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Abstract—As electric vehicles (EVs) gain popularity, their in-
teraction with the power system cannot be overlooked. Therefore,
there is a growing need for accurate EV load data to facilitate pre-
cise operation and control in power systems. However, in practice,
due to the high cost of high-frequency measurement devices and
limited data storage capacity, only low-resolution metered EV
data are available. To address this, this paper proposed a tensor
completion-based method for EV load data reconstruction. More
specifically, we first reformulate the load data as high-dimensional
tensors and consider unknown data to be recovered as missing
entries. Subsequently, we leverage the low-rank properties of
high-dimensional data to perform tensor completion. To achieve
this, two optimization formulations are proposed: a nuclear norm
minimization algorithm based on singular value thresholding
(SVT) and a tensor rank approximation algorithm via parallel
matrix factorization. Both approaches are based on the tensor
train (TT) rank, thanks to its well-balanced matricization scheme.
This enables us to cost-effectively reconstruct high-resolution EV
data using only low-resolution measurements. Simulation results
using real industrial data reveal the excellent performance of the
proposed methods.

Index Terms—Low-rank, data reconstruction, electric vehicle,
tensor train, tensor completion.

I. INTRODUCTION

W ITH the growing number of EVs today, their inter-
actions with the power system, particularly through

charging stations, are becoming increasingly frequent and
cannot be overlooked [1], [2]. Therefore, it is no surprise that
the EV load data are becoming indispensable for power system
operation and control, where various applications rely heavily
on data analysis [3]. However, due to limitations in the cost of
high-frequency measurement devices, data transmission band-
width resource, and data storage capacity [4], [5], only low-
resolution EV load data are typically provided in practice. This

B. Sun, W. Gu, H. Cai, S. Lu and Z. Wu are with the Electrical Engi-
neering Department, Southeast University, Nanjing, Jiangsu 210096, China,
(e-mail:{bosun, wgu,huihuangcai}@seu.edu.cn).

Y. Xu is with the Electrical Engineering Department, Southeast University,
Nanjing, Jiangsu, 210096, China, and Jiangsu Provincial Key Laboratory
of Smart Grid Technology and Equipment, Southeast University, Nanjing,
Jiangsu, 210096, China,, (e-mail:{yijunxu}@seu.edu.cn).

L. Mili is with the Bradley Department of Electrical and Computer
Engineering, Virginia Tech, Northern Virginia Center, Falls Church, VA 22043
USA (e-mail:{lmili}@vt.edu).

This work was supported, in part, by the Natural Science Foundation
of Jiangsu Province under Grant BK20230851, in part, by the Jiangsu
Provincial Scientific Research Center of Applied Mathematics under Grant
No. BK20233002., and in part, by the Project of Jiangsu Provincial Key
Laboratory of Smart Grid Technology and Equipment.
(Corresponding author: Yijun Xu.)

is insufficient for applications based on precise monitoring and
control, since the states of modern power systems are experi-
encing increasingly rapid fluctuations. Therefore, high-quality
data with adequate resolution is essential for numerous data-
based applications [6], such as clustering of load profiles [7],
uncertainty quantification [8], [9], probabilistic forecast [10],
risk assessment [11], and state estimation [12]. Consequently,
the primary focus of this article is on reconstructing low-
resolution EV data into high-resolution data, without incurring
significant equipment costs.

Although the data resolution problem has been widely
studied in numerous fields such as hydrology [13], image
processing [14], medicine [15], etc., research on improving
the resolution of data in power systems is still in its early
stages. Inspired by the high-resolution image recovery work
[16], [17], De-Paz-Centeno et al. [18] and Li et al. [19] convert
the load data into two-dimensional images and further process
them using convolutional neural networks (CNN). Similarly,
Liu et al. further combines super-resolution with CNNs and
mean square error (MSE) loss to enhance the resolution of
smart meter data [20]. Although straightforward, this method
may result in an overly smooth reconstructed curve that fails
to recover some local features of the data. In addition, by
imitating the generative adversarial network (GAN) in image
processing, Zhang et al. employ adversarial training of the
generator and discriminator to obtain high-resolution load data
that align better with reality [21]. Then, Song et al. propose a
two-stage framework in utilizing GAN for data reconstruction
while employing a polishing network to eliminate outliers
[22]. Also, Wang et al. design an entropy decrease strategy
in GAN through information growth attention to reconstruct
load data for planning a battery energy storage system [23].
Furthermore, the load super-resolution reconstruction (LSR)
method can also be used to detect abnormal data [24] and
synthesize appliance power signatures [25].

Moreover, in the domain of matrix and tensor completion,
predominant applications focus on the image and signal pro-
cessing domains [26], [27], [28]. Conversely, their applications
in power systems are limited, predominantly focused on en-
hancing system observability in the state estimation problem
[29], [30]. Regarding data reconstruction, these algorithms
remain empty.

To better summarize the development of data reconstruction
techniques in power systems that include matrix completion
and tensor completion, we conducted a detailed survey, as
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TABLE I
COMPARATIVE ANALYSIS OF DATA RECONSTRUCTION APPLICATIONS IN THE POWER SYSTEM, AND COMPARATIVE APPLICATIONS OF MATRIX

COMPLETION AND TENSOR COMPLETION IN DIFFERENT FIELDS.

Approach Method Field Application

Neural Network
CNN [18], [19], [20] Power Load Data Reconstruction

GAN [21], [22] Power
PV Generation Data Reconstruction;

Outlier Elimination
LSR [24] Power Load Data Reconstruction and Abnormal Data Detection

Matrix Completion
Low-Rank Quaternion [26] Image Missing Data of the Color Image Recovery

Alternating Manifold Proximal Gradient Continuation [27] Signal Video Data Recovery
Augmenting Matrix Completion with

Noise-resilient Power Flow Constraints [29]
Power

Distribution System State Estimation
under Low Observability Conditions

Tensor Completion
Tensor Train and Tensor Ring [28] Image Five-Dimensional Seismic Reconstruction

Alternating Direction Method of Multipliers [31] Power Missing Phasor Measurement Unit Measurements Recovery

shown in Table I. Apparently, most of the current data re-
construction methods rely on neural network techniques that
involve training a model using historical data [19], [20].
Although easy to implement, this process typically requires
extensive historical data and a relatively long training proce-
dure. Insufficient historical data may result in significant biases
in reconstructed data, while the trained model may also not
be versatile to different data characteristics [32]. Furthermore,
it is well-known that the neural networks-based approaches
lack interpretability and their accuracy is heavily dependent
on the tuning of the hyperparameters. Last, most existing
research on load data reconstruction primarily addresses the
conventional loads, with limited focus on EV loads, which are
actually getting increasingly important in the power system
today. Despite the effectiveness of matrix completion and
tensor completion in data reconstruction, there is little work
targeting EV load data specifically. Considering the increasing
significance of EV loads, it naturally turns into a necessary
task

To solve these issues, this paper proposes a new load data
reconstruction method based on the low-rank tensor train to
reconstruct high-resolution EV load data via low-resolution
EV load data. Unlike the neural networks-based approaches,
our methods do not require model training for specific scenar-
ios and, therefore, can be easily extended to various load data
reconstruction scenarios. The main contributions of this paper
are summarized as follows:
� Starting from the real-world EV charging station data

that have special properties like extended periods of
zero values and abrupt load increases, we conduct data
reconstruction on EV load data for the first time.

� To improve the accuracy of load reconstruction, we
transform time-series load data into a high-dimensional
tensor format. Here, we introduce the TT format [33]
into the EV data reconstruction problem for the first time.
Specifically, we structure the EV load data into a TT for-
mat and then convert it into matrices, ensuring that all the
unfolding matrices have well-balanced 1 property. This
structure considers well the spatio-temporal correlation

1 A well-balanced matrix refers to a matrix whose two dimensions are
approximately equal. Similarly, an unbalanced matrix refers to a matrix in
which one dimension is much smaller than the other. For example, a two-
dimension matrix X ∈ Rn1�n2 is unbalanced if n1 ≪ n2.

and periodical repetition of the load data and, therefore,
makes the reconstructed high-resolution EV load data
more accurate.

� To overcome the limitations of neural networks, we pro-
pose two novel data reconstruction algorithms, including
a nuclear norm minimization (NNM) algorithm based on
singular value thresholding (SVT) [34] and a tensor rank
approximation algorithm via parallel matrix factorization
(PMF) [35]. The two proposed optimization algorithms
are both convex, ensuring excellent convergence. Also,
they are interpretable, overcoming the drawbacks of long
pre-training time, the massive data requirement, and
complicated hyperparameter tuning procedures in neural
network-based methods. The simulations demonstrate the
excellent performance of the proposed methods.

The remainder of this paper is organized as follows. Section
II describes the preliminaries. Section III presents the problem
formulation, followed by Section IV articulating the proposed
method. In Section V, case studies are conducted that lead to
the conclusions presented in Section VI.

II. PRELIMINARIES

In this section, we first define basic notations for tensor
decomposition. Then, we briefly compare general load data
with EV load data to highlight their different characteristics.

A. Notations

Most notations in this paper are adopted from [36]. Specif-
ically, a tensor is essentially a multidimensional array with
multiple indices and is denoted by a calligraphic letter,
i.e.. X 2 RI1�I2�����IN , where Ik, k = 1; 2; : : : ; N , is
the dimension of mode k, and N is the number of the
order of a tensor. An element of a tensor is defined as
X 1(i1; i2; � � � ; iN ), where (i1; i2; � � � ; iN ) is the index.Then,
scalars, typically seen as zero-order tensors, are denoted
by standard letters, i.e., x 2 R. Vectors, taken as first-
order tensors, are expressed with bold lowercase letters, i.e.,
x 2 RI . Furthermore, matrices can be seen as second-
order tensors that are represented by bold uppercase letters,
i.e., X 2 RI�J . Then, when two tensors X and Y are
of the same size RI1�I2�����IN , we can denote their inner
product as hX ;Yi =

P
i1

P
i2 � � �

P
iN xi1i2:::iN yi1i2:::iN .
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Furthermore, the Frobenius norm for a tensor X is defined
as kXkF =

p
hX ;X i.

Typically, high-dimension tensors can be unfolded along
each mode, also known as matricization. Specifically, the
mode-n unfolding of the tensor X 2 RI1�I2�����IN is de-
noted as X(k) 2 RIk�(I1�����Ik�1�Ik+1�����IN ). Also, we can
perform its inverse transformation, i.e., fold(k)(X(k)) = X .

B. Tensor Decomposition

Here, let us briefly introduce some forms of the tensor
decomposition, such as the canonical polyadic (CP) tensor
[37], [38] and the Tucker tensor [39].

1) Canonical Polyadic Decomposition: The CP decompo-
sition can be seen as the inner product of multiple vectors.
Here, we take a third-order tensor as an example:

X =
rX

i=1

�ixi 
 yi 
 zi; (1)

where 
 is the tensor product notation; xi;yi; zi are vectors
and �i is the weight; r is the rank of the decomposition. Here,
in CP decomposition, r is problem-dependent and is typically
computed through an optimization problem.

2) Tucker decomposition: Here, unlike the vector-based
CP decomposition, the Tucker decomposition decomposes the
original tensor into a core tensor combined with multiple
matrices. Specifically, a third-order tensor can be written as

X = S �1 U (1) �2 U (2) �3 U (3); (2)

where S is the core tensor; �k donates the notation called
n-mode product [40]; U (k) is the left eigenvector matrix of
the abovementioned matrix, X(k). Then, we also call the rank
of X(k) as the Tucker rank.

Remark 1. The aforementioned two tensor decomposition
forms have limitations. Specifically, for the CP decomposition,
although it has few hyperparameters, the calculation of the
rank r is an NP-hard problem that cannot guarantee a
global optima [41]. Then, as for the Tucker decomposition,
the matrix, X(k), is not balanced because we may have
Ik �

QN
i=1
i6=k

Ii, leading to some small Tucker ranks that affect

tensor completion, to be explained in the following sections.
Therefore, a more effective tensor decomposition form is
crucial to improve computational efficiency and accuracy.

C. EV Load Data

The EV load data measured from the charging stations ex-
hibit significant differences compared to the general load data.
As shown in Fig. 1, for general loads, their metered data tend
to fluctuate relatively smoothly without exhibiting numerous
abrupt changes. In contrast, the EV load data demonstrate
more pronounced fluctuations, characterized by numerous zero
values and sudden spikes. Hence, it is imperative to devise a
dedicated methodology for reconstructing the EV load data
effectively.

Fig. 1. The comparison of different load curves with (a) EV load data, and
(b) general load data.

III. PROBLEM FORMULATION

In this section, we first specify the motivation of this
problem. Then, we define the concepts of matrixization and
tensorization. Then, we provide a brief introduction to matrix
and tensor completion. Finally, we formulate the EV load data
reconstruction problem.

A. Motivation

With the increasing integration of EVs, the interaction
between EVs and the power systems through charging stations
cannot be ignored. Therefore, it is necessary to analyze the
charging data to study its impact on the operation of the
power system. However, due to the limitations in the sampling
frequency of data collection devices, it may not meet the
data requirements for power system analysis, such as state
estimation. Fig. 2 shows EV load data at different sampling
frequencies. When the sampling frequency is low, it can
lead to the loss of critical data, such as peak values, which
affects the data analysis and the operation results of the power
system. Traditional methods are mostly based on a matrix
completion algorithm, which is explained in the following
section. However, as the system dimension increases and the
number of measurement devices grows, the data dimension
and volume rise significantly. To solve this problem, this paper
will implement EV load data reconstruction based on novel
tensor completion algorithms, which can capture the complex
multi-dimensional relationships within large-scale data better
than matrix completion [42].

B. Matrixization and Tensorization

Common high-dimensional data include images and videos.
However, for time-series EV load data, we can also transform
it into high-dimensional data. Specifically, we can reasonably
aggregate minute-level data into hours, days, months, years,
etc. Then, we have it in high-dimensional form as shown
in Fig. 3. In addition to temporal-based aggregation, we can
further integrate spatial information, including the various lo-
cations of EV charging stations, to increase the dimensionality
of the tensorized data.
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Fig. 2. Comparison of EV load data at different sampling frequencies, where
the red circles highlight the moments that the peak values in the data are
missed or underestimated at low sampling frequencies. Here, 1 minute refers
to sampling load data every minute, and the same applies to the others, e.g.
4 minute and 10 minute.

Fig. 3. Conversion of one-dimensional time series load data into higher
dimensions via (a) matrixization; (b) tensorization.

C. Matrix Completion

Introduced in the well-known Netflix prize [43], the matrix
completion problem aims to use known observations to recover
the incomplete data matrix [34], [44]. To achieve this, the
data structures are typically assumed to possess some features,
such as similarity, dependence, etc. Here, for our problem, we
assume that the original EV data matrix possesses a low-rank
property [45]. This makes sense since it is well-known that the
spatio-temporal correlation, as well as the periodicity of the
data, can lead to a low-rank matrix. This is exactly the feature
of the EV load data that we are addressing here. Then, we
can transform the initial problem as

min
XEV

rank(XEV ) s.t. XEV

 = TEV


 ; (3)

where TEV 2 Rn1�n2 is the EV load matrix with known
observations; n1 is the number of the timescale using minutes
and n2 is another timescale like hours; 
 is the entries set of
known observations. Then, by completing the missing entries
of XEV 2 Rn1�n2 via minimizing its rank, we have the EV
data completed in TEV .

In this typical matrix rank minimization problem, it is well
known that (3) perform better when XEV is balanced, that
is,, n1 � n2 [46]. This is because when n1 � n2, we
may have rank(XEV ) � n1, leading to poor optimization
results. Furthermore, as Candes emphasized in [46], to ensure
performance, the number m of known observations should
satisfy

m � C n1:2 rank(XEV ) logn: (4)

Here, n = maxfn1; n2g and C is a positive constant.

Remark 2. The matrix completion method is only applicable
to two-dimensional data. However, when the data dimension-
ality increases, it is not suitable any more. Furthermore, when
using a matrix form to reconstruct EV load data, the general
performance is relatively low. To address these issues, Liu et
al. [47] proposes its generalized form, i.e., tensor completion,
which tends to be more cost-effective. Therefore, we will utilize
this method for data reconstruction.

D. Tensor Completion

The tensor completion is the generalization of the matrix
completion. Therefore, it can also be represented in rank
minimization form. Here, since the ranks of a tensor have
multiple expressions, for the Tucker rank [47], we have

min
X EV

NX

k=1

�krank(XEV
(k) ) s.t. XEV


 = T EV

 ; (5)

where T EV is the tensor with known observations; XEV
(k)

is an unfolding matrix of XEV along the kth-mode; �k
is the weight of each unfolding matrix, with the conditionPN
k=1 �k = 1. Here, the ranks of the tensor are represented

by the rank of XEV
(k) as Tucker ranks. We can further denote

them as rankTucker(XEV ) = [rank(XEV
(1) ); � � � ; rank(XEV

(N))].
Till now, we have presented the Tucker rank-based tensor
completion. Recall that we can easily aggregate data via
tensorization as mentioned in Section III-B, we can also
formulate the time series EV data for tensor completion.

However, rank(XEV
(k) ) cannot reflect the global corre-

lation within the data because it is derived solely from
XEV

(k) , which is unfolded along a single mode. This means
it only considers the relationship between a single mode
and the remaining modes. Here, in (5), for XEV

(k) 2
RIk�(I1�����Ik�1�Ik+1�����IN ), there is Ik � (I1 � � � � �
Ik�1�Ik+1�� � ��IN ), making rank(XEV

(k) ) � Ik. Therefore,
rank(XEV

(k) ) is already low before optimization. When further
minimizing it, its effect on the final result of data completion
is minimal. Therefore, a novel tensor rank expression consid-
ering the global correlation for its well-balanced matricization
scheme [48] is introduced in the next section to overcome this
issue.

E. EV Load Data Reconstruction

The aforementioned matrix and tensor completion methods
can also be used to recover the missing data. One way is to
set the input values for the tensor to be completed as

xEVi1���iN =

(
0; (i1; � � � ; iN ) =2 

tEVi1���iN ; (i1; � � � ; iN ) 2 


: (6)

Here, we set the values of the missing entries as zeros and
xEVi1���iN and tEVi1���iN are the element of XEV


 and T EV

 at the

corresponding index, respectively. The problem of EV load
data reconstruction, i.e., improving data resolution, can be seen
as a specific form of data completion. However, the above
method for setting input values is not applicable. Specifically,
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when using zero values as initial values, it can cause an entire
row or column of the matrix to be zero, thereby reducing the
matrix’s rank. This can potentially make the rank minimization
problem unsolvable. Therefore, in the next section, we will
redefine the initial input and a specific solution to this problem.

IV. THE PROPOSED METHOD

In this section, we will first introduce a novel tensor
decomposition and unfolding method. Then, we will use this
method to define a new tensor rank and formulate the detailed
load data reconstruction model.

A. TT Decomposition

Here, due to the drawbacks of the Tucker decomposition
mentioned in Remark 1, let us introduce a new form of tensor
decomposition, i.e., TT decomposition.

Fig. 4. TT decomposition of a fourth-order tensor X EV : an element of it
can be represented by the product of multiple matrices constituting the core
third-order tensors.

TT decomposition can decompose a high-order tensor into
multiple third-order tensors. Here, an element of the original
tensor is written as

XEV (i1; � � � ; iN )= GEV
1 (:; i1; :)GEV

2 (:; i2; :)� � �GEV
N (:; iN ; :)

= GEV
1 (i1) GEV

2 (i2) � � �GEV
N (iN ) ;

(7)
where GEV

k 2 Rrk�1�Ik�rk , k = 1; 2; : : : ; N is a third-order
tensor referred to as a tensor core; GEV

k (ik) 2 Rrk�1�rk

is one of the lateral slices of GEV
k in a matrix form; rk is

the TT rank. Apparently, we have r0 = rN = 1. A specific
explanation is illustrated in Fig. 4.

Now, let us introduce the connection between the TT
decomposition and the TT rank. First, similar to the tensor
unfolding mentioned above, we can also perform tensor un-
folding in the TT format and denote the matrix as XEV

[k] 2
R(I1�����Ik)�(Ik+1�����IN ), k = 1; 2; : : : ; N�1. Then, we can
write XEV

[k] as the matrix multiplication form [49] as

XEV
[k] = GEV

6k GEV
>k ; (8)

where GEV
6k 2R(I1�����Ik)�rk and GEV

>k 2Rrk�(Ik+1�����IN )

are the partial contracted matrices. Then, we have

rank
�

XEV
[k]

�
� min

�
rank

�
GEV

6k
�
; rank

�
GEV
>k
�	

� rk:
(9)

Apparently, the rank of the unfolding matrix, XEV
[k] , is

the lower bound of rk. Then, Holtz et al. [50] prove that
rank(XEV

[k] ) = rk; k = 1; � � � ; N � 1 holds for the ten-
sor train rank minimization. Therefore, we can represent
the tensor train rank using rank(XEV

[k] ) as rankTT(XEV ) =
[rank(XEV

[1] ); � � � ; rank(XEV
[N�1])].

B. The Convex Envelop of The Rank Function

Now, to further utilize the rank minimization, we introduce
an alternative method for the rank function.

First, we present a concept called the convex envelope
defined as [51]:
Let f : C ! R and C � Rn be the feasible region. The convex
envelope of f is defined as the largest convex function g and
satisfies g(x) � f(x) for all x 2 C.

Then, let us define the nuclear norm. For a matrix X 2
RI�J where I and J are the numbers of rows and columns,
we can perform its singular value decomposition (SVD) with
X = U�V , where � = diag(�1; � � � ; �minfI;Jg), and U
and V are the left and right singular matrix, respectively. Its
nuclear norm is kXk� =

PminfI;Jg
k=1 �k.

Next, we introduce a theorem [52] that links the function
rank(�) and the nuclear norm kXk�.

Theorem 1. The convex envelope of the function � (X) =
rank(X) is �env(X) = kXk�, in the feasible region C =
fX 2 RI�J j kXk � 1g.

Here, k�k is the spectral norm defined as the maximum
singular value of a matrix. Its associated proof is provided
in the appendix.

C. Rank Minimization Optimization Using TT Rank

Using TT, we can transform (5) into the following TT rank
minimization problem as

min
X EV

N�1X

k=1

�krank(XEV
[k] ) s.t. XEV


 = T EV

 : (10)

Here, since this problem is NP-hard due to the rank function,
we will introduce two reformulation strategies. Fig. 5 illus-
trates the outline of the EV load data reconstruction frame-
work, which consists of three main steps: 1) data initialization;
2) iterative optimization; and 3) the reconstruction of time
series data. The specific steps and algorithms are elaborated
in detail in the next section.

1) Nuclear Norm Minimization: According to the afore-
mentioned theorem, We can transform the rank function into
its envelope function, namely the nuclear norm, for optimiza-
tion and obtain

min
X EV

N�1X

k=1

�k



XEV

[k]





�

s.t. XEV

 = T EV


 : (11)

Here, the weight �k is defined as

�k =
�k

PN�1
k=1 �k

; (12)
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Fig. 5. Outline of the EV load data reconstruction framework.

where �k = min(
Qk
s=1 Is;

QN
s=k+1 Is). To satisfy the feasible

region condition in Theorem 1, we normalize XEV to make


XEV
[k]




 � 1. Then, we use the singular value thresholding
(SVT) algorithm [34] to convert it as

min
X EV ;MEV

k

N�1X

k=1

�k


MEV

k



� +

�k
2




XEV
[k] �MEV

k





2

F

s.t. XEV

 = T EV


 ;

(13)

where �k is a positive number defined as �k = "�k. " is an
empirical value. Then, we adopt the block coordinate descent
(BCD) method [53] to solve (13). More specifically, we divide
the decision variables into two groups, i.e., XEV and MEV

k ,
for alternate optimization. So, we can fix one of them to solve
the other. First, we compute MEV

k corresponding to

min
MEV

k

�k


MEV

k



� +

�k
2




XEV
[k] �MEV

k





2

F
; (14)

where XEV
[k] is fixed. Then, using SVT, we obtain

MEV
k+1 = D
k (XEV

[k] ); (15)

where 
k = �k
�k

is the threshold; D
k (�) is the thresholding
function. Specifically, based on the SVD of XEV

[k] , we have

D
k (XEV
[k] ) = U[k]D
k (�EV

[k] )(V EV
[k] )T ; (16)

D
k (�EV
[k] ) = diag((�i[k] � 
k)+): (17)

After updating all the MEV
k , we can proceed to solve XEV

with the updated matrices MEV
k . Then, elements of XEV can

be replaced via

xEVi1���iN=

8
<

:

�PN
k=1 �kfold[k](MEV

k )
PN

k=1 �k

�

i1���iN
;(i1 � � � iN)=2
;

tEVi1���iN ;(i1 � � � iN)2
:
(18)

Due to the convex property of (13), through iterative solving,
we can get a convergent result. Its convergence criterion is

jj(XEV )l+1 � (XEV )ljjF
jjT EV jjF

� �; (19)

where l is the number of iteration and � is the tolerance.
Due to the difference between data reconstruction and data

completion, we need to process the observed EV load data. 2

The procedure of the NNM method is given in Algorithm 1.

Algorithm 1 Nuclear Norm Minimization
1: Input the observed EV load data and set parameters
�k and �k; k = 1; � � � ; N � 1;

2: Interpolate the observed load data via interp function
and convert it into a high-order tensor (XEV )0;

3: Define index set 
 and normalize the initial load data
tensor;

4: Initiate iteration number l;
5: while (stopping criterion is not met) do
6: for k = 1; : : : ; N � 1 do
7: Perform TT unfolding of the load data tensor

(XEV )l along kth mode;
8: Normalize XEV

[k] making it satisfy



XEV

[k]




 � 1;

9: Perform SVT of (XEV )l to get (MEV
k )l via (15);

10: end for
11: Update load data tensor (XEV )l+1 via (18);
12: Update l = l + 1;
13: end while
14: Output the reconstructed load data tensor XEV and con-

vert it into the time-series data.

2) Parallel Matrix Factorization: PMF is another alter-
native method of (10). Specifically, we perform low-rank
matrix factorization on each unfolding matrix using the TT
unfolding method. Then, we have XEV

[k] = AEV
[k] BEV

[k] , where

AEV
[k] 2 R

Qk
s=1 Is�r̂k and BEV

[k] 2 Rr̂k�
QN

s=k+1 Is ; r̂k is the
estimated rank. Then, instead of minimizing the nuclear norm,
we use the Frobenius norm [35] as

min
AEV

k ;BEV
k ;X EV

PN�1
k=1 �k




AEV
k BEV

k �XEV
[k]





2

F

s.t. XEV

 = T EV


 ;
(20)

Similar to the NNM method, we adopt the BCD method.
Then, (20) is converted to

min
AEV

[k] ;B
EV
[k] ;X

EV
[k]

jjAEV
[k] BEV

[k] �XEV
[k] jj

2
F ; (21)

for k = 1; 2; � � � ; N � 1. Although this problem is noncon-
vex, when two variables are fixed and the remaining one is
optimized, it can still be transformed into a convex one [53].
Then, we can update each variable sequentially via

(AEV
[k] )l+1 =(XEV

[k] )l
�
(BEV

[k] )l
�T�

(BEV
[k] )l

�
(BEV

[k] )l
�T�y

; (22)

(BEV
[k] )l+1=

��
(AEV

[k] )l+1
�T

(AEV
[k] )l+1

�y�
(AEV

[k] )l+1
�T

(XEV
[k] )l; (23)

(XEV
[k] )l+1 = (AEV

[k] )l+1(BEV
[k] )l+1; (24)

2We use the interp function in Matlab to interpolate the observed time-series
load data and obtain the high-resolution initial values for the data xEV

hrl =
interp(xEV

lrl ) and (X EV )0 = ten(xEV
hrl ), where ten(·) is the tensorization

operator; xEV
hrl and xEV

lrl are the high-resolution and the low-resolution load
data, respectively.
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where y denotes the Moore-Penrose pseudoinverse. After
updating all of them, we can replace the element of EV load
data tensor X as

xEVi1���iN=

8
>><

>>:

 
N�1X

k=1

�kfold[k](XEV
[k] )

!

i1���iN

(i1 � � � iN)=2


tEVi1���iN (i1 � � � iN)2
:

(25)

The detailed procedure of this PMF algorithm [54] is given in
Algorithm 2.

Algorithm 2 The PMF Algorithm
1: Input the observed EV load data;
2: Interpolate the observed load data via interp function

and convert it into a high-order tensor (XEV )0;
3: Set parameters rk; k = 1; � � � ; N � 1;
4: Define index set 
 and normalize the initial load data

tensor;
5: Initiate iteration number l;
6: while (stopping criterion is not met) do
7: for k = 1; : : : ; N � 1 do
8: Perform TT unfolding of the EV load data tensor

(XEV )l along kth mode;
9: Update AEV

[k] via (22);
10: Update BEV

[k] via (23);
11: Update XEV

[k] via (24);
12: end for
13: Update load data tensor (XEV )l+1 via (18);
14: Update l = l + 1;
15: end while
16: Output the reconstructed load data tensor XEV and con-

vert it into the time-series data.

D. Comparison of the Proposed Algorithms

Here, we provide a detailed comparison of the two proposed
load data reconstruction algorithms to highlight their respec-
tive features, as shown in Table II.

1) Computational Complexity Analysis: For a specific ten-
sor X 2 RI1�I2�����IN , we assume that each dimension is
of the same size, i.e., I1 = I2 = � � � = IN = I and that the
TT ranks are also equal, namely r1 = r2 = � � � = rN = r.
Then, we analyze the computational complexity of the two
algorithms. The computational complexity of both algorithms
is relatively high. However, given that the nature of the
research problem does not necessitate real-time computation,
the computational complexity does not pose a significant
concern.

2) Convergence Analysis: First, for the NNM algorithm,
as seen from (13), both the nuclear norm and the Frobenius
norm are convex. Therefore, the algorithm guarantees its
convergence to achieve a solution. Second, for the PMF
algorithm, when using the BCD method for optimization, (20)
becomes convex because each variable is modified while the
other two remain fixed. Hence, both algorithms ensure reliable
convergence and efficient performance.

3) The Number of Tuning Parameters: Both proposed algo-
rithms require parameter tuning. For the NNM algorithm, the
SVT threshold 
k needs to be set, while the PMF algorithm
requires setting the singular value threshold th for matrix
factorization. Luckily, the number of tuning parameters for
both algorithms is only one. This means both algorithms can
be tuned relatively easily compared with the Neural network-
based methods where tuning parameters can be quite a lot.

The above three comparison analyses show that both pro-
posed algorithms exhibit excellent convergence and low pa-
rameter tuning requirements, making them effective for load
data reconstruction. However, as the data dimensionality in-
creases, this may result in longer computation times. Luckily,
this is not a major concern for this application.

TABLE II
COMPARISON OF THE PROPOSED TWO ALGORITHMS

Computational Complexity Analysis
Algorithm Computational complexity

NNM algorithm O(I3N=2 + I3N=2�1) [53]
PMF algorithm O(3(N − 1)INr) [28]

Convergence Analysis
Algorithm Convex Convergence

NNM algorithm X X
PMF algorithm X X

The Number of Tuning Parameters
Algorithm Tuning Parameters

NNM algorithm 
k
PMF algorithm th

V. CASE STUDIES

In this section, we conduct various experiments using real
industrial EV load data. Moreover, evaluation metrics are
proposed to measure the quality of the high-resolution recon-
structed data. Comparison studies, parameter sensitivities anal-
ysis, and quantifiable metrics are also discussed to demonstrate
the excellent performance of the proposed method.

A. Test with Real EV Load Data

Let us first briefly introduce the real industrial EV load data
that we adopt for this work. This load data set contains EV
load data for 5 days, sampled every 1 minute, namely 7200
data points in total as a benchmark. Note that in practice,
these high-resolution data are typically not provided. Then,
we utilize the aforementioned two methods for load data
reconstruction, including transforming the time intervals of
load data from 2-minute into 1-minute, from 4-minute into
1-minute, and from 10-minute into 1-minute.

Then, let us set the parameters for the proposed algorithms.
First, for the empirical variable, 
k, in (17), we can use

 = 5I and 
k = 5

Qk
s=1 Is in matrix completion and

tensor completion, respectively. However, we find that the
values of 
 are not suitable for the load data reconstruction
problem due to low accuracy. Here, for convenience, we set

 = 1

" . Here, we adopt " = 200
Qk
s=1 Is, the detailed tests
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Fig. 6. Plots for different resolutions of the reconstructed EV load data using the proposed two methods with (a)-(c) two-fold, four-fold, and ten-fold
increasing in the data resolution using the NNM method, respectively; (d)-(f) two-fold, four-fold and ten-fold increasing in the data resolution using PMF
method, respectively. Here, two-fold, four-fold, and ten-fold refer to the low-resolution measurement data sampled at intervals of two minutes, four minutes,
and ten minutes, respectively, used to reconstruct high-resolution load data sampled at one-minute intervals. The numbers indicate the multiples by which the
data resolution is increased.

of which are provided in Section V-D. Second, for the PMF
method, the initial ranks of the unfolding matrices need to be
defined in advance. Specifically, the value of rk is equal to
the number of all singular values satisfying �i[k]

�1[k]
� th, where

th is the singular value threshold. The effects of different
values of th will also be analyzed in the following section.
Here, we set its value to 0:001. Furthermore, in terms of
the construction of the tensorized load data, we reform the
EV load data as R60�4�6�5 according to the minute-hour-day
rule and divide a day into 4-time segments to increase the
dimensions of the data 3. Moreover, because the convergence
criterion (19) may be satisfied in the first iteration after
making




XEV
[k]




 � 1, we add another convergence criterion

3Specifically, 60 represents the number of measurement data points per
hour, meaning measurements are taken every minute. The numbers 4 and 6
indicate that a day is divided into four parts, each lasting six hours. Lastly, 5
represents the total measurement period of five days.

jj(XEV )l+1 � T EV jjF < jj(XEV )l � T EV jjF enabling the
iteration to continue. The iteration number and � in (19) are
set as 1000 and 10�4, respectively.

Then, the experimental results are shown in Fig. 6. The
two-fold resolution data can perfectly match the original high-
resolution data. Also, the four-fold resolution data perform
well but are slightly inferior to the two-fold one. Moreover,
when the EV load data resolution increases tenfold, the effec-
tiveness decreases a little for the data points showing abrupt
changes. However, the proposed methods still capture the main
trend of the data evolution well. In general, our methods can
cost-effectively reconstruct the EV load data. Here, due to
the significant power difference in EVs between charging and
noncharging periods, substantial fluctuations may occur in the
load data, i.e., numerous instances of zero load and abrupt
load changes, making it challenging to accurately reconstruct
high-resolution data at some points. Furthermore, errors in

This article has been accepted for publication in IEEE Transactions on Smart Grid. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSG.2024.3471077

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: to IEEExplore provided by University Libraries | Virginia Tech. Downloaded on December 13,2024 at 01:55:15 UTC from IEEE Xplore.  Restrictions apply. 



SUN et al.: A LOW-RANK TENSOR TRAIN APPROACH FOR ELECTRIC VEHICLE LOAD DATA RECONSTRUCTION USING REAL INDUSTRIAL DATA 9

the collected metering data, reflecting the wrong power con-
sumption at that time, may further affect the accuracy of the
reconstructed high-resolution EV data.

Then, we conduct several comparative experiments to
demonstrate the excellent performance of our methods. The
algorithms we compared include the LSR method based on
convolutional neural networks [32] and the nearest interpola-
tion method. For the LSR method, we extract 20 days of the
EV load data as the training set, 2 days as the test set, and
finally use the converged model to reconstruct the load data of
the aforementioned 5 days, namely 7200 1-minute load data.

To demonstrate the performance of the proposed method nu-
merically, we further define the following metrics to evaluate
the quality of the reconstructed high-resolution EV load data.
First, the most commonly used metric is the root mean square
error (RMSE), calculating the root of the mean squared differ-
ence between the reconstructed EV data and the actual data.
Second, we use the R-square, also called the coefficient of
determination, to measure the variability of the reconstructed
load data, and its calculation method is as follows:

R2 = 1�
PNEV
j=1 (xEV;j � x̂EV;j)2

PNEV
j=1 (xEV;j � xmeanEV )

; (26)

where NEV is the number of high-resolution EV load data;
xmeanEV is the mean of all EV load data; x̂EV;j and xEV;j are
j-th reconstructed load data value and actual load data value,
respectively.

Here, the aforementioned metrics are insufficient for com-
paring the shapes of the load data waves. Therefore, we
introduce two other metrics to evaluate the quality of the
waveforms, i.e., peak load error (PLE) and frequency com-
ponent error (FCE) [22]. The PLE measures the difference
between the maximum values of the reconstructed load data
waveforms and the actual load data waveforms, while the
FCE measures the similarity between two waveforms in the
frequency domain. They are defined as

PLE = jmax(x̂EV )�max(xEV )j; (27)

FCE =
1

NEV
jjF(x̂EV )�F(xEV )jj1; (28)

where F is the Discrete Fourier Transform operator; x̂EV
and xEV are the reconstructed load data and actual load data,
respectively.

The comparative results are shown in Table III. Apparently,
our methods outperform others in various aspects and scenar-
ios. For the LSR method, due to significant data fluctuations,
it results in a non-negligible load data value even at some
points where they should ideally be zero, leading to poorer
performance. Then, for the nearest interpolation method, it
performs well in reconstructing constant data segments but
poorly in regions with abrupt data changes. Moreover, with
the decrease in the number of observation data, i.e., the
reduction in the data sampling frequency, the effectiveness of
data reconstruction gradually diminishes.

TABLE III
COMPARISON OF EV LOAD DATA RECONSTRUCTION PERFORMANCE

USING DIFFERENT METHODS

Methods
LSR

method
Nearest

interpolation
NNM

method
PMF

method

2 to 1 min

R2 0.9571 0.9744 0.9895 0.9894
RMSE 0.047 0.0363 0.0232 0.0234
PLE 0.092 0.0052 0.0018 0.0151
FCE 3.28 2.7239 1.7358 1.7472

4 to 1 min

R2 0.9155 0.9379 0.9633 0.9624
RMSE 0.0659 0.0565 0.0435 0.044
PLE 0.092 0.0052 0.0052 0.0297
FCE 4.2638 4.1376 3.0162 3.0388

10 to 1 min

R2 0.7722 0.8368 0.8867 0.8843
RMSE 0.1083 0.0916 0.0764 0.0771
PLE 0.0131 0.0516 0.0516 0.0087
FCE 5.6855 5.8792 4.4873 4.5057

B. Test with EV Load Data over A Longer Period of Time

To further verify the applicability of the proposed methods,
we extend the load data to 10 days and one month for
experiments, resulting in 14400 and 43200 sampling points,
respectively. The results are further illustrated in Table IV.
It shows that as the data volume increases, the accuracy of
the reconstructed load data also improves. This is because
the increase in data volume effectively increases the learning
samples, allowing more accurate data features to be captured.
This, therefore, enhances the accuracy of the reconstruction of
the data. These experiments further validated the applicability
of the proposed methods for EV load data reconstruction over
a longer period of time.

TABLE IV
THE PERFORMANCE CRITERIA OF THE PROPOSED TT RANK-BASED

METHODS OVER LONG TIME SCALES

Number of
test days

10 30

Methods
NNM

method
PMF

method
NNM

method
PMF

method

2 to 1 min

R2 0.9896 0.9895 0.992 0.9919
RMSE 0.023 0.0232 0.0182 0.0182
PLE 0.0313 0.0404 0.0618 0.0536
FCE 2.436 2.4518 3.3248 3.3346

4 to 1 min

R2 0.9627 0.9621 0.971 0.9707
RMSE 0.0436 0.044 0.0345 0.0346
PLE 0 0.0089 0.0088 0.008
FCE 4.2904 4.3166 5.8732 5.8712

10 to 1 min

R2 0.8878 0.8851 0.909 0.9083
RMSE 0.0756 0.0765 0.0611 0.0613
PLE 0.0729 0.0545 0.0811 0.0811
FCE 6.3308 6.3625 8.7992 8.7876

C. Comparison with other tensor and matrix completion al-
gorithms

To further demonstrate the performances of the proposed
TT-based data reconstruction algorithm method, we compare
several other matrix and tensor completion algorithms, namely
the matrix-based and Tucker-based NNM algorithms. Here,
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we conduct experiments using 10 days of EV load data, struc-
turing the tensors in R10�6�4�6�10 and matrix in R1440�10.
The results are shown in Table V. It is observed that the pro-
posed TT-based data reconstruction method outperforms other
methods under different comparison criteria. This validates the
significance of the balanced matrix characteristic in enhancing
the effectiveness of data reconstruction.

TABLE V
COMPARISON OF PERFORMANCE CRITERIA OF THE PROPOSED AND OTHER

TENSOR/MATRIX COMPLETION METHODS

Methods TT-NNM Tucker-NNM Matrix-NNM

2 to 1 min

R2 0.9896 0.9895 0.9894
RMSE 0.0230 0.0231 0.0232
PLE 0.0309 0.0452 0.0447
FCE 2.4354 2.4494 2.4587

4 to 1 min

R2 0.9627 0.9617 0.9618
RMSE 0.0436 0.0442 0.0441
PLE 0 0.0057 0
FCE 4.2903 4.3310 4.3281

10 to 1 min

R2 0.8877 0.8828 0.8839
RMSE 0.0756 0.0773 0.0769
PLE 0.0729 0.0376 0.0502
FCE 6.3299 6.4051 6.3842

D. Analysis of Parameter Sensitivity

In this section, we explore the impact of various parameter
settings on the experimental results.

TABLE VI
COMPARISON OF THE PERFORMANCE OF DIFFERENT "

The values
of "

R2 RMSE PLE FCE
Number of
iterations

100
Qk

s=1 Is 0.96474 0.04259 0.0052 2.9375 847
150

Qk
s=1 Is 0.98819 0.02464 0.0052 1.8378 286

200
Qk

s=1 Is 0.98952 0.02322 0.0018 1.7358 87
500

Qk
s=1 Is 0.98952 0.02322 0.0019 1.7358 216

1000
Qk

s=1 Is 0.98952 0.02322 0.0019 1.7358 433

1) The Parameter in NNM Method: Here, we change the
setting values " in the NNM method to study its impact on the
experimental results. Then, we choose the scenario of the two-
fold resolution increasing. The results are shown in Table VI.

When we decrease the value of ", the quality of the
reconstructed EV load data degrades greatly, while the time
consumption increases significantly. This is because when "
decreases, the singular value threshold 
k increases, causing
the ranks of the unfolding load data matrices to decrease with
each iteration, thus reducing the quality of the reconstructed
EV load data. Then, when increasing the values of ", all
metrics remain almost unchanged, but the number of iterations
gradually increases, due to the small change in the singular
values in each iteration. From the experimental results, " =
200

Qk
s=1 Is is a relatively good parameter value. Furthermore,

we further verify the validity of this value by testing with other
load data, while finding that around 200

Qk
s=1 Is is effective.

TABLE VII
COMPARISON OF THE PERFORMANCE OF DIFFERENT th

The values
of th

R2 RMSE PLE FCE
Number of
iterations

10�1 0.69068 0.12615 0.0052 6.1894 1000
10�2 0.98859 0.02422 0.092 1.8139 33
10�3 0.98939 0.02336 0.01509 1.7472 211
10�4 0.98939 0.02337 0.01461 1.7494 27

2) The Parameter in PMF Method: Let us alter the thresh-
old of the initial singular value to study its effects. Similarly,
we choose the two-fold resolution increasing situation. The
results are displayed in Table VII.

When the setting th is too large, the initial rank of the
unfolding matrices may be small, making inaccurate recon-
struction of the EV load data. Then, with the decrease of
th, the quality of data reconstruction initially improves and
then decreases, reaching an optimum at around th = 10�3.
However, the number of iterations also increases at this point.
Further, we study the effect of the number of iterations, while
finding that even with a lower number of iterations, the perfor-
mance remains relatively good, indicating that the subsequent
iterations might not significantly enhance the outcome at the
optimum point. Moreover, even small values of th can yield
great performance with a slight decrease compared to the
optimal solution. Therefore, we can choose a relatively small
value of th.

E. The Structure of Tensorized Data
Now, we study the impact of tensorized EV load data with

different structures. When using low-resolution load data for
experiments, the reduction in data volume does indeed affect
the structure of the tensorized data. Therefore, data interpola-
tion is initially performed to increase the low-resolution data
to match the quantity of high-resolution data, ensuring that the
total amount of data remains constant. This allows the tensor
structure to be preserved under the same tensorization rules.
As mentioned earlier, we can construct tensors of EV load
data based on dimensions such as minutes, hours, and days.
However, when dealing with limited data bulk, we can increase
dimensions by dividing a day into quarters or an hour into
two segments. Here, increasing dimension specifically refers
to the temporal division, i.e. further subdivision of common
calendar units. In general, the division of data dimensions
should maintain rationality. Then, we conduct experiments
using the two-fold increase in resolution of both methods.
All experimental results are shown in Table VIII. Apparently,
with the increasing data dimensions, the performance of the
reconstructed data improves. Therefore, under reasonable con-
ditions, we should increase the data dimension as much as
possible to maintain the balanced structure of the TT unfolding
matrix, as illustrated in Footnote 1, thereby improving the
accuracy of data reconstruction.

F. EV Load Data Completion
It is worth noting that the two load data reconstruction

algorithms we proposed can also be used for data comple-
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TABLE VIII
COMPARISON OF THE PERFORMANCE OF DIFFERENT STRUCTURES OF

TENSORIZED EV LOAD DATA

Methods Metrics
Structure of tensorized EV load data

R10�6�4�6�5 R60�4�6�5 R60�24�5

NNM
method

R2 0.98953 0.98952 0.98946
RMSE 0.02321 0.02322 0.02329
PLE 0.0019 0.0018 0.0052
FCE 1.7354 1.7358 1.7401

PMF
method

R2 0.98951 0.98939 0.98937
RMSE 0.02323 0.02336 0.02338
PLE 0.011 0.01509 0.0144
FCE 1.7373 1.7472 1.7476

tion. Here, we briefly demonstrate their application for data
completion4. We set different rates of missing load data, and
the performance is illustrated in Fig. 7. Similarly, different
parameter settings also affect the experimental results, but we
do not delve into their impact on data completion here. For
data completion application, it goes beyond the scope of our
article. Therefore, we consider it only as a byproduct rather
than a primary contribution to our work.

Fig. 7. Performance comparison between different EV load data completion
methods

VI. CONCLUSION AND FUTURE WORK

In this paper, we propose two data reconstruction algorithms
based on low-rank TT in EV load data for the first time.
They can effectively reconstruct high-resolution load data from
low-resolution data. Comparison studies reveal the excellent
performance of our proposed methods. The practicality is also
verified by the real industrial EV load data.

Considering the different spatial locations of EV charging
stations, this can also be used as a method to increase data
dimensionality. Although we have some EV station mea-
surement data, we lack data from different stations across a
wide area. Of course, this is a highly valuable research topic

4Here, we carefully distinguish between data reconstruction and data
completion. Data reconstruction [32] refers to converting low-resolution
load sampling data into high-resolution data to increase data granularity. In
contrast, data completion [30] involves filling in missing data within time-
series data to ensure data integrity.

that deserves further investigation. In future work, we will
incorporate more spatial features to improve the wide-area
applicability of our EV load data reconstruction methods.

APPENDIX

THE CONVEX ENVELOPE OF THE RANK FUNCTION

In this appendix, we provide a proof of Theorem 1.
The conjugate function that is indispensable in the proof

process is given as

f�(y) = supfyTx� f(x)jx 2 Cg; (29)

where sup(�) is the supremum function and �T denotes its
transpose. Also, under some specific conditions that hold here,
the conjugate function of the conjugate function, i.e., f��, is
the convex envelope of the original function f [52].

Here, we prove the theorem using matrices. Firstly, we
compute the firth-order conjugate function

� �(Y ) = sup
kXk�1

(Tr(Y TX)� � (X)); (30)

where Tr(�) is the matrix trace function; X 2 RI�J is the
original matrix with kXk � 1; Y 2 RI�J is an arbitrary
matrix. We define q = min(I; J).Then, according to Von
Neumann’s trace theorem [55], we can obtain

Tr(Y TX) �
qX

i=1

�i(Y )�i(X): (31)

To make both sides of (31) equal, we can take Y satisfying
UT

Y UX = I and V T
X VY = I , where U and V are the

matrices obtained from the SVD of X and Y , i.e., X =
UX�XV T

X and Y = UY �Y V T
Y . Then, we can get (33).

Second, considering the solution for the first-order conjugate
function, if r = 0, the value of � �(Y ) is zero for all Y .
Otherwise, we have � �(Y ) =

Pr
i=1 �i(Y )�r. Alternatively,

we can denote it in the following form

� �(Y ) = max

(

0; �1(Y )� 1; : : : ;
rX

i=1

�i(Y )� r;

: : : ;
qX

i=1

�i(Y )� q

)

:

(32)

Then, we can easily get

� �(Y ) = sup
kXk�1

(
qX

i=1

�i(Y )�i(X)� rank(X)); (33)

where �i is the ith largest singular value. We suppose
rank(X) = r; 1 � r � q. Then, we discuss the matrix Y
by categorizing it into different cases as

� �(Y ) =

8
>>>><

>>>>:

0 ; kY k � 1
qP

i=1
(�i(Y )� 1)+

=
rP

i=1
�i(Y )� r

; kY k > 1 (34)

where (�i(Y )�1)+ denotes those terms with positive values,
i.e., (�i(Y )� 1)+ = maxf�i(Y )� 1; 0g.
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Third, we compute the second-order conjugate function, i.e.,
� ��, defined as

� ��(Z) = sup
Y

(Tr(ZTY )� � �(Y )); (35)

where Z 2 RI�J is an arbitrary matrix. Similar to the solution
for the first-order conjugate function, we can set Z satisfying
UT

Z UY = I and V T
Y VZ = I . Therefore, (35) can be rewritten

as

� ��(Z) = sup
Y

(
qX

i=1

�i(Z)�i(Y )� � �(Y )): (36)

Now, let us further consider different cases using kZk.
Now, if kY k � 1, (36) can be simplified as � ��(Z) =Pq
i=1 �i(Z) = kZk�. This formula holds under the condition

�i(Y ) = 1; i = 1; � � � ; q.
Then, we provide other scenarios of different regions of

values for kY k and kZk. For the case of kZk > 1, if kY k �
1, � ��(Z) is apparently equal to zero. Then, if kY k > 1, we
can obtain:

� ��(Z) = sup
Y

(
qX

i=1

�i(Z)�i(Y )� (
rX

i=1

�i(Y )� r))

= sup
Y

(
rX

i=1

(�i(Z)� 1)�i(Y )

+
qX

i=r+1

�i(Z)�i(Y ) + r)

: (37)

Obviously, the coefficient of �i(Y ) is positive causing � ��(Z)
to tend towards infinity when kY k is sufficiently large.

For the case of kZk � 1, if kY k > 1, we can obtain the
same result as the first line of (37). Then, just consider the
part within the function sup(�). By adding and subtracting the
term

Pq
i=1 �i(Z), we have

qX

i=1

�i(Z)�i(Y )� (
rX

i=1

�i(Y )� r) <
qX

i=1

�i(Z): (38)

Here, the term
Pq
i=1 �i(Z) is also equal to kZk�.

Finally, by setting Z = Y = X , we can satisfy all the
assumptions in the proof and ultimately prove the proposed
theorem, i.e., kZk� is the convex envelope of rank(X).
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