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Abstract 

The aim of this study is to analyze radiation from surface currents lying on 

an interface between a grounded, planar, lossless, isotropic, chiral slab and a 

simple lossless dielectric half-space. An eigenvalue-eigenfunction approach, 

specifically the Ohm-Raleigh method, is employed to obtain a modal expression 

for the full-wave Green's function. By using asymptotic techniques, the far-field 

electric field is found for an elemental point dipole source. The theory is directly 

applicable to radiation from a printed circuit antenna having a chiral substrate. 

Current research efforts show that under certain circumstances, the introduction 

of chiral materials as substrates of microstrip antennas offers novel radiation 

properties over achiral microstrip antennas. A number of representative 

antennas are analyzed with respect to radiation pattern, main beam position, 

and directivity.



Table of Contents 

CHAPTER 1: Introduction 

1.1 Preliminaries 

1.2 Chirality 

CHAPTER 2: Chirostrip Problem 

2.1 Antenna Geometry 

2.2 Boundary Conditions 

2.3 Green's Function Representation 

CHAPTER 3: Chirostrip Solution 

3.1 Solution Methodology 

3.2 Ohm-Raleigh Theory 

3.3 Achiral Vector Wave Functions 

3.4 Chiral Vector Wave Functions 

3.5 Free Space Achiral Dyadic Green's Function 

3.6 Free Space Chiral Dyadic Green's Function 

3.7 Scattered Green's Functions 

CHAPTER 4: Radiation Fields 

4.1 Asymptotic Integration of Green's Functions 

4.2 Far-Field Radiation Fields 

oO
o 

-—
 

a
:
 @O

 

18 

18 

19 

20 

22 

22 

22 

24 

27 

30 

34 

38 

44 

44 

54



CHAPTER 5: Antenna Characteristics 

5.1 Antenna Patterns 

5.2 Radiation Characteristics 

5.3 Concluding Remarks 

APPENDIX A: Derivation of the Chiral Vector Wave Equations 

and the Magnetic Boundary Condition 

APPENDIX B: Establishing the Vector Wave Functions 

APPENDIX C: The Normality and Orthogonality of M and N 

APPENDIX D: Plane Wave Analysis of Isotropic Chiral Media 

APPENDIX E: Solution of Coefficients 

APPENDIX F: Asymptotic Expansion 

APPENDIX G: Mathematica Programs 

REFERENCES 

59 

o9 

61 

63 

120 

123 

126 

130 

133 

139 

146 

{52



Acknowledgments 

| wish to express my sincere gratitude to Professor loannis Besieris for his 

sound advice, outstanding guidance, and genuine friendship offered this year. | 

also wish to thank Professors Werner Kohler, Warren Stutzman, and Nadar 

Engheta for their much appreciated comments, suggestions, and helpful ideas. | 

look forward to many more enjoyable hours of discussion with Professor Engheta 

as | continue my graduate work at the University of Pennsylvania next year. 

Finally, | am especially thankful for my parents' motivation and support 

throughout my college career.



List of Figures 

Figure 1.2.1 : A sketch showing chiral objects (left column) and their 
enantiomorphs (right column). From top to bottom are 
shown a helix, a Mobius strip, an irregular tetrahedron 
and a glove. [Reproduced from Jaggard, 1979. ] 

eee eecaaeeeeeeeeaaeneccedsaueseceeeceasausaseeeseeeseasaauansseeseeseenaes 7 

Figure 1.2.2 : Under the action of forces produced by the induced 
currents, a long helix (shown at left) is gradually shortened 
into more closely spaced loops of increased radius (shown 
at right). [Reproduced from Jaggard, 1979.] 
Lecce eee a a eee cece aaa eeeeeeesaaeeeeeeeeeesaaseeseeeeeseseuaaaaaaassesteeeeaaes 9 

Figure 1.2.3 : |dealized short helix used in calculation. The plane of the 
loop is perpendicular to the axis of the straight portion of 
the wire. 
vee ebececeseaaaeaeeseeeeeeeseaaesssenseseseeeseceeseeceeeeceseeeeeeeauaaanes 13 

Figure 1.2.4 : An electric field incident on a right-handed helix. 
ee ee cena ae eeeeeea ee ceeeecasaseeecseenaaessececeeeeessaaaaeaessseesensages 14 

Figure 2.1.1 : Geometry of planar chiral microstrip structure. 
ieee cece eeeeeecaeeeseeeaaaseeseeseseaaeesescesenessansneseseeseetenaaaeeees 18 

Figure 3.5.1 : Positive and negative propagation solutions. 
sae edeeececenaaesescceseseceassseseceeeeeeeececesseseeeesessseessanaaganaees 32 

Figure 4.1.1 : Spherical coordinate system. [Reproduced from Jordan 
and Balmain, 1968]. 

eeeecccaeseeceeeauseseeeauaseceessecanssseeeccessesseassssseeeceeeeeaqanases 50 

Figure 5.1.1 : Radiation pattern (£7(6,$)) of a dipole chirostrip antenna 
as a function of azimuth () and elevation (6 ). The substrate 

has the properties: «= 2e,, d=0.3A, w= pu, and 

E.=0-> 0.0050" in increments of 0.0005Q" for (a)-{k). 

secceceeeeeeeceeeeenenanetecceseetieneceeeesiaaeeeeteescaeeeesneseeeeeerees 65 

vi



Figure 5.1.2 : Radiation pattern ( £7(0,)) of a dipole chirostrip antenna as 
a function of azimuth ($) and elevation (8). The substrate has 

the properties: «= 10e,, d=0.3A, w=pu, and E,=0> 0.005 0" 

in increments of 0.0005" for (a)-(k). 

becca eau eeeeccuuesauecueceaeceuccueeeaecsseseuesseeteueseestesteuseeeesanss 76 

Figure 5.1.3 : Radiation pattern (7(6,0)) of a dipole chirostrip antenna as 
a function of azimuth (o) and elevation (6). The substrate has 

the properties: « =6e,, d=0.2A, p=, and €,=0- 0.0050" 
in increments of 0.0005Q"' for (a)-(k). 
bec eeeauececueuceueceersetseseueeseeecneseucesceueseuseeceueeuserseteteeeans 87 

Figure 5.1.4 : Radiation pattern (£7(0,)) of a dipole chirostrip antenna 

placed along ¢=0° as a function of azimuth (@ ) for constant 

elevation (6 = 45°). The substrate has the properties « = 2c,, 

d=0.34, p=p, and E . = 0-> 0.0035 Q" in increments of 

0.0005" for (a)-(h). 

eek eee e eae eeeeeeeeeaae ee seeeeesaesseeeeeaseaeesceeeesaasuaueeeseneaaanes 98 

Figure 5.1.5 : Radiation pattern ( F2(0,9)) of a dipole chirostrip antenna 

placed along ¢=0° as a function of azimuth (¢ ) for constant 

elevation (6 = 45°). The substrate has the properties ¢ = 2e,, 

d=0.30, pw=yp, and €, =0- 0.003 0" in increments of 
0.00052" for (a)-(f). 
bee eeeeeccaaeeeeceseeaaeesseeseeaseaeeeeeessauessesssessaessueceseesuagsneees 102 

Figure 5.1.6 : Radiation pattern (//(8,4)) of a dipole chirostrip antenna 

placed along $ = 0° as a function of azimuth (¢) for constant 

elevation (6 = 45°). The substrate has the properties « = 2c, 
d=0.3A, p=n, and &,=0-— 0.003 0" in increments of 
0.0005Q"' for (a)-(f). 

boccceceeeccececeescecsueeecessuesecesaeceseueeeccessneeesecssaeceeeeusaeess 105 

vil



Figure 5.1.7 : Radiation pattern (7(0,6)) of a dipole chirostrip antenna 

placed along $= 0° as a function of elevation (6) for an azimuth 

direction given by b nax’ The substrate has the properties ¢ = 2e,, 

d=0.34, p=, and &.=0-40.0040" in increments of 0.0005Q" 
for (a)-(i). 

sdseeecececacndauaeseeeeeeeeeeenaaaeaaeeeeeeeeeeeeceeeeeeeeeeeeeeeeeegenanas 108 

Figure 5.2.1 : Position of the main beam maximum in azimuth () and 

elevation (¢@ ) for a dipole chirostrip antenna placed along @ = 0° 

as a function of chirality (€.). The substrate has the properties 

€=2¢e,, d2=0.3A and p=u,. 

eben eeeau ee eeececauesseesesessaueeeeeesaaaaseeseseeseuaassaaessenseeeeeaas 113 

Figure 5.2.2 : Position of the main beam maximum in azimuth ($) and 

elevation (6 ) for a dipole chirostrip antenna placed along $ = 0° 

as a function of chirality (€.). The substrate has the properties 

€=10e,, d=0.3A and p=4,. 

Leek eee eek e eee EEE eee e EE AAA SELES EEE EA GAAS EEE EeEEEc EGE Gua A aa EEE EEEEE ES 114 

Figure 5.2.3 : Directivity for a dipole chirostrip antenna as a function of 
chirality (€,). The substrate has the properties e=¢e,e,, d=0.05A 

and p= 4,. 

eee cece eee e nant ed eed ee eee EE AGUA AAG A GAA GEEEEESEEEEEEEEEEEEEEEEEEEESEEEEEES 115 

Figure 5.2.4 : Directivity for a dipole chirostrip antenna as a function of 
Chirality (€,). The substrate has the properties e=e,e,, d=0.1 

and w= ,. 

eee 116 

Figure 5.2.4 : Directivity for a dipole chirostrip antenna as a function of 
chirality (€.). The substrate has the properties e=¢,¢,, d=0.2A 

and p= i,. 

eee cece anes ee ceca eens cece e casa aeeeseeeeaaaaaaseeeeessauaaaaseeeseceeanees 117 

Figure 5.2.6 : Directivity for a dipole chirostrip antenna as a function of 
chirality (€.). The substrate has the properties e=¢,6,, d=0.3A 

and w=uy,. 

beceeuaceceueccaueceueecccusesceseeeuueseeueccesaaeeetsaseecesaaneseeanenes 118 

viii



Figure 5.2.7 : Directivity for a dipole chirostrip antenna as a function of 
chirality (E,). The substrate has the properties e=«,6,, d=0.4A 

and = U,. 

seen aaa eeeeeeeeeeeeeesececeeeeeeaaseeesseeeeeeaseeaseaeeseesseeeeeessagaages 119 

Figure F-1 : The surface a(x, y) near a (simple) saddle point. 

[Reproduced from Bleistein and Handelsman, 1968.] 
se deveseeseeeeeseeeeenees Leceeecacecauuaessseeceecessecesaaaausnseeseeeesaas 143



CHAPTER 1 

Introduction 

1.1 Preliminaries 

Electromagnetic field theory is the branch of science which "studies the 

effect of electric charges at rest and in motion" [Cheng, 1989]. Except in special 

cases, the net effect of electric charges can be completely described by 

Maxwell's classical field equations. The indefinite, local, differential Maxwell's 

equations are given by 

0 
V x E(¥,t) =-— BF, 1) (1.1.1a) 

Vx AlF,t)=J,(F,1)+= D(F.1) (1.1.1b) 

V-D(7,t)=4q,,(¥,0) (1.1.1c) 

V-B(F,¢) =0 (1.1.14d) 

where E(7,1), H(¥,t), D(#,t), B(7,t), J.,(7,0), and q,,(7,t) are, respectively, the 

electric field intensity (V/m), magnetic field intensity (A/m), electric flux density 

(C/m2): magnetic flux density (Wb/m2), electric volume current density (A/m2), and 

electric charge density (C/m3). The electric volume current density /,, (7,7) 

consists of /,(7,¢) and J, (7,1) corresponding to the source (impressed) volume 

current density and the medium volume current density. It is well known that 

Maxwell's four equations are not independent; indeed, (1d) is established by 

taking the divergence of (1a) and assuming that V-&(7,) has vanished at least



once for some instant in the past. Conservation of charge is demonstrated by the 

continuity equation 

V-J(F,t)= ~<4n(F.1) (1.1.2) 

which is established by taking the divergence of (1b) together with the 

substitution (1c). One can also show that (1c) follows directly from (1a) by 

application of the continuity equation. Interdependence among Maxwell's 

equations results in only two independent vector field equations, specifically, the 

two curl equations; therefore only six scalar equations (in three dimensions) can 

be found to solve for fifteen scalar unknowns; such a problem is indeterminate. 

To formulate a well posed (determinate) problem, one is obliged to find three 

vector (nine scalar) auxiliary relations called constitutive relations of the general 

form 

D(¥,t) = [ar [ar' é(F —F',1-1',7,1,E, H:a)-E(?',1') 
R° R} 

+ far’ [ae e(r —F',t-0',7,1,E, H,0)-AlF',0’) ts) 
R? R! 

B(7,1)= far’ ar’ alr —F',t-t',7,t,E,A0)-E(?',0') 
R R! 

- oi (1.1.3b) 
+ far’ | ar’ C(r-F',t-0',7,1,E,H;0)-Al?’,t’) 

R? R! 

Foy (Ft) = [abr fat! alr -7',1-0',7,1,E, Aa) E(r’,r’) 

wR oo (1.1.3c) 
+ far’ | ae’ a7 -7',t-1',7,t,E, H;0)-Al?',t’) 

R3 R! 

where the kernels € and & are the self and cross permitivity tensors, kernels 1 

and ¢ are the self and cross permeability tensors, and kernels G and 7 are the



self and cross conductivity tensors. Embedded within the representations (1.1.3) 

are the fundamental properties of temporal dispersion, spatial dispersion, 

inhomogeneity, nonstationarity, nonlinearity, anisotropicity, random behavior, 

magnetoelectric behavior, and absorption. Typically, a given medium will not 

possess all of these qualities simultaneously; thus, (1.1.3) can be specialized for 

the medium at hand. As a simple example, consider a non-dispersive, 

homogeneous, stationary, linear, isotropic, deterministic, non-magnetoelectric, 

lossless dielectric. Such a medium is labeled as a simple conducting dielectric 

(simple matter) and has constitutive relations given by 

D(F,t) =e E(7,t) (1.1.4a) 

B(F,t)=pA(F,t) (1.1.4b) 

J, (¥,t) =o E(7,t). (1.1.4c) 

A large amount of material can be classified as simple matter (at least in some 

regime), so (1.1.4) is a useful simplification of the general constitutive relations. 

A number of excellent introductory and advanced electromagnetics texts 

consider fundamental properties of simple matter [Cheng, 1989], [Balanis, 1989], 

[Jordan and Balmain, 1968]. Upon substitution of (1.1.4) into Maxwell's 

equations (1.1.1), a set of determinate (well-posed), local, differential equations 

are developed. In some instances, finding solutions to a coupled set of partial 

differential equations may be undesirable; in such cases if one assumes certain 

characteristics about the oscillatory fields, then additional simplifications can be 

made.



Under the assumption of monochromatic (time-harmonic) fields, one can 

use temporal Fourier transform theory to convert time derivative expressions into 

algebraic expressions producing coupled ordinary differential equations in the 

spectral domain. Time dependence can be re-introduced by the conventional 

notation 

(7,1) = R{b(F,o)e™ }. (1.1.5) 

For the sake of convenience, explicit time dependence is shown for space-time 

functions (@(7,t) = &(1)) while spatial dependence is implied, whereas both 

spatial and frequency dependence of phasor functions (O(F ,@)= ®) is implied. 

Additionally, the caret on phasor functions (® = ®) is omitted for simplicity and 

without confusion. With this notation and under monochromatic field conditions, 

the simple matter constitutive relations are 

—_ 

D=cE (1.1.6a) 

B= (1.1.6b) 

i, =o. (1.1.6c) 

Alternative representations of the constitutive relations consider the effect 

of electromagnetic fields at the atomic or molecular level. In such cases an 

electric dipole polarization density P and a magnetic dipole polarization density 

M are defined such that 

D(F,t) =e, E(F,t)+ P(F,t) (1.1.7a) 

B(7,1) =u, [AF 1) + (7,0). (1.1.7b)



Under the influence of an external electric field, electric dipoles at the atomic 

level (within the medium) tend to align with the applied field resulting in a net 

decrease of electric field within the medium. The electric field vector E in 

(1.1.7a) is not the applied field; rather it is the sum of both the applied field and 

the field generated by polarization. An alternative definition of P is that it 

represents the vector difference between the medium electric flux density and 

the electric flux density as would be experienced in vacuo from an electric field 

of equal strength. A similar analogy applies for 17. The polarizations can be 

written in general form as 

P(F,t)=%.-E(F,1) +X, BlF,t) (1.1.8a) 

M(F,t)=Xne E(F,t) +X BF) (1.1.8b) 

where x, and x, are the electric and magnetic self-susceptibility tensors and x,,, 

and x,,, account for magnetoelectric properties and are dubbed cross- 

susceptibility tensors. Each tensor may take on any number of the relationships 

described by (1.1.3) for general matter, however in simple matter 

P(F,t)=,¢,£(7,1) (1.1.9a) 

M(7,t)=%,,1(F,0) (1.1.9b) 

Substituting (1.1.9) into (1.1.7), one can show that (for simple matter) 

e=(l+yx,Je, =€,€ (1.1.10a) 
Qo 

W=(1+%,,JH, = HH (1.1.10b)



For more general media, the exact relationship between the polarization and 

field quantities can only be considered by careful analysis of the medium's 

structure. In the following sections a brief overview of chirality is presented to 

motivate the derivation of the chiral constitutive relations. 

1.2 Chirality 

Definition of Chirality: 

The properties of chiral media have been known for almost two centuries. 

A chiral object is one that cannot be brought into congruence with its mirror 

image through translation or rotation [Bassiri et a/., 1988]. In fact, the word chiral 

is derived from its Greek root yeip meaning hand or handedness [Pelet, 1991]. 

Chiral objects that occur in every-day life include golf clubs, musical instruments, 

and baseball gloves; in a more mathematical sense, wire helices, Mobius strips 

and irregular tetrahedrons also constitute chiral objects (Figure 1.2.1) [Jaggard 

et al., 1979]. In contrast, objects that are not chiral are called achiral; examples 

include any symmetric objects: cubes, spheres, cylinders, pyramids or cones. All 

objects are classified as either chiral or achiral. If an object is chiral, it 

necessarily must be either left-handed or right-handed. The mirror image of a 

chiral object is its enantiomorph. A left-handed object has a right-handed 

enantiomorph; similarly, a right-handed object's enantiomorph is left-handed. For 

example, the enantiomorph of a right circular helix is the left circular helix. 

Chemists have studied natural chiral molecules including sugars, amino acids, 

and DNA chains.



  

        
Figure 1.2.1 : A sketch showing chiral objects (left 
column) and their enantiomorphs (right column). From 
top to bottom are shown a helix, a Mobius strip, an 

irregular tetrahedron and a glove. [Reproduced from Jaggard, 1979. 

An example of a doubly enantiomorphic compound is Nutrasweet. The tastes of 

the four different varieties depend upon the combination of 

levorotatory(L)/dextrorotatory(D)-aspartyl and L/D-phenylalanine methyl ester: L- 

L is sweet, D-D is bitter, while L-D (D-L) is tasteless [Varadan et al., 1987b]. 

Media composed of a uniform distribution of chiral objects are called 

homogeneous isotropic chiral media, while media possessing complete 

macroscopic symmetry are known as achiral media. Examples of chiral media in 

the optical regime are well-documented: quartz crystal, oils such as turpentine 

and laurel, and solutions such as aqueous tartaric acid [Bassiri et a/., 1988].



Microwave chirality has been investigated with dielectric media embedded with 

wire helices (springs, spirals) and, more recently, researchers in polymer 

science have produced polymers displaying chiral properties. Properties of chiral 

media are quite dependent upon the handedness of the embedded objects. 

intuitively, the characteristics of chiral media also depend upon the degree of 

chirality. Consider the example of a wire helix: if a fixed length of wire is made 

into a helix and its diameter is increased and length decreased, the degree of 

chirality also decreases (Figure 1.2.2). 

History of Chirality: 

In the past two centuries, physicists, chemists and mathematicians have 

attributed optical activity to the interaction of electromagnetic waves with 

microscopic chiral objects embedded in various dielectric media [Bassiri ef a/., 

1988]. Early experimentalists such as Arago (1811) and Biot (1838) found that 

certain crystalline solids, as well as a variety of oils and acids, have the property 

of rotating the plane of polarization of linearly polarized light. By definition, 

classes of materials that rotate the plane of polarization clockwise (as seen by 

an observer facing the oncoming wave) are named dextrorotatory (D); 

conversely, levorotatory (L) materials rotate the plane of polarization counter- 

clockwise. Rotation of the plane of polarization by a medium was labeled optical 

activity because it occurred at the molecular level with waves at optical 

frequencies. Biot observed that the optical activity does not occur at the 

interface, but that it is a continuous process throughout the thickness of the 

medium.
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Figure 1.2.2 : Under the action of forces produced by the 
induced currents, a long helix (shown at left) is gradually 
shortened into more closely spaced loops of increased 
radius (shown at right). [Reproduced from Jaggard, 1979.] 

Fresnel (1822) demonstrated that linearly polarized light incident along the 

optical axis of quartz can be resolved into two components: a left handed 

circularly polarized ray and a right handed circularly polarized ray. He further 

indicated that the rotation of the plane of polarization is due to the unequal 

phase velocities of the two wave components. Pasteur (1848) later theorized 

that optical activity was manifested by the chirality of the molecules of the 

medium. Elementary experiments involving optical activity at microwave 

frequencies (hence, microwave activity, or more generally, electromagnetic 

activity) with wire helices were performed by Lindman (1920) and Pickering 

(1945) at the California Institute of Technology.



Recent Advances in Chirality: 

In the last two decades a large amount of research has been done by 

three major groups: Bassiri and Papas at the California Institute of Technology, 

Engheta and Jaggard at the University of Pennsylvania, and Varadan, Varadan, 

and Lakhtakia at Pennsylvania State. A number of fundamental papers on chiral 

media were published, including basic treatises on electromagnetic chirality 

[Jaggard et a/., 1979], discussions on wave propagation through a chiral-achiral 

interface and an infinite chiral slab [Bassiri et a/., 1988], radiation by a dipole 

embedded in a chiral medium [Bassiri ef a/., 1986], interaction of charged 

particles with chiral plates [Engheta and Michelson, 1982], dyadic Green's 

function for radiation in chiral media [Engheta and Bassiri, 1989], [Lakhtakia ef 

al., 1987, 1989], canonical sources and duality in chiral media [Jaggard ef a/., 

1988], electromagnetic waves in inhomogeneous chiral media [Weiglhofer, 

1990] and in anisotropic Faraday chiral media [Engheta et a/., 1992], and 

radiation potentials in chiral media [Varadan et a/., 1987b]. 

As the theory of electromagnetic chirality became more understood, 

applications to waveguide [Pelet and Engheta, 1990], radomes [Jaggard ef ai., 

1991], absorber [Jaggard et a/., 1989] [Varadan et a/., 1987a], phase shifters 

[Saadoun and Engheta, 1992] and microstrip [Pelet and Engheta, 1991, 1992a] 

were postulated. 

Investigation of chirowaveguides by Pelet and Engheta [Pelet and 

Engheta, 1990] determined that pure TE, TM, or TEM modes cannot exist in 

chiral waveguides. The same authors showed that chiral substrates and/or 

superstrates can, under certain conditions, be used to significantly reduce 

10



surface wave power in printed circuit antennas. Interest in chirostrip antennas 

ultimately led to several spectral full-wave theories [Pelet and Engheta, 1992b], 

[Toscano and Vegni, 1991], [Pozar, 1992]. In this thesis the efforts of various 

authors will be combined to present a detailed account of radiation properties 

inherent to chirostrip antennas. To illuminate such properties, the Green's 

function will be evaluated for a basic microstrip antenna geometry. The 

practicality of the Green's function is two-fold: its calculation is simpler than 

calculating the fields from an extended source, and its versatility allows one to 

determine the response from any source by a convolution type integral. 

Chiral Constitutive Relations: 

As stated in Section 1.1, constitutive relations describe the interaction of 

applied electromagnetic fields and a medium of interest; indeed, it is only 

through constitutive relations that Maxwell's classical field equations are 

modified to account for specific medium properties. For a special case of 

magnetoelectric media, chiral media, one expects a coupling of the electric and 

magnetic fields within the medium. To demonstrate such effects, consider the 

simplest chiral medium: a homogeneous collection of randomly oriented single- 

handed helices. A representative element is shown in Figure 1.2.3; this helix is 

right-handed; however the following analysis can be performed for its 

enantiomorph. Let the length and diameter of the helix be denoted by 2/ and 2a, 

respectively. Jaggard studied this problem and derived from first principles the 

electric and magnetic susceptibilities. His results are presented below without 

derivation; however, in the following discussion an attempt will be made to justify 

them: 

11



%, = N(21)’C/4 (1.2.1a) 

Xm =—N(na)’ /AL (1.2.1b) 

Nem = —Kme = FIN (21(na*) I) js (1.2.1¢) 

Here N is the number of non-interacting helices per unit volume, C is the 

capacitance of the helix, and L is the inductance of the helix [Jaggard, 1979]. 

Using these results and 1.1.8, one can write the chiral constitutive 

relations as 

D(7,o)= E(7,o)— j€, B(F,0) (1.2.2a) 

AlF,o) =—jt, E(?,0) +2 B(F,0) (1.2.2b) 
ul 

where e and p are the dielectric permitivity (due to the net effect of the host 

dielectric and the embedded objects) and permeability, respectively, and &, is 

the chiral admittance with units of Q". If €&, is zero, the constitutive relations 

reduce to those for simple achiral media. Two types of chiral material can be 

characterized by the sign of €,: for €, > 0 the material is right-handed 

(dextrorotatory), and for €, < 0 the material is left-handed (levorotatorary). 

Constitutive relations of this form are often used by Bassiri, Engheta, Jaggard, 

and Vegni. 

12



m—- 2a 

RIGHT-HANDED 

Figure 1.2.3 : Idealized short helix used in calculations. 
The plane of the loop is perpendicular to the axis of the 
straight portion of the wire. [Reproduced from Jaggard, 1979] 

An alternative form of the constitutive relations is used by other authors, 

including Varadan, Lakhtakia, and Weiglhofer. This alternative form is 

D(r,o) = [E(7,0)+BV x E(7,o)| (1.2.3a) 

bo
 

(7,0) =» [A(7,0)+BV x Al7,o)] (1.2.3b) 

where 8 is the chirality parameter measured in m-1 [Lakhtakia et a/., 1989]. Of 

course, a Chirality parameter of zero forces the constitutive relations to be those 

of a simple achiral dielectric medium. Both formulations (1.2.2) and (1.2.3) are 

shown to be equivalent under monochromatic conditions [Weiglhofer 1991] by 

the substitutions 

13



Eq) > Eq) (1.2.4a) 

Ly 2— 2 (1.2.4b) 

E, > 0&8 (1.2.4c) 

The number in parenthesis refers to the first (1.2.2) or second (1.2.3) group of 

constitutive relations. In the context of this thesis, the first set of constitutive 

relations (1.2.2) will be used exclusively; however, it should be noted that results 

in this thesis can be reformulated in terms of the second set of constitutive 

relations using the conditions in (1.2.4). 

To understand the nature of the electric and magnetic field coupling 

mechanism in chiral media, consider an electric field incident on a helix as 

shown in Figure 1.2.4. 

tl
 

am
! 

  

Figure 1.2.4 : An electric field incident on a right-handed helix. 
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The impressed field forces positive and negative charges to accumulate on both 

stems of the helix. Except in the trivial static case, the field is oscillatory, causing 

current to flow continuously through the stem and loop. The current in the loop 

generates an induced magnetic dipole moment directed normally to the loop 

along its axis. If the stem of the helix is aligned with the incident electric field, the 

electrically induced magnetization vector points in the direction of the electric 

field vector; however, when the helix is tilted away from this axis, only a 

component of the magnetization parallels the applied electric field. Ina 

collection of randomly oriented helices, the magnetization components along the 

normal to & tend to cancel and only the parallel component contributes to the 

bulk magnetization. It is also noted that the induced magnetic field lags the 

impressed electric field by ninety degrees (by the continuity equation) since the 

movement of electric charge (current) is required to give rise to the magnetic 

field. In a similar fashion, the impressed dynamic magnetic field induces a 

current on the loop portion of the helix giving rise to a polarization along the 

helix stem. Causality indicates that magnetically induced electrical polarization 

lags the magnetic field; in fact, the lag is again ninety degrees by virtue of 

Faraday's law of induction. 

Chiral Vector Wave Equations: 

The electric and magnetic fields in chiral regions satisfy the time- 

harmonic local Maxwell's equations 

Vx E=-joB | (1.2.5a) 

Vx H=F+ joD (1.2.5b) 
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with the constitutive parameters (1.2.2). Here, J denotes /,,. Using Maxwell's 

equations (1.2.5) and constitutive relations (1.2.2), one finds the chiral vector 

wave equations for the electric and magnetic monochromatic fields: 

VxVxE-2opt,V x E-@7*psek = —jopJ (1.2.6a) 

VxV x H-2opé Vx H-o pe = Vx J -ope,J (1.2.6b) 

A detailed derivation of these equations is provided in Appendix A. The vector 

wave equations hold equally well in chiral and achiral regions, however achiral 

regions are characterized by a chirality parameter €, = 0. Under the achiral 

constraint, (1.2.6) reduce to the familiar vector wave equations 

VxVxE£-o7pek = —jops (1.2.7a) 

VxVxH-o*pweH =VxJ (1.2.7b) 

characterizing a simple dielectric. 

Propagation Modes in Unbounded Chiral Media: 

An unbounded achiral simple lossless dielectric is characterized by a 

single propagation mode (wave number), usually given as & = o,/ue. Chiral 

media, on the other hand, exhibit mode bifurcation (two propagation modes 

exist). The derivation of propagation modes by plane wave analysis is presented 

in Appendix D. The final results are 

k, =+0€ + (oE nu) +078. (1.2.8) 
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�O�n�e� �i�m�m�e�d�i�a�t�e�l�y� �n�o�t�i�c�e�s� �a� �m�o�d�e� �b�i�f�u�r�c�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �f�i�r�s�t� 

�t�e�r�m�.� �T�h�e� �w�a�v�e�n�u�m�b�e�r� �o�f� �a� �m�e�d�i�u�m� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �i�t�s� �p�h�a�s�e� �s�p�e�e�d�;� �a�s� �a� 

�c�o�n�s�e�q�u�e�n�c�e� �t�h�e�r�e� �w�i�l�l� �b�e� �t�w�o� �p�h�a�s�e� �s�p�e�e�d�s� �f�o�r� �c�h�i�r�a�l� �m�e�d�i�a�.� �O�n�e� �m�o�d�e� 

�c�h�a�r�a�c�t�e�r�i�z�e�s� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �a� �r�i�g�h�t�-�c�i�r�c�u�l�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �(�R�C�P�)� �w�a�v�e�,� �a�n�d� �t�h�e� 

�o�t�h�e�r� �c�h�a�r�a�c�t�e�r�i�z�e�s� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �a� �l�e�f�t�-�c�i�r�c�u�l�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �(�L�C�P�)� �w�a�v�e�.� 

�D�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �s�i�g�n� �o�f�  ¬�.�,� �e�i�t�h�e�r� �t�h�e� �R�C�P� �o�r� �t�h�e� �L�C�P� �w�a�v�e� �h�a�s� �a� �f�a�s�t�e�r� 

�p�h�a�s�e� �s�p�e�e�d�.� �A�l�t�h�o�u�g�h� �p�l�a�n�e� �w�a�v�e� �a�n�a�l�y�s�i�s� �o�f� �a� �m�e�d�i�u�m� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�h�e� 

�f�o�r�m�a�l� �m�e�t�h�o�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�z�i�n�g� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �m�o�d�e�s�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� �t�h�e� �p�o�l�e�s� 

�o�f� �t�h�e� �i�n�t�e�g�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �a�n� �e�l�e�m�e�n�t�a�l� �p�o�i�n�t� 

�s�o�u�r�c�e� �e�m�b�e�d�d�e�d� �i�n� �t�h�e� �m�e�d�i�u�m� �a�l�s�o� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �a�l�l�o�w�a�b�l�e� �p�r�o�p�a�g�a�t�i�o�n� 

�m�o�d�e�s�.� 

�T�w�o� �i�n�t�e�r�e�s�t�i�n�g� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �w�a�v�e�n�u�m�b�e�r�s� �g�i�v�e�n� �i�n� �(�1�.�2�.�8�)� �a�r�e� �t�h�a�t� �t�h�e� 

�a�r�i�t�h�m�e�t�i�c� �m�e�a�n� �o�f� �t�h�e� �R�C�P� �a�n�d� �L�C�P� �w�a�v�e�n�u�m�b�e�r�s� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�i�g�n� �o�f� 

�c�h�i�r�a�l�i�t�y� �p�a�r�a�m�e�t�e�r�  ¬�.�,� �a�n�d� �t�h�a�t� �t�h�e� �g�e�o�m�e�t�r�i�c� �m�e�a�n� �o�f� �t�h�e� �w�a�v�e� �n�u�m�b�e�r�s� 

�r�e�d�u�c�e�s� �t�o� �t�h�e� �a�c�h�i�r�a�l� �d�i�e�l�e�c�t�r�i�c� �w�a�v�e�n�u�m�b�e�r� �[�J�a�g�g�a�r�d�,� �1�9�8�9�]�.� �T�h�e� �l�a�t�t�e�r� �e�f�f�e�c�t� 

�s�e�e�m�s� �t�o� �c�o�n�v�e�y� �t�h�a�t� �t�h�e� �c�h�i�r�a�l�i�t�y� �o�f� �a� �m�e�d�i�u�m� �f�a�v�o�r�s� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �o�n�e� 

�m�o�d�e� �(�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� �s�i�m�p�l�e� �a�c�h�i�r�a�l� �d�i�e�l�e�c�t�r�i�c�)� �w�h�i�l�e� �r�e�t�a�r�d�i�n�g� �t�h�e� �o�t�h�e�r� �m�o�d�e�.� 

� � 

�1�i�f� �o�n�e� �c�o�s�i�d�e�r�s� �a� �s�p�h�e�r�i�c�a�l� �w�a�v�e� �w�i�t�h� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �(�7�,�1�)� �=� �f�(�r�)� �c�o�s�(�a�t� �-� �k�r� �+� �c�o�n�s�t�)� �a�n�d� 

�t�a�k�e�s� �a� �f�i�r�s�t� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e�,� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �i�s� �g�i�v�e�n� �b�y� �v� �p�=� �o�f� �I�n� �a�i�r�,� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �o�f� �a� 

�s�p�h�e�r�i�c�a�l� �w�a�v�e� �i�s� �t�h�e� �s�p�e�e�d� �o�f� �l�i�g�h�t� �(�c� �=� �3�-�1�0�°� �m�/�s�)�.� 
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�C�h�a�p�t�e�r� �2� 

�C�h�i�r�o�s�t�r�i�p� �P�r�o�b�l�e�m� 

�2�.�1� �A�n�t�e�n�n�a� �G�e�o�m�e�t�r�y� 

�C�o�n�s�i�d�e�r� �a�n� �i�n�f�i�n�i�t�e� �p�l�a�n�a�r� �i�n�t�e�r�f�a�c�e� �b�e�t�w�e�e�n� �a� �g�r�o�u�n�d�e�d� �c�h�i�r�a�l� �s�l�a�b� �a�n�d� 

�a� �s�e�m�i�-�i�n�f�i�n�i�t�e� �a�c�h�i�r�a�l� �h�a�l�f�-�s�p�a�c�e�.� �D�e�s�i�g�n�a�t�e� �r�e�g�i�o�n� �1� �a�s� �t�h�e� �h�a�l�f�-�s�p�a�c�e� �(�z� �>� �d�)� 

�a�n�d� �r�e�g�i�o�n� �2� �a�s� �t�h�e� �c�h�i�r�a�l� �s�l�a�b� �(�0� �<� �z� �<� �d�)� �b�o�u�n�d�e�d� �a�t� �z� �=� �0� �b�y� �a� �s�h�e�e�t� �p�e�r�f�e�c�t� 

�c�o�n�d�u�c�t�o�r� �(�o�c� �>� �«�)�.� �T�h�e� �b�a�s�i�c� �a�n�t�e�n�n�a� �g�e�o�m�e�t�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�.�1�.� 

�Z� 

�r�e�g�i�o�n� �1� 

� � 

�y� � � � 
� � � 

� � 

�r�e�g�i�o�n� �2� 
� � 

�p�e�r�f�e�c�t� �c�o�n�d�u�c�t�o�r� 

�F�i�g�u�r�e� �2�.�1�.�1� �:� �G�e�o�m�e�t�r�y� �o�f� �p�l�a�n�a�r� �c�h�i�r�a�l� �m�i�c�r�o�s�t�r�i�p� �s�t�r�u�c�t�u�r�e�.� 

�T�h�e� �s�u�b�s�t�r�a�t�e� �(�r�e�g�i�o�n� �2�)� �h�a�s� �p�e�r�m�i�t�i�v�i�t�y� �¢�,� �p�e�r�m�e�a�b�i�l�i�t�y� �1�,� �c�h�i�r�a�l�i�t�y�  ¬�,�,� �a�n�d� 

�t�h�i�c�k�n�e�s�s� �d�.� �T�h�e� �a�c�h�i�r�a�l� �h�a�l�f�-�s�p�a�c�e� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �p�a�r�a�m�e�t�e�r�s� �¢�e�,� �a�n�d� �L�L�,� 

�(�a�i�r�)�.� �A� �p�a�t�c�h� �w�i�t�h� �p�l�a�n�a�r� �s�u�r�f�a�c�e� �c�u�r�r�e�n�t� �e�x�c�i�t�a�t�i�o�n� 

�I�(�x ��,� �y�'�,�2�'�)� �=� �T�(�x�!� �y�'�)�8�(�2�"�  ��d�)�a�,� �+� �I�(�x�'�,� �y�)�8�(�2�'�-�d�)�a� �(�2�.�1�.�1�)� 
�¥� 
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�i�s� �l�o�c�a�t�e�d� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �(�z� �=� �d�)�.� �T�h�e� �g�o�a�l� �i�s� �t�o� �f�i�n�d� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�n� �b�o�t�h� 

�r�e�g�i�o�n�s� �f�o�r� �a�r�b�i�t�r�a�r�y� �e�x�c�i�t�a�t�i�o�n�.� �U�l�t�i�m�a�t�e�l�y�,� �t�h�e� �s�u�r�f�a�c�e� �c�u�r�r�e�n�t� �i�s� �r�e�p�l�a�c�e�d� �b�y� 

�e�l�e�m�e�n�t�a�l� �p�o�i�n�t� �c�h�a�r�g�e�s� �o�f� �u�n�i�t� �s�t�r�e�n�g�t�h� �a�n�d� �t�h�e� �e�l�e�c�t�r�i�c� �a�n�d� �m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �a�r�e� 

�f�o�u�n�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �a� �d�y�a�d�i�c� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �o�v�e�r� �t�h�e� �p�h�y�s�i�c�a�l� �e�x�t�e�n�t� �o�f� �t�h�e� 

�s�o�u�r�c�e�.� 

�2�.�2� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �r�a�d�i�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� �e�s�t�a�b�l�i�s�h�e�d� �f�o�r� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �F�i�g�u�r�e� �2�.�1�.�1�.� �A�t� �(�z� �=� �0�)� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �m�u�s�t� �v�a�n�i�s�h� �d�u�e� 

�t�o� �t�h�e� �g�r�o�u�n�d�p�l�a�n�e�,� �a�n�d� �a�t� �(�z� �=� �d�)� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �f�i�e�l�d� �c�o�m�p�o�n�e�n�t�s� �m�u�s�t� �b�e� 

�c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y� 

�G�4�.� �x�E�'�=�4�,�x�E�?� �a�t� �z�=�d� �(�2�.�2�.�1�a�)� 

�1�6� �x�V�x� �E�F� �=�-�0�8�.�4� �x�B� �+�4�4� �x�v� �x�P� �a�t� �z�=�d� �(�2�.�2�.�1�b�)� 
�H�o� �H� 

�G�.�x�E�?� �=�0� �a�t� �z�=�0� �(�2�.�2�.�1�¢�c�)� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �d�e�s�i�g�n�a�t�e�s� �t�h�e� �r�e�g�i�o�n�.� �Q�u�a�l�i�t�a�t�i�v�e�l�y�,� �(�2�.�2�.�1�a�)� �r�e�q�u�i�r�e�s� 

�c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�;� �(�2�.�2�.�1�b�)� �i�s� �a� �d�i�r�e�c�t� 

�c�o�n�s�e�q�u�e�n�c�e� �o�f� �(�1�.�2�.�2�b�)� �a�n�d� �(�1�.�2�.�5�a�)� �a�n�d� �r�e�q�u�i�r�e�s� �c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �t�a�n�g�e�n�t�i�a�l� 

�m�a�g�n�e�t�i�c� �f�i�e�l�d� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�;� �(�2�.�2�.�1�c�)� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �c�o�m�p�o�n�e�n�t� �o�f� 

�t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �v�a�n�i�s�h� �o�n� �t�h�e� �g�r�o�u�n�d�p�l�a�n�e�.� �T�h�e� �s�e�c�o�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� 

�i�n�t�e�r�e�s�t�i�n�g� �i�n� �t�h�a�t� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �f�i�e�l�d� �i�s� �i�m�p�o�s�e�d� �b�y� �s�p�e�c�i�f�y�i�n�g� �a�n� 
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�e�q�u�i�v�a�l�e�n�t� �c�o�n�d�i�t�i�o�n� �f�o�r� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�.� �A� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�i�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� 

�i�s� �p�r�o�v�i�d�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�F�o�r� �l�a�r�g�e� �z� �(�z� �-� �«�)� �r�a�d�i�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� �m�e�t� �b�y� �b�o�t�h� �e�l�e�c�t�r�i�c� �a�n�d� 

�m�a�g�n�e�t�i�c� �f�i�e�l�d� �q�u�a�n�t�i�t�i�e�s�.� �E�s�s�e�n�t�i�a�l�l�y� �t�h�e� �r�a�d�i�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �r�e�q�u�i�r�e�s� �o�u�t�w�a�r�d�-� 

�p�r�o�p�a�g�a�t�i�n�g� �p�l�a�n�e� �w�a�v�e� �t�y�p�e� �b�e�h�a�v�i�o�r� �(�i�n� �s�p�h�e�r�i�c�a�l� �d�i�s�t�a�n�c�e� �r�)� �i�n� �t�h�e� �f�a�r�-�f�i�e�l�d� 

�[�C�o�l�l�i�n�,� �1�9�9�1�]�.� �T�h�u�s� �i�t� �i�s� �r�e�q�u�i�r�e�d� �t�h�a�t� 

�l�i�m� �r�(�V� �x� �E�+� �j�k�,�4�,� �x� �E�)� �=�0�.� �(�2�.�2�.�2�)� 

�T�h�e� �f�a�r� �z�o�n�e� �r�a�d�i�a�t�i�o�n� �f�i�e�l�d�s� �o�f� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �i�s� �t�h�e� �s�u�b�j�e�c�t� �o�f� �C�h�a�p�t�e�r�s� 

�4� �a�n�d� �5�.� 

�2�.�3� �G�r�e�e�n�'�s� �F�u�n�c�t�i�o�n� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�F�o�l�l�o�w�i�n�g� �a� �s�t�a�n�d�a�r�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �2� �l�i�n�e�a�r�i�t�y� �p�e�r�m�i�t�s� �t�h�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�E�(�F�)� �=�-�j�o�p�|� �\�J�@� �(�7�,�7�)�.� �T�(�r�"�)� �a�v �� �(�2�.�3�.�1�)� 

�w�h�e�r�e� �G� �(�7�,�7 ��)� �i�s� �t�h�e� �d�y�a�d�i�c� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �m�e�d�i�u�m�.� �T�o� 

�s�i�m�p�l�i�f�y� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �G� �(�7�,�7 ��)�,� �c�o�n�s�i�d�e�r� �i�n�d�e�p�e�n�d�e�n�t� �G�r�e�e�n�'�s� 

�f�u�n�c�t�i�o�n�s� �f�o�r� �e�a�c�h� �r�e�g�i�o�n�:� �G�'� �(�7�,�7�)� �f�o�r� �r�e�g�i�o�n� �1� �a�n�d� �G ��(�,�F�'�)� �f�o�r� �r�e�g�i�o�n� �2�.� 

� � 

�2�T�h�e� �s�t�a�n�d�a�r�d� �p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �a�n�d� �i�t�s� 
�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �w�r�i�t�i�n�g� �t�w�o� �s�e�t�s� �o�f� �w�a�v�e� �e�q�u�a�t�i�o�n�s�:� �o�n�e� �f�o�r� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �w�i�t�h� �a� 
�g�e�n�e�r�a�l� �s�o�u�r�c�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �a�n�o�t�h�e�r� �f�o�r� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �w�i�t�h� �a� �u�n�i�t� �d�y�a�d�i�c� �p�o�i�n�t� 
�s�o�u�r�c�e�.�T�h�e� �f�i�r�s�t� �e�q�u�a�t�i�o�n� �i�s� �t�h�e�n� �m�e�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �s�e�c�o�n�d� �o�n�e� �b�y� �t�h�e� 
�e�l�e�c�t�r�i�c� �f�i�e�l�d�.� �T�h�e�s�e� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �s�u�b�t�r�a�c�t�e�d� �a�n�d� �i�n�t�e�g�r�a�t�e�d� �o�v�e�r� �t�h�e� �d�o�m�a�i�n�.� �T�h�e� 
�r�e�s�u�l�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �e�s�t�a�b�l�i�s�h�e�s� �t�h�e� �d�e�s�i�r�e�d� 
�r�e�l�a�t�i�o�n�s�h�i�p�.� 

�2�0



�F�u�r�t�h�e�r�m�o�r�e�,� �G�'�(�7�,�7 ��)� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �a� �f�r�e�e� �s�p�a�c�e� 

�(�u�n�b�o�u�n�d�e�d�)� �d�y�a�d�i�c� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �G�!� �(�7�,�7 ��)� �a�n�d� �a� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� 

�G�'�(�7�,�7�'�)� �[�T�a�i�,� �1�9�7�1�]�.� �I�n� �c�e�r�t�a�i�n� �s�i�t�u�a�t�i�o�n�s� �t�o� �b�e� �e�s�t�a�b�l�i�s�h�e�d� �l�a�t�e�r�,� �i�t� �m�a�y� �b�e� �m�o�r�e� 

�b�e�n�e�f�i�c�i�a�l� �t�o� �e�x�p�r�e�s�s� �G�?� �(�7�,�7 ��)� �a�s� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �b�o�u�n�d�e�d� �a�n�d� �u�n�b�o�u�n�d�e�d� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �r�a�t�h�e�r� �t�h�a�n� �G�'� �(�7�,�7�)�.� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �t�h�e� �d�y�a�d�i�c� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �(�2�.�3�.�1�)� �i�n�t�o� �t�h�e� 

�a�c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� �e�q�u�a�t�i�o�n� �(�1�.�2�.�7�a�)� �f�o�r� �r�e�g�i�o�n� �1� �p�r�o�v�i�d�e�s� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� 

�a�c�h�i�r�a�l� �f�r�e�e� �s�p�a�c�e� �d�y�a�d�i�c� �w�a�v�e� �e�q�u�a�t�i�o�n� �g�i�v�e�n� �b�y� 

�V�x�V�x�G�i�(�7�7�'�)�-�k�,� �G�i�l� �7 ��)� �=� �1�8�(�F�  ��7�'�)� �(�2�.�3�.�2�)� 

�k�,� �b�e�i�n�g� �t�h�e� �f�r�e�e� �s�p�a�c�e� �w�a�v�e�n�u�m�b�e�r�.� �N�o�t�e� �t�h�a�t� �t�h�e� �a�d�j�e�c�t�i�v�e�  ��f�r�e�e� �s�p�a�c�e �� �d�o�e�s� 

�n�o�t� �i�m�p�l�y� �a� �v�a�c�u�u�m�,� �r�a�t�h�e�r� �i�t� �d�e�n�o�t�e�s� �a�n� �u�n�b�o�u�n�d�e�d� �m�e�d�i�u�m�.� �I�n� �a�i�r�,� �o�n�e� �f�i�n�d�s� 

�t�h�a�t� �k�,� �=� �O�M�E�,� �.� �S�i�m�i�l�a�r�l�y�,� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�2�.�3�.�1�)� �i�n�t�o� �t�h�e� �c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� 

�e�q�u�a�t�i�o�n� �(�1�.�2�.�6�a�)� �p�r�o�d�u�c�e�s� �t�h�e� �c�h�i�r�a�l� �e�q�u�i�v�a�l�e�n�t�:� 

�V�x� �V�x� �G�?�(�7�,�F ��) ��2�o�p�é�,�V� �x� �G�?�(�7�,�7�'�) ��o�p�e�G�?� �(�7�,�7�)� �=� �1�(�F� �-�7�'�)� �(�2�.�3�.�3�)� 

�I�f� �t�h�e� �c�h�i�r�a�l�i�t�y� �p�a�r�a�m�e�t�e�r� �i�s� �z�e�r�o�,� �(�2�.�3�.�3�)� �r�e�d�u�c�e�s� �t�o� �i�t�s� �a�c�h�i�r�a�l� �c�o�u�n�t�e�r�p�a�r�t� �(�2�.�3�.�2�)�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d�,� �a�l�s�o�,� �t�h�a�t� �t�h�e� �p�r�i�m�a�r�y� �c�o�m�p�l�i�c�a�t�i�o�n� �o�f� �(�2�.�3�.�3�)� �o�v�e�r� �(�2�.�3�.�2�)� �i�s� 

�t�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�h�e� �s�i�n�g�l�e� �c�u�r�l� �t�e�r�m�;� �t�h�i�s� �t�e�r�m� �a�r�i�s�e�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�s�e�p�a�r�a�b�i�l�i�t�y� 

�o�f� �t�h�e� �e�l�e�c�t�r�i�c� �a�n�d� �m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �i�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �(�1�.�2�.�2�)�.� 

�2�1



�C�h�a�p�t�e�r� �3� 

�C�h�i�r�o�s�t�r�i�p� �S�o�l�u�t�i�o�n� 

�3�.�1� �S�o�l�u�t�i�o�n� �M�e�t�h�o�d�o�l�o�g�y� 

�I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �a� �s�o�u�r�c�e� �p�r�o�b�l�e�m� �b�y� �s�p�e�c�t�r�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� �m�o�d�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�s� �r�e�q�u�i�r�e�d�.� �O�f�t�e�n�,� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�s� 

�e�x�p�a�n�d�e�d� �i�n� �t�e�r�m�s� �o�f� �b�a�s�i�c� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �b�y� �a� �p�r�o�c�e�d�u�r�e� �k�n�o�w�n� �a�s� �t�h�e� �O�h�m�-� 

�R�a�l�e�i�g�h� �m�e�t�h�o�d�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �p�r�o�b�l�e�m�,� �o�n�e� �s�p�l�i�t�s� �t�h�e� �g�e�n�e�r�a�l� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� 

�i�n�t�o� �s�e�p�a�r�a�t�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �f�o�r� �e�a�c�h� �s�o�l�u�t�i�o�n� �r�e�g�i�o�n�.� �A�l�s�o�,� �t�h�e� �G�r�e�e�n�'�s� 

�f�u�n�c�t�i�o�n� �i�n� �t�h�e� �r�e�g�i�o�n� �e�n�c�o�m�p�a�s�s�i�n�g� �t�h�e� �s�o�u�r�c�e� �i�s� �f�u�r�t�h�e�r� �d�i�v�i�d�e�d� �i�n�t�o� �a� �f�r�e�e� 

�s�p�a�c�e� �(�u�n�b�o�u�n�d�e�d�)� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �a�n�d� �a� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�.� �T�h�e� 

�u�l�t�i�m�a�t�e� �g�o�a�l� �i�s� �t�o� �m�e�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �e�a�c�h� 

�r�e�g�i�o�n� �b�y� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�r�r�e�c�t� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �b�a�s�i�c� �e�i�g�e�n�f�u�n�c�t�i�o�n�s�.� �O�n�c�e� �t�h�e� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �a�n�y� �a�r�b�i�t�r�a�r�y� �s�o�u�r�c�e� �c�a�n� �b�e� 

�f�o�u�n�d� �b�y� �a� �c�o�n�v�o�l�u�t�i�o�n�-�t�y�p�e� �i�n�t�e�g�r�a�l�.� 

�3�.�2� �O�h�m�-�R�a�l�e�i�g�h� �T�h�e�o�r�y� 

�I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �i�f� �a� �b�a�s�i�s� �s�e�t� �s�a�t�i�s�f�i�e�s� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �n�o�t�i�o�n�s� �o�f� 

�o�t�h�o�n�o�r�m�a�l�i�t�y� �a�n�d� �c�o�m�p�l�e�t�e�n�e�s�s� �t�h�e�n� �a�n�y� �c�o�n�t�i�n�u�o�u�s�,� �b�o�u�n�d�e�d� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �i�n�f�i�n�i�t�e� �e�x�p�a�n�s�i�o�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �g�i�v�e�n� �b�a�s�i�s�.� �F�o�r� �t�h�e� �v�e�c�t�o�r� 

�w�a�v�e� �e�q�u�a�t�i�o�n�,� �t�h�e� �O�h�m�-�R�a�l�e�i�g�h� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �a� �b�a�s�i�s� �s�e�t� �c�o�m�p�r�i�s�e�d� �o�f� �t�h�e� 

�2�2



�e�i�g�e�n�f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �c�u�r�l� �c�u�r�l� �o�p�e�r�a�t�o�r�.� �T�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �t�h�e� �n�a�m�e� 

�v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �a�n�d� �h�a�v�e� �b�e�e�n� �s�t�u�d�i�e�d� �e�x�t�e�n�s�i�v�e�l�y� �[�H�a�n�s�e�n�,� �1�9�3�5�]�,� 

�[�S�t�r�a�t�t�o�n�,� �1�9�4�1�]�,� �[�M�o�r�s�e� �a�n�d� �F�e�s�h�b�a�c�h�,� �1�9�5�3�]�,� �[�T�a�i�,� �1�9�7�1�]�,� �[�C�o�l�l�i�n�,� �1�9�9�1�]�.� �T�h�e� 

�u�l�t�i�m�a�t�e� �g�o�a�l� �i�s� �t�o� �e�x�p�a�n�d� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e�s�e� �o�r�t�h�o�n�o�r�m�a�l� 

�v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s�.� �V�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �(�)� �a�r�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� 

�h�o�m�o�g�e�n�e�o�u�s� �v�e�c�t�o�r� �w�a�v�e� �e�q�u�a�t�i�o�n� 

�V�x�V�x�F�-�k ��F�=�0� �(�3�.�2�.�1�)� 

�w�h�e�r�e� �k� �i�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �(�m�o�d�u�l�u�s� �o�f� �a�n� �u�n�s�p�e�c�i�f�i�e�d� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t�)�.� �O�n�e� 

�s�h�o�u�l�d� �n�o�t� �c�o�n�f�u�s�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �k� �w�i�t�h� �t�h�e� �f�r�e�e� �s�p�a�c�e� �w�a�v�e�n�u�m�b�e�r�s� �k�,� 

�a�n�d� �k�,�.� �U�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�o�l�e�n�o�i�d�a�l� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �(�V�-�F� �=� �0�)�,� �t�w�o� 

�l�i�n�e�a�r�l�y� �i�n�d�e�p�e�n�d�e�n�t� �s�e�t�s� �o�f� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �s�a�t�i�s�f�y� �(�3�.�2�.�1�)�;� �t�h�e�y� �a�r�e� 

�c�o�n�v�e�n�t�i�o�n�a�l�l�y� �d�e�s�i�g�n�a�t�e�d� �b�y� �t�h�e� �f�u�n�c�t�i�o�n�s� �1�4� �a�n�d� �N�.� �U�s�i�n�g� �t�h�e�s�e� �f�u�n�c�t�i�o�n�s� �a�s� 

�b�a�s�i�c� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�,� �o�n�e� �c�a�n� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �a� �n�u�m�b�e�r� �o�f� �c�a�n�o�n�i�c�a�l� 

�b�o�u�n�d�a�r�y�-�v�a�l�u�e� �p�r�o�b�l�e�m�s�.� �F�o�r� �a� �c�o�m�p�l�e�t�e� �s�e�t� �o�f� �b�a�s�i�s� �f�u�n�c�t�i�o�n�s�,� �o�n�e� �m�u�s�t� �a�l�s�o� 

�c�o�n�s�i�d�e�r� �i�r�r�o�t�a�t�i�o�n�a�l� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �(�V� �x� �F� �=� �0�)� �a�s� �w�e�l�l� �a�s� �s�o�l�e�n�o�i�d�a�l� 

�e�i�g�e�n�f�u�n�c�t�i�o�n�s�;� �h�o�w�e�v�e�r�,� �f�o�r� �h�o�m�o�g�e�n�e�o�u�s� �i�s�o�t�r�o�p�i�c� �m�e�d�i�a�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� �t�h�e� 

�i�r�r�o�t�a�t�i�o�n�a�l� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �l�i�e� �i�n� �t�h�e� �n�u�l�l� �s�p�a�c�e� �o�f� �t�h�e� �c�u�r�l� �c�u�r�l� �o�p�e�r�a�t�o�r� �(�V� �x� �V� �x�)�.� 

�I�n� �s�o�m�e� �i�n�s�t�a�n�c�e�s�,� �i�t� �m�a�y� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �a�c�c�o�u�n�t� �f�o�r� �i�r�r�o�t�a�t�i�o�n�a�l� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� 

�(�d�e�n�o�t�e�d� �£�)�,� �b�u�t� �i�n� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�i�s� �t�h�e�s�i�s�,� �t�h�e�i�r� �o�m�i�s�s�i�o�n� �d�o�e�s� �n�o�t� �i�n�t�r�o�d�u�c�e� 

�a�n�y� �l�a�c�k� �o�f� �g�e�n�e�r�a�l�i�t�y�.� 

�I�f� �¥�,� �a�n�d�  ��¥�.�,� �(�c�a�l�l�e�d� �s�c�a�l�a�r� �g�e�n�e�r�a�t�i�n�g� �f�u�n�c�t�i�o�n�s�)� �a�r�e� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� 

�s�c�a�l�a�r� �H�e�l�m�h�o�l�t�z� �(�r�e�d�u�c�e�d� �w�a�v�e�)� �e�q�u�a�t�i�o�n� 

�V�Y�,� �+�k�?� �¥�,� �=�0� �(�3�.�2�.�2�)� 
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�a�n�d� �a�,� �i�s� �a� �c�o�n�s�t�a�n�t� �(�p�i�l�o�t�i�n�g�)� �v�e�c�t�o�r�,� �t�h�e�n� �t�h�e� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y� 

�M�=�V�x� �(�4�,� �|� �(�3�.�2�.�3�a�)� 

�N� �=�<�V� �<�V� �x�[�%�a�,�]�.� �(�3�.�2�.�3�b�)� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �i�f�  ��¥�,� �=� �5�,� �t�h�e�n� �4�4� �a�n�d� �W� �a�r�e� �c�o�u�p�l�e�d� �t�h�r�o�u�g�h� 

�N�=� �a� �<�M� �(�3�.�2�.�4�a�)� 

�M�=� �-�V� �X�W�.� �(�3�.�2�.�4�b�)� 

�C�o�m�p�l�e�t�e� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�e�s�e� �s�e�e�m�i�n�g�l�y� �a�r�b�i�t�r�a�r�y� �c�h�o�i�c�e�s� �o�f� �1�f� �a�n�d� �N� 

�i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �B�.� �O�n�c�e� �s�u�i�t�a�b�l�e� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �s�c�a�l�a�r� �H�e�l�m�h�o�l�t�z� �e�q�u�a�t�i�o�n� 

�h�a�v�e� �b�e�e�n� �c�h�o�s�e�n�,� �o�n�e� �a�p�p�l�i�e�s� �t�w�o� �d�i�f�f�e�r�e�n�t�i�a�l� �v�e�c�t�o�r� �o�p�e�r�a�t�o�r�s� �[�c�f�.� �E�q�.� �(�3�.�2�.�3�)�]� 

�a�n�d� �p�r�o�d�u�c�e�s� �t�w�o� �f�a�m�i�l�i�e�s� �o�f� �v�e�c�t�o�r�-�v�a�l�u�e�d� �b�a�s�i�s� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �c�h�o�i�c�e� �o�f� 

�s�o�l�u�t�i�o�n�s� �,� �a�n�d� �Y�,� �t�o� �t�h�e� �r�e�d�u�c�e�d� �w�a�v�e� �e�q�u�a�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �t�h�e� �p�r�o�b�l�e�m�;� �i�n� �t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d�,� �t�h�e� �g�e�o�m�e�t�r�y� �i�s� �r�a�d�i�a�l�l�y� 

�s�y�m�m�e�t�r�i�c� �a�n�d� �v�e�r�t�i�c�a�l�l�y� �l�a�y�e�r�e�d�,� �t�h�u�s� �t�h�e� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�s� 

�c�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� 

�3�.�3� �A�c�h�i�r�a�l� �V�e�c�t�o�r� �W�a�v�e� �F�u�n�c�t�i�o�n�s� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�c�a�l�a�r� �g�e�n�e�r�a�t�i�n�g� �f�u�n�c�t�i�o�n�s�,� �o�n�e� �u�s�e�s� �t�h�e� �m�e�t�h�o�d� �o�f� 

�s�e�p�a�r�a�t�i�o�n� �o�f� �v�a�r�i�a�b�l�e�s� �i�n� �a� �c�y�l�i�n�d�r�i�c�a�l� �g�e�o�m�e�t�r�y�.� �C�h�o�o�s�e�,� �a�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� 

�s�c�a�l�a�r� �H�e�l�m�h�o�l�t�z� �e�q�u�a�t�i�o�n�,� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m� 
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�c�o�s� �;� 
�W�w� �A�A�)�=�I�,�(�A�p�)� �.� �n�d�b�e!"� �(�3�.�3�.�1�)� 

�o� �s�i�n� 

�w�i�t�h� �a� �p�i�l�o�t�i�n�g� �v�e�c�t�o�r� �i�n� �t�h�e� �@�,� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �s�c�a�l�a�r� 

�H�e�l�m�h�o�l�t�z� �e�q�u�a�t�i�o�n� �i�s� �f�o�u�n�d� �b�y� �a� �l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �s�o�l�u�t�i�o�n�s� �(�3�.�3�.�1�)� �i�n� 

�e�i�g�e�n�v�a�l�u�e� �s�p�a�c�e�.� �I�n� �a� �b�o�u�n�d�e�d� �d�o�m�a�i�n�,� �t�w�o� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �a�n�d� �a�r�e� 

�f�o�u�n�d� �b�y� �i�m�p�o�s�i�n�g� �p�r�o�p�e�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �(�D�i�r�i�c�h�l�e�t�,� �N�e�u�m�a�n�,� �o�r� �R�o�b�b�i�n�)� �o�n� 

�t�h�e� �w�a�l�l�s� �o�f� �t�h�e� �d�o�m�a�i�n�;� �h�o�w�e�v�e�r�,� �i�n� �a� �c�o�n�t�i�n�u�o�u�s� �d�o�m�a�i�n�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� 

�c�o�n�t�i�n�u�o�u�s� �a�n�d� �u�n�c�o�n�s�t�r�a�i�n�e�d� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �m�e�r�g�e� �i�n�t�o� �a� �s�i�n�g�l�e� �p�a�r�a�m�e�t�e�r� �A�.� 

�S�i�n�c�e� �t�w�o� �d�i�s�t�i�n�c�t� �f�a�m�i�l�i�e�s� �o�f� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �s�c�a�l�a�r� �w�a�v�e� �e�q�u�a�t�i�o�n� �n�o� �l�o�n�g�e�r� 

�e�x�i�s�t� �a�s� �i�n� �t�h�e� �b�o�u�n�d�e�d� �p�r�o�b�l�e�m�,� �t�h�e� �s�c�a�l�a�r� �g�e�n�e�r�a�t�i�n�g� �f�u�n�c�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� 

�a�n�d� �t�h�e� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �o�b�e�y� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �(�3�.�2�.�4�)�.� 

�T�h�e� �f�u�n�c�t�i�o�n�s� �J�,�(�A�p�)� �a�r�e� �n�o�t� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �J�,�(�-�A�p�)�;� �a�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� 

�o�n�e� �n�e�e�d� �o�n�l�y� �c�o�n�s�i�d�e�r� �p�o�s�i�t�i�v�e� �v�a�l�u�e�s� �o�f� �2�.� 

�D�O� �~ ��-� 

�w�(�h�,�r�)� �=� �|� �[�d�[�C�,�(�4�,�2�)�c�o�s�n�g�+�D�,�(�h�,�)� �s�i�n�n�g�]�J�,� �(�A�p�e� !"� �d�a�d�h� �(�3�.�3�.�2�)� 
 ��o�d� �n�=�0� 

�B�y� �a�p�p�l�y�i�n�g� �t�h�e� �o�p�e�r�a�t�o�r�s� �i�n� �(�3�.�2�.�3�)�,� �t�h�e� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y�:� 

�_� �=�)� �_�[ ��_�n� �s�n�g� �C�O�S� �8� �|� �i�t�e� �M�,�,� �(�h�,�A�;�F�)� �=� �f�e�2�s�,� �(�A�p�)� �c�o�g�t�d� �4�  ��a� �»� �(�A�p�)� �s�i�n� �|� �e� �(�3�.�3�.�3�a�)� 

�_� �c�o�s� �s�i�n� �C�o�s� 
�N�h� �u�r�y�=�t� �~�j�h�-�5�.� �(�r�p�)� �n�g�a�,� �+�2�0�8� �(�A�p�)� �n�o� �a�,� �+�I�,� �(�A�p�)� �n�o�d�,� �|�e!"� 

�°� �k� �O�p� �s�i�n� �p� �c�o�s� �s�i�n� 

�(�3�.�3�.�3�b�)� 

�w�i�t�h� �k�?� �=� �2�?� �+�h ��,� �h� �b�e�i�n�g� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �w�a�v�e�n�u�m�b�e�r� �a�n�d� �A� �t�h�e� �r�a�d�i�a�l� 

�w�a�v�e�n�u�m�b�e�r�.� �T�h�e� �s�u�b�s�c�r�i�p�t�s� �e� �a�n�d� �o� �d�e�n�o�t�e� �e�v�e�n� �a�n�d� �o�d�d� �(�a�z�i�m�u�t�h�a�l�)� �m�o�d�e�s�;� 

�b�o�t�h� �t�y�p�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �a�t� �t�h�i�s� �s�t�a�g�e� �b�e�c�a�u�s�e� �a� �s�y�n�t�h�e�s�i�s� �o�f� �b�o�t�h� �m�o�d�e�s� �i�s� 
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�r�e�q�u�i�r�e�d� �u�n�l�e�s�s� �t�h�e� �s�o�u�r�c�e� �i�s� �a�z�i�m�u�t�h�a�l�l�y� �s�y�m�m�e�t�r�i�c�.� �E�x�p�l�i�c�i�t� �e�i�g�e�n�v�a�l�u�e� 

�d�e�p�e�n�d�e�n�c�e� �i�s� �d�e�n�o�t�e�d� �b�y� �t�h�e� �p�l�a�c�e�m�e�n�t� �o�f� �n� �i�n� �t�h�e� �s�u�b�s�c�r�i�p�t� �o�f� �t�h�e� 

�e�i�g�e�n�f�u�n�c�t�i�o�n� �a�n�d� �h� �a�n�d� �J� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �l�i�s�t�.� �A�l�t�h�o�u�g�h� �(�3�.�3�.�2�)� �b�e�a�r�s� �s�o�m�e� 

�r�e�s�e�m�b�l�a�n�c�e� �t�o� �a� �F�o�u�r�i�e�r� �s�p�a�t�i�a�l� �t�r�a�n�s�f�o�r�m� �(� �f�(�h�)� �<�>� �f�(�z�)�)�,� �t�h�e� �s�p�e�c�t�r�a�l� 

�f�u�n�c�t�i�o�n� �e�~ � �� �i�s� �t�o� �b�e� �r�e�g�a�r�d�e�d� �a�s� �a�n� �e�i�g�e�n�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �e�x�p�a�n�s�i�o�n� �r�a�t�h�e�r� �t�h�a�n� 

�a� �F�o�u�r�i�e�r� �k�e�r�n�e�l�.� 

�B�y� �v�i�r�t�u�e� �o�f� �t�h�e� �s�y�n�t�h�e�s�i�s� �i�n� �(�2�.�3�.�1�)�,� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �a�n� �e�l�e�m�e�n�t�a�r�y� �p�o�i�n�t� �s�o�u�r�c�e�.� �O�n�e� �c�a�n� �s�h�o�w� �t�h�a�t� �t�h�e� 

�v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� �(�3�.�3�.�3�)� �r�e�p�r�e�s�e�n�t� �T�E� �a�n�d� �T�M� �m�o�d�e�s�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �T�E� 

�m�o�d�e�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �4�/� �f�u�n�c�t�i�o�n�s� �a�n�d� �T�M� �m�o�d�e�s� �b�y� �t�h�e� �W�N� �f�u�n�c�t�i�o�n�s�;� 

�i�f�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �w�e�r�e� �t�o� �r�e�p�r�e�s�e�n�t� �a� �s�y�n�t�h�e�s�i�s� �f�o�r� �t�h�e� 

�m�a�g�n�e�t�i�c� �f�i�e�l�d�,� �t�h�e�n� �t�h�e� �r�o�l�e� �o�f� �A�¢� �a�n�d� �N� �w�o�u�l�d� �b�e� �r�e�v�e�r�s�e�d�.� 

�I�n� �o�r�d�e�r� �t�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t� �(�3�.�3�.�3�)� �c�o�n�s�t�i�t�u�t�e�s� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �b�a�s�i�s�,� �t�h�e� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �n�o�r�m�a�l�i�t�y�,� �o�r�t�h�o�g�o�n�a�l�i�t�y�,� �a�n�d� �c�o�m�p�l�e�t�e�n�e�s�s� �m�u�s�t� �b�e� �e�s�t�a�b�l�i�s�h�e�d�.� 

�T�h�e� �n�o�r�m�a�l�i�z�a�t�i�o�n� �f�a�c�t�o�r� �i�s� �f�o�u�n�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �d�o�t� �p�r�o�d�u�c�t� �o�f� �t�w�o� �s�i�m�i�l�a�r�,� 

�y�e�t� �o�r�t�h�o�g�o�n�a�l� �(�w�h�e�n� �4�z�h �� �a�n�d� �1�.� �#�4�2 ��)�,� �f�u�n�c�t�i�o�n�s� �o�v�e�r� �a�l�l� �s�p�a�c�e�,� �v�i�z�.�,� 

�4�x�?� 
� � 

� � 

�[�[�f�a�r� �4�7�,� �(�2�,�4�5�7�)�-� �a�1�;� �(�1�,�0�5�7�)� �= � ��2�8�(�h�-�1�'�)�8�(�2�-�2 ��)� �(�3�.�3�.�4�a�)� 
�y� �o�O� �o�O� �E�o�n� 

�2� 

�[�f�a�r� �N�,�,�(�2�,�2�3�F�)�-�1�2�,�(�h�'�,�0�5�7�)� �=�  ��2� �2�.�8�(�h ��h�'�)�8�(�4 ��/�)� �(�3�.�3�.�4�b�)� 
�y� �o� �o� �E�o�,� 

�w�h�e�r�e� �t�h�e� �a�s�t�e�r�i�s�k� �d�e�n�o�t�e�s� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�i�o�n�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �s�i�n�c�e� �t�h�e� 

�c�o�m�p�l�e�x� �d�e�p�e�n�d�e�n�c�e� �i�s� �f�u�l�l�y� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �c�o�m�p�l�e�x� �e�x�p�o�n�e�n�t�i�a�l� �h�a�v�i�n�g� �h� �a�s� �a� 

�f�a�c�t�o�r�,� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �c�a�n� �b�e� �d�e�n�o�t�e�d� �b�y� �f�u�n�c�t�i�o�n�a�l� �d�e�p�e�n�d�e�n�c�e� �o�n� �-�h�.� 

�T�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �r�e�l�a�t�i�o�n�s�h�i�p�s� �c�l�a�i�m� �t�h�a�t� �t�w�o� �b�i�-�o�r�t�h�o�g�o�n�a�l� �f�u�n�c�t�i�o�n�s� �a�r�e� �l�i�n�e�a�r�l�y� 
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�i�n�d�e�p�e�n�d�e�n�t�.� �B�i�-�o�r�t�h�o�g�o�n�a�l�i�t�y� �i�s� �s�h�o�w�n� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �a�l�l� �s�p�a�c�e� �t�h�e� �d�o�t� 

�p�r�o�d�u�c�t� �o�f� �t�w�o� �d�i�s�s�i�m�i�l�a�r� �f�u�n�c�t�i�o�n�s�.� 

�J�J�J�a�r� �a�4� �d�F� �M�,�,�(�h�,�;�F�)�-�N�e�(�h�,�A�'�s�F�)� �=� �0� �(�3�.�3�.�5�)� 

�T�h�e� �n�o�r�m�a�l�i�t�y� �a�n�d� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �d�e�r�i�v�e�d� �i�n� �A�p�p�e�n�d�i�x�-�C�.� 

�3�.�4� �C�h�i�r�a�l� �V�e�c�t�o�r� �W�a�v�e� �F�u�n�c�t�i�o�n� 

�A�l�t�h�o�u�g�h� �t�h�e� �g�e�n�e�r�a�l� �O�h�m�-�R�a�l�e�i�g�h� �t�h�e�o�r�y� �d�i�r�e�c�t�l�y� �a�p�p�l�i�e�s� �t�o� �d�e�t�e�r�m�i�n�i�n�g� 

�s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �a�c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� �e�q�u�a�t�i�o�n� �f�o�r� �a�l�m�o�s�t� �a�n�y� �g�e�o�m�e�t�r�y�,� �s�l�i�g�h�t� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �m�u�s�t� �b�e� �m�a�d�e� �t�o� �a�c�c�o�u�n�t� �f�o�r� �c�h�i�r�a�l�i�t�y�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �r�e�s�e�a�r�c�h� �h�a�s� 

�s�h�o�w�n� �t�h�a�t� �p�u�r�e� �T�E� �o�r� �T�M� �m�o�d�e�s� �c�a�n�n�o�t� �e�x�i�s�t� �i�n� �i�s�o�t�r�o�p�i�c� �c�h�i�r�a�l� �m�e�d�i�a� �[�P�e�l�e�t� �e�f� 

�a�l�.�,� �1�9�9�1�]�,� �t�h�u�s� �i�t� �i�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �1�/�7� �o�r� �N� �a�l�o�n�e� �c�a�n�n�o�t� �s�a�t�i�s�f�y� �t�h�e� �c�h�i�r�a�l� �v�e�c�t�o�r� 

�w�a�v�e� �e�q�u�a�t�i�o�n�.� �C�o�m�b�i�n�a�t�i�o�n�s� �o�f� �T�E� �a�n�d� �T�M� �m�o�d�e�s� �(�h�y�b�r�i�d� �m�o�d�e�s�)� �c�a�n� �e�x�i�s�t�,� 

�h�o�w�e�v�e�r�;� �t�h�u�s� �o�n�e� �e�x�p�e�c�t�s� �a� �l�i�n�e�a�r� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �/� �a�n�d� �N�V�.� 

�T�o� �t�h�i�s� �e�n�d�,� �o�n�e� �f�o�r�m�s� �t�h�e� �s�u�p�e�r�p�o�s�i�t�i�o�n�s� 

�M�,�(�h�,� �4�3�7�)� �+� �N�,�,�(�h�,� �4�3�7�)� 
� � 

� � 

�V�,� �(�h�,�A�7�)� �= ��2� �a� �a� �(�3�.�4�.�1�a�)� 

�M�,�,�(�h�,�2�;�7�)�-� �N�,�,�(�h�,�A�3�F�)� 
�W�,� �(�2�,�0�3�7�)� �= ��2� �T�o� �2� �(�3�.�4�.�1�b�)� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�3�.�4�.�1�)� �i�n�t�o� �t�h�e� �s�o�u�r�c�e�-�f�r�e�e� �a�c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� �e�q�u�a�t�i�o�n� 

�d�e�m�o�n�s�t�r�a�t�e�s� �t�h�a�t� �t�h�e� �c�h�o�i�c�e� �o�f� �s�u�p�e�r�p�o�s�i�t�i�o�n� �i�s� �a�l�l�o�w�a�b�l�e� �f�o�r� �t�h�e� �a�c�h�i�r�a�l� �r�e�g�i�o�n�.� 

�S�i�n�c�e� �i�n� �e�s�t�a�b�l�i�s�h�i�n�g� �4� �a�n�d� �W� �t�h�e� �s�c�a�l�a�r� �g�e�n�e�r�a�t�i�n�g� �f�u�n�c�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� 

�(�Y�=�,� �=�,�)�,� �V�a�n�d� �W� �a�r�e� �r�e�l�a�t�e�d� �b�y� �t�h�e� �c�u�r�l� �e�q�u�a�t�i�o�n�s� �(�i�n� �a�n�a�l�o�g�y� �t�o� �(�3�.�2�.�4�)�)� 
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�V�= ��V�x�V� �(�3�.�4�.�2�a�)� 

�W�=�-�-�V�x�W� �(�3�.�4�.�2�b�)� 

�T�h�e� �n�o�r�m�a�l�i�t�y� �a�n�d� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�o�n�d�i�t�i�o�n�s� �(�3�.�3�.�4�)� �a�n�d� �(�3�.�3�.�5�)� �s�i�m�i�l�a�r�l�y� �h�o�l�d� �t�r�u�e� 

�f�o�r� �V� �a�n�d� �W�:� �)� 

� � 

� � 

�\�N�J�e�r� �)�-�V�e� �(�A�,� �A�F�)� �=� �-� �4�m�"� �4� �8�(�h ��h�'�)�8�(�A ��2�'�)� �(�3�.�4�.�3�a�)� 

�J�a�r� �)�-�W�,�,� �W�A�R�N�S� �7�)�=�"� �.� �u�a� �* ��1�.�8�(�h ��h�'�)�8�(�A ��2 ��)� �(�3�.�4�.�3�b�)� 

�J�J�f�e�r� �r�)�-�W�e�(�n�'�,� �M�F�)� �=�0� �(�3�.�4�.�3�c�)� 

�W�i�t�h� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �a�n�d� �n�o�r�m�a�l�i�z�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �e�s�t�a�b�l�i�s�h�e�d�,� �i�t� �i�s� �n�o�w� 

�p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�m�p�l�e�t�e�n�e�s�s� �r�e�l�a�t�i�o�n� �f�o�r� �t�h�e� �b�a�s�i�s� �e�i�g�e�n�f�u�n�c�t�i�o�n�s�.� 

�T�h�e� �g�o�a�l� �i�s� �t�o� �e�x�p�r�e�s�s� �t�h�e� �D�i�r�a�c� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �a�s� �a� �s�y�n�t�h�e�s�i�s� �o�f� �e�i�g�e�n�f�u�n�c�t�i�o�n�s�,� 

�i�n� �t�h�i�s� �c�a�s�e� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �V� �a�n�d� �W� �f�u�n�c�t�i�o�n�s�:� 

�T�3�(�F�-�7�"�)�=� �|� �d�h�]� �R�Y�|� �P�e�g� �B�s� �A�s�F�)� �A�g�s� �A� �A�S�F�?�)� �+� �W�g� �(�B� �A�S�F�)� �B�e�a� �u�F�]�,� �(�3�.�4�.�4�)� 
�S�o� �9� �n�o�k� �?� �o� �0� 

�T�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �V� �a�n�d� �W� �a�r�e� �g�i�v�e�n� �i�n� �(�3�.�4�.�1�)� �a�n�d� �t�h�e� �f�u�n�c�t�i�o�n�s� �A� �a�n�d� �B� �a�r�e� 

�u�n�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m�;� �t�h�e� �g�o�a�l� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�T�h�e� �s�h�o�r�t�h�a�n�d� �n�o�t�a�t�i�o�n� �i�n� �(�3�.�4�.�4�)� �i�m�p�l�i�e�s� �t�h�a�t� �a� �t�o�t�a�l� �o�f� �f�o�u�r� �c�o�e�f�f�i�c�i�e�n�t�s� �m�u�s�t� �b�e� 

�d�e�t�e�r�m�i�n�e�d�:� �t�w�o� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �o�d�d� �a�n�d� �e�v�e�n� �m�o�d�e�s�.� �T�o� �t�h�i�s� �e�n�d�,� �o�n�e� �t�a�k�e�s� �t�h�e� 

�a�n�t�e�r�i�o�r� �s�c�a�l�a�r� �p�r�o�d�u�c�t� �o�f� �(�3�.�4�.�4�)� �w�i�t�h� �o�n�e� �e�i�g�e�n�f�u�n�c�t�i�o�n� �a�n�d� �i�n�t�e�g�r�a�t�e�s� �o�v�e�r� �a�l�l� 

�s�p�a�c�e�:� 
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�c�o�m�p�l�e�t�e�.� �T�h�e� �p�r�o�p�e�r�t�y� �o�f� �c�o�m�p�l�e�t�e�n�e�s�s�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �n�o�r�m�a�l�i�t�y� �a�n�d� 

�o�r�t�h�o�g�o�n�a�l�i�t�y�,� �c�o�n�s�t�i�t�u�t�e� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �b�a�s�i�s� �s�e�t�.� �I�f� �a�n�y� �o�n�e� �o�f� 
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�p�r�o�c�e�d�u�r�e� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�:� �o�n�e� �a�p�p�l�i�e�s� �a�n� �e�i�g�e�n�f�u�n�c�t�i�o�n� �e�x�p�a�n�s�i�o�n� �f�o�r� �t�h�e� 
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�h�,� �t�h�e� �s�u�b�s�t�i�t�u�t�i�o�n� 

�V�N�=�k�i�-�h� �(�3�.�6�.�9�)� 

�i�s� �n�e�c�e�s�s�a�r�y�.� �T�o� �c�l�a�r�i�f�y� �a�n�y� �a�m�b�i�g�u�i�t�i�e�s�,� �k� �i�s� �t�h�e� �e�i�g�e�n�v�a�l�u�e�,� �&�,� �i�s� �t�h�e� �a�c�h�i�r�a�l� �f�r�e�e� 

�s�p�a�c�e� �w�a�v�e�n�u�m�b�e�r�,� �a�n�d� �k�,� �a�r�e� �t�h�e� �t�w�o� �c�h�i�r�a�l� �f�r�e�e� �s�p�a�c�e� �w�a�v�e�n�u�m�b�e�r�s�.� �I�n� �t�h�e�i�r� 

�m�o�s�t� �g�e�n�e�r�a�l� �f�o�r�m�,� �o�n�e� �f�i�n�d�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�_�(�,�h�,�,�4�)�a�n�d� �b�(�h�j�,�,�\�)�a�r�e� �g�i�v�e�n� �b�y� 
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�[�h�2�_� �p�a�k�?� 
�a�h�h�,� �N�P� �H�e�t�h�,� �|� �_� �|� �(�k�,�+�k� �)�h�e�-�K�2�+�k�2�|� �h�-�h�h�?� �h�e�h�e�h�e� 

� � 

� � 

� � 

�(�3�.�6�.�1�0�a�)� 
�F�l� �e�s�k�e�s�k� �[�1� �1� 

�2�k�,� �+�k� �Y�R� �+�h� �|� �h�h�?� �h�e�h�e� 

�»� �(�h�h�.� �2�)�-� �+�/�P ��e�k�e� �t�k� �[�|� �1� �1� �|� 
�w�h� �k�,� �+�k�)� �h�e ��-�k�2�-�+�k�2�|� �h�-�J�h�e�-�k�2� �+�k�?� �h�t�s� �h�k� �4� 

�2�k�,� �+�h� �S�y� �b�v�h�i�-�k� �V�i�k� �(�3�.�6�.�1�0�b�)� 
� � 

�F�P� �e�t�k�+�k� �[� �1� �1� �!� 
�W�k�,� �+�h� �W�R�K� �+�k�?� �|� �h�h� �+�k�?� �h�t� �h�e�-�A�2�+�k�2� � � 

�w�h�e�r�e� �t�h�e� �p�l�u�s�/�m�i�n�u�s� �s�i�g�n� �i�n� �t�h�e� �s�u�b�s�c�r�i�p�t� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�i�g�n� �o�f� �t�h�e� 

�n�u�m�e�r�a�t�o�r�.� �F�o�r� �e�a�c�h� �c�a�s�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �s�i�g�n� �c�h�o�s�e�n� �f�o�r� �s�u�b�s�c�r�i�p�t�s� �m�u�s�t� �b�e� 

�c�o�n�s�i�s�t�e�n�t� �a�n�d� �t�h�e� �s�i�g�n� �c�h�o�s�e�n� �f�o�r� �t�h�e� �n�u�m�e�r�a�t�o�r�s� �m�u�s�t� �b�e� �c�o�n�s�i�s�t�e�n�t�.� �W�h�e�n� �t�h�e� 

�c�o�n�t�o�u�r� �i�n�t�e�g�r�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �(�w�i�t�h� �t�h�e� �p�r�o�p�e�r� �i�n�d�e�n�t�a�t�i�o�n�s� �a�r�o�u�n�d� �t�h�e� 

�p�o�l�e�s�)�,� �t�h�e� �f�r�e�e� �s�p�a�c�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �a�r�e� 

� � �G�>�(�r�,�7 ��)�=�2� �J�A�S� �E�P� �(�h� �W�W� �s�h�o�r� �E�H� �h� �A�P�M� �A�A�P�)� 

� � � � 

�2�n�k�,� �+�k� �m�o� �A�L�A�,� 

�(�3�.�6�.�1�1�a�)� 

�(�p�2�<�(�=� �x�r�)� �f� �~� �f�o�n�  ��V�,� �J�*�(�_� �F�r �� �k�g� �G�e�e�r�)� �=� �L�t� �f�a�n� �0�B� �t�a�t� �l�h� �h�a�)� �R�e�h� �D�o�F� �e�h� �D�P�)� 

�(�3�.�6�.�1�1�b�)� 

�w�h�e�r�e� �a�g�a�i�n� �t�h�e� �n�o�t�a�t�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� �(�3�.�6�.�1�1�a�)� �i�s� �v�a�l�i�d� �f�o�r� �p�o�s�i�t�i�v�e� �p�r�o�p�a�g�a�t�i�n�g� 

�s�o�l�u�t�i�o�n�s�,� �a�n�d� �(�3�.�6�.�1�1�b�)� �i�s� �v�a�l�i�d� �f�o�r� �n�e�g�a�t�i�v�e� �p�r�o�p�a�g�a�t�i�n�g� �s�o�l�u�t�i�o�n�s�.� �T�h�e� 

�e�x�p�r�e�s�s�i�o�n�s� �i�n� �(�3�.�6�.�1�1�)� �e�x�h�i�b�i�t� �u�n�u�s�u�a�l� �b�e�h�a�v�i�o�r� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �a�c�h�i�r�a�l� �c�a�s�e� 

�(�3�.�5�.�1�0�)�.� �O�n�e� �i�m�m�e�d�i�a�t�e�l�y� �n�o�t�i�c�e�s� �t�h�a�t� �t�w�o� �w�a�v�e� �n�u�m�b�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d� �a�n�d� �t�h�a�t� 

�t�h�e� �V� �a�n�d� �W� �f�u�n�c�t�i�o�n�s� �e�a�c�h� �r�e�p�r�e�s�e�n�t� �e�i�t�h�e�r� �t�h�e� �L�C�P� �o�r� �R�C�P� �w�a�v�e� �d�e�p�e�n�d�i�n�g� 
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�u�p�o�n� �t�h�e� �h�a�n�d�e�d�n�e�s�s� �o�f� �t�h�e� �m�e�d�i�u�m�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �f�u�r�t�h�e�r� �i�n�d�i�c�a�t�e� �t�h�a�t� �l�i�n�e�a�r�l�y� 

�p�o�l�a�r�i�z�e�d� �w�a�v�e�s� �d�o� �n�o�t� �p�r�o�p�a�g�a�t�e� �i�n� �c�h�i�r�a�l� �m�e�d�i�a�-�-�r�a�t�h�e�r� �t�h�e�y� �a�r�e� �d�e�c�o�m�p�o�s�e�d� 

�i�n�t�o� �e�l�e�m�e�n�t�a�l� �R�C�P� �a�n�d� �L�C�P� �w�a�v�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �w�a�v�e� �n�u�m�b�e�r�s�.� 

�3�.�7� �S�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �F�u�n�c�t�i�o�n�s� 

�T�h�e� �f�r�e�e� �s�p�a�c�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �f�o�r� �u�n�b�o�u�n�d�e�d� �c�h�i�r�a�l� �a�n�d� �a�c�h�i�r�a�l� �m�e�d�i�a� 

�h�a�v�e� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d�.� �I�n� �o�r�d�e�r� �t�o� �m�e�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �f�o�r� 

�t�h�e� �m�i�c�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �g�e�o�m�e�t�r�y�,� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �n�e�c�e�s�s�a�r�y�.� 

�T�w�o� �o�p�t�i�o�n�s� �e�x�i�s�t�:� �a�d�d� �a� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �t�o� �t�h�e� �f�r�e�e� �s�p�a�c�e� �a�c�h�i�r�a�l� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �r�e�g�i�o�n� �1� �a�n�d� �m�e�e�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a� 

�s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �r�e�g�i�o�n� �2�;� �a�l�t�e�r�n�a�t�i�v�e�l�y�,� �a�d�d� �a� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� 

�f�u�n�c�t�i�o�n� �t�o� �t�h�e� �f�r�e�e� �s�p�a�c�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �r�e�g�i�o�n� �2� �a�n�d� �m�e�e�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a� �s�c�a�t�t�e�r�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �f�o�r� �r�e�g�i�o�n� �1�.� �T�h�e� �d�e�c�i�s�i�o�n� 

�i�s� �d�i�c�t�a�t�e�d� �b�y� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �s�o�u�r�c�e�.� �W�h�e�n� �t�h�e� �s�o�u�r�c�e� �l�i�e�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�,� 

�e�i�t�h�e�r� �o�p�t�i�o�n� �i�s� �a�p�p�r�o�p�r�i�a�t�e�,� �b�u�t� �t�h�e� �f�o�r�m�e�r� �i�s� �m�o�r�e� �a�p�p�e�a�l�i�n�g� �b�e�c�a�u�s�e� �a�c�h�i�r�a�l� 

�m�e�d�i�a� �h�a�v�e� �a� �s�i�n�g�l�e� �w�a�v�e� �n�u�m�b�e�r� �a�n�d� �t�h�e� �m�a�t�h�e�m�a�t�i�c�s� �i�s� �s�i�m�p�l�i�f�i�e�d� �i�f� �o�n�e� 

�c�h�o�o�s�e�s� �t�o� �e�x�p�a�n�d� �i�n� �t�e�r�m�s� �o�f� �a�c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s�.� �T�o� �t�h�i�s� �e�n�d�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �n�o�t�a�t�i�o�n� �i�s� �a�p�p�r�o�p�r�i�a�t�e�:� 

�r�e�g�i�o�n�1�(�z�>�d�)�:� � �G�'�(�#�,�F�'�)�=�G�P�(�F�,�F�'�)�+�G�'�(�7�,�7�'�)� �(�3�.�7�.�1�a�)� 

�r�e�g�i�o�n� �2� �(�0�<�z�<�d�)�:� �G ��(�7�,�F�"�)�=�G�?�(�7�,�F ��)�.� �(�3�.�7�.�1�b�)� 

�A�c�c�o�r�d�i�n�g� �t�o� �O�h�m�-�R�a�l�e�i�g�h� �t�h�e�o�r�y� �"�t�h�e� �p�o�s�t�e�r�i�o�r� �e�l�e�m�e�n�t�s� �[�i�n� �t�h�e� �s�c�a�t�t�e�r�e�d� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s�]� �m�u�s�t� �b�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �o�f� �t�h�e� �f�r�e�e� �s�p�a�c�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� 
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�d�e�f�i�n�e�d� �f�o�r� �z� �<� �z�'� �s�o� �t�h�a�t� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �c�a�n� �b�e� �s�a�t�i�s�f�i�e�d� 

�f�o�r� �a�n�y� �e�x�c�i�t�a�t�i�o�n� �[�T�a�i�,� �4�9�7�1�]�.�"� �T�h�e� �c�o�m�p�o�s�i�t�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y� 

�t�h�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� 

�O�r�r�)� �q�l�l�a� �5�0�0�]� �(�a�h�a� �a�,�d� �W�e�g� �P�a�,� �A�i�F�)� �+�0�2� �(�H�a�s�)�e�a�l� �h�a�s� �i�P�)� �P�e�a�l� �A�s�P�!�)� �+� 
�n�=�0� 

�(�8�;� �(�H�y�2�>�%� �P�e�n� �(�t�o�»�A�i�F�)� �+� �b�x� �p�s�,�2�)�P�e�u� �(�h�y�,� �A�F�)� �\�e�n� �(�y�s� �i�F�"�)� �+� 
�o� 

�P�s�A�:� �P� �W�e�a� �D�o�s�A�s�P�?�)� �a� �o�s�A�P� �a�o� �A�s�P�*�)� 
�O�o� �O�o� �o�O� �O�o� 

�(�3�.�7�.�2�a�)� 

�G�?�(�7�,�F�'�)�= �� �f�a�n� �y�a�o� 
�4�n� �0� �0� 

�o�O� �o� 

�{�e�e�t�.�.�a�[� �(�Y�o�n� �(�h�,� �,�A�s�F�) �� �H�e� �y�(�-�h�,� �h�i�t�)� �+� �(�y�l� �A�a�F�)�P�y�y�(�-�h�.� �B�G�P�)� �1� 
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� �c�2� �(�t�o� �s�4�)�|�(�P�y�u� �l�h� �A�s�F�)� �+� �M�a�h� �B�5�7�)� �) �� �(�M�e�y� �h�.�s�2�i�7�)�+�P�e�q�( ��h�.�s�A�s�7�)�)�]�l� �P�o�g� �B�a�r�)� �+� 
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�P�a�h�,� �s�h�i�F�)�  �� �W�a�y�( ��h�,� �A�3�F�)� �4� �e�n� �[�e�a�(�h� �A�s�t�)�  ��V�e�q�( ��h�d�s�F�)�)�|� �+� �e�n� 
�o� �o� 

�@� 
�o� �O�o� 

�k�_� 

�A� �(�F�a�s�)� �(�T�o�u�l� �s�A�s�P�)�+� �M�e�a�l ��h�y� �i�P�)�  ��(�e�a�(�h� �A�P�)� �+�7�e�g�(�-�h�.�,�d�a�P�)�)� �|�b� �o�(�,�3�3�7�'�)�}� 

�(�3�.�7�.�2�b�)� 

�T�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �(�3�.�7�.�2�a�)� �i�s� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �r�e�g�i�o�n� �1� �s�i�n�c�e� �i�t� 

�r�e�p�r�e�s�e�n�t�s� �a� �s�y�n�t�h�e�s�i�s� �o�f� �w�a�v�e�s� �m�o�v�i�n�g� �i�n� �t�h�e� �p�o�s�i�t�i�v�e� �z� �d�i�r�e�c�t�i�o�n�.� �I�f� �a� �b�o�u�n�d�a�r�y� 

�w�e�r�e� �i�n�t�r�o�d�u�c�e�d� �a�b�o�v�e� �t�h�e� �a�c�h�i�r�a�l� �m�e�d�i�u�m�,� �f�o�r� �i�n�s�t�a�n�c�e� �a� �s�u�p�e�r�s�t�r�a�t�e�,� �t�h�e�n� �a� 

�m�o�r�e� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�m� �o�f� �(�3�.�7�.�2�a�)� �w�o�u�l�d� �b�e� �r�e�q�u�i�r�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �d�o�w�n�w�a�r�d� 

�r�e�f�l�e�c�t�i�o�n�s� �n�e�e�d�e�d� �t�o� �s�a�t�i�s�f�y� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �E�m�b�e�d�d�e�d� �i�n� �t�h�e� 

�i�n�t�e�l�l�i�g�e�n�t� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �c�h�i�r�a�l� �c�o�u�n�t�e�r�p�a�r�t� �(�3�.�7�.�2�b�)� �i�s� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �r�e�q�u�i�r�i�n�g� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �t�o� �v�a�n�i�s�h� �o�n� �t�h�e� �g�r�o�u�n�d�p�l�a�n�e� �a�t� 
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�(�z� �=� �0�)�.� �A�l�s�o�,� �t�h�e� �a�n�t�e�r�i�o�r� �e�l�e�m�e�n�t�s� �o�f� �(�3�.�7�.�2�b�)� �a�r�e� �t�h�e� �v�e�c�t�o�r� �w�a�v�e� �f�u�n�c�t�i�o�n�s� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �n�e�g�a�t�i�v�e� �Z� �p�r�o�p�a�g�a�t�i�n�g� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �f�r�e�e� �s�p�a�c�e� �a�c�h�i�r�a�l� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�.� �T�h�e� �n�e�x�t� �g�o�a�l� �i�s� �t�o� �f�i�n�d� �a�l�l� �t�h�e� �u�n�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�;� �(�H�o�s� �y�A�)�,� 

�0� �(�I�n�s�d�)�,� �B�Y� �(�F�a�a�s�d�)�,� �B�y� �(�M�o�e� �%�)�s� �2� �(�A�o�s�s�%�)�,� �O�f� �(�F�a�s�s�%�)�,� �d�i� �(�M�s�.�%�)�,� �a�n�d� 
�d ��(�h�,�.�.�,�)� �b�y� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �(�z� �=� �0�)� �a�n�d� �(�z� �=� �d�)�.� �T�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �g�i�v�e�n� �i�n� 

�(�2�.�2�.�1�)� �b�y� �v�i�r�t�u�e� �o�f� �(�2�.�3�.�1�)�:� 

�a�.� �x�G�!� �=�4�,� �x�G�?�,� �a�t� �z�=�d� �(�3�.�7�.�3�a�)� 

�1�a� �x�V�x�@� �=�-�0�8� �4�,� �x�G�2� �+�1�4� �x�V�x�F�,� �a�t� �z�=�d� �(�3�.�7�.�3�b�)� 
�L�y� �M�u� 

�G�&� �x�G�?� �=�0�.� �a�t� �z�=�0�.� �(�3�.�7�.�3�c�)� 

�T�h�e� �t�h�i�r�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �(�3�.�7�.�3�c�)� �i�s� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d� �d�u�e� �t�o� �t�h�e� 

�i�n�t�e�l�l�i�g�e�n�t� �c�h�o�i�c�e� �o�f� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �(�3�.�7�.�2�b�)�.� �T�h�e� �f�o�r�m�e�r� �t�w�o� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �p�r�o�d�u�c�e� �t�w�o� �s�e�t�s� �o�f� �f�o�u�r� �i�n�d�e�p�e�n�d�e�n�t� �e�q�u�a�t�i�o�n�s�.� �B�y� �p�e�r�f�o�r�m�i�n�g� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�l� �o�p�e�r�a�t�i�o�n�s� �a�n�d� �c�o�l�l�e�c�t�i�n�g� �a�p�p�r�o�p�r�i�a�t�e� �t�e�r�m�s�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� 

�g�i�v�e�n� �b�y� 

�F�i�t�e� �7� 

�a�,� �T�y� �F�f�.� �T�s� �N�e� �7� �t�e�m� 
 �� �G�L�,� �f� �f�f� �F� �0� 

 ��s� �=�|� �e�e� �_� �f�o� �g�i�t�e�d� �;� �(�3�.�7�.�4�a�)� 
�c�,� �Z�,� �T�I�,� �f�t� �f�y� �L�o� 

�C�r� �L�y� �T�y� �T�y� �T�y� �t�y� �o�i�l�e�d� 

�|� �H�o� � � � � 
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�w�i�t�h� �t�h�e� �7� �m�a�t�r�i�x� �e�l�e�m�e�n�t�s� �g�i�v�e�n� �b�y� 

�Q�i� �=� �e�i�n�!� 

 �� �g� �s�h�o� �I�,� �=�e� 

�T�y� �=� �i�a� �s�i�n�(�h�,�d�)� 

�N�i� 

�I�,� �=�4� 
�0� 

�=�  �� �2� �g�i�n� 
�0� 

�h�h� 
�L�,� �=� �-�2�|�  � �� �2�3� �2� 

� � 

�L�,�=� �j�a�l� �s�i�n�(�h�,�d�)�+�=�s�i�n�(�h�d�)� 

�f�y� �=� �B�o� �g�i�n� 
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�h� �D�s� �o�i�n�l�h� �d� �+�7� �s�i�n�(�h�_�d�)� 

�2�|� �c�o� �h�,�d�)�  �� �c�o�f� �h�_�d�)�]� 

�P�o� �o�-� �i�t�e�d� 

�c�o�s�(�h�,�d�) �� �2� �c�o�s�(�h�_�d�)� 

�(�3�.�7�.�4�b�)� 

�(�3�.�7�.�5�a�)� 

�(�3�.�7�.�5�b�)� 

�(�3�.�7�.�5�¢�c�)� 

�(�3�.�7�.�5�d�)� 

�(�3�.�7�.�5�e�)� 

�(�3�.�7�.�5�6�)� 

�(�3�.�7�.�5�9�)� 
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� � �T�,�,�=�j� �k�t�h�.� �F�i�n�,� �a�)� �s�i�n� �(�3�.�7�.�5�k�)� 

� � 

� � 

� � 

� � 

�a� �+� 

 �� �k�e� �t�k�.� �[�c�o�s�(�h�,�d�)� �+� �c�o�s� �h�_�d�)�|� �(�3�.�7�.�5�1�)� 
�a� 

�h�y�  �� �g�h�d� �I�,� �=�e�?� �(�3�.�7�.�5�m�)� 
�H�o� 

�h�y� �-�j�h�d� �T�i�.� �=�- ��e�7� �(�3�.�7�.�5�n�)� 
�H�o� 

�T�,�,� �= �� �k�t�h�)� �h�h�.� �c�o�s�(�h�,�d�)� �+� �c�o�s�h�.�)� �(�3�.�7�.�5�0�)� 
�j�t� �k�k� �k�,� 

�T�,�=�j� �k�t�h�.� �P�s�i�.� �d�)� �"�s�n� �a�)� �(�3�.�7�.�5�p�)� 
�H� �+� �-� 

�T�h�e�s�e� �m�a�t�r�i�x� �e�n�t�r�i�e�s� �a�g�r�e�e� �w�i�t�h� �t�h�o�s�e� �r�e�p�o�r�t�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �b�y� �P�e�l�e�t� �a�n�d� 

�E�n�g�h�e�t�a� �[�P�e�l�e�t�,� �1�9�9�2�]�.� �T�h�e� �r�e�s�u�l�t� �o�f� �t�h�e� �o�p�e�r�a�t�i�o�n� �(�3�.�7�.�4�a�)� �f�o�r� �t�h�e� �f�i�r�s�t� �c�o�e�f�f�i�c�i�e�n�t� 

�a ��(�h�,�.�A�)�c�a�n� �b�e� �f�o�u�n�d� �i�n� �A�p�p�e�n�d�i�x� �E�;� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �e�a�c�h� �c�o�e�f�f�i�c�i�e�n�t� �s�u�g�g�e�s�t�s� 

�t�h�a�t� �e�v�e�n�t�u�a�l�l�y� �o�n�e� �m�u�s�t� �r�e�s�o�r�t� �t�o� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �t�o� �d�e�t�e�r�m�i�n�e� �u�s�e�f�u�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �a�n�t�e�n�n�a�.� �O�n�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e�:� �s�i�n�c�e� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� 

�f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �d�o� �n�o�t� �d�e�p�e�n�d� �u�p�o�n� �n�,� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �i�n� �t�h�e� �s�u�b�s�c�r�i�p�t� �c�a�n� 

�b�e� �o�m�i�t�t�e�d� �w�i�t�h�o�u�t� �l�a�c�k� �o�f� �g�e�n�e�r�a�l�i�t�y�.� 

�T�h�e� �p�r�o�b�l�e�m� �i�s� �n�o�w� �w�e�l�l�-�d�e�f�i�n�e�d�;� �o�n�e� �p�r�e�s�c�r�i�b�e�s� �t�h�e� �p�l�a�n�a�r� �c�u�r�r�e�n�t� 

�d�i�s�t�r�i�b�u�t�i�o�n� �(�2�.�1�.�1�)�,� �c�o�m�p�u�t�e�s� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�s� �(�3�.�7�.�2�)�,� �a�n�d� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� 

�i�s� �g�i�v�e�n� �b�y� �(�2�.�3�.�1�)�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �v�a�l�i�d� �e�v�e�r�y�w�h�e�r�e� �i�n� �t�h�e� �h�a�l�f�-�s�p�a�c�e� �z�>�0�.� �I�n� 

�m�a�n�y� �c�a�s�e�s� �o�n�e� �i�s� �m�o�r�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �t�h�e� �r�a�d�i�a�t�e�d� �(�f�a�r�-�z�o�n�e�)� �f�i�e�l�d�s� �r�a�t�h�e�r� �t�h�a�n� 

�t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n�,� �t�h�u�s� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� 

�G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �(�3�.�7�.�2�a�)�.� 

�4�2



�T�h�e� �n�e�x�t� �t�w�o� �c�h�a�p�t�e�r�s� �d�e�a�l� �w�i�t�h� �t�h�e� �f�a�r�-�f�i�e�l�d� �p�r�o�b�l�e�m�.� �T�h�e� �m�e�t�h�o�d� �o�f� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�s� �e�m�p�l�o�y�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� 

�G�'� �(�F�,�F ��)�.� �A� �s�u�r�f�a�c�e� �c�u�r�r�e�n�t� �J�(�# ��)� �i�s� �p�r�e�s�c�r�i�b�e�d� �a�n�d� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� 

�t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�a�r�-�z�o�n�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n�s�.� �A�d�d�i�t�i�o�n�a�l� �t�o�p�i�c�s� �i�n�c�l�u�d�e� �t�h�e� 

�c�a�l�c�u�l�a�t�i�o�n� �o�f� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n�s�,� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n�,� �a�n�d� �d�i�r�e�c�t�i�v�i�t�y� �f�o�r� �a� �n�u�m�b�e�r� 

�o�f� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �a�n�t�e�n�n�a�s�.� 
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�C�h�a�p�t�e�r� �4� 

�R�a�d�i�a�t�i�o�n� �F�i�e�l�d�s� 

�4�.�1� �A�s�y�m�p�t�o�t�i�c� �I�n�t�e�g�r�a�t�i�o�n� �o�f� �G�r�e�e�n�'�s� �F�u�n�c�t�i�o�n�s� 

�T�h�e� �f�u�l�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �h�a�s� �b�e�e�n� �g�i�v�e�n� �i�n� �(�3�.�7�.�2�a�)�.� �I�n� 

�o�r�d�e�r� �t�o� �g�a�i�n� �p�h�y�s�i�c�a�l� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�i�s� �s�o�l�u�t�i�o�n�,� �t�h�e� �s�p�e�c�t�r�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�v�e�r� �2�»� 

�m�u�s�t� �b�e� �e�v�a�l�u�a�t�e�d�.� �A�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n�s� �p�r�o�v�i�d�e� �t�h�e� �m�e�c�h�a�n�i�s�m� �t�o� �o�b�t�a�i�n� 

�p�h�y�s�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �r�e�s�u�l�t�s�.� �T�w�o� �e�x�p�a�n�s�i�o�n�s� �a�r�e� �p�o�s�s�i�b�l�e�:� �o�n�e� �f�o�r� �t�h�e� �r�a�d�i�a�t�i�o�n� 

�(�s�p�a�c�e�)� �w�a�v�e�s� �a�n�d� �a�n�o�t�h�e�r� �f�o�r� �t�h�e� �s�u�r�f�a�c�e� �(�g�r�o�u�n�d�)� �w�a�v�e�s�.� �A� �u�n�i�f�o�r�m� �a�s�y�m�p�t�o�t�i�c� 

�e�x�p�a�n�s�i�o�n� �(�v�a�l�i�d� �f�o�r� �b�o�t�h� �r�e�g�i�m�e�s�)� �i�s� �a� �d�i�f�f�i�c�u�l�t� �p�r�o�c�e�s�s� �a�n�d� �w�o�u�l�d� �i�n�v�o�l�v�e� �a� �t�w�o� 

�d�i�m�e�n�s�i�o�n�a�l� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�n�t�e�g�r�a�t�i�o�n�.� �I�n�s�t�e�a�d�,� �t�h�e� �m�a�i�n� �t�h�r�u�s�t� �i�n� �t�h�i�s� �t�h�e�s�i�s� 

�i�s� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �r�a�d�i�a�t�i�o�n� �f�i�e�l�d�s�,� �s�o� �a�n� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �w�i�l�l� �b�e� 

�p�e�r�f�o�r�m�e�d� �f�o�r� �l�a�r�g�e� �(�s�p�h�e�r�i�c�a�l�)� �d�i�s�t�a�n�c�e�s�.� �A�s� �i�s� �o�f�t�e�n� �t�h�e� �c�a�s�e� �i�n� �r�a�d�i�a�t�i�o�n�,� 

�d�i�f�f�r�a�c�t�i�o�n�,� �o�r� �s�c�a�t�t�e�r�i�n�g� �p�r�o�b�l�e�m�s�,� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �w�i�l�l� �b�e� �c�a�r�r�i�e�d� �o�u�t� �v�i�a� �a� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �(�s�a�d�d�l�e�-�p�o�i�n�t�)� �t�e�c�h�n�i�q�u�e�.� �(�A� �t�u�t�o�r�i�a�l� �s�u�r�v�e�y� �o�f� �a�s�y�m�p�t�o�t�i�c� 

�a�n�a�l�y�s�i�s� �a�p�p�e�a�r�s� �i�n� �A�p�p�e�n�d�i�x� �F� �f�o�r� �t�h�e� �a�i�d� �o�f� �t�h�e� �i�n�e�x�p�e�r�i�e�n�c�e�d� �r�e�a�d�e�r�.�)� �T�h�e� 

�p�r�o�c�e�s�s� �c�o�n�s�i�s�t�s� �o�f� �d�e�f�o�r�m�i�n�g� �t�h�e� �p�a�t�h� �o�f� �e�a�c�h� �i�n�t�e�g�r�a�l� �t�h�r�o�u�g�h� �a� �p�a�t�h� �o�f� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �(�a�s�c�e�n�t�)� �t�h�r�o�u�g�h� �t�h�e� �s�a�d�d�l�e� �p�o�i�n�t�s� �o�f� �t�h�e� �i�n�t�e�g�r�a�n�d�.� �A�s� 

�p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �n�o�t� �u�n�i�f�o�r�m�;� �i�f� �p�o�l�e�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �l�i�e� 

�n�e�a�r� �t�h�e� �s�a�d�d�l�e� �p�o�i�n�t�,� �t�h�e�y� �a�r�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �t�h�i�s� �f�i�r�s�t� �o�r�d�e�r� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�.� �I�f� �s�u�r�f�a�c�e� �w�a�v�e�s� �a�r�e� �d�e�s�i�r�e�d�,� �a� �m�o�r�e� �c�a�r�e�f�u�l� �a�n�a�l�y�s�i�s� �m�u�s�t� �b�e� 

�p�e�r�f�o�r�m�e�d�.� 
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�R�a�t�h�e�r� �t�h�a�n� �a�t�t�e�m�p�t�i�n�g� �t�o� �t�a�c�k�l�e� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �o�f� �(�3�.�7�.�2�a�)� �i�n� 

�i�t�s� �e�n�t�i�r�e�t�y�,� �c�o�n�s�i�d�e�r� �f�i�r�s�t� �t�h�e� �c�o�m�p�o�n�e�n�t� �i�n�t�e�g�r�a�l� 

�A�S�F ��)�,� �(�4�.�1�.�1�)� 

�V�F ��)�,� �(�4�.�1�.�3�a�)� 

�A�F ��)�.� �(�4�.�1�.�3�b�)� 

�O�n�e� �o�b�s�e�r�v�e�s� �a� �p�o�s�t�e�r�i�o�r�i� �t�h�a�t� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n�s� �o�f� �(�4�.�1�.�3�a�)� �a�n�d� 

�(�4�.�1�.�3�b�)� �i�n� �t�h�e� �f�a�r� �z�o�n�e� �a�r�e� �r�e�l�a�t�e�d� �b�y� �a� �c�o�m�p�l�e�x� �c�o�n�s�t�a�n�t�.� �O�n�e� �n�o�t�i�c�e�s� �a�l�s�o� �f�r�o�m� 

�(�3�.�3�.�3�)� �t�h�a�t� �t�h�e� �4� �d�e�p�e�n�d�e�n�c�e� �o�f� �a�n�d� �N� �i�s� �f�u�l�l�y� �c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �B�e�s�s�e�l� 

�f�u�n�c�t�i�o�n�s� �a�n�d� �a� �c�o�m�p�l�e�x� �e�x�p�o�n�e�n�t�i�a�l�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n�,� �i�t� �i�s� 

�d�e�s�i�r�a�b�l�e� �t�o� �h�a�v�e� �a�n� �i�n�f�i�n�i�t�e� �i�n�t�e�g�r�a�t�i�o�n� �p�a�t�h�.� �T�h�e� �i�n�t�e�g�r�a�n�d� �o�f� �(�4�.�1�.�3�a�)� �a�n�d� 

�(�4�.�1�.�3�b�)� �c�a�n� �b�e� �m�a�n�i�p�u�l�a�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �p�r�o�p�e�r�t�i�e�s� �o�f� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n�s� �t�o� 

�c�h�a�n�g�e� �t�h�e� �s�e�m�i�-�i�n�f�i�n�i�t�e� �p�a�t�h� �i�n�t�o� �a�n� �i�n�f�i�n�i�t�e� �p�a�t�h� �a�l�o�n�g� �t�h�e� �r�e�a�l� �a�x�i�s� �[�T�a�i�,� �1�9�7�1�]�.� 

�T�h�e� �t�h�e�o�r�y� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �a�n�d� �t�h�e�n� �w�i�l�l� 

�b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d�.� �C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�n�o�n�i�c� �c�a�s�e�:� 

�O�l�r�)� �=� �f�a�r� �f�.�(�1�)�5�,� �(�7�)�.� �(�4�.�1�.�4�)� 
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�T�h�e� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �H�a�n�k�e�l� 

�f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �k�i�n�d�s� �[�A�b�r�a�m�o�w�i�t�z� �a�n�d� �S�t�e�g�u�n�,� �1�9�7�2�]� 

�=�=� �f�a�y� �£�.�(�y�)�[�H�O� �(�r�r�)� �+�H�O�'�(�a�r�)�]� �(�4�.�1�.�5�)� 

�B�y� �a� �c�h�a�n�g�e� �o�f� �v�a�r�i�a�b�l�e� �i�n� �t�h�e� �s�e�c�o�n�d� �i�n�t�e�g�r�a�t�i�o�n� �(�y� �>� �-�y�)�,� �o�n�e� �h�a�s� 

�=�5� �J�a�r�i� �)�H�,�)� �(�y�r� �1�4� �f�a�r�t� �y�)� �H�y� �(�-�y�)�,� �(�4�.�1�.�6�)� 

�a�n�d� �b�y� �v�i�r�t�u�e� �o�f� �t�h�e�  ��h�a�l�f�-�c�i�r�c�u�i�t� �r�e�l�a�t�i�o�n�"� �b�e�t�w�e�e�n� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n�s� �[�A�b�r�a�m�o�w�i�t�z� 

�a�n�d� �S�t�e�g�u�n�,� �1�9�7�2�]�,� �H�°�?�)�(�z�e!"�)� �=� �-�e�-�#�"� �H�"�(�z�)�,� �t�h�e� �i�n�t�e�g�r�a�l� �Q�(�r�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�e�n�t�i�r�e�l�y� �i�n� �t�e�r�m�s� �o�f� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�r�s�t� �k�i�n�d� �a�s� 

�O�r�)� �=�5� �f�a�y� �K�H�)� �>� �f�d�r� �F�e� �H�O� �(�y�r�)�.� �(�4�.�1�.�7�)� 

�N�e�x�t�,� �o�n�e� �m�u�s�t� �m�a�k�e� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �f�(�y�)� �h�a�s� �t�h�e� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�y� �t�h�a�t� 

�f�l�y�)� �= ��S�y�l�-�y�)�e�?!"!"�.� �(�4�.�1�.�8�)� 

�W�i�t�h� �t�h�i�s� �c�o�n�s�t�r�a�i�n�t�,� �Q�(�r�)� �c�a�n� �b�e� �s�i�m�p�l�i�f�i�e�d� �t�o� 

�=�>� �J�a� �f�.�(�y�)� �)�H� �(�y�r�)� �+� �5� �J�a�r� �)�H� �(�y�r�)�,� �(�4�.�1�.�9�a�)� 

�o�r� 

 ��>� �f�y� �f�(�y�)� �H� �(�y�r�)�.� �(�4�.�1�.�9�b�)� 

�T�h�e� �l�a�t�t�e�r� �p�o�s�s�e�s�s�e�s� �t�h�e� �d�e�s�i�r�e�d� �p�r�o�p�e�r�t�y� �o�f� �a�n� �i�n�f�i�n�i�t�e� �i�n�t�e�g�r�a�t�i�o�n� �p�a�t�h�.� �R�a�t�h�e�r� 

�t�h�a�n� �a�p�p�l�y�i�n�g� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �t�o� �e�a�c�h� �t�e�r�m� �o�f� �t�h�e� �i�n�t�e�g�r�a�l�s� �7�,� �a�n�d� �/�,�,� �a�n� 
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�o�p�e�r�a�t�i�o�n�a�l� �n�o�t�a�t�i�o�n� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e�.� �W�r�i�t�i�n�g� �(�4�.�1�.�3�a�)� �a�n�d� �(�4�.�1�.�3�b�)� 

�a�s� 

 ��_� �J� �t�a� �w�i�l�l�)� �=� �\�T�7� �o�t� �h�=� �5� �l�a�a� �(�h�,�,� �4�3�7�)� �V�(�h�,�,�A�s�F�"�)�,� �(�4�.�1�.�1�0�a�)� 

�I� �[�a� �a�7� �(�1�)� �=�)� �1�7�;� �o�o�r� �=�s�6�I�a� �(�4�,�,�4�:�7�)�V�(�h�,�,�%�F�"�)�,� �(�4�.�1�.�1�0�b�)� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �(�1�)� �d�e�n�o�t�e�s� �t�h�a�t� �a�l�l� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �w�r�i�t�t�e�n� �i�n� 

�t�e�r�m�s� �o�f� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�r�s�t� �k�i�n�d�.� �I�t� �r�e�m�a�i�n�s� �t�o� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n�s� �s�a�t�i�s�f�y� �t�h�e� �s�y�m�m�e�t�r�y� �r�e�l�a�t�i�o�n� �(�4�.�1�.�8�)�.� �T�h�e� 

�p�r�o�o�f� �w�i�l�l� �n�o�t� �b�e� �s�h�o�w�n� �h�e�r�e�;� �i�t�s� �d�e�r�i�v�a�t�i�o�n� �i�s� �i�n�t�u�i�t�i�v�e�l�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �a�n�d� �d�o�e�s� 

�n�o�t� �h�i�g�h�l�i�g�h�t� �s�i�g�n�i�f�i�c�a�n�t� �f�e�a�t�u�r�e�s� �o�f� �t�h�i�s� �m�e�t�h�o�d�.� 

�T�h�e� �n�e�x�t� �s�t�e�p� �i�n� �p�r�e�p�a�r�i�n�g� �f�o�r� �a�s�y�m�p�t�o�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �t�o� �s�u�b�s�t�i�t�u�t�e� �t�h�e� 

�a�s�y�m�p�t�o�t�i�c� �f�o�r�m� �o�f� �t�h�e� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n� �i�n�t�o� �(�4�.�1�.�1�0�)�.� �A� �m�o�r�e� �e�x�a�c�t� �a�n�a�l�y�s�i�s� 

�w�o�u�l�d� �e�n�t�a�i�l� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n� �a�n�d� 

�d�e�t�e�r�m�i�n�i�n�g� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �p�a�t�h�;� �h�o�w�e�v�e�r�,� �l�i�t�t�l�e� �i�s� �k�n�o�w�n� 

�a�b�o�u�t� �s�u�c�h� �t�e�c�h�n�i�q�u�e�s�.� �I�n� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �w�h�e�r�e� �t�h�e� �p�o�l�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�r�a�d�i�a�t�i�o�n� �m�o�d�e�s� �l�i�e� �o�n� �t�h�e� �r�e�a�l� �a�x�i�s� �i�s� �t�h�e� �d�o�u�b�l�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�n�t�e�g�r�a�t�i�o�n� 

�s�i�m�p�l�i�f�i�e�d�;� �i�n� �s�u�c�h� �c�i�r�c�u�m�s�t�a�n�c�e�s�,� �t�h�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�n�t�e�g�r�a�t�i�o�n� �b�e�c�o�m�e�s� �a� 

�s�t�a�t�i�o�n�a�r�y� �p�h�a�s�e� �i�n�t�e�g�r�a�t�i�o�n� �a�n�d� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �b�y� �w�e�l�l�-�k�n�o�w�n� �t�e�c�h�n�i�q�u�e�s�.� 

�A�t� �t�h�i�s� �s�t�a�g�e�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �d�i�s�t�i�n�g�u�i�s�h� �b�e�t�w�e�e�n� �t�w�o� �t�y�p�e�s� �o�f� �"�f�a�r�-�f�i�e�l�d�"� 

�b�e�h�a�v�i�o�r�.� �O�n�e� �c�a�s�e�,� �f�o�r� �l�a�r�g�e� �r� �a�n�d� �z�,� �b�u�t� �n�o�t� �l�a�r�g�e� �p� �i�s� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �f�a�r�-� 

�f�i�e�l�d�,� �b�u�t� �t�h�e� �c�a�s�e� �o�f� �l�a�r�g�e� �r� �a�n�d� �p� �a�n�d� �s�m�a�l�l� �z� �i�s� �a�l�s�o� �f�a�r�-�f�i�e�l�d� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� 

�t�h�e� �s�p�h�e�r�i�c�a�l� �d�i�s�t�a�n�c�e� �f�r�o�m� �s�o�u�r�c�e� �p�o�i�n�t� �t�o� �f�i�e�l�d� �p�o�i�n�t� �i�s� �l�a�r�g�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� 

�h�o�w�e�v�e�r�,� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�c�t�u�a�l�l�y� �"�p�u�n�c�t�u�r�e�s�"� �t�h�e� �f�a�r�-�f�i�e�l�d�.� �I�t� �m�a�y� 
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�s�e�e�m� �t�h�a�t� �a�n� �a�s�y�m�p�t�o�t�i�c� �s�u�b�s�t�i�t�u�t�i�o�n� �f�o�r� �l�a�r�g�e� �k�,�r� �s�i�n�@� �i�s� �i�n�a�p�p�r�o�p�r�i�a�t�e�,� �a�n�d� 

�s�t�r�i�c�t�l�y� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �s�p�e�a�k�i�n�g� �t�h�e� �s�u�b�s�t�i�t�u�t�i�o�n� �i�s� �u�n�f�o�u�n�d�e�d�;� �h�o�w�e�v�e�r�,� �i�f� �o�n�e� �i�s� 

�i�n�t�e�r�e�s�t�e�d� �s�o�l�e�l�y� �i�n� �t�h�e� �r�a�d�i�a�t�i�o�n� �m�o�d�e�s� �a�n�d� �n�o�t� �t�h�e� �s�u�r�f�a�c�e� �w�a�v�e� �m�o�d�e�s�,� �t�h�e�n� 

�t�h�e� �s�u�b�s�t�i�t�u�t�i�o�n� �s�a�v�e�s� �o�n�e� �f�r�o�m� �a� �d�o�u�b�l�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�n�t�e�g�r�a�l� �a�n�d� �y�e�t� 

�p�r�o�v�i�d�e�s� �i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s�.� �A�s� �i�t� �h�a�p�p�e�n�s�,� �i�f� �a� �d�o�u�b�l�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�n�t�e�g�r�a�t�i�o�n� 

�i�s� �a�t�t�e�m�p�t�e�d�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� �t�h�e� �p�o�l�e�s� �a�l�o�n�g� �t�h�e� �r�e�a�l� �a�x�i�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �r�a�d�i�a�t�i�o�n� 

�m�o�d�e�s�,� �w�h�i�l�e� �t�h�o�s�e� �e�l�s�e�w�h�e�r�e� �i�n� �t�h�e� �c�o�m�p�l�e�x� �p�l�a�n�e� �a�r�e� �r�o�u�g�h�l�y� �d�u�e� �t�o� �s�u�r�f�a�c�e� 

�w�a�v�e�s�.� �A� �s�i�m�i�l�a�r� �p�r�o�b�l�e�m� �s�t�u�d�i�e�d� �b�y� �P�a�p�a�s� �w�a�s� �t�h�e� �r�a�d�i�a�t�i�o�n� �f�r�o�m� �i�n�f�i�n�i�t�e�l�y� �l�o�n�g� 

�c�y�l�i�n�d�r�i�c�a�l� �a�n�t�e�n�n�a�s� �[�P�a�p�a�s�,� �1�9�4�9�]�;� �l�a�t�e�r� �K�u�e�h�!� �s�h�o�w�e�d� �t�h�a�t� �b�o�t�h� �i�n�t�e�g�r�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s� �p�r�o�v�i�d�e�d� �i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s� �[�K�u�e�h�l�,� �1�9�6�0�]�.� 

�I�n� �l�i�e�u� �o�f� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �d�o�u�b�l�e� �i�n�t�e�g�r�a�t�i�o�n�,� �o�n�e� �j�u�s�t�i�f�i�e�s� �t�h�e� �d�i�r�e�c�t� 

�s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �f�o�r�m� �o�f� �t�h�e� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �d�i�s�c�l�a�i�m�e�r� �t�h�a�t� 

�t�h�e� �s�o�l�u�t�i�o�n� �w�i�l�l� �o�n�l�y� �"�p�i�c�k� �o�u�t�"� �t�h�e� �r�a�d�i�a�t�i�o�n� �m�o�d�e�s� �a�n�d� �w�i�l�l� �o�m�i�t� �a�l�l� �s�u�r�f�a�c�e� �w�a�v�e� 

�m�o�d�e�s�.� �I�f� �a� �p�o�l�e� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �(�d�u�e� �t�o� �a� �s�u�r�f�a�c�e� �w�a�v�e� �c�o�m�p�o�n�e�n�t�)� �w�e�r�e� �t�o� 

�b�e� �n�e�a�r� �t�h�e� �s�a�d�d�l�e� �p�o�i�n�t�,� �i�t�s� �e�f�f�e�c�t� �w�o�u�l�d� �n�o�t� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� 

�a�n�a�l�y�t�i�c�a�l� �d�e�t�a�i�l�s� �o�f� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� 

�f�o�u�n�d� �i�n� �[�B�l�e�i�s�t�e�i�n� �a�n�d� �H�a�n�d�e�l�s�m�a�n�,� �1�9�8�6�]�;� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t� �i�s� 

�H�(�z�)� �=� �{�2� �j�y� �*�e�*�,� �z ��>�0�,� �v�a�l�i�d� �f�o�r�  ��x�<�a�r�g�z�<�2�n�.� �(�4�.�1�.�1�1�)� 
�T�Z� 

�I�n� �t�h�i�s� �c�a�s�e�,� 

�H� �(�2�p�)� �=� �|� �(�j�e�r� �(�4�.�1�.�1�2�a�)� 
�T�A�P� 

�2� �y�O� �(�y�p�)� �= �� �|�2�-�(�j�)�"�*�*�e�-�|� �j�n� �g�l�]�.� �(�4�.�1�.�1�2�b�)� 
�O�p� �T�A�P� �2�p� 
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�U�s�i�n�g� �(�4�.�1�.�1�2�)� �i�n� �(�3�.�3�.�3�)�,� �1� �a�n�d� �N� �b�e�c�o�m�e� 

�_� �s�i�n� �c�o�s� �:� �H�A� �n�,�a�:�7�)�=�|� �2� �n�o�,� �«�{� �a�e� �n�b�a� �(�j�)�"�"�"�  � �� �e�o� �H�o�o�r�t� �(�4�.�1�.�1�3�a�)� 
�o� �p� �p� �j� �s�i�n� �T�A�P� 

 �� �c�o�s�  ��y�y� �s�i�n� �C�O�s� 
�h�a�g�)� �i� �s�h�a�)� �n�b�d�,� �t�e� �n�b�a�,�+�X� �n�b�d�,� 

�k� �2�p� �/�s�i�n� �P� �c�o�s� �s�i�n� �o�O� �(�4�.�1�.�1�3�b�)� 
�x� �(�j�r� �2� �g�-�i�l�r�p�r�i�g�)� 

�T�A�P� 

�S�i�n�c�e� �e�v�e�n�t�u�a�l�l�y� �o�n�e� �i�s� �i�n�t�e�r�e�s�t�e�d� �i�n� �s�p�h�e�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �s�o�l�u�t�i�o�n�s�,� �t�h�e� 

�n�e�x�t� �s�t�e�p� �i�s� �t�o� �c�o�n�v�e�r�t� �f�r�o�m� �c�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s� �(�p�,�o�,�z�)� �t�o� �s�p�h�e�r�i�c�a�l� 

�c�o�o�r�d�i�n�a�t�e�s� �(�r�,�6�,�6�)� �b�y� �t�h�e� �u�s�u�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �(�s�e�e� �F�i�g�u�r�e� �4�.�1�.�1�)� 

�p�=�r�s�i�n�d�,� �(�4�.�1�.�1�4�a�)� 

�z�=�r�c�o�s�0�.� �(�4�.�1�.�1�4�b�)� 

�O�m�i�t�t�i�n�g� �i�n�t�e�r�m�e�d�i�a�t�e� �s�t�e�p�s�,� �o�n�e� �c�a�n� �s�h�o�w� �t�h�a�t� �i�n� �t�h�e� �f�a�r�-�f�i�e�l�d� �(�w�h�e�r�e� �f�i�e�l�d� 

�q�u�a�n�t�i�t�i�e�s� �o�f� �o�r�d�e�r� �l�e�s�s� �t�h�a�n� �y� �a�r�e� �o�m�i�t�t�e�d�)�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �1� �a�n�d� �N �� 

�a�r�e� �g�i�v�e�n� �b�y� 

�.� �.� �C�O�S� �h�c� 
�(�h�r�s�)� �a�,�j�)� �A�4�| � � �� �n�g� �e�e�e�)� �(�4�.�1�.�1�5�a�)� 

�0� �m�A�r� �s�i�n�§� �s�i�n� 

�_�_� �1� �2� �c�o�s� �c�o�s� �i�n�e� 
�N�w� �h� �A�F� �~ ��(�j� �n�+�}�6�  ��h�r� �a� �4�4�2� �n�o�d� �~�I�r�(�A�s�i�n�O�+�h�,� �c�o�s�8�)� 

�g�o� �C�o� �M�P�a� �e�T� �e�e� �x�a�r�s�i�n�d� �|�e� �s�i�n� �P�A� �n�b�a�.�)� 

�(�4�.�1�.�1�5�b�)� 
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�4� 

� � �_ �� 

�F�i�g�u�r�e� �4�.�1�.�1� �:� �S�p�h�e�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� 
�[�R�e�p�r�o�d�u�c�e�d� �f�r�o�m� �J�o�r�d�a�n� �a�n�d� �B�a�l�m�a�i�n�,� �1�9�6�8�.�]� 

�G�i�v�e�n� �t�h�e�s�e� �f�a�r�-�f�i�e�l�d� �e�x�p�r�e�s�s�i�o�n�s�,� �t�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�p�e�c�t�r�a�l� 

�i�n�t�e�g�r�a�t�i�o�n� �o�v�e�r� �A� �f�o�r� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n�.� �T�o� �t�h�i�s� �e�n�d�,� �w�e� �r�e�p�l�a�c�e� 

�M �� �i�n� �(�4�.�1�.�1�0�a�)� �b�y� �i�t�s� �e�q�u�i�v�a�l�e�n�t� �f�a�r�-�f�i�e�l�d� �e�x�p�r�e�s�s�i�o�n� �(�4�.�1�.�1�5�a�)� �a�n�d� �p�r�o�d�u�c�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �s�p�e�c�t�r�a�l� �i�n�t�e�g�r�a�l�:� 

�2� �c�o�s� 

�T�A�r� �s�i�n�§� �s�i�n� 
� � 

�=� �1� �*� �a�r� �=� �.�f� �.�\�n�t� �I� �= ��~� �| �� �2�4� 
�'� �9�/�2� �b�n� �{�a�i�0�)� 

�c�r�o�w�e�r� �I�,� �A�F�)� �(�4�.�1�.�1�6�)�.� 

�A�f�t�e�r� �s�o�m�e� �m�i�n�o�r� �m�a�n�i�p�u�l�a�t�i�o�n�,� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �e�s�s�e�n�t�i�a�l�l�y� 

�5�0



�y�r� 
�=�~� �H�i�?� �a�a�n� �=�-� �-�j�r� �(�A�s�i�n�d�+�h�,� �c�o�s�®�)� �L�=�4� �A�F� �V�(�h�,�,� �4�3�7�"�)� �i�r�l� �4�.�1�.�1�7� 

�*� �V�4�a�n�r� �s�i�n�d� �s�i�n� �[�>� �h�,� �°� �(� �)� 

�T�h�i�s� �i�n�t�e�g�r�a�l� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �(�s�a�d�d�l�e�-�p�o�i�n�t�)� �i�n�t�e�g�r�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�.� �S�i�n�c�e� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �v�a�r�i�a�b�l�e� �1� �v�a�r�i�e�s� �a�l�o�n�g� �t�h�e� �r�e�a�l� �a�x�i�s�,� �t�h�e� 

�e�x�p�o�n�e�n�t�i�a�l� �i�n� �(�4�.�1�.�1�7�)� �i�s� �p�u�r�e�l�y� �r�e�a�l� �i�f� �o�n�e� �c�a�n� �g�u�a�r�a�n�t�e�e� �#�,� �=� �J�k�,� �-�2� �i�s� �p�u�r�e�l�y� 

�r�e�a�l� �n�e�a�r� �t�h�e� �s�a�d�d�l�e� �p�o�i�n�t�s�.� �I�n� �f�a�c�t�,� �s�i�n�c�e� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �n�o�t� 

�a�c�c�o�u�n�t�e�d� �f�o�r�,� �t�h�e� �p�a�t�h� �c�a�n� �b�e� �d�e�f�o�r�m�e�d� �f�r�o�m� �t�h�e� �r�e�a�l� �a�x�i�s� �i�n�t�o� �a� �s�t�e�e�p�e�s�t�-� 

�d�e�s�c�e�n�t� �p�a�t�h�.� �W�i�t�h� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �b�y� �m�e�a�n�s� 

�o�f� �t�e�c�h�n�i�q�u�e�s� �f�o�u�n�d� �i�n� �[� �F�e�l�s�e�n� �a�n�d� �M�a�r�c�u�v�i�t�z�,� �1�9�7�3�]�.� �G�i�v�e�n� �a�n� �i�n�t�e�g�r�a�l� �o�f� �t�h�e� 

�c�a�n�o�n�i�c� �f�o�r�m� 

�Q�)�=� �J� �f�(�z�)� �e�d�z�,� �(�4�.�1�.�1�8�)� 
�S�D�P� 

�t�h�e�n�,� �u�n�d�e�r� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �f�(�z�)� �a�n�d� �q�(�z�)� �a�r�e� �a�n�a�l�y�t�i�c� �n�e�a�r� �t�h�e� �s�i�n�g�l�e� �f�i�r�s�t� 

�o�r�d�e�r� �s�a�d�d�l�e� �p�o�i�n�t� �a�t� �z�,� �a�n�d� �g�(�z�)� �= ��j�g�(�z�)�,� �(�4�.�1�.�1�7�)� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� 

�1�(�Q�)�~� �J�r� �=�~� �f�(�z�,�)�e� �e�H� �9�'�'�(�z�,�)�2�0�.� �(�4�.�1�.�1�9�)� �A�a�r�t� �:�)� � � 

�W�i�t�h� �t�h�e� �s�t�a�t�e�d� �a�s�s�u�m�p�t�i�o�n�s�,� �t�h�e� �i�n�t�e�g�r�a�l� �(�)� �c�a�n� �n�o�w� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �a�s� 

�o�f� �.�\�n�t�y� 

�_� �j�j�)� �C�O�s� �i�o�  ��a�.� �t�)� �p�-�i�l�k�e�r�-�%�)� �I�,� �=�4�,�= � ��_�_�.�.� �n�o� �V�k�,� �c�o�s�8�,�k�,� �s�i�n�@�;�7 ��)� �e�?� !"�.� �4�.�1�.�2�0� 
�*� �/�2�k�,�r�s�i�n�®� �s�i�n� �(� �)� �(� �)� 

�A�p�p�l�y�i�n�g� �t�h�e� �s�a�m�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �J�/�,�,� �o�n�e� �f�i�n�d�s� 

�7� �-�(�j�)�"�*� �c�o�s� �a�s� �a�n�o� �n�o� �V�(�k�,�c�o�s�0�,�k�,� �s�i�n�@�;�7�"�)� �e�M�"�,� �(�4�.�1�.�2�1�)� 
�r�s�i�n� �s�i�n� 

�I�,�=� 
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�w�h�e�r�e� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�4�,� �=� �4�,� �c�o�s�@� �~� �a�,� �s�i�n�@� �p�r�o�v�i�d�e�s� �a� �c�o�n�v�e�r�s�i�o�n� 

�f�r�o�m� �c�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s� �t�o� �s�p�h�e�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� 

�I�n� �a� �v�e�r�y� �s�i�m�i�l�a�r� �m�a�n�n�e�r�,� �t�h�e� �i�n�t�e�g�r�a�l�s� �w�i�t�h� �i�n�t�e�g�r�a�n�d� �W�(�h�,�,�A�;�7� �"�)� �c�a�n� �b�e� 

�e�v�a�l�u�a�t�e�d�.� �L�e�t� 

�2� �o�n� �;� 
�t�=� �J�o� �7�)� �W�(�h�,�,� �0�3�7�"�)� �(�4�.�1�.�2�1�)� 

�A�g�a�i�n� �w�i�t�h� �J� �=� �/�,�+�1�,�,� �t�h�e� �i�n�t�e�g�r�a�l�s� �w�i�t�h� �e�x�p�l�i�c�i�t� �4�4� �a�n�d� �N �� �d�e�p�e�n�d�e�n�c�e� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �a�s� 

�a�l�o�e� �~� �M�A� �h�,� �J�A�F�)� �W�(�h�,�,� �P�F� �'�)� �(�4�.�1�.�2�2�a�)� 

�I�=�5� �o�h�.� �[�=� �N� �(�a�,� �a�7�)� �W�(�h�,�,� �G�F ��)� �(�4�.�1�.�2�2�b�)� 

�A�p�p�l�y�i�n�g� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �t�e�c�h�n�i�q�u�e�s�,� �t�h�e�s�e� �i�n�t�e�g�r�a�l�s� �e�v�a�l�u�a�t�e� �t�o� 

�i�(�j�)�"�*� �c�o�s� �I�,�=�4�,�  ��T�o�k� �r�a�n�d� �i�n�?� �W�(�k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�7�"�)� �e�M�)� �(�4�.�1�.�2�3�a�)� 

�G�i� �c�o�s� �y� �-�j�(�k�a�r�-�%�)� �=� �G�,�  ��=�- � � �� � �.� �n�o� �W�(�k�,�c�o�s�0�,�k�,� �s�i�n�8�;�7 ��)� �e�7�'�"�  �� �4�.�1�.�2�3�b� �T�i�r�a�n�a� �s�i�n�h�?� �M�0�0�8�0�.� �s�i�n�6�:�7 ��)� �(�4�.�1�.�2�3�b�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �i�n�t�o� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �(�3�.�7�.�2�a�)�,� �o�n�e� 

�f�i�n�d�s� �a�n� �e�x�p�r�e�s�s�i�o�n� �o�f� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e�:� 
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�g�g� �d�l�k�e�r�-�%�)� �c�o�s� �G�i� �p�F� �_� �J� �é ¬� �.�-� �n�t� �=� �F�a�n�g�,� �2�B�)� �n�d� �x� 
�1�/�4�,�[� �(�a �� �+�a ��)�7�(�k�,� �c�o�s�®�,� �k�,� �s�i�n�0�;�7�"�)� �+�(�b �� �+�b �� �)�W�(�k�,� �c�o�s�®�,� �k�,� �s�i�n� �0�;�7 ��)� 

�+�V�( ��k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�7�'�)� �+�W�(�-�k�,� �c�o�s�0�,�k�,� �s�i�n�®�;�7 ��)� �]� 

�+�9�|�(�a ��  �� �a �� �)�V�(�k�,� �c�o�s�®�,� �k�,� �s�i�n�0�;�7�"�)� �+�(�b ��  ��b ��)�W�(�k�,� �c�o�s�®�,� �k�,� �s�i�n�0�;�7 ��)� 

�~�V�(�-�k�,� �c�o�s�,� �k�,� �s�i�n�9�;�7�'�)� �+� �W�(�-�k�,� �c�o�s�6�,� �k�,� �s�i�n�9�;�7 ��)� �I�}� 

� � � � 

�(�4�.�1�.�2�4�)� 

�T�h�a�t� �t�h�i�s� �f�u�n�c�t�i�o�n� �w�i�l�l� �s�e�r�v�e� �a�s� �t�h�e� �k�e�r�n�e�l� �f�o�r� �E�-�f�i�e�l�d� �i�n�t�e�g�r�a�t�i�o�n� �s�e�e�m�s� �j�u�s�t�i�f�i�e�d�.� 

�O�n�e� �n�o�t�i�c�e�s� �t�h�e� �u�s�u�a�l� �y� �f�i�e�l�d� �d�e�p�e�n�d�e�n�c�e� �w�h�i�c�h� �g�u�a�r�a�n�t�e�e�s� �f�i�n�i�t�e� �p�o�w�e�r� �i�n� �a� 

�c�l�o�s�e�d� �s�u�r�f�a�c�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �V�R�E� �x� �A�r�}�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �t�e�r�m� �o�f� 

�(�4�.�1�.�2�4�)� �i�n�d�i�c�a�t�e�s� �p�l�a�n�e� �w�a�v�e� �t�y�p�e� �b�e�h�a�v�i�o�r� �a�s� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �p�o�i�n�t� �e�x�t�e�n�d�s� �t�o� 

�i�n�f�i�n�i�t�y� �(�z� �>� �0�0�)�.� �T�h�e� �f�a�c�t� �t�h�a�t� �(�4�.�1�.�2�4�)� �i�s� �a�n� �i�n�f�i�n�i�t�e� �s�u�m� �o�f� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �d�o�e�s� 

�n�o�t� �i�n�t�r�o�d�u�c�e� �a�n�y� �d�i�f�f�i�c�u�l�t�i�e�s� �i�n� �a�p�p�l�y�i�n�g� �t�h�i�s� �t�h�e�o�r�y� �t�o� �a�c�t�u�a�l� �c�u�r�r�e�n�t� �s�o�u�r�c�e�s�.� 

�T�h�e� �i�n�f�i�n�i�t�e� �s�u�m� �c�h�a�r�a�c�t�e�r�i�z�e�s� �t�h�e� �c�o�m�p�l�e�t�e�n�e�s�s� �c�o�n�d�i�t�i�o�n� �a�n�d� �i�n� �m�a�n�y� 

�i�n�s�t�a�n�c�e�s� �c�a�n� �b�e� �t�r�u�n�c�a�t�e�d� �a�f�t�e�r� �a�c�h�i�e�v�i�n�g� �a� �c�e�r�t�a�i�n� �p�r�e�s�p�e�c�i�f�i�e�d� �a�c�c�u�r�a�c�y�.� �T�h�e� 

�s�u�m�m�a�t�i�o�n� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �w�a�v�e�g�u�i�d�e� �e�x�p�r�e�s�s�i�o�n�s� �w�h�e�r�e�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� 

�s�o�u�r�c�e�,� �o�n�l�y� �c�e�r�t�a�i�n� �m�o�d�e�s� �a�r�e� �e�x�c�i�t�e�d� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �m�o�d�e�s� �d�o� �n�o�t� 

�p�r�o�p�a�g�a�t�e�.� �F�o�r� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e�s�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� �n�o� �t�r�u�n�c�a�t�i�o�n� �i�s� �n�e�c�e�s�s�a�r�y� 

�b�e�c�a�u�s�e� �t�h�e� �s�o�u�r�c�e� �e�x�c�i�t�e�s� �o�n�l�y� �t�h�e� �f�i�r�s�t� �m�o�d�e�.� �A�l�t�h�o�u�g�h� �s�u�c�h� �s�o�u�r�c�e�s� �a�r�e� 

�i�n�d�e�e�d� �i�m�p�r�a�c�t�i�c�a�l�,� �t�h�e�y� �d�e�m�o�n�s�t�r�a�t�e� �a� �v�a�r�i�e�t�y� �o�f� �n�o�v�e�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �i�n�h�e�r�e�n�t� 

�t�o� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �m�a�t�h�e�m�a�t�i�c�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�o�i�n�t� 

�d�i�p�o�l�e� �s�o�u�r�c�e�s� �i�s� �g�r�e�a�t�l�y� �s�i�m�p�l�i�f�i�e�d� �a�s� �c�o�m�p�a�r�e�d� �t�o� �f�i�n�i�t�e� �l�e�n�g�t�h� �(�o�r� �r�e�s�o�n�a�n�t�)� 

�c�h�i�r�o�s�t�r�i�p� �l�i�n�e� �s�o�u�r�c�e�s� �o�r� �p�a�t�c�h�e�s�.� 
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�4�.�2� �F�a�r�-�F�i�e�l�d� �R�a�d�i�a�t�i�o�n� �F�i�e�l�d�s� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �s�t�e�p� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �i�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� 

�o�f� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�n�t�e�g�r�a�l� �(�4�.�1�.�2�4�)� �f�o�r� �t�h�e� �p�r�e�s�c�r�i�b�e�d� �c�u�r�r�e�n�t� �s�o�u�r�c�e� �(�2�.�1�.�1�)� 

�i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�a�d�i�a�t�i�o�n� �f�i�e�l�d�s�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�:� �o�n�e� 

�p�r�e�s�c�r�i�b�e�s� �t�h�e� �c�u�r�r�e�n�t� �s�o�u�r�c�e� �a�n�d� �p�e�r�f�o�r�m�s� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �w�i�t�h� �t�h�e� 

�p�r�e�d�e�t�e�r�m�i�n�e�d� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �k�e�r�n�e�l�.� �T�h�e� �b�e�a�u�t�y� �o�f� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� 

�m�e�t�h�o�d� �i�s� �n�o�w� �a�p�p�a�r�e�n�t�:� �o�n�c�e� �t�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �t�h�e� 

�g�e�o�m�e�t�r�y� �t�o� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d�,� �i�t� �i�s� �a� �s�i�m�p�l�e� �m�a�t�t�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�a�d�i�a�t�i�o�n� �f�i�e�l�d�s� 

�f�o�r� �a�n�y� �a�r�b�i�t�r�a�r�y� �c�u�r�r�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�o� �f�a�c�i�l�i�t�a�t�e� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�,� �t�h�e� �r�e�l�e�v�a�n�t� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �r�e�s�t�a�t�e�d� 

�I�(�x�,� �y�'�,�2�'�)� �=� �J�t�(�x ��,� �y�e�  ��d�)�a�,� �+� �J�'�(�x�'�,� �y ��)�8�(�z�'� �-�d�)�é�,�,� �(�4�.�2�.�1�)� 
�y� 

�7�(� 

�E�(�r�)� �= ��j�o�u� �J� �]�G�"�(� �7�,�F�'�)�-� �J�F ��)� �d�V�"�.� �(�4�.�2�.�2�)� 

�A�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �e�l�e�m�e�n�t�a�l� �h�o�r�i�z�o�n�t�a�l� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e� �i�s� �a� �u�s�e�f�u�l� 

�c�u�r�r�e�n�t� �s�o�u�r�c�e�.� �T�o� �e�x�t�e�n�d� �t�h�e� �f�o�r�t�h�c�o�m�i�n�g� �r�e�s�u�l�t�s� �t�o� �a� �g�e�n�e�r�a�l� �p�a�t�c�h� �e�l�e�m�e�n�t�,� �a� 

�m�o�d�e�l� �o�f� �t�h�e� �c�u�r�r�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �p�a�t�c�h� �m�u�s�t� �b�e� �k�n�o�w�n� �a� 

�p�r�i�o�r�i�.� �T�h�i�s� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e� �h�a�s� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� 

�I�(�x ��,� �y�'�,�2�'�)� �=�8�(�x ��  �� �0�)�8�(�y �� �-� �0�)�8�(�z �� �- ��d�)�4�.�,�.� �(�4�.�2�.�3�)� 

�S�i�n�c�e� �t�h�e� �a�n�t�e�n�n�a� �h�a�s� �a�z�i�m�u�t�h�a�l� �s�y�m�m�e�t�r�y�,� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �s�i�m�i�l�a�r� �s�o�l�u�t�i�o�n�s� 

�f�o�r� �a� �h�o�r�i�z�o�n�t�a�l� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e� �r�e�g�a�r�d�l�e�s�s� �o�f� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �x�-�a�x�i�s� �w�a�s� 

�c�h�o�s�e�n� �b�y� �c�o�n�v�e�n�i�e�n�c�e�.� �E�v�a�l�u�a�t�i�n�g� �(�4�.�2�.�2�)� �w�i�t�h� �(�4�.�2�.�3�)�,� �o�n�e� �f�i�n�d�s� 

�E� �=� �-�j�o�p�l�,�G�'� �4�,�1�)�,� �4�5�9�4�)� �(�4�.�2�.�4�a�)� 
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�~� �j�(�k�a�r�-�%�)� �2� 

�G�'�(�7�,�7�)�= ��L�E� �2�-�5�,�,�)�(�{�)�"�*� 
�7� �r ��)� �A�4�n�J�2� �i�r�a�n� �2� �(� �J�Y� �)� �S�i� �a�n� �*� 

�L�i�a�,� �|� �(�a �� �+�a �� �)�V�(�k�,� �c�o�s�0�,�k�,� �s�i�n�9�;�F�'�)� �W�e� �+�b �� �)�W�(�k�,� �c�o�s�0�,� �k�,� �s�i�n� �0�;� �7�"�)� 

�+�V�(�-�k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�7 ��)�+�W�(�-�k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�F ��)� �]� 

�,�|�(�a �� �-�a �� �V�(�k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�F�"�)� �+�(�b ��  ��b �� �)�W�(�k�,� �c�o�s�0�,� �k�,� �s�i�n� �0�;� �7 ��)� 

�-�V�(�-�k�,� �c�o�s�0�,�k�,� �s�i�n�0�;�7�'�)�+�W�( ��k�,� �c�o�s�0�,�k�,� �s�i�n�@�;�7�"�)� �]�}� 

� � � � 

�(�4�.�2�.�4�b�)� 

�T�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �e�x�p�r�e�s�s�i�o�n� �o�n�l�y� �h�a�s� �s�o�u�r�c�e� �d�e�p�e�n�d�e�n�c�e� �i�n� �t�h�e� �p�o�s�t�e�r�i�o�r� 

�e�l�e�m�e�n�t�s�;� �t�h�e�r�e�f�o�r�e�,� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�o�n�s�i�d�e�r� �o�n�l�y� �t�h�e� �t�e�r�m�s� 

�s�i�n� �|� 
�H�a�,� �d�s�F�)�=�|�¥� �2�5�,�0�0�)� �n�'�a�,� �S�h�,� �(�a�p�"�)� �5� �_�n�g�'�d� �v�e�"� �a� �(�4�.�2�.�5�a�)� 

�o�O� �p� �p �� 

�c�o�s� �j�h�n� �s�i�n� �c�o�s� �_� 
�©� �5� �(�a�p�)� �n�o� �a�,� �£�2� �J�,� �(�h�0�'�)� �n�g �� �a�,� �+�2�7�5�,� �(�a�p�'�)� �n�g ��a�,� �|�e�.� 

�,� �0� �.� 
�O�p� �s�i�n� �c�o�s� �s�i�n� 

�R�a�c�i�n�e�]� 

�(�4�.�2�.�5�b�)� 

�S�i�n�c�e� �t�h�e� �s�o�u�r�c�e� �i�s� �l�o�c�a�t�e�d� �a�l�o�n�g� �t�h�e� �z�-�a�x�i�s�,� �o�n�e� �m�u�s�t� �c�o�n�s�i�d�e�r� �t�h�e� �l�i�m�i�t�s� �a�s� 

�p�  �� �0� �o�f� �t�h�e� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n� �a�n�d� �i�t�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e�.� �T�o� �d�o� �s�o�,� �t�h�e� �s�m�a�l�l� �a�r�g�u�m�e�n�t� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �n�e�c�e�s�s�a�r�y� �[�A�b�r�a�m�o�w�i�t�z� �a�n�d� �S�t�e�g�u�n�,� �1�9�6�4�]�:� 

�(�3�)�"�(�z�)�"� 
�l�i�m� �J� �(�z�)� �=� �(�n�t�i�)�!� �(�4�.�2�.�6�a�)� 

�_�G�)�'� �n�y�"� 

�T�o� �e�v�a�l�u�a�t�e� �(�4�.�2�.�5�)� �a�t� �t�h�e� �s�o�u�r�c�e� �p�o�i�n�t�,� �u�s�e� �t�h�e� �s�m�a�l�l� �a�r�g�u�m�e�n�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �z ��=�d�:� 
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�s�i�n� �c�o�s� 
�=� �n�-�l� �=�  ��j�h�d� �n�o ��a�,�  ��n�A�(�A�p ��)� �s�i�n� �a� �e�u� 

�.�  ��~� �s�r� �_�i� �.�  �� �A� �*�\�0� 
�l�i�m� �M�,� �,� �(�h�,� �A�F�"�)� �=� �;� �i�m� �s� �5� �(�A�p�'�)�"� �4� 

�(�4�.�2�.�7�a�)� 
�=� �_�,� �C�O�S� �,� �n� �s�i�n� �,� �0�0�8� 

�l�i�m� �W�,�,�(�h�,�A�;�F�"�)�= ��-�l�i�m� �| ��j�h�n�(�a�p�'�"� �n�d�a�,� �2� �(�n�p�"�)�"� �n�g �� �a�y� �+�2�2�(�d�p�!�) �� �n�o�t�a�,� �|� �e!"�.� �p�7�0� �o�o� �4�k� �p ��0� �/� �s�m� �P� �c�o�s� �s�i�n� 

�(�4�.�2�.�7�b�)� 

�U�l�t�i�m�a�t�e�l�y� �o�n�e� �i�s� �o�n�l�y� �i�n�t�e�r�e�s�t�e�d� �i�n� �t�h�e� �p�r�o�j�e�c�t�i�o�n�s� �o�f� �t�h�e�s�e� �v�e�c�t�o�r�s� �o�n�t�o� �t�h�e� �x�-� 

�a�x�i�s�,� �s�o� �t�h�e� �f�i�n�a�l� �t�e�r�m� �o�f� �(�4�.�2�.�7�b�)� �c�a�n� �b�e� �o�m�i�t�t�e�d� �w�i�t�h�o�u�t� �l�o�s�s�.� �W�i�t�h� �t�h�i�s� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�,� �o�n�e� �i�m�m�e�d�i�a�t�e�l�y� �n�o�t�i�c�e�s� �t�h�a�t� �f�o�r� �n� �#�1�,� �b�o�t�h� �l�i�m�i�t�s� �e�v�a�l�u�a�t�e� �t�o� �z�e�r�o�.� 

�F�o�r� �n�=�1� �h�o�w�e�v�e�r�,� �t�h�e� �l�i�m�i�t�s� �a�r�e� �f�i�n�i�t�e� �a�n�d� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d�:� 

�l�i�m� �M�1�,� �(�h� �u�r�)� �=� �m�o�n�  ��a�  ��a�,� �|�e!"� �4�.�2�.�8� �o�o� �e�\� �I� �"�4� �+� �c�o�s�?� �a�y�  �� �s�i�n�?� �a�y�  ¬�  �� �(�  ��4�.� �a�)� 

 �� �C�O�s� �s�i�n� 
�l�i�m� �W�,�,� �(�h�a�r�)� �=� �~�j�h�r� �|� �p�a�,� �+�2�"� �(�a�p�)� �o�'� �a�,� �|� �o�m�.� �(�4�.�2�.�8�b�)� 
�p�9�0� �o�o� �4�k� �s�i�n� �p� �p �� �c�o�s� 

�T�h�e� �f�u�n�c�t�i�o�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �n� �#�1� �l�i�e� �i�n� �t�h�e� �n�u�l�l� �s�p�a�c�e� �f�o�r� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �s�o�u�r�c�e� 

�s�e�l�e�c�t�e�d� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e�s�e� �m�o�d�e�s� �a�r�e� �n�o�t� �e�x�c�i�t�e�d�.� �W�i�t�h�o�u�t� �c�o�n�f�u�s�i�o�n�,� �t�h�e� �l�i�m�i�t� 

�n�o�t�a�t�i�o�n� �w�i�l�l� �b�e� �o�m�i�t�t�e�d� �f�o�r� �b�r�e�v�i�t�y�.� �T�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� �p�r�o�j�e�c�t� �4�7�,� �(�#�,�4�;�7 ��)� �a�n�d� 

�V�,�,�(�4�,�4�;�7�"�)� �u�p�o�n� �t�h�e� �x�-�a�x�i�s�.� �U�p�o�n� �d�o�i�n�g� �s�o�,� �o�n�e� �f�i�n�d�s� �t�h�a�t� 

�M�,�,� �(�h�,�4�;�F�7�'�)�-�4�,� �=�0� �(�4�.�2�.�9�a�)� 

�~� �=�r�\� �4� �N�n� �h�d� �M�,�,�(�h�,�4�;�F�'�)�-�4�,� �=� �a� �e�?� �(�4�.�2�.�9�b�)� 

�a�n�d� 
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�(�h�,�0�;�F�'�)�-�4� �=� �J�P�M� �i�n�d� �(�4�.�2�.�1�0�a�)� 

�(�h�,�4�;�F�'�)�-�4�,� �=�0� �(�4�.�2�.�1�0�b�)� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e� �e�x�c�i�t�e�s� �o�n�l�y� �t�h�e� �f�i�r�s�t� �o�d�d� 
�M�,�,�,� �(�h�,�4�;�7�'�)� �m�o�d�e� �a�n�d� �t�h�e� �f�i�r�s�t� �e�v�e�n� �N�,�,�(�4�,�4�;�7�"�)� �m�o�d�e�.� �A�s� �a�n� �a�s�i�d�e�,� �i�t� �i�s� 

�i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �T�a�i� �[�T�a�i�,� �1�9�7�1�]� �d�e�r�i�v�e�d� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �f�o�r� �m�o�d�e�s� �e�x�c�i�t�e�d� 

�b�y� �a� �h�o�r�i�z�o�n�t�a�l� �d�i�p�o�l�e� �a�b�o�v�e� �a� �f�l�a�t� �e�a�r�t�h� �.� �T�h�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �e�x�p�r�e�s�s�i�o�n� �i�n� 

�(�4�.�2�.�4�)� �i�s� �i�n� �t�e�r�m�s� �o�f� �V� �a�n�d� �W�,� �s�o� �w�e� �c�a�n� �r�e�w�r�i�t�e� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �(�4�.�2�.�9�)�-� 

�(�4�.�2�.�1�0�)� �a�s� 

�V�7�.� �(�h�,�a�c�F�"�)�-�G�.� �=� �a�e� �(�4�.�2�.�1�1�a�)� 

�W�,�,�(�h�,�A�;�F�'�)�-�4�,� �=� �a�e� �(�4�.�2�.�1�1�b�)� 

�7� �a�r�\� �A� �r� �~�j�h�d� �V�a�s� �(�h�s� �A�s�F�)�-�4�,� �=�e�"� �;� �(�4�.�2�.�1�1�¢�)� 

�7� �=�r�)� �4� �r� �-�j�h�d� �W�,�.�(�h�,�d�;�7�'�)�-�4�,�  ��a�r�e� �j� �(�4�.�2�.�1�1�d�)� 

�T�h�e� �n�e�x�t� �g�o�a�l� �i�s� �t�o� �s�u�b�s�t�i�t�u�t�e� �t�h�e�s�e� �r�e�s�u�l�t�s� �i�n�t�o� �(�4�.�2�.�4�)� �a�n�d� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�a�r�-� 

�z�o�n�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�.� �S�i�n�c�e� �o�n�l�y� �t�h�e� �f�i�r�s�t� �m�o�d�e� �i�s� �e�x�c�i�t�e�d�,� �t�h�e� �p�r�o�c�e�s�s� �i�s� �s�i�m�p�l�e�:� �t�h�e� 

�s�u�m�m�a�t�i�o�n� �o�v�e�r� �n� �i�s� �r�e�p�l�a�c�e�d� �b�y� �i�t�s� �s�i�n�g�l�e� �n�o�n�-�z�e�r�o� �e�l�e�m�e�n�t� �a�n�d� �e�v�a�l�u�a�t�e�d� �f�o�r� 

�t�h�e� �r�e�q�u�i�r�e�d� �4� �a�n�d� �h�.� �A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�o�n�,� �o�n�e� �f�i�n�d�s� 

�=� �e�r� 
�E�,� �=� �o�w�l�,�  �� 

�1�6�x�7�r� �e�e �� �c�o�s�t�a� �{�j� �c�o�s�h� �c�o�s�@�|�a �� �+�q �� �_� �b�Y� �a� 

�(�4�.�2�.�1�2�a�)� 

�+� �s�i�n�@�[�a �� �+�a �� �+�b�"� �+�b�"� �+� �2�e�/�#�e�s�o�s�0�4� �|� �}�,� 
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 ��j�k�o�r� �e� �J� �o�'� �|� �w� �;� 

�E�,� �=� �-�o�p�l�,�  � ��e� �*�"�{� �c�o�s� �c�o�s�6�|�a �� �~�a �� �+�b ��  ��b �� �+� �2�e�/�o�c�o�s�0�a� 
�1�6�n�r� �(�4�.�2�.�1�2�b�)� 

�~� �j�s�i�n�@�[�a ��  ��a ��  ��b �� �+�8�"� �f�.� 

�T�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �g�i�v�e�n� �a�b�o�v�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�b�t�a�i�n�e�d� �b�y� �P�e�l�e�t� �a�n�d� �E�n�g�h�e�t�a� 

�[�P�e�l�e�t� �a�n�d� �E�n�g�h�e�t�a�,� �1�9�9�2�]�:� �h�o�w�e�v�e�r�,� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �d�i�f�f�e�r�s� �b�y� �a� 

�c�o�m�p�l�e�x� �c�o�n�s�t�a�n�t�.� �A�l�s�o�,� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�f� �£�,� �d�i�f�f�e�r�s� �f�r�o�m� �p�r�e�v�i�o�u�s�l�y� 

�p�u�b�l�i�s�h�e�d� �r�e�s�u�l�t�s�.� �I�n� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n�v�o�l�v�i�n�g� �o�n�l�y� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �f�i�e�l�d�s� �a�n�d� 

�n�o�t� �t�h�e�i�r� �r�e�l�a�t�i�v�e� �p�h�a�s�e� �(�s�u�c�h� �a�s� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n�)�,� �s�u�c�h� �d�i�s�c�r�e�p�a�n�c�i�e�s� �w�i�l�l� 

�n�o�t� �a�f�f�e�c�t� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�.� 
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�C�h�a�p�t�e�r� �5� 

�A�n�t�e�n�n�a� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�5�.�1� �A�n�t�e�n�n�a� �P�a�t�t�e�r�n�s� 

�A�l�t�h�o�u�g�h� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �g�i�v�e�n� �i�n� �(�4�.�2�.�1�2�)� �w�a�s� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �a� �f�a�r�-�f�i�e�l�d� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �f�u�l�l�-�w�a�v�e� �G�r�e�e�n�'�s� �f�u�n�c�t�i�o�n� �(�3�.�7�.�2�)�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �r�e�s�u�l�t� 

�p�r�e�s�e�n�t�s� �l�i�t�t�l�e� �(�i�f� �a�n�y�)� �p�h�y�s�i�c�a�l� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �r�a�d�i�a�t�i�o�n� �b�y� �c�h�i�r�o�s�t�r�i�p� 

�a�n�t�e�n�n�a�s�;� �o�n�e� �i�s� �m�o�t�i�v�a�t�e�d� �t�o� �p�u�r�s�u�e� �a� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s�.� �A�s� �a� �f�i�r�s�t� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�,� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �f�o�r� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� 

�p�o�w�e�r� �p�a�t�t�e�r�n� �f�o�l�l�o�w�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �(�4�.�2�.�1�2�)� �a�n�d� �i�s� �g�i�v�e�n� �b�y� 

�(�0�,�0�)� �=�|�£�,�(�0�,�6�)�[� �+�{�£�,�(�0�,�)�)� �(�5�.�1�.�1�)� 

�t�o� �w�i�t�h�i�n� �a� �n�o�r�m�a�l�i�z�a�t�i�o�n� �c�o�n�s�t�a�n�t�.� �T�h�e� �f�i�e�l�d� �p�a�t�t�e�r�n� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� 

�o�f� �(�5�.�1�.�1�)�,� �v�i�z�.�,� �|�#�(�0�,�6�)�|�.� �T�h�e� �p�o�w�e�r� �p�a�t�t�e�r�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�n�d�i�v�i�d�u�a�l� �8� �a�n�d� 

�c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�f�o�(�0�,�4�)�]� �=� �(�8�,� �6�)�)� �(�5�.�1�.�2�a�)� 

�l�f�,�(�0�,�0�)�)� �=�|�2�,�(�0�,�4�)�[� �(�5�.�1�.�2�b�)� 

�T�h�e� �f�u�l�l� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �s�u�b�s�t�r�a�t�e� �p�e�r�m�i�t�i�v�i�t�y�,� 

�c�h�i�r�a�l�i�t�y�,� �a�n�d� �t�h�i�c�k�n�e�s�s� �a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e�s� �5�.�1�.�1�-�5�.�1�.�3�.� �A�n�t�e�n�n�a�s� �w�i�t�h� 

�p�a�r�a�m�e�t�e�r�s� �d�i�f�f�e�r�i�n�g� �f�r�o�m� �t�h�o�s�e� �s�h�o�w�n� �i�n� �t�h�e� �f�i�g�u�r�e�s� �w�e�r�e� �a�l�s�o� �c�o�n�s�i�d�e�r�e�d�,� �b�u�t� 

�i�n� �m�o�s�t� �c�a�s�e�s� �t�h�e� �d�a�t�a� �e�i�t�h�e�r� �w�e�r�e� �n�e�a�r�l�y� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �p�r�e�s�e�n�t�e�d� �h�e�r�e�,� �o�r� �t�h�e� 
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�a�n�t�e�n�n�a� �p�a�t�t�e�r�n� �w�a�s� �n�o�t� �m�u�c�h� �a�f�f�e�c�t�e�d� �b�y� �c�h�i�r�a�l�i�t�y�.� �S�p�e�c�i�f�i�c� �d�e�t�a�i�l�s� �a�b�o�u�t� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �c�h�i�r�a�l�i�t�y� �a�r�e� �p�o�s�t�p�o�n�e�d� �u�n�t�i�l� �S�e�c�t�i�o�n� �5�.�2�.� �T�h�e� �p�l�o�t�s� �s�h�o�w�n� �w�e�r�e� 

�g�e�n�e�r�a�t�e�d� �b�y� �M�a�t�h�e�m�a�t�i�c�a� �u�s�i�n�g� �t�h�e� �s�o�u�r�c�e� �c�o�d�e� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �G�.� 

�F�o�r� �t�y�p�i�c�a�l� �a�c�h�i�r�a�l� �a�n�t�e�n�n�a�s�,� �s�t�a�n�d�a�r�d� �a�n�t�e�n�n�a� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e� 

�d�i�c�t�a�t�e�s� �o�b�s�e�r�v�a�t�i�o�n� �o�f� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �i�n� �t�w�o� �p�r�i�n�c�i�p�a�l� �p�l�a�n�e�s�:� �n�a�m�e�l�y� �t�h�e� 

�=� �0�°� �a�n�d� �$� �=� �9�0�°� �p�l�a�n�e�s� �(�g�e�n�e�r�a�l�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �E�-� �a�n�d� �H�-�p�l�a�n�e�s� 

�d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �p�h�y�s�i�c�a�l� �a�r�r�a�n�g�e�m�e�n�t� �o�f� �t�h�e� �a�n�t�e�n�n�a�)�.� �S�u�c�h� �p�r�a�c�t�i�c�e� �i�s� �n�o�t� 

�i�l�l�u�m�i�n�a�t�i�n�g� �w�h�e�n� �t�h�e� �m�a�i�n� �b�e�a�m� �m�a�x�i�m�u�m� �d�o�e�s� �n�o�t� �l�i�e� �i�n� �a�t� �l�e�a�s�t� �o�n�e� �o�f� �t�h�e�s�e� 

�p�l�a�n�e�s�.� �F�i�g�u�r�e�s� �(�5�.�1�.�1�-�5�.�1�.�3�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �c�h�i�r�a�l�i�t�y� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �s�h�i�f�t�i�n�g� �t�h�e� 

�m�a�i�n� �b�e�a�m� �m�a�x�i�m�u�m�;� �i�t� �i�s� �f�o�r� �t�h�i�s� �r�e�a�s�o�n� �t�h�a�t� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n�s� �a�r�e� �n�o�t� 

�$�=� �0�°� �o�r� �6� �=� �9�0�°� �p�l�a�n�e� �p�a�t�t�e�r�n�s�.� �I�n� �f�a�c�t�,� �p�a�t�t�e�r�n� �c�u�t�s� �w�e�r�e� �t�a�k�e�n� �f�o�r� �c�o�n�s�t�a�n�t� 

�e�l�e�v�a�t�i�o�n� �(�8� �=� �4�5�°�)� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�t�t�e�r�n�s� �(�F�i�g�u�r�e� �5�.�1�.�4�)�.� �I�t� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �a�l�t�h�o�u�g�h� �t�h�e� �c�o�n�s�t�a�n�t� �t�h�e�t�a� �p�a�t�t�e�r�n� �m�a�y� �n�o�t� �c�o�n�t�a�i�n� �t�h�e� 

�m�a�i�n� �b�e�a�m� �m�a�x�i�m�u�m�,� �t�h�e� �a�z�i�m�u�t�h�a�l� �a�n�g�l�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�n�s�t�a�n�t� �e�l�e�v�a�t�i�o�n� 

�p�a�t�t�e�r�n� �m�a�x�i�m�u�m� �i�s� �n�e�a�r�l�y� �(�i�f� �n�o�t� �e�x�a�c�t�l�y�)� �t�h�e� �a�z�i�m�u�t�h�a�l� �a�n�g�l�e� �o�f� �t�h�e� �m�a�i�n� �b�e�a�m� 

�i�n� �a� �p�l�a�n�e� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �m�a�i�n� �b�e�a�m� �m�a�x�i�m�u�m�.� �C�o�n�s�t�a�n�t� �e�l�e�v�a�t�i�o�n� �p�a�t�t�e�r�n�s� �w�e�r�e� 

�a�l�s�o� �t�a�k�e�n� �f�o�r� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �s�e�n�s�i�t�i�v�e� �p�a�t�t�e�r�n�s� �(�5�.�1�.�2�a�)� �a�n�d� �(�5�.�1�.�2�b�)�;� �t�h�e�s�e� 

�p�a�t�t�e�r�n�s� �a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e�s� �5�.�1�.�5� �a�n�d� �5�.�1�.�6� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�C�o�n�s�t�a�n�t� �a�z�i�m�u�t�h� �p�o�l�a�r�i�z�a�t�i�o�n� �i�n�s�e�n�s�i�t�i�v�e� �p�a�t�t�e�r�n�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �s�e�t�t�i�n�g� 

�t�h�e� �a�z�i�m�u�t�h� �t�o� �i�t�s� �m�a�x�i�m�u�m� �(�¢� �=� �6�,�,�,�,� �)� �f�o�r� �6� �=� �4�5�°� �a�n�d� �v�a�r�y�i�n�g� �t�h�e�t�a� �o�v�e�r� �t�h�e� 

�o�b�s�e�r�v�a�t�i�o�n� �s�p�a�c�e�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�1�.�7�.� 
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�5�.�2� �R�a�d�i�a�t�i�o�n� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�A� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �h�a�s� �b�e�e�n� �m�a�d�e�:� �s�p�e�c�i�f�i�c�a�l�l�y�,� 

�g�r�a�p�h�i�c�a�l� �o�u�t�p�u�t� �o�f� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �f�o�r� �a�l�l� �@� �a�n�d� �@� �s�p�a�c�e�.� �I�n�t�e�r�e�s�t�i�n�g� �r�e�s�u�l�t�s� 

�c�a�n� �n�o�w� �b�e� �o�b�t�a�i�n�e�d� �b�y� �a� �f�e�w� �s�i�m�p�l�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �F�i�r�s�t�,� �t�h�e� �a�n�g�l�e�s� �f�o�r� �m�a�x�i�m�u�m� 

�r�a�d�i�a�t�i�o�n� �(�m�a�i�n� �b�e�a�m�)� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �c�h�i�r�a�l�i�t�y� �a�r�e� �t�a�b�u�l�a�t�e�d� �a�n�d� �p�l�o�t�t�e�d� �i�n� 

�F�i�g�u�r�e� �5�.�2�.�1� �f�o�r� �t�h�e� �c�a�s�e� �d�=�0�.�3�A� �¢�=�2�s�,� �a�n�d� �i�n� �F�i�g�u�r�e� �5�.�2�.�2� �f�o�r� �t�h�e� �c�a�s�e� 

�d�=�0�.�3�4�,�  ¬�=�1�0�e�,�.� �N�e�x�t�,� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �v�a�r�i�o�u�s� �a�n�t�e�n�n�a�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�n�d� 

�p�l�o�t�t�e�d� �i�n� �F�i�g�u�r�e�s� �5�.�2�.�3�-�5�.�2�.�7�.� �T�h�e� �r�o�u�t�i�n�e� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �i�s� �s�n�o�w�n� 

�i�n� �A�p�p�e�n�d�i�x� �G�.� �A�s� �a� �f�u�n�d�a�m�e�n�t�a�l� �c�h�e�c�k�,� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �a�n� �a�c�h�i�r�a�l� �s�h�o�r�t� �d�i�p�o�l�e� 

�a�n�t�e�n�n�a� �a�b�o�v�e� �a� �p�e�r�f�e�c�t� �g�r�o�u�n�d�p�l�a�n�e� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �c�o�d�e� �w�i�t�h� 

�E ¬�,�=�0�,� �e�=�e�,�,� �a�n�d� �d�=�)�/�2�.� �O�n�e� �e�x�p�e�c�t�s� �a�n� �a�n�s�w�e�r� �o�f� �n�e�a�r�l�y� �6� �b�y� �a�r�g�u�m�e�n�t� �t�h�a�t�:� 

�a�)� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �a�n� �u�n�t�a�p�e�r�e�d� �(�a�m�p�l�i�t�u�d�e�)� �i�d�e�a�l� �s�h�o�r�t� �d�i�p�o�l�e� �i�s� �%�:� �b�)� �u�s�i�n�g� 

�t�h�e� �m�e�t�h�o�d� �o�f� �i�m�a�g�e�s�,� �o�n�e� �p�l�a�c�e�s� �a�n� �o�p�p�p�o�s�i�t�e�l�y� �d�i�r�e�c�t�e�d� �d�i�p�o�l�e� �a� �d�i�s�t�a�n�c�e� �d� 

�b�e�l�o�w� �t�h�e� �g�r�o�u�n�d�p�l�a�n�e� �t�o� �f�o�r�m� �a�n� �a�r�r�a�y� �o�f� �d�i�r�e�c�t�i�v�i�t�y� �2�,� �y�i�e�l�d�i�n�g� �a� �n�e�t� �d�i�r�e�c�t�i�v�i�t�y� 

�o�f� �2�(� �3�4�)� �=� �3�;� �c�)� �t�h�e� �a�n�t�e�n�n�a� �r�a�d�i�a�t�e�s� �o�n�l�y� �i�n� �t�h�e� �u�p�p�e�r� �h�a�l�f�-�s�p�a�c�e� �p�r�o�v�i�d�i�n�g� 

�a�n�o�t�h�e�r� �f�a�c�t�o�r� �o�f� �2�,� �i�.�e�.�,� �2�°�(�3�4�)� �=� �6�.� �I�n� �f�a�c�t�,� �n�u�m�e�r�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n�s� �s�h�o�w� �t�h�a�t� �t�h�e� 

�c�h�i�r�o�s�t�r�i�p� �m�o�d�e�l� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n� �p�r�o�v�i�d�e� �a� �d�i�r�e�c�t�i�v�i�t�y� �o�f� 

�6�.�0�0�6� �f�o�r� �t�h�i�s� �c�a�s�e�.� �A�s� �a� �f�u�r�t�h�e�r� �c�h�e�c�k�,� �d�i�r�e�c�t�i�v�i�t�i�e�s� �o�f� �a�c�h�i�r�a�l� �m�i�c�r�o�s�t�r�i�p� �a�r�r�a�y�s� 

�a�g�r�e�e� �w�e�l�l� �w�i�t�h� �t�h�o�s�e� �r�e�p�o�r�t�e�d� �i�n� �l�i�t�e�r�a�t�u�r�e� �[�P�e�r�l�m�u�t�t�e�r� �e�f� �a�/�.�,�1�9�8�5�]� �(�a�t� �l�e�a�s�t� �t�o� �t�h�e� 

�e�x�t�e�n�t� �t�h�a�t� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �s�h�o�r�t� �d�i�p�o�l�e� �s�o�u�r�c�e� �i�s� �c�o�n�s�i�s�t�e�n�t�l�y� �s�m�a�l�l�e�r� �t�h�a�n� 

�t�h�a�t� �o�f� �l�a�r�g�e�r� �a�p�e�r�t�u�r�e� �p�a�t�c�h� �a�n�t�e�n�n�a�s�)�.� 

�A� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�e�s�t�i�n�g� �a�s�p�e�c�t�s� �o�f� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s� �a�r�e� �n�o�t�e�d� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n� �a�n�d� �d�i�r�e�c�t�i�v�i�t�y�.� �F�i�r�s�t�,� �c�h�i�r�a�l�i�t�y� �h�a�s� �l�i�t�t�l�e� �e�f�f�e�c�t� �o�n� 

�t�h�e� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n� �f�o�r� �e�l�e�c�t�r�i�c�a�l�l�y� �t�h�i�n� �a�n�t�e�n�n�a�s� �(�s�u�b�s�t�r�a�t�e� �t�h�i�c�k�n�e�s�s� �o�f� �1�/�1�0� 

�6�1



�w�a�v�e�l�e�n�g�t�h� �o�r� �l�e�s�s�)�,� �b�u�t� �f�o�r� �t�h�i�c�k�e�r� �a�n�t�e�n�n�a�s� �c�h�i�r�a�l�i�t�y� �s�h�i�f�t�s� �t�h�e� �m�a�i�n� �b�e�a�m� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �i�n� �a�z�i�m�u�t�h�;� �t�h�e� �m�a�i�n� �b�e�a�m� �s�h�i�f�t� �i�s� �n�e�a�r�l�y� �a� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �c�h�i�r�a�l�i�t�y� 

�w�h�e�n� �t�h�e� �m�a�i�n� �b�e�a�m� �p�e�a�k� �d�o�e�s� �n�o�t� �o�c�c�u�r� �o�n� �b�r�o�a�d�s�i�d�e�.� �T�h�i�s� �p�r�o�p�e�r�t�y� �c�o�u�l�d� �b�e� 

�u�s�e�f�u�l� �t�o� �a�n�t�e�n�n�a� �d�e�s�i�g�n�e�r�s� �r�e�q�u�i�r�i�n�g� �a�n� �o�f�f�s�e�t� �m�a�i�n� �b�e�a�m� �f�o�r� �s�p�e�c�i�a�l�i�z�e�d� 

�a�p�p�l�i�c�a�t�i�o�n�s�.� �A�l�s�o� �i�n� �m�a�n�y� �c�a�s�e�s� �w�h�e�n� �t�h�e� �m�a�i�n� �b�e�a�m� �p�e�a�k� �d�o�e�s� �o�c�c�u�r� �a�t� 

�b�r�o�a�d�s�i�d�e�,� �c�h�i�r�a�l�i�t�y� �e�v�e�n�t�u�a�l�l�y� �b�e�c�o�m�e�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�h�i�f�t� �t�h�e� �p�e�a�k� �i�n� �e�l�e�v�a�t�i�o�n�;� 

�o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �w�h�e�n� �t�h�e� �m�a�i�n� �b�e�a�m� �p�e�a�k� �o�c�c�u�r�s� �o�f�f� �b�r�o�a�d�s�i�d�e�,� �t�h�e� �e�l�e�v�a�t�i�o�n� 

�p�e�a�k� �a�n�g�l�e� �r�e�m�a�i�n�s� �n�e�a�r�l�y� �f�i�x�e�d� �o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �c�h�i�r�a�l�i�t�y� �v�a�l�u�e�s�.� �T�h�e� �s�h�a�r�p� 

�d�r�o�p� �i�n� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n� �o�c�c�u�r�r�i�n�g� �f�o�r� �a� �c�h�i�r�a�l�i�t�y� �a�d�m�i�t�t�a�n�c�e� �o�f� �n�e�a�r�l�y� 

�0�.�0�0�3�5� �7�'� �i�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �b�e�a�m� �a�t� �6� �=� �0�°� �b�e�c�o�m�i�n�g� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �o�f�f�s�e�t� 

�b�e�a�m�.� �I�n�c�r�e�a�s�i�n�g� �c�h�i�r�a�l�i�t�y� �t�e�n�d�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �b�r�o�a�d�-�s�i�d�e� �b�e�a�m� �i�n� �t�h�i�s� �c�a�s�e� 

�d�u�e� �t�o� �t�h�e� �i�n�-�p�h�a�s�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �b�o�t�h� �m�o�d�e�s� �(�R�C�P� �a�n�d� �L�C�P�)�.� �T�h�e� �a�m�o�u�n�t� 

�o�f� �r�o�t�a�t�i�o�n� �o�f� �t�h�e� �p�l�a�n�e� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� �f�o�r� �e�i�t�h�e�r� �c�o�m�p�o�n�e�n�t� �i�s� �a� �d�i�r�e�c�t� �f�u�n�c�t�i�o�n� �o�f� 

�t�h�e� �c�h�i�r�a�l�i�t�y�,� �s�o� �o�n�e� �e�x�p�e�c�t�s� �i�n�t�e�r�e�s�t�i�n�g� �r�e�s�u�l�t�s� �f�o�r� �c�e�r�t�a�i�n� �s�p�e�c�i�a�l� �c�l�a�s�s�e�s� �o�f� 

�c�h�i�r�a�l� �a�n�t�e�n�n�a�s�.� 

�F�i�g�u�r�e�s� �5�.�2�.�3� �a�n�d� �5�.�2�.�4� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �e�l�e�c�t�r�i�c�a�l�l�y� �t�h�i�n� 

�a�n�t�e�n�n�a�s� �i�s� �n�e�a�r�l�y� �c�o�n�s�t�a�n�t� �a�s� �c�h�i�r�a�l�i�t�y� �i�n�c�r�e�a�s�e�s�.� �B�u�t� �a�s� �t�h�e� �t�h�i�c�k�n�e�s�s� 

�i�n�c�r�e�a�s�e�s� �(�F�i�g�u�r�e�s� �5�.�2�.�5�-�5�.�2�.�7�)�,� �c�h�i�r�a�l�i�t�y� �a�c�t�u�a�l�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �t�h�e� 

�a�r�r�a�y� �b�y� �a�s� �m�u�c�h� �a�s� �3�.�5� �d�B� �f�o�r� �t�h�e� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� �G�e�n�e�r�a�l�l�y� �c�h�i�r�a�l�i�t�y� 

�t�e�n�d�s� �t�o� �n�a�r�r�o�w� �t�h�e� �m�a�i�n� �b�e�a�m� �o�f� �d�i�p�o�l�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�.� �A� �p�a�r�t�i�c�u�l�a�r�l�y� 

�i�n�t�e�r�e�s�t�i�n�g� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �c�h�i�r�a�l�i�t�y� �i�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �5�.�1�.�3�g�;� �h�e�r�e� �t�h�e� �m�a�i�n� �b�e�a�m� 

�o�c�c�u�r�s� �o�n� �b�r�o�a�d�s�i�d�e� �a�n�d� �t�h�e� �r�o�l�e� �o�f� �c�h�i�r�a�l�i�t�y� �i�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �w�i�t�h�o�u�t� 

�s�h�i�f�t�i�n�g� �t�h�e� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n�.� �S�i�m�i�l�a�r� �r�e�s�u�l�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �[�P�e�l�e�t�,� �1�9�9�1�]� 

�f�o�r� �t�h�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �p�o�i�n�t� �d�i�p�o�l�e� �a�n�d� �f�i�n�i�t�e� �l�e�n�g�t�h� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�.� 
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�A�l�t�h�o�u�g�h� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s� �s�u�g�g�e�s�t� �i�m�p�r�o�v�e�m�e�n�t�s� �o�v�e�r� �c�o�n�v�e�n�t�i�o�n�a�l� 

�a�c�h�i�r�a�l� �m�i�c�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s� �i�n� �t�e�r�m�s� �o�f� �d�i�r�e�c�t�i�v�i�t�y� �a�n�d� �b�e�a�m�-�s�t�e�e�r�i�n�g� �c�a�p�a�b�i�l�i�t�y�,� 

�t�h�i�s� �s�t�u�d�y� �h�a�s� �n�o�t� �a�t�t�e�m�p�t�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�u�r�f�a�c�e� �w�a�v�e� �c�o�m�p�o�n�e�n�t� �a�l�o�n�g� �t�h�e� 

�i�n�t�e�r�f�a�c�e�,� �n�o�r� �h�a�s� �i�t� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �r�a�d�i�a�t�i�o�n� �e�f�f�i�c�i�e�n�c�y� �f�o�r� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�.� 

�B�e�f�o�r�e� �c�l�a�i�m�i�n�g� �s�i�g�n�i�f�i�c�a�n�t� �i�n�c�r�e�a�s�e�s� �i�n� �g�a�i�n� �d�u�e� �t�o� �c�h�i�r�a�l�i�t�y�,� �o�n�e� �m�u�s�t� �e�n�s�u�r�e� 

�t�h�a�t� �o�h�m�i�c� �l�o�s�s� �a�n�d� �s�u�r�f�a�c�e� �w�a�v�e� �l�o�s�s� �h�a�v�e� �n�o�t� �i�n�c�r�e�a�s�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �o�v�e�r� �t�h�e� 

�c�a�s�e� �o�f� �a�c�h�i�r�a�l� �a�n�t�e�n�n�a�s�.� �L�i�t�e�r�a�t�u�r�e� �s�u�g�g�e�s�t�s� �t�h�a�t� �a�l�t�h�o�u�g�h� �c�h�i�r�a�l�i�t�y� �d�o�e�s� �s�l�i�g�h�t�l�y� 

�d�e�c�r�e�a�s�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �a�n�t�e�n�n�a�,� �o�t�h�e�r� �b�e�n�e�f�i�t�s� �s�u�c�h� �a�s� �i�n�c�r�e�a�s�e�d� 

�b�a�n�d�w�i�d�t�h� �a�n�d� �r�e�d�u�c�e�d� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �a�l�s�o� �p�l�a�y� �i�m�p�o�r�t�a�n�t� �r�o�l�e�s� �i�n� �a�n�t�e�n�n�a� 

�e�v�a�l�u�a�t�i�o�n� �[�P�e�l�e�t�,� �1�9�9�1�]�.� �W�h�e�t�h�e�r� �s�u�c�h� �f�e�a�t�u�r�e�s� �m�e�r�i�t� �t�h�e� �u�s�e� �o�f� �c�o�m�p�l�e�x� �m�e�d�i�a� 

�a�n�t�e�n�n�a�s� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �i�n�c�l�i�n�a�t�i�o�n� �o�f� �t�h�e� �a�n�t�e�n�n�a� �d�e�s�i�g�n�e�r� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� 

�r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �t�h�e� �r�a�d�i�a�t�i�n�g� �s�y�s�t�e�m�.� 

�5�.�3� �C�o�n�c�l�u�d�i�n�g� �R�e�m�a�r�k�s� 

�I�n� �t�h�i�s� �t�h�e�s�i�s� �a�n� �a�t�t�e�m�p�t� �h�a�s� �b�e�e�n� �m�a�d�e� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �r�a�d�i�a�t�i�o�n� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �c�h�i�r�a�l� �m�i�c�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�.� �B�y� �d�o�i�n�g� �s�o�,� �a� �n�u�m�b�e�r� �o�f� �f�u�n�d�a�m�e�n�t�a�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �c�h�i�r�a�l� �m�e�d�i�a� �h�a�v�e� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d�.� �I�n� �C�h�a�p�t�e�r� �1�,� �t�h�e� �c�h�i�r�a�l� 

�c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s�,� �c�h�i�r�a�l� �w�a�v�e�n�u�m�b�e�r�s�,� �a�n�d� �c�h�i�r�a�l� �v�e�c�t�o�r� �w�a�v�e� �e�q�u�a�t�i�o�n�s� 

�w�e�r�e� �f�o�r�m�u�l�a�t�e�d�.� �B�u�i�l�d�i�n�g� �u�p�o�n� �t�h�i�s� �f�o�u�n�d�a�t�i�o�n�,� �a� �s�p�e�c�i�f�i�c� �p�r�o�b�l�e�m� �w�a�s� 

�p�r�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �2�:� �n�a�m�e�l�y�,� �t�h�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �p�r�o�b�l�e�m�.� �A� �G�r�e�e�n�'�s� 

�f�u�n�c�t�i�o�n� �s�o�l�u�t�i�o�n� �w�a�s� �h�y�p�o�t�h�e�s�i�z�e�d� �a�n�d� �i�n� �C�h�a�p�t�e�r� �3� �t�h�i�s� �a�p�p�r�o�a�c�h� �w�a�s� 

�i�m�p�l�e�m�e�n�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �a� �m�o�d�i�f�i�e�d� �O�h�m�-�R�a�l�e�i�g�h� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� �T�h�e�n�,� �i�n� 

�C�h�a�p�t�e�r� �4�,� �t�h�e� �f�a�r�-�f�i�e�l�d� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �w�a�s� �c�o�m�p�u�t�e�d� �b�y� �a�s�y�m�p�t�o�t�i�c� �a�n�a�l�y�s�i�s� 

�a�n�d� �t�a�i�l�o�r�e�d� �s�p�e�c�i�f�i�c�a�l�l�y� �f�o�r� �t�h�e� �p�o�i�n�t� �d�i�p�o�l�e� �s�o�u�r�c�e�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �a� �p�o�s�s�i�b�l�e� 
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�a�p�p�l�i�c�a�t�i�o�n� �o�f� �c�h�i�r�a�l�i�t�y� �t�o� �m�i�c�r�o�s�t�r�i�p� �a�n�t�e�n�n�a�s�,� �t�h�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n�s� �f�o�r� �a� �n�u�m�b�e�r� 

�o�f� �v�a�l�u�e�s� �o�f� �c�h�i�r�a�l�i�t�y� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �5�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �c�h�i�r�a�l�i�t�y� �t�e�n�d�e�d� �i�n� 

�g�e�n�e�r�a�l� �t�o� �s�h�i�f�t� �t�h�e� �m�a�i�n� �b�e�a�m� �p�o�s�i�t�i�o�n� �a�n�d� �i�n�c�r�e�a�s�e� �t�h�e� �d�i�r�e�c�t�i�v�i�t�y� �o�f� �c�h�i�r�o�s�t�r�i�p� 

�a�n�t�e�n�n�a�s� �o�v�e�r� �t�h�e�i�r� �a�c�h�i�r�a�l� �c�o�u�n�t�e�r�p�a�r�t�s�.� 
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� � 
�(�a�)�  ¬�,� �r�a�m�e�n� �Q�o�"� �3�3�0� �9�0� 

�e�=�2�e�,� �3�6�0� 
�d�=�0�.�3�%� 

�H�=�H�,� 

�F�i�g�u�r�e� �5�.�1�.�1� �:� �R�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �o�f� �a� �d�i�p�o�l�e� �c�h�i�r�o�s�t�r�i�p� �a�n�t�e�n�n�a� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�z�i�m�u�t�h� �(�)� �a�n�d� 

�e�l�e�v�a�t�i�o�n� �(�6� �)�.� �T�h�e� �s�u�b�s�t�r�a�t�e� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�i�e�s�:� �«� �=� �2�e�,�,� �d� �=�0�.�3�4�,� �w�=�,� �a�n�d� 

�E�,� �=�0�-�+�0�.�0�0�5�2� �i�n� �i�n�c�r�e�m�e�n�t�s� �o�f� �0�.�0�0�0�5�2�7�!� �f�o�r� �(�a�)�-�(�K�)�.� 
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�(�b�)�  ¬�,� �=� �0�.�0�0�0�5� �Q�"�'� 
 ¬�=�2�¢�,� 
�d�=�0�.�3�A� 
�H�=�H�,� 

� � 
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� � 
�6� �=�2�¢�,� �3�6�0� 
�d�=�0�.�3�A� 
�=�H�,� 

�6�7


