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Matthew T. Long

Microstructure reconstruction is a necessary tool for use in multi-scale modeling, as it al-

lows for the analysis of the microstructure of a material without the cost of measuring all

of the required data for the analysis. For microstructure reconstruction to be effective, the

synthetic microstructure needs to predict what a small sample of measured data would look

like on a larger domain. The Markov Random Field (MRF) algorithm is a method of gen-

erating statistically similar microstructures for this process. In this work, two key factors

of the MRF algorithm are analyzed. The first factor explored is how the base features of

the microstructure related to orientation and grain/phase topology information influence the

selection of the MRF parameters to perform the reconstruction. The second focus is on the

analysis of the numerical uncertainty (epistemic uncertainty) that arises from the use of the

MRF algorithm. This is done by first removing the material uncertainty (aleatoric uncer-

tainty), which is the noise that is inherent in the original image representing the experimental

data. The epistemic uncertainty that arises from the MRF algorithm is analyzed through the

study of the percentage of isolated pixels and the difference in average grain sizes between

the initial image and the reconstructed image. This research mainly focuses on two different

microstructures, B4C-TiB2 and Ti-7Al, which are a ceramic composite and a metallic alloy,

respectively. Both of them are candidate materials for many aerospace systems owing to

their desirable mechanical performance under large thermo-mechanical stresses.
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Component-scale properties and performance of materials are fundamentally driven by the

underlying microstructural features. Therefore, multi-scale modeling requiring the explo-

ration of the micro-scale features of materials, such as crystallographic orientations and/or

grain/phase topology, has become an important and growing research area. When it comes

to visualizing the microstructural features of certain materials, instruments such as an op-

tical microscope, Scanning Electron Microscope (SEM), Transmission Electron Microscope

(TEM), and Atomic Force Microscopy (AFM) are used [4, 5]. To identify the grain ori-

entation information for metallic microstructures, techniques such as Electron Backscatter

Diffraction (EBSD) [6, 7, 8, 9, 10, 11] or X-ray diffraction [12, 13, 14] are used. While these

instruments and techniques provide us with real-world data, the process of getting this data

consumes a large amount of time and materials for even small-scale samples. In order to

minimize the costs associated with gathering this data, computational microstructure re-

construction methods are utilized to predict the evolution of the microstructure in larger

domains by utilizing the small-scale information already gathered. One of the methods that

is implemented for computational microstructure reconstruction is the Markov Random Field

(MRF) approach, and while it has been proven to be efficient in predicting the spatial and

spatio-temporal evolution of large-scale microstructures in 2D [15, 16, 17, 18] (Figure 1.1),
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Figure 1.1: Visualization of the MRF algorithm

this algorithm, similar to other computational methods, is a source of epistemic uncertainty

that needs to be quantified in order to fully understand its capabilities and limitations. More-

over, microstructures are inherently stochastic due to the aleatoric uncertainty associated

with their processing and experimental measurements. When it comes to uncertainty quan-

tification of synthetic microstructure data, previous work has solely focused on the analysis

of either aleatoric uncertainty [19, 20, 21, 22, 23] or epistemic uncertainty [24].

There are two main focuses for this work. The first point of focus is an in-depth analysis of the

strengths and weaknesses of the MRF algorithm, analyzing how the algorithm reconstructs a

variety of 2D microstructures. The second point of focus is analyzing the effect of epistemic

uncertainty arising from the MRF algorithm by removing the aleatoric uncertainty from the

predictions. In order to remove the aleatoric uncertainty, the aleatoric uncertainty must first

be identified, which will also be explored in this work.

In order to analyze the MRF algorithm, 4 different images are used in this research. The

first image is a synthetic multi-phase microstructure generated through MATLAB, and is

shown in Figure 1.2 (a). The microstructure shown in (b) is a woven composite, and image

courtesy of woven composite microstructure is Ref. [1], and the microstructure shown in (c)

is a boron carbide (B4C) ceramic composite microstructure with titanium diboride (TiB2)

reinforcement (B4C-TiB2), and image courtesy of boron carbide ceramic composite is Ref.
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[2]. The final microstructure shown in (d) is a polycrystalline metallic alloy, specifically

Ti-7Al, and image courtesy of this polycrystalline microstructure is Ref. [3].

(a) (b)

(c) (d)

Figure 1.2: (a) Synthetic multi-phase microstructure generated through MATLAB (b) Woven
composite microstructure courtesy of [1] (c) B4C-TiB2 ceramic composite courtesy of [2], Ti-
7Al polycrystalline microstructure courtesy of [3]
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When exploring the concept of microstructure reconstruction with Markov Random Fields,

it is important to discuss the reasoning behind the reconstruction in the first place. When

experimental samples are obtained through the methods mentioned above, they may span

only a few microns. While this data is helpful for understanding the composition of the ma-

terial, engineering analysis requires larger regions in order to perform accurate calculations.

Due to this reason, algorithms have been developed in order to generate statistically simi-

lar synthetic microstructures for Finite Element Analysis (FEA). While there are multiple

methods for synthesizing these microstructures over the necessary domain, many of them

cause a loss of data at the microstructural level. In order to counteract this issue, a method

based on Markov Random Fields was developed that reconstructs on the pixel level while

also capturing global statistics from the experimentally measured small-scale data.

When utilizing the MRF algorithm in microstructure reconstruction, a key variable to a

successful outcome is the window size. While previous research has looked at a few different

values for the window size, this research will do an in-depth analysis into the optimal value

for the window size for microstructure reconstruction. In order to find the optimal value(s)

for the window size, multiple types of microstructures need to be analyzed to not over tune

the parameter for a specific microstructure.
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In order to accurately analyze the effects of aleatoric uncertainty in microstructures, the

uncertainty must first be identified. Since the aleatoric uncertainty can be visualized through

variations of Red-Green-Blue (RGB) pixel values inside the grains of an electron backscatter

diffraction (EBSD) sample that still demonstrate identical crystallographic orientations, the

uncertainty can be identified by first separating each individual grain inside the sample, then

averaging the RGB values of that grain. This is accomplished through the implementation

of the K-means clustering algorithm.

The K-means clustering algorithm is based on the expectation-maximization algorithm, and

it utilizes centroids to define clusters in a dataset by alternating between the assigning of

labels to data points and calculating centroids of the labeled data points [25]. A visualiza-

tion of the process for K-means clustering can be seen in Figure 1.3, with (a) showing an

initial dataset, (b) showing the first randomly chosen clusters, and (c-d) showing the pro-

cess of assigning labels to clusters then choosing new centroids. The process shown is then

repeated multiple times with different initial centroids in order to find the optimal clusters

by minimizing the variance of data points in the clusters.

The K-means algorithm is well designed for clustering an image, as the only inputs the

algorithm needs to segment the image are the number of clusters to be found and the number

of attempts to occur. These quantities have optimum values for microstructure quantification

to reduce the need to adjust the algorithm for the different kinds of microstructures. In this

application, two microstructures will be put through the K-means clustering algorithm, as

shown in Figure 1.2 (c-d).
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Figure 1.3: Visualization of the K-means clustering algorithm.

The MRF-generated synthetic samples are expected to be statistically similar to the input

test data by utilizing conditional probability information captured from the test sample

to estimate the location of certain color pixels during reconstruction. Due to this, there is

some expected algorithmic randomness in each generated synthetic sample which contributes

to epistemic uncertainty. In addition, a source of aleatoric uncertainty can be found in

the experimental data (e.g., EBSD image) that is measured after thermo-mechanical tests.

This aleatoric uncertainty can be visualized through the grains of an EBSD sample that

do not have the exact same color values (due to perturbations in pixel values) as seen in

Figure 1.4 even though they demonstrate identical crystallographic orientations, which can

cause additional uncertainty for the MRF reconstruction. In the present study, the aleatoric

uncertainty is first identified by color-correcting the sample for consistent grain colors to
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limit the uncertainty present in the synthetic microstructure. Ti-7Al alloy is selected for

this study as the application material since it has a wide range of use cases in the aerospace

industry owing to its superior mechanical performance under large thermal and mechanical

stresses [26].

(a) (b)

Figure 1.4: (a) Ti-7Al microstructure courtesy of Ref. [3] (b) A closeup view of aleatoric
uncertainty inherient in the Ti-7Al microstructure.

The contributions of this research are listed below.

1. Exploring the applicability of MRFs for the reconstruction of different microstructures.

2. Analyzing the effects of the epistemic uncertainty arising from microstructure recon-

struction.

3. Determination of the aleatoric uncertainty of microstructures using their experimental

data and clustering methods.



This chapter is going to focus on presenting an in-depth analysis of the MRF algorithm to

perform computational reconstruction of different microstructures. It will do this by intro-

ducing the concept of an Ising model, which is the mathematical basis for the MRF algorithm.

It will then go through the specifics of how the MRF algorithm works and how the model pa-

rameters affect the predictions of the algorithm. Once the MRF algorithm is explained, the

chapter will present the research into the MRF algorithm and how it interacts with different

kinds of microstructures including different multi-phase (composite) microstructures (i.e.,

woven composite, ceramic composite) and polycrystalline microstructures. For each kind

of microstructure, it will present the successes and challenges associated with them, and

will then propose a strategy for coming up with the specific model parameters to perform

microstructure reconstruction.

An Ising model is a lattice-based structure consisting of a set of periodically located points

at regular intervals, an example of which is shown in Figure 2.1 (a). The bonds connecting

the lattice points are called edges, and arranging them into a square connecting multiple

8
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lattice points forms the unit cell. An important concept to understand when dealing with

Ising models is the nearest neighbors, defined for a specific lattice point (i) as the points

directly connected via edges (j), which for the 2D case is j = 4. The nearest neighbors are

also known as the first-order neighbors, and the next level of close neighbors are referred

to as the second-order neighbors. The underlying concept behind the is

that the state of a lattice point (i) is mostly impacted by its first-order neighbors while some

computational algorithms even assume that it is solely impacted by the first-order neighbors.

However, the Ising model incorporates the effects of all neighbor lattices defined within a

window while still assuming that the first-order neighbors have the most impact on the state

of the lattice point, i [27].

To classify a window in the Ising model, the edges that enclose the nearest neighbors and

long-range neighbors can be identified, with an example window shown in Figure 2.1 (b).

When looking at the kth nearest neighbor, the window size goes from k = 1 to k = N � 1,

where N is associated with the side length of the lattice. This results in a neighborhood

window that is not square for the lattice points on the boundary, resulting instead in the

window being bent based on the number of lattice points available. This also is true when

looking at the bonding that connects the lattice points on the boundary, which results in

the boundary lattice points getting cut due to the shape of the model. However, since Ising

models generally are applied to larger systems, a small fraction of the total lattice points

are considered boundary lattice points, therefore allowing the assumption that an adjustable

window size for the boundary lattice nodes is acceptable.
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(a) (b) (c)

Figure 2.1: Visualization of an Ising model, where the circles shown are the pixels of the
chosen image and the lines connect each neighbor of the model. (a) Nearest-neighbor Ising
model. (b) The model used by the MRF method to perform microstructure reconstruction
is a higher-order Ising model. (c) A visualization of the window created by a window size of
3.

The MRF is a graphical model that relies on probability analysis. It is used in this study

to generate synthetic microstructures using small-scale test/synthetic data to predict the

evolution of microstructures in large domains. The algorithm determines the probabilities

based on the color values of each individual pixel in the input microstructure data and then

assembles the synthetic microstructures by assuming an Ising model representation.

In order to assume an Ising model, the MRF algorithm requires a square image of dimensions

N � N , which then is represented as an N � N grid of pixel values that contain any value

X among one of the color levels G of the original image in the range 0, 1, ..., G � 1. While

a basic Ising model only captures the nearest-neighbor pixel information, shown in Figure

2.1(a), a higher-order representation can be achieved with the MRF method by modeling

every pixel in a certain area, defined with an external parameter that is called the window

size (W ). This higher-order model illustration can be seen in Figure 2.1(b), and the pixel of

interest for this model is found in the center and connected to all other pixels in the defined

window, as shown in Figure 2.1 (c). Inside the MRF approach, the probability of any pixel
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Figure 2.2: Schematic detailing the Markov Random Field Algorithm

value (X) is assumed to be conditionally independent of all values outside of its window due

to the probability density of all pixels being represented by the local Markovian property

[24, 28, 29, 30].

A visualization of the MRF algorithm can be seen in Figure 2.2. The algorithm starts by

randomly selecting a window from the input image of dimensions W � W pixel and puts

it in the center of the new image. Then the algorithm starts filling in the rest of the new

image from the center, determining the color of the new pixel by finding windows in the

input image that are similar to the already defined colors in the new window, as seen in Step

2 of Figure 2.2. Once the algorithm has found all windows that fit the criteria, it randomly

selects one of the windows in the set and assigns the color of the central pixel of the randomly

selected window to the center of the window in the new image. This process is then repeated

by moving the new window in a clockwise manner until the new image is complete.

Given how important the window size is when determining the final product of the MRF al-

gorithm, an analysis is done to find the optimal window size for a given microstructure input.

While previous work has analyzed the optimal window size for as-built surface topography

images [31], this analysis would look at different types of microstructures to find ideal win-
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dow sizes for each one. These types of microstructures are labeled as synthetic multi-phase

material, woven composite, ceramic composite, and polycrystalline metallic microstructures.

(a) (b)

Figure 2.3: (a) Synthetic circular microstructure (b) Woven composite microstructure cour-
tesy of Ref. [1].

In this study, microstructure reconstruction is performed for multi-phase (composite) mi-

crostructures. The example microstructures include a computer-generated multi-phase com-

posite and an example of a woven composite microstructure. The observation on the mi-

crostructure reconstruction for both materials reveals that they require a relatively large

window to catch the underlying specific pattern. This can be seen in the two samples shown

in Figure 2.3, where both patterns contain a large number of pixels to capture the full nature

of the pattern. When looking at Figure 2.3 (a), it is used as a way to analyze both how the

MRF algorithm represents the perfect circular phase shapes and to see if it would be able

to consistently replicate the balance of different phases (or the ratio of white pixels to black

pixels). The analysis has shown that the MRF algorithm is not able to replicate the circular

nature of the initial image, shown in Figure 2.5. In the analysis of the ability of MRF to

replicate the balance of different phases, the two key factors are accuracy and consistency.
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Window Size Percentage of White Pixels Percentage Difference of White Pixels
3 65.25% 4.977%
5 72.20% 11.93%
7 71.87% 11.60%
9 71.93% 11.66%
11 70.37% 10.10%
13 70.88% 10.61%
15 66.61% 6.335%
17 67.28% 7.013%

Table 2.1: Average Percentage and Percent Difference in White Pixels for the Synthesised
Synthetic Multi-Phase Material

To analyze these factors, the window size parameter is varied from window size 3 to 17, with

25 microstructures synthesized at each window size to test variation. The average percentage

of white pixels, and the difference from the base images percentage, are shown in Table 2.1,

and the variation of the percentages are shown in Figure 2.4.

When looking at the accuracy of the balance between phases, window sizes 3, 15, and 17

stand out as being the only window sizes that have a percent difference of less than 10%.

When considering the consistency of the generated images as well as accuracy, it becomes

apparent that window size 3 is only accurate due to its high variation in generated images,

while all other window sizes are more consistent in the generated samples. With this data,

a window size of 15 would be recommended, as it has a large increase in its accuracy while

minimizing time costs associated with it.

When looking at Figure 2.3 (b) courtesy of Ref. [1], it is used in the MRF algorithm to check

if the algorithm would be able to accurately predict multiple patterns/phases of the woven

composite while also observing the effect introducing the Red-Green-Blue (RGB) channel

pixels would cause. While the examples shown in Figure 2.6 do have difficulties in replicating

the red strands at the top and bottom of the image, most likely due to the window size being

truncated at the edges of the image, it is able to represent the pattern in the center third of
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Figure 2.4: Variation in percentage of white pixels for each window size.

(a) (b)

Figure 2.5: MRF generated images of the synthetic sample: (a) Window Size 7 (b) Window
Size 17
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Window Size Percentage Difference
3 34.43%
5 20.62%
7 11.87%

Table 2.2: Percent Difference for the Woven Composite Material

the image. It is also able to detect the pattern behind the red strands, and having decent

success in replicating the pattern in both shown images. In order to quantify the accuracy

of the MRF algorithm, the window size is varied from 3 to 7, with 25 images generated per

window size. The reason behind the narrowed variation in window sizes tested is due to the

time cost associated with the synthesizing of each image, with each image taking about 5

times as long. This is due to the size increase of the synthesized microstructures, as each

synthetic microstructure needed to be at least the same size as the sample microstructure,

and the sample is changed from 200 � 200 pixel2 to 320 � 320 pixel2.

(a) (b)

Figure 2.6: MRF generated images of the woven composite: (a) Window Size 7 (b) Window
Size 9

When looking at both the accuracy and consistency of the synthesized microstructures,

shown in Table 2.2 and Figure 2.7, respectively, there is an inverse correlation in both

percent difference and variation and the window size. With this data, a window size of 7

would be recommended as it is the most accurate. If a higher accuracy is wanted, then a
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Figure 2.7: Variation in percent difference for each window size for the woven composite.

larger window size of 9 or 11 could be warranted if the exponential increase in the time cost

is not an issue.

Next, the MRF algorithm is used to perform microstructure reconstruction for a boron car-

bide (B4C) ceramic composite microstructure with titanium diboride (TiB2) reinforcement,

namely B4C-TiB2, courtesy of Ref. [2]. When examining how the MRF algorithm would

work with this microstructure, a sample of B4C-TiB2 is used as the base image, seen in Fig-

ure 2.8. This sample is chosen because it contains a combination of minimal unique features

and a low-resolution pattern that would be interesting to see if the MRF algorithm would

be able to capture. The pattern is that the interphase material (given in yellow in Figure

2.8) is only there as a boundary separating B4C and TiB2 phases. Given that this sample’s

features are small, the MRF algorithm performs better when the window size is lower, while
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the larger window sizes lead to less quality reconstructions like the sample shown in Figure

2.9 (c). This can be seen in the data for the synthetic microstructures, where there are 25

images generated for each window size that spanned from 3 to 17. The analysis of the MRF

with this dataset for accuracy and consistency can be seen in Table 2.3 and Figure 2.10,

respectively.

Figure 2.8: Sample of B4C-TiB2 with a resolution of 150 � 150 pixel2. Image courtesy of
Ref. [2].

(a) (b) (c)

Figure 2.9: MRF generated images of the B4C-TiB2 sample: (a) Window Size 5 (b) Window
Size 9 (c) Window Size 11

When looking at both the accuracy and consistency of the MRF algorithm with the ceramic

composite, they follow a similar parabolic pattern. Therefore, the optimal window size for

this microstructure is window size 11, as it has both the smallest variation and the smallest

percent difference.



18

Window Size Percentage Difference
3 9.614%
5 9.558%
7 6.788%
9 4.102%
11 3.896%
13 4.135%
15 3.995%
17 4.465%

Table 2.3: Percent Difference for the Boron Carbide Ceramic Composite

Figure 2.10: Variation in percent difference for each window size for the boron carbide
ceramic composite.

The next example material is the microstructure of a polycrystalline metallic alloy, Ti-7Al,

shown in Figure 2.11 courtesy of Ref. [3]. Given that this experimental sample has a res-

olution of 1029 � 1024 pixel2, the MRF algorithm requires significant computing times,

especially for relatively large window sizes. As a result, the experimental data sample is

broken down into 5 samples with each having a resolution of 150 � 150 pixel2. This reso-

lution level is selected to capture unique grain structures in the overall sample while also

maintaining the computational time efficiency for the MRF algorithm. The cropped samples
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Figure 2.11: Sample of Ti-7Al courtesy of Ref. [3].

are shown in Figure 2.12. These samples do not involve a specific texture and are more of

a random nature. Therefore, the MRF reconstruction of these images can easily run into

issues due to either too little data or too much data. These issues arise due to the way the

MRF algorithm looks at possibilities for each new pixel to the image, which when combined

with the textured polycrystalline microstructure can result in grains growing exponentially,

with examples shown in Figure 2.13 (a) and (c). However, when the window size is ideal for

the microstructure, the MRF-generated samples can more closely resemble the base image,

an example being seen in Figure 2.13 (b). The analysis of the polycrystalline reconstruction

is examined in-depth in Chapter 4, and the accuracy and consistency of the algorithm can

be seen in Figure 4.8 and Figure 4.9, respectively.
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Figure 2.12: Cropped sections of Ti-7Al used in MRF reconstruction

(a) (b) (c)

Figure 2.13: MRF generated images of the Ti-7Al sample: (a) Window Size 5 (b) Window
Size 11 (c) Window Size 19

When looking at multiple kinds of microstructures and their interactions with the MRF

algorithm, it becomes apparent that the window size needs to be tailored towards each

microstructure. The research done here has shown that there are two main factors to be

considered when thinking about the range for the window size, which are the average size of

features that need to be captured and the number of unique features that affect the overall

microstructure. Another important note when utilizing the MRF algorithm is that there are

downsides to having a large window size other than increased computational time, as shown

in the samples that have issues arising from an overload of information.



This chapter is going to discuss the specifics of the clustering algorithm used to identify indi-

vidual phases in the ceramic composite B4C-TiB2 and individual grains in the polycrystalline

Ti-7Al microstructures. To accomplish this, it will start with giving the base mathematical

principles behind the K-means clustering algorithm. It will then discuss the modifications to

the base principles in order to make the algorithm function well with image segmentation.

After discussing the necessary modifications, the chapter will then talk about the success of

the clustering algorithm when applied to the B4C-TiB2 microstructure. After that, it will

introduce the difficulties that the algorithm runs into when trying to segment the Ti-7Al

microstructure, why these difficulties occur, and then will explain the strategy implemented

to deal with the difficulties.

K-means clustering is an algorithm that focuses on separating data given to it into a number

of clusters (k) that is user specified [32]. In 2D, it achieves this by first selecting k random

points in a set of data. It will then measure the Euclidean distance of each data point from

each of the randomly chosen ones, and then that measured data point will be assigned the

label of the closest chosen data point, with this process continuing until all data points have

a label associated with it [33]. After this occurs, each label will calculate the average value of

21
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the points under that label. The process then repeats, but utilizing the new average values

as the points that are used for the calculation of Euclidean distance. If the labels on any

of the data points change due to this new center point, then the process repeats until no

labels of data points change. Once no labels change, the variance of each of the values inside

each label is calculated and used as the analysis of that specific set of clusters [34]. Given

that the initial points are chosen randomly as starting points, this algorithm is generally run

multiple times to find the optimal clusters for any specified dataset. The optimal clusters

are calculated by minimizing the variance under each label.

When implementing the K-means clustering algorithm for images, the dataset changes from

what the K-means clustering algorithm would generally be used for. The function that is used

in this research to implement K-means clustering is the MATLAB function .

This function alters the process that assigns labels and looks to minimize variance in RGB

values instead of distance. This change has upsides and downsides, both of which will be

explored with two different microstructures: B4C-TiB2 and Ti-7Al.

B4 B2

The K-means clustering is found to successfully identify the individual phases present in

B4C-TiB2 microstructures, with an example of the identification shown in Figure 3.1. K-

means clustering is able to easily identify the individual phases due to the sparse nature of the

microstructure of the ceramic. The purpose behind the segmentation of these microstructures

is to allow for a more in-depth analysis of specific elements. For B4C-TiB2, the segmentation

allows for the identification and analysis of the phases inside the material, which allows for

analysis of the uncertainty arising from the MRF algorithm on key components of the ceramic

composite.
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(a) (b) (c) (d)

Figure 3.1: (a) Base image of B4C-TiB2. (b-d) Segmented samples of B4C-TiB2 utilizing
MATLAB . Base image courtesy of Ref. [2].

When utilizing the K-means clustering algorithm with Ti-7Al to identify separate grains, the

algorithm would consistently run into difficulty in correctly identifying the separate grains.

The main reason behind this is the focus on minimizing variance in RGB values instead of

the Euclidean distance. Due to this change and the noise inherent in the microstructure,

the algorithm would consistently identify grain boundaries as their own separate grains and

miss smaller grains in the overall structure, with an example shown in Figure 3.2. In order

to fix the incorrect identification from the K-means clustering algorithm, a post-processing

algorithm is developed.

The post-processing algorithm is designed to utilize two main sources of information. The

first is the output of the K-means algorithm, which is an N � N array of integer labels for

the original image. This data is used as an initial springboard for the algorithm, both for

the individual label assignments and for the analysis of the neighboring pixels. The second

source of information utilized is the colors of the original experimental sample, translated

into the CIELAB color space.
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Figure 3.2: Convergence of each of the cropped sections of the initial experimental data
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The algorithm starts by checking the pixel labels around the pixel located at (i; j). It checks

a square area with sides equal to (2r + 1), where r is a user-defined radius. This data is

then tabulated, and the label value that has the most occurrences in the specified area is

compared to the pixel label that was assigned at (i; j). If the two values are different, then

the pixel at (i; j) becomes unassigned unless the majority label occupies more than 80% of

the searched area. Once each pixel has been checked, the algorithm is left with a set of

unassigned pixels that can be seen in Figure 3.3. The unassigned pixels can be classified

into four main groups, which are ‘loose pixels’, ‘broken grains’, ‘small grains’, and ‘grain

boundaries’.

(a) (b)

Figure 3.3: (a) Example of aleatoric uncertainty analysis without post-processing, (b) Visu-
alizations of pixels that are misassigned with K-means clustering

Each of those groups can be added to their correct label once the CIELAB color space data

is added to the post-processing algorithm. The CIELAB color space is designed to modify

the RGB values of a pixel into numbers that can be used to identify similar colors in a way

that more accurately matches human perception of those colors, which also helps identify

accurate grain boundaries. This is done by checking the color of the selected pixel against

the average color of each of the labels around it, including pixels that have been unassigned

from labels. Then if there is a suitably similar color around the selected pixel, it will be
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added to that label. This also allows for grains that have become unassigned to be assigned

to an unused label. This process ends with grains that are shown in Figure 3.4.

Figure 3.4: The final clusters developed by the post-processing algorithm

While K-means clustering is able to accurately identify the phases present in the boron

carbide ceramic composite microstructure, it encounters some difficulties when attempting

to cluster specific grains in the Ti-7Al sample due to a combination of increased RGB variety

and increased aleatoric uncertainty. In order to accurately identify the grains in the Ti-7Al

sample, a post-processing algorithm is proposed in order to improve the clustering approach.



In this chapter, the specific details about the analysis of the aleatoric and epistemic uncer-

tainty for the Ti-7Al samples will be discussed. The Ti-7Al samples are chosen to perform the

uncertainty analysis as Ti-7Al samples involve the high-resolution experimental input data

while the other material classes studied earlier involve either synthetic data or low-resolution

data that may cause misleading results when analyzing the effects of the uncertainty. It will

first discuss how the post-processing algorithm is fully implemented and will highlight the

importance of accurate grain identification. After discussing the results of the aleatoric un-

certainty analysis, the epistemic uncertainty will be introduced. The chapter will discuss the

methodology behind the analysis of the epistemic uncertainty, how the epistemic uncertainty

is calculated, and look into how changing the window size parameter affects the epistemic

uncertainty.

Aleatoric uncertainty is categorized as the inherent randomness of materials that arises from

the fluctuations during the thermo-mechanical processing of materials [35]. The aleatoric

uncertainty impacting the Ti-7Al samples is investigated in this research, and it is categorized

27
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(a) (b)

Figure 4.1: (a) Color-corrected image with grains misidentified. (b) Color-corrected image
after the post-processing algorithm is implemented.

as subtle differences in the RGB values of pixels inside the same grain (due to perturbations

in pixel values) that exhibit identical crystallographic orientations. These differences in RGB

values can cause additional uncertainty when utilizing the MRF method, so the samples are

color-corrected to minimize the uncertainty by minimizing the aleatoric uncertainty of the

generated samples. In order to color correct the images, the combination of the K-means

clustering algorithm and the additional post-processing algorithm that is discussed in the

previous chapter is used to correctly identify the grains. An example of the difference in the

microstructure sample achieved with the implementation of the post-processing algorithm is

shown in Figure 4.1. The grains with the random noise (aleatoric uncertainty) have their

RGB values summed up utilizing a weighted average in order to minimize the aleatoric

uncertainty, with an example of the process shown in Figure 4.2.

To quantify the average aleatoric uncertainty present in the base sample of Ti-7Al, five

separate samples each measuring 150 � 150 pixels are taken. Each of these samples is then

subjected to the color correction algorithm until the percent difference between the generated

image and the base image converges to less than 0.1%. The data for this process can be

seen in Figure 4.3, with the process taking an average of 17.8 iterations and resulting in an
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(a) (b) (c)

Figure 4.2: (a-c) Evolution of the clusters developed by the post-processing algorithm during
convergence.

Figure 4.3: Convergence of each of the cropped sections of the initial experimental data.

average aleatoric uncertainty level of 8.41% [36].

When looking at the high variance in the number of iterations it takes for a selected sample

to converge, it is apparent that the contents of the base image have a high impact on the

outcome. When looking at Image 1 and Image 2 from the convergence study for aleatoric

uncertainty, shown in Figure 4.4, the difference in the number of grains per image can be

observed, with (a) taking 28 samples to converge and (b) only taking 9 samples to converge.
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(a) (b)

Figure 4.4: Samples from the convergence analysis to minimize aleatoric uncertainty where
(a) is Image 1 and (b) is Image 2.

For this research, epistemic uncertainty is defined as the uncertainty introduced into the

sample due to the stochasticity of the MRF algorithm, which is mainly affected by the

window size parameter. In order to accurately quantify the epistemic uncertainty for the

polycrystalline microstructure samples of the Ti-7Al alloy shown in Figure 4.5 (a), a method

that avoids pixel-by-pixel analysis needs to be implemented.

An example that demonstrates the importance of avoiding pixel-by-pixel analysis can be

seen in Figure 4.5 (b), as it is generated using Figure 4.5 (a) as the initial sample. To

avoid implementing pixel-by-pixel analysis, a method is developed to obtain an accurate

calculation that focuses on two key features from the generated images: the percentage of

isolated pixels and the average size of the grains.

The reason that the percentage of isolated pixels is analyzed as a factor of quantifying

epistemic uncertainty is that the work in removing the aleatoric uncertainty from the base

image is focused on removing isolated pixels. In order to accurately identify the isolated

pixels, the image that is generated by the MRF algorithm is inputted into the same post-
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(a) (b)

Figure 4.5: (a) Cropped section of the color corrected image used in MRF reconstruction,
(b) An example of an image generated through MRF utilizing image (a) as the base image.

processing algorithm used to previously identify the aleatoric uncertainty, which would then

identify the percent difference that is generated from the algorithm.

The average size of the grains is also utilized as a metric to quantify the epistemic uncertainty

in order to accurately analyze if the MRF-generated samples resemble the input data in a

global sense (or maintain the statistical similarity as expected). The comparison of average

grain sizes uses the reconstructed images and the base image they are generated from.

In order to generate the data necessary to observe the impact window size has on epistemic

uncertainty, the window size is varied from 5 to 39, resulting in 18 separate datasets. Images

are generated until the average epistemic uncertainty converges for that dataset, resulting

in a variety of sample sizes for each window size. Since one of the challenges with increasing

the window size for the MRF algorithm is the computational efficiency, the time taken per

image is also measured for additional analysis.
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In order to accurately analyze the effect of window size on epistemic uncertainty, especially

when dealing with a polycrystalline microstructure, three key variables should be analyzed.

These variables are the average epistemic uncertainty values for the specific window sizes,

the variance of the average epistemic uncertainty, and the average time to generate each

image for the specific window sizes.

Separating the two values that affect the epistemic uncertainty calculation causes a few key

conclusions to come into focus. The percentage of isolated pixels, seen in Figure 4.6, has

a higher impact on the epistemic uncertainty when the window size is small. This can be

attributed to the lack of sufficient data for the MRF algorithm to achieve the requirement

to have all values inside the window analyzed to be conditionally independent of all values

outside the window. Even with this observation, the contribution of the percentage of

isolated pixels is minimal around the window sizes 17, 19, and 21. This can be attributed to

an overload of data for the algorithm, which results in fewer similar windows for the MRF

algorithm to choose from.

The percent difference in average grain size, seen in Figure 4.7, shows a positive correlation

between the increase in window size and an increase in the percent difference in average

grain sizes. This can be attributed to a larger window size needing to be similar to more

pixels in the base image, increasing the chance of a grain growing exponentially. When

factoring in the larger impact the percent difference in average grain size will have due to

the higher magnitude of differences, it is important to observe the local minima for this data,

specifically looking at window sizes 11, 19, and 27. The overall average epistemic uncertainty

is shown in Figure 4.8.

The variance in the epistemic uncertainty, shown in Figure 4.9, also has multiple key insights
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Figure 4.6: Average percent of image identified as isolated pixels vs. the window size.

Figure 4.7: Average percent difference between average grain sizes vs. the window size.

into the effect of window size on the image generated through the MRF algorithm. While

there is an element of randomness in the MRF algorithm due to the incorporation of the

conditional probability data, the trend of average variance in the images follows a similar
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Figure 4.8: Overall epistemic uncertainty vs. the window size.

trajectory to that of the overall average epistemic uncertainty, with similar local minima at

window sizes 11 and 27.

Figure 4.9: The variance in epistemic uncertainty for each window size.

The last key dataset that is analyzed for the generated images is the average amount of time
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it takes to generate an image through MRF. This data, which can be seen in Figure 4.10,

shows that the time taken follows an upward linear trend with the window size. While there

is a spike in the time taken between window sizes 29 and 31, a separate dataset is generated

in order to analyze why this occurs, and results point to the computer that is generating the

images being slowed down by external factors, causing the spike in time taken.

Figure 4.10: The average amount of time taken to generate an image with the corresponding
window size.

When looking at all of the data gathered from the generated images, a few key takeaways can

be seen for the use of the MRF algorithm on the polycrystalline microstructures. In order to

minimize the time taken to generate each image, it is recommended to minimize the window

size chosen. However, if the window size is too small then the MRF algorithm may miss key

elements or relationships, causing a larger epistemic uncertainty. For the cropped sections

that are analyzed in this study, a window size of 11 is found to be optimal based on our

dataset, with the global minimum of average epistemic uncertainty at 7.5%, a small variance
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in the epistemic uncertainty, and an average time per generated image of 393 seconds.

When analyzing the synthetic microstructures generated through the MRF algorithm, it

becomes apparent how much the epistemic uncertainty and the synthetic microstructure are

affected by the aleatoric uncertainty. While the inherent noise is visible in the reconstructed

samples shown in Figure 2.6, the reconstructed samples of Ti-7Al have consistent RGB values

through their grains. In addition, the analysis of the synthetic samples of Ti-7Al reinforces

the idea that over-shooting the optimal window size for the MRF algorithm decreases the

accuracy and consistency, while needlessly increasing the time cost.



This research is focused on two key points for the implementation of the MRF algorithm. The

first focus is on investigating the effect of the window size parameter on different categories

of microstructures, including synthetic multi-phase material, woven composite, ceramic com-

posite, and polycrystalline microstructure samples. Moderate success can be seen in both

the synthetic multi-phase material and the woven composite, as the percent difference anal-

ysis shows optimal window sizes as 15 and 7, respectively. However, when looking at the

synthetic samples directly, each sample may demonstrate spatially varying microstructure

features throughout the entire sample, and thus their features are more difficult to quantify.

When dealing with the ceramic composite microstructure, the features and relationships

among those features are easy to capture with smaller window sizes. This results in the

accuracy of the generated microstructures decreasing as the window size increases, with the

algorithm running into problems finding multiple windows that can be used to generate the

sample. Finally, when looking into the metallic polycrystalline microstructure, the variety

of grains in the initial image results in an increase in the isolated pixels and overall grain

size that can occur when the window size is either too small or too large.

The second focus is on understanding the effect of the epistemic uncertainty arising from the

MRF algorithm. The investigation for the epistemic uncertainty first utilizes the minimiza-

tion of the aleatoric uncertainty so that the effects of the aleatoric and epistemic uncertainty

can be isolated for analysis. The uncertainty analysis is performed for the Ti-7Al microstruc-
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ture samples. This is achieved by utilizing a modified K-means clustering algorithm that

averages the RGB values inside each grain in order to minimize aleatoric uncertainty. The

modified samples are then used as inputs for the MRF algorithm, with window sizes varying

in order to capture the full effect on the outcome. The results are then analyzed with a focus

on isolated pixels and average grain size to determine the optimal window size for the given

microstructure.

The future work can benefit from more advanced computational strategies to quantify the

features of the material for detecting optimum window size as well as quantifying the effects

of the aleatoric and epistemic uncertainty, such as incorporating analysis of the shape mo-

ment invariants of individual grains or introducing different microstructure reconstruction

techniques, such as a Generative Adversarial Network (GAN) model.

While the analysis of isolated pixels and average grain size is an effective method for calculat-

ing the epistemic uncertainty of a polycrystalline microstructure, utilizing the shape moment

invariants for the generated grains can be a potential path to improving the analysis of the

MRF algorithm. Shape moment invariants are a set of moments that can be combined to

accurately compare grains invariant to scale, position, or rotation [23, 30, 37]. This would

allow for a more in-depth analysis of the effects of minimizing aleatoric uncertainty on the

overall grain structure of the generated image.
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While the MRF algorithm has proven to be successful in generating statistically similar mi-

crostructures, another potential avenue for computational reconstruction of microstructures

is by utilizing a GAN model [38, 39, 40, 41, 42]. In particular, the GAN model utilizes

two neural network architectures to create data that follows the same statistics of the in-

put sample and can be used to improve the generation of statistically similar data, and if

implemented correctly, it has the potential to improve upon what the MRF algorithm has

done. However, one potential disadvantage associated with machine learning (ML) algo-

rithms including GANs is that they require a significant amount of training data while MRF

generates the synthetic predictions only using a given image by capturing its pixel-to-pixel

conditional probability information.

The idea behind microstructure reconstruction is to expand a measured microstructure sam-

ple over a larger domain for use in multi-scale modeling. The reconstruction needs to be sta-

tistically similar to the base data, and it generates the data necessary to predict component-

scale properties without the cost of measuring the entire set of data. The MRF algorithm is

used to perform microstructure reconstruction as it is proven to be efficient in the reconstruc-

tion. These synthetic microstructures exhibit both aleatoric and epistemic uncertainty, and

this work is focused on producing a detailed analysis to quantify both aleatoric and epistemic

uncertainty with multiple microstructures. This work can continue through the investigation

of performing 3D reconstruction of microstructures or the development of different numerical
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metrics to quantify grain/phase topology, like shape moment invariants. Additional research

can focus on utilizing machine learning methods, such as GANs, to perform the 2D and 3D

microstructure reconstruction.
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Figure A.1: MRF Images from Synthetic Multi-Phase Material: Window Size 3

Figure A.2: MRF Images from Synthetic Multi-Phase Material: Window Size 5
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Figure A.3: MRF Images from Synthetic Multi-Phase Material: Window Size 7

Figure A.4: MRF Images from Synthetic Multi-Phase Material: Window Size 9



45

Figure A.5: MRF Images from Synthetic Multi-Phase Material: Window Size 11

Figure A.6: MRF Images from Synthetic Multi-Phase Material: Window Size 13
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Figure A.7: MRF Images from Synthetic Multi-Phase Material: Window Size 15

Figure A.8: MRF Images from Synthetic Multi-Phase Material: Window Size 17
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Figure B.1: MRF Images from Woven Composite Material: Window Size 3

Figure B.2: MRF Images from Woven Composite Material: Window Size 5



49

Figure B.3: MRF Images from Woven Composite Material: Window Size 7
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Figure C.1: MRF Images from Boron Carbide Ceramic Composite: Window Size 3

Figure C.2: MRF Images from Boron Carbide Ceramic Composite: Window Size 5
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