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Cooperative Positioning in Wireless Sensor Networks
Using Semidefinite Programming

Sayed Reza Monir Vaghefi

Abstract

With the rapid development of wireless technologies, the demand for positioning services has

grown dramatically over the past three decades. The Global Positioning System (GPS) is widely

used in wireless devices for positioning purposes. However, in addition to having bulky and ex-

pensive equipment, GPS receivers do not operate properly in dense and indoor environments.

Difficulties in using GPS lead us to use sensor localization in which the position information is ob-

tained from the measurements collected within the network without the aid of external resources.

Sensor localization has been a great topic of interest during past decades. Although many position-

ing algorithms have been developed previously in the literature, positioning is still a challenging

task. There are many factors that can affect the positioning performance if they are neglected or

not treated properly. These factors introduce many nuisance parameters which need to be either

estimated or considered when the location is estimated.

In this work, we exploit cooperative localization as a recent and trending technology and semidef-

inite programming (SDP) as a powerful tool in our research. Cooperative localization has several

advantages over the traditional noncooperative localization in terms of positioning accuracy and

localizability. Cooperation is also highly beneficial for networks with few anchor nodes and low

communication range. On the other hand, SDP provides an alternative solution to the optimal

maximum-likelihood (ML) estimation. Unlike in the ML estimator, convergence to the global min-

imum is guaranteed in SDP. It also has significantly lower complexity especially for cooperative

networks in exchange for small performance degradation. Using these two concepts, four open prob-

lems within the area of cooperative localization and tracking in the presence of nuisance parameters

are addressed. In particular, we focus on cooperative received signal strength-based localization

when the propagation parameters including path-loss exponent and transmit powers are unknown.

Cooperative time-of-arrival-based localization in harsh environments in the presence of severe non-

line-of-sight (NLOS) propagation is also investigated. Cooperative localization in asynchronous

networks is studied where the clock parameters are considered as nuisance parameters and the

focus is on a joint synchronization and localization approach. Lastly, source tracking in NLOS

environments is studied where source nodes are mobile and their status changes rapidly from LOS

to NLOS and vice versa.
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Chapter 1

Introduction

Wireless communications has grown rapidly over the past two decades. Nowadays, wireless devices

such as cell phones, tablets, and laptops can be found everywhere. Along with the rapid develop-

ment of wireless technologies, the demand for positioning services has increased as well. Positioning

has many civilian, commercial, and military applications such as finding the location of an E-911

caller, locating an aircraft, locating sensors in a wireless sensor network (WSN), or tracking fire-

fighters inside a burning building. The Global Positioning System (GPS) is the primary and the

most accessible navigation technique for most applications. However, there are several drawbacks

associated with satellite-based positioning techniques such as GPS. First, in many commercial and

military applications, low-cost and low-power wireless devices are required. Hence, equipping each

sensor in the network with a GPS receiver would be expensive. Moreover, sensors may be too small

to carry a GPS receiver. Second and more importantly, GPS receivers do not work properly in

indoor and dense environments (such as inside buildings, tunnels, or a forest) where the satellite

signals are severely attenuated. Therefore, having a simple and efficient sensor localization tech-

nique is required. The main aim of sensor localization is to determine the locations of unknown

nodes (called source nodes) by using measurements obtained within the network without the aid of

external resources such as GPS. Sensor localization includes a series of anchor nodes with known

locations which try to estimate the locations of source nodes whose locations are unknown. The

anchor nodes might be equipped with a GPS receiver or have been placed at known positions.

Although using this approach will address the cost and space limitation of GPS, there are still

many problems which must be addressed to have a reliable positioning performance.

Generally in wireless networks, there are many nodes with unknown locations to be localized,

perhaps substantially more than the number of anchor nodes. However, most studies on sensor

localization focus on single-node positioning in which they are dealing only with a single unknown

source node at the time. In traditional approaches, the network is broken down into several subnet-

works with a single unknown source node and source nodes are treated individually. The examples

of such networks are cellular networks and GPS networks. However, traditional approaches are

not useful in low-power networks with limited connectivity. The performance of such networks rely

on relaying due to cost and energy limitations. Therefore, these networks cannot be easily broken
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down into subnetworks, because all source node may not see a sufficient number or any anchor

nodes. In this case, source nodes cannot be treated individually and the network as a whole should

be examined where the relationship between all nodes is taken into account.

At first sight, positioning seems to be trivial where a simple trilateration process is used. How-

ever, positioning is a challenging task in practice. There are many factors which can impact

positioning performance such as multi-path and non-line-of-sight (NLOS) propagation, interfer-

ence, limited connectivity, poor geometry of anchor nodes, synchronization, and uncertainties in

the assumed model. These factors result in many nuisance parameters that must be estimated or

otherwise considered when estimating the location. In estimation theory, a nuisance parameter is

referred to as any parameter that is not of interest, but must be estimated (or considered) for ana-

lyzing the parameters of interest. For instance, Although localization in general has a rich history in

the literature, cooperative localization is relatively recent and there are still several open problems

in this area. Cooperative localization is an emerging technology for dealing with multiple-node net-

works which has received substantial interest in the area of wireless communications, optimization,

and robotics. Unlike traditional noncooperative localization which is used for single-node networks,

cooperative localization utilizes measurements collected between unlocalized nodes in addition to

the measurements collected by the anchor nodes (i.e., nodes with known locations). Cooperative

localization in general can significantly improve localization accuracy and localizability. Localiz-

ability refers to a condition where a source node can be localized uniquely in a network. In many

networks, source nodes cannot be localized uniquely using traditional noncooperative localization,

while their locations can be determined uniquely if cooperation is taken into account. Cooperative

localization is also highly beneficial in indoor and dense environments where additional measure-

ments can be used to mitigate NLOS propagation. Although cooperative localization is typically

applied to wireless sensor networks, it can be applied to nearly any wireless network, e.g., a cellular

network.

Nuisance parameters have been typically neglected in the previous studies of cooperative local-

ization. However, these parameters significantly affect the positioning performance, if they are not

treated properly. In this work, we examine the impact of nuisance parameters within the area of

network localization and tracking. We have used cooperative localization as a trending technology

in wireless communications to improve localization performance and also semidefinite programming

(SDP) as a promising and recent optimization tool to deal with the problem of nuisance parameters.

Localization using received signal strength (RSS) measurements is highly popular for wireless

sensors, mainly due to simple and inexpensive implementation. However, RSS-based localization

requires strong knowledge of the propagation parameters such as the transmit powers of the source

nodes and the path loss exponent of the environment. In most of the previous studies on RSS-based

localization, perfect knowledge about propagation parameters is assumed which is impractical.

Moreover, these studies mainly limit themselves to noncooperative networks. In this work, we

assume that the propagation parameters are unknown. Considering the propagation parameters as

nuisance parameters in the estimation problem, we develop a cooperative RSS-based localization
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technique.

One of the most significant challenges in ranged-based localization techniques such as time-of-

arrival (TOA) and time-difference-of-arrival (TDOA) is NLOS propagation. Sensor localization is

more beneficial in indoor and dense environments where GPS receivers cannot operate properly.

However, in such environments most connections are NLOS due to the presence of many objects

and walls. NLOS propagation degrades localization performance, if not treated properly. Although

many studies have been done on mitigation of NLOS propagation for noncooperative networks,

relatively few studies have focused on cooperative networks and we believe that there is still room

for improvement. Therefore, this work concentrates on cooperative range-based localization in

NLOS environments where not only do the anchor nodes collect measurements but also the source

nodes are involved in collecting measurements from each other. Cooperative localization is highly

beneficial in severe NLOS environments, as the effect of NLOS propagation can be mitigated by

providing additional measurements to the estimator.

The performance of range-based localization techniques is also highly dependent on accurate

time synchronization between source nodes and anchor nodes. A small error in time synchroniza-

tion causes significant localization errors. Although it is reasonable to assume that the anchor

nodes are synchronized, the source nodes are not typically synchronized in practice. Generally in

asynchronous networks, the source nodes are first synchronized with the anchor nodes and then

localization is performed. However, synchronization and localization can be performed jointly, as

there is a close relationship between them. Previous studies that have considered the impact of syn-

chronization mainly concentrate on noncooperative networks where dense anchor node placement

is required to ensure that source nodes have a sufficient number of connections. We address the

problem of joint synchronization and localization for the first time for cooperative networks. We

will show that the localization performance and localizability can be improved significantly using

cooperation.

Another problem which has not gained enough attention in the literature is source tracking in

cooperative networks. The difference between static localization and tracking is that in the latter

source nodes are mobile and an underlying dynamic model is used to localize source nodes over

time. While there have been many studies on source tracking in noncooperative networks, no study

focuses on the tracking performance of mobile nodes in cooperative networks, especially when we

have NLOS propagation. Therefore in this work, for the first time, the tracking performance of

cooperative networks in severe NLOS environments is examined.

1.1 Problem Statement

In this research, we wish to address four open problems in network localization and tracking, in all

of which the impact of nuisance parameters is considered. More specifically, the following problems

are addressed in this work:

1. Network localization based on RSS measurements when transmit powers of the source node
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and the path loss exponent are unknown and when shadowing is potentially correlated.

2. Network localization and synchronization based on TOA measurements when node timing is

unknown (i.e., asynchronous networks).

3. Network localization based on TOA measurements in presence of severe NLOS propagation.

4. Network position tracking of mobile nodes based on TOA measurements in presence of NLOS

propagation.

1.2 Contributions

This work is primarily based on two important concepts: cooperative localization and semidefinite

programming.

Cooperative Localization: Localization in general can be divided into two groups: nonco-

operative and cooperative. In conventional noncooperative localization, the unlocalized wireless

devices only communicate with infrastructure (i.e., anchor nodes). Examples of such localization

techniques are GPS and cellular-based localization. In satellite-based navigation systems such as

GPS, the receivers only collect measurements from the visible satellites. Also in cellular systems,

cell phones are only able to communicate with the base stations. Generally speaking, in nonco-

operative networks, each source node with unknown location should be connected to at least 3

anchor nodes to be localized uniquely. This requirement is usually referred to as node localizabil-

ity. In this case, a large number of anchor nodes is required to ensure that the source nodes are

connected to a sufficient number of anchor nodes which significantly increases the implementation

cost. On the other hand, energy limitations and interference consideration do not allow for longer

communication range. In indoor and dense environments, even the presence of many anchor nodes

does not improve connectivity in the network as most connections are unreliable due to NLOS

propagation. Such limitations associated with noncooperative localization leads to the emergence

of cooperative localization in which the source nodes communicate not only with the anchor nodes

but also with each other. Cooperative localization provides several advantages over noncooperative

localization. First and foremost, cooperation can significantly improve the localization accuracy, as

more measurements are available to the estimator. The need for dense anchor node deployment or

longer communication range is also eliminated, since source nodes will have additional connections

through other source nodes. Lastly, localizability is also increased through collaboration. Because

of these reasons, cooperative localization comprises a significant part of this work.

Semidefinite Programming: The main and most important tool used in this research is SDP.

SDP is a form of convex optimization which includes minimization (or maximization) of a linear

cost function constrained by the intersection of the cones defined by positive semidefinite matrices.

SDP is relatively recent in the area of optimization and has been a subject of interest during the past

decade mainly because of its several interesting features. Now the most important question that

comes to mind is why have we used SDP in this work and why not other algorithms or approaches.
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In localization, a nonlinear and nonconvex optimization problem needs to be solved to obtain

the optimal maximum likelihood (ML) estimate. The major drawback of nonlinear and noncovex

problems is that they do not have a closed-from solution. Such problems can be approximately

solved by iterative algorithms such as the Gauss-Newton algorithm which needs an initial solution.

Since the cost function of the ML estimator is noncovex, it will have several local minima and saddle

points. Therefore, a good initial point is required to ensure that the algorithm converges to the

global minimum. Moreover, the complexity of such algorithms grows considerably in cooperative

networks with many unlocalized nodes. One way to deal with a nonlinear and convex problem is to

linearize the model and then formulate it as a linear problem such as linear least squares or linear

programming. Although their complexity is substantially lower than their nonlinear counterparts,

their performance is not as good as the general nonlinear problems. Moreover, linear estimators

cannot be easily developed for cooperative networks, especially with limited connectivity. Relaxing

the nonlinear and noncovex problem into a nonlinear but convex problem provides another solution

for the ML estimator. Convex optimization problems such as SDP have a convex cost function

in which convergence to the global minimum is guaranteed. Although there are several types of

convex optimization problems such quadratic programming and second order cone programming,

SDP is the most general form of them which can be solved effectively in polynomial time.

Using the potential of cooperative localization and also SDP as a powerful tool, we address

several open problems in the area of localization. The contributions of this research are summarized

as follows.

1.2.1 Cooperative RSS-Based Localization with Unknown Transmit Powers

Cooperative localization (also known as sensor network localization) using RSS measurements when

the transmit powers of the source nodes are different and unknown is investigated in this contri-

bution. Previous studies are based on the assumption that the transmit powers of source nodes

are the same and perfectly known which is not practical. In this work, the transmit powers of the

source nodes are considered as nuisance parameters and estimated along with the locations of the

source nodes. The corresponding Cramér-Rao Lower Bound (CRLB) and the maximum likelihood

(ML) estimator are derived. To determine the ML estimate, it is necessary to solve a nonlinear

and nonconvex problem, which is shown to be computationally complex. To avoid the difficulty

in solving the ML estimator, we derive a novel SDP relaxation technique by converting the ML

minimization problem into a convex problem which can be solved efficiently. The algorithm requires

only an estimate of the path-loss exponent (PLE). We initially assume that perfect knowledge of

the PLE is available, but we then examine the effect of imperfect knowledge of the PLE on the

proposed SDP algorithm and also develop an algorithm to estimate it. The complexity analyses of

the proposed algorithms are also provided in detail. Computer simulations shows that the proposed

SDP estimator performs as well as the optimal ML estimator with significantly lower complexity

in cooperative networks.
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1.2.2 Cooperative TOA-Based Localization in NLOS Environments

TOA-based sensor localization in NLOS environments is investigated in this contribution. In the

first part of this work, we assume that the estimator is able to discriminate NLOS connections

from LOS connections. We introduce a novel SDP algorithm for cooperative localization which ex-

ploits NLOS connections to enhance the accuracy of localization. The performance of the proposed

algorithm is compared with that of the ML estimator and previously considered algorithms. In

the second part, we assume that the estimator knows neither which connections are NLOS nor the

distribution of the NLOS errors. It is shown that the ML estimator using only LOS connections pro-

vides a lower bound on the estimation accuracy. Furthermore, a novel NLOS mitigation technique

based on SDP is proposed. The proposed SDP technique estimates the locations of source nodes

jointly with the NLOS biases as nuisance parameters. The performance of the proposed SDP esti-

mator is compared with the aforementioned lower bound and with the previous algorithms through

computer simulations. Simulation results show that the proposed SDP estimator outperforms the

other algorithms substantially, especially in severe NLOS environments.

1.2.3 Cooperative Joint Synchronization and Localization

Cooperative sensor localization using asynchronous TOA measurements is investigated in this con-

tribution. It is well known that localization performance in wireless networks using time-based

ranging or pseudo-ranging methods is severely affected by the precision of the timing synchroniza-

tion between the nodes involved in the estimation. Commonly, the original estimation problem

is broken down into two subproblems, the synchronization problem and the localization problem,

in what is known as a two-step approach. However in this work, clock parameters are considered

as nuisance variables and a joint synchronization and localization technique is proposed for use in

cooperative networks. This is the first time that this problem has been addressed for cooperative

networks. It will be shown that the cooperation between the source nodes eliminates the need

for high anchor node densities and improves localization performance significantly. Moreover, the

CRLB and the ML estimator are derived for this problem. It will be shown that the ML estimator

is highly nonlinear and nonconvex and must, therefore, be solved by using computationally complex

algorithms. To reduce the estimation complexity, a novel SDP estimator is formulated by relaxing

the original nonconvex ML problem into a convex problem. The performance of the proposed SDP

estimator is shown through computer simulations to be nearly equal to that of the ML estimator.

The approach was also applied to noncooperative networks where it is found to be superior in

performance than the previously proposed estimators. Finally, complexity analyses are included

for the estimators under consideration.

1.2.4 Cooperative Source Node Tracking

Cooperative source node tracking in NLOS environments is examined in this contribution. This

is the first study which addresses tracking for cooperative localization. Although many studies
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have examined NLOS-degraded localization of a static node in noncooperative networks, and many

others have examined the impact of cooperation for static localization, there is no work which

considers cooperative tracking of mobile nodes, especially in NLOS environments. To address this

open problem, in this work we examine cooperative tracking, particularly in NLOS environments.

More specifically, we develop an extended Kalman filter (ELF) for use in cooperative networks. We

also develop a novel sensor tracking algorithm based on SDP which has the ability to mitigate

NLOS propagation. Our simulations show that the proposed SDP estimator outperforms the

classic EKF as well as the other recently proposed estimators for noncooperative tracking in NLOS

environments. We also show that the algorithm can be extended to cooperative networks, and that

a substantial performance benefit is realized by cooperation.
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Chapter 2

Background

In this chapter, a brief background about the main topic of this work is provided. This chapter

helps the reader to better understand the topic of this research and the content of the following

chapters. First, different measurement methods which are typically used for sensor localization are

described. Then, the CRLB of the TOA-based localization and its corresponding ML estimation

are introduced. Afterwards, an introduction about SDP and its features are provided. Lastly, we

talk about cooperative localization and its advantages over traditional noncooperative localization.

2.1 Measurement Models

Generally in a WSN, the positions of a number of sensors are known (anchor nodes), while there are

some sensors (source nodes) whose positions are unknown and thus must be estimated using sensor

localization. The main purpose of sensor localization is to determine the location of sensors in a

WSN via noisy measurements [1]. These measurements may include received signal strength (RSS)

[2, 3, 4], time-of-arrival [5], time-difference-of-arrival [6, 7, 8], and angle-of-arrival [9]. Suppose there

is a network with M anchor nodes and one source node. Let x = [x, y]T ∈ R
2 be the unknown

coordinates to be estimated and yi = [xi, yi]
T ∈ R

2, i = 1, . . . ,M be the known coordinates of the

ith anchor node.

The TOA measurement is considered as the travel time of signal between the source node and

anchor node. The TOA measured at the ith anchor is modeled as [1],

ti =
di
c
+ wi (2.1)

where c is the propagation velocity (e.g., in vacuum electro-magnetic propagation speed is c ≈ 3x108

m/s), wi is the measurement noise modeled as zero-mean Gaussian random variable with variance

σ2
i .

In RSS method, the amount of signal attenuation from the source node to the anchor node is

measured. The average measured power received at the node is defined as RSS. Under log-normal
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shadowing, the received power (in dBm) at the ith anchor node is modeled as [2]

Pi = P0 − 10β log10
di
d0

+ ni (2.2)

where P0 (in dBm) is the reference power at distance d0 from the source node. β is the path loss

exponent which varies typically between 2 and 4 depending on the propagation environment [1]. di

is the true distance between the source node and the ith anchor node

di = ‖x− yi‖2 (2.3)

where ‖ · ‖2 denotes the ℓ2 norm. ni are the log-normal shadowing terms. The standard deviation

of shadowing is reported in dB unit and is topically between 4 and 12 dB [1].

The angle between the source node and anchor node is measured in AOA technique. The

hardware for measuring AOA is relatively more complex than other methods which makes it less

popular for sensor localization. The AOA measurement is modeled as [1]

αi = tan−1 y − yi
x− xi

+ ni (2.4)

where tan−1{·} is four-quadrant inverse tangent, and ni is the measurement noise modeled as zero-

mean Gaussian random variable with variance σ2
α. The experimental results show that the standard

deviation of error varies between 2 and 6 degrees in an acoustic-based AOA method, depending on

the inter-node distance.

2.2 Cramér-Rao Lower Bound

The CRLB provides a lower bound on the performance (variance) of any unbiased estimator [10,

Ch. 3]. The CRLB is used as a benchmark to compare the performance of different estimators. In

other words, it would indicate how accurate an estimator is and how far its performance is from

the lower bound. An estimator is asymptotically optimal if its variance reaches the CRLB as the

number of measurements increases. The CRLB of the unknown parameter, x, is obtained from the

diagonal elements of the inverse of the Fisher information matrix [10, Ch. 3]. The elements of the

Fisher information matrix are obtained as follows:

[I(θ)]mn = −E

[

∂2 log p (r;θ)

∂θm∂θn

]

. (2.5)

where p (r|θ) is the likelihood function of the measurements.

In a TOA-based method, the signal travel time from the source node to the anchor nodes is

measured. For simplicity, all obtained measurements are multiplied by the propagation velocity to

obtain distance information as

ri = cti = di + ni (2.6)
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Figure 2.1: TOA-based Sensor localization. The squares represent the anchor nodes and the sold circle
represents the source node. In TOA method, the distance between the source and anchor nodes are measured
and used to estimate the location of source node.

where ri is the measured distance obtained from TOA measurements, as shown in Fig. 2.1. ni = cwi

is the measurement error. Since the accuracy of TOA measurements is related to the received signal-

to-noise ratio (SNR) [1, 11] which itself is related to the distance and the path-loss exponent [12, 2],

the variance of ni is typically modeled as [13]

σ2
i = αdβi

i (2.7)

where α is a constant which defines the relationship between the noise variance and the true distance

and depends on the network environment and hardware implementation of nodes and βi is the path

loss exponent which typically varies between 2 and 4. The probability density function (pdf) of the

model in (2.6) is written as

p(r|x) = 1

(2π)M/2|Q|1/2 exp
(

−1

2
(r− d(x))TQ−1(r− d(x))

)

(2.8)

where r = [r1, r2, . . . , rM ]T, d(x) = [d1, d2, . . . , dM ]T, Q = E{nnT}, and n = [n1, n2, . . . , nM ]T.

Now, let us derive the CRLB of the known parameter x for the model in (2.6). To determine the

CRLB, we need to calculate the Fisher information matrix. After some calculation and manipula-

tions, the Fisher information matrix of the model in (2.6) is calculated as [10, Ch. 3]

I(x) = H(x)TQ−1H(x) (2.9)
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where H(x) ∈ R
M×2 is the Jacobian matrix obtained as

H(x) =
∂d(x)

∂x
=















(x− y1)
T

‖x− y1‖2
...

(x− yM )T

‖x− yM‖2















. (2.10)

Finally, the CRLB of the unknown parameter x is computed as

Var([x]i) ≥
[

I−1(x)
]

i,i
, i = 1, 2. (2.11)

2.3 Maximum Likelihood

ML estimation is a popular method of estimating unknown parameters of a statistical model. The

ML estimator has several attractive limiting properties (when the number of measurements tends

to infinity) as follows:

• Asymptotically optimal: as the number of measurements increases, it can reach the CRLB

accuracy.

• Asymptotic normality: as the measurement size increases, the distribution of the ML

estimator reaches to a Gaussian distribution with mean of x (asymptotically unbiased) and

the covariance matrix equal to the inverse of the Fisher information matrix (FIM).

• Consistency: as the number of measurements increases, the ML estimator converges to the

true parameter.

The ML estimator is obtained by maximizing the likelihood function of the measurement model.

Since logarithm is a monotonically increasing function, maximizing the log-likelihood function (the

logarithm of the likelihood function) and the likelihood function yield the same estimate. The

log-likelihood function is then given by

log p(r|x) = K − 1

2
(r− d(x))TQ−1(r− d(x)) (2.12)

where K is a constant which is independent of the unknown parameter x. Maximizing (2.12) is

equal to minimizing the negative of (2.12). Therefore, the ML estimator is simply calculated by

the following nonlinear optimization problem [10, Ch. 7]

x̂ = argmin
x∈R2

(r− d(x))TQ−1(r− d(x)). (2.13)

The cost function of the ML estimator is highly nonlinear and nonconvex. Moreover, a closed-form

solution for the ML estimator given in (2.13) cannot be found. Fig. 2.2 shows one realization
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Figure 2.2: One realization of the ML cost function. The cost function of the ML estimator is highly
nonlinear and noncovex. It has several local minima and saddle points.

of the ML cost function as a function of x and y coordinates in x = [x, y]T. The cost function is

nonconvex and there are several stationary points (local minima or saddle points). However, we are

only interested in the global minimum which is the solution of the problem in (2.13). In this case,

numerical methods such as grid-search and iterative optimization algorithms can be employed.

In grid search methods, the cost function is evaluated over a 2-D (or 3-D) dimensional variable

and the grid point that has the least value of the cost function is selected as a solution. Accuracy

of this approach depends on the granularity of the grid. For instance in Fig. 2.2, the step size 0.2

was selected for both coordinates. This approach is very time consuming, especially when we need

to search over a wide range of unknown parameters.

Alternatively, iterative optimization algorithms such as the Gauss-Newton algorithm can be

used to solve nonlinear problems. In the Gauss-Newton method, the nonlinear cost function of the

ML estimator is approximately linearized by using a first-order Taylor series and solved iteratively

[10, Ch. 8]. Applying the Gauss-Newton method to our problem in (2.13) yields [14, 10]

x̂k+1 = x̂k +
(

HT
kQ

−1Hk

)−1
HT

kQ
−1(r− h(x̂k)), (2.14)

where h(x) = [h1(x), h2(x), . . . , hM (x)]T, hi(x) = ‖x− yi‖2, Hk = H(x)|x=xk and

H(x) =
∂h(x)

∂x
=















(x− y1)
T

‖x− y1‖2
...

(x− yM )T

‖x− yM‖2















. (2.15)

The ML estimator is asymptotically optimal (efficient) which means that its performance reaches

the CRLB accuracy and no unbiased estimator has lower asymptotic mean squared error (MSE)

than the ML estimator. To show the optimality of the ML estimator, a simulation is setup in Fig.
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Figure 2.3: The RMSE of the ML estimator versus the number of anchor nodes. As the number of anchor
nodes increases, the performance of the ML estimator reaches to the CRLB. The solid squares represent the
anchor nodes and the cross represents the source node.

2.3. The location of the source node is fixed at [2, 2]T and the anchor nodes are equally spaced on

a circle with radius of 10 m and center of [0, 0]T. Fig. 2.3b shows that as the number of anchor

nodes increases, the performance of the ML estimator achieve the CRLB in terms of root mean

square error (RMSE).

2.4 Semidefinite Programming

We would like to describe what an SDP optimization problem is. The general form of an SDP

optimization problem is given by

minimize cTx

subject to F(x) � 0

Ax = b.

where x ∈ R
n is the optimization variable. An SDP problem includes a linear cost function subject

to several constraints. The equality constraints should also be linear and the inequality constraints

are in the form of linear matrix inequalities (LMI) which are convex. An LMI can be expressed as

F(x) = F0 + x1F1 + x2F2 + · · · + xnFm � 0 (2.16)

where for a given matrix A, the inequality A � 0 means that A is a positive semidefinite matrix.

A symmetric m by m matrix is positive semidefinite if and only if

A � 0 ⇔ zTAz ≥ 0 for all z. (2.17)
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Figure 2.4: The boundary of a positive semidefinite cone.

For instance, it can be easily shown that a symmetric 2 by 2 matrix A is a positive semidefinite

matrix if

A =

[

x y

y z

]

� 0 ⇔ xz ≥ y2. (2.18)

The boundary of the above constraint is illustrated in Fig. 2.4 which is obviously convex.

2.4.1 Why SDP?

In this section, we describe why we have used SDP as the main tool in our research. In model-based

estimation problems, the parameters of interest are estimated by solving an optimization problem.

Optimization problems in general are divided into two categories: linear and nonlinear problems.

Linear optimization problems such as linear programming and linear least squares either have a

closed form solution or the global minimum can be found efficiently in polynomial time. Nonlinear

optimization problems include minimizing (or maximizing) a nonlinear cost function subject to

several constraints, which can be linear constraints or nonlinear constraints. Such problem have

no closed-from solution and iterative numerical methods such as interior-point or trust-region al-

gorithms should be used to find the global minimum. Nonlinear problems can be further divided

into two groups of nonconvex and covex problems. Nonconvex optimization problems may have

multiple locally optimal point and it is difficult to determine whether the solution is the global

minimum or the problem has any solution. On the other hand, convex problems might have several

local minima but any local minimum is a global minimum.

As mentioned in the previous section, localization in general requires a nonlinear and noncovex

optimization problem to be solved. Therefore, it is difficult to find the optimal solution of a

localization problem. One can use an iterative method such as the Gauss-Newton algorithm to

solve the original nonlinear and nonconvex problem. Iterative nonlinear solvers like the Gauss-

Newton algorithm have several drawbacks. As can be seen in (2.14), the Gauss-Newton algorithm

requires an initial point x0. Finding an initial point is difficult and requires some pre-processing
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Figure 2.5: The performance of a linear estimator for localization.

time. Moreover, the algorithm may converge to a local minimum or saddle point which causes a

large estimation error, as at these points the value of Hk would be zero and the solution is no longer

updated. Therefore, if the initial point of the Gauss-Newton method is not sufficiently close to the

global minimum, it is highly probable that the algorithm converges to a stationary point which is

not the global minimum. Difficulties in solving the original and optimal localization problem leads

to the emergence of suboptimal estimators.

Several studies have focused on linearizing the localization system model and formulating a

linear optimization problem. Although in this way the solution is closed-form, the accuracy of linear

estimators is far worse than the optimal accuracy, especially in low SNR (i.e., large measurement

noises). In Fig. 2.5, we setup a scenario to show the performance a well-known linear estimator. As

can be seen, the linear estimator performs very well in high SNR, while its performance degrades

as the standard deviation of the measurement noise increases.

Convex relaxation can provide an alternative solution for the convergence problem of the ML

estimator. In this technique, the nonlinear and nonconvex ML problem is relaxed into a nonlinear

but convex optimization problem such as SDP. Although such problems are solved iteratively,

the solver always converges to the global minimum, no matter how the initial point is selected.

Although there are several types of convex optimization problems such quadratic programming

(QP) and second order cone programming (SOCP), SDP is the most general form of them which

can be solved effectively in polynomial time. For instance, a SOCP can be simply written as an

SDP and solved by SDP solver. Since SDP is more general, it allows for wider applications and

more freedom in relaxation. SDP is very recent in the area of optimization and has been a subject

of interest during the past decade mainly because of its several interesting features. In Fig. 2.6,

a comparison between the SOCP and SDP estimators for localization is shown. No measurement

noise is considered in this simulation. The SDP estimator is able to estimate the locations of all

source nodes accurately. On the other hand, SOCP fails to accurately estimate several source nodes

even in the absence of noise. The main reason is that due to its limitations the SOCP pushes the
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Figure 2.6: Comparison between the SDP and SOCP estimators. The red crosses show the true locations
of the source nodes and the blue circles show their corresponding estimates. The distance between the true
location and its estimate (error) is depicted by a solid line.

estimates of the source nodes inside the convex hull of the anchor nodes.

Here, we describe how to convert the original nonlinear and noncovex ML estimator of the

localization problem into an SDP problem. The cost function of the ML estimator in (2.13) can be

alternately written as
M
∑

i=1

wi

(

r2i − 2ridi + d2i
)

(2.19)

where wi = (σ2
i )

−1. Since the cost function of an SDP problem should be linear, we need to convert

any nonlinear parameter into a linear one. Let us define an auxiliary variable as follows

hi , d2i =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

(2.20)

where z = xTx. Therefore, we can alternatively write the minimization problem in (2.13) as

minimize
x

M
∑

i=1

wi

(

r2i − 2ridi + hi
)

subject to hi =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

,

z = xTx, hi = d2i . (2.21)

In the minimization problem in (2.21), we have a linear cost function in terms of di and hi. However,

we still have two non-affine equality constraints. Now, the trick leading us to an SDP estimator is
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to relax the equality constraints. The terms hi and z are relaxed as follows

z = xTx ⇒ z ≥ xTx ⇔
[

I2 x

xT z

]

� 03,

hi = d2i ⇒ hi ≥ d2i ⇔
[

1 di

di hi

]

� 02. (2.22)

Finally, by using the above relaxations, the minimization problem in (2.13) can be converted into

an SDP optimization problem as

minimize
x,z,hi,di

∑

i∈La

wi

(

r2i − 2ridi + hi
)

subject to hi =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

,

[

I2 x

xT z

]

� 03,

[

1 di

di hi

]

� 02. (2.23)

An SDP optimization problem can be solved effectively with interior point methods [15], [16, Ch.

11]. Standard SDP solvers such as SeDuMi [17] or SDPT3 [18] can be employed to solve SDP

optimization problems in MATLAB. An alternative SDP relaxation can be derived from the ML

problem in (2.13) which has a simpler derivation and enables us to analyze the SDP easier. Squaring

both sides of the model in (2.6) yields

r2i = d2i + 2dini + n2
i

≈ d2i + 2dini (2.24)

where the term n2
i is neglected for sufficiently small measurement noise. Using the approximate

model in (2.24) instead of the original model in (2.6), we can develop an SDP relaxation as follows

minimize
x,hi

∑

i∈La

vi
(

r2i − hi
)2

subject to hi =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

,

[

I2 x

xT z

]

� 03. (2.25)

where vi = (r2i σ
2
i )

−1. The SDP in (2.25) has less complexity than the SDP in (2.23), since it has

fewer constraints. However, its accuracy can be slightly worse than the SDP in (2.23).

There are several points that can be observed from the SDP problems in (2.23) and (2.25). To

relax the ML problem to a SDP problem, the relaxations in (2.22) are used in which the equality
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Figure 2.7: Comparison between the ML and SDP estimators. In the right hand side figure, the red crosses
represent the

√
ẑ − x̂Tx̂ and the black squares represent the distance between the SDP and ML estimates.

is replaced by an inequality. Therefore, whenever the equality holds the solution of the SDP

estimator and the ML estimator are the same. Moreover, the equality can be used as a benchmark

to determine how accurate the solution of the SDP estimator is. Let x̂ and ẑ be the SDP estimates

of x and z, respectively. We can calculate

ẑ − x̂Tx̂ (2.26)

to determine how reliable the estimate of the SDP is. In Fig. 2.7, a comparison between the SDP

and ML estimators is made. There are 4 anchor nodes and 100 source nodes. Fig. 2.7a shows the

estimates of the ML and SDP estimators. The SDP estimator provides accurately equal to the ML

estimate for the majority of the source nodes. In Fig. 2.7b, the red crosses represent the
√
ẑ − x̂Tx̂

and the black squares represent the distance between the SDP and ML estimates. Fig. 2.7b shows

that whenever ẑ − x̂Tx̂ ≈ 0, the estimates of the SDP and the ML estimators are the same.

The SDP estimator is looking for a source node location in a higher number of dimensions due

to the relaxation z ≥ xTx. Let us rewrite the relaxation as an equality constraint as

z ≥ xTx

≥ x2 + y2

= x2 + y2 + ǫ2, ǫ2 ≥ 0. (2.27)

It can be seen from (2.27) by introducing the relaxation, we are basically searching for the point

in a 3-dimensional space (rather than a 2-dimensional space) in which the cost function has the

lowest value. The expression in (2.27) enables us to interpret the behavior of the SDP estimator

geographically. The ML estimator is looking for a point on the x-y plane which has the smallest

distance to the circles defined by the range measurements. On the other hand, the SDP estimator
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Figure 2.8: Comparing a cooperative network with a noncooperative network. Squares and circles represent
the source and anchor nodes, respectively. In cooperative networks, the source nodes communicate with both
anchor nodes and other source nodes.

is looking for a point in a 3-dimensional space which has the smallest distance to the spheres whose

radii are closet to the range measurements. If ǫ̂2 ≈ 0, the solution of the SDP is located in the x-y

plane and will coincide the ML estimate. However, if ǫ̂2 > 0, the SDP solution is lifted to the third

dimension and the estimate of the source location is the projection of the solution to the x-y plane.

2.5 Cooperative Localization

Localization can be divided into two categories: noncooperative and cooperative. In noncooper-

ative localization, the source nodes only communicate with the anchor nodes. Current cellular

communication systems are an example of noncooperative networks. As a result, a high density

of anchor nodes and longer communication ranges are required to ensure that each source node is

connected to a sufficient number of anchor nodes. Applications where there are a limited number

of accessible anchor nodes and short communication ranges have led to the emergence of coopera-

tive networks for localization. In cooperative localization, the source nodes communicate not only

with the anchor nodes, but also with other source nodes. In this case, the need for dense anchor

nodes and longer communication ranges is eliminated. Fig. 2.8 compares a cooperative network

with a noncooperative network. Cooperative localization algorithms can be further divided into

two groups: centralized and distributed. In centralized localization, all data and measurements are

transferred to a central processor where the data is analyzed and the location of all source nodes

in the network is estimated simultaneously. Then, the estimated locations are reported back to the

source and anchor nodes. Centralized algorithms are less practical in large networks, since their

complexities intensify as the network size increases. On the other hand, in distributed localization,

the location of each source node is estimated within the device and then reported to the neighboring

source and anchor nodes. Distributed algorithms are more popular for large networks. However,

centralized algorithms typically provide more accurate estimation than distributed algorithms.

Now let us expand the TOA system model to cooperative networks. A network with N source
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Figure 2.9: Comparison between a cooperative and a noncooperative network. The solid squares represent
the anchor nodes and the crosses represent the source nodes.

nodes with unknown locations and M anchor nodes with known locations is assumed. Two sets of

measurements are collected in the network: source-anchor and source-source measurements. Denote

by S = {1, . . . , N} the set of indices of the source nodes and by xk = [xk, yk] ∈ R
2, k ∈ S, the

coordinates of the kth source location. In cooperative networks, connectivity is typically limited,

meaning that the source nodes are not connected to all anchor nodes and other source nodes.

In a cooperative network, all nodes are not connected to each other due to limited connectivity.

Therefore, we define the following sets to consider the connectivity between nodes:

Ak = { i | anchor node i is connected to source node k }
Bk = { i | source node i is connected to source node k } (2.28)

where the first set includes the indices of the anchor nodes connected to the kth source node and

the second set includes the indices of the source nodes connected to the kth source node. The

cooperative TOA measurement model is expressed as

rki = dki + nki, k ∈ S, i ∈ Ak ∪ Bk (2.29)

where dki is the true distance between the source node and the ith anchor node

dki = ‖xk − yi‖2, i ∈ Ak

dki = ‖xk − xi‖2, i ∈ Bk, (2.30)

nki are the measurement noises which are modeled as independent and identically distributed zero-

mean Gaussian random variables with a variance of σ2
ki = αdβki

ki . Note that we use this model for

illustration purposes only. We will modify this model at various points in this work.
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Figure 2.10: The CDF of localization error of cooperative and noncooperative localization.

In Fig. 2.9, we compare a noncooperative network with a cooperative one. For both networks,

there are five anchor nodes and twenty source nodes. In the noncooperative network, each source

node is only connected to five anchor nodes located at the vertices and the center of a square.

In the cooperative network, we set the number of connections to five for each node. In this case,

each source node is connected to five neighboring nodes, either anchor nodes or source nodes.

Three important features of cooperative networks can be observed in Fig. 2.9. First, source nodes

in a noncooperative network usually consume more power, since anchor nodes are not usually

close to them and longer communication ranges are required. However in a cooperative network,

source nodes can easily find several close neighboring nodes to connect. Therefore, source nodes can

operate with considerably lower transmit power. Second, a noncooperative network is more crowded

than a cooperative network, since source nodes are only communicating with anchor nodes which

can cause severe interference in the network. However in a cooperative network, a group of nodes

can communicate with each other in one side of the network without causing any interference with

the nodes in another side of the network. Third, as depicted in 2.10, the accuracy of localization

is significantly better in cooperative networks than in noncooperative networks. For instance, Fig.

2.10 shows that for the noncooperative network, the error is less than 1.8m at 90% of the time,

while in the cooperative case, the error is less than 1.1m 90% of them time or less than 1.8m 98%

of the time. The reason for improved accuracy is that in a cooperative network, measured ranges

are usually smaller and since the measurement errors are dependent on distances, shorter measured

ranges are more accurate than longer measured ranges.

Cooperative localization is a relatively new area of research. The concept of cooperative local-

ization for WSNs was first introduced in [2] where the CRLB and the ML estimator of cooperative

localization using RSS measurements are derived. Since its first introduction, many different al-

gorithms have been proposed for cooperative localization. For instance, a linear approximation

is developed in [19], although it is not applicable for networks with limited connectivity. A geo-

metrical approximation of the ML estimator is developed in [13]. Convex approximations of the
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ML estimator are also proposed in [20] and [21] for RSS and TOA measurements, respectively.

However in the majority of the studies mentioned above, the presence of nuisance parameters has

not been considered. For instance in [2], the locations of the source nodes are estimated based

on the assumption that the transmit powers and the path loss exponent of the environment are

known. In [21], it is assumed that the source nodes are time synchronized and pairwise distances

between nodes are available. However in practical networks, these assumptions typically are not

valid, affecting the localization performance dramatically. Therefore in this work, we examine the

performance of cooperative localization in the presence of nuisance parameters. More specifically,

we develop a cooperative RSS-based localization technique based on SDP when the transmit powers

and path loss exponent are unknown. We also develop a TOA-based localization technique in severe

NLOS environments and in asynchronous networks. Lastly, we introduce and address cooperative

position tracking for mobile networks.
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Chapter 3

Cooperative Received Signal

Strength-Based Sensor Localization

3.1 Introduction

Among the different types of measurements, RSS is a popular method mainly because of its low

complexity and cost in software and hardware implementations [1]. RSS-based localization has been

widely studied in the literature. The ML estimator and the CRLB of cooperative RSS localization

were studied in [1]. The cost function of the ML estimator is severely nonlinear and noncovex

and, therefore, it can be optimized by iterative algorithms only with an appropriate initialization

[22, 23]. The performance of iterative algorithms strongly depends on the initial solution. If the

initialization is not sufficiently close to the global minimum, the iterative algorithm may converge

to a local minimum or a saddle point causing a large estimation error. Therefore, determining

an appropriate initialization point is a crucial problem in optimizing the ML cost function. As

a result, some approaches such as grid search methods, linear estimators, and convex relaxation

techniques have been introduced to address the ML problem [24, 3, 25]. The grid search methods

are not generally popular because they are very time-consuming and require a huge amount of

memory when the number of the unknown parameters is too large. Linear estimators having

a closed-form solution are usually derived based on many approximations [25, 26, 19, 27] which

affect its performance, especially when shadowing is very high [27]. A convex relaxation technique

such as SDP is another solution for the ML convergence problem [24, 21, 28, 20, 29]. In the

semidefinite relaxation technique, the nonlinear and nonconvex ML problem is transformed into a

convex optimization problem. The advantage of an SDP is that its cost function does not have

local minima and thus convergence to the global minimum is guaranteed [15, 16]. The downside

is that the SDP technique is sub-optimal and cannot achieve the best possible performance in all

conditions. Most studies mentioned above on RSS localization assume that the source transmit

powers are the same and known [20, 4, 29].

The RSS measurement model depends on the transmit power of the source nodes. Therefore,
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the anchor nodes are not able to find the location of a source node if its transmit power is not

accounted for. Each source node has a specific transmit power depending on, e.g., its battery

and antenna gain. In addition, the transmit power might change with time, e.g., when batteries

begin to exhaust. Consequently, each source node has to report its transmit power to anchor nodes

constantly during RSS measurements which requires additional hardware and software in both

anchor nodes and source nodes making the network more convoluted [1]. When the transmit powers

are not available, there are generally two common solutions suggested to address this problem. First,

one can estimate the transmit power of the source along with its location [27, 30]. Second, one can

eliminate the dependency of the transmit power from the RSS measurement model by using the

differential RSS between a source node and two anchor nodes [27, 31, 32]. The number of unknown

parameters in the latter method is fewer than in the former method. However, employing the latter

method introduces noise correlation and noise enhancement which complicate the computations and

degrade the accuracy [27]. It should also be noted that all previous studies on RSS localization

with unknown transmit power are for the non-cooperative case. In this work, for the first time,

we examine this problem for the cooperative localization case. Some range-free and non-model-

based techniques were also suggested [33, 34] in which the localization algorithms do not require

the model parameters, such as the transmit power and the path loss exponent, and the estimate

of the source location was basically obtained based on the comparisons among RSS measurements.

However, having a cooperative network and source nodes with different transmit powers make those

algorithms complex and inapplicable.

Thus, cooperative localization using RSS in the practical case where transmit powers are dif-

ferent and unknown is currently an open problem. In this work, we consider this problem and

provide a solution. Specifically, the source transmit powers are considered as nuisance parameters

and estimated jointly with the source node locations. A novel SDP technique is introduced for this

expanded estimation problem. To make the derivations easier to understand, we start by describ-

ing the proposed SDP algorithm for the non-cooperative case. Then, the measurement model is

extended to the cooperative case and the corresponding SDP algorithm is derived. The original

ML estimator is transformed into an approximate nonlinear least squares (NLS) problem. Then, an

appropriate relaxation is applied to convert the NLS problem into an SDP optimization problem.

It is worth mentioning that the SDP techniques introduced in [24, 21] are not applicable here, since

they assumed that noisy pairwise distances between source nodes and anchor nodes are available.

However, in our study, the distances cannot be computed because the transmit powers of the source

nodes are not available to the estimator. Ouyang et al. [20] also derived an SDP approach which

is directly applied to the RSS model. However, they assumed that all source nodes have the same

known transmit power which is not practical. Conversely, in the current work, we assume that

each source node has a unique transmit power which is not known. The CRLB of this problem is

computed. We also propose a linear estimator for comparison with the proposed SDP algorithm.

Moreover, we investigate the effect of imperfect knowledge of the path loss exponent (PLE) on the

algorithms’ accuracy and introduce a novel technique to improve performance when the PLE is
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estimated. We also study the computational complexity of the considered algorithms in detail.

3.2 Non-cooperative Localization

This section describes the RSS localization model for the non-cooperative case. In non-cooperative

localization problems, only the measurements between a source node and the anchor nodes are

considered and the location of each source node is estimated independently. A network in a two-

dimensional space is considered. The generalization to a three-dimensional space is straightforward,

but is not explored in this work. Let x = [a, b]T ∈ R
2 be the unknown coordinates of the source

node to be determined. Denote by C = {1, . . . ,M} the set of indices of the anchor nodes, by

yi = [xi, yi]
T ∈ R

2, i ∈ C, the known location of the anchor nodes. Let us define a set

A = { i | i ∈ C, anchor node i is connected to source node } (3.1)

which is the set of the indices of the anchor nodes connected to the source node. The received

power (in dBm) at the ith anchor node, Pi, under log-normal shadowing is modeled as [2]

Pi = P0 − 10β log10
di
d0

+ ni, i ∈ A (3.2)

where P0 (in dBm) is the reference power at distance d0 from the source (which depends on the

transmit power), β is the path loss exponent, di = ‖yi −x‖ is the true distance between the source

node and the ith anchor node, and ni are the log-normal shadowing terms modeled as independent

and identically distributed (i.i.d.) zero-mean Gaussian random variables with standard deviation

σdB for i ∈ A. The variance of the shadowing term is constant with distance and only depends on

the environment where the network is set up [1]. Without loss of generality, we assume d0 = 1 m.

In this case, there are 3 unknown parameters that should be estimated including the source node

coordinates and its transmit power.

3.2.1 Maximum Likelihood Estimator

The ML estimator is asymptotically efficient meaning that it can achieve the CRLB accuracy when

the number of measurements tends to infinity [10, Ch. 7]. The ML estimator of the measurement

model in (3.2) is obtained by the following nonconvex optimization problem [27, 2]

θ̂ = argmin
θ∈R3

∑

i∈A

(Pi − P0 + 10β log10 di)
2 (3.3)

where θ = [x;P0]. We can write (3.3) equivalently as

θ̂ = argmin
θ∈R3

∑

i∈A

(

log10
hiλi

α

)2

(3.4)
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where hi , d2i , λi , 10Pi/5β , and α , 10P0/5β . As mentioned before, a closed-form solution of (3.3)

is not available and it should be approximately solved by numerical techniques [10, 14, 22]. The

difficulty in finding the solution of the ML estimator leads us to employ suboptimal estimators,

such as SDP and linear least squares (LLS) algorithms. The proposed SDP algorithm is derived

in the next section. A linear estimator for the non-cooperative localization case was previously

derived in [27].

3.2.2 Semidefinite Programming

This section describes the procedure of converting the ML problem of (3.3) into an SDP optimiza-

tion problem. By rearranging the logarithmic term and dividing both sides by 5β, (3.2) can be

reformulated as

log10 d
2
i λi =

P0

5β
+

ni

5β
. (3.5)

Raising both sides to the power of 10 yields

d2iλi = α10ni/5β . (3.6)

For sufficiently small noise, the right-hand side (RHS) of (3.6) can be approximated using the

first-order Taylor series expansion as

d2i λi = α

(

1 +
ln 10

5β
ni

)

. (3.7)

This can be rewritten as

d2i λi = α+ ǫi, (3.8)

where ǫi is a zero-mean Gaussian random variable with variance (ln10)2α2σ2
dB/25β

2. The corre-

sponding NLS estimator of the unknown parameters [x̂; α̂] in (3.8) is [10, Ch. 8]

[x̂; α̂] = argmin
[x;α]∈R3

∑

i∈A

(

d2i λi − α
)2

. (3.9)

The cost function (3.9) is still nonlinear and noncovex. In the next step, an auxiliary variable z is

defined as

z = xTx. (3.10)

The minimization problem of (3.9) can be relaxed to an SDP optimization problem as [15]

minimize
x,z,α,hi

∑

i∈A

(hiλi − α)2 (3.11a)

subject to hi =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

, (3.11b)
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Figure 3.1: (a) illustration of functions (λh− α)2 and log2
10
(λh/α) versus unknown variables h and α (for

simplicity, λ = 1), (b) cost function of (3.4), (c) cost function of (3.9) versus a and b coordinates (source
location), the minimum of the cost functions is indicated by a white square.

[

I2 x

xT z

]

� 03. (3.11c)

The solution of (3.11) can be effectively found with well known algorithms such as interior point

methods [15, 16]. In MATLAB simulations, standard SDP solvers such as SeDuMi or SDPT3

[17, 18] are employed to solve SDP optimization problems. Note that we have employed the

inequality constraint (3.11c) instead of the equality in (3.10) to relax the cost function in (3.9) to

a convex problem in (3.11) [15, 24, 21].

In summary, an SDP solution for RSS localization with unknown transmit power is introduced

by converting the nonconvex cost function of the ML estimator into a convex cost function using

two steps of approximations and relaxations. In the first step, the ML cost function in (3.4) is

approximated by another cost function of (3.9). More specifically, the function
∑

i(λihi − α)2 is

substituted for the function
∑

i log
2
10(λihi/α). Fig. 3.1 depicts the two mentioned functions versus

unknown parameters h and α (λ is a known parameter). As can be seen, these functions have similar

behaviors; the minimum of both functions appears at λh = α and both monotonically increase and

decrease in the same regions. Note that the value λ changes the minimum of the functions but does

not affect their general behaviors. Hence, for simplicity λ = 1 has been selected for the illustration.

Fig. 3.1 also depicts one realization of the ML cost function of (3.4) and the cost function of (3.9).

A source is located at [10, 10]T and five anchor nodes are randomly placed inside a square area 20

m × 20 m. The standard deviation of log-normal shadowing is 3 dB and the path loss exponent is

set to 4. Since it is not possible to show a plot in four-dimensional space, the value of P0 is fixed at

the true value (-10 dBm) and the functions are plotted versus a and b coordinates. Fig. 3.1b shows

the cost function of the ML estimator given in (3.4) which has a global minimum at [10.5, 11.5]T

(the step of the mesh grid is 0.5) and some local minima and saddle points, e.g., a local minimum

at [2.5, 17.5]T . The cost function of (3.9), shown in Fig. 3.1c, is much smoother than (3.4) and has

a global minimum at [10, 11.5]T . However, it has some concave areas around its global minimum.

It, therefore, still must be relaxed to a convex shape. In the next step, by using the relaxation of

(3.11c), the function in (3.9) is relaxed to a convex function in (3.11). The solution of (3.9) and
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(3.11) for the source location will coincide if the minimum of (3.11) occurs for x and z such that

z = xTx.

3.3 Cooperative Localization

This section describes the cooperative RSS localization model in which there are more than two

source nodes with unknown locations, and moreover, source nodes can communicate not only with

anchor nodes but also with each other [1]. Indeed, the power of the transmitted signal of each source

can be measured at both anchor nodes and other source nodes. Therefore, two sets of RSS measure-

ments are available to the estimator: source-anchor and source-source measurements. Denote by

S = {1, . . . , N} the set of indices of the source nodes and by xj = [aj, bj ] ∈ R
2, j ∈ S, the coordi-

nates of the jth source location. Let Aj = { i | i ∈ C, anchor node i is connected to source node j }
be the set of the indices of the anchor nodes connected to the jth source node and Bj = { i | i ∈
S, i > j, source node i is connected to source node j } be the set of indices of the source nodes

connected to the jth source node. The cooperative RSS measurement model is expressed as [2]

Pij = P0j − 10β log10 dij + nij, j ∈ S, i ∈ Aj ∪ Bj, (3.12)

where P0j is the reference power at a reference distance (1 m) from the jth source (which depends

on the transmit power). dij = ‖yi − xj‖, i ∈ Aj, and dij = ‖xi − xj‖, i ∈ Bj. In addition, nij are

the log-normal shadowing terms which are modeled as i.i.d. zero-mean Gaussian random variables

with standard deviation σdB . In this case, there are in total 2N + N unknown parameters that

should be estimated including the source node coordinates and transmit powers.

3.3.1 Maximum Likelihood Estimator

The corresponding ML estimator of the measurement model in (3.12) is obtained by the following

nonconvex optimization problem [10, Ch. 7]

φ̂ = argmin
φ∈R3N

∑

j∈S

∑

i∈Aj∪Bj

(Pij − P0j + 10β log10 dij)
2 (3.13)

where φ = [xT ,pT
0 ]

T is the vector of unknown parameters to be estimated including x = [xT
1 ,x

T
2 , . . . ,x

T
N ]T

and p0 = [P01, P02, . . . , P0N ]T . Similarly to the non-cooperative case, (3.13) can be written alter-

natively as

φ̂ = argmin
φ∈R3N

∑

j∈S

∑

i∈Aj∪Bj

(

log10
hijλij

αj

)2

(3.14)

where hij , d2ij , λij , 10Pij/5β , and αj , 10P0j/5β . The proposed SDP algorithm is derived in the

next section.

29



3.3.2 Semidefinite Programming

The SDP relaxation of cooperative RSS localization follows the same procedure as described pre-

viously for the non-cooperative case but with a slightly different relaxation. Consider similar

approximations as applied to (3.5)-(3.9). Then, the ML cost function in (3.14) can be expressed

approximately as [27]

[x̂; α̂] = argmin
[x;α]∈R3N

∑

j∈S

∑

i∈Aj∪Bj

(λijhij − αj)
2 , (3.15)

where α = [α1, . . . , αN ]T . Similarly to the non-cooperative case, the cost function of (3.15) is

relaxed to a convex optimization problem. Let X = [x1,x2, . . . ,xN ] ∈ R
2×N be the matrix of the

source node coordinates. The auxiliary matrix Z ∈ R
N×N is introduced as

Z = XTX, (3.16)

where [Z]ij = xT
i xj is the (i, j)th element of the matrix Z. The cost function (3.15) can be relaxed

to an SDP optimization problem as [15]

minimize
X,Z,αj ,hij

∑

j∈S

∑

i∈Aj∪Bj

(λijhij − αj)
2 (3.17)

subject to hij =

[

yi

−ej

]T [

I2 X

XT Z

][

yi

−ej

]

, i ∈ Aj,

hij =

[

02

ei − ej

]T [

I2 X

XT Z

][

02

ei − ej

]

, i ∈ Bj,

[

I2 X

XT Z

]

� 0N+2,

where ei is an M by 1 vector in which the ith element is one and other elements are zero. The

solution of (3.17) and (3.15) for the source node locations will coincide if the minimum of (3.17)

occurs for X and Z such that Z = XTX.

3.4 Linear Estimator

In the previous section, we derived an SDP estimator to deal with the convergence problem of the

ML estimator and its complexity. Another solution for the ML convergence problem is to use a

linear estimator which has an analytical closed-form solution. To obtain a linear estimator, some

approximations should be applied to linearize the nonlinear measurement model of (3.2). Linear

estimators for RSS localization have been previously considered in the literature [4]. However, to

the best of our knowledge, all of them are based on availability of the transmitted power. Here, we

derive a similar technique to the one used in [4] with considering unknown transmit powers. Since

linearizing the source-source measurements is difficult, we propose a two-step algorithm. In the
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first step (called coarse estimation), we estimate the location of each source node independently

using only source-anchor measurements. Then, in the next step (called fine estimation), we improve

the accuracy of the estimated source locations by using source-source measurements. The main

drawback of this approach is that we require at least four source-anchor measurements for each

source node, otherwise we cannot find a coarse estimate for the source location in the first step and

therefore the second step will be not applicable. We now start by describing the first step. Let us

rewrite (3.8) for cooperative localization as (j ∈ S)

hijλij = αj + ǫij, i ∈ Aj (3.18)

where ǫij = −nijαj(ln10)/5β is a zero-mean Gaussian random variable with variance of

E{ǫ2ij} = (ln10)2α2
jσ

2
dB/25β

2. (3.19)

Expanding the left-hand side (LHS) of (3.18) and rearranging gives

2λijy
T
i xj − λijx

T
j xj + αj = λijy

T
i yi + ǫij , i ∈ Aj. (3.20)

Let θ1,j = [xT
j ,x

T
j xj , αj ]

T be the unknown vector to be estimated. Then (3.20) can be expressed

in matrix form as

G1,jθ1,j = h1,j + ǫ1,j, (3.21)

where

G1,j =









...
...

...

2λijy
T
i −λij 1

...
...

...









,

h1,j =









...

λijy
T
i yi

...









, ǫ1,j =









...

ǫij
...









, i ∈ Aj ∪ Bj.

The LLS solution of (3.21) is [10, Ch. 4]

θ̂1,j = (GT
1,jW1,jG1,j)

−1GT
1,jW1,jh1,j , (3.22)

where W1,j is the weighting matrix which is the inverse of the covariance matrix of the residual

error vector ǫ1,j

W1,j = E[ǫ1,jǫ
T
1,j]

−1 = ((ln10)αjσdB/5β)
−2

Im(j). (3.23)

where m(j) = |Aj |. The covariance matrix of the estimated vector θ̂1,j is [10, Ch. 4]

Cθ̂1,j
= (GT

1,jW1,jG1,j)
−1. (3.24)
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The weighting matrix W1,j depends on the unknown parameter αj . Therefore, to compute the

weighting matrix, we can eliminate the value of αj in (3.23) and determine the solution of (3.22).

Since αj is a constant factor in W1,j , its value does not change the solution of θ̂1,j in (3.22).

However, for further computations, we can calculate the weighting matrix W1,j approximately by

α̂j obtained from (3.22).

Since the elements of estimated parameters in (3.22) are dependent, one method to improve the

estimation accuracy, called correction technique [26, 35], is to take this relation between elements

of θ̂1,j into account. Here we extend the correction technique to our problem. The unknown vector

θ1,j can be expressed as

θ̂1,j = θ1,j +∆θ1,j, (3.25)

where ∆θ1,j is the estimation error. Squaring the first two elements of (3.25) (element-wise) yields

[θ̂1,j]
2
1 = [θ1,j ]

2
1 + 2[θ1,j ]1[∆θ1,j ]1 + [∆θ1,j ]

2
1

≃ [θ1,j ]
2
1 + 2[θ1,j ]1[∆θ1,j ]1,

[θ̂1,j]
2
2 = [θ1,j ]

2
2 + 2[θ1,j ]2[∆θ1,j ]2 + [∆θ1,j ]

2
2

≃ [θ1,j ]
2
2 + 2[θ1,j ]2[∆θ1,j ]2, (3.26)

where we assume that the estimation error ∆θ1,j is sufficiently small. Now, consider the following

expressions [26]

G2θ2,j = h2,j + ǫ2,j, (3.27)

where θ2,j = [a2j , b
2
j , αj ]

T and

G2 =













1 0 0

0 1 0

1 1 0

0 0 1













, h2,j =













[θ̂1,j]
2
1

[θ̂1,j]
2
2

[θ̂1,j]3

[θ̂1,j]4













, ǫ2,j = −Bj∆θ1,j ,

and Bj = diag{2[θ1,j]1, 2[θ1,j ]2, 1, 1}. The LLS solution of (3.27) is [10, Ch. 4]

θ̂2,j = (GTW2,jG)−1GTW2,jh2,j , (3.28)

where W2,j is the weighting matrix equal to the inverse of the covariance matrix of the residual

error vector ǫ2,j

W2,j = E[ǫ2,jǫ
T
2,j ]

−1 =
(

BT
j Cθ̂1,j

Bj

)−1
, (3.29)

where Cθ̂1,j
is computed in (3.24). It should be noted that the weighting matrix W2,j depends

on the unknown parameters θ1. Therefore, the weighting matrix is approximately calculated by

available θ̂1 rather than θ1. Our simulations show that the accuracy degradation due to the
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approximation is not significant. The covariance matrix of the estimated vector θ̂2,j is [10, Ch. 4]

Cθ̂2,j
= (GT

2 W2,jG2)
−1. (3.30)

Finally, the estimation of the source location x̂j = [âj , b̂j ]
T is [26, 19, 36]

âj = sgn([θ̂1,j ]1)

√

|[θ̂2,j]1|

b̂j = sgn(|[θ̂1,j ]2|)
√

|[θ̂2,j ]2|, (3.31)

where sgn(z) = z/|z| is the sign function. The covariance matrix of the estimated source location

x̂j is computed as [19, 36]

Cx̂j
= DT

j [Cθ̂2,j
]1:2,1:2Dj , (3.32)

where Dj =
1
2diag{|aj |−1, |bj |−1} and [A]1:n,1:m denotes the upper-left n×m part of matrix A.

Now we continue describing the second step using both source-source and source-anchor mea-

surements. The relationships between the estimated and the true value of the source location and

the transmit power of the source node are

xj = x̂j −∆xj ,

P0j = P̂0j −∆P0j , (3.33)

where P̂0j = 5β log10(α̂j) (α̂j = [θ̂2,j]3 is computed for each source node from (3.28)), ∆xj and

∆P0j are the estimation error of the source location and the source transmit power, respectively.

Equation (3.12) is a function of the unknown parameters xj and P0j . We substitute (3.33) for xj

and P0j in (3.12). Therefore, ∆P0j and ∆xj are the new unknown parameters to be estimated in

(3.12).

Pij = (P̂0j − P0j)− 10β log10 ‖yi − (x̂j −∆xj)‖+ nij, i ∈ Aj,

Pij = (P̂0j −∆P0j)− 10β log10 ‖(x̂i −∆xi)− (x̂j −∆xj)‖+ nij, i ∈ Bj. (3.34)

Taking the power of 10 on both sides of (3.34) and rearranging yields

ξ̂ij∆αj10
nij/10β = ‖yi − (x̂j −∆xj)‖, i ∈ Aj , (3.35)

ξ̂ij∆αj10
nij/10β = ‖(x̂i −∆xi)− (x̂j −∆xj)‖, i ∈ Bj ,

where ξ̂ij , 10(P̂0j−Pij)/10β and ∆αj , 10−∆P0j/10β . By using the first-order Taylor series approxi-

mation for the third element of the LHS and the element of the RHS, (3.35) turns into

ξ̂ij∆αj(1 +
ln 10

10β
nij) = d̂ij − ûT

ij∆xj , i ∈ Aj,
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ξ̂ij∆αj(1 +
ln 10

10β
nij) = d̂ij − ûT

ij∆xj + ûT
ij∆xi, i ∈ Bj (3.36)

where

ûij =
(x̂j − yi)

d̂ij
, d̂ij = ‖yi − x̂j‖, i ∈ Aj,

ûij =
(x̂j − x̂i)

d̂ij
, d̂ij = ‖x̂i − x̂j‖, i ∈ Bj.

Rearranging (3.36) gives

ûT
ij∆xj + ξ̂ij∆αj = d̂ij + ǫij, i ∈ Aj,

−ûT
ij∆xi + ûT

ij∆xj + ξ̂ij∆αj = d̂ij + ǫij, i ∈ Bj (3.37)

where ǫij , (ln10) ξ̂ij∆αjnij/10β. Let ∆θ3 = [∆xT
1 , . . . ,∆xT

N ,∆α1, . . . ,∆αN ]T be unknown pa-

rameters to be estimated. We can write (3.37) in matrix form as

G3∆θ3 = h3 + ǫ3 (3.38)

where

G3 =









G3,1

...

G3,N









, h3 =









h3,1

...

h3,N









, ǫ3 =









ǫ3,1
...

ǫ3,N









G3,j =









...

gij
...









, h3,j =









...

d̂ij
...









, ǫ3,j =









...

ǫij
...









i∈Aj∪Bj

and gij = [gy
ij , g

p
ij],

g
y
ij =

[

01×2(j−1), û
T
ij ,01×2(N−j)

]

, i ∈ Aj

g
y
ij =

[

01×2(j−1), û
T
ij ,01×2(i−j−1),−ûT

ij,01×2(N−i)

]

, i ∈ Bj

g
p
ij =

[

01×(j−1), ξ̂ij,01×(N−j)

]

, i ∈ Aj ∪ Bj

Since as prior knowledge, we know that the unknown vector ∆θ3 is not too large, (3.38) can be

solved by the Tikhonov-regularized LS formulation in which the cost function includes the weighted

squared norm of ∆θ3 to keep it as small as possible. The Tikhonov-regularized LS solution of (3.38)

is obtained as [16, Ch. 6]

∆θ̂3 = argmin
∆θ3∈R3N

‖G3∆θ3 − h3‖2 + δ‖∆θ3‖2 (3.39)
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where δ is a regularization parameter controlling the trade-off between ‖G3∆θ3−h3‖2 and ‖∆θ3‖2.
The closed-form solution of (3.39) is given by [16, Ch. 6]

∆θ̂3 =
(

GT
3 G3 + δIL

)−1
GT

3 h3. (3.40)

Finally, the location of each source node is determined as

x̃j = x̂j −∆x̂j, j ∈ S. (3.41)

3.5 Cramér-Rao Lower Bound

In this section, the CRLB of cooperative RSS localization with unknown transmit power is derived.

The CRLB defines a lower bound on the variance of any unbiased estimator and is employed

as a benchmark for evaluating the performance of estimators [10, Ch. 3], [1, 2, 20]. Since the

transmit power of the source nodes is not available to the estimator, it should also be taken into

account as an unknown parameter. Let us recall the vector of unknown parameters φ = [xT ,pT
0 ]

T

including the source node locations x = [xT
1 ,x

T
2 , . . . ,x

T
N ]T and the source node transmit powers

p0 = [P01, P02, . . . , P0N ]T . From the measurement model in (3.12), the logarithm of the probability

density function of the RSS measurements is written as

ln p(p;φ) = k − 1

2σ2
dB

(µ(φ)− p)T (µ(φ)− p) (3.42)

where k is a constant which does not depend on the unknown parameters and p is the measurement

vector defined in (3.47). µ(φ) is the mean of the measurement vector p defined as

µ(φ) =









µ1(φ)
...

µN (φ)









, µj(φ) =









...

µij

...









i∈Aj∪Bj

(3.43)

where

µij = P0j − 10β log10 dij .

The CRLB of the unknown parameters are the diagonal elements of the inverse of the Fisher

information matrix [10, Ch. 3]. The Fisher information matrix of the measurement model in (3.12)

is obtained as [10, Ch. 3]

J(φ) = σ−2
dBF

TF (3.44)

where

F =
∂µ(φ)

∂φ
=









F1

...

FN









, Fj =









...

fij
...









i∈Aj∪Bj
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and fij = [fyij , f
p
ij],

f
y
ij =

[

01×2(j−1),u
T
ij ,01×2(N−j)

]

, i ∈ Aj

f
y
ij =

[

01×2(j−1),u
T
ij ,01×2(i−j−1),−uT

ij ,01×2(N−i)

]

, i ∈ Bj

f
p
ij =

[

01×(j−1), 1,01×(N−j)

]

, i ∈ Aj ∪ Bj

uij =
10β

ln 10

(yi − xj)

d2ij
, i ∈ Aj

uij =
10β

ln 10

(xi − xj)

d2ij
, i ∈ Bj.

Therefore, the CRLB of the unknown parameters φ is computed as

CRLB([φ]r) =
[

J−1(φ)
]

r,r
, r = 1, 2, . . . , 3N. (3.45)

3.6 Path Loss Exponent Estimation

The PLE determines the rate of RSS attenuation with distance. The value of the PLE depends on

the propagation environment and varies typically between 2 (free space) and 4 [1]. In RSS-based

localization, the accuracy of the estimate of the source node location highly relies on the PLE

value. Generally in wireless localization, first the PLE of the environment is obtained through

experimental analysis [37]. However, the value of the PLE might change with time, for instance,

due to changes in environment. Therefore, it may be required to calibrate the PLE and collect

RSS measurements simultaneously. In [38], the PLE is considered as a nuisance parameter and

estimated jointly with the source location. However, in our model, estimating the PLE together

with the source location and transmit power appears to be very difficult. In the simulation section,

we will examine a condition where the estimators have an imperfect estimate of the PLE and its

impact on the performance of proposed algorithms will be presented. Here, we introduce a technique

to deal with an inaccurate estimate of the PLE. First, we make an estimate for the PLE (based on

the network environment) and compute the source location with the proposed algorithms. Then,

we update the value of the PLE as

ψ̂ = argmin
ψ∈RN+1

∑

j∈S

∑

i∈Aj∪Bj

(

Pij − P0j + 10β log10 d̂ij

)2
, (3.46)

where ψ = [β; p0] is the unknown vector to be estimated and p0 = [P01, P02, . . . , P0N ]T . d̂ij are

the estimates of the distances calculated from the estimates of the source node locations. The least

squares solution of (3.46) is obtained as [10, Ch. 4]

ψ̂ = (BTB)−1BTp, (3.47)

36



where B = [b, B0] and

p =









p1

...

pN









, pj =









...

Pij

...









i∈Aj∪Bj

b =









b1

...

bN









, bj =









...

−10 log10 d̂ij
...









i∈Aj∪Bj

B0 = diag{1n(1)+m(1) , . . . ,1n(N)+m(N)},

where m(j) = |Aj| and n(j) = |Bj|. We estimate β̂ = [ψ̂]1. Now, the algorithms will be computed

with the updated PLE and the iterative procedure continues until the change in β̂ is sufficiently

small. As can be seen in (3.46), we estimate the transmit powers jointly with the PLE. The main

reason is that, in our simulations, we observed that the imperfect PLE causes large error in the

estimates of the transmit powers, while the estimates of the source locations suffer less from the

imperfect PLE estimate. Hence, when updating the PLE value in (3.47), we have used the source

location estimates but not the transmit power estimates.

3.7 Complexity Analysis

In this section, we evaluate the computational complexity of the estimators considered in this

study based on the total number of floating-point operations or flops. We assume that an addition,

subtraction, multiplication, division, or square root operation in the real domain can be computed

by one flop [39, 40]. For simplicity, we keep only the leading terms of the complexity expressions.

We derive the complexity of cooperative approaches which includes non-cooperative case as a special

case (N = 1). Note that the worst-case complexity is derived without any attempt to optimize

computations to take advantage of, e.g., the structure of matrices. The complexity of the considered

algorithms is computed as a function of N , the number of source nodes, M , the number of anchor

nodes, and L =
∑

j∈S |Aj | + |Bj|, the total number of connections. Note that for a network with

full connectivity, we have L = N(M + (N − 1)/2).

3.7.1 Maximum Likelihood

As previously mentioned, the ML estimator is nonlinear and nonconvex. Therefore, ML complexity

highly depends on the solution method. In addition, the complexity of every method also depends

on many parameters, e.g., the number of iterations, the initial point, or the solution accuracy.

Gauss-Newton (GN) is the one of the most popular methods used in solving nonlinear optimization

problems [10, Ch. 8]. GN is an iterative technique and requires initialization. Assuming a non-

linear problem with a set of m equations and n unknown variables, the asymptotic computational
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complexity (m ≫ n) of the GN method in each iteration is O(m3) [41]. The number of iterations

depends highly on the initial point and required accuracy. Assuming O(k) iterations on average is

required to solve a specific problem, the total complexity of the GN method is O(km3). For the

proposed ML, we have m = L, and n = 3N . Consequently, the asymptotic complexity of the ML

estimator in (3.13) is

ML Complexity ≃ O(kL3). (3.48)

3.7.2 Semidefinite Programming

Consider the general form of a semidefinite programming problem [15]

minimize
x

cTx

subject to F(x) � 0,
(3.49)

where x ∈ R
m and

F(x) = F0 +

m
∑

i=1

xiFi.

The available data includes the vector c ∈ R
m and m+ 1 symmetric matrices F0, . . . ,Fm ∈ R

n×n.

An SDP problem can be solved by iterative optimization techniques, e.g., interior-point methods

[15, 16]. The worst-case computational complexity of solving SDP in each iteration is O(m2n2)

[15]. The number of iterations is also bounded by O(
√
n log(1/ǫ)), where ǫ is the accuracy of

SDP solution [15, 17]. For the proposed SDP, we have m ≃ L + 3N and n ≃ N . Therefore, the

complexity of the SDP in (3.17) is

SDP Complexity ≃ O(
√
N(L+ 3N)2N2 log(1/ǫ)). (3.50)

3.7.3 Linear Estimator

Consider a weighted linear least squares problem with a set of m equations and n unknown variables

defined as [10, Ch. 5]

θ̂ = (GTWG)−1GTWh, (3.51)

where θ ∈ R
n, G ∈ R

m×n, W ∈ R
m×m, and h ∈ R

m. Computing θ̂ includes five matrix

multiplications and one matrix inversion. Therefore, the computational complexity of (3.51) is

O(2m2n + mn2 + mn + n3 + n2) [39, 42]. Assuming m ≫ 2n, the complexity of (3.51) is upper

bounded by O(m3). The complexity of the proposed LLS algorithms can be simply expressed as

follows,

The cooperative LLS algorithm includes (3.22), (3.28) which are calculated for N source nodes

and (3.40). Therefore, from Table 3.1, the total computational complexity of the cooperative LLS

approach is

LLS Complexity ≃ O(6L2N + 9LN2 +
∑

j∈S

8|Aj |2). (3.52)
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Table 3.1: Complexity of linear algorithms.

Algorithm m n Complexity

LLS in (3.22) |Aj | 4 O(8|Aj |2 + 20|Aj |+ 80)
LLS in (3.28) 4 3 O(180)
LLS in (3.40) L 3N O(6L2N + 9LN2)
PLE in (3.47) L N + 1 O(2L2(N + 1) + L(N + 1)2)

3.7.4 Comparisons

Table 3.2 shows the computational complexity of the algorithms for cooperative localization, as-

suming a network with full connectivity, where |Aj| = M and L = N(M +(N − 1)/2). Table 3.2 is

obtained by substituting M and N(M+(N−1)/2) for |Aj| and L respectively in (3.48), (3.50), and

(3.52). It should be noted that Table 3.2 provides asymptotic complexities of the algorithms, mean-

ing that only the dominating elements are presented. As can be seen, linear estimators (LLS and

PLE) require only one iteration. The number of iterations for the SDP algorithm depends on the

required accuracy ǫ [15, 43]. The number of iterations for the ML estimator using Gauss-Newton

method depends on its initial point and required accuracy [10, Ch. 8]. We will later mention

the experimental values for the number of iterations required for each algorithm in the simulation

results section. From Table 3.2, we can observe that for a dense network with many source nodes,

the complexities per iteration of SDP and ML algorithm are similar but much larger than that

of LLS algorithm, however for a modest network size (e.g., 10 source nodes), the complexities per

iteration of all algorithms are approximately the same.

3.8 Simulation Results

Computer simulations were conducted to evaluate the performance of the proposed algorithms.

Two scenarios were examined; in the first scenario, five anchor nodes were placed regularly on the

corners and in the center of a square 20 m × 20 m and ten source nodes were distributed in a square

area 19 m × 19 m inside the convex hull of the anchor nodes. Fig. 3.2a shows the coordinates of

the anchor nodes, source nodes, and reference powers for the first scenario. In the second scenario,

the location of the source nodes is the same as in Fig. 3.2a, but the anchor nodes were placed

irregularly. Fig. 3.2b shows the configuration of the network in the second scenario. The value of

Table 3.2: Complexity of the algorithms for cooperative localization with full connectivity, |Aj | = M ,
L = N(M + (N − 1)/2). N number of source nodes, M number of anchor nodes, L total number of
connections.

Algorithm Iterations Complexity per Iteration

ML in (3.13) k O(N3(M +N/2)3)

SDP in (3.17)
√
N log(1/ǫ) O(N4(M +N/2)2)

LLS in (3.28) 1 O(6N3(M +N/2)2)
PLE in (3.47) 1 O(2N3(M +N/2)2)
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(b) The second scenario

Figure 3.2: The configuration the proposed networks. The solid squares and crosses represent the anchor
nodes and source nodes, respectively. The value of the reference power, in dBm, for each source node is
indicated next to it.

Table 3.3: The Summary of the Considered Algorithms.

Algorithm Description

SDP-URSS The proposed SDP algorithm in (3.17) with unknown transmit powers
ML The ML estimator in (3.13) initialized with the true values
LLS The proposed linear estimator in (3.41)
SDP-UNS The SDP estimator in [29] with unknown transmit powers
SDP-RSS The SDP estimator in [20] with true transmit powers
SDP-RSS-WP The SDP estimator in [20] with -10 dBm ref. power assumed for all source nodes
SDP-RSS-P2 The SDP estimator in [20] with 2 dB uncertainty about transmit powers
SDP-RSS-P5 The SDP estimator in [20] with 5 dB uncertainty about transmit powers
ML-SDP-URSS The ML estimator in (3.13) initialized with the solution of SDP-URSS
ML-LSS The ML estimator in (3.13) initialized with the solution of LLS
ML-RAND The ML estimator in (3.13) initialized with random values

the path loss exponent β was known and set to 4, unless otherwise noted. The standard deviation

of the shadowing σdB varied from 1 to 8 dB. The ML estimator was solved by the MATLAB routine

lsqnonlin using the Levenberg-Marquardt method. The proposed SDP was implemented by the

CVX toolbox [44] using SeDuMi as the solver [17]. The value of the regularization parameter δ was

set to 0.1 for the linear estimator. A summary of the considered algorithms is given in Table 3.3.

3.8.1 Cramér-Rao Lower Bound (CRLB)

In this section, we show the effect of unknown transmit powers on the CRLB accuracy, evaluated on

a regular grid. Figs. 3.3a and 3.3b show the CRLB ellipse [45] of non-cooperative RSS localization

with either known or unknown transmit power when the anchor nodes are placed based on the

first and second scenarios, respectively. Fig. 3.3a illustrates that there is no significant difference

between the CRLB of RSS localization with known and unknown transmit power of a source located

inside the convex hull of the anchor nodes, whereas, when the source node is relatively close to the
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Figure 3.3: The CRLB of non-cooperative RSS localization. Black (solid) and red (dashed) circles represent
the CRLB ellipse with known transmit power and unknown transmit power, respectively. The solid squares
and crosses indicate the anchor nodes and source nodes, respectively. The standard deviation of shadowing
term is 3 dB. The difference between the two CRLBs in the second scenario is more significant.
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(b) The second scenario

Figure 3.4: The RMSE of the proposed algorithms versus the standard deviation of shadowing. The
proposed SDP (SDP-URSS) performs very well and its performance is very close to the original ML estimator,
especially in regular networks.

anchor nodes or between two adjacent anchor nodes, the effect of unknown transmit power on the

CRLB is more significant. On the other hand, as depicted in Fig. 3.3b, the differences between the

CRLBs for the second scenario are much larger, especially when the source node is located outside

the convex hull of the anchor nodes. Thus, when the source node is outside the convex hull, the

impact of unknown transmit power is significant. However, the impact is minor when the source

node is inside the convex hull. The CRLBs for the cooperative case are more or less similar to the

non-cooperative case.
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3.8.2 Root-Mean-Square-Error (RMSE)

Now consider the configuration of the network given in Fig. 3.2a. Full connectivity was initially

assumed, meaning that each source node was connected to all anchor nodes and also to all other

source nodes. The locations of the anchor and source nodes were fixed and 500 measurement noise

realizations were drawn. The RMSE of each algorithm is calculated by averaging over all estimated

source locations and noise realizations. The RMSE performance of the proposed algorithms is

depicted in Fig. 3.4. The solver for the ML estimator was initialized with the true value of the

source location. The term URSS is used for RSS localization when the transmit powers of the source

nodes are not known and the term RSS is used for the classic RSS localization with known transmit

powers as studied in [2, 20]. CRLB-RSS is the classic CRLB with known transmit powers derived

in [20]. As expected, in Fig. 3.4a the difference between the CRLB with known transmit power

in [2] and the CRLB with unknown transmit power is small, since the source nodes were located

inside the convex hull of the anchor nodes. Fig. 3.4a shows that the ML estimator has superior

performance for low shadowing standard deviations, but its performance degrades for shadowing

standard deviation higher than 5 dB, even though it is initialized with the true values. The proposed

SDP (SDP-URSS) performs significantly better than LLS algorithm and is very close to the ML

estimator. When shadowing is very high (7 dB and more), the proposed SDP performs slightly

better than the ML estimator. The ML estimator is optimal when the number of measurements

tends to infinity meaning that no unbiased estimator can have lower RMSE than the ML estimator

asymptotically [10, Ch. 7]. However, here the number of measurements is limited, therefore, the

optimality of the ML estimator is not guaranteed. Moreover, since both the ML estimator [2] and

the proposed SDP are biased (especially when either the number of measurements is limited or

shadowing is high), we cannot expect that the ML estimator provides the best accuracy. Note that

this behavior has also been observed in [20]. Besides the proposed algorithms, an SDP algorithm

given in [29] (labeled as SDP-UNS) is also included in the simulations. It should be noted that

SDP-UNS is generally based on the fact that the transmit powers are available. Therefore, we

modified the algorithm to estimate jointly transmit powers and source locations. There are many

weighting terms in SDP-UNS which depend highly on the transmit powers [29]. To rectify this

problem, we first set the value of the weighting terms to 1 and estimate transmit powers and source

locations. Then, we updated the weighting terms using the estimated transmit powers and ran the

algorithm again. The performance of SDP-UNS falls between LLS and SDP-URSS, even though

its computational complexity is higher than SDP-URSS.

The comparison of the proposed algorithms versus the standard deviation of shadowing for the

second scenario is illustrated in Fig. 3.4b. Here, there is a considerable gap between CRLB-RSS

and CRLB-URSS. The performance order of the algorithms is the same as in the first scenario. In

comparison with the previous scenario, the difference between the accuracy of the ML estimator

and the proposed SDP is larger. However, the proposed SDP-URSS is still much better than LLS

and SDP-UNS estimators.

In Table 3.4, we compare the average running time of the considered algorithms. The running
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Table 3.4: The Average Running Time of the Considered Algorithms. N = 10, |Aj | = 5, L = 95.

Algorithm Iterations Time [ms]

ML 22 268.72
SDP-URSS 19 218.34
SDP-UNS 35 462.16
LLS 1 11.81

time is measured by averaging over 500 noise realizations when the first network with full connec-

tivity is considered and the standard deviation of the shadowing is set to 3 dB. LLS has the lowest

complexity and therefore the fastest running time. The required running time of the proposed

SDP-URSS is about 20% lower than the ML estimator. From Table 3.2, the complexity per itera-

tion for all algorithms is almost identical for this network size (N = 10, |Aj | = 5). However, they

require different numbers of iterations. Moreover, we empirically computed the average number of

iterations for the ML and SDP algorithms. The average number of iterations for the ML and SDP-

URSS were 22 and 19, respectively. Consequently, the running time of the ML and SDP-URSS is

approximately 22 and 19 times higher than LLS (which requires only one iteration). As mentioned

in Section 3.7, the running time of the ML estimator depends highly on the initialization. Here,

the ML estimator has been initialized with the true values which cuts down its running time and

improves its performance. Later, we will discuss the effect of initialization on the complexity and

performance of the ML estimator. The computational of complexity of SDP-UNS in [29] is almost

the same as that of the proposed SDP-URSS. However, as mentioned above, SDP-UNS should be

run twice because of the estimation of the weighting terms. Therefore, the required running time of

SDP-UNS is nearly as twice as that of SDP-URSS. Thus, complexity and performance are directly

related for the considered algorithms, except for SDP-UNS which was designed for known transmit

powers.

Fig. 3.5 illustrates the performance of the proposed SDP compared with the previously studied

algorithm in [20] (labeled as SDP-RSS) for the first scenario. Since SDP-RSS is based on the

availability of source transmit powers, the true values of the source nodes transmit powers were

given to SDP-RSS in Fig. 3.5. In SDP-RSS-WP, the same algorithm in [20] was used, however, the

algorithm did not have the exact value of the transmit powers and the value of -10 dBm was given

to the algorithm as the reference power for all source nodes. We also proposed a condition where

there is uncertainty about the transmit power. Assume that approximate values of the transmit

powers, P̄0j , are given as

P̄0j = P0j + vj , (3.53)

where vj ∼ N (0, σP0
) are Gaussian random variables with standard deviation σP0

. Instead of the

true value of transmit power P0j , the value of P̄0j was given to the SDP algorithm in [20]. In this

simulation, the value of σP0
was set to 2 and 5 dB for SDP-RSS-S2 and SDP-RSS-S5, respectively.

SDP-RSS (exact knowledge) outperforms the proposed approach, mainly because the true value

of transmit power is available to it. SDP-RSS-S2 performs worse than SDP-RSS especially when
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Figure 3.5: The RMSE of the proposed algorithms versus the standard deviation of shadowing for the first
scenario with uncertainty in the transmit power. Although in the first scenario unknown transmit powers do
not have a huge impact on the CRLB accuracy, employing the proposed SDP (handling unknown transmit
powers) is very useful and strongly improves performance.
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Figure 3.6: The RMSE of proposed algorithms versus the standard deviation of shadowing and different
initializations for the ML estimator. The initialization has a huge impact on the ML estimator performance.
The proposed SDP algorithm provides a suitable initial point for the ML estimator if better accuracy is
required.

the shadowing is low. SDP-RSS-WP and SDP-RSS-S5 have poor performance for σdB < 6dB. As

can be seen, as the standard deviation of the shadowing increases, the effect of transmit power

uncertainty on the estimation accuracy decreases since performance is dominated by shadowing.

The performance of the proposed SDP-URSS is close to SDP-RSS and has better accuracy than

SDP-RSS-S5 and SDP-RSS-WP, especially for low shadowing standard deviation. Hence, although

in the first scenario, unknown transmit powers do not have a huge impact on the CRLB, employing

an algorithm handling this uncertainty is very useful and strongly improves performance.
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Table 3.5: The Average Running Time of the ML Estimator with Different Initializations.

Algorithm Iterations Time [ms]

ML 22 268.72
ML-SDP 23 282.51
ML-LLS 26 316.16
ML-RAND 43 514.58

3.8.3 Initialization

It is well-known that the performance of the ML estimator depends heavily on its initial solution,

since most implementations of the ML estimator are iterative. To further compare the proposed

SDP and the ML estimator, we initialized the solver of the ML estimator with different values.

Fig. 3.6a and 3.6b illustrate the RMSE of the proposed algorithms as a function of the standard

deviation of the shadowing with different initial points for the solver of the ML estimator for the

first and second scenarios, respectively. The curve labeled as ML stands for the ML estimator

initialized with the true values, whereas ML-SDP, ML-LLS, and ML-RAND stand for the ML

estimator when its solver was initialized with the SDP solution, LLS solution, and random values,

respectively. Fig. 3.6 shows that in both scenarios, the ML estimator initialized with the true

values outperforms other algorithms as expected. However, the initial point can have a large effect

on ML accuracy. The proposed SDP algorithm offers better performance compared to ML-LLS

and ML-RAND, especially for large shadow fading standard deviation. It is interesting that when

the ML estimator is initialized with the solution of the proposed SDP (ML-SDP-URSS), we can

achieve almost the same accuracy as the ML algorithm initialized with the true solution. Therefore,

although the proposed SDP algorithm has excellent standalone performance, it can also be used as

an initial point for the ML estimator when even better accuracy is required. Fig. 3.6 also shows

that randomly initializing the ML estimator yields extremely poor performance even at low σdB

values. Table 3.5 shows the running time of the ML estimator for different initializations. We can

see that the initial point has a huge impact on not only the performance of the ML estimator,

but also the required number of iterations and the running time. When the initial point is not

sufficiently close to the global minimum, the number of iterations increases significantly. Moreover,

there is no guarantee that the algorithm converges to the global minimum. This is the major

drawback of the ML estimator. In this case, an increase in running time (complexity) does not

result in performance improvement because of initialization; in fact the opposite is true.

3.8.4 Connectivity

In the previous simulations, we assumed that the network has full connectivity. However, this

assumption is not valid in all practical cases where the connections among sensors are limited. In

this section, we examine the first scenario but with limited connectivity. Fig. 3.7 shows the RMSE of

the proposed algorithms versus the number of connections when the shadowing standard deviation

is 4 dB. For instance, the value of 10 on the x-axis means that each source node is connected to
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Figure 3.7: The RMSE of the proposed algorithms versus the number of connections. The standard
deviation of the shadowing is 4 dB. As the number of connections increases, the estimation accuracy improves.
The proposed SDP algorithm has better performance than the ML estimator when the connectivity in the
network is limited.

the 10 closest sensors, either anchor nodes or source nodes. The LLS estimator in (3.41) is no

longer applicable here because in its formulation, each source node should be connected to at least

four noncollinear anchor nodes, but in low connectivity there is no guarantee that each source

node can communicate with four neighboring anchor nodes. Fig. 3.7 shows that by increasing

the number of connections, the estimation accuracy improves, as expected. Comparing the two

CRLBs, we observe that the unknown transmit power has more effect on the CRLB accuracy when

the network connectivity is limited. The proposed SDP performs better than the ML estimator

when the number of connections in the network is very low. Potential reasons were previously

mentioned in the description of Fig. 3.4. When the number of connections is 6 or 7, the proposed

SDP is slightly lower than CRLB. As mentioned previously in Section 3.8.2, both SDP-URSS and

ML estimators are biased (especially when the number of connections is limited) and thus the

CRLB cannot provide an absolute lower bound for them [46, 20, 2].

3.8.5 Impact of Path Loss Exponent

In this section, we investigate the effect of imperfect PLE knowledge on the performance of the

proposed algorithms. The first scenario was considered for this simulation. However, we assume

that the estimators do not have the exact value of the PLE and instead they have an approximate

value modeled as

β̄ = β +N (0, 1), (3.54)

where β = 4 in our simulations. Fig. 3.8 shows the performance of the proposed algorithms in this

condition. The order of the algorithms remains unchanged compared to Fig. 3.4a. It is obvious

that the performance of all the algorithms degrades, especially at low values of σdB . The proposed

SDP-URSS performs better than the ML estimator in the presence of PLE uncertainty when the
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Figure 3.8: The RMSE of the proposed algorithms versus the standard deviation of shadowing for the first
scenario with uncertainty in the PLE. Imperfect PLE decreases the performance of all algorithms, especially
at low σdB values. When the shadowing is larger than 6 dB, the proposed SDP is more robust against
imperfect PLE than the ML estimator.

shadowing standard deviation is larger than 5 dB. Now, assume that we have an imperfect value of

the PLE and the proposed algorithms are computed based on the approach given in (3.47). Fig. 3.9

shows the estimate of the PLE versus the number of iterations and different shadowing standard

deviations for the proposed SDP in (3.17). The true value of the PLE was set to 4 and we started

the algorithm with the PLE of 3 and 5. It can be seen from Fig. 3.8 that the RMSE performance of

the proposed algorithms is poor at the low shadowing standard deviations. However, as depicted in

Fig. 3.9, by exploiting the iterative approach given in (3.47), the imperfect PLE estimate converges

to a value very close to the true value for a small number of iterations. It is worth mentioning that

we have only plotted the convergence of the PLE for the proposed SDP in (3.17). However, the

PLE convergence for the ML and LLS algorithms is more or less the same. Our simulations show

that once the PLE has converged, the RMSE of the proposed algorithms for the source locations

is almost identical to Fig. 3.4a.

3.9 Conclusion

In this work, cooperative RSS-based sensor localization with unknown and different transmit pow-

ers was examined. The CRLB of the measurement model was derived and through computer

simulations it was shown that the effect of unknown transmit powers on the CRLB accuracy of the

source locations depends strongly on the network deployment geometry. A novel SDP technique

was derived to estimate the source transmit powers jointly with the source node locations. The

complexity analyses of the considered algorithms were presented. Simulation results demonstrated

that the proposed SDP algorithm has excellent performance, close to the original ML estimator in

most conditions. Not only does the proposed SDP exhibit good accuracy alone but also gives a

good initial point for the ML estimator if further refinement is required. We also introduced an

47



1 2 3 4 5 6 7 8 9 10 11
3

3.2

3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

5

Number of iterations

β

 

 
σdB = 0.1, β0 = 3

σdB = 0.1, β0 = 5

σdB = 3, β0 = 3

σdB = 3, β0 = 5

σdB = 6, β0 = 3

σdB = 6, β0 = 5

Figure 3.9: The convergence rate of the PLE for the proposed SDP. The algorithm starts with the initial
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approach for dealing with imperfect information about the path loss exponent which can strongly

impact the performance of RSS-based localization algorithms.
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Chapter 4

Cooperative TOA-Based Localization

in NLOS Environments

4.1 Introduction

Among different types of measurement methods, TOA is one of the most popular ones used for

localization in wireless sensor networks and cellular systems [1]. Cooperative localization is more

useful in indoor environments where GPS does not work well. On the other hand, in indoor

environments, most connections are NLOS which severely degrades the localization accuracy. In

TOA localization, NLOS bias errors are always positive and much larger than the measurement

noise. Therefore, they cause large estimation errors if they are either treated as line-of-sight (LOS)

connections or not used properly.

Although NLOS scenarios in sensor localization have been widely considered in the literature, we

believe that the problem is still not sufficiently solved, especially when the majority of the available

connections are NLOS. NLOS mitigation techniques in general are divided into three scenarios

based on how much information from NLOS propagation is available. In the first scenario, the

estimator knows which connections are NLOS and the distribution of NLOS biases are available

[47]. This scenario is rarely practical as determining the distribution of NLOS biases is difficult.

In the second scenario, the estimator knows which connections are NLOS, while the distribution of

the NLOS biases is not available. In this case, NLOS connections first need to be identified [48].

An identification technique based on ML estimation is described in [49]. Once NLOS connections

are identified, they can be either ignored [50] or used in a way which improves performance [51,

52]. In [53], after identifying NLOS connections, the location of the source node is estimated

using a weighted linear least squares algorithm in which NLOS connections are assigned lower

weights, since they typically have larger errors. In [51], a linear programming method is derived

under the assumption that the NLOS connections are perfectly identifiable. The performance

of the algorithms in this scenario is dependent on accurate identification of NLOS connections.

However, the probability of incorrect identification is always non-negligible. It is possible that a
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LOS connection is misidentified as a NLOS connection (false alarm) or vice versa (missed detection)

which may significantly degrade estimation accuracy [54].

In most networks, it is very difficult to distinguish NLOS connections from LOS connections

and no information about the statistics of the NLOS error may be available. In third scenario, the

estimator knows neither which connections are NLOS nor the distribution of NLOS biases. Studies

show that in the absence of NLOS information, robust estimators such as the M-estimator [55] and

least median of squares (LMS) [56, 57] are more beneficial. In fact, robust estimators are more

resistant to large errors and outliers [58]. In [55], an estimator based on the robust Huber function

is derived. The Huber function is a piecewise function which is quadratic for small residual errors

and linear for large ones [55]. The estimator in [55] is severely nonlinear and nonconvex and requires

initialization to find its solution. LMS is another robust estimator used for NLOS localization [56].

However, when more than half of the connections are NLOS, the performance of LMS degrades

dramatically [56]. A summary of different NLOS identification and mitigation techniques used in

noncooperative localization is provided in [54].

In this work, we examine TOA-based sensor localization in NLOS environments for the second

and third scenarios. First, we assume that we are able to distinguish the NLOS connections from

LOS connections and propose a novel NLOS mitigation technique for cooperative networks. Second,

we assume that it is difficult to identify the NLOS connections and no statistical information about

NLOS propagation is available.

4.2 Part I: Known NLOS Connections and Unknown Distribution

Recently, cooperative localization has been studied in the literature [13, 3]. However, most studies

on NLOS localization mentioned above have considered only the noncooperative case and there are

only a few studies of cooperative localization in NLOS environments [59]. Cooperative localization

can improve the accuracy of location estimation, especially when connectivity in the network is

limited and source nodes do not have access to a sufficient number of anchor nodes. The algorithms

for noncooperative localization in [53, 60, 51, 57] are basically based on the linear estimators in

which the measurement model is approximately linearized. However, the measurement model of

cooperative localization cannot be easily linearized and most previously considered algorithms for

noncooperative localization in NLOS environments are not applicable to cooperative localization.

Therefore, further studies on cooperative localization in NLOS environments are warranted.

In this work, we propose a novel SDP estimator for cooperative localization in NLOS environ-

ments. We assume that the the estimator can distinguish NLOS connections from LOS connections

[48]. However, the distribution of NLOS bias errors is not known to the estimator. It can be shown

that the ML estimator discarding NLOS connections and using only LOS connections generally has

the optimal performance for sufficiently high signal-to-noise-ratio (SNR). However, the objective

function of the ML estimator is highly nonlinear and has no closed-form solution. Thus, the ML

problem is converted into a convex SDP optimization problem using only LOS connections which
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can be solved effectively. Since the proposed SDP is sub-optimal, it cannot deliver good perfor-

mance in some conditions (especially if the connectivity is low and the number of LOS is small).

Therefore, we exploit NLOS connections to improve the performance of the proposed SDP.

4.2.1 System Model

This section describes the measurement model of cooperative TOA localization in NLOS environ-

ments. Denote by xj = [xj, yj ] ∈ R
2, j = 1, 2, . . . , N the coordinates of the jth source node with

unknown location and by ai = [ai, bi]
T ∈ R

2, i = 1, 2, . . . ,M the coordinates of the ith anchor

node with known location. The measurements are divided into four sets based on their type of

connectivity. Therefore, each connected pair of sensors is placed in one of the following sets:

La := {(i, j) : LOS source-anchor connection},
Lx := {(k, j) : LOS source-source connection},
Na := {(i, j) : NLOS source-anchor connection},
Nx := {(k, j) : NLOS source-source connection}. (4.1)

Assuming perfect synchronization, the measurement model of cooperative TOA localization is de-

fined as [1]

rij = dij + nij, (i, j) ∈ La,

rkj = dkj + nkj, (k, j) ∈ Lx,

rij = dij + bij + nij, (i, j) ∈ Na,

rkj = dkj + bkj + nkj, (k, j) ∈ Nx (4.2)

where dij = ‖ai − xj‖, dkj = ‖xk − xj‖ are the true distances. bij and bkj are unknown positive

NLOS biases, generally larger than the measurement noise. nij ∼ N(0, σ2
ij) and nkj ∼ N(0, σ2

kj)

are the measurement noise modeled as independent identically distributed zero-mean Gaussian

random variables with a variance of σ2
ij = KEd

βij

ij and σ2
kj = KEd

βkj

kj , respectively. KE is a

constant depending on the environment where the network is set. βij and βkj are the path loss

exponents where we assume

βij = βkj = βL (i, j) ∈ La, (k, j) ∈ Lx,

βij = βkj = βN (i, j) ∈ Na, (k, j) ∈ Nx. (4.3)

At the end, we assume that the estimator knows which connections are NLOS, but the distribution

of NLOS bias errors are not available.
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4.2.2 Performance Analysis

The CRLB of NLOS TOA localization for single-node localization is given [47]. It has been stated in

[47] that the CRLB of source location depends only on LOS connections if we can identify all NLOS

connections exactly. Therefore, by employing the ML estimator using only LOS connections, we

can achieve the CRLB accuracy for sufficiently high SNR. However, if we have any side information

about the NLOS bias distribution, we can obtain better accuracy by using the maximum a-posteriori

(MAP) estimator which asymptotically reaches the generalized CRLB (G-CRLB). The above results

given in [47] for single-node localization can be easily extended to cooperative localization. As

mentioned before, we assume that the distribution of the NLOS bias is not available and we can

identify the NLOS connections perfectly. Therefore, the ML estimator of measurement model in

(4.14) is obtained by the following minimization problem [10]

X̂ML = argmin
X∈R2×2N

∑

(i,j)∈La

1

σ2
ij

(rij − dij)
2 +

∑

(k,j)∈Lx

1

σ2
kj

(rkj − dkj)
2 (4.4)

where X = [x1,x2, . . . ,xN ] is the matrix of unknown source locations to be estimated. Unfortu-

nately, the objective function in (4.19) is severely nonlinear and nonconvex and we cannot find a

closed-form solution. However, it can be approximately solved by iterative numerical techniques

such as the Gauss-Newton method [10, 14]. Iterative methods require a good initial point to make

sure that the algorithm converges to the global minimum of the objective function. However, even

with a good initial point, it is still possible that the algorithm returns a local minimum resulting

in a large estimation error. To avoid the ML convergence problem, we introduce a sub-optimal

estimator based on convex optimization.

4.2.3 Semidefinite Programming

In this section, we describe a convex SDP approach for NLOS cooperative localization. By defining

some auxiliary variables, the minimization problem in (4.19) can be rewritten as

minimize
X,Z,tij ,tkj

dij ,dkj ,hij ,hkj

∑

(i,j)∈La

tij
σ2
ij

+
∑

(k,j)∈Lx

tkj
σ2
kj

subject to tij = hij − 2rijdij

hij = zjj + aTi ai − aTi xj − xT
j ai,

hij = d2ij , (i, j) ∈ La,

tkj = hkj − 2rkjdkj ,

hkj = zkk + zjj − zkj − zjk,

hkj = d2kj, (k, j) ∈ Lx,

Z = XTX (4.5)
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where zkj = xT
k xj is the (k, j)th element of the matrix Z. In the next step, we convert (4.20) into a

convex optimization problem by using an appropriate relaxation. The minimization problem (4.20)

can be relaxed into a convex optimization problem as [43, 21, 15, 27]

minimize
X,Z,tij ,tkj

dij ,dkj ,hij ,hkj

∑

(i,j)∈La

1

σ2
ij

tij +
∑

(k,j)∈Lx

1

σ2
kj

tkj, (4.6a)

subject to tij = hij − 2rijdij, (4.6b)

hij = zjj + aTi ai − aTi xj − xT
j ai, (4.6c)

hij ≥ d2ij , (i, j) ∈ La, (4.6d)

tkj = hkj − 2rkjdkj, (4.6e)

hkj = zkk + zjj − zkj − zjk, (4.6f)

hkj ≥ d2kj, (k, j) ∈ Lx, (4.6g)

Z � XTX. (4.6h)

The solution of (4.6) can be found effectively with interior point methods [15, 16]. Standard SDP

solvers such as SeDuMi or SDPT3 [17, 18] can be employed to solve the SDP optimization problem

of (4.21) in MATLAB. Note that inequalities given in (4.6d) and (4.6h) can be expressed as a linear

matrix inequality (LMI) using the Schur complement [16]

[

hij dij

dij 1

]

� 02, (4.7a)

[

Z XT

X I2

]

� 0N+2. (4.7b)

As mentioned before, the solution of SDP minimization problem in (4.6) is sub-optimal and

cannot achieve the same accuracy as the ML minimization problem in (4.4), especially when either

the SNR is low or the number of LOS connections is limited. To enhance the performance of the

SDP in (4.6), we try to also use NLOS connections in the minimization problem. NLOS connections

basically have large errors and degrade the performance of the algorithm if they are used directly

in the objective function in (4.6a). However, they can be used as a constraint on the objective

function to limit the feasible region of the solution [51]. Using the fact that the bias of NLOS

connections in (4.2) are positive and larger than the measurement noise, we can write

rij ≥ dij , (i, j) ∈ Na,

rkj≥ dkj , (k, j) ∈ Nx. (4.8)

Consequently,

r2ij ≥‖ai − xj‖2, (i, j) ∈ Na,
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Figure 4.1: The CDF of the proposed algorithms. The network has four anchor nodes and five source
nodes. As the number of NLOS connections increases, SDP-LOS degrades substantially as compared to
ML-LOS, mainly because the number of LOS connections becomes limited. However, the proposed SDP-M
performs nearly as well as ML-LOS.

r2kj ≥‖xk − xj‖2, (k, j) ∈ Nx. (4.9)

Now, we force the algorithm to minimize the objective function and also to satisfy the constraints

in (4.24), meaning that the solution of (4.6) should be located inside the circular regions on NLOS

connections defined in (4.9) and also minimize the objective function in (4.6a). Combining the

constraints in (4.24) with the minimization problem in (4.21) yields

minimize
X,Z,tij ,tkj

dij ,dkj ,hij ,hkj

∑

(i,j)∈La

1

σ2
ij

tij +
∑

(k,j)∈Lx

1

σ2
kj

tkj,

subject to tij = hij − 2rkjdij ,

hij = zjj + aTi ai − aTi xj − xT
j ai,
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hij ≥ d2ij , (i, j) ∈ La

tkj = hkj − 2rkjdkj, (4.10)

hkj = zkk + zjj − zkj − zjk,

hkj ≥ d2kj, (k, j) ∈ Lx,

Z � XTX,

r2ij ≥ ‖ai − xj‖2, (i, j) ∈ Na,

r2kj ≥ ‖xk − xj‖2, (k, j) ∈ Nx. (4.11)

In summary, in the proposed SDP in (4.10), we have used LOS connections to define the objective

function to be minimized and NLOS connections to restrict the feasible region of the solution. It

should be noted that the last two constraints in (4.10) can be expressed as an LMI as:

[

r2ij (ai − xj)
T

(ai − xj) I2

]

� 03, (i, j) ∈ Na,

[

r2kj (xk − xj)
T

(xk − xj) I2

]

� 03, (k, j) ∈ Nx. (4.12)

4.2.4 Simulation Results

The performance of the proposed algorithm is examined through computer simulations. TOA

measurements were generated based on the measurement model in (4.2). The value of path-loss

exponents βL and βN were set to 2 and 3, respectively [1, 51]. The NLOS bias errors were uni-

formly distributed between 2 and 8 meters. The ML estimator was solved by MATLAB routine

lsqnonlin, which uses the Levenberg-Marquardt method. The iterative solver of the ML estimator

was initialized with the true value of the source location. The proposed SDP algorithm was solved

by the SeDuMi solver [17]. A cooperative NLOS mitigation algorithm called iterative parallel pro-

jection method (IPPM) given in [59], a linear least squares estimator (LLS) similar to the algorithm

given in [19, 36], and an SDP using LOS only [43] were used for comparison.

A regular network with four anchor nodes and five source nodes was considered. The anchor

nodes were located at the vertices of a 10m×10m square and the source nodes were placed randomly

inside the square. The value of KE was set to 0.02 which leads to around 12% error on average.

Fig. 4.1a depicts the cumulative distribution function (CDF) of the proposed algorithms when

there are no NLOS connections. All of the algorithms perform more or less the same in a LOS

environment. In Fig. 4.1b, we increased the number of NLOS connections to 3. The ML-LOS and

SDP-LOS stand for the ML estimator in (4.4) and SDP algorithm in (4.6) (which is also studied in

[43]) using only LOS connections. The SDP-M is the proposed algorithm in (4.10) exploiting NLOS

connections. The SDP-M and SDP-LOS algorithms have the same performance. Hence, the SDP-M

has no advantage over SDP-LOS in this case. In ML-LOS+NLOS and LLS-LOS+NLOS algorithms

no NLOS identification and mitigation is used and we treated all connections as LOS. It is crystal
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Figure 4.2: The RMSE performance of the proposed algorithms versus the number of NLOS connections.
The results are consistent with Fig. 4.1.

clear that NLOS connections degrade the performance of localization considerably if they cannot

be identified. Fig. 4.1c shows the performance of the proposed algorithms when we have increased

the number of NLOS connections to 5. The performance of SDP-LOS degrades substantially as

compared to ML-LOS. Using only LOS connections does not achieve enough accuracy for SDP-

LOS, because the number of LOS connections is limited. However, the proposed SDP-M exploiting

NLOS connections still has excellent performance. The CDF curve of ML-LOS has a large tail,

mainly because of either bad geometry of sensors with LOS connections or large measurement noise.

On the other hand, the proposed SDP-M is better than ML-LOS for location error larger than 3 m,

because the constraints protect the solution from large estimation errors. It is worth mentioning

that ML-LOS algorithm is initialized with the true value, therefore, it is far too optimistic that one

can achieve the plotted performance with other initial points.

In Fig. 4.2, we plot the root mean square error (RMSE) performance of the algorithms versus

the number of NLOS connections. The results are consistent with Fig. 4.1. As the number of NLOS

connections increases, a limited number of LOS connections is available and the performance of

SDP-LOS degrades significantly. However, SDP-NLOS exhibits good performance even with a low

number of LOS connections.

Degenerate Cases

Since the LOS connections define the objective function of the ML problem in (4.4), we need at

least three LOS connections to have a unique solution for the ML estimator. However, sometimes

(perhaps even often) this requirement will be not fulfilled in an indoor environment. Under this

condition, the ML estimator in (4.4) which has discarded all NLOS connections and uses only LOS

connections is not able to find a unique estimate for the source location. On the other hand, this

requirement can be omitted for the proposed SDP in (4.10), because the proposed SDP has not

only an objective function to be minimized but also has constraints which limit the feasible region
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Figure 4.3: The comparison of SDP-M and ML-LOS algorithms in degenerate cases. The solid blue squares
indicate anchor nodes and the red cross indicates the true location of the source node. The blue and magenta
circles represent LOS and NLOS connections, respectively. The triangles represent the initial point of the
ML estimator algorithm. Unlike the ML estimator, the proposed SDP-M is applicable in degenerate cases
when the number of LOS connections is less than three.

which often eliminate the ambiguity in source location. Therefore, even when we have no LOS

connection, the proposed SDP returns a point that satisfies only the constraints (in the case that

there are many points satisfying the constraints, the proposed SDP returns the analytical center

of the feasible region [61]). Fig. 4.3 shows a comparison of the proposed SDP with the ML-LOS

estimator in degenerate cases. We have considered the single-node case in the figures to make them

less complicated, however, the results are also valid for the cooperative case. In Fig. 4.3a, the

number of both LOS and NLOS connections is 2. Since the ML-LOS estimator only uses LOS

connections, it returns [10, 6]T which is the minimum of its objective function. SDP-M tries to

minimize the objective function (consisting of LOS connections) and also satisfies the constraints

which forces the solution inside the circular regions of the NLOS constraints. In Fig. 4.3b we

again have two LOS and two NLOS connections, while the objective function has two local minima

([5, 9]T and [5,−9]T ). In this case, the ML estimator returns two different values for the source

location depending on its initialization. For instance, if the ML estimator is initialized with the

point [13, 7]T , the algorithm returns [5, 9]T as a solution, while if it is initialized with the point

[4,−1]T , it returns [5,−9]T which is far away from the true location of the source node causing

large estimation error. On the other hand, SDP-M does not need an initialization and gives only

one solution. The number of NLOS connections was increased to 3 in Fig. 4.3c. Any point on

the blue circle is the minimum of the objective function. The ML-LOS estimator is not reliable

in this case, because it returns different values for different initial points. It should be noted that

in cooperative localization case, the number of local minima and saddle points in the objective

function of the ML estimator is very high, even if the number of LOS connections is larger than 3,

and it is highly probable that the algorithm gets stuck in one which is not the global minimum.
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Figure 4.4: The RMSE performance of the proposed algorithms versus the number of connections. Sixty
percent of the connections are NLOS. The proposed SDP-M significantly outperforms SDP-LOS when the
connectivity is low and a limited number of LOS connections is available.

Connectivity

A network with five anchor nodes and twenty source nodes placed randomly inside a 10m × 10m

square is considered. Fig. 4.4 shows the RMSE performance of the proposed algorithm versus the

number of connections. For instance, 10 on the x-axis means that each source node is connected to

the 10 closest sensors either anchor nodes or other source nodes. Moreover, 60% of the connections

are NLOS. The performance of all algorithms improves as the number of connections increases.

The reduction in the RMSE of ML-LOS is not great, mainly because the algorithm was initialized

with the true values and thus even in low connectivity it has a low RMSE. The proposed SDP-

M exploiting NLOS connections performs better than SDP-LOS in low connectivity (about 0.7

m when the number of connections is 8). As the number of connections increases, the number

of LOS connections increases and the accuracy in both SDP-M and SDP-LOS is dominated by

LOS connections. For instance, when the number of connections is 24 (meaning that we have full

connectivity in the network), both SDP-M and SDP-LOS have nearly the same RMSE of 0.75 m

and NLOS connections do not help SDP-M to have better accuracy.
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4.3 Part II: Unknown NLOS Connections and Distribution

In this work, TOA-based sensor localization in unknown NLOS environments is studied. We as-

sume that the estimator has no information about the distribution of the NLOS measurements

and that NLOS signal identification is also infeasible. The performance analysis of the model is

investigated through the ML estimator. It will be shown that the corresponding ML estimator of

the measurement model is a constrained underdetermined nonlinear problem which is difficult to

solve. As a result, a NLOS mitigation technique based on convex SDP optimization is proposed.

As opposed to the ML estimator, the proposed SDP formulation is efficiently solvable without

requiring any initialization. The performance of the proposed estimator is compared with several

previously proposed techniques through computer simulations. The average running times of the

different estimators is also considered.

4.3.1 System Model

The measurement model of NLOS TOA localization will now be described. Consider a network

of M anchor nodes and one source node to be localized. Let x ∈ R
2 be the unknown coordinates

of the source node and yi ∈ R
2, i ∈ A be the known coordinates of the ith anchor node, where

A = {1, 2, . . . ,M}. The TOA measurements are divided into two sets as follows

L := {i | i ∈ A, ith link is LOS},
N := {i | i ∈ A, ith link is NLOS}. (4.13)

In TOA, the travel times of signals between the source node and the anchor nodes are measured [1].

The distance measurement between the source node and the ith anchor node in TOA localization

can be modeled as [47]

ri = di + ni, i ∈ L,
ri = di + bi + ni, i ∈ N (4.14)

where ri = cti, ti is the signal propagation time between those nodes, and c is the propagation

velocity of the signal (e.g., c ≈ 3×108 m/s in free space). di is the true distance between the source

node and the ith anchor node

di = ‖yi − x‖2, i ∈ A. (4.15)

The nis represent the measurement errors due to thermal noise at the receivers. These errors are

modeled as independent zero-mean Gaussian random variables with variances of σ2
i . This variance

in the TOA measurements is related to the captured signal-to-noise ratio (SNR) [1, 11]. Further-

more, the captured SNR is a function of the distance and path-loss exponent [12, 2]. Therefore,
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the variance in TOA measurements due to thermal noise can be modeled as [13]

σ2
i = αdβi

i (4.16)

where α is a constant defining the relationship between the noise variance and the true distance

raised to the path loss exponent βi. α depends on the environment where the sensor network is

placed and βi is defined as [13]

βi = βL, i ∈ L,
βi = βN , i ∈ N . (4.17)

Last, but not least, bi are unknown positive NLOS biases which are typically much larger than

the measurement noise, ni. There are different models proposed for NLOS biases in the literature

[54]. Gaussian [62], exponential [52], and uniform [51] distributions are usually applied to model

the NLOS propagation biases in a network. In this paper, the NLOS biases are drawn from an

exponential distribution. However, we assume that the distribution of NLOS biases is unknown to

the estimator. Moreover, the estimator does not even know which connections are NLOS.

4.3.2 Maximum Likelihood Estimation

The performance analysis of NLOS localization for TOA measurements is given in [47]. It was

shown that when the distribution of NLOS bias errors is not available, the Cramér-Rao lower bound

(CRLB) of the source location estimate depends only on the LOS connections [47]. This means that,

under this condition, the best accuracy can be achieved if the NLOS connections are identified and

discarded, and the source location is estimated by using only the LOS measurements. The CRLB

can be achieved asymptotically (when the number of measurements tends to infinity) by the ML

estimator. Therefore, assuming a sufficient number of measurements is available, the ML estimator

using only LOS connections can be used as a benchmark for comparing the performance of different

estimators. The ML estimator is obtained by maximizing the likelihood function [10]. After some

calculations and manipulations, the ML estimator using only LOS connections is obtained by the

following minimization problem [10]

x̂ML−LOS = argmin
x∈R2

∑

i∈L

wi (ri − di)
2 (4.18)

where wi = 1/σ2
i in the cost function are the weighting elements. Since in this work, we assume

that NLOS connections are not distinguishable, the ML estimator in (4.18) is not applicable here,

but will serve as a lower bound on the accuracy of the considered estimators whenever there are

a sufficient number of LOS connections. When the number of LOS connections in the network is

fewer than three, we can no longer use the ML estimator in (4.18), since in this case, no unique

solution can be found for the estimator[22].
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Now we derive an estimator assuming no information about NLOS connections is available.

Because we do not know which connections are NLOS, we assume all measurements are NLOS and

estimate NLOS biases jointly with the source location. Let b = [b1, b2, . . . , bM ]T be the unknown

vector of NLOS biases. The ML estimator of the unknown parameters [x;b] is obtained by following

optimization problem

[x̂; b̂] = argmin
[x;b]∈R2+M

∑

i∈A

wi (ri − di − bi)
2 ,

s. t. bi ≥ 0, (4.19)

which is a constrained nonlinear underdetermined problem (i.e., there are more unknown parameters

than measurements) and finding its solution is computationally difficult. The solution of (4.19) can

be approximately found with iterative algorithms such as the Gauss-Newton method [63]. However,

iterative algorithms require a good starting point to guarantee that the algorithm converges to the

global minimum of the cost function. Moreover, since the problem is underdetermined, there might

be an infinite number of solutions [63]. In the next section, we derive a NLOS mitigation technique

based on convex SDP optimization. The advantage of the SDP technique over the ML technique

is that the SDP technique requires no initialization [15].

4.3.3 Semidefinite Programming

In this section, the proposed SDP estimator is described. Again, since we do not know whether a

connection is NLOS or not, we assume all connections are NLOS. Then, the measurement model

of (4.14) can be rewritten as

ri = di + bi + ni, i ∈ A, (4.20)

Squaring both sides of (4.20) yields

r2i = (di + bi + ni)
2,

= d2i + ci + 2ni(bi + di) + n2
i (4.21)

where ci = b2i + 2bidi. For sufficiently small measurement noise, the quadratic form of the noise n2
i

can be neglected, and we have

r2i ≃ d2i + ci + ǫi (4.22)

where ǫi = 2d̄ini and

d̄i = bi + di. (4.23)

The nonlinear least squares estimator of the unknown parameters [x; c] is obtained as [10, Ch. 8]

[x̂; ĉ] = argmin
[x;c]∈R2+M

∑

i∈A

vi
(

r2i − d2i − ci
)2

,

s. t. ci = b2i + 2bidi (4.24)
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where vi = (d̄2i σ
2
i )

−1 is the weighting element which is equal to the inverse of the variance of ǫi

in (4.22). It should be noted that vi depends on the unknown parameter d̄2i . However, it can

be approximated using r2i instead of d̄2i as vi ≃ (r2i σ
2
i )

−1. Unfortunately, the cost function of

the minimization problem in (4.24) is still nonlinear and nonconvex. Next, we will convert the

problem in (4.24) into a convex optimization problem. However, prior to that, we will impose

another constraint on the estimate of the source node location which will considerably increase the

performance, especially in severe NLOS environments [52]. Since the biases of NLOS connections

in (4.14) are positive and typically much larger than the measurement noise, we can write [52, 51]

ri ≥ di = ‖yi − x‖. (4.25)

Equivalently,

r2i ≥ d2i = (yi − x)T (yi − x). (4.26)

The constraint in (4.26) forces the estimated position of the source node to be within the circles

determined by the anchor nodes and the radii ri. However, for LOS connections, the constraint in

(4.26) may not be valid, because LOS connections do not have the large NLOS biases and also the

measurement noises ni may have negative values. Therefore, the position of the source node may

be located outside of a circle defined by a LOS connection. Since we do not know which connections

are LOS, we have to make the constraint in (4.26) slightly looser for all connections. About 95% of

a Gaussian random variable’s probability density lies within two standard deviations of its mean.

Hence, the constraint in (4.26) can be modified as

r2i + ui ≥ d2i = (yi − x)T (yi − x) (4.27)

where ui = 2
√

Var[r2i ]. To progress, we need to calculate the variance of r2i . Assuming di and bi

are the unknown deterministic variables, we can rewrite (4.20) as

ri = d̄i + ni (4.28)

where d̄i is defined in (4.23). Therefore, we have

r2i = (d̄i + ni)
2

= d̄2i + 2d̄ini + n2
i . (4.29)

Hence, the variance of r2i is calculated as

Var[r2i ] = E[r4i ]− (E[r2i ])
2

= 4d̄2i σ
2
i (4.30)
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Table 4.1: A summary of the considered estimators.

Estimator Description

SDP-M The proposed SDP estimator in (4.31)
ML-LOS The ML estimator in (4.18) which uses only LOS connections, initialized with true values
ML The ML estimator in (4.18) which uses all connections, initialized with true values
HUBER The Huber estimator in [55], initialized with true values
SDP-H A semidefinite programming estimator in [62]
QP A quadratic programming estimator in [60]
LMS A least median squares estimator in [56]
POCS A projection onto convex sets estimator in [64]

where E[ · ] denotes the expected value. Again, since the variance of r2i depends on the unknown

parameter d̄2i , we need to approximate the variance by using r2i instead. One of the most useful

advantages of the SDP estimator is that one can simply apply constraints to the solution [15].

Relaxing the cost function in (4.24) [15, 52] and using the constraint in (4.26), we express the

following convex optimization problem as [15, 27]

minimize
x,z,hi,ci

∑

i∈A

vi(r
2
i − hi − ci)

2 + δ
∑

i∈A

c2i

subject to hi =

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

,

[

I2 (yi − x)

(yi − x)T r2i + ui

]

� 03,

[

I2 x

xT z

]

� 03, ci ≥ 0. (4.31)

which is an SDP optimization problem and can be solved effectively with interior point methods

[15], [16, Ch. 11]. δ is a penalization factor which is required when the problem is ill-posed [16, Ch.

6]. It also constrains ci to a reasonable size [16, Ch. 6]. Note that in (4.31), we neglect the relation

of di and bi in ci which is defined in (4.21) and estimate ci as an independent unknown parameter.

It is worth mentioning that in the proposed SDP formulation in (4.31), when most of the

connections are LOS, the cost function plays an important role and the constraint in (4.26) barely

has an effect on the solution. However, when most of the connections are NLOS, the constraint is

more effective and keeps the solution from exhibiting a large estimation error.

4.3.4 Simulation Results

In this section, the performance of the proposed estimator is evaluated through computer simula-

tions. A network with eight anchor nodes and one source node is considered. The locations of the

anchor nodes are fixed and 441 different locations for the source node are generated uniformly in a

square region of 10m × 10m. Fig. 4.5 shows the configuration of the simulated network. The TOA

measurements were generated according to the model given in (4.14). The values of the path loss
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exponent for LOS paths βL and NLOS paths βN were set to 2 and 3, respectively. The value of α

was set to 0.04. The average range measurement error for the network was 0.8 m. The NLOS bias

errors were exponentially distributed and their means were randomly selected from 2 to 5 m. The

ML estimator in (4.18) was solved by the MATLAB routine lsqnonlin with the default setting

using the Levenberg-Marquardt method. The proposed SDP estimator was implemented with the

CVX toolbox [44] using SeDuMi as a solver [17]. The value of δ for the proposed SDP estimator was

set to 0.1. In addition to the proposed estimator, five previously studied estimators were selected

for comparison. A robust estimator based on the Huber function was studied in [55]. Similar to the

ML estimator, the estimator in [55] is highly nonlinear and nonconvex and requires initialization.

In our simulation, the estimator in [55] was solved by the MATLAB routine fminunc and initial-

ized with the true values, meaning that we provide very optimistic estimates of its performance.

Another robust NLOS mitigation technique based on the LMS technique given in [56] is also used

for comparison. The estimator in [56] uses linear least squares which does not require initializa-

tion. Further, we included the robust method of projection onto convex sets (POCS) introduced in

[64] in the simulations. POCS requires simple computations and shows strong robustness against

NLOS propagation. An estimator based on quadratic programming (QP) was derived in [60]. The

estimator in [60] does not have a closed-form solution. In our simulations, the estimator in [60]

was solved by the MATLAB routine quadprog. Another estimator included in the comparisons is

a recently developed SDP estimator in [62]. The proposed SDP estimator and the SDP estimator

in [62] are different in two aspects. First, the proposed SDP estimates NLOS biases along with the

source location, while the SDP in [62] only estimates the source location. Second, an upper bound

is used as a constraint in the proposed SDP estimator, while the SDP in [62] is forced to find the

source location in the middle between an upper and a lower bound. A summary of the considered

estimators is given in Table 4.1. The considered estimators are compared in three different NLOS

environments; mild, moderate, and severe, where 25%, 62%, and 87% of the connections are NLOS,

respectively.

Fig. 4.6 shows the cumulative distribution function (CDF) of the location errors for the con-

sidered estimators. Each source node is connected to 8 anchor nodes, as shown in Fig. 4.5. In Fig.

4.6a, 2 out of 8 connections are NLOS. As expected, the ML estimator using only LOS connections

(labeled as ML-LOS) demonstrates superior performance. However, it should be noted that we

only plot ML-LOS as a benchmark for comparison, since we assume that the estimators do not

know which connections are NLOS. Achieving this performance requires NLOS connections to be

identified perfectly and the ML solver to be initialized appropriately. The ML estimator assum-

ing all links are LOS (labeled as ML) has the worst performance, because no NLOS mitigation

technique was used. It is obvious that NLOS propagation degrades the accuracy of localization

considerably, even in mild NLOS environments. The performance of the proposed SDP estimator

(labeled as SDP-M) is very close to that of ML-LOS, although unlike ML-LOS, SDP-M does not

know which connections are NLOS. HUBER and LMS also perform well in comparison with ML.

The performances of the POCS and QP estimators are almost the same and fall between the ML
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Figure 4.5: The configuration of the simulated network. The solid squares indicate the anchor nodes and
the crosses indicate the locations of the source node. There are 8 fixed anchor nodes and 441 different
locations for the source node.

and LMS curves.

In Fig. 4.6b, the number of NLOS connections is increased to 5. Hence, there are only 3

LOS connections. Again, ML-LOS provides the best accuracy. On the other hand, ML performs

very poorly, mainly because most of the connections are NLOS. SDP-M outperforms the other

estimators and is still fairly close to ML-LOS. HUBER and LMS cannot tolerate many NLOS

errors and degrade substantially. It is worth mentioning that the performances of QP and POCS

were worse than those of HUBER and LMS in mild NLOS environments, as depicted in Fig. 4.6a.

However, in moderate NLOS environments, QP and POCS perform better than HUBER and LMS.

It is well-known that POCS is not particularly accurate in LOS environments, but it is robust to

NLOS measurements [64]. In both situations, SDP-H does not provide acceptable performance.

In indoor environments, there are many obstacles between the source node and the anchor nodes.

Therefore, most connections are NLOS. Moreover, the number of LOS connections is sometimes

fewer than three. In this case, the ML estimator in (4.18) (ML-LOS) does not have a unique

solution and, depending on the starting point, the solver of (4.18) returns different estimates for

the source location which may have large estimation errors [22]. Unlike the ML estimator, the

proposed SDP estimator requires no initialization and always has a unique solution [52]. In Fig.

4.6c, we increase the number of NLOS connections to 7, meaning that there is only one LOS link.

Since ML-LOS does not have a unique solution in this case, we did not plot its performance. QP and

POCS estimators show strong robustness in severe NLOS environments. LMS and HUBER perform

poorly when the number of NLOS connections is very high. The reason is that the LMS estimator

in [56] searches for a subset of anchor nodes which has the lowest residual error. Since the number

of LOS connections are fewer than three, it cannot find a subset that does not have at least one

NLOS connection, which is sufficient to degrade its performance considerably. HUBER generally

moderates outliers and large measurements errors [55], but when most of the measurements have

large errors, it cannot moderate outliers and degrades substantially. On the other hand, the NLOS
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(a) Mild, LOS = 6, NLOS = 2
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(b) Moderate, LOS = 3, NLOS = 5
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(c) Severe, LOS = 1, NLOS = 7

Figure 4.6: The location error CDF of the considered estimators. HUBER and LMS perform well when the
number of NLOS connections is low. QP and POCS perform well when the number of NLOS is moderate.
However, the proposed SDP estimator outperforms other estimators in all situations. When the number of
NLOS is high, both SDP-M and QP provide the best accuracy, while in this case, ML-LOS is not applicable.

mitigation technique in SDP-M is different from HUBER and LMS. In SDP-M, we assume that all

links are NLOS and estimate the NLOS biases for all of them. Therefore, no matter how many

measurements have a NLOS bias, the estimator tries to estimate NLOS biases jointly with the

source location and find a solution that has the lowest cost function value.

In Table 4.2, the computational complexity of the considered estimators in terms of average

running time is compared. The same network as in Fig 4.5 was considered when the number of

NLOS connections is 5. SDP-M requires a longer running time than ML-LOS and ML. This is

the cost paid for significantly better accuracy and avoiding the need for initialization. However, it

should be noted that the ML and ML-LOS solvers are initialized with the true values which reduces

their running times. Although the running time of SDP-M is higher than that of ML-LOS, the

performance of ML-LOS strongly depends on perfect identification of NLOS connections (which
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Table 4.2: The average running time of the considered estimators.

Estimator Time [ms]

SDP-M 68.89
ML-LOS 21.65
ML 24.53
HUBER 27.77
SDP-H 63.64
LMS 29.36
POCS 26.50
QP 23.69

itself requires extra preprocessing time) and appropriate initialization. The running time of the

other estimators falls between ML-LOS and SDP-M.

4.3.5 Conclusion

TOA-based sensor localization in NLOS environments was examined. NLOS connections add a large

positive bias to the measurements which usually causes large estimation error. We examined NLOS

propagation under two different scenarios. In the first scenario, we assumed that the estimator is

able to distinguish NLOS and LOS connections. We showed that discarding NLOS connections is

not always a good approach if the estimator is able to identify them. A novel SDP technique was

introduced in which NLOS connections are used to improve the accuracy of location estimation.

Simulation results showed that the performance of the proposed algorithm approaches optimal

accuracy in most conditions. The proposed algorithm is also immune to large estimation errors.

Unlike the ML estimator, the proposed SDP is also applicable in degenerate cases when the number

of LOS connections is less than three.

In the second scenario, we neither assumed that the estimator had information about the

statistics of the NLOS distribution nor did we assume knowledge of which connections are LOS

and which are NLOS. In this case, the ML estimator which uses only the measurements from

LOS connections provides a lower bound for estimation error if there are a sufficient number of

LOS connections available. In this work, we derived a novel SDP technique in order to mitigate

the estimation errors introduced due to large NLOS biases. The performance of the proposed SDP

estimator was compared with that of the ML estimator and several previously considered algorithms

through computer simulations. The algorithms were compared in mild, moderate, and severe

NLOS environments. Simulation results showed that the proposed SDP estimator outperforms the

previously considered algorithms in all NLOS situations at the cost of greater processing time.
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Chapter 5

Cooperative Joint Synchronization

and Localization

5.1 Introduction

Synchronization and localization are two main components of WSNs [1, 65]. Many operations in a

WSN such as power management, data fusion, spectrum allocation, and localization are dependent

on proper synchronization among nodes [66]. Within the body of WSN research lies significant

work pertaining to the accurate positioning of the individual sensor nodes. This is due in no small

part to the fact that in order to apply meaning to the sensor measurements, it is important to know

at which locations the measurements were obtained.

Generally, WSNs are viewed as networks consisting of both anchor nodes, whose positions are

known, and source nodes, whose positions must be estimated. While it may be reasonable to assume

that the anchor nodes’ clocks are synchronized with each other, it is typically not reasonable to

assume that the source nodes are synchronized with each other or the anchor nodes. The lack of

synchronization among nodes in a WSN is mainly due to their different clock parameters (i.e., clock

skew and offset). Since sensors have different hardware implementations, each sensor has its own

specific clock. Moreover, the clocks inside sensors are highly sensitive and their parameters may

change over time.

In WSNs, clock synchronization is typically performed by transferring a series of time stamp

messages among the nodes, called TOA measurements. Moreover, the accuracy of clock synchro-

nization impacts the localization performance in the network. Small differences between the clocks

at the nodes may lead to significant localization errors. The reason is that the location of a source

node is estimated from a series of time stamps which are a function of the source node clock pa-

rameters. If exact information about the clock parameters is not available, the measured time

stamps will deviate from their true values leading to significant errors in location estimation. Typ-

ically in asynchronous networks, the clocks at the nodes are first synchronized [65, 66, 67] and

then localization is performed [2, 43]. However, this approach can lead to poor synchronization
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performance which dramatically impacts localization accuracy [68]. Recently, several studies have

focused on joint synchronization and localization in a noncooperative network, since there is a close

relationship between the two and they can be performed simultaneously. It has been shown that

joint synchronization and localization can provide significant improvements over the two-step ap-

proach [68, 69]. This is mainly due to the fact that in the two-step approach, each link between a

source node and anchor node is treated independently, while in the joint approach the relationship

between multiple links (which is the location of the source node) is used in the estimation.

The ML estimator of joint synchronization and localization in noncooperative networks is de-

rived in [68]. The ML estimator is a well-known estimator because it provides asymptotically

optimal accuracy [68, 69]. A problem which arises, however, is that the ML estimator has a

severely nonlinear and nonconvex cost function, and thus a closed-form solution does not exist. In

the case of localization alone, it can be solved approximately by iterative methods which require

appropriate initializations (c.f., [22, 23, 2]). In the localization-only problem, several approaches

have been proposed to deal with this limitation such as linear approximations [70, 19] and convex

relaxation techniques [24, 21, 71]. Linear estimators, which have closed-form solutions, are desirable

due to their low complexities. However, their performance is very poor when the signal-to-noise

ratio (SNR) is low. Several linear estimators have also been proposed for joint synchronization

and localization in noncooperative networks in the literature [68, 72, 73, 69]. Convex relaxation

techniques such as semidefinite programming (SDP) provide another approach for handling the ML

convergence problem. Using this technique, the nonlinear and nonconvex ML problem is relaxed

into a convex optimization problem. The advantage of SDP problems is that the cost function

has no local minima or saddle points and thus convergence to the global minimum is guaranteed

[15, 16].

All of the studies mentioned above have only considered a noncooperative network. However,

cooperation among nodes in WSNs provides many advantages in terms of efficiency and perfor-

mance [1]. The problem of joint synchronization and localization for cooperative networks has not

yet been examined in the literature. Therefore in this work, joint synchronization and localiza-

tion for cooperative networks is studied for the first time. Synchronization and localization for all

unlocalized source nodes are performed simultaneously, which is expected to provide better accu-

racy. Previous works have proposed linear solutions as simple, but less accurate approximations

to the ML estimator for noncooperative networks. Unfortunately, such linear approximations can

not be extended to the cooperative case. Thus, we propose a nonlinear but convex estimator for

this problem. It will be shown that the proposed estimator which is in the form of an SDP has

performance very close to the ML, with substantially lower complexity. To make the expressions

easier to understand, the problem is first introduced and solved for noncooperative networks. The

system model of joint localization and synchronization is introduced and the corresponding ML es-

timator is formulated. A novel SDP estimator is derived by relaxing the nonconvex and nonlinear

ML estimator into a convex one. The CRLB of the system model is also derived as a benchmark for

comparing the performance of the proposed estimator. It is shown that the SDP-based estimator
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Figure 5.1: Synchronization messages between a master and slave node for the two-way technique.

provides better performance than previously proposed suboptimal estimators for the noncoopera-

tive case. The system model and the proposed SDP estimator are then extended to cooperative

networks. Computer simulations are conducted to evaluate the performance of the proposed SDP

estimator and it is found that cooperation provides a substantial benefit in terms of performance

as compared to noncooperative networks. A complexity analysis of the proposed estimator is also

provided where it is found that running times are roughly an order of magnitude lower than the

ML estimator.

5.2 System Model

In this section, the system model of joint TOA-based synchronization and localization is introduced.

The model is first described for a general case of two nodes transmitting synchronization messages.

Then, the system models of the noncooperative and cooperative networks including multiple nodes

are presented in the subsequent sections.

The internal clocks of the nodes are assumed to be imperfect, a trait which causes the internal

time to drift away from the reference time. The relationship between the internal time of a node

and the reference time is modeled as [66, 68, 65]

ti = ωit+ θi (5.1)

where ti and t are the internal time of the ith node and the reference time, respectively. ωi is the

clock skew and θi represents the clock offset. The lack of synchronization at node may be attributed

to the fact that each node has a unique clock, meaning that the clock skew and offset are different

for each node.

Consider a slave node k at coordinates xk = [xk, yk]
T ∈ R

2 and a master node i at coordinates

xi = [xi, yi]
T ∈ R

2. The slave node refers to the node that initiates the transmission and wants to

synchronize its own clock with that of the master node. There are two common clock synchroniza-

tion techniques in WSNs: one-way message dissemination and two-way message exchanges [66]. In

the one-way message dissemination technique, either the slave node or the master node transmits
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the synchronization messages, while in the two-way technique, both slave and master nodes trans-

mit the synchronization messages, as shown in Fig. 5.1. Several rounds of the messages are usually

transferred between the nodes to achieve higher accuracy. At the mth round of transmission, the

slave node k transmits the forward signal at time stamp Tkim and master node i receives the signal

at time stamp Rkim. Master node i then sends back a signal at T̄ikm and slave node k captures

the backward signal at R̄ikm. Time stamps Tkim and R̄ikm are reported based on the internal clock

of node k, while Rkim and T̄ikm are reported based on the internal clock of node i. The measured

time stamps at the receivers are modeled as

Rkim =
ωi

ωk
Tkim + ωi(tki + nkim)−

ωi

ωk
θk + θi

R̄ikm =
ωk

ωi
T̄ikm + ωk(tik + n̄ikm)− ωk

ωi
θi + θk (5.2)

where tki = tik is the propagation time between nodes k and i

tki =
1

c
dki

=
1

c

√

(xk − xi)T(xk − xi). (5.3)

The terms nkim and n̄ikm represent the measurement errors which are modeled as independent and

identically distributed (i.i.d.) Gaussian random variables with variance σ2
ki and σ̄2

ik, respectively.

The measurement errors represent several parameters such as the effect of multipath, the accuracy

of the algorithm used for time estimation, the ability to detect the leading edge, and the receiver

thermal noise [74]. The CRLB analyses show that the optimal accuracy of the TOA estimate

depends on SNR, bandwidth, signal duration, and carrier frequency [75, 1]. The variances of the

measurement errors can be modeled as

σ2
ki = ξid

γ
ki, σ̄2

ik= ξkd
γ
ik (5.4)

where ξi and ξk define the relationship between the noise variance and the true distance and their

values depend on the propagation environment and hardware implementations. γ is the path-loss

exponent whose value depends on the propagation environment and typically varies between 2 (free

space) and 4 (harsh environments) [13]. In most studies, the variances of the measurements are

assumed to be the same for all links. However, in this work, each link has a unique variance which

is modeled as described above. All four time stamps {Tkim, Rkim, T̄ikm, R̄ikm} are available to the

nodes: Tkim and T̄ikm are known and predefined, while Rkim and R̄ikm are measured at nodes k

and i, respectively. Note that the model is based on infinite or at least a very high time resolution

of the clock.

In an asynchronous wireless network, we assume that the clock parameters and locations of

the anchor nodes are known, while those of the source nodes are unknown. Therefore, the clock

parameters and locations of the source nodes must be determined from the synchronization messages

71



transferred among the nodes. An anchor node is always considered a master node, while a source

node is either a master or slave node, depending on whether or not it triggers the transmission.

Sensor networks can be divided into two groups: noncooperative and cooperative [1, 76]. In

noncooperative networks, source nodes can only communicate with anchor nodes [77]. In such

networks, even communications between two neighboring source nodes is performed through inter-

mediate anchor nodes. Although it is sufficient for a source node to connect to only one anchor node

for data transmissions, localization typically requires more anchor nodes. Therefore, a high density

of anchor nodes and longer communication ranges are required to guarantee that each source node

is connected to a sufficient number of anchor nodes. More specifically, for a synchronous network,

each source node must be connected to at least three anchor nodes. The reason is that the problem

of positioning includes three degrees of freedom: translation, rotation, and reflection. Therefore,

in order to estimate the source node location without ambiguity, at least one connection for each

degree of freedom is required. The situation is worse in an asynchronous network where there are

two additional degrees of freedom corresponding to the clock offset and skew. In this case, the

source node requires five measurements to have a unique solution. Two extra measurements can

be provided to the estimator either by adding more connections to the anchor nodes or by adding

more rounds of measurements between neighboring nodes. If we are dealing with a dynamic net-

work where the nodes change their locations, the latter option is not possible and the source nodes

need to connect to more anchor nodes. Therefore, if a one-way message dissemination technique

is used, five anchor nodes are required for each source node, while if two-way message exchange

technique is used, four anchor nodes are required. This requirement leads to large anchor node

density. To deal with such situations, cooperative networks are introduced, in which source nodes

communicate directly with neighboring source nodes in addition to anchor nodes [1, 76, 78]. In this

case, the need for dense anchor nodes and longer communication ranges is eliminated. It will be

shown later that cooperation among nodes is also highly beneficial for the accuracy of localization.

5.3 Noncooperative Localization

This section describes the system model for noncooperative asynchronous TOA-based synchroniza-

tion and localization model. In noncooperative networks, the source nodes only communicate with

the anchor nodes. Since source nodes do not collect measurements from each other in this case, the

location of each source node can be determined independently by using only source-anchor mea-

surements. Let us consider a network with M anchor nodes. To simplify the expressions, assume

there is only one source node in the network. Since the source nodes are treated independently,

all expressions can be easily developed for multiple source nodes. Let x = [x, y]T ∈ R
2, ωx, and

θx be the unknown coordinates and the clock parameters of the source node, respectively. Let

yi = [xi, yi]
T ∈ R

2, i = 1, . . . ,M , ωi, and θi be the known coordinates and clock parameters of

the ith anchor node connected to the source node, respectively. From (5.2), the system model of a
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noncooperative network can be written as

Rim =
ωi

ωx
Tim + ωi(ti + nim)− ωi

ωx
θx + θi

R̄im =
ωx

ωi
T̄im + ωx(ti + n̄im)− ωx

ωi
θi + θx (5.5)

where the subscript i indexes the ith anchor and the subscript x refers to the source node. Note

that m refers to the mth round of measurements. It is assumed that during L rounds of the

measurements the clock parameters and location of the source node do not change. To further

simplify (5.5), L rounds of the message exchanges can be averaged as

Ri =
ωi

ωx
Ti + ωi(ti + ni)−

ωi

ωx
θx + θi

R̄i =
ωx

ωi
T̄i + ωx(ti + n̄i)−

ωx

ωi
θi + θx (5.6)

where

Ti =
1

L

L
∑

m=1

Tim, Ri =
1

L

L
∑

m=1

Rim

T̄i =
1

L

L
∑

m=1

T̄im, R̄i =
1

L

L
∑

m=1

R̄im (5.7)

and ni and n̄i are i.i.d. Gaussian random variables with variance σ2
i /L and σ̄2

i /L, respectively. Note

that the second subscript is now unnecessary and dropped. Note that collecting more rounds of

the measurements decreases the effect of the measurement noise which leads to higher localization

and synchronization accuracy. Note that this assumption is valid for static networks in which the

locations and clock parameters of source nodes do not change during L rounds of measurements.

5.3.1 Maximum Likelihood Estimator

The ML estimator is a popular estimator because of its attractive properties. The ML estimator is

asymptotically efficient meaning that it reaches the CRLB as the number of measurements tends to

infinity [10, Ch. 7]. The CRLB provides a lower bound on the variance of any unbiased estimator

[10, Ch. 3]. In other words, the CRLB determines the best accuracy that can be achieved by an

unbiased estimator and is based on the derivative of the log likelihood function of the measure-

ments with respect to the parameters of interest. The CRLB is typically used as a benchmark

for comparing different estimators. The derivation of the CRLB is left to Section 5.5. The ML

estimator is obtained by maximizing the likelihood function over the unknown parameters. It can

be seen from (5.6) that when the likelihood function is formulated, the unknown parameter ωx will

appear in the variance of the noise measurements. Therefore, applying the ML estimation directly

to the model in (5.6) is slightly difficult. According to the invariance property, the ML estimator

of transformed parameters can be determined by applying the transformation to the ML estimator
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of the original parameters [10, Ch. 7]. Introducing two new variables, the model in (5.6) can be

alternatively written as

ni = Riβi − ti − Tiβx + αx − αi

n̄i = R̄iβx − ti − T̄iβi − αx + αi (5.8)

where βi = 1/ωi, αi = θi/ωi, βx = 1/ωx, and αx = θx/ωx. Let ϕx = [xT, βx, αx]
T be the vector

unknown parameters to be estimated. Since the distribution of ni and n̄i is Gaussian, the ML

estimator of the model in (5.8) is simply obtained by the following minimization problem

ϕ̂x = argmin
ϕx∈R

4

M
∑

i=1

σ−2
i (Riβi − ti − Tiβx + αx − αi)

2

+

M
∑

i=1

σ̄−2
i

(

R̄iβx − ti − T̄iβi − αx + αi

)2
(5.9)

where the estimates of clock parameters would be: ω̂x = 1/β̂x and θ̂x = α̂x/β̂x.

The problem in (5.9) is highly nonlinear and nonconvex and its closed-form solution is not

available. However, it can be approximately solved by iterative numerical techniques [10, 14, 22].

Since the cost function is nonconvex, there is no guarantee that the solver converges to the global

minimum. The difficulty in finding the solution of the ML estimator leads us to employ suboptimal

estimators, such as SDP and linear least squares (LLS) estimators. Several linear estimators for

asynchronous noncooperative networks are derived in [73, 69, 79]. A novel SDP estimator is derived

in the next section.

5.3.2 Semidefinite Programming

The proposed SDP estimator for noncooperative networks is derived in this section. An SDP

problem includes a linear cost function and a series of convex constraints which are defined by

positive semidefinite matrices [15]. SDP is a form of convex optimization problems, since its cost

function and constraints (which might be nonlinear) are convex. To formulate the proposed SDP

estimator for the model in (5.8), the cost function of the ML estimator needs to first be formulated

as an affine function of the unknown variables, subject to several nonlinear constraints. Then,

the constraints are relaxed into a series of positive semidefinite matrices. Finally, the problem is

formulated as an SDP optimization problem. To progress, (5.8) is written in vector form as

n = Rβy − t− βxT1M + αx1M −αy

n̄ = T̄βy − t+ βxR̄1M − αx1M +αy (5.10)

where

T = diag{T1, . . . , TM}, R = diag{R1, . . . , RM}
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T̄ = diag{T̄1, . . . , T̄M}, R̄ = diag{R̄1, . . . , R̄M}
n = [n1, . . . , nM ]T, n̄ = [n̄1, . . . , n̄M ]T

βy = [β1, . . . , βM ]T, αy = [α1, . . . , αM ]T.

Defining a new variable h = [tT, βx, αx]
T, (5.10) is expressed as

n = b−Ah

n̄ = b̄− Āh (5.11)

where

A =
[

IM T1M −1M

]

, b = Rβy −αy

Ā =
[

IM −R̄1M 1M

]

, b̄ = T̄βy +αy.

By using (5.11), the cost function of the ML estimator in (5.9) can be alternatively written as

nTQn+ n̄TQ̄n̄ = Trace{QnnT + Q̄n̄n̄T}
= Trace{Q(AHAT − 2AhbT + bbT)

+ Q̄(ĀHĀT − 2Āhb̄T + b̄b̄T)} (5.12)

where Q = diag{σ−2
1 , . . . , σ−2

M }, Q̄ = diag{σ̄−2
1 , . . . , σ̄−2

M }, and H = hhT. The first M diagonal

elements of the matrix H are

[H]ii = t2i

=
1

c2
(x− yi)

T(x− yi)

=
1

c2
(xTx− 2yT

i x+ yT
i yi)

=
1

c2
(z − 2yT

i x+ yT
i yi), i = 1, 2, . . . ,M, (5.13)

where z = xTx. (5.13) can be alternatively written as

[H]ii =
1

c2

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

, i = 1, 2, . . . ,M, (5.14)

By using the auxiliary variables above, the ML estimator in (5.9) is rewritten as

minimize
x,z,h,H

Tr{Q(AHAT − 2AhbT) + Q̄(ĀHĀT − 2Āhb̄T)}

subject to[H]ii =
1

c2

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

, i = 1, . . . ,M
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H = hhT, z = xTx. (5.15)

The terms bbT and b̄b̄T are removed from the cost function, since they are constant and do not

affect the minimization problem. Now, the problem in (5.15) has an affine cost function in terms

of the individual elements of the matrix H, the vector h, and the variable z. However, there are

still two nonconvex constraints on H and z which make the whole problem nonconvex. To convert

the problem in (5.15) into a convex SDP problem, the nonconvex constraints need to be relaxed.

Using the Schur complement [16], the matrix H and the variable z are relaxed and written as a

linear matrix inequality (LMI)

z = xTx ⇒
[

I2 x

xT z

]

� 03

H = hhT ⇒
[

H h

hT 1

]

� 0M+3. (5.16)

Although the above relaxations may degrade the performance of the estimator, they enable us to

convert the nonconvex ML estimator into a convex estimator. Using the above relaxations, the

original nonlinear and nonconvex ML estimator can be reformulated as

minimize
x,z,h,H

Tr{Q(AHAT − 2AhbT) + Q̄(ĀHĀT − 2Āhb̄T)}

subject to[H]ii =
1

c2

[

yi

−1

]T [

I2 x

xT z

][

yi

−1

]

, i = 1, . . . ,M

[

H h

hT 1

]

� 0M+3,

[

I2 x

xT z

]

� 03, (5.17)

which is an SDP optimization problem. The solution of (5.17) can be found with iterative algorithms

such as the interior point method [15, 16]. Although an iterative algorithm is employed to solve an

SDP problem, the algorithm is self-initialized and requires no initialization from the user. Unlike

the ML estimator, the SDP problem in (5.17) is convex which ensures that there is only one global

minimum. The most important feature of SDP problems is that they can be solved very effectively

in polynomial time [15]. In MATLAB simulations, the standard SDP solvers such as SeDuMi or

SDPT3 [17, 18] are used to solve SDP problems. If the equality holds in the constraints in (5.16),

the solution of the SDP and ML estimators will be the same.

5.4 Cooperative Localization

This section extends the model described in sections II and III to cooperative networks. In co-

operative networks, two or more source nodes are involved. The source nodes can communicate

not only with anchor nodes but also with each other [1]. Therefore, two sets of measurements
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Table 5.1: Complexities of the considered estimators with full connectivity.

Estimator Description Iterations Complexity per Iteration

SDP The proposed SDP algorithm in (5.26) k1 O(N3(M +N − 1)3)
ML The ML estimator in (5.23) k2 O(N4(M + 3N)4)
LLS I A linear joint estimator in [68] 1 O(56NM2)
LLS II A linear joint estimator in [73] 1 O(64NM2)
LLS III A linear joint estimator in [79] 1 O(28NM2)
SEP A two-step approach: sync. in [80], local. in [70] 1 O(8NM(2L3 + L2 +M))

are collected in the network: source-anchor and source-source measurements. Assume there are N

source nodes and M anchor nodes in the network. Denote by S = {1, . . . , N} the set of indices

of the source nodes, by A = {N + 1, . . . , N + M} the set of indices of the anchor nodes, and by

xk = [xk, yk] ∈ R
2, k ∈ S, the coordinates of the kth source location. In cooperative networks,

connectivity is typically limited, meaning that the source nodes are not connected to all anchor

nodes and other source nodes. To consider the connection availability, two sets are defined for each

source node as follows

Ak = { i | anchor node i is connected to source node k }
Bk = { i | source node i is connected to source node k } (5.18)

where Ak is the set of the indices of the anchor nodes connected to the kth source node and Bk is

the set of indices of the source nodes connected to the kth source node. The received time stamps

for the kth source node can be expressed as

Rkim =
ωi

ωk
Tkim + ωi(tki + nkim)− ωi

ωk
θk + θi,

R̄ikm =
ωk

ωi
T̄ikm + ωk(tik + n̄ikm)− ωk

ωi
θi + θk (5.19)

where i ∈ Dk and Dk = Ak ∪ Bk refers to all nodes (either anchor nodes or other source nodes)

connected to the kth source node. Note that i ∈ Ak refers to the source-anchor measurements which

are the same as the noncooperative case, while i ∈ Bk refers to the source-source measurements

which are only collected in cooperative networks. Furthermore, recall that the clock skews ωi and

clock offsets θi are unknown for source nodes (i ∈ S) and known for anchor nodes (i ∈ A). Similar

to the noncooperative case, after averaging over L rounds of measurements, the above model can

be further simplified as

Rki =
ωi

ωk
Tki + ωi(tki + nki)−

ωi

ωk
θk + θi

R̄ik =
ωk

ωi
T̄ik + ωk(tik + n̄ik)−

ωk

ωi
θi + θk (5.20)
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where

Tki =
1

L

L
∑

m=1

Tkim, Rki =
1

L

L
∑

m=1

Rkim

T̄ik =
1

L

L
∑

m=1

T̄ikm, R̄ik =
1

L

L
∑

m=1

R̄ikm

and nki and n̄ik are i.i.d. Gaussian random variables with variance σ2
ki/L and σ̄2

ik/L, respectively. In

most cooperative studies [1, 43, 81], only one link between two source nodes is considered. However

in this work, we assume that there are two links between two neighboring source nodes: one from

source node k to source node i and one from source node i to source node k.

5.4.1 Maximum Likelihood Estimator

Similar to the noncooperative case, two auxiliary variables are introduced and the model in (5.20)

is rewritten as

nki = Rkiβi − tki − Tkiβk + αk − αi

n̄ik = R̄ikβk − tki − T̄ikβi − αk + αi (5.21)

where βi = 1/ωi, αi = θi/ωi, βk = 1/ωk, and αk = θk/ωk. Let us define a new vector ϕ as

ϕ = [xT
1 , . . . ,x

T
N , ω1, . . . , ωN , θ1, . . . , θN ]T (5.22)

which is the vector of unknown parameters to be estimated. The corresponding ML estimator of

the system model in (5.19) is obtained by the following optimization problem [10, Ch. 7]

ϕ̂ = argmin
ϕ∈R4N

∑

k∈S

∑

i∈Dk

σ−2
ki (Rkiβi − tki − Tkiβk + αk − αi)

2

+
∑

k∈S

∑

i∈Dk

σ̄−2
ik

(

R̄ikβk − tki − T̄ikβi − αk + αi

)2
(5.23)

where Dk = Ak ∪Bk. The same statements mentioned for the ML estimator of noncooperative net-

works are also valid here. Similar to the noncooperative case, the cost function of the ML estimator

in (5.23) is highly nonlinear and nonconvex. Although it is very difficult to express mathemati-

cally, our simulations results show that the cost function in this case typically has many more local

minima and saddle points than the noncooperative cost function, mainly due to the additional

unknown variables involved in the problem [82]. As a result, the solver is much more sensitive

to initialization. The proposed SDP estimator for cooperative networks, which is indifferent to

initialization, is derived in the next section.
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Figure 5.2: An example of a cooperative network.

5.4.2 Semidefinite Programming

Using the same approach as the noncooperative case, the proposed SDP estimator for cooperative

networks is derived in this section. First, the system model in (5.21) should be written in vector

form

nk = bk −Akhk

n̄k = b̄k − Ākhk (5.24)

where hk = [tTk ,β,α]
T. The rows of matrices Ak and Āk and the elements of bk and b̄k are

composed of the terms in (5.21). To simplify the derivations, these variables are defined for an

example cooperative network. Consider the cooperative network depicted in Fig. 5.2. There are

three source nodes and four anchor nodes. The variables in (5.24) for this specific network are

defined as

A1 =







1 0 0 T12 −R12 −1 1

0 1 0 0 0 0 0

0 0 1 0 0 0 0






,

A2 =













1 0 0 0 T21 −R21 0 −1 1 0

0 1 0 0 T23 0 −R23 −1 0 1

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0













,

A3 =







1 0 0 T32 −R32 −1 1

0 1 0 0 0 0 0

0 0 1 0 0 0 0






,

Ā1 =







1 0 0 −R̄21 T̄21 1 −1

0 1 0 0 0 0 0

0 0 1 0 0 0 0






,
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Ā2 =













1 0 0 0 −R̄12 T̄12 0 1 −1 0

0 1 0 0 −R̄32 0 T̄32 1 0 −1

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0













,

Ā3 =







1 0 0 −R̄23 T̄23 1 −1

0 1 0 0 0 0 0

0 0 1 0 0 0 0






,

b1 =







0

R14β4 − α4

R15β5 − α5






, b2 =













0

0

R26β6 − α6

R27β7 − α7













b3 =







0

R36β6 − α6

R37β7 − α7






, b̄1 =







0

T̄41β4 + α4

T̄51β5 + α5







b̄2 =













0

0

T̄62β6 + α6

T̄72β7 + α7













, b̄3 =







0

T̄63β6 + α6

T̄73β7 + α7







To progress, another auxiliary matrix needs to be defined as

Z = XTX (5.25)

where X = [x1, . . . ,xN ]. Using the same relaxations used in developing (5.16), the nonlinear and

nonconvex ML estimator in (5.23) can be expressed as a SDP estimator as follows

minimize
X,Z,hk,Hk

∑

k∈S

Trace{Qk(AkHkA
T
k − 2Akhkb

T
k ) + Q̄k(ĀkHkĀ

T
k − 2Ākhkb̄

T
k )}

subject to [Hk]ii =
1

c2

[

yi

−ek

]T [

I2 X

XT Z

][

yi

−ej

]

, i ∈ Ak,

[Hk]ii =
1

c2

[

02

eik

]T [

I2 X

XT Z

][

02

eik

]

, i ∈ Bk,

[

I2 X

XT Z

]

� 0N+2,

[

Hk hk

hT
k 1

]

� 0M+2N+1, (5.26)

where ei is an N × 1 vector in which the ith element is one and the other elements are zero and

eik = ei − ek. If the equality holds for the last two constraints in (5.26), the solutions of the

proposed SDP estimator and the original ML estimator coincide.
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5.5 Cramér-Rao Lower Bound

The CRLB of asynchronous TOA-based localization is derived in this section. Here the CRLB

of cooperative networks is derived. However, the expressions can be also used for noncooperative

networks. For each source node, four parameters need to be estimated: xk, yk, ωk, θk. Therefore,

for a network with N source nodes, 4N unknown parameters need to be determined. The CRLB of

unknown parameters are calculated from the natural logarithm of the probability density function

(log-likelihood function) of the system model. The log-likelihood function of the model in (5.20) is

written as

ln p
(

{Tki, Rki, T̄ik, R̄ik}k∈S,i∈Dk
; {xk, ωk, θk}k∈S

)

=

− ln





∏

k∈S

∏

i∈Dk

√

2πω2
i σ

2
ki2πω

2
kσ̄

2
ik





− 1

2

∑

k∈S

∑

i∈Dk

σ−2
ki

(

Rki

ωi
− tki −

Tki

ωk
+

θk
ωk

− θi
ωi

)2

− 1

2

∑

k∈S

∑

i∈Dk

σ̄−2
ik

(

R̄ik

ωk
− tik −

T̄ik

ωi
− θk

ωk
+

θi
ωi

)2

. (5.27)

Let ϕ = [xT
1 , . . . ,x

T
N , ω1, . . . , ωN , θ1, . . . , θN ]T be the vector of unknown parameters to be estimated.

The CRLB of ϕ is the diagonal elements of the inverse of the Fisher information matrix [10, Ch.

3], where it is obtained by

[F]ij = −E

[

∂2 ln p

∂ϕi∂ϕj

]

, i, j = 1, . . . , 4N. (5.28)

The elements of the Fisher information matrix are calculated as follows:

F =







Fxx Fxω Fxθ

FT
xω Fωω Fωθ

FT
xθ FT

ωθ Fθθ






. (5.29)

The elements of the matrix F are provided at the top of the next page.

[Fxx]kl =











∑

i∈Dk

(σ−2
ki + σ̄−2

ik )akia
T
ki +

∑

i∈S

δik(σ
−2
ik + σ̄−2

ki )aika
T
ik k = l

−δkl(σ
−2
kl + σ̄−2

lk )akla
T
kl − δlk(σ

−2
lk + σ̄−2

kl )alka
T
lk k 6= l

[Fxω]kl =











∑

i∈Dk

(σ−2
ki µki + σ̄−2

ik λ̄ik)aki +
∑

i∈S

δik(σ
−2
ik λik + σ̄−2

ki µ̄ki)aik k = l

−ω−1
k

[

δkl
(

σ−2
kl + σ̄−2

lk

)

akl + δlk
(

σ−2
lk + σ̄−2

kl

)

alk
]

k 6= l
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[Fxθ]kl =











ω−1
k

∑

i∈Dk

(−σ−2
ki + σ̄−2

ik )aki + ω−1
k

∑

i∈S

δik(−σ−2
ik + σ̄−2

ki )aik k = l

−ω−1
k

[

δkl
(

−σ−2
kl + σ̄−2

lk

)

akl + δlk
(

−σ−2
lk + σ̄−2

kl

)

alk
]

k 6= l

[Fωω]kl =











∑

i∈Dk

σ−2
ki µ

2
ki + σ̄−2

ik λ̄2
ik + 2ω−2

k +
∑

i∈S

δik(σ
−2
ik λ2

ik + σ̄−2
ki µ̄

2
ki + 2ω−2

k ) k = l

δkl(σ
−2
kl µklλkl + σ̄2

lkµ̄lkλ̄lk) + δlk(σ
−2
lk µlkλlk + σ̄−2

kl µ̄klλ̄kl) k 6= l

[Fθθ]kl =



















ω−2
k





∑

i∈Dk

σ−2
ki + σ̄−2

ik +
∑

i∈S

δik(σ
−2
ik + σ̄−2

ki )



 k = l

−ω−1
k ω−1

l

[

δkl
(
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We also have

aki =

[

xk − xi
cdki

yk − yi
cdki

]T

, δki =







1 i ∈ Bk

0 i /∈ Bk

µki = ω−2
k (θk − Tki), λik = ω−1

k

(

dik
c

+
Tik

ωi
− θi

ωi

)

µ̄ki = ω−2
k (θk − T̄ki), λ̄ik = ω−1

k

(

dik
c

+
T̄ik

ωi
− θi

ωi

)

.

Finally, the CRLB of the unknown parameters is obtained by

Var[ϕi] = [F−1]ii, i = 1, 2, . . . , 4N. (5.30)

5.6 Simulation Results

This section discusses a series of computer simulations used to evaluate the performance of the

proposed estimator. Both cooperative and noncooperative networks are considered. The ML

estimator is solved by the MATLAB routine lsqnonlin using the Levenberg-Marquardt method.

The solver of the ML estimator is initialized with true values. The proposed SDP estimator is

implemented by the CVX toolbox [44] using SeDuMi as the solver [17].

5.6.1 Noncooperative

Besides the ML estimator described in the previous sections, three other estimators are selected for

comparisons. To show the advantages of joint synchronization and localization, a two-step approach

is also included in the simulations. In the two-step technique, synchronization is first performed

in the network by using the method described in [80], where the clock parameters of the source
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nodes are estimated. The synchronization method in [80] has a closed-form solution and requires no

initialization. Secondly, a classic location estimator assuming perfect synchronization is employed

to estimate the locations of the source nodes. The well-known linear estimator in [70], which also

has a closed-form solution, is selected for localization. Three other linear estimators in [68], [73],

and [79] performing joint synchronization and localization are also included in the comparisons. A

summary of the considered estimators and their labels is provided in Table 5.1.

A network with 8 anchor nodes and 500 source nodes distributed uniformly in a square area

of 50 m × 50 m is considered. The anchor nodes are placed at [5, 5]T, [5, 45]T, [45, 45]T, [45, 5]T,

[15, 25]T, [25, 15]T, [25, 35]T, and [35, 25]T. In each experiment one source node from the 500 source

nodes is selected. The clock offset and skew of the nodes are drawn from a uniform distribution

U [0, 2×10−6] and U [0.95, 1.05], respectively. The transmission times of the nodes Tkim and T̄ikm are

drawn from a uniform distribution U [5m, 5m+1] and U [5m+3, 5m+4], respectively. The variances

of the measurement noises are determined based on (5.4). The value of the path-loss exponent γ

is set to 2 and assumed be the same for all nodes. The value of ξ is indicated in each figure and

assumed to be the same for all nodes. The exact covariance matrices of noise are assumed to be

available in order to show the optimal accuracy. However, the estimator only uses the variances

for weighting and does not consider their dependency on the node positions for estimation. If the

estimator does not have the exact variances, all covariance matrices can be set to an identity matrix.

Our simulations show that if the exact covariance matrices are not available, the performance of the

estimators degrades slightly. However, their relative performances do not change. Two rounds of

measurements are performed between nodes, i.e., L = 2. For each experiment, 100 noise realizations

are performed where the measurement noise, the clock parameters, and transmission times are

randomly generated.

The root-mean-square error (RMSE) of the compared estimators for the location, clock skew,

and clock offset is given in Fig. 5.3. The ML estimator, as expected, provides the best performance

in all cases, primarily because its solver is initialized with the true values. Among the estimators,

LLS I and LLS III exhibit the worst performance, mainly due to several approximations. However,

as the measurement noise increases, the performance of the ML estimator degrades. LLS II performs

significantly better than other linear estimators, especially in low noise levels. The reason being

that, in LSS II, the effect of clock offset is eliminated by using time difference calculations and

subsequent linearization is performed over three, rather than four, parameters. Therefore, there

are fewer approximations in LLS II than in LLS I and LLS III which can hurt the performance.

The performances of all linear estimators degrade significantly as the measurement noise increases,

mainly due to the fact that the linearization assumptions are not valid in high noise measurement

levels.

In all noise levels, the performance of the proposed SDP estimator is superior to the linear

estimators and it performs as well as the ML estimator. The main reason is that unlike in linear

estimators, in the proposed SDP estimator the original nonconvex problem is relaxed (not lin-

earized) to a convex problem and the relaxation is tight, even in high SNR levels. Despite the fact
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Figure 5.3: The RMSE performance of the considered estimators versus the standard deviation of the
ranging noise for the location, clock skew, and clock offset of the source node in a noncooperative network.
The proposed SDP estimator outperforms the other estimators. Moreover, it performs as well as the optimal
ML estimator. The direct relationship between the synchronization and localization accuracy can be seen.
The estimator which provides better accuracy in synchronization has better performance in localization too.

that the SEP estimator can only be employed in the two-way technique, its performance is better

than the linear estimators but worse than SDP. The reason for the poor performance of SEP in

comparison to ML and SDP is anticipated to be due to separately synchronization and localization.

The SEP estimator is therefore a reasonable choice only in low measurement noise levels when a

simple closed-form estimator is desired. However, with just slightly more complexity, the proposed

SDP estimator provides very accurate performance in most situations.

In Fig. 5.3, the synchronization performance of the considered estimators is also compared.

The order of estimators remains unchanged in comparison with the localization performance. The

ML estimator accuracy for the clock parameters is slightly far from the CRLB. However, it should

be noted that the ML estimator is asymptotically efficient, meaning that it can achieve the CRLB

when the number of measurements tends to infinity. When the number of measurements is limited,
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Figure 5.4: The CDF of the localization error comparing the proposed estimator with TDOA estimators
in a noncooperative network. The standard deviation of the noise is 8 m.

nothing about its optimality can be said. The direct relationship between the synchronization and

localization accuracy can be clearly seen. In other words, the accuracy of localization is highly

dependent on the accuracy of synchronization. The estimator which provides better accuracy in

synchronization has better performance in localization too.

Since in this work the anchor nodes are assumed to be synchronized, one can use a classic TDOA

technique [83, 35, 84, 85] to estimate the source node location. However in TDOA, it is assumed

that only the clock offset of the source node is unknown, while its clock skew is perfectly available.

In this technique, an anchor node is selected as a reference and its time stamp is subtracted from the

time stamps of other anchor nodes. In this way, the dependency of the measurements on the source

clock offset is removed. Then, the location of source nodes is estimated from TDOA measurements.

In this simulation, a comparison is made between the proposed estimator considering unknown clock

skew and offset, and several TDOA techniques in the literature: a TDOA nonlinear least square

(NLLS) estimator in [85], a well-known linear estimator in [35], and three SDP estimators labeled

as TDOA SDP I [84], TDOA SDP II [83], and TDOA SDP III [86]. In Fig. 5.4, the localization

performance of the proposed SDP estimator is compared with those of the aforementioned TDOA

estimators. Fig. 5.4 shows that the proposed SDP estimator outperforms other estimators (even

TDOA NLLS) mainly due to the fact that the unknown clock skew is neglected in TDOA estimators.

A line-of-sight (LOS) path between nodes is assumed in the above simulations. However, the

majority of the links in indoor networks are non-line-of-sight (NLOS), since the LOS path between

nodes are blocked by objects and walls [87, 52]. Our simulation results show that the performance

of all estimators degrades in NLOS environments [86]. However, their relative performances remain

almost unchanged.

5.6.2 Cooperative

All the estimators considered in the previous section are designed only for noncooperative networks

and are not applicable for cooperative networks. Therefore in this section, only the performance of
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Figure 5.5: The performance of the proposed SDP estimator in a cooperative network. (a) The percentage
of the localizable nodes in the network versus the number of collaborators and communication range. (b) The
CDF of the localization error of the proposed SDP estimator. The communication range and the standard
deviation of the noise is fixed at 25 m and 8 m, respectively. Zero collaborator represent the noncooperative
case.

the proposed estimator is evaluated in cooperative networks and compared with the noncooperative

one.

An important advantage of cooperative networks is that, under limited connectivity, more source

nodes can be localized in cooperative networks than in noncooperative networks. Node localizability

refers to a situation in which the location of the source node can be localized uniquely without any

ambiguity. In synchronous noncooperative networks, a source node is localizable if it is connected to

at least three non-collinear anchor nodes. However in synchronous cooperative networks, a source

node is localizable if it has at least three disjoint paths to the non-collinear anchor nodes and it is

included in a redundantly rigid network [88]. Therefore, it is not necessary for the source node to

be directly connected to an anchor node and connection can be established through intermediate

source nodes. As mentioned earlier, in asynchronous networks, the source nodes typically need to

have more connections, since there are more unknown variables to be estimated.

To show the advantages of cooperative networks, the communication range in the network has

been limited. The source nodes are only connected to nearby nodes. For this simulation, only

one round measurement is collected between nodes, hence, each source node requires at least four

disjoint paths to the non-collinear anchor nodes to be localized. Fig. 5.5a depicts the localizability

percentage for the same network as a function of the number of collaborators and different commu-

nication ranges. Zero collaborators represents the noncooperative case. Fig. 5.5a shows that using

cooperation among nodes can significantly improve node localizability in the network at a fixed

communication range. In other words, source nodes in cooperative networks require shorter com-

munication ranges (equivalently, lower power consumption) to be localized uniquely. For instance,

in a network due to power and interference limitation, the nodes can only communicate with other
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nodes within their 25 m range. In this case, only 50% of the source nodes can be localized if no

cooperation is done, while more than 95% of the source nodes can be localized if each source node

communicates with at least two other source nodes. Note that the results in Fig. 5.5a are based on

the assumption that measurements are noiseless, since the generalization for noisy measurements

is difficult to determine.

In addition to increasing localizability, cooperation between nodes significantly improves lo-

calization performance. Fig. 5.5b shows the CDF of the localization error of the proposed SDP

estimator. The same network as in previous simulations is considered here. However, the com-

munication range and the standard deviation of the noise is fixed at 25 m and 8 m, respectively.

Fig. 5.5a shows that at 25 m communication range only 50% of the source nodes are localizable in a

noncooperative network which can be also seen in Fig. 5.5b where the estimator performs poorly in

50% of the time. If the source node collaborates with only one other source node, both localizability

and localization performance are improved significantly. Higher improvement can be achieved by

increasing the number of collaborators. The performance of the ML estimator for 5 collaborators

is also provided in Fig. 5.5b as a benchmark which shows that how close the performance of the

proposed SDP estimator is to the optimal accuracy. Note that there are some differences between

the results in Fig. 5.5b and Fig. 5.5a. The differences are due to the fact that the localizability is

determined merely based on the connectivity among nodes and the measurement noise and geom-

etry are not incorporated. Therefore, there are some situations where a source node is determined

to be localizable, while it cannot actually be localized and vice versa.

5.6.3 Complexity Analysis and Running Time

This section provides the computational complexities of the considered estimators. Complexities

are compared based on the total number of floating-point operations or flops. The details of

the complexity analysis for the ML, linear, and SDP estimators can be found in [81]. Table 5.1

summarizes the computational complexities of the estimators for cooperative localization with

full connectivity. Note that Table 5.1 provides asymptotic complexities which means that only the

dominating elements are presented. The linear estimators (LLS I, LLS II, LLS III, SEP) have lower

complexity than the ML and SDP estimators, since they require only one iteration. LLS I, LLS II,

and LLS III are two-step, five-step, and one-step estimators, respectively. The higher the number

of steps, the higher the complexity is. Note that the complexity of SEP is dependent on the number

of measurement rounds, L, since the simple preprocessing average in (5.20) cannot be performed in

SEP. The proposed SDP has higher complexity per iteration than the ML estimator, since several

auxiliary variables need to be included in the problem to make it convex. However, as will be

shown later in the simulation results the overall complexity of the SDP is significantly lower than

the ML. There is no exact expression for the number of iterations for the SDP and ML estimators,

since it depends on several parameters, such as step size, initial point, and required accuracy. The

number of iterations of the SDP estimator is upper bounded by
√

N(N +M) log(1/ǫ), where ǫ is

the required accuracy [15, 43]. However, some results show that the number of iterations of the
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Figure 5.6: Running time per node of the considered estimators versus the number of collaborators. The
proposed SDP estimator has significantly lower running time than the ML estimator in cooperative networks.
ML (True) and ML (Anch) stand for the ML estimator initialized with the true value and the closest anchor
node, respectively.

SDP grows much more slowly with the problem size and in many cases it is shown to be constant

[15].

In Fig. 5.6, the average running time per source node as a function of the number of collaborators

in both cooperative and noncooperative networks is compared for the considered estimators. As

expected, in the noncooperative case the linear estimators have faster running times than the ML

estimator and the proposed SDP estimator, mainly because they require only one iteration. When

there is only one source node (noncooperative case), the SDP estimator requires slightly more

running time than the ML estimator initialized with the true values. One reason why this is the

case is that initialization with the true values cuts down the ML estimator running time. On

the other hand, the proposed SDP estimator is self-initialized which requires extra computations

and calculations. Fig. 5.6 shows that if the ML estimator is initialized with the closest anchor

node (which is the practical case), its running time increases dramatically in comparison with the

true value initialization. Moreover, as the number of collaborators increases in the network, the

complexity and running time of the ML estimator increase rapidly. The proposed SDP estimator,

on the other hand, requires lower running time than the ML estimator even when the ML estimator

is initialized with the true values.

Fig. 5.6 shows that the SDP running time goes down slightly as the number of collaborators

increases from 1 to 3. Solving an SDP problem requires two parts: a modeling part and a processing

part. The modeling part which may include several transformations, dual problem formulation, and

initialization are not significantly affected by the problem size. However, in the processing part

where the algorithm starts updating dual and primal variables the problem size plays an important

role and dominates the running time. When the number of collaborators is less than 3, the modeling

part dominates and is almost constant. Therefore, when the whole running time is divided by the

number of nodes, less running time per node is obtained. However, when there are more than 3

collaborating nodes, the processing time dominates and increases at a faster rate. Thus, the per
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node running time increases.

5.7 Conclusion

In this work, the problem of cooperative asynchronous TOA-based sensor localization was exam-

ined. The analysis was performed under the assumption that anchor nodes of known location and

with perfectly synchronized clocks were available to aid in the estimation of the source node po-

sitions. A framework for the joint synchronization and localization problem was presented, and a

novel SDP estimator was derived and introduced to solve the problem for both cooperative and

noncooperative networks. It was shown that despite requiring significantly less complexity than the

ML estimator, especially in cooperative networks, the proposed SDP estimator provides position

estimates whose accuracies are on par with the ML estimator in both cooperative and noncoop-

erative cases. Moreover, the SDP estimator does so without requiring any initialization and with

guaranteed convergence. In comparison, the ML estimator was initialized with the true source node

locations and clock parameters, something which is unreasonable in real scenarios and greatly to

the benefit of the ML estimator’s performance results. Furthermore, the proposed SDP estima-

tor was compared to previously proposed estimators for noncooperative source localization, and

shown to provide superior positioning accuracies. However, it is in the cooperative scenario that

the proposed SDP estimator truly shines, by taking advantage of source node cooperation (and the

resulting improved network connectivity) to increase both localizability and localization accuracy

significantly.
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Chapter 6

Cooperative Source Node Tracking

6.1 Introduction

Localization and tracking have found many commercial, civilian, and military applications including

tracking aircraft, tracking the behavior of animals within a herd, or positioning of firefighters inside a

burning building. The Global Positioning System (GPS) is the most popular and accessible method

for localization. GPS can provide a highly accurate estimate of the receiver location in clear view

environments where the receiver has a direct view to a sufficient number of satellites. However in

indoor and dense environments, the GPS receiver does not receive satellite signals very well, as they

are attenuated strongly by walls and objects. As a result, GPS fails to provide a reliable estimate

in such environments. Moreover, GPS is costly and bulky, hence not practical for all applications.

Alternatively, wireless sensor networks (WSNs) can be employed for indoor environments where

localization is performed using measurements captured within the network and without aid of any

external resource [89, 1].

WSN localization is divided into two groups: noncooperative and cooperative [1, 81]. In nonco-

operative networks, source nodes can only communicate with anchor nodes. For data transmission,

a source node needs to connect to only one anchor node. However, source node localization typi-

cally requires connections to at least three anchor nodes. Therefore, a high density of anchor nodes

and longer communication ranges are required to ensure that each source node is connected to

a sufficient number of anchor nodes. Moreover, in indoor and dense environments, the majority

of connections with the anchor nodes are non-line-of-sight (NLOS) and even if the source node is

connected to a sufficient number of anchor nodes, the localization performance is very poor. To

deal with such situations, cooperative networks are introduced in which source nodes are able to

communicate not only to the anchor nodes but also to each other [76]. In this way, the source

node will have more connections leading to higher localizability and localization accuracy [90, 91].

Moreover, the need for dense anchor node deployment is eliminated in such networks.

There are many studies on NLOS mitigation techniques for localization of a static source node in

noncooperative networks [48, 87, 55, 92, 57]. However, few studies have focused on source tracking

in NLOS environments [93, 94]. The difference between static localization and tracking is that the
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source node is assumed to be mobile in the latter and an underlying dynamic model is used to

improve the estimation accuracy. One technique to deal with NLOS propagation is to estimate the

NLOS biases [95]. In this technique (also called bias tracking), all measurements are assumed to be

NLOS with a large positive bias. For each link, an unknown parameter is added to the state vector

and estimated jointly with the location and velocity of the source node. We will later show that

the performance of this technique is not as good as expected in many NLOS situations. Moreover,

the complexity of the algorithm intensifies as the number of measurements increases, since for each

measurement we need to track an unknown bias. Further, the complexity increases exponentially

for cooperative localization.

Modeling NLOS/LOS time dependencies using a Markov chain has also been proposed in the

literature [93, 94]. The interacting multiple model (IMM) algorithm is used to consider the un-

derlying Markov chain. The problem is that the IMM algorithm needs to run 2M filters for M

measurements and hence the number of required filters grows exponentially with the number of

measurements [94]. In [93], the authors introduce an approximation to decrease the number of

required filters. However, the IMM algorithm still needs to know the transition probabilities of

the LOS and NLOS states. The performance of the IMM algorithm is highly dependent on the

transition probabilities which are very difficult to determine in practice. Using robust estimators

which are very popular for static localization [54, 86] provides another solution for source tracking

in NLOS propagation [92]. Unlike classic estimators, robust estimators are typically less vulnerable

to outliers and NLOS biases. The main advantage of robust estimators is that they typically require

no information about the NLOS propagation.

Although there are a few studies on noncooperative source node tracking in NLOS environments,

this problem for cooperative networks has not yet been addressed. Therefore in this work, the

problem of source node tracking in NLOS environments for cooperative networks is examined. A

NLOS mitigation technique based on semidefinite programming (SDP) for cooperative networks

is introduced. It should be noted that SDP techniques have not been previously proposed for

the tracking problem in the literature in either noncooperative or cooperative scenarios. We show

that tracking NLOS biases is not a good option. Therefore, to mitigate NLOS propagation, the

proposed estimator estimates the NLOS biases jointly with the location and velocity of the source

node. However, the estimator does not track the biases and instead estimates them independently at

each time step. Although the complexity of the estimator increases because of the bias estimation,

its complexity is lower than estimators which include the biases in the state vector and track

them. The proposed estimator can be classified as a robust estimator and requires no statistical

knowledge about the NLOS propagation. To make derivations simple and more clear, the proposed

SDP estimator is first derived for a noncooperative network. Then, the problem is extended to

cooperative networks and the proposed SDP estimator is developed. The results show that the

proposed SDP estimator substantially outperforms the other previously proposed estimators for

both noncooperative and cooperative networks.
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6.2 Noncooperative Tracking

This section covers the system model of a noncooperative network. The extension of the model to

cooperative networks is provided in the next section. Generally speaking, sensor tracking includes

a series of anchor nodes with known locations estimating the locations of mobile source nodes from

noisy measurements captured within the network. Time-of-arrival (TOA) measurements are highly

popular for localization purposes due to simple and inexpensive implementations. However, their

performance is strongly affected by NLOS propagation. An NLOS link occurs when the direct view

between the source node and anchor node is blocked by an obstruction [48]. In indoor environments,

most connections are NLOS because of the presence of many walls and objects.

Consider a network with M anchor nodes and a moving source node. Denote by yi ∈ R
2,

i = 1, 2, . . . ,M , the location of the ith anchor node and by x(t) ∈ R
2 and ẋ(t) ∈ R

2, t = 1, 2, . . . , T ,

the location and velocity of the source node at time step t, respectively. Let u(t) = [xT(t), ẋT(t)]T

be the state vector at time step t. The tracking problem includes state and measurement models

which are expressed as follows [94, 93]

u(t) = Au(t− 1) +w(t)

z(t) = f(u(t)) + n(t). (6.1)

The first expression in (6.1) defines the evolution of the state vector over time and the second one

defines the relationship between the measurements and the state vector. The matrix A is defined

as [93]

A =

[

I2 ∆I2

02 I2

]

where ∆ is the time interval between samples. w(t) and n(t) are the process and measurement noises

which are modeled as zero-mean Gaussian random variables with covariance matrices of Qw(t)

and Qn(t), respectively. f(u(t)) = [f1(u(t)), f2(u(t)), . . . , fM (u(t))]T and fi(u(t)) is a nonlinear

function of the state vector and defined based on the type of available measurements. In this work,

we assume that only TOA measurements are available and fi can be modeled as [96, 52]

fi(u(t)) = ‖x(t)− yi‖2. (6.2)

In the definition of the measurement model in (6.2), the NLOS propagation is not included. In the

presence of NLOS links, the model in (6.2) can be still used. However, the performance is not as

good as expected.

To mitigate the NLOS propagation, the NLOS biases can be also estimated. Since the estimator

does not know which connections are NLOS, all measurements are assumed to be NLOS [95, 87].

Hence, the models in (6.1) should be modified as follows [95]

s(t) = Bs(t− 1) + v(t)
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z(t) = h(s(t)) + n(t) (6.3)

where s(t) = [uT(t),bT(t)]T, b(t) = [b1(t), b2(t), . . . , bM (t)]T, and bi(t) are large positive biases due

to NLOS propagation. Since bi(t) are unknown to the estimator, they should be estimated along

with the location and velocity of the source node. Moreover, the estimate of the biases can be

tracked, which is why we include them in the state vector. Modeling the evolution of the NLOS

biases is a difficult task. In the majority of studies which consider bias tracking, the NLOS biases

are modeled as a random walk [94]. The modified state vector and the covariance matrix of the

process noise will be B = blkdiag{A, IM} and Qv(t) = blkdiag{Qw(t),Qb(t)}, respectively. Qb(t)

is the variance of the random walk and defines how fast the NLOS biases change from one time step

to another. We will later show that Qb(t) has a large impact on the accuracy of the estimator. The

optimal variance is unknown to the estimator and difficult to determine, as it depends on several

parameters such as the propagation environment and network configuration. Finally, we also need

to include the NLOS biases in the measurement model as follows [52, 87]

hi(s(t)) = ‖x(t)− yi‖2 + bi(t) (6.4)

where bi(t) is the NLOS bias of the ith anchor node at time step t, as defined above.

6.2.1 Sequential and Bayesian Estimation

The source node tracking problem includes two important concepts: sequential estimation and

Bayesian estimation. In sequential estimation, data is received on-going and more data is available

as time progresses. Therefore, the estimator updates its estimate every time new information is

available [10, Ch. 8]. In Bayesian estimation, the parameter of interest is estimated based on some

prior knowledge of the parameter available to the estimator. Exploiting these two concepts, we are

able to solve the tracking problem recursively using a prediction obtained from the underlying state

model and a series of on-going measurements. In Bayesian estimation, we first need to calculate

the posterior probability density function (pdf). The posterior pdf of the model in (6.1) is obtained

by [97]

p(u(t)|z(1 : t)) =
p(z(t)|u(t))p(u(t)|z(1: t− 1))

p(z(t)|z(1 : t− 1))
(6.5)

where

p(u(t)|z(1 : t− 1)) =
∫

p(u(t)|u(t− 1))p(u(t − 1)|z(1 : t− 1))du(t − 1) (6.6)

p(z(t)|z(1 : t− 1)) =
∫

p(z(t)|u(t))p(u(t)|z(1 : t− 1))du(t) (6.7)
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and (6.7) is just a normalization factor and ensures that p(u(t)|z(1 : t)) integrates to 1. The

probabilities p(z(t)|u(t)) and p(u(t)|u(t− 1)) are defined by the measurement model and the state

model in (6.1), respectively. The minimum mean square error (MMSE) estimator is obtained by

finding the mean of the posterior pdf in (6.5). However, as sometimes it is difficult to determine

the mean of the posterior pdf, the maximum a posteriori (MAP) estimator is used instead which

does not require integration

û(t) = argmax p(u(t)|z(1 : t))

= argmax p(z(t)|u(t))p(u(t)|z(1 : t− 1)). (6.8)

If the posterior pdf is Gaussian, the mean and the maximum are identical. Therefore, MMSE and

MAP estimators yield the same solution [10, Ch. 9].

6.2.2 Extended Kalman Filter

If the state and measurement models are linear, the solution of the problem in (6.8) is obtained by

a Kalman filter which has a closed-from solution and coincides with the optimal MMSE estimator.

However in the source node tracking problem in (6.1), the measurement model is nonlinear and

both MAP and MMSE estimators are intractable. In this case, the approximate solution can be

obtained by linearizing the model. The nonlinear measurement model is linearized around the true

solution by using the first-order Taylor series expansion which yields the extended Kalman filter

(EKF). Unlike the Kalman filter, the solution of the EKF is not optimal [10, Ch. 13]. In the

EKF, the matrix A and the non-linear function f(u(t)) are used to calculate the predicted state

vector from the previous estimate and the predicted measurement from the predicted state vector,

respectively. However, due to the non-linear nature of f(u(t)), it cannot be directly applied to the

covariance matrix. Dealing with this problem, the Jacobian matrix including the first-order partial

derivatives of f(u(t)) is formulated and evaluated with the predicted state vector. The EKF is

calculated recursively at each time step where new data is available to the estimator. The details

for the classic EKF for the model given in (6.1) is given in [96, 98]. The EKF estimator for the

model in (6.3) which considers the NLOS biases in the state vector is also derived in [95, 92].

6.2.3 Bias Tracking

Before deriving the proposed estimator, we would like to point out an important finding. More

specifically, we want to examine whether or not using EKF with the bias tracking (EKFB) is useful

in NLOS environments. Consider a simple network in Fig. 6.1. There are four anchor nodes and a

moving source node. The measurements are obtained based on the model given in (6.2). However,

to observe the effect of NLOS propagation on the localization performance, for this simulation we

did not add noise to the measurements. The NLOS biases are generated by using a ray tracing

technique [99]. If the signal travels between the source node and an anchor node with more than

two bounces, we assume there is no link between the source node and that anchor node. Kalman
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Figure 6.1: The configuration of the simulated network. The red squares represent the anchor nodes and
the blue circles represent the trajectory of the source node.
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Figure 6.2: The RMSE of the EKF and EKFB estimators for the network in Fig. 6.1. No measurement
noise is included to evaluate the impact of the NLOS biases on the localization performance.

filters require initialization. The initial state of the source node location is obtained by a linear

least squares estimator [54] which requires no initialization. The initial state of the source node

velocity is set to zero, as no information is available at the beginning. In the EKFB, the initial

state of the NLOS biases is also set to zero. Another parameter that needs to be defined for the

EKFB is Qb(t) which has a strong effect on its performance. In our simulations, we implemented

the EKFB for both large and small covariance matrices corresponding to the fast and slow changes

in the NLOS biases, respectively.

Fig. 6.2 shows the RMSE of the EKF and EKFB estimators for the network in Fig. 6.1. The

black solid curve represents the sum of the NLOS biases over all anchor nodes (in meters). We

also include another estimator called EKFW which is the classic EKF except instead of the true

covariance matrix of the measurements, the covariance matrix weighted with the range measure-

ments is used, i.e., Q̄n(t) = Z(t)Qn(t)Z(t), Z(t) = diag{z1(t), . . . , zM (t)}. By using this method,

the measurements that have larger values are assigned less weight, while the measurements with

smaller values are assigned more weight. Comparing EKFW and EKF in Fig. 6.2, we observe that
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using a simple weighting method can improve the performance significantly. As depicted in Fig.

6.2, EKFB shows little to no improvement over EKF or EKFW for either small or large variance for

the NLOS biases. The main problem of the EKFB with a small variance is that it cannot respond

to the fast NLOS changes effectively. The EKFB starts with a large error mainly because the

initial state of the NLOS biases is zero. Then it compensates for the NLOS biases and brings itself

to a steady state. However, at time step 50 when there is a sudden change in NLOS biases, the

performance of the EKFB degrades substantially and it cannot return to a steady state afterwards.

Using an EKFB with a large variance also does not help the estimator. Although it can track

the NLOS changes faster, its performance is not steady when the NLOS links are nearly static.

Based on this clear example and several other simulations, we conclude that despite a considerably

higher complexity than EFK, EKFB cannot provide good performance in practical NLOS envi-

ronments where the NLOS biases can change rapidly. There are two main reasons for this. First,

modeling the NLOS biases is a very difficult task, especially in indoor environments where there

are many objects and obstacles. Assuming a small variance for the EKFB provides good accuracy

in static NLOS situations. However in this case, the EKFB cannot track the biases when they

change rapidly. On the other hand, assuming a large variance may enable the EKFB to respond

to NLOS changes more quickly, but its performance is unstable in static NLOS situations. Using

an adaptive and smart way to change the variance might provide a solution. However, it is again

highly dependent on how accurately we can model NLOS propagation in a network. Second, the

EKFB is in fact an underdetermined problem (i.e., there are fewer measurements than unknown

variables). Hence, there is no guarantee that the solution obtained by the EKFB is accurate in

terms of RMSE. Moreover, as will be discussed later, EKFB becomes very complex in cooperative

networks.

6.2.4 Semidefinite Programming-Based Estimator

In this section, the proposed SDP estimator is described. In the proposed estimator, the NLOS

biases are estimated jointly with the source node location and velocity. However, given the con-

clusions in the previous section, the estimator will not track the NLOS biases and only estimates

them as nuisance parameters at each time step independently. Therefore, the NLOS biases are

not included in the state vector and their estimates at each time step are not transferred to the

next step. Unlike the EKFB, the proposed SDP requires no prior information about the NLOS

propagation. Suppose p(u(t− 1)|z(1 : t− 1)) in (6.6) is Gaussian with the mean û(t− 1|t− 1) and

covariance matrix of P(t − 1|t − 1). Hence, p(u(t)|z(1 : t − 1)) will be Gaussian with the mean

û(t|t− 1) and covariance matrix P(t|t− 1), where

û(t|t− 1) = Aû(t− 1|t− 1)

P(t|t− 1) = AP(t− 1|t− 1)AT +Qw(t). (6.9)
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The MAP estimator in (6.8) can be alternatively written as

û(t) = argmax ln p(z(t)|u(t))p(u(t)|z(1 : t− 1))

= argmax {ln p(z(t)|u(t)) + ln p(u(t)|z(1 : t− 1))}
= argmin {(z(t) − h(u(t)))TQ−1

n (t)(z(t) − h(u(t)))

+ (u(t)− û(t|t− 1))TP−1(t|t− 1)(u(t) − û(t|t− 1))} (6.10)

where the last expression comes from the fact that both pdfs are Gaussian. The first and second

terms of (6.10) define a minimization over the measurement model and the prediction likelihood

functions, respectively. Now, the goal is to formulate the nonconvex and nonlinear optimization

problem in (6.10) as a convex one. The first and second terms are separately formulated as convex

problems and they are then combined and written as an SDP problem.

Let us start with the first term of (6.10) which is a minimization over the measurement model.

The measurement model in (6.4) can be rewritten as

zi(t) = di(t) + bi(t) + ni(t), i ∈ A (6.11)

where di(t) = ‖x(t)− yi‖. Squaring both sides of (6.11) yields

z2i (t) = (di(t) + bi(t) + ni(t))
2,

= d2i (t) + ci(t) + 2ni(t)(bi(t) + di(t)) + n2
i (t) (6.12)

where ci(t) = b2i (t) + 2bi(t)di(t). For sufficiently small noise, the the noise term n2
i (t) can be

neglected, and we have

z2i (t) ≃ d2i (t) + ci(t) + ǫi(t) (6.13)

where ǫi(t) = 2d̄i(t)ni(t) and

d̄i(t) = bi(t) + di(t). (6.14)

The nonlinear least squares estimator of the unknown parameters [x(t); c(t)] is obtained as [10, Ch.

8]

minimize
x(t),ci(t)

∑

i∈A

vi(t)
(

z2i (t)− d2i (t)− ci(t)
)2

,

subject to ci(t) = b2i (t) + 2bi(t)di(t) (6.15)

where vi(t) = (d̄2i (t)σ
2
i (t))

−1 is the weighting element which is equal to the inverse of the variance

of ǫi(t) in (6.13). It should be noted that vi(t) depends on the unknown parameter d̄2i (t). However,

it can be approximated by using z2i (t) instead of d̄2i (t) as vi(t) ≃ (z2i (t)σ
2
i (t))

−1. Unfortunately,

the cost function of the minimization problem in (6.15) is still nonlinear and nonconvex. Next,

we will convert the problem in (6.15) into a convex optimization problem. To do that, we neglect
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the relationship between di(t), bi(t), and ci(i) which is defined above and estimate ci(t) as an

independent unknown parameter. Let us define two auxiliary variables as

βi(t) = d2i (t)

= ‖x(t)− yi‖2

= (x(t)− yi)
T(x(t)− yi)

=

[

yi

−1

]T [

I2 x(t)

xT(t) α(t)

][

yi

−1

]

(6.16)

where α(t) = xT(t)x(t). Plugging (6.16) in (6.15) yields

minimize
x(t),ci(t)

∑

i∈A

vi(t)
(

z2i (t)− βi(t)− ci(t)
)2

subject to βi(t) =

[

yi

−1

]T [

I2 x(t)

xT(t) α(t)

] [

yi

−1

]

α(t) = xT(t)x(t), ci(t) ≥ 0. (6.17)

Now the cost function of (6.17) is a quadratic function of unknown parameters, hence it is convex.

However, there is still a nonconvex constraint on α(t) in (6.17). To convert the problem in (6.17) into

a convex SDP problem, the nonconvex constraint needs to be relaxed. Using the Schur complement

[16], α(t) can be relaxed and written as a linear matrix inequality (LMI)

α(t) = xT(t)x(t) ⇒
[

I2 x(t)

xT(t) α(t)

]

� 03. (6.18)

Although the cost function of (6.17) is convex, it is not in a general form of SDP, since the cost

function should be a linear function of the optimization variables. This can be done by using the

epigraph representation of the quadratic function, which can be formulated by adding a new scalar

variable τ1. Using the relaxation in (6.18), we can express the problem in (6.17) as [15, 27]

minimize
τ1,x(t),α(t),c

τ1

subject to

[

Z(t)Qn(t)Z(t) (ξ(t)− β(t)− c)

(ξ(t)− β(t)− c)T τ1

]

� 0M+1

βi(t) =

[

yi

−1

]T [

I2 x(t)

xT(t) α(t)

] [

yi

−1

]

,

[

I2 x(t)

xT(t) α(t)

]

� 03, c ≥ 0. (6.19)

where ξ(t) = z(t) ◦ z(t), β(t) = [β1(t), β2(t), . . . , βM (t)]T. Note that c is a slack vector which tries
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to compensate for the NLOS biases. Since we are not interested in the estimate of the NLOS biases

nor tracking them, c is not a function of t and is overwritten at each step.

We would like to impose a constraint on the estimate of the source node location which will

considerably improve the performance, especially in severe NLOS environments [52]. Since the

biases of NLOS connections in (6.4) are positive and typically much larger than the measurement

noise, we can write [52, 51]

zi(t) ≥ di(t) = ‖x(t)− yi‖. (6.20)

Equivalently,

z2i (t) ≥ d2i (t) = (x(t)− yi)
T(x(t)− yi). (6.21)

The constraint in (6.21) forces the estimated position of the source node to be within the circles

determined by the anchor nodes and the radii zi(t). However, for LOS connections, the constraint

in (6.21) may not be valid, because LOS connections do not have large NLOS biases and also the

measurement noises ni(t) may have negative values. Therefore, the position of the source node may

be located outside of a circle defined by a LOS connection. Since we do not know which connections

are LOS, we have to make the constraint in (6.21) slightly looser for all connections. About 95% of

a Gaussian random variable’s probability density lies within two standard deviations of its mean.

Hence, the constraint in (6.21) can be modified as

z2i (t) + 2
√

Var[z2i (t)] ≥ d2i (t)

≥ (x(t)− yi)
T(x(t)− yi). (6.22)

Now, we need to calculate the variance of z2i (t). Assuming di(t) and bi(t) are the unknown deter-

ministic variables, we can rewrite (6.11) as

zi(t) = d̄i(t) + ni(t) (6.23)

where d̄i(t) is defined in (6.14). Therefore, we have

z2i (t) = (d̄i(t) + ni(t))
2

= d̄2i (t) + 2d̄i(t)ni(t) + n2
i (t). (6.24)

Hence, the variance of z2i (t) is calculated as

Var[z2i (t)] = E[z4i (t)]− (E[z2i (t)])
2

= 4d̄2i (t)σ
2
i (t), (6.25)

where E[ · ] denotes the expected value. Again, since the variance of z2i (t) depends on the unknown
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parameter d̄2i (t), we need to approximate the variance by using z2i (t) instead. One of the most

useful advantages of the SDP estimator is that one can simply apply constraints to the solution

[15]. The constraint in (6.22) is convex. However, it is not expressed in a general form of SDP.

Plugging (6.25) into (6.22) and using the Schur complement, the constraint in (6.22) can be written

as an LMI as
[

I2 (x(t)− yi)

(x(t)− yi)
T ξi(t) + 4zi(t)σi(t)

]

� 03. (6.26)

Adding the constraint in (6.26) to the problem in (6.19) yields

minimize
τ1,x(t),α(t),c

τ1

subject to βi(t) =

[

yi

−1

]T [

I2 x(t)

xT(t) α(t)

][

yi

−1

]

,

[

Z(t)Qn(t)Z(t) (ξ(t)− β(t)− c)

(ξ(t)− β(t)− c)T τ1

]

� 0M+1

[

I2 x(t)

xT(t) α(t)

]

� 03, c ≥ 0

[

I2 (x(t)− yi)

(x(t)− yi)
T ξi(t) + 4zi(t)σi(t)

]

� 03. (6.27)

which is an SDP optimization problem. It is worth mentioning that in the SDP problem in (6.27),

when most of the connections are LOS, the cost function plays an important role and the constraint

in (6.26) barely has an effect on the solution. However, when most of the connections are NLOS,

the constraint is more effective and keeps the solution from exhibiting a large estimation error [52].

Now let us focus on the second term of (6.10) which is a minimization over the prediction

likelihood. It is a form of quadratic programming which can be expressed as an SDP problem by

using the epigraph representation as follows [15]

minimize
τ2,u(t)

τ2

subject to

[

P(t|t− 1) (u(t)− û(t|t− 1))

(u(t)− û(t|t− 1))T τ2

]

� 05. (6.28)

Now, we have formulated the two terms in (6.10) as a SDP problem. Therefore, the proposed

estimator is obtained by combining (6.28) and (6.27)

minimize
τ1,τ2,τ3

u(t),α(t),c

τ1 + τ2 + τ3

subject to βi(t) =

[

yi

−1

]T [

I2 x(t)

xT(t) α(t)

] [

yi

−1

]

,
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[

Z(t)Qn,tZ(t) (ξ(t)− β(t)− c)

(ξ(t)− β(t)− c)T τ1

]

� 0M+1,

[

I2 x(t)

xT(t) α(t)

]

� 03,

[

γIM c

cT τ3

]

� 03, c ≥ 0,

[

P(t|t− 1) (u(t) − û(t|t− 1))

(u(t) − û(t|t− 1))T τ2

]

� 05,

[

I2 (x(t) − yi)

(x(t) − yi)
T ξi(t) + 4zi(t)σi(t)

]

� 03. (6.29)

The solution of (6.29) can be effectively found with numerical algorithms such as interior point

methods [15, 16, 71]. In MATLAB simulations, standard SDP solvers such as SeDuMi [17] can be

employed to solve the SDP in (6.29). The parameter γ is a penalization factor which is required

when the problem is ill-posed [87] [16, Ch. 6]. It also constrains ci to a reasonable size. Note that

the slack variable τ3 is introduced to represent the penalization factor as an LMI.

The estimate of the state vector, û(t), at the tth time step obtained from (6.28) will be used

for the next time step. However, we also need to have the variance of the estimate, P(t|t), which
defines how accurate this estimate is and will be used for weighting in the next step. For instance,

if the variance is high, it means that the estimate is not accurate. Therefore, for the next step, less

weight is assigned to the previous estimate and more weight is assigned to the measurements. The

problem of the estimator in (6.28) is that calculating the variance of the estimate obtained from

an SDP estimator is intractable. To handle this problem, the Cramér-Rao lower bound (CRLB) is

used to calculate the variance. Using the CRLB leads the estimate to be assigned more weight, as

the CRLB is typically lower than the actual variance of the estimate. This problem can be resolved

by regulating the variance of the measurements accordingly.

6.3 Cooperative Tracking

This section extends the model described in section II to cooperative networks. In coopera-

tive networks, multiple source nodes are involved and they can communicate not only with an-

chor nodes but also with each other [1]. Therefore, two sets of measurements are collected

in the network: source-anchor and source-source measurements. Assume there are N source

nodes and M anchor nodes in the network. Denote by B = {1, . . . , N} the set of indices of

the source nodes, by A = {N + 1, . . . , N + M} the set of indices of the anchor nodes, and

by uk(t), k ∈ S, the state vector of the kth source node at time step t. In cooperative net-

works, connectivity is typically limited, meaning that the source nodes are not connected to all

anchor nodes and other source nodes. To include the connectivity in our model, two sets are de-

fined for each source node. Let Ak(t) = { i | anchor node i is connected to source node k } be

the set of the indices of the anchor nodes connected to the kth source node at time step t and

Bk(t) = { i | source node i is connected to source node k } be the set of indices of the source nodes
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connected to the kth source node at time step t. The state model for cooperative tracking is the

same as noncooperative. However, the measurement model is slightly different, since we need to

include both source-source and source-anchor measurements. Therefore, the tracking model for the

cooperative case

uk(t) = Auk(t− 1) +wk(t), k ∈ B
zki(t) = ‖xk(t)− yi‖+ bki(t) + nik(t), i ∈ Ak(t)

zki(t) = ‖xk(t)− xi(t)‖+ bki(t) + nik(t), i ∈ Bk(t) (6.30)

where A is defined in (6.2), wk(t) is the process noise, and nik(t) is the measurement noise.

Although the model enables us to have a different process noise for each source node, the same

process noise is considered for all source nodes in practice.

6.3.1 Extended Kalman Filter

For the noncooperative case, three estimators based on the Kalman filter were introduced. Those

estimators can be extended to the cooperative case as well. Remember that for the EKFB, the

NLOS biases are included in the state vector. Let us modify the state vector s(t) as follows:

s(t) = [uT
1 (t), . . . ,u

T
N (t),bT

1 (t), . . . ,b
T
N (t)]T. (6.31)

A problem that arises in this case is that the size of the matrices increases dramatically as the

number of source node increases in the network. The reason is that the EKFB needs to track many

NLOS biases over time which increases the estimator’s complexity. For instance, in a cooperative

network with full connectivity (i.e., each source node is connected to all anchor nodes and other

source nodes), the size of the state vector is 4N+N(M+N−1). In fact, our simulations show that

the complexity is so high that typical computers run out of memory when simulating a network

with 8 anchor nodes and 30 source nodes with full connectivity. Although, as it will be later shown,

the EKFB can provide some improvement over the classic EKF, the complexity is too high which

makes it impractical, especially for cooperative networks with many source nodes. Therefore for

cooperative networks, we are more interested in the EKF and EKFW. Let us define an augmented

state vector including the state vectors of all source nodes:

u(t) = [uT
1 (t), . . . ,u

T
N (t)]T. (6.32)

The state model considering the above state vector can be written as

u(t) = Du(t− 1) +w(t) (6.33)

where w(t) = [wT
1 (t), . . . ,w

T
N (t)]T and D = blkdiag{A, . . . ,A}. For a network with full connec-

tivity, the size of the measurement vector z(t) is (N(M +N − 1))× 1. The size of Jacobian matrix
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including the first-order derivatives of all measurements would be (N(M + N − 1)) × 4N . The

readers are referred to [100] for more detail concerning the cooperative EKF.

6.3.2 Semidefinite Programming-Based Estimator

The proposed cooperative tracking SDP estimator is derived in this section. We follow the same

approach as in the noncooperative case to relax the source-anchor measurement model. However, a

different relaxation is required for source-source links. Therefore, we first describe how to relax the

source-source links and then expand the noncooperative SDP estimator in (6.29) for cooperative

networks. For source-source links, due to the shorter range we assume that the NLOS biases are

negligible and are not estimated by the estimator to ease complexity. Therefore, the minimization

problem for source-source node measurement can be obtained as

minimize
xk(t)

∑

k∈B,i∈Bk(t)

vki(t) (zki(t)− dki(t))
2 . (6.34)

where vki(t) = z−2
ki (t). The above problem can be further simplified as

minimize
xk(t)

∑

k∈B,i∈Bk(t)

vki(t)
(

d2ki(t)− 2dki(t)zki(t)
)

. (6.35)

As in the noncooperative case, to formulate the nonlinear and nonconvex problem in (6.35), two

auxiliary variables are introduced as follows

βki(t) =

[

02

eik

]T [

I2 X(t)

XT(t) α(t)

] [

02

eik

]

,

α(t) = X(t)XT(t) (6.36)

where X(t) = [x1(t), . . . ,xN (t)], eik = ei − ek and ei is an N × 1 vector in which the ith element

is one and the other elements are zero. Plugging the new variables in (6.36) into (6.35) yields

minimize
X(t),α(t)
dki(t)

∑

k∈B,i∈Bk(t)

vki(t) (βki(t)− 2dki(t)zki(t))

subject to βki(t) =

[

02

eik

]T [

I2 X(t)

XT(t) α(t)

][

02

eik

]

,

α(t) = X(t)XT(t), βki(t) = d2ki(t). (6.37)

By relaxing the noncovex terms, the problem in (6.37) is formulated as an SDP as follows

minimize
X(t),α(t)
dki(t)

∑

k∈B,i∈Bk(t)

vki(t) (βki(t)− 2dki(t)zki(t))
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subject to βki(t) =

[

02

eik

]T [

I2 X(t)

XT(t) α(t)

][

02

eik

]

,

[

I2 X(t)

XT(t) α(t)

]

� 0N+2,

[

1 dki(t)

dki(t) βki(t)

]

� 02. (6.38)

Now the proposed cooperative SDP estimator is obtained by expanding the problem in (6.29) for

multiple source nodes and including the problem in (6.38) as follows

minimize
X(t),dki(t)
α(t)

τ2 +
∑

k∈B

τ1(k) + τ3(k) + τ4(k)

subject to τ4(k) =
∑

i∈Bk(t)

vki(t) (βki(t)− 2dki(t)zki(t))

[

Zk(t)Q
k
n(t)Zk(t) (ξk(t)− βk(t)− ck)

(ξk(t)− βk(t)− ck)
T τ1(k)

]

� 0M+1

βki(t) =

[

yi

−ek

]T [

I2 X(t)

XT(t) α(t)

] [

yi

−ek

]

, i ∈ Ak(t)

βki(t) =

[

02

eik

]T [

I2 X(t)

XT(t) α(t)

][

02

eik

]

, i ∈ Bk(t)

[

I2 X(t)

XT(t) α(t)

]

� 0N+2,

[

1 dki(t)

dki(t) βki(t)

]

� 02

[

P(t|t− 1) (u(t)− û(t|t− 1))

(u(t)− û(t|t− 1))T τ2

]

� 04N+1,

[

I2 (xk(t)− yi)

(xk(t)− yi)
T ξki(t) + 4zki(t)σki(t)

]

� 03

[

γIM ck

cTk τ3(k)

]

� 0M . (6.39)

Similar to the noncooperative case, the SDP problem in (6.39) can be effectively solved by standard

SDP solvers in polynomial time.

6.4 Simulation Results

The performance of the proposed estimator is evaluated through computer simulations. The pro-

posed SDP estimator is implemented with the CVX toolbox [44] using SeDuMi as a solver [17]. The

value of γ for the proposed SDP estimator was set to 10.

Consider again the noncooperative network in Fig. 6.1. Now measurement noise is also included.

The variances of the range measurements, Qn(t), are dependent on the true distances [51, 87]. The

parameters are set such that the average error on the range measurements is about 15% of the
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Figure 6.3: The CDF of localization error for the considered estimators and the noncooperative network
in Fig. 6.1.

true ranges. Fig. 6.3 shows the cumulative distribution function (CDF) of the localization error

for the considered estimators. The performance of EKF degrades substantially in a simple NLOS

scenario where only one anchor node has NLOS propagation. Therefore, the classic EKF cannot

be expected to provide good accuracy in practical cases where the majority of links are NLOS.

Estimating and tracking the NLOS biases, the EKFB provides improvement in comparison with

the classic EKF. However as also depicted in Fig. 6.2, by applying a simple weighting method in

the classic EKF (labeled as EKFW), we can overcome the NLOS biases more efficiently. It is clear

that in this case using EKFW is more favorable, since it provides better accuracy than EKFB with

considerably lower complexity (EKFB has M more variables in the state vector to be estimated

at each time step). The proposed SDP estimator outperforms the other estimators significantly.

As mentioned before, the main features of the proposed SDP estimator is that it estimates the

NLOS biases independently at each time step to mitigate NLOS propagation. It also has several

constraints which diminish the effect of NLOS links on the solution.

Now consider a more complicated network given in Fig. 6.4. There are 4 anchor nodes at the

corners of the area. Fig. 6.5a shows the localization performance of the noncooperative estimators.

Again, the NLOS biases are simulated using a ray tracing technique. In this scenario, since there

are only four anchor nodes and a lot of walls between the source node and anchor nodes, most of

the time the source node has only one connection (either LOS or NLOS). However, the proposed

SDP provides better accuracy than the other estimators. Again, EKFW with a simple weighting

technique performs better than EKFB with bias tracking. EKF representing the performance the

classic Kalman filter fails to provide reasonable accuracy. More specifically, the localization error

is larger than 6 m more than 50% of the time which is relatively high for the considered network

with a size of 13 m × 30 m. Although EKF is a simple estimator, it is not useful for indoor and

dense environments. Therefore, more sophisticated estimators with NLOS mitigation techniques

are necessary.

In Fig. 6.5b, the localization performance of the proposed estimator in a cooperative network is
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Figure 6.4: The configuration of the simulated network. The red squares and the blue circles represent the
anchor nodes and the trajectory of the desired source node, respectively. The desired source node travels
the path in 121 time steps. Other source nodes are static and depicted by solid colored circles.
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Figure 6.5: The CDF localization error for the considered estimators and the network in Fig. 6.4. The
proposed SDP estimator significantly outperforms the other estimators in both noncooperative and cooper-
ative networks. In SDPx and EKWx, x represents the number of collaborators. Zero collaborators shows
the performance of the noncooperative tracking.

provided. Only the proposed SDP estimator and EKFW are used for this simulation, since EKFB

is too complex to simulate and EKF performs poorly. The same network as in Fig. 6.4 is considered,

except 20 other static source nodes are placed in the network. However, the estimator does not

know that the source nodes are not moving and keeps tracking them throughout the simulation.

For source-source links, a source node collects TOA measurements from other source nodes which

are in its LOS path. In other words, we assume that all source-source links are LOS and if source

nodes do not have a direct view of each other, they are assumed not to be connected. Note that this
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Figure 6.6: The CDF of localization error for the considered estimators and a random cooperative network.
Legend: Algx stands for the specific algorithm with x collaborators. For instance, SDP3 stands for the
proposed SDP estimator with 3 collaborators.

is not an impractical assumption, since the source nodes typically operate at lower power levels and

the signal is rarely received at the other source nodes if it bounces multiple times. Fig. 6.5b shows

the performance of the considered estimators for different number of collaborators. In SDPx and

EKWx, x represents the number of collaborators. Zero collaborators represents the performance

of the noncooperative case which is consistent with the results in Fig. 6.5a. For instance, SDP1

represents the performance of the proposed SDP estimator for the desired source node who is

collaborating with another source node during its movement. During its movement, the desired

source node randomly selects a source node from all the source nodes to whom it is connected. The

localization performance improves for both estimators as the number of collaborators increases,

especially at high reliability levels. For instance, at 90% CDF, the performance of the proposed

SDP estimator improves from 6 m to 4 m (which is more than 33% improvement) if the desired

source node collaborates with 3 other source nodes in the network. Collaboration is also useful for

EKFW estimator where more than 5 m improvement is achieved at 80% CDF by 3 collaborators

for the desired source node.

In the last simulation, a completely random network of size 60 m × 60 m is considered. There are

eight anchor nodes in the network located at [2, 2]T, [2, 58]T, [58, 58]T, [58, 2]T, [16, 30]T, [30, 16]T,

[30, 44]T, and [44, 30]T. There are 20 source nodes moving based on random walks inside the

region covered by the anchor nodes. In this case, connections between the source nodes and anchor

nodes are randomly assigned as either LOS or NLOS where the NLOS probability is 0.8 and 0.4

for source-anchor and source-source links, respectively. The NLOS bias errors are exponentially

distributed with their means randomly selected from 2 to 20 m for source-anchor links and from

0 to 5 m for source-source links. Fig. 6.6 shows the CDF of the localization performance of the

considered estimator for the considered random network for different numbers of collaborators. The

same behavior as in Fig. 6.5b can be observed and the order of the estimators remains unchanged.

Collaboration provides significant improvement for all estimators. The performance of EKF is
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worse than the other estimators. However, collaboration is more advantageous for EKF than

other estimators. The proposed SDP estimator also benefits from collaboration, although the

improvement rate in the proposed SDP estimator is not as significant as in the other estimators,

due to the fact that its performance is already good without collaboration.

In summary, results show the great advantage of cooperative networks over noncooperative

ones. Collaboration improves the localization performance of all considered estimators. However,

collaboration is more useful for the estimators which have poor performance in noncooperative

networks. Moreover, the proposed SDP estimator provides superior performance to all other con-

sidered estimators in NLOS environments.

6.4.1 Remark on Complexity

This section discusses the computational complexity of the considered estimators in terms of running

time. Although the running time does not say everything about the complexity, there is no other

way to compare the complexity of the considered estimators, since complexity analysis is intractable.

Similar to the previous case, a random network is considered. Table 6.1 summarizes the running

time and root-mean-square error (RMSE) of the considered estimators for the 4 collaborators case.

The running time and RMSE are expressed relative to those of the classic EKF. The EKFB provides

only 20% reduction in error in comparison with EKF in exchange for 9 times more running time.

Although the SDP estimator requires 5 (4) times more running time than the EKF (EKFW), its

performance is 5 (3) times better. A main difference between the SDP estimator and EKF is that in

each time step, EKF only runs for 1 iteration, while the SDP estimator runs multiple iterations until

the required accuracy is achieved. Although Kalman filters typically iterate once in each time step

[10], multiple iterations can be used to achieve lower mean square error (which is sometimes called

iterative extended Kalman filer or IEKF) [101]. Therefore, we increased the number of iterations

per time step for the EKF and EKFW whose results are also provided in Table 6.1. To have a

fair comparison, the number of iterations is increased such that all the estimators have the same

running time. As can be seen, the performance of EKFW improves by increasing the number of

iterations, although its performance is still inferior to the proposed SDP estimator. On the other

hand, the performance of the EKF degrades by increasing the number of iterations. The reason is

that the EKF tries to minimize the mean square error between the model and measurements. Since

the NLOS biases are neglected in the EFK model, a lower mean square error does not necessarily

lead to better localization performance.

6.5 Conclusion

In this work, cooperative source node tracking in non-line-of-sight (NLOS) environments was stud-

ied. Specifically, we demonstrated how robust estimation (specifically semidefinite programming or

SDP) can be used to develop a tracking algorithm for both cooperative and noncooperative net-

works. The SDP-based estimator provides improved performance (i.e., reduced localization error)
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Table 6.1: Relative running time and RMSE of the considered estimators to the classic EKF.

Estimator Description Run Time RMSE

EKF Classic EKF 1.0 1.00
EKFW EKF w/ weighting 1.2 0.59
EKFB EKF w/ bias tracking 8.8 0.82
SDP Proposed SDP estimator 5.1 0.21
IEKF Classic EKF w/ multiple iter. 5.1 1.21
IEKFW EKF w/ weighting & multiple iter. 5.1 0.49

as compared to traditional and recently proposed tracking algorithms for noncooperative networks.

More specifically, it was shown through computer simulations that the proposed SDP estimator

provides superior performance in a simulated indoor network. Further, it was shown that coopera-

tion among the source nodes can be very useful by providing additional connections between source

nodes and improving performance over noncooperative techniques. Specifically, results showed that

cooperation among source nodes can improve the localization performance by more than 33% in

the proposed estimator for a typical indoor environment. It was also found that tracking the NLOS

biases is not beneficial, as modeling NLOS propagation can be very difficult. Moreover, the NLOS

biases change rapidly over time which makes them difficult to track. Therefore, in the proposed

estimator, NLOS biases are estimated along with the source node state (velocity and location).

However, the estimator does not track NLOS biases and instead treats them independently at each

time steps.
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Chapter 7

Conclusions

In this research, we addressed several open problems within the area of cooperative positioning

and tracking. Although localization seems to be trivial where a simple trilateration method can

be used, there are many factors which can impact the localization accuracy if they are not treated

properly. These factors, which include but are not limited to non-line-of-sight (NLOS) propaga-

tion, multipath propagation, synchronization, and unknown propagation parameters, cause several

nuisance parameters to appear in the system model. Nuisance parameters must be accounted for

when localization is performed, even though we are not interested in their estimates.

Cooperative localization is a recent and promising technology that can be used to address the

problem of dense networks with unknown source nodes to be localized. Cooperation was shown to

be highly beneficial in networks with limited connectivity and also in indoor and harsh environ-

ments. It was shown that cooperation can significantly improve the localizability and localization

performance. It was shown that semidefinite programming (SDP) can be used as a powerful tool to

provide an alternative solution for the optimal, but nonlinear and nonconvex maximum-likelihood

(ML) estimator. Unlike the ML estimator, convergence to the global minimum is guaranteed in

SDP. It was shown that the ML estimator requires appropriate initialization which is difficult to

determine in networks with limited connectivity. Moreover, the complexity of the ML solver grows

exponentially as the number of unknown source nodes increases. It was shown that SDP can

perform nearly as well as the optimal ML estimator, has yet considerately lower complexity.

In this work, we exploited the above two important concepts to deal with network localization in

the presence of nuisance parameters. In particular, we have introduced and examined four problems.

First, we examined cooperative received signal strength (RSS)-based localization in the presence

of unknown propagation parameters. It was shown that the accuracy of RSS-based localization is

dependent on strong knowledge of the propagation parameters such as the transmit powers of the

source nodes and the path loss exponent of the environment which are assumed to be unknown

in this work. Considering the propagation parameters as nuisance parameters in the estimation

problem, we developed a cooperative RSS-based localization technique based on SDP. Simulation

results showed that the performance of the proposed SDP estimator is only 12% worse than the

optimal accuracy, while it requires 20% to 60% less running time than the ML estimator.
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Second, we examined cooperative range-based localization in NLOS environments. NLOS prop-

agation was examined under two different scenarios. In the first scenario, we assumed that the

estimator is able to distinguish between NLOS and LOS connections. A novel SDP technique was

introduced in which NLOS connections are used to improve the accuracy of location estimation.

Cooperative localization was shown to be highly beneficial in severe NLOS environments, as the

effect of NLOS propagation can be mitigated by providing additional measurements to the esti-

mator. Unlike the ML estimator, the proposed SDP is also applicable in degenerate cases when

the number of LOS connections is less than three. In the second scenario, we assumed that the

estimator had no information about the statistics of the NLOS distribution. We derived a novel

SDP technique to mitigate NLOS propagation. Simulation results showed that the proposed SDP

estimator outperforms the previously considered algorithms in all NLOS situations in exchange for

slightly greater running time. More specifically, the proposed SDP estimator provides more than

200% and 100% improvement (on average) over an estimator without mitigation and other NLOS

mitigation techniques, respectively.

Third, we studied cooperative TOA-based sensor localization in asynchronous networks. We

presented a framework for joint synchronization and localization for both cooperative and noncoop-

erative networks. We derived a novel SDP estimator which considers clock parameters as nuisance

variables and estimates them along with the source node locations. It was shown that the proposed

SDP estimator provides position estimates as accurate as the ML estimation in both cooperative

and noncooperative networks. Moreover, simulation results showed that as the number of source

nodes increases the complexity of the ML estimator increases rapidly, while there is only a mild

growth in the complexity of the proposed SDP estimator. In a simulated cooperative network, the

proposed SDP estimator requires 3 times lower running time than the ML estimator in exchange

for 10% performance degradation.

Lastly, we studied cooperative source node tracking in NLOS environments. We showed that

robust estimation based on SDP can be useful for tracking mobile nodes in both cooperative and

noncooperative networks. The proposed SDP estimator provides improved performance in compar-

ison with the classic Kalman filter in severe NLOS environments. It was shown that cooperation

among source nodes is highly beneficial by providing additional connections between source nodes

and improving performance over noncooperative techniques. More specifically, results showed that

the localization performance can be improved by more than 33% using cooperation in a simulated

indoor environment.
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[53] I. Güvenç, C.-C. Chong, F. Watanabe, and H. Inamura, “NLOS identification and weighted

least-squares localization for uwb systems using multipath channel statistics,” EURASIP J.

Adv. Signal Process, vol. 2008, no. 1, pp. 1–14, January 2008.

[54] I. Guvenc and C.-C. Chong, “A survey on TOA based wireless localization and NLOS miti-

gation techniques,” IEEE Commun. Surveys Tuts., vol. 11, no. 3, pp. 107–124, 2009.

[55] G.-L. Sun and W. Guo, “Bootstrapping M-estimators for reducing errors due to non-line-of-

sight (NLOS) propagation,” IEEE Commun. Lett., vol. 8, no. 8, pp. 509–510, August 2004.

[56] R. Casas, A. Marco, J. J. Guerrero, and J. Falcó, “Robust estimator for non-line-of-sight error
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