �V�N�p� 

�w�h�e�r�e� �x�,� �i�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �i�n�t�e�r�v�a�l� �m�e�a�n�,� �S�,� �i�s� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �u�n�k�n�o�w�n� �i�n�t�e�r�v�a�l� �v�a�r�i�-� 

�a�n�c�e�,� �a�n�d� �f�,� �y�,�_�,� �i�n�d�i�c�a�t�e� �S�t�u�d�e�n�t�'�s� �t�-�d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �@� �l�e�v�e�l� �o�f� �c�o�n�f�i�d�e�n�c�e� �a�n�d� �N�,� �-�1� 

�d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �A�n� �e�x�p�r�e�s�s�i�o�n� �i�n�d�i�c�a�t�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �i�n� �e�s�t�i�m�a�t�i�n�g� �y�w�,� 

�c�a�n� �b�e� �d�e�r�i�v�e�d� �a�s� 

�X�, ��H�,� �*� �.� �l�,� �4� �~� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �=� �|� �<� �S�t�e� �(�5�.�1�2�)� 
�~� �v�N�p� � � �t� 

�F�o�r� �a� �c�h�o�s�e�n� �v�a�l�u�e� �o�f� �a�@� �=� �0�.�9� �a�n�d� �a�n� �a�c�c�e�p�t�a�b�l�e� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �o�f� �2�5�%� �i�n� �e�s�-� 

�t�i�m�a�t�i�n�g� �y�,�,� �t�h�e� �r�e�q�u�i�r�e�d� �m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �p�o�i�n�t�s� �i�s� �N�V�,� �=� �4�5� �l�e�a�d�i�n�g� �t�o� �t�h�e� �a�c�-� 

�t�u�a�l� �c�h�o�i�c�e� �o�f� �N�,� �=� �5�0� �f�o�r� �o�t�h�e�r� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l�s� �a�n�d� �r�e�l�a�t�i�v�e� �m�a�x�i�m�u�m� �e�r�r�o�r�s� �s�e�e� �T�a�b�l�e� 

�5�.�2�.� 

�T�h�e� �f�i�r�s�t� �t�e�s�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �v�a�r�i�a�b�l�e� �R�,�,� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�u�n�s�.� �A� �s�i�n�g�l�e� �r�u�n� �i�s� �d�e�-� 

�f�i�n�e�d� �a�s� �s�u�c�c�e�s�s�i�v�e� �o�b�s�e�r�v�a�t�i�o�n�s� �o�f� �t�h�e� �i�n�t�e�r�v�a�l� �m�e�a�n� �o�r� �i�n�t�e�r�v�a�l� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �b�e�l�o�w� 
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�o�r� �a�b�o�v�e� �t�h�e� �m�e�d�i�a�n� �a�n�d� �i�s� �c�o�m�p�l�e�t�e�d� �w�h�e�n� �t�w�o� �s�u�c�c�e�e�d�i�n�g� �o�b�s�e�r�v�a�t�i�o�n�s� �a�r�e� �s�e�p�a�r�a�t�e�d� �b�y� 

�t�h�e� �m�e�d�i�a�n�.� �T�h�i�s� �i�s� �t�h�e� �b�e�s�t� �k�n�o�w�n� �a�n�d� �m�o�s�t� �g�e�n�e�r�a�l� �r�u�n� �t�e�s�t�.� �T�h�e� �t�e�s�t� �i�s� �f�o�c�u�s�e�d� �o�n� �a� 

�s�i�n�g�l�e� �q�u�a�n�t�i�t�y�,� �t�h�e� �m�e�d�i�a�n�,� �a�n�d� �g�i�v�e�s� �a� �g�e�n�e�r�a�l� �m�e�a�s�u�r�e� �o�f� �r�a�n�d�o�m�n�e�s�s� �o�r� �l�a�c�k� �t�h�e�r�e�o�f� 

�w�i�t�h�o�u�t� �i�d�e�n�t�i�f�y�i�n�g� �t�r�e�n�d�s� �o�r� �c�y�c�l�i�c�a�l� �p�a�t�t�e�r�n�.� �H�a�l�d� �(�1�9�5�2�)� �d�e�r�i�v�e�s� �t�h�e� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� 

�f�o�r� �t�h�e� �e�x�p�e�c�t�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s� �f�o�r� �a� �t�r�u�e� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e�.� �F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �t�o�t�a�l� 

�n�u�m�b�e�r� �o�f� �r�u�n�s�,� �R�,�,� �i�s� �l�a�r�g�e�r� �t�h�a�n� �t�w�e�n�t�y�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �R�K�,� �1�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �n�o�r�m�a�l�.� 

�F�o�r� �a� �s�e�q�u�e�n�c�e� �o�f� �l�e�n�g�t�h� �N�,�,� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �a�n�d� �v�a�r�i�a�n�c�e� �f�o�r� �R�,� �t�h�e�n� �a�r�e� �d�e�f�i�n�e�d� �a�s�,� 

�(�H�a�l�d�,� �1�9�5�2�)� 

� � �E�[�R�,�]�=� �u�z�,� �=� �(�5�.�1�3�)� 

� � �E�|� �(�R�,� �H�,�)� �|� �=� �v�a�r�[�R�,�]�=�o�%� �=� �M�i� �-�~ �� �(�5�.�1�4�)� 

�C�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �e�x�p�e�c�t�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s� �c�a�n� �b�e� �e�s�t�a�b�l�i�s�h�e�d�.� �A� �h�y�p�o�t�h�e�s�i�s� 

�t�e�s�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �r�,�,� �a�n�d� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l�l�y� 

�e�x�p�e�c�t�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �4�7�,�_�.� �C�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �a�t� �l�e�v�e�l� �@� �a�r�e� �d�e�f�i�n�e�d� �a�s� �(�H�a�l�d�,� �1�9�5�2�)� 

�(�r�,�  ��Z�y�2�F�R�,� �S� �M�p�.� �S� �(�r�,� �+�Z�a�n�0�p�,� �}� �(�5�.�1�5�)� 

�w�h�e�r�e� �z�,�,�.� �1�s� �d�e�f�i�n�e�d� �s�u�c�h� �t�h�a�t� 

�o�d� �2� 

�l�-�a�/�2�=� �f�e�?� �a�d� �(�5�.�1�6�)� 
 ��a�f�t� 

�I�f� �t�h�e� �o�b�s�e�r�v�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �r�,�,� �f�a�l�l�s� �i�n�s�i�d�e� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s�,� �E�q�.� �(�5�.�1�5�)�,� �f�o�r� �a� 

�c�h�o�s�e�n� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l�,� �u�s�u�a�l�l�y� �@� �=� �0�.�9�5�,� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �o�f� �t�h�e� �s�e�q�u�e�n�c�e� �b�e�i�n�g� �r�a�n�d�o�m� �i�s� 
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�a�c�c�e�p�t�e�d�,� �w�h�i�l�e� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �1�,� �f�a�l�l�s� �o�u�t�s�i�d�e� �t�h�e�s�e� �l�i�m�i�t�s� �t�h�e� �o�b�s�e�r�v�e�d� �s�e�q�u�e�n�c�e� �m�u�s�t� 

�b�e� �c�o�n�s�i�d�e�r�e�d� �d�e�t�e�r�m�i�n�i�s�t�i�c�.� 

�T�h�e� �s�e�c�o�n�d� �r�u�n� �t�e�s�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �v�a�r�i�a�b�l�e� �f�o�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �l�o�n�g�e�s�t� �r�u�n�,� �K�.� �I�n�a� 

�r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �o�f� �l�e�n�g�t�h� �N�,�,� �t�h�e� �l�o�n�g�e�s�t� �o�f� �t�h�e� �r�u�n�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �f�o�l�l�o�w�s� �t�h�e� �r�e�l�a�-� 

�t�i�o�n� �(�H�a�l�d�,� �1�9�5�2�)� 

� � � � �N�,�=�K�-� �=� �-�  ��=� �K�i�l�o�g�,�(�P�(�-�2�_�:�2� �<�Z� �<�z�4�/�2�)�)� �(�5�.�1�7�)� 

�w�h�e�r�e� 

�P�(�-�2�,�.� �<�Z� �<�Z�,�9�)�=� �i� �o�t� �a�k� �(�5�.�1�8�)� 
�*�a�/�2� 

�S�i�n�c�e� �E�q�.� �(�5�.�1�7�)� �c�a�n�n�o�t� �b�e� �s�o�l�v�e�d� �d�i�r�e�c�t�l�y� �f�o�r� �K�,� �t�h�e� �t�e�s�t� �i�s� �i�n�d�i�r�e�c�t�.� �T�h�e� �h�y�p�o�t�h�e�s�i�s� 

�t�e�s�t� �a�t� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l� �@� �f�o�r� �t�h�e� �o�b�s�e�r�v�e�d� �l�o�n�g�e�s�t� �r�u�n� �r�e�q�u�i�r�e�s� �c�h�e�c�k�i�n�g� �w�h�e�t�h�e�r� �t�h�e� �s�e�-� 

�r�i�e�s� �i�s� �s�u�f�f�i�c�i�e�n�t�l�y� �l�o�n�g� �t�o� �a�d�m�i�t� �a� �r�u�n� �o�f� �o�b�s�e�r�v�e�d� �l�e�n�g�t�h�,� �k�,� �i�n� �a� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �o�f� 

�l�e�n�g�t�h� �N�V�,�.� �T�h�i�s� �t�e�s�t� �i�s� �b�e�s�t� �s�u�i�t�e�d� �f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �t�r�e�n�d�s� �i�n� �a� �s�e�q�u�e�n�c�e�.� 

�F�i�n�a�l�l�y�,� �t�e�s�t�s� �b�a�s�e�d� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n�,� �R�,�,�,�,� �p�r�o�v�i�d�e� �a�n�o�t�h�e�r� �m�e�a�s�u�r�e� 

�o�f� �r�a�n�d�o�m�n�e�s�s� �o�f� �a� �s�e�q�u�e�n�c�e� �o�f� �i�n�t�e�r�v�a�l� �m�e�a�n�s�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �e�a�c�h� �o�b�s�e�r�v�a�t�i�o�n� �i�s� 

�c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�a�t� �o�f� �t�h�e� �i�m�m�e�d�i�a�t�e�l�y� �p�r�e�c�e�d�i�n�g� �o�b�s�e�r�v�a�t�i�o�n�.� �I�f� �t�h�e� �n�e�x�t� �e�l�e�m�e�n�t� �i�s� 

�l�a�r�g�e�r�,� �a� �r�u�n� �u�p� �I�s� �s�t�a�r�t�e�d�,� �a�n�d� �i�f� �s�m�a�l�l�e�r�,� �a� �r�u�n� �d�o�w�n�.� �A� �d�e�c�i�s�i�o�n� �c�o�n�c�e�r�n�i�n�g� �r�a�n�d�o�m�n�e�s�s� 

�t�h�e�n� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �t�h�e�s�e� �r�u�n�s�,� �w�h�i�l�e� �t�h�e� �l�e�n�g�t�h� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d�.� �T�h�i�s� �t�e�s�t� 

�t�r�a�c�e�s� �t�h�e� �w�h�o�l�e� �s�e�q�u�e�n�c�e� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �r�e�l�a�t�i�v�e� �t�o� �e�a�c�h� �o�t�h�e�r�,� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �t�e�s�t� 

�b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�u�n�s�.� �T�h�e�r�e�f�o�r�e�,� �a� �p�e�r�i�o�d�i�c� �f�l�u�c�t�u�a�t�i�o�n� �(�c�y�c�l�i�c� �c�o�n�t�e�n�t�)� �o�f� �t�h�e� 
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�o�b�s�e�r�v�e�d� �s�e�q�u�e�n�c�e� �c�a�n� �b�e� �d�e�t�e�c�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �n�u�m�b�e�r� �o�r� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n�.� �A� �h�y�-� 

�p�o�t�h�e�s�i�s� �t�e�s�t� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�o�r� �m�e�a�s�u�r�i�n�g� �w�h�e�t�h�e�r� �t�h�e� �o�b�s�e�r�v�e�d� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �F�p�,� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �d�e�v�i�a�t�e�s� �f�r�o�m� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�,� �w�,�,� �f�o�r� �a� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e�.� �T�h�e� �e�x�-� 

�p�e�c�t�e�d� �v�a�l�u�e� �a�n�d� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n� �f�o�r� �a� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �o�f� 

�l�e�n�g�t�h� �N�V�,� �a�r�e� �(�H�a�l�d�,� �1�9�5�2�)� 

�E�[� �R�i�o�]� �=� �H�e�,� �=� �3�(�2�N�,� �-�1�)� �(�5�.�1�9�)� 

�E�|� �(�R�i�p�  �� �U�p�,� �)� �=� �v�a�r�[� �R�u�p� �|�=� �O�R�,� �=� �(�1�6�N�,� �-� �2�9�)� �(�5�.�2�0�)� 

�C�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �a�t� �l�e�v�e�l� �@� �a�r�e� �d�e�f�i�n�e�d� �a�s� 

�(�i�y�  �� �2�0�/�2�F� �a�p� �)� �<� �H�a�y� �<�(�t�u�p� �+� �Z�a�n�n�,� �|� �(�5�.�2�1�)� 

�E�a�c�h� �r�u�n� �t�e�s�t� �d�e�t�e�c�t�s� �a� �c�e�r�t�a�i�n� �f�o�r�m� �o�f� �d�e�v�i�a�t�i�o�n� �f�r�o�m� �t�h�e� �c�a�s�e� �o�f� �a� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e�.� 

�T�o�o� �f�e�w� �r�u�n�s�,� �r�u�n�s� �o�f� �e�x�c�e�s�s�i�v�e� �l�e�n�g�t�h�,� �o�r� �t�o�o� �m�a�n�y� �r�u�n�s� �c�a�n� �b�e� �u�s�e�d� �a�s� �s�t�a�t�i�s�t�i�c�a�l� �c�r�i�t�e�r�i�a� 

�f�o�r� �t�h�e� �r�e�j�e�c�t�i�o�n� �o�f� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �o�f� �r�a�n�d�o�m�n�e�s�s� �o�f� �t�h�e� �s�e�q�u�e�n�c�e� �y�,�.� �T�h�e�r�e�f�o�r�e�,� �a�l�l� �t�e�s�t�s� 

�s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�,� �a�n�d� �n�e�e�d� �t�o� �b�e� �p�a�s�s�e�d� �s�u�c�c�e�s�s�f�u�l�l�y�,� �f�o�r� �t�h�e� �s�e�q�u�e�n�c�e� �d�,� �t�o� �b�e� �c�o�n�-� 

�s�i�d�e�r�e�d� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�s� �m�e�a�n�.� 

�5�.�4� �E�n�s�e�m�b�l�e� �G�e�n�e�r�a�t�i�o�n� 

�S�u�c�c�e�s�s�f�u�l� �l�o�a�d� �m�o�d�e�l�i�n�g� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �r�e�a�l�i�s�t�i�c� �f�a�t�i�g�u�e� �t�e�s�t�i�n�g� �a�s�k�s� �f�o�r� �a�n� �e�n�s�e�m�b�l�e� 

�o�f� �l�o�a�d� �h�i�s�t�o�r�i�e�s� �w�h�e�r�e� �e�a�c�h� �r�e�a�l�i�z�a�t�i�o�n� �(�h�i�s�t�o�r�y�)� �i�s� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �a�c�t�u�a�l� �l�o�a�d�i�n�g�.� �I�n� 

�p�r�a�c�t�i�c�e�,� �i�t� �i�s� �o�f�t�e�n� �d�i�f�f�i�c�u�l�t� �t�o� �o�b�t�a�i�n� �s�u�f�f�i�c�i�e�n�t� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �e�n�s�e�m�b�l�e�.� �I�t� �i�s� 

�c�o�m�m�o�n� �t�o� �h�a�v�e� �o�n�l�y� �a� �l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �r�e�c�o�r�d�s� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �l�o�a�d�i�n�g� 
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�s�i�t�u�a�t�i�o�n�.� �T�h�e�r�e�f�o�r�e� �i�t� �i�s� �d�e�s�i�r�e�d�,� �g�i�v�e�n� �a� �s�i�n�g�l�e� �l�o�a�d�i�n�g�,� �t�o� �o�b�t�a�i�n� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �r�e�a�l�i�-� 

�z�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �n�o�t� �i�d�e�n�t�i�c�a�l�,� �b�u�t� �c�o�n�t�a�i�n� �v�a�r�i�a�t�i�o�n�s� �w�h�i�c�h� �h�a�v�e� �s�t�a�t�i�s�t�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�.� 

�T�h�e� �p�r�o�p�o�s�e�d� �m�o�d�e�l� �o�f� �E�q�.� �(�5�.�1�)� �a�l�l�o�w�s� �f�o�r� �a�n� �e�x�t�e�n�s�i�o�n� �f�r�o�m� �a� �s�i�n�g�l�e� �o�b�s�e�r�v�e�d� �r�e�-� 

�c�o�r�d� �t�o� �a�n� �e�n�s�e�m�b�l�e� �i�n� �a�l�l� �i�t�s� �c�o�m�p�o�n�e�n�t�s�.� �T�h�e� �A�R�M�A� �m�o�d�e�l�s� �e�m�p�l�o�y�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� 

�t�h�e� �s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e� �l�o�a�d�s� �a�r�e� �o�f� �s�t�o�c�h�a�s�t�i�c� �n�a�t�u�r�e�.� �I�t� �i�s� �n�o�t� �a� �s�i�n�g�l�e� �t�i�m�e� �s�e�r�i�e�s� 

�t�h�a�t� �i�s� �e�m�b�o�d�i�e�d� �i�n� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s�,� �b�u�t� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s�,� �w�h�i�c�h� �f�o�r� 

�e�a�c�h� �g�e�n�e�r�a�t�i�o�n� �y�i�e�l�d�s� �a� �d�i�f�f�e�r�e�n�t� �r�e�a�l�i�z�a�t�i�o�n� �w�i�t�h� �i�d�e�n�t�i�c�a�l� �s�t�o�c�h�a�s�t�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �b�u�t� �a� 

�d�i�f�f�e�r�e�n�t� �s�e�q�u�e�n�c�e� �a�n�d� �v�a�l�u�e�s� �o�f� �r�e�l�a�t�i�v�e� �e�x�t�r�e�m�a�.� 

�T�h�e� �e�n�s�e�m�b�l�e� �o�f� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �m�e�t�h�o�d� �i�n�t�r�o�-� 

�d�u�c�e�d� �b�y� �R�i�c�e� �(�1�9�4�4�)�.� �I�t� �i�s� �s�h�o�w�n� �t�h�a�t� �a� �t�i�m�e� �s�e�r�i�e�s�,� �y�,�,� �o�f� �a� �r�a�n�d�o�m� �s�i�g�n�a�l� �c�a�n� �b�e� �d�e�-� 

�s�c�r�i�b�e�d� �b�y� �i�t�s� �d�i�s�c�r�e�t�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� 

�N�-�1�/�2� 

�y�,�=� �+�8� �+� �>� �[�8� �c�o�s�(�@� �k�t� �A�t�  �� �9�,� �)� �+�h�,� �s�i�n�(�@� �k�t� �A�t� �-� �t�,�)�|� �(�5�.�2�2�)� 
�k�=�]� 

�w�h�e�r�e� �g�,� �a�n�d� �h�,� �a�r�e� �F�o�u�r�i�e�r� �c�o�e�f�f�i�c�i�e�n�t�s�,� �@�,�,� �A�t�,� �a�n�d� �N� �w�e�r�e� �d�e�f�i�n�e�d� �a�b�o�v�e�,� �a�n�d� �7�,� �a�n�d� 

�T�,� �a�r�e� �t�w�o� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �d�i�s�t�r�i�b�u�t�e�d� �u�n�i�f�o�r�m�l�y� �o�v�e�r� �t�h�e� �i�n�t�e�r�v�a�l� �(�0�,� �2�7�)�.� 

�T�h�i�s� �p�r�e�s�e�n�t�a�t�i�o�n� �y�i�e�l�d�s� �a�n� �e�r�g�o�d�i�c� �r�a�n�d�o�m� �p�r�o�c�e�s�s�,� �i�.�e�.�,� �a� �p�r�o�c�e�s�s� �t�h�a�t� �i�s� �s�t�a�t�i�o�n�a�r�y�,� 

�s�u�c�h� �t�h�a�t� �a�n� �a�v�e�r�a�g�e� �t�a�k�e�n� �o�v�e�r� �t�i�m�e� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �a�n� �a�v�e�r�a�g�e� �t�a�k�e�n� �a�c�r�o�s�s� �t�h�e� �e�n�s�e�m�b�l�e� 

�o�f� �h�i�s�t�o�r�i�e�s�.� �H�i�s�t�o�r�i�e�s� �w�i�t�h� �a� �d�i�f�f�e�r�e�n�t� �v�a�r�i�a�t�i�o�n� �f�o�r� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �o�f� �E�q�.� �(�5�.�2�2�)� �a�r�e� �o�b�-� 

�t�a�i�n�e�d�,� �y�e�t� �t�h�e� �o�v�e�r�a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �s�u�c�h� �a�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �a�n�d� �v�a�r�i�a�n�c�e�,� �a�r�e� �p�r�e�-� 

�s�e�r�v�e�d�.� �A� �s�t�o�c�h�a�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �p�r�o�c�e�s�s� �y�,� �i�s� �o�b�t�a�i�n�e�d�.� 
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�T�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�r�i�v�e� �a�n� �e�n�s�e�m�b�l�e� �o�f� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n�s� �b�y� �m�o�d�i�f�y�i�n�g� �t�h�e� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �i�n� �E�q�.� �(�5�.�2�)� �a�n�d� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n� 

�i�n� �E�q�.� �(�5�.�9�)� �i�n� �t�w�o� �w�a�y�s�.� �F�i�r�s�t�,� �s�i�m�i�l�a�r�l�y� �t�o� �E�q�.� �(�5�.�2�2�)�,� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �a�r�e� �a�d�d�e�d� �t�o� 

�e�a�c�h� �t�e�r�m� �o�f� �E�q�s�.� �(�5�.�2�)� �a�n�d� �(�5�.�9�)�.� �T�h�i�s� �l�e�a�d�s� �t�o� �p�r�e�s�e�n�t�a�t�i�o�n�s� �w�h�i�c�h� �p�r�e�s�e�r�v�e� �t�h�e� �s�p�e�c�t�r�a�l� 

�c�o�n�t�e�n�t�,� �b�u�t� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �e�v�e�n�t�s�,� �i�.�e�.� �t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �a� �r�e�l�a�t�i�v�e� �o�r� �a�b�s�o�l�u�t�e� �m�a�x�i�m�u�m�,� 

�w�i�l�l� �b�e� �d�i�f�f�e�r�e�n�t� �f�o�r� �e�a�c�h� �s�i�m�u�l�a�t�i�o�n�.� �W�h�i�l�e� �t�h�e�s�e� �r�e�c�o�r�d�s� �a�r�e� �s�t�a�t�i�s�t�i�c�a�l�l�y� �i�d�e�n�t�i�c�a�l�,� �i�t� �m�i�g�h�t� 

�b�e� �d�e�s�i�r�a�b�l�e� �t�o� �o�b�t�a�i�n� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n�s� �w�h�i�c�h� �w�i�l�l� �h�a�v�e� �a� �p�r�e�s�c�r�i�b�e�d� �s�i�m�i�l�a�r�i�t�y� 

�(�c�o�r�r�e�l�a�t�i�o�n�)� �t�o� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n�s�.� �T�h�i�s� �w�o�u�l�d� �y�i�e�l�d� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �l�o�a�d� �s�i�m�u�-� 

�l�a�t�i�o�n�s� �a�s� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �m�a�j�o�r� �e�v�e�n�t�s�,� �s�u�c�h� �a�s� �r�e�l�a�t�i�v�e� �e�x�t�r�e�m�a�,� �c�a�n� �b�e� �p�r�e�s�e�r�v�e�d� �t�o� �a�n�y� 

�d�e�s�i�r�e�d� �d�e�g�r�e�e�.� 

�T�h�i�s� �o�b�j�e�c�t�i�v�e� �l�e�a�d�s� �t�o� �a� �s�e�c�o�n�d� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �E�q�s�.� �(�5�.�2�)� �a�n�d� �(�5�.�9�)�.� �T�h�e� �p�r�e�s�c�r�i�b�e�d� 

�c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �d�e�t�e�r�m�i�n�i�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n� �a�n�d� �t�h�e� �e�n�s�e�m�b�l�e� �i�s� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �l�i�m�i�t�-� 

�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �w�h�i�c�h� �c�a�r�r�y� �a� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e� �i�n� �E�q�.� �(�5�.�2�2�)�.� �I�n�s�t�e�a�d� �o�f� �7�,� 

�a�n�d� �7�,� �b�e�i�n�g� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �f�o�r� �a�l�l� �k�,� �7�7�,� �a�n�d� �7�,� �w�i�l�l� �b�e� �r�e�s�t�r�i�c�t�e�d� �s�u�c�h� �t�h�a�t� 

�U� �f�o�r� �k�e�(�N�,�+�1�,�M�)� 
�I�N�,� �T�=� �(�5�.�2�3�)� 

�0� �f�o�r� �k�e�(�0�,� �N�,�)� 

�a�n�d� �t�h�e� �e�n�s�e�m�b�l�e� �d�e�s�c�r�i�p�t�i�o�n� �b�e�c�o�m�e�s� 

�y�n�,� �1�  �� �;� 
�Y�e� �=�F� �B�o�t� �>� �[�2� �c�o�s�(�@�,�k�t�A�t ��7�n�,�)�+�h�,� �s�i�n�(�o�,�k�t�A�t ��r�,� �)�|� �(�5�.�2�4�)� 

�k�=�l� 

�w�h�e�r�e� �N�,�,� �i�n�d�i�c�a�t�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �w�i�t�h� �z�e�r�o� �p�h�a�s�e� �a�n�g�l�e�s� �a�n�d� �U� �i�n�d�i�c�a�t�e�s� �t�h�e� �u�n�i�-� 

�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �d�e�f�i�n�e�d� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �(�0�,� �2�7�)�.� 
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�F�r�o�m� �a� �s�t�r�i�c�t� �t�h�e�o�r�e�t�i�c�a�l� �s�t�a�n�d�p�o�i�n�t�,� �t�h�e� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �o�f� �E�q�.� �(�5�.�2�4�)� �w�i�t�h� �t�h�e� �d�e�f�i�n�i�-� 

�t�i�o�n� �o�f� �7�,� �a�n�d� �7�,� �o�f� �E�q�.� �(�5�.�2�3�)� �y�i�e�l�d�s� �a� �n�o�n�-�e�r�g�o�d�i�c� �p�r�o�c�e�s�s�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �p�r�o�c�e�s�s� �c�o�n�t�a�i�n�s� �d�e�t�e�r�m�i�n�i�s�t�i�c� �c�o�m�p�o�n�e�n�t�s�,� �1�.�e�.�,� �t�e�r�m�s� �w�i�t�h� �z�e�r�o� �p�h�a�s�e� �a�n�g�l�e�s�.� �H�o�w�-� 

�e�v�e�r�,� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �o�f� �u�s�i�n�g� �a� �l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �c�o�n�s�e�r�v�e�s� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �v�a�r�i�a�t�i�o�n�.� 

�5�.�4�.�1� �E�n�s�e�m�b�l�e� �M�e�a�n� 

�G�i�v�e�n� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �E�q�.� �(�5�.�2�)� �a�n�d� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �a�n� �e�n�s�e�m�b�l�e� �o�f� 

�S�e�c�t�i�o�n� �5�.�4�,� �t�h�e� �e�n�s�e�m�b�l�e� �o�f� �m�e�a�n� �v�a�r�i�a�t�i�o�n�s� �b�e�c�o�m�e�s� 

�M�n� 
�N�E� �=� �+�4�,� �+�>� �"�I�a�,� �c�o�(�w� �k�t�A�t ��a�,�)�+�b�,� �s�i�n�(�@�,�k�t�A�t� �-� �B�,� �)�]� �(�5�.�2�5�)� 

�k�=�)� 

�w�i�t�h� �t�h�e� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �s�u�c�h� �t�h�a�t� 

�U� �f�o�r� �k� �e�(�N�7� �+�1�,� �M�,�,�)� 
�f�b�.� �=� �5�.�2�6� 

�O�e� �P�i� �0� �f�o�r� �k� �<�(�0�,� �N�7�)� �©�2�9�)� 

�I�n� �o�r�d�e�r� �t�o� �m�e�a�s�u�r�e� �t�h�e� �c�l�o�s�e�n�e�s�s� �b�e�t�w�e�e�n� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n�,� �m�,� �a�n�d� �a� 

�s�i�m�u�l�a�t�e�d� �m�e�a�n� �m ��?� �,� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �p�?� �,� �i�s� �o�b�t�a�i�n�e�d�.� 

�5�.�4�.�2� �E�n�s�e�m�b�l�e� �V�a�r�i�a�n�c�e� 

�A�n� �e�n�s�e�m�b�l�e� �o�f� �v�a�r�i�a�n�c�e� �v�a�r�i�a�t�i�o�n�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �i�n� �a�n� �a�n�a�l�o�g�o�u�s� �m�a�n�n�e�r� �a�s� �t�h�e� �o�n�e� �f�o�r� 

�t�h�e� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n�.� �T�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �w�i�l�l� �b�e� �a�u�g�-� 

�m�e�n�t�e�d� �b�y� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s�,� �w�h�i�c�h� �i�n� �t�u�r�n� �w�i�l�l� �b�e� �r�e�s�t�r�i�c�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �d�e�s�i�r�e�d� 
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�c�o�r�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �d�e�t�e�r�m�i�n�i�s�t�i�c� �a�n�d� �s�t�o�c�h�a�s�t�i�c� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�s�.� 

�G�i�v�e�n� �t�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �E�q�.� �(�5�.�9�)� 

�a�n�d� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �a�n� �e�n�s�e�m�b�l�e� �o�f� �S�e�c�t�i�o�n� �5�.�4�,� �t�h�e� �e�n�s�e�m�b�l�e� �o�f� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�e�d� 

�s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�s� �b�e�c�o�m�e�s� 

�A�M�,� 
�s�h�?� �=� �x�6� �+�>� �l�e�,� �c�o�(�@�,�k�t�A�t ��y�,�)�+�d�,� �s�i�n�(�@�,�k�t�A�t� �-� �6�,� �)�]� �(�5�.�2�7�)� �t� 

�k�=�]� 

�w�i�t�h� �t�h�e� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�g�l�e�s� �s�u�c�h� �t�h�a�t� 

�U� �f�o�r� �=�k� �e�(�N�3� �+�1�,� �M�,�)� 
�Y�n�,� �O� �=� �(�5�.�2�8�)� 

�0� �f�o�r� �o�k� �E�(�0�,� �N�;�)� 

�A�s� �f�o�r� �t�h�e� �m�e�a�n� �e�n�s�e�m�b�l�e� �t�h�e� �c�l�o�s�e�n�e�s�s� �b�e�t�w�e�e�n� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n�,� �s�,� �a�n�d� �a� 

�s�i�m�u�l�a�t�e�d� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�*�?�,� �i�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �p ��?� �.� 
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�C�H�A�P�T�E�R� �6�.� �S�T�U�D�I�E�S� �O�F� �U�N�I�A�X�I�A�L� �L�O�A�D�I�N�G�S� 

�T�h�r�e�e� �f�a�t�i�g�u�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�i�e�s� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �d�a�t�a� �c�o�l�l�e�c�t�e�d� �i�n� �f�i�e�l�d� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� 

�p�r�o�v�i�d�e�d� �b�y� �t�h�e� �s�p�o�n�s�o�r� �a�n�d� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e�s�e� �h�i�s�t�o�r�i�e�s� �a�r�e� �s�t�r�a�i�n� �g�a�u�g�e� �m�e�a�s�u�r�e�-� 

�m�e�n�t�s� �t�a�k�e�n� �o�n� �a� �f�r�o�n�t� �s�u�s�p�e�n�s�i�o�n� �c�o�m�p�o�n�e�n�t�.� �A� �f�o�u�r�t�h� �h�i�s�t�o�r�y� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �r�e�m�o�v�i�n�g� 

�t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �v�a�r�i�a�n�c�e� �o�f� �o�n�e� �o�f� �t�h�e�s�e� �h�i�s�t�o�r�i�e�s�,� �y�i�e�l�d�i�n�g� �a� �h�i�s�t�o�r�y� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �v�a�r�i�a�n�c�e�,� �b�u�t� �n�o�n�s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�s� �m�e�a�n�.� �A�c�c�o�r�d�i�n�g� �t�o� �e�a�r�l�i�e�r� �s�t�a�t�e�d� �a�s�-� 

�s�u�m�p�t�i�o�n�s�,� �t�h�e�s�e� �r�e�c�o�r�d�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �l�o�c�a�l� �s�t�r�a�i�n� �d�a�t�a�,� �c�o�l�l�e�c�t�e�d� �a�t� �a� �c�r�i�t�i�-� 

�c�a�l� �l�o�c�a�t�i�o�n� �s�u�c�h� �a�s� �a� �n�o�t�c�h�,� �a�n�d�,� �m�o�r�e�o�v�e�r�,� �t�h�e�y� �a�r�e� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�e�e�n� �s�a�m�p�l�e�d� �a�t� �o�n�e� 

�p�o�i�n�t� �p�e�r� �s�e�c�o�n�d�.� �M�o�r�e�o�v�e�r�,� �a�l�l� �r�e�c�o�r�d�s� �h�a�v�e� �b�e�e�n� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y� 

�s�u�c�h� �t�h�a�t� �t�h�e�i�r� �o�v�e�r�a�l�]� �m�e�a�n� �v�a�l�u�e� �i�s� �z�e�r�o� �a�n�d� �t�h�e�i�r� �d�i�m�e�n�s�i�o�n�l�e�s�s� �r�o�o�t� �m�e�a�n� �s�q�u�a�r�e� �(�R�M�S�)� 

�v�a�l�u�e� �i�s� �e�q�u�a�l� �t�o� �u�n�i�t�y�.� �B�a�s�i�c� �s�t�a�t�i�s�t�i�c�s� �o�f� �o�r�i�g�i�n�a�l� �a�n�d� �r�e�c�o�n�s�t�r�u�c�t�e�d� �r�e�c�o�r�d�s� �a�r�e� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �6�.�1�.� �S�o�m�e� �o�f� �t�h�e�s�e� �l�o�a�d�i�n�g�s� �e�x�h�i�b�i�t� �a� �b�e�g�i�n�n�i�n�g� �t�h�a�t� �d�o�e�s� �n�o�t� �c�o�n�t�a�i�n� �m�u�c�h� �v�a�r�i�-� 

�a�t�i�o�n�.� �T�h�i�s� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �v�e�h�i�c�l�e� �s�t�a�r�t�e�d� �f�r�o�m� �r�e�s�t� �a�n�d� �l�o�a�d�s� �a�r�e� 

�c�o�n�s�e�q�u�e�n�t�l�y� �s�m�a�l�l�.� �A�l�l� �f�a�t�i�g�u�e� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�S�A�E� �1�0�4�5� �s�t�e�e�l�,� �s�t�a�t�e�d� �i�n� �T�a�b�l�e� �6�.�2�.� 

�6�.�1� �S�t�a�t�i�o�n�a�r�y� �M�e�a�n� �a�n�d� �V�a�r�i�a�n�c�e� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �l�i�f�e� �a�n�a�l�y�s�i�s�,� �a� �t�y�p�i�c�a�l� �b�l�o�c�k� �o�f� �s�t�a�t�i�o�n�a�r�y� �z�e�r�o�-�m�e�a�n�,� �c�o�n�s�t�a�n�t� �v�a�r�i�a�n�c�e� 

�s�t�r�a�i�n�-�g�a�u�g�e� �d�a�t�a� �(�2�2�,�5�9�2� �o�b�s�e�r�v�a�t�i�o�n�s�)� �i�s� �c�h�o�s�e�n� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d� 
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�T�a�b�l�e� �6�.�2�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �S�A�E� �1�0�4�5� �s�t�e�e�l�,� �K�u�r�a�t�h� �e�t� �a�l�.� �(�1�9�8�9�)�.� 
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�Y�i�e�l�d� �S�t�r�e�n�g�t�h�,� �o�y� �3�8�0� �M�P�a� �5�5�.�1� �k�s�i� 

�U�l�t�i�m�a�t�e� �S�t�r�e�n�g�t�h�,� �o�,� �6�2�1� �M�P�a� �9�0�.�3� �k�s�i� 

�F�a�t�i�g�u�e� �S�t�r�e�n�g�t�h� �C�o�e�f�f�i�c�i�e�n�t�,� �o�;� �9�4�8� �M�P�a� �1�3�8� �k�s�i� 

�C�y�c�l�i�c� �S�t�r�e�n�g�t�h� �C�o�e�f�f�i�c�i�e�n�t�,� �H �� �1�2�5�8� �M�P�a� �1�8�2� �k�s�i� 

�C�y�c�l�i�c� �S�t�r�a�i�n� �H�a�r�d�e�n�i�n�g� �E�x�p�o�n�e�n�t�,� �n �� �0�.�2�0�8� 

�F�a�t�i�g�u�e� �S�t�r�e�n�g�t�h� �E�x�p�o�n�e�n�t�,� �b�  �� �0�.�0�9�2� 

�F�a�t�i�g�u�e� �D�u�c�t�i�l�i�t�y� �C�o�e�f�f�i�c�i�e�n�t�,� �«�;� �0�.�2�6�0� 

�F�a�t�i�g�u�e� �D�u�c�t�i�l�i�t�y� �E�x�p�o�n�e�n�t�,� �c�  ��0�.�4�4�5� 
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�h�i�s�t�o�r�y� �i�n� �t�h�i�s� �s�t�u�d�y�.� �A� �p�o�r�t�i�o�n� �o�f� �t�h�i�s� �l�o�a�d� �h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�,� �a�n�d� �i�t�s� �c�o�r�r�e�-� 

�s�p�o�n�d�i�n�g� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �i�s� �p�l�o�t�t�e�d� �i�n� �F�i�g�.� �6�.�2�.� 

�V�a�r�i�o�u�s� �o�r�d�e�r�s� �o�f� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �e�m�p�l�o�y�e�d� �f�o�r� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �a�n� �e�q�u�i�v�a�l�e�n�t� 

�h�i�s�t�o�r�y� �a�n�d� �a�r�e� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e� �b�e�s�t� �m�o�d�e�l�.� �T�a�b�l�e� �6�.�3� �g�i�v�e�s� �t�h�e� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �a�n�d� 

�m�o�v�i�n�g� �a�v�e�r�a�g�e� �p�a�r�a�m�e�t�e�r�s�,� �¢�,�;� �/�=�1�,� �2�,� �.�.�.�.� �p�,� �a�n�d� �6�;� �=�1�,� �2�,� �.�.�.�,� �g�,� �f�o�r� �e�a�c�h� �A�R�M�A� �m�o�d�e�l� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �w�h�i�t�e� �n�o�i�s�e�,� �o�>�.� �I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� 

�w�h�i�t�e� �n�o�i�s�e� �d�e�c�r�e�a�s�e�s� �r�a�p�i�d�l�y� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �m�o�d�e�l� �o�r�d�e�r�,� �i�n�d�i�c�a�t�i�n�g� �a� �b�e�t�t�e�r� �f�i�t� �o�f� �t�h�e� 

�m�o�d�e�l� �t�o� �t�h�e� �d�a�t�a�.� �T�h�e� �v�a�l�u�e�s� �o�f� �A�R�M�A� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s�,� �h�o�w�e�v�e�r�,� �d�o� 

�n�o�t� �e�x�h�i�b�i�t� �a�n�y� �d�i�s�t�i�n�c�t� �p�a�t�t�e�r�n�.� �M�o�r�e�o�v�e�r�,� �T�a�b�l�e� �6�.�4� �s�h�o�w�s� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�b�e�t�w�e�e�n� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�c�o�r�d� �a�n�d� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�l�o�s�e�d� �f�o�r�m� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �E�q�.� �(�3�.�7�)� �f�o�r� �v�a�r�i�o�u�s� �A�R�M�A� �m�o�d�e�l�s�.� �I�t� �c�a�n� 

�b�e� �s�e�e�n�,� �t�h�a�t�,� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �m�o�d�e�l� �o�r�d�e�r�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �w�h�i�t�e� �n�o�i�s�e�,� �o�:� �,� �a�n�d� �t�h�e� 

�c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �s�p�e�c�t�r�a� �d�o�e�s� �n�o�t� �m�o�n�o�t�o�n�i�c�a�l�l�y� �d�e�c�r�e�a�s�e�.� �T�h�i�s� �i�s� �d�u�e� 

�t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �m�o�d�e�l� �o�r�d�e�r� �c�a�n� �l�e�a�d� �t�o� �o�v�e�r�f�i�t�t�i�n�g�,� �i�.�e�.� �e�s�t�i�m�a�t�i�n�g� �o�f� �h�i�g�h�e�r� 

�o�r�d�e�r� �m�o�d�e�l�s� �t�h�a�t� �i�n� �f�a�c�t� �g�i�v�e� �a� �p�o�o�r�e�r� �f�i�t� �t�h�a�n� �a� �l�o�w�e�r� �o�r�d�e�r� �m�o�d�e�l�.� 

�P�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� �f�o�r� �A�R�M�A�(�1�,�0�)�,� �A�R�M�A�(�2�,�1�)� �a�n�d� �A�R�M�A�(�3�,�1�)� �m�o�d�e�l�s� �a�r�e� 

�s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �A�R�M�A�(�0�,�0�)� �i�s� �a� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �w�i�t�h� �a� �n�o�r�-� 

�m�a�l�l�y� �a�n�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�i�s�t�r�i�b�u�t�e�d� �v�a�r�i�a�b�l�e�,� �i�.�e�.� �w�h�i�t�e� �n�o�i�s�e�,� �h�a�v�i�n�g� �a� �c�o�n�s�t�a�n�t� �p�o�w�e�r� 

�s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �w�i�t�h� �a� �u�n�i�t� �a�r�e�a�.� �I�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �l�o�w�e�r� �o�r�d�e�r� �A�R�M�A� �m�o�d�e�l�s�,� 

�A�R�M�A�(�0�,�0�)�,� �A�R�M�A�(�1�,�0�)�,� �a�n�d� �A�R�M�A�(�2�,�1�)�,� �a�r�e� �i�n�a�d�e�q�u�a�t�e� �i�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �s�t�o�c�h�a�s�t�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�s�e� �m�o�d�e�l�s� �d�o� �n�o�t� �i�n�-� 

�c�l�u�d�e� �a� �s�u�f�f�i�c�i�e�n�t� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�o� �r�e�f�l�e�c�t� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� 

�r�e�c�o�r�d�.� �T�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�o�r� �t�h�e� �A�R�M�A�(�1�,�0�)� �m�o�d�e�l� �i�s� �a� �m�o�n�o�t�o�n�i�c�a�l�l�y� �d�e�c�r�e�a�s�-� 
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�i�n�g� �f�u�n�c�t�i�o�n� �t�h�a�t� �o�v�e�r�e�s�t�i�m�a�t�e�s� �a�n�d� �u�n�d�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �p�o�w�e�r� �i�n� �t�h�e� �l�o�w� 

�a�n�d� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� �A�R�M�A� �m�o�d�e�l�s�,� �t�h�e� �r�e�s�u�l�t�-� 

�i�n�g� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �h�i�s�t�o�r�y�,� �w�h�i�c�h� �1�s� �c�h�a�r�a�c�t�e�r�-� 

�i�z�e�d� �b�y� �h�a�v�i�n�g� �m�o�s�t� �o�f� �i�t�s� �p�o�w�e�r� �c�o�n�c�e�n�t�r�a�t�e�d� �a�r�o�u�n�d� �t�h�e� �c�r�i�t�i�c�a�l� �f�r�e�q�u�e�n�c�y� �o�f� 

�t� �~� �0�.�0�9�H�z�.� 

�T�o� �c�o�m�p�a�r�e� �m�o�d�e�l�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �f�a�t�i�g�u�e� �r�e�l�e�v�a�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� 

�r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�e�d� �c�o�m�p�o�n�e�n�t� �f�a�t�i�g�u�e� �l�i�v�e�s� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� �I�n� �o�r�d�e�r� �t�o� 

�e�l�i�m�i�n�a�t�e� �a�n�y� �b�i�a�s� �t�o�w�a�r�d� �a�n�y� �p�a�r�t�i�c�u�l�a�r� �l�o�a�d� �h�i�s�t�o�r�y�,� �t�h�e� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �a�n�d� �t�h�e� �c�o�m�p�o�-� 

�n�e�n�t� �f�a�t�i�g�u�e� �l�i�v�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�a�c�h� �A�R�M�A� �m�o�d�e�l� �a�r�e� �t�a�k�e�n� �a�s� �t�h�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e� 

�o�f� �o�n�e� �h�u�n�d�r�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e� �c�o�u�n�t�i�n�g�,� �t�h�e� �m�a�x�i�m�u�m� �r�a�n�g�e� �f�o�r� �t�h�e� �n�o�r�m�a�l�i�z�e�d� 

�o�r�i�g�i�n�a�l� �a�n�d� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s� �i�s� �s�e�t� �e�q�u�a�l� �t�o� �1�0�,� �e�x�t�e�n�d�i�n�g� �f�r�o�m�  ��5� �t�o� �5�.� 

�S�u�c�h� �a� �r�a�n�g�e� �i�s� �c�h�o�s�e�n� �t�o� �b�e� �l�a�r�g�e� �e�n�o�u�g�h� �s�o� �t�h�a�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �i�t� �b�e�i�n�g� �e�x�c�e�e�d�e�d� �b�y� 

�t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �d�a�t�a� �i�s� �a�l�m�o�s�t� �z�e�r�o�.� �T�h�i�s� �r�a�n�g�e� �i�s� �t�h�e�n� �d�i�v�i�d�e�d� �i�n�t�o� �3�2� �e�q�u�a�l� �c�l�a�s�s� �i�n�t�e�r�-� 

�v�a�l�s� �o�f� �w�i�d�t�h� �0�.�3�1�2�5�.� �F�i�g�u�r�e� �6�.�3� �s�h�o�w�s� �t�h�e� �r�a�n�g�e�-�m�e�a�n� �h�i�s�t�o�g�r�a�m�s� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �f�o�r� 

�t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�n�d� �f�o�r� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s� �b�y� �A�R�M�A�(�0�,�0�)�,� �A�R�M�A�(�1�,�0�)�,� 

�A�R�M�A�(�2�,�1�)�,� �a�n�d� �A�R�M�A�(�3�,�1�)� �m�o�d�e�l�s�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �r�a�i�n�f�l�o�w� �r�a�n�g�e� �m�e�a�n� �h�i�s�t�o�-� 

�g�r�a�m�s� �f�o�r� �t�h�e� �l�o�w�e�r� �o�r�d�e�r� �m�o�d�e�l�s� �s�u�c�h� �a�s� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)� �a�r�e� �s�h�o�w�n� �t�o� �b�e� 

�s�u�b�s�t�a�n�t�i�a�l�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�a�t� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�.� �B�e�c�a�u�s�e� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �a�m�o�n�g� �t�h�e� 

�c�o�n�s�e�c�u�t�i�v�e� �d�a�t�a� �p�o�i�n�t�s� �i�s� �r�e�l�a�t�i�v�e�l�y� �l�o�w�,� �t�h�e�s�e� �t�w�o� �l�o�w�e�r� �o�r�d�e�r� �m�o�d�e�l�s� �d�e�s�c�r�i�b�e� �s�e�q�u�e�n�c�e�s� 

�o�f� �p�e�a�k�s� �a�n�d� �v�a�l�l�e�y�s� �t�h�a�t� �a�r�e� �i�n�t�e�r�r�u�p�t�e�d� �b�y� �o�n�l�y� �a� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�m�e�d�i�a�t�e� �p�o�i�n�t�s�.� 

�A�s� �a� �r�e�s�u�l�t�,� �a� �m�u�c�h� �l�a�r�g�e�r� �n�u�m�b�e�r� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �a� �s�m�a�l�l�e�r� �r�a�n�g�e� �i�s� �f�o�r�m�e�d�.� �F�u�r�-� 

�t�h�e�r�m�o�r�e�,� �i�t� �i�s� �a�l�s�o� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �l�a�r�g�e�r� �r�a�n�g�e�s� �i�s� �o�v�e�r�-� 
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�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �A�R�M�A�(�0�,�0�)� �m�o�d�e�l� �w�h�i�l�e� �i�t� �i�s� �u�n�d�e�r�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �A�R�M�A�(�1�,�0�)� �m�o�d�e�l�.� 

�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �f�o�r� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� 

�A�R�M�A� �m�o�d�e�l�s� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�i�s�t�r�i�-� 

�b�u�t�i�o�n� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �i�s� �i�r�r�e�g�u�l�a�r�,� �w�h�e�r�e�a�s� �t�h�o�s�e� �f�o�r� �t�h�e� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� 

�a�r�e� �r�e�l�a�t�i�v�e�l�y� �s�m�o�o�t�h� �d�u�e� �t�o� �a�v�e�r�a�g�i�n�g� �t�h�e� �o�n�e� �h�u�n�d�r�e�d� �s�a�m�p�l�e� �h�i�s�t�o�r�i�e�s�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s�,� �t�h�e� �v�a�r�i�a�t�i�o�n�s� �o�f� �f�a�t�i�g�u�e� �l�i�f�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �R�M�S� �s�t�r�a�i�n� 

�l�e�v�e�l�,� �E�p�,�,�;�,� �a�r�e� �c�o�n�s�i�d�e�r�e�d�,� �t�h�e� �s�o� �c�a�l�l�e�d� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �s�t�r�a�i�n� �h�i�s�t�o�-� 

�r�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �v�a�r�i�o�u�s� �R�M�S� �l�e�v�e�l�s� �a�r�e� �r�e�q�u�i�r�e�d�.� �B�e�c�a�u�s�e� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �1�s� �o�f� 

�u�n�i�t� �R�M�S� �v�a�l�u�e�,� �t�h�i�s� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �s�i�m�p�l�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �h�i�s�t�o�r�y� 

�w�i�t�h� �t�h�e� �d�e�s�i�r�e�d� �R�M�S� �v�a�l�u�e�.� �S�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �f�o�r� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �a�n�d� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �o�f� 

�o�n�e� �h�u�n�d�r�e�d� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�4�.� 

�F�o�r� �l�o�w� �c�y�c�l�e� �f�a�t�i�g�u�e�,� �t�h�e� �c�o�m�p�o�n�e�n�t� �l�i�f�e� �f�o�r� �A�R�M�A�(�3�,�1�)� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�y� �i�s� 

�s�h�o�w�n� �t�o� �b�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�a�t� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�.� �T�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �d�u�e� �t�o� 

�A�R�M�A�(�0�,�0�)� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s� �i�s� �t�h�e� �s�h�o�r�t�e�s�t�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �A�R�M�A�(�0�,�0�)� �m�o�d�e�l� 

�d�o�e�s� �n�o�t� �o�n�l�y� �o�v�e�r�e�s�t�i�m�a�t�e� �t�h�e� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �a� �s�m�a�l�l�e�r� �r�a�n�g�e� �b�u�t� �a�l�s�o� �t�h�o�s�e� �w�i�t�h� �a�n� 

�i�n�t�e�r�m�e�d�i�a�t�e� �a�n�d� �l�a�r�g�e�r� �r�a�n�g�e�s�.� �I�n� �s�p�i�t�e� �o�f� �t�h�e� �r�e�s�u�l�t� �s�h�o�w�n� �e�a�r�l�i�e�r� �w�h�i�c�h� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� 

�l�a�r�g�e�s�t� �n�u�m�b�e�r� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �i�s� �f�o�r�m�e�d� �b�y� �t�h�e� �A�R�M�(�1�,�0�)� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s�,� �t�h�e� 

�l�o�n�g�e�s�t� �f�a�t�i�g�u�e� �l�i�f�e� �i�s� �p�r�e�d�i�c�t�e�d�.� �T�h�i�s� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�t�h�e� �r�e�s�u�l�t�i�n�g� �c�y�c�l�e�s� �i�s� �b�i�a�s�e�d� �t�o�w�a�r�d� �t�h�o�s�e� �w�i�t�h� �a� �s�m�a�l�l�e�r� �r�a�n�g�e� �f�o�r� �w�h�i�c�h� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�d�a�m�a�g�e� �i�s� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� �H�i�g�h�e�r� �o�r�d�e�r� �m�o�d�e�l�s�,� �h�o�w�e�v�e�r�,� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �b�e�t�-� 

�t�e�r�.� �I�t� �1�s� �n�o�t�e�d� �t�h�a�t� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �f�o�r� �A�R�M�A�(�2�,�0�)� �a�n�d� �A�R�M�A�(�5�,�4�)� �o�v�e�r�l�a�p� �w�i�t�h� �t�h�e� 

�o�n�e�s� �f�o�r� �A�R�M�A�(�2�,�1�)� �a�n�d� �A�R�M�A�(�3�,�1�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�F�o�r� �h�i�g�h� �c�y�c�l�e� �f�a�t�i�g�u�e�,� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�e�d� �f�a�t�i�g�u�e� �l�i�v�e�s� �f�o�r� �t�h�e� 

�o�r�i�g�i�n�a�l� �a�n�d� �f�o�r� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�e�d� �r�e�c�o�r�d�s� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t�.� �W�h�e�n� �t�h�e� �c�o�m�p�o�-� 

�n�e�n�t� �l�i�f�e� �b�e�c�o�m�e�s� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e�,� �i�.�e�.� �N�,� �>�1�0�°� �b�l�o�c�k�s�,� �a�l�l� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s� �r�e�-� 

�s�u�l�t� �i�n� �l�o�n�g�e�r� �p�r�e�d�i�c�t�e�d� �l�i�f�e� �t�h�a�n� �t�h�a�t� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�.� �F�o�r� �t�h�e�s�e� �p�a�r�t�i�c�u�l�a�r� �R�M�S� 

�s�t�a�i�n� �l�e�v�e�l�s�,� �t�h�e� �d�a�m�a�g�e� �i�s� �m�a�i�n�l�y� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�o�s�e� �h�y�s�t�e�r�e�s�i�s� �l�o�o�p�s� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� 

�r�a�n�g�e�s�.� �I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �a�l�l� �t�h�e� �p�r�o�p�o�s�e�d� �A�R�M�A� �m�o�d�e�l�s� �s�l�i�g�h�t�l�y� �u�n�d�e�r�e�s�t�i�m�a�t�e� �t�h�e� 

�n�u�m�b�e�r� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �s�u�c�h� �r�a�n�g�e�s�.� 

�T�h�e� �d�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �a�n�d� �f�o�r� �A�R�M�A�(�0�,�0�)�,� �A�R�M�A�(�1�,�0�)�,� �a�n�d� 

�A�R�M�A�(�3�,�1�)� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�i�e�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�5� �f�o�r� �t�h�e� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l� 

�E�p�y�s� �=�9�.�1�%�.� �A�t� �t�h�i�s� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l�,� �t�h�e� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �a� �s�m�a�l�l� �r�a�n�g�e� �c�o�n�t�r�i�b�u�t�e� 

�a�n� �i�n�s�i�g�n�i�f�i�c�a�n�t� �p�e�r�c�e�n�t�a�g�e� �o�f� �d�a�m�a�g�e�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�h�o�r�t�e�s�t� �a�n�d� �l�o�n�g�e�s�t� �f�a�t�i�g�u�e� �l�i�v�e�s� 

�a�r�e� �p�r�e�d�i�c�t�e�d� �w�h�e�n� �t�h�e� �e�x�p�e�c�t�e�d� �l�o�a�d� �h�i�s�t�o�r�y� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)� 

�m�o�d�e�l�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�e�l�e�c�t�i�o�n� �c�r�i�t�e�r�i�o�n� �o�u�t�l�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�4�,� �A�R�M�A� �m�o�d�e�l�s� �o�f� �m�i�n�i�-� 

�m�u�m� �o�r�d�e�r� �w�h�o�s�e� �p�o�w�e�r� �s�p�e�c�t�r�a� �h�a�v�e� �a� �s�p�e�c�i�f�i�c� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e�,� �p � ��,� �t�o� �t�h�e� �s�p�e�c�t�r�u�m� 

�o�f� �t�h�e� �o�r�i�g�i�n�a�l� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �f�u�r�t�h�e�r� �a�n�a�l�y�s�i�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �f�a�t�i�g�u�e� �l�i�f�e�.� �M�o�d�e�l�s� �w�i�t�h� 

�c�o�r�r�e�l�a�t�i�o�n�s� �o�f� �p�\ �� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� �t�h�a�n� �0�8�,� �0�.�8�5�,� �0�.�9�,� �a�n�d� �0�.�9�5� �a�r�e� �s�o�u�g�h�t�.� �T�h�e� �r�e�-� 

�s�p�e�c�t�i�v�e� �m�i�n�i�m�u�m� �o�r�d�e�r� �m�o�d�e�l�s� �c�a�n� �b�e� �r�e�a�d� �f�r�o�m� �T�a�b�l�e� �6�.�4� �a�n�d� �a�r�e� �A�R�M�A�(�2�,�0�)� �w�i�t�h� 

�p�y� �=�0�8�4�,� �A�R�M�A�(�2�,�1�)� �w�i�t�h� �p�? ��?�=�0�8�7�,� �A�R�M�A�(�3�,�1�)� �w�i�t�h� �p�O�?� �=�0�.�9�2�,� �a�n�d� 

�A�R�M�A�(�5�,�4�)� �w�i�t�h� �p�? �� �=� �0�.�9�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �c�a�n� �a�l�s�o� �b�e� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �6�.�4� �t�h�a�t� �i�n�-� 

�c�r�e�a�s�i�n�g� �t�h�e� �m�o�d�e�l� �o�r�d�e�r� �b�e�y�o�n�d� �A�R�M�A�(�5�,�4�)� �d�o�e�s� �n�o�t� �l�e�a�d� �t�o� �b�e�t�t�e�r� �f�i�t�t�i�n�g� �m�o�d�e�l�s�.� 

�T�h�e� �m�o�d�e�l� �o�f� �l�o�w�e�s�t� �o�r�d�e�r� �f�o�r� �w�h�i�c�h� �t�h�e� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e� �f�a�l�l�s� �w�i�t�h�i�n� �t�h�e� �b�o�u�n�d�s� �o�f� �l�i�f�e� 

�7�3



�A
�R

�M
�A

�(�
0�

,�0
�)�

 

� � 

� � � � 

�e� 

�O
�r�

i�g
�i�n

�a
� 

�w
�e�

e �
� 

�7�4� 

�A
�R

�M
�A

�(�
3�

,�1
�)�

 
�A

�R
�M

�A
�\�

(�1
�,�

0�
)� 

� � 

� � 

� � 

� � � � 
� � 

�D
�a

�m
�a

�g
�e

� 
�h

�i�s
�t�

o�
g�

r�a
�m

�s
� 

�f�o
�r� 

�o�
r�i�

g�i
�n�

a�l
� �a�

n�d
� �s�

e�l
�e�

c�t
�e�

d� �A
�R

�M
�A

� 
�r�

e�
c�o

�n
�s�

t�r
�u

�c�
t�e

�d
� 

�h�
i�s

�t�o
�r�i

�e�
s�,

� �¢�
,�,�

,�,�
 �=

� �0
�.�

1�
%

� �-� 
�s�

t�a
�t�i

�o�
n�a

�r�
y� �c�
a�s

�e�
.� 

�F
�i�

g�
u�

r�e
� �6
�.�

5�
.



�o�f� �t�h�e� �o�r�i�g�i�n�a�l� �i�s� �t�h�e� �A�R�M�A�(�3�,�1�)� �m�o�d�e�l�,� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�6�.� �T�h�e�r�e�f�o�r�e�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� 

�c�r�i�t�e�r�i�o�n� �o�f� �c�l�o�s�e�n�e�s�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �f�a�t�i�g�u�e� �l�i�f�e�,� �t�h�e� �A�R�M�A�(�3�,�1�)� �m�o�d�e�l� �i�s� �c�h�o�s�e�n� �t�o� �b�e� 

�t�h�e� �m�o�s�t� �c�o�n�c�i�s�e� �m�o�d�e�l� �t�h�a�t� �m�a�t�c�h�e�s� �t�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �w�i�t�h� �a�p�p�r�o�p�r�i�-� 

�a�t�e� �a�c�c�u�r�a�c�y�.� 

�T�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �r�a�n�d�o�m� �l�o�a�d� �h�i�s�t�o�r�y� �m�o�d�e�l�i�n�g� �f�o�r� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s�,� �s�u�c�h� �a�s� �M�o�n�t�e� 

�C�a�r�l�o� �s�t�u�d�i�e�s�,� �a�n�d� �l�a�b�o�r�a�t�o�r�y� �f�a�t�i�g�u�e� �t�e�s�t�i�n�g�,� �g�e�n�e�r�a�l�l�y� �r�e�q�u�i�r�e�s� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �l�o�a�d� �r�e�-� 

�c�o�n�s�t�r�u�c�t�i�o�n�s�.� �A�s� �a� �r�e�s�u�l�t�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�h�a�t� �t�h�e� �p�r�o�p�o�s�e�d� �m�o�d�e�l� �h�a�s� �a� �h�i�g�h� �d�e�g�r�e�e� �o�f� 

�c�o�n�s�i�s�t�e�n�c�y� �i�n� �t�e�r�m�s� �o�f� �r�e�p�r�o�d�u�c�i�n�g� �l�o�a�d� �h�i�s�t�o�r�i�e�s� �w�h�i�c�h� �h�a�v�e� �i�d�e�n�t�i�c�a�l� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�-� 

�t�i�e�s� �t�o� �t�h�e� �o�r�i�g�i�n�a�l�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �v�a�r�i�a�t�i�o�n�s� �o�f� �f�a�t�i�g�u�e� �l�i�f�e� �o�f� �t�h�e� �s�a�m�e� �c�o�m�p�o�n�e�n�t� 

�s�u�b�j�e�c�t�e�d� �t�o� �v�a�r�i�o�u�s� �r�e�c�o�n�s�t�r�u�c�t�e�d� �l�o�a�d� �h�i�s�t�o�r�i�e�s� �s�h�o�u�l�d� �b�e� �m�i�n�i�m�a�l�.� �S�t�a�t�i�s�t�i�c�a�l� �v�a�r�i�a�t�i�o�n�s� 

�o�f� �t�h�e� �c�o�m�p�o�n�e�n�t� �f�a�t�i�g�u�e� �l�i�f�e� �b�a�s�e�d� �o�n� �a�n� �e�n�s�e�m�b�l�e� �o�f� �o�n�e� �h�u�n�d�r�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �r�e�c�o�n�-� 

�s�t�r�u�c�t�e�d� �A�R�M�A�(�3�,�1�)� �h�i�s�t�o�r�i�e�s� �a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�.� �6�.�7� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l�,� 

�E�r�y�s�.� �S�h�o�w�n� �a�r�e� �t�h�e� �m�e�a�n� �a�v�e�r�a�g�e� �l�i�f�e�,� �N� �z�>� �t�h�e� �m�e�a�n� �l�o�w�e�r� �b�o�u�n�d� �l�i�f�e�,� �N� �i� �a�n�d� �t�h�e� 

�m�e�a�n� �u�p�p�e�r� �b�o�u�n�d� �l�i�f�e�,� �N�;�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a� �b�a�n�d� �f�o�r�m�e�d� �b�y� �t�h�e� �l�i�n�e�s� �N�j�  ��3�0� �v�e� �a�n�d� 

�N�i� �+�3�0� �n�>� �w�h�e�r�e� �0� �v�i� �a�n�d� �o� �w�y� �a�r�e� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �o�f� �t�h�e� �l�o�w�e�r� �b�o�u�n�d� �a�n�d� �u�p�-� 

�p�e�r� �b�o�u�n�d� �l�i�v�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �i�s� �a�l�s�o� �g�i�v�e�n� �f�o�r� �m�e�a�s�u�r�i�n�g� �t�h�e� �d�e�g�r�e�e� �o�f� �d�i�s�p�e�r�s�i�o�n� �o�f� �t�h�e� 

�d�a�t�a�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e� �t�o�t�a�l� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �a� �g�i�v�e�n� �p�o�i�n�t� �t�o� �b�e� �w�i�t�h�i�n� �p�l�u�s� �a�n�d� �m�i�n�u�s� 

�t�h�r�e�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �m�e�a�n� �v�a�l�u�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �9�9�.�7�%�.� �B�e�c�a�u�s�e� �t�h�e� �r�e�-� 

�s�u�l�t�i�n�g� �b�a�n�d� �i�s� �r�e�l�a�t�i�v�e�l�y� �n�a�r�r�o�w�,� �o�n�l�y� �s�l�i�g�h�t� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �f�a�t�i�g�u�e� �l�i�f�e� �i�s� �t�o� �b�e� 

�e�x�p�e�c�t�e�d�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �r�e�f�l�e�c�t�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �l�o�a�d�i�n�g� �h�i�s�t�o�r�y� �i�s� �o�f� �s�t�o�c�h�a�s�t�i�c� �n�a�t�u�r�e�.� �I�n� 

�t�h�e� �s�u�b�s�e�q�u�e�n�t� �s�t�u�d�i�e�s�,� �r�a�i�n�f�l�o�w� �a�n�d� �d�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �o�n�l�y� �o�n�e� �r�e�-� 

�c�o�n�s�t�r�u�c�t�i�o�n�,� �a�s� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �b�e�t�w�e�e�n� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �i�s� �s�m�a�l�l� �f�o�r� �h�i�s�t�o�r�i�e�s� �o�f� �r�e�a�s�o�n�a�b�l�e� 

�l�e�n�g�t�h�.� 
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�6�.�1�.�1� �E�x�p�e�r�i�m�e�n�t�a�l� �V�e�r�i�f�i�c�a�t�i�o�n� 

�J�u�n�e�j�a� �(�1�9�9�2�)� �r�e�p�o�r�t�e�d� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �l�o�a�d� 

�m�o�d�e�l�i�n�g� �m�e�t�h�o�d�.� �U�n�n�o�t�c�h�e�d� �a�x�i�a�l� �t�e�s�t� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �m�a�d�e� �o�f� �S�A�E� �1�0�4�5� �s�t�e�e�l� �f�r�o�m� �t�h�e� 

�s�a�m�e� �l�o�t� �o�f� �m�a�t�e�r�i�a�l�,� �w�h�e�r�e� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s�,� �T�a�b�l�e� �6�.�1�,� �w�e�r�e� �t�h�e� �s�a�m�e� �a�s� �u�s�e�d� �i�n� �t�h�e� 

�l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� �s�p�e�c�i�m�e�n� �w�e�r�e� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� 

�l�o�a�d�i�n�g� �h�i�s�t�o�r�y� �a�t� �f�i�v�e� �d�i�f�f�e�r�e�n�t� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l�s�,� �a�n�d� �s�i�m�i�l�a�r�l�y� �t�o� �t�h�r�e�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�,� 

�n�a�m�e�l�y� �A�R�M�A�(�0�,�0�)�,� �A�R�M�A�(�1�,�0�)�,� �a�n�d� �A�R�M�A�(�3�,�1�)�,� �w�h�e�r�e� �t�h�e�s�e� �h�i�s�t�o�r�i�e�s� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�.� �6�.�1�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �b�l�o�c�k�s� �t�o� �f�a�i�l�u�r�e�,� �N�,�,� �a�r�e� �s�h�o�w�n� �f�o�r� �e�a�c�h� �t�e�s�t� �i�n� �F�i�g�.� �6�.�8�.� �T�h�e� 

�A�R�M�A�(�0�,�0�)� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�y� �g�a�v�e� �l�i�v�e�s� �s�h�o�r�t�e�r� �t�h�a�n� �t�h�o�s�e� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�,� 

�a�n�d� �t�h�e� �A�R�M�A�(�1�,�0�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �g�a�v�e� �l�o�n�g�e�r� �l�i�v�e�s�.� �T�h�e� �A�R�M�A�(�3�,�1�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� 

�l�i�v�e�s� �w�e�r�e� �c�l�o�s�e�s�t� �t�o� �t�h�o�s�e� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�t� �a�l�l� �f�i�v�e� �s�t�r�a�i�n� �l�e�v�e�l�s�,� �b�e�i�n�g� �s�l�i�g�h�t�l�y� 

�l�o�n�g�e�r� �b�u�t� �w�i�t�h�i�n� �a� �f�a�c�t�o�r� �o�f� �t�w�o�.� �T�h�e� �t�r�e�n�d�s� �i�n� �l�i�f�e� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�a�s� �i�n� 

�a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �l�i�f�e� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �a�c�t�u�a�l� �l�i�v�e�s� �w�e�r�e� 

�s�h�o�r�t�e�r� �t�h�a�n� �p�r�e�d�i�c�t�e�d�,� �e�s�p�e�c�i�a�l�l�y� �a�t� �t�h�e� �l�o�w�e�r� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l�s�.� �A� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� 

�f�o�r� �t�h�i�s� �i�s� �t�h�a�t� �c�y�c�l�e�s� �a�t� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �a�n�d� �l�o�w�e�r� �l�e�v�e�l�s� �w�i�t�h�i�n� �a� �g�i�v�e�n� �s�t�r�a�i�n� �h�i�s�t�o�r�y� �o�f�t�e�n� 

�c�a�u�s�e� �m�o�r�e� �f�a�t�i�g�u�e� �d�a�m�a�g�e� �t�h�a�n� �e�x�p�e�c�t�e�d� �d�u�e� �t�o� �a�n� �i�n�t�e�r�a�c�t�i�o�n� �e�f�f�e�c�t� �w�i�t�h� �t�h�e� �m�o�s�t� �s�e�v�e�r� 

�c�y�c�l�e�s�.� �A�l�s�o�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�r�o�v�i�d�e�d� �s�p�e�c�i�m�e�n� �m�a�y� �h�a�v�e� �d�e�v�i�a�t�e�d� �f�r�o�m� �t�h�e� 

�r�e�p�o�r�t�e�d� �v�a�l�u�e�s� �a�s� �t�h�e�y� �w�e�r�e� �n�o�t� �c�o�n�f�i�r�m�e�d� �t�h�r�o�u�g�h� �t�e�s�t�s�.� �F�i�n�a�l�l�y�,� �a� �v�a�r�i�a�t�i�o�n� �i�n� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �w�i�t�h�i�n� �t�h�e� �l�o�t� �o�f� �s�t�e�e�l� �b�a�r� �p�r�o�v�i�d�e�d� �i�s� �a� �p�o�s�s�i�b�l�e� �c�a�u�s�e� �f�o�r� �t�h�e� �d�e�v�i�a�t�i�o�n� �o�f� �p�r�e�-� 

�d�i�c�t�i�o�n� �a�n�d� �t�e�s�t� �r�e�s�u�l�t�s�.� 

�T�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �r�e�s�u�l�t� �o�b�t�a�i�n�e�d�,� �h�o�w�e�v�e�r�,� �i�s� �t�h�a�t� �t�h�e� �A�R�M�A�(�3�,�1�)� �m�o�d�e�l� �a�n�d� �t�h�e� 
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�o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g� �a�g�r�e�e�d� �r�e�a�s�o�n�a�b�l�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �f�a�t�i�g�u�e� �l�i�f�e�.� 

�6�.�2� �N�o�n�s�t�a�t�i�o�n�a�r�y� �M�e�a�n� 

�A� �t�y�p�i�c�a�l� �h�i�s�t�o�r�y� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �s�t�r�a�i�n� �g�a�u�g�e� �d�a�t�a� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d� 

�h�i�s�t�o�r�y� �i�n� �t�h�i�s� �s�t�u�d�y�,� �F�i�g�.� �6�.�9�a�,� �w�h�e�r�e� �a� �v�a�r�i�a�t�i�o�n� �i�n� �v�a�r�i�a�n�c�e� �w�a�s� �r�e�m�o�v�e�d� �p�r�i�o�r� �t�o� �t�h�i�s� 

�s�t�u�d�y�.� �T�h�i�s� �h�i�s�t�o�r�y�,� �c�o�n�t�a�i�n�i�n�g� �1�0�2�4�0� �p�o�i�n�t�s�,� �c�o�n�s�t�i�t�u�t�e�s� �o�n�e� �b�l�o�c�k�.� �I�t�s� �p�o�w�e�r� �s�p�e�c�t�r�a�l� 

�d�e�n�s�i�t�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�0�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �e�m�p�l�o�y�e�d� �m�o�d�e�l� �o�f� �E�q�.� �(�5�.�1�)�,� �t�h�e� �h�i�s�t�o�r�y� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �i�t�s� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s�,� �m�,� �a�n�d� �n�,�,� �w�h�e�r�e� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �i�s� �c�o�n�s�t�a�n�t�.� �I�n� 

�o�r�d�e�r� �t�o� �m�o�d�e�l� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�n�,� �m�,�,� �i�n� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �w�a�y� �v�a�r�i�o�u�s� �F�o�u�r�i�e�r� �s�e�r�i�e�s� 

�w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r�s� �o�f� �t�e�r�m�s� �a�r�e� �f�o�r�m�e�d�,� �g�i�v�i�n�g� �t�h�e� �t�e�n�t�a�t�i�v�e� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n�s�.� �T�h�e� 

�d�i�f�f�e�r�e�n�c�e�,� �n�,�,� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�c�o�r�d� �a�n�d� �e�a�c�h� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�e�s�e� �d�i�f�f�e�r�-� 

�e�n�c�e�s� �a�r�e� �t�h�e�n� �a�n�a�l�y�z�e�d� �f�o�r� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �b�e�i�n�g� �a� �z�e�r�o�-�m�e�a�n� �p�r�o�c�e�s�s�.� �T�h�e� �b�e�s�t� �m�e�a�n� 

�d�e�s�c�r�i�p�t�i�o�n� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �o�n�e� �t�h�a�t� �r�e�n�d�e�r�s� �n�,� �s�t�a�t�i�o�n�a�r�y� �u�s�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �t�h�e� 

�l�e�a�s�t� �n�u�m�b�e�r� �o�f� �t�e�r�m�s�.� 

�I�n� �o�r�d�e�r� �t�o� �a�n�a�l�y�z�e� �t�h�e� �m�e�a�n�-�r�e�m�o�v�e�d� �r�e�c�o�r�d�,� �n�,�,� �i�t� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �N�,� �i�n�t�e�r�v�a�l�s� �e�a�c�h� �o�f� 

�w�h�i�c�h� �c�o�n�t�a�i�n�s�,� �a�c�c�o�r�d�i�n�g� �t�o� �S�e�c�t�i�o�n� �5�.�3�,� �N�,� �=�5�0� �p�o�i�n�t�s�.� �T�h�i�s� �l�e�a�d�s� �t�o� �N�,� �=� �2�0�4� �i�n�t�e�r�-� 

�v�a�l�s�,� �f�o�r� �e�a�c�h� �o�f� �w�h�i�c�h� �t�h�e� �i�n�t�e�r�v�a�l� �m�e�a�n� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �A�s� �1�0�2�4�0� �c�a�n�n�o�t� �b�e� �e�v�e�n�l�y� �d�i�-� 

�v�i�d�e�d� �b�y� �5�0�,� �t�h�e� �f�i�r�s�t� �a�n�d� �l�a�s�t� �2�0� �p�o�i�n�t�s� �i�n� �t�h�e� �s�e�r�i�e�s� �a�r�e� �i�g�n�o�r�e�d� �f�o�r� �t�h�e� �r�u�n� �t�e�s�t�s�.� 

�R�u�n� �t�e�s�t�s� �b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n�,� �a�n�d� �t�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �l�o�n�g�e�s�t� �r�u�n�,� �a�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �i�n�t�e�r�v�a�l� �m�e�a�n�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 
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�n�,�.� �T�h�i�s� �a�s�s�u�r�e�s� �t�h�a�t� �a� �v�a�r�i�e�t�y� �o�f� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �e�x�p�e�c�t�e�d� �r�a�n�d�o�m� �b�e�h�a�v�i�o�r� �o�f� �t�h�i�s� �s�e�-� 

�q�u�e�n�c�e� �c�a�n� �b�e� �d�e�t�e�c�t�e�d�.� 

�C�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �f�o�r� �r�u�n� �t�e�s�t�s� �a�t� �l�e�v�e�l�s� �a� �=� �0�.�9�0�,� �a� �=� �0�.�9�5�,� �a�n�d� �a� �=� �0�.�9�8� �a�r�e� �s�h�o�w�n� 

�i�n� �T�a�b�l�e� �6�.�5�,� �w�h�e�r�e� �a�@� �=� �0�.�9�5� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �l�e�v�e�l� �a�t� �w�h�i�c�h� �r�u�n� �t�e�s�t�s� �w�i�l�l� �b�e� �p�e�r�f�o�r�m�e�d�.� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �N�,� �=� �2�0�4�,� �t�h�e� �9�5�%� �(�a� �=� �0�.�9�5�)� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� 

�o�f� �r�u�n�s� �a�r�e� �(�8�9� �<� �H�p�,� �<� �1�1�6�)�,� �w�h�i�l�e� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n� �c�o�v�e�r�s� �t�h�e� �r�a�n�g�e� 

�(�1�2�3� �<� �M�p�,� �<�1�4�7� �)�.� �T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �l�o�n�g�e�s�t� �a�d�m�i�s�s�i�b�l�e� �r�u�n�,� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�1�7�)� �f�o�r� �a� 

�r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �o�f� �l�e�n�g�t�h� �2�0�4�,� �i�s� �K�=�6�.� 

�T�h�e� �o�n�l�y� �v�a�l�u�e� �f�o�r� �w�h�i�c�h� �a�l�l� �r�u�n� �t�e�s�t�s� �a�r�e� �p�a�s�s�e�d� �i�s� �1�7�,� �=�3�5�.� �T�h�e�r�e�f�o�r�e�,� �a� �t�o�t�a�l� �n�u�m�-� 

�b�e�r� �o�f� �M�7�,� �=� �3�5� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �d�e�e�m�e�d� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t� �m�e�a�n� �d�e�-� 

�s�c�r�i�p�t�i�o�n� �t�o� �r�e�n�d�e�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�i�g�n�a�l� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�s� �m�e�a�n� �v�a�l�u�e�.� �S�e�e� �a�l�s�o� 

�F�i�g�.� �6�.�9�b� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �m�o�d�e�l�,� �m�,�,� �a�n�d� �F�i�g�.� �6�.�9�c�,� �f�o�r� �t�h�e� �m�e�a�n� �r�e�m�o�v�e�d� �r�e�-� 

�c�o�r�d�,� �n�,�,� �a�n�d� �F�i�g�.� �6�.�1�1� �f�o�r� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�.� 

�T�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�q�u�e�n�c�e� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �b�y� �a�n� �A�R�M�A� �m�o�d�e�l�.� �P�a�r�a�m�e�t�e�r�s� �f�o�r� �a� 

�n�u�m�b�e�r� �o�f� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�t�w�e�e�n� �p�o�w�e�r� 

�s�p�e�c�t�r�a� �o�f� �t�h�e�s�e� �A�R�M�A� �m�o�d�e�l�s� �a�n�d� �t�h�e� �s�p�e�c�t�r�u�m� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�,� 

�a�n�d� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �6�.�6�.� �S�e�e�k�i�n�g� �m�o�d�e�l�s� �w�h�i�c�h� �h�a�v�e� �c�o�r�r�e�l�a�t�i�o�n�s� �o�f� �p�\ � �� �g�r�e�a�t�e�r� �o�r� 

�e�q�u�a�l� �t�h�a�n� �0�.�8�,� �0�.�8�5�,� �0�.�9�,� �a�n�d� �0�.�9�5� �l�e�a�d�s� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�o�i�c�e�s� �o�f� �r�e�s�p�e�c�t�i�v�e� �m�i�n�i�m�u�m� 

�o�r�d�e�r� �m�o�d�e�l�s�:� �A�R�M�A�(�5�,�0�)�,� �A�R�M�A�(�5�,�2�)�,� �A�R�M�A�(�9�,�0�)�,� �a�n�d� �A�R�M�A�(�1�0�,�0�)�.� �P�o�w�e�r� �s�p�e�c�t�r�a�l� 

�d�e�n�s�i�t�i�e�s� �f�o�r� �A�R�M�A�(�5�,�0�)� �a�n�d� �A�R�M�A�(�1�0�,�0�)� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�1�.� �T�h�e� �a�r�e�a� �u�n�d�e�r� �t�h�e� 

�P�S�D� �o�f� �b�o�t�h� �A�R�M�A� �m�o�d�e�l�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �a�r�e�a� �u�n�d�e�r� �t�h�e� �P�S�D� �o�f� �t�h�e� 

�s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�e�a�k�s� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�r�e� �m�u�c�h� �b�e�t�t�e�r� �m�o�d�e�l�e�d� �b�y� 
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�w�h�e�r�e� �f�o�r� �A�R�M�A�(�5�,�0�)� �p�y ��?� �=�0�.�8�1� �a�n�d� �f�o�r� �A�R�M�A�(�1�0�,�0�)� �p�?�®�°� �=� �0�.�9�6� �-� �s� 

�n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�T�a�b�l�e� �6�.�6�.� �C�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �p�o�w�e�r� �s�p�e�c�t�r�a�,� �p�\�? ��,� �f�o�r� �s�e�l�e�c�t�e�d� �A�R�M�A�(�p�,�q�)� 
�m�o�d�e�l�s�,� �w�h�e�r�e� �t�h�e� �b�o�l�d� �n�u�m�b�e�r� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�i�n�i�m�u�m� �o�r�d�e�r� �m�o�d�e�l� �f�o�r� �a� 
�g�i�v�e�n� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 

� � 

� � 

� � 

�q� 
�p� �0� �1� �2� �3� �4� �5� �6� �7� �8� �9� 

�1� �0�.�5�2� 

�2� �0�.�5�0� �|� �0�.�5�7� 
� � 

�3� �|� �0�.�5�9� �|� �0�.�6�4� �|� �0�.�7�0� 
� � 

�4� �|� �0�.�7�6�}� �0�.�7�7� �|� �0�.�8�2� �|� �0�.�8�3� 
� � 

�5� �|� �0�.�8�1� �|� �0�.�8�1� �|� �0�.�8�5� �|� �0�.�8�5� �|� �0�.�8�4� 
� � 

�6� �|� �0�.�8�3�]� �0�.�8�3� �|� �0�.�8�4� �|� �0�.�8�4� �|� �0�.�8�5� �|� �0�.�8�5� 
� � 

�7� �|� �0�.�8�1�}� �0�.�8�1� �|� �0�.�8�2� �|� �0�.�8�3� �|� �0�.�8�4� �|� �0�.�8�4� �|� �0�.�8�3� 
� � 

�8� �|� �0�.�7�1� �|� �0�.�7�0� �|� �0�.�7�6� �|� �0�.�7�6� �|� �0�.�8�3� �|� �0�.�8�3� �|� �0�.�8�3� �|� �0�.�8�6� 
� � 

�9� �|� �0�.�9�0�]� �0�.�9�2� �|� �0�.�9�5� �|� �0�.�9�5� �|� �0�.�9�7� �|� �0�.�9�7� �|� �0�.�9�8� �|� �0�.�9�8� �|� �0�.�9�8� 
� � 

�1�0� �|� �0�.�9�6� �|� �0�.�9�6� �;� �0�.�9�7� �|� �0�.�9�6� �|� �0�.�9�8� �,� �0�.�9�8� �|� �0�.�9�8� �|� �0�.�9�8� �|� �0�.�9�6� �|� �0�.�9�7� � � 
� � 

�1�1� �|� �0�.�9�3� �|� �0�.�9�4� �|� �0�.�9�5� �|� �0�.�9�5� �|� �0�.�9�7� �|� �0�.�9�8� �|� �0�.�9�7� �|� �0�.�9�7� �|� �0�.�9�6� �|� �0�.�9�6� 
� � 

�1�2� �|� �0�.�9�3�)� �0�.�9�3� �|� �0�.�9�4� �|� �0�.�9�4� �|� �0�.�9�7� �|� �0�.�9�7� �|� �0�.�9�6� �|� �0�.�9�7� �|� �0�.�9�7� �|� �0�.�9�7� � � � � � � � � � � � � � � � � � � � � � � � � 
� � 
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�t�h�e� �A�R�M�A�(�1�0�,�0�)� �m�o�d�e�l� �t�h�a�n� �b�y� �t�h�e� �A�R�M�A�(�5�,�0�)� �m�o�d�e�l�.� 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �a�r�e� �f�o�r�m�e�d� �f�o�r� �a�l�l� �o�f� �t�h�e�s�e� �A�R�M�A� �m�o�d�e�l�s� �a�n�d� �a�d�d�e�d� �t�o� �t�h�e� �d�e�t�e�r�m�i�-� 

�n�i�s�t�i�c� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n�.� �S�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�,� �w�h�e�r�e� �t�h�e� 

�b�o�u�n�d�e�d� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d�,� �a�n�d� �f�o�r� �v�a�r�i�o�u�s� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�,� �F�i�g�.� 

�6�.�1�2�,� �w�h�e�r�e� �6�4� �i�n�d�e�p�e�n�d�e�n�t� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �a�n�d� �a�v�e�r�a�g�e�d� �t�o� �e�l�i�m�i�n�a�t�e� 

�a�n�y� �b�i�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �a� �p�a�r�t�i�c�u�l�a�r� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �N�o�t�e� �t�h�a�t� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �f�o�r� �r�e�c�o�n�-� 

�s�t�r�u�c�t�i�o�n�s� �o�f� �A�R�M�A�(�5�,�0�)�,� �A�R�M�A�(�5�,�2�)�,� �A�R�M�A�(�9�,�0�)�,� �a�n�d� �A�R�M�A�(�1�0�,�0�)� �o�v�e�r�l�a�p�,� �t�h�e�r�e�-� 

�f�o�r�e�,� �t�h�e� �l�o�w�e�s�t� �o�r�d�e�r� �m�o�d�e�l�,� �A�R�M�A�(�5�,�0�)�,� �i�s� �d�e�e�m�e�d� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �l�o�a�d� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� 

�S�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �a�r�e� �a�l�s�o� �s�h�o�w�n� �f�o�r� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)�,� �w�h�e�r�e� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� 

�t�h�e�y� �c�o�n�s�t�i�t�u�t�e�,� �a�s� �i�n� �S�e�c�t�i�o�n� �6�.�1�,� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �o�f� �a�l�l� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �t�h�a�t� 

�w�e�r�e� �s�t�u�d�i�e�d�.� �A�R�M�A�(�0�,�0�)� �l�e�a�d�s� �t�o� �t�h�e� �s�h�o�r�t�e�s�t� �l�i�f�e�,� �w�h�i�l�e� �A�R�M�A�(�1�,�0�)� �l�e�a�d�s� �t�o� �t�h�e� �l�o�n�g�-� 

�e�s�t� �l�i�f�e� �p�r�e�d�i�c�t�e�d�.� �M�o�r�e�o�v�e�r�,� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)� �a�r�e� �c�l�o�s�e�r� �t�o� 

�t�h�e� �b�o�u�n�d�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �t�h�a�n� �i�t� �i�s� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �l�o�a�d�i�n�g� �i�n� �S�e�c�t�i�o�n� �6�.�1�.� �T�h�i�s� 

�c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t�,� �f�o�r� �t�h�i�s� �c�a�s�e�,� �w�h�e�r�e� �t�h�e� �m�e�a�n� �v�a�r�i�a�t�i�o�n� �v�a�r�i�e�s� �a�p�p�r�e�c�i�a�-� 

�b�l�y�,� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t�'�s� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �f�a�t�i�g�u�e� �l�i�f�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�a�t� �f�o�r� �t�h�e� 

�c�a�s�e� �o�f� �a� �p�u�r�e�l�y� �s�t�a�t�i�o�n�a�r�y� �l�o�a�d�i�n�g�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �a�n�y� �b�i�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �a�n� �i�n�a�p�p�r�o�p�r�i�-� 

�a�t�e� �A�R�M�A� �m�o�d�e�l� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �l�e�s�s� �w�h�e�n� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �v�a�r�i�a�t�i�o�n� �I�s� 

�p�r�e�s�e�n�t�.� 

�T�h�e� �c�o�m�p�l�e�t�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�e�c�o�r�d� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�e�l�e�c�t�e�d� 

�A�R�M�A�(�5�,�0�)� �m�o�d�e�l� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�9�d�,� �a�n�d� �u�s�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�,� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �6�.�9�e�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �F�i�g�.� �6�.�1�3� 

�s�h�o�w�s� �f�i�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �s�i�m�u�l�a�t�e�d� �r�e�c�o�r�d�s�.� �T�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �o�f� �t�h�e� �r�e�c�o�n�-� 

�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�0�,� �w�h�e�r�e� �i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �P�S�D� �i�s� �s�h�o�w�n� �o�n� 
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�O�r�i�g�i�n�a�l� 
� � 

� � 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n� �1� 
� � 

� � 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n� �2� 
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� � � 
�R�e�c�o�n�s�t�r�u�c�t�i�o�n� �3� 
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� � � 
� � � 
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�R�e�c�o�n�s�t�r�u�c�t�i�o�n� �4� 
� � 

� � � � � 

� � 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n� �5� 
�1� �|� �|� �|� �|� �|� �|� �|� �4� 

�0� �2�0�4�8� �4�0�9�6� �t� �6�1�4�4� �8�1�9�2� �1�0�2�4�0� 

� � � � � � 
�F�i�g�u�r�e� �6�.�1�3�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�n�d� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�i�t�h� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�m�e�a�n�,� �M�,�,� �=� �3�5�,� �w�h�e�r�e� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �A�R�M�A�(�5�,�0�)� �m�o�d�e�l� �a�r�e� 
�u�s�e�d� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�a� �l�o�g�a�r�i�t�h�m�i�c� �s�c�a�l�e�,� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �a�g�r�e�e�m�e�n�t� �i�s� �a�c�t�u�a�l�l�y� �v�e�r�y� �c�l�o�s�e�.� �F�i�n�a�l�l�y�,� �f�o�r� �v�i�s�u�a�l� 

�c�o�m�p�a�r�i�s�o�n�,� �t�h�e� �r�a�i�n�f�l�o�w� �a�n�d� �d�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� 

�6�.�1�4�-�6�.�1�5�.� �T�h�e� �o�v�e�r�a�l�l� �a�g�r�e�e�m�e�n�t� �i�s� �g�o�o�d�;� �b�o�t�h� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�m�a�l�l� �c�y�c�l�e�s� �a�n�d� �t�h�e� 

�s�m�a�l�l� �n�u�m�b�e�r� �o�f� �l�a�r�g�e� �c�y�c�l�e�s� �b�e�i�n�g� �w�e�l�l� �a�p�p�r�o�x�i�m�a�t�e�d�.� 

�I�n� �o�r�d�e�r� �t�o� �m�e�a�s�u�r�e� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n�,� !"�,�,� �a�n�d� �a� �s�i�m�u�-� 

�l�a�t�e�d� �m�e�a�n�,� �m ��?�,� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �p ��?� �,� �i�s� �c�a�l�c�u�l�a�t�e�d�.� �T�o� �o�b�t�a�i�n� �a� �r�e�l�i�a�b�l�e� �e�s�t�i�-� 

�m�a�t�e�,� �6�4� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �f�o�r� �e�a�c�h� �v�a�l�u�e� �o�f� �N�Z �� �(�E�q�.� �(�5�.�2�6�)�)� �a�n�d� �a�v�e�r�a�g�e�d�.� 

�F�i�g�u�r�e� �6�.�1�6� �s�h�o�w�s� �t�h�e�s�e� �r�e�s�u�l�t�s�,� �w�h�e�r�e� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n�s� �r�e�m�a�i�n� �l�a�r�g�e� �f�o�r� �a� 

�r�a�n�g�e� �o�f� �z�e�r�o� �p�h�a�s�e� �a�n�g�l�e�s� �b�e�t�w�e�e�n� �1�0� �a�n�d� �3�5� �a�n�d� �d�r�o�p� �s�h�a�r�p�l�y� �t�o� �z�e�r�o� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� 

�o�f� �z�e�r�o� �p�h�a�s�e� �a�n�g�l�e�s� �b�e�c�o�m�e�s� �s�m�a�l�l�e�r� �t�h�a�n� �1�0�.� �F�i�g�u�r�e�s� �6�.�1�7�a�-�e� �s�h�o�w� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�m�e�a�n� �v�a�r�i�a�t�i�o�n� �a�n�d� �a� �s�e�t� �o�f� �f�o�u�r� �m�e�a�n� �v�a�r�i�a�t�i�o�n�s� �o�f� �d�i�f�f�e�r�e�n�t� �c�o�r�r�e�l�a�t�i�o�n� �w�i�t�h� �t�h�e� �d�e�t�e�r�m�i�-� 

�n�i�s�t�i�c� �m�e�a�n�.� �T�h�e�s�e� �r�e�c�o�r�d�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e�s� �o�f� 

�p�X�?� �=� �(�0�.�9�5�,� �0�8�0�,� �0�.�5�8�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �v�a�l�u�e�s� �f�o�r� �N�?�"� �=� �(�2�0�,� �7�,� �4�)�.� �F�i�n�a�l�l�y�,� �a� �r�a�n�d�o�m� 

�p�h�a�s�e� �a�n�g�l�e� �i�s� �a�d�d�e�d� �t�o� �e�a�c�h� �t�e�r�m�,� �V�7 �� �=� �0�,� �s�o� �t�h�a�t� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �a�n�d� �s�i�m�u�l�a�t�e�d� 

�m�e�a�n� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d�.� �F�i�g�u�r�e�s� �6�.�1�7�f�-�g� �s�h�o�w� �t�h�e�s�e� �s�i�m�u�l�a�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �d�r�a�s�t�i�c�a�l�l�y� �d�i�f�-� 

�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l�.� �T�h�i�s� �m�e�t�h�o�d�,� �t�h�e�r�e�f�o�r�e�,� �a�l�l�o�w�s� �o�n�e� �t�o� �o�b�t�a�i�n� �m�e�a�n� �s�i�m�u�l�a�t�i�o�n�s� 

�w�i�t�h� �a�n�y� �d�e�s�i�r�e�d� �c�l�o�s�e�n�e�s�s� �t�o� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n�.� 

�T�o� �m�e�a�s�u�r�e� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �f�a�t�i�g�u�e� �l�i�f�e�,� �6�4� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �w�h�e�r�e� �b�o�t�h� 

�m�e�a�n� �a�n�d� �r�a�n�d�o�m� �c�o�n�t�e�n�t� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y�.� �T�h�e� �f�a�t�i�g�u�e� �l�i�f�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� 

�e�a�c�h� �s�i�m�u�l�a�t�i�o�n� �t�o� �o�b�t�a�i�n� �t�h�e� �m�e�a�n�,� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �a�n�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n� �(�r�a�t�i�o� 

�o�f� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�n�d� �m�e�a�n�)� �o�f� �f�a�t�i�g�u�e� �l�i�f�e�.� �T�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �f�a�t�i�g�u�e� �l�i�f�e�,� �e�x�p�r�e�s�s�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e�s�,� �p ��?� �,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�6�.�1�8�.� 
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� � 
�F�i�g�u�r�e� �6�.�1�4�.� �R�a�i�n�f�l�o�w� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�r�d� �r�e�c�o�n�s�t�r�u�c�t�e�d� �w�i�t�h� 

�M�,�,� �=� �3�5� �a�n�d� �A�R�M�A�(�S�5�,�0�)� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�F�i�g�u�r�e� �6�.�1�5�.� �D�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�r�d� �r�e�c�o�n�s�t�r�u�c�t�e�d�,� �w�i�t�h� 

�M�_�,�,� �=� �3�5� �a�n�d� �A�R�M�A�(�5�,�0�)�,� �w�h�e�r�e�  ¬�,�,�,�,� �=� �0�.�1�%� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�F�i�g�u�r�e� �6�.�1�6�.� �C�o�r�r�e�l�a�t�i�o�n�,� �p � ��,� �b�e�t�w�e�e�n� �d�e�t�e�r�m�i�n�i�s�t�i�c� �a�n�d� �e�n�s�e�m�b�l�e� �m�e�a�n� �v�e�r�s�u�s� �t�h�e� 
�n�u�m�b�e�r� �o�f� �z�e�r�o� �p�h�a�s�e� �s�h�i�f�t�s� �i�n� �e�n�s�e�m�b�l�e� �m�e�a�n�,� �N�; �� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� 
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�F�i�g�u�r�e� �6�.�1�7�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �(�a�)� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �w�i�t�h� �M�,� �=� �3�5� �a�n�d� 
�m�e�a�n� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �c�o�r�r�e�l�a�t�e�d� �t�o� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n�,� �w�i�t�h� �p�*�?� �=� �0�.�9�5� 
�f�o�r� �N�7� �=�2�0�,� �p�*�?� �=� �0�8�0� �f�o�r� �N �� �=�7�,� �p�®�?� �=�0�5�8� �f�o�r� �N �� �=�4�,� �a�n�d� �p�*�?� �=�0� 
�f�o�r� �N�V�;� �=�0� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�F�i�g�u�r�e� �6�.�1�8�.� �C�o�e�f�f�i�c�i�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n� �o�f� �f�a�t�i�g�u�e� �l�i�f�e�,� �6� �v�,�>� �V�e�r�s�u�s� �R�M�S� �s�t�r�a�i�n�,�  ¬�g�y�s�,� �f�o�r� 
�m�e�a�n� �r�e�a�l�i�z�a�t�i�o�n�s� �o�f� �v�a�r�i�o�u�s� �c�o�r�r�e�l�a�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n�,� �p�*�?� �-� �n�o�n�-� 
�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �c�a�s�e�.� 
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�F�o�r� �t�h�e� �c�a�s�e� �o�f� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �p�*�?� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �l�i�f�e� �i�s� �l�a�r�g�e�r� �d�u�e� �t�o� �t�h�e� �c�o�n�t�r�i�-� 

�b�u�t�i�o�n� �o�f� �t�h�e� �l�a�r�g�e�r� �v�a�r�i�a�t�i�o�n�s� �i�n� �m�e�a�n�.� �F�o�r� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e� �o�f� �p�r� �=�1�,� �i�.�e�.� �w�h�e�r�e� �t�h�e� �d�e�-� 

�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �i�s� �u�s�e�d�,� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�s� �s�m�a�l�l�e�s�t� �a�n�d� �e�n�t�i�r�e�l�y� �c�a�u�s�e�d� �b�y� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 

�A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�.� �T�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �l�i�f�e� �f�o�r� �a�l�l� �c�a�s�e�s� �o�f� �p�o ��?� �i�s� �l�a�r�g�e�r� �f�o�r� �s�m�a�l�l�e�r� 

�v�a�l�u�e�s� �o�f� �R�M�S� �s�t�r�a�i�n� �l�e�v�e�l�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t�,� �a�s� �t�h�e� �s�t�r�a�i�n� �l�e�v�e�l� �d�e�c�r�e�a�s�e�s�,� �t�h�e� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s� �w�i�t�h� �s�m�a�l�l� �r�a�n�g�e� �c�o�n�t�r�i�b�u�t�e� �l�e�s�s� �t�o� �t�h�e� �o�v�e�r�a�l�l� �d�a�m�a�g�e�.� 

�T�h�e�r�e�f�o�r�e�,� �o�n�l�y� �a� �f�e�w� �l�a�r�g�e� �r�a�n�g�e� �c�y�c�l�e�s� �c�o�n�t�r�i�b�u�t�e� �t�o� �f�a�t�i�g�u�e� �d�a�m�a�g�e�,� �c�o�n�s�e�q�u�e�n�t�l�y� �t�h�e� 

�v�a�r�i�a�b�i�l�i�t�y� �i�s� �l�a�r�g�e�r�.� 

�6�.�3� �N�o�n�s�t�a�t�i�o�n�a�r�y� �V�a�r�i�a�n�c�e� 

�A� �t�y�p�i�c�a�l� �h�i�s�t�o�r�y� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �s�t�r�a�i�n� �g�a�u�g�e� �d�a�t�a� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d� 

�h�i�s�t�o�r�y� �i�n� �t�h�i�s� �s�t�u�d�y�,� �F�i�g�.� �6�.�1�9�a�.� �T�h�i�s� �h�i�s�t�o�r�y�,� �c�o�n�t�a�i�n�i�n�g� �1�0�2�4�0� �p�o�i�n�t�s�,� �c�o�n�s�t�i�t�u�t�e�s� �o�n�e� 

�b�l�o�c�k�.� �I�t�s� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�0�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �e�m�p�l�o�y�e�d� �m�o�d�e�l� �o�f� �E�q�.� �(�5�.�1�)�,� �t�h�e� �h�i�s�t�o�r�y� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �i�t�s� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �a�n�d� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �p�a�r�t�,� �n�,�,� �w�h�e�r�e� �i�t� �i�s� �a�s�-� 

�s�u�m�e�d� �t�h�a�t� �t�h�e� �m�e�a�n�,� �m�,�,� �i�s� �c�o�n�s�t�a�n�t�.� �T�o� �m�o�d�e�l� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �a�n� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �s�e�r�i�e�s�,� �o�,�,� �i�s� �o�b�t�a�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�4�)�,� �a�n�d� 

�s�h�o�w�n� �i�n� �F�i�g�.� �1�9�b�.� �I�n� �o�r�d�e�r� �t�o� �c�o�n�c�i�s�e�l�y� �r�e�p�r�e�s�e�n�t� �o�,� �t�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� 

�p�e�r�f�o�r�m�e�d�.� �F�i�g�u�r�e� �6�.�2�1� �s�h�o�w�s� �t�h�e� �s�k�e�w�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�e�r�i�e�s�,� �0�,� �f�o�r� �a� 

�r�a�n�g�e� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�,� �A�,� �w�h�e�r�e� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�w�o� �v�a�l�u�e�s� �o�f� �4�,� 

�n�a�m�e�l�y� �A� �=�  ��0�.�0�5� �a�n�d� �4� �=� �0�.�2�7�5�,� �l�e�a�d� �t�o� �s�y�m�m�e�t�r�i�c�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �s�e�r�i�e�s�.� �I�n� �F�i�g�.� �6�.�2�2� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�q�u�e�n�c�y� �h�i�s�t�o�g�r�a�m�s� �a�r�e� �s�h�o�w�n� �a�l�o�n�g� �w�i�t�h� �t�h�e�i�r� �e�q�u�i�v�a�l�e�n�t� �G�a�u�s�s�i�a�n� �d�e�n�-� 

�s�i�t�y� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �n�o�r�m�a�l�i�z�e�d� �e�r�r�o�r�s� �b�e�t�w�e�e�n� �t�h�e� �h�i�s�t�o�g�r�a�m� �a�n�d� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�,� �c�a�l�c�u�-� 
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�l�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�9�)�,� �a�r�e�  ¬�=�7�.�7�1� �f�o�r� �A� �=�-�0�.�0�5� �a�n�d� �¢�=�0�.�6�3� �f�o�r� �4� �=�0�.�2�7�5�.� �T�h�e� 

�o�p�t�i�m�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�,� �t�h�e�r�e�f�o�r�e�,� �i�s� �2� �=� �0�.�2�7�5�,� �a�n�d� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �v�a�r�i�a�b�l�e�,� 

�o�*�°�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�9�c�.� �A� �n�u�m�b�e�r� �o�f� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �a�n� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� 

�t�e�r�m�s� �a�r�e� �f�o�r�m�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�1�0�)�,� �g�i�v�i�n�g� �t�h�e� �t�e�n�t�a�t�i�v�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �s�e�-� 

�r�i�e�s�,� �s ��°�,� �w�i�t�h� �t�h�e� �f�e�w�e�s�t� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �t�h�a�t� �i�s� �c�o�r�r�e�l�a�t�e�d� �a�t� �9�5�%� �t�o� �a� �h�a�s� �M�,� �=� �5�0� 

�t�e�r�m�s� �a�n�d� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�9�d�.� �T�h�e� �i�n�v�e�r�s�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �s ��°�,� �s�,�,� �i�s� �t�h�e� 

�s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n� �u�s�e�d� �t�o� �r�e�n�d�e�r� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�r�i�e�s� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�a�n�c�e� �a�n�d� 

�s�h�o�w�n� �i�n� �F�i�g�.� �6�.�1�9�e�.� �T�h�i�s� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �t�h�e� �q�u�o�t�i�e�n�t� �o�f� �x�,� �a�n�d� �s�,�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�6�.�2�3�a�.� 

�T�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �b�y� �a�n� �A�R�M�A� �m�o�d�e�l�.� �P�a�r�a�m�e�t�e�r�s� �f�o�r� �a� �n�u�m�b�e�r� 

�o�f� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�t�w�e�e�n� �p�o�w�e�r� �s�p�e�c�t�r�a� �o�f� 

�t�h�e�s�e� �A�R�M�A� �m�o�d�e�l�s� �a�n�d� �t�h�e� �s�p�e�c�t�r�u�m� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �a�r�e� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �6�.�7�.� �S�e�e�k�i�n�g� �m�o�d�e�l�s� �w�h�i�c�h� �h�a�v�e� �c�o�r�r�e�l�a�t�i�o�n�s� �o�f� �p � �� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� 

�t�h�a�n� �0�.�8�,� �0�.�8�5�,� �0�.�9�,� �a�n�d� �0�.�9�5� �l�e�a�d�s� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�o�i�c�e�s� �o�f� �r�e�s�p�e�c�t�i�v�e� �m�i�n�i�m�u�m� �o�r�d�e�r� 

�m�o�d�e�l�s�:� �A�R�M�A�(�2�,�0�)�,� �A�R�M�A�(�2�,�1�)�,� �a�n�d� �A�R�M�A�(�6�,�0�)�.� �P�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� �o�f� �t�h�e� �s�t�a�-� 

�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �A�R�M�A�(�2�,�0�)�,� �a�n�d� �A�R�M�A�(�6�,�0�)� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�4�.� �T�h�e� �a�r�e�a� �u�n�d�e�r� �t�h�e� 

�P�S�D� �o�f� �b�o�t�h� �A�R�M�A� �m�o�d�e�l�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �a�r�e�a� �u�n�d�e�r� �t�h�e� �P�S�D� �o�f� �t�h�e� 

�s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�e�a�k� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �i�s� �c�l�o�s�e�r� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� 

�A�R�M�A�(�2�,�0�)� �t�h�a�n� �b�y� �t�h�e� �A�R�M�A�(�6�,�0�)� �m�o�d�e�l�.� �I�n� �t�h�e� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�,� �h�o�w�e�v�e�r�,� 

�t�h�e� �A�R�M�A�(�6�,�0�)� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �P�S�D� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �b�e�t�t�e�r�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �a�r�e�a� 

�u�n�d�e�r� �t�h�e� �P�S�D� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �i�s� �a�b�o�u�t� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �a�r�e� �u�n�d�e�r� �t�h�e� �P�S�D� �f�o�r� �t�h�e� 

�o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�.� �T�h�i�s� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�r�i�e�s� �w�a�s� �o�f� �u�n�i�t� �v�a�r�i�-� 

�a�n�c�e�,� �w�h�i�l�e� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �d�i�v�i�d�i�n�g� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�r�i�e�s� �b�y� �a�n� �e�s�t�i�m�a�t�e� 

�o�f� �i�t�'�s� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� �S�u�c�h� �d�i�v�i�s�i�o�n� �l�e�a�d�s� �b�y� �d�e�f�i�n�i�t�i�o�n� �t�o� �a� �s�e�r�i�e�s� �o�f� �u�n�i�t� �v�a�r�i�a�n�c�e�,� 
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�0� �2�0�4�8� �4�0�9�6� �t� �6�1�4�4� �8�1�9�2� �1�0�2�4�0� 

�F�i�g�u�r�e� �6�.�2�3�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �(�a�)� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �(�b�)� �A�R�M�A�(�6�,�0�)� �m�o�d�e�l� �s�i�m�u�l�a�-� 
�t�i�o�n�,� �a�n�d� �(�c�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�T�a�b�l�e� �6�.�7�.� �C�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �p�o�w�e�r� �s�p�e�c�t�r�a�,� �p�\ � ��,� �f�o�r� �s�e�l�e�c�t�e�d� �A�R�M�A�(�p�,�q�)� 
�m�o�d�e�l�s�,� �w�h�e�r�e� �t�h�e� �b�o�l�d� �n�u�m�b�e�r� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�i�n�i�m�u�m� �o�r�d�e�r� �m�o�d�e�l� �f�o�r� �a� 
�g�i�v�e�n� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�F�i�g�u�r�e� �6�.�2�4�.� �P�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�o�r� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�n�d� �t�w�o� �A�R�M�A� �m�o�d�e�l�s�,� 
�w�h�e�r�e� �f�o�r� �A�R�M�A�(�2�,�0�)� �p�?� �=�0�.�8�4� �a�n�d� �f�o�r� �A�R�M�A�(�6�,�0�)� �p�?�?� �=�0�.�9�5� �-� 
�n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�t�h�e�r�e�f�o�r�e�,� �t�h�e� �a�r�e�a�s� �u�n�d�e�r� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� �h�a�v�e� �t�o� �b�e� �i�d�e�n�t�i�c�a�l�.� 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �a�r�e� �f�o�r�m�e�d� �f�o�r� �a�l�l� �o�f� �t�h�e�s�e� �A�R�M�A� �m�o�d�e�l�s� �a�n�d� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �d�e�-� 

�t�e�r�m�i�n�i�s�t�i�c� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�.� �S�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�,� �w�h�e�r�e� 

�t�h�e� �b�o�u�n�d�e�d� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d�,� �a�n�d� �f�o�r� �v�a�r�i�o�u�s� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�,� �F�i�g�.� 

�6�.�2�5�,� �w�h�e�r�e� �6�4� �i�n�d�e�p�e�n�d�e�n�t� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �a�n�d� �a�v�e�r�a�g�e�d� �t�o� �e�l�i�m�i�n�a�t�e� 

�a�n�y� �b�i�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �a� �p�a�r�t�i�c�u�l�a�r� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �N�o�t�e� �t�h�a�t� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �f�o�r� �t�h�e� 

�A�R�M�A�(�2�,�0�)�,� �A�R�M�A�(�2�,�1�)�,� �a�n�d� �A�R�M�A�(�6�,�0�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �a�r�e� �v�e�r�y� �c�l�o�s�e�,� �b�u�t� �o�n�l�y� �t�h�e� 

�h�i�g�h�e�s�t� �o�r�d�e�r� �m�o�d�e�l�,� �i�.�e�.� �A�R�M�A�(�6�,�0�)� �m�o�d�e�l� �i�s� �d�e�e�m�e�d� �a�p�p�r�o�p�r�i�a�t�e� �a�s� �i�t�s� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e� 

�f�a�l�l�s�,� �a�t� �l�e�a�s�t� �p�a�r�t�i�a�l�l�y�,� �i�n�s�i�d�e� �t�h�e� �b�o�u�n�d�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l�.� �A�s� �b�e�f�o�r�e� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �a�r�e� 

�a�l�s�o� �s�h�o�w�n� �f�o�r� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)�,� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s�.� �H�e�r�e�,� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� 

�A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)� �l�i�f�e� �p�r�e�d�i�c�t�i�o�n�s� �a�r�e� �a�b�o�u�t� �a�s� �f�a�r� �f�r�o�m� �t�h�e� �b�o�u�n�d�s� �o�f� �t�h�e� 

�o�r�i�g�i�n�a�l� �t�h�a�n� �i�t� �i�s� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �l�o�a�d�i�n�g� �i�n� �S�e�c�t�i�o�n� �6�.�1�.� �A�s� �t�h�e� �m�e�a�n� �v�a�r�i�a�t�i�o�n� 

�i�s� �Z�e�r�o�,� �i�t� �i�s� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �t�h�a�t� �g�o�v�e�r�n�s� �f�a�t�i�g�u�e� �l�i�f�e�.� �T�h�e� �s�c�a�l�i�n�g� �f�u�n�c�-� 

�t�i�o�n�,� �s�,�,� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �p�r�o�c�e�s�s�,� �b�u�t� �t�h�e� �A�R�M�A� �m�o�d�e�l� �d�e�t�e�r�m�i�n�e�s� �t�h�e� 

�c�o�r�r�e�l�a�t�i�o�n�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �r�a�i�n�f�l�o�w� �c�y�c�l�e�s�,� �o�f� �t�h�e� �s�e�r�i�e�s�.� �T�h�e�r�e�f�o�r�e�,� �a�n�y� �b�i�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� 

�a�n� �i�n�a�p�p�r�o�p�r�i�a�t�e� �A�R�M�A� �m�o�d�e�l� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �a�s� �i�t� �w�a�s� �t�h�e� �c�a�s�e� �i�n� �S�e�c�t�i�o�n� 

�6�.�1�.� 

�A� �c�o�m�p�l�e�t�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�e�c�o�r�d� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�e�l�e�c�t�e�d� 

�A�R�M�A�(�6�,�0�)� �m�o�d�e�l�,� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�3�b�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�3�c�.� �T�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� 

�d�e�n�s�i�t�y� �o�f� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�0�.� �F�i�n�a�l�l�y�,� �f�o�r� �v�i�s�u�a�l� �c�o�m�p�a�r�i�s�o�n�,� 

�t�h�e� �r�a�i�n�f�l�o�w� �a�n�d� �d�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �6�.�2�6�-�6�.�2�7�.� �T�h�e� 

�o�v�e�r�a�l�l� �a�g�r�e�e�m�e�n�t� �i�s� �g�o�o�d�;� �b�o�t�h� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�m�a�l�l� �c�y�c�l�e�s� �a�n�d� �t�h�e� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� 

�l�a�r�g�e� �c�y�c�l�e�s� �b�e�i�n�g� �w�e�l�l� �a�p�p�r�o�x�i�m�a�t�e�d�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �r�e�c�o�n�s�t�r�u�c�-� 
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�F�i�g�u�r�e� �6�.�2�6�.� �R�a�i�n�f�l�o�w� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �w�i�t�h� �M�,� �=� �5�0� 

�a�n�d� �A�R�M�A�(�6�,�0�)� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�F�i�g�u�r�e� �6�.�2�7�.� �D�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �w�i�t�h� �M�/�,� �=�5�0� 

�a�n�d� �A�R�M�A�(�6�,�0�)�,� �w�h�e�r�e�  ¬�,�,�,�,� �=� �0�.�1�%� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�t�i�o�n�,� �F�i�g�.� �6�.�2�8� �s�h�o�w�s� �f�i�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �s�i�m�u�l�a�t�e�d� �r�e�c�o�r�d�s�.� 

�6�.�4� �N�o�n�s�t�a�t�i�o�n�a�r�y� �M�e�a�n� �a�n�d� �V�a�r�i�a�n�c�e� 

�A� �t�y�p�i�c�a�l� �h�i�s�t�o�r�y� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �s�t�r�a�i�n� �g�a�u�g�e� �d�a�t�a� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �r�a�n�d�o�m� �f�a�t�i�g�u�e� �l�o�a�d� 

�h�i�s�t�o�r�y� �i�n� �t�h�i�s� �s�t�u�d�y�,� �F�i�g�.� �6�.�2�9�a�,� �w�h�e�r�e� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�i�s� �i�s� �t�h�e� �h�i�s�t�o�r�y� �u�s�e�d� �i�n� �S�e�c�t�i�o�n� 

�6�.�2�,� �b�u�t� �n�o� �m�a�n�i�p�u�l�a�t�i�o�n� �p�r�i�o�r� �t�o� �t�h�i�s� �s�t�u�d�y� �w�a�s� �p�e�r�f�o�r�m�e�d�.� �T�h�i�s� �h�i�s�t�o�r�y�,� �c�o�n�t�a�i�n�i�n�g� 

�1�0�2�4�0� �p�o�i�n�t�s�,� �c�o�n�s�t�i�t�u�t�e�s� �o�n�e� �b�l�o�c�k�.� �I�t�s� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�0�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �e�m�p�l�o�y�e�d� �m�o�d�e�l� �o�f� �E�q�.� �(�5�.�1�)�,� �t�h�e� �h�i�s�t�o�r�y� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �i�t�s� 

�t�h�r�e�e� �c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �m�e�a�n� �c�o�m�p�o�n�e�n�t�,� �m�,�,� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �a�n�d� �t�h�e� �s�t�a�t�i�o�n�a�r�y� 

�r�a�n�d�o�m� �p�a�r�t�,� �n�,�.� �I�n� �o�r�d�e�r� �t�o� �m�o�d�e�l� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�n� �i�n� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �w�a�y�,� �m�,�,� 

�v�a�r�i�o�u�s� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r�s� �o�f� �t�e�r�m�s� �a�r�e� �f�o�r�m�e�d�,� �g�i�v�i�n�g� �t�h�e� �t�e�n�t�a�t�i�v�e� 

�m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�,� �,�-�s�,�,� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�c�o�r�d�,� �x�,�,� �a�n�d� �e�a�c�h� �m�e�a�n� �d�e�-� 

�s�c�r�i�p�t�i�o�n�,� �m�,�,� �1�s� �o�b�t�a�i�n�e�d�.� �T�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �t�h�e�n� �a�n�a�l�y�z�e�d� �f�o�r� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �b�e�i�n�g� �a� 

�z�e�r�o�-�m�e�a�n� �p�r�o�c�e�s�s�.� �T�h�e� �b�e�s�t� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �i�s� �c�h�o�s�e�n� �a�s� �t�h�e� �o�n�e� �t�h�a�t� �r�e�n�d�e�r�s� �n�,� �-�s�,� �s�t�a�-� 

�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�s� �m�e�a�n�,� �u�s�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �t�h�e� �l�e�a�s�t� �n�u�m�b�e�r� �o�f� �t�e�r�m�s�.� 

�I�n� �o�r�d�e�r� �t�o� �a�n�a�l�y�z�e� �t�h�e� �m�e�a�n�-�r�e�m�o�v�e�d� �r�e�c�o�r�d�,� �n�,�-�5�,�,� �i�t� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �N�,� �i�n�t�e�r�v�a�l�s� 

�e�a�c�h� �o�f� �w�h�i�c�h� �c�o�n�t�a�i�n�s�,� �a�c�c�o�r�d�i�n�g� �t�o� �S�e�c�t�i�o�n� �5�.�3�,� �N�,�=�5�0� �p�o�i�n�t�s�.� �T�h�i�s� �l�e�a�d�s� �t�o� 

�N�,� �=� �2�0�4� �i�n�t�e�r�v�a�l�s�,� �f�o�r� �e�a�c�h� �o�f� �w�h�i�c�h� �t�h�e� �i�n�t�e�r�v�a�l� �m�e�a�n� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �A�s� �1�0�2�4�0� �c�a�n� �n�o�t� 

�b�e� �e�v�e�n�l�y� �d�i�v�i�d�e�d� �b�y� �5�0�,� �t�h�e� �f�i�r�s�t� �a�n�d� �l�a�s�t� �2�0� �p�o�i�n�t�s� �i�n� �t�h�e� �s�e�r�i�e�s� �a�r�e� �i�g�n�o�r�e�d� �f�o�r� �t�h�e� �r�u�n� 

�t�e�s�t�s�.� 

�R�u�n� �t�e�s�t�s� �b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n�,� �a�n�d� �t�h�e� 
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�d�e�t�e�r�m�i�n�i�s�t�i�c� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �M�/�,� �=�5�0�,� �w�h�e�r�e� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� 
�A�R�M�A�(�6�,�0�)� �m�o�d�e�l� �a�r�e� �u�s�e�d� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 

�1�1�0



� � �4�.�0�0� 

�0�.�0�0� �-� 
�:� � � � � 
� � �-�4�.�0�0� 

� � �4�.�0�0� 

�0�.�0�0� �-� 

� � 
�b� 

� � 

� � 
� � �-�4�.�0�0� 

� � �4�.�0�0� 

�0�.�0�0� �-� 
�-� � � 

� � 

� � 
� � �-�4�.�0�0� 

� � �1�.�5�0� 

�0�.�7�5� �-� 
�1� � � 

�4�d�)� 

� � �0�.�0�0� 

� � �1�.�5�0� 

�0�.�7�5� �$�a�v�e�,� �R�M�A� �n�e�l� �p�s� 

� � 
�e�)� 

� � � � �0�.�0�0� 

�0� 
�|� 

�2�0�4�8� 
�|� �|� 

�4�0�9�6� �,� �6�1�4�4� �8�1�9�2� �1�0�2�4�0� 

�F�i�g�u�r�e� �6�.�2�9�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y�,� �(�b�)� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �w�i�t�h� 
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�M�,�,� �=� �4�1�,� �(�c�)� �m�e�a�n�-�r�e�m�o�v�e�d� �s�e�r�i�e�s�,� �(�d�)� �e�s�t�i�m�a�t�e�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �o�,�,� 
�(�e�)� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m� �o�f� �¢�,�,� �6�7�°� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e�.



� � 
�1�0�0�.�0�0� �y� 

�1�0�.�0�0�  �� 

�S�(�f�)� � � � � � � � � � � � 
� � 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n� 

 �� 

�1�.�0�0� �F ��-� �"�  �� 
�\� 
�\� 
�t� 

�O�r�i�g�i�n�a�l� �!� 

�1� 
�1� 
�|� 

�0�.�1�0� �L� 
�0� �0�.�1�2�5� �0�.�2�5� 

�f� �(�1�/�s�)� 

�F�i�g�u�r�e� �6�.�3�0�.� �P�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�n�d� �a� �h�i�s�t�o�r�y� �r�e�c�o�n�s�t�r�u�c�t�e�d� 
�w�i�t�h� �M�M�,� �=�4�1�,� �M�,� �=� �7�0�,� �a�n�d� �A�R�M�A�(�8�,�0�)� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� �v�a�r�i�-� 
�a�n�c�e� �c�a�s�e�.� 

�1�1�2



�l�e�n�g�t�h� �o�f� �t�h�e� �l�o�n�g�e�s�t� �r�u�n�,� �a�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �i�n�t�e�r�v�a�l� �m�e�a�n�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 

�n�,�-�S�,�.� �T�h�i�s� �a�s�s�u�r�e�s� �t�h�a�t� �a� �v�a�r�i�e�t�y� �o�f� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �e�x�p�e�c�t�e�d� �r�a�n�d�o�m� �b�e�h�a�v�i�o�r� �o�f� �t�h�i�s� 
�t� �t�°� 

�s�e�q�u�e�n�c�e� �c�a�n� �b�e� �d�e�t�e�c�t�e�d�.� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �N�,� �=� �2�0�4�,� �t�h�e� �9�5�%� �(�a�@� �=� �0�.�9�5�)� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �t�o�t�a�l� �n�u�m�-� 

�b�e�r� �o�f� �r�u�n�s� �a�r�e� �(�8�9� �<�M�p�,� �<�1� �1�6�)�,� �w�h�i�l�e� �t�h�e� �n�u�m�b�e�r� �o�f� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n� �c�o�v�e�r�s� �t�h�e� �r�a�n�g�e� 

�(�1�2�3� �<� �U�p�,� �<� �1�4�7�)�.� �T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �l�o�n�g�e�s�t� �a�d�m�i�s�s�i�b�l�e� �r�u�n�,� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�1�7�)� �f�o�r� �a� 

�r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �o�f� �l�e�n�g�t�h� �2�0�4�,� �i�s� �K�=�6�.� 

�T�a�b�l�e� �6�.�8� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �r�u�n� �t�e�s�t�s�.� �T�h�e�r�e� �i�s� �n�o� �v�a�l�u�e� �f�o�r� �w�h�i�c�h� �a�l�l� �r�u�n� �t�e�s�t�s� 

�a�r�e� �p�a�s�s�e�d�.� �H�o�w�e�v�e�r�,� �f�o�r� �M�f�,� �=� �4�1� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�u�n�s�,� �7�,�,� �i�s� �w�i�t�h�i�n� �t�h�e� �a�l�l�o�w�a�b�l�e� 

�r�a�n�g�e� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�r� �r�u�n�s� �u�p� �a�n�d� �d�o�w�n�,� �£�#�,�,�,� �i�s� �o�n�l�y� �s�l�i�g�h�t�l�y� �o�u�t�s�i�d�e� �t�h�e� �a�l�l�o�w�a�b�l�e� 

�r�a�n�g�e�.� �T�h�e�r�e�f�o�r�e�,� �a� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �1�7�,� �=�4�1� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �d�e�e�m�e�d� �a�p�-� 

�p�r�o�p�r�i�a�t�e� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t� �m�e�a�n� �d�e�s�c�r�i�p�t�i�o�n� �t�o� �r�e�n�d�e�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�i�g�n�a�l� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�t�s� �m�e�a�n� �v�a�l�u�e�.� �S�e�e� �a�l�s�o� �F�i�g�.� �6�.�2�9�b� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� 

�m�o�d�e�l�,� �m�,�,� �a�n�d� �F�i�g�.� �6�.�2�9�c�,� �f�o�r� �t�h�e� �m�e�a�n� �r�e�m�o�v�e�d� �r�e�c�o�r�d�,� �7�,� �-�S�,�,� 

�I�n� �o�r�d�e�r� �t�o� �m�o�d�e�l� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� �s�,�,� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �o�,�,� 

�o�f� �t�h�e� �t�i�m�e� �s�e�r�i�e�s� �i�s� �o�b�t�a�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�4�)�,� �a�n�d� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�9�d�.� �I�n� �o�r�d�e�r� �t�o� 

�c�o�n�c�i�s�e�l�y� �r�e�p�r�e�s�e�n�t� �o�,� �t�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d�,� �w�h�e�r�e� �4� �=� �0�.�4�0�3� �i�s� �t�h�e� 

�o�p�t�i�m�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�,� �a�n�d� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �v�a�r�i�a�b�l�e�,� �o�r�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�6�.�2�9�e�.� �A� �n�u�m�b�e�r� �o�f� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �a�r�e� �f�o�r�m�e�d� �a�c�c�o�r�d�i�n�g� 

�t�o� �E�q�.� �(�5�.�9�)�,� �g�i�v�i�n�g� �t�h�e� �t�e�n�t�a�t�i�v�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �s�e�r�i�e�s�,� �s�~�,� �w�i�t�h� �t�h�e� �f�e�w�e�s�t� �n�u�m�-� 
�=�~� �B�C� �b�e�r� �o�f� �t�e�r�m�s� �t�h�a�t� �i�s� �c�o�r�r�e�l�a�t�e�d� �a�t� �9�5�%� �t�o� �o�7�~� �h�a�s� �M�,�=�7�0� �t�e�r�m�s� �a�n�d� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�6�.�3�1�l�a�.� �T�h�e� �i�n�v�e�r�s�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �s�,�"�,� �s�,�,� �i�s� �t�h�e� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n� �u�s�e�d� �t�o� �r�e�n�-� 
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�T�a�b�l�e� �6�.�8�.� �R�e�s�u�l�t�s� �o�f� �r�u�n� �t�e�s�t�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �A�Z�,� �f�o�r� �a�@� �=� �0�.�9�5� �(�i�t�a�l�i�c�s� �=� �f�a�i�l�u�r�e� 
�o�f� �t�e�s�t�,� �b�o�l�d� �a�c�c�e�p�t�e�d� �a�s� �s�t�a�t�i�o�n�a�r�y�)� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� 
�c�a�s�e�.� 
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�N�,� �=� �2�0�4� 

�a� �=�0�.�9�0�)� �9�1�<�7�<�1�1�4� �|�1�2�5�<�r�,�,�<�1�4�5� �k�<�5� 
�a� �=� �0�,�9�8�}� �8�6�<�r�,�<�1�1�9� �|�1�2�1�<�1�,�,�<�1�4�9� �k�<�6� 

�a� �=�0�.�9�5�|� �8�9�<�7�,�.�<�1�1�6� �|�1�2�3�<�r�,�,�<�1�4�7� �k�<�6� 
�M�,�,� �[�;� �l�u�p� �k� 

�2�0� �(�7� �1�0�8� �6� 
�3�0� �1�0�3� �1�1�8� �4� 

�4�0� �1�0�9� �1�1�6� �4� 
�4�1� �1�0�8� �1�1�8� �5� 
�4�2� �1�2�2� �1�3�4� �4� 

�5�0� �1�4�3� �1�4�2� �3� 
�6�0� �1�4�7� �1�5�0� �3� 

�7�0� �1�5�7� �1�6�2� �3� 
�8�0� �1�6�2� �1�6�6� �4� 
�9�0� �1�5�6� �1�6�6� �3� � � � � � � � � � � � � 
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�4�.�0�0� 
�e�)� 

�0�.�0�0� 

�-�4�.�0�0� �|� �|� �|� �4� �4� 

�0� �2�0�4�8� �4�0�9�6� �,� �6�1�4�4� �8�1�9�2� �1�0�2�4�0� 

�F�i�g�u�r�e� �6�.�3�1�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �(�a�)� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �f�i�t� �t�o� �7� �w�i�t�h� �M�,� �=� �7�0�,� �s�?�°�,� �(�b�)� 
�s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n� �s�,�,� �(�c�)� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �(�d�)� �A�R�M�A�(�8�,�0�)� �m�o�d�e�l� �s�i�m�u�l�a�t�i�o�n�,� 
�a�n�d� �(�e�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 
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�d�e�r� �t�h�e� �m�e�a�n�-�r�e�m�o�v�e�d� �s�e�r�i�e�s� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�a�n�c�e� �a�n�d� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3� �1�b�.� 

�T�h�i�s� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s�,� �t�h�e� �q�u�o�t�i�e�n�t� �o�f� �n�,�-�s�,� �a�n�d� �s�,�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�1�c�.� 

�T�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �b�y� �a�n� �A�R�M�A� �m�o�d�e�l�.� �P�a�r�a�m�e�t�e�r�s� �f�o�r� �a� �n�u�m�b�e�r� 

�o�f� �A�R�M�A� �m�o�d�e�l�s� �a�r�e� �e�s�t�i�m�a�t�e�d�,� �a�n�d� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� �p�o�w�e�r� �s�p�e�c�t�r�a� �o�f� 

�t�h�e�s�e� �A�R�M�A� �m�o�d�e�l�s� �a�n�d� �t�h�e� �s�p�e�c�t�r�u�m� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �i�s� �c�a�l�c�u�l�a�t�e�d�,� �T�a�b�l�e� �6�.�9�.� 

�S�e�e�k�i�n�g� �m�o�d�e�l�s� �w�h�i�c�h� �h�a�v�e� �c�o�r�r�e�l�a�t�i�o�n�s� �o�f� �p�{�? �� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� �t�h�a�n� �0�.�8�,� �0�.�8�5�,� �0�.�9�,� �a�n�d� 

�0�.�9�5� �l�e�a�d�s� �t�o� �t�h�e� �c�h�o�i�c�e� �o�f� �A�R�M�A�(�8�,�0�)� �a�s� �t�h�e� �m�o�d�e�l� �w�i�t�h� �l�e�a�s�t� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� 

�i�s� �c�o�r�r�e�l�a�t�e�d� �t�o� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�t� �m�o�r�e� �t�h�a�n� �8�0�%�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �v�a�l�u�e� �o�f� �t�h�e� 

�c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �p � �� �=� �0�.�9�6�.� �P�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�i�e�s� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �s�e�r�i�e�s� �a�n�d� 

�A�R�M�A�(�8�,�0�)� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�2�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�v�e� �e�x�t�r�e�m�a� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� 

�s�e�r�i�e�s� �a�r�e� �v�e�r�y� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� �A�R�M�A� �m�o�d�e�l�,� �a�s� �i�t� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �t�h�e� �a�r�e�a� �u�n�-� 

�d�e�r� �t�h�e� �P�S�D� �o�f� �t�h�e� �o�r�i�g�i�n�a�l�.� 

�R�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �a�r�e� �f�o�r�m�e�d� �f�o�r� �t�h�i�s� �A�R�M�A� �m�o�d�e�l� �a�n�d� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�.� �A�f�t�e�r� �a�d�d�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n� �v�a�r�i�a�t�i�o�n�,� �m�,�,� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e�s� �a�r�e� 

�o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �l�o�a�d�i�n�g�,� �w�h�e�r�e� �t�h�e� �b�o�u�n�d�e�d� �l�i�f�e� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d�,� �a�n�d� �f�o�r� 

�t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �F�i�g�.� �6�.�3�3�,� �w�h�e�r�e� �6�4� �i�n�d�e�p�e�n�d�e�n�t� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �a�n�d� 

�a�v�e�r�a�g�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �a�n�y� �b�i�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �a� �p�a�r�t�i�c�u�l�a�r� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �T�h�i�s� �r�e�c�o�n�s�t�r�u�c�-� 

�t�i�o�n� �i�s� �d�e�e�m�e�d� �a�p�p�r�o�p�r�i�a�t�e� �a�s� �i�t�s� �s�t�r�a�i�n� �l�i�f�e� �c�u�r�v�e� �f�a�l�l�s�,� �a�t� �l�e�a�s�t� �p�a�r�t�i�a�l�l�y�,� �i�n�s�i�d�e� �t�h�e� �b�o�u�n�d�s� 

�o�f� �t�h�e� �o�r�i�g�i�n�a�l�.� �A� �c�o�m�p�l�e�t�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �r�e�c�o�r�d� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�s�e�l�e�c�t�e�d� �A�R�M�A�(�8�,�0�)� �m�o�d�e�l�,� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�1�d�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�l�e�.� �S�t�r�a�i�n� �l�i�f�e� 

�c�u�r�v�e�s� �a�r�e� �a�l�s�o� �s�h�o�w�n� �f�o�r� �A�R�M�A�(�0�,�0�)� �a�n�d� �A�R�M�A�(�1�,�0�)�,� �w�h�e�r�e� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e�y� �c�o�n�s�t�i�-� 

�t�u�t�e�,� �a�s� �i�n� �S�e�c�t�i�o�n� �6�.�1�,� �t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s� �o�f� �a�l�l� �A�R�M�A� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s�.� �A�R�M�A�(�0�,�0�)� �l�e�a�d�s� 

�t�o� �t�h�e� �s�h�o�r�t�e�s�t� �l�i�f�e�,� �w�h�i�l�e� �A�R�M�A�(�1�,�0�)� �l�e�a�d�s� �t�o� �t�h�e� �l�o�n�g�e�s�t� �l�i�f�e� �p�r�e�d�i�c�t�e�d�.� �M�o�r�e�o�v�e�r�,� �i�t� �i�s� 
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�T�a�b�l�e� �6�.�9�.� �C�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �p�o�w�e�r� �s�p�e�c�t�r�a�,� �p�{ � ��,� �f�o�r� �s�e�l�e�c�t�e�d� �A�R�M�A�(�p�,�q�)� 
�m�o�d�e�l�s�,� �w�h�e�r�e� �t�h�e� �b�o�l�d� �n�u�m�b�e�r� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�i�n�i�m�u�m� �o�r�d�e�r� �m�o�d�e�l� �f�o�r� �a� 
�g�i�v�e�n� �c�o�r�r�e�l�a�t�i�o�n� �v�a�l�u�e� �-� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �c�a�s�e�.� 

�0� �1� �2� �3� �4� �5� �6� �7� �8� �9� 

�1� �0�.�6�2� 

�2� �|� �0�.�4�8�}� �0�.�5�0� 

�3� �|� �0�.�6�9�]� �0�.�7�1� �|� �0�.�7�3� 

�4� �|� �0�.�4�6� �|� �0�.�5�2� �|� �0�.�6�2� �|� �0�.�6�8� 

�5� �|� �0�.�7�3� �|� �0�.�7�4� �|� �0�.�7�4� �|� �0�.�7�4� �|� �0�.�7�5� 

�6� �|� �0�.�7�5�]� �0�.�7�1� �|� �0�.�6�8� �|� �0�.�5�8� �|� �0�.�5�8� �|� �0�.�5�9� 

�7� �|� �0�.�5�6�)� �0�.�5�4� �|� �0�.�8�0� �|� �0�.�9�3� �|� �0�.�9�4� �|� �0�.�9�5� �|� �0�.�9�3� 

�8� �|� �0�.�9�6� �|� �0�.�9�5� �|� �0�.�9�4� �|� �0�.�9�5� �|� �0�.�9�5� �|� �0�.�9�5� �|� �0�.�9�3� �|� �0�.�9�3� 
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�n�o�t�e�d� �t�h�a�t�,� �a�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �n�o�n�s�t�a�t�i�o�n�a�r�y� �m�e�a�n� �v�a�r�i�a�t�i�o�n� �i�n� �S�e�c�t�i�o�n� �6�.�2�,� �A�R�M�A�(�0�,�0�)� 

�a�n�d� �A�R�M�A�(�1�,�0�)� �a�r�e� �c�l�o�s�e�r� �t�o� �t�h�e� �b�o�u�n�d�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �t�h�a�n� �i�s� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� 

�l�o�a�d�i�n�g� �i�n� �S�e�c�t�i�o�n� �6�.�1�.� �A�g�a�i�n�,� �t�h�i�s� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �m�e�a�n� �v�a�r�i�a�t�i�o�n�.� 

�T�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �o�f� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�0�,� �w�h�e�r�e� �i�t� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �P�S�D� �i�s� �s�h�o�w�n� �o�n� �a� �l�o�g�a�r�i�t�h�m�i�c� �s�c�a�l�e� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �a�g�r�e�e�m�e�n�t� �i�s� 

�a�c�t�u�a�l�l�y� �v�e�r�y� �c�l�o�s�e�.� �F�i�n�a�l�l�y�,� �f�o�r� �v�i�s�u�a�l� �c�o�m�p�a�r�i�s�o�n�,� �t�h�e� �r�a�i�n�f�l�o�w� �a�n�d� �d�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� 

�a�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �s�h�o�w�n� �i�n� �F�i�g�s�.� �6�.�3�4�-�6�.�3�5�.� �T�h�e� �o�v�e�r�a�l�l� �a�g�r�e�e�m�e�n�t� �i�s� �g�o�o�d�;� �b�o�t�h� �t�h�e� �l�a�r�g�e� 

�n�u�m�b�e�r� �o�f� �s�m�a�l�l� �c�y�c�l�e�s� �a�n�d� �t�h�e� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �l�a�r�g�e� �c�y�c�l�e�s� �b�e�i�n�g� �w�e�l�l� �a�p�p�r�o�x�i�m�a�t�e�d�.� �T�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �F�i�g�.� �6�.�3�6� �s�h�o�w�s� �f�i�v�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� 

�s�i�m�u�l�a�t�e�d� �r�e�c�o�r�d�s�.� 
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�F�i�g�u�r�e� �6�.�3�4�.� �R�a�i�n�f�l�o�w� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �w�i�t�h� �7�,� �=� �4�1�,� 
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�F�i�g�u�r�e� �6�.�3�5�.� �D�a�m�a�g�e� �h�i�s�t�o�g�r�a�m�s� �f�o�r� �(�a�)� �o�r�i�g�i�n�a�l� �a�n�d� �(�b�)� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�,� �w�i�t�h� �M�7�,� �=� �4�1�,� 
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�F�i�g�u�r�e� �6�.�3�6�.� �T�i�m�e� �s�e�r�i�e�s� �p�l�o�t�s� �f�o�r� �o�r�i�g�i�n�a�l� �h�i�s�t�o�r�y� �a�n�d� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�s� �w�i�t�h� �t�h�e� 

�d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�a�n�,� �4�7�,�=�4�1�,� �a�n�d� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �s�c�a�l�i�n�g� �f�u�n�c�t�i�o�n�,� 
�M�,� �=� �7�0�,� �w�h�e�r�e� �d�i�f�f�e�r�e�n�t� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �A�R�M�A�(�8�,�0�)� �m�o�d�e�l� �a�r�e� �u�s�e�d� �-� 
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