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Micropolar Continuum Modeling of Large Space Structures with Flexible Joints and Thermal
Effects: Theory and Experiment

Armaghan Salehian

ABSTRACT

The presented work is intended to develop a geometrically reduced order (homogenized) model
for a large antenna space structure with flexible joints. An energy equivalence concept is
employed to find the continuum model for the system. The kinetic and strain energy expressions
of the fundamental elements are found based on the assumptions of the micropolar elasticity
theory. Necessary assumptions are made to reduce the order of the strain variables while
retaining the effects of the micro-rotations that are coupled to the primary strain terms. As a
result, a micropolar-based continuum model is found for the structure with torsional joints. The
vibrations equations of motion for various coordinates of the one dimensional equivalent model
are presented. Subsequently, the relations between the physical parameters of the distributed
parameter model and the radar structure are introduced. The effect of the asymmetric mass
distribution as a result of the addition of the radar panel to the truss system is studied. For the
purpose of the experimental validation of the suggested model a planar truss structure with Pratt
Girder configuration was built and tested in the laboratory. The results for the experimental
frequency response functions are shown to be in good agreement with the theory. Finally, the
continuum model is used to quantify the effects of the thermally induced disturbances on the
satellite system during the eclipse transition.
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Chapter 1

Introduction

1.1 Literature Review

During the past few years there has been increasing interest to enable in orbit nonstop
surveillance of moving ground targets on earth. The Innovative Space Based Radar Antenna
Technology (ISAT) program funded by the Defense Advanced Research Projects Agency
(DARPA) is an example of this program. A schematic of a proposed configuration for the ISAT
structure (a 300 m truss) is shown in Figure 1-1. It is desirable for the satellites designed for this
purpose to operate in a Medium Earth Orbit (MEO) to provide improved coverage. Such
technology will require fewer satellites for global coverage and thus reduce the overall system
cost. Generally, large low mass density orbiting structures have proved promising for space
applications. A radar antenna operating at MEQO, in particular, must be so large that it can not be
launched on existing rockets. Space inflatable structures which can be compressed into far
smaller packages and easily deployed into their load-bearing configurations provide one possible
approach for placing large metrology systems in space. Figure 1-2 shows an inflatable

fundamental element for a space truss. Inflatable structures have many advantages compared to



mechanically installed structures, such as lower weight, higher packaging efficiency, and easier
maintenance. Such structures have a long history of use in aerospace applications, from the
ECHO series of satellites in the 1960’s to L’Garde’s space shuttle launched Inflatable Antenna
Experiment (IAE) in May 1996." Many proposed inflatable designs for space applications consist
of truss-like or lattice structures with repeated patterns since they are simple to construct and
they have large stiffness to mass ratios. Therefore, an approach for studying the dynamic
response of these structures has been a topic of importance.

In this regard, two approaches that have received attention are the finite element method
(FEM) and the continuum model. While the FEM is a popular approach and sometimes an
indispensable tool for analyzing complex systems, it also requires thousands of elements to
represent a large structure with many components. Hence, FEM requires significant amount of
time and computing capacity to obtain reliable solutions. Therefore, they naturally lead to
models that may become too large for control design. Finally, in a dynamic analysis the FEM
usually produces more modes of vibration than are actually needed.” Alternatively, it has been
shown that the dynamics of repeated lattice structures can be approximated well by a continuum
models.” Therefore, equivalent continuum modeling methodology offers an attractive alternative
to the discrete finite element approaches for the analysis of repetitive and quasi-repetitive lattice
structures. Continuum modeling techniques have the advantage of reduced number of modal
parameters, and can be an efficient method for static and dynamic analysis of large lattice type
structures. On the other hand, analytical solutions provide enhanced understanding into dominant
structural physics and underlying mechanics and can be used as a strong tool for preliminary
design. Additionally, the existing methods for the design of control systems for distributed

parameter models® can be applied effectively if an appropriate continuum model and analytical



solution of the structure can be found. For example an analytical solution in the form of a beam
or a plate model for lattice type structures opens the possibility of constructing input-output
transfer functions between the sensing and actuation points’, thus enabling the use of many well-

established frequency-based control methods.

Figure 1-1 A 3-dimensional schematic of a proposed configuration for ISAT
(Courtesy of Pablo Tarazaga)

Figure 1-2 A schematic of an inflatable truss element

-What is continuum modeling?

Briefly, continuum modeling is a methodology that takes advantage of the periodicity in the
pattern of a structure to produce a geometrically reduced order model (a PDE in a single spatial
variable) of the system. This has the benefit of avoidance of a modal order reduction as opposed
to the FEM. The continuum modeling technique captures the global dynamics of the structure
only, which makes it a strong tool for very large, complex structures, where the overall dynamics

of the system are dominant. In contrast to the FEM where the approximate shape functions and



interpolating polynomials are used to obtain a solution, in continuum modeling the solution to
the PDE of the system are used to describe the dynamics of the system.

An extensive list of some notable research in the analysis of lattice structures by
continuum modeling is presented in [6, 7, 8, 108 and 109]. A review of the literature reveals that

the continuum modeling techniques can be classified as: 1) the discrete field analysis® * ' ' 1% 13

and 2) the substitute continuum approach, '* !> 16-17- 1819

In the discrete field approach the repeated pattern of the structure is taken into account.
The method involves writing equilibrium and compatibility equations at nodes which result in
the finite difference equations for the system. The discrete field analysis can be categorized in to
two different classes®: Micro method, by which one constructs and solves difference equation
models (or difference differential equations for mixed discrete-continuous systems), and the
Macro method, by which one constructs and solves the summation equation models (or
summation integral equations for mixed discrete continuous systems).

The substitute continuum approach can be further classified as methods that employ

14, 15, 16, 17, 18, 19

either 1) the energy equivalence or 2) the stiffness equivalence concepts. For the

stiffness equivalent approach, there are two methods used in the literature. It is either the direct

approach to find the stiffness of an isolated lattice and relate that to the equivalent stiffness of a

2, 20, 21, 22, 23, 24, 25, 26, 27

continuum, or, the use of the transformation matrices to relate the

contribution of the elements in a truss system to the global stiffness of the structure. 2*2%3°

The continuum modeling of structures received much attention in the early 1960°s.'" %!
Wah studied the free lateral oscillation of supported grillages by deriving a finite difference

based continuum approach.’’ Later Renton studied the dynamic behavior of plane grids using a

. . 11 . . . .
more rigorous technique.  In his analysis he uses a Taylor series expansion, to transform the



stiffness equations written in terms of the finite difference operators into differential equations
for the system. In another example a discrete field analysis is used to find the continuum model
for spatial anisotropic beam-like trusses with pin connections.”’ The static deformation of a
quasi-repetitive planar truss is studied in another work.'® The authors use a finite difference
approach to find the nodal balance equations as well as the force displacement relation to find the
equivalent continuum model for the system.

Some other works done by Noor involves derivations of energy equivalence based
continuum models for double layered grids and spatial beam-like trusses to perform thermo-
elastic stress analysis and to find reduced order FEM models for the structures.'” '’ The
difference between the approaches in [15] and [17] is that certain local effects are included in
[17] to simulate the dynamic responses more accurately. This author in a related work extends
this method to the fundamental truss elements with four longerons to account for the warping of
the cross sections.'® The bucking and stability of the same type of structures using energy
equivalence based continuum models are presented in another article.'® The effects of the
asymmetric geometrical configurations (an orthogonal tetrahedral pattern) on the coupling
between different modes of vibration are also studied by Noor.”” In a different study a
polynomial representation is used to transform the nodal coordinates to the strain variables."” In
this article, the strain energy expression is reduced and written in the form of the variables for a
continuum model by explicitly eliminating the secondary strain variables. Additionally, the
structural defects are introduced to the continuum model to study their effect on coupling
between the various deformations modes. In a study performed by Burgardt, the average of the
strain and stress values over a planar truss cell is used to find an energy equivalent continuum

model.'



There are a few ad hoc schemes where the equivalent stiffness approach is used for
deriving equivalent continuum models of lattice structures, > '¢ 2 2!- 2223, 24,25, 29, and 30
In the equivalent stiffness approach, the effective shear and bending stiffness’ of the repeating
cell are found and related to the reduced order strain variables of the continuum model. They use
either a unit load approach or employ a transformation matrix to find the contribution of the

28.29.30 11y 4 related work,

individual components stiffness’ to the overall stiffness of the element.
these effective continuum properties are then used to study the relative structural efficiencies
(e.g., modulus-to-density ratios) of various truss configurations.”” An inverse method is used to
identify the dynamic properties of a plate-like structure in another research effort.’* The authors
build a maximum likelihood estimator to estimate the physical parameters of the equivalent plate
model based on a known response (an inverse approach). The continuum modeling techniques
are extended in a research study to model material nonlinearities and to present lattices which

have similar behavior as the elasto-plastic constitutive behavior.”

During the past few years, continuum modeling techniques have found many applications

34, 35, and 36 37, 38, and 39

in other engineering fields such as materials science , civil engineering and
biomechanics.*” In addition, the continuum methodology has been combined with multi-scale
modeling techniques for adaptive modeling of molecular systems behavior.* In another work the
mechanical anisotropic plastic behavior of the lattice materials has been modeled using standard
homogenizations techniques.’® The stated work, [36], involves building micromechanics based
finite strain constitutive models for the truss lattice materials. In Ref. 34, lattice block materials
(LBM) are modeled as continuum plates to find their effective constitutive and mass properties.

In Ref. 40 the equivalent continuum mechanical model for the microstructures of bones are

found. Additionally, the homogenization techniques have received much attention by



mathematicians. There are examples of some rigorous mathematical techniques for

#1492 1 Ref. 41, the authors develop a

homogenization of structures with periodic patterns.
mathematical equivalent continuum model for hexagonal configuration lattices. In Ref. 42 the
periodic unfolding method is used as a tool for multi-scale homogenization of grids.

Most of the work done on the continuum modeling for the truss type structures assumes
hinge connections between the members. There are a few existing articles in the literature where

43,4445 and grids >, A difficulty pertaining

joints are modeled as rigid connections for trusses,
to the derivation of the continuum models for inflatable deployable structures are the
connections. The joints for these structures are different connection types than pin or rigid joints
studied in the previous research. In addition, an experimental effort made for a small scale metal
truss based on the assumption of hinge connections revealed the need for an alternative
modeling.

The work presented in this dissertation aims to fill this gap. In the presented work we
develop a somewhat rigorous mathematical technique to find a very simple micropolar
continuum model for a truss structure with flexible joints.

In addition, very few of the previously published efforts on continuum modeling of

% Due to the large size and

repeated lattice structures have been validated experimentally.
flexibility of the space structures they cannot be tested under the laboratory conditions. However,
it is possible to ground test the individual components of these structures in their inflated and
rigidized state as previously done in some of the research.’®>"->* Once the physical parameters of
these components are tested and known, it is desirable to be able to build a model of the system

made of these components. In a research performed to validate a continuum modeling approach

by Webster et. al., the nonlinear model for the joints of a NASA Mini-Mast truss element is



presented, and an experiment is conducted for the purpose of model validation.* The errors for
the first two bending frequencies in this study are about 11%. In some other related work®, the
authors present a very simple model for a 19 ft. lattice structure, which is a slender beam with a
tip mass. The results show a frequency error around 92% for the first two frequencies. The
micropolar continuum methodology developed in this effort is validated experimentally for a
metal truss and results in much more accurate frequencies and the frequency response functions.
1.2 Research Summary

The following outlines a summary of the presented research and its contributions. In Chapter 2,
as a preliminary analysis, hinge joint connections are assumed for the 3D structure shown in
Figure 1-1. The approach taken here is to use the repeated lattice nature of the design to provide
continuum models of the structure resulting in low order modal modes which can be useful for
design and control. These models are computationally much cheaper and analytically simpler to
design with. The assumptions for the linear displacement and strain fields as previously made in
[17] are used for the strain energy derivation and to find a reduced order model. Taylor series
expansions are used to account for the local effects within the element. A continuum model for
the space truss with asymmetric mass distribution is derived. The effects of the asymmetry due to
the addition of the radar panel, which weighs 12 times more than the actual truss structure, are
investigated. The results for the continuum model are then compared to the FEM for the purpose
of validation. The relations for the characteristics of a dynamically equivalent continuum model
of this structure are also presented. In Chapter 3, the approach presented in Chapter 2 has been
modified for a truss structure with a planar configuration. The experimental results for this truss
are used for the purpose of validation. Chapter 4 presents a methodology for a micropolar

continuum modeling for the truss with flexible joints. This modeling technique includes higher



order strain field components compared to the model presented in Chapter 2. Necessary
assumptions are made to reduce the order of the strain variables while retaining the effects of the
micro-rotation strain states that are coupled to the primary strain terms. The effects of various
torsional stiffness values for structures of different lengths are compared and investigated. The
approach is then applied to the planar truss configuration for the purpose of experimental
validation. In Chapter 5, the continuum model used for the truss has been employed to analyze
the thermally-induced vibrations resulting from passing the eclipse line in space and the
instantaneous temperature gradients. An extensive literature review of the thermally induced
disturbances and their effects on space structures is presented in Chapter 5. As presented in that
chapter, the continuum models can effectively be used to predict the thermal oscillations in
space. It is also shown that contrary to the statement previously made by Thornton,”” ™ the
limiting assumption regarding the isothermal members for the continuum models is not
necessary when a decoupled thermal structural analysis is of interest. Finally, the summary and

conclusion of the conducted research are presented in Chapter 6.



Chapter 2

Homogenization Modeling of the Lattice

This chapter introduces a method for deriving a continuum model for a repeated lattice structure
with an asymmetric mass distribution due to the addition of the radar panel. Motivated by the
current ISAT technology, the truss structure has a triangular cross-section and is made of double-
bay elements shown in Figure 2-1. The battens, diagonals and the longerons shown are
constructed of tubes. Following [110], the material and geometrical properties presented in Table
2-1 are used as a starting pointing for the present analysis. The structure is a 300 (m) truss with
the radar panel mounted to the side. Because the structure has a repeated pattern, determining the
kinetic and strain energy expressions of the fundamental repeating element is the first step in
finding an equivalent 1-D model. Necessary assumptions are made while preserving the effects
of the three-dimensional strain field, to couple and express these strain values in terms of the
independent strain states. The independent strain states are similar for those of the homogenized
model. Subsequently, the effective dynamic coefficients for the equivalent beam type model of
the structure are found. Hamilton’s principle is then used to find the equations of motion for six

coordinates of vibration.
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longeron
Figure 2-1 Truss element and the reference coordinate system

Table 2-1 Material and geometrical properties of the truss

Truss Properties Values
Length of the antenna truss 300 m
Length of battens and longeron members 3m

Modulus of Elasticity of batten, longeron and
diagonal

6.8948x10" Mpa

Mass density of  batten, longeron and 1799 Kg/m3
diagonal

Diameter of diagonal and batten 25.4x10° m
Diameter of longeron 76.2x10° m
Thickness of diagonal and batten 0.508x10” m
Thickness of longeron 1.016x10° m
Total mass of the radar panel 6000 Kg
Mass of the truss 550 Kg

2.1 Strain Energy Derivations

11

As a preliminary analysis we assume that the truss elements are made of pin joints. This
assumption is modified in Chapter 4 where a more complex design for the joints is presented.
The method presented in this chapter extends the earlier work of Noor (for symmetric
configurations) who pioneered homogenization methods in the late 70’s and early 80’s."”

Considering we have a truss element shown in Figure 2-1 which is made of pin joints, we assume



linear variations for displacement components at the plane of the cross-section. The displacement
components for any point along a bar member at the cross section can be expanded linearly in
terms of the displacement components at the center of the cross section. Such displacement
components are shown in Figure 2-2. Also the effect of the extensional and the shear strains on
the displacement components are included in this formulation. So making an assumption for a
linearly varying displacement field we get,'’

u(x,,2) = 40 (x) = ¥z (x) + 2, (x)

1
v(x,y,z) =vo(x) + yey(x) + Z{_¢x(x) + 5(25)/2()5))} 2.1

1
w(x,y,Z) =wp(x)+ J{¢x(x) + 5(25);2 (x))} +267(x)
where ug,vy,wpare the displacement components at the center, ¢y, 4y, ¢, are the rotations about

the x,»,z axes shown in Figure 2-2, and €y.€yz,é; are the extensional and the shear strain
components at the center of the cross-section. To find the equivalent homogenized model, it is
necessary to write the strain energy of an element in terms of the strain values of a beam
€x>€xz>¢xy and the curvature components. Such strain components should be evaluated at the
center of the element. As mentioned earlier, the assumptions in Ref. 17 with regards to a shear
deformation type beam, the compatibility conditions and the free local deformations are used for

the strain energy derivation of a reduced order model. A complete derivation for this is presented

in the Appendix A.
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Figure 2-2 Displacement and rotational components of the repeating element
Finally the strain energy of the repeating element can be found in terms of the strain and

curvature components at the center as follow,

U=34,E,L () +%ALELL%LL [(zcy )2 +(x

z

2 244, 4, E E, L, 2 2
) 4 a;LdLbdszz((gxy) +(gxz))
AgEg Ly + 44 Ey (L + 1)

N AgA B E L LT

(Kx)z)
sl 4B L, v 4B (22
dddL+LL(b+L)
(2.2)

Using the spatial derivative of the displacement components in Eq. (2.1), one can easily found,

0
gx:(?u_o € :l(%_(ﬁzj’gxz:l[%+¢y)”cy=a¢z”fz= ¢y’Kx:8¢x (2.3)

ax Y 2 ox 2\ ox Ox

From Egs. (2.2) and (2.3) we get the expression for the strain energy of the element shown in the

Figure 2-1,

2 2 2 2 2 2
b o¢ 0 0 0
Ul(a—oj 2(%] 3[a_y] 4[a—°¢) 5(%%) 6[%} @4

where,
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c| =341 ErL]
o) =1 = A By 2L
2=c3 = ALELLLL

6AqALEGEL L LaLY

cq4=c5=

3 2. 2)\?
AQEqLaLS + 441 Ep (12 + 12 25

AgALEGEL L) Lq15

6 = )
4[AdEdeL3L +ALE] (L% +L2L) J

Here 4, L, E and p are the cross-sectional area, length, modulus of elasticity and the density of
the pin-connected bar members, and the subscripts L, d and b refer to the longerons, diagonals
and the battens in Figure 2-1. The strain energy expression in Eq. (2.4) is for a shearable model
which is equivalent of a Timoshenko beam model. A simpler Euler Bernoulli equivalent model

can be found by ignoring the shear strain terms in the strain energy as follow,
2 2
2 2 2 2
Ouy 0 vy 0w Oy
U=c| =] + ver| L0 | D
Cl( ox j 62{ o ] 03[ o J CG[ ox 26)

2.2 Kinetic Energy Derivations

As previously mentioned, the fundamental truss element in this study consists of the bar
members shown in the Figure 2-2 with the radar panel mounted on the bottom. Since the radar
panel mostly contains the electronic parts and is not made of a homogenous material, its elastic
nature is complicated. Therefore in our formulation the strain energy stored in the panel is
ignored, and the panel segments mounted on elements are modeled as additional masses. Also
we assume that there is no connection between panel segments on adjacent elements. The kinetic
energy of a bar member can be simply written in terms of its nodal velocities in the following

form,

14



T= %pAI(Vli + Vli/ + Vlg + V22x + V22y + V22z + leVZx + Vlszy + VIZVZZ) (27)

where subscripts x, y, z show the velocity components along the Cartesian coordinates shown in
Figure 2-2, and subscripts / and 2 refer to each of the two ends of the bar members (battens,

longerons and diagonals) shown in Figure 2-3.

VI z

VZZ
Vay

VZx

Figure 2-3 Nodal velocity components of a bar
Using Eq. (2.7) and the displacement components in Eq. (2.1) the kinetic energy of the bar

member (k) in the truss element can be found as,

1 1 ¢ My od,
Iy = 6PkAkLk({ ar Lk a¢ +21 aty] +[ ar Ak gﬁ]

6”0 ¢z ¢y 8”0 a¢z ¢)’
o ke Tk || Tar Y2k g T2k

%0 4 3y, 0g ,,, O
e ylka:]*{az Y2k T 2kar]

2

8v a aW

Y _,, , 99 O,

* ot 2.k ot +[ ot Y2k 6t]

M, 9| 4,
- 6t_ “Lk azjﬁ_ 2,k at]

x || 0 ¢x .

+[ ot +y1k ot [ o Y2k J) where, k:1—18

(2.8)
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Here subscript & refers to each of the 18 bar members shown in Figure 2-1. Therefore, the total

kinetic energy of the truss element can be found as,

ot ot

18 Ouy) 2 o 2
Tiotal = Tk=3(Abprb+Adepd +ALLLpL) ( J +( j

4 ot ot

2
. Ly (ApLppp + AqLapd +24LLLPL) 2[8¢x jz N (%

(5]
I

(2.9)

Note that the terms containing ¢, and ¢. (rotations of the cross section) are related to the rotatory

inertia terms in a beam. It is shown later in this chapter that excluding these terms and the shear

strains in the strain energy relation will result in a simpler model which is the same as an Euler-

Bernoulli beam model. Next, consider the effects of adding a metrology panel to the ISAT like

truss structure, running along the “bottom” side of the truss as indicated in Figure 1-1 by a

shaded area. The function of the ISAT is measurement and the panel segments are radar devices

which are simply modeled here as both plates and lumped masses as shown in Figures 2-4 and 2-

5.

Figure 2-4 Radar panel modeled as lumped masses

Using Eq. (2.1) the kinetic energy of the panel can be found as,
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Tp

2 2
_mpl(owg Ly og. LpN3 O ) (avg L3 ogc | (Owy Ly oY’
2 ot 2 ot 6 ot ot 6 Ot ot 2 ot

2 2
L [auo_L_bacéz_Lbﬁ%J +[5"O+Lb\/§5¢xJ {@wogb %f
2

ot 2 ot 6 ot ot 6 ot ot 2 ot
(2.10)
where my, is the mass of the panel distributed among the joints along one side,
m )
2
The expression (2.10) can be further simplified in the following form,
2 2 2
1=y [20) [ 20)7 (20 B, 20 2
ot ot ot 3 ot ot
B gy | (op 2 (08, (04,2 (2.12)
iy | === Lp————+—2 4 — | + +3| ==
3 o0 ot 12 ot ot ot
The total kinetic energy of the truss element and the panel can be found using,
18
T=Tp+k§1Tk (2.13)

A simpler model can be derived by ignoring the terms including the rotations of the cross section

which is equivalent of an Euler-Bernoulli assumption. So we get,

6u02 E)vo2 8w02
T =\3(4pL +AgL + Ay L + + +
(3(4pLpop + 4aLapa + ALLLPL) mp)[atJ (6t] (azJ

2 2
L (ApLppp + Aalapa +24rLpL) Ly |( o,

+ +my—2 ||
2 3o (2.14)

3b8t ot

+mp[£L a_o%]
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For the second kinetic energy model, the radar panel is modeled as a solid plate with a constant
density. Figure 2-5 shows the bottom and the cross section view of the element and the panel.
The kinetic energy of the plate can be written in terms of the velocity components of the center

and the rotational velocities around the center, and we get,

2
T, =2 [5“0 _Lp3 5¢yj2+(6vo Lo 5¢xj +£5Woj2

=—m
p =5 Mpanel || 751 T Ty, o 6 o ot

2 P 2 2
+llx % +l[y ﬂ _,_lIZ 0,
2 ot 2 ot 2 ot

Here myaner 1s the mass of the segment of the radar panel on a truss element. The mass moments

(2.15)

of inertia /,, /, and /. are measured around axes x, y,z and can be simply written as

2 2 2
_ Mpanellb j. MpanelLb [ SM panelLb

I
X 12 v 3 z D (2.16)
| Y
i e
Ix;z L I-x«‘x
E )
; et S
' 2L !
. .
=
¥y
— g ——
a ~

Figure 2-5 Schematic view of the structure cross-section and bottom view of the element

The relation in (2.15) can be further simplified in the form of,

18



2
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2
N Lpmpanel [ ovy Oy _ Qug 09y +L 2 Ofy. 2 N 0py,
23 o a o o

(2.17)
Similarly, an Euler-Bernoulli kinetic energy expression can be found for the whole element by

ignoring the effects of the rotatory inertia (rotations of the cross section). Therefore, we get,

uy) 2 o 2 o 2
T=3(dpLppp + dalapd +ALlieL)| | = | +| 5, | |5

2
Ly (Abprb +AgLgpg + 2ALLLPL) 2( 0fy jz

+
4 ot
L1, (0 2+mepanel v Oy |, L 2 Oy 2 (2.18)
2 o 23 o o ) 24 bpanel| | T

2 2 2
m
N panel | ( Oug N o N o
2 ot ot Ot
2.3 Equations of Motion
As mentioned before, the structure under study has a repeated pattern, therefore, by having the

kinetic and strain energy expressions of the truss element, Hamilton’s principle can be used to

find the equations of motion for the 6 coordinates of vibrations ¢, ¢, 4., uy, vy and w,. These

displacement components are functions of x only and are the same as the displacement
components of the equivalent 1-D continuum model. The equations of motion are derived for the
truss-panel assembly and the truss without the panel using Timoshenko and Euler-Bernoulli

formulations and for both kinetic energy models.
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2.3.1 Lumped Mass Model

The equations of motion along the 6 coordinates of vibrations ug, vy, wo, ¢y, ¢,, 4. (longitudinal,

bending, torsion and rotations of the cross section) for this model are presented in this section.
Both effects of the shear strain and the rotatory inertia are included here which results in an
equivalent Timoshenko type beam. As will be shown, these equations decouple in to two sets of

equations for ug,wp.¢, and v, 4,4, respectively. The coupling between these coordinates is

shown in Figures 2-6 and 2-7. From Figure 2-6, it is clear that because of the asymmetry due to

the addition of the mass at the bottom of the structure, the rotation of the cross section ¢, and the

longitudinal vibrations are coupled. It is shown later in this chapter that for the truss with no
panel there is no coupling between the longitudinal motion and the bending. The equations of

motion for these coordinates can be found as,

2 2
d d

¢2y ~12¢3 q;y =0
ot Ox

2
o u ow 2 2
~23Lpm), 6[20 +12¢5 [a_x0+ ¢yj+(3Lb(Abprb + AgLgpg +2ALLLpL)+mep)

62W0 _ ﬁzwo a¢y

(3(AbLbe+AdePd +ALLLPL)+mp) 2 cs 2 —-c5 F™ =0
2 2 2
07u 07u NG 079y
—(mp +3(ApLppp + AgLgpg + ALLLPL) +e)]—=>+~—Lpm =0
[y ) ar a6 P2
(2.19)
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Figure 2-6 Coupled longitudinal and bending motion for the truss panel assembly
Figure 2-7 depicts the coupling of the torsional mode with the bending in the y direction. For the

three coordinates vy, @,, @.shown in Figure 2-7, we get,
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2 2
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(Lb(Abprb +AgLgpd +2ALLLpL)+mep) azzz Y AN Yoy [ i U

8x2 Oox

(2.20)

Figure 2-7 Coupled torsional and bending motion for the truss panel assembly
A simpler formulation can be found by ignoring the effects of rotatory inertia (i.e., by excluding
the rotations of the cross-sections @, and @, in the kinetic energy terms as well as the shear

strain components in the strain energy or,
Exy =Exz =€yz =0 (2.21)
Therefore, the Euler-Bernoulli equations of motion for this structure for this kinetic energy

model are,
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(2.22)
2.3.2 Plate Model
Using Hamilton’s principle, the equations of motion for the plate model can also be found. The

equations of motion along 3 coordinates of vibrations ug,w .4, are:

2 2 2
0“u 0“u 0%¢
_(6mpanel +36(ApLppp + AqLa P + ALLLPL)) 04 12¢| 0 4 \/ngmpanel_y =0
2 2 2
ot ox ot
2 512 82 o
0“u o Mpanel ¢ ¢
~BLympanel 20 +1205( 0 +¢yj+3 2 (ApLppp + AgLapg + 241 L pp) +—LL 2y —12c3—2y:0
ot Ox 6 ot ox
2 2
0w 0wy OF
(6(ApLeon + AaLapd + ALLLPL)+ M panel | —5>—2¢5 [—20 + —y] =0
ot Oox Ox
(2.23)
and for the other 3 coordinates vy, @,, @, we have:
2 2 2
o o oal’) o¢
6(6(AbLb,0b +Aq4Lgpa + ALLLPL)+ mpanel) 6t20 —12¢4 ax20 +3Lym panel 72)“ 1264 =% =0
2 2 2
oY 2 2 0 0“¢
2J§mepane, 6—20 + (12(1x + Ly (ApLppp + AqLapd +24LLLpL )) + mepanelj - ‘;x —24cq - 2x =0
t t X
L3 (ApLppp + AgLapa +241Lrpr ) |02 o4 v
I+ 22+2c?2 ZZ+ZC‘4 ——¢, |=0
2 ot ox Ox
(2.24)

Equations (2.19) and (2.23) are identical to the bending equation of motion for the anisotropic

Timoshenko beam theory. The conventional Timoshenko beam theory was derived for
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homogenous isotropic materials. For the case of an orthotropic material a more general form of
this theory is required in which the bending and rotation of the cross section are coupled with the
longitudinal motion. For the structure in this study, this coupling occurs because of the addition
of the panel which induces an asymmetry on the mass distribution for the structure. Finally, for

the simpler form of these equations (Euler-Bernoulli equivalent model) we get,

2 2
0“ug 0“u
(6(4pLbpp + AaLapa +ALLLPL)+ Mpanel | —5 2 6ALE[LL - 2 =0
t x
oy 2 otw
(6(ApLiop + AdLapd + ALLLPL)+ Mpanel | —5> ; U+ ALELLGLL —a "
t

0

2 4
o0y 2. 0OV
M panel | N3Lp—3- ¢x +6| 6(ApLppp + AgLapg + AL Lppp ) —> + AL Ep LyL; —0
or? 61?2 or? ot

3,2
mpanel\82¢x 3 AqALEGELL LT Lg o2 ¢ \/—mpanel v o
) o Z(AdEdLLLd +ALELL4) o’ 6

Ly (AbLbe +AqLgpd +2ALLLPL +

(2.25)
In an Euler-Bernoulli beam model it is assumed that the cross section remains perpendicular to
the neutral axis, therefore the rotations of the cross section are dependent coordinates of
vibrations and are identical to the bending slopes in the y and z directions. Therefore, this
formulation does not contain the rotational terms. Also, bending in the z direction (i.e.,
perpendicular to the panel surface) and the longitudinal coordinate remain identical for the two
kinetic energy models. This is expected because the rotation of the cross section @, is the only
term in the set of coupled coordinates u, wy, @, that is accounted for differently in the two
kinetic energy expressions. This is shown more clearly using the relation for the difference
between these two kinetic energy expressions as,

1
T ptate) ~Tmp) = 6me ( ¢ +2¢y2+¢22)
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Therefore, by eliminating the coordinate @,, the equations of motion for u), wy @, coordinates
will be identical for both models. The bending coordinate vy will be different for the two kinetic
energy models though. This is because the vy coordinate is coupled with both @, and @,. So even
though the rotation of the cross section @, is neglected in the Euler Bernoulli assumptions, the
two kinetic energy models for the Euler Bernoulli formulation will still be different because of
their coupling with the coordinate @, which is included in the derivations.

2.4 Truss Structure (No Panel)

For the case of the truss with no panel the equations of motion take a simpler form. Because of
the mass symmetry and the symmetric pattern of the diagonal members, there is no coupling
between the longitudinal or the torsional vibration and the bending coordinates. The equations of
motion for the two bending coordinates vy and wy are identical. Equation (2.19) for the

coordinates @,, wy, reduces to the form:

&° 244,E,L;L 0 o
~(ApLypy + ALy Py +2ALLLPL)7¢;Y_ALELLL oL 3 (¢y+ (;Voj—zéy =0
o AgEqLyLy +44,Ey (L + 17 ) x) o
82w0 ZAdALEdELL%LdL% 82W0 a¢y
—(ApLypy + AgLgpa + AL L pr) " + ; el e +E =0
AgE gLy + 44, Ey (L + 17 )
(2.26)
and for the @,,vy we get the following,
2 2
244,E,L;L
—(Abprb+Adepd+2ALLLpL)%—ALELLL S i, 2( Z_avOJ_Za ‘é =0
ot AgE Ly +44, By (1 +1F ) ox ) ox (2.27)
%, 24,4, E E, L, L vy 0,
~(ApLypp + AgLypg + ALy pr)—="+ dSL d—Lb dzL Y 6x20 —§)=0
ALyl + 44, By (L + 17 )

The equations for the torsional and longitudinal coordinates decouple from the bending equations

for the truss. These equations have a form similar to those of a bar in tension or torsion as,
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X

As shown in the above, the equations for the bending and the rotations of the cross section are
coupled. Following the procedure presented in the Appendix B, these equations can be decoupled

and presented in the following form:

(2.30)

It is clear that equations in (2.30) are of the same form as the bending vibrations for a
Timoshenko beam. Using this similarity, equations for these coefficients can be found in terms

of the material and geometrical properties of longerons, battens and diagonals as follow:

2
- Peqleq. _(ApLppb+AqLlapa +2ALLipr )(ApLypy + AdLapd + ALLLeL)
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where subscript eq. denotes the properties for the equivalent continuum model. These relations
provide a simple tool for comparing the dynamic characteristics of lattices with various material
and geometrical properties. It is worthwhile to note that the material and geometrical properties
for an equivalent model are not unique.

For the diagonal pattern shown in Figure 2-1, the coefficients ¢, and c; (the bending
stiffness terms in the y and z direction) are identical; so are the coefficients ¢, and cs (the shear
stiffness). As a result of this equivalence, the bending equations for vy and wy in Egs. (2.26) to
Eq. (2.27) are similar. Also, note that there is a sign difference for the rotation of the cross

section terms (¢y and ¢, ) in these equations; this is simply because of the sign convention for the

coordinates of vibration. Following the procedure presented in the Appendix B the decoupled
equations are identical for both bending coordinates.

2.5 PDE Solution

The partial differential equations of motion for each of the two sets of coordinates of vibration
can be easily found using the approach by Sun et. al.** Following this approach we assume a
harmonic solution for the coupled coordinates of vibrations. The solution presented here pertains

to the uy, wpand @,. A similar approach is taken to find the solution for the other coordinates. We

have,
_rrox iot
ug=Ue""e ug U
wo = Weaxeza)t ={wpy b= W eaxela)t
. (2.32)
5y —acwxdot | (o] |0

where U, W, and Q are the amplitudes of vibration, « is the mode shape parameter, and o is the
natural frequency. Making the substitution for Eq. (2.32) in (2.19), we get the following

eigenvalue problem,
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—as@ ayo az + a4a2 - ala)z

0 —a3a2 —-a)® —a3a

o X <
I

(2.33)
a6a2 — aza)2 0 —a5a)2

where,

a) = ZL% (3(Abprb +AgLgpg +2ALLLpL)+mp)
ay =24(3(ApLppp + AqLapa + ALLLPL) +mp )

14444 Ap EqE[ 21415

a3z = >
AgEqLgLy +4ALE] (L% + L%) 039

ay =—124LEL 31},
as = —4\/§mpr

ag =—-T2A1Er L]

For a nontrivial solution the determinant of the matrix A should vanish, i.e.,

6 4

Det(H)=0= Kja® + Kpa* + K30? + K4 =0 (2.35)
where,

K1 = azaqag
Ky = (—a2a3a4 —ajazag + a2a4a6)a)2
Ka = 2 2 2 4
3 =apazagw” +|ajapaz —ayas —azas — ajaag | (2.36)

Kq= —a§a3w4 + (a1a§ - azag)a)é

The above equation is a cubic polynomial in «?and the roots of this polynomial can be found in

terms of the natural frequencies w . Therefore, for each frequency w, we have 6 roots of ;. Also

from (2.33), the solution for the mode vectors can be expressed in the form,
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a3 az + a40:,’2 - ala)z

U; =

—a3al-2 - aza)2 -aza;

= a3a40{l4 + a2a3a)2 - a1a3al~2a)2 + a2a4al~2a)2 - a1a2w4
2 2_, 2
VVI' __ —asw asz +aqog aj@ _ —a3a5aia)2 (2.37)
0 —a3o;

_95‘02 a3a; 2.2 4

Q; = 5 =a3a50; @° +ajasw i:1>6
0 -3 —a2w2

The vibration solution can be expanded in terms of the mode vectors and the natural frequencies

in the following form,

u()(x t) 6 Uj ax |
wo(x,t) = Z disWj e’ e (2.38)
¢y (x t) Jj=1 Qj

where the constants d; (modal contribution factors) and the frequencies are found from the

boundary conditions. A free-free boundary condition for this structure requires that,

0
(09) 0: (Lt ) =|0 (2.39)
0

where N, ©,, and M, are the longitudinal force, shear force in z direction and the bending

moment around the y axis. Using the relation for the strain energy, Eq. (2.4), the stiffness matrix
for an element can be easily found and the force-displacement relation for an element can be

written as,
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g T
Ox
- ~ _ oV
N g 00 0 0 0] %t
Qy 00 cp 0 0 0 O p o
O, | 1[0 0 c3 0 0 0" 4
My| 2Lp|0 0 0 cg O O 94, (2.40)
M, 0 0 0 0 ¢5 O Ox '
M, 00 0 0 0 ¢
- B K ax
Oy
Ox

From (2.38), (2.39) and (2.40), we get 6 linear algebraic equations that can be written in a matrix

form,

[f(@]fd;}=0 (2.41)
A nontrivial solution requires that,

|f (@) =0 (2.42)

The solution to (2.42) results in the natural frequencies for this structure for the free-free
boundary condition.
2.6 Frequencies and Wavelengths
It is interesting to find the errors of the frequency estimations with respect to their wavelengths.
Because the torsional, bending and the longitudinal waves travel at different speeds, the
wavelength of the frequency of interest is different for the same frequency values for each of
these coordinates. The equivalent beam model for this structure provides a simple tool to find the

wave speeds for different coordinates. For example, the relation for the bending wave speed, a

dispersive wave, is given by,
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2
E. I ArEr Ly L
c—al—€d7ed [ _4 LELEpEL (—27r_f (2.43)
Peg.Aeq. 6(ApLppp + AqLapa + ALLLPL)

for the longitudinal wave (a non-dispersive wave) speed we get,

ALELLL
c= (2.44)
(ApLppp + AdLapa + ALLLPL)
and the relation for the torsional wave speed (non-dispersive) can be written as,
AjALEqE[ 2L
_ dALEd = LEptd b
€= 4 (2.45)

2(Abprb +AgLgpg + 2ALLLPL)(AdEdeL32 + ALELLd

where £ is the frequency in (Hz). Using the above and knowing the relation for the frequency

and wavelength (1=c/f), the wavelengths for frequencies of different coordinates of vibrations
can be found which are presented in the following section.

2.7 Numerical Results

An equivalent beam-like continuum model, and the governing partial differential equations of
motion are found for both structures (with and without panel) in this study. A finite element
model was developed in MATLAB to validate the accuracy of the natural frequencies for the
continuum model. Material and geometrical properties for this structure are presented in Table 2-
1. A comparison of the natural frequencies for the Timoshenko, Euler-Bernoulli, and the FEM
for different coordinates of vibration are presented in Tables 2-2 to 2-5 for the structure with the
mounted radar panel. The results for the truss without the panel are also shown in Tables 2-6 to
2-8. Two kinetic energy models are presented to account for the inertia effects of the panel. As
shown the equivalent Timoshenko model has better accuracy in predicting the natural
frequencies when compared to the Euler-Bernoulli. In the Euler-Bernoulli model, the shear

strains are ignored, which is equivalent to making the assumption that the shear modulus is equal
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to infinity. Therefore, the stiffness is always overestimated in this model which results in
overestimating the frequencies. This is particularly more noticeable for the higher mode numbers
and is shown to be the case for both structures (truss-panel and the truss w/o panel). For the (),
Uy, D)) coordinates, the average error of the Timoshenko model is 0.57 % for both kinetic
energy models and for the (V) @,, @.), this error is about 1.58%. While, for the Euler-Bernoulli
model the value is 17.17%. For the truss (no panel) the average error is 0.96% for the
Timoshenko model and 8.07% for the Euler-Bernoulli.

As it is shown in Tables 2-2 to 2-5, the natural frequencies are very close for the two sets
of coordinates (Vy, @,, ®@.) and (W), U, ®,) for lower frequencies and this difference grows for
the higher modes; whereas, for the truss without the panel, these frequencies are the same. This
is because the symmetry of the structure is lost due to the added panel and therefore the
frequencies of the bending coordinates deviate from each other which are more noticeable for the
higher modes. Also, it is shown that the frequencies of the (Vy, @,, @.) coordinates change more
significantly due to the addition of the panel, and therefore their frequencies are lower compared
to the (W), Uy, ®,) frequencies for both kinetic energy models. Moreover, from the relations for
the two kinetic energy models, it can be seen that the kinetic energy term related to the
coordinate @, is bigger for the plate model compared to the lumped mass model. As a result, the
natural frequencies for the coupled coordinates (W, Uy @,) is smaller for this model.
Additionally, in the lumped mass model, the mass of the panel is distributed along the edges.
This will result in overestimating the kinetic energy term due to torsion, therefore the frequencies
for this coordinate are underestimated compared to the plate model. Figure 2-13 shows a

comparison for the torsional frequencies of these two models.
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It is also interesting to examine the frequency estimations with respect to their
wavelengths. The results for the frequency estimations with respect to the wavelengths are
plotted in Figures 2-8 to 2-11 and 2-15 for both structures. As it can be observed the error gets
larger for the smaller wavelengths. This is because the error is related to the wavelength to
element span ratio. As the frequency of interest increases, the wavelength decreases and the
numbers of truss elements in the span of a wavelength decreases; this results in a higher error. It
should be noted that because different coordinates of vibration travel at different speeds, the
wavelengths for the same frequency values for the torsional, longitudinal and the bending modes
are also different. This is shown clearly in Figures 2-8 to 2-11 where the longitudinal and the
torsional modes have higher wavelengths.

In the Euler-Bernoulli model the coordinates @y and @z are ignored, hence, there will be
no difference between the kinetic energy terms for the (W, U, @®,) and these two models.
Therefore, the frequencies are the same which is clear from the results shown in Tables 2-2 and
2-3. Finally, for both structures the longitudinal frequencies are larger than both the torsional and

bending frequencies which is expected for the large length of the structure.
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Table 2-2 Natural frequencies of the lumped mass model for bending, longitudinal,
and rotation of the cross section (W), U, ®,) in (rad/sec)
FEM Timoshenko  Error%  Euler-Ber.  Error%

0 0 0 0 0
0.4633 0.4604 0.6259 0.4621 0.2590
1.2646 1.2567 0.6247 1.2737 0.7196
2.4425 2.4272 0.6264 2.4970 2.2313
3.9587 3.9343 0.6164 4.1277 4.2691
5.7737 5.7380 0.6183 6.1661 6.7963
7.8445 7.7974 0.6004 8.6122 9.7865

10.1287 10.0687 0.5924 11.4659  13.2021
12.5860 12.5165 0.5522 14.7274  17.0141
15.1802 15.0895 0.5975 18.3965  21.1875
16.3500°  15.8940" 2.7890%  15.8933%  2.7933%
17.8796 17.7986 0.4530 224733  25.6924
20.6570 20.5828 0.3592 26.9577  30.5015
23.4899 23.4209 0.2937 31.8498  35.5893
26.3596 26.3152 0.1684 37.1497  40.9342
29.2511 29.2238 0.0933 428572  46.5148

Table 2-3 Natural frequencies of the solid panel model for bending, longitudinal,
and rotation of the cross section (W), U, @,) in (rad/sec)
FEM Timoshenko  Error% Euler- Error%

Ber.

0 0 0 0 0
0.4634 0.4600 0.7337 0.4621 0.2590
1.2644 1.2547 0.7672 1.2737 0.7196
2.4406 2.4210 0.8031 2.4970 2.2313
3.9524 3.9200 0.8198 4.1277 42691
5.7587 5.7110 0.8283 6.1661 6.7963
7.8149 7.7530 0.7921 8.6122 9.7865

10.0768 10.0026 0.7363  11.4659  13.2021
12.5026 12.4254 0.6175  14.7274  17.0141
15.0541 14.9729 0.5394 183965  21.1875
16.3540°  15.8919"  2.8256"  15.8933"  2.7933F
17.6976 17.6515 02605 224733  25.6924
20.4036 20.4072 0.0176 269577  30.5015
23.1472 23.2172 03024  31.8498  35.5893
25.9071 26.0849 0.6863  37.1497  40.9342
28.6657 28.9695 1.0598  42.8572  46.5148

33



Table 2-4 Natural frequencies of the lumped mass model for bending, torsional,
and rotation of the cross section (V), @,, @,) in (rad/sec)

FEM Timoshenko  Error% Euler- Error%
Ber.

0 0 0 0 0
0.4628 0.4595 0.7131 0.4614 0.3025
1.2572 1.2480 0.7318 1.2657 0.6761
2.18837 2.12677 281507  2.12697  2.8058”
24111 2.3926 0.7673 2.4623 2.1235
3.8714 3.8396 0.8214 4.0239 3.9391
438397 426177 278757 426387  2.7396
5.5834 5.5334 0.8955 5.9151 5.9408
6.59207 6.41247 2.72457  6.42457 254107
7.4924 7.4172 1.0037 8.0795 7.8359
8.81517 8.58587 2.60127  8.63037  2.09647
9.5497 9.4388 1.1613 10.4355 9.2757

11.05317  10.7878"  2.4002"  10.9103"  1.2919"
11.7173 11.5557 1.3792  12.8912  10.0185
1329727 13.01557  2.11857 1329787 0.0045"
13.9759 13.7456 1.6478 153719  9.9886

Table 2-5 Natural frequencies of the solid panel model for bending, torsional,
and rotation of the cross section (Vy, @,, ®.) in (rad/sec)
FEM Timoshenko  Error%  Euler-Ber.  Error%

0 0 0 0 0
0.4630 0.4593 0.7991 0.4614 0.3456
1.2583 1.2475 0.8583 1.2662 0.6278
2.4144 2.3920 0.9278 2.4650 2.0958
3.40737 3.31197 279997 331287 2.77357
3.8827 3.8440 0.9967 4.0374 3.9843
5.5954 5.5365 1.0527 5.9380 6.1229
6.83797 6.6498" 2.75087  6.66157 2.57977
7.5165 7.4361 1.0696 8.1637 8.6104
9.5880 9.4865 1.0586 10.0349 4.6610

10.27907 10.00357 2.68027  10.65587  3.6657"
11.7728 11.6534 1.0142 13.3713 13.5779
13.65307 13.34017 229187 1347137 133087
14.1314 13.9593 1.2179 16.2639 15.0905
16.2021 16.0510 0.9326 16.9874 4.8469
17.39927  16.9964" 231507 19.29257  10.88157
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Table 2-6 Natural frequencies of the truss w/o panel for bending in (rad/sec)
FEM Timoshenko  Error% Euler- Error%

Ber.
0 0 0 0 0
1.5959 1.5852 0.6693 1.5915 0.2756

4.3580 4.3272 0.7065 4.3869 0.6632
8.4207 8.3573 0.7536 8.6004 2.1340
13.6559 13.5409 0.8420 142176  4.1134
19.9309 19.7468 0.9237  21.2384 6.5603
27.1044 26.8279 1.0200  29.6642 9.4441
35.0363 34.6417 1.1262  39.4923  12.7183
43.5940 43.0543 1.2381 50.7260  16.3602
52.6600 51.9462 1.3554  63.3634  20.3255

Table 2-7 Longitudinal natural frequencies of the truss w/o panel (rad/sec)

FEM Continuum
model
0 0
56.3332 54.7391
112.6770 109.4782
169.0422 164.2236
225.4388 218.9627
281.8781 273.7081
338.3703 328.4472
3949258 383.1863
451.5549 437.9317
508.2689 492.6708
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Table 2-8 Torsional natural frequencies of the truss w/o panel (rad/sec)

FEA Continuum
model
0 0

7.1817 6.9743
14.3571 13.9487
21.5388 20.9293
28.7267 27.9036
35.9147 34.8780
43.1027 41.8586
50.3032 48.8329
57.5037 55.8073
64.7105 62.7879
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Figure 2-14 Bending frequencies of the Timoshenko, FEM and
the Euler Bernoulli model of the truss w/o panel
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2.8 Conclusion

A continuum modeling approach is presented for a structure which consists of repeated
lattice elements supporting a radar panel. The governing partial differential equations of
motion are derived for both the truss-panel assembly and the truss with no panel. Two
kinetic energy models are suggested to account for the mass of the radar panel. In the first
the mass of the panel is distributed among the bottom joints and in second, each segment
of the panel is modeled as a solid plate with a constant density. The strain energy of the
panel is ignored. Finally two equivalent continuum beam models are derived for the
structure under study: Timoshenko equivalent and the Euler-Bernoulli equivalent. It is
shown that as a result of the addition of the panel the symmetry of the structure is lost;
therefore the torsional and the longitudinal coordinates of vibration are coupled with
bending. The equations of motion have a form similar to an anisotropic Timoshenko
beam theory. For the case of the truss with no panel, the bending equations of the

equivalent model are similar to those of a conventional Timoshenko beam. The torsional
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and longitudinal equations of motion for this structure decouple from the other
coordinates and they are similar to the equations for a bar member. The material and
geometrical properties of the equivalent continuum model can be found by comparing the
coefficients in the equations of motion of the truss with those of a Timoshenko type
beam. This provides a simple tool for comparing dynamic characteristics of lattices with
different properties. The results for these models are compared to a standard FEM of the
structure for the purpose of validation. The results for the continuum model are in good
agreement with the FEM (within 2% error) and the CPU usage is 180 times less than the
FEM. In addition, the reduced order continuum model provides an analytical solution that
allows simplicity and physical insight into the structural mechanics and the dominant

physics of the structure.
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Chapter 3

Model Experimental Validation

3.1 Introduction

This chapter presents an experimental validation of the homogenization method described
in the previous chapter. Due to the laboratory limitations a small scale metal planar truss
(approximately 2 meters long) with Pratt Girder configuration® was built and tested. The
assumptions for the strain and displacement field developed for a three-dimensional truss
structure are modified and presented in a suitable form for the planar truss. Similar to the
previous chapter the local effects for the fundamental element (variations of the strain
values across the element) are included using a Taylor series expansion. Similar
assumptions for reducing the strain states for this element are employed. This test
structure is then used to validate the proposed method. The frequency response functions

and the natural frequencies are found using the model and the experiment for comparison.
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Figure 3-1 An inflatable rigidized boom

3.2 Equations of Motion

The structure studied in this work is a planar truss with Pratt Girder configuration. A
schematic of the repeating element, joints and their interconnecting parts are shown in
Figs. 3-2 and 3-3, respectively. The truss element consists of the shaded area shown in
Fig. 3-2 and the remaining areas belong to the adjacent elements. The members in the
truss element are modeled as bars with pin joints. Therefore, similar to the outlined
derivation for the 3-D structure in Chapter 1, we assume linear variations for the

displacement components (u,w) along the z axis around the center of the cross section.
For a planar truss the displacement field takes the following form:

u(x,z) =ug(x)+ z¢y (%)

w(x,z) =wo(x)+ze5(x)

3.1)

Finally, the kinetic and strain energy expressions for the repeating element are found and

the assumptions for the shear deformation type beam is made to solve for the strain
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components in the 2-D structure is terms of the strains components in the 1-D beam type
continuum. A complete derivation for the kinetic and strain energy expressions is
presented in the Appendix C. Similarly, Hamilton’s principle is employed to find the
governing partial differential equations of motion for the 1-D model. These equations are
then written in the form of an eigenvalue problem to solve for the Frequency Response

Functions (FRF) and the natural frequencies of the system.

I, W

-

Figure 3-3 A view of the joint and the interconnecting parts
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The equations of motion for this structure can be found in the following form:

0’ o)
aWO al/lo y y
+—t+— |+ + =0
“ (¢y Ox 536) Vo 4op

0w, rer [aqﬁy . 8% w, . %, J 0 (3.2)

C
2 o o oxX  ax?

C
2 o2 o’ ox o

2 2 o0¢ 2
0 u°+c5[a %0 4 y}r%@ g

where,
Cl = 12AdEdeALELLL

¢y = (34, Loy +LyAgpy+2m;)(AgEqly +4 A4, ELLy)

2
C3 = _6LL (AdEde +4ALELLL)ALELLL (3 3)
ey = Lp (TA Ly +6m;+Lydypy )(AgEgLy + 44, EL L)

CS = _EdAdeALELLL
cg =—Ep ALy (3EgA Ly +8E, A; L)

where the displacement components ug(x), wo(x) and ¢, (x) are the longitudinal, bending

and the rotation of the cross section respectively and are all evaluated at the center of the
truss element. The symbol m; represents the mass of the joints and the subscripts L, d and
b refer to longerons, diagonals and battens respectively. This relation has a form similar
to the anisotropic Timoshenko beam theory, a more general form of the ordinary
Timoshenko beam equation.

3.3 Boundary Conditions

3.3.1 Mass and Moment of Inertia

As mentioned previously, the fundamental repeating truss element consists of the shaded
area shown in the Figure 3-2; the remaining parts in the figure belong to the adjacent
elements. Therefore, when assembling the 9 elements along the length of the structure,

the two end parts shown in the Fig. 3-4 do not belong to any of these elements. These are
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included as the boundary conditions for this structure. For the force and moment relation

at the boundaries of this structure we get the following,

at x=0:
2
0%u, (x,7) 0*wy (x,7) 0 ¢y (x.1)
N(x,t)zmbT, Qz(x,t)zmbT, My(x,t)zlb 812
(3.4-a)
at x=L:
2
62u0 (x,7) 62w0 (x,1) 0 ¢y (x.1)
N(x,t)=—mb7, Qz(x,t)=—mbT, My(x,t)=—lb atz
(3.4-b)

Here my, and [, are the mass and the mass moment of inertia at the boundaries and N, Q.
and M, are the longitudinal, shear force and the bending moment respectively. Failure to
consider these at the boundary condition represents a flaw of the other previously
published methods for lattice structures with repeated patterns. Figure 3-12 depicts a
comparison between the FRFs without including the boundary conditions and the results
from experiment. The figure clearly shows the non-negligible difference between the
theory and the experiment. To include the effect of the boundaries, the stiffness matrix of
the element is found in Eq. (3.5). The force-displacement relation at these boundaries can

be found as,

46



A E Ly (34,E Ly +8ALE L) A E L AjE Ly 0 ouy |
N Ly (A4E Ly +4A4LE L) L (A4E Ly +4A4E L) o
0. =1L ALE L AiE Ly ALE L AiE Ly 0 5+
UM L (AgEsLy +AAE L) Ly (AgE Ly +AALE L) Yo oox
M. L\“d=d=d L=L™L
g . . A E L (4B Ly +44,E,L) || %%y
I 2(AgELy +44,E L) L
K
(3.5)

Following the approach in Chapter 2 and using Egs. (3.4) and (3.5) these equations can
be written in the form of six linear algebraic equations in terms of the frequencies and the

modal contribution factors as,
[g(@)]{d;}=0 (3.6)
To get a nontrivial solution the following should hold,
lg(w)| =0 (3.7)

Finally, the solution of the above equation provides the natural frequencies of this

structure.

Figure 3-4 Boundaries of the planar truss
3.3.2 Strings at Boundaries
The structure was tested in a configuration hung from strings. To include the strings at
the boundary conditions of the system a very simple single degree of freedom model for
this structure is used. The transfer function for the translational mode of the truss is found

using the second order system. Note that for the case that the stiffness of the strings is
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zero this mode is equivalent of a rigid body mode. Figure 3-5 shows a schematic of the

mass-stiffness system for this structure.

Ry
Kl K2

Figure 3-5 Schematic of the truss and the wires

The transfer function of the translational mode can be found using the relation,

F(s)

S . 3.8
Ms® +K, 38)

X(s)

Assuming a linear system, the summation of this transfer function and the FRF for the
distributed parameter system in a free-free boundary condition gives us the frequency
response function of the system with strings at the boundaries.

3.4 Effect of Strain Variations on Kinetic Energy

A complete derivation for the kinetic energy of the element is presented in the Appendix
C. In the original derivation, the strain values are ignored in the displacement
components. For the case that the strain components are included in the kinetic energy
expression, we get

o¢
ot

2
2 2 2 o¢

AyE L L

(AsEqLiLy) (7ALpLLL+Added+6mj)((a uo]{a wo}{ y}]

24(AyE Ly +44,E L, ) oxor |\ axor | | or

ot 24

2 2
1 ou ow, 1
T, = 5(3AL,0LLL + Ay p4L, +2mj)([—°j +[—°] }L—L% (74pp0Ls + Agp4Ly +6mj)[a—ty

kinetic energy termrelated to thestrain components

(3.9)
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Using Hamilton’s principle, the equations of motion for the system can be found as

follows:
0% Foat’, 3 3 0%
ol g, +—+—|+c +c +c + + =0
1( Vo oax Yo ot | oxo? oxor: 04
3
2 2 2 4 4
12¢ a¢y+6w0+6u0 f126, 000 | OV Oty +8¢y =0
5 2 2 2.2 7 24,2 24,2 2, |7
Ox Ox 0. Ot ox“0ot° ox“0t~ OxO°t
2 ¢ 2 2 4 4 ¢
12¢s 5_w20+_y 12,2 20 1 12¢q 2 B azw()z + 82”02 +—2 =0
ox Ox ot Oox ox“0t~ oOx“0Ot~ Ox0°t

(3.10)
where the coefficients ¢, to ¢ are given in the Eq. (3.3). The inclusion of the strain values

results in the terms with the coefficient ¢; as,

(EgAyLyL, )
- 74, L AL, +6m. 3.11
“ (EdAde+4ELALLL)( Lot padeLy +6m,) G-AD

Finally, following the previous section the natural frequencies of the system are found
and presented in Table-4.

3.5 Wavelengths and Frequencies

The natural frequencies from this model are compared with the values from the
experiment as shown in the following sections. It is also interesting to examine the error
in the frequency estimations with respect to the wavelengths. Using the PDE for this
system the material and geometrical properties of the equivalent continuum model can be

found. So we get,

2
Eegleg. _ LA E Ly (3.12)

Peg.Aeq. 2 (3ALLLPL +2mj+ Ly A py )

The bending wave speed can then be found as,
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Finally, the wavelength for each frequency component has the following form,

2
A=4 LAELL, 2 (3.14)
234y Lypp +2m;+LyAgpg )N S

where f'is the frequency in (Hz).

3.6 Experimental Setup

This section presents the experimental setup for testing a two-dimensional laboratory
truss to provide some element of validation for the concept of our homogenization
method. The structure under test consists of 9 truss elements shown in Fig. 3-2. Each
truss element is made of tubular bars and threaded aluminum ball joints as illustrated in
Fig. 3-3. The longeron members are made of aluminum tubes and the diagonals are made
of steel rods. Figure 3-6 depicts a schematic of the experiment with sensor and actuator
locations. The truss structure was hung on wires from the ceiling at its ends. The truss
dimensions are 1960 mm x 217.6 mm. Other structural properties such as density and
modulus of longerons and diagonals are provided in Tables 3-1 and 3-2.

To validate the results of the continuum model, the natural frequencies and the frequency
response functions were obtained experimentally. Figure 3-7 shows a photo of the
experimental setup. The setup includes the truss structure, a Windows 98 PC with Matlab
6.0, a Piezotron coupler model Kistler 5122, a SIGLAB unit 20-42 DSP data acquisition
Board (V3.2), an accelerometer (PCB PIEZOTRONICS Model 352C22) with a
sensitivity of 1 mV/(m/s°), a shaker, a high voltage amplifier model TREK 50/750 and a

force transducer model 208 A SN 841 with a sensitivity of 112.410 V/KN. A chirp signal
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of the frequency range of 1-500 (Hz) is used as an input excitation to this structure. This
signal is provided by the SIGLAB unit which is fed to the shaker after passing through
the amplifier. The resultant input force to the structure is then measured by the force
transducer which is attached to the shaker. The accelerometer is used to measure the
acceleration of measurement points in the truss. The PZT sensor in the accelerometer and
the force transducer produce a charge and the impedance converter in these elements
convert this charge to a voltage signal that can easily be measured. On the other hand the
impedance converter requires a voltage and a current to operate. The Piezotron coupler is
used to supply this current and voltage to the accelerometer and the force transducer. The
data collected by the accelerometer and the force transducer was fed into the Sigl.ab DSP
Board which is a signal-processing plug-in compatible with MATLAB. Finally the ratio
of the force and acceleration gives us the frequency response functions for the
measurement points. ME’scopeVES (Visual Engineering Series) version 4.0 by Vibrant
Technology Inc. is employed to plot the experimental mode shapes. A plot of the
experimental mode shapes are presented in Figs. 3-8.
o ccce

Hanging wires
'y Accelerometer

N\
7 ﬁ/ﬁx’ / %
Piezotron

|— Caupler

Shaker =IGLAR cPU O
C=P Board

i

Amplifier

Figure 3-6 Schematic of the experimental setup
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Figure 3-7 Photo of the experimental setup

Right (+¥): 153 Hz

Right (+Y): 324 Hz

N :
f

Right (+¥): 444 Hz

Figure 3-8 Animation snapshots of the experimental mode shapes

3.7 Numerical Results and Discussion

The experimental natural frequencies are found using the peak-peak method™ and the
results for the theory and the experiment are presented in Tables 3-3 and 3-4. The errors
in the estimation of the first 4 natural frequencies (0-500 Hz) are 0.07%, 0.65%, 1.5%

and 9.2%, respectively. Figure 3-9 shows the frequency response function, coherence and
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the phase plots from the experiment. Since the strings at the boundaries have a finite
stiffness (a stiffness value of 4.5 kg/cm), the structure has a very small fundamental
frequency around 7 (Hz) which is related to the translational mode of the truss. The
second, third and the fourth natural frequencies are also shown in Figure 3-9. The two
modes shown in the figure around the 250 (Hz) are related to the out of plane torsional
modes, which are not estimated by the theory. Because we model the structure as a truss
with hinge joints there would be no stiffness in the out of plane motion; i.e, the structure
can fold but not bend in the y direction. The fact that these are the torsional modes has
been tested by looking at the imaginary parts of the frequency response functions shown
in Figure 3-9b. As shown in this figure the imaginary part of the frequency response
functions around 250 (Hz) is very small. This clearly shows that the peaks around this
frequency are related to the out of plane modes which are measured in a direction
different from the accelerometer measurements. Therefore the accelerometer does not
completely capture these peaks. Also, to assure these are the torsional modes and
therefore, the peak around the 324 (Hz) is the second bending mode, snapshots of the
experimental mode shapes using the ME’scopeVES software are presented in Fig. 3-8.
As demonstrated in this figure the mode shape around the frequency of 324 (Hz) has
clearly the form of the second bending mode shape. This confirms that neither of the two
small peaks around the 250 (Hz) can be the second mode. Fig. 3-10 shows a comparison
between the theoretical frequency response functions plots with and without including the
effects of the strings at the boundaries. From the figure, this effect is more noticeable and
needs to be included for the lowest frequency. However, the higher frequencies (i.e., the

second, third and the fourth modes) do not change in this model. This is because the
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translational mode in this structure is well separated from the vibrational modes. To
account for the effect of the strings we consider that the mass of the truss is held by wires
with very small stiffness (a single degree of freedom model) which results in a very small
natural frequency for the equivalent mass-stiffness system (truss and the strings). This
frequency has a very small value (=7 Hz) which is clearly shown in the figure. Fig. 3-11
shows a comparison between the frequency response functions plots for the experiment
and the theory for the case that the effects of the strings at the boundary conditions are
not included. It is also clear from this figure that this effect needs to be included to obtain
results in better agreement with the experiment. Also a comparison between the FRF
from the theory and experiment when no mass and no strings are included at the
boundaries (free-free) are presented in Fig. 3-12. As shown in this figure, ignoring the
mass at the boundaries results in a significant discrepancy between the theory and
experiment which indicates the importance of including the boundary conditions in the
form presented in the section 2.4 (a flaw of the previously published methods)*.

As it can be seen in Fig. 3-9d, the coherence values are excellent for this
experiment, especially around the peaks (natural frequencies). There is a significant drop
in the value of the coherence around the anti-resonance frequency which is expected due
to a zero response in that region. Figure 3-13 provides an enlarged view of the coherence
around the 4™ natural frequency. An approximate value of 99% is obtained around this
peak. Figure 3-14 shows the error of the frequency estimations with respect to the
wavelengths which is higher for smaller wavelengths. This is because the error is
dependent upon the ratio of the element span to the wavelength. When the wavelength

spans a larger number of elements the estimations are more accurate. Likewise for the
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wavelengths smaller than the size of the truss element the accuracy of the estimations can
not be considered accurate. For the fundamental frequency the wavelength is 3 m which
spans almost 15 elements and for the 4™ natural frequency the wavelength is
approximately 1.7 m which spans 8 elements. It is shown in this figure the error
exponentially increases as the wavelength of the frequency if interest decreases.

Finally, Table 3-4 presents the results for the case that the strain variations are
included in the kinetic energy derivation for the truss element. As it can be observed, the
frequencies do not change significantly as a result of this inclusion and only the 4"
frequency changes slightly due to this effect. Therefore, for the analysis presented in the

following chapters the effect of strain variation is considered to be negligible.
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Figure 3-9 Experimental results: (a) Magnitude plot of the FRF,

(b) Imaginary part of the FRF, (c) Phase plot, (d) Coherence plot
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Figure 3-10 Magnitude of frequency response functions for the lattice with strings
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Figure 3-12 Magnitude of the frequency response functions for experiment (blue line)

and theory with no mass-string at the boundaries (black line)

0.999-

0.998

0.997 1

Coherence
o o
© ©
© ©
a o

0.994 -

0.993F

0.9921

0.991 I I I I I I I I I
490 490.2 4904 490.6 490.8 491 4912 4914 4916 4918 492

Frequency (f) - Hertz

Figure 3-13 Coherence values around the fourth natural frequency

10

Frequency error %

15 2 2.5 3 35
A (m)

Figure 3-14 Error of the frequency estimations with respect to the wavelengths

59



Table 3-1 Material and geometrical properties of the bar members

Member Cross- Modulus Density Length
sectional area (N/m?) (Kg/m’) (m)
(m’)
Longerons/battens 7.129x10°  6.8948x10" 2416 217.6x10”
Diagonal 2.107x107 2x10"! 7850 254.0x107
Table 3-2 Properties of the truss
Length Number Mass of Structure Mass at Mass
of truss of truss the ball joint weight boundary moment of
elements inertia at
boundary
1.96 m 9 0.1927 (Kg) 4.836 (Kg) 0.1392 (Kg) 0.0016
(Kgm?®)

Table 3-3 Theoretical and experimental natural frequencies

Theoretical Experimental Error
Mode frequency frequency (%)
(Hz) (Hz)
1 6.88 6.87 0.07
2 154 153 0.65
3 319 324 1.54
4 491 444 10.6

Table 3-4 Theoretical and experimental natural frequencies
(strain components included in the kinetic energy terms)

Theoretical Experimental Error
Mode frequency frequency (%)
(Hz) (Hz)
1 6.88 6.87 0.07
2 154 153 0.65
3 319 324 1.57
4 489 444 9.20
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3.8 Summary and Conclusion

Presented here are a homogenized methodology and the model experimental validation
for a planar truss with Pratt Girder configuration. The governing PDE for the system
consists of three coupled equations of motion for the longitudinal, bending and the
rotation of the cross section. These equations have a form similar to an anisotropic
Timoshenko beam theory. The natural frequencies and the frequency response functions
of the system are found for both theory and the experiment. The results from the theory
are shown to be in good agreement with the experiment (within 9% error for the
frequencies). As a result, the method shows promise as a tool for use in the analysis and
design of lattice structures of repeated patterns. The errors for the predicted natural
frequencies of this model have better accuracy compared to the results of the previous
research on modeling and experimental validation of the homogenization methods. 43, 49

Presented in the next chapter is a methodology to improve the results for the frequency

response functions around higher frequencies.
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Chapter 4

Micropolar Continuum Presentation

In the previous chapters, the continuum model derived for the truss assembly makes the
assumption of the hinge joints. Another difficulty pertaining to finding equivalent
continuum models for deployable structures occurs because of the joints between the
inflatable members. This connection is different from pin or rigid joints that have been
investigated in the previous research. The purpose of the presented work is to assume
connections with torsional flexibility that can be measured prior to the construction of the
lattice. Therefore, the beam members are assumed to bend and extend both, and none of
the assumptions regarding the linearly varying displacement components presented in
Chapter 2 are valid for this model. The strain energy of the fundamental repeating
element is then found in terms of a new strain field and the micro-rotation of the
members (See Figure 4-1). The assumptions made for deriving the strain energy of the
beam members are inspired by the micropolar elasticity theory. The theory of micropolar
elasticity was first proposed by Eringen (1966). It is assumed in this theory that the

asymmetric stress tensor is determinate and the motion of the media is fully expressed
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when the deformation and micro-rotation vectors are known. The couple stress theory is a
special case of the micropolar theory where the micro-and macro rotations coincide.
Figure 4-1 shows a comparison between the members of a regular continuum (hinge
joints) and a micropolar continuum (bending members). Finally, necessary assumptions
are made so that while the effect of the strain energy as a result of the micro-rotations are
retained, they can be coupled to the primary strain states which are assumed to be

independent and similar to those of the continuum model.

W
*-/ Wy ; . ez_
w l <« l "
Wi W
Regular continuum Micropolar continuum

Figure 4-1 A comparison between a regular and a micropolar continuum

(0; and 6; micro-rotations) and (¥ macro-rotation)

4.1 Strain Energy Derivations

Similar to the approach taken in Chapter 2, we start from the strain energy derivations of
the fundamental element. Here, we model the joints of the fundamental element in Figure
4-2 as torsional joints with a constant stiffness to allow both bending and extension of the
members. This is in contrast with the fundamental element in Chapter 2 which was
assumed to be made of hinge joints and would allow tension and compression of the
members only. Therefore, the strain energy for both bending and extension of the
members as well as the strain energy stored in the joints are calculated to find the strain

energy of the fundamental element.
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4.1.1 Longerons (Tension, and Compression)

Figure 4-2 shows the longeron members in the fundamental frame element and their
bending angles. Since all these members are aligned along the x axis, the only strain
terms that contributes to the extension of these members are ¢, «, and x. (the extension
and the curvature for the cross section rotation around the y and z axis). Using the Taylor
series expanded form of these strain components, the elongation of a longeron member

can be found as,

L L
AL = IL ex(x)dx=] {(5)6 - YKy +zrcz)+x(k)(68x — yOKy, + 20K, )}dx
0 0

L (4.1)

=~

= ((Sx YKy + zxz)x+ (5£x - yc’?/(y + Za’(z)xzz]
0

where x, y and z are the Cartesian coordinates of the nodes on the longeron members. So
the total elongation for each of the longeron members can be found. (A complete
derivation for this is presented in the Appendix D). Consequently the strain energy as a

result of the tension-compression of these members can be found as,

o= B G 2] [ fad-02)]) o

Hre Hra =]

Figure 4-2 Longeron members in bending and the angular coordinates
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4.1.2 Longerons (Bending)

Figure 4-3 shows the nodal forces and bending moments of a beam member in bending.
Using the stiffness method in Timoshenko the reaction forces and moments can be found
in terms of the deflection and angular components V;, V5, 6;, and 6, shown in the figure
(See appendix D for derivations). >* The strain energy of this member can be found using

the displacements and their resultant forces and moment as,

EI(6(v.-v,) 6V -V,)(6,-6
UT{ ( le ) ol ZL)( ! 2)+2(@2+ej—@92)J (4.3)
F; T o ®7 T L
M, M
K " s 1A

Figure 4-3 Deflection components of a member in bending
To find the nodal bending deflections V; and V>, the strain components that contribute to
the bending of the nodes of a longeron member should be identified. For example €x

contributes to the extension of the element in the x direction only and therefore will not

appear in the bending relation of any of the longerons. Also, none of the strain
components Ky, Kz appear in the bending equations for these members. So the strain
components that appear in the bending deflections along the y and z directions for each of

the longeron members can be identified. For instance, the bending along the z coordinate

of node 1 in Figure 4-2 is caused by the strain component ¢, (extension along the z axis)
and ¢, (shear strain along the z axis). The results for the displacements along the y and z

coordinates of the 9 nodes shown in Figure 4-2 are found and presented in Table 4-1. In
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addition to such displacements the members have angular rotations around coordinates y
and z also (micro-rotations). Such rotations for the coordinate y are shown in Figure 4-3.
Using the nodal deflections in Table 4-1 and the micro-rotations for the beam members

the bending strain energy of the longeron members can be found as:

2 2
Urp = LZL (ELIL(36LL(8xy + gxz) +L (2 v + 29 2 + 2( V3 '9Ly39Ly4 + 9 V4 + 0Ly5 HLyseLy6 + HLy6
p+L

2
+01y7 = 0Ly79Ly8 + 9Ly8 + '9Ly9 OLy90Ly10 + '9Ly10 + 9Ly11 OLy110Ly12 + 9Ly12 +07) ~ 0110122

2
+0f 6Lz3 01230124 + 07 1247 HLZS 01250126 + 07 1z6 % 9Lz7 01270128 + 07 187t HLZQ 012991210

+ 0Lz10

+ 233078 + 3079 = 30110 + 30111~ 30112 +N3(0123 0124 — 0125 + O 26 + 0120 — 01210 — 02111

+ 9L21 170121191212 + Lz12) 23L10p 0Ky — L (301y3 — 3014 +301,5 — 3016 — 23017
2.2

+ 012Ky +12L7 K5 = 200,1(Opy2 ~BLL k) + 2Ly L1 (<3021 = 0122 + 023 — 0124 + 0125 — 0126

+0127 = 0128 + 0129 = 01210 + 01211 —01212)6xz + Exy (3011 +3(01y2 — 01,3 + 014 = 01,5 + 0116

=017+ 01,8 = 01y9 + 0110 — 0111 +01y12)— 4(—3 +3 )LLKx))))

(4.4)
Table 4-1 Nodal bending deflection components of the fundamental element
Node V w
1 Lp 3 Ly Lp
;/— Eyz —Lpéxy v KxLp —— \/— ;/_ &z —Lpgx;
2 e NG
3 L3 L3 L
LLgxy +=b Eyz — Kyl bT b;/§ e+ Lrey,
4 Ly V3 B 3| L3 L
b b3
Tgy_LLgxy_ 6 gyZ_TKxLLT - g/—gz_LLgxz*‘?gyz_E’(xLLT\/—
> L—bg - Lb\/gg Lb\/— +—g
2 6 9 Yz
6 L V3 3 L3 L L 1 L
Tbgy +LpEyy —Lgyz +7KXLL bT _Lg/g e+ Lpeys +7bgyz +5KXLLbT‘/§
7 Ly V3 3 3| Ly L 1Ly
——=&y—Lieyy ————6y; —— Ky L] —— | — -L ] —KyLp ——
5y T ELExy ¢ “vzT Ty RxbL T 6 &z —LLExz 25y2+2KxL 3
8 L, I3, RN
2 6 6 &z~ 2 €yz
9 L Lp 3 V3o 3| L L 1 L
—Tbgy +LpExy _ngyz +7KxLLbT —7[2/5 g+ Lpey, _Tbgyz _EKXLLL\/—
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4.1.3 Battens (Tension, and Compression)

To find the strain energy of the battens, we use a similar approach used for the longeron
members. We first identify the strain values that should appear in the extension of these
members. It is clear that the strain component &, (extension along the length of the
element) does not contribute the extension of the battens since these members are at the
cross section. Also the strain values &, and .. do not appear in the extension of these
members. This is because the nodal displacement for such strain values can be found
using the relations x.ey, and x.ey.. Since all the nodes at a cross section have the same
coordinate x (shown in Figure 4-2), the displacements as a result of these strain
components are the same for all the nodes. As a result, there will be no strain in a batten
member for ¢,, and &,. since all the nodes deflect in the same amount. Finally, the only
strain components that contribute to the extension and bending of the battens are ¢, &.

and ¢,,. Figure 4-4 shows how the strain g, results in the extension of the batten members.

A

Lbey/Z i :4_ Lbé‘y/Z

e

Figure 4-4 Bending and extension of battens for «,,

For members 1 and 2 shown in this figure we get,

y2 + 2 =2 (4 5 )
constant

where / is the initial length of each member, therefore we get:
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Lp

yay=1dl LY A _ 2

So for the extension of members 1 and 2 we have,

ngy
Lpe
=Y __2 _ Ty
2 2 4

Also the extension of the third member can be found as,

diy = ngy

1
_— ==
dy Ly dy Lp 2

(4.6)

(4.7)

(4.8)

The bending deflection components can also be identified. Since nodal bending

displacement is measured in a perpendicular direction to each member, the projection of

the deflection (¥;) should be found. So for the bending component as a result of the ¢, we

get:

L 3
" =7b£y cos(30)=§ngy (4.9)

Equation (4.9) is used to find the bending strain energy of the batten members. A

complete derivation for the bending and extensional components of the batten members is

presented in the Appendix D. Finally, for the extensional energy of the battens we get:

U, =—

¢ =
X’ Oox

5 828y o, ’ 5 5 5
ﬁAbEhLb(m L, 5 +2L, —+2¢, +24(35}, +2¢ &, +3¢; +4gyz)

e e e oe de oe
F(| =243 230 g | 2432 03
( L[ ox* ox* ox* g ox ox

Oox

o
2 2
+2(e, +32.-2432,.)) +(LL( —

ox Oox X

‘e e 0e
v 37 % 4o 370
2 ox* ox?

0 0
+2L, {i+3%+2\/§ agyz J+2(5y +3e, +2\/§5yz))2)
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4.1.4 Batten (Bending)

Figure 4-5 shows the bending deflection components (V;;, Vi,... etc.) of the batten

members as a result of the strain values ¢, €. and ¢,.. The first index represents each of

the two nodes of the beam member and the second index denotes the bar member shown

in the figure. The angular deflections of the battens are also shown in Figure 4-6. Similar

to the previous section, the bending components shown in Figure 4-5 can be found. A

complete derivation for these is presented in the Appendix D. For the bending

displacements of the first batten member shown in Figure 4-5 we get,

_ L3 I
ni=- 6 &z~ 2gyz
Lp\3 Lp\3
Va1 =-—"—¢&,+—2—¢
=TT T

Similarly for the second and the third members, we have,

L3 L3 L L3
1/12:_b75y+b7‘92 V13:7b‘9yz+ b &z

4 12 and 2 6

9
e, 1y ot 15
22=- 6 &z 2‘9yz 23—_25yz+ 6 &z
W1 Waz
2 1

L '\vlg 3 vzl/l Waz

Figure 4-5 Bending deflection components of the battens
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Figure 4-6 Angular deflections of the battens and the torsional joints
Finally the total bending strain energy of the batten members for this element shown in

Figure 4-2 can be found as,

1
Uy, =5 (B, (0, +05,+05, +0},+05,+ 65, + 6, +6,

b
2 2 2 2
+ 0% + ‘910b + 9111; + 912b - 02}703}) + 04;705}7 - ‘98}70% + ‘9101;‘911;7)

+63/3 (6, +0%)(gy —82)+12(6’9b +0,, =2(00, + 6,1y + 04y +65,) ) 6.
(0, +6,)(-6v3z, + 632, ~122,.)~8(6,0,, + 0,6,.,)

(0 + 05, + 0, + O, ) (~6332, + 6336, +12¢,.)

+18((gy —e,) +4s )))

(4.13)

4.1.5 Joints
In this model we assume that the joints are elements with torsional stiffness. The strain
energy stored in the joints can be easily found using the angular displacements of the

members and is written in the following form:

Ug = %Kt(92b ) +%Kt(94b ~03)? +%Kt(‘96b ~05)? +%Kt(98b ~63)? +%Kt(910b ~ o)
(4.14)

! 2, 1,200 9
+Ki(O2p = 1p)" + K X (gLyi +9in)
-1
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where 6;.;, 6r,;,and 6, define the rotation of the longerons around the y and z axes and

the angular deflection of the battens respectively as shown in Figures 4-2 and 4-6. The
strain energy of the diagonal members can be found in a very similar manner. Using
(4.14) and the relations for the bending and the extensional strain energy of all the
members, the total strain energy of the repeating frame element can be found. This
relation contains both the strain components evaluated at the center of the element and
the angular displacement components.

4.2 Reduced Order Strain Energy

Similar to the approach in Chapter 2, necessary assumptions should be made to find the
strain energy of the reduced order model of this structure. As can be seen from the
relations in the previous section, the strain energy is a function of the strain values such
as ¢, & and ¢, as well as the angular displacement components of the members. To find
an equivalent 1-D model, the strain energy should be a function of the strain values
similar to a beam member only. Therefore, necessary assumptions should be made to
reduce the independent strain components and strain gradients as well as the angular
deflections. Some of these assumptions were used in Chapter 2. Additional assumptions
need to be made to express the bending angles in terms of the strain values of a beam
element. To establish an understanding of such relations a simple example for a multiple
degree of freedom mass-spring system is presented here. Figure 4-7 shows schematic of a

mass-spring system.
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= Kl,xl

m,

Figure 4-7 Schematic of an n-degree of freedom mass-spring system
The relation for the strain energy of this system can be found as,

ln—l )

2 1
U= Ki(x; = xi41) +§Knxn (4.15)

2i-1
The internal force applied to the inertia m; can be found using the derivative of the strain

energy with respect to the coordinate x;.

F=2= (4.16)

Therefore, having the total strain energy of the system as a function of all the coordinates,

U=f(x,%, X X,) (4.17)
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in the absence of the external forces, the Newton’s second law for the coordinate x; of
negligible inertia will require that:

ml.—>0:>a—U:0 (4.18)
Ox,

1

This is equivalent of the assumption of a nodal force balance in the system at coordinate

x; which results in a relation between coordinate x; and the other coordinates as follows:
X, =g(xl,x2,...,xl._1,xi+1, ..... ,xn) (4.19)

For the truss structure in this study, we make a similar assumption to this example to
ignore not the mass of the members but the mass moment of inertia of the beam members
and the joints in the element shown in Figure 4-2. Because both the mass and the
geometry of the members are small compared to the overall length of the structure, the
mass moment of inertia is by orders of magnitude smaller than the whole structure. For
example the mass moment of inertia of the longeron member is 2x10° % of the whole
structure. Therefore, we neglect the mass moment of inertia of all members in Figure 4-2.
As a result the related torque values for the rotational degrees of freedom should vanish.
This assumption for the batten members results in the following:

U,
00

ib

=0 fori=1-12 (4.20)

So we get,
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4L,K, (6 — 0o )+ By, (86, — 405, +343e, —336, —62,.) =0
4L, K, (0 — 0oy )+ By, (~86), + 405, + 3332, - 3V3e, + 62, ) =0
4L, K, (03— Osp )+ Eyly (~40s, +803, + 3332, =336, +62,.) =0
K, (63 —O4) — Eyly (264 + 65, —35,, )= 0
pK; (05— Os )+ Eply (O +205, —3¢,, ) = 0
ALK, (05, ~ Osp )+ Eyly (46) — 80, +3V32, ~3\Be, — 62, ) =0
ALK, (01~ Oy ) + Byl (867 — 46125 + 332, — 336, — 6, ) = 0
4LyK, (0 — Oy )+ Eyly (~807, +46)3 +3\32, =332, +6£,. ) =0
4LyK, (0o~ Oop ) + Byl (~4055 +805, +3332, — 3435, + 62, ) =0
K, (8o = 6o )~ Eply (26105 + 611y 32,2 ) = 0
K(ellb—elzb)+Eblb(6’10b +20), -3¢, ):0

ALK, (815 =02 )+ Eyly (467 86154 + 332, ~34Be, =62, ) =0

(4.21)
For the bending of longerons around the y axis and their moments we get,
Ue 20 forizl—>12 (4.22)
6l7)

Lyi

Therefore, we have,

74



LyLyK Oy + By (210100 — Ly =312, +\BL L, ) =0
EI (—3LLgxy + 1, (011 -20,,, + \/gLLKx)) ~LyL,K,0,,, =0

2Ly LK Or s+ Er Iy (4L,00,3 = 214074 — 6L, 6, 3L L1 K, ) =0
2LyLi K Op g+ BTy (-20L40p,5 +4L,0,,0 + 6L 2, +3L, Ly, ) =0
2Ly L1 K O; 5+ By I (41,015 — 20016 — 6116, = 3L, LK, ) =0
2Ly L1 K Op 6+ Ep Ty (-2L,0p,5 + 41016 + 6L 6, +3L, L1k, ) =0
LyLyK Oy + By (21007 — L0y, =3L164, + 3Ly L 1, ) =0
L, L K5+ E 1] (—3LLgxy +1, (017 =20, +BLx, )) =0
2Ly LK Or 9 + BT (41,010 = 200110 — 6L, —3L, Ly, ) =0
2Ly Ly K Opyno+ Ep I (—2L401,0 +4Ly01,10 + 6116, +3L, Lk, ) =0

2Ly LK Oy + Er T (4140001 = 2Ly01,10 — 6116, =30, LK, ) =0

2Ly Ly K Oy + E Ly (<2L46p,0, +4L,0p,05 + 6L 8, +3Ly Ly k) =0

(4.23)
and finally for the bending angles of the longerons along z axis we have,
U, =0 fori=1->12 (4.24)
00

Lzi
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LyLy KO+ Epdy (2146, — 105 —3L16,. ) =0

LyLi K60 +Ep 1, (—Ly6;.1 +2L,6; ., +3L6,.)=0

2Ly Ly K Oy + Byl (~4Ly003 +2L40,4 + 6L, 6, +\BL Lk, ) =0
2LyLiK Oy + Byl (2103 +4Ly014 + 61,6 +\BL L, ) =0
2UyLy K By + Byl (41015 — 21406 — 6116 +3LyL K, ) =0
2Ly LK Oy + By 1y (240,541,016 —6L, 6 +\BLyL K, ) =0
LyLy K 0p.7+E 1 (2L,0;.7 = Ly0;.s = 3L, 6, ) =0

LyLy KOy + Er 1y (~Ly0).7 +2L,0).5 +3L, 6., ) =0

2Ly Ly K Oy + Ll (~4Ly010 + 200110 + 6L 6 +\BL Ly, ) =0
2Ly Ly K 1o + Byl (—2Ly010 +4140,10 + 6Ly 2, +VBLy L1, ) =0

2L, L KO+ ELL (4Lb‘9L211 =2L01515 =618, + \/ngLLKx) =0

2Ly L KO0+ EL 1 (2Lb9Lz11 —4Lp0; 210 =618, + \/ngLLKx) =0

(4.25)
These equations in addition to the assumptions regarding the compatibility condition, free
local deformations and the shear deformation type beam in Chapter 2 (See Appendix D)
are used to find the strain energy of the equivalent beam model. This results in a total of
51 equations and 57 variables (rotational degrees of freedom, strain components and their
gradients). Therefore, all the strain values and subsequently the strain energy relation can

be found in terms of 6 independent strain components ( €x, €xy» €xz» Ky, Kz,andky ) as
follows:
Ug = Clg)% + ng)%y + C3g)%z + C4K§ + C5K§ + C6K)% + C75xny (4.26)

where the coefficients C; to C, can be found as,

Cl=3L A1 ET
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Cr=C3=

2 4, 2 4, 22 4, 2.2 4 2, 2\
12L5Ey | 34gEqLgLy I Ki +24]| 364 Eq Ly LyETI} + AqgEqLyLq Ly Ki" + 6L E 11 Ky| 24q EqLyLg +\ Ly + L} | Ky

2 3422V 2
Ly| AqEqLaLy +4( Ly + L7 | ALEL ((6ELIL +LLK;)

S412 E12K, (36E%1% +30LLEp I K; + 5L%Kt2)

+

2 2
12 (3EL 1y, + LK, ) (6ELIL + L K;)

1
Cq4=C5= ELiLLALEL

Ce=

2
[L%EL [48AdEdeLiILK12 +AL [36AdEdLngEf1g + AgEqL}LyI2 Kf +12L LI K, [AdEdLng + 4(% + L%) KIDD

2
[[AdEdeﬁL + (Li +L%) ALEL](6EL1L +LLKt)2]

212 ELIK, (36E%1% +30LL Ep 11K, + SL%K,Z)

+

(3ELIL +LLK; ) (6ELIL + LL K, )

8(-3+3) 1 EL11 K7 617 EF17K, (36E]%I% +30L7 E I Ky + SLZLK,?)(—Z(% + ﬁ)Lb)
+

7 Ly(6ELI+L K ) 12 (3EIL + LK) (6EL 1L + LKy )

(4.27)
As shown in Eq. (4.26) the strain energy includes a non-quadratic term which is related to
the coupling between the shear force (t,,) and the torsion (x,) in the structure. As a result,
the structure loses its symmetry for the bending along the y and z coordinates.
4.3 Equations of Motion
Having the expressions for the strain and kinetic energy of the fundamental element, the
governing equations of motion can be found. As shown in the previous section there is a
coupling between the shear strain ¢, and the torsion which results in a coupling between
the coordinates @,, @, and v. This coupling is shown more clearly in Figure 4-8. Finally,

the equations for the six coordinates of vibrations (evaluated at the center of the element)
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decouple into three sets of the equations shown here. For the @,, @, and v coordinates we

get,
2 2 0
Ofx "¢, "¢, v
C7—=—-4my +C4—=+Cy| ¢, +— |=0
ox a2 a? G
2 2 20
0“¢ 0“¢ og, 0°v
4(m2+m3)72xfc6 2x+C7 572772 =0 (428)
ot ox X ox

2 2

Ox

ot

2 2.0 2.0
o S +C2[ o, O ]:o
X

F Y

Figure 4-8 Schematic of the coupling between twist and bending in y direction

For the @,, w coordinates we have,

0 8% 2%
C3| gy +—— |+4m —¢2y—c5 éy_o
oo (4.29)
20 2.0 5
am oy e
o 2 Ox

and for the longitudinal motion, u, the equation of motion has the following form,

2.0 2.0
4 0@3 MO (4.30)
t

ox

where,
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3
my = E(Adepd +ALLppr + ApLppp)

1
my =m3 = ELIZ, (4aLapa +24LLLpL + ApLppp) (4.31)

For the case that the torsional stiffness is really small (K,—0), the joints can be modeled
as hinge joints. Therefore, the coefficient C; in (4.26) vanishes which results in
decoupling the bending along the y coordinate and the torsion. Note that there is no
coupling for the bending along the z direction and the torsion. These equations are solved
to find the natural frequencies of the system for different joint stiffness values which are
presented in the numerical results section. To validate the results experimentally and to
compare them against the hinge model, this method is also applied to the planar truss
with Pratt Girder configuration. The following section presents the derivations for the
lattice structure with this configuration.

4.4 Strain Energy of Pratt Girder Truss

The assumptions regarding the joints with torsional stiffness and the nodal torque balance
stated in the previous section is applied to the planar truss of our experiment. Similarly,
the strain energy of these members for the tension and bending are calculated. A
complete derivation for the bending and extensional strain energy terms are presented in

the Appendix E. For the extensional strain energy we have,

2 2 2
AE, EL€X+L€Z+\/_L5 j A,,E,,(Li( 1Lb'<zj +L2(€ +1Lblfzj J
V2 2 N

242 2L, 2L,

1

U ZEAbEbngz +

ext

(4.32)
The angles of rotation around the y axis for the longeron and batten members are shown

in Figure 4-9.
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Figure 4-9 Schematic of the planar truss element with members in bending
In a very similar manner to the 3D truss, the strain energy of the longerons and the joints
can be found.
4.5 Reduced Order Strain Energy for Pratt girder Truss
Similar to the approach presented in section 4.2, the assumptions for the nodal torque
balance must hold to find the reduced order form of the strain energy for the truss

element. A beam type theory requires that,

e=( (4.33)

where, U, is the strain energy of the fundamental element. The nodal torque balance

assumption can be written in the form:

oU
e _( 4.34
00, (439

1

where, ®,’s are the bending angles of the longeron and the batten members in a truss
element. Equations (4.33) and (4.34) can be used to solve for theg, strain and the

rotational components in terms of 3 independent strain components (shear strain, the
extensional strain in the x direction and the bending curvature of the cross section).

Finally, the relation for the strain energy of the fundamental element can be found as:

U,=Gel +Gel +Gx> +Gox.e +Gie e, +Ge K (4.35)

Xz~ X Xz z

80



where G; to G7 are constants which depend on the material and geometrical properties of
the longerons, battens and the diagonal members. Following Chapter 3 and using the
kinematic relations, the strain values can be found in terms of the displacement

components. So we get,
v - G(@u)2+G2(6w ¢j2 o4, 2+G a¢y8u+G5(6w "”j
! 0 Y ox ox O y

Gy ((ow 29,
+—2 —+¢, |—
2 (Gx ¢yj ox

4.6 Equations of Motion for Pratt Girder Truss

(4.36)

Using the relations for the strain and kinetic energy the governing equations of motion for

the structure can be found. These equations for the three coordinates of vibrations are in

the form of,
_ﬁ(m +74,L, p, + AL )82¢ e (qﬁ aw) 46,2V a6 %_G W O
6 1P+ ALy Py o 2 o 6~ 2 o 3 o 5 ox 46x2
*w *w 0¢ o’¢ o%u
—2(2m; +34; L pp + AgLypy)—+G +—2 |+ Gg—5+G =0
( L~LFL ddd)al‘ 2£6x2 P 66)( 562
o*w 0f 52¢ o%u o%u
Gs| —+—2 |+2G, —2=2(2m; +34, L, p; + Ay L py | — +4G,— =0
S{axz P 4 axz ( i L Pr d dpd)atz laxz
(4.37)

Using the strain energy relation the stiffness matrix of the element can also be found.

Therefore, the boundary conditions can be rewritten in the following form:
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2G, Gs (;4T %
N G (? Gg || O N
_| s 2 6 "o
AR 438)
M
y
G, % 2| W
L 2 I ox

The PDE shown in (4.37) with the boundary conditions in (4.38) are solved to find the
natural frequencies and the frequency response functions for this model. Such results are

presented in the numerical results section.

4.7 Experimental Setup
To measure the torsional stiffness of the joints for the planar truss a very simple

experiment was conducted in the lab. Figures 4-10 and 4-11 show the schematic and the

photo of this experimental setup respectively.

Laser optical d
sensor l
< > I
& F |
L r _y
_____________________ 3

Hanging
weights
Figure 4-10 A schematic of the experimental setup
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Laser optical
sensor

Figure 4-11 Photo of the experimental setup

In this experiment, four static deflection measurements were taken for different weights
using a laser optical sensor. The relation for the joint stiffness was simply found using the

following relations,

T =Fd (4.39)
T

K == 4.40

=3 (4:40)

0:§ (4.41)

where T is the torque, F is the force applied to the joint using the weights shown in the
figure, d is the diameter of the joint, / is the length of the steel rod, ¢ is the static
deflection at the tip of the rod, and & is the angular rotation of the joint. From (4.39),
(4.40), and (4.41), the torsional stiffness of the joint can be found as,

Pl

=75 (4.42)
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where,

d=1.615(in}=0.0410(m ) / = 9%(111): 0.2445(m) (4.43)

Table 4-2 shows the weights and the static deflection values for four measurements.

Using a polyfit function in MATLAB shown in Figure 4-12, the torsional stiffness can

easily be found as,

(4.44)

K, =470 (N—m]
rad

Table 4-2 Static deflection measurements and weight values

Weight- F (grams) Displacement- § (mm)
1339 0.172
2239 0.348
4156 0.824
4618 0.939
05
0.45) A
0.4f 4 d
035 /’/
NE ””/
Z o3} L
T ozs K =F*d*lis
0.2} //,
0.15} &
Oty 2 3 4 5 6 7 8 9 10

5 (m) x 10*

Figure 4-12 A polynomial fit of the torque and torsional strain values
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4.8 Numerical Results

The natural frequencies for the 3D truss structure of different lengths, longeron cross-
sectional area and joint stiffness values are presented in Tables 4-3 to 4-10. The results
here are presented for the coupled torsional-bending system. As can be seen from these
results, the smaller the length of the truss the more sensitive the natural frequencies to the
variation of the joints stiffness. Therefore, for smaller lengths modeling the joints
becomes more significant. Also, it can be observed that the frequencies are smaller for
the structures with a larger cross-sectional area. This is because the longerons contribute
more to the mass of the truss than to the stiffness. Therefore, as a result of increasing the
cross section, the change in the mass of the truss is more significant that the stiffness and
the frequencies decrease. It is also shown that the larger the area of the longerons, the
more sensitive the frequencies to the joints’ stiffness. This is clear because for the
longeron members of larger area bending of the members play a more dominant role to
the overall strain energy of the truss. Finally, the torsional modes are more susceptible to

change with the joints stiffness values.
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Table 4-3 Natural frequencies for L=12 m and A(=0.00729659 m’

o fracdisec. ) o fracdisec. ) afradisec. ) afradisec. ) afraddsec ) a fracdsec, )

E=0 E=40 E=6000 E=8000 E=40000 figid joint
(i) i) Ainfrad) (i) () E=inpnity
3570 358" 3597 36.0° 36.7° 150.2°
7158 7157 71.8T 71.9T 73.57 173.97
100.5° 100.5° 100.6° 100.6° 100 .9° 1323
107.2" 107.3" 107.7° 10707 110.2 283.2"
130.1" 130.1" 130.2° 130.2° 130 6 306.6°
143.0" 143.0" 143.5" 14387 145687 312.67
1578 157.8" 157.0° 157.0° 158 4" 350.5°
174.0° 174.0° 174.1° 174.1° 174 & 443 7
17877 178 8T 17057 17087 18367 470.37
201.6° 201.6° 201.7° 201.7° 202.2° 526,57
214 5T 214 AT 21547 21577 220,37 16.07
250,37 250,37 25137 25177 255 5T 6607
254 6 254 6" 254 8" 254 8" 5700 7025
226.0" 22617 227.2" 23767 203.7" 782,57
302.57 025" 30267 02,7 303 .57 Ta1.0°
33187 33187 32327 32367 330.5T 27807
3537 353.8" 353.0° 354 0 3550 03850
357 .57 357 6T 35007 350 5T 16717 066,57
30337 30347 30407 30547 403.87 105387
4034 403.4" 403.6° 403.7° 404 8° 1142.0°
439.07 472917 43087 43147 440,57 1230.0°

b .
bending
T Torsion
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Table 4-4 Natural frequencies for L=30 m and A;=0.00729659 m’

a fradfec. ) a fradfec. ) afradsec. ) afradsec. ) Sfradfec. ) a fradiec. )
E=0 E=40 E=6000 E=8000 E=40000 rigid joint

() infrad) inirad) (P cid) (P cad) E=impnity
14.3% 14.3% 14 41 14 41 14 77 G006
28 6T 28 6T 2877 2887 20 387 fi5 077
30 50 30 50 30 50 3050 706 05 6
4307 47297 4317 43,27 44 1T 124 57
56.0" 56.0" 56.0° 56.9" 5712 1334
5737 57.27 57 44" 57.57 53.747 186.67
7157 7157 7187 71497 73437 200 47
20,20 20,30 20 30 203" 20 53" 238 850
5587 258t 26,27 2637 2z 1T 270 0T
97.9" 03.0° 030" 0z.0° 0g.3" 23125
100.17 100.17 10057 100.6° 102.87 23317
11447 114 47 11497 11517 117.57 313.3°
1208 1208 120.8° 120.8° 121.1° 3214°
12877 12877 120937 12047 132.15T 350.5T
136.5° 136.5° 136.6° 136.6° 136.05% 375.15°
143.07 143.07 14347 14387 146 85T 35757
157.3T 157 47 157 92T 157.0T 158 47 42087
1578 157.8" 157.98" 159.1" 159, 55" 433.1"
159.0° 159.0" 159.07"° 161.3" 161.72" 457.1"
161.2° 161.2° 161.3° 172.6° 176.2° 4911
17167 17167 17247 18417 184,57 500.47
b b s

ending

T Torsion
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Table 4-5 Natural frequencies for L=60 m and A;=0.00729659 m’

a fFadSec. ) wFadtec.) afradec. ) wfradises. ) wfradfec. ) w fradGec.)

E=20 E=40 E=6000 E=8000 E=40000 rigid joint
(P el i) airad) (i ad) (i) E=infinity
715 715 718 7.10° 735 28 257
14 30" 14 3T 14 367 14 33T 14 77 30,357
18.6° 18.6° 18,575 18.58° 18.6° 47.1°
21457 2147 21 54T 21577 22 03T fil.67
251" 251" 2815 2815 25 2 fif. o
22 617 25 6T 28 75T 22757 20 4T 4 25T
35.767 3587 35.97 35.057 367" 03.15°
306" 30.6° 30.56° 30.55° 30.65" 102.99"
42917 47497 4317 43157 44 05t 12047
49 2 49 1° 40 15° 40 15° 49 3P 124 g°
50,067 5017 50.37 50,37 5147 13877
57217 577 5757 5757 58757 155.1T
a0, 0" f0° é0.0° é0. 0oP é0. 28 156.7°
64,377 64 47 6 627 647" 66.17 174,27
605" 606" 69,65 60,65 608" 137.3"
71.53" 716 718" 7107 7347 191.25"
T8 67T 7877 7007 7017 80557 200 5T
203" 0.3 203" 80 35" 80,75 218.35°
a5 827 g5 8T 2627 2637 2517 236 4T
20 g 20 g 20 04" 80 gsP g, 2 244 7
92 07T 0307 03 35T 03457 05 45T 25007

b b :
ending
T Torsion
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Table 4-6 Natural frequencies for L=300 m and A;=0.00729659 m’

ar fradisec. ) ar fradisec, ) afradisec. ) o (radisec. ) a (radsec. ) ar fradisec, )
E~0 E=40 E=8000 E=5000 E=40000 rgid joint

(Phndad) ) ndrad ) (Phnfrad) (Phnfrad) E=infinity
1437 1437 1447 1447 1477 1.7
1.70° 1.70° 1.70° 171" 171" 4 60"
1867 2867 2877 2887 2047 605"
386 386 386" 386" 387" 512"
4 297 430% 4317 433" 4417 11977
5727 5727 5757 5757 5,807 12,187
6.20° 6.20° 6,18 6.18° 6.20° 15.92°
7.15° 7207 718" 7.197 7.347 12.30°7
847h g.50° 847" 847" 540" 19.90°
5587 g.607 8627 863 5817 23.70T
10.01F 10.012" 10.057 10.05° 10287 24597
10.70° 10.70" 10.70° 10.70° 10.75" 27.65°
11447 11407 11 507 11507 11,757 30,757
12,577 12,577 12 90T 12907 12.93T 31.507
12 39" 12.39° 12.93° 12.95° 13.22° 35.30°
14307 14307 14 35T 14407 14 707 36,957
15.05° 15.05° 15.05° 15.06° 15.10° 39.06°
15.73% 15.75% 15.80° 15827 16.15° 43607
17 167 17 167 17.10% 17107 17237 43357
17.18° 17.17° 17.23° 17.26° 17.63° 46.45°
18 507 18,607 18 677 18707 19,007 49507
b b s

ending

T Torsion
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Table 4-7 Natural frequencies for L=12 m and A =0.00024322 m’

wfradtec.)  affadtec) afradsec. ) afFaddec. ) wiradtec) a fFadfer. )

E=0 E=40 E=6000 E=8000 E=40000 tigid joint
inirad) inirad) (i) inirad) (Ahndrad) E=infinity
174 4* 174 4° 175.1° 175,53 177.4° 180 4°
343 8" 34887 350.3" 350.7" 35497 360,77
420.7° 4202 470.4° 4204° 4720.9° 421 6°
52327 53327 53547 536.07 53237 54117
500 o a00.07 ao0. 28 600,37 a01.1" 02,3
607 65T a07. 7T 70057 701.47 70087 721.5T
?‘85.8: ?35.3‘; TSﬁ.E‘; ?86.3: ?8?.5‘: ?39.1‘:
8335 8335 833.0 234.0 835.2 236.0
g72.1t g72.1" 27560 27677 23727 00187
005 6 005 6 o06.1" 006.2" o7 4° 909.2°
104657 1046.5T 1050.8T 1052.1F 1064 6 108227
11707 11707 1171.2° 1171 4" 1173.1" 11755
122097 122007 1235 9T 1237 4T 124217 1262 47
1360.4° 1360 4" 1370.1° 13702 1372.1" 13747
1395.37 139537 1401.0% 1402.8" 1419 57 144297
156077 15609.7° 1576.2" 1578.1F 1597.0° 1623.3"
1627.9" 1628.0° 1628 8 1629.0° 1631.4° 16347
1663.4" 1668.5° 1668 8" 1668.9° 16608 1671.1°
1744 1T 1744 2T 1751 3T 175347 1774 4T 1803.77
1580.57 1880.5 1881 4" 18817 1854 2 1887 4
1915 5T 1018 47 1026 4T 1035 8T 1951 97 1984 1T
® bending
T Torsion
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Table 4-8 Natural frequencies for L=30 m and A;=0.00024322 m’

affadtec.)  wffadbtec.) afradsec. ) wfradsac. ) a fradiec. ) wfradfec.

E~0 E=40 E= 6000 E=8000 E=40000 rigid j oint
(i) inirad) (i) (Minfrad) inirad) E=infinity
60 76" a0 80" 70100 70.10° L0t 721"
120.12° 120.10° 120.10° 120,10 120.2° 1203
130537 130507 140107 140,307 142.07 144 3T
200 207 200 307 210207 210407 212497 21647
225 71° 225 70P 235 80P 225 80P 226.0° 236 4°
270 DAT 270107 220207 220 607 28307 2188 AT
332.17 332.20° 332.30° 332.30° 3327 333.3°
343827 342.30° 350.30" 350.70" 354 07 360,77
418507 413,607 420,307 420,307 435.07 430 07
420 30° 420 30° 4720 50° 420.50" 430.1° 43207
458 35T 458407 400.407 40100 406 8T s05.07
520 22° 520 20° 530.50° 52050 530.2° 5312
558127 558107 S60.407 561107 56787 57727
61308 619.00° 619.30° 610.40° 6202 621 .4°
627387 627.00° 630.50" 631.20" 638.8" 649 37
A07 65T 07 707 700,507 701.40T 709,87 721.37
T18.56° 718 60° T18.00° 71000 72000 721 5°
ThHA.6E° T66.70° T67.10° T67.20° THZ. 3P THD 5P
T67 417 T67.407 770,607 771,507 Ta0.7T 75017
785,84 785 80" 726.20° 726.307 7875 703.6°
® bending
T Torsion
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Table 4-9 Natural frequencies for L=60 m and A;=0.00024322 m’

afradsec. ) a fracdisec. ) afradisec. ) arfracdisec. ) afradisec. ) o (radsec. )

E=0 E=40 E=6000 E=8000 E=40000 rigid joint
(M dad) (rnivad) (mdvad) (i aid) (M aid) E=infnity
3488 34.90° 35.00° 35.10° 35.50° 36.10°
36,447 36.40° 36 40° 36.40° 36.40° 36.50°
69767 69 207 70.107 70107 71.007 72107
84.28° 24 30° 24 30" 84 30° 84.30° 24 40°
104 657 104.70% 105.107 105.20% 106.50° 108.207
137 20" 137.20° 137.20° 137 30° 137 40° 137.50°
139537 139507 140.10" 140.30% 142.00% 144 30"
174417 174 407 175107 175.307 177407 180407
189 90" 189.90° 190.00° 19000 190.20° 190.50°
209297 209307 210207 210.407 212907 216407
241 80" 241.80° 241.90° 241 90" 242.20° 242 60°
244137 244 207 245207 245507 245.407 252,507
279.067 279.10° 280207 280,607 283907 288.60°
293 55" 292 60° 292 70° 29270° 293.10° 293 60°
313,047 313907 315.207 315.607 319.407 324 707
342 60° 342 60° 34270 342 80" 343.20° 343.80°
348827 348807 350.307 350,707 354 907 360707
383717 383707 385.307 385.807 300.407 393307
301 20" 301 20" 302 00° 302.10° 302 60° 306 20°
418507 41860 4720307 420.30" 435.00" 432007
440 65" 440, 60° 440 80" 440 00" 441 50° 447 30°
® bending
T Torsion
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Table 4-10 Natural frequencies for L=300 m and A;=0.00024322 m’

afradtec.)  wfradsec) a fradiec. ) wfradiec. ) wfradtec. ) afFadtec.)
E=0 E=40 E=6000 E=8000 E=40000 rigid joint
(P cd) (i) inirad) inirad) (i) E=infnity
1.58° 1.50° 1.50° 1.50° 1.50° 1.50°
433 433 433 433 437 433
608" 6087 7.017T 7.01F 7.10° 7217
236" 2 36" 2 36" 2 36" g 36" g 36"
13.54" 13.54" 13.54" 13.54" 13.54" 13.55"
13057 13957 14.01" 14.03" 14207 14 437
19.75° 19,750 19.75° 19.75° 19,758 19, 76"
20937 20037 21.027 21.047 21207 21647
26 83" 26,83 2683 2683 26, 84" 2655
27 007 27017 28027 28 06T 28 30T 28 86T
34.64" 34 64" 3465 3465 3466 34.67°
34 38" 34 237 35.03" 35.07" 35 497 36.07°
41867 41 847 42037 47087 472507 43107
43.05° 43.05° 4306° 4306° 43.08° 43 20°
45847 45 847 40047 40107 40 65T 50507
51.95 51.05 5105 51.06° 5108 52.01°
55817 553817 56.047 56.117 56,787 57727
61.21" 61.22° 61,23 61,23 61.26° 61.31°
62797 62.75¢ 63.05° 63.12" 63.35" 64,937
60.767 69777 70.05T 70.147 70537 70,507
70,78 7077 70.76° 70.76° 70.08" 72.15°
b b :
ending
T Torsion

To wvalidate this micro-polar continuum modeling technique experimentally, the
frequency response functions of the truss structure with the Pratt Girder configuration
was used. Figure 4-13 shows a comparison between the results of the theory and
experiment. The results for the natural frequencies of the two models (hinge and
micropolar) are also shown in Table 4-11. It is shown that the results for the micro-polar-
based continuum model has better accuracy (2% frequency estimation errors) compared

to the hinge model particularly for the higher modes.
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Table 4-11 Experimental and theoretical natural frequencies in Hz

micro- error hinge error experiment
Mode polar model
model
1 6.8 1.09% 6.88 0.07% 6.875
2 152.5 0.33% 154 0.65% 153
3 319.3 1.45% 319 1.54% 324
4 441.9 0.47% 491 10.6% 444

Finally to perform a sensitivity analysis, the frequency values were found for a higher
stiffness values. For this purpose a joint stiffness value of 1000 (Nm/rad) was chosen.
The frequency values of 6.8, 292.05, 429.08, 473.96 (Hz) were found, meaning that the
assumption of joints with higher stiffness values or rigid joints, as suggested by Noor et.

* in general results in lower accuracy for the frequencies of such structures. It should

al.,
also be noted that to get these results some of the physical parameters were updated. A
mass of approximately 9 grams (0.2% of the mass of the truss) was added to the joints
and a value of 1.0 mm was also subtracted from the diameter of the diagonal members.
This might raise a question if updating the values for the hinge joint model could result in
the same accuracy as this model. To show this can not be the case, the parameters of the
hinge model was altered to obtain better results for the higher modes. As a result the
frequency values of 6.8, 150.72, 319.11, 479.37 (Hz) were obtained. It can be seen that
the 4™ natural frequency of the system is still off by 35 (Hz) when compared to the
experiment (an error value of approximately 8%).

As it is shown in Figure 4-13, the peak for the 4™ natural frequency is wider in the
experimental FRF compared to the theory. This is simply because of the effects of the
damping which is ignored in this model. In general in a mechanical system, the higher the

frequency the mode is highly damped.” Therefore, this is more noticeable for the 4

frequency which essentially has higher damping than the lower modes. Also the natural
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frequencies are estimated better than the FRF by this model. This is because usually the
system’s mode shapes are more susceptible to changes as a result of the variations of the
system’s parameters. So the simplified assumptions to reduce the order of the model
affect the magnitude of the FRF more than the frequencies which results in better
accuracy for the frequencies than the FRF magnitudes. This effect is shown more clearly

for the 4™ frequency shown in Figure 4-13.
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Figure 4-13 FRF after modeling joints

4.9 Concluding Remarks

A micropolar continuum modeling technique is developed for both the three-dimensional
space truss and a planar truss with Pratt Girder configuration with flexible joints.
Assuming that the mass moment of inertia is negligible for the individual components, an
assumption of the nodal torque balance for the structure should hold. This assumption
induces a constraint on the strain field for the elements of structure which results in a
coupling between the micro-rotations and the independent strain states that are the same

as those of the continuum model. Therefore, the effects of the torsional flexibility of the
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joints and the micro-rotations of the members are preserved while a one-dimensional
model is derived for the system. As a result the frequency response function and the

frequency estimations are improved significantly for higher frequencies.
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Chapter 5

Thermally Induced Vibrations

5.1 Introduction

The successful operation of any system requires precise understanding of the
disturbances and its design criteria. For most space structures, the critical loads that the
satellites encounter during launch are more important; the smaller loads during the
operation are of secondary importance.” Inflatable structures, however, are stowed
during launch and will be deployed upon reaching the destination orbit. Therefore, the
critical loads in the space environment become of particular importance. A complete list
of different kinds of disturbances in space environment is given in Ref. 55. Some
examples of such disturbances are: gravity gradient forces, solar radiation pressure,
magnetic fields, atmospheric drag and thermal loads. One of the most important
environmental disturbances is the thermal loading. There are three known sources of
radiation in space environment: 1) direct solar, 2) earth solar reflection (albedo), and 3)
direct earth (infrared). The effects of the last two are less significant for orbits higher than

the LEO orbit.”® When a satellite goes through an eclipse, rapid temperature changes are
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induced to the system. According to Thornton et. al.’” the solar heating experienced by a
satellite can change up to 95% dependent upon how long the transitions through the
Penumbra (partial Earth shadow) and Umbra (full Earth shadow) takes (see Figure 5-1).
As a result, the torques and moments induced in the system can increase the jitter, corrupt
the pointing accuracy of the spacecraft and can cause spacecraft attitude problems, quasi-
static deformations, unexpected thermal oscillations and in some cases even thermal
flutter or instability. Figure 5-2 shows the Solar Array Flight Experiment (SAFE) that had
unexpected deflections after its transition thorough the Earth shadow. Some of the
problems with solar radiation in space such as thermally induced vibrations, thermal
buckling, surface degradation and thermal stress are discussed in Refs. 58, 59, 60, and 15.
The thermal environment in space can also affect a structure in other ways. For example,
material properties might be temperature dependent or deformation and/or cracking of
materials can occur as a result of the constant diffusion to the space. The temperature
changes in space can be around 100 °C on sunlight surfaces, and as low as -100 °C on

cold/shadow side.®!

Penumbra

Figure 5-1 Schematic view of the Earth shadow on the Satellite (full and partial shadows)
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Earth shadow Sun light

Figure 5-2 Photos of the SAFE courtesy of NASA Langley Research Center

The phenomenon of thermally induced vibrations was first examined by Boley in
the late 1950s.”° His analyses involve beams subjected to an instantancous heat flux
which results in a vibratory response. In the 1960s, a series of 6 Earth Orbiting spacecraft
(Orbiting Geophysical Observatories-OGOs) were launched by the United States. In the
early days of operation OGO I-III had some unexpected oscillations. In 1968, scientists
found out that thermally induced vibrations were the source of this problem.®* The first
experiment on thermally induced vibrations was performed at NASA Ames by Beam in
1968. ©

Most space structures have appendages with very low natural frequencies and
therefore, susceptible to the low frequency disturbances. Thus, thermally induced
disturbances remain a problem even for contemporary spacecraft. Such disturbances can
be classified in four different categories: ®* ® 1) Thermal bending or torsion 2) Thermal

snap 3) Thermally induced vibrations, and 4) Thermal flutter. Thermal bending is a
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quasi-static deformation that is caused by slowly varying temperatures during non-
transitional sunlight. These deformations result in a change in the inertia of a spacecraft
which leads to corresponding changes in the gravity gradient torques acting on the
system. Many space structures should be designed so that their overall moments of inertia
correspond to those required for their gravitational stabilization.°® The thermal snap is a
non-oscillatory motion which is caused by an impulsive torque on the spacecraft due to
rapid heating or cooling of its appendages. Because there is no external force involved in
this process and such deformations are the structural response to the internal forces, the
total angular momentum of the satellite is conserved. As a result, there will be a change
in the kinetic energy due to the input solar heating, while there is no change in the overall
momentum of the system. Therefore, to keep the momentum unaltered the satellite goes
through a rigid body rotation which is called a thermal snap.67 This can be of particular
importance for structures with an unstable dynamic configuration (not a pointing
satellite) where the gravity gradients do not help with their stabilization. The thermally
induced disturbances experienced by the LANDSAT, Upper Atmosphere Research
satellite, TOPEX and the Communications Technology Satellite can be best illustrated by
the snap phenomenon. Finally, thermally induced vibrations are oscillatory responses as a
result of the instantaneous time varying temperatures in space. Such motions can become
unstable (thermal flutter) which first occurred in the late 1960’s when satellites with
extremely long gravity gradient booms of low rigidity were placed in orbit.** ¢

Some examples of the satellites whose performance have been debilitated by the
thermally induced motions are:”’ Hubble Space Telescope, Ulysses’' (1990-1991), Upper

Atmosphere Research Satellite-UARS" (1991), LANDSAT-4/5 (1980), Communications
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Technology Satellite-CTS (1978), Voyager (1977), Apollo 15 Command and Service
Module (CSM) (1977), Explorer 45 (1971), NRL (1969), GGSE-III-VI  (1968-1969),
OGO-10 (1967), OV-10 (1966), Explorer XX (1964), and Aloutte 1 (1962).

The following literature reveals the previous research and analysis in the area of
the thermally induced disturbances for different space structures. Additionally, Thornton
has a complete survey for the design, evolution and lessons to be learned for the thermal
space structures.”” * One such example is the Hubble Space Telescope which had
numerous anomalous behaviors after its first launch in 1990. Some of these problems
were an incorrectly fabricated primary mirror, pointing disturbance and jitter. Each of the
solar array wings of the HST had four booms, two per blanket. Upon deployment of each
wing, the booms for one blanket were faced toward the sun while the booms for the other
blanket were oriented away from the sun which resulted in the thermally induced
vibrations in the solar array wings. These problems were later fixed by modifying the
control system that could compensate for the low frequency thermal disturbances and
designing a new blanket with embedded sunshields that would easily deploy and retract
with the booms.” This was the primary task of the in-orbit repair mission by the
astronauts in 1993 (flight STS-61). There have been many studies on the unexpected
vibrations of the HST solar array booms as a result of the eclipse transitions. References
76, 77 and 78 are some of the examples. Another work is done by Chung et. al.” that
investigates the coupled thermal torsional-bending modes in the Hubble. The authors
show that the low-frequency-large-amplitude coupled torsional-bending modes were
responsible for the failure of the operation of this spacecraft. Etkin and Hughes™

performed some studies to explain the progressive loss of spin of Alouette I and Explorer
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XX satellites as a result of the thermally induced vibrations. Frisch,*'has a complete
analysis of the thermally induced bending and twist of gravity gradient booms made of
cylinders with open sections. The author states that for a general case where the
deflection angle is not small, the assumptions of Timoshenko regarding the bending and
twist being separable can not be applied. Therefore, a coupled numerical analysis is
performed to solve for the twist and the bending of this structure. OGO-IV had some
anomalous motion which lasted almost a year which led to a hypothesis that the structure
was affected by some unstable thermally induced vibrations. Koval and Donohue
modeled the thermally induced vibrations in the OGO-IV spacecraft. In their analysis
they model the structure using a cylindrical beam with an open cross section which has

82. %% Both bending and twist

an offset between the mass center and the shear center.
induced vibrations of the booms of Apollo 15 Command and Service Module (CSM) are
analyzed by Kumar®. The effect of thermal shock on bending and attitude response of
free-free beam and plate (a general solar array) is studied by Bainum®*. Ramesh et. al.”’
studied the radiation thermal effects on the orbital motion attitude motion and axial
deformation of very large axially flexible space structures with a planar pitch motion
around the earth. Another example of a satellite that was troubled with the thermally
induced disturbances was the TOPEX (a joint US French project sponsored by NASA).
The thermal structural response analysis of TOPEX satellite is presented in Refs. 85, and
86. The authors® show that the sunrise/ sunset is primarily a roll/yaw disturbance. They
design a Normal Mission Mode PID controller for the TOPEX satellite. Lambertson et.

al.”? investigated the UARS (the Upper Atmosphere Research satellite) which was

troubled by the thermal snap. Stellar interferometer tracking experiment (SITE) was
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another example of a space mission that must have been designed to be thermally quiet.
The related analysis for this structure is presented in Ref. 87. Thornton et. al.®® present an
approach for investigation of the thermally induced vibrations of a split blanket solar
array due to the self shadowing of the central truss. In another work® Foster et. al.
perform an experimental investigation for the thermally induced vibrations of a fixed-free
beam with a tip mass. The authors report a new phenomenon called “thermal strum” by
which they mean that for the case of the unstable excitations related to the first mode,
there is a presence of the second mode in the response also. The effects of thermally
induced structural disturbances of a general flexible appendage on the attitude dynamics
of a spacecraft are investigated in Ref. 90. In another research effort, the thermal
performance of a solar panel is investigated experimentally which provides a detailed
explanation of solar panel thermal snap disturbances.®> Thermal distortion analysis of a
three meter inflatable reflect array antenna is analyzed by Fanggl, where they use FEM to
analyze bending induced vibrations of the inflatable booms. The effects of the thermal
distortion of the booms to the surface deviation of the radio frequency membrane are also
investigated. Lin et. al. performs some thermo-structural analysis of a general Earth
orbiting flexible structure’®. The authors develop a coupled analysis for the thermal and
the structural solution using a finite element formulation for a rotationally fixed floating
frame. They consider both the axial force and bending moments due to temperature
changes. Low frequency microwave radiometer (LFMR) is another structure that was
placed on the geostationary orbit for the purpose of monitoring precipitation and ocean
surface temperatures, surface currents and wind patterns. This structure with an allowable

rms deflection error of 8.11x10™ m is another example of a structure that had to be
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designed properly for such disturbances.” Williams et. al. ** suggest a thermal radiation
model for a triangular truss (ISAT) with MLI blankets to size and estimate the structural
mass of a triangular truss that meets a given set of structural requirements. In their
analysis they solve the temperature field for the back and front longerons where they
include the effects of the direct solar radiation, Albedo, and Earth. However, the effect of
the thermal conduction is ignored in their estimation of the temperature variations.

Most of the work done in the stated literature pertains to the bending thermally
induced disturbances in the space structures. Very few of the aforementioned research
projects and experiments addressed the thermally induced twist of space structures. HST
and Apollo were examples of this which experienced the torsion of their long cylindrical
booms. Due to the very large length of the ISAT, its relatively low torsional rigidity, and
the special pattern of the diagonal members the structure is susceptible to the torsional
excitations of low frequency. Therefore, we are motivated to understand this
phenomenon. The main purpose of this study is to solve the thermal conduction in the 3
dimensional truss element. Also in some of the work in the previous literature, it is stated
that the continuum models can not be accurate for the thermal analysis of the space
structures because of their incapability of including the temperature variations along the

members.>” 7°

In the present analysis, the continuum model for the lattice type structure is
used in conjunction with the solution of the thermal problem to solve for the structural
response.

5.2 Problem Overview

The analysis of the thermal response for space structures requires a structural

model and a thermal model. In the thermal model, the orbital heat fluxes are calculated.

104



These models can be solved in a coupled or decoupled form with the structural model to
solve for the dynamic response. In the coupled analysis, it is assumed that the structural
deflections affect the geometrical boundary conditions for the thermal problem and
therefore, the thermal-structural analysis are performed at the same time. This method
can be both complicated and time consuming. In the decoupled analysis, on the other
hand, the thermal and structural solutions are found separately. The solution to the
thermal problem provides us with the temperature gradients as a known function of time.
The calculated thermal torques and moments from this step is then fed to the structural
model to find the resulting deformations and dynamic responses. This approach assumes
that the structural deformations are small enough to allow conduction and radiation to be
unaltered by the structural deformations.”’ According to Thornton’” 7, for overall
isothermal structural behavior continuum models give good results. According to these
authors, in realistic lattice type space structures where the temperatures vary significantly
from member to member, consideration of this type of local temperature distribution is
beyond the capability of the continuum models. In this study we show that the
assumption for isothermal structural members is not really necessary. The limitation of
the continuum model is only when the material properties are a function of time, or, when
the deformations are so large that the effect of such deformations should be included in
the thermal problem. In such cases, a coupled thermal-structural analysis is necessary
which is beyond the capability of the continuum model approach presented here. Because
the structure in this analysis is long and skinny (300 m %3 m), the deformations of the
members at the cross section are assumed to be relatively small compared to the

deformations of the overall length of the structure. So we assume that the local
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deformations are small enough that they do not change the boundary conditions for the
thermal problem (solved at the cross section). Therefore, in this chapter we use the
decoupled approach with the continuum model to analyze the thermally induced torsional
vibrations for this structure. For the thermal problem, on the other hand, the variations of
the temperature from member to member as well as the variations of the temperature
along each member are included. So the assumptions for the thermal model are not based
on isothermal structural members.

5.3 Heat Conduction

In this section the heat conduction problem in the 3-D element is solved to find the
temperature distribution in the structure. Some of the assumptions made in this analysis
are as follow:

1) The satellite is in a circular orbit,

2) The longitudinal axis of the satellite is aligned with the orbit tangent,

3) The orbit plane for the structure is the same as the Earth’s orbit around the sun,
therefore, the satellite passes through the shadow line in every cycle. Dependent upon
which orbit the satellite is located in it might not pass experience the eclipse,

4) Changes in the direct solar heating are dominant when the satellite passes the shadow
line and therefore the Albedo and the Earth infrared are neglected in this analysis,

5) The thermal bending of the bar members are ignored here and it is assumed that the
bar members can expand and compress only,

6) The radiation from the satellite to the space is neglected in the presented study.

7) The temperature variation is so fast the does not allow immediate expansion for the

members,
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8) The radar panel blocks the top members so that they don’t see the sun, and warm up
through the conduction

finally,

9) The temperature is invariant along the axial direction and it changes only within
through the thickness. (Through thickness temperature 47 is shown in Figure 5-3.)

The temperature distribution from this analysis is used to find the resultant thermal torque
in the structure. The structural time response is then found using these results. Figure 5-3
depicts a schematic view of the heat transfer along the members of this truss. As it is
shown in Figure 5-4 when the satellite passes through the shadow line the bottom part
(the panel side) which faces the sun experiences an enormous heat flux. We assume that
the panel blocks the diagonal and the batten members and therefore the only parts that

absorb the heat are the bottom of longerons as shown in Figure 5-5.

treret

Figure 5-3 A view of the heat conduction in the truss element

Figure 5-4 shows the orientation of the satellite with respect to the Sun and the Earth
when it passes the eclipse line. Following Unsold,” the relation for the solar heat flux can

be found as,
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g, (r)=5"L (5.1)

where S is the input radiant energy from the sun at the distance of 1 AU (the distance
between the Earth and the Sun which is 150x10° Km), and S(7) is the solar heat flux at a

distance r from the Sun in the solar system. The value of S is given by,

S :1.37(gj (5.2)
m
Using this figure we can write,
¥’ = rEz +pi+ 2rgp (5.3)

where p is the radius of the satellite orbit around the Earth and can be found as,

p=18.371x10°(m) (5.4)
fe—© ®
e 7T >

p 4 rE

Figure 5-4 A view of the Earth and the ISAT orbit

Using the relations (5.1-4) we find,

qs (r)z1.37[g] (5.5

m
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Presented here is the calculation for the time that it takes for the structure to fully exit the
shadow. Knowing that the orbital altitude for this truss is 12000 (Km) we have the

following:
p=12'000(Km)+r, =12000+6.371x10° =18.371x10° (Km) (5.6)

where 7, is the radius of the Earth and p is the orbital radius. The orbital velocity can then

be found as,
yo |GMe 94| P (5.7)
P 4 Gm,
where,
11 Nm2
G =6.6743x10" : (5.8)
Kg
m, =5.9736x10** Kg (5.9)

and m, is the mass of the Earth. Assuming that the structure is aligned with the orbit
tangent and passes the shadow line along its length, the time that it takes for the satellite

to pass through this line can be found as,

6
=9 _g L=3oo\/ 18.571x19 o5 =0.0644(sec.)  (5.10)
v\ Gm, 6.6743x10711 x5.9736x10

As it can be seen this time is very small. Therefore, we assume that the entire satellite is

exposed to the sun instantaneously, also we assume that the conduction happens a lot
faster upon the incident of the solar heat flux than the radiation from the satellite to the
space. Therefore, to also account for a worst case analysis, the radiation from the
structure is ignored in this entire analysis and the top part is assumed to be insulated.

Figure 5-5 shows the areas that are exposed to the sun flux.
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Ay

Ay
Figure 5-5 A Schematic of the bottom side of the truss repeating element

For the heat absorbed by the repeating element we get,
0=2q,.4;,.0 (5.11)
where «1s the absorptivity of the longeron members, g, is the solar flux and 4, is the

area shown in Figure 5-5. Figures 5-6 and 5-7 show the view of the two sides of the truss

element.

111

Figure 5-6 Heat transfer in the front side of the repeating element

§=0

i=Lq

111

Figure 5-7 Heat transfer in the back side of the repeating element
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The heat absorbed by an element is partly consumed by the members at the bottom (the 4
longerons, the 2 diagonal and 2 battens shown in Fig. 5-5). Therefore, the transferred heat
through the longerons and diagonals on the element sides in Figs. 5-6 and 5-7 can be

found as,

0, =Q—(2mbcb +2my e, +4mLcL)8—T at £=1

., (5.12)

The heat @, is then divided between the total of 4 battens and 4 diagonals on the sides, so
we get,

0, =40, +40, (5.13)
where O, and Q, are the heat flux along the battens and the diagonals respectively.
Knowing that the cross-sectional area of the battens and the diagonals are the same, we

assume the following relation for the ratio of the heat that passes through these members,

_Ouly
O = —Lb (5.14)

The simplified assumption in (5.14) in its general form is based on a steady state case. A

more detailed transient analysis can be performed by solving the heat transfer along these

members. From (5.13) and (5.14) we get,

0, =4%%d 449, (5.15)
L,
or,
_ QtLb
Qa 4Ly +1,) (5-16)

Using (5.16) and (5.12) we have,
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oT

Q—(Zmbcb +2my e, +4mLcL) . L,
§:Ld
= 5.17
Ol 4(Ly+1y) ©-17)
Finally the heat flux for the diagonals (heat per unit area) can be found as,
Qi
==d 5.18
da 4, (5.18)
For the boundary condition of the bottom (heated side) we get,
0- (Zmbcb +2myc,; +4mpcy )a—T L,
oT ot
Qalep, =K~ = (5.19)
0¢ley, 4(Ly+1Ly) Ay
or,
Ka_T+(mbcb +mycy +2mLcL)Lba_T: oL, £-1, (5.20)
o& 2(Ly+Ly) Ay ot 4(Ly+Ly) Ay

The boundary condition at the top (£=0) can be found in a very similar manner. The

heat from the 4 diagonals and battens on the two sides of the truss is consumed by the top

2 longeron members shown in Fig. 5-3. For an insulated boundary condition at the top we

get,
4(Qd+Qb):2mLcL%—]; at £=0 (5.21)
Using (5.14) and (5.21) we get,
40, [i_zu 1} ~2me, (5.22)
or,
0, =Mty 0T (5.23)

2(Ly+1Ly) ot
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Finally the boundary condition for the top can be found as,

:&:KGT _ myc L, 0T

—= — at =0 5.24
Ay o0& 2(Ly+Ly)A, ot g (5.24)

9aq

So the PDE and the boundary conditions for the heat transfer problem of the system can

be written in the following form,

2
Ka—€=8—T 0<&<Ly, t>0
&> ot
Ka—T—nla—Tzo =0 t>0
o0& ot
oT oT
K—+ [ =L t>0
PE m o q g d
(5.25)
where,
_ OL,
q_—
4(Ly+Ly) Ay
mpcr Ly,
m=— "\
2(Ly+Ly) Ay
+ +2 L
nzz(mbcb mycy +2mycy )L (5.26)
2(Ly+Ly) Ay

Figure 5-8 shows a schematic of the resultant one-dimensional heat transfer problem for
this structure. As shown in this figure the longeron members are modeled as thermal
masses at the ends of a diagonal member. Since the top longeron member is connected to

diagonals on both sides, there fore half of its thermal capacity is included here as shown

in this figure.
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m

Figure 5-8 The heat transfer schematic along a diagonal member
The partial differential equation shown in (5.25) is a homogenous equation with non-
homogenous boundary conditions. Using separation of variables, the solution for the non-

dimensionalized temperature can be found as follows:

~_ K 2 —AK . j A2kt qK
T=— ZB[—"sm/i +cos(A e ’m ™+ t
q 2 UVES q 2
+ g+ ¢ Ly)
Z(KLd +K(771+772)) K(KLd +K(771+772)) 6(KLd +K'(771+772)) d
(5.27)
where A4, ’s are the roots of the characteristics equation,
tan(A4,L ) = (m “272)2 (5.28)
-K TMmihK ﬂ‘n

The initial temperature 7 which is assumed to be invariant along the axial direction is
then used to find the B, values.

5.4 Structural Response

Figure 5-9 shows a cross section of this structure. As it can be seen in this figure the
thermal expansion of the diagonal members causes thermal reactions f; which result in a

torque for this structure. For the batten members, however, the thermal reactions f

114



balance each other. Therefore the diagonal members are the only source for the thermal

twist of this structure.

Jb

Figure 5-9 Thermal forces at the cross section
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Having the temperature distribution of these members, the thermal reaction for the
bottom diagonal members can be found using the following relation,

Fj=A4,E;67 = AjE 0, (5.29)
For the diagonal members on the sides that the temperature varies along their length, the
thermal reaction can be found as,

Ly
| Tdé
Fyo=AE er = AjE 04 0

(5.30)
d

The resultant thermal torque can then be calculated using the relations (5.29) and (5.30)

as follows:

LZ
T, =(Fy +2F;,)—2— (5.31)

20,3

The resultant thermal torque can then be used to find the torsional vibration for the truss.
From Chapter 2, the torsional equation of motion for the truss can be found as,

ar,

GJ 0"~ pJ,, 0 = ™

(5.32)
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where coordinate x is measured along the length of the satellite. Because the temperature
is assumed to be invariant in the axial direction and it changes through the thickness only,
the thermal torque is constant along the length also, so we get:

oT,
ox

=0 GJ,, 0"~ pJ,,6=0 (5.33)

The thermal torque at the cross section, on the other hand, is a function of time.
Therefore, the problem that we are interested to solve is a free torsional vibration with a
variable boundary condition in which the time varying thermal torque induces dynamics
on the system. The general solution procedure for a 1-D continuum with variable
boundary conditions cane be found using Refs. 96 and 97. The boundary conditions for
this problem are,

00

ox

(0,t)=GJ, %(Lw,,t)zTo(t) (5.34)

GJ, e 5

eq.

where T, can be found using the thermal reactions as calculated in (5.31) and is a
function of time only. The solution for the thermal twist 8 can be decomposed in two
parts, the quasi-static torsion in which the effect of the inertia is neglected and the

dynamic response. Therefore, for the quasi-static solution we have,

o0,
GJ,, ax;

=00, =¢x (5.35)
where the equivalent torsional stiffness as found in Chapter 2 is,

4
GJ = E A, Ly Ly

- (5.36)
e 413

Note that the quasi-static twist is the difference between the twist of a cross section at
coordinate x and the torsion of the tip at x=0. Also, the following relation exists between

the torque and the static twist:
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G, % =T, > Gl =T, >¢ = Gio (5.37)

From (5.35) and (5.37) we get,

1,

Oy =—"—x 5.38
G (5:38)

The quasi-static response can be expanded in terms of the modes shapes for this structure

using its Fourier coefficients,

T @ T
Oy =—2—x=3 a,0,—=2 (5.39)
GJeq. n=l1 GJeq.
where,
—4L
a, :2—"’;, n=1,3,5,... (5.40)
n°r

It is obvious that equation (5.39) automatically satisfies the boundary conditions in
(5.34). For the initial conditions we have,

%(x,O)zH(x,O)zO (5.41)

Because the solution is decomposed into the dynamic plus the quasi-static terms we get,

den. =0- est, (542)
For the initial condition of the static response we have,
T (0
0st(0): 0( )x=0 (5.43)
Gy
Using (5.42) and (5.43) we get,
9dyn.(o)=9(0)—ag,‘(0)=0 (5.44)
0 0
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For the initial velocity condition we have,

édyrz.(())z9'(0)_9'“.(0):_e'st.(o);'E 0 (545)
0

These initial conditions are later used to find the dynamic response solution for this
system. The total response can be written as a summation of the quasi-static term and the

dynamic term as follow,

0=0,+% 04, (5.46)

n=1
where ®, ’s are the mode shapes and g,,’s are the temporal solutions. Using (5.39) and

(5.46) we can write,

0-30|a o 4q (5.47)
n=l1 GJeq,

Making the substitution for (5.47) in (5.33) we get,

© T © T
GJ O a o+ —-pJ O |a o +¢g, |=0 5.48
eq.nZ::l n [ n GJeq. an P eq.nzz:l n { n GJeq. QnJ ( )

Also from relation for the quasi-static response in (5.35) we get,

® T
> a0 —2—=0 (5.49)
o GJ,,.
Using the relations in (5.48) and (5.49) we get,
, T, .
GJeq‘G)nqn — pJern a,——+4q, =0 (5.50)
Gy,

This relation can be written in the following form: (a separation of variables)
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L= =—c (5.51)
0, GJ oy 4, "
where the mode shapes can be found as,
e, = cos(@J n=12,.. ¢, =2 (5.52)
tot Ltot
From (5.51) and (5.52) we get,
GJy, n’z? T
g,+———q, =—a, —=2 (5.53)
P J eq.Lfot GJ“I-

Finally, using the modes shapes in (5.52) and the solution for the temporal solution in

(5.53), and the initial conditions the dynamic response of the system can be as,

GJeq J
asm c, t |+bcos|c, 44
2
0 GJ J
+Zaj sin| ¢, qt +y L 2 ]
J=1 Jeq. a pJ +¢,G,

(5.54)

o0
Opn =0-0y4= X cos[
n=13,5,..

where,

—1xcA? 2mAix (2mAix Aix
24,B;e 1Ay EgL L0k 4 [_77‘/+(771K+Ld/1 ]cos(Ldﬂ, ) [ an/ Ly2; Jsm(Ldl )J

K
Il=
7( ) N3GJ,, Lin*n?
_ 234y E L3010 qx
L7 |GJ KL, + & (1 +11,)
pJ
b=0
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(5.55)
The relation in (5.54) presents the torsional vibration for this structure. Both the free
vibration and the forced exponential function (thermal torque) are included in this
relation.
5.5 Numerical Results
In this section the numerical results for the thermal torque, and the thermal quasi-static
and vibration twist are presented. The following values are used for the thermal
properties of the members in this analysis,

a; =2 ppm/ Oc

x=1.9841x1078 (m2 /sec.)

K =0.04(W/m/0K)
c=1400(J/Kg/0K)
a, =0.1 (5.56)

where, a, is the coefficient of the thermal expansion, x is the thermal diffusivity, «,is

the thermal absorptivity and c is the thermal capacity for the members. We introduce a

non-dimensional thermal time response parameter similar to Boley’® as,

f=—t (5.57)
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Figures 5-10 to 5-14 show the results for the temperature variation at the ends of the
diagonal members, thermal torque, quasi-static torsion, dynamic torsion and the lateral
vibration respectively. This structure experiences an approximate temperature change of
30 °C in an hour upon passing the shadow line. It should be noted that because the
radiation is ignored in this analysis, the resultant torque, and quasi-static are
overestimated. As it can be seen in the Figures 5-10 and 5-11, both the temperature and
the thermal torque are increasing with time. This, off course, will not be the case in the
real structure, because of the radiation of the truss to the space. Technically the structure
can not get warmer than the surrounding space (sun side). Therefore, this temperature
profile approximates the real structure initially and as time grows the temperature results
for this analysis represent a very conservative case. On the other hand, for the case of the
thermally induced vibrations that are of our main interest, the assumption regarding no
radiation gives more realistic results compared to the quasi-static solution. The reason is
that such oscillations are the results of an enormous heat flux in a very short period of
time (in the order of seconds) during which the radiation can be considered small
compared to the heat input. So this thermal shock provides an initial condition (similar to
an impact) to the system and results in the vibrations which are no longer dependent on
the heat transfer in the system after they start. These non-increasing oscillations in the
system will continue until they eventually damp out as a result of the damping present in
the system. Finally, the lateral vibrations as a result of the torsion are about are 2 cm at
the tip of the truss system. Recommendations for reducing the thermal response of the

system are presented in the following conclusion section.
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Figure 5-10 Non-dimensionalized temperature profile at the ends of a diagonal member
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Figure 5-11 Variation of the thermal torque with respect to the temperature
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Figure 5-12 The quasi-static torsion at the tip
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Figure 5-13 The dynamic twist at the tip
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Figure 5-14 The lateral oscillations as a result of the torsion at the tip

Figures 5-15 to 5-18 show the results of the amplitude of thermal vibrations at the tip of
the truss for different values of thermal conductivity, diffusivity and the thermal capacity.
As is shown in these figures, the thermal response increases with diffusivity and
decreases with the thermal conductivity. Examining equation (5.25), it is clear that the
thermal diffusivity enhances the temperature gradients in the system. As a result, the
thermal torque gets larger which results in larger oscillations in the system. The larger
thermal conductivity values, on the other hand, result in quicker heat transfer through the

members which reduces the temperature changes across the thickness. Therefore, the
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resultant torque is smaller which reduces the thermal vibrations. Finally, since the
longerons act like heat sink for the system, the lager their thermal capacity the slower the
temperature changes in the truss and therefore, the smaller the thermal response.
Therefore, as shown in Figure 5-18, an increase in the thermal capacity diminishes the

structure’s oscillations.
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Figure 5-15 Dynamic twist with respect to the variation of the thermal conductivity
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Figure 5-16 Dynamic twist with respect to the variation of the thermal diffusivity
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Figure 5-18 Dynamic twist with respect to the variation of the thermal capacity

5.6 Concluding Remarks

In this chapter the thermally induced torsional vibrations of a 3-dimensional truss
structure with a repeated pattern are analyzed. A decoupled thermal structural analysis is
used with the equivalent 1-D model for the structure to find the structural response. It is
shown that when the satellite passes through the eclipse line, the instantaneous change in

the solar heat flux induces temperature gradients in the system. The resultant thermal
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torque causes a considerable vibration in the system. The heat radiation from the satellite
to the space is ignored in this analysis which results in a worst case scenario of the
thermal response. Finally, it is shown that the assumption of the so called isothermal
members is not necessary to calculate the thermally induced vibrations in a homogenized
model.

There are many ways to mitigate the thermally induced vibrations in a space
structure. For example, using materials such as Kevlar fibers or other material with
negative axial thermal coefficients of expansion with other materials.” A suitably layered
construction of such materials can produce a lamina with a net zero CTE which is less
sensitive to the thermal disturbances (a design to mitigate the temperature deformations).
One of the other most common ways to mitigate the thermally induced responses in a
spacecraft is the use of control materials such as Multi-Layer Insulation (MLI) thermal
blankets (a design to mitigate the temperature gradients). Typical space MLI blankets
have emittance values between 0.007 and 0.05 (The lower the emittance, the better
thermal isolation). °® In many applications using multiple layers of MLI to achieve a low
effective emittance can be impractical due to the mass limitations for space structures.
Other ways of correcting the pointing accuracy of a spacecraft as a result of thermal
disturbances are using momentum wheels, magnetic coils, thrusters or gyros (a design to
control and reduce the resultant motions). Finally, increasing the torsional rigidity of the
structure, or choosing a symmetric pattern for the diagonal members for the case of this
particular structure are other ways to avoid producing a thermal disturbances (See Figure
5-19).”* For the case of symmetric configuration shown in the figure, the torque will be

minimized and so will the resulting disturbances.
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Figure 5-19 An alternative element configuration (less susceptible to thermal vibrations)

As mentioned earlier the thermal capacity and thermal conductivity help reducing the
thermal oscillations as a result of the instantaneous temperature gradients in space.
Therefore, using a material that is highly conductive or joints with high thermal capacity
for this structure is desirable. Another way to reduce the thermal vibrations is to use
joints such as sliding joints that allow expansions of the members in order to diminish the

thermal reactions and the thermal torque.
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Chapter 6
Conclusion, Recommendations and Future

Work

6.1 Conclusions

This research effort was concerned with developing a continuum model for a deployable
space truss. Since, the connections in deployable structures are not as simple as a hinged
or a rigid joint, a more complex type of joint was assumed in this analysis. In addition, an
experimental effort for the purpose of validation of a continuum model with hinge
connections revealed the need for an alternative modeling. Therefore, a micropolar
continuum modeling technique is developed for the ISAT-like structure in this study. The
results from the micropolar continuum theory are shown to be in much better agreement
with the experiment compared to the methods presented in the previous research
particularly for the higher modes. To develop this model, we assume that the mass
moment of inertia is negligible for the individual components. Therefore, the condition of

the nodal torque balance for the structure should hold. This assumption induces a
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constraint on the strain field for the elements of the structure. This results in a coupling
between the micro-rotations and the independent strain states that are the same as those of
the continuum model. So the effects of the torsional flexibility of the joints and the
micro-rotations of the members are retained while a one-dimensional model is found for
the system.

Additionally, a finite element model was developed in MATLAB to validate the
accuracy of the continuum model. The results are shown to be in good agreement (2%
error for the frequencies) with those of the FEM. As a result of this model reduction the
CPU usage is 180 times less than the FEM. In addition, the reduced order continuum
model provides an analytical solution that allows simplicity and physical insight into the
structural mechanics and the dominant physics of the structure. It also provides a simple
tool for comparing dynamic characteristics of lattices with different properties.

It is shown that the error of the frequency estimations for this model gets larger
for the smaller wavelengths (higher frequencies). This is because the error is related ratio
of the wavelength to the element size. As the frequency of interest increases, the
wavelength decreases, which diminishes the numbers of truss elements in the wavelength
and results in a higher error. Also, one of the limitations of the continuum modeling is
that the fundamental repeating element is a base of the analysis. Therefore, as opposed to
the FEM methods where the mesh size can be refined to obtain better accuracy for the
frequencies of interest, in continuum modeling the fundamental repeating element is
known for a specific geometry and its size can not be dictated by the analyst. This results
in lower accuracy for very high frequencies. So the continuum modeling technique is

most efficient for the structures which contain a large number of repeating elements.
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Therefore, the global dynamics play a more important role on the overall dynamics of the
structure compared to the high frequency local modes.

In the final section of this dissertation, a thermal analysis is used with our
continuum model to find the structural vibrations response. When the satellite passes
through the eclipse line, the instantaneous change in the solar heat flux induces
temperature gradients on the system. The temperature difference rises up to 20 C
between the hot and the cold sides of the satellite. Due to the extreme length of this
structure, the resultant thermal torque from the temperature gradients induces a large
amount of twist on the truss. The results presented here pertain to a more conservative
analysis where the radiation is neglected during the transition time. Finally, it is shown
that the assumption of the isothermal members is not necessary to calculate the thermally
induced vibrations using a homogenized model.

3, 99, 100

The research reported herein has resulted in three journal articles and six

conference papers,!0l: 103 104 105, 106,107
6.2 Future Work and Recommendations

As far as the future work for this model development goes, there are a few ways to
improve the modeling technique presented in this research. In some of the suggested
configurations for the space truss structures, the diagonal members are made of wires in
tension and batten members in compression.” One possible approach would be to include
the effects of the pre-tension and compression of these members and to account for their
stiffness’.

Another improvement for this model would be to include the inherent damping in

the structure. Dependent upon what are the main sources of damping in the system
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(friction in the joints or viscoelasticity of the members), there are different ways to
include them in the homogenized model. For example, for the case of the viscoelastic
materials, the same assumptions for the displacement field can be made to express the
damping of the individual members in terms of the strain values of the full order system.
Similar assumptions regarding the local forces associated with the dependent strain
components and their gradients can be employed. The difference is that the damping also
contributes to these local forces and they need to be considered. As a result, these
relations will introduce a coupling between the dependent strain values and the
independent strain states. Therefore, they can be expressed in terms of the strain states
similar to those of a continuum model. For the coulomb friction type damping existing in
the joints, the model development would be more complicated because of the nonlinear
nature in this type of damping.

Another important aspect of this satellite which opens up some possibilities for a
future research is the experimental validation of the reduced-order model-based
controller. Such technique has been validated numerically, using a LQR controller for
lattice structures.* '°" ' An attempt for the purpose of the experimental validation of a
controller based on this model was also made using Macro Fiber Composites (MFC)
actuators. However, the voltage required for controlling the planar truss in this study was
much higher than the capacity of the MFC. Therefore, using another type of actuator such
as active members for this structure is recommended.

The other issue pertaining to this satellite is the dynamic stability. As mentioned
previously in Chapter 5, the thermal twist for this satellite can be avoided for a different

diagonal configuration. However, the thermal bending in this system will still remain to
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be a problem. In particular, because of an unstable dynamic configuration due to its non-
pointing position, the gravity gradients will play an important role for this structure. As
opposed to the pointing satellites where the gravity forces can help with their
stabilization, such forces can cause instability for this structure. As a result, the
oscillations in the system become larger and larger so that eventually the satellite will be
oriented away from its desired position. Therefore, this will open up another issue to
include the gravity gradient effects on the dynamics of the system. Finally, some other
interesting modeling aspects would be to develop a more complicated model to account
for the changes in the kinetic energy of the members as a result of the flexibility of the
joints. Also, due to the extreme length of this structure the nonlinear dynamics (geometric

effects) for the homogenization approach should also to be investigated.
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Appendix A

Strain energy derivations for the hinge model

Following Ref. 17 the assumptions for a linear displacement field in Eq. (2.1) is made for
this structure. The strain relations of the repeating element can be found very easily using
the spatial derivatives of Eq. (2.1). The strain relations are then expended in their Taylor
series form to account for the variations of the strain values along the x coordinate in the

element as follow,
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(A.1)
where superscript k denotes bar member (k: 1—18) in the element shown in Figure 2-2,

the strain components &, ¢, &. are the extensional and shear strain components
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evaluated at the center of the element, x, , k. are the curvature, . is the twist, uy, vy, wy
are displacement components evaluated at the center of the element and ¢,, ¢,, ¢. are the
rotational and torsional components. Using Eq. (A.l) the strain components can be
evaluated at the center of the bar members. Following Noor,'” the relation used for the
strain energy of a bar member £,
2
u®) _ L g 4000 (g(k)) (A.2)
2

where ¢* is the axial strain which is evaluated at the center of the member.

) = $ 5 g0y (A3)

i=1j-1
where /¥ and [Yare the directional cosine of member (k) in the Cartesian coordinates.
Using (A.1), (A.2), and (A.3) the strain energy of each of the longitudinal, batten and
diagonal members can be found. As an example the strain components of member (13) (a
diagonal member shown in Figure 2-2) are expanded in terms of the strain components at
the center of the element and presented here,
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For the strain energy of all the diagonals we get:
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where c,, c;and c; are the square of 3 directional cosines as follow,
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For the strain energy of the longerons we get:
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From (A.5), (A.7) and (A.8), the strain energy of the truss element can be found in terms

of a total of 21 strain and curvature components and their gradients.

These are all

evaluated at the center of the element. To find the continuum model the strain

components should be found in terms of the displacement components and their

derivative along the x coordinate only. For example an extensional strain component in

the y direction &, is written in terms of the variation of the displacement component v in
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o 0 . : .
the y direction (a—v). Therefore, this strain component needs to be found in terms of other
y

strain components that can be expanded directly in terms of x. The solution for such
strain values is considered reducing the order of the strain energy. To do this, necessary
assumptions must be made, such as the local free deformation assumptions in Ref. 45.
This means that forces associated with the local deformations should vanish and therefore
the derivatives of the strain energy with respect to the following strain gradients should

be zero. Making these assumptions will result in the following 9 equations,
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Similarly in order to get a shear deformation type beam, the extensional stresses along the
y and z directions and the shear stress in yz direction should vanish.'” Note that in a beam
member, there is no extensional stress in the y and z direction in contrast to a block where
all the three extensional stresses along the Cartesian coordinates exits. Also, there are no
shear stresses on the sides of a beam and only shear stresses at the cross section are

considered. These include the ¢,, and &,,,. So the following should hold:

148



0 Utotal

8gy

=0=

2\ &%, 52
AE, DL, +2A4E, (12 +12 j Y 4
(ddbd bb(b L) axz ax

os 852
} 124,E, (L +17 ) £3LL6—;+LL ax

o’ o
A E Ly Ly | 2436, + [ [\E )53 { : )z aa’fx ] +6 (3gy +é&, )J —2L,13 (6 xy
X X

aUtotal 0>
os,
2 o, de
[AdEdLiLdJrzAbEb (+11) j[sLi 3O 2 Ze: ]+12AbEb (Lb+LL) [LL8—+3LL aa
X

X

0% oe
—44,E; L, L, | 24156 + L L\EL%[ - )z +2%]—6(gy+3gz)}—2LbL% (6 axy +\/§KZ} -0
X X

0 Utotal

0¢,,

=0=

2 0% oe
6.4y EyLy (L +17 | [LZL axzyz 2L, +48sz
2 2

0°¢ 2 0°¢
_AdEdLde \/_LbLLa——24LbS L%L\/ngaaiz+3Lb a; +24 axz+4\/_K J =
X X

(A.10)
On the other hand, the compatibility condition requires that the strain components at the

plane the cross section of two adjacent elements (strain components¢,, €, £,,) be the

4
same.® So we get,

Y20, %220, =0 (A1)

The equations (A.9), (A.10) and (A.11) provide us with 15 equations to solve for 15

unknowns of the 21 strain components and their gradients. This results in a total of 6
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independent strain and curvature components. Since we are interested in a 1-D beam type

model, the strain components in a beam such as ¢, Ky Ky Ky Exy

and ¢, are kept as
independent variables and other strain components are expressed in terms of these strain

values. Finally the strain energy of a repeating element can be found in terms of these 6

strain values as follow:

1 2 244, A, E E; LiL, L2 2
U:3ALELLL(SX)2+EALELL%LL ((zcy) +(KZ)2)+ d L7 2L L 2((gxy) +(gxz)2)
A4EgLy Ly + 44 E (L + 17

4, 2
AgALE E Ly Ly L],

)zj(Kx)z)

4(AdEdeL3L + A B (L +1]

(A.12)
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Appendix B

Decoupling the equations of motion
The procedure of decoupling of the equations of motion for the truss is presented here. As
it is shown in the Egs. (2-26) and (2-27), the bending coordinates vy and wy is coupled

with the rotational component ¢, and ¢, respectively in the following form,

2 2
oY +b(t//1ial//2j+ca LA (B.1)
or? ox ox’
az‘//2 82‘//2 oy
Vo | E¥2 1V B.2
" [8}62 ox B2)

where y; is the rotational component and v is the bending coordinate. Taking the partial

derivative versus x from (B.1), we have,

o oy, , & o
a 2% b Py 1/22 +c W; =0 (B.3)
ot~ 0x ox  ox ox
% can be found from (B.2) as follows,
X
2 2
W g 0@V 4y 0V | L (B.4)
Ox or* ox? |b'
Taking additional derivatives from (B.4) results in the following:
3 4 4
OV 3@V 0¥2 | L (B.5)
Oxot ot ox“ot” )b’
3 4 4
o =% a 62‘/’22 AL r2 e (B.6)
Ox Ot~ ox ox" )b’
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Substituting (B.4), (B.5) and (B.6) in (B.3), we can decouple the equations in the

following form,

4 4 2 2 2 4 4
Fla a'a 1/22 +0b' 621//22 i'+b a’a l/;z -i—b'a l/;z i'—a V;Z +c| a' 62!//22 -i—b'a 1/;2 i' =0
ot oxiot” )b ot oxp )b oxg Ot~ Ox; ox; )b

(B.7)
Therefore,
o' o 0 o
n l/:2+a l’/22+7/ l/;2+§ 2!//22 =0 (B.8)
ot Ox ot ox“ot
where the coefficients of this partial differential equation can be found as:
2
n:aa':—pzl ,a:b'c:(EI)
kG €q-

e (B.9)

1 1 1 E
y=a bz(,oA)eq.,f:aana c=—pI(I+T
k-G eq.
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Appendix C

Strain energy for the Pratt Girder truss

A view of the repeating element for the planar truss, the joints and their interconnecting
parts are shown in Figs. 3-1 and 3-2, respectively. As a preliminary analysis, we assume
that the structure consists of pin joints. Therefore, similar to the outlined derivation for
the 3-D structure in Chapter 1, the linear variation for the displacement components
(u,w) along the z axis are assumed. The coordinate v, is not shown here in contrast with
the 3D structure, because the structure is planar and therefore the bending perpendicular

to the plane of the truss is ignored. So we get,

u(x,z) =uq(x) + z¢y(x)

w(x,z) =wo(x)+ze5(x)

(C.1)

where u(x,z) and w(x,z) are the displacement components along the x, z axis shown in Fig.

3-1 and ug(x), wo(x) and ¢, (x) are the displacement and rotation components evaluated at

the center of the element. The strain component &.(x) is the extensional strain in the z

direction evaluated at the center of the element and all of the u(x), wy(x) , and ¢, (x) and

&:(x) depend on x coordinate only. Using Eq. (C.1) the strain components can be found by

taking the derivatives of the displacement field with respect to the coordinates x, y, z,

0

00w Oy,

ox Ox Oox
gF) =g
z 2 (C.2)
[0 L[ a_Wj:l Moy \ag

2 0z ox) 20l ox Y

2e
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where superscript k£ denotes each of the 5 bar members in an element and ¢,, ¢,., & and ;.
are the strain and the curvature components evaluated at the center of the element and can

be written as,

+
Ox ¢y

3

_Ouy _Owy _1(%
xz_2

6¢y
£,=—2 g = , K, C3
Yoo 0z j (©3)

o
Similar to the assumptions made for a 3-D truss element, a Taylor series expansion for
the strain components is found to account for the strain variations along the length of an

element. So we have,

X Ox
ggk) =g, (C4)
NEIRNG (&j
ox

The strain energy of a bar in tension or compression can be written as,
2
k) Z L g 40000 ( g(k)) (C.5)
2

where &®

is the strain value along the bar £ and can be found using the strain values in
(C.4) and their directional cosines with the bar member. From (C.5) the strain energy of

the truss element can be found,

0% 2 ) (
U“”"F%ELALLL (‘9)(62))2+(5§4))2+(821) ;(89) B AL, g’(‘s)+(«9§§))+(8275)
(C.6)

Using (C.4) and (C.6) the strain energy of an element can be written in terms of the strain

components at the center of the element. So we get,
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e

To obtain an equivalent 1-D model the strain energy needs to be expanded in terms of the
displacement components evaluated at the center and their derivative values with respect

to the x axis only. Therefore, the straing, in Eq. (C.6) needs to be written in terms of the

other strain components. Similar to the approach used in Chapter 1, the assumption for a
shear deformation type beam should hold. So we use the following relation to solve

fore,,

aUl‘otal =0 (C8)
o€

z

Using (C.7) and (C.8) we find the following,
1
E A Le, +ZEdAde (e, +&.+2¢6,,)=0 (C.9)

A solution to the (C.9) results in the relation fore.,

A;E Ly (&, +2¢
gZ:_ d—d d( X XZ) (C.IO)
AsE L, +4E ALy

Making the substitution for (C.10) in (C.7) gives us the relation for the strain energy of

the element,

! 2
U= E A L 2Q(3E ALy +8E, A Ly ) &7 +8E A L e,
4(EdAde+4ELALLL)( 1AL Ly Q3B AgLy +8E A Ly )& +8E  AgLys e

+8E, A Lyer. + L] (EyAyLy +4E A L ) k7))
(C.11)

Finally, using the relation (C.3) we can expand the strain energy expression of the

repeating truss element in terms of the displacement components in the following form:
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2
U, = B ALl (QE AL #} +2E Ay L, (%j
4(E ALy +4E A L) Ox

2
o¢
+ L7 (4,E, L, +4ELALLL)£6—:J +44,E,L, %% (C.12)

2
ou ow, Ou
+2(3E,44Ly +8ELALLL)(6—;j +4E,A;Lyy, (a—;+a—;j)

Kinetic energy for the Pratt Girder truss
Similar to the appendix A, it can be proved very easily that the kinetic energy of a bar in

planar motion shown in Fig. C.1 can be written as,
1 2 2
T=—pAL (Vo + V2V 4V +VeVa + VoV ) (C.13)

where p, A, L are density, cross sectional area and length of the bar. Using Egs. (C.13)
and Eq. (2.1) and ignoring the stain terms in the kinetic energy derivations, we get the

following relation for the kinetic energy of a bar member (k) in the element,

2 2 2
0) _ L (k) () (k) [ Ottg , (k) OFy (%} duy (k) 9y
e At ([ a0 ) ) e T

Oug (k) 99y | g () 99y
J{ a0 e o T )

(C.14)

Here z(k)and z(;c)are the z coordinate of each of the two nodes of the bar member (k).

(1 (2)

Also for the kinetic energy of the joints we get,

2 2 2
ou ow, 1 o¢
To=m, || =2 | +| 20| 42| 22 C.15
J J(ar] [&J 4L(8t (©15)
The kinetic energy of the repeating element can be written in terms of the kinetic energy

of the bar members and the joints as follows,
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(1) (3)
T :TT+T(2)+TT+T(4)+T(5)+T] (C.16)

e

where TV ), 7(2)’ 7{3), 7 and T are the kinetic energy of the bar members and 7j is the
kinetic energy of the joints. Note that half of the bar members 1 and 3 belong to the
adjacent truss elements and therefore half of their kinetic energies are included here. The
same assumption was made for the strain energy derivation. Using (C.14) the kinetic

energy for the truss element (with no joints) can be expanded in the following form,

1 ou 2 ow, 2
T =—(34,p Ly +Ayp Ly )| | =2 | +] =2
m 2( LPLEr T A3 Pq d)[( at) ( at]

2
1, o9,

+— L5 (74,0, L, + A4, 0,L,; )| —=
24 L( LPLLL dPd d)( ot

(C.17)

Using (C.15), (C.16) and (C.17), we get the relation for the kinetic energy of the truss

clement as follow,

1 ou 2 ow, 2
T.=—(34,p,L, + A, p,L, )| | =2 | +| =2
e 2( LPLLr dPd d)(atj (&j

2
o0¢
]
+£L% (74yppLy + AgpaLy )[a—tyJ (C.18)

2
2 2 a¢
+lm. 4 % +4 % +L% _y
4/ ot ot ot

Figure C-1 Schematic view of a bar and the nodal velocities
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Appendix D

Micropolar model of the 3D truss
Using the relation (4.1) and the Cartesian coordinates of the longeron members the

extensional components for these members can be found as:

2
L
Arl :(5)( +Lb3\/§KZjLL +[85x + Lb;/galczjzl’

2
L L3 L L3 L
Ar2 =(€x _Tb’(y —b6KZJLL +(55x —7b51( _7b6 K‘Z] L

2
(. Ly L3 Ly, L3 I
AL3—[€X+2K);— 6 Ky |Lp +| O&y + > 0Ky — G Ok, >

2
L
Ajg = (gx + Lb;/g K‘Z]LL +[65x + Lb;/g aKzJL

2
L L ﬁ L L \/5 L
Ars =—[gx _Tb’(y — b6 K'Z]LL +[65x —Tbaxy — b6 81(2] L

L
KZ]LL +(8£x +7b

A= —[ Ly ng/g oK

Ex +7K'y—

B (D.1)

Bending and extension of battens for &, component

In the section the bending and extension of the batten members using the &, components
are found. Figure D-1 shows the deformation of the element cross section as a result of
the ¢, strain component. The deflection components V1 and V2 are the projection of the

deflections along the perpendicular direction of these members (bending components).
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£

Figure D-1 Bending and extension of battens for &,
Using Figure D-1 for members 1 and 2 we get:

ﬂ:?—mz:dz;—mzl:dlz:

z

Lb\/g Lb\/g _3lpes
Y3 &z = (D.2)

2 Py
Also, it is obvious from this figure that the strain value &, does not contribute to the

extension of members 3. The bending deflection components V; and V> can be found as

follow:
= cos(60) = L[if &y
Vy = Lb;/g £, cos(60) = Lfgz (D.3)

Bending and extension of battens for ¢,;and &, component
We use a similar approach to find the bending and extension of the batten members for

the ¢,. component. The cross section distortion for this strain component is shown in

Figure D-2.
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P R
>~ r | -
2 ¥ Vil . 3

Figure D-2 Bending and extension of battens for ¢,

The extension of members / and 2 can be found as:

Ly
_Lb\/§7£yZ:—Lb\/§€
2L 4 F

dh =
dl !

L a=d:Z

A (D.4)

Lp
_Lb\/§ 2 ¢yz _Lb\/gg
= ==y

di
2 B L z

For member 3 we get:

o =2+ (e = 1+ (6
—)dl:Lim[Lb,/l-r(syz)z —Lb] (D.5)

£, 0
2
Sdiy=1p (5y22)

Similar to the previous section, the bending deflections ¥; and ¥, for these members are,
. Lp _Ly
n="r —75y2005(60)—75yz (D.6)

The cross section distortion for the ¢, component is shown in Figure D-3.
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2

Fi :\:\/ \ ]

< Vi
3

Figure D-3 Bending and extension of battens for &),

The extension for / and 2 for this strain can be found as,

Lp
L3 o L3
P L :_bifgyziz_bifgyz
A2 sa=ar 2 Lp 4 (D.7)
dy 1 l
= 3
2 —Tgyz
For member 3 at the bottom we have,
dl3 =0 (D.8)

Finally the bending deflections V; and V are,

"n= Lp3 £y7c08(30) = L—bsyz
6f 4 (D.9)
Lp~3 L
Vy = b3 £z c0s(30) :Tb“:yz

Using the relations for the bending and extensional strain of the batten members as a
result of the ¢, ¢,-, &, and ¢, the total extension and bending deflections of the battens
can be found. For the extension of the batten members marked 1 in the Figure D-1, we

have:

Loty  3Lpe; LpV3
4 4 2

oy (D.10)

and for the second and third members we get,

161



Lpe
bey | 3Lpez  Lp\3 -
4 4 2

(212)
ngy+Lb yzz (Dll)

Calculations for the bending strain energy of a beam member
Using the stiffness method in Timoshenko,’* the shear forces and bending moments as a

result of the deflection components shown in Figure D-4.

Ha T@l o) T

F

Figure D-4 Schematic of a beam member, the deflection components
and nodal reactions

Table D-1 Nodal reactions for the rotational and displacement components

Fi Ml F2 M2
4 lZfI v _61;'] v _12?[ v 6121 v
L L L L
V, _1251 v, 65;'] v, 12?[ v, 3 655'] v,
L L L L
EI 4FE] El 2FT
o g e Mg -2
I? L I? L
EI 2FT EI 4FE]
& S, 2, M, 3,
I? L I? L

The strain energy of the beam member shown in Figure D-4 under nodal shear forces and

bending moments can be obtained as,
1 1 1 1
U=5VIZFI +5V22F2+5912M1+5022M2 (D.12)

Using Eq. (D.12) and Table D-1 we get,
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_EI[6(-V,) 6(V-1,)(6-6,)

U 2
L L L

+2(67 +6; -60,) (D.13)

From the bending components calculated for the batten and the longeron members and
using (D.13) the bending strain energy of these members can be found as in (4.4) and
(4.13).

Reduced order continuum model assumptions

In addition to the assumptions stated in section (4.2), the relations regarding the
compatibility condition, the shear deformation type beam and the local free deformations
as stated in Chapter 2 and following Ref. 45 must be employed. These equations for the
frame element with micro-rotations take the following form:

For free local deformations we should have,

ou, = oUy,  oU, oU,  oU,  0U,

5 oe, 5 Ok, a(@rg) 5 o¢,, 5 o€, 5 Ok,

ox ox ox ox Ox ox
ou oU oU (0-19)

= 4 = ¢ = ¢ :0
5 e, 5 O’¢. 5 e,
ox’ o’ ox’

Therefore we get the following 9 equations,

2 oe
6(AdEdeL3L+(L§+Li) ALELj%dedeLLL% 3% 1398 5 By |=0
ox ox ox

(D.15)
aé‘y ¢, fagxz 2 aKy \/7
AJE L Ly | Ly| — + +23 + L7 —+8J3¢,,
Ky ox;  0x ox ox;
1 (55 +17)
(D.16)
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oe oe
AE gLy | Ly —3 2 43 %82 5% | 2 Ok +83¢,,
axl 15 %) ﬁxl

X X
44,E, g’(u L =0
1 (55 +17)
(D.17)
825 e o2 g, 828yz 2, 08y,
3LbLL 3Lb +4Lb \/7LL ) +68y_652 _SLL 6 3 P =
5x1 8x1 8x1 xl
(D.18)
e, %e
x/_LL —24L,e,. — 12| \3L = 4949 NS
b=L o b® yz L b 2
ox? ox 0x
(D.19)
28 o* £,
2| 12 f 38495 |16 e +831; (&, +¢,)=0
ox? ot 6x1 ! oo
(D.20)
2 3 2 2\ ey 3 2 2\ e,
3 13AdEdLbld+72(Lb+LL) Y —AdEdLde+24(Lb+LL) Ay |
2 2 2 oe 652 2 882
8(6( L+ 17 ) 4Es 3LLa—xy+LL E43e v, |~ Ll 43 - + 2k, +3x,
2 08, AN 0K, NG
AdEdLde(6LbLL 38y_9gz+4 38}/’2 )):0
8x ox
(D.21)
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2
0°e,

8x12

2 3 2, 2\ a2gy 2 3 2 2\
Ly | ~AgEqLyLy +24( Ly + L7 | Ay | =+ L3 134,E4LyLy +72( L3 + 17 || 4,
1

Ox

2 o¢
+8(6(L%, +L%) Ak, [LL 6_xy+3LL %-i-gy +352]+LbL% (4\@ 5?2 +2K, +\/§KZJ
1 1 1

o€, 0
AyE LyLy (6L, L7 8 <L (\/ngL W3, J)) =0

X1

2 o’
i (7AdEdL2Ld+24(L§+Li) AbEb] axzyz

2 oe
+48(Li + L) A, [LL —

AA,E L, L5 (ZL,) (V3e, —3e, +3z,, )+LL£ Pz 1 Br, -2k B 0

ax
(D.23)
For a shear-deformation-type beam theory the following should hold,
ou, _ou, _ou, _ 0 (D.24)
oe, Oe. O&,

which gives us the additional 3 equations in the following form:

1
L_(96Eb (81, (V36 —/36y, +/363, —365, +/307;, —365, +~/38y, —\36,, + 65, —6s.)
b

2

o°e & o€ o€
+L Ay (L, BL, —2+ L, =2 +6—2 42721 4(3s +5_))))
pELALATL 6x12 t 8x12 X ox ( g )

1 628
+————(164,E,3L,O8 0 — 2 +301
(2 +LL) ox} X

2 e T 960,

O, oK, o[ 0ey,
+4Lb(\/_LL( R J+6(35y+gz))8LbLL 66—+J§Kz ) =0

X X X

(D.25)
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1
7 (06, (=81, (V36 =360y, +~/305, =305, +/36, 365, +~/300, =361, + 65,0 —65.) +
b

2
6252

0°¢ o€ Os
LA (L (L, —2+3L +2—2 4+ 6=2)+4(e, +3¢.)))
b4\ =L\ =L ax12 L ax12 axl Y (y z)
1 2 2,2 a2gy 20 0%, 2 2 312 52‘9yz 0K,
t s (164, E, L BLLE —+ 9L [ 2 49613 £, ~4 L3 (V3L] | —22 +2
(L2 +L2) 8x1 ﬁxl ax] a‘xl
p L
o
—6(&, +32, ) +8LyL] (6 a):y +J§KZ])):0
1
(D.26)

1
g(—ﬂfb (41, (O + Orpy — O3 + 20,4, + 205, — Op), + O, + O, — Oy, + 20,05 + 26,1, — O3 — 126, )
b

2 2

0°¢ os 0¢
—Lh Ay (L —25+20, — = +4e,))+ ;Z(AdEdeL?) (—\BL, L —+24L,e,.
p L
2 \/’ 6282 628)’2 08, \/7
+L (V3L —F+3L,———+24 +4+3k,))) =0
Ox{ OxX{ ox
(D.27)
Finally the compatibility equations require that,
os os
05 % (D.28)
ox Ox Ox

These equations and the relations in section 4.2 are used to find the equivalent 1

dimensional reduced order model for the micro-polar structure.
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Appendix E

Strain energy calculations of the planar truss element

The assumptions used for the 3-D truss element are employed here for the fundamental
repeating element of the planar truss. Similar to the previous the assumptions for the
displacement filed at the cross section are made. The strain values are then calculated to
find the extensions and bending of the individual members. Subsequently, the bending
and extensional strain energies are calculated.

The elongation for the longeron members can be found using the following relation:

Lf L, L

212
{(a‘x + 2k )+ W{5) (0ex + 20K, )}dx: [(sx + 2k, )x+(0ey + zalcz)%

L

P 2
(E.1)

So for the 5 members shown in the Figure 4-8, we get the following relations for the

extension of the members:

Al =¢gLp

Ly L Ly Ly Ly
A2:2[€x+2KZJ—[—2(£x+ZKZJJZ({;‘X-'FZK‘Z LL
A3 =¢,Lp (Ez)

L Ly L Ly Ly
A4=ZL[EX—2](2)—(—ZL’[EX—2KZJ]:[EX—2KZ Ly

2 2

L L L L
A5:—L(2$x)+sz—b+2 bEL o,

2Ly Ly Ly

Consequently the strain energy as a result of the tension-compression of these members

EA

_L4,2
can be found using the relation, Uext =5 Al
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(E.3)

2
L
+M 7L[26‘X +
2Lg | 2Ly

2 2
L
LplL Ok, +gz—b+2LbLL Exz
2 Lg

Similarly the bending components of the longeron and batten members must be found to
account for the bending strain energy of these members. For the batten member shown in

Figure E-1 we have:

v, =L2”(5n)+£5x+L2szj(—l;j (E4)
>
&y ! V2
I.
& v,

Figure E-1 Batten member and the bending components

Similarly for the longeron members shown in Figure E-2 we get the following:

=)o) -
-l (o (e -2 E5)
and,
= o)+ ()2
V= (e)+(e) 2 (E6)

Figure E-2 Longeron members and the bending components
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Finally using the relation in (D.13) the bending strain energy of these members can be
found.

Bending and extension of the diagonal member

Presented here is the calculation for the bending and extension of the diagonal member
for this planar truss. These components can be found using the superposition method and
each of the individual strain components &, ¢; and &,.. For the bending deflections of the

diagonal member as a result of the strain component &, and «, we get:

L L L
ni= _7L(5x _7])’(2)7[)

2 27 )1y
iy = e+ 2 22 (E7)
e, %L pfld
.’;urlz
e, %L pfld
W11

Figure E-3 Bending of the diagonal member for &, and «.

Similarly for the bending components as a result of the strain component ¢, we have,

Vap=-—&, = (E.8)
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Waz
e *Lpl2

Wa1

Figure E-4 Bending of the diagonal member for &,

and finally fore the €., and ¢,, we have:

Ly Ly
31=-——ézxT—
2 Z)CLd
Ly Ly
Van =—¢,,,—
32 > zde
and,
Ly Lf
Vap=-Le L
41 > szd
L L
V42=_7Lgxzi
e La/2
./
Wao

e /2

W31

Figure E-5 Bending of the diagonal member for &,
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SpzLife

Waz

Sxz® LLI2

Wa1

Figure E-6 Bending of the diagonal member for &,.

Therefore the total bending components for this member is,

I/'1 :I/11+I/21+I/31+I/41 :_Lzll(gx_lébl(zjl]jb+L2b(€z)]{l‘_l;](€xz)§b+L2L(8xz)iJL
d d d d

Lo Vo Loyl (Lo VB L L

(gz) + (gXZ)Ld 2 (gxz)Ld

L
V,=V,+V,, +Vy, +V, :L(?ﬁ’fzj
2 12 22 32 42 2 2 Ld 2 Ld 2

(E.11)

Extension of the diagonal member

The elongation of the diagonal member can be found in a very similar manner. Figure E-

7 shows the extension of this member as a result of the &,.

Figure E-7 Extension of the diagonal member for &,

Using this figure the following relations can be found very easily.
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11=12=% (E12)

di =X (E.13)

So we get:

(E.14)

il =ig[gx _Lfb,czji (E.15)

Finally for the extension as a result of the extensional strain &, we have:

2
L

dl=d11+d12=L—Lgx (E.16)
d

Also, for the ¢, component the strain in the diagonal member can be written in the form:

dl = Lpe, i—d =&;Lg (E 17)
b

Figure E-8 Extension of the diagonal member for &,

Similarly using Figure E-9 for ¢,. we get:
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and finally for ¢., we have,

Figure E-10 Extension of the diagonal member for ¢,.

2 xdx

B=x?+ y2sap=""
o li
cte
Ly, Lp 1
dll_ 2 SXZ 2 L7d
2
Ly, Lp 1
dlZ— 2 XZ 2 L7d
2

dl = dly + dly = L’ZLL P
d
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