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Abstract

When monitoring a process which has multivariate normal variables, the Shewhart-type
control chart (Hotelling (1947)) traditionally used for monitoring the process mean vector
is effective for detecting large shifts, but for detecting small shifts it is more effective to
use the multivariate exponentially weighted moving average (MEWMA) control chart
proposed by Lowry et al. (1992). It has been proposed that better overall performance in
detecting small and large shifts in the mean can be obtained by using the MEWMA chart



in combination with the Shewhart chart. Here we investigate the performance of this
combination in the context of the more general problem of detecting changes in the mean
or increases in variability. Reynolds and Cho (2006) recently investigated combinations
of the MEWMA chart for the mean and MEWMA-type charts based on squared
deviations of the observations from the target, and found that these combinations have
excellent performance in detecting sustained shifts in the mean or in variability. Here we
consider both sustained and transient shifts, and show that a combination of two
MEWMA charts has better overall performance than the combination of the MEWMA
and Shewhart charts. We also consider a three-chart combination consisting of the
MEWMA chart for the mean, an MEWMA-type chart of squared deviations from target,
and the Shewhart chart. When the sample size is n = 1 this three-chart combination does
not seem to have better overall performance than the combination of the two MEWMA
charts. When »n > 1 the three-chart combination has significantly better performance for

some mean shifts, but somewhat worse performance for shifts in variability.

Introduction

Control charts are used to monitor processes to detect special causes that produce
changes in the process. In some situations the process of interest may be characterized by
only one variable, but situations in which the process is characterized by multiple
variables are becoming increasingly common. If p continuous random variables are
used to characterize a process, then the design of multivariate control charts in this
situation is usually based on the assumption that the joint distribution of the p variables
IS multivariate normal with mean vector p and covariance matrix £ . Here we
investigate control charts for monitoring a process with multivariate normal variables,
and assume that the effect of a special cause is to change p or X.

The traditional control charts used in both the univariate and the multivariate settings
are Shewhart-type control charts. The first multivariate Shewhart charts were proposed
by Hotelling (1947), and other multivariate Shewhart charts are discussed, for example,
in the review papers of Alt (1985), Wierda (1994), and Lowry and Montgomery (1995).
Shewhart charts are not effective for detecting small shifts in process parameters unless

the sample size is large.



CUSUM and EWMA charts are much more effective than Shewhart charts for
detecting small shifts in process parameters, and multivariate versions of CUSUM and
EWMA charts have been developed in the last couple of decades. Most of the work on
developing multivariate CUSUM and EWMA charts has concentrated on the problem of
monitoring p. See, for example, Woodall and Ncube (1985), Healy (1987), Crosier
(1988), Pignatiello and Runger (1990), Hawkins (1991), Ngai and Zhang (2001), and
Runger (2004) for multivariate CUSUM charts for monitoring p. A multivariate
extension of the EWMA chart, called the MEWMA control chart, was proposed by
Lowry, Woodall, Champ, and Rigdon (1992) for monitoring p (see also Rigdon (1995a,
b), Liu (1996), Runger and Prabhu (1996), Kramer and Schmid (1997), Prabhu and
Runger (1997), Stoumbos and Sullivan (2002), Reynolds and Kim (2005, 2006), Kim and
Reynolds (2005), and Reynolds and Cho (2006)). There has been some work on
developing multivariate CUSUM or EWMA charts for the problem of monitoring X or
the joint monitoring of p and X (see Hawkins (1991), Chan and Zhang (2001), Qui and
Hawkins (2001), Yeh, Lin, Zhou, and Venkataramani (2003), Yeh, Huwang, and Wu
(2004), Yeh, Huwang, and Wu (2005), Reynolds and Cho (2006), Yeh, Lin, and McGrath
(2006), and Reynolds and Kim (2007)).

In most process monitoring applications it will be important to detect both small and
large shifts in process parameters, so in the univariate setting it is frequently
recommended that EWMA or CUSUM charts be used in combination with a Shewhart
chart (see, for example, Lucas (1982) and Reynolds and Stoumbos (2005)). The idea is
that the EWMA or CUSUM chart will quickly detect the small shifts and the Shewhart
chart will quickly detect the large shifts.

In the multivariate setting, there have been similar recommendations to use the
MEWMA chart in combination with a Shewhart chart to effectively detect both small and
large shifts in p (see Lowry et al. (1992), Lowry and Montgomery (1995), and Woodall
and Mahmoud (2005)). However, we could not find an explicit evaluation of the
effectiveness of this combination in terms of the expected time required to detect shifts in
n.

In the univariate setting, a recent series of papers (Stoumbos and Reynolds (2000,
2005), Reynolds and Stoumbos (2001a, b, 2004a, b, 2005, 2006), and Stoumbos,
Reynolds, and Woodall (2003)) has investigated the performance of various



combinations of Shewhart, EWMA and CUSUM control charts. These papers found that
a combination of Shewhart and EWMA charts is very effective for detecting both small
and large shifts in the process mean, but an even more effective combination for
simultaneously monitoring the mean and variance is a EWMA chart of sample means
used in combination with an EWMA chart of squared deviations from target.

In the multivariate setting, Reynolds and Cho (2006) and Reynolds and Kim (2007)
recently investigated the performance of combinations of an MEWMA chart for p and
MEWMA-type charts based on squared deviations from target for monitoring £. They
found that combinations of this type are very effective in the multivariate setting for
detecting changes in p or X . However, they did not consider combinations consisting of
MEWMA charts and Shewhart charts.

There are three main objectives of this paper. One of the objectives is to investigate
the effectiveness of the combination of the MEWMA and Shewhart charts, relative to
using these two charts individually. Although this combination has been recommended
for use in monitoring n, we investigate performance in the context of the more general
problem of simultaneously monitoring both p and X . It is assumed that it is important
to detect small or large changes in p. In most applications, increases in process
variability would be more likely and of more concern than decreases in variability, so
here we focus on the problem of detecting changes in X corresponding to small or large
increases in the variances of the variables.

The MEWMA-type charts based on squared deviations from target investigated by
Reynolds and Cho (2006) were designed to detect both increases and decreases in process
variability. In the current paper we are concerned with detecting increases in process
variability, so it is necessary to modify the MEWMA-type charts developed by Reynolds
and Cho (2006) for the current problem (see also Reynolds and Kim (2007)). Thus a
second objective of this paper is to investigate different MEWMA-type charts that are
designed specifically for detecting increases in process variability.

A third objective of this paper is to compare the combination of the MEWMA and
Shewhart charts to combinations consisting of an MEWMA chart and an MEWMA-type
chart based on squared deviations from target. We also investigate a three-chart
combination consisting of the MEWMA chart, an MEWMA-type chart based on squared
deviations from target, and a Shewhart chart.



Most papers that evaluate control chart performance assume that a shift in a process
parameter produced by a special cause continues until the shift is detected by a control
chart and the cause of the shift is eliminated. Following the terminology used in
Reynolds and Stoumbos (20044, b, 2005), such shifts will be called sustained shifts. In
addition to the case of sustained shifts, we also investigate control chart performance
when there is a transient shift. A transient shift lasts for only a short period of time and
then disappears, even if it is not detected by a control chart. For example, a transient shift
might be caused by a contaminated batch of material that takes several hours to process,
or by an inexperienced machine operator who works for only a short time period.
Shewhart charts are usually considered to be very effective for detecting transient shifts,
so it is particularly useful to consider transient shifts when evaluating control chart
combinations that include Shewhart charts. There has apparently been no previous
investigation of combinations of multivariate control charts for detecting transient shifts
in p or X, so the investigation of this issue is new in this paper.

The performance of some of the control chart combinations being considered here
depends on the direction of the parameter shift. For example, a change in p could
potentially be in any direction in p-dimensional space. Here we assume that there is no
particular direction of interest, so we look at average performance over all directions.

The conclusions about which combinations of control charts offer the best overall
performance may depend on whether the sample size is » = 1 or n > 1, SO we investigate
control chart performance for two cases, » =1 and n = 4.

Hawkins (1991) proposed a method of regression adjustment of the variables to
improve performance for detecting shifts in specific directions. Reynolds and Cho
(2006) found that using regression adjustment of the variables improves the average
performance of MEWMA-type control charts based on squared deviations from target
(unless the variables are independent, in which case there is no need to use regression
adjustment). Here we investigate the performance of control chart combinations with the
use of regression adjustment of the variables.

We next define the control charts that are being investigated here, and then discuss
the performance measures used in evaluating control chart performance. The numerical
results for comparing different control charts and control chart combinations are
presented in a sequence of tables, and conclusions about control chart performance are



discussed in terms of these tables. The overall conclusions and some discussion of
additional issues are given at the end of the paper.

Definitions of the Control Charts

Suppose that a process with p variables of interest will be monitored by taking
samples of n>1 at each sampling point, where the sampling points are d time units apart.
For convenience, we will usually refer to the time unit as an hour.

Let o represent the vector of standard deviations of the p variables. Let pg, X,
and o represent the in-control values for p, X, and o, respectively, where p, will be
called the target value. In practice, some or all of the in-control parameter values may be
estimated during a Phase | period using process data collected for this purpose, but here
we consider control chart performance in Phase 11 under the simplifying assumption that
these in-control parameter values are known (or estimated with negligible error).
Considering this case of known in-control parameter values should be sufficient to
evaluate the relative performance of different control chart combinations for situations in
which the Phase | data set is large enough that performance in the estimated parameter
case is close to the performance in the known parameter case.

At sampling point £ (k=12,...), let X}, represent observation j (j=12,...,n) for
variable i (i=1,2,..., p), and let the corresponding standardized observation be

Zkij = (inj — o) o,
where 1, is the i component of p,, and oy, is the i™ component of &,. Also let
Z]q:(Zklj’ZkZJ”kaj)" ]:1,2,,1’1, (1)

be the vector of standardized observations, let X, be the covariance matrix of z;;, and
let X,, be the in-control value of X, . For variable i at sampling point &, let
X, =X"4X,; In be the sample mean, and define the standardized sample mean to be

Zy; :\/;()?ki —toi)l oy, i=12,...p.

The shorthand notation from Reynolds and Cho (2006) and Reynolds and Kim
(2006) will be used to help keep track of the different statistics and charts being
considered here. In particular, “S” is used for Shewhart charts, “E” for EWMA charts,



and “M” is used for MEWMA-type charts. Table 1 lists the acronyms and descriptions of
the control charts being considered.

Hotelling (1947) proposed a Shewhart-type control chart, frequently called
Hotelling’s 72 chart, for monitoring p for the case in which X, is unknown. A
thorough discussion of the application of this control chart in industrial settings is given
in Mason and Young (2002). If X, is assumed to be known, then this control chart is
equivalent to a control chart based on the statistic

(Ziw Zizse s Zip) 270(Zats Zaore o Zi ) ()

A signal is given if this statistic exceeds an upper control limit (UCL), which can be
determined using the chi-squared distribution. We will refer to this control chart as the
SZ chart (“S” for Shewnhart, and “Z” because it is based on {Z,.}).

In this paper we are primarily concerned with the performance of the SZ chart when
used in combination with MEWMA charts, but numerical results for the SZ chart alone
are given to serve as a reference. The performance of the combination of the SZ chart
and another Shewhart chart for X, relative to combinations of MEWMA-type charts, is
considered in Reynolds and Cho (2006) and Reynolds and Kim (2007). See also Tang
and Barnett (19664, b) for additional investigations of Shewhart charts for monitoring X.

Let the EWMA statistic of the standardized sample means for variable i at sampling
point & be

Ef=(-AEf1;+AZy, i=12,...,p, (3)

where E,; =0 and 0< A <1 (the superscript “Z” is used in (3) to distinguish this EWMA
statistic based on Z,; from other EWMA statistics to be defined later). Now
lims_s-Var(EZ) = c,,o2, where
o, =AI(2- 1), 4)
and here we use this asymptotic variance in constructing control charts.
The MEWMA control chart for monitoring p is based on {E,ﬁ} and uses the statistic

-1 -1 ’
MY = MER ED.... EL)EZ5 (B Bl EL) (%)

with a UCL. Call this chart the MZ chart (“M” for MEWMA and “Z” because the
EWMA statistics in (5) are based on {Z,,}).



Control charts based on squared deviations from target have been investigated for the
problem of monitoring variability or for the problem of using one control chart to monitor
both mean and variability (see Reynolds and Ghosh (1981), Domangue and Patch (1991),
MacGregor and Harris (1993), and Shamma and Amin (1993)). Some references to
recent work on control charts based on squared deviations from target used in
combination with a control chart for monitoring the mean are given in the Introduction.
To define the squared deviation charts, let the EWMA statistic of squared standardized
deviations from target for variable i at sampling point & be

7% 72 n_ 72 .
Ekl _— (1 E)Ek—l,l + ﬂ/(zj:lel] I’l), 1 —1, 2,...,p, (6)

where EOZZ-2 =1 and 0< A <1 (the superscript “Z?” indicates that this EWMA statistic is
based on the squares of the Z statistics). Note that an important advantage of using
squared deviations from target is that the deviation from the target can be evaluated even
when n = 1, so variability can be monitored when n = 1.

Reynolds and Cho (2006) proposed control charts for monitoring X using two forms
of MEWMA-type statistics based on squared standardized deviations from target. One of
these forms has the in-control expectation subtracted from the EWMA statistic, and the
other does not. Reynolds and Cho (2006) show that the in-control covariance matrix of
(EL EL ,...,E,éz), is 2¢,£2) /n, where £{) represents the matrix with elements that
are the squares of the corresponding elements of X, (see also Cho (1991))

The first form of MEWMA-type statistic based on {E,gz} is

2 _ 2 2 2 _ 2 2 2 ,
M =n(2c,)  ER -LES L. EL -DER)NEL -LEL -1... EL -1). (7)

This statistic is used with a UCL, and will be called the M1Z? chart (the subscript “1” on
M indicates the first MEWMA-type statistic).

The Mle2 statistic follows the standard form of an MEWMA statistic (or Hotelling’s
T* statistic) in the sense that the in-control mean is subtracted from each Elgz . Note that
the statistics in Equations (2) and (5) above do not explicitly show the in-control mean
subtracted because we are using standardized observations and the in-control mean is
zero. The Mliz statistic is used with only a UCL, but this statistic should detect either
increases or decreases in variability because it should be sensitive to any deviations of
E,g2 from its expected value. However, Reynolds and Cho (2006) found that the M;Z>

chart may not be effective for detecting decreases in variability in some cases. To



improve the ability to detect decreases in variability, Reynolds and Cho (2006) proposed
a second form of MEWMA-type statistic based on {E,éz},

M%, =n(2e, )y NEL Bl . ELNERY UED By . EL ). ®)
Decreases in variability result in small values of this statistic, so it is used with both an
LCL and a UCL when the objective is to detect both increases and decreases in
variability. In this paper we focus on the situation in which the objective is to detect
increases in variability, so the MZZkZ statistic is used with only the UCL. Call this chart
the M,Z? chart. .

The univariate control chart articles by Stoumbos and Reynolds (2000, 2005),
Reynolds and Stoumbos (2001a, b, 2004a, 2005, 2006), and Stoumbos, Reynolds, and
Woodall (2003) considered EWMA charts of squared deviations from target that used a
reset in the EWMA statistic to make a one-sided chart for detecting increases in
variability. Here we investigate two MEWMA-type charts based on EWMA statistics of
squared deviations from target, where resets are used in the EWMA statistics.

At sampling point & let

2 2
EfF == max{Ef, B+ A4 25 In), i=12,....p, (9)

where E&Zz =1. The “R” used in the superscript indicates a reset is used in this EWMA
statistic. The reset means that E,(Z_zlyi in Equation (6) is replaced with max{E,f_lez,-,l} in
Equation (9), where max{E,f_Zl?i,l} never drops below 1 (the in-control expected value of
Z¢;). The first form of MEWMA-type statistic based on (EF"} is
MEZ =
2 2 2 . 2 2 (10)
n(2e,) NER -LEY -1... EfF -0 NEY -LEY 1. EY -1
This statistic is used with a UCL, and the resulting chart will be called the M;RZ? chart.
Note that the use of resets in the EWMA statistics implies that the in-control covariance
matrix of (E,flzz,E,fzzz,...,E,;ZZ) is only approximately 2¢, =2 /.
The second form of MEWMA-type statistic based on {E1* Vs

2
My =n(2c,

B 2 2 2 B 2 2 2,
YHER B BN EE EY . EXY. (11)

A signal is given if this statistic exceeds an UCL. Call this chart the M,RZ? chart.



Regression adjustment of the variables can be used to construct control charts that
have improved ability to detect shifts that affect only one of the p variables (see Hawkins
(1991, 1993) or Hawkins and Olwell (1998)). The MZ and SZ charts are not affected if
regression adjusted variables are used instead of the original variables (assuming that the
appropriate change in the covariance matrix is made), so there is no need to use
regression adjustment with these charts. However, the M;Z%, M;RZ? M,Z? and M,RZ>
charts based on squared standardized deviations from target are affected if regression
adjusted variables are used instead of the original variables (assuming that the variables
are correlated). Reynolds and Cho (2006) have shown that using regression adjustment
tends to improve the average performance of charts based on squared deviations from
target, so we consider these charts based on regression adjusted variables.

If ay =(44;, 4k2j0--- Ayy) is defined to be the vector of regression adjusted

variables corresponding to z,; in Equation (1), then
. -1y-1/24-1
akj = (dlagZZO) Zzozkj .

The mean of a;; is p, = (diag)l}lo)‘llzzg%uz, where p, = E(z;;), and the covariance
matrix is X , = (diag}:}%)‘llzzg%):zxgﬁ (diag)l}%)‘l/z. When the process is in control
M4 =0 and I = (diagZ70) "' * £ (diagEzo) /%

EWMA charts based on squared standardized deviations from target can be defined

using the regression adjusted variables instead of the original variables. In particular, let
A2 _ A2 no 42 .
Ekl _(1_2')Ek—1,l+ﬂ'(2]=1Aklj/n)7 l—1,2,...,p,
and,
2 2
EfT =(@- Ay max{E& B+ A A 1 n), i=12,....p.

The four MEWMA statistics based on squared deviations from target of the
regression adjusted variables (corresponding to Equations (7), (8), (10), and (11)) are
defined using the components of a;; in place of the components of z;;, and the in-

control correlation matrix X ,q in place of X,,. In particular, let
2 2 2 2 2 2 2
Mg =n(2e,) Ef ~LES -1 By -DEQ) N EL -LES 1. Efy -1), (12)
2 _ 2 2 2 2)\— 2 2 2,
M3 =n(2c,) B Efy oo EG)ERHES ES o iy ) (13)

RA?
Mlk =
~1; RA? RA? RA? (2)\-1, o RA? RA? RA®> v (14)
n(ZCOO) (Ekl _1’Ek2 _l""’Ekp _l)(ZAO) (Ekl _1’Ek2 _1""’Ekp —1),
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and

MES =n(e, ) NEE EE . ER &) ERS RS, ER Y. (15)
The control charts based on the statistics in Equations (12), (13), (14), and (15) will be
called the M;A?%, M,A?, M;RA?, and M,RA? charts, respectively.

The SZ and MZ charts are usually referred to as charts for monitoring p, although
they are sensitive to shifts in . Similarly, the charts based on squared deviations from
target are referred to as charts for X, although they are sensitive to shifts in p. The
control charts based on squared deviations from target are very effective for detecting
changes in X, but they also have the important advantage that they are very sensitive to
large shiftsin p.

The sensitivity of the squared deviation charts to large shifts in p raises some issues
about interpretability that need to be mentioned. In traditional control chart practice,
univariate Shewhart charts were plotted by hand, so the same charts were used to both
signal a process change and to try to determine what had changed. Thus it was
considered to be desirable that the chart for monitoring variability not be sensitive to
changes in the mean. In today’s environment of multivariate charts plotted by computer,
it is possible to separate the function of signaling a change and the function of diagnosing
what has changed. This means that charts such as the SZ chart, the MZ chart, and the
squared deviation charts can be used to quickly signal when there is a process change,
and then after the signal additional diagnostic charts, plots, or statistics can be used to try
to determine what parameters changed, when they changed, and by how much they
changed. This paper focus on the issue of finding control chart combinations that provide
fast detection of changes in the process, and leaves the issue of diagnostics to a future

paper.

Measures of Control Chart Performance

The performance of control charts in detecting sustained shifts in process parameters
will be evaluated using the expected time required for detection. Fair comparisons of the
expected detection times of different charts can be made when each chart has the same
false alarm rate per unit time, and the same sampling rate per unit time. Thus we need
measures of expected detection time, false alarm rate, and sampling rate.

11



Define the average time to signal (ATS) to be the expected length of time from the
start of process monitoring until a signal is generated. The in-control ATS of a control
charts is a measure of the false alarm rate per unit time, so we adjust the control limits of
the control charts being compared so that they have the same in-control ATS.

If samples of n observations are taken every d time units, then the ratio n/d is the
sampling rate per unit time. The requirement that the control charts being compared have
the same sampling rate implies that » and ¢ must be chosen so that »/d is the same for
each control chart.

The ATS can be used as a measure of detection time for a sustained shift in process
parameters if this shift is assumed to occur when process monitoring starts. However, it
is likely that a shift will occur at some unknown time after process monitoring has
started. In this case, the appropriate measure of detection time is the expected length of
time from the random point in time that the shift occurs until the time that the control
chart signals.

When control statistics accumulate information over time, the expected length of
time from the shift to the signal will depend on the value of these statistics at the time that
the shift occurs. The effect of the value of these statistics at the time of the shift can be
modeled by using the steady-state ATS (SSATS), which is computed assuming that the
control statistics have reached their steady-state or stationary distribution by the random
time point that the shift occurs. The SSATS also allows for the possibility that the shift
can occur in a time interval between samples. In particular, it is assumed that when a
process shift occurs within a particular sampling interval d, the position of the process
change within this interval is uniformly distributed over the interval. This implies that
the expected position of the shift within the interval between samples is the midpoint of
the interval. The SSATS will be used here as the performance measure for sustained
shifts.

When there is a transient shift, however, the SSATS is not a particularly appropriate
measure of control chart performance because there is sometimes a substantial
probability that the control chart will not signal while this transient shift is present. Thus
the probability of a signal seems to be more useful performance measure than the
expected time to signal. Here we evaluate control chart performance for transient shifts

12



using the steady state probability that a signal occurs during the duration of the transient
shift or shortly thereafter.

This paper investigates the performance of combinations of two or more multivariate
control charts, so in most cases simulation seems to be the only feasible approach for
evaluating performance measures such as the SSATS or the probability of signal. We
used 1,000,000 simulation runs from the multivariate normal distribution in each
situation considered in the paper. Steady state properties were obtained by simulating the
operation of the control charts for 400 in-control observation vectors, and then

introducing a sustained or transient shiftin p or X.

Parameter Choices for the Comparisons

The setup for the comparisons presented here follows the setup used in Reynolds and
Cho (2006). This allows for direct comparisons with results in that paper.

We consider two sampling patterns, one based on samples of » = 4 every d = 4
hours, and the other based on samples of » = 1 every d = 1 hour. Both of the sampling
patterns being considered correspond to a sampling rate of one observation per hour (n/d
= 1.0), so this allows us to address the issue of whether it is better to take small frequent
samples (n =1 and d = 1), or to take larger samples less frequently. A sample size of n =
4 is typical of the sample size traditionally used in control chart applications.

Comparing MEWMA control charts based on different values of » requires that the
value of A be adjusted to make the results comparable. If A, represents the value of A
used when the sample size is n, then we choose A3, for n =1, and A, for n > 1, so that the
sum of the weights for a set of » individual observations equals the weight of a sample
mean when samples of » > 1 are taken. This requires that

A, =1-@1-A4)" or A =1-(1-4)". (16)
For the case in which samples of » = 4 are being taken, we present numerical results for
A, =0.1 and 0.4, and also for the case of n = 1 using the corresponding 4 values of
2y =1-(1-0.2)%* =0.02600 and 4 =1-(1-0.4)"* = 0.11989 obtained from Equation (16).
See Reynolds and Stoumbos (2004a) and Reynolds and Kim (2005) for additional
discussion of the issue of adjusting A4 as a function of n. In the remaining part of this
paper we drop the subscripts from 4.

13



All of the schemes being compared here have been set up to have an in-control ATS
of 800 hours. When two or more charts are used together in combination, the in-control
ATS of each individual chart must be considerably above 800 so that the in-control ATS
of the combination is 800. In this case, we adjusted the control limits of each chart so
that they have the same individual in-control ATS, and the in-control ATS of the
combination is 800. This was accomplished by a process of simulation that involves
initial guesses for each control limit, fitting straight lines to logs of ATS values, and
solving to get control limits to give the desired ATS.

We present numerical results here for the case of p = 4 and p = 10 variables, when all
pairs of variables have the same correlation p, where p =0 or 0.9. These two values of p
are intended to represent two extreme cases, with one case corresponding to independent
variables (or variables with very low correlation), and the other case to high positive
correlation.

The size of a shift in p will be expressed in terms of the non-centrality parameter

S=yVIV,

where v= (vl,vz,...,vp)' is the standardized mean shift vector defined by
v; =(1; — po;) og; 5 i =1,2,..., p. The out-of-control properties of the SZ and MZ charts
depend on v only through the value of 6. However, this is not true for the squared
deviation charts or for combinations of charts that include the squared deviation charts.
Reynolds and Cho (2006) give SSATS values for several specific shift directions, as well
as an average SSATS averaged over all shift directions (obtained by simulating random
shift directions). Here we consider only this average SSATS. In particular, let
B:(,b’l,,b’z,...,ﬂp)’, with Zf;lﬂiz =1, represent a randomly selected point on the unit
sphere in p-dimensional space. Then a shift in the direction B corresponding to a specific
value of the non-centrality parameter ¢ is obtained by letting v = 5[3/«/[3’2}%[3 .

The numerical results presented here for shifts in X are actually for increases in o,
with the assumption that the correlations between the variables do not change. The size

of a shift in & is expressed in terms of

w=1+(y-1)'(y-1) :1+(Z£1(7i _1)2)1/2’

where the vector vy =(y1,77,...,7,)" is defined by y,=0,/0¢;, i=12,...,p. The in-
control case of 6 =6, corresponds to y=1 and w = 1. The SSATS of the charts

14



considered here depends on the direction of the shift determined by y, so the average
SSATS is used, where the average is taken over all shift directions corresponding to
increases in one or more components of ¢. A shift in ¢ from 1in the direction 1+
corresponding to a specified value of y is obtained by letting y=1+(w-1)p. The
average SSATS was computed only for increases in variances, so in generating random
directions we used only values of B with nonnegative components. Although the only
increasing shifts in ¢ being considered here, for simplicity these increasing shifts will
simply be referred to as shifts in ¢.

When a special cause produces a transient shift in a process parameter, this shift is
assumed to last for some specific length of time, say / hours, and then the parameter
returns to its in-control value. Here we consider transient shifts of duration /=1, 2, or 4
hours. The sizes of transient shifts are measured by the same parameters 6 and y used
for sustained shifts in p and o, respectively.

The use of the average SSATS here allows us to summarize the performance of
various control chart combinations without having to give SSATS values for many
different shift directions. This, of course, does not show whether some control chart
combinations are better than others for specific shift directions.

The Structure of the Tables

The numerical results concerning control chart performance are presented Tables 2 —
10. Each table considers shifts in p indexed by ¢, and shifts in ¢ indexed by y .
Tables 2 — 7 and 10 contain results for sustained shifts, and Tables 8 and 9 contain results
for transient shifts.

Table 2 gives average SSATS values for some charts and chart combinations when
p=4,n=1, p=0, and the MZ chart has the relatively small A -value of 4 =0.02600.
In Table 2 the squared deviation charts use either 4 =0.02600 or a larger value. Table 3
is the same as Table 2, except that p=0.9 and the squared deviation charts use
regression adjusted variables instead of the original variables. Tables 4 and 5 are the
same as Tables 2 and 3, respectively, except that the MZ chart has the larger A -value of
A=0.11989. In Tables 4 and 5 the squared deviation charts use either 4 =0.11989 or a
larger value.
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Table 6 gives average SSATS values for the chart and chart combinations in Table 2
when p=4,n =4, p=0, and the MZ chart has the A -value of 1=0.1 (corresponding
to 1 =0.02600 when » = 1 in Table 2). Table 7 is the same as Table 6, except that
o =0.9 and the squared deviation charts use regression adjusted variables.

Tables 8 and 9 give signal probabilities for transient shifts of duration / =1, 2, or 4
hours. Table 8 corresponds to Table 3 where p=4,n =1, p=0.9, and the MZ chart
has the 4 =0.02600. Table 9 corresponds to Table 5 where p=4,n =1, p=0.9, and
the MZ chart has the 4 =0.11989. To keep the number of tables to a manageable size,
we do not give transient shift results for the case of » =4 and d = 4.0. If it is important to
detect transient shifts of duration / < 4.0, then it is not advisable to use a sampling
interval of d = 4.0, because there is a chance that no sample will be taken when the
transient shift is present.

Table 10 gives average SSATS values for some chart combinations when p = 10.
The objective of Table 10 is to show the effect of a relatively large value of p on the

conclusions about the relative performance of three particular control chart combinations.

Discussion of Table 2 where p = 0 and the MZ Chart has a Small 4

Consider first the issue of the effectiveness of using the SZ chart in combination with
the MZ chart. In Table 2 the column labeled [1] corresponds to the SZ chart, the column
labeled [2] to the MZ chart, and the column labeled [3] to the MZ and SZ chart
combination. Comparing columns [1] and [2] shows that, as expected, the SZ chart is
effective for detecting large shifts in p, but is not effective for small shifts, while the
reverse is true for the MZ chart. Examining column [3] shows that the MZ and SZ
combination is almost as effective as the MZ chart for small shifts in p, and almost as
effective as the SZ chart for large shifts in p. Thus, in terms of performance in detecting
a wide range of shifts in p, the MZ and SZ combination is clearly a better choice than
either chart used alone.

The SZ chart is not designed to detect increases in e, but, in Table 2 where n = 1, it
IS interesting to note that this chart will quickly detect very large increases in o .
However, the SZ chart is not effective for detecting small or moderate increases in ¢.

Column [4] in Table 2 has SSATS values for the combination of the MZ and M;RZ?
chart combination, and column [5] has values for the MZ and M,RZ? chart combination.
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The difference in SSATS values in columns [4] and [5] is not large, but it appears that the
MZ and M;RZ? chart combination is slightly better, with the largest difference for small
increases in o.

The M,Z? chart is designed to detect both increases and decreases in o, so we would
not expect this chart do perform well compared to charts designed to detect only
increases in 6. Column [11] in Table 2 in Reynolds and Cho (2006) gives SSATS values
for the MZ and M;Z? chart combination for increases in o for the same situation being
considered here. Comparing column [11] from Reynolds and Cho to columns [4] and [5]
in the current paper shows that the MZ and M;Z? chart combination does not perform as
well for increases in ¢ as the combinations that use a reset in the squared deviations
chart.

The M,Z? chart is used here with only the UCL, so it is designed to detect increases
in 6. Column [6] in Table 2 has SSATS values for the combination of the MZ and M,Z?
chart combination, so we can see how this combination without the reset compares to the
two combinations in columns [4] and [5] with the resets. Comparing column [6] with
columns [4] and [5] shows that the MZ and M,Z? chart combination seems to be tuned to
detect smaller shifts in o, as the SSATS is lower for small increases in o, but higher for
large increases in 6. Thus, to obtain more similar SSATS profiles, the value of A in the
M,Z? chart was increased to 0.03982 and SSATS values are given in column [7].
Column [7] is a much closer match to column [5], but it appears that the SSATS values
column [5] are slightly lower. Thus, among the two-chart combinations using an
MEWMA-type chart based on squared deviations from target, it appears that the MZ and
M,RZ? chart combination is slightly better than the other combinations.

We next compare two-chart combinations consisting of the MZ chart and a squared
deviation chart with other types of combinations. In doing these comparisons we will
refer explicitly to the MZ and M,RZ? chart combination, with the understanding that the
conclusions are basically the same if we replace the M,RZ? chart with the M;RZ? chart or
the M,Z? chart.

Now compare the MZ and M;RZ? chart combination in column [5] to the MZ and SZ
chart combination in column [3]. We see that the MZ and M,RZ? chart combination is a
little better for small and moderate mean shifts (0 <3.0), while the MZ and SZ chart
combination is a little better for large means shifts (around 6 = 4.0 or 5.0). The most
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dramatic difference between these two combinations is for variance increases, where the
MZ and M,RZ? chart combination is much better, except for large variance increases.

If adding either the SZ or the M,RZ? charts to the MZ chart gives a combination with
improved overall performance, then a natural question is whether it would be helpful to
add both charts. Column [8] of Table 2 contains SSATS values for the three-chart
combination consisting of the MZ, M,RZ?, and the SZ charts. Comparing columns [8]
and [5] shows that the three-chart combination is a little worse for small shifts in the
mean or variability, and a little better for large shifts. Thus the decision about whether
the three-chart combination is better than the two-chart combination of the MZ and
M,RZ? charts depends on the tradeoff between slightly better performance for large
versus small shifts.

The charts based on squared deviations from target provide fast detection of large
shifts in the mean or variability, but this detection is not quite as fast as the detection
provided by the SZ chart. The ability of the squared deviation charts to detect large shifts
can be improved by increasing the value of A4 used in these charts. To investigate the
effect of increasing A, columns [9] — [13] in Table 2 contain SSATS values for the same
chart combinations as columns [4] — [8] except that the squared deviation charts have A4
=0.11989 (or 0.15910 in column [12]), while the MZ chart has 4 = 0.02600.

Comparing columns [9] - [12] in Table 2 shows that among the two-chart
combinations using an MEWMA-type chart based on squared deviations from target, it
appears that the MZ and M,RZ? chart combination in column [10] is again slightly better
than the others. Comparing columns [10] and [3] shows that the MZ and M,RZ? chart
combination is better than the MZ and SZ chart combination everywhere except at
0 =5.0 and w =5.0, where the MZ and SZ chart combination is slightly better.

Now compare the three-chart combination in column [13] with the two-chart
combination in column [10]. We see that the difference between these two combinations
for large shifts is reduced when the M,RZ? chart uses a larger value of A, compared to
the case in which the M,RZ? chart uses a small value of A.

We conclude from Table 2 that adding the M,RZ? chart to the MZ chart provides
essentially the same function of improving the detection of large mean shifts as adding
the SZ chart, but adding the M,RZ? chart provides much better detection of small or
moderate increases in variability. Thus, in terms of overall performance, it appears that
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the MZ and M,RZ? chart combination is a better choice than the MZ and SZ chart

combination.

Discussion of Table 3 where p = 0.9 and the MZ Chart has a Small 4

Table 3 gives SSATS values for the same charts as in Table 2, except that in Table 3
o = 0.9 and regression adjustment is used in the squared deviation charts. For a given
mean shift o, the MZ and SZ charts are invariant to the value of X, so the entries for
mean shifts in columns [1] — [3] of Table 3 are the same as the corresponding values in
Table 2. However, for variance shifts, the performance of these two charts does depend
on X, so the entries in columns [1] — [3] for variance shifts are not the same in Tables 2
and 3. The performance of the squared deviation charts depends on X, for both mean
and variance shifts.

The conclusions from Table 3 concerning the relative performance of the different
chart combinations are roughly the same as the conclusions from Table 2. A comparison
of Table 3 with Table 2 shows that detecting a given value of v is faster when p = 0.9
than when p = 0. The performance of the SZ chart in detecting variance shifts is
particularly affected by the value of p. In particular, when p = 0.9, the SZ chart seems
to be effective for detecting all but small variance shifts. For chart combinations
involving a squared deviation chart, the detection of large mean shifts is a little faster
when p =0.9.

Discussion of Tables 4 and 5 where the MZ Chart has a Larger 4

In Tables 4 and 5 we consider the case in which the MZ chart has 4 =0.11989.

The motivation for adding the SZ chart to the MZ chart is to improve detection of
large shifts, but the need for the SZ chart is reduced when A is larger. For example, for a
mean shift of size 6 =5.0, we see from Table 2 that the MZ chart with 4 = 0.02600 has
an SSATS of 3.0 hours. If the SZ chart is used with the MZ chart, the SSATS is reduced
to only 0.7 hours. However, from Table 4 we see that the MZ chart with 4 = 0.11989
has a SSATS of 1.6 hours, and adding the SZ chart in this case reduces the SSATS to 0.7
hours. The reduction from 1.6 to 0.7 hours when 4 = 0.11989 is significant, but not as

dramatic as the reduction obtained in the case of A = 0.02600.
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If we compare columns [3] and [5] in Tables 4 and 5 we see that the MZ and M,RZ>
chart combination is better than the MZ and SZ chart combination except at 6 = 4.0 or
5.0 and at w =5.0, and here the differences are small.

In Table 4 with p = 0 we see that if the SZ chart is added to the MZ and M;RZ>
chart combination to make a three-chart combination, there is a small improvement in
performance for large shifts, but this small improvement does not seem to justify the
reduction in performance for other shifts. Thus the MZ and M,RZ? chart combination
seems to be the best choice in this case. However, in Table 5 with p = 0.9 the three-
chart combination is a bit better than the MZ and M,RZ? chart combination in detecting
variance shifts. Thus when p = 0.9, the choice between these two combinations is not as
Clear.

Discussion of Tables 6 and 7 where n =4

Tables 6 and 7 give some SSATS values for the case of n =4 and d = 4.0. In Tables
2 — 5 with n = 1, we found that the SZ chart was surprisingly effective for detecting large
variance shifts. However, in Tables 6 and 7 with n = 4, we see that the SZ chart is not
effective for variance shifts unless i is extremely large.

The MZ and SZ chart combination relies on the SZ chart for variance detection, so
we conclude that the MZ and SZ chart combination is not really viable in the case of n =
4 if detecting variance shifts is important. Thus in Tables 6 and 7 we can restrict
attention to the two-chart combinations consisting of the MZ chart and a squared
deviation chart, or to the three-chart combination.

If we compare column [5] with column [8] in Tables 6 and 7 we see that the SZ chart
in the three-chart combination is a significant help in detecting moderate-size mean
shifts. For example, in column [5] of Table 6 we see that the MZ and M,RZ? chart
requires an average of 4.6 hours to detect a mean shift of size 6 = 2.5, while the three-
chart combination in column [8] requires only an average of 2.5 hours. If A4 in the
M,RZ? chart is increased to 0.4, then the expected time required by the MZ and M,RZ?
chart combination in column [10] is reduced to 3.7 hours, but this is still significantly
above 2.5 hours.

Although adding the SZ chart to the MZ and M,RZ? charts to make a three-chart
combination is a significant help for mean shifts of moderate size, performance for small
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mean or variance shifts deteriorates a bit. If » = 4 and the M,RZ? chart is tuned to detect
small shifts, then, overall, it appears that the three-chart combination is probably a better

choice than the two-chart combination.

Discussion of Tables 8 and 9 for Transient Shifts

Tables 8 and 9 give signal probabilities for transient shifts of duration /=1, 2, or 4
hours for the charts in Tables 3 and 5, respectively. When / = 1.0 hour, the SZ chart has
the highest probability of a signal. In general, we expect a Shewhart chart to have the
highest probability of detecting a transient shift that lasts for only one observation.
However, the SZ chart by itself is not effective for detecting small sustained shifts in the
mean or variability, and it is also not the most effective chart for transient shifts if the
duration of the shift is longer than one hour. Thus, it is not advisable to use the SZ chart
by itself if we want to detect small shifts.

If we compare the two-chart combinations of the MZ chart and a squared deviation
chart in columns [4] — [7] and [9] — [12] in Tables 8 and 9, we see that the MZ and
M,RA? has slightly better performance. This reinforces the conclusion obtained using
the SSATS that this combination is the best combination of this type.

When [ = 1.0, the SZ and MZ chart combination or the three-chart combination seem
to have the best performance across all combinations. The two-chart combinations of the
MZ chart and a squared deviation chart are not as effective as combinations involving the
SZ chart when /= 1.

When [ > 1.0, the performance of the two-chart combinations consisting of the MZ
chart and a squared deviation chart improves relative to the performance of the
combinations that involve the SZ chart. When / = 4.0, the two-chart combinations of the
MZ and a squared deviation chart have a significantly higher signal probability for some
shifts than the SZ and MZ chart combination, particularly when the squared deviation
chart uses a relatively large value of 1.

The conclusion here for transient shifts is that the chart combination that is best
depends on the duration of the transient shift. If the duration is very short (/ = 1.0) then
the best performance is obtained using a combination involving the SZ chart. If the
duration is longer, a squared deviation chart may be effective in detecting the transient

shift because the squared deviation chart accumulates information from more than one
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sample. Thus, a two-chart combination of the MZ and a squared deviation chart may be
as effective as a combination involving the SZ chart in this case.

Discussion of Table 9 where p =10

Table 10 gives SSATS values for the case of p = 10 variables. The chart
combinations that seem to be of the most interest are the SZ and MZ chart combination,
the MZ and M,RZ? (or M,RA?) chart combination, and the three-chart combination, so
results are given only for these combinations. Results are given for n = 1 and 4 =
0.02600, and forn =4 and A =0.1, for both p =0and 0.9.

When # = 1, the choice between the MZ and M,RZ? chart combination and the three-
chart combination depends on the tradeoff between slightly better performance for small
versus large shifts.

When n = 4 the three-chart combination is significantly faster than the MZ and
M,RZ? chart combination for some intermediate mean shifts. For example, when p =0,
the three-chart combination in column [6] will detect a shift of size 6 = 3.0 in 2.3 hours
on average, while the MZ and M,RZ? chart combination in column [5] requires over
twice as long (4.7 hours on average). The performance advantage of the three-chart
combination seems to be a bit larger here with p = 10 variables than in the corresponding
Table 6 with p = 4 variables.

It is interesting to note that when n = 1, the SZ chart is a significant help in detecting
a shift of size 6 = 5.0, but when » = 4 all of the combinations detect this size of shift in
the minimum time of 2.0 hours (detecting a shift in only one sample corresponds to a
SSATS of 2.0 hours when n = 4 and d = 4.0 hours). When »n = 1 the SZ chart is of no
help in detecting a shift of size & = 3.0 (or smaller), but when » = 4 the SZ chart is a
significant help in detecting a shift of 6 = 3.0 (a shift of 3.0 standard deviations in
individual observations corresponds to a shift of 6.0 standard deviations in sample means
based on n = 4).

The Choice of n and d

Consider now the question of whether, in choosing the sampling pattern for process
monitoring, it is better to take small samples frequently or larger samples less frequently.
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We have SSATS results here for samples of n = 1 taken every d = 1.0 hours, and samples
of n = 4 taken every d = 4.0 hours, so these two sampling patterns have the same
sampling rate per unit time.

In the univariate setting Hawkins and Olwell (1998) and Reynolds and Stoumbos
(2004a, 2004b, 2005) have argued that, when using EWMA or CUSUM charts, the best
overall performance is achieved using » = 1 and d = 1.0, instead of » = 4 and d = 4.0.
Reynolds and Cho (2006) and Reynolds and Kim (2006) have made a similar argument in
the multivariate case when considering MEWMA-type charts.

In the current context compare the charts in Tables 2 and 3 with » = 1 with the
corresponding charts in Tables 6 and 7 with n = 4. For example, if we look at column [5]
in these tables we see that » = 1 and n = 4 give approximately the same SSATS for small
mean or variance shifts. Note that Equation (16) was used to determine A to achieve
approximately the same SSATS for » = 1 and »n = 4 for small shifts, and the results in the
tables show that using Equation (16) successfully achieved this objective. For
intermediate mean shifts, » = 4 seems to be a bit better than » = 1, but for very large
mean or variance shifts, » = 1 is much better than » = 4. We get a similar conclusion if
we compare n = 1 with » = 4 in Table 10. If a very large shift occurs then it can be
detected in only one or two observations, so a chart taking samples of » = 1 every hour
will have an advantage over a chart taking samples of n = 4 every four hours. Thus, the
overall SSATS performance of the MZ and M,RZ? chart combination seems to be better
when using » =1 and d = 1.0.

The picture is not as clear when we consider the three-chart combination consisting
of the MZ, M,RZ?, and SZ charts. For example, if we look at column [8] in Tables 2, 3,
6, and 7, we see that using n = 4 is considerable better than using » = 1 for some small
and intermediate mean shifts, but » = 1 is better for some shifts in variability. Using n =
1 is much better for very large shifts in the mean or variability. We get a similar
conclusion from Table 10.

Signal probabilities for transient shift are not given here for the case of n =4 and d =
4.0. If there is a transient shift of duration / < 4.0 and a sampling interval of d = 4.0 is
used, then there is the possibility that a sample will not be taken while the transient shift
is present. Thus using a sampling interval of d = 1.0 should be better than using a
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sampling interval of d = 4.0 if it is important to detect transient shifts of short duration / <
4.0.

While Hawkins and Olwell (1998) and Reynolds and Stoumbos (2004a, 2004b,
2005) have argued that » = 1 and d = 1.0 is best when using EWMA or CUSUM charts,
they also argued that using » > 1 and 4 > 1.0 gives better overall performance when using
Shewhart charts. The three-chart combination includes both MEWMA and Shewhart
charts, so it may not be too surprising that the conclusion about the best choice of » and d
is not completely clear for this combination.

Our overall conclusion about the choice of » and d is that this choice depends on the
chart combination being used, and on the relative importance of detecting small or
intermediate versus large shifts. Using » = 1 and d = 1 is best for detecting large
sustained shifts in the mean or variability, or in detecting transient shifts of short
duration. If the three-chart combination is being used, then using n» = 4 and d = 4 is better
for detecting some intermediate mean shifts.

Conclusions and Discussion

This paper investigates combinations of Shewhart and MEWMA-type control charts
for the problem of simultaneous monitoring the vector p of means and the vector ¢ of
standard deviations. The objective of monitoring is assumed to be the detection of small
as well as large shifts in p or o, where increases in ¢ and all shift directions for p are of
interest. In addition to using the standard assumption that a shift in process parameters is
a sustained shift, this paper also investigates control chart performance for transient
shifts. Two sampling patterns are considered, one based on samples of » = 1 taken every
d = 1.0 hour, and the other based on taking samples of n = 4 every d = 4.0 hours.

It has been recommended that an MEWMA chart for monitoring p be used in
combination with a Shewhart chart to give good performance for detecting both small
and large shifts, and this paper has shown that this combination has very good overall
performance for detecting shifts in p. However, a Shewhart chart designed detecting
shifts in p will only be effective for detecting increases in o if these increases in o are
large and samples of n = 1 are being used. Thus, a combination of the MEWMA chart
and a Shewhart chart would not be expected to be effective for the general problem of
detecting shiftsin p or o.
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Reynolds and Cho (2006) have shown that the combination of the MEWMA chart
for monitoring p and an MEWMA-type chart based on squared deviations from target is
very effective for detecting shifts in p or shifts (increases or decreases) in 6. Here we
have investigated several MEWMA-type charts based on squared deviations from target
for the problem of detecting shifts corresponding to increases in 6. We found that the
differences in the performance of these statistics are not large, but the best MEWMA-
type statistic is the one that uses resets in the individual EWMA statistics of squared
deviations from target, and does not subtract the expected value of these EWMA statistics
in the quadratic form used in defining the MEWMA control statistic.

The MEWMA-type charts of squared deviations from target are designed to detect
shifts in o, but they also have the important advantage that they effectively detect large
shifts in p. Reynolds and Cho (2006) show that these charts are more effective for
detecting large shifts in p than the MEWMA chart for p when this MEWMA chart for
p is tuned to detect small shifts. Thus, in addition to detecting shifts in o, the
MEWMA-type charts of squared deviations from target serve the same role as the
Shewhart chart in improving the ability to detect large shifts in p.

The relative performance of the different chart combinations considered here
depends somewhat on the values of A and » being used, but our general conclusion is
that the combination of the MEWMA chart and an MEWMA-type chart of squared
deviations from target has better overall performance that the combination of the
MEWMA chart and a Shewhart chart.

When n = 1, the MEWMA-type charts of squared deviations from target are almost
as effective as the Shewhart chart in improving the ability to detect large shifts in p, but
are much better for detecting small shifts in 6. The squared deviation charts are
particularly effective at improving the detection of large mean shifts when A is not too
small. Thus a reasonable option seems to be to choose A in the MEWMA chart to be
relatively small to detect small mean shifts, and then choose A in the squared deviation
chart to be larger to give good detection of large mean shifts, as well as variance shifts.
Using a relatively large A in the squared deviation chart will, of course, increase the time
required to detect small variance shifts, while reducing the time required for large
variance shifts.

25



When n =4 and A is small, the Shewhart chart seems to provide better performance
than the squared deviation charts in detecting certain shifts in p, although it is not
effective for increases in 6. Thus we investigated the three-chart combination consisting
of the MEWMA chart, an MEWMA-type chart of squared deviations from target, and the
Shewhart chart.

When n = 1, the three-chart combination will be a little better than the two-chart
combination of MEWMA charts for some shifts, and a little worse for other shifts, so
there is actually little difference in overall performance. Thus it appears that the essential
chart to use with the MEWMA chart for p is the MEWMA-type chart based on squared
deviations from target. Once we have these two MEWMA charts, the addition of the
Shewhart chart can be considered to be optional, depending on the preference of the
practitioner.

In the case of n = 4, the three-chart combination is significantly better than the two-
chart combination of MEWMA charts for some intermediate shifts in p, but the two-
chart combination is somewhat better for small shifts in 6. In this case a stronger
argument can be made for using the three-chart combination instead of the two-chart
combination.

The numerical results presented here allow us to address the question of whether it is
better to take samples of » = 1, or instead take larger samples less frequently. We
concluded that when using a two-chart combination of MEWMA charts, the best overall
performance is achieved using » = 1. When using the three-chart combination the choice
for best overall performance is not as clear. Using n = 1 is best for detecting very large
sustained shifts in p, transient shifts in p of short duration, and shifts in . Usingn =4
is better for detecting intermediate shifts in p. For the three-chart combination, the
choice of »n thus depends on the relative importance placed on detecting different shifts.
In addition to the statistical properties being considered here, the choice of » and d in
practice is frequently influenced by other factors such as the convenience of taking small
frequent samples versus large samples taken less frequently.

Conclusions reached about the chart combination and sampling pattern with the best
performance depend, of course, on a number of factors associated with control chart
design. We have included numerical results for a number of values of 4, so some
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conclusions about the effect of A can be made. The in-control ATS value used here was
800 hours, but we would expect similar conclusions for other in-control ATS values.

The control limits of charts used in the combinations considered here were adjusted
so that each chart in a combination has the same individual in-control ATS. Additional
flexibility in the design of chart combinations can be obtained by allowing different
charts in a combination to have different in-control ATS values (while maintaining the
desired in-control ATS for the combination). In the univariate setting, Reynolds and
Stoumbos (2005) investigated the effect of increasing the control limit of the Shewhart
chart used in combination with EWMA charts, and we would expect similar results in the
multivariate setting.

Our general recommendation for monitoring is to use the standard MEWMA chart
for p in combination with an MEWMA-type chart based on squared deviations from
target. In some cases it would be reasonable to add the Shewhart chart to make a three-
chart combination.

Note that we are recommending that the MEWMA-type charts based on squared
deviations from target be used in combination with other charts, but not by themselves.
The MEWMA-type charts based on squared deviations from target are effective for
detecting increases in ¢ and large increases in p, but are not effective for detecting small
increases in p. It would only be reasonable to use such control charts by themselves if

detecting small increases in p is of no concern.

Some Additional Discussion and Cautions

The performance of the control chart combinations being considered here for
monitoring p and o depend on the correlation structure of the observations and the
direction of the parameter shift. Because of the larger number of other factors being
investigated, we presented numerical results for only two correlation structures (the case
of independent observations and the case of observations with high positive correlation),
and looked at performance averaged over all shift directions. Thus, some caution needs
to be exercised in drawing general conclusions from these numerical results.

Some cautions are also appropriate concerning the basic assumptions that we have
independent, multivariate normal process observations with known in-control parameters.
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Although, these assumptions are frequently used in research papers on multivariate
control charts, they may not be very realistic in some practical applications.

The standard MEWMA chart for p is robust to non-normality if A is small
(Stoumbos and Sullivan (2002)), but the other charts considered here are not robust. In
general, standard univariate and multivariate charts for monitoring variability are not
robust to non-normality, and the same applies to the MEWMA-type charts based on
squared deviations from target. The standard multivariate Shewhart chart considered
here for monitoring p is also not robust to non-normality. A chart combination that
includes a non-robust chart will also be non-robust, so none of the multivariate control
chart combinations considered here can be considered to be robust to non-normality.

In the univariate setting, Stoumbos and Reynolds (2000) and Reynolds and
Stoumbos (2004a) have shown that robust control charts for monitoring the process mean
and variability can be obtained by using a standard EWMA chart for the mean in
combination with an EWMA chart based on absolute deviations from target (instead of
squared deviations from target). In the multivariate setting we expect that a robust
control chart combination for monitoring p and ¢ can be obtained by using the standard
MEWMA chart for p in combination with an MEWMA-type chart based on absolute
deviations from target.

In practice it may be necessary to begin monitoring a process before there is enough
data to provide good estimates of the in-control parameter values. It is well known that
the properties of control charts with parameters estimated from relatively small Phase |
samples can be quite different from the properties calculated for the case in which the
parameters are known without error (see, for example, Jensen et al. (2006)). Thus, if
monitoring begins using a relatively small Phase | sample, then the performance results
given here would only apply after enough data has been collected to update the parameter
estimates and thereby provide good estimates of the in-control parameter values.

Autocorrelation is present in many processes, and can have a significant effect on the
performance of control charts that are designed assuming independent observations. In
particular, autocorrelation can result in badly biased estimates of the in-control
parameters, and can directly affect the behavior of the control chart statistics. In general,
control chart statistics that are functions of multiple observations will tend to be more
affected by autocorrelation than control chart statistics that are a function of only a single
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observation. However, the detection of small shifts in process parameters requires the
use of control charts statistics that are functions of multiple observations. Thus, none of
the control chart combinations considered here are robust to autocorrelation. It is
important to check for autocorrelation in the process being monitored, and, if
autocorrelation is present, take steps to account for this autocorrelation. Two common
approaches to accounting for autocorrelation are to make appropriate adjustments in the
parameter estimators and control limits, and to fit a time series model and base the
control charts on the residuals from this model (see, for example, Lu and Reynolds
(1999)).

References

Alt, F. A. (1984). “Multivariate Quality Control”. In S. Kotz, N. L. Johnson, and C. R.
Reid (Eds), The Encyclopedia of Statistical Sciences, 110-122 (New York, Wiley)

Chan, L. K. and Zhang, J. (2001). “Cumulative Sum Control Charts for the Covariance
Matrix”. Statistica Sinica, 11, 767-790.

Cho, G. Y. (1991). “Multivariate Control Charts for the Mean Vector and Variance-
Covariance Matrix with Variable Sampling Intervals”. Ph.D. Dissertation,
Department of Statistics, Virginia Tech.

Crosier, R. B. (1988). “Multivariate Generalizations of Cumulative Sum Quality Control
Schemes”. Technometrics, 30, 291-303.

Domangue, R. and Patch, S. C. (1991). “Some Omnibus EWMA Statistical Process
Monitoring Schemes”. Technometrics, 33, 299-313.

Hawkins, D. M. (1991). “Multivariate Quality Control Based on Regression-Adjusted
Variables”. Technometrics, 33, 61-75.

Hawkins, D. M. (1993). “Regression Adjustment for Variables in Multivariate Quality
Control”. Journal of Quality Technology, 25, 170-182.

Hawkins, D. M., and Olwell, D. H. (1998). Cumulative Sum Control Charts and
Charting for Quality Improvement. New York: Springer-Verlag.

Healy, J. D. (1987). “A Note on Multivariate CUSUM Procedures”. Technometrics, 29,
409-412.

29



Hotelling, H. (1947). “Multivariate Quality Control-lllustrated by the Air Testing of
Sample Bombsights”. In Techniques of statistical Analysis edited by C. Eisenhart,
M. W. Hastay, and W. A. Wallis, McGraw-Hill, New York, NY.

Jensen, W. A., Jones-Farmer, A. J., Champ, C. W., and Woodall, W. H. (2006). “Effects
of Parameter Estimation on Control Chart Properties: A Literature Review”.
Journal of Quality Technology, 38, 349-364.

Kim, K. and Reynolds, M. R., Jr. (2005). “Multivariate Monitoring Using an MEWMA
Control Chart with Unequal Sample Sizes”. Journal of Quality Technology, 37,
267-281.

Kramer, H. and Schmid, W. (1997). “EWMA Charts for Multivariate Time Series”.
Sequential Analysis, 16, 131-154.

Lowry, C. A. and Montgomery, D. C. (1995). “A Review of Multivariate Control
Charts”. IIE Transactions, 27, 800-810.

Lowry, C. A., Woodall, W. H., Champ, C. W., and Rigdon, S. E. (1992). “A Multivariate
Exponentially Weighted Moving Average Control Chart”. Technometrics, 34, 46-
53.

Lu, C.W. and M.R. Reynolds, Jr. (1999). “EWMA Control Charts for Monitoring the
Mean of Autocorrelated Processes”. Journal of Quality Technology, 31, 166-188.

Lucas, J. M. (1982). “Combined Shewhart-CUSUM Quality Control Schemes”. Journal
of Quality Technology, 14, 51-59.

MacGregor, J. F. and Harris, T. J. (1993). “The Exponentially Weighted Moving
Variance”. Journal of Quality Technology, 25, 106-118.

Mason, R. L. and Young J. C. (2002). Multivariate Statistical Process Control with
Industrial Applications. ASA-SIAM, Philadelphia, PA.

Ngai, H. M. and Zhang, J. (2001). “Multivariate Cumulative Sum Control Charts Based
on Projection Pursuit”. Statistica Sinica, 11, 747-766.

Pignatiello, J. J., Jr. and Runger, G. C. (1990). *“Comparisons of Multivariate CUSUM
Charts”. Journal of Quality Technology, 22, 173-186.

Prabhu, S. S. and Runger, G. C. (1997). *“Designing a Multivariate EWMA Control
Chart”. Journal of Quality Technology, 29, 8-15.

30



Qui, P. and Hawkins, D. M. (2001). “A Rank-Based Multivariate CUSUM Procedure”.
Technometrics, 43, 120-132.

Reynolds, M. R., Jr., and Cho, G. Y. (2006). “Multivariate Control Charts for
Monitoring the Mean Vector and Covariance Matrix”. Journal of Quality
Technology, 38, 230-253.

Reynolds, M. R., Jr., and Ghosh, B. K. (1981). “Designing Control Charts for Means and
Variances”. In 35" Annual Quality congress Transactions, American Society for
Quality Control, pp. 400-407.

Reynolds, M. R., Jr., and Kim, K. (2005). “Multivariate Monitoring of the Process Mean
Vector Using Sequential Sampling”. Journal of Quality Technology, 37, 149-162.

Reynolds, M. R., Jr., and Kim, K. (2007). “Multivariate Control Charts for Monitoring
the Process Mean and Variability Using Sequential Sampling”.  Sequential
Analysis, 26, 283-315.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2001a). “Monitoring the Process Mean and
Variance Using Individual Observations and Variable Sampling Intervals”.
Journal of Quality Technology, 33, 181-205.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2001b). “Individuals Control Schemes for
Monitoring the Mean and Variance of Processes Subject to Drifts”. Stochastic
Analysis and Applications, 19, 863-892.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2004a). “Control Charts and the Efficient
Allocation of Sampling Resources”. Technometrics, 46, 200-214.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2004b). “Should Observations be Grouped
for Effective Process Monitoring?”. Journal of Quality Technology, 36, 343-366.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2005). “Should Exponentially Weighted
Average and Cumulative Sum Charts be Used with Shewhart Limits?”.
Technometrics, 47, 409-424.

Reynolds, M. R., Jr., and Stoumbos, Z. G. (2006). *“Comparisons of Some EWMA
Control Charts for Monitoring the Process Mean and Variance”. Technometrics,
48, 550-567.

Rigdon, S. E. (1995a). “An Integral Equation for the In-Control Average Run Length of
a Multivariate Exponentially Weighted Moving Average Control Chart”. Journal
of statistical Computation and Simulation, 52, 351-365.

31



Rigdon, S. E. (1995b). “A Double-Integral Equation for the Average Run Length of a
Multivariate Exponentially Weighted Moving Average Control Chart”. Statistics
and Probability Letters, 24, 365-373.

Runger, G. C. (2004). “Multivariate Extensions to Cumulative Sum Control Charts”.
Quality and Reliability Engineering International, 20, 587-606.

Runger, G. C., and Prabhu, S. S. (1996). “A Markov Chain Model for the Multivariate
Exponentially Weighted Moving Averages Control Chart”.  Journal of the
American Statistical Association, 91, 1701-1706.

Shamma, S. E. and Amin, R. W. (1993). “An EWMA Quality Control Procedure for
Jointly Monitoring the Mean and Variance”. International Journal of Quality and
Reliability Management, 10, 58-67.

Stoumbos, Z. G., and Reynolds, M. R., Jr. (2000). “Robustness to Non-normality and
Autocorrelation of Individuals Control Charts”. Journal of Statistical Computation
and Simulation, 66, 145-187.

Stoumbos, Z. G., and Reynolds, M. R., Jr. (2005). “Economic Statistical Design of
Adaptive Control Schemes for Monitoring the Mean and Variance: An application
to Analyzers”. Nonlinear Analysis: Real World Applications, 6, 817-844.

Stoumbos, Z. G., Reynolds, M. R., Jr., and Woodall, W. H. (2003). “Control Chart
Schemes for Monitoring the Mean and Variance of Processes Subject to Sustained
Shifts and Drifts”. In the Handbook of Statistics: Statistics in Industry, 22, eds. C.
R. Rao and R. Khattree, Amsterdam, Netherlands: Elsevier Science, 553-571.

Stoumbos, Z. G., and Sullivan, J. H. (2002). “Robustness to Non-Normality of the
Multivariate EWMA Control Chart”. Journal of Quality Technology, 34, 260-
276.

Tang, P. F., and Barnett, N. S. (1996a). “Dispersion Control for Multivariate Processes”.
Australian Journal of Statistics, 38, 235-251.

Tang, P. F., and Barnett, N. S. (1996b). “Dispersion Control for Multivariate Processes-
Some Comparisons”. Australian Journal of Statistics, 38, 253-273.

Wierda, S. J. (1994). “Multivariate Statistical Process Control — Recent Results and
Directions for Future Research”. Statistica Neerlandica, 48, 147-168.

Woodall, W. H., and Mahmoud, M. A. (2005). “The Inertial Properties of Quality
Control Charts”. Technometrics, 47, 425-436.

32



Woodall, W. H. and Ncube, M. M. (1985). “Multivariate CUSUM Quality Control
Procedures”. Technometrics, 27, 285-292.

Yeh, A. B, Huwang, L., and Wu, C. W. (2005). “A Multivariate EWMA Control Chart
for Monitoring Process Variability with Individual Observations”. IIE Transactions,
37, 1023-1035.

Yeh, A. B., Huwang, L., and Wu, Y. F. (2004). “A Likelihood-Ratio-Based EWMA
Control Chart for Monitoring Variability of Multivariate Normal Processes”. IIE
Transactions, 36, 865-879.

Yeh, A. B., Lin, D. K. J., Zhou, H., and Venkataramani, C. (2003). “A Multivariate
Exponentially Weighted Moving Average Control Chart for Monitoring Process
Variability”. Journal of Applied Statistics, 30, 507-536.

Yeh, A. B, Lin, D. K. J., and McGrath, R. N. (2006). “Multivariate Control Charts for
Monitoring Covariance Matrix: A Review”. Quality Technology and Quantitative
Management, 3, 415-436.

Key Words: Average Time to Signal, Multivariate Exponentially Weighted Moving
Average Control Chart, Regression Adjustment of Variables, Surveillance, Shewhart
Chart, Squared Deviations from Target, Statistical Process Control, Steady State
Average Time to Signal, Transient Shifft.

33



Table 1. Symbols, Defining Equations, and Descriptions of the Control Charts Being

Considered

Chart Equation Description

Sz 2 Shewhart chart of sample means (Hotelling’s T2 chart)

Mz (5) MEWMA chart of sample means
M, Z? @) MEWMA-type chart of squared deviations with in-control expectation subtracted
M,Z? (8) MEWMA-type chart of squared deviations without in-control expectation subtracted
M,RZ? (10) MEWMA-type chart of squared deviations with resets and in-control expectation subtracted
M,RZ? (11) MEWMA-type chart of squared deviations with resets and without in-control expectation subtracted
M;A? (12) MEWMA-type chart of squared regression adjusted deviations with in-control expectation subtracted
M,A2 (13) MEWMA-type chart of squared regression adjusted deviations without in-control expectation subtracted
M,RA? (14) MEWMA-type chart of squared regression adjusted deviations with resets and in-control expectation subtracted
M,RA2 (15) MEWMA-type chart of squared regression adjusted deviations with resets and without in-control expectation

subtracted
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Table 2. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢
whenp=4,n=1,d=1, p=0, and the MZ chart has 4 =0.02600.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RZ?> M,RZZ? M,Z? M,Z2 | M,RZ% | MRZ2  M,RZZ M,Z2  M,Z% | MyRZ?
Sz Sz
MZ: A= - 0.02600 0.02600 | 0.02600 0.02600 0.02600 0.02600 | 0.02600 | 0.02600 0.02600 0.02600 0.02600|0.02600
MZ% 4= - - - 0.02600 0.02600 0.02600 0.03982 | 0.02600 | 0.11989 0.11989 0.11989 0.15910(0.11989
n= 4 1 1 1 1 1 1 1 1 1 1 1 1
= 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
4 ¥ [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] | [13]
0 10 | 8000 800.0 8000 | 800.1 800.0 800.0 800.0 | 800.0 | 800.0 800.0 800.0 800.0 | 800.0
02 1.0 | 7361 1870 2350 | 231.0 230.1 2306 2313 | 260.1 | 2336 2332 2333 2337 | 2575
04 1.0 | 5905 61.5 715 70.8 70.6 70.6 70.8 76.6 714 71.2 71.2 712 | 761
06 1.0 | 4274 34.1 38.1 37.8 37.7 37.7 37.7 39.9 38.0 37.9 37.8 379 | 397
08 1.0 | 2908 23.4 25.6 25.3 25.2 26.3 25.3 26.5 25.4 25.3 25.3 254 | 26.4
1.0 1.0 | 190.8 17.7 19.2 18.8 18.8 18.9 18.8 19.6 18.9 18.8 18.8 188 | 195
1.2 10 | 1239 14.3 15.3 14.8 14.8 14.9 14.8 15.4 14.8 14.7 14.7 148 | 153
1.4 10 | 802 11.9 12.6 12.0 12.0 12.2 12.1 125 12.0 11.9 11.8 119 | 123
16 10 | 525 10.2 10.6 10.0 10.0 10.2 10.0 10.3 9.8 9.7 9.7 9.7 10.0
1.8 1.0 | 348 9.0 9.1 8.4 8.4 8.7 8.4 8.6 8.1 8.0 8.0 8.0 8.2
20 10 | 234 8.0 7.8 7.1 7.1 7.4 7.1 7.3 6.7 6.6 6.6 6.6 6.8
25 1.0 9.5 6.2 55 4.8 4.9 5.2 4.9 4.8 43 4.1 4.2 4.2 4.2
30 10 43 5.1 3.7 3.4 3.4 3.8 35 3.2 2.9 2.7 2.8 2.8 2.7
40 10 1.3 3.8 15 1.9 1.9 2.2 1.9 1.4 15 1.4 15 1.4 13
50 1.0 0.7 3.0 0.7 1.2 1.2 1.4 1.2 0.7 0.9 0.9 0.9 0.9 0.7
80 1.0 0.5 1.8 0.5 05 0.5 0.5 0.5 05 0.5 05 0.5 05 05
120 1.0 0.5 1.2 0.5 05 0.5 0.5 0.5 05 0.5 05 0.5 05 05
0 12 | 2243 3630 2467 93.0 87.8 81.7 87.6 96.0 162.8  148.8  131.0 150.0 | 159.6
0 14| 807 203.1 94.4 31.1 30.0 30.8 30.2 315 46.5 42.1 37.6 43.0 | 453
0 16| 365 129.3 43.8 17.3 16.7 17.9 16.9 17.0 20.6 18.9 17.7 19.4 | 19.9
0 18| 196 90.0 23.8 116 11.3 12.3 11.4 11.2 12.0 111 10.8 114 | 115
0 20| 120 66.8 145 8.6 8.4 9.3 8.4 8.1 8.1 76 7.6 7.8 7.8
0 25 5.1 37.9 6.0 5.0 49 55 5.0 4.4 43 4.1 42 4.1 4.0
0 30 3.0 25.1 3.4 3.4 3.4 3.8 3.4 2.9 2.8 2.7 2.8 2.7 2.6
0 40 15 14.0 1.7 2.1 2.0 2.3 2.1 1.6 1.7 1.6 1.7 1.6 15
0 50 1.1 9.2 1.1 15 15 16 15 1.1 1.2 1.2 1.2 1.2 1.1
0 70 0.7 5.0 0.8 1.0 1.0 1.0 1.0 0.8 0.8 0.8 0.8 0.8 0.8
0 100]| 06 2.8 0.6 0.7 0.7 0.7 0.7 0.6 0.6 0.6 0.6 0.6 0.6
0 200]| 05 1.0 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 05 0.5
MZ:UCL=| - 13.6858 15.5597 | 15.4835 154752 15.4750 15.4887 | 16.4535 | 155343 155275 15.5227 15.5308|16.3279
Mz% UCL=| - - - 20.1913 261.078 233.491 174.398 | 266.339 | 36.2522 115.001 101.387 94.5890(118.864
SZ: UCL=| 17.9715 - 19.4611 - - - - 20.1898 - - - - |20.0868
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Table 3. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢
whenp=4,n=1,d=1, p=0.9, and the MZ chart has 4 =0.02600.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RAZ  M,RA? M,A%2  M,A? | M,RA? | M;RA? M,RAZ  M,A?  M,A? | M,RA?
Sz Sz
MZ: A= - 0.02600 0.02600 | 0.02600 0.02600 0.02600 0.02600 | 0.02600 | 0.02600 0.02600 0.02600 0.02600|0.02600
MAZ A= - - - 0.02600 0.02600 0.02600 0.03982 | 0.02600 | 0.11989 0.11989 0.11989 0.15910(0.11989
n= 4 1 1 1 1 1 1 1 1 1 1 1 1
= 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
4 ¥ [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] | [13]
0 1.0 | 8000 800.0 8000 | 8000 800.0 800.0 800.0 | 800.0 | 800.0 800.0 800.1 800.0 | 800.0
02 1.0 | 7361 1870 2350 | 2307 2304 2303 2310 | 260.0 | 2333 2331 2329 2335 | 258.1
04 1.0 | 5905 61.5 715 70.6 70.5 70.5 70.7 76.5 711 71.1 711 711 | 761
06 1.0 | 4274 34.1 38.1 37.6 375 37.6 37.6 39.9 37.8 37.8 37.7 378 | 397
08 1.0 | 2908 23.4 25.6 25.1 25.1 25.1 25.1 26.4 25.3 25.2 25.1 252 | 263
1.0 1.0 | 190.8 17.7 19.2 18.6 18.6 18.7 18.6 195 18.6 18.6 18.6 186 | 19.4
1.2 10 | 1239 14.3 15.3 145 145 14.7 145 15.2 145 14.4 14.4 145 | 150
1.4 10 | 802 11.9 12.6 116 11.7 11.9 11.7 122 115 115 115 116 | 12.0
16 1.0 | 525 10.2 10.6 9.5 9.6 9.9 9.6 10.0 9.3 9.2 9.2 9.3 9.6
1.8 1.0 | 348 9.0 9.1 7.9 8.0 8.3 8.0 8.2 75 75 75 75 7.8
20 10 | 234 8.0 7.8 6.6 6.7 7.0 6.7 6.9 6.1 6.1 6.1 6.1 6.3
25 1.0 9.5 6.2 55 4.4 4.4 4.8 4.4 4.4 3.8 37 3.8 3.8 3.8
30 10 43 5.1 3.7 3.1 3.1 3.4 3.1 2.9 25 25 2.5 25 25
40 10 1.3 3.8 15 1.7 1.7 2.0 1.7 1.4 1.3 13 1.3 1.3 1.2
50 1.0 0.7 3.0 0.7 1.1 1.1 1.2 1.1 0.7 0.8 0.8 0.8 0.8 0.7
80 1.0 0.5 1.8 0.5 05 0.5 0.7 0.7 05 0.5 05 0.6 0.6 05
120 1.0 0.5 1.2 0.5 05 0.5 0.6 0.6 05 0.5 05 0.6 05 05
0 12 | 1655 3173 1858 84.0 81.2 76.6 81.8 85.0 141.0 1341 1206 1365 | 132.2
0 14| 451 152.7 53.3 25.4 24.6 25.5 24.8 24.4 34.3 32.2 29.6 333 | 317
0 16| 181 88.4 215 13.2 12.7 13.7 12.9 12.1 14.3 13.4 13.0 139 | 13.0
0 18 9.5 57.9 111 8.4 8.2 9.0 8.3 7.4 8.1 76 7.6 7.9 73
0 20 5.9 41.3 6.8 6.0 5.8 6.5 5.9 5.1 5.4 5.1 5.2 5.3 4.9
0 25 2.7 22.1 3.0 3.3 3.3 3.6 3.3 2.7 2.8 2.7 2.8 2.7 25
0 30 1.7 14.1 1.9 2.3 2.2 25 2.2 1.8 1.9 1.8 1.9 1.8 1.7
0 40 1.0 7.6 1.1 1.4 1.4 15 1.4 1.1 1.2 1.1 1.2 1.2 1.1
0 50 0.8 4.9 0.8 1.0 1.0 1.1 1.0 0.8 0.9 0.9 0.9 0.9 0.8
0 70 0.6 2.7 0.6 0.7 0.7 0.8 0.8 0.7 0.7 0.7 0.7 0.7 0.6
0 100]| 06 16 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6
0 200]| 05 0.8 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 05 0.5
MZ:UCL=| - 13.6858 15.5597 | 15.4912 15.4853 15.4866 15.4990 | 16.4759 | 155375 15.5339 15.5304 15.5367|16.3646
MAZ UCL=| - - - 19.7157 210.296 190.414 145507 | 215.368 | 37.4081 102.707 92.7180 89.1123|106.854
SZ: UCL=| 17.9715 - 19.4611 - - - - 20.208 - - - - 20.117
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Table 4. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢
whenp=4,n=1,d=1, p=0, and the MZ chart has 4 =0.11989.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ

Sz M;RZ2 M,RZZ M,Z2  MZ® | M,RZ? | M;RZ? M,RZZ  M,Z? M,Z? | M,RZ?

Sz Sz
MZ: A= - 0.11989 0.11989 | 0.11989 0.11989 0.11989 0.11989 | 0.11989 | 0.11989 0.11989 0.11989 0.11989 |0.11989
MZ% A= - - - 0.11989 0.11989 0.11989 0.15910 | 0.11989 | 0.20473 0.20473 0.20473 0.24788 |0.20473
= 4 1 1 1 1 1 1 1 1 1 1 1 1
d= 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

0 ¥ [1] [2] [3] [4] [5] [6] [7] (8] [9] [10] [11] [12] [13]
0 10| 8000 799.9 799.9 | 8000 800.0 800.0 800.0 | 799.9 | 8000 800.0 800.0  800.0 | 800.0
02 1.0 | 7361 3782 4685 | 4639 4621  460.1 4623 | 500.7 | 466.6 4655 4645  465.4 | 498.3
04 1.0 | 5905 1143 1535 | 151.9 151.1 1504 1511 | 171.8 | 1527 1523 1518 1523 | 170.2
06 1.0 | 4274 44.6 56.1 55.7 55.4 55.3 55.5 61.9 55.9 55.7 55.7 55.7 61.1
08 1.0 | 2908 23.4 27.6 27.4 27.3 27.3 27.3 29.5 275 27.4 27.4 27.4 29.3
1.0 1.0 | 1908 15.0 16.9 16.8 16.8 16.8 16.8 17.8 16.9 16.8 16.8 16.8 17.7
1.2 1.0 | 1239 10.8 11.9 11.8 11.8 11.8 11.8 12.3 11.9 11.9 11.8 11.9 12.3
1.4 10 | 80.2 8.4 9.1 9.0 9.0 9.0 9.0 9.3 9.0 9.0 9.0 9.0 9.3
16 10 | 525 6.9 7.3 7.2 7.2 7.2 7.2 7.4 7.2 7.2 7.2 7.2 7.4
1.8 1.0 | 348 5.8 6.1 6.0 6.0 6.0 6.0 6.1 6.0 6.0 6.0 6.0 6.1
20 10 | 234 5.0 5.2 5.1 5.0 5.0 5.0 5.1 5.1 5.0 5.0 5.1 5.1
25 1.0 9.5 3.7 3.6 35 35 35 35 35 35 35 35 35 35
30 1.0 4.3 3.0 2.6 2.5 25 2.5 25 2.4 25 2.4 25 25 2.4
40 1.0 1.3 2.1 1.3 1.4 1.4 1.4 1.4 1.2 1.4 1.3 1.4 13 1.2
50 1.0 0.7 16 0.7 0.9 0.9 0.9 0.9 0.7 0.8 0.8 0.8 0.8 0.7
80 1.0 05 1.0 05 0.5 05 0.5 0.5 05 05 05 05 05 05
120 1.0 05 0.5 05 0.5 05 0.5 0.5 0.5 05 0.5 05 05 0.5
0 12| 2243 2818 2247 | 1552 1430 1268 1438 | 1543 | 1839 1733 1605  173.2 | 181.0
0 14| 807 127.0 82.1 445 40.7 36.5 415 43.9 56.4 52.1 47.3 52.4 55.2
0 16| 365 69.0 37.9 19.9 18.4 17.3 18.8 19.4 24.3 225 20.8 22.8 23.6
0 18| 196 43.0 20.8 11.7 10.9 10.6 111 11.3 135 12.6 11.9 12.8 13.0
0 20| 120 29.6 12.9 7.9 75 7.4 7.6 76 8.8 8.2 8.0 8.4 8.4
0 25 5.1 15.0 5.6 42 4.0 4.1 4.1 4.0 4.4 41 4.1 4.2 41
0 30 3.0 9.4 3.2 2.8 2.7 2.8 2.7 2.6 2.8 2.7 2.7 2.7 2.6
0 40 15 5.0 1.7 1.7 1.6 1.7 1.6 15 1.6 1.6 1.6 1.6 1.5
0 50 1.1 3.2 1.1 1.2 1.2 1.2 1.2 1.1 1.2 1.1 1.1 1.1 1.1
0 70 0.7 1.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8
0 100| 06 1.1 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6
0 200]| 05 0.6 05 0.5 05 0.5 0.5 0.5 05 0.5 05 0.5 05
MZ: UCL=| - 16.6546 18.3023 | 18.2421 18.2304 18.2250 18.2357 | 18.9578 | 18.2632 18.2550 18.2484 18.2574 |18.8865
MZ% UCL=| - - 36.0982 114.735 101.113 94.3174 | 118.672 | 46.9519 102.150 91.3618 90.8875 |106.120
SZ: UCL=| 17.9715 19.4543 - - - - 20.0544 - - - - 19.989
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Table 5. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢
whenp=4,n=1,d=1, p=0.9, and the MZ chart has 1 =0.11989.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RAZ  M,RA? M,A%2  M,A? | M,RA? | M;RA? M,RAZ  M,A?  M,A? | M,RA?
Sz Sz
MZ: A= - 0.11989 0.11989 | 0.11989 0.11989 0.11989 0.11989 | 0.11989 | 0.11989 0.11989 0.11989 0.11989(0.11989
MAZ A= - - - 0.11989 0.11989 0.11989 0.15910 | 0.11989 | 0.20473 0.20473 0.20473 0.24788(0.20473
n= 4 1 1 1 1 1 1 1 1 1 1 1 1
= 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
4 ¥ [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [13] [8]
0 1.0 | 8000 800.0 8000 | 800.1 800.2 800.L  800.0 | 800.0 | 800.0 800.L 800.0 800.0 | 800.0
02 1.0 | 7361 3782 4685 | 562.6 4611  459.8 4618 | 500.9 | 4653 4644 4639 4651 | 499.4
04 1.0 | 5905 1143 1535 | 151.2  150.7 1499 1509 | 1723 | 1521 1517 1513  152.0 | 171.0
06 1.0 | 4274 44.6 56.1 55.6 55.3 55.2 55.4 61.8 55.7 55.7 55.5 55.7 | 613
08 1.0 | 2908 23.4 27.6 27.3 27.2 27.2 27.3 29.5 27.4 27.3 27.3 273 | 29.4
1.0 1.0 | 190.8 15.0 16.9 16.8 16.7 16.7 16.7 17.8 16.8 16.8 16.8 168 | 17.7
1.2 10 | 1239 10.8 11.9 11.8 11.7 11.7 11.8 12.3 11.8 11.8 11.8 118 | 123
1.4 10 | 802 8.4 9.1 8.9 8.9 8.9 8.9 9.3 9.0 9.0 8.9 9.0 9.3
16 10 | 525 6.9 7.3 7.1 7.1 7.1 7.1 7.4 7.2 7.1 7.1 7.1 7.4
1.8 1.0 | 348 5.8 6.1 5.8 5.8 5.8 5.8 6.0 5.9 5.9 5.8 5.9 6.0
20 10 | 234 5.0 5.2 4.9 4.9 4.9 4.9 5.0 4.9 4.9 4.9 4.9 5.0
25 1.0 9.5 37 3.6 33 3.3 3.3 3.3 3.3 3.3 33 3.3 3.3 3.3
30 10 43 3.0 2.6 2.3 2.3 2.4 2.3 2.3 2.3 2.3 2.3 2.3 2.3
40 10 1.3 2.1 1.3 13 1.3 1.3 1.3 1.2 1.2 1.2 1.2 1.2 1.2
50 1.0 0.7 16 0.7 0.8 0.8 0.8 0.8 0.7 0.7 0.7 0.8 0.7 0.7
80 1.0 0.5 1.0 0.5 05 0.5 0.6 0.6 05 0.5 05 0.6 0.6 05
120 1.0 0.5 05 0.5 05 0.5 0.6 0.5 05 0.5 05 0.5 05 05
0 12 | 1655 2273 1657 | 1308 1250 1134 1268 | 1252 | 1521 1479 1391 1483 | 1419
0 14| 451 83.3 46.2 32.1 30.3 28.1 31.2 30.2 38.7 37.2 34.6 376 | 355
0 16| 181 41.0 19.0 135 12.8 125 13.2 12.6 15.6 14.9 14.2 152 | 14.3
0 18 9.5 245 10.1 78 7.4 7.4 76 7.2 8.5 8.1 7.9 8.3 7.7
0 20 5.9 165 6.3 5.2 5.0 5.1 5.1 48 55 5.3 5.2 5.4 5.0
0 25 2.7 8.3 2.9 2.8 2.7 2.7 2.7 2.5 2.8 2.7 2.7 2.7 25
0 30 1.7 5.2 1.8 1.9 1.8 1.9 1.8 1.7 1.8 1.8 1.8 1.8 1.7
0 40 1.0 2.8 1.1 1.2 1.1 1.2 1.1 1.1 1.1 1.1 1.1 1.1 1.1
0 50 0.8 1.9 0.8 0.9 0.9 0.9 0.9 0.8 0.9 0.9 0.9 0.9 0.8
0 70 0.6 1.1 0.6 0.7 0.7 0.7 0.7 0.6 0.7 0.7 0.7 0.7 0.6
0 100]| 06 0.8 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6
0 200]| 05 0.6 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 05 0.5
MZ:UCL=| - 16.6546 18.3023 | 18.2504 18.2447 18.2408 18.2498 | 18.9937 | 15.2689 18.2654 18.2593 18.2674|18.9320
MAZ UCL=| - - - 37.2624 102.471 92.4763 88.8720 | 106.673 | 49.3093 96.3178 88.3620 89.6037(100.800
SZ: UCL=| 17.9715 - 19.4543 - - - - 20.0874 - - - - |20.0305
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Table 6. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢

whenp=4,n=4,d=4, p=0, and the MZ chart has 1 =0.1.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RZ?> M,RZZ? M,Z? M,Z2 | M,RZ% | MRZ2  M,RZZ M,Z2  M,Z% | MyRZ?

Sz Sz

MZ: A= - 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
MZ% 4= - - - 0.1 0.1 0.1 0.15 0.1 0.4 0.4 0.4 0.5 0.4
n= 4 4 4 4 4 4 4 4 4 4 4 4 4

= 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

4 ¥ [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [13] [8]
0 10 | 8000 7999 8000 | 8000 800.0 800.0 800.0 | 800.1 | 800.1 800.0  799.9 799.9 | 800.0
02 1.0 | 6242 1863 2313 | 2312 2302 2303 2312 | 2589 | 2337 2336 2333 233.7 | 260.7
04 1.0 | 3448 60.8 69.7 70.2 70.0 70.0 70.2 75.4 70.7 70.6 705 706 | 75.7
06 1.0 | 1676 335 36.5 37.1 37.0 37.1 37.1 38.6 37.3 37.3 37.2 373 | 388
08 10 | 807 22.8 23.8 24.7 24.6 24.7 24.6 25.0 24.8 24.7 24.7 248 | 251
1.0 1.0 | 405 17.2 17.1 18.3 18.2 18.3 18.2 17.9 18.3 18.2 18.2 182 | 180
12 10| 217 13.7 12.7 14.3 14.3 14.4 14.3 13.3 14.2 14.1 14.1 142 | 134
1.4 10| 125 11.4 9.5 116 11.6 11.7 116 10.0 11.4 11.3 11.3 113 | 100
16 10 7.7 9.8 7.1 9.6 9.6 9.8 9.6 75 9.2 9.1 9.1 9.2 75
1.8 1.0 5.1 8.6 5.3 8.0 8.0 8.3 8.0 5.6 75 7.4 75 7.4 5.6
20 1.0 3.7 7.6 4.0 6.8 6.8 7.1 6.8 4.2 6.1 6.0 6.1 6.0 4.2
25 1.0 2.3 5.9 2.4 4.6 4.6 4.9 4.6 25 3.8 37 3.8 3.7 25
30 10 2.0 4.9 2.0 3.2 3.2 35 3.2 2.0 2.6 25 2.6 25 2.1
40 10 2.0 35 2.0 21 2.1 21 2.1 2.0 2.0 2.0 2.0 2.0 2.0
50 1.0 2.0 25 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
80 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
120 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 12 | 2886 3725 2953 91.9 86.7 81.5 87.5 95.6 157.7 1445 1296 1463 | 158.3
0 14 | 1278 2135 1353 30.8 29.6 30.4 29.9 315 44.4 40.4 36.9 415 | 44.1
0 16| 676 1375 73.6 17.0 16.5 17.6 16.6 17.1 19.6 18.0 17.2 185 | 19.3
0 18| 411 96.7 453 11.4 111 12.1 111 11.4 11.4 10.6 10.4 108 | 11.2
0 20| 276 725 30.7 8.4 8.2 9.0 8.2 8.3 7.7 7.2 7.2 7.3 75
0 25| 136 41.9 15.2 49 48 5.3 48 4.8 4.1 3.9 4.0 4.0 4.0
0 30 8.6 28.2 9.5 3.4 3.4 3.7 3.4 3.4 2.9 2.8 2.9 2.8 2.9
0 40 4.9 16.1 5.3 2.4 2.4 25 2.4 2.3 2.2 2.2 2.2 2.2 2.2
0 50 3.6 10.8 3.9 2.1 2.1 2.1 2.1 2.0 2.0 2.0 2.0 2.0 2.0
0 70 2.7 6.1 2.8 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 100]| 23 3.7 2.3 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 200 2.1 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
MZ:UCL=| - 12.7259 14.4692 | 14.4734 14.4622 14.4651 14.4786 | 15.4246 | 145197 14.5141 145101 14.5177|15.4334
Mz% UCL=| - - - 18.0050 252.735 228.766 168.944 | 258.021 | 27.4099 100.886 91.3801 81.8565|104.917
SZ: UCL=| 14.8603 - 16.3118 - - - - 17.1351 - - - - |17.1429
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Table 7. Average SSATS for Some Control Chart Combinations for Shifts in p and ¢

whenp=4,n=4,d=4, p=0.9, and the MZ chart has 4 =0.1.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RAZ  M,RAZ  M,A2  M,A? | M,RA? | M;RA?  M,RAZ  M,A?  M,A? | M,RA?

Sz Sz

MZ: A= - 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
MAZ 4= - - 0.1 0.1 0.1 0.15 0.1 0.4 0.4 0.4 0.5 0.4
= 4 4 4 4 4 4 4 4 4 4 4 4 4

d= 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

0 ¥ [1] [2] [3] [4] [5] [6] [7] (8] [9] [10] [11] [12] [13]
0 10| 8000 799.9 8000 | 800.1 800.0 800.0 800.0 | 800.0 | 800.0 800.0 799.9  800.0 | 800.1
02 1.0 | 6242 1863 2313 | 2307 2300 2305 2309 | 258.6 | 233.6 2332 2331 2334 | 2608
04 1.0 | 3448 60.8 69.7 70.1 69.9 70.0 70.1 75.3 70.5 70.5 70.5 70.6 75.7
06 1.0 | 1676 335 36.5 37.0 36.9 36.9 36.9 38.6 37.2 37.1 37.1 37.1 38.7
08 1.0 | 807 22.8 23.8 245 245 24.5 24.5 25.0 24.6 24.5 24.5 24.6 25.1
1.0 1.0 | 405 17.2 17.1 18.0 18.0 18.1 18.0 17.8 18.0 18.0 17.9 18.0 17.9
1.2 10 | 217 13.7 12.7 14.0 14.0 14.2 14.0 13.2 13.9 13.8 13.8 13.9 13.2
1.4 10 | 125 11.4 9.5 11.2 11.3 115 11.2 9.9 10.9 10.9 10.9 10.9 9.9
16 10 7.7 9.8 7.1 9.1 9.2 9.5 9.2 7.4 8.7 8.6 8.7 8.7 7.4
1.8 1.0 5.1 8.6 5.3 75 7.6 7.9 7.6 5.6 6.9 6.9 6.9 6.9 5.5
20 1.0 3.7 7.6 4.0 6.3 6.4 6.7 6.3 4.2 5.6 55 5.6 55 4.2
25 1.0 2.3 5.9 2.4 4.1 4.2 45 4.2 25 3.4 3.3 3.4 3.3 25
30 1.0 2.0 4.9 2.0 2.8 2.9 3.2 2.9 2.1 2.4 2.3 2.4 2.3 2.1
40 1.0 2.0 35 2.0 2.0 2.0 2.1 2.0 2.0 2.0 2.0 2.0 2.0 2.0
50 1.0 2.0 25 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
80 10 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
120 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 12 | 2334 3297 2953 83.3 80.4 76.4 81.7 86.4 1375  130.1 1197 1340 | 136.8
0 14| 835 163.4  135.6 25.1 24.3 25.2 24.5 25.1 32.9 30.7 28.9 32.1 32.3
0 16| 399 96.5 73.6 13.0 125 135 12.6 12.7 13.6 12.8 125 13.2 13.2
0 18| 235 64.2 453 8.3 8.0 8.8 8.0 8.0 7.7 7.3 7.3 7.4 75
0 20| 158 46.3 30.7 5.9 5.7 6.3 5.8 5.7 5.2 5.0 5.0 5.0 5.0
0 25 8.2 25.6 15.2 3.4 33 3.6 3.3 3.3 3.0 2.9 2.9 2.9 2.9
0 30 5.6 16.8 9.5 2.6 2.5 2.7 2.5 2.5 2.3 2.3 2.3 2.3 2.3
0 40 3.7 9.5 5.3 2.1 2.1 2.1 2.1 2.1 2.1 2.0 2.0 2.0 2.0
0 50 2.9 6.5 3.9 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 70 2.4 4.0 2.8 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 100]| 20 2.8 2.3 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
0 200]| 20 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
MZ: UCL=| - 12.7259 14.4692 | 14.4800 14.4730 14.4767 14.4889 | 15.4374 | 145229 14.5187 14.5173 14.5228 |15.4458
MAZ UCL=| - - - 17.6185 203.057 185.988 140.271 | 208.092 | 28.1359 88.5005 82.0093 75.1690 |92.6560
SZ: UCL=| 14.8603 - 16.3118 - - - - 17.1464 - - - - 17.1536
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Table 8. Signal Probabilities for Some Control Chart Combinations for Transient Shifts
inpand o whenp=4,n=1,d=1, p=0.9, and the MZ chart has 4 =0.02600.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RAZ  M,RA?  M,A2  M,A? | M,RA? | M;RA? M,RA?Z  M,A%2  M,A? | M,RA?
Sz Sz
MZ: A= - 0.02600 0.02600 | 0.02600 0.02600 0.02600 0.02600 | 0.02600 | 0.02600 0.02600 0.02600 0.02600 |0.02600
MAZ 1= - - - 0.02600 0.02600 0.02600 0.03982 | 0.02600 | 0.11989 0.11989 0.11989 0.15910|0.11989
= 4 1 1 1 1 1 1 1 1 1 1 1 1
d= 40 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
o W [1] [2] [3] [41 [5] [6] [7] [8] [9] [10] [11] [12] [13]
25 1.0 11 .01 .08 .04 .04 .03 .03 .08 .07 .07 .05 .06 .09
30 1.0 21 .02 17 .08 .08 .05 .06 .16 14 14 11 13 17
40 1.0 55 .02 48 23 23 15 20 A7 40 41 36 39 49
50 1.0 86 .04 82 52 51 37 47 81 73 74 69 73 82
70 10| 1.00 .08 1.00 95 95 88 94 1.00 99 99 99 99 1.00
=1
0 20 17 01 15 .07 .07 .05 .06 14 A1 A1 .09 .10 15
0 25 32 .02 29 17 17 13 15 29 24 24 22 23 29
0 30 46 .04 43 29 28 23 26 42 37 37 35 .36 43
0 50 77 14 75 63 63 57 61 74 70 71 69 70 75
0 100]| .95 48 94 .90 .90 .88 .90 94 93 93 92 93 94
20 10 .09 .02 .07 .07 07 .04 .02 .08 10 .10 .08 .09 .10
25 1.0 19 .04 16 14 14 .10 12 .18 23 24 20 22 23
30 1.0 38 .05 31 29 28 20 25 35 44 45 40 43 45
40 1.0 .80 A1 74 71 70 56 67 77 .85 86 83 85 86
50 1.0 .98 21 97 .96 .95 .89 .94 98 .99 .99 .99 .99 .99
=2
0 20 30 .02 27 17 16 12 15 27 23 24 22 23 28
0 25 53 .05 50 37 37 .30 35 50 47 48 45 46 52
0 30 70 .08 67 55 56 A48 53 67 65 .66 63 65 69
0 50 94 31 94 .90 .90 .87 .89 94 93 93 93 93 94
0 70 .99 53 .98 97 97 .96 97 .98 .98 .98 .98 .98 .99
16 10 .08 .06 .08 11 11 .08 10 A1 14 15 13 13 14
20 10 16 A1 16 25 24 18 21 23 32 32 30 .30 30
25 1.0 35 19 34 52 50 40 47 49 62 63 60 61 61
30 1.0 61 32 58 79 78 .68 75 a7 .87 88 86 87 87
40 1.0 .96 63 .95 .99 .99 .98 .99 .99 1.00 1.00 1.00 1.00 | 1.00
=4
0 16 21 .03 18 13 13 .09 11 19 18 18 17 17 21
0 20 51 .06 46 39 40 32 37 49 48 50 47 48 53
0 25 78 12 74 70 71 63 69 a7 77 79 77 78 81
0 30 91 20 89 87 .88 83 86 91 91 92 91 91 93
0 40 98 39 98 .98 .98 97 97 .99 .99 .99 99 99 99
MZ: UCL= - 13.6858 15.5597 | 15.4912 15.4853 15.4866 15.4990 | 16.4759 | 15.5375 15.5339 15.5304 15.5367|16.3646
MAZ UCL= - - - 19.7157 210.296 190.414 145507 | 215.368 | 37.4081 102.707 92.7180 89.1123|106.854
SZ: UCL=| 17.9715 - 19.4611 - - - - 20.208 - - - - 20.117
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Table 9. Signal Probabilities for Some Control Chart Combinations for Transient Shifts
inpandowhenp=4,n=1d=1, p=0.9, and the MZ chart has 4 =0.11989.

Sz MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Sz M;RAZ  M,RA?  M,A2  M,A? | M,RA? | M;RA? M,RA?Z  M,A%2  M,A? | M,RA?
Sz Sz
MZ: A= - 0.11989 0.11989 | 0.11989 0.11989 0.11989 0.11989 | 0.11989 | 0.11989 0.11989 0.11989 0.11989|0.11989
MAZ 1= - - - 0.11989 0.11989 0.11989 0.15910 | 0.11989 | 0.20473 0.20473 0.20473 0.24788|0.20473
= 4 1 1 1 1 1 1 1 1 1 1 1 1
d= 40 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
o W [1] [2] [3] [41 [5] [6] [7] [8] [9] [10] [11] [12] [13]
25 1.0 11 .02 .08 .07 .08 .06 .07 .09 .08 .08 07 .08 .09
30 1.0 21 .03 17 14 15 12 13 .18 16 .16 15 .15 .18
40 1.0 55 07 49 41 42 37 40 49 45 46 43 44 50
50 1.0 86 14 82 74 75 70 74 82 77 79 76 78 83
70 10| 1.00 41 1.00 99 99 99 .99 1.00 99 99 99 99 1.00
=1
0 20 17 .03 15 A1 A1 .10 A1 15 12 12 A1 12 15
0 25 32 .07 29 24 24 22 24 29 26 26 25 25 .30
0 30 46 13 43 37 37 .35 37 43 39 39 38 .38 43
0 50 77 41 75 71 71 69 70 75 72 73 71 72 75
0 100]| .95 78 .95 93 93 93 93 94 93 94 93 93 .95
20 10 .09 .06 .09 A1 A1 .10 .10 A1 12 12 A1 11 A1
25 1.0 19 12 19 25 26 23 24 25 26 27 25 25 26
30 1.0 38 21 36 46 47 43 45 46 47 49 47 A7 48
40 1.0 .80 50 78 87 .88 .85 87 87 87 .88 87 87 .88
50 1.0 .98 .80 .98 .99 .99 .99 .99 .99 .99 .99 .99 .99 .99
=2
0 20 30 .08 27 24 25 23 24 29 25 26 25 25 29
0 25 53 17 50 48 48 46 47 52 49 50 48 49 53
0 30 70 29 67 .65 66 64 65 .70 66 67 66 67 70
0 50 94 67 94 93 94 93 93 94 94 94 94 94 95
0 70 .99 .86 .98 .98 .98 .98 .98 .99 .98 .98 .98 .98 .99
16 10 .08 19 16 20 20 19 19 .18 19 19 19 19 18
20 10 16 37 33 41 41 39 40 38 39 40 39 39 37
25 1.0 35 65 61 72 72 71 71 69 70 71 71 70 68
30 1.0 61 87 .85 92 92 92 92 01 01 92 92 01 01
40 1.0 .96 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00
=4
0 16 21 07 19 19 20 18 19 22 19 20 19 19 22
0 20 51 .18 48 50 51 49 50 54 50 51 50 50 53
0 25 78 37 76 78 .80 78 79 81 78 79 79 78 81
0 30 91 54 89 91 92 91 92 93 91 92 92 92 93
0 40 98 78 98 .99 99 .99 99 .99 .99 .99 99 99 99
MZ: UCL= - 16.6546 18.3023 | 18.2504 18.2447 18.2408 18.2498 | 18.9937 | 15.2689 18.2654 18.2593 18.2674|18.9320
MAZ UCL= - - - 37.2624 102.471 92.4763 88.8720 | 106.673 | 49.3093 96.3178 88.3620 89.6037|100.800
SZ: UCL=| 17.9715 - 19.4543 - - - - 20.0874 - - - - 120.0305
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Table 10. Average SSATS for Some Control Chart Combinations for Shifts in p and o
whenp =10and p=00r0.9,withn=1,d=1,and 4=0.02600, or n =4, d =4, and

A=0.1
p=0 p=09
MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ MZ
Y4 M,RZ?  M,RZ2 Sz M,RZ?> M,RZ? Y4 M,RAZ  M,RA? Sz M,RAZ M,RA?
Sz Sz Sz Sz
MZ: A= |0.02600 0.02600 0.02600| 0.1 0.1 0.1 |0.02600 0.02600 0.02600 | 0.1 0.1 0.1
MZ% 4= - 0.02600 0.02600 - 0.1 0.1 0.02600 0.02600 - 0.1 0.1
n= 1 1 1 4 4 4 1 1 1 4 4 4
= 1.0 1.0 1.0 4.0 4.0 4.0 1.0 1.0 1.0 4.0 4.0 4.0
o W [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12]
0 10| 7999 7999 800.1 | 800.0 800.0 800.0 | 799.9  800.0  799.9 | 800.0  800.1  800.0
02 1.0 | 3206 3135 3549 | 3173 3129 3522 | 3206 3130 3552 | 3173 3122 3526
04 1.0 | 959 94.4 104.0 94.1 93.8 102.6 95.9 94.3 103.9 94.1 93.8  102.7
06 1.0 | 484 47.8 51.0 46.9 47.2 49.8 48.4 47.7 50.9 46.9 47.1 49.8
08 1.0 | 317 31.3 33.0 30.2 30.7 31.7 31.7 31.3 33.0 30.2 30.7 31.7
1.0 1.0 | 235 23.2 24.2 21.8 22.6 22.8 23.5 23.1 24.2 21.8 22.5 22.8
1.2 10 | 186 18.3 19.0 16.6 17.7 17.4 18.6 18.2 19.0 16.6 17.6 17.3
1.4 10 | 153 15.0 15.6 12.9 145 135 15.3 14.9 15.5 12.9 14.4 135
16 10 | 130 12.6 13.1 10.1 12.1 10.6 13.0 12.5 13.0 10.1 12.0 10.6
1.8 10 | 112 10.8 11.1 7.8 10.4 8.2 11.2 10.7 11.0 7.8 10.2 8.2
20 10 9.8 9.4 9.6 6.0 8.9 6.3 9.8 9.2 95 6.0 8.8 6.3
25 1.0 7.2 6.7 6.8 3.2 6.4 3.4 7.2 6.5 6.6 3.2 6.2 3.3
30 1.0 5.3 49 48 2.2 4.7 2.3 5.3 4.8 4.6 2.2 45 2.3
40 1.0 25 2.9 2.3 2.0 2.6 2.0 25 2.7 2.2 2.0 2.4 2.0
50 1.0 1.1 1.8 1.1 2.0 2.0 2.0 1.1 1.7 1.1 2.0 2.0 2.0
80 1.0 05 0.6 05 2.0 2.0 2.0 0.5 0.6 05 2.0 2.0 2.0
120 1.0 0.5 05 05 2.0 2.0 2.0 0.5 05 05 2.0 2.0 2.0
0 12| 2971 96.8 107.6 | 337.7 95.3 106.4 | 243.1 85.6 92.9 290.9 84.5 92.9
0 14 | 1272 32.2 34.2 165.7 31.7 34.0 74.7 25.4 26.1 112.7 25.1 26.3
0 16 | 611 17.7 18.3 91.2 17.4 18.2 28.4 13.1 12.8 52.5 12.8 13.1
0 18| 327 11.9 11.9 55.1 11.6 12.0 135 8.4 7.7 29.1 8.1 8.2
0 20| 193 8.8 8.6 36.1 85 8.7 7.6 5.9 5.2 18.5 5.8 5.7
0 25 7.0 5.1 4.6 16.2 49 4.9 3.0 3.3 2.6 85 3.2 3.2
0 30 35 35 2.9 9.2 3.4 3.3 1.7 22 16 5.3 2.4 2.4
0 40 15 21 1.4 4.6 22 2.2 0.9 1.3 0.9 3.2 2.0 2.0
0 50 0.9 1.4 0.9 3.2 2.0 2.0 0.7 0.9 0.7 25 2.0 2.0
0 70 0.6 0.9 0.6 2.3 2.0 2.0 0.5 0.7 0.6 2.1 2.0 2.0
0 100]| 05 0.6 05 2.1 2.0 2.0 0.5 05 0.5 2.0 2.0 2.0
0 200]| 05 05 05 2.0 2.0 2.0 0.5 05 0.5 2.0 2.0 2.0
MZ: UCL=| 26.2712 26.1695 27.4255 | 24.8747 24.8463 26.0062 | 26.2712 26.1738 27.4359 | 24.8747 24.8498 26.0738
MZ% UCL= - 578.491 585.722 - 563.546 570.731 - 528.414 535.446 - 514.463 521.459
SZ: UCL=| 30.7777 - 31.6876 | 26.9947 - 27.9981 | 30.7777 - 31.6959 | 26.9947 - 28.0049
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