
que 
at ae 

A COMPUTERIZED SEARCH METHODOLOGY 

FOR THE DESIGN OF 

MIXED MODEL ASSEMBLY SYSTEMS 

by 

Pieter R. Smith 

Report submitted to the Faculty of the 

Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 

MASTER OF ENGINEERING 

in 

Systems Engineering 

APPROVED: 

  

  

S 
O. K. Eyada, Chairman 

Subhas be sarin t- 

S.C. Sarin R. T. Sumichrast 

December, 1990 

Blacksburg, Virginia



 



A COMPUTERIZED SEARCH METHODOLOGY FOR THE DESIGN OF 

MIXED MODEL ASSEMBLY SYSTEMS 

by 

Pieter R. Smith 

Committee Chairman: Osama K. Eyada 

Systems Engineering 

(ABSTRACT) 

The majority of the line balancing and model sequencing techniques for the design 

of mixed model assembly systems are of the sequential search type. Assembly stations 

are sequentially optimized under some objective function and constraints. This thesis 

project presents a backtracking exhaustive search algorithm, implemented in Prolog 

language, for line balancing and model sequencing on mixed model assembly systems. 

The developed software permits the utilization of different objective functions. For 

line balancing, either the minimization of difference in work content or the 

smoothing of stations can be investigated. For model sequencing, either the penalty 

cost method or the minimization of assembly line length can be employed. A real 

world case problem was utilized to assess the developed methodology against the 

sequential search techniques and in all cases, better optimums were found.
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Chapter 1: Introduction. 

In 1909, the Ford company decided to concentrate exclusively on the Model T’. The 

chassis was to be the same for all cars, and Henry Ford announced: "Any customer 

can have a car painted any color that he wants as long as it is black’. Such were the 

circumstances in which flow-line technology was born. Sixty years ago, for most 

people, cars were luxury items and there were comparatively few companies making 

them. It was a manufacturer’s market, and companies were able to make what they 

wanted, how they wanted, and yet still remain in business - a situation which does not 

exist today [1]. Unfortunately, for manufacturers of automobiles and most other 

products nowadays, the novelty of the ‘basic model’ is past and customers demand 

their own personal mix of requirements. 

The modern tendency in manufacture, therefore, is to offer products with large 

numbers of options [2]. For example, vehicles may be offered with alternatives for 

color, type of transmission, engine size, axle ratio, grade of upholstery, type of seat 

and so on. The purchaser specifies the requirement in detail and is promised delivery 

within a certain time, say two weeks. Manufacture of the order is then undertaken. 

Assembly lines are commonly used to assemble consumer durable items such as 

cars, radios and domestic appliances. Interchangeable parts are assembled together 

at a set of sequential work stations at each of which a prespecified part of the total 

work content is performed. Each work station consists of work elements which have 

been previously derived from a breakdown of the assembly of a particular product.



These work elements are usually defined in such a way that they are indivisible into 

smaller elements. 

The assembly is usually moved mechanically by belt, conveyor or indexing line. 

Provided that parts are available and that demand for the product is adequate, these 

assembly lines can be highly efficient. The well defined sequence of operations 

minimizes the need for control documentation. Manual handling is reduced. Work 

in progress is small and as each operator is responsible for only a limited amount of 

the work, training time can be reduced and semi-skilled labor used. 

1.1 Types of flow lines. 

In both nonmechanical and moving conveyor lines, it is highly desirable to assign 

work elements to the work stations so as to equalize the process or assembly times 

at the work stations. The problem is complicated by the fact that the same 

production line may be called upon to process more than one type of product. This 

complication gives rise to the identification of three flow line cases (and therefore 

three different types of line balancing problems). The three production situations on 

flow lines are defined according to the product or products to be made on the line. 

Buxey et al. (3] have characterized the following types of production lines: 

- Single model line. This is a specialized line dedicated to the production of a 

single model or product. The demand rate for the product is great enough 

that the line is devoted 100% of the time to the production of that product. 

- Multi model line. This line is used for the production of two or more models.



Each model is produced in large batches on the line. The models or products 

are usually similar in the sense of requiring a similar sequence of work 

elements or assembly operations. The station configuration, however, is 

unique to each model so that the tasks must be reassigned to stations 

whenever the production changes over from one model to another. 

- Mixed model line. This line is also used for the production of two or more 

models, but the various models are intermixed on the line so that several 

different models are being produced simultaneously rather than in batches. 

Automobile and truck assembly lines are examples of this case. 

In the case of the multi model line, if the batch sizes are very large, the multi model 

line approaches the case of the single model line. If the batch sizes become very 

small (approaching a batch size of 1), the multi model line approximates to the case 

of the mixed model line. 

In principle, the three cases can be applied in both manual flow lines and 

automated flow lines. However, in practice, the flexibility of human operators makes 

the latter two cases more feasible on the manual assembly line. It is anticipated that 

future automated lines will incorporate quick changeover and programming capa- 

bilities within their designs to permit the multi model, and eventually the mixed 

model, concepts to become practicable [4]. 

1.2. Mixed model line design. 

This research project deals with the design of mixed model lines. The advantage of



this type of production is that, unlike multi model lines, a steady flow of models is 

produced to meet customer requirements without the need for large inventories of 

finished products or parts. Another advantage is that mixed model lines eliminates 

downtime for line changeover, and thus provides greater flexibility in production 

schedules. Thomopoulos [5] showed that a mixed model line can be designed to be 

used as a multi model line without major shifts in station assignments, thus providing 

the best of both worlds. The disadvantages are the uneven flow of work due to the 

difference in work contents of the models. Another disadvantage is that this type of 

assembly line undoubtedly presents the most complex design and operating problems 

[1]. 

The design of efficient mixed model lines is a problem of considerable . 

complexity. The decisions necessary in the design and operation of a mixed model 

line are as follows [1] : 

- Which models are to be made on each line? 

- How are work elements to be allocated to stations? 

- Should any station be paralleled or duplicated? 

_- What will be the method of operation of the line and will buffer stocks be 

used? 

How, and in what order, will the different models be fed or launched onto the 

line? 

This project looks at both the problem of allocating work elements to stations and 

the problem of model launching. These two problems are known in the literature as



the line balancing problem and the model sequencing problem. 

The line balancing problem is to arrange the individual processing and assembly 

tasks (work elements) at the work stations according to some objective function 

without violating any constraints. The objective function can be the minimization of 

operator idle time or the minimization of the number of stations for example. The 

constraints are usually a restriction on the sequence of work elements. For example, 

a threaded hole must be drilled before it can be tapped. A washer must be placed 

over the bolt before the nut can be turned and tightened. These restrictions are 

called precedence constraints in the line balancing literature. 

The model sequencing problem is to determine the optimum ordering in the flow 

of models when a variety of models of the same general product is intermixed on one 

assembly line. The different models typically require different amounts of assembly 

work, causing an uneven distribution of work along the line and variations in the 

work load of the individual stations. The objective in finding the optimum can be the 

minimization of operator idle time, the minimization of work congestion or the 

minimization of the assembly line length. Operator idle time occurs when an 

operator is available for work, but no product is available to work on. Work 

congestion occurs when the product flows through the station with a frequency that 

prevents the operator from completing the work assignment within the station. In 

other words, to accomplish the task the operator is forced out of the station. 

The efficient design and operation of a mixed model assembly line requires 

solving two separate but closely related problems, the allocation of work elements



and the sequencing of models. However, since both problems fall into the nonlinear 

programming class of combinatorial optimization problems, it has consistently defied 

the development of efficient algorithms for obtaining optimal solutions. The 

algorithms found in the literature range from a complete enumeration of all 

possibilities to simulation and heuristic rules. This project is concerned with the 

development of a computer-efficient approximation or searching algorithm for the 

design of efficient mixed model lines. 

1.3 Work station types. 

The following types of work station interfaces are considered [10,21]: 

- Closed. All stations are closed, they have fixed boundaries which can not be 

crossed by the operators (such as spray booth, heat chambers etc.) 

- Open. All stations are open, i.e. there are no station boundaries. 

- Variable-length station. The station has an upstream boundary and a 

downstream boundary where the operator can move into. 

The open and closed station interfaces are shown in Figure 1.1, which illustrates the 

movement of adjacent assembly line operators. The distance the operator moves with 

each product is proportional to the product’s service time and is represented in the 

figure by a solid line. The broken line represents the movement of the operator, after 

completing a product, to the next product in the sequence. This movement is pro- 

portional to the launching interval, the starting time between consecutive units on the 

assembly line. For Figure 1.1, the launching interval remains constant during the
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entire sequence. The variable-length station is illustrated in Figure 1.2. The operator 

is allowed in the upstream region of the station when no work is available in the 

desirable station length. Similarly, the operator is allowed to move into the 

downstream region, if the product could not be completed in the desirable length of 

the station. 

14  ~+Prolog. 

The computerized search algorithm was developed using Prolog, a fifth-generation 

language that uses deductive reasoning to solve programming problems. The first 

official version of Prolog was developed at the University of Marseilles, France by 

Alain Colmerauer in the early 1970’s as a convenient tool for PROgramming in 

LOGic. It is much more powerful and efficient than most other well-known pro- 

gramming languages, like BASIC and Pascal. A typical Prolog program for a given 

application will require only one tenth as many program lines as the corresponding 

Pascal program [6]. Today, Prolog is a very important tool in programming artificial 

intelligence applications and in the development of expert systems. In contrast to 

traditional languages, such as BASIC and FORTRAN, which are procedural 

languages, Prolog is a declarative language. Given the necessary facts and rules, the 

program will use it’s own reasoning mechanism to Satisfy a goal or objective. In 

procedural languages, the programmer must provide step-by-step instructions that tell 

the computer exactly how to solve a given problem. A Prolog programmer only needs 

to supply a description of the problem and the ground rules for solving it.
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For some algorithms discussed in this project, which involves searching methods or 

the generation of all possible combinations, Prolog was indispensable. In solving 

these types of problems, a path must be pursued to its logical conclusion. If this 

conclusion does not give the desired answer, an alternate path must be chosen. For | 

example, a sure way to find the end of a maze is to turn left at every fork in the 

maze until a dead end is reached. At that point, it is necessary to back up to the last 

fork, and try the right-hand path, once again turning left at each branch encountered. 

By methodically trying each alternate path, the right path would eventually be found. 

Prolog uses this same backing-up-and-trying-again method, called backtracking, 

to find a solution to a given problem. As Prolog begins to look for a solution to a 

problem (or goal), it might have to decide between two possible cases. It sets a 

marker at the branching spot (known as a backtracking point) and selects the first 

subgoal to pursue. If that subgoal fails (equivalent to reaching a dead end), Prolog 

will backtrack to the ‘backtracking point and try an alternate subgoal. This 

backtracking method simplifies the program code needed for a lot of the searching 

algorithms examined in this work. Prolog will not only find the first solution to a 

problem, but is capable of finding all possible solutions. However, the built-in 

backtracking mechanism can result in unnecessary searching and in turn inefficient 

programs. Fortunately, Prolog provides techniques to control the backtracking so that 

these inefficiencies can be eliminated. 

Another advantage of Prolog is its implementation of recursion which is very 

memory efficient. The Prolog version used for this project, Turbo Prolog 2.0, has the
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additional benefit that it runs on a personal computer and includes all the features 

mentioned above. 

1.5 Research objective. 

The system life cycle and the systems engineering process begins with the identifica- 

tion of a need based on a desire for some item arising out of a perceived deficiency. 

An individual or organization identifies a need or a function to be performed and a 

new or modified system is procured to perform that function [7]. In this case the 

need is for an organization to manufacture several models of the same basic model 

‘on the same assembly line. This need may be the result from a bigger need or 

requirement such as the desire to reduce in process inventory, floor space or labor. 

The aim of this research project is to examine methods to find a preferred 

approach for such an assembly line. Preferred does not imply optimal, as the 

operational requirements may not permit true optimization, but it does imply the 

best among a number of alternatives within the given constraints. The selected system 

configuration must be defined in terms of technical performance characteristics and 

effectiveness factors. 

The operational requirements for the system are determined by the production 

capacity, the shift duration and the work elements to be accomplished on each 

model. The system will be subject to certain constraints such as precedence 

constraints for the work elements and other constraints such as assembly line length, 

number of operators, etc. Within these constraints, the algorithms or tools examined
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in this project can be applied to find a number of design configurations that will 

satisfy the specified requirements. The problem is to select the best approach 

according to the evaluation criteria. The evaluation criteria in this case can be the 

total idle time, overall line length, variation in station times, etc. 

The research problem can, therefore, be defined as the assessment of some line 

balancing and scheduling algorithms. The algorithms will be assessed in terms of 

their efficiency, suitability for this need and ease of computerization. The algorithms 

best suited for this need will then be computerized to serve as a tool for designing 

mixed model assembly lines. During this process, a backtracking exhaustive search 

algorithm implemented in Prolog language was also developed and assessed against 

the other techniques.



Chapter 2: Literature survey. 

As shown in Figure 2.1, the Assembly Line Balancing (ALB) problem and the 

accompanying research and literature can be classified into four categories: Single 

Model Deterministic (SMD), Single Model Stochastic (SMS), Multi/Mixed Model 

Deterministic (MMD), and Multi/Mixed Model Stochastic (MMS). The SMD version 

of the line balancing problem assumes dedicated, single model assembly lines where 

the task times are known deterministically and an efficiency criterion is to be 

optimized. This is the original and simplest form of the assembly line balancing 

problem. When other restrictions are introduced (e.g., parallel stations, zoning 

restrictions) the problem becomes the general case. The SMS problem category 

introduces the concept of task-time variability. This is more realistic for manual 

assembly lines, where workers’ operation times are seldom constant [8]. With the 

introduction of stochastic task times many other issues become relevant, such as 

Station times exceeding the cycle time (and the production of defective or unfinished 

parts), pacing effects on workers’ operation times, station lengths, the size and 

location of inventory buffers, launch rates, and allocation of line imbalances. 

The MMD problem formulation assumes deterministic task times, but introduces 

the concept of an assembly line producing multiple products. Multi model lines 

assemble two or more products separately in batches. In mixed model lines, single 

units of different models can be introduced in any order or mix to the line. Since for 

a batch size of one, the two definitions overlap, it is convenient to consider both 

13
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types within a single category. Multi/mixed model lines introduce various issues that 

are not present in the single model case. Model selection, models sequencing and 

launching rates, and model lot sizes become more critical issues than in the single 

model case. The MMS problem perspective differs from its MMD counterpart in that 

stochastic times are allowed. All factors arising from stochasticity that are relevant 

in the SMS problem also become relevant here. However, these issues become more 

complex for the MMS problem because factors such as learning effects, worker skill 

level, job design and worker task-time variability become more difficult to analyze 

because the line is frequently rebalanced for each model assembled. 

The following literature survey will concentrate on the mixed model problem with 

deterministic times. Although the model sequencing problem is an integral part of 

the line balancing problem, it is often treated separately in the literature. In turns, 

this survey will first consider the literature for line balancing and then for model 

sequencing. Finally the computer programs available for solving line balancing 

problems will be surveyed. 

2.1 Definitions and discussion of terms. 

The following is a brief review of single and mixed model line balancing definitions 

and terms. This is necessary to ensure that a consistent notation and approach are 

maintained for all the literature reviewed. The single model line notation is first 

defined because the mixed model notation is a natural extension from the single 

model line.
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2.1.1 Single model line balancing. 

Consider a single model assembly line where the production unit consists of K work 

elements, and where t, (k = 1, 2, .... K) represents the elemental process times. The 

time required to assemble one unit is called the total work content time and is given 

by: 

two =) t, (1) 

Associated with the K elements are precedence relationships which usually are 

depicted by a precedence diagram. These relationships define the ordering amongst 

the elements that are possible. They state, for example, which elemental tasks or 

work elements must be completed prior to the start of any given elemental task.. 

If N units are to be assembled in a shift time duration T, the cycle time c 

becomes: 

oe Nyy, (2) 
k=] l

z
 

Hence, c represents the desired amount of load time for each station. If n represents 

the number of stations on the line, and p, (i = 1, 2, ..., n) the amount of time 

assigned to the i™ station for each unit (called the operation or station time), then: 

yeh t (3) 

The objective of line balancing algorithms is to assign elements to stations in such 

a manner as to strictly adhere to all precedence restrictions and to minimize the idle
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time associated with a set of station assignments, i.e. minimize: 

f(1,P;) = » (c -P) (4) 

i=] 

where c 2 p,,i = 1, 2, ..., n. Minimizing equation (4) is equivalent to minimizing the 

number of stations, the cycle time, or the product of the two, depending on what is 

held constant [5]. In many situations, equation (4) is not used directly. Instead, the 

operation times are sought such that: 

CSP, <¢y (i= 1,2,.., 2”) (S) 

where the boundary defined by (c,, c,,) represents an acceptable neighborhood of the 

operation times. The p, are never allowed to exceed ¢,,, but may be less than c, since 

it is not always possible to find solutions within the given boundary. Although some 

authors have obtained procedures which yield optimum solutions [14,15,16], they 

agree that the methods are frequently not practical from an application standpoint 

and are primarily of academic interest. The usual practice is to assign elements to 

stations in a serial fashion [11,12]. This serial approach has been found to yield near 

optimum solutions on large and complex assembly systems in a relatively small 

amount of computer time [5]. 

2.1.2 Mixed model line balancing. 

The number of different models to be assembled is designated by J, and the schedule 

quantity of each to be assembled in time period T is denoted by N; G = 1, 2, ..., J).
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The elemental times are given by ti G = 1, 2, .., J; k = 1, 2, .., K), where tix 

represents the work time of element k on model j. The total time required to 

complete all units in the scheduled period for element k becomes: 

= Nt (6) 

The station times (consisting of the station work load for time period T for all 

models) are denoted by T;. Hence: 

n K 

~7,=y4 (7) 
int k=l 

The mixed model line balancing problem can then be stated as follows: elements are 

assigned to stations in such a manner that all precedence restrictions are enforced 

and where the T;, (i = 1, 2, ..., n) are sought in order to minimize: 

f(T,n) = VOT - T) (8) 
i=l 

where T > T, (i = 1, 2, ..., n). As in single model assembly, equation (8) is often 

replaced by its counterpart: 

T,<T7,<T, @=1,2,.,2) (9) 
i 

where (T,, T,;) designate the neighborhood of desirable station times. 

The precedence restrictions associated with the mixed model situation must again 

adhere to all models. A combined precedence diagram is usually generated from the 

precedence diagrams of the respective models. The procedure for this is given by
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Macaskill [9]. 

A precedence diagram G, (j = 1, 2, ..., J) is associated with each model j. G, has a 

set of nodes N(j) and arcs L(j) where: 

NG) = {ny My») (10) 

LU) = (1G), IW, «.- } (11) 

The nodes represent tasks and the arcs precedence relations. Thus if an arc 1(j),, has 

initial node n(j), and terminal node n(j),, then the task represented by n(j), must be 

completed before the task n(j), may start. Precedence relations for a set of models 

M = (1, 2, .., J} are characterized by directed graphs G,, G,, ..., G,. These 

precedences may be defined by a single graph G,, with nodes N(M) and arcs L(M) 

where: 

NM) = N(1) U N(2) U... U NW) (12) 

LUM) = LA) ULQ)U... UL) (13) 

Gy is called the combined precedence diagram. An arc (n(M);, n(M);) in Gy Is 

redundant if in addition to the arc itself there exists a chain of arcs from n(M), to 

n(M);. Redundant arcs may be omitted. The combined precedence diagram Gy, is 

feasible only if there are no conflicts in the precedence constraints across models. 

The procedure is illustrated in Figure 2.2.
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Figure 2.2 : A combined precedence diagram for two models
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2.2 Line balancing algorithms. 

Line balancing refers to the procedure of assigning work to assembly operators or 

work stations in such a manner as to allocate the work elements without violating 

precedence constraints and optimizing some object function (e.g., minimize idle time 

or line length). In balancing the mixed model line, it would seem possible to consider 

each model independently, and consequently to balance the work among operators 

for each separate model. This procedure reduces the larger problem of balancing a 

mixed model line to a number of smaller single line balancing problems. This was 

the preferred approach in earlier papers [13]. Unfortunately, this approach leads to 

serious difficulties [10]. Since an assembler is trained to perform a job which requires 

some skill, it is desirable, if not imperative, to assign jobs of a specified class to one 

operator or at most to a small group of operators. This means that when stations are 

assigned elements, the operator is responsible for those elements on all models 

entering the station. This consideration is mandatory in most assembly lines. It 

minimizes parts storage problems, tooling requirements and learning allowances [5]. 

The work by Thomopoulos [10] was a significant contribution to the mixed model 

line balancing problem. He introduced a method to solve the balancing problem that 

considers the total schedule for a whole shift and assigns work elements to operators 

on a shift basis rather than on a cycle time basis, as is done on single model lines. 

This approach ensures that one operator will do the same operation on all models. 

Thus all procedures for single model lines that assign work on a cycle time basis can 

be adapted to mixed model lines. Popular single line methods that fit this category
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are the Kilbridge and Wester method [11] and the ranked positional weight method 

introduced by Helgeson and Birnie [12]. The objective function of these balancing 

methods is to assign work elements in such a way as to obtain an even distribution 

of the work load, where each station on the line should have exactly the same work 

content per shift. The advantage of this approach is that it satisfies the requirement 

that each element should be assigned to only one operator. Another advantage is that 

this approach is computationally very efficient and easy to computerize. The 

disadvantage is that although the total station times are usually very close to equal, 

the times that each model spend in the station can be uneven. This can lead to 

difficulties when determining the model sequence. 

The problem of uneven model times was addressed by the same author, 

Thomopoulos, in a subsequent paper [5] where the concept of smoothed station 

assignments was introduced. The objective was to show how a modification to the 

mixed model balancing procedure can lead to smoother (or more consistent) station 

assignments on a model by model basis. Smoother station assignments are desirable 

in any mixed model assembly process. Individual operators are able to work at a 

steadier pace and model sequencing inefficiencies are not as severe [10]. An 

additional advantage is that line balancing becomes plausible for batched assembly 

line processes. This allows companies to batch units down the line (at cycle times 

desirable for individual models) without major shifts, if any, in station assignments 

as batches are altered from model to model.
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Thomopoulos redefines the mixed model balancing problem as follows: 

Let Pj (i = 1, 2, .., nj j = 1, 2, .., J) represent the amount of time that the 

operator in station i is assigned on each unit of model j. The total time assigned to 

the i'" station becomes: 

J 
T, = 2 NPy (i=1, 2, .... m) (14) 

The total time assigned to station i on model j in period T is: 

P,= Np, (i=l, 2, ... m3 j=1, 2, J | (15) 

Although previous methods had a high degree of success in balancing the T, values, 

the methods usually ignored the resulting relationships of the pj; or P; (i = 1, 2,.., 

n;j = 1, 2, .., J). Ideally, for a specific model j, it is desirable to minimize the 

fluctuations in p; or P;; over alli (i = 1, 2, ..., nm). However, because of the variation 

in the work content times of each model, it is not possible to eliminate fluctuations 

in p,; or P, for all j in a specific station i. The objective of mixed model line 

balancing becomes threefold: (1) to adhere to the precedence restrictions of the 

elements, (2) to seek T; (i = 1, 2, .... m) which are desirable with respect to equation 

(8) or (9), and (3) to obtain operation times which minimize: 

n J 
A=-yy> |P, - P,| (16) 

i=l j=l 

where
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�2�6� 

�c�o�s�t�s� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�.� �T�h�e� �m�e�t�h�o�d� �i�s� �h�o�w�e�v�e�r� �d�i�f�f�i�c�u�l�t� �t�o� �c�o�m�p�u�t�e�r�i�z�e� �b�e�c�a�u�s�e� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �i�s� �b�a�s�e�d� �o�n� �a� �d�y�n�a�m�i�c� �p�r�o�g�r�a�m�m�i�n�g� �m�o�d�e�l�.� �T�h�e� �a�u�t�h�o�r�s� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �a� 

�s�i�m�p�l�e�r� �h�e�u�r�i�s�t�i�c� �p�r�o�c�e�d�u�r�e� �b�u�t� �o�n�l�y� �s�u�b�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�s� �w�i�l�l� �b�e� �g�e�n�e�r�a�t�e�d�.� 

�2�.�3� �M�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s�.� 

�T�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �b�e�s�t� �o�r�d�e�r�i�n�g� �i�n� �t�h�e� 

�f�l�o�w� �o�f� �m�o�d�e�l�s� �w�h�e�n� �a� �v�a�r�i�e�t�y� �o�f� �m�o�d�e�l�s� �o�f� �t�h�e� �s�a�m�e� �g�e�n�e�r�a�l� �p�r�o�d�u�c�t� �i�s� �i�n�t�e�r�m�i�x�e�d� 

�o�n� �o�n�e� �a�s�s�e�m�b�l�y� �l�i�n�e�.� �T�h�e� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �u�s�u�a�l�l�y� �r�e�q�u�i�r�e� �d�i�f�f�e�r�e�n�t� �a�m�o�u�n�t�s� �o�f� 

�a�s�s�e�m�b�l�y� �w�o�r�k� �c�a�u�s�i�n�g� �a�n� �u�n�e�v�e�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �w�o�r�k� �a�l�o�n�g� �t�h�e� �l�i�n�e� �a�n�d� �v�a�r�i�a�t�i�o�n�s� 

�i�n� �t�h�e� �w�o�r�k� �l�o�a�d� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�t�a�t�i�o�n�s�.� �A� �s�e�q�u�e�n�c�e� �o�f� �h�i�g�h�-�w�o�r�k�-�c�o�n�t�e�n�t� �m�o�d�e�l�s� 

�l�e�a�d�s� �t�o� �o�v�e�r�l�o�a�d�i�n�g� �o�f� �s�t�a�t�i�o�n�s�,� �w�h�i�l�e� �a� �s�e�q�u�e�n�c�e� �o�f� �l�o�w�-�w�o�r�k�-�c�o�n�t�e�n�t� �m�o�d�e�l�s� 

�p�r�o�d�u�c�e�s� �l�a�r�g�e� �i�d�l�e� �t�i�m�e�s� �p�e�r� �s�t�a�t�i�o�n�s�.� �A� �s�u�r�v�e�y� �b�y� �K�i�l�b�r�i�d�g�e� �a�n�d� �W�e�s�t�e�r� �[�1�3�]� �s�h�o�w�e�d� 

�i�n� �1�9�6�4� �t�h�a�t� �t�h�e� �a�u�t�o�m�o�t�i�v�e� �i�n�d�u�s�t�r�y� �w�a�s�t�e�d� �o�n� �t�h�e� �a�v�e�r�a�g�e� �a�b�o�u�t� �2�5�%� �o�f� �t�h�e� 

�a�s�s�e�m�b�l�e�r ��s� �t�i�m�e� �t�h�r�o�u�g�h� �u�n�e�v�e�n� �w�o�r�k� �a�s�s�i�g�n�m�e�n�t�s�.� 

�K�i�l�b�r�i�d�g�e� �a�n�d� �W�e�s�t�e�r� �[�1�3�]� �p�r�e�s�e�n�t�e�d� �t�h�e� �f�i�r�s�t� �g�e�n�e�r�a�l� �s�t�a�t�e�m�e�n�t� �o�f� �t�h�e� �s�e�q�u�e�n�c�i�n�g� 

�p�r�o�b�l�e�m� �a�n�d� �p�r�o�p�o�s�e�d� �t�w�o� �a�n�a�l�y�t�i�c�a�l� �s�y�s�t�e�m�s� �f�o�r� �h�a�n�d�l�i�n�g� �i�t�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e�i�r� 

�a�p�p�r�o�a�c�h� �w�a�s� �t�o� �s�e�q�u�e�n�c�e� �t�h�e� �m�o�d�e�l�s� �d�o�w�n� �t�h�e� �l�i�n�e� �s�o� �a�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �i�d�l�e� �t�i�m�e� 

�o�f� �o�p�e�r�a�t�o�r�s� �a�n�d� �t�h�e� �e�f�f�e�c�t� �o�f� �w�o�r�k� �c�o�n�g�e�s�t�i�o�n�.� �W�o�r�k� �c�o�n�g�e�s�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �a�n� 

�o�p�e�r�a�t�o�r� �i�s� �f�o�r�c�e�d� �o�u�t� �o�f� �t�h�e� �s�t�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �c�o�m�p�l�e�t�e� �w�o�r�k� �o�n� �a� �p�r�o�d�u�c�t�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �t�h�e� �o�b�j�e�c�t�i�v�e�s� �o�f� �t�h�e�i�r� �a�p�p�r�o�a�c�h� �a�r�e� �t�h�e� �e�f�f�i�c�i�e�n�t� �u�s�e� �o�f� �a�s�s�e�m�b�l�y� �m�a�n�p�o�w�e�r� 

�a�n�d� �t�h�e� �p�r�e�v�e�n�t�i�o�n� �o�f� �b�o�t�t�l�e�n�e�c�k�s� �o�n� �t�h�e� �l�i�n�e�.� �T�o� �a�c�h�i�e�v�e� �t�h�i�s�,� �t�w�o� �s�e�q�u�e�n�c�i�n�g� 

�c�r�i�t�e�r�i�a� �a�r�e� �p�r�o�p�o�s�e�d�.� �T�h�e� �p�r�i�m�a�r�y� �c�r�i�t�e�r�i�o�n� �i�s� �t�h�a�t� �w�h�e�n� �a�n�y� �o�p�e�r�a�t�o�r� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r



�2�7� 

�w�o�r�k�,� �a� �u�n�i�t� �o�f� �p�r�o�d�u�c�t� �m�u�s�t� �a�l�s�o� �b�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �h�i�m� �t�o� �w�o�r�k� �o�n�.� �O�p�e�r�a�t�o�r�s� �s�h�o�u�l�d� 

�n�o�t� �b�e� �k�e�p�t� �i�d�l�e� �w�a�i�t�i�n�g� �f�o�r� �w�o�r�k� �t�o� �e�n�t�e�r� �t�h�e�i�r� �s�t�a�t�i�o�n�s�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� 

�c�o�n�g�e�s�t�i�o�n� �o�f� �w�o�r�k� �i�n� �a�n�y� �s�t�a�t�i�o�n� �i�s� �t�o� �b�e� �a�v�o�i�d�e�d�.� �T�h�i�s� �o�c�c�u�r�s� �w�h�e�n� �p�r�o�d�u�c�t�s� �f�l�o�w� 

�t�h�r�o�u�g�h� �a� �s�t�a�t�i�o�n� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �o�p�e�r�a�t�o�r� �c�a�n� �c�o�m�p�l�e�t�e� �t�h�e� �w�o�r�k� �o�n� �t�h�e�m�.� �S�i�n�c�e� �t�h�e� 

�c�o�n�v�e�y�o�r� �m�o�v�e�s� �a�t� �a� �u�n�i�f�o�r�m� �p�a�c�e�,� �e�i�t�h�e�r� �t�h�e� �o�p�e�r�a�t�o�r� �i�s� �f�o�r�c�e�d� �o�u�t� �o�f� �t�h�e� �s�t�a�t�i�o�n� �t�o� 

�c�o�m�p�l�e�t�e� �t�h�e� �w�o�r�k�,� �o�r� �i�n� �e�x�t�r�e�m�e� �c�a�s�e�s� �t�h�e� �l�i�n�e�s� �m�u�s�t� �b�e� �s�t�o�p�p�e�d� �u�n�t�i�l� �t�h�e� �o�p�e�r�a�t�o�r� 

�c�a�t�c�h�e�s� �u�p�.� �T�o� �a�v�o�i�d� �t�h�i�s�,� �w�h�e�n�e�v�e�r� �p�o�s�s�i�b�l�e�,� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �s�y�s�t�e�m� �m�u�s�t� �S�a�t�i�s�f�y� �a� 

�s�e�c�o�n�d�a�r�y� �c�r�i�t�e�r�i�o�n�,� �n�a�m�e�l�y� �t�h�a�t� �e�a�c�h� �o�p�e�r�a�t�o�r ��s� �w�o�r�k� �s�h�o�u�l�d� �b�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h�i�n� 

�t�h�e� �w�o�r�k� �s�t�a�t�i�o�n�.� 

�T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �t�o� �a�c�c�o�m�p�l�i�s�h� �t�h�e�s�e� �o�b�j�e�c�t�i�v�e�s� �i�s� �t�h�e� �v�a�r�i�a�b�l�e�-�r�a�t�e� 

�l�a�u�n�c�h�i�n�g�,� �i�n� �w�h�i�c�h� �t�h�e� �t�i�m�e� �i�n�t�e�r�v�a�l� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�r�t�i�n�g� �o�f� �s�u�c�c�e�s�s�i�v�e� �u�n�i�t�s� �d�o�w�n� 

�t�h�e� �l�i�n�e� �i�s� �m�a�d�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �t�o�t�a�l� �w�o�r�k� �c�o�n�t�e�n�t� �t�i�m�e� �o�f� �t�h�e� �u�n�i�t�s�.� �T�h�e� �g�r�e�a�t� 

�a�d�v�a�n�t�a�g�e� �o�f� �v�a�r�i�a�b�l�e�-�r�a�t�e� �l�a�u�n�c�h�i�n�g� �i�s� �t�h�a�t� �u�n�i�t�s� �c�a�n� �b�e� �p�u�t� �i�n�t�o� �p�r�o�d�u�c�t�i�o�n� �i�n� �a�n�y� 

�o�r�d�e�r� �a�n�d� �y�e�t� �c�a�u�s�e� �n�o� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �o�r� �w�o�r�k� �c�o�n�g�e�s�t�i�o�n� �o�n� �t�h�e� �l�i�n�e�.� �T�h�i�s� 

�l�a�u�n�c�h�i�n�g� �d�i�s�c�i�p�l�i�n�e� �e�n�s�u�r�e�s� �t�h�a�t� �s�t�a�t�i�o�n�s� �a�r�e� �k�e�p�t� �b�u�s�y�,� �b�u�t� �o�n�l�y� �a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� 

�h�i�g�h� �w�o�r�k� �i�n� �p�r�o�g�r�e�s�s�.� �T�h�e�r�e� �a�r�e�,� �h�o�w�e�v�e�r�,� �s�o�m�e� �s�e�r�i�o�u�s� �p�r�a�c�t�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�s� �i�n�t�r�o�d�u�c�t�i�o�n� �i�n� �m�o�s�t� �i�n�d�u�s�t�r�i�e�s�.� �C�o�n�s�i�d�e�r�a�b�l�e� �r�e�p�l�a�n�n�i�n�g� �o�f� �r�e�l�a�t�e�d� 

�a�c�t�i�v�i�t�i�e�s�,� �s�u�c�h� �a�s� �t�h�e� �s�c�h�e�d�u�l�i�n�g� �o�f� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �i�n�t�e�g�r�a�t�i�o�n� �w�i�t�h� �o�t�h�e�r� �p�r�o�d�u�c�t�i�o�n� 

�l�i�n�e�s� �m�a�y� �b�e� �r�e�q�u�i�r�e�d�.� �T�h�i�s� �s�e�q�u�e�n�c�i�n�g� �d�i�s�c�i�p�l�i�n�e� �i�s� �m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �n�o�n�-� 

�m�e�c�h�a�n�i�c�a�l� �l�i�n�e�s� �w�i�t�h� �i�n�t�e�r�s�t�a�t�i�o�n� �b�u�f�f�e�r� �f�a�c�i�l�i�t�i�e�s� �[�1�]� �t�h�a�n� �f�o�r� �m�o�v�i�n�g�-�b�e�l�t� �l�i�n�e�s�,� �s�i�n�c�e�,� 

�i�n� �t�h�e� �l�a�t�t�e�r�,� �m�a�n�y� �o�f� �t�h�e� �u�n�i�t�s� �m�a�y� �b�e� �c�a�r�r�i�e�d� �s�o�m�e� �w�a�y� �p�a�s�t� �a� �s�t�a�t�i�o�n� �b�e�f�o�r�e� �b�e�i�n�g� 

�w�o�r�k�e�d� �o�n� �a�t� �t�h�e� �s�t�a�t�i�o�n�.



�2�8� 

�T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �i�s� �t�h�e� �f�i�x�e�d�-�r�a�t�e� �l�a�u�n�c�h�i�n�g�,� �a�n� �a�l�g�o�r�i�t�h�m�i�c� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �c�a�n� �b�e� 

�e�a�s�i�l�y� �p�r�o�g�r�a�m�m�e�d�.� �W�i�t�h� �t�h�i�s� �m�e�t�h�o�d� �s�u�c�c�e�s�s�i�v�e� �u�n�i�t�s� �a�r�e� �c�a�r�e�f�u�l�l�y� �s�e�q�u�e�n�c�e�d� �a�n�d� 

�s�t�a�r�t�e�d� �d�o�w�n� �t�h�e� �l�i�n�e� �a�t� �r�e�g�u�l�a�r� �i�n�t�e�r�v�a�l�s�.� �U�n�d�e�r� �c�e�r�t�a�i�n� �c�o�n�d�i�t�i�o�n�s� �a� �c�y�c�l�i�c�,� �o�r� 

�c�a�r�o�u�s�e�l� �p�a�t�t�e�r�n� �c�a�n� �b�e� �u�s�e�d�,� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �f�i�x�e�d� �r�a�t�e� �l�a�u�n�c�h�i�n�g�.� �T�h�i�s� �m�e�t�h�o�d� 

�a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �a�s�s�e�m�b�l�y� �w�o�r�k� �o�f� �e�a�c�h� �m�o�d�e�l� �c�a�n� �b�e� �e�v�e�n�l�y� �d�i�v�i�d�e�d� �a�m�o�n�g� �t�h�e� �n� 

�o�p�e�r�a�t�o�r�s� �s�o� �t�h�a�t� �t�h�e� �a�m�o�u�n�t� �o�f� �t�i�m�e� �e�a�c�h� �o�p�e�r�a�t�o�r� �w�o�r�k�s� �o�n� �a� �g�i�v�e�n� �m�o�d�e�l� �i�s� �t�h�e� 

�s�a�m�e�.� �O�t�h�e�r�w�i�s�e� �s�t�a�t�e�d�,� �t�h�e� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �s�h�o�u�l�d� �h�a�v�e� �b�e�e�n� �o�b�t�a�i�n�e�d� �b�y� �a�n� �a�p�p�r�o�a�c�h� 

�s�i�m�i�l�a�r� �t�o� �T�h�o�m�o�p�o�u�l�o�s �� �m�e�t�h�o�d� �o�f� �s�m�o�o�t�h�e�d� �s�t�a�t�i�o�n� �a�s�s�i�g�n�m�e�n�t�s�.� �T�h�e� �t�i�m�e� �f�o�r� �e�a�c�h� 

�m�o�d�e�l� �i�s� �c�a�l�l�e�d� �t�h�e� �m�o�d�e�l� �c�y�c�l�e� �t�i�m�e� �a�n�d� �d�e�s�i�g�n�a�t�e�d� �b�y� �¢�;�.� �I�t� �c�a�n� �b�e� �f�o�u�n�d� �f�o�r� �e�a�c�h� 

� � 

�m�o�d�e�l� �b�y�:� 

�K� �.� 

�y�t� �(�1�8�)� 
�c�=� �=� �(� �j�=�l�,� �2�,� �.�.�.�,� �J�)� 

�n� 

�T�h�e� �m�o�d�e�l� �h�a�v�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �t�o�t�a�l� �a�m�o�u�n�t� �o�f� �a�s�s�e�m�b�l�y� �w�o�r�k� �w�i�l�l� �a�l�s�o� �h�a�v�e� �t�h�e� 

�m�a�x�i�m�u�m� �m�o�d�e�l� �c�y�c�l�e� �t�i�m�e� �f�o�r� �a� �g�i�v�e�n� �n�.� �T�h�e� �m�a�x�i�m�u�m� �m�o�d�e�l� �c�y�c�l�e� �t�i�m�e� �w�i�l�l� �b�e� 

�d�e�n�o�t�e�d� �b�y� �o�.� �T�h�e� �l�a�u�n�c�h�i�n�g� �r�a�t�e� �y� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y�:� 

�J� 

�2� �N�E�;� 
�y�=� �(�1�9�)� 

�L�N�,� 
�j�=�l� 

� � 

�T�h�u�s�,� �t�h�e� �f�i�x�e�d� �i�n�t�e�r�v�a�l� �b�e�t�w�e�e�n� �t�h�e� �l�a�u�n�c�h�i�n�g� �o�f� �s�u�c�c�e�s�s�i�v�e� �u�n�i�t�s� �i�s� �t�h�e� �w�e�i�g�h�t�e�d� 

�a�v�e�r�a�g�e� �o�f� �t�h�e� �m�o�d�e�l� �c�y�c�l�e� �t�i�m�e�s�.� �A�t� �e�a�c�h� �s�t�e�p� �i� �o�f� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �c�,� 

�s�h�o�u�l�d� �b�e� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d�:



�2�9� 

�0�<� �d�i�c�,� �-� �i�y� �<� �o�-�y� �(�2�0�)� 

�T�h�e� �i�n�e�q�u�a�l�i�t�y� �o�n� �t�h�e� �l�e�f�t� �i�s� �t�o� �a�v�o�i�d� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �a�n�d� �t�h�e� �o�n�e� �o�n� �t�h�e� �r�i�g�h�t� �i�s� 

�t�o� �p�r�e�v�e�n�t� �c�o�n�g�e�s�t�i�o�n�.� �H�e�n�c�e�,� �t�o� �a�v�o�i�d� �b�o�t�h� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �a�n�d� �w�o�r�k� �c�o�n�g�e�s�t�i�o�n�,� 

�t�h�e� �d�o�u�b�l�e� �i�n�e�q�u�a�l�i�t�y� �m�u�s�t� �h�o�l�d� �f�o�r� �e�a�c�h� �s�t�e�p� �i�.� �I�n� �s�o�m�e� �c�a�s�e�s� �i�t� �w�i�l�l� �n�o�t� �b�e� �p�o�s�s�i�b�l�e� 

�a�n�d� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �e�n�v�i�r�o�n�m�e�n�t� �a�n�d� �o�t�h�e�r� �f�a�c�t�o�r�s�,� �a� �c�o�m�p�r�o�m�i�s�e� �s�h�o�u�l�d� �b�e� �m�a�d�e�.� 

�F�i�x�e�d�-�r�a�t�e� �l�a�u�n�c�h�i�n�g� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �p�r�o�v�i�d�i�n�g� �a� �u�n�i�f�o�r�m� �r�a�t�e� �o�f� �p�r�o�d�u�c�t�i�o�n�.� 

�I�t� �a�l�s�o� �a�d�a�p�t�s� �i�t�s�e�l�f� �m�o�r�e� �e�a�s�i�l�y� �t�h�a�n� �d�o�e�s� �v�a�r�i�a�b�l�e�-�r�a�t�e� �l�a�u�n�c�h�i�n�g� �t�o� �i�n�d�u�s�t�r�i�a�l� 

�s�i�t�u�a�t�i�o�n�s�.� �A�c�c�o�r�d�i�n�g� �t�o� �W�i�l�d� �[�1�]�,� �o�n�l�y� �t�h�e� �f�i�x�e�d�-�l�a�u�n�c�h� �r�a�t�e� �s�y�s�t�e�m� �a�p�p�e�a�r�s� �t�o� �b�e� 

�p�r�a�c�t�i�c�a�l�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �i�s� �t�h�a�t� �i�t� �r�e�q�u�i�r�e�s� �v�e�r�y� �c�a�r�e�f�u�l� �s�e�q�u�e�n�c�i�n�g� �o�f� �m�o�d�e�l�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �e�a�s�i�l�y� �i�m�p�l�e�m�e�n�t�e�d� �o�n� �a� �c�o�m�p�u�t�e�r�.� �A� �m�u�c�h� �b�i�g�g�e�r� 

�d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �K�i�l�b�r�i�d�g�e� �a�n�d� �W�e�s�t�e�r ��s� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �w�o�r�k� �c�a�n� 

�b�e� �d�i�v�i�d�e�d� �a�m�o�n�g� �t�h�e� �o�p�e�r�a�t�o�r�s� �s�o� �t�h�a�t� �t�h�e� �a�m�o�u�n�t� �o�f� �t�i�m�e� �e�a�c�h� �o�p�e�r�a�t�o�r� �w�o�r�k�s� �o�n� 

�a� �g�i�v�e�n� �m�o�d�e�l� �i�s� �t�h�e� �s�a�m�e�.� �E�v�e�n� �w�i�t�h� �t�h�e� �b�e�s�t� �o�f� �b�a�l�a�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s�,� �t�h�i�s� �w�i�l�l� �n�o�t� 

�b�e� �p�o�s�s�i�b�l�e� �e�v�e�n� �f�o�r� �s�m�a�l�l� �p�r�o�b�l�e�m�s�.� 

�T�h�o�m�o�p�o�u�l�o�s� �[�1�0�]� �p�r�o�p�o�s�e�d� �a� �p�e�n�a�l�t�y� �c�o�s�t� �a�p�p�r�o�a�c�h� �f�o�r� �a� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �w�i�t�h� 

�v�a�r�i�a�b�l�e�-�l�e�n�g�t�h� �s�t�a�t�i�o�n�s�.� �F�o�u�r� �t�y�p�e�s� �o�f� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�-� �I�d�l�e�n�e�s�s�.� �I�d�l�e�n�e�s�s� �o�c�c�u�r�s� �w�h�e�n� �a�n� �o�p�e�r�a�t�o�r� �i�s� �k�e�p�t� �i�d�l�e� �w�a�i�t�i�n�g� �f�o�r� �w�o�r�k� �t�o� 

�e�n�t�e�r� �t�h�e� �u�p�s�t�r�e�a�m� �l�i�m�i�t� �o�f� �t�h�i�s� �a�l�l�o�w�a�b�l�e� �w�o�r�k� �a�r�e�a�.� 

�W�o�r�k� �d�e�f�i�c�i�e�n�c�y�.� �W�o�r�k� �d�e�f�i�c�i�e�n�c�y� �o�c�c�u�r�s� �w�h�e�n� �p�r�o�d�u�c�t�s� �f�l�o�w� �t�h�r�o�u�g�h� �a� �s�t�a�t�i�o�n� 

�s�o� �s�l�o�w�l�y� �t�h�a�t� �t�h�e� �o�p�e�r�a�t�o�r� �i�s� �a�b�l�e� �t�o� �c�o�m�p�l�e�t�e� �w�o�r�k� �o�n� �a� �p�r�o�d�u�c�t� �b�e�f�o�r�e� �t�h�e� 

�n�e�x�t� �p�r�o�d�u�c�t� �h�a�s� �e�n�t�e�r�e�d� �t�h�e� �s�t�a�t�i�o�n�,� �a�n�d� �m�u�s�t� �l�e�a�v�e� �t�h�e� �s�t�a�t�i�o�n� �t�o� �t�h�e� �l�e�f�t� �t�o



�3�0� 

�S�t�a�r�t� �a�s�s�e�m�b�l�y� �o�f� �t�h�e� �n�e�x�t� �a�s�s�i�g�n�e�d� �p�r�o�d�u�c�t�.� 

�-� �U�t�i�l�i�t�y� �w�o�r�k�.� �U�t�i�l�i�t�y� �w�o�r�k� �r�e�s�u�l�t�s� �w�h�e�n� �p�r�o�d�u�c�t�s� �f�l�o�w� �t�h�r�o�u�g�h� �a�n� �o�p�e�r�a�t�o�r ��s� 

�d�o�w�n�s�t�r�e�a�m� �l�i�m�i�t� �o�f� �t�h�e� �w�o�r�k� �a�r�e�a� �f�a�s�t�e�r� �t�h�a�n� �h�e�/�s�h�e� �c�a�n� �c�o�m�p�l�e�t�e� �w�o�r�k� �o�n� 

�t�h�e�m�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �a� �u�t�i�l�i�t�y� �w�o�r�k�e�r� �m�a�y� �b�e� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �s�t�a�t�i�o�n� �t�o� �a�s�s�i�s�t� 

�t�h�e� �o�p�e�r�a�t�o�r� �s�o� �t�h�a�t� �t�h�e� �w�o�r�k� �o�n� �t�h�e� �p�r�o�d�u�c�t� �i�s� �c�o�m�p�l�e�t�e�d�,� �o�r� �e�l�s�e� �t�h�e� 

�u�n�f�i�n�i�s�h�e�d� �w�o�r�k� �i�s� �c�o�m�p�l�e�t�e�d� �i�n� �a� �t�o�u�c�h�-�u�p� �s�t�a�t�i�o�n� �f�u�r�t�h�e�r� �d�o�w�n� �t�h�e� �l�i�n�e�.� 

�-� �W�o�r�k� �c�o�n�g�e�s�t�i�o�n�.� �W�o�r�k� �c�o�n�g�e�s�t�i�o�n� �r�e�s�u�l�t�s� �w�h�e�n� �p�r�o�d�u�c�t�s� �f�l�o�w� �t�h�r�o�u�g�h� �a� 

�s�t�a�t�i�o�n� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �o�p�e�r�a�t�o�r� �c�a�n� �c�o�m�p�l�e�t�e� �w�o�r�k� �o�n� �t�h�e�m�,� �f�o�r�c�i�n�g� �h�i�m�/�h�e�r� 

�t�o� �m�o�v�e� �o�u�t� �o�f� �t�h�e� �s�t�a�t�i�o�n� �t�o� �t�h�e� �r�i�g�h�t�.� 

�T�h�e� �f�o�u�r� �t�y�p�e�s� �o�f� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�3�.� �I�f� �t�h�e� �p�h�y�s�i�c�a�l� 

�d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �s�t�a�t�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s� 

 
��
 �I�t� �l�e�n�g�t�h� �o�f� �t�h�e� �s�"� �s�t�a�t�i�o�n� �(�s� �=� �1�,� �2�,� �.�.�.�,� �n�)� 

�L�O� 
�s� �m�a�x� �d�i�s�t�a�n�c�e� �o�p�e�r�a�t�o�r� �i�n� �s�"� �s�t�a�t�i�o�n� �i�s� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �u�p�s�t�r�e�a�m� 

�I�o� �m�a�x� �d�i�s�t�a�n�c�e� �o�p�e�r�a�t�o�r� �i�n� �s!"� �s�t�a�t�i�o�n� �i�s� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �d�o�w�n�s�t�r�e�a�m� 

�L�e�t� �v� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�n�v�e�y�o�r� �b�e�l�t� �s�p�e�e�d� �a�n�d� �l�e�t� �d� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�i�x�e�d� �l�e�n�g�t�h� 

�s�e�p�a�r�a�t�i�n�g� �t�w�o� �c�o�n�s�e�c�u�t�i�v�e� �u�n�i�t�s� �o�n� �t�h�e� �c�o�n�v�e�y�o�r�.� �S�i�n�c�e� �y� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�1�9�)� �i�s� 

�t�h�e� �f�i�x�e�d� �t�i�m�e� �s�e�p�a�r�a�t�i�n�g� �t�w�o� �c�o�n�s�e�c�u�t�i�v�e� �u�n�i�t�s�,� �d� �a�n�d� �y� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �a�n�d� �v� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y�:� 

�(�2�1�)� �<
� �"� 

�~
�<

�~
�(�

[�X
� 

�_� �T�h�e� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �a� �g�i�v�e�n� �m�o�d�e�l� �s�e�q�u�e�n�c�e� �c�a�n� �n�o�w� �b�e� �c�a�l�c�u�l�a�t�e�d�.



�3�1� 

� � 

�W�o�r� �k� 
�D�e�f�i�c�i�e�n�c�y� 

� � 

�U�p�s�t�r�e�a�m� 

�B�o�u�n�d�a�r�y� �C�o�n�v�e�y�o�r� �B�e�l�t� 

� � 

� � 

�D�o�w�n�s�t�r�e�a�m� 

�B�o�u�n�d�a�r�y� 

� � 

� � 

�W�o�r�k� 
�C�o�n�g�e�s�t�i�o�n� 

�U�t�i�l�i�t�y� 
�W�o�r�k� 

�o�o� 
� � 

� � � � � � � � � � 
� � 

�F�i�g�u�r�e� �2�.�3� �:� �T�y�p�e�s� �o�f� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� 
� 



�3�2� 

�T�h�e� �v�a�r�i�o�u�s� �m�o�d�e�l�s� �t�o� �b�e� �a�s�s�e�m�b�l�e�d� �w�i�l�l� �b�e� �s�e�q�u�e�n�c�e�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �e�f�f�e�c�t� �o�f� 

�i�n�e�f�f�i�c�i�e�n�c�i�e�s�.� �I�f� �a� �p�e�n�a�l�t�y� �c�o�s�t� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �i�n�e�f�f�i�c�i�e�n�c�y�,� �i�t� �w�o�u�l�d� �b�e� 

�p�o�s�s�i�b�l�e� �t�o� �c�o�m�p�u�t�e� �t�h�e� �t�o�t�a�l� �c�o�s�t� �o�f� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �s�c�h�e�d�u�l�i�n�g� �a� �u�n�i�t� 

�o�f� �a� �g�i�v�e�n� �m�o�d�e�l� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�.� �A� �g�o�o�d� �s�e�q�u�e�n�c�e� �w�i�l�l� �t�h�e�n� �s�e�e�k� �t�o� �m�i�n�i�m�i�z�e� �t�h�e�s�e� 

�i�n�e�f�f�i�c�i�e�n�c�y� �c�o�s�t�s� �o�v�e�r� �t�h�e� �t�o�t�a�l� �d�a�y ��s� �s�c�h�e�d�u�l�e� �i�n� �a�l�l� �s�t�a�t�i�o�n�s�.� �O�n�e� �a�p�p�r�o�a�c�h� �w�o�u�l�d� 

�b�e� �t�o� �g�e�n�e�r�a�t�e� �a�l�l� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �s�e�q�u�e�n�c�e�s� �a�n�d� �t�h�e�n� �s�e�l�e�c�t� �t�h�e� �o�n�e� �w�i�t�h� 

�t�h�e� �m�i�n�i�m�u�m� �c�o�s�t�.� �H�o�w�e�v�e�r�,� �f�o�r� �l�a�r�g�e� �p�r�o�d�u�c�t�i�o�n� �q�u�a�n�t�i�t�i�e�s� �o�r� �m�a�n�y� �d�i�f�f�e�r�e�n�t� 

�m�o�d�e�l�s�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �m�i�g�h�t� �n�o�t� �b�e� �f�e�a�s�i�b�l�e�.� �A� �s�e�r�i�a�l� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�o�d�e�l� 

�s�e�q�u�e�n�c�e� �w�a�s� �p�r�o�p�o�s�e�d� �b�y� �T�h�o�m�o�p�o�u�l�o�s� �[�1�0�]�.� �A�t� �e�a�c�h� �s�t�e�p� �t�h�e� �t�o�t�a�l� �i�n�e�f�f�i�c�i�e�n�c�y� �c�o�s�t� 

�f�o�r� �e�a�c�h� �m�o�d�e�l� �i�s� �c�o�m�p�u�t�e�d�.� �T�h�e� �m�o�d�e�l� �w�i�t�h� �t�h�e� �m�i�n�i�m�u�m� �c�o�s�t� �i�s� �t�h�e�n� �l�a�u�n�c�h�e�d�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �k�e�e�p� �t�r�a�c�k� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�i�t�s� �l�a�u�n�c�h�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�l� �i�n� 

�o�r�d�e�r� �n�o�t� �t�o� �e�x�c�e�e�d� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t�s�.� �S�i�n�c�e� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� 

�d�e�r�i�v�e�s� �s�u�b�-�o�p�t�i�m�u�m� �r�a�t�h�e�r� �t�h�a�n� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s�,� �a� �M�o�n�t�e� �C�a�r�l�o� �a�n�a�l�y�s�i�s� �w�a�s� 

�u�t�i�l�i�z�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �t�h�e� �s�o�l�u�t�i�o�n�s� �w�o�u�l�d� �c�o�m�p�a�r�e� �w�i�t�h� �t�h�e� �o�p�t�i�m�u�m� �o�n�e�.� �T�h�e� 

�r�e�s�u�l�t�s� �w�e�r�e� �n�e�a�r� �o�p�t�i�m�u�m�.� �H�o�w�e�v�e�r�,� �o�n�e� �o�f� �t�h�e� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� 

�v�e�r�y� �g�o�o�d� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�s�s� �b�u�t� �t�h�e� 

�i�n�e�f�f�i�c�i�e�n�c�i�e�s� �i�n�c�r�e�a�s�e� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�i�t�s� �l�a�u�n�c�h�e�d� �i�n�c�r�e�a�s�e�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� 

�i�s� �t�h�a�t� �m�o�d�e�l�s� �w�i�t�h� �u�n�e�v�e�n� �s�t�a�t�i�o�n� �t�i�m�e�s� �o�r� �h�i�g�h� �w�o�r�k� �c�o�n�t�e�n�t� �w�i�l�l� �b�e� �p�u�s�h�e�d� �b�a�c�k� 

�u�n�t�i�l� �t�h�e� �e�n�d� �a�n�d� �a�l�l� �t�h�e�  ��e�a�s�y �� �m�o�d�e�l�s� �w�i�l�l� �b�e� �s�e�q�u�e�n�c�e�d� �f�i�r�s�t�.� �T�h�e� �n�e�t� �r�e�s�u�l�t� �i�s� �a� 

�b�u�i�l�d� �u�p� �o�f� �a� �r�e�s�i�d�u�e� �o�f� �h�i�g�h� �p�e�n�a�l�t�y� �m�o�d�e�l�s�.� �T�h�i�s� �p�r�o�b�l�e�m� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �b�y� 

�p�a�r�t�i�t�i�o�n�i�n�g� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �s�c�h�e�d�u�l�e�.� �P�a�r�t�i�t�i�o�n�i�n�g� �i�n�s�u�r�e�s� �t�h�a�t� �a�l�l� �u�n�i�t�s� �o�f� �a� �m�o�d�e�l� �a�r�e� 

�n�o�t� �c�l�u�s�t�e�r�e�d� �i�n� �o�n�e� �s�e�g�m�e�n�t� �o�f� �t�h�e� �s�e�q�u�e�n�c�e�,� �a�n�d� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �a�l�l�o�w�i�n�g
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�d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �t�o� �b�e� �p�r�o�d�u�c�e�d� �m�o�r�e� �e�v�e�n�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �w�o�r�k� �d�a�y�.� �A�n�o�t�h�e�r� 

�d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �w�a�y� �t�o� �d�i�s�a�l�l�o�w� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k�i�n�g�.� 

�C�o�n�c�u�r�r�e�n�t� �w�o�r�k�i�n�g� �o�c�c�u�r�s� �w�h�e�n� �t�w�o� �o�p�e�r�a�t�o�r�s� �a�r�e� �w�o�r�k�i�n�g� �o�n� �t�h�e� �s�a�m�e� �u�n�i�t�.� �A�n� 

�o�p�e�r�a�t�o�r� �c�a�n� �s�t�i�l�l� �b�e� �w�o�r�k�i�n�g� �i�n� �h�i�s�/�h�e�r� �s�t�a�t�i�o�n� �w�h�i�l�e� �t�h�e� �n�e�x�t� �o�p�e�r�a�t�o�r� �h�a�s� �m�o�v�e�d� 

�i�n�t�o� �t�h�e� �u�p�s�t�r�e�a�m� �r�e�g�i�o�n� �a�n�d� �t�h�e�y� �b�o�t�h� �w�o�r�k� �o�n� �t�h�e� �s�a�m�e� �u�n�i�t�.� 

�A� �s�l�i�g�h�t� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �T�h�o�m�o�p�o�u�l�o�s� �p�e�n�a�l�t�y� �c�o�s�t� �a�p�p�r�o�a�c�h� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� 

�M�a�c�a�s�k�i�l�l� �[�1�9�]�.� �A� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� �l�i�n�e� �a�n�d� �s�e�v�e�r�a�l� 

�a�l�g�o�r�i�t�h�m�s� �t�h�a�t� �p�r�o�v�i�d�e� �a�c�c�e�p�t�a�b�l�e� �s�e�q�u�e�n�c�e�s� �u�n�d�e�r� �v�a�r�i�o�u�s� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n�.� �T�h�i�s� 

�a�p�p�r�o�a�c�h� �a�l�s�o� �h�a�s� �a�n� �o�p�t�i�o�n� �t�o� �e�i�t�h�e�r� �a�l�l�o�w� �o�r� �d�i�s�a�l�l�o�w� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k�i�n�g�.� �T�h�e� 

�p�u�r�p�o�s�e� �o�f� �t�h�i�s� �a�r�b�i�t�r�a�r�y� �a�s�s�u�m�p�t�i�o�n� �i�s� �t�o� �i�d�e�n�t�i�f�y� �a�n�y� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�t�a�g�e� �t�h�a�t� 

�m�i�g�h�t� �a�c�c�r�u�e� �t�h�r�o�u�g�h� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k�i�n�g�.� �O�n�e� �a�i�m� �o�f� �t�h�e� �a�u�t�h�o�r� �w�a�s� �t�o� �e�x�a�m�i�n�e� �t�h�e� 

�e�f�f�e�c�t� �o�f� �p�r�o�d�u�c�t� �s�e�q�u�e�n�c�e� �o�n� �t�h�e� �l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�.� �T�o� �m�e�a�s�u�r�e� �t�h�e� �l�i�n�e� �p�e�r�f�o�r�-� 

�m�a�n�c�e�,� �t�h�e� �s�a�m�e� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �w�e�r�e� �a�d�o�p�t�e�d� �a�s� �b�y� �T�h�o�m�o�p�o�u�l�o�s� �[�1�0�]�.� �T�o� �a�v�o�i�d� �a� 

�b�u�i�l�d� �u�p� �o�f� �h�i�g�h� �p�e�n�a�l�t�y� �m�o�d�e�l�s� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �w�a�s� �m�o�d�i�f�i�e�d�.� �A�f�t�e�r� �a� 

�m�o�d�e�l� �w�i�t�h� �m�i�n�i�m�u�m� �c�o�s�t� �w�a�s� �s�e�l�e�c�t�e�d�,� �t�h�e� �n�e�x�t� �m�o�d�e�l� �c�h�o�s�e�n� �w�a�s� �t�h�e� �o�n�e� �w�i�t�h� �t�h�e� 

�g�r�e�a�t�e�s�t� �w�o�r�k� �c�o�n�t�e�n�t� �t�h�a�t� �w�o�u�l�d� �n�o�t� �i�n�t�r�o�d�u�c�e� �a�n�y� �u�t�i�l�i�t�y� �w�o�r�k�.� �I�f� �n�o� �m�o�d�e�l� �w�a�s� 

�p�r�e�s�e�n�t� �w�i�t�h� �z�e�r�o� �u�t�i�l�i�t�y� �w�o�r�k�,� �t�h�e� �m�o�d�e�l� �t�h�a�t� �g�a�v�e� �t�h�e� �m�i�n�i�m�u�m� �u�t�i�l�i�t�y� �w�o�r�k� �w�a�s� 

�s�e�l�e�c�t�e�d�.� �T�h�e� �a�u�t�h�o�r� �a�l�s�o� �n�o�t�e�d� �t�h�a�t� �w�h�e�n� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k� �i�s� �n�o�t� �a�l�l�o�w�e�d�,� �a�n� 

�o�p�e�r�a�t�o�r� �i�s� �f�o�r�c�e�d� �o�u�t� �o�f� �t�h�e� �s�t�a�t�i�o�n� �b�e�f�o�r�e� �t�h�e� �t�a�s�k� �i�s� �f�i�n�i�s�h�e�d�.� �T�h�e� �w�o�r�k�e�r� �i�n� �t�h�e� 

�n�e�x�t� �s�t�a�t�i�o�n�,� �a�l�t�h�o�u�g�h� �f�r�e�e�,� �c�a�n ��t� �s�t�a�r�t� �w�o�r�k� �b�e�c�a�u�s�e� �t�h�e� �p�r�e�d�e�c�e�s�s�o�r� �w�o�r�k�e�r� �i�n� �t�h�e� 

�l�i�n�e� �i�s� �s�t�i�l�l� �b�u�s�y�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�e�c�o�n�d� �w�o�r�k�e�r� �s�t�a�r�t�s� �l�a�t�e� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �l�i�k�e�l�y� �t�o� 

�f�i�n�i�s�h� �l�a�t�e�,� �p�e�r�h�a�p�s� �c�a�u�s�i�n�g� �a� �t�h�i�r�d� �w�o�r�k�e�r� �t�o� �s�t�a�n�d� �i�d�l�e� �a�n�d� �s�t�a�r�t� �l�a�t�e�,� �a�n�d� �s�o� �o�n�.� �T�h�e
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�c�o�n�c�l�u�s�i�o�n�s� �w�e�r�e� �t�h�a�t� �i�f� �a�n� �a�s�s�e�m�b�l�y� �i�s� �s�u�c�h� �t�h�a�t� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k� �c�a�n� �b�e� �u�s�e�d� �t�h�e�n� 

�i�t� �w�i�l�l� �b�e� �a�d�v�a�n�t�a�g�e�o�u�s� �t�o� �p�l�a�n� �t�h�e� �w�o�r�k� �t�o� �p�e�r�m�i�t� �c�o�n�c�u�r�r�e�n�c�y� �o�f� �w�o�r�k�i�n�g� �t�o� �b�e� 

�e�x�p�l�o�i�t�e�d�,� �a�n�d� �t�o� �d�e�v�i�s�e� �s�u�i�t�a�b�l�e� �b�a�l�a�n�c�e� �m�e�t�h�o�d�s�.� �I�n� �p�r�a�c�t�i�c�e� �t�h�e�r�e� �a�r�e� �t�w�o� �m�a�i�n�.� 

�f�a�c�t�o�r�s� �t�h�a�t� �a�f�f�e�c�t� �c�o�n�c�u�r�r�e�n�c�y�.� �T�h�e� �f�i�r�s�t� �i�s� �t�h�a�t� �n�o�r�m�a�l� �a�s�s�e�m�b�l�y� �p�r�e�c�e�d�e�n�c�e� 

�c�o�n�s�t�r�a�i�n�t�s� �c�a�n�n�o�t� �b�e� �v�i�o�l�a�t�e�d�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �t�h�a�t� �w�o�r�k�e�r�s� �m�u�s�t� �n�o�t� �b�o�t�h�e�r� �e�a�c�h� 

�o�t�h�e�r�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�u�t�h�o�r�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e�r�e� �i�s� �c�o�n�s�i�d�e�r�a�b�l�e� �s�c�o�p�e� �f�o�r� 

�i�n�t�r�o�d�u�c�i�n�g� �c�o�n�c�u�r�r�e�n�c�y�.� �A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t� �m�a�d�e� �i�s� �t�h�a�t� �u�n�s�u�i�t�a�b�l�e� �m�o�d�e�l� 

�S�e�q�u�e�n�c�e�s� �s�e�r�i�o�u�s�l�y� �d�e�g�r�a�d�e� �a�s�s�e�m�b�l�y� �p�e�r�f�o�r�m�a�n�c�e� �a�n�d� �i�t� �i�s� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �f�o�r� 

�a�c�c�e�p�t�a�b�l�e� �s�e�q�u�e�n�c�e�s� �t�o� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �l�i�n�e�.� �T�h�e� �p�a�p�e�r� �s�h�o�w�e�d� �t�h�a�t� �a�u�t�o�m�a�t�i�c� 

�s�e�q�u�e�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �t�o� �d�o� �t�h�i�s�.� 

�A� �n�e�w� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �w�a�s� �p�r�o�p�o�s�e�d� �b�y� �D�a�r�-�E�l� �a�n�d� 

�C�o�t�h�e�r� �[�2�0�]�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�a�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �o�v�e�r�a�l�l� �a�s�s�e�m�b�l�y� �l�i�n�e�-�l�e�n�g�t�h� 

�f�o�r� �n�o� �o�p�e�r�a�t�o�r� �i�n�t�e�r�f�e�r�e�n�c�e�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�u�t�h�o�r�s� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�f�i�n�e� �t�h�e� 

�l�i�m�i�t�s� �t�o� �a�n� �o�p�e�r�a�t�o�r ��s� �m�o�v�e�m�e�n�t�s� �o�u�t�s�i�d�e� �t�h�e� �w�o�r�k� �s�t�a�t�i�o�n� �-� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�n�h�e�r�e�n�t�l�y� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� �p�e�n�a�l�t�y� �s�y�s�t�e�m� �[�1�0�,�1�9�]�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� 

�a�r�b�i�t�r�a�r�y� �s�e�l�e�c�t�i�o�n�,� �w�h�i�c�h� �d�i�r�e�c�t�l�y� �a�f�f�e�c�t�s� �t�h�e� �g�e�n�e�r�a�t�e�d� �p�r�o�d�u�c�t� �s�e�q�u�e�n�c�e�,� �i�s� �a� �s�e�r�i�o�u�s� 

�w�e�a�k�n�e�s�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �p�r�o�v�i�d�e�s� �l�i�t�t�l�e� 

�g�u�i�d�a�n�c�e� �u�p�o�n� �w�h�i�c�h� �t�o� �c�h�o�o�s�e� �t�h�e� �p�h�y�s�i�c�a�l� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �f�o�r� �a� �g�i�v�e�n� �p�r�o�b�l�e�m�.� 

�T�h�e� �a�u�t�h�o�r�s� �c�l�a�i�m� �t�h�a�t�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �c�h�o�i�c�e� �o�f� �l�i�n�e� �l�e�n�g�t�h�,� �a�n�y� �s�e�q�u�e�n�c�e� �c�o�u�l�d� 

�b�e� �m�a�d�e� �t�o� �a�p�p�e�a�r� �e�f�f�i�c�i�e�n�t� �o�r� �i�n�e�f�f�i�c�i�e�n�t�.� �T�h�e�i�r� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� 

�p�r�o�b�l�e�m� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� �"�G�i�v�e�n� �a� �p�r�o�d�u�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t� �a�n�d� �w�o�r�k� �l�o�a�d� 

�b�a�l�a�n�c�e�,� �t�o� �d�e�t�e�r�m�i�n�e� �a� �s�e�q�u�e�n�c�e� �o�f� �p�r�o�d�u�c�t�s� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �o�v�e�r�a�l�l� �a�s�s�e�m�b�l�y
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�l�i�n�e� �l�e�n�g�t�h� �r�e�q�u�i�r�e�d� �f�o�r� �n�o� �o�p�e�r�a�t�o�r� �i�n�t�e�r�f�e�r�e�n�c�e�. �� �T�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �i�n�v�o�l�v�e�s� �n�o� 

�a�s�s�u�m�p�t�i�o�n�s� �a�s� �t�o� �s�t�a�t�i�o�n� �l�e�n�g�t�h�,� �p�e�n�a�l�t�i�e�s�,� �e�t�c�.� �T�h�e� �o�v�e�r�a�l�l� �l�i�n�e� �a�s�s�e�m�b�l�y� �i�s� �i�n� �f�a�c�t�,� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�h�o�s�e� �m�i�n�i�m�i�z�a�t�i�o�n� �i�s� �s�o�u�g�h�t� �w�h�i�l�s�t� �n�o� �i�d�l�e� �t�i�m�e�,� �c�o�n�g�e�s�t�i�o�n�,� 

�e�t�c�.� �i�s� �d�e�s�i�g�n�e�d� �i�n�t�o� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �s�e�q�u�e�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e�i�r� �p�a�p�e�r�,� 

�a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�s�s�u�m�p�t�i�o�n�s�:� 

�-� �T�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �c�o�n�v�e�y�o�r� �m�o�v�i�n�g� �a�t� �c�o�n�s�t�a�n�t� �s�p�e�e�d� �w�i�t�h� 

�p�r�o�d�u�c�t�s� �e�q�u�i�-�s�p�a�c�e�d� �o�n� �t�h�e� �l�i�n�e�.� 

�-� �M�o�d�e�l�s� �a�r�e� �l�a�u�n�c�h�e�d� �o�n�t�o� �t�h�e� �l�i�n�e� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�i�x�e�d�-�l�a�u�n�c�h� �r�a�t�e� 

�d�i�s�c�i�p�l�i�n�e�.� 

�-� �E�a�c�h� �s�t�a�t�i�o�n� �i�s� �m�a�n�n�e�d� �b�y� �o�n�e� �o�p�e�r�a�t�o�r�.� �N�a�t�u�r�a�l�l�y� �s�e�v�e�r�a�l� �o�p�e�r�a�t�o�r�s� �m�a�y� 

�w�o�r�k� �a�t� �o�n�e� �s�t�a�t�i�o�n� �p�r�o�v�i�d�i�n�g� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �t�a�s�k�s� �i�n� �n�o� �w�a�y� �i�n�t�e�r�f�e�r�e� �w�i�t�h� 

�e�a�c�h� �o�t�h�e�r�s�.� 

�-� �T�h�e� �t�o�t�a�l� �w�o�r�k� �l�o�a�d� �f�o�r� �t�h�e� �s�h�i�f�t�s� �i�s� �d�i�v�i�d�e�d� �e�q�u�a�l�l�y� �a�m�o�n�g� �t�h�e� �o�p�e�r�a�t�o�r�s� �u�s�i�n�g� 

�s�o�m�e� �c�o�n�v�e�n�i�e�n�t� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �m�e�t�h�o�d�.� 

�-� �T�h�e� �o�p�e�r�a�t�o�r�s� �p�e�r�f�o�r�m� �e�a�c�h� �o�p�e�r�a�t�i�o�n� �i�n� �t�h�e� �a�l�l�o�c�a�t�e�d� �t�i�m�e�.� 

�-� �A�n� �o�p�e�r�a�t�o�r� �t�a�k�e�s� �n�e�g�l�i�g�i�b�l�e� �t�i�m�e� �t�o� �m�o�v�e� �b�e�t�w�e�e�n� �p�r�o�d�u�c�t�s�.� 

�-� �A�d�j�a�c�e�n�t� �o�p�e�r�a�t�o�r�s� �d�o� �n�o�t� �s�e�r�v�i�c�e� �a� �p�r�o�d�u�c�t� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�.� 

�-� �S�t�e�a�d�y� �s�t�a�t�e� �c�o�n�d�i�t�i�o�n�s� �p�r�e�v�a�i�l�,� �t�h�e� �p�r�o�d�u�c�t�-�m�i�x� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �b�e�t�w�e�e�n� 

�s�h�i�f�t�s� �a�n�d� �t�h�e� �l�i�n�e� �i�s� �n�o�t� �e�m�p�t�y� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� �s�h�i�f�t�.� 

�T�w�o� �t�y�p�e�s� �o�f� �w�o�r�k� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �C�l�o�s�e�d� �s�t�a�t�i�o�n�s� �w�h�i�c�h� �h�a�v�e� 

�b�o�u�n�d�a�r�i�e�s� �t�h�a�t� �c�a�n� �n�o�t� �b�e� �c�r�o�s�s�e�d� �b�y� �t�h�e� �o�p�e�r�a�t�o�r�s� �a�n�d� �o�p�e�n� �s�t�a�t�i�o�n�s� �t�h�a�t� �h�a�v�e� �n�o� 

�s�t�a�t�i�o�n� �b�o�u�n�d�a�r�i�e�s�.� �A�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �e�a�c�h� �t�y�p�e� �o�f� �s�t�a�t�i�o�n� �i�s� �p�r�o�p�o�s�e�d�.� �T�h�e� �a�l�g�o�r�i�t�h�m�s
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�b�a�s�i�c�a�l�l�y� �c�o�m�p�r�i�s�e� �t�w�o� �h�e�u�r�i�s�t�i�c�s� �-� �o�n�e� �f�o�r� �t�h�e� �c�a�n�d�i�d�a�t�e� �s�e�l�e�c�t�i�o�n�,� �t�h�e� �o�t�h�e�r� �f�o�r� �t�h�e� 

�a�s�s�i�g�n�m�e�n�t� �t�o� �t�h�e� �s�e�q�u�e�n�c�e�.� �T�h�e� �p�r�o�d�u�c�t�s� �t�o� �b�e� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �s�e�q�u�e�n�c�e� �a�r�e� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �p�o�o�l�.� �S�u�c�c�e�s�s�i�v�e� �p�r�o�d�u�c�t�s� �f�r�o�m� �t�h�e� �p�o�o�l� �a�r�e� �a�d�d�e�d� �t�o� �t�h�e� �s�e�q�u�e�n�c�e� 

�u�n�t�i�l� �t�h�e� �p�o�o�l� �i�s� �e�m�p�t�y�.� �T�o� �s�e�l�e�c�t� �t�h�e� �m�'�"� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�,� �v�a�r�i�o�u�s� �p�r�o�d�u�c�t�s� 

�a�r�e� �t�r�i�e�d� �u�n�t�i�l� �o�n�e� �i�s� �f�o�u�n�d� �t�h�a�t� �s�a�t�i�s�f�i�e�s� �a�n� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�.� �T�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� 

�_� �t�h�e� �m�o�d�e�l�s� �a�r�e� �t�r�i�e�d� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �a� �s�e�l�e�c�t�i�o�n� �h�e�u�r�i�s�t�i�c�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �h�e�u�r�i�s�t�i�c� 

�i�s� �d�e�s�i�g�n�e�d� �t�o� �s�p�r�e�a�d� �t�h�e� �m�o�d�e�l�s� �e�v�e�n�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�e�q�u�e�n�c�e�.� �A� �l�o�w�e�r� �b�o�u�n�d� 

�l�i�m�i�t� �i�s� �p�l�a�c�e�d� �o�n� �e�v�e�r�y� �s�t�a�t�i�o�n� �f�o�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �a�n�d� �o�n� �t�h�e� �e�n�t�i�r�e� �l�i�n�e� 

�f�o�r� �t�h�e� �o�p�e�n� �s�t�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c� �s�i�m�u�l�a�t�e�s� �t�h�e� �s�e�r�v�i�c�e� �o�f� �t�h�e� 

�s�e�l�e�c�t�e�d� �p�r�o�d�u�c�t�.� �I�f� �a� �s�t�a�t�i�o�n� �l�i�m�i�t� �i�s� �e�x�c�e�e�d�e�d�,� �t�h�e� �p�r�o�d�u�c�t� �i�s� �r�e�j�e�c�t�e�d� �a�n�d� �t�h�e� �n�e�x�t� 

�m�o�d�e�l� �i�s� �t�r�i�e�d�.� �I�f� �t�h�e� �p�r�o�d�u�c�t� �i�s� �a�c�c�e�p�t�e�d�,� �i�t� �i�s� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�e� �a�n�d� 

�t�h�e� �n�e�x�t� �u�n�i�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �I�f� �a�t� �s�o�m�e� �s�t�a�g�e� �n�o� �p�r�o�d�u�c�t� �s�a�t�i�s�f�i�e�s� �t�h�e� 

�a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�,� �t�h�e� �s�t�a�t�i�o�n� �l�e�n�g�t�h� �l�i�m�i�t�s� �a�r�e� �i�n�c�r�e�a�s�e�d� �b�y� �e�q�u�a�l� �a�m�o�u�n�t�s�,� �a�l�l� 

�p�r�o�d�u�c�t�s� �a�r�e� �r�e�t�u�r�n�e�d� �t�o� �t�h�e� �p�o�o�l� �a�n�d� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �r�e�c�o�m�m�e�n�c�e�s�.� 

�A� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� �i�t� �i�s� �b�e�s�t� �s�u�i�t�e�d� �f�o�r� �t�h�e� �d�e�s�i�g�n� �o�f� �n�e�w� 

�a�s�s�e�m�b�l�y� �l�i�n�e�s�.� �O�n�c�e� �a�n� �a�s�s�e�m�b�l�y� �l�i�n�e� �i�s� �i�n� �o�p�e�r�a�t�i�o�n�,� �m�i�n�o�r� �c�h�a�n�g�e�s� �i�n� �p�r�o�d�u�c�t�i�o�n� 

�r�e�q�u�i�r�e�m�e�n�t�s� �o�r� �i�n� �m�o�d�e�l� �d�e�s�i�g�n� �m�i�g�h�t� �p�r�e�s�e�n�t� �a� �p�r�o�b�l�e�m�.� �I�f� �f�i�x�e�d� �f�a�c�i�l�i�t�i�e�s� �e�x�i�s�t� �s�u�c�h� 

�a�s� �s�p�r�a�y� �b�o�o�t�h�s�,� �d�i�p� �t�a�n�k�s�,� �e�t�c�.� �t�h�e�i�r� �a�c�t�u�a�l� �s�t�a�t�i�o�n� �l�e�n�g�t�h�s� �a�r�e� �u�s�e�d� �a�s� �f�i�x�e�d� �i�n�p�u�t� 

�d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s�,� �w�h�i�l�e� �t�h�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�t�a�t�i�o�n�s� �w�o�u�l�d� �b�e� �d�e�t�e�r�m�i�n�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a�l�l� �s�t�a�t�i�o�n� �l�i�n�e� �l�e�n�g�t�h�s� �c�o�u�l�d� �b�e� 

�r�e�t�a�i�n�e�d� �a�n�d� �t�h�e� �p�r�o�b�l�e�m� �r�e�d�u�c�e�s� �t�o� �t�h�a�t� �d�e�f�i�n�e�d� �b�y� �T�h�o�m�o�p�o�u�l�o�s� �[�1�0�]� �a�n�d� �M�a�c�a�s�k�i�l�l� 

�[�1�9�]�.� �A� �s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �b�y� �t�h�e� �a�u�t�h�o�r�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�r�e�e� �f�a�c�t�o�r�s� �m�a�i�n�l�y� �i�n�f�l�u�e�n�c�e
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�t�h�e� �o�v�e�r�a�l�l� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h�.� �T�h�e�s�e� �a�r�e� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�l�s�,� �t�h�e� �m�o�d�e�l� �c�y�c�l�e�-� 

�t�i�m�e� �d�e�v�i�a�t�i�o�n� �f�a�c�t�o�r� �a�n�d� �t�h�e� �o�p�e�r�a�t�o�r�-�t�i�m�e� �d�e�v�i�a�t�i�o�n� �f�a�c�t�o�r�.� �F�o�r� �a� �g�i�v�e�n� �m�o�d�e�l�-�m�i�x�,� 

�i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �d�e�c�r�e�a�s�e�s� �w�h�e�n� �b�e�t�t�e�r� �w�o�r�k� �b�a�l�a�n�c�e�s� �a�r�e� 

�o�b�t�a�i�n�e�d� �b�e�t�w�e�e�n� �o�p�e�r�a�t�o�r�s�.� �T�h�e� �p�a�p�e�r� �a�l�s�o� �s�h�o�w�s� �t�h�a�t� �f�o�r� �m�a�x�i�m�u�m� �e�f�f�i�c�i�e�n�c�y� �i�n� 

�u�t�i�l�i�z�a�t�i�o�n� �o�f� �s�p�a�c�e�,� �a�s�s�e�m�b�l�y� �l�i�n�e� �d�e�s�i�g�n�e�r�s� �s�h�o�u�l�d�,� �w�h�e�r�e�v�e�r� �p�o�s�s�i�b�l�e�,� �u�s�e� �o�p�e�n� 

�s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�s�.� �S�u�c�h� �i�n�t�e�r�f�a�c�e�s� �p�e�r�m�i�t� �a�d�j�a�c�e�n�t� �w�o�r�k�e�r�s� �t�o� �o�p�e�r�a�t�e� �i�n� �e�a�c�h� �o�t�h�e�r�s� 

�a�p�p�a�r�e�n�t�  ��w�o�r�k� �a�r�e�a�s �� �w�i�t�h�o�u�t� �i�n�t�e�r�f�e�r�i�n�g� �w�i�t�h� �o�n�e�-�a�n�o�t�h�e�r ��s� �a�c�t�i�v�i�t�i�e�s�.� �I�t� �s�h�o�u�l�d� �b�e� 

�n�o�t�e�d� �t�h�a�t� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �i�n� �t�h�i�s� �p�a�p�e�r�,� �a�l�t�h�o�u�g�h� �n�o�t� �c�o�m�p�l�e�t�e�l�y� �s�e�r�i�a�l�,� �w�i�l�l� �g�e�n�e�r�a�t�e� 

�o�n�l�y� �s�u�b�-�o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s�.� 

�A� �s�u�b�s�e�q�u�e�n�t� �p�a�p�e�r� �b�y� �D�a�r�-�E�l� �a�n�d� �C�u�c�u�y� �[�2�1�]� �d�e�s�c�r�i�b�e�d� �a�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �s�o�l�v�i�n�g� 

�o�p�t�i�m�a�l�l�y� �t�h�e� �m�i�x�e�d�-�m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �w�h�e�n� �a�s�s�e�m�b�l�y� �l�i�n�e� �s�t�a�t�i�o�n�s� �a�r�e� 

�b�a�l�a�n�c�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�l�.� �A�n� �o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e� �i�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� 

�t�h�e� �o�v�e�r�a�l�l� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �f�o�r� �z�e�r�o� �s�t�a�t�i�o�n� �i�d�l�e� �t�i�m�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�n�c�o�r�p�o�r�a�t�e�s� 

�t�w�o� �b�a�s�i�c� �s�t�e�p�s�.� �T�h�e� �f�i�r�s�t� �i�n�v�o�l�v�e�s� �a� �s�e�a�r�c�h� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �g�e�n�e�r�a�t�e�s� �a�l�l� �c�y�c�l�e� 

�S�e�q�u�e�n�c�e�s� �(�s�e�q�u�e�n�c�e�s� �h�a�v�i�n�g� �i�d�e�n�t�i�c�a�l�  ��s�t�a�r�t �� �a�n�d� �f�i�n�i�s�h �� �p�o�s�i�t�i�o�n�s� �a�n�d� �w�h�o�s�e� �w�o�r�k� 

�c�o�n�t�e�n�t� �c�a�n� �b�e� �e�x�e�c�u�t�e�d� �w�i�t�h�i�n� �a� �d�e�f�i�n�e�d� �s�t�a�t�i�o�n� �l�e�n�g�t�h�)�.� �T�h�e� �s�e�c�o�n�d� �s�t�e�p� �u�s�e�s� 

�i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �a�n�d� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�o�u�s� �c�y�c�l�e� 

�s�e�q�u�e�n�c�e�s� �s�u�c�h� �t�h�a�t� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �d�e�m�a�n�d� �i�s� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �a�u�t�h�o�r�s� �d�e�f�i�n�e� �t�h�e� 

�s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �a�s� �f�o�l�l�o�w�s�:� �"�T�o� �s�e�q�u�e�n�c�e� �t�h�e� �p�r�o�d�u�c�t�s� �s�o� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �t�i�m�e� 

�t�h�e� �p�r�o�d�u�c�t�s� �r�e�m�a�i�n� �i�n� �t�h�e� �s�t�a�t�i�o�n� �i�s� �m�i�n�i�m�i�z�e�d� �f�o�r� �z�e�r�o� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e�. �� �A� �b�i�g� 

�d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �t�o�t�a�l� �a�s�s�e�m�b�l�y� �t�i�m�e� �f�o�r� �e�a�c�h� 

�m�o�d�e�l� �i�s� �e�q�u�a�l�l�y� �b�a�l�a�n�c�e�d� �o�v�e�r� �a�l�l� �s�t�a�t�i�o�n�s�.� �T�h�i�s� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �a�c�h�i�e�v�e� �i�n� �p�r�a�c�t�i�c�e
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�e�v�e�n� �f�o�r� �s�m�a�l�l� �p�r�o�b�l�e�m�s�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �a�l�s�o� �d�i�f�f�i�c�u�l�t� �t�o� �c�o�m�p�u�t�e�r�i�z�e� �b�e�c�a�u�s�e� �o�f� 

�t�h�e� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �p�a�p�e�r� �d�e�s�c�r�i�b�e�s� �t�h�e� �f�i�r�s�t� �s�u�c�c�e�s�s�f�u�l� 

�a�t�t�e�m�p�t� �t�o� �o�p�t�i�m�a�l�l�y� �s�o�l�v�e� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� 

�r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �e�q�u�a�l� �s�t�a�t�i�o�n� �b�a�l�a�n�c�e�s� �s�o�m�e�w�h�a�t� �r�e�s�t�r�i�c�t�s� �i�t�s� �w�i�d�e�r� �a�p�p�l�i�c�a�t�i�o�n�.� 

�A�n�o�t�h�e�r� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �i�s� �g�i�v�e�n� �b�y� �O�k�a�m�u�r�a� �a�n�d� 

�Y�a�m�a�s�h�i�n�a� �[�2�2�]�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e�i�r� �p�a�p�e�r� �i�s� �t�o� �d�e�s�c�r�i�b�e� �a� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �i�n� �s�u�c�h� �a� �w�a�y� �a�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �r�i�s�k� �o�f� �s�t�o�p�p�i�n�g� �t�h�e� �c�o�n�v�e�y�o�r� 

�u�n�d�e�r� �t�h�e� �c�i�r�c�u�m�s�t�a�n�c�e�s� �o�f� �s�y�s�t�e�m� �v�a�r�i�a�b�i�l�i�t�y� �a�n�d� �t�o� �d�e�v�e�l�o�p� �a�n� �e�f�f�i�c�i�e�n�t� �h�e�u�r�i�s�t�i�c� 

�m�e�t�h�o�d� �f�o�r� �l�a�r�g�e�-�s�c�a�l�e�,� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� �l�i�n�e�s�.� �F�i�x�e�d�-�r�a�t�e� �l�a�u�n�c�h�i�n�g� �i�s� �a�s�s�u�m�e�d�.� 

�I�t� �i�s� �a�l�s�o� �a�s�s�u�m�e�d� �t�h�a�t� �a� �s�u�i�t�a�b�l�e� �l�i�n�e� �b�a�l�a�n�c�e� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �a�c�h�i�e�v�e�d� �a�n�d� �t�h�a�t� �t�h�e� 

�l�e�n�g�t�h� �o�f� �e�a�c�h� �s�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �t�o� 

�o�b�t�a�i�n� �t�h�e� �o�p�e�r�a�t�o�r� �m�o�v�e�m�e�n�t� �d�i�a�g�r�a�m� �o�f� �t�h�e� �l�i�n�e�,� �w�h�i�c�h� �i�s� �a� �d�i�a�g�r�a�m� �w�i�t�h� �t�h�e� �l�o�c�i� �-� 

�o�f� �w�o�r�k� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �f�o�r� �a�l�l� �s�t�a�t�i�o�n�s�.� �T�h�e� �l�o�c�u�s� �o�f� �t�h�e� �w�o�r�k� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �z�i�g�z�a�g�s� 

�w�i�t�h�i�n� �t�h�e� �s�t�a�t�i�o�n� �a�n�d� �i�n� �g�e�n�e�r�a�l� �c�o�n�s�i�s�t�s� �o�f� �s�e�v�e�r�a�l�  ��m�o�u�n�t�a�i�n�s �� �o�r�  ��p�e�a�k�s ��.� �T�h�e� 

�a�l�g�o�r�i�t�h�m� �t�h�e�n� �p�r�e�s�e�n�t�s� �a� �n�u�m�b�e�r� �o�f� �i�n�s�e�r�t�i�o�n� �a�n�d� �i�n�t�e�r�c�h�a�n�g�e� �m�e�t�h�o�d�s� �w�h�i�c�h� 

�a�t�t�e�m�p�t�s� �t�o� �s�m�o�o�t�h� �t�h�e�s�e� �p�e�a�k�s� �b�y� �c�h�a�n�g�i�n�g� �t�h�e� �s�e�q�u�e�n�c�e� �o�r�d�e�r�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� 

�o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �f�i�n�a�l� �s�o�l�u�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �g�i�v�e�n� �i�n�i�t�i�a�l� 

�s�e�q�u�e�n�c�e�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�u�t�h�o�r�s� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �f�i�n�d� �p�r�o�f�i�t�a�b�l�e� �i�n�i�t�i�a�l� �s�e�q�u�e�n�c�e�s� 

�w�h�i�c�h� �h�a�v�e� �a� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �r�e�a�c�h�i�n�g� �t�h�e� �o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e�s� �w�i�t�h� �l�e�s�s� �c�o�m�p�u�t�a�-� 

�t�i�o�n� �t�i�m�e�,� �b�u�t� �i�t� �i�s� �e�x�t�r�e�m�e�l�y� �c�o�m�p�l�e�x� �a�n�d� �d�i�f�f�i�c�u�l�t� �t�o� �f�i�n�d� �s�u�c�h� �i�n�i�t�i�a�l� �s�e�q�u�e�n�c�e�s�.� 

�A�n�o�t�h�e�r� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �c�o�m�p�u�t�e�r�i�z�e�.



�3�9� 

�2�.�4� �C�o�m�p�u�t�e�r� �s�o�f�t�w�a�r�e� �f�o�r� �a�s�s�e�m�b�l�y� �l�i�n�e�s�.� 

�A�t� �t�h�e� �m�o�m�e�n�t� �t�h�e�r�e� �i�s� �n�a� �s�o�f�t�w�a�r�e� �p�a�c�k�a�g�e� �d�e�d�i�c�a�t�e�d� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �m�i�x�e�d� �m�o�d�e�l� 

�l�i�n�e�s�.� �G�h�o�s�h� �a�n�d� �G�a�g�n�o�n� �[�8�]� �a�t�t�r�i�b�u�t�e�d� �t�h�i�s� �t�o� �t�h�e� �l�a�c�k� �o�f� �e�f�f�i�c�i�e�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�p�r�o�c�e�d�u�r�e�s� �f�o�r� �p�r�a�c�t�i�c�a�l� �s�i�t�u�a�t�i�o�n�s�.� �A�n�o�t�h�e�r� �p�r�o�b�l�e�m� �i�s� �t�h�a�t� �c�o�m�p�a�n�i�e�s� �m�a�y� �d�e�v�e�l�o�p� 

�s�o�l�u�t�i�o�n�s� �t�h�a�t� �f�i�t� �t�h�e�i�r� �n�e�e�d�s� �b�u�t� �t�h�e�s�e� �e�f�f�o�r�t�s� �o�f�t�e�n� �g�o� �u�n�p�u�b�l�i�s�h�e�d�.� �T�h�e�s�e� �p�r�o�g�r�a�m�s� 

�a�r�e� �a�l�s�o� �d�e�s�i�g�n�e�d� �f�o�r� �p�a�r�t�i�c�u�l�a�r� �c�o�m�p�a�n�y� �s�i�t�u�a�t�i�o�n�s� �a�n�d� �l�a�c�k� �t�h�e� �g�e�n�e�r�a�l�i�t�y� �r�e�q�u�i�r�e�d� 

�f�o�r� �t�h�e� �v�a�r�i�e�t�y� �o�f� �l�i�n�e�s� �i�n� �i�n�d�u�s�t�r�y�.� �E�f�f�i�c�i�e�n�t� �h�e�u�r�i�s�t�i�c� �s�i�n�g�l�e� �m�o�d�e�l� �l�i�n�e� �p�a�c�k�a�g�e�s� �s�u�c�h� 

�a�s� �C�O�M�S�O�A�L�,� �C�A�L�B� �a�n�d� �N�U�L�I�S�P� �r�e�m�a�i�n� �t�h�e� �b�e�s�t� �c�h�o�i�c�e�,� �f�o�r� �p�r�a�c�t�i�t�i�o�n�e�r�s�.� 

�C�O�M�S�O�A�L� �i�s� �a�n� �a�c�r�o�n�y�m� �t�h�a�t� �s�t�a�n�d�s� �f�o�r� �C�o�m�p�u�t�e�r� �M�e�t�h�o�d� �o�f� �S�e�q�u�e�n�c�i�n�g� 

�O�p�e�r�a�t�i�o�n�s� �f�o�r� �A�s�s�e�m�b�l�y� �L�i�n�e�s�.� �I�t� �i�s� �a� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �a�t� �C�h�r�y�s�l�e�r� �C�o�r�p�o�r�a�t�i�o�n� 

�a�n�d� �r�e�p�o�r�t�e�d� �b�y� �A�r�c�u�s� �i�n� �1�9�6�6� �[�2�3�]�.� �C�O�M�S�O�A�L� �h�a�s� �a�n� �o�p�t�i�o�n� �f�o�r� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� 

�c�a�s�e�.� �F�o�r� �t�h�i�s� �c�a�s�e� �t�h�e� �p�r�o�g�r�a�m� �m�u�l�t�i�p�l�i�e�s� �t�h�e� �s�t�a�n�d�a�r�d� �t�a�s�k� �t�i�m�e�s� �b�y� �t�h�e� �r�e�l�a�t�i�v�e� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �a�n�d� �u�s�e�s� �t�h�e�s�e� �a�v�e�r�a�g�e� �t�i�m�e�s� �a�l�o�n�g� �w�i�t�h� �a� �n�e�t� 

�c�y�c�l�e� �t�i�m�e� �t�o� �b�a�l�a�n�c�e� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e�.� �C�A�L�B� �w�h�i�c�h� �s�t�a�n�d�s� �f�o�r� �C�o�m�p�u�t�e�r� �A�i�d�e�d� 

�L�i�n�e� �B�a�l�a�n�c�i�n�g� �[�2�4�]� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �b�o�t�h� �s�i�n�g�l�e� �m�o�d�e�l� �a�n�d� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e�s�.� �T�o� 

�b�a�l�a�n�c�e� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e�,� �C�A�L�B� �c�o�n�s�i�d�e�r�s� �t�h�e� �t�o�t�a�l� �s�c�h�e�d�u�l�e� �f�o�r� �a� �w�h�o�l�e� �s�h�i�f�t� 

�a�n�d� �a�s�s�i�g�n�s� �t�a�s�k�s� �t�o� �o�p�e�r�a�t�o�r�s� �o�n� �a� �s�h�i�f�t� �b�a�s�i�s� �r�a�t�h�e�r� �t�h�a�t� �o�n� �a� �c�y�c�l�e� �t�i�m�e� �b�a�s�i�s�.� �T�h�e� 

�s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �C�A�L�B� �a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �b�e�i�n�g� �n�e�a�r�l�y� �o�p�t�i�m�u�m� �[�4�]�.� �N�U�L�I�S�P� �i�s� 

�a� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �w�h�i�c�h� �h�a�s� �b�e�e�n� �d�e�v�i�s�e�d� �a�t� �N�o�t�t�i�n�g�h�a�m� �U�n�i�v�e�r�s�i�t�y�,� �E�n�g�l�a�n�d� �a�f�t�e�r� 

�e�x�t�e�n�s�i�v�e� �r�e�s�e�a�r�c�h� �[�2�5�]�.� �T�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �p�r�o�b�l�e�m� �i�s� �h�a�n�d�l�e�d� �b�y� 

�s�p�e�c�i�f�y�i�n�g� �a� �b�a�s�e� �m�o�d�e�l� �a�n�d� �a� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�t�i�o�n�s� �f�o�r� �e�v�e�r�y� �m�o�d�e�l� �i�n� �t�e�r�m�s� �o�f� �w�o�r�k� 

�e�l�e�m�e�n�t�s� �t�o� �b�e� �a�d�d�e�d� �o�r� �o�m�i�t�t�e�d�.� �N�U�L�I�S�P� �w�i�l�l� �t�h�e�n� �b�a�l�a�n�c�e� �t�h�e� �l�i�n�e� �s�o� �t�h�a�t� �o�n



�4�0� 

�a�v�e�r�a�g�e� �e�a�c�h� �s�t�a�t�i�o�n� �i�s� �n�o�t� �o�v�e�r�l�o�a�d�e�d� �a�n�d� �t�h�a�t� �p�e�a�k� �l�o�a�d�s� �f�o�r� �c�e�r�t�a�i�n� �m�o�d�e�l�s� �c�a�n� 

�b�e� �c�a�t�e�r�e�d� �f�o�r�.� �T�h�e� �p�r�o�g�r�a�m� �a�l�s�o� �p�r�o�v�i�d�e�s� �a� �v�a�r�i�e�t�y� �o�f� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �s�e�q�u�e�n�c�i�n�g� �t�h�e� 

�m�o�d�e�l�s� �w�h�i�c�h� �g�i�v�e� �d�i�f�f�e�r�e�n�t� �e�m�p�h�a�s�i�s� �b�e�t�w�e�e�n� �t�o�t�a�l� �m�a�k�e�s�p�a�n� �a�n�d� �b�a�l�a�n�c�e� �o�f� �w�o�r�k� 

�a�n�d� �w�h�i�c�h� �e�n�a�b�l�e� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �s�e�q�u�e�n�c�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �a� �s�e�q�u�e�n�c�e� �t�o� �m�a�t�c�h� �t�h�e� 

�c�u�r�r�e�n�t� �r�e�q�u�i�r�e�m�e�n�t�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �a�s� �i�s� �m�o�s�t� �o�f�t�e�n� �t�h�e� �c�a�s�e� �w�i�t�h� �c�o�m�m�e�r�c�i�a�l� 

�p�r�o�g�r�a�m�s�,� �t�h�e� �f�u�l�l� �e�x�t�e�n�t� �o�f� �t�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �c�a�n�n�o�t� �b�e� �d�i�s�c�u�s�s�e�d� �d�u�e� �t�o� �c�o�p�y�r�i�g�h�t� 

�p�r�o�t�e�c�t�i�o�n�.



�C�h�a�p�t�e�r� �3�:� �L�i�n�e� �b�a�l�a�n�c�i�n�g�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �t�w�o� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s� �a�n�d� �t�h�e�i�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� 

�t�h�e� �P�r�o�l�o�g� �c�o�m�p�u�t�e�r� �l�a�n�g�u�a�g�e�.� �D�i�f�f�e�r�e�n�t� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �u�s�e�d� �t�o� 

�m�e�a�s�u�r�e� �t�h�e� �l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� �t�w�o� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �a�l�s�o� �e�x�a�m�i�n�e�d� �f�o�r� �c�o�m�p�u�t�a�-� 

�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y� �a�g�a�i�n�s�t� �t�h�e� �d�e�v�e�l�o�p�e�d� �b�a�c�k�t�r�a�c�k�i�n�g� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m�.� �|� 

�3�.�1� �A�p�p�r�o�a�c�h�.� 

�T�h�e� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �p�r�o�b�l�e�m� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �a�l�l�o�c�a�t�i�o�n� �o�f� �w�o�r�k� �e�l�e�m�e�n�t�s� �t�o� 

�w�o�r�k� �s�t�a�t�i�o�n�s� �i�n� �o�r�d�e�r� �t�o� �o�p�t�i�m�i�z�e� �s�o�m�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�i�t�h�o�u�t� �v�i�o�l�a�t�i�n�g� �t�h�e� 

�p�r�e�c�e�d�e�n�c�e� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �f�o�r� �s�i�n�g�l�e� �m�o�d�e�l� �l�i�n�e�s� �i�s� �n�a�m�e�l�y�:� 

�m�i�n� �f�(�n�,�T�;�)� �=� �e� �(�T� �-� �T�)� �(�2�2�)� 
�i�=�l� 

�T�h�i�s� �f�u�n�c�t�i�o�n� �a�t�t�e�m�p�t�s� �t�o� �l�o�a�d� �a�l�l� �s�t�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �s�a�m�e� �w�o�r�k� �c�o�n�t�e�n�t� �b�u�t� �d�o�e�s� �n�o�t� 

�t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� �d�i�f�f�e�r�e�n�t� �t�i�m�e�s� �f�o�r� �e�a�c�h� �m�o�d�e�l�.� �T�h�o�m�o�p�o�u�l�o�s� �[�5�]� �p�r�o�p�o�s�e�d� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �r�e�c�t�i�f�y� �t�h�i�s�:� 

�n� �J� 

�m�i�n� �f�(�n�,�P�,�)� �=� �>�>� �|�P�,� �-� �P�,�|� �(�2�3�)� 
�i�=�l� �j�=�l� 

�T�h�i�s� �f�u�n�c�t�i�o�n� �t�e�n�d�s� �t�o� �s�m�o�o�t�h� �o�u�t� �t�h�e� �t�o�t�a�l� �w�o�r�k� �l�o�a�d� �f�o�r� �e�a�c�h� �m�o�d�e�l� �o�v�e�r� �a�l�l� 

�s�t�a�t�i�o�n�s�.� �A� �t�h�i�r�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �d�e�s�i�g�n�e�d� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �t�h�e� 

�s�e�q�u�e�n�c�i�n�g� �o�f� �m�o�d�e�l�s� �i�s� �g�i�v�e�n� �b�y� �[�9�]�:� 

�4�1



�4�2� 

�n� �J� �J� �2� 

�m�i�n� �f�n�,�p�,�)� �=� �3� �|�=�Y�o�7�)� �-� �1�¥�P� �(�2�4�)� 
�|�  ��1� �|� �7� �j�u�t� �n�N �� �l�j�=�1� 

�T�h�i�s� �f�u�n�c�t�i�o�n� �m�i�n�i�m�i�z�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �s�t�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �a�l�l� �m�o�d�e�l�s� �i�n� �a� �g�i�v�e�n� 

�s�t�a�t�i�o�n�,� �b�u�t� �d�o�e�s� �n�o�t� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �a� �g�i�v�e�n� �m�o�d�e�l� �o�v�e�r� �s�e�v�e�r�a�l� 

�s�t�a�t�i�o�n�s�.� 

�T�w�o� �c�o�m�p�u�t�e�r�i�z�e�d� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �d�e�s�i�g�n�e�d� �t�o� �s�o�l�v�e� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� 

�b�a�l�a�n�c�i�n�g� �p�r�o�b�l�e�m� �b�y� �a�l�l�o�c�a�t�i�n�g� �w�o�r�k� �e�l�e�m�e�n�t�s� �t�o� �w�o�r�k� �s�t�a�t�i�o�n�s� �a�n�d� �o�p�t�i�m�i�z�i�n�g� �a�n�y� 

�o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �f�i�r�s�t� �a�l�g�o�r�i�t�h�m� �i�s� �a� �s�e�r�i�a�l� �m�e�t�h�o�d�,� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �i�s� 

�a�n� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e�.� �B�o�t�h� �a�l�g�o�r�i�t�h�m�s� �m�a�k�e� �u�s�e� �o�f� �P�r�o�l�o�g ��s� �b�u�i�l�t�-�i�n� 

�b�a�c�k�t�r�a�c�k�i�n�g� �m�e�c�h�a�n�i�s�m�.� �A� �f�l�o�w� �c�h�a�r�t� �f�o�r� �b�o�t�h� �a�l�g�o�r�i�t�h�m�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�.� 

�T�h�e� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �a�l�g�o�r�i�t�h�m�s� �i�s� �t�h�a�t� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �n�o�t� 

�b�a�c�k�t�r�a�c�k� �p�a�s�t� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �o�n�c�e� �a� �s�t�a�t�i�o�n� �i�s� �a�s�s�i�g�n�e�d� �a�n�d� �t�h�e� 

�s�t�a�t�i�o�n� �c�o�u�n�t�e�r� �i�n�c�r�e�m�e�n�t�e�d�,� �t�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �a�s�s�i�g�n�m�e�n�t�s� �f�o�r� �t�h�e�s�e� �s�t�a�t�i�o�n�s� �w�i�l�l� 

�n�o�t� �b�e� �c�h�a�n�g�e�d�.� �T�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �t�h�e�r�e�f�o�r�e� �o�p�t�i�m�i�z�e�s� �o�n�e� �s�t�a�t�i�o�n� �a�t� �a� �t�i�m�e�.� �I�n� 

�c�o�n�t�r�a�r�y�,� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e� �w�i�l�l� �e�x�p�l�o�r�e� �a�l�l� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �a�n�d� �w�i�l�l� 

�b�a�c�k�t�r�a�c�k� �o�v�e�r� �p�a�s�t� �s�t�a�t�i�o�n� �a�s�s�i�g�n�m�e�n�t�s�.� �T�h�e� �m�a�i�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �s�e�r�i�a�l� �a�p�p�r�o�a�c�h� 

�o�v�e�r� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �g�a�i�n� �i�n� �e�x�e�c�u�t�i�o�n� �s�p�e�e�d�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�s�e�r�i�a�l� �m�e�t�h�o�d� �w�i�l�l� �o�n�l�y� �p�r�o�d�u�c�e� �s�u�b�-�o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �w�h�i�l�e� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� 

�t�e�c�h�n�i�q�u�e� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �n�e�a�r� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�s�.� �A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �i�s� �t�h�a�t� �t�h�e� 

�e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �m�e�t�h�o�d� �c�a�n� �f�i�n�d� �t�h�e� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �a�l�l� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�s� 

�a�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �w�h�i�l�e� �o�n�e� �s�p�e�c�i�f�i�c� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �i�n� �a�d�v�a�n�c�e
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�f�o�r� �t�h�e� �s�e�r�i�a�l� �m�e�t�h�o�d�.� �H�o�w�e�v�e�r�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �p�r�o�b�l�e�m� �s�i�z�e� �(�e�.�g�.�,� �n�u�m�b�e�r� �o�f� 

�s�t�a�t�i�o�n�s�,� �n�u�m�b�e�r� �o�f� �m�o�d�e�l�s�,� �e�t�c�.�)� �a�n�d� �t�h�e� �c�o�m�p�u�t�e�r� �h�a�r�d�w�a�r�e�,� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� 

�t�e�c�h�n�i�q�u�e� �m�a�y� �p�r�o�v�e� �t�o�o� �t�i�m�e� �c�o�n�s�u�m�i�n�g�.� �S�o�m�e� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �p�r�o�p�o�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� 

�r�e�p�o�r�t� �t�o� �h�a�n�d�l�e� �t�h�i�s� �l�i�m�i�t�a�t�i�o�n�.� 

�3�.�2� �D�a�t�a� �i�n�p�u�t�.� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �c�o�m�b�i�n�e�d� �p�r�e�c�e�d�e�n�c�e� �d�i�a�g�r�a�m�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�n�p�u�t� �d�a�t�a� �i�s� �r�e�q�u�i�r�e�d� 

�f�o�r� �b�o�t�h� �a�l�g�o�r�i�t�h�m�s�:� 

�n� �:� �n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s� 

�J� �:� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �t�o� �a�s�s�e�m�b�l�e� 

�K� �:� �n�u�m�b�e�r� �o�f� �w�o�r�k� �e�l�e�m�e�n�t�s� 

�t�i� �:� �d�u�r�a�t�i�o�n� �o�f� �w�o�r�k� �e�l�e�m�e�n�t� �k� �f�o�r� �m�o�d�e�l� �j� 

�T� �:� �s�h�i�f�t� �d�u�r�a�t�i�o�n� 

�T�,� � �:� �l�o�w�e�r� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t� �f�o�r� �s�t�a�t�i�o�n� �w�o�r�k� �l�o�a�d� �(�%�)� 

�T�y�:� �u�p�p�e�r� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t� �f�o�r� �s�t�a�t�i�o�n� �w�o�r�k� �l�o�a�d� �(�%�)� 

�N�;� �:� �q�u�a�n�t�i�t�y� �o�f� �m�o�d�e�l� �j� �t�o� �b�e� �a�s�s�e�m�b�l�e�d� �i�n� �t�i�m�e� �T� 

�T�h�e� �f�i�r�s�t� �p�o�i�n�t� �t�o� �n�o�t�i�c�e� �i�s� �t�h�a�t� �n� �i�s� �s�p�e�c�i�f�i�e�d� �a�s� �a�n� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�,� �w�h�i�l�e� �a�t� �t�h�e� 

�s�a�m�e� �t�i�m�e� �i�t� �a�p�p�e�a�r�s� �a�s� �o�n�e� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �t�o� �o�p�t�i�m�i�z�e� �i�n� �e�q�u�a�t�i�o�n�s� �(�2�2�)�,� �(�2�3�)� �a�n�d� 

�(�2�4�)�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �t�h�a�t� �t�h�e� �v�a�l�u�e� �o�f� �n� �m�u�s�t� �b�e� �k�n�o�w�n� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�s� �i�n� �e�q�u�a�t�i�o�n�s� �(�2�3�)� �a�n�d� �(�2�4�)�.� �T�h�e�r�e�f�o�r�e�,� �a�n� �i�t�e�r�a�t�i�v�e� �a�p�p�r�o�a�c�h� �i�s� 

�n�e�e�d�e�d�.� �T�h�e� �s�m�a�l�l�e�s�t� �p�o�s�s�i�b�l�e� �v�a�l�u�e� �f�o�r� �n� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d�,� �i�f� �t�h�e� �s�h�i�f�t� �t�i�m�e� �T� �i�s� 

�k�n�o�w�n�,� �a�s� �f�o�l�l�o�w�s�:



�4�5� 

�N�a�i�n� �=� 

�J� �K� 
�t�t�w�e� �2�5� �=� �y� �N�i� �Y�t� �(�2�5�)� �i� 

�T�j� �k�=�1� 

�T�h�e� �v�a�l�u�e� �o�f� �n�,�,�,� �i�s� �r�o�u�n�d�e�d� �o�f�f� �t�o� �t�h�e� �n�e�x�t� �h�i�g�h�e�s�t� �i�n�t�e�g�e�r�.� �H�o�w�e�v�e�r�,� �d�u�e� �t�o� �m�i�n� 

�p�r�e�c�e�d�e�n�c�e� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�i�s� �m�i�n�i�m�u�m� �v�a�l�u�e� �w�i�l�l� �r�a�r�e�l�y� �b�e� �a�c�h�i�e�v�e�d�.� �T�h�e� �a�l�g�o�r�i�t�h�m� 

�s�h�o�u�l�d� �t�h�e�n� �b�e� �t�r�i�e�d� �w�i�t�h� �i�n�c�r�e�m�e�n�t�i�n�g� �v�a�l�u�e�s� �o�f� �n�,� �s�t�a�r�t�i�n�g� �a�t� �n�,�,�,�,� �u�n�t�i�l� �a� �l�i�n�e� 

�b�a�l�a�n�c�e� �i�s� �f�o�u�n�d�.� �T�h�e� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s� �f�o�r� �t�h�e� �s�t�a�t�i�o�n� �w�o�r�k� �l�o�a�d�,� �T�,� �a�n�d� �T�)�,�,� �a�r�e� 

�e�x�p�r�e�s�s�e�d� �a�s� �p�e�r�c�e�n�t�a�g�e� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �s�h�i�f�t� �d�u�r�a�t�i�o�n� �T�.� 

�3�.�3� �D�a�t�a� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �i�n� �P�r�o�l�o�g�.� 

�U�n�l�i�k�e� �t�r�a�d�i�t�i�o�n�a�l� �c�o�m�p�u�t�e�r� �l�a�n�g�u�a�g�e�s� �l�i�k�e� �B�A�S�I�C� �a�n�d� �F�O�R�T�R�A�N�,� �a� �P�r�o�l�o�g� 

�p�r�o�g�r�a�m� �c�o�n�s�i�s�t�s� �o�f� �f�a�c�t�s� �a�n�d� �r�u�l�e�s�.� �T�h�e�s�e� �p�h�r�a�s�e�s� �a�r�e� �k�n�o�w�n� �i�n� �P�r�o�l�o�g� �a�s� �c�l�a�u�s�e�s�.� 

�A� �f�a�c�t� �r�e�p�r�e�s�e�n�t�s� �o�n�e� �s�i�n�g�l�e� �i�n�s�t�a�n�c�e� �o�f� �e�i�t�h�e�r� �a� �p�r�o�p�e�r�t�y� �o�f� �a�n� �o�b�j�e�c�t� �o�r� �a� �r�e�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �o�b�j�e�c�t�s�.� �A� �f�a�c�t� �i�s� �s�e�l�f�-�s�t�a�n�d�i�n�g�,� �P�r�o�l�o�g� �d�o�e�s�n ��t� �n�e�e�d� �t�o� �l�o�o�k� �a�n�y� �f�u�r�t�h�e�r� �f�o�r� 

�c�o�n�f�i�r�m�a�t�i�o�n� �o�f� �t�h�e� �f�a�c�t�,� �a�n�d� �t�h�e� �f�a�c�t� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �b�a�s�i�s� �f�o�r� �i�n�f�e�r�e�n�c�e�s�.� �R�u�l�e�s� �a�r�e� 

�d�e�p�e�n�d�e�n�t� �r�e�l�a�t�i�o�n�s�,� �a�n�d� �t�h�e�y� �a�l�l�o�w� �P�r�o�l�o�g� �t�o� �i�n�f�e�r� �o�n�e� �p�i�e�c�e� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� 

�a�n�o�t�h�e�r�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �w�h�i�l�e� �t�h�e� �d�a�t�a� �w�o�u�l�d� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�r�r�a�y� �v�a�r�i�a�b�l�e�s� �i�n� 

�t�r�a�d�i�t�i�o�n�a�l� �l�a�n�g�u�a�g�e�s�,� �f�a�c�t�s� �w�o�u�l�d� �b�e� �u�s�e�d� �i�n� �P�r�o�l�o�g�.� �T�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �c�a�n� �b�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�a�c�t�:� 

�t�e�(�k�,�j�,�x�)� 

�T�h�a�t� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �w�o�r�k� �e�l�e�m�e�n�t� �k� �f�o�r� �m�o�d�e�l� �j� �i�s� �x� �t�i�m�e� �u�n�i�t�s�.� �T�h�e� 

�p�r�e�c�e�d�e�n�c�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�a�c�t�:� 

�n�o�d�e�(�k�,�l�i�s�t�)
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�w�h�e�r�e� �l�i�s�t� �i�s� �a� �s�p�e�c�i�a�l� �P�r�o�l�o�g� �d�a�t�a� �t�y�p�e� �c�o�n�t�a�i�n�i�n�g� �a�l�l� �t�h�e� �i�m�m�e�d�i�a�t�e� �p�r�e�d�e�c�e�s�s�o�r�s� �f�o�r� 

�w�o�r�k� �e�l�e�m�e�n�t� �k�.� �A� �P�r�o�l�o�g� �l�i�s�t� �i�s� �a�n� �o�b�j�e�c�t� �t�h�a�t� �c�o�n�t�a�i�n�s� �a�n� �a�r�b�i�t�r�a�r�y� �n�u�m�b�e�r� �o�f� �o�t�h�e�r� 

�o�b�j�e�c�t�s� �w�i�t�h�i�n� �i�t�.� �L�i�s�t�s� �c�o�r�r�e�s�p�o�n�d� �r�o�u�g�h�l�y� �t�o� �a�r�r�a�y�s� �i�n� �o�t�h�e�r� �l�a�n�g�u�a�g�e�s�,� �b�u�t� �u�n�l�i�k�e� �a�n� 

�a�r�r�a�y�,� �t�h�e� �s�i�z�e� �o�f� �a� �l�i�s�t� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �t�o� �b�e� �d�e�c�l�a�r�e�d� �i�n� �a�d�v�a�n�c�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� 

�l�i�s�t� �w�i�l�l� �c�o�n�t�a�i�n� �i�n�t�e�g�e�r�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �t�o� �b�e� �c�o�m�p�l�e�t�e�d� �b�e�f�o�r�e� �t�h�e� 

�e�l�e�m�e�n�t� �k� �c�a�n� �b�e�g�i�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �f�r�o�m� �t�h�e� �c�o�m�b�i�n�e�d� �p�r�e�c�e�d�e�n�c�e� 

�d�i�a�g�r�a�m� �i�n� �F�i�g�u�r�e� �2�.�2� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s�:� 

�n�o�d�e�(�1�,�[�]�)� 

�n�o�d�e�(�2�,�[�1�]�)� 

�n�o�d�e�(�3�,�[�1�]�)� 

�n�o�d�e�(�4�,�[�2�,�3�]�)� 

�n�o�d�e�(�5�,�[�2�]�)� 

�S�i�m�i�l�a�r�l�y�,� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �q�u�a�n�t�i�t�i�e�s� �N�;� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�a�c�t�s�:� 

�q�G�,�N�)� 

�B�e�c�a�u�s�e� �o�f� �P�r�o�l�o�g ��s� �i�n�f�l�e�x�i�b�i�l�i�t�y� �i�n� �r�e�a�d�i�n�g� �d�a�t�a� �f�r�o�m� �a� �c�o�m�p�u�t�e�r� �f�i�l�e�,� �a�n� �i�n�t�e�r�m�e�d�i�a�t�e� 

�p�r�o�g�r�a�m� �i�s� �u�s�e�d� �t�o� �r�e�a�d� �t�h�e� �d�a�t�a� �f�r�o�m� �a� �f�i�l�e� �a�n�d� �t�o� �w�r�i�t�e� �i�t� �i�n� �a� �f�o�r�m�a�t� �a�c�c�e�p�t�a�b�l�e� 

�t�o� �P�r�o�l�o�g�.� �T�h�i�s� �a�l�l�o�w�s� �f�o�r� �m�o�r�e� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �d�a�t�a� �i�n�p�u�t�.� 

�3�.�4� �S�e�a�r�c�h� �m�e�t�h�o�d�o�l�o�g�y�.� 

�I�n� �o�r�d�e�r� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �s�e�a�r�c�h� �m�e�t�h�o�d�o�l�o�g�y�,� �a� �b�a�s�i�c� �p�e�r�c�e�p�t�i�o�n� �o�f� �l�i�s�t�s� �a�n�d� 

�p�r�o�c�e�d�u�r�a�l� �p�r�o�g�r�a�m�m�i�n�g� �i�s� �n�e�c�e�s�s�a�r�y�.� �A� �P�r�o�l�o�g� �l�i�s�t� �i�s� �r�e�a�l�l�y� �a� �r�e�c�u�r�s�i�v�e� �c�o�m�p�o�u�n�d� 

�o�b�j�e�c�t�.� �I�t� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �p�a�r�t�s�:� �t�h�e� �h�e�a�d�,� �w�h�i�c�h� �i�s� �t�h�e� �f�i�r�s�t� �e�l�e�m�e�n�t�,� �a�n�d� �t�h�e� �t�a�i�l�,
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�w�h�i�c�h� �i�s� �a� �l�i�s�t� �c�o�m�p�r�i�s�i�n�g� �a�l�l� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �e�l�e�m�e�n�t�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�o� �p�r�o�c�e�s�s� �l�i�s�t�s�,� 

�r�e�c�u�r�s�i�v�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �n�e�e�d�e�d�.� �T�h�e� �m�o�s�t� �b�a�s�i�c� �w�a�y� �t�o� �p�r�o�c�e�s�s� �a� �l�i�s�t� �i�s� �t�o� �w�o�r�k� 

�t�h�r�o�u�g�h� �i�t�,� �d�o�i�n�g� �a�n� �o�p�e�r�a�t�i�o�n� �t�o� �e�a�c�h� �e�l�e�m�e�n�t� �u�n�t�i�l� �t�h�e� �e�n�d� �o�f� �t�h�e� �l�i�s�t� �i�s� �r�e�a�c�h�e�d�.� 

�A�n� �a�l�g�o�r�i�t�h�m� �o�f� �t�h�i�s� �k�i�n�d� �u�s�u�a�l�l�y� �n�e�e�d�s� �t�w�o� �c�l�a�u�s�e�s�.� �O�n�e� �o�f� �t�h�e� �c�l�a�u�s�e�s� �s�p�e�c�i�f�i�e�s� �a�n� 

�o�p�e�r�a�t�i�o�n� �o�n� �a�n� �e�m�p�t�y� �l�i�s�t� �o�r� �a� �l�i�s�t� �c�o�n�t�a�i�n�i�n�g� �o�n�e� �e�l�e�m�e�n�t�,� �a�n�d� �t�h�e� �o�t�h�e�r� �s�p�e�c�i�f�i�e�s� 

�a�n� �o�p�e�r�a�t�i�o�n� �o�n� �a�l�l� �o�t�h�e�r� �l�i�s�t�s� �n�o�t� �i�n� �t�h�i�s� �c�a�t�e�g�o�r�y�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�l�a�u�s�e� �f�r�o�m� �t�h�e� �P�r�o�l�o�g� �p�r�o�g�r�a�m� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�i�s� 

�c�l�a�u�s�e� �i�n�v�e�s�t�i�g�a�t�e�s� �i�f� �a� �g�i�v�e�n� �i�n�t�e�g�e�r� �i�s� �p�a�r�t� �o�f� �a� �s�p�e�c�i�f�i�e�d� �l�i�s�t�.� 

�m�e�m�b�e�r�(�X�,�[�X�|�_�]�)�.� 

�m�e�m�b�e�r�(�X�,�[�_�|�T�]�)� �:�-� 

�m�e�m�b�e�r�(�X�,�T�)�.� 

�T�h�e� �f�i�r�s�t� �c�l�a�u�s�e� �i�n�v�e�s�t�i�g�a�t�e�s� �t�h�e� �h�e�a�d� �o�r� �f�i�r�s�t� �e�l�e�m�e�n�t� �o�f� �t�h�e� �l�i�s�t�.� �I�f� �t�h�e� �h�e�a�d� �o�f� �t�h�e� 

�l�i�s�t� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �s�p�e�c�i�f�i�e�d� �i�n�t�e�g�e�r� �(�X�)�,� �i�t� �c�a�n� �b�e� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �i�n�t�e�g�e�r� �i�s� �p�a�r�t� 

�o�f� �t�h�e� �l�i�s�t� �a�n�d� �t�h�e� �c�l�a�u�s�e� �w�i�l�l� �s�u�c�c�e�e�d�.� �S�i�n�c�e� �t�h�e� �r�e�m�a�i�n�d�e�r� �o�r� �t�a�i�l� �o�f� �t�h�e� �l�i�s�t� �i�s� �o�f� �n�o� 

�i�n�t�e�r�e�s�t�,� �i�t� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �a�n� �a�n�o�n�y�m�o�u�s� �v�a�r�i�a�b�l�e� �(�_�)�.� �I�f� �t�h�e� �h�e�a�d� �o�f� �t�h�e� �l�i�s�t� �i�s� �n�o�t� 

�e�q�u�a�l� �t�o� �X�,� �t�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�e� �l�i�s�t� �o�r� �t�a�i�l� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �I�n� �E�n�g�l�i�s�h�,� �t�h�e�s�e� �t�w�o� 

�c�l�a�u�s�e�s� �c�a�n� �b�e� �t�r�a�n�s�l�a�t�e�d� �a�s�:� 

�X� �i�s� �a� �m�e�m�b�e�r� �o�f� �t�h�e� �l�i�s�t� �i�f� �X� �i�s� �t�h�e� �f�i�r�s�t� �e�l�e�m�e�n�t� �o�f� �t�h�e� �l�i�s�t�,� �o�r� 

�X� �i�s� �a� �m�e�m�b�e�r� �o�f� �t�h�e� �l�i�s�t� �i�f� �X� �i�s� �a� �m�e�m�b�e�r� �o�f� �t�h�e� �t�a�i�l�.� 

�T�h�i�s� �i�s� �k�n�o�w�n� �a�s� �a� �d�e�c�l�a�r�a�t�i�v�e� �v�i�e�w�p�o�i�n�t� �[�6�]�.� �F�r�o�m� �a� �p�r�o�c�e�d�u�r�a�l� �v�i�e�w�p�o�i�n�t�,� �t�h�e� �t�w�o� 

�c�l�a�u�s�e�s� �c�a�n� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s�:� 

�T�o� �f�i�n�d� �a� �m�e�m�b�e�r� �o�f� �a� �l�i�s�t�,� �f�i�n�d� �i�t�s� �h�e�a�d�,� �o�t�h�e�r�w�i�s�e� �f�i�n�d� �a� �m�e�m�b�e�r� �o�f� �i�t�s� �t�a�i�l�.
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�T�h�e�s�e� �t�w�o� �p�o�i�n�t�s� �o�f� �v�i�e�w� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �g�o�a�l�s�:� 

�m�e�m�p�b�e�r�(�2�,�[�1�,�2�,�3�,�4�]�)� �a�n�d� �m�e�m�b�e�r�(�X�,�[�1�,�2�,�3�,�4�]�)� 

�I�n� �e�f�f�e�c�t�,� �t�h�e� �f�i�r�s�t� �g�o�a�l� �t�r�i�e�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �s�o�m�e�t�h�i�n�g� �i�s� �t�r�u�e� �a�n�d� �t�h�e� �s�e�c�o�n�d� �t�r�i�e�s� �t�o� 

�f�i�n�d� �a�l�l� �m�e�m�b�e�r�s� �o�f� �t�h�e� �l�i�s�t� �[�1�,�2�,�3�,�4�]�.� �T�h�i�s� �i�s� �o�n�e� �o�f� �t�h�e� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e�s� �o�f� �a� 

�l�a�n�g�u�a�g�e� �l�i�k�e� �P�r�o�l�o�g�.� �C�l�a�u�s�e�s� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �o�n�e� �p�o�i�n�t� �o�f� �v�i�e�w� �w�i�l�l� �a�l�s�o� �w�o�r�k� �f�r�o�m� 

�t�h�e� �o�t�h�e�r� �p�o�i�n�t� �o�f� �v�i�e�w�.� 

�T�h�e� �s�e�a�r�c�h�i�n�g� �m�e�t�h�o�d�o�l�o�g�y� �u�s�e�d� �i�n� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �r�e�c�u�r�s�i�o�n� 

�a�n�d� �b�a�c�k�t�r�a�c�k�i�n�g�.� �T�h�e� �m�e�m�b�e�r� �c�l�a�u�s�e� �i�s� �t�h�e� �h�e�a�r�t� �o�f� �t�h�e� �s�e�a�r�c�h�i�n�g� �a�l�g�o�r�i�t�h�m�s�,� 

�b�e�c�a�u�s�e� �i�t� �i�s� �t�h�e� �b�a�c�k�t�r�a�c�k�i�n�g� �p�o�i�n�t� �s�o� �t�h�a�t� �w�h�e�n�e�v�e�r� �a� �d�e�a�d� �e�n�d� �i�s� �r�e�a�c�h�e�d�,� �t�h�e� 

�p�r�o�g�r�a�m� �r�e�t�u�r�n�s� �t�o� �t�h�i�s� �p�o�i�n�t� �t�o� �t�a�k�e� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �r�o�u�t�e�.� �A�n�o�t�h�e�r� �c�l�a�u�s�e�,� �t�h�e� �r�o�u�t�e� 

�c�l�a�u�s�e� �w�h�i�c�h� �i�s� �c�a�l�l�e�d� �r�e�c�u�r�s�i�v�e�l�y�,� �i�s� �t�h�e� �o�t�h�e�r� �m�a�j�o�r� �e�l�e�m�e�n�t� �i�n� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �T�h�e� 

�p�s�e�u�d�o�c�o�d�e� �f�o�r� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�1�.� �T�h�e� 

�p�s�e�u�d�o�c�o�d�e� �f�o�r� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �i�s� �v�e�r�y� �s�i�m�i�l�a�r�.� 

�T�h�e� �s�y�n�t�a�x� �o�f� �t�h�e� �r�o�u�t�e� �c�l�a�u�s�e� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�r�o�u�t�e�(�L�i�s�t�1�,�L�i�s�t�2�,�L�i�s�t�3�,�S�t�a�t�i�o�n� �#�)� �w�h�e�r�e� 

�L�i�s�t�l� �=� �l�i�s�t� �o�f� �w�o�r�k� �e�l�e�m�e�n�t�s� �a�l�r�e�a�d�y� �a�s�s�i�g�n�e�d� �i�n� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n�s�.� 

�L�i�s�t�2� �=� �l�i�s�t� �o�f� �w�o�r�k� �e�l�e�m�e�n�t�s� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �a�s�s�i�g�n�m�e�n�t� �i�n� �t�h�i�s� �s�t�a�t�i�o�n�.� 

�L�i�s�t�3� �m�a�i�n�t�e�n�a�n�c�e� �l�i�s�t� �t�o� �a�v�o�i�d� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �s�a�m�e� �l�i�s�t�.� 

�S�t�a�t�i�o�n� �#� �=� �s�t�a�t�i�o�n� �n�u�m�b�e�r�.� 

�P�r�o�l�o�g� �t�r�i�e�s� �t�o� �s�a�t�i�s�f�y� �t�h�e� �c�l�a�u�s�e�s� �i�n� �t�h�e� �o�r�d�e�r� �t�h�e�y� �a�p�p�e�a�r� �i�n� �a� �p�r�o�g�r�a�m�.� �W�h�e�n�e�v�e�r� 

�t�h�e� �r�o�u�t�e� �c�l�a�u�s�e� �i�s� �c�a�l�l�e�d�,� �P�r�o�l�o�g� �w�i�l�l� �f�i�r�s�t� �g�o� �t�o� �t�h�e� �f�i�r�s�t� �c�l�a�u�s�e�.� �I�f� �t�h�e� �f�i�r�s�t� �c�l�a�u�s�e� �f�a�i�l�s� 

�(�a� �d�e�a�d� �e�n�d� �i�s� �r�e�a�c�h�e�d� �o�r� �s�o�m�e� �c�o�n�d�i�t�i�o�n� �i�s� �n�o�t� �m�e�t�)�,� �t�h�e� �s�e�c�o�n�d� �c�l�a�u�s�e� �i�s� �t�r�i�e�d�.� �I�f



�4�9� 

�T�a�b�l�e� �3�.�1� �:� �P�s�e�u�d�o�c�o�d�e� �f�o�r� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� 
� � 

�r�o�u�t�e�(�L�i�s�t�1�,� �,� �,� �,�L�a�s�t�)� �:�-� 
�f�i�n�d� �a�l�l� �r�e�m�a�i�n�i�n�g� �w�o�r�k� �e�l�e�m�e�n�t�s� �n�o�t� �a�s�s�i�g�n�e�d� �i�n� �L�i�s�t�1� 
�c�a�l�c�u�l�a�t�e� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�m�e�n�t�s� 
�c�h�e�c�k� �l�i�m�i�t�s� �o�n� �w�o�r�k� �c�o�n�t�e�n�t� 
�s�t�o�r�e� �s�t�a�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n� 
�b�a�c�k�t�r�a�c�k� �:� �f�a�i�l� 

�r�o�u�t�e�(�L�i�s�t�1�,�L�i�s�t�2�,�L�i�s�t�3�,�S�t�a�t�i�o�n� �#�)� �:�-� 
�i�f� �n�o�t� �f�i�n�a�l� �s�t�a�t�i�o�n� 
�c�a�l�c�u�l�a�t�e� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�m�e�n�t�s� 
�c�h�e�c�k� �l�i�m�i�t�s� �o�n� �w�o�r�k� �c�o�n�t�e�n�t� 
�s�t�o�r�e� �s�t�a�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n� 
�a�p�p�e�n�d� �L�i�s�t�2� �t�o� �L�i�s�t�1� 
�i�n�c�r�e�m�e�n�t� �s�t�a�t�i�o�n� �c�o�u�n�t�e�r� 
�s�t�a�r�t� �s�e�a�r�c�h� �f�o�r� �n�e�x�t� �s�t�a�t�i�o�n� �:� 

�r�o�u�t�e�(�L�i�s�t�1�+�L�i�s�t�2�,�E�m�p�t�y�,�E�m�p�t�y�,�S�t�a�t�i�o�n� �#�+�1�)�.� 
�r�o�u�t�e�(�L�i�s�t�1�,�L�i�s�t�2�,�L�i�s�t�3�,�S�t�a�t�i�o�n� �#�)� �:�-� 

�i�f� �n�o�t� �f�i�n�a�l� �s�t�a�t�i�o�n� 
�f�i�n�d� �l�i�s�t� �o�f�.�a�l�l� �p�o�s�s�i�b�l�e� �e�l�e�m�e�n�t�s� �t�o� �a�s�s�i�g�n� 
�g�e�t� �a� �m�e�m�b�e�r� �o�f� �t�h�e� �a�v�a�i�l�a�b�l�e� �l�i�s�t� �:� 

�m�e�m�b�e�r�(�X�,�A�v�a�i�l�a�b�l�e� �e�l�e�m�e�n�t�s�)�,� 
�c�h�e�c�k� �f�o�r� �p�e�r�m�u�t�a�t�i�o�n� �o�f� �s�a�m�e� �s�t�a�t�i�o�n� 
�a�p�p�e�n�d� �X� �t�o� �L�i�s�t�2� �(�c�u�r�r�e�n�t� �s�t�a�t�i�o�n� �l�i�s�t�)� 
�c�a�l�c�u�l�a�t�e� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�m�e�n�t�s� 
�i�f� �w�o�r�k� �c�o�n�t�e�n�t� �i�s� �b�i�g�g�e�r� �t�h�a�n� �u�p�p�e�r� �l�i�m�i�t� 
�b�a�c�k�t�r�a�c�k� �t�o� �m�e�m�b�e�r� 
�e�l�s�e� �g�o�t�o� �s�e�c�o�n�d� �r�o�u�t�e� �c�l�a�u�s�e� 

�r�o�u�t�e�(�L�i�s�t�1�,�L�i�s�t�2� �+� �X�,�L�i�s�t�3�,�S�t�a�t�i�o�n� �#�)�.� � � � � 
� 
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�t�h�e� �t�h�i�r�d� �c�l�a�u�s�e� �f�a�i�l�s�,� �P�r�o�l�o�g� �w�i�l�l� �b�a�c�k�t�r�a�c�k� �t�o� �t�h�e� �l�a�s�t� �p�o�i�n�t� �w�h�e�r�e� �a�n� �a�l�t�e�r�n�a�t�i�v�e� 

�e�x�i�s�t�e�d�,� �i�n� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �i�t� �w�i�l�l� �b�e� �t�h�e� �m�e�m�b�e�r� �c�l�a�u�s�e�.� 

�T�h�e� �t�h�i�r�d� �p�a�r�a�m�e�t�e�r� �i�n� �t�h�e� �r�o�u�t�e� �c�l�a�u�s�e� �i�s� �a� �m�a�i�n�t�e�n�a�n�c�e� �l�i�s�t� �t�o� �a�v�o�i�d� �i�n�v�e�s�t�i�g�a�t�-� 

�i�n�g� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �s�a�m�e� �s�t�a�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �s�t�a�t�i�o�n� �c�o�n�s�i�s�t�i�n�g� �o�f� �w�o�r�k� 

�e�l�e�m�e�n�t�s� �[�2�,�4�,�6�]� �w�a�s� �a�l�r�e�a�d�y� �i�n�v�e�s�t�i�g�a�t�e�d�,� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �s�t�a�t�i�o�n� 

�c�o�n�s�i�s�t�i�n�g� �o�f� �w�o�r�k� �e�l�e�m�e�n�t�s� �[�4�,�2�,�6�]�.� �T�h�i�s� �s�a�f�e�g�u�a�r�d� �m�e�a�s�u�r�e� �m�a�k�e�s� �t�h�e� �a�l�g�o�r�i�t�h�m� 

�m�o�r�e� �e�f�f�i�c�i�e�n�t�.� 

�T�h�e� �f�i�r�s�t� �r�o�u�t�e� �c�l�a�u�s�e� �w�i�l�l� �o�n�l�y� �s�u�c�c�e�e�d� �i�f� �i�t� �i�s� �t�h�e� �l�a�s�t� �s�t�a�t�i�o�n�.� �A�l�l� �r�e�m�a�i�n�i�n�g� 

�e�l�e�m�e�n�t�s� �a�r�e� �f�o�u�n�d� �a�n�d� �p�u�t� �i�n� �t�h�e� �l�a�s�t� �s�t�a�t�i�o�n�.� �T�h�e� �w�o�r�k� �c�o�n�t�e�n�t� �o�f� �t�h�e� �s�t�a�t�i�o�n� �i�s� 

�t�h�e�n� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �t�h�e� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s� �a�n�d� �i�f� �t�h�e� �s�t�a�t�i�o�n� �i�s� �a�c�c�e�p�t�e�d�,� �t�h�e� �s�t�a�t�i�o�n� 

�i�n�f�o�r�m�a�t�i�o�n� �i�s� �s�t�o�r�e�d�.� �A�t� �t�h�i�s� �s�t�a�g�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� 

�t�h�e� �m�i�n�i�m�u�m� �v�a�l�u�e�s� �f�o�u�n�d� �s�o� �f�a�r� �a�n�d� �u�p�d�a�t�e�d� �i�f� �r�e�q�u�i�r�e�d�.� �F�i�n�a�l�l�y�,� �t�h�e� �f�a�i�l� �c�l�a�u�s�e� 

�c�a�u�s�e�s� �P�r�o�l�o�g� �t�o� �r�e�t�u�r�n� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �m�e�m�b�e�r� �b�a�c�k�t�r�a�c�k�i�n�g� �p�o�i�n�t�.� 

�T�h�e� �s�e�c�o�n�d� �c�l�a�u�s�e� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d� �f�o�r� �a�l�l� �s�t�a�t�i�o�n�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �l�a�s�t� �s�t�a�t�i�o�n�.� �T�h�e� 

�m�a�i�n� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�l�a�u�s�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �a� �f�e�a�s�i�b�l�e� �s�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �f�o�u�n�d�.� �I�n� 

�t�h�a�t� �c�a�s�e�,� �t�h�e� �n�e�c�e�s�s�a�r�y� �l�i�s�t�s� �a�r�e� �u�p�d�a�t�e�d� �a�n�d� �t�h�e� �s�t�a�t�i�o�n� �c�o�u�n�t�e�r� �i�n�c�r�e�m�e�n�t�e�d�.� �T�h�e� 

�r�o�u�t�e� �c�l�a�u�s�e� �i�s� �t�h�e�n� �c�a�l�l�e�d� �a�g�a�i�n� �a�n�d� �w�i�l�l� �t�r�a�n�s�f�e�r� �c�o�n�t�r�o�l� �t�o� �t�h�e� �t�h�i�r�d� �c�l�a�u�s�e�,� �u�n�l�e�s�s� 

�t�h�e� �l�a�s�t� �s�t�a�t�i�o�n� �i�s� �r�e�a�c�h�e�d�,� �w�h�e�r�e� �i�t� �w�i�l�l� �t�r�a�n�s�f�e�r� �c�o�n�t�r�o�l� �t�o� �t�h�e� �f�i�r�s�t� �c�l�a�u�s�e�.� �T�h�e� 

�s�e�c�o�n�d� �c�l�a�u�s�e� �w�i�l�l� �o�n�l�y� �c�a�l�l� �t�h�e� �f�i�r�s�t� �o�r� �t�h�i�r�d� �c�l�a�u�s�e�,� �i�t� �w�i�l�l� �n�e�v�e�r� �c�a�l�l� �i�t�s�e�l�f�.� �T�h�i�s� 

�c�l�a�u�s�e� �f�a�i�l�s� �w�h�e�n�e�v�e�r� �t�h�e� �w�o�r�k� �c�o�n�t�e�n�t� �d�o�e�s� �n�o�t� �s�a�t�i�s�f�y� �t�h�e� �a�c�c�e�p�t�a�b�l�e� �l�o�w�e�r� �l�i�m�i�t�.� 

�I�n� �o�t�h�e�r� �w�o�r�d�s�,� �n�o�t� �e�n�o�u�g�h� �w�o�r�k� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �a�l�l�o�c�a�t�e�d� �f�o�r� �t�h�i�s� �s�t�a�t�i�o�n� �t�o� �b�e� 

�f�e�a�s�i�b�l�e�.� �P�r�o�l�o�g� �w�i�l�l� �t�h�e�n� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �t�h�i�r�d� �c�l�a�u�s�e� �t�o� �t�r�y� �a�n�d� �a�d�d� �m�o�r�e� �w�o�r�k



�5�1� 

�e�l�e�m�e�n�t�s�.� 

�T�h�e� �t�h�i�r�d� �c�l�a�u�s�e� �c�a�u�s�e�s� �t�h�e� �b�a�c�k�t�r�a�c�k�i�n�g� �w�i�t�h� �t�h�e� �m�e�m�b�e�r� �c�l�a�u�s�e�.� �T�h�e� �b�i�g� 

�a�d�v�a�n�t�a�g�e� �o�f� �b�a�c�k�t�r�a�c�k�i�n�g� �i�s� �t�h�a�t� �a�l�l� �v�a�r�i�a�b�l�e�s� �h�a�v�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �v�a�l�u�e�s� �a�s� �b�e�f�o�r�e� 

�t�h�e� �a�l�t�e�r�n�a�t�i�v�e� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �P�r�o�l�o�g� �s�a�v�e�s� �t�h�e� �s�t�a�t�e� �o�f� �t�h�e� �c�l�a�u�s�e� �a�t� �e�a�c�h� 

�b�a�c�k�t�r�a�c�k�i�n�g� �p�o�i�n�t�.� �T�h�i�s� �i�s� �n�o�t� �m�e�m�o�r�y� �e�f�f�i�c�i�e�n�t� �w�h�e�n�e�v�e�r� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� 

�r�e�c�u�r�s�i�o�n�s� �h�a�v�e� �t�o� �b�e� �m�a�d�e� �b�u�t� �f�o�r� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �t�h�e� �e�f�f�e�c�t� �i�s� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�.� �A�n� 

�i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �t�h�e� �t�h�i�r�d� �c�l�a�u�s�e� �i�s� �t�h�a�t� �i�t� �c�h�e�c�k�s� �i�f� �t�h�e� �u�p�p�e�r� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t� �h�a�s� 

�b�e�e�n� �v�i�o�l�a�t�e�d�.� �I�n� �t�h�a�t� �c�a�s�e�,� �t�h�e� �p�r�o�g�r�a�m� �b�a�c�k�t�r�a�c�k�s� �t�o� �t�h�e� �m�e�m�b�e�r� �c�l�a�u�s�e� �a�n�d� �t�r�i�e�s� 

�a�n�o�t�h�e�r� �p�o�s�s�i�b�l�e� �e�l�e�m�e�n�t�.� �O�n�l�y� �t�h�e� �u�p�p�e�r� �l�i�m�i�t� �i�s� �e�x�a�m�i�n�e�d�,� �w�h�e�n� �t�h�e� �l�o�w�e�r� �l�i�m�i�t� �i�s� 

�v�i�o�l�a�t�e�d�,� �c�o�n�t�r�o�l� �w�o�u�l�d� �b�e� �t�r�a�n�s�f�e�r�r�e�d� �b�a�c�k� �t�o� �t�h�i�s� �s�a�m�e� �c�l�a�u�s�e� �a�n�d� �n�e�w� �w�o�r�k� 

�e�l�e�m�e�n�t�s� �w�o�u�l�d� �b�e� �a�d�d�e�d�.� 

�T�h�e� �l�o�g�i�c� �b�e�h�i�n�d� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �i�s� �v�e�r�y� �s�i�m�i�l�a�r�.� �T�h�e� �r�o�u�t�e� �c�l�a�u�s�e� �i�s� �m�o�d�i�f�i�e�d� 

�s�o� �t�h�a�t� �t�h�e� �s�t�a�t�i�o�n� �c�o�u�n�t�e�r� �i�s� �n�e�v�e�r� �i�n�c�r�e�m�e�n�t�e�d�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�i�l�l� 

�e�x�a�m�i�n�e� �a�l�l� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n� �o�n�l�y�.� �O�n�c�e� �a�l�l� �s�o�l�u�t�i�o�n�s� �a�r�e� 

�e�x�a�m�i�n�e�d�,� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�t�i�o�n�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� 

�i�s� �S�t�o�r�e�d� �a�n�d� �t�h�e� �n�e�x�t� �s�t�a�t�i�o�n� �e�x�p�l�o�r�e�d�.� �A�n�o�t�h�e�r� �c�l�a�u�s�e� �i�s� �u�s�e�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �r�o�u�t�e� 

�c�l�a�u�s�e� �f�r�o�m� �s�t�a�t�i�o�n� �t�o� �s�t�a�t�i�o�n�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �a�n�y� �c�o�m�p�u�t�e�r� �l�a�n�g�u�a�g�e� �i�n�c�l�u�d�i�n�g� 

�B�A�S�I�C� �a�n�d� �F�O�R�T�R�A�N�,� �t�h�e� �m�a�i�n� �a�d�v�a�n�t�a�g�e� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �P�r�o�l�o�g� �p�r�o�v�i�d�e�s� �a� �b�u�i�l�t�-� 

�i�n� �b�a�c�k�t�r�a�c�k�i�n�g� �m�e�c�h�a�n�i�s�m�.� �T�h�i�s� �f�r�e�e�s� �t�h�e� �p�r�o�g�r�a�m�m�e�r� �t�o� �c�o�n�c�e�n�t�r�a�t�e� �o�n� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �i�t�s�e�l�f�.� �I�n� �c�o�n�v�e�n�t�i�o�n�a�l� �l�a�n�g�u�a�g�e�s�,� �t�h�e� �p�r�o�g�r�a�m�m�e�r� �w�o�u�l�d� �h�a�v�e� �t�o� �c�o�d�e� �t�h�e� 

�b�a�c�k�t�r�a�c�k�i�n�g� �m�e�c�h�a�n�i�s�m� �v�i�a� �a� �m�e�m�o�r�y� �s�t�a�c�k�.� �M�o�s�t� �o�f� �t�h�e� �p�r�o�g�r�a�m�m�e�r ��s� �e�f�f�o�r�t� �w�o�u�l�d



�5�2� 

�b�e� �s�p�e�n�t� �o�n� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�c�k�t�r�a�c�k�i�n�g� �m�e�t�h�o�d�.� �A� �f�u�r�t�h�e�r� �a�d�v�a�n�t�a�g�e� �o�f� 

�P�r�o�l�o�g� �i�s� �t�h�e� �u�s�e� �o�f� �l�i�s�t�s� �w�h�e�r�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �l�i�s�t�s� �n�e�e�d� �n�o�t� �b�e� �k�n�o�w�n� �i�n� �a�d�v�a�n�c�e�.� 

�3�.�5� �A�s�s�e�s�s�m�e�n�t� �o�f� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s�.� 

�A�n� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �w�i�l�l� �b�e� �m�a�d�e� �b�y� �u�s�i�n�g� �a�n� �e�x�a�m�p�l�e� �f�r�o�m� �r�e�f�e�r�e�n�c�e� 

�[�5�]�.� �C�o�n�s�i�d�e�r� �a� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� �p�r�o�c�e�s�s� �w�h�e�r�e� �t�h�r�e�e� �m�o�d�e�l�s� �(�J� �=�3�)� �a�r�e� �t�o� �b�e� 

�a�s�s�e�m�b�l�e�d� �a�n�d� �w�h�e�r�e� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �s�c�h�e�d�u�l�e� �c�a�l�l�s� �f�o�r� �N�,� �=� �1�2�0�,� �N�,�=�6�0�,� �a�n�d� �N�,�=�4�0� 

�u�n�i�t�s� �d�u�r�i�n�g� �e�a�c�h� �s�h�i�f�t�.� �T�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �f�o�r� �t�h�e� �t�h�r�e�e� �m�o�d�e�l�s� �a�r�e� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �3�.�2� �f�o�r� �a� �t�o�t�a�l� �o�f� �K�=�1�9�.� �T�h�e� �t�h�i�r�d� �c�o�l�u�m�n� �g�i�v�e�s� �t�h�e� �t�o�t�a�l� �e�l�e�m�e�n�t�a�l� �t�i�m�e�s� �o�v�e�r� 

�t�h�e� �s�h�i�f�t� �p�e�r�i�o�d� �f�o�r� �a�l�l� �t�h�r�e�e� �m�o�d�e�l�s�.� �A�l�s�o�,� �t�h�e� �t�o�t�a�l� �w�o�r�k� �c�o�n�t�e�n�t� �o�f� �t�h�e� �l�i�n�e� �i�s� �s�h�o�w�n� 

�t�o� �b�e� �1�2�4�2� �m�i�n�u�t�e�s�.� �T�h�e� �c�o�m�b�i�n�e�d� �p�r�e�c�e�d�e�n�c�e� �d�i�a�g�r�a�m� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �3�.�2�.� �T�h�e� �t�o�t�a�l� �s�h�i�f�t� �t�i�m�e� �T� �i�s� �4�1�4� �m�i�n�u�t�e�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�i�n�i�m�u�m� 

�n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s� �n�,�,�,�,� �i�s� �3�.� �S�u�p�p�o�s�e� �f�u�r�t�h�e�r� �t�h�a�t� �s�t�a�t�i�o�n� �t�i�m�e�s� �w�i�t�h�i�n� �t�h�e� �i�n�t�e�r�v�a�l� 

�(�4�0�8�,� �4�2�0�)� �a�r�e� �a�c�c�e�p�t�a�b�l�e�.� �T�h�e� �p�e�r�c�e�n�t�a�g�e�s� �f�o�r� �(�T�,�,� �T�,�,�)� �a�r�e� �t�h�e�r�e�f�o�r�e� �(�0�.�1�4�5�,� �0�.�1�4�5�)�.� 

�T�h�e� �d�a�t�a� �f�i�l�e� �u�s�e�d� �a�s� �i�n�p�u�t� �t�o� �t�h�e� �P�r�o�l�o�g� �p�r�o�g�r�a�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�3�.� �T�h�e� �r�e�s�u�l�t�s� 

�f�o�r� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�4�.� �T�h�e� �f�i�r�s�t� �s�o�l�u�t�i�o�n� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�2�3�)�,� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �s�o�l�u�t�i�o�n� �w�a�s� �o�b�t�a�i�n�e�d� 

�w�i�t�h� �e�q�u�a�t�i�o�n� �(�2�2�)� �a�s� �a�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �e�x�e�c�u�t�i�o�n� �t�i�m�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� 

�P�r�o�l�o�g� �v�e�r�s�i�o�n� �2�.�0� �a�n�d� �a� �1�0�M�h�z� �8�0�2�8�6� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r�.� �A�l�t�h�o�u�g�h� �n�o� �n�u�m�e�r�i�c� 

�c�o�p�r�o�c�e�s�s�o�r� �w�a�s� �u�s�e�d�,� �t�h�e� �g�a�i�n� �i�n� �s�p�e�e�d� �w�o�u�l�d� �n�o�t� �b�e� �m�a�j�o�r�.� �T�h�e� �e�x�e�c�u�t�i�o�n� �t�i�m�e�s� 

�s�h�o�w� �t�h�a�t� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �v�e�r�y� �f�a�s�t�.� �T�h�e� �f�i�r�s�t� �p�o�i�n�t� �t�o� �n�o�t�e� �i�s� �t�h�a�t� �a�n� 

�a�c�c�e�p�t�a�b�l�e� �l�i�n�e� �b�a�l�a�n�c�e� �c�a�n� �i�n�d�e�e�d� �b�e� �f�o�u�n�d� �w�i�t�h� �t�h�e� �m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s
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� � 
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�(�n�,�n�)� �W�h�i�c�h� �i�s� �3� �i�n� �t�h�i�s� �c�a�s�e�.� �T�h�i�s� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �l�a�r�g�e� �e�l�e�m�e�n�t�/�s�t�a�t�i�o�n� �r�a�t�i�o� 

�w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �e�a�s�i�e�r� �l�i�n�e� �b�a�l�a�n�c�e�s�,� �s�i�n�c�e� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �a� �w�i�d�e�r� �r�a�n�g�e� �o�f� 

�e�l�e�m�e�n�t�s� �t�o� �a�s�s�i�g�n� �t�o� �a� �g�i�v�e�n� �s�t�a�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �a�r�e� �c�o�m�p�a�r�a�t�i�v�e�-� 

�l�y� �s�m�a�l�l� �a�n�d� �t�h�e� �s�t�a�t�i�o�n�s� �c�a�n� �b�e� �f�i�l�l�e�d� �u�p� �w�i�t�h� �s�m�a�l�l� �e�l�e�m�e�n�t�s� �u�n�t�i�l� �t�h�e� �w�o�r�k� �c�o�n�t�e�n�t� 

�i�s� �c�l�o�s�e� �t�o� �t�h�e� �d�e�s�i�r�e�d� �v�a�l�u�e�.� 

�T�h�e� �f�i�r�s�t� �t�w�o� �c�o�l�u�m�n�s� �i�n� �T�a�b�l�e� �3�.�4� �s�h�o�w� �t�h�e� �s�t�a�t�i�o�n� �n�u�m�b�e�r� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�-� 

�i�n�g� �w�o�r�k� �e�l�e�m�e�n�t�s� �a�s�s�i�g�n�e�d� �t�o� �t�h�i�s� �s�t�a�t�i�o�n�.� �T�h�e� �n�e�x�t� �c�o�l�u�m�n� �s�h�o�w�s� �t�h�e� �T�,� �v�a�l�u�e�s� �f�o�r� 

�e�a�c�h� �s�t�a�t�i�o�n� �w�h�i�c�h� �I�s� �t�h�e� �t�o�t�a�l� �w�o�r�k� �c�o�n�t�e�n�t� �f�o�r� �t�h�a�t� �s�t�a�t�i�o�n�.� �C�o�l�u�m�n� �f�o�u�r� �s�h�o�w�s� �t�h�e� 

�a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�t�i�o�n� �w�o�r�k� �c�o�n�t�e�n�t� �a�n�d� �t�h�e� �s�h�i�f�t� �t�i�m�e� 

�T�.� �T�h�e� �n�e�x�t� �c�o�l�u�m�n� �s�h�o�w�s� �t�h�e� �v�a�l�u�e� �A�,� �g�i�v�e�n� �b�y� �[�5�]�:� 

�J� 
�A�;� �=� �2� �I�F�;� �~� �P�|� �(�2�6�)� 

�T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �s�t�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �e�a�c�h� �m�o�d�e�l� �i�s� �s�h�o�w�n� �i�n� �c�o�l�u�m�n� �s�i�x�.� �C�o�l�u�m�n�s� 

�s�e�v�e�n� �t�o� �n�i�n�e� �d�i�s�p�l�a�y� �t�h�e� �p�;� �v�a�l�u�e�s� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�m�o�u�n�t� �o�f� �t�i�m�e� �t�h�a�t� �e�a�c�h� �u�n�i�t� 

�o�f� �m�o�d�e�l� �j� �s�p�e�n�d�s� �i�n� �s�t�a�t�i�o�n� �i�.� 

�T�h�e� �s�e�c�o�n�d� �s�o�l�u�t�i�o�n� �i�n� �t�a�b�l�e� �T�a�b�l�e� �3�.�4� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�a�t� �a� �p�e�r�f�e�c�t� �l�i�n�e� �b�a�l�a�n�c�e� 

�c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �t�h�e� �u�n�e�v�e�n� �m�o�d�e�l� �t�i�m�e�s� �f�r�o�m� �s�t�a�t�i�o�n� �t�o� 

�s�t�a�t�i�o�n� �b�e�c�o�m�e� �e�v�i�d�e�n�t� �w�h�e�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �f�i�r�s�t� �s�o�l�u�t�i�o�n�.� �T�h�e� �s�t�a�t�i�o�n� �t�i�m�e�s� �f�o�r� 

�t�h�e� �f�i�r�s�t� �m�o�d�e�l� �a�r�e� �p�e�r�f�e�c�t�l�y� �d�i�s�t�r�i�b�u�t�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�o�l�u�t�i�o�n�,� �w�h�e�r�e� �e�a�c�h� �s�t�a�t�i�o�n� �d�o�e�s� 

�e�x�a�c�t�l�y� �o�n�e� �t�h�i�r�d� �o�f� �t�h�e� �t�o�t�a�l� �e�l�e�m�e�n�t�a�l� �t�i�m�e� �f�o�r� �m�o�d�e�l� �o�n�e�.� �T�h�e� �t�i�m�e�s� �f�o�r� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �t�w�o� �m�o�d�e�l�s�,� �a�l�t�h�o�u�g�h� �n�o�t� �a�s� �w�e�l�l� �d�i�s�t�r�i�b�u�t�e�d� �a�s� �t�h�e� �f�i�r�s�t� �m�o�d�e�l�,� �a�r�e� �s�t�i�l�l� 

�r�e�m�a�r�k�a�b�l�y� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �s�e�c�o�n�d� �s�o�l�u�t�i�o�n�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �f�i�r�s�t� �s�o�l�u�t�i�o�n� �i�s
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�t�h�a�t� �t�h�e� �t�o�t�a�l� �w�o�r�k� �c�o�n�t�e�n�t� �a�t� �e�a�c�h� �s�t�a�t�i�o�n� �d�e�v�i�a�t�e�s� �f�r�o�m� �t�h�e� �s�h�i�f�t� �t�i�m�e� �a�l�t�h�o�u�g�h� �s�t�i�l�l� 

�w�i�t�h�i�n� �t�h�e� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s�.� 

�A� �s�u�m�m�a�r�y� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �m�e�t�h�o�d� �i�s� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �3�.�5�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�u�n�d� �a� �t�o�t�a�l� �o�f� �e�i�g�h�t� �d�i�f�f�e�r�e�n�t� �s�o�l�u�t�i�o�n�s� �w�i�t�h� �a� �p�e�r�f�e�c�t� �l�i�n�e� 

�b�a�l�a�n�c�e� �(�z�e�r�o� �d�i�f�f�e�r�e�n�c�e�)�,� �b�u�t� �o�n�l�y� �t�h�e� �s�o�l�u�t�i�o�n� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �A� �v�a�l�u�e� �i�s� �s�h�o�w�n� 

�i�n� �T�a�b�l�e� �3�.�5�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �a�l�s�o� �f�o�u�n�d� �t�h�e� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�2�4�)�,� �b�u�t� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �f�i�r�s�t� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �t�a�b�l�e�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �i�n� �T�a�b�l�e� �3�.�5� �t�h�a�t� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� 

�r�e�q�u�i�r�e�s� �a� �l�o�t� �m�o�r�e� �c�o�m�p�u�t�e�r� �e�f�f�o�r�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�o�l�u�t�i�o�n�s� �s�h�o�w� �a� �r�e�m�a�r�k�a�b�l�e� 

�i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �a�l�r�e�a�d�y� �g�o�o�d� �s�o�l�u�t�i�o�n�s� �f�r�o�m� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m�.� �I�n� �o�r�d�e�r� �t�o� 

�g�a�i�n� �m�o�r�e� �p�e�r�s�p�e�c�t�i�v�e�,� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�o�s�e� �f�o�u�n�d� �b�y� �T�h�o�m�o�p�o�u�l�o�s� 

�[�5�]�.� �H�e� �u�t�i�l�i�z�e�d� �a� �s�e�r�i�a�l� �a�p�p�r�o�a�c�h� �b�u�t� �w�i�t�h� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �i�n� �e�a�c�h� 

�S�t�a�t�i�o�n�.� �I�n� �t�u�r�n�,� �n�o�t� �a�l�l� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �f�o�r� �a� �s�t�a�t�i�o�n� �w�e�r�e� �e�x�a�m�i�n�e�d�.� �T�h�e� 

�c�o�m�p�a�r�i�s�o�n�,� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�6�,� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �b�o�t�h� �t�h�e� �s�e�r�i�a�l� �a�n�d� �e�x�h�a�u�s�t�i�v�e� 

�a�l�g�o�r�i�t�h�m�s� �p�r�o�d�u�c�e�d� �s�i�m�i�l�a�r� �o�r� �b�e�t�t�e�r� �r�e�s�u�l�t�s� �t�h�a�n� �t�h�o�s�e� �f�o�u�n�d� �b�y� �T�h�o�m�o�p�o�u�l�o�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �s�u�p�e�r�i�o�r�i�t�y� �o�f� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �i�s� �w�e�l�l� �r�e�f�l�e�c�t�e�d� �i�n� 

�d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �t�w�o� �b�e�s�t� �s�o�l�u�t�i�o�n�s�.� 

�T�h�o�m�o�p�o�u�l�o�s� �[�5�]� �a�l�s�o� �m�e�n�t�i�o�n�e�d� �t�h�a�t� �t�h�e� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� 

�t�o� �b�a�t�c�h� �a�s�s�e�m�b�l�y� �s�y�s�t�e�m�s� �t�o� �a�l�l�o�w� �s�t�a�t�i�o�n� �a�s�s�i�g�n�m�e�n�t�s� �t�o� �b�e� �m�a�d�e� �s�o� �t�h�a�t� �o�p�e�r�a�t�o�r�s� 

�a�r�e� �g�i�v�e�n� �t�h�e� �s�a�m�e� �t�a�s�k�s� �o�n� �a�l�l� �m�o�d�e�l�s�.� �T�h�e� �f�r�e�q�u�e�n�t� �p�r�a�c�t�i�c�e� �o�f� �s�w�i�t�c�h�i�n�g� �e�l�e�m�e�n�t� 

�a�s�s�i�g�n�m�e�n�t�s� �f�r�o�m� �o�n�e� �s�t�a�t�i�o�n� �t�o� �a�n�o�t�h�e�r� �a�s� �b�a�t�c�h�e�s� �o�f� �m�o�d�e�l�s� �a�r�e� �i�n�t�r�o�d�u�c�e�d�,� �c�a�n� �b�e� 

�r�e�d�u�c�e�d� �o�r� �e�l�i�m�i�n�a�t�e�d�.� �A� �m�o�d�i�f�i�e�d� �b�a�l�a�n�c�e� �d�e�l�a�y� �i�n�d�e�x� �i�s� �p�r�o�p�o�s�e�d� �t�o� �a�s�s�e�s�s� �t�h�e
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�M�i�n�i�m�i�z�e� �d�i�f�f�e�r�e�n�c�e� �:� 

� � 

�S�t�n� �W�o�r�k� �E�l�e�m�e�n�t�s� �T�;� �T�T�;� �8�;� �V�a�r�;� �P�i�q� �P�j�o� �P�i�Z� 

�1�.�°�#�1�2�3�4�5�8� �4�1�4� �0� �7�2� �0�.�6�5� �1�.�5� �1�.�7� �3�.�3� 

�2� �7�9� �1�1� �1�2� �1�4� �1�8� �4�1�4� �0� �2�4� �0�.�0�4� �1�.�7� �2�.�1� �2�.�1� 

�3� �6� �1�0� �1�3� �1�5� �1�6� �1�7� �1�9� �4�1�4� �0� �4�8� �0�.�0�0� �1�.�9� �1�.�9� �1�.�8� 

� � 

�1�2�4�2� �0� �1�4�4� �0�.�6�9� �5�.�1� �5�.�7� �7�.�2� 

�E�x�e�c�u�t�i�o�n� �t�i�m�e� �=� �6� �m�i�n�u�t�e�s� �4�.�1�0� �s�e�c�o�n�d�s� � � � � � 
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�L�i�n�e� �B�a�l�a�n�c�i�n�g� �|� �S�t�a�t�i�o�n� �T�i�m�e� �A�.� �T�o�t�a�l� �T�o�t�a�l� 
�P�r�o�c�e�d�u�r�e� �i� �T�;� �D�i�f�f� �A� 

�T�h�o�m�o�p�o�u�l�o�s� �1� �4�1�4� �7�2� 

�(�1�)� �2� �4�1�2� �5�0� �4� �1�5�6� 

�3� �4�1�6� �3�4� 

�T�h�o�m�o�p�o�u�l�o�s� �1� �4�1�2� �2�2� 

�(�2�)� �2� �4�1�2� �1�0� �8� �5�2� 

�3� �4�1�8� �2�0� 

�S�e�r�i�a�l� �1� �4�1�4� �4�8� 

�(�1�)� �2� �4�1�4� �7�2� �0� �2�4�0� 

�3� �4�1�4� �1�2�0� 

�S�e�r�i�a�l� �1� �4�1�8� �4� 

�(�2�)� �2� �4�1�4� �2�4� �8� �5�6� 

�3� �4�1�0� �2�8� 

�E�x�h�a�u�s�t�i�v�e� �1� �4�1�4� �7�2� 

�(�1�)� �2� �4�1�4� �2�4� �0� �1�4�4� 

�3� �4�1�4� �4�8� 

�E�x�h�a�u�s�t�i�v�e� �1� �4�1�2� �2�2� 

�(�2�)� �2� �4�2�0� �1�8� �1�2� �4�4� 
�3� �4�1�0� �4� � � � � � � � � � � � � � � 

� � 

�(�1�)� �m�i�n�i�m�i�z�e� �d�i�f�f�e�r�e�n�c�e� 
�(�2�)� �m�i�n�i�m�i�z�e� �d�e�l�t�a



�6�1� 

�a�b�i�l�i�t�y� �o�f� �a�n� �a�s�s�e�m�b�l�y� �l�i�n�e� �t�o� �b�e� �a�p�p�l�i�e�d� �t�o� �b�a�t�c�h� �a�s�s�e�m�b�l�y� �s�y�s�t�e�m�s�.� �T�h�e� �b�a�l�a�n�c�e� 

�d�e�l�a�y� �i�n�d�e�x� �i�s� �o�b�t�a�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�c�;� �=� �m�a�x� �(�P�i�p� �P�r� �P�3�,�)� �(�2�7�)� 

�I�f� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�e�c�o�n�d� �s�o�l�u�t�i�o�n� �i�n� �T�a�b�l�e� �3�.�5�,� �t�h�i�s� �g�i�v�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�c� �=� �1�9� 

�&� �=� �2�.�1� 

�c�,�;� �=� �3�.�3� 

�T�h�e� �p�e�r�c�e�n�t� �o�f� �i�d�l�e� �t�i�m�e� �o�c�c�u�r�r�i�n�g� �o�n� �t�h�e� �l�i�n�e� �f�o�r� �e�a�c�h� �m�o�d�e�l� �o�r� �b�a�t�c�h� �i�s� �d�e�f�i�n�e�d� �a�s� 

�b�a�l�a�n�c�e� �d�e�l�a�y� �a�n�d� �i�s� �d�e�n�o�t�e�d� �b�y� �d�,� �G� �=� �1�,� �2�,� �.�.�.�,� �J�)�.� �T�h�e� �b�a�l�a�n�c�e� �d�e�l�a�y� �i�s� �g�i�v�e�n� �b�y�:� 

�a� �.� 

�n�e�,� �-� �D�d�;� �1�:� �j� �»� �i�j� �(�2�8�)� 

�j� �n�e�;� 

�H�e�n�c�e�,� �f�r�o�m� �t�h�e� �s�a�m�e� �e�x�a�m�p�l�e�:� 

�d�,� �=� �1�0�.�5�%� 

�d�,� �=� �9�5�%� 

�d�,� �=� �2�7�.�3�%� 

�A� �b�a�l�a�n�c�e� �d�e�l�a�y� �i�n�d�e�x� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�s�:� 

� � �d�=� �i� �(�2�9�)



�6�2� 

�I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n�:� 

�d�=� �(�1�4�0�(�1�0�.�5�)� �+� �6�0�(�9�.�5�)� �+� �4�0�(�2�7�.�3�)�)�/�2�4�0� 

�1�3�.�0�5�%� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �h�i�g�h� �a�m�o�u�n�t� �o�f� �b�a�l�a�n�c�e� �d�e�l�a�y�,� �t�h�e� �s�t�a�t�i�o�n� �a�s�s�i�g�n�m�e�n�t�s� �w�o�u�l�d� �p�r�o�b�a�b�l�y� 

�b�e� �a�l�t�e�r�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�l�.� �H�e�n�c�e�,� �t�a�s�k�s� �a�r�e� �v�a�r�i�e�d� �f�r�o�m� �m�o�d�e�l� �t�o� �m�o�d�e�l�,� �o�r� 

�e�q�u�i�v�a�l�e�n�t�l�y� �f�r�o�m� �b�a�t�c�h� �t�o� �b�a�t�c�h� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �r�e�d�u�c�e� �t�h�e� �b�a�l�a�n�c�e� �d�e�l�a�y�.� �T�h�i�s� 

�p�r�a�c�t�i�c�e� �i�n�c�r�e�a�s�e�s� �t�h�e� �c�o�s�t� �o�f� �s�t�o�r�a�g�e�,� �t�o�o�l�i�n�g� �a�n�d� �l�e�a�r�n�i�n�g�.� �T�h�e� �b�a�l�a�n�c�e� �d�e�l�a�y� �i�n�d�e�x� 

�f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �a�l�g�o�r�i�t�h�m�s� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�7�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �s�m�o�o�t�h�e�r� 

�s�t�a�t�i�o�n�s� �i�s� �a�p�p�a�r�e�n�t�.� �A� �b�a�l�a�n�c�e� �d�e�l�a�y� �o�f� �5�%� �m�a�y� �b�e� �a�n� �a�c�c�e�p�t�a�b�l�e� �d�e�l�a�y� �c�o�n�s�i�d�e�r�i�n�g� 

�t�h�e� �c�o�s�t�s� �i�n�v�o�l�v�e�d� �w�h�e�n� �m�o�v�i�n�g� �o�p�e�r�a�t�o�r�s� �a�n�d� �r�e�a�s�s�i�g�n�i�n�g� �w�o�r�k� �e�l�e�m�e�n�t�s�.� 

�A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �w�h�e�n� �e�v�a�l�u�a�t�i�n�g� �l�i�n�e� �b�a�l�a�n�c�e�s� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� 

�l�i�n�e� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�t� �w�o�r�k� �c�o�n�t�e�n�t�s� �o�f� �t�h�e� �m�o�d�e�l�s�.� �T�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�i�s�,� �t�h�e� �o�p�t�i�m�a�l� 

�m�o�d�e�l� �s�e�q�u�e�n�c�e� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �e�a�c�h� �s�o�l�u�t�i�o�n� �w�i�t�h� �T�h�o�m�o�p�o�u�l�o�s �� �p�e�n�a�l�t�y� �m�e�t�h�o�d� 

�(�1�0�)�.� �T�h�i�s� �m�e�t�h�o�d� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� �A� �s�t�a�t�i�o�n� 

�l�e�n�g�t�h� �o�f� �t�w�o� �m�i�n�u�t�e�s� �w�a�s� �a�s�s�u�m�e�d� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m�.� �T�h�e� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �a�n�d� 

�u�t�i�l�i�t�y� �w�o�r�k� �a�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�r�v�e�y� �c�h�a�p�t�e�r� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �s�u�m� �o�f� �t�h�e� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �a�n�d� �u�t�i�l�i�t�y� �w�o�r�k� �w�a�s� �t�a�k�e�n� �a�s� �t�h�e� 

�i�n�e�f�f�i�c�i�e�n�c�y� �o�f� �e�a�c�h� �s�o�l�u�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�8�.� �a�n�d� �d�e�m�o�n�s�t�r�a�t�e� 

�t�h�a�t� �t�h�e� �b�e�s�t� �l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �w�h�e�n� �t�h�e� �d�e�l�t�a� �v�a�l�u�e�s� �a�r�e� �s�m�a�l�l� �(�w�h�e�n� 

�t�h�e� �s�t�a�t�i�o�n� �t�i�m�e�s� �a�r�e� �s�m�o�o�t�h�e�d� �o�u�t� �b�e�t�w�e�e�n� �m�o�d�e�l�s�)�.� �S�o�l�u�t�i�o�n�s� �w�i�t�h� �p�e�r�f�e�c�t� �l�i�n�e� 

�b�a�l�a�n�c�e�s� �d�i�d� �n�o�t� �p�e�r�f�o�r�m� �a�s� �w�e�l�l� �a�s� �t�h�e� �s�o�l�u�t�i�o�n�s� �w�i�t�h� �s�m�a�l�l� �d�e�l�t�a� �v�a�l�u�e�s�.� �T�h�e� 

�c�o�n�c�l�u�s�i�o�n� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �t�h�a�t� �t�h�e� �s�m�o�o�t�h�i�n�g� �o�f� �s�t�a�t�i�o�n�s� �w�i�l�l� �b�e� �b�e�n�e�f�i�c�i�a�l� �e�v�e�n� �i�f� �n�o
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�T�a�b�l�e� �3�.�7� �:� �B�a�l�a�n�c�e� �d�e�l�a�y� �i�n�d�e�x� �f�o�r� �a�l�l� �s�o�l�u�t�i�o�n�s� 
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�L�i�n�e� �B�a�l�a�n�c�i�n�g� �M�o�d�e�l� �D�e�l�a�y� �D�e�l�a�y� 
�P�r�o�c�e�d�u�r�e� �j� �d�;� �d� 

�T�h�o�m�o�p�o�u�l�o�s� �1� �1�0�.�5�3� 

�(�1�)� �2� �1�3�.�6�4� �1�4�.�1�0� 
�3� �2�7�.�2�7� 

�-� �T�h�o�m�o�p�o�u�l�o�s� �1� �5�.�5�6� 

�(�2�)� �2� �5�.�0�0� �5�.�1�6� 

�3� �4�.�0�0� 

�S�e�r�i�a�l� �1� �1�5�.�0�0� 

�(�1�)� �2� �1�7�.�3�9� �1�7�.�6�4� 

�3� �2�7�.�2�7� 

�S�e�r�i�a�l� �1� �0�.�0�0� 

�(�2�)� �2� �9�.�5�2� �4�.�6�5� 

�3� �1�3�.�6�4� 

�E�x�h�a�u�s�t�i�v�e� �1� �1�0�.�5�3� 

�(�1�)� �2� �9�.�5�2� �1�3�.�0�7� 

�3� �2�7�.�2�7� 

�E�x�h�a�u�s�t�i�v�e� �1� �5�.�5�6� 

�(�2�)� �2� �5�.�0�0� �5�.�1�6� 

�3� �4�.�0�0� � � � � 

�(�1�)� �m�i�n�i�m�i�z�e� �d�i�f�f�e�r�e�n�c�e� 
�(�2�)� �m�i�n�i�m�i�z�e� �d�e�l�t�a
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�T�a�b�l�e� �3�.�8� �:� �O�p�e�r�a�t�o�r� �i�n�e�f�f�i�c�i�e�n�c�i�e�s� �f�o�r� �a�l�l� �s�o�l�u�t�i�o�n�s� 
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�L�i�n�e� �B�a�l�a�n�c�i�n�g� �T�o�t�a�l� �T�o�t�a�l� �O�p�e�r�a�t�o�r� 
�P�r�o�c�e�d�u�r�e� �D�i�f�f� �A� �i�n�e�f�f�i�c�i�e�n�c�y� 

�T�h�o�m�o�p�o�u�l�o�s� 

�(�1�)� �4� �1�5�6� �1�6�.�1�4� 

�T�h�o�m�o�p�o�u�l�o�s� 

�(�2�)� �8� �5�2� �1�2�.�0�8� 

 ��S�e�r�i�a�l� 

�(�1�)� �0� �2�4�0� �2�2�.�9�1� 

�S�e�r�i�a�l� 

�(�2�)� �8� �5�6� �1�4�.�9�2� 

�E�x�h�a�u�s�t�i�v�e� 

�(�1�)� �0� �1�4�4� �1�5�.�8�1� 

�E�x�h�a�u�s�t�i�v�e� 

�(�2�)� �1�2� �4�4� �1�2�.�0�8� � � � � � � � � � � � � 

�(�1�)� �m�i�n�i�m�i�z�e� �d�i�f�f�e�r�e�n�c�e� 
�(�2�)� �m�i�n�i�m�i�z�e� �d�e�l�t�a



�6�5� 

�b�a�t�c�h� �a�s�s�e�m�b�l�y� �i�s� �p�l�a�n�n�e�d�.� �S�m�o�o�t�h�e�r� �s�t�a�t�i�o�n�s� �w�i�l�l� �r�e�s�u�l�t� �i�n� �l�e�s�s� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �a�n�d� 

�u�t�i�l�i�t�y� �w�o�r�k�,� �t�h�e�r�e�b�y� �p�r�o�v�i�d�i�n�g� �a� �m�u�c�h� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� �l�i�n�e�.



�C�h�a�p�t�e�r� �4�:� �M�o�d�e�l� �s�e�q�u�e�n�c�i�n�g�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�e�a�l�s� �w�i�t�h� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �o�f� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� 

�l�i�n�e�s�.� �T�h�e� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e� �t�h�a�t� �a� �s�u�i�t�a�b�l�e� �l�i�n�e� �b�a�l�a�n�c�e� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �a�c�h�i�e�v�e�d� 

�w�i�t�h� �o�n�e� �o�f� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� 

�s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�r�d�e�r�i�n�g� �i�n� �t�h�e� �f�l�o�w� �o�f� �m�o�d�e�l�s� �w�h�i�c�h� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �a� �g�i�v�e�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� 

�4�.�1� �P�e�n�a�l�t�y� �c�o�s�t� �m�e�t�h�o�d�.� 

�T�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e� �s�t�u�d�i�e�d� �i�s� �t�h�e� �m�o�v�i�n�g� �b�e�l�t� �t�y�p�e� �w�i�t�h� �v�a�r�i�a�b�l�e� �l�e�n�g�t�h� �s�t�a�t�i�o�n�s� �a�s� 

�d�e�f�i�n�e�d� �e�a�r�l�i�e�r� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�r�v�e�y� �c�h�a�p�t�e�r�.� �E�a�c�h� �o�p�e�r�a�t�o�r� �i�s� �a�s�s�i�g�n�e�d� �t�o� �a� 

�s�p�e�c�i�f�i�e�d� �r�e�g�i�o�n� �c�a�l�l�e�d� �a� �s�t�a�t�i�o�n�,� �a�n�d� �i�s� �p�e�r�m�i�t�t�e�d� �t�o� �m�o�v�e� �i�n�t�o� �t�h�e� �c�o�n�t�i�g�u�o�u�s� 

�u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �s�t�a�t�i�o�n�s� �b�y� �a�m�o�u�n�t�s� �c�a�l�l�e�d� �r�e�s�p�e�c�t�i�v�e�l�y� �u�p�s�t�r�e�a�m� �a�n�d� 

�d�o�w�n�s�t�r�e�a�m� �a�l�l�o�w�a�n�c�e�s�.� �C�o�n�v�e�y�o�r� �s�p�e�e�d� �i�s� �c�o�n�s�t�a�n�t�,� �a�n�d� �t�h�e� �o�p�e�r�a�t�o�r�s� �m�o�v�e� �f�r�o�m� 

�o�n�e� �p�r�o�d�u�c�t� �u�n�i�t� �t�o� �t�h�e� �n�e�x�t� �w�i�t�h�o�u�t� �m�e�a�s�u�r�a�b�l�e� �d�e�l�a�y�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �u�s�e�d� �t�o� 

�m�e�a�s�u�r�e� �a�s�s�e�m�b�l�y� �p�e�r�f�o�r�m�a�n�c�e� �a�r�e� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e�,� �c�o�n�g�e�s�t�i�o�n�,� �w�o�r�k� �d�e�f�i�c�i�e�n�c�y� 

�a�n�d� �u�t�i�l�i�t�y� �w�o�r�k�.� �T�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �a�p�p�r�o�a�c�h� �a�s�s�i�g�n�s� �a� �c�o�s�t� �t�o� �e�a�c�h� �o�f� �t�h�e�s�e� 

�i�n�e�f�f�i�c�i�e�n�c�i�e�s� �a�n�d� �t�h�e�n� �s�e�q�u�e�n�c�e�s� �t�h�e� �m�o�d�e�l�s� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �t�o�t�a�l� 

�c�o�s�t� �f�o�r� �t�h�e� �e�n�t�i�r�e� �s�e�q�u�e�n�c�e�.� �T�h�e� �m�e�t�h�o�d� �a�s�s�u�m�e�s� �t�h�a�t� �a� �l�i�n�e� �b�a�l�a�n�c�e� �h�a�s� �a�l�r�e�a�d�y� 

�b�e�e�n� �a�c�h�i�e�v�e�d� �a�n�d� �t�h�a�t� �t�h�e� �p�h�y�s�i�c�a�l� �d�i�m�e�n�s�i�o�n�s� �o�f� �e�a�c�h� �s�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�.� 

�T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �i�s� �a� �s�l�i�g�h�t� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �M�a�c�a�s�k�i�l�l ��s� 

�a�p�p�r�o�a�c�h� �[�1�9�]�.� �I�n� �t�h�i�s� �m�o�d�e�l�,� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k�i�n�g� �i�s� �n�o�t� �a�l�l�o�w�e�d�.� �W�h�e�n� �c�o�n�c�u�r�r�e�n�t� 

�6�6



�6�7� 

�w�o�r�k�i�n�g� �i�s� �p�e�r�m�i�t�t�e�d�,� �a�n� �o�p�e�r�a�t�o�r� �m�a�y� �s�t�a�r�t� �w�o�r�k� �o�n� �a� �n�e�w� �u�n�i�t� �a�s� �s�o�o�n� �a�s� �t�h�e� �w�o�r�k� 

�o�n� �t�h�e� �p�r�e�v�i�o�u�s� �u�n�i�t� �i�s� �c�o�m�p�l�e�t�e�d�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� �u�n�i�t� �h�a�s� �r�e�a�c�h�e�d� �t�h�e� �u�p�s�t�r�e�a�m� 

�a�l�l�o�w�a�n�c�e� �r�e�g�i�o�n�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �c�o�n�s�i�d�e�r� �w�h�a�t� �t�h�e� �w�o�r�k�e�r� �i�n� �t�h�e� 

�p�r�e�c�e�d�i�n�g� �s�t�a�t�i�o�n� �i�s� �d�o�i�n�g�.� �W�h�e�n� �c�o�n�c�u�r�r�e�n�t� �w�o�r�k� �i�s� �n�o�t� �a�l�l�o�w�e�d� �a�s� �i�n� �t�h�i�s� �m�o�d�e�l�,� �a�n� 

�o�p�e�r�a�t�o�r� �m�u�s�t� �a�l�s�o� �w�a�i�t� �u�n�t�i�l� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �h�a�s� �c�o�m�p�l�e�t�e�d� �t�h�e� 

�w�o�r�k� �o�n� �t�h�e� �u�n�i�t�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e�r�e� �w�i�l�l� �a�l�w�a�y�s� �b�e� �o�n�l�y� �o�n�e� �o�p�e�r�a�t�o�r� �w�o�r�k�i�n�g� �o�n� 

�a� �u�n�i�t� �a�t� �a�n�y� �t�i�m�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �e�a�s�i�l�y� �m�o�d�i�f�i�e�d�,� �h�o�w�e�v�e�r�,� �t�o� �a�l�l�o�w� 

�c�o�n�c�u�r�r�e�n�t� �w�o�r�k�.� 

�T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �i�s� �a� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �d�e�s�c�r�i�b�e� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� �a� 

�g�i�v�e�n� �u�n�i�t� �t�h�r�o�u�g�h� �t�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e�.� �F�r�o�m� �t�h�e�s�e� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �i�n�e�f�f�i�c�i�e�n�c�y� 

�t�i�m�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �a�n�d�,� �f�i�n�a�l�l�y�,� �t�h�e� �t�o�t�a�l� �p�e�n�a�l�t�y� �c�o�s�t�.� �A� �f�i�x�e�d� �l�a�u�n�c�h�i�n�g� �r�a�t�e� �i�s� 

�a�s�s�u�m�e�d� �f�o�r� �t�h�i�s� �m�o�d�e�l�.� �K�i�l�b�r�i�d�g�e� �a�n�d� �W�e�s�t�e�r� �[�1�3�]� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� 

�l�a�u�n�c�h�i�n�g� �r�a�t�e� �f�o�r� �a� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �i�s� �g�i�v�e�n� �b�y�:� 

� � 

�_� �t�w�o� �|� �:� 
�y�e�y� �C�G� �3�0�)� 

�n�y� �N�,� �n�y� �N�;� 
�j�=�l� �j�a�l� 

�T�h�e� �t�i�m�e�s� �f�o�r� �a� �p�r�o�d�u�c�t� �t�o� �m�o�v�e� �t�h�r�o�u�g�h� �t�h�e� �r�e�g�i�o�n�s� �o�f� �a� �s�t�a�t�i�o�n� �a�r�e� �c�a�l�l�e�d� �s�t�a�t�i�o�n� 

�p�a�s�s�a�g�e� �t�i�m�e�s� �(�t�;�)�,� �u�p�s�t�r�e�a�m� �a�l�l�o�w�a�n�c�e� �t�i�m�e�s� �(�t�"�;�)� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �a�l�l�o�w�a�n�c�e� �t�i�m�e�s� 

�(�t�®�)�.� �T�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �c�a�n� �b�e� �e�a�s�i�l�y� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�t�a�t�i�o�n� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �b�e�l�t� 

�s�p�e�e�d�.� �L�e�t� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�,� �a�n�d� �x�;� �d�e�n�o�t�e� �r�e�s�p�e�c�t�i�v�e�l�y� �t�h�e� �t�i�m�e�s� �o�f� �e�n�t�r�y� �a�n�d� �e�x�i�t� �f�o�r� 

�p�r�o�d�u�c�t� �i� �i�n� �s�t�a�t�i�o�n� �j�.� �T�h�e�r�e�f�o�r�e�:



�X�,� �=�a�,� �+�t�,� �(�3�1�)� 

�(�3�2�)� 

�G�i�v�e�n� �a�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�,� �e�q�u�a�t�i�o�n�s� �(�3�1�)� �a�n�d� �(�3�2�)� �e�s�t�a�b�l�i�s�h� �a�l�l� �s�t�a�t�i�o�n� �e�n�t�r�y� �a�n�d� �e�x�i�t� 

�t�i�m�e�s� �f�o�r� �e�v�e�r�y� �p�r�o�d�u�c�t� �u�n�i�t�.� �T�h�e�s�e� �t�i�m�e�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �w�o�r�k� �d�o�n�e� �o�n� �t�h�e� 

�p�r�o�d�u�c�t�.� �L�e�t� �t�h�e� �t�i�m�e�s� �o�f� �s�t�a�r�t�i�n�g� �a�n�d� �e�n�d�i�n�g� �w�o�r�k� �o�n� �u�n�i�t� �i� �i�n� �s�t�a�t�i�o�n� �j� �b�e� �s�;� �a�n�d� �e�;� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �E�q�u�a�t�i�o�n�s� �f�o�r� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e� �(�I�;�,�)�,� �c�o�n�g�e�s�t�i�o�n� �(�C�;�)�,� �w�o�r�k� �d�e�f�i�c�i�e�n�c�y� 

�(�D�;�,�)� �a�n�d� �u�t�i�l�i�t�y� �w�o�r�k� �(�U�;�;�)� �c�a�n� �n�o�w� �b�e� �d�e�v�e�l�o�p�e�d�.� 

�T�h�e� �u�p�s�t�r�e�a�m� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �f�i�r�s�t�.� �T�h�e�r�e� �a�r�e� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� 

�c�o�n�d�i�t�i�o�n�s� �t�o� �c�o�n�s�i�d�e�r�.� �T�h�e� �f�i�r�s�t� �c�a�s�e� �i�s� �w�h�e�n� �t�h�e� �o�p�e�r�a�t�o�r� �h�a�s� �f�i�n�i�s�h�e�d� �a� �u�n�i�t� �a�n�d� �i�s� 

�w�a�i�t�i�n�g� �f�o�r� �t�h�e� �n�e�x�t� �u�n�i�t� �t�o� �e�n�t�e�r� �t�h�e� �u�p�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�i�s� �s�t�a�t�i�o�n�.� �M�a�t�h�e�m�a�t�i�-� 

�c�a�l�l�y�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�:� 

�a�,� �-� �6�.�1�,� �>� �4� �(�3�3�)� 

�T�h�e� �n�e�x�t� �a�s�p�e�c�t� �t�o� �c�o�n�s�i�d�e�r� �i�s� �w�h�e�n� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�c�e�d�i�n�g� �s�t�a�t�i�o�n� �h�a�s� �f�i�n�i�s�h�e�d� 

�w�o�r�k� �o�n� �t�h�e� �c�u�r�r�e�n�t� �u�n�i�t�.� �I�f� �t�h�e� �o�p�e�r�a�t�o�r� �h�a�s� �f�i�n�i�s�h�e�d� �w�o�r�k� �b�e�f�o�r�e� �t�h�e� �u�n�i�t� �e�n�t�e�r�s� �t�h�e� 

�u�p�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�:� 

 ¬�,�,�1�<�4�,�-�t� �(�3�4�)� 

�t�h�e�n� 

�[�j�;�=�a�,�-�t� �-� �e�@�4�;� �(�3�5�)� 

�D�.� �=� �t�;� �(�3�6�)
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�s�.� �=�a�,� �-� �t�*� �(�3�7�)� 

�I�f� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �f�i�n�i�s�h�e�d� �t�h�e� �w�o�r�k� �i�n� �t�h�e� �u�p�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� 

�o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�:� 

�u� �a�,�-�t�)� �<�6�.�)� �<�4�,� �(�3�8�)� 
�t�h�e�n� 

�V�y� �=� �G�,�j�-�1� �7� �i�,�j� �(�3�9�)� 

�D�y� �=� �4�,� �~� �5�-�4� �(�4�0�)� 

�S�y� �=� �e�i� �j�-�1� �(�4�1�)� 

�I�f� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �f�i�n�i�s�h�e�d� �t�h�e� �w�o�r�k� �i�n�s�i�d�e� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� 

�i�n� �o�t�h�e�r� �w�o�r�d�s� �i�n� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �r�e�g�i�o�n�,� �o�r� �m�a�t�h�e�m�a�t�i�c�a�l�l�y�:� 

 ¬�,�j�-�1� �2� �4�y� �(�4�2�)� 

�t�h�e�n� 

�V�y� �=� �i�j� �7� �S�i�;� �(�4�3�)� 

�D�,� �=� �0� �(�4�4�)� 

�S�y� �=� �5�-�4� �(�4�5�)� 

�T�h�e� �n�e�x�t� �c�a�s�e� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� �f�i�n�i�s�h�e�d� �w�o�r�k� �o�n� �t�h�e� 

�p�r�e�v�i�o�u�s� �u�n�i�t� �w�i�t�h�i�n� �t�h�e� �u�p�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �s�t�a�t�i�o�n�,� �o�r�:� 

�O�<�a�,�-�¢�.�,�,�s� �t� �(�4�6�)



�7�0� 

�A�g�a�i�n�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �t�a�k�e� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �i�n�t�o� �a�c�c�o�u�n�t�.� �I�f� �t�h�i�s� 

�o�p�e�r�a�t�o�r� �f�i�n�i�s�h�e�d� �w�o�r�k� �o�n� �t�h�e� �c�u�r�r�e�n�t� �u�n�i�t� �b�e�f�o�r�e� �t�h�e� �c�u�r�r�e�n�t� �o�p�e�r�a�t�o�r� �f�i�n�i�s�h�e�d� �w�o�r�k� 

�o�n� �t�h�e� �p�r�e�v�i�o�u�s� �u�n�i�t�,� �o�r�:� 

�C�j� �<� �%�i�-�1�,�;� �(�4�7�)� 

�t�h�e�n� 

�I�,� �=� �0� �(�4�8�)� 

�D�y� �=� �4�,� �-�  ¬�.�4�,�;� �(�4�9�)� 

�S�y� �*� �e�y� �(�5�0�)� 

�I�f� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �f�i�n�i�s�h�e�d� �t�h�e� �w�o�r�k� �a�f�t�e�r� �t�h�e� �c�u�r�r�e�n�t� �o�p�e�r�a�t�o�r� 

�f�i�n�i�s�h�e�d� �w�o�r�k�i�n�g� �o�n� �t�h�e� �p�r�e�v�i�o�u�s� �u�n�i�t�,� �b�u�t� �s�t�i�l�l� �w�i�t�h�i�n� �t�h�e� �u�p�s�t�r�e�a�m� �a�l�l�o�w�a�n�c�e� �r�e�g�i�o�n� 

�o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�:� 

�G�1�7� �8� �G�j� �<� �4� �(�5�1�)� 

�t�h�e�n� 

�T�y� �=� �e�4�5�1� �i�-�1�,�j� �(�5�2�)� 

�D�,� �=� �4�,� �-� �&�,�;�-�1� �(�5�3�)� 

�S�y� �=�e� �(�5�4�)� 

�L�a�s�t�l�y�,� �i�f� �t�h�e� �p�r�e�v�i�o�u�s� �o�p�e�r�a�t�o�r� �f�i�n�i�s�h�e�d� �t�h�e� �w�o�r�k� �i�n�s�i�d�e� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� �i�n� �o�t�h�e�r� 

�w�o�r�d�s� �i�f� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�t�i�o�n� �e�n�t�e�r�e�d� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� 

�c�u�r�r�e�n�t� �s�t�a�t�i�o�n�:� 

�>� �a�,� �(�5�5�)� 
�i�,�j�-�l� �y



�7�1� 

�t�h�e�n� 

�I�,� �=�  ¬� �5�4� �7� �G�y�;� �(�5�6�)� 

�D�,� �=� �0� �(�5�7�)� 

�S�y� �=� �i�j� �(�5�8�)� 

�T�h�e� �t�h�i�r�d� �c�a�s�e� �f�o�r� �t�h�e� �u�p�s�t�r�e�a�m� �e�q�u�a�t�i�o�n�s� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �c�u�r�r�e�n�t� 

�s�t�a�t�i�o�n� �f�i�n�i�s�h�e�d� �w�o�r�k�i�n�g� �o�n� �t�h�e� �p�r�e�v�i�o�u�s� �u�n�i�t� �a�f�t�e�r� �t�h�e� �n�e�x�t� �u�n�i�t� �h�a�s� �e�n�t�e�r�e�d� �t�h�e� 

�s�t�a�t�i�o�n�:� 

�y� �*� �S�i�-�1�,�;� �(�5�9�)� 

�g� �~�  ��i�j� �7� �%�i�-�1�,�;� �(�6�0�)� 

�D�,� �=� �0� �(�6�1�)� 

�S�y� �=�  ¬�i�j�-�1� �(�6�2�)� 

�I�f� �t�h�e� �o�p�e�r�a�t�o�r� �h�a�s� �f�i�n�i�s�h�e�d� �w�o�r�k�i�n�g� �o�n� �t�h�e� �c�u�r�r�e�n�t� �u�n�i�t�,� �o�r�:� 

�C�j� �<� �e�i�-�1�,�;� �(�6�3�)� 

�t�h�e�n� 

�I�,� �=� �0� �(�6�4�)� 

�D�,� �=� �0� �(�6�5�)� 

�5�S�.� �=�e�.� �y� �  ��i�-�1�,�;� �(�6�6�)
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�T�h�e� �d�o�w�n�s�t�r�e�a�m� �e�q�u�a�t�i�o�n�s� �a�r�e� �m�u�c�h� �s�i�m�p�l�e�r� �t�o� �d�e�r�i�v�e� �b�e�c�a�u�s�e� �i�t� �i�s� �n�o�t� �r�e�q�u�i�r�e�d� �t�o� 

�t�a�k�e� �t�h�e� �p�r�e�c�e�d�i�n�g� �o�p�e�r�a�t�o�r ��s� �m�o�v�e�m�e�n�t�s� �i�n�t�o� �a�c�c�o�u�n�t�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �a�s�s�u�m�e�s� �t�h�a�t� 

�t�h�e� �s�t�a�t�i�o�n�s� �o�v�e�r�l�a�p� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� 

�s�t�a�t�i�o�n� �w�i�l�l� �n�o�t� �e�x�t�e�n�d� �i�n�t�o� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �n�e�x�t� �s�t�a�t�i�o�n�.� �F�o�r�t�u�n�a�t�e�l�y�,� 

�i�n� �p�r�a�c�t�i�c�e� �t�h�a�t� �w�i�l�l� �r�a�r�e�l�y� �b�e� �t�h�e� �c�a�s�e� �s�o� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �d�o�e�s� �n�o�t� �l�i�m�i�t� �t�h�e� 

�a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l�.� 

�T�h�e� �f�i�r�s�t� �c�a�s�e� �f�o�r� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �e�q�u�a�t�i�o�n�s� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �u�n�i�t� �i�s� �n�o�t� 

�c�o�m�p�l�e�t�e�d� �i�n� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�.� �T�h�e� �u�n�i�t� �w�i�l�l�,� �t�h�e�r�e�f�o�r�e�,� 

�r�e�q�u�i�r�e� �s�o�m�e� �u�t�i�l�i�t�y� �w�o�r�k� �t�o� �f�i�n�i�s�h� �t�h�e� �u�n�c�o�m�p�l�e�t�e�d� �w�o�r�k�.� �L�e�t� �t�h�e� �s�t�a�t�i�o�n� �t�i�m�e� �f�o�r� 

�t�h�i�s� �m�o�d�e�l� �b�e� �g�i�v�e�n� �b�y� �p�,�,�,�,� �w�h�e�r�e� �j� �i�n�d�i�c�a�t�e�s� �s�t�a�t�i�o�n� �j�}� �a�n�d� �m� �t�h�e� �m�o�d�e�l� �t�y�p�e� �m� �(�m� 

�=� �1�,� �2�,� �.�.�.�,� �J�)�.� �T�h�e� �f�i�r�s�t� �c�a�s�e� �r�e�s�u�l�t�s� �w�h�e�n�e�v�e�r�:� 

�S�y� �+� �P�i�m� �>� �X�y� �*� �r�e� �(�6�7�)� 

�t�h�e�n� 

�d� 

�d� �C�y� �=�f� �(�6�9�)� 

�d� 
�e�i� �=� �x�i� �+� �t� �(�7�0�)� 

�T�h�e� �n�e�x�t� �c�a�s�e� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �w�o�r�k� �o�n� �t�h�e� �u�n�i�t� �i�s� �c�o�m�p�l�e�t�e�d� �i�n� �t�h�e� �d�o�w�n�s�t�r�e�a�m� 

 ��r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�i�o�n�,� �o�r�:� 

�d� �7�1� �X�i� �<�5� �+� �D�i�n� �S� �X�y� �+� �G� �(� �)� 

�t�h�e�n� 

�U�.� �=� �0� �(�7�2�)



�7�3� 

�C�.�,� �=� �S�i�t� �P�i�m� �~� �X�j� �~� �(�7�3�)� 
�y� �y� 

 ¬�y� �=� �5�y� �+� �P�i�m� �(�7�4�)� 

�T�h�e� �l�a�s�t� �c�a�s�e� �r�e�s�u�l�t�s� �w�h�e�n� �t�h�e� �w�o�r�k� �i�s� �c�o�m�p�l�e�t�e�d� �w�i�t�h�i�n� �t�h�e� �n�o�r�m�a�l� �s�t�a�t�i�o�n� �b�o�u�n�d�s�,� 

�o�r�:� 

�5�,� �+� �P�m� �§� �%� �(�7�5�)� 
�t�h�e�n� 

�U�,�;� �=� �0� �(�7�6�)� 

�C�,� �=� �0� �(�7�7�)� 

�e�=�s�.�+�p� �(�7�8�)� 

�T�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �f�o�r� �e�a�c�h� �u�n�i�t� �a�t� �e�v�e�r�y� �s�t�a�t�i�o�n� �b�y�:� 

�L�,� �=� �a�l�,� �+� �b�D�,� �+� �e�C�,� �+� �d�U�,� �(�7�9�)� 

�T�h�e� �v�a�l�u�e�s� �a�,� �b�,� �c� �a�n�d� �d� �a�r�e� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �t�y�p�e� �o�f� 

�i�n�e�f�f�i�c�i�e�n�c�y�.� �T�h�e� �t�o�t�a�l� �p�e�n�a�l�t�y� �c�o�s�t� �i�s� �g�i�v�e�n� �b�y�:� 

�n� �N� 

�L�=�Y� �U�L�,� �(�8�0�)� 
�i�=�l� �j�=�l� 

�w�h�e�r�e� 

�J� 

�N�=� �E�N�,� �(�8�1�)� 
�j�=�l� 

�A� �s�e�r�i�a�l� �m�e�t�h�o�d� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�a�l� �l�a�u�n�c�h�i�n�g� �s�e�q�u�e�n�c�e�.� �A�t� �e�a�c�h� �s�t�e�p�,
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�t�h�e� �t�o�t�a�l� �p�e�n�a�l�t�y� �c�o�s�t� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �a�l�l� �r�e�m�a�i�n�i�n�g� �m�o�d�e�l� �t�y�p�e�s� �t�o� �b�e� �a�s�s�i�g�n�e�d�.� �T�h�e� 

�m�o�d�e�l� �w�i�t�h� �t�h�e� �l�o�w�e�s�t� �c�o�s�t� �i�s� �t�h�e�n� �s�e�l�e�c�t�e�d� �a�s� �t�h�e� �n�e�x�t� �m�o�d�e�l� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�.� �I�f� 

�t�h�e�r�e� �a�r�e� �t�w�o� �o�r� �m�o�r�e� �m�o�d�e�l�s� �w�i�t�h� �t�h�e� �s�a�m�e� �p�e�n�a�l�t�y� �c�o�s�t�,� �t�h�e� �m�o�d�e�l� �w�i�t�h� �t�h�e� �b�i�g�g�e�s�t� 

�w�o�r�k� �c�o�n�t�e�n�t� �i�s� �s�e�l�e�c�t�e�d�.� �T�h�i�s� �p�r�o�t�e�c�t�s� �a�g�a�i�n�s�t� �a� �b�u�i�l�d�-�u�p� �o�f� �h�i�g�h� �p�e�n�a�l�t�y� �m�o�d�e�l�s� �n�e�a�r� 

�t�h�e� �e�n�d� �o�f� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�e�.� �A� �f�l�o�w� �c�h�a�r�t� �f�o�r� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �4�.�1�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �v�e�r�y� �s�i�m�p�l�e� �t�o� �i�m�p�l�e�m�e�n�t� �o�n� �a� �c�o�m�p�u�t�e�r� �a�n�d� �a�n�y� �o�f� �t�h�e� 

�t�r�a�d�i�t�i�o�n�a�l� �c�o�m�p�u�t�e�r� �l�a�n�g�u�a�g�e�s� �c�a�n� �b�e� �u�s�e�d�.� �T�h�e� �b�a�c�k�t�r�a�c�k�i�n�g� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �P�r�o�l�o�g� 

�a�r�e� �n�o�t� �n�e�e�d�e�d� �i�n� �t�h�i�s� �c�a�s�e� �a�n�d� �t�h�e� �p�r�o�g�r�a�m� �w�a�s� �t�h�e�r�e�f�o�r�e� �w�r�i�t�t�e�n� �i�n� �P�a�s�c�a�l�.� �T�h�e� 

�P�a�s�c�a�l� �p�r�o�g�r�a�m� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�4�.�2� �_�_� �L�i�n�e� �l�e�n�g�t�h� �m�i�n�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d�.� 

�O�n�e� �o�f� �t�h�e� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �p�h�y�s�i�c�a�l� �d�i�m�e�n�s�i�o�n�s� 

�o�f� �t�h�e� �s�t�a�t�i�o�n�s� �m�u�s�t� �b�e� �k�n�o�w�n� �i�n� �a�d�v�a�n�c�e�.� �D�a�r�-�E�]� �a�n�d� �C�o�t�h�e�r� �[�2�0�]� �m�e�n�t�i�o�n�e�d� �t�h�a�t� 

�t�h�i�s� �i�s� �a� �s�e�r�i�o�u�s� �w�e�a�k�n�e�s�s� �i�n� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �m�e�t�h�o�d�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e�i�r� 

�m�i�n�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �a� �s�e�q�u�e�n�c�e� �o�f� �p�r�o�d�u�c�t�s� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�o�v�e�r�a�l�l� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �r�e�q�u�i�r�e�d� �f�o�r� �n�o� �o�p�e�r�a�t�o�r� �i�n�t�e�r�f�e�r�e�n�c�e�.� 

�T�w�o� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �p�r�e�s�e�n�t�e�d�,� �o�n�e� �f�o�r� �c�l�o�s�e�d� �w�o�r�k� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�s� �a�n�d� �o�n�e� �f�o�r� 

�o�p�e�n� �w�o�r�k� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �i�n�t�e�r�f�a�c�e�s� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�.�1�.� �A� �f�l�o�w� �c�h�a�r�t� �f�o�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �4�.�2� �w�h�i�l�e� �F�i�g�u�r�e� �4�.�3� �s�h�o�w�s� �t�h�e� �o�p�e�n� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �o�f� 

�t�h�e� �s�e�r�i�a�l� �t�y�p�e�,� �w�h�e�r�e� �a� �s�e�l�e�c�t�i�o�n� �h�e�u�r�i�s�t�i�c� �a�n�d� �a�n� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c� �a�r�e� �u�s�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�e� �(�r�e�f�e�r� �t�o� �s�e�c�t�i�o�n� �2�.�3�)�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�a�l
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�m�o�d�e�l� �s�e�q�u�e�n�c�e�,� �t�h�e� �s�e�r�v�i�c�e� �o�f� �a� �g�i�v�e�n� �m�o�d�e�l� �i�s� �s�i�m�u�l�a�t�e�d� �a�n�d� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� 

�t�h�e� �o�p�e�r�a�t�o�r�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� �L�e�t�:� 
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�d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �1� �w�h�e�n� �s�t�a�r�t�i�n�g� �w�o�r�k� �o�n� �p�r�o�d�u�c�t� �m� 

�d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �1� �w�h�e�n� �c�o�m�p�l�e�t�i�n�g� �w�o�r�k� �o�n� �p�r�o�d�u�c�t� �m� 

�f�u�r�t�h�e�s�t� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �1� �d�o�w�n�s�t�r�e�a�m� 

�f�u�r�t�h�e�s�t� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �|� �u�p�s�t�r�e�a�m� 

�m�o�d�e�l� �c�a�t�e�g�o�r�y� �o�f� �t�h�e� �m!"� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e� 

�t�o�t�a�l� �l�i�n�e� �l�e�n�g�t�h� 

�n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s�/�o�p�e�r�a�t�o�r�s� �i�n� �t�h�e� �l�i�n�e� 

�t�o�t�a�l� �n�u�m�b�e�r� �o�f� �u�n�i�t�s� �t�o� �b�e� �s�e�q�u�e�n�c�e�d� 

�o�p�e�r�a�t�i�o�n� �t�i�m�e� �i�n� �s�t�a�t�i�o�n� �i� �o�n� �m�o�d�e�l� �j� 
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�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �o�p�e�r�a�t�o�r�s� �i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� 

�o�n� �t�h�e� �s�e�q�u�e�n�c�e� �(�i�.�e�.� �f�o�r� �m� �=� �1�)�.� �F�i�g�u�r�e� �4�.�4� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �m�e�a�n�i�n�g� �o�f� �t�h�e�s�e� �t�e�r�m�s� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �f�i�r�s�t� �s�t�a�t�i�o�n� �i�n� �t�h�e� �l�i�n�e�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �|� �w�h�e�n� �s�t�a�r�t�i�n�g� 

�w�o�r�k� �o�n� �t�h�e� �f�i�r�s�t� �p�r�o�d�u�c�t� �i�s� �a�l�w�a�y�s� �z�e�r�o�,� �i�.�e�.� 

�d�m�(�1�,�1�)� �=� �0� �(�8�2�)� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �|� �w�h�e�n� �c�o�m�p�l�e�t�i�n�g� �w�o�r�k� �o�n� �t�h�e� �m�"!"� �p�r�o�d�u�c�t� �i�s� �g�i�v�e�n� 

�b�y�:� 

�d�p�(�i�,�m�)� �=� �d�m�(�l�,�m�)� �+� �p�,�,�_� �(�8�3�)



�7�9� 

� � 

�D�i�r�e�c�t�i�o�n� �o�f� �l�i�n�e� �m�o�v�e�m�e�n�t� 

�Y� 

� � 

� � 

� � 

� � 

�d�m�i�(�1�,�1�)� �p�e� �|� �p�(�t�)� 
�|� �(�e�e�e� �e�e�e� �e�e�e� �e�e�e�.� 

�d�m�(�i�2�)�'� �P�d� �t�,�2�)� 
�|� �(�2� �o�o�o� �e�e�e� �e�e�e�!� 

�d�m�(�1�,�3�)� �|� �p�x� �d�p�t�,�3�)� 
�I� �(�p�e�e� �e�e�e� �e�e�e� �e�e�e�!� 

�d�m�(�4�,�4�}� �|� �p�s� �d�p�t�t�,�4�)� 
�|� �j�o�e� �-�-�-� �H�e�.� 

�d�m�(�1�,�5�)� �|� �p�s� �d�p�l�t�,�5�)� 
�{� �(�2� �e�e� �e�e� �e�e�e� �e�e�e� �e�e�:� 

�d�m�(�1�6�)�'�_�_� �P�Y� �p�t�t� �6�)� 
�|� �(�2� �e�e�e� �-�e�!� 

�|� � � 
� � �A� �\� 

�d�m�a�x�(�t�}�)�-�d�m�i�n�(�)� 

�d�m�i�n�(�1�)� �d�m�a�x�(�1�)� � � � � � � 

�F�i�g�u�r�e� �4�.�4� �:� �I�l�l�u�s�t�r�a�t�i�o�n� �o�f� �v�a�r�i�o�u�s� �t�e�r�m�s� �u�s�e�d� �i�n� �s�e�q�u�e�n�c�i�n�g� �a�p�p�r�o�a�c�h



�8�0� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �w�h�e�n� �s�t�a�r�t�i�n�g� �w�o�r�k� �o�n� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �p�r�o�d�u�c�t� �(�m�+� �1�)� �i�s�:� 

�d�m�(�1�,�m�+�1�)� �=� �d�p�(�l�,�m�)� �-� �(�8�4�)� 

�T�h�e� �m�a�x�i�m�u�m� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�p�e�r�a�t�o�r� �|� �u�p�s�t�r�e�a�m� �a�n�d� �d�o�w�n�s�t�r�e�a�m� �i�s� �g�i�v�e�n� �b�y�:� 

�d�m�i�n�(�l�)� �=� �m�i�n�|�d�m�(�l�m�)�,� �m�=�1�,� �N�|� �(�8�5�)� 

�d�m�a�x�(�l� �=� �m�a�x�|�d�p�(�I�,�m�)�,� �m�=�1�,�N�|� �(�8�6�)� 

�T�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �f�o�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�L� �=� �¥� �[�d�m�a�x�(�l�)� �-� �d�m�i�n�(�)�|� �(�8�7�)� 
�I�I� �|� 

�I�f� �t�m�a�x�(�1�)� �a�n�d� �t�m�i�n�(�1�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �l�a�r�g�e�s�t� �a�n�d� �s�m�a�l�l�e�s�t� �o�p�e�r�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �s�t�a�t�i�o�n� 

�|� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �l�o�w�e�r� �b�o�u�n�d� �t�o� �t�h�e� �l�e�n�g�t�h� �o�f� �s�t�a�t�i�o�n� �1�,� �B�(�1�)�,� �i�s�:� 

�B�(�D�)� �=� �m�a�x�|�t�m�a�x�(�)�,� �2�y� �-�t�m�i�n�(�D�|� �(�8�8�)� 
�F�o�r� �o�p�e�n� �s�t�a�t�i�o�n�s�,� �t�h�e� �a�p�p�r�o�a�c�h� �i�s� �a� �l�i�t�t�l�e� �d�i�f�f�e�r�e�n�t�.� �L�e�t� �6� �(�1�)� �b�e� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� 

�t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �w�h�e�r�e� �o�p�e�r�a�t�o�r�s� �|� �a�n�d� �1�+�1� �b�e�g�i�n� �t�h�e� �s�e�q�u�e�n�c�e�.� �T�h�e�r�e�f�o�r�e�:� 

�8�(�2�)� �=� �m�a�x�|�d�p�(�l�,�m�)�-�d�m�(�I�+�1�,�m�)�,� �m�=�1�,�N�|� �(�8�9�)� 

�T�h�e� �a�s�s�e�m�b�l�y� �l�i�n�e� �l�e�n�g�t�h� �i�s� �t�h�e�n�:� �|� 

�n�-�l� 

�L� �=� �d�m�a�x�(�n�)� �-� �d�m�i�n�(�1�)�+�¥�>� �8�(�D� �(�9�0�)� �.� 
�l�=�]� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �o�p�e�n� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�,� �t�h�e� �l�o�w�e�r� �b�o�u�n�d� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �t�o�t�a�l� 

�a�s�s�e�m�b�l�y� �t�i�m�e� �o�f� �t�h�e� �p�r�o�d�u�c�t� �h�a�v�i�n�g� �t�h�e� �g�r�e�a�t�e�s�t� �w�o�r�k� �c�o�n�t�e�n�t�:� 

�B� �=� �m�a�x�|�)� �p�,�,� �j�=�1�,�J�|� �(�9�1�)� 
�i�=�l� 

�T�h�e� �a�l�g�o�r�i�t�h�m�s� �b�a�s�i�c�a�l�l�y� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �h�e�u�r�i�s�t�i�c�s� �-� �o�n�e� �f�o�r� �t�h�e� �c�a�n�d�i�d�a�t�e� �s�e�l�e�c�t�i�o�n�,



�8�1� 

�t�h�e� �o�t�h�e�r� �f�o�r� �t�h�e� �a�s�s�i�g�n�m�e�n�t� �t�o� �t�h�e� �s�e�q�u�e�n�c�e�.� �T�h�e� �p�r�o�d�u�c�t�s� �t�o� �b�e� �a�s�s�i�g�n�e�d�.� �t�o� �t�h�e� 

�s�e�q�u�e�n�c�e� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �p�o�o�l�.� �S�u�c�c�e�s�s�i�v�e� �p�r�o�d�u�c�t�s� �f�r�o�m� �t�h�e� �p�o�o�l� �a�r�e� �a�d�d�e�d� 

�t�o� �t�h�e� �s�e�q�u�e�n�c�e� �u�n�t�i�l� �t�h�e� �p�o�o�l� �i�s� �e�m�p�t�y�.� �T�o� �s�e�l�e�c�t� �t�h�e� �m�'� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�,� 

�v�a�r�i�o�u�s� �p�r�o�d�u�c�t�s� �a�r�e� �t�r�i�e�d� �u�n�t�i�l� �o�n�e� �i�s� �f�o�u�n�d� �t�h�a�t� �s�a�t�i�s�f�i�e�s� �a�n� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�.� 

�T�h�e� �o�r�d�e�r� �i�n� �w�h�i�c�h� �t�h�e� �m�o�d�e�l�s� �a�r�e� �t�r�i�e�d� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �a� �s�e�l�e�c�t�i�o�n� �h�e�u�r�i�s�t�i�c�.� �T�h�e� 

�s�e�l�e�c�t�i�o�n� �h�e�u�r�i�s�t�i�c� �i�s� �d�e�s�i�g�n�e�d� �t�o� �s�p�r�e�a�d� �t�h�e� �m�o�d�e�l�s� �e�v�e�n�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�e�q�u�e�n�c�e�.� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�'� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�,� �t�h�e� �m�o�d�e�l�s� �a�r�e� �r�a�n�k�e�d� �i�n� �d�e�s�c�e�n�d�i�n�g� 

�o�r�d�e�r� �o�f� �R�a�n�k�(�j�)�,� �w�h�e�r�e� �N�N�;� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�r�o�d�u�c�t�s� �o�f� �m�o�d�e�l� �j� �s�t�i�l�l� �i�n� �t�h�e� �p�o�o�l�:� 

�R�a�n�k�(�j�)� �=� �m�N�,� �-� �N�I�N�,�-�N�N�,�J� �(�j�=�1�,�J�)� �(�9�2�)� 

�A� �p�r�o�d�u�c�t� �i�s� �t�h�e�n� �d�r�a�w�n� �f�r�o�m� �t�h�e� �h�i�g�h�e�s�t� �r�a�n�k�i�n�g� �m�o�d�e�l�.� �I�f� �t�h�i�s� �d�o�e�s� �n�o�t� �s�a�t�i�s�f�y� �t�h�e� 

�a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�,� �i�t� �i�s� �r�e�t�u�r�n�e�d� �t�o� �t�h�e� �p�o�o�l� �a�n�d� �t�h�e� �n�e�x�t� �h�i�g�h�e�s�t� �r�a�n�k�i�n�g� �m�o�d�e�l� 

�i�s� �t�r�i�e�d� �a�n�d� �s�o� �o�n�.� �T�h�e� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c� �f�o�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e� �o�p�e�r�a�t�e�s� 

�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �A� �l�i�m�i�t� �i�s� �p�l�a�c�e�d� �o�n� �t�h�e� �l�e�n�g�t�h� �o�f� �e�a�c�h� �s�t�a�t�i�o�n�.� �T�o� �d�e�t�e�r�m�i�n�e� 

�a� �p�r�o�d�u�c�t ��s� �s�u�i�t�a�b�i�l�i�t�y� �a�s� �t�h�e� �m!"� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�,� �t�h�e� �s�e�r�v�i�c�e� �o�f� �t�h�e� �p�r�o�d�u�c�t� 

�i�s� �s�i�m�u�l�a�t�e�d� �a�n�d� �t�h�e� �l�e�n�g�t�h� �o�f� �e�a�c�h� �s�t�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �e�q�u�a�t�i�o�n�s� �(�8�3�)� �t�h�r�o�u�g�h� 

�(�8�7�)�.� �T�h�e� �s�i�m�u�l�a�t�e�d� �o�p�e�r�a�t�o�r� �m�o�v�e�m�e�n�t�s� �a�r�e� �a�s�s�i�g�n�e�d� �t�e�m�p�o�r�a�r�y� �v�a�l�u�e�s� �a�t� �t�h�i�s� �s�t�a�g�e�.� 

�I�f� �t�h�e� �l�e�n�g�t�h� �o�f� �a�n�y� �s�t�a�t�i�o�n� �e�x�c�e�e�d�s� �t�h�e� �l�i�m�i�t�,� �t�h�e� �m�o�d�e�l� �i�s� �r�e�j�e�c�t�e�d�.� �I�f� �t�h�e� �m�o�d�e�l� �i�s� 

�a�c�c�e�p�t�e�d�,� �t�h�e� �t�e�m�p�o�r�a�r�y� �v�a�l�u�e�s� �b�e�c�o�m�e� �p�e�r�m�a�n�e�n�t�.� �I�f� �a�t� �s�o�m�e� �s�t�a�g�e�,� �n�o� �m�o�d�e�l� 

�s�a�t�i�s�f�i�e�s� �t�h�e� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�,� �t�h�e� �s�t�a�t�i�o�n� �l�e�n�g�t�h� �l�i�m�i�t�s� �a�r�e� �i�n�c�r�e�a�s�e�d� �b�y� �e�q�u�a�l� 

�a�m�o�u�n�t�s�,� �a�l�l� �u�n�i�t�s� �a�r�e� �r�e�t�u�r�n�e�d� �t�o� �t�h�e� �p�o�o�l� �a�n�d� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �r�e�c�o�m�-� 

�m�e�n�c�e�s�.� �T�h�e� �s�t�a�r�t�i�n�g� �v�a�l�u�e�s� �f�o�r� �t�h�e� �s�t�a�t�i�o�n� �l�e�n�g�t�h� �i�s� �t�h�e� �l�o�w�e�r� �b�o�u�n�d� �a�s� �g�i�v�e�n� �b�y



�8�2� 

�e�q�u�a�t�i�o�n� �(�8�8�)�.� 

�T�h�e� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c� �f�o�r� �o�p�e�n� �s�t�a�t�i�o�n�s� �i�s� �a�s� �f�o�l�l�o�w�s�.� �A� �l�i�m�i�t� �i�s� �p�l�a�c�e�d� �o�n� �t�h�e� 

�o�v�e�r�a�l�l� �l�i�n�e� �l�e�n�g�t�h�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�"!"� �p�r�o�d�u�c�t� �i�n� �t�h�e� �s�e�q�u�e�n�c�e�,� �t�h�e� �h�i�g�h�e�s�t� �r�a�n�k�e�d� 

�m�o�d�e�l� �i�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� �s�e�r�v�i�c�e� �o�f� �t�h�i�s� �m�o�d�e�l� �s�i�m�u�l�a�t�e�d� �w�i�t�h� �e�q�u�a�t�i�o�n�s� �(�8�3�)� �t�o� �(�8�6�)� 

�a�n�d� �(�8�9�)� �t�o� �(�9�0�)�.� �A�g�a�i�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �o�n�l�y� 

�a�s�s�i�g�n�e�d� �t�e�m�p�o�r�a�r�y� �v�a�l�u�e�s�.� �I�f� �t�h�e� �l�i�n�e� �l�e�n�g�t�h� �l�i�m�i�t� �i�s� �e�x�c�e�e�d�e�d�,� �t�h�e� �m�o�d�e�l� �i�s� �r�e�j�e�c�t�e�d�.� 

�O�t�h�e�r�w�i�s�e�,� �i�t� �i�s� �a�c�c�e�p�t�e�d� �a�n�d� �t�h�e� �t�e�m�p�o�r�a�r�y� �v�a�l�u�e�s� �a�r�e� �m�a�d�e� �p�e�r�m�a�n�e�n�t�.� �I�f� �a�t� �s�o�m�e� 

�s�t�a�g�e� �n�o� �m�o�d�e�l� �s�a�t�i�s�f�i�e�s� �t�h�e� �a�c�c�e�p�t�a�n�c�e� �h�e�u�r�i�s�t�i�c�,� �t�h�e� �l�i�n�e� �l�e�n�g�t�h� �l�i�m�i�t� �i�s� �i�n�c�r�e�a�s�e�d�,� 

�a�l�l� �u�n�i�t�s� �a�r�e� �r�e�t�u�r�n�e�d� �t�o� �t�h�e� �p�o�o�l� �a�n�d� �t�h�e� �s�e�q�u�e�n�c�i�n�g� �p�r�o�c�e�d�u�r�e� �s�t�a�r�t�s� �o�v�e�r�.� �T�h�e� 

�S�t�a�r�t�i�n�g� �v�a�l�u�e� �f�o�r� �t�h�e� �l�i�n�e� �l�e�n�g�t�h� �i�s� �t�h�e� �l�o�w�e�r� �b�o�u�n�d� �a�s� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�9�1�)�.� 

�T�h�e�s�e� �t�w�o� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �v�e�r�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �t�o� �i�m�p�l�e�m�e�n�t� �o�n� �a� �c�o�m�p�u�t�e�r�.� �A�n�y� 

�c�o�n�v�e�n�t�i�o�n�a�l� �c�o�m�p�u�t�e�r� �l�a�n�g�u�a�g�e� �c�a�n� �b�e� �u�s�e�d� �b�e�c�a�u�s�e� �n�o� �b�a�c�k�t�r�a�c�k�i�n�g� �c�a�p�a�b�i�l�i�t�i�e�s� �a�r�e� 

�r�e�q�u�i�r�e�d�.� �T�h�e� �p�r�o�g�r�a�m� �w�a�s� �t�h�e�r�e�f�o�r�e� �w�r�i�t�t�e�n� �i�n� �P�a�s�c�a�l�.� �T�h�e� �p�r�o�g�r�a�m� �i�s� �s�h�o�w�n� �i�n� 

�A�p�p�e�n�d�i�x� �A�.� 

�4�.�3� �E�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�p�p�r�o�a�c�h�.� 

�O�n�e� �o�f� �t�h�e� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �s�e�r�i�a�l� �m�e�t�h�o�d�s�,� �u�s�e�d� �i�n� �b�o�t�h� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t� 

�a�p�p�r�o�a�c�h� �a�n�d� �t�h�e� �l�i�n�e� �m�i�n�i�m�i�z�a�t�i�o�n� �a�p�p�r�o�a�c�h�,� �i�s� �t�h�a�t� �o�n�c�e� �a� �m�o�d�e�l� �i�s� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� 

�l�i�n�e�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �n�e�v�e�r� �c�o�m�e�s� �b�a�c�k� �t�o� �t�h�i�s� �p�o�i�n�t� �t�o� �r�e�e�v�a�l�u�a�t�e� �a�n�o�t�h�e�r� �a�l�t�e�r�n�a�t�i�v�e�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a�n� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�p�p�r�o�a�c�h� �i�s� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� �o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e�.� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �e�i�t�h�e�r� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�o�t�a�l� �p�e�n�a�l�t�y� �c�o�s�t� �o�r� �t�h�e� �l�i�n�e� 

�l�e�n�g�t�h� �m�i�n�i�m�i�z�a�t�i�o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�h�o�s�e�n� �f�o�r� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �w�a�s� �t�h�e� �l�i�n�e
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�l�e�n�g�t�h� �m�i�n�i�m�i�z�a�t�i�o�n� �w�i�t�h� �a� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.� 

�A� �p�r�o�b�l�e�m� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�i�t�s� �o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� 

�a�r�e� �t�o�o� �l�a�r�g�e� �t�o� �a�l�l�o�w� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �t�o� �e�x�a�m�i�n�e� �a�l�l� �p�o�s�s�i�b�l�e� 

�c�o�m�b�i�n�a�t�i�o�n�s� �w�i�t�h�i�n� �a� �r�e�a�s�o�n�a�b�l�e� �a�m�o�u�n�t� �o�f� �t�i�m�e�.� �T�o� �s�o�l�v�e� �t�h�i�s� �p�r�o�b�l�e�m�,� �t�h�r�e�e� 

�r�e�m�e�d�i�e�s� �a�r�e� �p�r�o�p�o�s�e�d�.� �F�i�r�s�t�l�y�,� �t�h�e� �b�a�t�c�h� �o�f� �u�n�i�t�s� �c�a�n� �b�e� �p�a�r�t�i�t�i�o�n�e�d� �i�n�t�o� �s�m�a�l�l�e�r� 

�b�a�t�c�h�e�s�.� �T�h�e� �o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e� �f�o�r� �t�h�e� �s�m�a�l�l�e�r� �b�a�t�c�h� �c�a�n� �t�h�e�n� �b�e� �f�o�u�n�d�,� �a�n�d� �t�h�i�s� 

�o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e� �r�e�p�e�a�t�e�d� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t�s�.� �A�n�o�t�h�e�r� 

�a�p�p�r�o�a�c�h� �i�s� �t�o� �s�t�a�r�t� �w�i�t�h� �a� �f�e�a�s�i�b�l�e� �m�o�d�e�l� �s�e�q�u�e�n�c�e� �o�b�t�a�i�n�e�d� �b�y� �a� �s�e�r�i�a�l� �m�e�t�h�o�d�,� �a�n�d� 

�l�e�t� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �a�t�t�e�m�p�t� �t�o� �i�m�p�r�o�v�e� �t�h�i�s� �s�o�l�u�t�i�o�n�.� �T�h�a�t� �w�a�y�,� �t�h�e� 

�e�x�e�c�u�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �i�n�t�e�r�r�u�p�t�e�d� �a�t� �a�n�y� �t�i�m�e� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n� 

�w�o�u�l�d�n ��t� �b�e� �a�n�y� �w�o�r�s�e� �t�h�a�n� �t�h�a�t� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �s�e�r�i�a�l� �m�e�t�h�o�d�.� �T�h�e� �t�h�i�r�d� �a�p�p�r�o�a�c�h� 

�i�s� �t�o� �s�e�q�u�e�n�c�e� �t�h�e� �u�n�i�t�s� �i�n� �s�t�e�p�s� �o�f� �s�a�y� �n� �u�n�i�t�s�.� �T�h�e� �o�p�t�i�m�a�l� �s�e�q�u�e�n�c�e� �f�o�r� �t�h�e� �f�i�r�s�t� �n� 

�u�n�i�t�s� �i�s� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e�n� �t�h�e� �n�e�x�t� �n� �u�n�i�t�s� �a�n�d� �s�o� �o�n�.� �F�o�r� �a� �S�t�e�p� �s�i�z�e� �o�f� �o�n�e�,� �t�h�i�s� 

�a�p�p�r�o�a�c�h� �r�e�d�u�c�e�s� �t�o� �t�h�e� �s�e�r�i�a�l� �m�e�t�h�o�d�.� 

�T�h�e� �s�e�a�r�c�h� �m�e�t�h�o�d�o�l�o�g�y� �i�s� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �u�s�e�d� �f�o�r� �l�i�n�e� 

�b�a�l�a�n�c�i�n�g�.� �A� �f�l�o�w� �c�h�a�r�t� �f�o�r� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�5�,� �a�n�d� �t�h�e� �p�s�e�u�d�o�c�o�d�e� 

�f�o�r� �t�h�e� �P�r�o�l�o�g� �p�r�o�g�r�a�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�1� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� 

�a�l�l� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �f�o�r� �m�o�d�e�l� �s�e�q�u�e�n�c�e�s� �a�r�e� �g�e�n�e�r�a�t�e�d�,� �t�h�e�r�e�f�o�r�e� �t�h�e� �o�p�t�i�m�a�l� 

�s�o�l�u�t�i�o�n� �i�s� �g�u�a�r�a�n�t�e�e�d�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �i�s� �t�h�a�t� �t�h�e� �c�o�m�p�u�t�e�r� �t�i�m�e� �r�e�q�u�i�r�e�d� �t�o� �r�e�a�c�h� 

�t�h�e� �s�o�l�u�t�i�o�n� �m�i�g�h�t� �b�e� �i�m�p�r�a�c�t�i�c�a�l�.� �I�n� �s�u�c�h� �c�a�s�e�s�,� �o�n�e� �o�f� �t�h�e� �a�b�o�v�e� �r�e�c�o�m�m�e�n�d�e�d� 

�r�e�m�e�d�i�e�s� �s�h�o�u�l�d� �b�e� �f�o�l�l�o�w�e�d�.



�8�4� 

� � 

� � 

� � � � 
� � 

� � � 
� � � � 

� � � � � � � 

� � 

� � � � � � 
� � 

� � 

� � 

� � 

� � 

� � � � � � 
� � � � � � 

� � 

� � 

� � � � � � 

�F�I�N�D� �A�L�L� 
 ��P�|� �P�O�S�S�I�B�L�E� �M�O�D�E�L�S� 

�T�O� �S�E�Q�U�E�N�C�E� 

�A� �M�O�D�E�L�S� �Y�E�S� �E�V�A�L�U�A�T�E� 
�S�E�Q�U�E�N�C�E�D� �O�B�J�E�C�T�I�V�E� �F�s� �F�U�N�C�T�I�O�N� 

�N�O� �_�y� 
�U�P�D�A�T�E� 
�O�P�T�I�M�A�L� �R�A�N�K�  �� �S�O�L�O�N� 

�{� 

�S�E�L�E�C�T� �M�O�D�E�L� �t� �W�I�T�H� �B�A�C�K�T�R�A�C�K� 
�H�I�G�H�E�S�T� �R�A�N�K� 

�;� �e�e� 

�A�C�K�T�R�A�C�K� �A�S�S�I�G�N� �B�A�C�K�T�R�A�C�K�I�N�G� 
�P�O�I�N�T� �M�O�D�E�L� �T�O� 

�S�E�Q�U�E�N�C�E� �j�e�s� 
�Y� 

�D�E�C�R�E�A�S�E� 
�T�H�I�S� �M�O�D�E�L� 
�Q�U�A�N�T�I�T�Y� � � � � 
� � � � � � 
� � �F�i�g�u�r�e� �4�.�5� �:� �F�l�o�w� �c�h�a�r�t� �f�o�r� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �s�e�q�u�e�n�c�i�n�g� �m�e�t�h�o�d
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�T�a�b�l�e� �4�.�1� �:� �P�s�e�u�d�o�c�o�d�e� �f�o�r� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �s�e�q�u�e�n�c�i�n�g� �a�p�p�r�o�a�c�h� 
� � �s�e�q�u�e�n�c�e�(�M�o�d�e�l�s�,�S�e�q�u�e�n�c�e�)� �:�-� 

�i�f� �n�o� �m�o�r�e� �m�o�d�e�l�s� �t�h�e�n� 
�c�o�m�p�u�t�e� �l�i�n�e� �l�e�n�g�t�h� 
�w�r�i�t�e� �s�e�q�u�e�n�c�e� 
�u�p�d�a�t�e� �m�i�n�i�m�u�m� �v�a�l�u�e� 
�b�a�c�k�t�r�a�c�k� 

�s�e�q�u�e�n�c�e�(�M�o�d�e�l�s�,�S�e�q�u�e�n�c�e�)� �:�-� 
�i�f� �a�n�y� �m�o�d�e�l�s� �l�e�f�t� 
�r�a�n�k� �a�l�l� �r�e�m�a�i�n�i�n�g� �m�o�d�e�l�s� 
�p�u�t� �m�o�d�e�l�s� �i�n� �a� �r�a�n�k�e�d� �l�i�s�t� 

�*�t�a�k�e� �a� �m�o�d�e�l� �f�r�o�m� �t�h�i�s� �l�i�s�t� �:� �m�e�m�b�e�r�(�X�,�R�a�n�k�e�d� �l�i�s�t�)� 
�a�s�s�i�g�n� �m�o�d�e�l� �X� �t�o� �s�e�q�u�e�n�c�e� 
�d�e�c�r�e�a�s�e� �t�h�e� �c�o�u�n�t� �f�o�r� �s�e�l�e�c�t�e�d� �m�o�d�e�l� �X� 
�s�e�q�u�e�n�c�e�(�M�o�d�e�l�s�,�S�e�q�u�e�n�c�e� �+� �X�)� 

�*� �=� �b�a�c�k�t�r�a�c�k�i�n�g� �p�o�i�n�t� � � � � 
� 
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�4�.�4� �A�s�s�e�s�s�m�e�n�t� �o�f� �m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s�.� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a�n� �a�s�s�e�s�s�m�e�n�t� �o�f� �t�h�e� �m�o�d�e�l�s� �s�e�q�u�e�n�c�i�n�g� �a�l�g�o�r�i�t�h�m�s� �w�i�l�l� �b�e� �m�a�d�e�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g� �p�r�o�b�l�e�m� �f�r�o�m� �r�e�f�e�r�e�n�c�e� �[�1�0�]�.� �A� �l�i�n�e� 

�b�a�l�a�n�c�e� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �o�b�t�a�i�n�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�t�a�t�i�o�n� �t�i�m�e�s� �a�r�e� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �4�.�2�.� �T�h�e� �p�h�y�s�i�c�a�l� �s�t�a�t�i�o�n� �d�i�m�e�n�s�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�3� �a�n�d� �t�h�e� �r�e�q�u�i�r�e�d� 

�p�r�o�d�u�c�t�i�o�n� �s�c�h�e�d�u�l�e� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�4�.� �T�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �m�e�t�h�o�d� �w�i�l�l� �f�i�r�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �p�a�r�a�m�e�t�e�r�s� �a�,� �b�,� �c� �a�n�d� �d� �w�e�r�e� �a�l�l� �t�a�k�e�n� �a�s� �u�n�i�t�y�.� �T�h�e� 

�s�o�l�u�t�i�o�n� �f�r�o�m� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �a�p�p�r�o�a�c�h� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�5�.� �A� �b�r�e�a�k�d�o�w�n� �o�f� �t�h�e� 
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�9�6� 

�c�o�s�t� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �e�l�i�m�i�n�a�t�e�d�.� �A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �b�e�n�e�f�i�t� �i�s� �t�h�a�t� �n�o� �u�t�i�l�i�t�y� �w�o�r�k� 

�w�i�l�l� �b�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �l�i�n�e� �l�e�n�g�t�h� �m�i�n�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a�l�l� �t�h�e� 

�u�n�i�t�s� �l�e�a�v�i�n�g� �t�h�e� �l�i�n�e� �w�i�l�l� �b�e� �f�u�l�l�y� �c�o�m�p�l�e�t�e�d� �a�n�d� �t�h�e� �n�e�e�d� �f�o�r� �t�h�e� �f�l�o�a�t�i�n�g� �o�p�e�r�a�t�o�r� 

�r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �p�e�n�a�l�t�y� �c�o�s�t� �a�p�p�r�o�a�c�h� �i�s� �e�l�i�m�i�n�a�t�e�d�.� �T�h�e� �s�l�i�g�h�t� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �t�h�e� 

�o�p�e�n� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e� �o�v�e�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e� �s�t�e�m�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�r�e� 

�a�r�e� �n�o� �p�h�y�s�i�c�a�l� �b�o�u�n�d�a�r�i�e�s� �f�o�r� �t�h�e� �o�p�e�n� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.� �W�h�e�n�e�v�e�r� �p�o�s�s�i�b�l�e�,� �t�h�i�s� 

�i�n�t�e�r�f�a�c�e� �s�h�o�u�l�d� �a�l�w�a�y�s� �b�e� �p�r�e�f�e�r�r�e�d� �o�v�e�r� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.� �A� �c�o�m�p�a�r�i�s�o�n� 

�o�f� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �s�t�a�t�i�o�n�s� �f�o�r� �t�h�e� �t�w�o� �s�c�e�n�a�r�i�o�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�7� �w�h�i�c�h� �p�o�i�n�t�s� 

�o�u�t� �t�h�e� �b�e�n�e�f�i�t�s� �o�f� �t�h�e� �o�p�e�n� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.
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�C�h�a�p�t�e�r� �5�:� �C�a�s�e� �s�t�u�d�y�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �d�a�t�a� �g�i�v�e�n� �i�n� �r�e�f�e�r�e�n�c�e� �[�2�6�]� �f�o�r� �a� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �m�i�x�e�d� �m�o�d�e�l� 

�a�s�s�e�m�b�l�y� �l�i�n�e� �w�i�l�l� �b�e� �u�t�i�l�i�z�e�d� �t�o� �a�s�s�e�s�s� �t�h�e� �v�a�r�i�o�u�s� �t�e�c�h�n�i�q�u�e�s� �o�f� �l�i�n�e� �b�a�l�a�n�c�i�n�g� �a�n�d� 

�m�o�d�e�l� �s�e�q�u�e�n�c�i�n�g�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �i�s� �t�o� �e�x�a�m�i�n�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �a�n�d� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�s� �u�s�i�n�g� �a� �r�e�a�l� �w�o�r�l�d� �p�r�o�b�l�e�m�.� 

�5�.�1� �P�r�o�b�l�e�m� �s�t�a�t�e�m�e�n�t�.� 

�T�h�e� �c�o�m�p�a�n�y� �f�o�r� �t�h�i�s� �c�a�s�e� �s�t�u�d�y� �i�s� �a� �m�a�n�u�f�a�c�t�u�r�e�r� �o�f� �t�e�l�e�c�o�m�m�u�n�i�c�a�t�i�o�n�s� �e�q�u�i�p�m�e�n�t�.� 

�_�O�n�e� �o�f� �i�t�s� �m�a�i�n� �p�r�o�d�u�c�t� �l�i�n�e�s� �i�n�c�l�u�d�e�s� �t�h�e� �a�s�s�e�m�b�l�y� �o�f�  ��f�r�a�m�e�s ��,� �s�e�v�e�r�a�l� �o�f� �w�h�i�c�h� �a�r�e� 

�u�s�e�d� �i�n� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �e�a�c�h� �t�e�l�e�p�h�o�n�e� �e�x�c�h�a�n�g�e�.� �T�h�e� �f�r�a�m�e�s� �n�o�t� �o�n�l�y� �c�o�m�e� �i�n� 

�v�a�r�i�o�u�s� �s�i�z�e�s� �b�u�t� �a�l�s�o� �c�o�m�p�r�i�s�e� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f�  ��r�e�l�a�y�s �� �a�n�d�  ��b�r�i�d�g�e�s �� �I�n� �t�h�e� 

�c�u�r�r�e�n�t� �l�a�y�o�u�t�,� �p�r�o�d�u�c�t�i�o�n� �i�s� �d�i�v�i�d�e�d� �o�n� �a� �f�u�n�c�t�i�o�n�a�l� �b�a�s�i�s� �b�e�t�w�e�e�n� �s�e�v�e�r�a�l� 

�d�e�p�a�r�t�m�e�n�t�s�,� �(�e�.�g�.�,� �w�i�n�d�i�n�g�,� �r�e�l�a�y� �a�s�s�e�m�b�l�y�,� �m�o�u�n�t�i�n�g� �f�r�a�m�e�s�,� �e�t�c�.�)�,� �a�n�d� �t�h�e�r�e� �a�r�e� �a� 

�t�o�t�a�l� �o�f� �1�6�0� �o�p�e�r�a�t�o�r�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e�s�e� �a�s�s�e�m�b�l�i�e�s�.� �M�a�n�y� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�e�x�p�e�n�s�i�v�e� �a�n�d� �i�n�-�p�r�o�c�e�s�s� �i�n�v�e�n�t�o�r�y� �c�o�s�t�s� �w�e�r�e� �o�f� �a� �g�r�e�a�t� �c�o�n�c�e�r�n� �t�o� �m�a�n�a�g�e�m�e�n�t�.� �T�h�e� 

�o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �c�a�s�e� �s�t�u�d�y� �i�s� �t�o� �d�e�s�i�g�n� �a� �m�o�r�e� �e�c�o�n�o�m�i�c�a�l� �p�r�o�d�u�c�t�i�o�n� �s�y�s�t�e�m�.� �S�i�n�c�e� 

�t�h�i�s� �p�r�o�b�l�e�m� �h�a�s� �a�l�l� �t�h�e� �n�e�c�e�s�s�a�r�y� �i�n�g�r�e�d�i�e�n�t�s� �o�f� �a� �m�i�x�e�d� �m�o�d�e�l� �a�s�s�e�m�b�l�y� �l�i�n�e�,� �t�h�e� 

�a�p�p�r�o�a�c�h� �w�a�s� �t�o� �d�e�s�i�g�n� �a� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �t�o� �s�a�t�i�s�f�y� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�s�.� �I�n�-�p�r�o�c�e�s�s� 

�i�n�v�e�n�t�o�r�y� �w�o�u�l�d� �b�e� �a�l�m�o�s�t� �z�e�r�o� �a�n�d� �l�e�s�s� �m�a�t�e�r�i�a�l� �h�a�n�d�l�i�n�g� �w�o�u�l�d� �b�e� �r�e�q�u�i�r�e�d�.� �T�o� �t�e�s�t� 

�t�h�e� �f�e�a�s�i�b�i�l�i�t�y� �o�f� �t�h�e� �m�i�x�e�d� �m�o�d�e�l� �l�i�n�e� �a�p�p�r�o�a�c�h�,� �a� �s�u�i�t�a�b�l�e� �l�i�n�e� �b�a�l�a�n�c�e� �a�n�d� �m�o�d�e�l� 

�s�e�q�u�e�n�c�e� �n�e�e�d� �t�o� �b�e� �o�b�t�a�i�n�e�d�.� 
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�T�h�e�r�e� �a�r�e� �e�i�g�h�t� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �t�o� �b�e� �a�s�s�e�m�b�l�e�d� �o�n� �t�h�e� �l�i�n�e�.� �T�h�e� �w�o�r�k� �e�l�e�m�e�n�t�s� �f�o�r� 

�t�h�e� �m�o�d�e�l�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �T�a�b�l�e� �5�.�1�.� �T�h�e� �p�r�o�d�u�c�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t�s� �p�e�r� �s�h�i�f�t� �a�r�e� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�2�.� �T�h�e� �b�a�s�i�c� �d�a�t�a� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�3�.� �T�h�e� �s�h�i�f�t� 
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�1�0�M�h�z� �8�0�2�8�6� �c�o�m�p�u�t�e�r�.� �T�h�e� �p�r�o�l�o�g� �p�r�o�g�r�a�m� �f�o�r� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �w�a�s� �t�h�e�r�e�f�o�r�e� 

�m�o�d�i�f�i�e�d� �s�o� �t�h�a�t� �a� �s�t�e�p�-�b�y�-�s�t�e�p� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �t�a�k�e�n�.� �T�h�e� �f�i�r�s�t� �t�e�n� �s�t�a�t�i�o�n�s� �w�e�r�e� 

�f�i�r�s�t� �b�a�l�a�n�c�e�d� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e�n� �t�h�e� �n�e�x�t� �t�e�n� �s�t�a�t�i�o�n�s� �a�n�d� �s�o� �o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �w�a�s� 

�t�o� �p�r�o�v�i�d�e� �a� �g�o�o�d� �i�n�i�t�i�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�e�a�r�c�h� �p�r�o�c�e�d�u�r�e�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �h�e�r�e� 

�t�h�a�t� �t�h�e� �s�t�e�p�-�b�y�-�s�t�e�p� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �o�n�l�y� �t�o� �p�r�o�v�i�d�e� �t�h�e� �i�n�i�t�i�a�l� �s�e�q�u�e�n�c�e� �f�o�r� �t�h�e� 

�e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h�,� �T�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �p�r�o�c�e�d�u�r�e� �w�a�s� �s�t�i�l�l� �u�s�e�d� �t�o� �a�l�l�o�w� �b�a�c�k�t�r�a�c�k�-� 

�i�n�g� �b�e�t�w�e�e�n� �s�t�a�t�i�o�n�s�.� �E�v�e�n�t�u�a�l�l�y�,� �w�i�t�h� �a� �f�a�s�t�e�r� �c�o�m�p�u�t�e�r� �a�n�d� �m�o�r�e� �t�i�m�e�,� �a�l�l� �p�o�s�s�i�b�l�e� 

�s�o�l�u�t�i�o�n�s� �c�o�u�l�d� �b�e� �e�x�a�m�i�n�e�d�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �a�n� �i�n�i�t�i�a�l� �s�e�q�u�e�n�c�e� �i�s� �t�h�a�t� �t�h�e� �s�e�a�r�c�h� 

�p�r�o�c�e�d�u�r�e� �c�a�n� �b�e� �i�n�t�e�r�r�u�p�t�e�d� �a�f�t�e�r� �s�o�m�e� �t�i�m�e�,� �a�n�d� �a� �g�o�o�d� �s�o�l�u�t�i�o�n�,� �a�l�t�h�o�u�g�h� �n�o�t� 

�o�p�t�i�m�a�l�,� �w�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d�.� 

�T�h�e�r�e� �a�r�e� �n�o� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s� �f�o�r� �T�;� �i�n� �t�h�i�s� �c�a�s�e� �p�r�o�b�l�e�m� �s�i�n�c�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �w�a�s� 

�t�o� �l�o�a�d� �e�a�c�h� �s�t�a�t�i�o�n� �a�s� �c�l�o�s�e� �a�s� �p�o�s�s�i�b�l�e� �t�o� �t�h�e� �c�y�c�l�e� �t�i�m�e� �o�f� �5�0�0� �m�i�n�u�t�e�s� �(�w�i�t�h�o�u�t� 

�e�x�c�e�e�d�i�n�g� �i�t�)�.� �W�h�e�n� �t�h�e� �w�o�r�k� �c�o�n�t�e�n�t� �o�f� �a� �s�t�a�t�i�o�n� �i�s� �l�e�s�s� �t�h�a�n� �5�0�0� �m�i�n�u�t�e�s�,� �t�h�i�s� 

�d�i�f�f�e�r�e�n�c�e� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �o�p�e�r�a�t�o�r� �i�d�l�e� �t�i�m�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �s�i�n�c�e� �n�e�i�t�h�e�r� �t�h�e� �s�e�r�i�a�l� 

�n�o�r� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �d�e�s�i�g�n�e�d� �f�o�r� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s�,� �s�o�m�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� 

�n�e�e�d�e�d� �t�o� �b�e� �m�a�d�e�.� �A�n� �i�t�e�r�a�t�i�v�e� �a�p�p�r�o�a�c�h� �i�n� �w�h�i�c�h� �t�h�e� �l�o�w�e�r� �l�i�m�i�t� �w�a�s� �i�n�c�r�e�a�s�e�d� �a�t� 

�e�a�c�h� �i�t�e�r�a�t�i�o�n�,� �w�a�s� �u�s�e�d� �i�n� �t�h�i�s� �c�a�s�e�.� �T�h�e� �l�o�w�e�r� �l�i�m�i�t� �w�a�s� �a�s�s�i�g�n�e�d� �a� �v�e�r�y� �h�i�g�h� �v�a�l�u�e� 

�i�n�i�t�i�a�l�l�y�.� �W�h�e�n� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�o�u�l�d� �n�o�t� �g�o� �o�n� �a�f�t�e�r� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s�,� �t�h�a�t� 

�m�e�a�n�t� �t�h�a�t� �t�h�e� �l�o�w�e�r� �l�i�m�i�t� �c�o�n�s�t�r�a�i�n�t� �s�h�o�u�l�d� �b�e� �r�e�l�a�x�e�d�.� �T�h�e� �s�t�a�t�i�o�n� �a�s�s�i�g�n�m�e�n�t�s� 

�g�e�n�e�r�a�t�e�d� �w�i�t�h� �t�h�e� �h�i�g�h�e�r� �l�i�m�i�t� �w�e�r�e� �k�e�p�t�,� �t�h�e� �l�o�w�e�r� �l�i�m�i�t� �w�a�s� �d�e�c�r�e�a�s�e�d� �a�n�d� �t�h�e� 

�p�r�o�c�e�s�s� �r�e�c�o�m�m�e�n�c�e�d� �u�n�t�i�l� �a� �f�e�a�s�i�b�l�e� �s�o�l�u�t�i�o�n� �w�a�s� �o�b�t�a�i�n�e�d�.



�1�0�6� 

�T�h�e� �c�a�s�e� �p�r�o�b�l�e�m� �i�s� �f�i�r�s�t� �s�o�l�v�e�d� �w�i�t�h� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�e�r�i�a�l� 

�a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�5�.� �T�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�t�i�o�n�s� �o�r� �o�p�e�r�a�t�o�r�s� �i�s� �2�8� �a�n�d� �t�h�e� 

�t�o�t�a�l� �i�d�l�e� �t�i�m�e� �i�s� �2�2�6�5� �m�i�n�u�t�e�s�.� �T�h�e� �l�i�n�e� �b�a�l�a�n�c�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �m�o�d�i�f�i�e�d� �s�t�e�p�-�b�y�-� 

�s�t�e�p� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�6�.� �T�h�e� �s�o�l�u�t�i�o�n� �w�i�t�h� �t�h�e� 

�s�m�o�o�t�h�e�s�t� �s�t�a�t�i�o�n�s� �a�s� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�a�s� �s�e�l�e�c�t�e�d� �i�n� �t�h�i�s� �c�a�s�e�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�s�o�l�u�t�i�o�n� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �w�o�r�k� �c�o�n�t�e�n�t�,� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� 

�o�f� �s�t�a�t�i�o�n�s� �a�n�d� �t�h�e� �s�a�m�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �w�o�r�k� �c�o�n�t�e�n�t� �o�r� �i�d�l�e� �t�i�m�e� �i�n� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� 

�c�a�s�e�.� �A� �m�i�n�i�m�u�m� �o�f� �2�6� �o�p�e�r�a�t�o�r�s� �o�r� �s�t�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �a�n�d� �t�h�e� �i�d�l�e� �t�i�m�e� �i�s� �1�2�6�5� 

�m�i�n�u�t�e�s�.� �T�h�e� �h�i�g�h� �i�d�l�e� �t�i�m�e� �c�o�n�t�e�n�t�s� �f�o�r� �b�o�t�h� �s�o�l�u�t�i�o�n�s� �c�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �f�r�o�m� �t�h�e� 

�l�o�w� �e�l�e�m�e�n�t�/�s�t�a�t�i�o�n� �r�a�t�i�o�.� �A�s� �e�x�p�e�c�t�e�d�,� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m� �p�e�r�f�o�r�m�e�d� 

�m�u�c�h� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �i�n� �t�h�i�s� �p�r�o�b�l�e�m�.� �T�h�e� �s�o�l�u�t�i�o�n� �f�o�u�n�d� �b�y� �t�h�e� 

�s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �r�e�p�r�e�s�e�n�t�s� �a�n� �i�n�c�r�e�a�s�e� �o�f� �1�0�0�0� �m�i�n�u�t�e�s� �o�r� �n�e�a�r�l�y� �8�0�%� �i�n� �i�d�l�e� �t�i�m�e�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �f�o�r� �t�h�e� �s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �w�a�s� �o�n�l�y� �1� �m�i�n�u�t�e� �8�.�3�9� �s�e�c�o�n�d�s�,� 

�w�h�i�l�e� �t�h�e� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �f�o�r� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �w�a�s� �m�o�r�e� �t�h�a�n� �6�0� �m�i�n�u�t�e�s�.� �T�h�e� 

�s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m� �c�o�u�l�d� �b�e� �v�e�r�y� �u�s�e�f�u�l� �t�h�e�r�e�f�o�r�e� �i�n� �c�a�s�e�s� �w�h�e�r�e� �a�  ��q�u�i�c�k� �a�n�d� �d�i�r�t�y �� 

�a�p�p�r�o�a�c�h� �i�s� �n�e�e�d�e�d�.� �A� �g�r�a�p�h�i�c�a�l� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �t�w�o� �a�l�g�o�r�i�t�h�m�s� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �5�.�2�.� �I�t� �i�s� �c�l�e�a�r� �f�r�o�m� �t�h�i�s� �f�i�g�u�r�e� �t�h�a�t� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �a�l�g�o�r�i�t�h�m� �i�s� �s�u�p�e�r�i�o�r� �t�o� �t�h�e� 

�s�e�r�i�a�l� �a�l�g�o�r�i�t�h�m�.� 

�5�.�3�.� �M�o�d�e�l� �s�e�q�u�e�n�c�i�n�g�.� 

�O�n�c�e� �a� �s�u�i�t�a�b�l�e� �l�i�n�e� �b�a�l�a�n�c�e� �i�s� �o�b�t�a�i�n�e�d�,� �t�h�e� �m�o�d�e�l� �s�e�q�u�e�n�c�e� �n�e�e�d� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�T�h�e� �t�y�p�e� �o�f� �s�t�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �c�o�m�p�a�n�y� �i�s� �t�h�e� �c�l�o�s�e�d� �s�t�a�t�i�o�n� �i�n�t�e�r�f�a�c�e�.� �O�p�e�r�a�t�o�r�s


