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(ABSTRACT) 

In Response Surface Methodology (RSM) one attempts to model some variable of 

interest, usually as a known function of design variables. Subsequent analysis often indicates a 

need to move to a new region of interest. Many times the design is augmented by adding points 

sequentially to this new region of interest. Current methods of sequential design augmentation 

are used under the assumption of either correctly specified models or misspecification in the 

user’s model that can be quantified, such as using a first order model when a second order model 

is correct. However, under model misspecification the sequential placement of points in the new 

region of interest using usual augmentation techniques may not be optimal, especially if the 

misspecification in the model is not due to polynomial terms. 

A new methodology, based on a modified kernel regression procedure called HATLINK, 

is presented that incorporates model misspecification into the sequential augmentation of points 

in the new region. HATLINK is a combination of parametric and nonparametric regressions and 

is designed to perform best when the user has specified a reasonable approximate model. 

Parametric regression supplies a basic fit, while nonparametric regression allows adjustments to



compensate for some misspecification in the parametric model. The mixing parameter is 

determined adaptively through cross-validation. The augmentation is performed by a new 

technique called BIIV, the bias-influenced integrated prediction variance. BIIV attempts to 

select points that both minimizes the integrated prediction variance and the location where the 

current fit is the worst. Thus, BIIV incorporates an estimate of the bias due to misspecification 

of the parametric model into the augmentation procedure. It is shown that the designs generated 

by sequential design augmentation using HATLINK and BIIV are superior to designs from other 

methods.
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CHAPTER | 

INTRODUCTION 

In Response Surface Methodology (RSM) one desires to model some variable of interest 

n or Y, called the response variable, as a function of k different variables x,, X9, X3, .- +, Xp, 

called the design variables. The true relationship between the response variable and the design 

variables is usually unknown and may be rather complex. The purpose of RSM is to 

approximate this relationship with a known function of the design variables. Thus the response 

variable can be written as 

n= Y =f (X,, Xq, Xq- +  Xy) + 6 

where f is some function of (x,, Xz, X3,-..,X,) and € is random error. Usually either a first 

order polynomial of the form 

k 

Y= By + 2 Bx, + € (1.1) 
2=1 

or a second order polynomial of the form 

k k 
Y=8o + LV Bx, + 2D Bix + 20 Bz;X:x; + € (1.2) 

z= 1 2= t<J



is used as the estimate of the function f, f. 

Once the form of f is chosen, the data is then used to estimate the unknown parameters, 

customarily by the method of least squares. RSM techniques are then used to both locate the 

values of the design variables that will either maximize or minimize the response variable and to 

explore the surface. Often the data are originally taken in a particular region and subsequent 

analysis reflects a need to move to a new region. Many times this new region somewhat overlaps 

the original region. In this case, additional points need to be augmented in the new region in 

order to fit a new model. 

Assuming the two regions overlap somewhat, there are currently three main ways to 

augment with these additional points. One common way is to ignore all the previous data 

points, choose an experimental design, rescale and center the new region and take new data 

points based on the chosen design. This method completely ignores any data from the old 

region, especially those in the overlap region. Another way is to choose an experimental design, 

rescale and center the new region and take the data points based on the design augmented with 

the points from the initial region that lie in the overlap region. A different method proposed by 

Rozum (1991) suggests taking all data from the overlap region and augmenting with points 

sequentially in the new region by either D-optimality (or one of the other alphabetic optimality 

criteria) or integrated spherical variance. The method proposed by Rozum takes advantage of 

some of the existing data. These methods tend to assume there is minimal model 

misspecification and that the first or second order model is a very good approximation to the 

function f. 

While these methods work under correct model specification, it is desirable to have a 

method of augmentation that uses all the existing data and is more robust to model 

misspecification then the current methods. By applying Einsporn’s (1987) concept of HATLINK,



one can achieve both of these goals. HATLINK fits a regression function that is a convex linear 

combination of the user’s proposed parametric model and some nonparametric model. By 

estimating a mixing parameter, a regression function estimate, f, can be obtained that is a 

mixture of both the parametric and nonparametric models. Throughout this dissertation, the 

parameters of the parametric model will be estimated using the method of least squares, while 

kernel regression will be used to fit the nonparametric model. 

In nonparametric kernel regression, it is assumed that the true response function is 

unknown and no parametric form for f need be specified by the user. If one wishes to predict the 

mean response of Y at a point x9=(Xg,, -- +, Xo,)', kernel regression takes a weighted average of 

the observed Y’s where the weights are related to the distance between the observed points x, 

and the prediction point xp. In general, this method gives more weight to the points closer to Xp 

and less weight to those further from x9. Since one can predict the mean response of Y at any 

given x location an estimated (nonlinear) regression curve can be produced. Unfortunately, no 

closed form expression for this curve exists, but the graph of this curve may suggest the true 

form of the function f. 

Thus, by adjusting the mixing parameter, HATLINK can estimate a response surface by 

using either the parametric model, the nonparametric model, or a combination of the two. This 

parameter is estimated by either PRESS-type or Cp-type criteria. If the parametric function is a 

good approximation to the true unknown function, the mixing parameter will tend to produce 

an estimate of the response surface based more on this function. If, on the other hand, the user 

has misspecified the model too much, the mixing parameter will yield an estimate based more 

on the nonparametric model. Thus, HATLINK should be more robust to model misspecification 

and give a better idea of the true response surface in question. 

Once the bandwidth and mixing parameter have been estimated, the method proposed



here suggests retaining all the original data points and augmenting by batches of points 

individually in the new region. This is called sequential batch design augmentation. Because of 

the nature of kernel regression, the proposed method requires at least one starting point that lies 

completely in the new region. The individual data points will be augmented to minimize some 

type of criteria. Various criteria, such as integrated prediction variance (IPV) or integrated 

mean squared error (IMSE), could be used in augmenting with these points sequentially. One 

procedure proposed in this work suggests augmenting with points to minimize integrated 

prediction variance over the new region. That is, place the new point x, in the new region to 

minimize 

| Var[Y(x)] dx . (1.3) 

new region 

A second method, which seems to perform better in simulations, is augmenting by 

points to minimize the bias-influenced integrated prediction variance, BIIV. In this case, place 

the new point x, in the new region to minimize 

: 2 “ 
— [bias (Xp)| + | Var[Y(x)] dx . (1.4) 

new region 

This attempts to select the point x, that both minimizes the integrated prediction variance and 

finds the location where the fit is currently the worst. Under certain circumstances this 

procedure appears to yield a better fitted surface than ones obtained using other techniques. 

Both methods will be considered further in subsequent chapters. 

A third method is augmentation to minimize IMSE, that is select the new point Xp in



the new region of interest to minimize 

| ( [bias (of dx + Var[¥(x)] ] dx . (1.5) 

new region 

The use of IMSE as the augmentation criterion yielded results very similar to those for BIIV, 

while requiring extra computational effort. Because of this, IMSE as an augmentation criterion 

will not be considered further. 

After moving to a new region, most augmentation procedures use at most only the data 

points in the new region. This proposed method is different since it uses all existing data points, 

both in the old and new regions. This is achieved through the HATLINK procedure. 

Chapter II presents background information on parametric response surfaces and least 

squares regression. Chapter III presents background information on kernel regression and the 

HATLINK method. Chapter III also contains a brief literature review on kernel regression and 

some other nonparametric regression techniques. Chapter IV describes the general HATLINK 

augmentation procedure and includes some examples of its use. Also some associated technical 

matters are briefly discussed. 

To better understand the behavior of the HATLINK procedure, in particular the 

selection of the mixing parameter, the results of some exploratory simulations are presented in 

Chapter V. The results of simulations for a variety of situations are presented in Chapter VI. 

Chapter VII contains a summary of the findings and suggests some areas for further study. 

Some mathematical developments are included in the Appendix, along with the computer 

program developed for this research.



CHAPTER Il 

RESPONSE SURFACE METHODOLOGY 

1.1 DESCRIPTION 

In RSM an experimental design is chosen to achieve optimality in some sense. Usually 

these designs are orthogonal and, depending upon the design, enables either a first or second 

order model to be fit. The general procedure used in RSM is to start with a region of interest 

and choose an appropriate experimental design. The natural units of the design variables, ¢;, are 

transformed into design units, x; by x; = Ga where ¢ is the arithmetic mean of the ¢; and d. 
a 

d; is the scaled spacing between the high and low levels, that isd; = (¢; nigh — Ci low)/ 2. This 

standardizes the experimental region. After choosing the design, N experimental runs are 

performed. 

The usual assumption is that the response surface function is well approximated by a 

low order polynomial function. Then the response surface is fit with either the first or second 

order model as stated in (I.1) and (1.2). Both models can be written as 

I<
 Il ms
 

Im
 

+
 

I
m
 (11.1.1) 

where Y is the vector of response values, X is an (N x p) matrix and p is the number of 

6



parameters to be estimated, 3 is the (p x 1) vector of model parameters and ¢ is the (N x 1) 

vector of error terms. Here each column of X represents a term in the model and each row of X 

represents an experimental run. It is further assumed that ¢€ ~ N(0,o). 

The least squares estimate of @ is given by 

B=(X'X)1 XY (11.1.2) 

and thus the vector of predicted response values is given by 

Y=XZ. (11.1.3) 

Prediction at a particular data point x; is given by Y(x;,) = x,’ 8 and is commonly denoted by 

Y; . The variance of this prediction is Var (Y(x;)) = o?x,’/(X’X) 'x, . The properties of @ and Y 

are well-known and are given by 

E(8) = 8 

Var(B ) = o?(X'X)? 

E(Y)=XB 

Var (Y ) = o?X(X/X) 1X’ 

Note that under the assumption of f being well approximated by a low order polynomial 

function there is no bias in either the estimated coefficients or the predicted values. 

Using (II.1.2), one can write (11.1.3) as Y = X(X’X)!X’'Y = HY, where H is the so- 

called hat matrix, so named due to its role in making predictions. As detailed in Myers (1990), 

the H matrix has several very important properties. Some of these are



(i) H is symmetric and idempotent 

(ii) -1< h;, < 1 

rm 

(iii) >> h,; = p, where p is the number of parameters to be estimated 
1=1 

(iv) y hj; 
j=l 

1 Vi. 

Many regression results can be written in terms of the hat matrix or its elements. Two very 

important results that are used extensively in this work are 

(i) Var (Y) = Var (H Y) =o? H 

(ii) Var (Y,) = 0? (H),;; = 07 h,; . 

These results are derived from the properties of the hat matrix. 

Many times one wishes to predict at regressor locations not in the design. Then for such 

a point Xp, where Xy = (1, Xgq, Xgq, Xg3y 5 Xon)'s the predicted response based upon the least 

squares estimate is given by 

& ke
 

Y¥(Xq) = Xo! 

and the variance for this prediction is given by 

Var (¥(X9)) = 07X9/(X’X) 1X.



Thus one may calculate the predicted response and the corresponding variance for any location 

on the response surface. 

If a first order model is to be fit, it is customary to add a few center runs to the original 

design. This permits one to test if a second order model would fit the desired region better than 

a first order model. If the first order model is not rejected, then the method of steepest ascent 

may be used to move sequentially on a path away from the center of the region in a direction 

where one expects either the greatest increase or decrease in response. Frequently steepest ascent 

travels on a path to the edge of the region, consequently indicating a new region of interest. 

Subsequent design augmentation takes place in the new region and enough data points to 

estimate the parameters for the model in the new region are required. As mentioned in the 

introduction, at this point several ways of proceeding exist. 

1.2 EXAMPLE OF RESPONSE SURFACE METHODOLOGY 

In order to illustrate the RSM procedure, a simple example in two design variables is 

presented. Suppose in an experiment it is desired to study the influence of temperature (X,) and 

epoxy additive (X,) upon the strength of a particular plastic. The user wishes to maximize the 

strength. Three levels of the variables were used in the experimental design. After centering and 

scaling, the design matrix, D and the corresponding vector, Y, of observations are given in Table 

II.2.1. If a first order model is fit, then the X matrix is [1 | D] , where 1 is a (20 x 1) vector of 

1’s. 

2 
It is assumed that the user has prescribed a first order model, Y = 69 + D> @ x; + € 

+= 1 

A graph of the fitted first order response surface model is included as Figure II.2.1. The fitted 

model was Y = 30.829 + 6.091+*x, + 5.611+#x, and produced R? = 0.845. Note that to maximize



Table 1.2.1. Design Matrix and Response Vector for Initial Region of Interest. In this example, 

X, is temperature, X_ is epoxy additive and Y is the strength of a plastic. It is desired to 
maximize the strength of the plastic. 

X, X, a 

~ a ~ a 

39.5831 

38.6040 

33.3899 

32.6781 

33.9784 

33.3788 

13.2757 

17.3391 

32.8431 

34.3771 

23.0180 

23.1481 

39.0582 

39.3992 

26.8865 

27.3446 

30.2539 

33.6762 

33.2740 

31.0812 
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A FITTED FIRST ORDER LEAST SQUARES SURFACE 
WITH CT=0.7 & RESPONSE = 30.829 + 6.091#X1 + 5.6114X2 

PL. 2.1. FIG.



the response, analysis by steepest. ascent would indicate moving to the (1, 1) corner of the initial 

region. This indicates a need, perhaps, to move to a new region to locate the maximum 

response. 

1.3 SOME CURRENT METHODS OF DESIGN AUGMENTATION 

One very common method of exploring the new region is to ignore the old region and 

the original data points completely. The procedure in the new region is identical to that followed 

in the old region. That is, an experimental design is chosen, the region centered and rescaled, 

and the new data points are taken. Using the data, the model parameters are estimated. This 

can become very expensive and wasteful of perfectly good data. 

A second method is to choose a design for the new region, center and rescale the new 

region and take the data points. Now any points in the overlap region (if there is one) are added 

to the design. This gives more information to use in estimating parameters but this method too 

can become wasteful since some data from the old region are ignored. 

A third method is to retain the data points in any overlap region and augment with 

additional points. These points can be augmented by several different criteria. These criteria all 

belong to the family of alphabetic optimality criteria. All are conditional optimality criteria 

since the methods depend upon the initial design points. These criteria include conditional D- 

optimality, conditional A-optimality, conditional E-optimality and conditional I)- optimality. 

For conditional D-optimality one augments by the point x; where the prediction 

variance is the largest. This maximizes |X'X|, where X is composed of both the design points in 

the overlap region and new design points. Conditional D-optimality is not very robust to model 

misspecification and tends to put points on the edge of the design. It is probably the most 

12



commonly used method of augmentation. Several different methods of augmenting with 

conditional D-optimality have been studied in some detail. First order design augmentation, 

using D-optimality, has been studied by many people including Dykstra (1966), Gaylor and 

Merrill (1968), and Wynn (1970). Using D-optimality for second order design augmentation has 

been studied by Dykstra (1971) and Hebble and Mitchell (1972) among others. Simultaneous 

multiple point design augmentation in the first and second order case, using D-optimality, has 

been studied by Welch (1982) and Evans (1979). 

Conditional G-optimality augments with a point to minimize the maximum predicted 

variance over all locations x in the region of interest. Conditional A-optimality augments by a 

point to minimize the trace of (X'X)1. It can be shown that this is equivalent to minimizing the 

sum of the variances of the estimated coefficients. Another type of criteria is conditional E- 

optimality. This augments within the current region of interest to minimize the maximum 

eigenvalue of (X'X) +. Further discussions regarding D, G, A, and E optimality may be found in 

Kiefer (1959) and Kiefer and Wolfowitz (1959, 1960). 

Conditional I,- optimality augments with a point to minimize [x ‘(X’X)'x A(x) 

where A(e) is a probability measure on the space of predictor variables. This criterion also 

belongs to a more general class of L-optimality criteria discussed by Federov(1972). There are 

two particular A(x)’s that will be of interest and are discussed below. These are integrated 

prediction variance and spherical prediction variance on a sphere with radius r. 

Integrated prediction variance is denoted as I;, and conditional I,y-optimality 

augments with a point to minimize 

K [ory ts dx (11.3.1) 

R 

where K7! = [ex and A(x) = K dx. 

R 
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�W�h�i�l�e� �t�h�i�s� �m�e�t�h�o�d� �i�s� �n�o�t� �u�t�l�i�z�i�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�a�t�i�o�n�,� �i�t� �c�o�u�l�d� �b�e� �s�t�u�d�i�e�d� �i�n� �f�u�t�u�r�e� �r�e�s�e�a�r�c�h�.� 

�W�h�e�n� �a�u�g�m�e�n�t�a�t�i�o�n� �i�n� �a� �n�e�w� �r�e�g�i�o�n� �i�s� �d�e�s�i�r�e�d�,� �a�l�l� �c�o�m�m�o�n�l�y� �u�s�e�d� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�a� 

�u�s�e� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�o�r� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �i�s� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �a�n�y� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �d�a�t�a� �p�o�i�n�t�s� �a�r�e� �u�s�e�d�,� �o�n�l�y� �t�h�o�s�e� �t�h�a�t� �a�l�s�o� �l�i�e� �i�n� �t�h�e� �n�e�w� 

�r�e�g�i�o�n� �a�r�e� �u�t�i�l�i�z�e�d�.� �T�h�e�y� �a�l�s�o� �t�e�n�d� �t�o� �y�i�e�l�d� �d�e�s�i�g�n�s� �t�h�a�t� �a�r�e� �n�o�t� �r�o�b�u�s�t� �t�o� �m�o�d�e�l�-�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� 

�T�h�e� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �h�e�r�e� �u�s�e�s� �a�l�l� �t�h�e� �d�a�t�a� �p�o�i�n�t�s� �i�n� �b�o�t�h� �r�e�g�i�o�n�s�.� �A�n�d�,� �a�s� �w�i�l�l� �b�e� 

�d�e�m�o�n�s�t�r�a�t�e�d�,� �t�h�e� �m�e�t�h�o�d� �w�i�l�l� �a�l�s�o� �b�e� �m�o�r�e� �r�o�b�u�s�t� �t�o� �m�o�d�e�l�-�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� 

�n�o�n�p�a�r�a�m�e�t�r�i�c� �p�o�r�t�i�o�n� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� 
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�C�H�A�P�T�E�R� �I�l�l� 

�K�E�R�N�E�L� �R�E�G�R�E�S�S�I�O�N� �A�N�D� �H�A�T�L�I�N�K� 

�I�.�1� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �K�E�R�N�E�L� �R�E�G�R�E�S�S�I�O�N� 

�A�s� �s�t�a�t�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n�,� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �i�s� �a� �n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e� 

�b�a�s�e�d� �u�p�o�n� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �w�e�i�g�h�t�e�d� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �o�n�e� 

�r�e�g�r�e�s�s�o�r� �v�a�r�i�a�b�l�e� �w�h�e�r�e� �t�h�e� �x�;� �a�r�e� �d�a�t�a� �l�o�c�a�t�i�o�n�s� �a�n�d� �t�h�e� �Y�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�o�b�s�e�r�v�e�d� �v�a�l�u�e�s�,� �W�a�t�s�o�n� �(�1�9�6�4�)� �a�n�d� �N�a�d�a�r�a�y�a� �(�1�9�6�4�)� �p�r�o�p�o�s�e�d� �a�n� �e�s�t�i�m�a�t�o�r� �o�f� �t�h�e� �u�n�k�n�o�w�n� 

�f�u�n�c�t�i�o�n� �f�(�x�;�)� �t�o� �b�e� 

�n� 

�Y�*�(�x�;�)� �=�)�o� �h�i�,� �(�I�I�I�.�1�.�1�)� 
�=� 

�w�h�e�r�e� 

�2�)� �h�*�.� �=�  ��\ ��_�_�_�/ �� �f�o�r�s�o�m�e� �h�>� �0�.� �(�I�I�I�.�1�.�2�)� 
� � 

�T�h�e� �h�i�;� �a�r�e� �t�h�e� �w�e�i�g�h�t�s� �o�n� �t�h�e� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s� �a�n�d� �d�e�p�e�n�d� �u�p�o�n� �s�o�m�e� �c�o�n�s�t�a�n�t� �h�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�t�h�e� �b�a�n�d�w�i�d�t�h�,� �a�n�d� �s�o�m�e� �f�u�n�c�t�i�o�n� �K�(�u�)�.� �T�h�e� �f�u�n�c�t�i�o�n� �K�(�u�)� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �d�i�s�t�a�n�c�e�s� �b�e�t�w�e�e�n� 
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�t�h�e� �d�a�t�a� �p�o�i�n�t� �o�f� �i�n�t�e�r�e�s�t� �x�;� �a�n�d� �t�h�e� �d�a�t�a� �p�o�i�n�t�s� �x� �j� �a�n�d� �a�l�s�o� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �c�o�n�s�t�a�n�t� �h�.� 

�B�y� �c�a�l�c�u�l�a�t�i�n�g� �(�I�I�I�.�1�.�1�)� �f�o�r� �a�l�l� �t�h�e� �d�a�t�a� �p�o�i�n�t�s�,� �a� �v�e�c�t�o�r� �o�f� �p�r�e�d�i�c�t�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �c�a�n� 

�b�e� �a�c�h�i�e�v�e�d�,� �t�h�a�t� �i�s� 

�Y�*� �(�X�)�=�H�*�Y�,� �(�I�I�1�.�1�.�3�)� 

�w�h�e�r�e� �H�*� �=� �(�h�}�,�)� �i�s� �t�h�e� �m�a�t�r�i�x� �o�f� �w�e�i�g�h�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�.� �T�h�i�s� �c�r�e�a�t�e�s� �a� �t�y�p�e� 

�o�f� �h�a�t� �m�a�t�r�i�x� �s�i�m�i�l�a�r� �t�o� �t�h�e� �h�a�t� �m�a�t�r�i�x� �f�r�o�m� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �J�u�s�t� �a�s� �t�h�e� �r�o�w�s� �o�f� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �h�a�t� �m�a�t�r�i�x� �s�u�m� �t�o� �o�n�e�,� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �i�n� �(�I�I�I�.�1�.�2�)� �m�a�k�e�s� �t�h�e� �r�o�w�s� �o�f� �H�*� �s�u�m� �t�o� 

�o�n�e�,� �t�h�a�t� �i�s�,� �f�o�r� �e�a�c�h� �i�,� �D�h� �=� �1�.� �U�n�l�i�k�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �h�a�t� �m�a�t�r�i�x�,� �H�*� �i�s� �r�a�r�e�l�y� �s�y�m�m�e�t�r�i�c� �o�r� 
�j�=� 

�i�d�e�m�p�o�t�e�n�t�.� �I�n� �m�a�n�y� �r�e�s�p�e�c�t�s�,� �t�h�i�s� �k�e�r�n�e�l�]� �h�a�t� �m�a�t�r�i�x� �m�a�y� �b�e� �u�s�e�d� �l�i�k�e� �t�h�e� �h�a�t� �m�a�t�r�i�x� �f�r�o�m� 

�r�e�g�r�e�s�s�i�o�n�.� 

�P�r�e�d�i�c�t�i�o�n� �a�t� �a�n�y� �n�o�n�-�d�a�t�a� �l�o�c�a�t�i�o�n� �x�g� �m�a�y� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�n� 

�Y�"� �(�x�9�)� �=� �D�o� �h�g�;� �Y�;� �(�1�1�.�1�.�4�)� 
�j�=�1� 

�w�h�e�r�e� 

�K�{�  �� �2� 
�h� 

�h�o�;� �=� � �(�%�  �� �*�.�\� �.� �(�I�I�I�.�1�.�5�)� 

�K� �(� �h� �:�)� 
�j�=�l� 

�T�h�u�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �p�r�e�d�i�c�t�i�o�n�s� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �a�n�d� �s�o� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �c�a�n� �p�r�o�d�u�c�e� �a�n� 

�e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�u�r�v�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �n�o� �c�l�o�s�e�d� �f�o�r�m� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �f�(�x�)� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� 

�T�h�e� �f�u�n�c�t�i�o�n� �K�(�u�)� �w�h�i�c�h� �a�p�p�e�a�r�s� �i�n� �(�I�J�I�.�1�.�2�)� �a�n�d� �(�I�I�I�.�1�.�5�)� �i�s� �c�a�l�l�e�d� �t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� 

�a�n�d� �i�s� �o�f�t�e�n� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�.� �B�u�t�l�e�r� �(�1�9�7�5�)� �r�e�c�o�m�m�e�n�d�s� �t�h�a�t� �K� �a�n�d� 
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�i�t�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �b�e� �s�m�o�o�t�h� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �a�n�d� �t�h�a�t� �K�/�(�u�)� �b�e� �z�e�r�o� �w�h�e�n� �u� �=� �0�.� �S�e�v�e�r�a�l� 

�a�u�t�h�o�r�s� �h�a�v�e� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �f�o�r�m� �o�f� �K�(�u�)� �i�s� �n�o�t� �c�r�u�c�i�a�l�,� �t�h�u�s� �m�o�s�t� �w�o�r�k� �h�a�s� �b�e�e�n� �d�o�n�e� �u�s�i�n�g� 

�o�n�l�y� �a� �f�e�w� �m�a�i�n� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�s�.� �M�a�n�y� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�n�-�n�e�g�a�t�i�v�e� �a�n�d� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� 

�z�e�r�o�.� �T�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �i�s� 

�K�(�u�)� �=�e�7!"� �(�I�I�T�.�1�.�6�)� 

�w�h�e�r�e� �u� �=� �i�)� �f�o�r� �a�n�y� �t�w�o� �r�e�g�r�e�s�s�o�r� �v�a�l�u�e�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �s�i�m�i�l�a�r�i�t�y� �o�f� �(�I�I�I�.�1�.�6�)� �t�o� �t�h�e� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�i�s� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �i�s� �o�f�t�e�n� �c�a�l�l�e�d� �a� �n�o�r�m�a�l� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�.� �T�h�e� �k�e�r�n�e�l�]� �h�a�t� 

�m�a�t�r�i�x� �H!"� �u�s�i�n�g� �(�I�I�I�.�1�.�6�)� �t�h�e�n� �b�e�c�o�m�e�s� 

�H�y�e�r� �=� �(�h�i�e� �)� �(�1�.�1�.�7�)� 

� � 

�2�/�;�2� 
 �� �(�2�,�  �� �2�,�;�)�"�/�h� 

�w�h�e�r�e� �h�k�e�r�  ��  ¬� �7�3� �j� �B�=� �(�x�,�  �� �x�,�)�°�/�h� 
�e� 

�j�=� 

�F�o�r� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �t�h�e� �d�i�s�t�a�n�c�e� �m�e�a�s�u�r�e� �i�s� �t�h�e� �c�u�s�t�o�m�a�r�y� �E�u�c�l�i�d�i�a�n� �m�e�a�s�u�r�e� �a�n�d� �t�h�u�s� �t�h�e� 

�k�e�r�n�e�l� �h�a�t� �m�a�t�r�i�x� �b�e�c�o�m�e�s� 

�2� �/�,�2� 
�e�R�e� �7� �S�a�I�E�/�*� 
� � �2� �5� �(�I�I�I�.�1�.�8�)� 
�S�o�i� �I�F� 

�j�=�l� 

�w�h�e�r�e� �[�x�i�  �� �x�;� �|�)�"� �=� �(�x�;� �-� �X�5�)�(�X�;� �~� �X�;�)�.� 

�T�h�e� �a�v�a�i�l�a�b�i�l�i�t�y� �o�f� �t�h�e� �k�e�r�n�e�l� �h�a�t� �m�a�t�r�i�x� �e�n�a�b�l�e�s� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �t�o� �p�e�r�f�o�r�m� �t�h�o�s�e� �p�r�o�c�e�d�u�r�e�s� 

�a�n�d� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �u�t�i�l�i�z�e� �t�h�e� �l�e�a�s�t�.� �s�q�u�a�r�e�s� �h�a�t� �m�a�t�r�i�x�.� 
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�H�.�2� �B�A�N�D�W�I�D�T�H� �S�E�L�E�C�T�I�O�N� 

�T�h�e� �b�a�n�d�w�i�d�t�h�,� �h�,� �i�s� �a�l�w�a�y�s� �p�o�s�i�t�i�v�e� �a�n�d� �d�e�t�e�r�m�i�n�e�s� �h�o�w� �m�u�c�h� �i�n�f�l�u�e�n�c�e� �t�h�e� 

�o�b�s�e�r�v�a�t�i�o�n�s� �h�a�v�e� �i�n� �m�a�k�i�n�g� �p�r�e�d�i�c�t�i�o�n�s�.� �S�m�a�l�l� �v�a�l�u�e�s� �o�f� �h� �t�e�n�d� �t�o� �y�i�e�l�d� �p�r�e�d�i�c�t�i�o�n�s� �b�a�s�e�d� �o�n�l�y� 

�o�n� �t�h�e� �c�l�o�s�e�s�t� �o�b�s�e�r�v�a�t�i�o�n�s�.� �T�h�a�t� �i�s�,� �a�s�h�  ��+�0�,� �Y�*� �(�x�g�)� �c�o�n�v�e�r�g�e�s� �t�o� �a� �k�e�r�n�e�l� �p�r�e�d�i�c�t�i�o�n� �b�a�s�e�d� 

�o�n�l�y� �o�n� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �a�t� �x�)�.� �C�o�n�v�e�r�s�e�l�y�,� �l�a�r�g�e� �v�a�l�u�e�s� �o�f� �h� �t�e�n�d� �t�o� �p�r�o�d�u�c�e� �p�r�e�d�i�c�t�i�o�n�s� �b�a�s�e�d� 

�u�p�o�n� �t�h�e� �a�v�e�r�a�g�e� �o�f� �a�l�l� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s�.� �T�h�a�t� �i�s�,� �a�s� �h� �+� �0�0�,� �Y�*� �(�x�g�)� �c�o�n�v�e�r�g�e�s� �t�o� �Y�.� �T�h�u�s�,� �w�h�e�n� 

�g�e�n�e�r�a�t�i�n�g� �p�r�e�d�i�c�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�u�r�v�e�s� �b�a�s�e�d� �u�p�o�n� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�,� �o�n�e� �c�a�n� �v�a�r�y� �t�h�e� �s�m�o�o�t�h�n�e�s�s� 

�o�f� �t�h�e� �c�u�r�v�e� �f�r�o�m� �a�  ��c�o�n�n�e�c�t� �t�h�e� �d�o�t�s �� �a�p�p�r�o�a�c�h� �t�o� �a� �c�o�n�s�t�a�n�t� �l�i�n�e� �b�y� �v�a�r�y�i�n�g� �h�.� 

�F�o�r� �c�h�o�o�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �h�,� �W�o�n�g� �(�1�9�8�3�)� �a�n�d� �R�i�c�e� �(�1�9�8�4�)� �s�h�o�w� �c�o�n�s�i�s�t�e�n�c�y� �r�e�s�u�l�t�s� �f�o�r� 

�k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �e�s�t�i�m�a�t�e�s� �w�i�t�h� �b�a�n�d�w�i�d�t�h�s� �o�b�t�a�i�n�e�d� �b�y� �a� �P�R�E�S�S�- ��t�y�p�e� �a�p�p�r�o�a�c�h�.� �B�y� �a� 

�c�o�n�s�i�s�t�e�n�t� �e�s�t�i�m�a�t�o�r� �o�f� �t�h�e� �b�a�n�d�w�i�d�t�h�,� �t�h�e�y� �m�e�a�n� �t�h�a�t�,� �a�s�y�m�p�t�o�t�i�c�a�l�l�y�,� �Y�*� �(�x�,� �h�)� �c�o�n�v�e�r�g�e�s� �t�o� 

�Y�(�x�)�.� �T�h�e� �P�R�E�S�S� �p�r�o�c�e�d�u�r�e� �(�A�l�l�e�n� �1�9�7�4�)� �i�s� �a�  ��l�e�a�v�e�-�o�n�e�-�o�u�t �� �m�e�t�h�o�d� �a�n�d� �i�s� �c�o�m�m�o�n�l�y� �r�e�f�e�r�r�e�d� 

�t�o� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �a�s� �c�r�o�s�s�-�v�a�l�i�d�a�t�i�o�n�.� �S�t�o�n�e� �(�1�9�7�4�)� �a�n�d� �G�e�i�s�s�e�r� �(�1�9�7�5�)� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �n�o�t�i�o�n� �o�f� 

�P�R�E�S�S� �i�n� �a� �v�e�r�y� �g�e�n�e�r�a�l� �f�r�a�m�e�w�o�r�k�.� �T�h�e� �P�R�E�S�S� �p�r�o�c�e�d�u�r�e� �s�e�l�e�c�t�s� �t�h�e� �b�a�n�d�w�i�d�t�h� �h� �s�o� �t�h�a�t� �t�h�e� 

�q�u�a�n�t�i�t�y� 

�n� 
�P�R�E�S�S�(�h�)� �=� �~�(�%� �~� �Y�r�_�,� �)�"� �(�1�1�.�2�.�1�)� 

�t�=�1� 

�i�s� �m�i�n�i�m�i�z�e�d�.� �H�e�r�e�,� �Y�?� �_�;�,� �T�e�p�r�e�s�e�n�t�s� �t�h�e� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �o�f� �Y� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �x�;� �b�a�s�e�d� �u�p�o�n� 

�k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �w�i�t�h� �t�h�e� �i�t�*� �d�a�t�a� �p�o�i�n�t� �l�e�f�t� �o�u�t�.� �B�a�s�e�d� �u�p�o�n� �e�m�p�i�r�i�c�a�l� �s�t�u�d�i�e�s�,� �E�i�n�s�p�o�r�n� �(�1�9�8�7�)� 

�r�e�c�o�m�m�e�n�d�e�d� �u�s�i�n�g� 

�1�8



�S�r�y�,� �-� �¥�t�_�i�)�?� 
�P�R�E�S�S�*�(�h�)� �=�  ��e�l� �a�h�)� �(�I�I�1�.�2�.�2�)� � � 

�i�n�s�t�e�a�d� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �P�R�E�S�S� �a�s� �d�e�f�i�n�e�d� �i�n� �(�I�I�I�.�2�.�1�)�.� �H�e�r�e�,� �H�*�(�h�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �k�e�r�n�e�l� �h�a�t� 

�m�a�t�r�i�x� �f�o�r� �a� �s�p�e�c�i�f�i�c� �v�a�l�u�e� �o�f� �h�.� �E�i�n�s�p�o�r�n� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�i�s� �v�e�r�s�i�o�n� �o�f� �P�R�E�S�S� �y�i�e�l�d�s� �b�e�t�t�e�r� 

�k�e�r�n�e�l� �p�r�e�d�i�c�t�i�o�n�.� �T�h�e� �d�e�n�o�m�i�n�a�t�o�r� �h�e�l�p�s� �t�o� �p�r�o�t�e�c�t� �a�g�a�i�n�s�t� �o�v�e�r�f�i�t�t�i�n�g� �t�o� �t�h�e� �d�a�t�a� �s�i�n�c�e� �t�r� �[�H�*�]� 

 �� �b�e�c�o�m�e�s� �l�a�r�g�e� �f�o�r� �v�e�r�y� �s�m�a�l�l� �b�a�n�d�w�i�d�t�h�s�.� �C�o�n�t�r�a�r�y� �t�o� �a�p�p�e�a�r�a�n�c�e�s�,� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �Y�i� �m�a�y� 

�e�a�s�i�l�y� �b�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �f�o�r�m�u�l�a� 

�v�i�_�;�=� �D�o�h�i�,�_�,�Y�,�,� �(�1�1�.�2�.�3�)� 
�J�F�?� 

�h�z�.� 
�*� �=� �T�Y� �w�h�e�r�e� �h�e�y� �i� �(�T�=�h!"�)� 

�n� 

�T�h�e� �d�e�n�o�m�i�n�a�t�o�r� �i�s� �t�o� �e�n�s�u�r�e� �t�h�a�t� �}�/� �h�j�;� �_�;� �=� �1�.� 
�j�=�l� 

�1�.�3� �V�A�R�I�A�T�I�O�N�S� �O�F� �K�E�R�N�E�L� �R�E�G�R�E�S�S�I�O�N� 

�S�e�v�e�r�a�l� �v�a�r�i�a�t�i�o�n�s� �t�o� �t�h�e� �b�a�s�i�c� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �m�e�t�h�o�d� �o�u�t�l�i�n�e�d� �p�r�e�v�i�o�u�s�l�y� �h�a�v�e� �b�e�e�n� 

�s�u�g�g�e�s�t�e�d�.� �O�n�e� �s�u�c�h� �v�a�r�i�a�t�i�o�n� �i�s� �l�o�c�a�l� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �C�l�e�v�e�l�a�n�d� �(�1�9�7�9�)�.� 

�M�i�i�l�l�e�r� �(�1�9�8�7�)� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �c�l�o�s�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �l�o�c�a�l� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �t�h�e� �k�e�r�n�e�l� 

�m�e�t�h�o�d�.� �A� �s�e�c�o�n�d� �v�a�r�i�a�t�i�o�n� �i�s� �n�o�n�p�a�r�a�m�e�t�r�i�c� �s�p�l�i�n�e� �r�e�g�r�e�s�s�i�o�n�.� �I�n� �h�i�s� �p�a�p�e�r�,� �S�i�l�v�e�r�m�a�n� �(�1�9�8�5�)� 

�p�r�e�s�e�n�t�s� �a� �r�e�v�i�e�w� �o�f� �s�p�l�i�n�e� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �i�n�d�i�c�a�t�e�s� �a� �c�o�n�n�e�c�t�i�o�n� �b�e�t�w�e�e�n� �s�p�l�i�n�e� �r�e�g�r�e�s�s�i�o�n� �a�n�d� 

�k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�.� �H�e� �g�i�v�e�s� �t�h�e�  ��e�f�f�e�c�t�i�v�e �� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �a�n�d� �b�a�n�d�w�i�d�t�h� �f�o�r� �s�p�l�i�n�e� �r�e�g�r�e�s�s�i�o�n�.� 

�1�9



�T�h�e� �b�a�n�d�w�i�d�t�h� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �l�o�c�a�l� �d�e�n�s�i�t�y� �o�f� �t�h�e� �x ��s� �a�n�d� �s�o� �t�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �l�o�c�a�l� 

�b�a�n�d�w�i�d�t�h� �m�e�t�h�o�d�.� �B�o�t�h� �M�i�i�l�l�e�r� �a�n�d� �S�t�a�d�t�m�i�i�l�l�e�r� �(�1�9�8�5�)� �a�n�d� �M�a�r�r�i�o�t� �(�1�9�8�5�)� �p�r�e�f�e�r� �k�e�r�n�e�l� 

�r�e�g�r�e�s�s�i�o�n� �t�o� �s�p�l�i�n�e� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �l�i�s�t� �s�e�v�e�r�a�l� �r�e�a�s�o�n�s� �f�o�r� �t�h�e�i�r� �p�r�e�f�e�r�e�n�c�e�.� 

�T�h�e�r�e� �a�r�e� �o�t�h�e�r� �v�a�r�i�a�t�i�o�n�s� �t�o� �t�h�e� �b�a�s�i�c� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �m�e�t�h�o�d�.� �T�o� �s�e�l�e�c�t� �t�h�e� 

�b�a�n�d�w�i�d�t�h�,� �o�n�e� �c�o�u�l�d� �u�s�e� �a� �d�i�f�f�e�r�e�n�t� �v�e�r�s�i�o�n� �o�f� �(�I�I�I�.�2�.�1�)�.� �T�h�e� �P�R�E�S�S�-�t�y�p�e� �m�e�t�h�o�d�s� �f�o�r� �s�e�l�e�c�t�i�n�g� 

�t�h�e� �b�a�n�d�w�i�d�t�h� �o�u�t�l�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �2� �a�r�e� �g�l�o�b�a�l� �p�r�o�c�e�d�u�r�e�s�.� �A� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �f�o�r� �s�e�l�e�c�t�i�n�g� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �i�s� �t�o� �u�s�e� �s�o�m�e� �t�y�p�e� �o�f� �l�o�c�a�]� �b�a�n�d�w�i�d�t�h� �s�e�l�e�c�t�i�o�n� �m�e�t�h�o�d�.� �T�w�o� �d�i�s�t�i�n�c�t� �m�e�t�h�o�d�s� �h�a�v�e� 

�b�e�e�n� �p�r�o�p�o�s�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �O�n�e� �m�e�t�h�o�d� �i�s� �u�s�e�d� �b�y� �b�o�t�h� �C�l�e�v�e�l�a�n�d� �(�1�9�7�9�)� �a�n�d� �G�e�o�r�g�i�e�v� �a�n�d� 

�G�r�e�b�l�i�c�k�i� �(�1�9�8�6�)�.� �T�h�e� �o�t�h�e�r� �m�e�t�h�o�d� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �M�i�i�l�l�e�r� �a�n�d� �S�t�a�d�t�m�i�i�l�l�e�r� �(�1�9�8�5�,� �1�9�8�7�)�.� 

�A� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �t�o� �c�a�l�c�u�l�a�t�i�n�g� �(�I�I�I�.�1�.�5�)� �w�a�s� �p�r�o�p�o�s�e�d� �b�y� �P�r�i�e�s�t�l�e�y� �a�n�d� �C�h�a�o� �(�1�9�7�2�)�.� 

� � �w�e�g�.� �X�o�  �� �X�j� 
�I�n�s�t�e�a�d� �o�f� �d�i�v�i�d�i�n�g� �b�y� �)� �K� �h� �J�)� �i�n� �(�1�1�.�1�.�5�)�,� �t�h�e�y� �r�e�c�o�m�m�e�n�d� �m�u�l�t�i�p�l�y�i�n�g� �b�y� 

�T�i�+�1�7�*�5�)� �f�o�r� �j�=�1� �T�i� �h�a�t� �x�,�<� �x�  ��,�-� �B�e�n�e�d�e�t�t�i� �(�1�9�7�5�)� �f�o�u�n�d� �j�j� �f�o�r� �j�=�l�,� �.�.�.�,� �n�-�l�.� �T�h�e�y� �a�s�s�u�m�e� �t�h�a�t� �x�;�<� �x�»� �<�.�.�.� �<�x�,� �B�e�n�e�d�e�t�t�i� �(�1�9�7�5�)� �f�o�u�n� 

�t�h�i�s� �e�s�t�i�m�a�t�e� �t�o� �h�a�v�e� �i�n�f�e�r�i�o�r� �p�r�o�p�e�r�t�i�e�s� �t�o� �t�h�e� �u�s�u�a�l� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�.� �A�n� �i�m�p�r�o�v�e�d� �v�e�r�s�i�o�n� �w�a�s� 

�s�u�g�g�e�s�t�e�d� �b�y� �G�a�s�s�e�r� �a�n�d� �M�i�i�l�l�e�r� �(�1�9�7�9�)� �a�n�d� �s�t�u�d�i�e�d� �b�y� �C�h�e�n�g� �a�n�d� �L�i�n� �(�1�9�8�1�)�.� 

�T�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �p�a�p�e�r� �i�s�,� �b�y� �n�o� �m�e�a�n�s�,� �t�h�e� �o�n�l�y� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �p�o�s�s�i�b�l�e�.� 

�I�n� �t�h�e� �a�r�e�a� �c�o�v�e�r�e�d� �b�y� �t�h�i�s� �p�a�p�e�r�,� �f�u�t�u�r�e� �w�o�r�k� �c�o�u�l�d� �c�o�n�s�i�d�e�r� �o�t�h�e�r� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�s�.� 

�T�.�4� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �T�H�E� �H�A�T�L�I�N�K� �P�R�O�C�E�D�U�R�E� 

�T�h�e� �H�A�T�L�I�N�K� �p�r�o�c�e�d�u�r�e�,� �a�s� �s�u�g�g�e�s�t�e�d� �b�y� �E�i�n�s�p�o�r�n� �(�1�9�8�7�)�,� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�p�r�e�d�i�c�t�i�o�n�s� �f�r�o�m� �a� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �a�n�d� �a� �n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� 

�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �a�r�e� �e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �m�e�t�h�o�d� �o�f� �l�e�a�s�t� �s�q�u�a�r�e�s�.� �I�t� �s�h�o�u�l�d� �b�e� �r�e�c�o�g�n�i�z�e�d� �a�t� �t�h�i�s� 

�p�o�i�n�t� �t�h�a�t� �o�t�h�e�r� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d�s� �c�o�u�l�d� �b�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �l�e�a�s�t� �s�q�u�a�r�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �m�-� 

�e�s�t�i�m�a�t�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d� �i�f� �o�u�t�l�i�e�r�s� �w�e�r�e� �o�f� �c�o�n�c�e�r�n� �t�o� �t�h�e� �r�e�s�e�a�r�c�h�e�r�.� �T�h�e� �r�o�l�e� �o�f� �a�l�t�e�r�n�a�t�i�v�e� 

�2�0



�p�a�r�a�m�e�t�r�i�c� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �c�h�a�p�t�e�r� �V�I�I� �a�s� �a�n� �a�r�e�a� �o�f� 

�f�u�r�t�h�e�r� �r�e�s�e�a�r�c�h�.� �A�n�a�l�o�g�o�u�s�l�y�,� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �t�h�e� 

�n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n�.� �C�h�a�p�t�e�r� �V�I�I� �w�i�l�l� �a�l�s�o� �d�i�s�c�u�s�s� �t�h�e� �u�s�e� �o�f� �a�l�t�e�r�n�a�t�i�v�e� �n�o�n�p�a�r�a�m�e�t�r�i�c� 

�e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d�s�.� �L�e�t� �H�,�,�,� �=� �X�(�X�'�X�)�!�X�!� �=� �(�n�e�l�s�)� �b�e� �t�h�e� �u�s�u�a�l� �h�a�t� �m�a�t�r�i�x� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �h�y�p�o�t�h�e�s�i�z�e�d� �m�o�d�e�l�.� �L�e�t� �H�,�.�,� �=� �(�h�e�e�r�)� �b�e� �t�h�e� �h�a�t� �m�a�t�r�i�x� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �b�a�s�i�c� �m�e�t�h�o�d� �o�f� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�,� �u�s�i�n�g� �t�h�e� �n�o�r�m�a�l� �k�e�r�n�e�l� 

�f�u�n�c�t�i�o�n�.� �N�o�w� �Y� �i�s� �=� �H�j�,� �¥� �a�r�e� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �p�r�e�d�i�c�t�i�o�n�s� �a�n�d� �V�i�e�r� �=� �H�,�.�,� �Y� �a�r�e� �t�h�e� �=�o� 

�k�e�r�n�e�l� �p�r�e�d�i�c�t�i�o�n�s� �a�t� �t�h�e� �d�a�t�a� �l�o�c�a�t�i�o�n�s�.� �F�u�r�t�h�e�r�m�o�r�e� �p�r�e�d�i�c�t�i�o�n�s� �a�t� �a�n� �i�n�d�i�v�i�d�u�a�l� �d�a�t�a� �l�o�c�a�t�i�o�n� 

�.� �n� �m�7�.� �n� �.� 
�x�X�;� �a�r�e� �g�i�v�e�n� �b�y� �Y�?�!�?� �=� �L�h�e� �Y�;� �a�n�d� �y�k�e�r� �=� �L�h�e� �Y�,� �f�o�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� 

�j�=� �j�=� 
�r�e�g�r�e�s�s�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�f� �t�h�e� �h�y�p�o�t�h�e�s�i�z�e�d� �m�o�d�e�l� �i�s� �n�o�t� �a�n� �a�c�c�u�r�a�t�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �t�r�u�e� 

�f�u�n�c�t�i�o�n�,� �t�h�e�n� �p�r�e�d�i�c�t�i�o�n� �m�a�y� �b�e� �i�m�p�r�o�v�e�d� �b�y� �e�m�p�h�a�s�i�z�i�n�g� �t�h�e� �k�e�r�n�e�l� �p�r�e�d�i�c�t�i�o�n� �m�o�r�e� �t�h�a�n� �t�h�e� 

�l�e�a�s�t� �s�q�u�a�r�e�s� �p�r�e�d�i�c�t�i�o�n�.� �T�h�i�s� �i�s� �t�h�e� �i�d�e�a� �b�e�h�i�n�d� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� 

�T�o� �a�p�p�l�y� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�,� �d�e�f�i�n�e� �a� �n�e�w� �h�a�t� �m�a�t�r�i�x� �H�(�A�)� �b�y� 

�H�(�A�)� �=�A� �H�,�,�,� �+� �(�1�  ��-� �A�)� �H�o�)�,� �(�1�1�.�4�.�1�)� 

�f�o�r� �s�o�m�e� �r�e�a�l� �n�u�m�b�e�r� �0�<� �A� �<� �1�.� �T�h�e� �v�a�l�u�e� �X� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�.� 

�P�r�e�d�i�c�t�i�o�n� �a�t� �t�h�e� �v�e�c�t�o�r� �o�f� �d�a�t�a� �l�o�c�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�y� 

�=� �Y� �k�e�r� �+� �(�1� �~� �x�)� �Y� �o�l�s� �(�I�I�1�.�4�.�2�)� 

�a�n�d� �a�t� �a�n� �i�n�d�i�v�i�d�u�a�l� �d�a�t�a� �l�o�c�a�t�i�o�n� �x�,� �b�y



�Y�(�x�;� �»�A�)�=� �»� �h�y�,�(�A�)� �Y�;� 
�j�=�1� 

�n� 

�=� �>�>� �[�a� �n�k�e�r� �+� �1�-�2�)� �n�e�l�]� �y�,�.� 
�j�=�l� 

�(�I�I�1�.�4�.�3�)� 

�N�o�t�e� �t�h�a�t� �h�,�,�(�A�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�j�t�"� �e�n�t�r�y� �o�f� �H�(�A�)�.� �A�l�s�o�,� �t�o� �e�a�s�e� �t�h�e� �n�o�t�a�t�i�o�n�,� �Y�(�x�;� �,� �A�)� �w�i�l�l� �b�e� 

�w�r�i�t�t�e�n� �a�s� �Y�,�(�A�)�.� 

�P�r�e�d�i�c�t�i�o�n� �a�t� �a� �d�a�t�a� �l�o�c�a�t�i�o�n�,� �X�p�,� �n�o�t� �i�n� �t�h�e� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �b�y� 

�Y�,�(�A�)� �=� �S�-� �h�,� �A�)� �Y�,� 
�»�=�1� 

�n�r� 

�=� �L�l� �n�k�e�r� �+� �(�1 ��a�)� �h�o�l�s�]� �y�,�.� 
�j�=� 

�-� �y�w�e�/�p�2� �2�X� �~� �A�s� �I�P�/�A� 
�-� �2� �2� �X�o� �~� �X�I�P�/�A� 

�j�=�l� 

�h�a�t� �_� �w�h�e�r�e� �h�o�;� �=� � � �a�n�d� �|�X�,�  �� �x�5�4�)�?� �=� �(�x�,�  �� �x�;�)�'�(�&� 

�T�h�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�t� �x�,� �i�s� �g�i�v�e�n� �b�y� 

�V�a�r� �Y�o�(�A�)�}�=� �0�?� �3� �h�o� �s�(�A�)�)� 
�j�=�l� 

�=� �7�?�)� �~�[�d� �h�e�e�r� �+� �(�1�-�4�)� �n�e�y� �.� 
�j�=�l� 
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�0�1�.�5� �M�I�X�I�N�G� �P�A�R�A�M�E�T�E�R� �S�E�L�E�C�T�I�O�N� 

�I�f� �A� �=� �0�,� �t�h�e�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �i�s� �b�a�s�e�d� �e�n�t�i�r�e�l�y� �u�p�o�n� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �a�n�d� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �i�f� �A� �=� �1�,� �t�h�e�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�s� �b�a�s�e�d� �e�n�t�i�r�e�l�y� �u�p�o�n� �t�h�e� �n�o�n�p�a�r�a�m�e�t�r�i�c� 

�m�o�d�e�l� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�.� �T�h�u�s�,� �t�o� �s�o�m�e� �e�x�t�e�n�t�,� �t�h�e� �d�e�g�r�e�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �c�a�n� �b�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �v�a�l�u�e� �o�f� �4�.� �S�e�v�e�r�a�l� �m�e�t�h�o�d�s� �o�f� �s�e�l�e�c�t�i�n�g� �A� �h�a�v�e� �b�e�e�n� �s�u�g�g�e�s�t�e�d�.� �O�n�e� �m�e�t�h�o�d� 

�i�s� �b�y� �c�r�o�s�s�-�v�a�l�i�d�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �P�R�E�S�S� �p�r�o�c�e�d�u�r�e� �w�h�e�r�e� �4� �i�s� �c�h�o�s�e�n� �s�o� �t�h�a�t� �t�h�e� �q�u�a�n�t�i�t�y� 

�r�n� �a� �2� 
�P�R�E�S�S� �(�4�)� �=� �5�~� �[�Y� �~� �¥�,�,�-�(�)�|� �(�1�1�.�5�.�1�)� 

�t�=�1� 

�i�s� �m�i�n�i�m�i�z�e�d�.� �A� �s�e�c�o�n�d� �m�e�t�h�o�d� �i�s� �b�y� �a� �C�p� �-� �t�y�p�e� �o�f� �c�r�i�t�e�r�i�a�.� 

�1�1�.�5�.�4� �P�R�E�S�S� �M�E�T�H�O�D�S� �F�O�R� �S�E�L�E�C�T�I�N�G� �A� 

�C�h�o�o�s�i�n�g� �A� �b�y� �c�r�o�s�s�-�v�a�l�i�d�a�t�i�o�n� �r�e�q�u�i�r�e�s� �t�h�e� �P�R�E�S�S� �c�r�i�t�e�r�i�o�n� �t�o� �a�c�h�i�e�v�e� �a� �p�r�o�p�e�r� �b�a�l�a�n�c�e� 

�b�e�t�w�e�e�n� �o�v�e�r�f�i�t�t�i�n�g� �a�n�d� �u�n�d�e�r�f�i�t�t�i�n�g�.� �I�n� �e�m�p�i�r�i�c�a�l� �s�t�u�d�i�e�s�,� �E�i�n�s�p�o�r�n� �(�1�9�8�7�)� �n�o�t�e�s� �t�h�a�t� �(�I�I�I�.�5�.�1�)� 

�t�e�n�d�e�d� �t�o� �c�h�o�o�s�e� �a� �\� �t�h�a�t� �w�a�s� �t�o�o� �l�a�r�g�e�.� �I�n� �s�u�c�h� �c�a�s�e�s�,� �t�h�e� �H�A�T�L�I�N�K� �f�i�t� �m�a�y� �b�e� �v�e�r�y� �c�l�o�s�e� �t�o� 

�t�h�e� �k�e�r�n�e�l� �f�i�t� �t�h�u�s� �o�v�e�r�f�i�t�t�i�n�g� �t�o� �r�a�n�d�o�m� �i�n�d�u�c�e�d�  ��t�r�e�n�d�s �� �i�n� �t�h�e� �d�a�t�a�.� �H�e� �r�e�c�o�m�m�e�n�d�s� �a� �m�o�r�e� 

�c�o�n�s�e�r�v�a�t�i�v�e� �m�e�t�h�o�d� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �P�R�E�S�S�.� �I�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n� �t�o� �t�h�e� �a�d�j�u�s�t�m�e�n�t� �t�o� �P�R�E�S�S� �f�o�r� 

�b�a�n�d�w�i�d�t�h� �s�e�l�e�c�t�i�o�n�,� �h�e� �s�u�g�g�e�s�t�s� �u�s�i�n�g� 

�>� �l�y�;� �-� �¥�,�,�-�)�]� �°� 
�P�R�E�S�S�*� �(�A�)� �=� �+�=� �H�O�]� �(�I�I�I�.�5�.�2�)� � 



�A� �s�e�a�r�c�h� �r�o�u�t�i�n�e� �m�u�s�t� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �s�e�a�r�c�h� �f�o�r� �t�h�e� �v�a�l�u�e� �o�f� �\� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �(�I�I�I�.�5�.�2�)�.� �B�y� 

�c�o�n�v�e�n�t�i�o�n�,� �a�n�y� �v�a�l�u�e� �o�f� �A� �>� �1� �i�s� �s�e�t� �e�q�u�a�l� �t�o� �1� �a�n�d� �a�n�y� �v�a�l�u�e� �o�f� �\� �<� �0� �i�s� �s�e�t� �e�q�u�a�l� �t�o� �0�.� 

�A� �m�e�t�h�o�d� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �p�r�o�p�o�s�e�d� �i�n� �(�I�I�I�.�5�.�2�)� �i�s� �b�a�s�e�d� �u�p�o�n� �a� �t�e�c�h�n�i�q�u�e� �f�r�o�m� �l�i�n�e�a�r� 

�r�e�g�r�e�s�s�i�o�n� �c�a�l�l�e�d� �g�e�n�e�r�a�l�i�z�e�d� �c�r�o�s�s� �v�a�l�i�d�a�t�i�o�n� �(�M�y�e�r�s�,� �1�9�9�0�)�.� �T�h�i�s� �m�e�t�h�o�d� �d�i�d� �n�o�t� �s�e�e�m� �t�o� 
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�T�h�e� �t�h�i�r�d� �v�e�r�s�i�o�n� �i�s� 

�2� �2� �s ��(�A�)� �-�  �� �t�r�{�H�(�A� �C�p�3�(�A�)� �=� �t�e�f�H�y�]�)� �+�  ��a�l� �r�L�H�(�)�]�)� �(�I�1�1�.�5�.�1�1�)� 
�o�l�s� 

�w�h�e�r�e� �s�?�)�,� �i�s� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �e�s�t�i�m�a�t�e� �o�f� �v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �u�s�e�r ��s� �m�o�d�e�l�,� �a�n�d� �s�*�(�X�)� �i�s� �a�s� �i�n� �C�p�l�.� 

�T�h�e� �f�o�u�r�t�h� �v�e�r�s�i�o�n� �o�f� �C�p� �s�t�u�d�i�e�d� �i�s� 

�S�S�E�(�\�)�  �� �S�S�E� �n ��t�r�(�{�H� 
�C� �p�4� �(�A�)� �=� �2� �(�t�r�{�H�(�A�)�]� �-�p�)� �+� �(� �)� �e�t� �t�r�l� �k�e�r�]� �(�I�I�I�.�5�.�1�2�)� � � 

�A�l�l� �s�i�x� �m�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �4� �p�e�r�f�o�r�m�e�d� �d�i�f�f�e�r�e�n�t�l�y�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �b�o�t�h� �t�h�e� �d�e�g�r�e�e� 

�o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �a�n�d� �t�h�e� �a�m�o�u�n�t� �o�f� �v�a�r�i�a�n�c�e�.� �O�v�e�r� �a� �b�r�o�a�d� �r�a�n�g�e� �o�f� �m�o�d�e�l� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �t�h�e� �P�R�E�S�S �� �m�e�t�h�o�d� �a�p�p�e�a�r�s� �t�o� �y�i�e�l�d� �t�h�e� �m�o�s�t� �c�o�n�s�i�s�t�e�n�t� �e�s�t�i�m�a�t�e�s� �w�h�i�l�e� �C�p�3� 

�y�i�e�l�d�e�d� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �u�n�d�e�r� �m�o�s�t� �c�o�n�d�i�t�i�o�n�s�.� �T�h�i�s� �i�s� �f�u�r�t�h�e�r� �d�e�t�a�i�l�e�d� �i�n� �A�p�p�e�n�d�i�x� �3�.� 
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�1�.�6� �E�X�A�M�P�L�E� �O�F� �F�I�T�T�E�D� �H�A�T�L�I�N�K� �S�U�R�F�A�C�E� �I�N� �R�S�M� 

�I�n� �o�r�d�e�r� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�,� �c�o�n�s�i�d�e�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �p�r�o�p�o�s�e�d� �i�n� 

�S�e�c�t�i�o�n� �I�I�.�2�.� �F�o�r� �t�h�e� �s�a�m�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�,� �a� �H�A�T�L�I�N�K� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �f�i�t� �w�i�l�l� �b�e� �e�x�p�l�o�r�e�d�.� �I�t� 

�i�s� �s�t�i�l�l� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �u�s�e�r� �h�a�s� �p�r�e�s�c�r�i�b�e�d� �a� �f�i�r�s�t� �o�r�d�e�r� �m�o�d�e�l�,� �Y� �=� �8�9� �+� �L�s� �;�X�;� �+�  ¬� �.� �T�h�e� 
�i�=� 

�m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�,� �A� �=� �0�.�9�2�3�7� �w�a�s� �s�e�l�e�c�t�e�d� �b�y� �P�R�E�S�S�*�(�A�)�.� �S�i�n�c�e� �t�h�i�s� �v�a�l�u�e� �i�s� �c�l�o�s�e� �t�o� �o�n�e�,� �s�o�m�e� 

�m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �h�a�s� �a�p�p�a�r�e�n�t�l�y� �o�c�c�u�r�r�e�d�.� �I�n� �h�i�s� �w�o�r�k�,� �E�i�n�s�p�o�r�n� �(�1�9�8�7�)� �s�u�g�g�e�s�t�s� �a�n� �R�?� 

�s�t�a�t�i�s�t�i�c� �f�o�r� �H�A�T�L�I�N�K�.� �S�u�c�h� �a� �s�t�a�t�i�s�t�i�c� �i�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �n�a�t�u�r�a�l� �w�a�y� �a�s� 

�_� �S�S�Y�  �� �S�S�E�(�A�)� �2� �R� �s�y� �(�I�1�1�.�6�.�1�)� 

�~� �Y�)�*� �a�n�d� �S�S�E�(�A�)� �=� �d�X� �(�Y�;� �-� �Y�.�(�A�)�)�?�.� �F�o�r� �t�h�i�s� �e�x�a�m�p�l�e�,� �R�?� �=� �0�.�9�7�8�.� �w�h�e�r�e� �S�S�Y� �=� �S�°�(�Y�;� 

�R�e�c�a�l�l� �t�h�a�t� �R�?� �f�o�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�o�d�e�l� �i�n� �c�h�a�p�t�e�r� �I�I� �w�a�s� �.�8�4�5�.� �B�a�s�e�d� �u�p�o�n� �R�?�,� �t�h�e� �H�A�T�L�I�N�K� 

�f�i�t� �s�e�e�m�s� �t�o� �b�e� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �f�i�t�t�e�d� �m�o�d�e�l�.� �A� �g�r�a�p�h� �o�f� �t�h�e� �f�i�t�t�e�d� 

�H�A�T�L�I�N�K� �s�u�r�f�a�c�e� �i�s� �i�n�c�l�u�d�e�d� �a�s� �F�i�g�u�r�e� �I�I�I�.�6�.�1�,� �a�n�d� �a� �g�r�a�p�h� �o�f� �t�h�e� �t�r�u�e� �s�u�r�f�a�c�e� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� 

�F�i�g�u�r�e� �1�1�.�6�.�2�.� �N�o�t�e� �t�h�a�t� �t�h�e� �H�A�T�L�I�N�K� �s�u�r�f�a�c�e� �s�e�e�m�s� �t�o� �h�a�v�e� �s�o�m�e� �c�u�r�v�a�t�u�r�e�,� �e�s�p�e�c�i�a�l�l�y� �o�n� �t�h�e� 

 ��e�d�g�e�s �� �o�f� �t�h�e� �r�e�g�i�o�n�.� �C�o�m�p�a�r�e� �t�h�i�s� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �f�i�t� �a�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �I�I�.�2�.�1�.� �T�h�i�s� 

�f�u�r�t�h�e�r� �c�o�n�f�i�r�m�s� �t�h�e� �s�u�s�p�i�c�i�o�n� �t�h�a�t� �t�h�e� �p�r�o�p�o�s�e�d� �f�i�r�s�t� �o�r�d�e�r� �m�o�d�e�l� �d�o�e�s� �n�o�t� �a�d�e�q�u�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �u�n�k�n�o�w�n� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� 
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�C�H�A�P�T�E�R� �I�V� 

�S�E�Q�U�E�N�T�I�A�L� �D�E�S�I�G�N� �A�U�G�M�E�N�T�A�T�I�O�N� �W�I�T�H� �H�A�T�L�I�N�K� 

�I�V�.�1�.� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �T�H�E� �A�U�G�M�E�N�T�A�T�I�O�N� �P�R�O�C�E�D�U�R�E� 

�A�s� �s�t�a�t�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n�,� �m�a�n�y� �t�i�m�e�s� �i�n� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �e�s�t�i�m�a�t�i�o�n� �t�h�e� �f�o�r�m� �o�f� �t�h�e� 

�t�r�u�e� �u�n�d�e�r�l�y�i�n�g� �f�u�n�c�t�i�o�n� �i�s� �u�n�k�n�o�w�n�.� �T�h�u�s�,� �a� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �m�a�y� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �i�s� �n�o�t� �a� 

�g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �t�r�u�e� �m�o�d�e�l�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �t�h�e� �u�s�e�r� �m�a�y� �u�n�k�n�o�w�i�n�g�l�y� �b�e� 

�i�n�t�r�o�d�u�c�i�n�g� �b�i�a�s� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �m�e�t�h�o�d�s� �o�f� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�n�t�i�o�n�e�d� �i�n� 

�C�h�a�p�t�e�r� �I�I� �a�s�s�u�m�e� �t�h�e�r�e� �i�s� �l�i�t�t�l�e� �o�r� �n�o� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�n� �t�h�e� �m�o�d�e�l�.� �B�u�t� �s�i�n�c�e� �H�A�T�L�I�N�K� �i�s� 

�m�o�r�e� �r�o�b�u�s�t� �t�o� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �t�h�a�n� �s�i�m�p�l�y� �u�s�i�n�g� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �(�E�i�n�s�p�o�r�n�,� �1�9�8�7�)�,� 

�i�t� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �a�u�g�m�e�n�t� �p�o�i�n�t�s�.� 

�F�o�r� �t�h�e� �b�a�s�i�c� �m�e�t�h�o�d� �o�f� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �s�t�u�d�i�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �a� �r�e�g�i�o�n� �o�f� 

�i�n�t�e�r�e�s�t� �n�e�e�d�s� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �c�a�n�d�i�d�a�t�e� �p�o�i�n�t�s� �f�o�r� �s�e�l�e�c�t�i�o�n� �w�i�l�l� �c�o�m�e� �f�r�o�m� �t�h�i�s� �r�e�g�i�o�n�.� 

�A�n� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� �i�s� �e�v�a�l�u�a�t�e�d� �f�o�r� �a�l�]� �t�h�e� �c�a�n�d�i�d�a�t�e� �p�o�i�n�t�s� �a�n�d� �a� �b�a�t�c�h� �o�f� �p�o�i�n�t�s� �i�s� 

�s�e�l�e�c�t�e�d� �f�o�r� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x� �w�h�i�c�h� �b�e�s�t� �s�a�t�i�s�f�i�e�s� �t�h�e� �d�e�s�i�r�e�d� �c�r�i�t�e�r�i�o�n�.� �A�f�t�e�r� �t�h�e� 

�b�a�t�c�h� �o�f� �p�o�i�n�t�s� �i�s� �c�h�o�s�e�n�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �w�i�l�l� �b�e� �o�b�s�e�r�v�e�d� �f�o�r� �a�l�l� �n�e�w� �s�e�l�e�c�t�e�d� 

�p�o�i�n�t�s�.� �T�h�i�s� �p�r�o�c�e�s�s� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �s�e�q�u�e�n�t�i�a�l� �b�a�t�c�h� �a�u�g�m�e�n�t�a�t�i�o�n�.� �T�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� 

�i�n� �t�h�e� �b�a�t�c�h�,� �o�r� �b�a�t�c�h� �s�i�z�e�,� �m�a�y� �c�o�n�s�i�s�t� �o�f� �o�n�e� �o�r� �m�o�r�e� �p�o�i�n�t�s�.� �O�n�l�y� �u�n�i�f�o�r�m� �b�a�t�c�h� �s�i�z�e� �w�a�s� 

�s�t�u�d�i�e�d� �h�e�r�e�,� �v�a�r�i�a�b�l�e� �b�a�t�c�h� �s�i�z�e� �w�a�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d�.� 
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�R�e�c�a�l�l� �t�h�a�t� �f�o�r� �H�A�T�L�I�N�K�,� �o�n�c�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r� �a�r�e� �s�e�l�e�c�t�e�d�,� 

�p�r�e�d�i�c�t�e�d� �v�a�l�u�e�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �a�n�y� �p�o�i�n�t�.� �T�h�u�s� 

�a�n�y� �o�f� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d�s� �m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �t�h�a�t� �u�s�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�a�n� �b�e� 

�a�p�p�l�i�e�d� �t�o� �H�A�T�L�I�N�K�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �p�o�i�n�t�s� �c�o�u�l�d� �b�e� �a�u�g�m�e�n�t�e�d� �b�y� �u�t�i�l�i�z�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�e�d� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�r�i�t�e�r�i�i�o�n� �o�r� �c�o�n�d�i�t�i�o�n�a�l� �D�-�o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n�.� 

�S�e�q�u�e�n�t�i�a�l� �b�a�t�c�h� �a�u�g�m�e�n�t�a�t�i�o�n� �r�e�q�u�i�r�e�s� �k�n�o�w�i�n�g� �w�h�e�r�e� �a� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �l�i�e�s�.� 

�R�e�c�a�l�l� �t�h�a�t� �f�o�r� �p�r�e�d�i�c�t�i�o�n� �a�t� �a� �p�o�i�n�t� �x�,�,� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �u�s�e�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �d�i�s�t�a�n�c�e�s� �b�e�t�w�e�e�n� 

�x�;� �a�n�d� �t�h�e� �d�a�t�a� �l�o�c�a�t�i�o�n�s�.� �U�s�u�a�l�l�y� �t�h�e� �o�v�e�r�l�a�p� �b�e�t�w�e�e�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �t�h�e� �i�n�i�t�i�a�l� 

�r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� �f�a�i�r�l�y� �s�m�a�l�l�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �p�r�e�d�i�c�t�i�o�n� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �a�t� �l�o�c�a�t�i�o�n�s� �f�a�r� �f�r�o�m� 

�t�h�e� �i�n�i�t�i�a�l� �r�e�g�i�o�n� �w�o�u�l�d� �b�e� �b�a�s�e�d� �o�n� �d�a�t�a� �p�o�i�n�t�s� �r�e�l�a�t�i�v�e�l�y� �f�a�r� �f�r�o�m� �t�h�e� �l�o�c�a�t�i�o�n� �w�h�e�r�e� �p�r�e�d�i�c�t�i�o�n� 

�i�s� �d�e�s�i�r�e�d�.� �T�o� �h�e�l�p� �o�v�e�r�c�o�m�e� �t�h�i�s� �p�r�o�b�l�e�m�,� �o�n�e� �n�e�w� �d�a�t�a� �p�o�i�n�t� �i�s� �a�u�g�m�e�n�t�e�d� �s�o�m�e�w�h�e�r�e� �i�n� �t�h�e� 

�n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�,� �w�h�i�c�h� �y�i�e�l�d�s� �a� �n�e�w� �d�e�s�i�g�n� �m�a�t�r�i�x� �w�h�i�c�h� �w�i�l�l� �c�o�n�s�t�i�t�u�t�e� �t�h�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� 

�m�a�t�r�i�x� �u�s�e�d� �b�y� �t�h�e� �p�r�o�p�o�s�e�d� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� 

�A�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �b�y� �o�n�e� �e�x�t�r�a� �p�o�i�n�t� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �a�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�,� �i�t� �w�a�s� 

�i�n�i�t�i�a�l�l�y� �p�r�o�p�o�s�e�d� �t�o� �a�u�g�m�e�n�t� �w�i�t�h� �f�u�r�t�h�e�r� �p�o�i�n�t�s� �i�n�d�i�v�i�d�u�a�l�l�y� �b�y� �c�h�o�o�s�i�n�g� �t�h�e� �p�o�i�n�t�,� �x�,�,� �t�o� 

�m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �o�v�e�r� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�,� �t�h�a�t� �i�s� 

�:� �2�  ��0� �h�a�t�?� �.� �r�r� �.� �_� �.� �a� 
�m�i�n� �R�y�e� �|� �V�a�r�|� �(�x�)�]� �d�x� �=� �m�i�n� �R�y�e� �a� �|� �>� �[�n�e� �|� �h�a�y� 

�j�=�1� �R�i�c� �R�r� 

�X�o� 

�n� �2�  �� �k�e�r� �l� �=� �m�i�g� �R�e�e� �o�a�?� �|� �>� �[�A� �h�o�; �� �+� �(�1�  �� �A�)� �h�e�i� �|� �h�a�x� �(�I�V�.�1�.�1�)



�w�h�e�r�e� �R�y� �i�s� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �h�e�t� �i�s� �d�e�f�i�n�e�d� �a�s� �i�n� �(�I�J�J�.�4�.�5�)�.� �N�o�t�e� �t�h�a�t� �a�l�l� �t�h�e� 

�o�r�i�g�i�n�a�l� �d�a�t�a� �p�o�i�n�t�s� �a�r�e� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�i�s� �h�a�t� �m�a�t�r�i�x� �a�n�d� �a�n�y� �d�a�t�a� �p�o�i�n�t�s� �r�e�m�o�t�e� �f�r�o�m� �t�h�e� �n�e�w� 

�r�e�g�i�o�n� �a�r�e� �l�e�s�s� �h�e�a�v�i�l�y� �w�e�i�g�h�t�e�d� �t�h�a�n� �t�h�o�s�e� �c�l�o�s�e�r� �t�o� �t�h�e� �n�e�w� �r�e�g�i�o�n�.� �A�l�s�o�,� �i�f� �t�h�e� �p�a�r�a�m�e�t�r�i�c� 

�m�o�d�e�l� �i�s� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �t�h�e�n� �t�h�e� �c�h�o�i�c�e� �o�f� �A� �w�i�l�l� �t�e�n�d� �t�o� �e�m�p�h�a�s�i�z�e� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�r�e�s�u�l�t�s� �t�h�r�o�u�g�h� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �o�v�e�r� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �n�o�n�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�.� 

�C�o�n�v�e�r�s�e�l�y�,� �i�f� �t�h�e� �m�o�d�e�l� �i�s� �n�o�t� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �t�h�e�n� �A� �w�i�l�l� �y�i�e�l�d� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e�s� �b�a�s�e�d� 

�m�o�r�e� �o�n� �t�h�e� �n�o�n�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�.� 

�A�s� �s�t�a�t�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n�,� �a� �d�i�f�f�e�r�e�n�t� �c�r�i�t�e�r�i�o�n� �c�a�l�l�e�d� �B�I�I�V�,� �t�h�e� �b�i�a�s�-�i�n�f�l�u�e�n�c�e�d� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�r�i�t�e�r�i�o�n�,� �s�e�e�m�e�d� �t�o� �p�e�r�f�o�r�m� �b�e�t�t�e�r� �i�n� �s�i�m�u�l�a�t�i�o�n� �s�t�u�d�i�e�s� �t�h�a�n� 

�(�I�V�.�1�.�1�)�.� �I�t� �y�i�e�l�d�e�d� �r�e�s�u�l�t�s� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �f�r�o�m� �I�M�S�E� �w�h�i�l�e� �r�e�q�u�i�r�i�n�g� �l�e�s�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t�.� 

�T�h�i�s� �m�e�t�h�o�d� �a�l�s�o� �a�u�g�m�e�n�t�s� �w�i�t�h� �p�o�i�n�t�s� �i�n�d�i�v�i�d�u�a�l�l�y� �b�y� �c�h�o�o�s�i�n�g� �t�h�e� �p�o�i�n�t�,� �x�9�,� �e�x�c�e�p�t� �n�o�w� �i�t� �i�s� 

�a�t�t�e�m�p�t�i�n�g� �t�o� �b�o�t�h� �m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�r�i�t�e�r�i�o�n� �a�n�d� �e�v�a�l�u�a�t�e� �w�h�e�r�e� �t�h�e� 

�f�i�t� �i�s� �c�u�r�r�e�n�t�l�y� �t�h�e� �w�o�r�s�t�,� �t�h�a�t� �i�s� 

�~�~� �2� �~� 

�m�i�n� �-� �[�b�i�a�s� �(�x�9�)� �|� �+� �|� �V�a�r�l�¥�(�x�)�]� �d�x�\� �.� �(�I�V�.�1�.�2�)� 
�Z�o� �E�R�K� 

�R�i�c� 

�T�h�e� �b�i�a�s� �a�t� �t�h�e� �p�o�i�n�t� �x�,� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d�.� �I�t� �i�s� �p�r�o�p�o�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�i�s� �q�u�a�n�t�i�t�y� �b�y� 

�a� �2� �P�n� �~� �2� 
�[�b�i�a�s� �(�x�9�)� �=� �l�s� �k�e�r�(�X�o�)�  �� �¥� �n�a�t�(�X�o�)� �|� �.� �(�I�V�.�1�.�3�)� 

�E�q�u�a�t�i�o�n� �(�I�V�.�1�.�3�)� �w�a�s� �s�u�g�g�e�s�t�e�d� �b�e�c�a�u�s�e� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �i�s� �n�o�t� �a� �m�o�d�e�l� �b�a�s�e�d� �p�r�o�c�e�d�u�r�e�,� �a�n�d� 

�a�s� �s�u�c�h� �s�h�o�u�l�d� �h�a�v�e� �l�e�s�s� �b�i�a�s� �t�h�a�n� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �u�s�i�n�g� �a�n� �i�n�c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�i�e�d� �m�o�d�e�l�.� 

�T�h�e� �r�a�t�i�o�n�a�l�e� �f�o�r� �t�h�e� �n�e�g�a�t�i�v�e� �s�i�g�n� �i�n� �(�I�V�.�1�.�2�)� �i�s� �t�h�a�t� �t�h�e� �b�i�a�s� �m�e�a�s�u�r�e�s� �w�h�e�r�e� �t�h�e� �f�i�t� �i�s� �w�o�r�s�t� 

�3�3



�a�n�d� �t�h�e� �q�u�a�n�t�i�t�y� �|� �b�i�a�s� �(�x�p�)� �|� �e�s�t�i�m�a�t�e�s� �t�h�i�s� �m�e�a�s�u�r�e�.� �R�e�c�a�l�l� �t�h�a�t� �m�a�x�i�m�i�z�i�n�g� �a� �n�u�m�b�e�r� �i�s� �t�h�e� 

�s�a�m�e� �a�s� �m�i�n�i�m�i�z�i�n�g� �i�t�s� �n�e�g�a�t�i�v�e�.� �T�h�a�t� �p�r�o�c�e�d�u�r�e� �i�s� �p�e�r�f�o�r�m�e�d� �i�n� �(�I�V�.�1�.�2�)�.� �N�o�t�e� �t�h�a�t� �i�f� �t�h�e� 

�n�e�g�a�t�i�v�e� �i�n� �(�I�V�.�1�.�2�)� �w�a�s� �n�o�t� �t�h�e�r�e�,� �t�h�e�n� �t�h�e� �p�o�i�n�t� �w�i�t�h� �m�i�n�i�m�u�m� �b�i�a�s� �w�o�u�l�d� �b�e� �f�o�u�n�d�.� �T�h�i�s� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �f�i�n�d�i�n�g� �t�h�e� �p�o�i�n�t� �w�h�e�r�e� �t�h�e� �f�i�t� �i�s� �t�h�e� �b�e�s�t�,� �o�b�v�i�o�u�s�l�y� �n�o�t� �a� �g�o�o�d� �p�r�o�c�e�d�u�r�e� �t�o� 

�f�o�l�l�o�w�.� 

�I�d�e�a�l�l�y�,� �t�h�e� �s�a�m�e� �p�o�i�n�t� �w�o�u�l�d� �b�o�t�h� �m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�n�d� �b�e� 

�t�h�e� �l�o�c�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �f�i�t� �i�s� �w�o�r�s�t�.� �I�n� �p�r�a�c�t�i�c�e�,� �t�h�i�s� �m�a�y� �n�o�t� �a�l�w�a�y�s� �h�a�p�p�e�n�,� �s�o� �t�h�e� �t�w�o� 

�q�u�a�n�t�i�t�i�e�s� �a�r�e� �c�o�m�b�i�n�e�d� �i�n� �a� �s�t�r�a�i�g�h�t� �l�i�n�e�a�r� �f�a�s�h�i�o�n�.� �O�n�e� �p�o�s�s�i�b�l�e� �r�e�f�i�n�e�m�e�n�t� �m�i�g�h�t� �b�e� �s�o�m�e� �t�y�p�e� 

�o�f� �s�c�a�l�i�n�g� �p�a�r�a�m�e�t�e�r� �o�n� �a�t� �l�e�a�s�t� �o�n�e� �o�f� �t�h�e� �q�u�a�n�t�i�t�i�e�s�.� 

�T�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� �i�n� �(�I�V�.�1�.�1�)� �w�a�s� �s�u�g�g�e�s�t�e�d� �b�y� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� 

�v�a�r�i�a�n�c�e� �m�e�t�h�o�d� �o�f� �(�I�I�.�3�.�1�)�.� �T�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �i�n� �(�I�V�.�1�.�2�)� �a�t�t�e�m�p�t�s� �t�o� �u�s�e� �I�V�.�1�.�1�,� �i�n�c�o�r�p�o�r�a�t�i�n�g� 

�b�i�a�s� �i�n�t�o� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �F�o�r� �c�o�n�d�i�t�i�o�n�a�l� �I�,�;�\�-�o�p�t�i�m�a�l�i�t�y�,� �t�h�e� �u�s�e�r ��s� �m�o�d�e�l� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �m�o�d�e�l�.� �W�i�t�h� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�,� �i�f� �t�h�i�s� 

�i�s� �n�o�t� �a� �v�a�l�i�d� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r� �w�i�l�l� �b�e� �a�d�j�u�s�t�e�d� �a�c�c�o�r�d�i�n�g�l�y�.� �C�o�n�d�i�t�i�o�n�a�l� �I� �p�y�-� 

�o�p�t�i�m�a�l�i�t�y� �a�s� �u�s�e�d� �b�y� �R�o�z�u�m� �(�1�9�9�0�)� �u�s�e�d� �o�n�l�y� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n�.� �T�h�r�o�u�g�h� 

�n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n�,� �t�h�e� �m�e�t�h�o�d�s� �p�r�o�p�o�s�e�d� �i�n� �(�I�V�.�1�.�1�)� �a�n�d� �i�n� �(�I�V�.�1�.�2�)� �t�a�k�e� �a�d�v�a�n�t�a�g�e� �o�f� �a�l�l� 

�d�a�t�a� �p�o�i�n�t�s�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �l�o�c�a�t�i�o�n�.� �B�e�c�a�u�s�e� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �s�e�e�m�e�d� �t�o� �p�e�r�f�o�r�m� �b�e�t�t�e�r� �t�h�a�n� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �i�n� �p�r�e�l�i�m�i�n�a�r�y� �s�t�u�d�i�e�s�,� �u�n�l�e�s�s� �s�p�e�c�i�f�i�e�d� �o�t�h�e�r�w�i�s�e�,� �t�h�e� �B�I�I�V� 

�c�r�i�t�e�r�i�o�n� �w�i�l�l� �a�l�w�a�y�s� �b�e� �u�s�e�d� �t�o� �a�u�g�m�e�n�t� �p�o�i�n�t�s�.� 

�I�V�.�2�.� �S�E�Q�U�E�N�T�I�A�L� �B�A�T�C�H� �A�U�G�M�E�N�T�A�T�I�O�N� 

�A�f�t�e�r� �c�h�o�o�s�i�n�g� �a�n� �a�d�d�i�t�i�o�n�a�l� �d�e�s�i�g�n� �p�o�i�n�t� �t�o� �a�u�g�m�e�n�t�,� �t�h�e� �u�s�e�r� �w�o�u�l�d� �u�s�u�a�l�l�y� �p�r�e�f�e�r� �t�o� 

�p�e�r�f�o�r�m� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n� �a�t� �t�h�e� �n�e�w� �p�o�i�n�t� �a�n�d� �o�b�s�e�r�v�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�.� �F�o�r� 

�3�4



�v�a�r�i�o�u�s� �r�e�a�s�o�n�s�,� �s�o�m�e�t�i�m�e�s� �p�e�r�f�o�r�m�i�n�g� �o�n�l�y� �o�n�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n� �i�s� �i�m�p�r�a�c�t�i�c�a�l�.� �I�n� �s�u�c�h� �a� 

�s�i�t�u�a�t�i�o�n�,� �i�t� �m�a�y� �b�e� �d�e�s�i�r�a�b�l�e� �t�o� �w�a�i�t� �u�n�t�i�l� �a� �b�a�t�c�h� �o�f� �d�a�t�a� �p�o�i�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�e�f�o�r�e� �p�e�r�f�o�r�m�i�n�g� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n�s�.� �S�e�q�u�e�n�t�i�a�l� �b�a�t�c�h� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �s�u�c�h� �a� �s�i�t�u�a�t�i�o�n�.� 

�F�o�r� �s�e�q�u�e�n�t�i�a�l� �b�a�t�c�h� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n�,� �i�t� �m�a�y� �b�e� �d�e�s�i�r�e�d� �t�o� �a�d�d� �s�e�v�e�r�a�l� �b�a�t�c�h�e�s� �o�f� 

�d�e�s�i�g�n� �p�o�i�n�t�s�.� �A�f�t�e�r� �e�a�c�h� �b�a�t�c�h� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� 

�w�i�l�l� �b�e� �o�b�s�e�r�v�e�d�.� �N�o�t�e� �t�h�a�t� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �(�I�I�I�.�4�.�6�)� �a�t� �a� �n�o�n�-�d�e�s�i�g�n� �p�o�i�n�t�,� 

�X�p�,� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �o�b�s�e�r�v�e�d� �y�-�v�a�l�u�e�.� �R�e�c�a�l�l� �t�h�a�t� �f�o�r� �a�n�y� �p�o�i�n�t�,� �x�p�,� �c�a�l�c�u�l�a�t�i�n�g� 

�Y�(�X�p�)� �u�s�i�n�g� �e�i�t�h�e�r� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �(�I�I�I�.�1�.�4�)� �o�r� �H�A�T�L�I�N�K� �(�I�I�I�.�4�.�4�)� �r�e�q�u�i�r�e�s� �k�n�o�w�i�n�g� �t�h�e� 

�r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a�l�l� �d�e�s�i�g�n� �l�o�c�a�t�i�o�n�s�.� �B�e�c�a�u�s�e� �t�h�e� �P�R�E�S�S�*� �a�n�d� �C� �p�-�t�y�p�e� 

�m�e�t�h�o�d�s� �i�n� �(�I�I�.�2�.�2�)�,� �(�I�/�.�5�.�2�)�,� �a�n�d� �i�n� �(�I�I�1�.�5�.�9�)� �t�h�r�o�u�g�h� �(�I�I�I�.�5�.�1�2�)� �a�l�l� �r�e�q�u�i�r�e� �c�a�l�c�u�l�a�t�i�n�g� �p�r�e�d�i�c�t�e�d� 

�r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �a�t� �a�l�l� �d�e�s�i�g�n� �l�o�c�a�t�i�o�n�s�,� �f�i�n�d�i�n�g� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �A� �p�a�r�a�m�e�t�e�r�s� �r�e�q�u�i�r�e� 

�o�b�s�e�r�v�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �f�o�r� �a�l�l� �p�o�i�n�t�s�.� �A�f�t�e�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �h�a�v�e� �b�e�e�n� 

�o�b�s�e�r�v�e�d�,� �t�h�e� �u�s�e�r� �m�a�y� �r�e�-�e�v�a�l�u�a�t�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �X� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �m�e�t�h�o�d� �a�l�l�o�w�s� 

�H�A�T�L�I�N�K� �t�o� �t�a�k�e� �a�d�v�a�n�t�a�g�e� �o�f� �n�e�w� �d�a�t�a� �p�o�i�n�t�s� �t�o� �f�u�r�t�h�e�r� �e�x�p�l�o�r�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �a�n�d� �r�e�-� 

�e�v�a�l�u�a�t�e� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e�n�e�s�s� �o�f� �t�h�e� �p�r�e�s�c�r�i�b�e�d� �u�s�e�r ��s� �m�o�d�e�l�.� 

�T�h�e� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �a�r�e� �i�n�d�i�v�i�d�u�a�l�l�y� �s�e�l�e�c�t�e�d� �b�a�s�e�d� �o�n� �m�i�n�i�m�i�z�i�n�g� �e�i�t�h�e�r� �t�h�e� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�s� �d�e�f�i�n�e�d� �i�n� �(�I�V�.�1�.�1�)� �o�r� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �a�s� �d�e�f�i�n�e�d� �i�n� �(�I�V�.�1�.�2�)�.� 

�D�u�p�l�i�c�a�t�i�o�n�s� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �a�r�e� �n�o�t� �p�e�r�m�i�t�t�e�d� �i�n� �o�r�d�e�r� �t�o� �e�n�c�o�u�r�a�g�e� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �t�o� �b�e� 

�s�p�r�e�a�d� �a�r�o�u�n�d� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�s� �m�u�c�h� �a�s� �p�o�s�s�i�b�l�e�.� �A�s� �i�n�d�i�v�i�d�u�a�l� �l�o�c�a�t�i�o�n�s� �a�r�e� �s�e�l�e�c�t�e�d� �f�o�r� 

�a�u�g�m�e�n�t�a�t�i�o�n�,� �t�h�e�y� �a�r�e� �s�a�v�e�d� �a�s� �b�a�t�c�h� �p�o�i�n�t�s�.� �A�f�t�e�r� �s�e�l�e�c�t�i�o�n� �o�f� �a�l�l� �t�h�e� �p�o�i�n�t�s� �f�o�r� �t�h�e� �b�a�t�c�h� �i�s� 

�c�o�m�p�l�e�t�e�d�,� �t�h�e� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� �a�d�d�e�d� �t�o� �t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x�.� �T�h�e� �u�s�e�r� �n�e�x�t� �p�e�r�f�o�r�m�s� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�u�n�s� �f�o�r� �t�h�e� �b�a�t�c�h� �o�f� �d�a�t�a� �l�o�c�a�t�i�o�n�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �o�b�s�e�r�v�e�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s�.� 

�A�f�t�e�r� �d�o�i�n�g� �s�o�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �A� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �b�e� �r�e�-�e�v�a�l�u�a�t�e�d� �a�n�d� �u�p�d�a�t�e�d�.� 

�I�f� �e�i�t�h�e�r� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�r� �A� �p�a�r�a�m�e�t�e�r�s� �c�h�a�n�g�e� �w�h�e�n� �u�p�d�a�t�e�d�,� �t�h�e� �p�r�e�d�i�c�t�e�d� �r�e�s�p�o�n�s�e



�v�a�l�u�e� �a�t� �a�n�y� �p�o�i�n�t� �w�i�l�l� �c�h�a�n�g�e� �a�l�s�o�.� �W�h�e�n� �t�h�e� �t�r�u�e� �m�o�d�e�l� �i�s� �k�n�o�w�n�,� �a�n� �e�s�t�i�m�a�t�e�d� �s�q�u�a�r�e�d� �e�r�r�o�r� 

�(�E�S�E�)� �t�y�p�e� �o�f� �c�r�i�t�e�r�i�o�n� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �j�u�d�g�i�n�g� �t�h�e� �f�i�t� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e�l� �a�n�d� �f�o�r� �c�o�m�p�a�r�i�n�g� 

�t�w�o� �m�o�d�e�l�s�.� �A� �g�r�i�d� �o�f� �p�o�i�n�t�s� �i�s� �e�s�t�a�b�l�i�s�h�e�d� �o�v�e�r� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �I�f� �t�h�e� �t�r�u�e� �m�o�d�e�l� �i�s� 

�k�n�o�w�n�,� �b�o�t�h� �t�h�e� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e�,� �Y�;� �,� �a�n�d� �t�h�e� �t�r�u�e� �v�a�l�u�e�,� �f�(�x�;�)�,� �f�o�r� �a�n�y� �p�o�i�n�t� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�c�a�l�c�u�l�a�t�e� 

�2� �E�S�E�=� �>�>� �[�Y�,� �-� �f�(�x�)� �|� �(�I�V�.�2�.�1�)� 
�g�r�i�d� �p�o�i�n�t�s� 

�T�h�i�s� �q�u�a�n�t�i�t�y� �m�a�y� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�o�t�h� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �d�a�t�a� �a�n�d� �a�f�t�e�r� �a� �b�a�t�c�h� �o�f� �p�o�i�n�t�s� �i�s� 

�a�u�g�m�e�n�t�e�d�.� �I�f� �t�h�e� �E�S�E� �d�r�o�p�s� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s�,� �t�h�e�n� �t�h�e� �n�e�w� �d�e�s�i�g�n� �i�s� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �d�e�s�i�g�n� �b�e�f�o�r�e� �a�u�g�m�e�n�t�a�t�i�o�n�.� �A�l�s�o�,� �f�o�r� �t�w�o� �c�o�m�p�e�t�i�n�g� �m�o�d�e�l�s�,� 

�t�h�e� �m�o�d�e�l� �w�i�t�h� �t�h�e� �l�o�w�e�r� �E�S�E� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �s�u�p�e�r�i�o�r� �t�o� �t�h�e� �o�t�h�e�r� �m�o�d�e�l�.� 

�T�h�e� �m�e�t�h�o�d�s� �o�f� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �a�l�w�a�y�s� �g�e�n�e�r�a�t�e� �d�e�s�i�g�n�s� 

�t�h�a�t� �d�o� �n�o�t� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s�.� �T�h�a�t� �i�s�,� �g�i�v�e�n� �a�n� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �m�a�t�r�i�x�,� 

�t�h�e� �a�u�g�m�e�n�t�e�d� �d�e�s�i�g�n� �p�o�i�n�t�s� �w�o�u�l�d� �a�l�w�a�y�s� �b�e� �t�h�e� �s�a�m�e�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �w�h�a�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �a�r�e� �o�b�s�e�r�v�e�d�.� �S�e�q�u�e�n�t�i�a�l� �b�a�t�c�h� �a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �H�A�T�L�I�N�K� �i�s� �a� �s�t�o�c�h�a�s�t�i�c� 

�m�e�t�h�o�d�.� �F�o�r� �t�h�i�s� �t�e�c�h�n�i�q�u�e�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d� �a�n�d� �a�l�l� �o�f� 

�t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �g�i�v�e�n� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �m�a�t�r�i�x�,� �t�h�e� �a�u�g�m�e�n�t�e�d� �d�e�s�i�g�n� �p�o�i�n�t�s� �c�a�n� �v�a�r�y� �a�s� �t�h�e� 

�o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �c�h�a�n�g�e�.� �T�h�i�s� �i�s� �a�n�o�t�h�e�r� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �m�a�n�y� �d�e�s�i�g�n� 

�a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d�s� �a�n�d� �a�u�g�m�e�n�t�i�n�g� �d�e�s�i�g�n� �p�o�i�n�t�s� �u�s�i�n�g� �H�A�T�L�I�N�K�.� �W�h�e�n� �r�u�n�n�i�n�g� 

�s�i�m�u�l�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �h�e�r�e�,� �t�h�e� �a�u�g�m�e�n�t�e�d� �d�e�s�i�g�n� �p�o�i�n�t�s� �c�a�n� �c�h�a�n�g�e� �f�r�o�m� 

�r�e�p�e�t�i�t�i�o�n� �t�o� �r�e�p�e�t�i�t�i�o�n� �a�n�d� �t�h�i�s� �v�a�r�i�a�b�i�l�i�t�y� �m�u�s�t� �b�e� �t�a�k�e�n� �i�n�t�o� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n�,� �t�h�a�t� �i�s� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �e�i�t�h�e�r� �B�I�I�V� �o�r� �i�n�t�e�g�r�a�t�e�d� 

�3�6



�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�,� �c�a�n� �a�f�f�e�c�t� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �d�e�s�i�g�n�s� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�e�t�h�o�d� �i�s� �u�s�e�d� 

�i�n�s�t�e�a�d� �o�f� �H�A�T�L�I�N�K�.� �W�h�e�n� �u�s�i�n�g� �o�n�l�y� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�s� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�e�t�h�o�d�,� �n�o� �b�a�n�d�w�i�d�t�h� 

�o�r� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�s� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d�,� �t�h�u�s� �a�n�y� �d�e�p�e�n�d�e�n�c�e� �u�p�o�n� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� 

�v�a�l�u�e�s� �d�e�p�e�n�d�s� �u�p�o�n� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n�.� �I�f� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �i�s� �c�o�n�s�i�d�e�r�e�d� 

�a�s� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� �o�n�l�y� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �m�u�s�t� �b�e� �c�a�l�c�u�l�a�t�e�d�,� �a�n�d� �t�h�i�s� �i�s� 

�o�b�v�i�o�u�s�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s�.� �T�h�u�s�,� �a�n�y� �n�e�w� �d�e�s�i�g�n�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�i�s� 

�m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �a�r�e� �n�o�n�-�s�t�o�c�h�a�s�t�i�c� �i�n� �n�a�t�u�r�e�.� �T�h�a�t� �i�s�,� �t�h�e� �c�h�o�i�c�e� �o�f� �p�o�i�n�t�s� �d�o�e�s� �n�o�t� 

�d�e�p�e�n�d� �u�p�o�n� �t�h�e� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �a�n�d� �w�i�l�l� �n�o�t� �v�a�r�y� �w�h�e�n� �r�e�p�e�a�t�i�n�g� �r�u�n�s� �f�o�r� �s�i�m�u�l�a�t�i�o�n� 

�s�t�u�d�i�e�s�.� �C�o�n�v�e�r�s�e�l�y�,� �t�h�e� �B�I�T�V� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d� �y�i�e�l�d�s� �s�t�o�c�h�a�s�t�i�c� �d�e�s�i�g�n�s�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �w�h�i�c�h� 

�m�e�t�h�o�d� �i�s� �u�s�e�d�.� �H�A�T�L�I�N�K� �o�r� �l�e�a�s�t� �s�q�u�a�r�e�s�.� �I�n� �t�h�i�s� �s�e�n�s�e�,� �a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �B�I�T�V� �i�s� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �o�t�h�e�r� �m�o�r�e� �c�o�m�m�o�n�l�y� �u�s�e�d� �m�e�t�h�o�d�s�.� 

�I�V�.�3� �E�X�A�M�P�L�E� �O�F� �S�E�Q�U�E�N�T�I�A�L� �D�E�S�I�G�N� �A�U�G�M�E�N�T�A�T�I�O�N� �W�I�T�H� �B�A�T�C�H� �S�I�Z�E� �O�F� 

�O�N�E� 

�F�o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �i�n� �S�e�c�t�i�o�n� �I�J�.�2�,� �s�u�p�p�o�s�e� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �a�n�d� �f�u�r�t�h�e�r� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�s�,� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �t�h�e� �s�q�u�a�r�e� �w�i�t�h� �c�o�r�n�e�r�s� �a�t� �(�.�5�,� 

�0�)�,� �(�2�.�5�,� �0�)�,� �(�.�5�,� �2�)� �a�n�d� �(�2�.�5�,� �2�)�.� �F�u�r�t�h�e�r�,� �b�e�c�a�u�s�e� �s�o�m�e� �c�u�r�v�a�t�u�r�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� 

�e�x�p�e�c�t�e�d� �i�n� �t�h�i�s� �n�e�w� �r�e�g�i�o�n�,� �a� �s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l� �w�i�l�l� �b�e� �p�r�o�p�o�s�e�d� �b�y� �t�h�e� �u�s�e�r�.� �I�t� �i�s� �d�e�s�i�r�e�d� �t�o� 

�a�u�g�m�e�n�t� �w�i�t�h� �n�e�w� �p�o�i�n�t�s� �i�n� �t�h�i�s� �r�e�g�i�o�n� �u�s�i�n�g� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �a�n�d� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� 

�B�e�c�a�u�s�e� �o�f� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�,� �o�n�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n� �a�t� �(�2�.�5�,� �2�)� �i�s� �p�e�r�f�o�r�m�e�d� �a�n�d� �a�u�g�m�e�n�t�e�d� �t�o� �t�h�e� 

�o�r�i�g�i�n�a�l� �d�a�t�a� �s�e�t� �i�n� �S�e�c�t�i�o�n� �I�I�.�2�.� �T�h�i�s� �p�o�i�n�t� �w�a�s� �c�h�o�s�e�n� �b�e�c�a�u�s�e�,� �b�a�s�e�d� �o�n� �d�i�s�t�a�n�c�e�,� �i�t� �i�s� �t�h�e� 

�f�a�r�t�h�e�s�t� �p�o�i�n�t� �f�r�o�m� �t�h�e� �o�l�d� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �T�h�e� �r�e�s�p�o�n�s�e� �v�a�l�u�e� �f�o�r� �t�h�e� �p�o�i�n�t� �(�2�.�5�,� �2�)� �i�s� �a�l�s�o� 

�o�b�t�a�i�n�e�d�.� �N�o�w� �p�o�i�n�t�s� �c�a�n� �b�e� �a�u�g�m�e�n�t�e�d� �u�s�i�n�g� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n�.



�S�u�p�p�o�s�e� �i�t� �i�s� �d�e�s�i�r�e�d� �t�o� �a�u�g�m�e�n�t� �b�y� �s�i�x� �p�o�i�n�t�s� �u�s�i�n�g� �s�e�q�u�e�n�t�i�a�l� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� 

�w�i�t�h� �a� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e� �a�n�d� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� �I�n� �t�h�i�s� �c�a�s�e�,� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �w�i�l�l� �b�e� 

�i�m�m�e�d�i�a�t�e�l�y� �o�b�s�e�r�v�e�d�,� �a�l�l�o�w�i�n�g� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �2� �v�a�l�u�e�s� �t�o� �b�e� �r�e�-�e�v�a�l�u�a�t�e�d� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� 

�w�i�t�h� �e�a�c�h� �p�o�i�n�t�.� �T�h�e� �n�e�w� �d�a�t�a� �s�e�t� �u�s�e�d� �i�s� �t�h�e� �o�r�i�g�i�n�a�l� �d�a�t�a� �i�n� �S�e�c�t�i�o�n� �I�I�.�2� �p�l�u�s� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� 

�(�2�.�5�,� �2�)�.� �T�h�e� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �a�r�e� �s�i�m�u�l�a�t�e�d� �o�b�s�e�r�v�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �m�o�d�e�l� 

�Y� �=� �x�?�4�+� �x�,�  �� �3� �(�x�. �� �1�)�?� �+� �3�5� �+� 

� � �C�T� �{�8� �s�i�n� �)�  ��4� �[�i�n� �)�}� �+�6�,� �(�I�V�.�3�.�1�)� 

�w�h�e�r�e� �C�T� �=� �0�.�7� �a�n�d� �« ¬�~� �N�(�0�,�1�)�.� �A� �p�l�o�t� �o�f� �t�h�i�s� �s�u�r�f�a�c�e� �o�v�e�r� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �I�V�.�3�.�1�.� �O�f� �c�o�u�r�s�e�,� �t�h�i�s� �m�o�d�e�l� �i�s� �u�n�k�n�o�w�n� �t�o� �t�h�e� �r�e�s�e�a�r�c�h�e�r�.� �T�h�e� �E�S�E� �f�o�r� 

�b�o�t�h� �t�h�e� �H�A�T�L�I�N�N�I�N� �a�n�d� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� 

�H�A�T�L�I�N�K� �m�e�t�h�o�d� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �I�V�.�3�.�1�.� 

�T�h�e�s�e� �n�e�w� �p�o�i�n�t�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �I�V�.�3�.�2�.� �A�s� �c�a�n� �b�e� �s�e�e�n�,� �t�h�i�s� �m�e�t�h�o�d� �o�f� 

�a�u�g�m�e�n�t�a�t�i�o�n� �t�e�n�d�s� �t�o� �p�l�a�c�e� �s�o�m�e� �n�e�w� �p�o�i�n�t�s� �i�n� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �d�e�s�i�g�n� �r�e�g�i�o�n� �a�s� �w�e�l�l� �a�s� 

�p�l�a�c�i�n�g� �s�o�m�e� �o�n� �t�h�e� �e�d�g�e�s�.� �A�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E�,� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s� �b�e�i�n�g� �a�u�g�m�e�n�t�e�d� 

�a�r�e� �s�t�e�a�d�i�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �E�S�E� �u�n�t�i�l� �t�h�e� �f�o�u�r�t�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�.� �A�f�t�e�r� �t�h�e� �f�o�u�r�t�h� �p�o�i�n�t�,� �t�h�e� �E�S�E� 

�d�e�c�r�e�a�s�e�s� �a�n�d� �t�h�e�n� �i�n�c�r�e�a�s�e�s� �s�o�m�e�w�h�a�t�.� �A�t� �t�h�e� �l�o�w�e�s�t� �E�S�E� �v�a�l�u�e�,� �t�h�e� �E�S�E� �h�a�s� �d�r�o�p�p�e�d� �b�y� �m�o�r�e� 

�t�h�a�n� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �o�f� �i�t�s� �o�r�i�g�i�n�a�l� �v�a�l�u�e� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s�.� �I�t� �i�s� 

�f�u�r�t�h�e�r� �n�o�t�e�d� �t�h�a�t� �t�h�e� �v�a�l�u�e� �o�f� �A� �i�s� �1� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t� �b�u�t� �t�h�e�n� �e�v�e�n�t�u�a�l�l�y� 

�d�e�c�r�e�a�s�e�s� �t�o� �0�.�9�1�4� �a�n�d� �l�o�w�e�r�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t�,� �b�y� �t�h�e� �f�o�u�r�t�h� �p�o�i�n�t�,� �t�h�e� �H�A�T�L�I�N�K� �f�i�t� �w�a�s� �b�a�s�e�d� 

�o�n� �b�o�t�h� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �a�n�d� �n�o�n�p�a�r�a�m�e�t�r�i�c� �p�o�r�t�i�o�n�s� �o�f� �H�A�T�L�I�N�K�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �u�s�i�n�g� �o�n�l�y� �a� �s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n� �a�r�e� �v�e�r�y� 
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�d�i�f�f�e�r�e�n�t� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �I�V�.�3�.�2�.� �T�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e�s�e� �s�i�x� �p�o�i�n�t�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� 

�I�V�.�3�.�3�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �t�e�n�d� �t�o� �b�e� �p�l�a�c�e�d� �o�n� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �r�e�g�i�o�n�,� �e�s�p�e�c�i�a�l�l�y� 

�i�n�i�t�i�a�l�l�y�.� �B�a�s�e�d� �o�n� �t�h�e� �E�S�E� �v�a�l�u�e�s�,� �t�h�e� �H�A�T�L�I�N�K� �f�i�t� �w�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� 

�f�i�t� �b�a�s�e�d� �s�o�l�e�l�y� �o�n� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�.� 
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�T�a�b�l�e� �I�V�.�3�.�1�.� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d� �B�I�T�V�.� �U�s�i�n�g� �C�T� �=� �0�.�7� 
�a�n�d� �o� �=� �1�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� 
�E�S�E� �v�a�l�u�e�s�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s�,� �l�a�m�b�d�a�s� �a�n�d� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� 
�a�u�g�m�e�n�t�e�d�.� 

�A�U�G�.� �N�U�M�.� �X�1�A�U�G� 

�o�r�g�.� �d�e�s�i�g�n�  �� 
�1� �2�.�5�0�0�0� 
�2� �2�.�5�0�0�0� 
�3� �1�.�0�0�0�0� 
�4� �2�.�5�0�0�0� 
�5� �2�.�5�0�0�0� 
�6� �0�.�5�0�0�0� 

� � � � �B�A�N�D� �L�A�M�B�D�A� �E�S�E� 

�5�0�7� �0�.�0�0� �1�6�1�5�.�7�1� 
�5�2�5� �1�.�0�0� �1�1�8�.�3�9� 
�5�1�7� �1�.�0�0� �1�2�0�.�3�8� 
�5�1�9� �1�.�0�0� �1�1�0�.�2�9� 
�5�1�5� �9�3�7� �1�3�9�.�4�3� 
�5�8�3� �6�2�5� �1�2�7�.�5�5� 
�5�9�1� �8�7�5� �1�2�9�.�9�7� 

�T�a�b�l�e� �I�V�.�3�.�2�.� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �L�e�a�s�t� �S�q�u�a�r�e�s� �a�n�d� �B�I�T�V�.� �U�s�i�n�g� �C�T� �=� �0�.�7� 
�a�n�d� �o� �=� �1�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�m�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� 
�a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 

�A�U�G�.� �N�U�M�.� �X�I�A�U�G� 

�o�r�g�.� �d�e�s�i�g�n�  �� 
�2�.�5�0�0�0� 
�2�.�5�0�0�0� 
�0�.�5�0�0�0� 
�2�.�0�0�0�0� 
�2�.�5�0�0�0� 
�2�.�0�0�0�0� �a
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�F�i�g�.� �1�V�.�3�.�3�.� �P�l�o�t� �o�f� �t�h�e� �S�x� �A�u�g�m�e�n�t�e�d� �P�o�i�n�t�s� �U�s�i�n�g� �L�.�S�.� �&� �B�I�I�V� 
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�I�V�.�4�.� �H�A�T�L�I�N�K� �A�U�G�M�E�N�T�A�T�I�O�N� �W�I�T�H� �B�I�I�V� �V�S�.� �I�P�V� 

�R�e�c�a�l�l� �t�h�a�t� �b�a�s�e�d� �u�p�o�n� �p�r�e�l�i�m�i�n�a�r�y� �i�n�v�e�s�t�i�g�a�t�i�o�n�s�,� �t�h�e� �B�I�I�T�V� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� 

�m�e�t�h�o�d� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �s�u�p�e�r�i�o�r� �t�o� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�n�d� �e�x�a�m�p�l�e�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� 

�t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �S�o� �f�a�r�,� �n�o� �e�x�a�m�p�l�e�s� �h�a�v�e� �b�e�e�n� �i�n�c�l�u�d�e�d� �t�h�a�t� �d�i�r�e�c�t�l�y� 

�c�o�m�p�a�r�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d� �B�I�I�V� �a�s� �c�o�m�p�a�r�e�d� �t�o� �a�u�g�m�e�n�t�a�t�i�o�n� 

�u�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �s�u�c�h� �a� �c�o�m�p�a�r�i�s�o�n� �w�i�l�l� �b�e� 

�m�a�d�e�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �e�x�a�m�p�l�e� �i�n� �S�e�c�t�i�o�n� �I�V�.�3� �a�u�g�m�e�n�t�e�d� �w�i�t�h� �s�i�x� �p�o�i�n�t�s� �u�s�i�n�g� �B�I�T�V� �a�n�d� �a� 

�b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �U�s�i�n�g� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �s�i�x� �p�o�i�n�t�s� �w�i�l�l� �b�e� �a�u�g�m�e�n�t�e�d� �u�s�i�n�g� 

�H�A�T�L�I�N�K�,� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�n�d� �a� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �T�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s�,� 

�s�u�m�m�a�r�i�z�e�d� �b�y� �t�h�e�i�r� �E�S�E� �v�a�l�u�e�s�,� �w�i�l�l� �b�e� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e� �t�w�o� �m�e�t�h�o�d�s�.� �T�h�e� �d�a�t�a� �s�e�t� �u�s�e�d� �i�s� 

�t�h�e� �o�r�i�g�i�n�a�l� �d�a�t�a� �i�n� �S�e�c�t�i�o�n� �I�I�.�2� �p�l�u�s� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� �(�2�.�5�,� �2�)�,� �a�n�d� �t�h�e� �t�r�u�e� �m�o�d�e�l� �i�s� �a�s�s�u�m�e�d� �t�o� 

�b�e� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �i�n� �(�I�V�.�3�.�1�)� �w�i�t�h� �C�T� �=� �1�.�0� �a�n�d� �o� �=� �0�.�2�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �H�A�T�L�I�N�K� �u�s�i�n�g� �B�I�T�V� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �I�V�.�4�.�1�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� 

�H�A�T�L�I�N�K� �u�s�i�n�g� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �I�V�.�4�.�2�.� 

�T�h�e� �n�e�w� �p�o�i�n�t�s� �f�r�o�m� �B�I�I�V� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �[�V�.�4�.�1�,� �w�h�i�l�e� �t�h�e� �n�e�w� �p�o�i�n�t�s� �f�r�o�m� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �I�1�V�.�4�.�2�.� �N�o�t�e� �t�h�a�t� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� 

�p�e�r�f�o�r�m�e�d� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l�l�y� �u�n�t�i�l� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �i�s� �a�u�g�m�e�n�t�e�d�.� �W�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�s�e�c�o�n�d� �p�o�i�n�t�,� �b�o�t�h� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �t�h�e� �l�a�m�b�d�a� �p�a�r�a�m�e�t�e�r�s� �s�t�a�r�t�e�d� �t�o� �v�a�r�y� �s�o�m�e�w�h�a�t� �b�e�t�w�e�e�n� 

�m�e�t�h�o�d�s�.� �N�o�t�i�c�e� �a�l�s�o� �t�h�a�t� �t�h�e� �E�S�E� �v�a�l�u�e� �f�o�r� �B�I�I�V� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �l�o�w�e�r� �t�h�a�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�v�a�l�u�e� �f�o�r� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�n� �E�S�E� �v�a�l�u�e�s� �p�e�r�s�i�s�t�s� �w�i�t�h� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s�.� �N�o�t�i�c�e� �t�h�e� �l�a�r�g�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �E�S�E� �v�a�l�u�e�s� �w�i�t�h� �e�a�c�h� �p�o�i�n�t� 

�a�u�g�m�e�n�t�e�d�.� �T�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s� �i�m�p�l�y� �t�h�a�t� �t�h�e� �f�i�t� �f�r�o�m� �t�h�e� �d�e�s�i�g�n� �g�e�n�e�r�a�t�e�d� �b�y� �B�I�I�V� �i�s� �s�u�p�e�r�i�o�r� �t�o� 

�t�h�a�t� �f�o�r� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�i�s� �i�s� �o�b�v�i�o�u�s�l�y� �b�e�c�a�u�s�e� �B�I�I�T�V� �w�a�s� �d�e�s�i�g�n�e�d� �t�o� 

�4�3



�T�a�b�l�e� �I�V�.�4�.�1�.� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d� �B�I�I�V�.� �U�s�i�n�g� �C�T� �=� �1�.�0� 
�a�n�d� �o� �=� �0�.�2�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� 
�E�S�E� �v�a�l�u�e�s�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s�,� �l�a�m�b�d�a�s� �a�n�d� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� 
�a�u�g�m�e�n�t�e�d�.� 

� � 

�A�U�G�.� �N�U�M�.� �X�1�I�A�U�G� �X�2�A�U�G� �B�A�N�D� �L�A�M�B�D�A� �E�S�E� 

�o�r�g�.� �d�e�s�i�g�n�  �� �_�-� �0�.�4�1�0� �1�.�0�0�0� �4�8�4�.�3�0� 
�1� �2�.�5�0�0�0� �0�.�0�0�0�0� �0�.�3�6�3� �0�.�7�5�0� �7�8�5�.�6�7� 
�2� �2�.�5�0�0�0� �2�.�0�0�0�0� �0�.�1�4�3� �0�.�9�9�2� �2�8�1�.�5�0� 
�3� �1�.�0�0�0�0� �0�.�5�0�0�0� �0�.�1�3�9� �1�.�0�0�0� �2�7�9�.�9�4� 
�4� �2�.�0�0�0�0� �1�.�0�0�0�0� �0�.�1�3�7� �1�.�0�0�0� �2�5�0�.�2�6� 
�5� �1�.�0�0�0�0� �0�.�0�0�0�0� �0�.�1�3�2� �1�.�0�0�0� �2�4�5�.�9�6� 
�6� �1�.�5�0�0�0� �0�.�0�0�0�0� �0�.�4�2�9� �1�.�0�0�0� �2�2�1�.�8�5� 

�T�a�b�l�e� �I�V�.�4�.�2�.� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �I�H�A�T�L�I�N�K� �a�n�d� �I�n�t�e�g�r�a�t�e�d� �P�r�e�d�i�c�t�i�o�n� 
�V�a�r�i�a�n�c�e�.� �U�s�i�n�g� �C�T� �=� �1�.�0� �a�n�d� �o� �=� �0�.�2�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� 
�l�a�m�b�d�a� �v�a�l�u�e�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s�,� �l�a�m�b�d�a�s� �a�n�d� �E�S�E� �v�a�l�u�e�s� �a�r�e� 
�c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 

�A�U�G�.� �N�U�M�.� �A�L�A�U�G� �N�2�A�U�G� �B�A�N�D� �L�A�M�B�D�A� �E�S�E� 

�o�r�g�.� �d�e�s�i�g�n�  �� �_� �0�.�4�1�0� �1�.�0�0�0� �4�8�4�.�3�0� 
�1� �2�.�5�0�0�0� �2�.�0�0�0�0� �0�.�3�6�3� �0�.�7�5�0� �7�8�5�.�6�7� 
�2� �1�.�0�0�0�0� �1�.�0�0�0�0� �0�.�3�6�4� �0�.�7�5�0� �7�8�0�.�3�7� 
�3� �1�.�0�0�0�0� �0�.�0�0�0�0� �0�.�3�7�2� �0�.�7�5�0� �7�8�9�.�9�2� 
�4� �1�.�0�0�0�0� �0�.�5�0�0�0� �0�.�3�8�4� �0�.�7�5�0� �7�6�8�.�1�0� 
�5�D� �0�.�5�0�0�0� �1�.�0�0�0�0� �0�.�2�9�1� �1�.�0�0�0� �4�5�7�.�3�4� 
�6� �0�.�5�0�0�0� �0�.�0�0�0�0� �0�.�3�4�8� �0�.�7�5�0� �7�4�8�.�4�4
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�F�i�g�.� �I�V�.�4�.�1�.� �P�l�o�t� �o�f� �t�h�e� �S�i�x� �A�u�g�m�e�n�t�e�d� �P�o�i�n�t�s� �U�s�i�n�g� �H�A�T�L�I�N�K� �&� �B�I�I�V� 
�w�i�t�h� �C�T�=�1� �&� �S�i�g�m�a�=�0�.�2� 
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�F�i�g�.� �I�V�.�4�.�2�.� �P�l�o�t� �o�f� �t�h�e� �S�i�x� �A�u�g�m�e�n�t�e�d� �P�o�i�n�t�s� �U�s�i�n�g� �H�A�T�L�I�N�K� �&� �I�P�V� 
�w�i�t�h� �C�T�=�1� �&� �S�i�g�m�a�=�0�.�2� 
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�i�n�c�o�r�p�o�r�a�t�e� �b�i�a�s� �i�n�t�o� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �W�i�t�h� �l�a�r�g�e�r� �d�e�g�r�e�e�s� �o�f� �C�T�,� �i�n�t�e�g�r�a�t�e�d� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�a�n� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �p�r�e�s�e�n�t�.� �P�r�e�l�i�m�i�n�a�r�y� �r�e�s�u�l�t�s� 

�i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �c�o�n�s�i�s�t�e�n�t�,� �h�e�n�c�e� �B�I�I�V� �i�s� �t�h�e� �r�e�c�o�m�m�e�n�d�e�d� �m�e�t�h�o�d� �o�f� 

�a�u�g�m�e�n�t�a�t�i�o�n�.� 

�I�V�.�6� �L�E�A�S�T� �S�Q�U�A�R�E�S� �A�U�G�M�E�N�T�A�T�I�O�N� �W�I�T�H� �B�I�I�V� �V�S�.� �I�P�V� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �u�s�i�n�g� �B�I�T�V� �a�s� �c�o�m�p�a�r�e�d� 

�t�o� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �e�x�t�e�n�t� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �s�u�s�p�e�c�t�e�d� �b�y� 

�t�h�e� �u�s�e�r� �c�o�u�l�d� �p�o�s�s�i�b�l�y� �a�f�f�e�c�t� �w�h�i�c�h� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� �i�s� �s�e�l�e�c�t�e�d�,� �t�h�a�t� �i�s�,� �w�h�e�t�h�e�r� �B�I�I�V� �o�r� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �i�s� �c�h�o�s�e�n�.� �I�f� �i�t� �i�s� �s�u�s�p�e�c�t�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �m�i�n�i�m�a�l� �m�o�d�e�l� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �t�h�e�n� �l�i�t�t�l�e� �o�r� �n�o� �b�i�a�s� �i�n� �t�h�e� �p�r�o�c�e�d�u�r�e� �w�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d�.� �T�h�u�s�,� �a� �B�I�I�V� �t�y�p�e� �o�f� 

�c�r�i�t�e�r�i�o�n� �t�h�a�t� �a�t�t�e�m�p�t�s� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �b�i�a�s� �m�i�g�h�t� �n�o�t� �b�e� �a�p�p�r�o�p�r�i�a�t�e�.� �I�n� �s�u�c�h� �a� �c�a�s�e�,� �t�h�e� �u�s�e�r� 

�m�i�g�h�t� �c�h�o�s�e� �t�o� �a�u�g�m�e�n�t� �b�y� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �o�f�t�e�n� 

�m�o�r�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �t�h�a�n� �o�r�i�g�i�n�a�l�l�y� �s�u�s�p�e�c�t�e�d�.� �I�n� �s�u�c�h� �c�a�s�e�s�,� �i�t� �w�o�u�l�d� �b�e� �h�o�p�e�d� �t�h�a�t� 

�a�u�g�m�e�n�t�a�t�i�o�n� �w�i�t�h� �B�I�T�V� �w�o�u�l�d� �y�i�e�l�d� �a� �b�e�t�t�e�r� �f�i�t� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s� �t�h�e�n� �a�u�g�m�e�n�t�a�t�i�o�n� 

�u�s�i�n�g� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �B�y� �u�s�i�n�g� �B�I�I�V�,� �a�n� �e�x�p�e�r�i�m�e�n�t�e�r� �c�o�u�l�d� �p�r�o�t�e�c�t� �a�g�a�i�n�s�t� �b�i�a�s�,� 

�w�i�t�h� �m�i�n�i�m�a�l� �e�x�t�r�a� �c�o�m�p�u�t�a�t�i�o�n�s�,� �o�v�e�r� �o�t�h�e�r� �m�e�t�h�o�d�s�.� �T�h�i�s� �s�e�c�t�i�o�n� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� 

�u�s�i�n�g� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n�.� 

�S�u�p�p�o�s�e� �t�h�e� �u�s�e�r� �h�a�s� �t�h�e� �s�a�m�e� �c�o�n�d�i�t�i�o�n�s� �a�s� �i�n� �S�e�c�t�i�o�n� �I�V�.�4�.� �T�h�a�t� �i�s�,� �t�h�e� �s�a�m�e� �o�l�d� �a�n�d� 

�n�e�w� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t�.� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �p�o�i�n�t� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �a�n�d� �t�h�e� �s�a�m�e� �t�r�u�e� �m�o�d�e�l� �a�s� �i�n� 

�(�I�V�.�3�.�1�)� �w�i�t�h� �C�T� �=� �1�.�0� �a�n�d� �o� �=� �0�.�2�.� �H�e�r�e�,� �t�h�e� �u�s�e�r� �w�i�l�l� �a�u�g�m�e�n�t� �w�i�t�h� �s�i�x� �p�o�i�n�t�s� �w�i�t�h� �b�a�t�c�h� �s�i�z�e� 

�o�f� �o�n�e�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �a� �s�e�c�o�n�d� �o�r�d�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�o�d�e�l� �u�s�i�n�g� �B�I�I�V� �a�r�e� �g�i�v�e�n� �i�n� 

�T�a�b�l�e� �I�V�.�5�.�1�.� �I�n� �t�h�e� �s�e�c�o�n�d� �c�a�s�e�,� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �a� �s�e�c�o�n�d� �o�r�d�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�o�d�e�l� �u�s�i�n�g� 

�4�6



�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �I�V�.�5�.�2�.� 

�T�h�e�s�e� �p�o�i�n�t�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e�s� �I�V�.�5�.�1� �a�n�d� �I�V�.�5�.�2�.� �N�o�t�i�c�e� �t�h�a�t� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� 

�a�u�g�m�e�n�t�e�d� �p�o�i�n�t�.� �t�h�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� �h�i�g�h�e�r� �f�o�r� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�r�i�t�e�r�i�o�n�,� 

�a�l�t�h�o�u�g�h� �s�o�m�e�t�i�m�e�s� �n�o�t� �t�o�o� �m�u�c�h� �h�i�g�h�e�r�.� �I�n� �t�h�i�s� �c�a�s�e�,� �s�o�m�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �h�a�s� 

�o�c�c�u�r�r�e�d�,� �a�n�d� �t�h�e� �B�I�I�V� �m�e�t�h�o�d� �i�s� �c�o�n�s�i�s�t�e�n�t�l�y� �p�e�r�f�o�r�m�i�n�g� �b�e�t�t�e�r�,� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E� �f�i�t�s�,� 

�a�f�t�e�r� �t�h�e� �f�i�r�s�t� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�.� �I�t� �d�o�e�s� �i�n�d�e�e�d� �a�p�p�e�a�r� �t�h�a�t� �f�o�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�,� 

�a�u�g�m�e�n�t�a�t�i�o�n� �b�y� �B�I�I�V� �p�e�r�f�o�r�m�s� �b�e�t�t�e�r� �t�h�a�n� �m�e�r�e�l�y� �u�s�i�n�g� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�i�s� 

�f�u�r�t�h�e�r� �s�t�r�e�n�g�t�h�e�n�s� �t�h�e� �c�l�a�i�m� �t�h�a�t� �B�I�I�V� �i�s� �s�u�p�e�r�i�o�r� �i�n� �g�e�n�e�r�a�l� �t�o� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� 

�w�h�e�n� �t�h�e� �m�o�d�e�l� �h�a�s� �b�e�e�n� �m�i�s�s�p�e�c�i�f�i�e�d�.� 
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�T�a�b�l�e� �I�V�.�5�.�1�.� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �L�e�a�s�t� �S�q�u�a�r�e�s� �a�n�d� �B�I�T�V�.� �U�s�i�n�g� �C�T� �=� �1�.�0� 
�a�n�d� �o� �=� �0�.�2�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� 
�a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 
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�A�U�G�.� �N�U�M�.� �X�I�A�U�G� �X�2�A�U�G� �E�S�E� 

�o�r�g�.� �d�e�s�i�g�n�  �� �-� �2�6�3�1�.�6�0� 
�]� �2�.�5�0�0�0� �0�.�5�0�0�0� �4�2�4�.�5�5� 
�2� �2�.�0�0�0�0� �0�.�5�0�0�0� �3�8�8�.�4�7� 
�3� �1�.�5�0�0�0� �0�.�5�0�0�0� �3�6�3�.�8�9� 
�4� �0�.�5�0�0�0� �2�.�0�0�0�0� �3�2�1�.�5�7� 
�5� �2�.�0�0�0�0� �0�.�0�0�0�0� �3�1�6�.�3�7� 
�6� �2�.�5�0�0�0� �2�.�0�0�0�0� �3�2�0�.�5�2� 

�T�a�b�l�e� �I�V�.�5�.�2� �R�e�s�u�l�t�s� �f�o�r� �S�i�x� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �L�e�a�s�t� �S�q�u�a�r�e�s� �a�n�d� �I�n�t�e�g�r�a�t�e�d� �P�r�e�d�i�c�t�i�o�n� 
�V�a�r�i�a�n�c�e�.� �U�s�i�n�g� �C�T� �=� �1�.�0� �a�n�d� �o� �=� �0�.�2�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� 
�E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 

�A�U�G�.� �N�U�M�.� �X�I�A�U�G� �X�2�A�U�G� �E�S�E� 

�o�r�g�.� �d�e�s�i�g�n�  ��  �� �2�6�3�1�.�6�0� 
�]� �2�.�5�0�0�0� �0�.�0�0�0�0� �4�1�7�.�0�1� 
�2� �0�.�5�0�0�0� �2�.�0�0�0�0� �4�2�3�.�3�4� 
�3� �2�.�5�0�0�0� �1�.�5�0�0�0� �3�6�9�.�4�2� 
�4� �2�.�5�0�0�0� �0�.�5�0�0�0� �3�2�5�.�3�0� 
�5� �2�.�0�0�0�0� �2�.�0�0�0�0� �3�6�6�.�6�9� 
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�I�V�.�6� �E�X�A�M�P�L�E� �O�F� �S�E�Q�U�E�N�T�I�A�L� �D�E�S�I�G�N� �A�U�G�M�E�N�T�A�T�I�O�N� �W�I�T�H� �B�A�T�C�H� �S�I�Z�E� �O�F� 

�T�W�O� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�,� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �w�i�t�h� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�,� �t�h�u�s� 

�a�l�l�o�w�i�n�g� �t�h�e� �u�s�e�r� �t�o� �r�e�-�e�v�a�l�u�a�t�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �A� �p�a�r�a�m�e�t�e�r�s� �e�a�c�h� �t�i�m�e�.� �T�h�i�s� �s�e�c�t�i�o�n� 

�c�o�n�t�a�i�n�s� �a�n� �e�x�a�m�p�l�e� �o�f� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �w�i�t�h� �a� �b�a�t�c�h� �s�i�z�e� �o�f� �t�w�o�.� �I�n� �s�u�c�h� �a� �c�a�s�e�,� �t�w�o� 

�p�o�i�n�t�s� �w�o�u�l�d� �b�e� �a�u�g�m�e�n�t�e�d�,� �b�u�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �w�i�l�l� �n�o�t� �b�e� �o�b�s�e�r�v�e�d� �u�n�t�i�l� �t�h�e� 

�s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �A� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �o�n�l�y� �b�e� �r�e�-� 

�e�v�a�l�u�a�t�e�d� �w�i�t�h� �e�v�e�r�y� �o�t�h�e�r� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�.� �P�o�t�e�n�t�i�a�l�l�y�,� �t�h�e� �H�A�T�L�I�N�K� �f�i�t� �c�o�u�l�d� �b�e� �w�o�r�s�e� �f�o�r� 

�t�h�e� �l�a�r�g�e�r� �b�a�t�c�h� �s�i�z�e�,� �s�i�n�c�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �A� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �n�o�t� �b�e� �u�p�d�a�t�e�d� �a�s� �o�f�t�e�n�.� 

�E�v�e�n�t�u�a�l�l�y�,� �a�s� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �i�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �l�i�k�e�l�y� �t�h�a�t� �u�p�d�a�t�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� 

�n�o�t� �b�e� �a�s� �l�a�r�g�e� �a� �f�a�c�t�o�r� �i�n� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �f�i�t�.� �S�i�m�u�l�a�t�i�o�n� �s�t�u�d�i�e�s� �h�a�v�e� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �u�s�u�a�l�l�y�,� 

�r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�,� �t�h�e� �s�m�a�l�l�e�r� �t�h�e� �b�a�t�c�h� �s�i�z�e�,� �t�h�e� �q�u�i�c�k�e�r� �t�h�e� �f�i�t� 

�i�m�p�r�o�v�e�s�.� 

�S�u�p�p�o�s�e� �t�h�e� �u�s�e�r� �h�a�s� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �a�s� �t�h�o�s�e� �i�n� �S�e�c�t�i�o�n� �I�V�.�3�.� �T�h�a�t� �i�s�,� �t�h�e� 

�u�s�e�r� �c�o�n�s�i�d�e�r�s� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �a�n�d� �n�e�w� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t�,� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �p�o�i�n�t� �i�n� �t�h�e� �n�e�w� 

�r�e�g�i�o�n�,� �a�n�d� �t�h�e� �s�a�m�e� �t�r�u�e� �m�o�d�e�l� �a�s� �i�n� �(�I�V�.�3�.�1�)�.� �H�e�r�e�,� �t�h�e� �u�s�e�r� �w�i�l�l� �a�u�g�m�e�n�t� �b�y� �s�i�x� �p�o�i�n�t�s� �i�n� 

�b�a�t�c�h�e�s� �o�f� �t�w�o� �p�o�i�n�t�s� �e�a�c�h�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �T�A�T�L�I�N�K� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �I�V�.�6�.�1�.� 

�T�h�e�s�e� �n�e�w� �p�o�i�n�t�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�V�.�6�.�1�.� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �F�i�g�u�r�e� �I�V�.�3�.�1�,� �t�h�i�s� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �t�e�n�d�s� �t�o� 

�a�l�s�o� �p�l�a�c�e� �s�o�m�e� �n�e�w� �p�o�i�n�t�s� �i�n� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �n�e�w� �r�e�g�i�o�n� �a�s� �w�e�l�l� �a�s� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �n�e�w� 

�r�e�g�i�o�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �t�w�o� �e�x�a�m�p�l�e�s� �t�e�n�d�e�d� �t�o� �s�e�l�e�c�t� �t�h�e� �s�a�m�e� �p�o�i�n�t�s�,� �a�l�t�h�o�u�g�h� �t�h�e� �o�r�d�e�r� �o�f� 

�s�e�l�e�c�t�i�o�n� �w�a�s� �d�i�f�f�e�r�e�n�t�.� �A�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E�,� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s� �b�e�i�n�g� �a�u�g�m�e�n�t�e�d� �a�r�e� 

�s�t�e�a�d�i�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �E�S�E�,� �a�l�t�h�o�u�g�h� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �t�h�e� �b�a�t�c�h� �s�i�z�e� �o�f� �t�w�o� �t�e�n�d�e�d� �t�o� �b�e� �l�a�r�g�e�r



�t�h�a�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �E�S�E� �v�a�l�u�e�s� �f�o�r� �t�h�e� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �A�s� �e�x�p�e�c�t�e�d�,� �a�f�t�e�r� �s�i�x� �p�o�i�n�t�s� �a�r�e� 

�a�u�g�m�e�n�t�e�d�,� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �h�a�v�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �b�a�n�d�w�i�d�t�h�,� �4� �a�n�d� �E�S�E� �v�a�l�u�e�s�.� �I�t� 

�a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �l�o�s�s� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �a� �l�a�r�g�e�r� �b�a�t�c�h� �s�i�z�e� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �t�o� �s�o�m�e� �e�x�t�e�n�t� 

�b�y� �a�u�g�m�e�n�t�i�n�g� �e�n�o�u�g�h� �b�a�t�c�h�e�s�.� �T�h�i�s� �i�s�s�u�e� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �C�h�a�p�t�e�r� �V�.� 
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�T�h�e�n� �l�e�t�t�i�n�g� �t�h�e� �a�l�i�a�s� �m�a�t�r�i�x� �A� �=� �(�X�,�/�X�,�)�'�X�,�/�X�,� �t�h�e� �b�i�a�s� �b�e�c�o�m�e�s� 

�n� 

�b�i�a�s� �(�Y�G�)� �=� �D�>� �{�2� �n�o�s�"� �[�x�y�,� �{�B�r� �+� �X�2�,�5�/�B�o�]� �}� �+� 
�y�=�)� 

�[�x�1�0� �A�  �� �X�2�,�0�/�]� �S�p�  �� �X�x�4�,�0�'� �[�1� �+� �A�B�D�I� �-� �(�I�V�.�7�.�1�)� 

�N�o�t�e� �t�h�a�t� �i�f� �A� �=� �0�,� �i�.�e�.� �o�n�l�y� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�s�u�l�t�s� �t�h�r�o�u�g�h� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �i�s� �b�e�i�n�g� �u�s�e�d�,� 

�t�h�e�n� �(�I�V�.�7�.�1�)� �r�e�d�u�c�e�s� �t�o� �t�h�e� �c�u�s�t�o�m�a�r�y� �v�a�l�u�e� �f�r�o�m� �r�e�g�r�e�s�s�i�o�n� �(�M�y�e�r�s�,� �1�9�9�0�)�.� 

�T�h�e� �v�a�r�i�a�n�c�e� �f�o�r� �Y�(�x�,�)� �i�s� �g�i�v�e�n� �b�y� 

�V�a�r� �/�¥�(�x�)�]� �=� �0�?� �I�E� �n�é�e�r� �+� �(�1�  �� �d�)� �n�e�t�s� �]� �(�I�V�.�7�.�2�)� 
�j�=�l� 

�N�o�w� �t�h�e� �m�e�a�n� �s�q�u�a�r�e�d� �e�r�r�o�r� �o�f� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �a�t� �x�,�,� �M�S�E� �(�Y�,�)� �m�a�y� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �k�n�o�w�i�n�g� 

�t�h�a�t� �M�S�E� �(�Y�o�)� �=� �V�a�r� �(�Y�o�)� �+� �b�i�a�s� �(�Y�o�)�?� �a�n�d� �u�s�i�n�g� �(�I�V�.�7�.�1�)� �a�n�d� �(�I�V�.�7�.�2�)�.� 

�I�n�t�e�g�r�a�t�i�n�g� �(�I�V�.�7�.�2�)� �o�v�e�r� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �w�o�u�l�d� �y�i�e�l�d� �a�n� �i�n�t�e�g�r�a�t�e�d� �m�e�a�n� 

�s�q�u�a�r�e� �e�r�r�o�r� �(�I�M�S�E�)�.� �I�t� �w�o�u�l�d� �b�e� �m�o�s�t� �d�e�s�i�r�a�b�l�e� �t�o� �a�u�g�m�e�n�t� �b�y� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t� �w�h�i�c�h� 

�m�i�n�i�m�i�z�e�s� �t�h�e� �I�M�S�E�.� �I�n� �s�u�c�h� �a� �c�a�s�e�,� �t�h�e� �b�i�a�s� �g�i�v�e�n� �i�n� �(�I�V�.�7�.�1�)� �c�a�n�n�o�t� �b�e� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h�o�u�t� 

�k�n�o�w�i�n�g� �t�h�e� �d�e�g�r�e�e� �a�n�d� �t�y�p�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �T�h�u�s� �t�h�e� �b�i�a�s� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d�.� �T�h�i�s� 

�w�a�s� �t�h�e� �m�o�t�i�v�a�t�i�o�n� �f�o�r� �t�h�e� �B�I�T�V� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�,� �w�h�i�c�h� �w�a�s� �s�u�g�g�e�s�t�e�d� �a�s� �a� �c�o�m�p�r�o�m�i�s�e� 

�b�e�t�w�e�e�n� �a�n� �I�M�S�E� �a�p�p�r�o�a�c�h� �a�n�d� �a�n� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�p�p�r�o�a�c�h�.� �I�n� �f�u�t�u�r�e� �r�e�s�e�a�r�c�h�,� 

�b�e�t�t�e�r� �m�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �b�i�a�s� �i�n� �(�1�V�.�7�.�1�)� �c�o�u�l�d� �y�i�e�l�d� �i�m�p�r�o�v�e�m�e�n�t�s� �i�n� �t�h�e� �H�A�T�L�I�N�K� 

�m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �B�I�I�V�.



�I�V�.�8� �N�U�M�E�R�I�C�A�L� �C�O�N�S�I�D�E�R�A�T�I�O�N�S� 

�A�s� �s�t�a�t�e�d� �b�e�f�o�r�e�,� �s�e�v�e�r�a�l� �p�r�o�b�l�e�m�s� �a�r�i�s�e� �i�n� �p�r�a�c�t�i�c�e� �w�h�e�n� �a�p�p�l�y�i�n�g� �e�i�t�h�e�r� �(�I�1�V�.�1�.�1�)� �o�r� 

�(�1�V�.�1�.�2�)�.� �F�i�r�s�t�,� �s�i�n�c�e� �n�o� �c�l�o�s�e�d� �f�o�r�m� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �e�x�i�s�t�s�,� �t�h�e�r�e� �i�s� �n�o� �e�a�s�y� 

�w�a�y� �t�o� �p�i�c�k� �t�h�e� �p�o�i�n�t� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �e�i�t�h�e�r� �B�I�I�V� �o�r� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�e� �o�n�l�y� 

�w�a�y� �t�o� �a�c�h�i�e�v�e� �t�h�i�s� �i�n� �p�r�a�c�t�i�c�e� �i�s� �t�o� �a�d�d� �i�n�d�i�v�i�d�u�a�l� �p�o�i�n�t�s� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �t�o� �t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x� 

�a�n�d� �c�a�l�c�u�l�a�t�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �e�s�t�i�m�a�t�e�d� �b�i�a�s� �i�f� �B�I�T�V� �i�s� �b�e�i�n�g� 

�p�e�r�f�o�r�m�e�d�.� �T�h�e�n� �t�h�e� �l�o�c�a�t�i�o�n� �i�s� �a�u�g�m�e�n�t�e�d� �t�h�a�t� �y�i�e�l�d�s� �e�i�t�h�e�r� �t�h�e� �m�i�n�i�m�u�m� �B�I�I�V� �o�r� �m�i�n�i�m�u�m� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �v�a�l�u�e�.� �O�b�v�i�o�u�s�l�y� �n�o�t� �a�l�l� �p�o�s�s�i�b�l�e� �p�o�i�n�t�s� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �c�a�n� �b�e� 

�c�h�e�c�k�e�d�,� �s�o� �a� �f�i�n�i�t�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �c�a�n�d�i�d�a�t�e� �l�o�c�a�t�i�o�n�s� �m�u�s�t� �b�e� �s�e�l�e�c�t�e�d�.� �W�i�t�h�o�u�t� �a�n�y� �o�t�h�e�r� 

�i�n�f�o�r�m�a�t�i�o�n�,� �a� �s�i�m�p�l�e� �g�r�i�d� �o�f� �p�o�i�n�t�s� �w�a�s� �s�e�l�e�c�t�e�d� �f�o�r� �t�h�i�s� �s�t�a�g�e�.� �T�h�u�s� �e�a�c�h� �t�i�m�e� �a�n� �a�d�d�i�t�i�o�n�a�l� 

�v�a�l�u�e� �w�a�s� �a�u�g�m�e�n�t�e�d�,� �i�t� �c�a�m�e� �f�r�o�m� �t�h�e� �s�a�m�e� �c�o�l�l�e�c�t�i�o�n� �o�f� �c�a�n�d�i�d�a�t�e� �p�o�i�n�t�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� 

�c�a�n�d�i�d�a�t�e� �l�o�c�a�t�i�o�n�s� �i�s� �l�i�m�i�t�e�d� �b�y� �t�h�e� �c�o�m�p�u�t�e�r� �t�i�m�e� �a�v�a�i�l�a�b�l�e�.� �F�o�r� �m�o�s�t� �a�p�p�l�i�c�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�e�d� 

�h�e�r�e� �a� �f�i�v�e� �b�y� �f�i�v�e� �g�r�i�d� �w�a�s� �u�t�i�l�i�z�e�d�.� 

�A�n�o�t�h�e�r� �p�r�o�b�l�e�m� �i�s� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l� �i�n� �(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)�.� �A�g�a�i�n�,� �w�i�t�h�o�u�t� �a� 

�c�l�o�s�e�d� �f�o�r�m� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�,� �t�h�e� �i�n�t�e�g�r�a�]� �c�a�n�n�o�t� �b�e� �e�v�a�l�u�a�t�e�d� �a�n�d� �i�t� �m�u�s�t� �b�e� 

�a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s�.� �T�h�e� �m�o�s�t� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �m�e�t�h�o�d� �f�o�r� �e�v�a�l�u�a�t�i�n�g� �t�h�e� 

�i�n�t�e�g�r�a�l� �c�o�n�t�a�i�n�e�d� �i�n� �(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)� �i�s� �a� �S�i�m�p�s�o�n�'�s� �R�u�l�e� �a�p�p�r�o�a�c�h� �m�e�n�t�i�o�n�e�d� �i�n� �S�t�r�o�u�d� 

�(�1�9�7�1�)� �f�o�r� �h�i�g�h�e�r� �o�r�d�e�r� �d�i�m�e�n�s�i�o�n�s�.� �T�h�i�s� �c�o�n�s�i�s�t�s� �o�f� �e�v�e�n�l�y� �g�r�i�d�d�i�n�g� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �a�s� 

�r�e�q�u�i�r�e�d� �b�y� �S�i�m�p�s�o�n ��s� �R�u�l�e�,� �w�h�i�c�h� �i�s� �t�h�e�n� �a�p�p�l�i�e�d� �i�n� �e�a�c�h� �d�i�m�e�n�s�i�o�n�.� �F�o�r� �s�o�m�e� �d�i�m�e�n�s�i�o�n� 

�v�a�l�u�e�s�,� �S�t�r�o�u�d� �(�1�9�7�1�)� �h�a�s� �f�o�r�m�u�l�a�s� �a�l�r�e�a�d�y� �w�o�r�k�e�d� �o�u�t�.� �T�h�i�s� �m�e�t�h�o�d� �m�a�y� �r�e�q�u�i�r�e� �t�h�e� �f�u�n�c�t�i�o�n� 

�t�o� �b�e� �e�v�a�l�u�a�t�e�d� �a�t� �m�a�n�y� �p�o�i�n�t�s� �t�o� �a�t�t�a�i�n� �a� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �d�e�g�r�e�e� �o�f� �a�c�c�u�r�a�c�y�.� �I�f� �t�h�e� �f�u�n�c�t�i�o�n� �i�s� 

�h�a�r�d� �o�r� �d�i�f�f�i�c�u�l�t� �t�o� �e�v�a�l�u�a�t�e�.� �i�t� �m�a�y� �b�e�c�o�m�e� �v�e�r�y� �t�i�m�e� �c�o�n�s�u�m�i�n�g� �t�o� �a�p�p�l�y� �a� �S�i�m�p�s�o�n ��s� �R�u�l�e� 

�a�p�p�r�o�a�c�h�.� 
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�A� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �m�e�t�h�o�d� �o�f� �n�u�m�e�r�i�c�a�l�l�y� �e�v�a�l�u�a�t�i�n�g� �i�n�t�e�g�r�a�l�s� �i�n�c�o�r�p�o�r�a�t�e�s� �G�a�u�s�s�i�a�n� 

�q�u�a�d�r�a�t�u�r�e�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �m�u�l�t�i�p�l�e� �i�n�t�e�g�r�a�l� �b�y� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �p�o�i�n�t�s� 

�e�v�a�l�u�a�t�e�d� �w�i�t�h�i�n� �t�h�e� �i�n�t�e�g�r�a�n�d�.� �S�e�l�e�c�t�e�d� �f�o�r�m�u�l�a�s� �f�o�r� �G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� 

�S�t�r�o�u�d� �(�1�9�7�1�)� �f�o�r� �s�t�a�n�d�a�r�d� �r�e�g�i�o�n�s�,� �s�a�y� �a� �c�i�r�c�l�e� �c�e�n�t�e�r�e�d� �a�t� �z�e�r�o� �w�i�t�h� �r�a�d�i�u�s� �o�f� �o�n�e� �o�r� �a� �c�u�b�e� 

�c�e�n�t�e�r�e�d� �a�t� �z�e�r�o� �w�i�t�h� �s�i�d�e�s� �o�f� �l�e�n�g�t�h� �o�n�e�.� �A�n�y� �s�p�h�e�r�i�c�a�l� �o�r� �c�u�b�o�i�d�a�l� �r�e�g�i�o�n� �c�a�n� �b�e� �t�r�a�n�s�l�a�t�e�d� 

�a�n�d�/�o�r� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �s�t�a�n�d�a�r�d� �r�e�g�i�o�n�.� �T�h�u�s� �t�h�e� �f�o�r�m�u�l�a�s� �g�i�v�e�n� �i�n� �S�t�r�o�u�d� �(�1�9�7�1�)� �m�a�y� �b�e� 

�a�p�p�l�i�e�d� �t�o� �t�h�e�s�e� �r�e�g�i�o�n�s� �w�i�t�h� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �c�h�a�n�g�e�s�.� �S�o�m�e� �o�f� �t�h�e�s�e� �f�o�r�m�u�l�a�s� �m�a�y� �b�e� �u�s�e�d� �t�o� 

�a�p�p�r�o�x�i�m�a�t�e� �(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)� �w�i�t�h� �f�e�w�e�r� �p�o�i�n�t�s� �b�u�t� �t�h�e� �s�a�m�e� �a�c�c�u�r�a�c�y� �a�s� �S�i�m�p�s�o�n ��s� �R�u�l�e�.� 

�T�h�e�s�e� �m�e�t�h�o�d�s� �f�o�r� �a�p�p�r�o�x�i�m�a�t�i�n�g� �i�n�t�e�g�r�a�l�s� �r�e�q�u�i�r�e� �t�h�e� �i�n�t�e�g�r�a�n�d� �t�o� �b�e� �r�e�l�a�t�i�v�e�l�y� �s�m�o�o�t�h�.� �A� 

�G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e� �e�q�u�a�t�i�o�n� �f�r�o�m� �S�t�r�o�u�d� �(�1�9�7�1�)� �w�a�s� �s�e�l�e�c�t�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �i�n�t�e�g�r�a�l�s�.� 

�U�s�i�n�g� �G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e� �r�e�s�u�l�t�e�d� �i�n� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �t�h�a�t� �w�e�r�e� �q�u�i�c�k�e�r� �t�o� �e�v�a�l�u�a�t�e� �w�h�i�l�e� 

�r�e�t�a�i�n�i�n�g� �t�h�e� �s�a�m�e� �a�c�c�u�r�a�c�y� �a�s� �a� �S�i�m�p�s�o�n�'�s� �R�u�l�e� �a�p�p�r�o�a�c�h� �u�s�i�n�g� �a� �v�e�r�y� �f�i�n�e� �g�r�i�d�.� �A�s� �c�a�n� �b�e� 

�s�e�e�n� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �n�u�m�e�r�i�c�a�l� �e�v�a�l�u�a�t�i�o�n� �f�o�r� �t�h�e� �i�n�t�e�g�r�a�l�s� �i�n� �(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)� �w�a�s� �n�o�t� �a� 

�s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �p�r�o�c�e�d�u�r�e�.� �O�t�h�e�r� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �a�p�p�r�o�x�i�m�a�t�i�n�g� �m�u�l�t�i�p�l�e� �d�i�m�e�n�s�i�o�n� �i�n�t�e�g�r�a�l�s� 

�m�i�g�h�t� �b�e� �s�t�u�d�i�e�d�.� 

�I�V�.�9� �A�N�A�L�Y�T�I�C�A�L� �C�O�N�S�I�D�E�R�A�T�I�O�N�S� 

�A�s� �s�t�a�t�e�d� �a�b�o�v�e�,� �m�a�n�y� �t�i�m�e�s� �t�h�e� �i�n�t�e�g�r�a�l�s� �t�h�a�t� �r�e�s�u�l�t� �f�r�o�m� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�e�d� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�a�n� �n�e�v�e�r� �b�e� �e�v�a�l�u�a�t�e�d� �e�x�a�c�t�l�y� �a�n�d� �m�u�s�t� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d�.� �A�n� �o�b�v�i�o�u�s� 

�q�u�e�s�t�i�o�n� �i�s� �h�o�w� �w�e�l�l� �d�o� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r�m�u�l�a�s� �w�o�r�k� �w�h�e�n� �p�e�r�f�o�r�m�i�n�g� �s�e�q�u�e�n�t�i�a�l� �d�e�s�i�g�n� 

�a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �H�A�T�L�I�N�K�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �k�e�r�n�e�l� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �w�o�r�k� �w�a�s� �t�h�e� 

 ��n�o�r�m�a�l �� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�,� �t�h�a�t� �i�s� 

�K�(�u�)� �=� �e�x�p�(�  ��u�?�)� �-�x�<�u�<� �o�w� �(�I�V�.�9�.�1�)



�w�h�e�r�e� �u� �=� �(�x�  �� �x�;�)�/�h� �f�o�r� �t�h�e� �s�i�n�g�l�e� �v�a�r�i�a�b�l�e� �c�a�s�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�i�s� �l�e�a�d�s� �t�o� �i�n�t�e�g�r�a�l�s� �i�n� 

�(�I�V�.�3�.�1�)� �a�n�d� �(�I�V�.�3�.�2�)� �t�h�a�t� �c�a�n�n�o�t� �b�e� �e�v�a�l�u�a�t�e�d� �i�n� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �f�i�n�d�i�n�g� �t�h�e� 

�p�o�i�n�t� �x�,� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �m�u�s�t� �b�e� �d�o�n�e� �u�s�i�n�g� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�m�e�t�h�o�d�s� �u�t�i�l�i�z�i�n�g� �t�h�e� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �I�n�s�t�e�a�d� �o�f� �t�h�e� 

�k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �i�n� �(�I�V�.�9�.�1�)�,� �c�o�n�s�i�d�e�r� �t�h�e� �f�u�n�c�t�i�o�n� 

�-� �5� �u�?� �J�u�]� �<� �3� 

�K�(�u�)� �=� �0� �o�t�h�e�r�w�i�s�e� �(�I�V�.�9�.�2�)� 

�T�h�i�s� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �i�s� �m�o�r�e� �t�r�a�c�t�a�b�l�e� �a�n�d� �l�e�a�d�s�,� �i�n� �s�i�m�p�l�e� �c�a�s�e�s�,� �t�o� �m�i�n�i�m�i�z�i�n�g� �i�n�t�e�g�r�a�t�e�d� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�s� �t�h�a�t� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �i�n� �a� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n�.� 

�A�s� �a�n� �e�x�a�m�p�l�e�,� �a�s�s�u�m�e� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �c�a�s�e� �w�i�t�h� �[ ��1�,� �1�]� �a�s� �t�h�e� �o�l�d� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �f�o�r� 

�t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �x�.� �S�o�m�e� �s�u�b�s�e�q�u�e�n�t� �a�n�a�l�y�s�i�s� �r�e�f�l�e�c�t�s� �a� �n�e�e�d� �t�o� �m�o�v�e� �t�o� �t�h�e� �r�e�g�i�o�n� �[�0�,� �2�]�,� 

�w�h�i�c�h� �i�s� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �S�t�a�r�t�i�n�g� �w�i�t�h� �a� �d�e�s�i�g�n� �a�s� �i�n� �C�h�a�p�t�e�r� �I�V�,� �a� �n�e�w� �p�o�i�n�t� �w�i�l�l� �b�e� 

�a�u�g�m�e�n�t�e�d� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �c�r�i�t�e�r�i�o�n� �o�f� �I�V�.�1�.�1�.� �U�s�i�n�g� �(�I�V�.�9�.�2�)� �a�s� 

�t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�,� �t�h�e� �i�n�t�e�g�r�a�l� �w�i�l�l� �b�e� �e�v�a�l�u�a�t�e�d� �e�x�a�c�t�l�y� �a�n�d� �t�h�e� �p�o�i�n�t� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �w�i�l�l� �b�e� �c�h�o�s�e�n�.� 

�F�o�r� �t�h�e� �d�e�s�i�g�n�,� �u�s�e� �o�n�e� �p�o�i�n�t� �e�a�c�h� �a�t� �x� �=�  ��1�,� �0�,� �a�n�d� �1� �i�n� �t�h�e� �o�l�d� �r�e�g�i�o�n�.� �T�o� �s�t�a�r�t� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �a�u�g�m�e�n�t� �b�y� �t�h�e� �p�o�i�n�t� �x� �=� �2�?� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n�.� �F�o�r� �n�o�t�a�t�i�o�n�,� �l�e�t� 

�x�X�,� �=� �-�l�,� �x�X�)� �=� �0�,� �x�3� �=� �1�,� �x�,� �=� �2�.� �I�t� �i�s� �d�e�s�i�r�e�d� �t�o� �a�u�g�m�e�n�t� �w�i�t�h� �t�h�e� �p�o�i�n�t� �x�g�  ¬� �(�0�,� �2�]� �t�o� 

�m�i�n�i�m�i�z�e� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�s� �s�t�a�t�e�d� �i�n� �(�I�V�.�1�.�1�)�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� 

�f�o�r� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �s�i�t�u�a�t�i�o�n� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �1�.� 

�R�e�s�p�o�n�s�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�a�c�h� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �f�o�u�r� �p�o�i�n�t�s� �w�e�r�e� �s�i�m�u�l�a�t�e�d�,� �a�n�d� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �P�R�E�S�S�*� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� �b�a�n�d�w�i�d�t�h� 

�a�n�d� �t�h�e� �C�p�?� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� �l�a�m�b�d�a�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �h� �=� �0�.�8�6�0�6�6� �a�n�d� �A� �=� �0�.�4�3�1�5�8�.� �T�h�e�s�e



�v�a�l�u�e�s� �w�e�r�e� �u�s�e�d� �i�n� �e�v�a�l�u�a�t�i�n�g� �(�I�V�.�1�.�1�)�.� 

�F�o�r�m�u�l�a� �M�a�n�i�p�u�l�a�t�i�o�n� �C�o�m�p�i�l�e�r� �(�F�O�R�M�A�C�)� �i�s� �a� �l�a�n�g�u�a�g�e� �f�o�r� �s�y�m�b�o�l�i�c� �m�a�n�i�p�u�l�a�t�i�o�n� 

�o�f� �m�a�t�h�e�m�a�t�i�c�a�l� �e�x�p�r�e�s�s�i�o�n�s�.� �I�t� �w�a�s� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�u�m�s� �a�n�d� �t�h�e� �a�l�g�e�b�r�a� �f�o�r� �t�h�e� �i�n�d�i�v�i�d�u�a�l� 

�i�n�t�e�g�r�a�l�s� �i�n� �(�I�V�.�1�.�1�)�.� �F�O�R�M�A�C� �w�a�s� �a�l�s�o� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �i�n�t�e�g�r�a�l�s� �a�t� �t�h�e� �l�i�m�i�t�s� �o�f� 

�i�n�t�e�g�r�a�t�i�o�n� �a�n�d� �s�i�m�p�l�i�f�y� �t�h�e� �a�n�s�w�e�r�s� �s�o�m�e�w�h�a�t�.� �T�h�e� �a�l�g�e�b�r�a� �i�n�v�o�l�v�e�d� �w�o�u�l�d� �b�e� �t�o�o� �t�e�d�i�o�u�s� �t�o� 

�p�e�r�f�o�r�m� �c�o�r�r�e�c�t�l�y� �b�y� �h�a�n�d�!� �S�e�e� �A�p�p�e�n�d�i�x� �1� �f�o�r� �m�o�r�e� �d�e�t�a�i�l�s�.� �A�f�t�e�r� �c�o�n�s�i�d�e�r�a�b�l�e� �a�l�g�e�b�r�a�,� �t�h�e� 

�r�e�s�u�l�t�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�T�h�e� �p�o�i�n�t� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �t�h�a�t� �m�i�n�i�m�i�z�e�d� �(�I�V�.�1�.�1�)� �w�a�s� �x�9� �=� �2�.� �T�h�i�s� �p�r�o�d�u�c�e�d� 

�2� 

�2� �v�a�r� �[�5� �x� �i� �o�o� 
�|�  � ��.�_� �d�x� �=� �0�.�4�8�4�8�2�6�0�2� �,� 

�0� �O�o� 

�w�h�i�c�h� �i�s� �t�h�e� �e�x�a�c�t� �v�a�l�u�e� �f�o�r� �t�h�e� �i�n�t�e�g�r�a�l�.� �U�s�i�n�g� �t�h�e� �s�a�m�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �(�I�V�.�9�.�2�)� �a�n�d� 

�H�A�T�L�I�N�K�,� �t�h�e� �i�n�t�e�g�r�a�l�s� �w�e�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �a�n�d� �t�h�e� �m�i�n�i�m�i�z�i�n�g� �p�o�i�n�t� �w�a�s� �s�e�l�e�c�t�e�d� �b�y� �t�h�e� 

�c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �p�e�r�f�o�r�m�i�n�g� �s�e�q�u�e�n�t�i�a�l� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n�.� �T�h�e� �p�o�i�n�t� �s�e�l�e�c�t�e�d� �w�a�s� �a�l�s�o� �x�p� �=� 

�2�.� �T�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e� �t�o� �b�e� 

�2� �v�a�r� �l�y�(�x�)� 
�|� �v�a�r� �[�n�s� �d�x� �=� �0�.�4�8�4�8�4�3�1� �,� 

�0� �o� 

�a� �v�a�l�u�e� �a�g�r�e�e�i�n�g� �v�e�r�y� �c�l�o�s�e�l�y� �w�i�t�h� �t�h�e� �e�x�a�c�t� �v�a�l�u�e� �f�o�r� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �S�u�c�h� 

�r�e�s�u�l�t�s� �i�m�p�l�y� �t�h�a�t� �t�h�e� �i�n�t�e�g�r�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �c�o�m�p�u�t�e�r� �a�r�e� �r�e�a�s�o�n�a�b�l�y� 

�a�c�c�u�r�a�t�e�,� �a�t� �l�e�a�s�t� �f�o�r� �t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �(�I�V�.�9�.�2�)�.� �L�a�s�t�l�y�,� �t�h�e� �n�o�r�m�a�l� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� 

�(�I�V�.�9�.�1�)� �w�a�s� �u�s�e�d� �t�o� �s�e�l�e�c�t� �t�h�e� �p�o�i�n�t� �t�o� �m�i�n�i�m�i�z�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�,� �a�g�a�i�n� 

�i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �f�o�r� �s�e�q�u�e�n�t�i�a�l� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n� �w�i�t�h� �t�h�e� �H�A�T�L�I�N�K� 

�m�e�t�h�o�d�.� �A�s� �f�o�r� �t�h�e� �o�t�h�e�r� �t�w�o� �c�a�s�e�s�,� �t�h�e� �p�o�i�n�t� �s�e�l�e�c�t�e�d� �w�a�s� �x�g� �=� �2�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �i�n�t�e�g�r�a�t�e�d� 

�6�0



�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �n�u�m�e�r�i�c�a�l�l�y� �a�s� 

�i�?� �v�a�r� �W�O�}� �a�.� �=� �9�.�5�0�9�8�0� �.� 
�0� �a� 

�T�h�i�s� �v�a�l�u�e� �a�l�s�o� �a�g�r�e�e�s� �f�a�i�r�l�y� �c�l�o�s�e�l�y� �w�i�t�h� �t�h�e� �o�t�h�e�r� �t�w�o� �v�a�l�u�e�s�,� �t�h�e� �s�l�i�g�h�t� �d�i�f�f�e�r�e�n�c�e� �b�e�i�n�g� �d�u�e� �t�o� 

�t�h�e� �d�i�f�f�e�r�e�n�t� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n�,� �s�u�p�p�o�r�t�i�n�g� �B�u�t�l�e�r ��s� �s�t�a�t�e�m�e�n�t� �t�h�a�t� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� 

�i�s� �n�o�t� �t�o�o� �i�m�p�o�r�t�a�n�t�.� �I�t� �a�l�s�o� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �m�e�t�h�o�d�s� �p�r�e�s�e�n�t�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �i�n�t�e�g�r�a�l�s� �a�n�d� 

�f�i�n�d� �t�h�e� �p�o�i�n�t� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�p�p�e�a�r� �t�o� �w�o�r�k� �i�n� �p�r�a�c�t�i�c�e�.� �I�t� �w�a�s� 

�t�h�r�o�u�g�h� �e�x�a�m�p�l�e�s� �s�u�c�h� �a�s� �t�h�i�s� �t�h�a�t� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �m�e�t�h�o�d�s� �o�f� �n�u�m�e�r�i�c�a�l�l�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)� �e�m�p�l�o�y�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �a�r�e� �j�u�s�t�i�f�i�e�d�.� 

�I�V�.�1�0� �C�O�N�C�L�U�S�I�O�N�S� 

�T�h�i�s� �c�h�a�p�t�e�r� �p�r�e�s�e�n�t�e�d� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �o�f� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n�.� �T�w�o� �d�i�f�f�e�r�e�n�t� 

�c�r�i�t�e�r�i�a� �f�o�r� �a�u�g�m�e�n�t�a�t�i�o�n� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �a�n�d� �e�x�a�m�p�l�e�s� �w�e�r�e� �i�n�c�l�u�d�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� 

�t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �a�p�p�e�a�r�s� �t�o� �p�e�r�f�o�r�m� �w�e�l�l�.� �a�t� �l�e�a�s�t� �u�n�d�e�r� �s�o�m�e� �c�i�r�c�u�m�s�t�a�n�c�e�s�.� �O�b�v�i�o�u�s�l�y� 

�f�u�r�t�h�e�r� �s�i�m�u�l�a�t�i�o�n�s� �m�u�s�t� �b�e� �s�t�u�d�i�e�d� �i�n� �o�r�d�e�r� �t�o� �j�u�s�t�i�f�y� �u�s�i�n�g� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �o�f� �d�e�s�i�g�n� 

�a�u�g�m�e�n�t�a�t�i�o�n�.� �I�n� �C�h�a�p�t�e�r� �V�,� �a�d�d�i�t�i�o�n�a�l� �e�x�a�m�p�l�e�s� �w�i�t�h� �s�e�v�e�r�a�l� �q�u�a�n�t�i�t�i�e�s� �v�a�r�i�e�d�,� �i�n�c�l�u�d�i�n�g� �t�h�e� 

�d�e�g�r�e�e� �a�n�d� �t�y�p�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �a�n�d� �t�h�e� �v�a�r�i�a�n�c�e� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�n�d� �p�r�e�s�e�n�t�e�d�.� �T�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�a�t� �a�u�g�m�e�n�t�a�t�i�o�n� �w�i�t�h� �B�I�I�V� �y�i�e�l�d�e�d� �a� �b�e�t�t�e�r� �d�e�s�i�g�n�,� �S�e�c�t�i�o�n�s� �4� �a�n�d� �5� �c�o�m�p�a�r�e�d� 

�B�I�T�V� �a�n�d� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �f�o�r� �I�T�A�T�L�I�N�I�X� �a�n�d� �f�o�r� �l�e�a�s�t� �s�q�u�a�r�e�s�.� 

�S�e�c�t�i�o�n� �I�V�.�7� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �b�i�a�s� �i�n� �t�h�e� �m�o�d�e�l�.� �W�h�e�n� �t�h�e� �u�s�e�r� �h�a�s� �m�i�s�s�p�e�c�i�f�i�e�d� �t�h�e� 

�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�,� �s�o�m�e� �b�i�a�s� �w�i�l�l� �o�c�c�u�r� �w�h�e�n� �f�i�t�t�i�n�g� �a� �s�u�r�f�a�c�e�.� �T�h�i�s� �m�o�t�i�v�a�t�e�d� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� 

�B�I�I�V� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.� �P�o�t�e�n�t�i�a�l� �i�m�p�r�o�v�e�m�e�n�t�s� �i�n� �t�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �a�r�e� �s�u�g�g�e�s�t�e�d� �i�n� 
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�C�h�a�p�t�e�r� �V�I�I�.� 

�S�o�m�e� �n�u�m�e�r�i�c�a�l� �p�r�o�b�l�e�m�s� �t�h�a�t� �a�r�i�s�e� �w�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l�s� �i�n� �(�I�V�.�1�.�1�)� �a�n�d� 

�(�I�V�.�1�.�2�)� �w�e�r�e� �b�r�i�e�f�l�y� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �m�e�a�n�s� �t�h�a�t� �a�n�a�l�y�t�i�c� 

�r�e�s�u�l�t�s� �a�r�e� �e�x�t�r�e�m�e�l�y� �d�i�f�f�i�c�u�l�t� �t�o� �o�b�t�a�i�n�,� �e�x�c�e�p�t� �u�n�d�e�r� �v�e�r�y� �s�i�m�p�l�i�s�t�i�c� �c�o�n�d�i�t�i�o�n�s�.� �I�n� �S�e�c�t�i�o�n� �I�V�.�9�,� 

�o�n�e� �s�u�c�h� �e�x�a�m�p�l�e� �w�a�s� �p�r�e�s�e�n�t�e�d�.� �T�h�i�s� �e�x�a�m�p�l�e� �a�u�g�m�e�n�t�e�d� �w�i�t�h� �o�n�e� �p�o�i�n�t� �u�s�i�n�g� �i�n�t�e�g�r�a�t�e�d� 

�p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�e� �i�n�t�e�g�r�a�l� �w�a�s� �b�o�t�h� �e�v�a�l�u�a�t�e�d� �e�x�a�c�t�l�y� �a�n�d� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�w�o� �m�e�t�h�o�d�s�,� 

�a�n�d� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�s� �w�e�r�e� �v�e�r�y� �s�i�m�i�l�a�r�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�e�r�f�o�r�m� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �a�r�e� �r�e�a�s�o�n�a�b�l�e�.� 

�C�h�a�p�t�e�r� �V�I� �h�a�s� �f�u�r�t�h�e�r� �e�x�a�m�p�l�e�s� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.� �I�t� 

�c�o�n�s�i�d�e�r�s� �b�o�t�h� �t�w�o� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �e�x�a�m�p�l�e�s� �a�n�d� �o�n�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �e�x�a�m�p�l�e�s� �o�f� �t�h�e� 

�H�A�T�L�I�N�K� �m�e�t�h�o�d� �u�s�i�n�g� �t�h�e� �B�I�V� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.



�C�H�A�P�T�E�R� �V� 

�R�E�S�U�L�T�S� �O�F� �I�N�I�T�I�A�L� �S�I�M�U�L�A�T�I�O�N�S� 

�V�.�1� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �S�T�U�D�Y� 

�R�e�c�a�l�l� �t�h�a�t� �C�h�a�p�t�e�r� �I�I� �r�e�v�i�e�w�e�d� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�o�l�o�g�y�,� �p�a�r�t�i�c�u�l�a�r�l�y� �a�u�g�m�e�n�t�i�n�g� 

�w�i�t�h� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �a� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �C�h�a�p�t�e�r� �I�I�I� �p�r�e�s�e�n�t�e�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �a�s� �a�n� 

�e�x�a�m�p�l�e� �o�f� �a� �n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�.� �B�y� �u�s�e� �o�f� �a� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�,� �C�h�a�p�t�e�r� �I�I�I� 

�a�l�s�o� �d�e�v�e�l�o�p�e�d� �a� �n�e�w� �m�e�t�h�o�d� �c�a�l�l�e�d� �H�A�T�L�I�N�K� �w�h�i�c�h� �w�a�s� �s�u�g�g�e�s�t�e�d� �a�s� �a� �c�o�m�p�r�o�m�i�s�e� �b�e�t�w�e�e�n� 

�p�a�r�a�m�e�t�r�i�c� �a�n�d� �n�o�n�p�a�r�a�m�e�t�r�i�c� �r�e�g�r�e�s�s�i�o�n�s�.� �C�h�a�p�t�e�r� �I�V� �g�a�v�e� �m�o�r�e� �d�e�t�a�i�l� �o�n� �t�h�e� �H�A�T�L�I�N�K� 

�m�e�t�h�o�d� �a�n�d� �p�r�e�s�e�n�t�e�d� �t�w�o� �e�x�a�m�p�l�e�s� �s�h�o�w�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �b�a�t�c�h� �s�i�z�e� �u�p�o�n� �t�h�e� �p�r�o�p�o�s�e�d� 

�a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d�.� �U�s�i�n�g� �l�e�a�s�t� �s�q�u�a�r�e�s� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�n�o�n�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�,� �i�t� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �t�o� �u�s�e� �H�A�T�L�I�N�K� �t�o� �p�e�r�f�o�r�m� �d�e�s�i�g�n� �a�u�g�m�e�n�t�a�t�i�o�n�.� 

�T�h�i�s� �s�h�o�u�l�d� �r�e�s�u�l�t� �i�n� �a� �n�e�w� �d�e�s�i�g�n� �t�h�a�t� �y�i�e�l�d�s� �a� �b�e�t�t�e�r� �f�i�t� �a�n�d�,� �c�o�n�s�e�q�u�e�n�t�i�a�l�l�y�,� �b�e�t�t�e�r� �p�r�e�d�i�c�t�i�o�n� 

�p�r�o�p�e�r�t�i�e�s� �t�h�e�n� �c�u�r�r�e�n�t�l�y� �u�s�e�d� �m�e�t�h�o�d�s� �t�h�a�t� �a�r�e� �b�a�s�e�d� �u�p�o�n� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� 

�I�n� �o�r�d�e�r� �t�o� �s�t�u�d�y� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d�,� �s�o�m�e� �s�i�m�u�l�a�t�e�d� �e�x�a�m�p�l�e�s� �o�f� 

�a�u�g�m�e�n�t�i�n�g� �d�e�s�i�g�n�s� �u�s�i�n�g� �v�a�r�i�o�u�s� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�a� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �N�o�r�m�a�l�l�y�,� �s�u�c�h� �c�r�i�t�e�r�i�a� 

�a�r�e� �b�a�s�e�d� �u�p�o�n� �l�e�a�s�t� �s�q�u�a�r�e�s� �t�e�c�h�n�i�q�u�e�s� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �(�1�1�.�3�.�1�)�.� �P�o�s�s�i�b�l�e� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�a� 

�s�u�g�g�e�s�t�e�d� �w�e�r�e� �e�i�t�h�e�r� �m�i�n�i�m�i�z�i�n�g� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �(�I�V�.�1�.�1�)� �o�r� �B�I�T�V� �(�I�V�.�1�.�2�)�.� �I�n� 

�c�o�m�p�a�r�i�n�g� �t�h�e� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s�,� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�,� �i�t� �w�i�l�l� �b�e� �s�h�o�w�n� �t�h�a�t� �f�o�r� �b�o�t�h� 
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�(�I�V�.�1�.�1�)� �a�n�d� �(�I�V�.�1�.�2�)� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �y�i�e�l�d�e�d� �a� �b�e�t�t�e�r� �f�i�t� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E� 

�c�r�i�t�e�r�i�o�n� �o�f� �(�I�V�.�2�.�1�)� �o�v�e�r� �a� �b�r�o�a�d� �r�a�n�g�e� �o�f� �c�o�n�d�i�t�i�o�n�s�.� 

�I�n� �o�r�d�e�r� �t�o� �d�e�f�i�n�e� �a� �p�a�r�t�i�c�u�l�a�r� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �s�e�t�t�i�n�g� �f�o�r� �s�i�m�u�l�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�i�t�e�m�s� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d�:� 

�T�h�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �p�o�i�n�t�s�.� 

�T�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� 

�T�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �t�o� �b�e� �a�u�g�m�e�n�t�e�d�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �b�a�t�c�h�e�s�.� 

�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r� �v�a�r�i�a�b�l�e�.� 

�T�h�e� �u�s�e�r ��s� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l�.� 

�T�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �o�f� �t�h�e� �t�r�u�e� �u�n�d�e�r�l�y�i�n�g� �m�o�d�e�l�.� 

�T�h�e� �d�e�g�r�e�e� �o�f� �d�e�p�a�r�t�u�r�e� �b�e�t�w�e�e�n� �t�h�e� �t�r�u�e� �&� �u�s�e�r ��s� �m�o�d�e�l�s�.� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �b�a�n�d�w�i�d�t�h� �p�a�r�a�m�e�t�e�r�.� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �l�a�m�b�d�a� �p�a�r�a�m�e�t�e�r�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n�.� 

�O�b�v�i�o�u�s�l�y�,� �t�h�e�r�e� �a�r�e� �a� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �w�a�y�s� �t�o� �v�a�r�y� �t�h�e�s�e� �e�l�e�v�e�n� �i�t�e�m�s�.� �I�n� �t�h�i�s� �w�o�r�k�,� 

�r�e�s�t�r�i�c�t�i�o�n�s� �a�r�e� �p�l�a�c�e�d� �o�n� �s�o�m�e� �o�f� �t�h�e� �i�t�e�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r� �i�s� �a�l�w�a�y�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �d�i�s�t�r�i�b�u�t�e�d� �a�s� �N�(�0�,� �0�7�)� �w�h�e�r�e� �o�?� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �b�y� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r�.� �T�o� �a�l�l�o�w� �t�h�e� 

�i�n�v�e�s�t�i�g�a�t�i�o�n� �t�o� �p�r�o�c�e�e�d� �i�n� �a�n� �o�r�d�e�r�l�y� �m�a�n�n�e�r�,� �a�l�l� �i�t�e�m�s� �a�r�e� �h�e�l�d� �c�o�n�s�t�a�n�t� �e�x�c�e�p�t� �f�o�r� �t�h�e� �c�h�o�i�c�e� 

�o�f� �o�?�,� �(�i�v�)�,� �(�v�i�l�l�)�,� �(�x�)�.� �a�n�d� �(�x�i�)�.� �T�o� �s�t�u�d�y� �t�h�e�s�e� �c�a�s�e�s�,� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s�,� �k�e�r�n�e�l� 

�a�n�d� �H�A�T�L�I�N�K� �m�e�t�h�o�d�s� �w�i�l�l� �b�e� �o�b�s�e�r�v�e�d� �w�h�e�n� �t�h�e� �d�e�g�r�e�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�s� �v�a�r�i�e�d� 

�f�r�o�m� �w�h�e�r�e� �t�h�e� �u�s�e�r ��s� �m�o�d�e�l� �i�s� �n�e�a�r�l�y� �c�o�r�r�e�c�t� �t�o� �a� �p�o�i�n�t� �w�h�e�r�e� �i�t� �b�e�c�o�m�e�s� �r�a�t�h�e�r� �q�u�e�s�t�i�o�n�a�b�l�e�.� 
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�I�t� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �u�s�e�r� �h�a�s� �s�p�e�c�i�f�i�e�d� �a� �f�i�r�s�t� �o�r�d�e�r� �m�o�d�e�l� �i�n� �t�h�e� �i�n�i�t�i�a�l� �r�e�g�i�o�n� �o�f� 

�i�n�t�e�r�e�s�t� �a�n�d� �t�h�a�t� �a� �s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l� �i�s� �s�p�e�c�i�f�i�e�d� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n�.� �A�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �d�e�s�i�g�n� 

�p�o�i�n�t�s� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�,� �t�h�e� �E�S�E� �c�r�i�t�e�r�i�o�n� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �h�o�w� �w�e�l�l� �t�h�e� 

�f�i�t�t�e�d� �s�u�r�f�a�c�e� �i�s� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �t�r�u�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �A�s� �i�n�d�i�c�a�t�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I�,� �t�w�o� 

�m�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �A� �a�p�p�e�a�r�e�d� �t�o� �w�o�r�k� �b�e�s�t� �o�v�e�r� �a� �b�r�o�a�d� �r�a�n�g�e� �o�f� �d�e�g�r�e�e�s� �o�f� �m�o�d�e�l� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �C�p�3� �(�I�I�I�.�7�.�9�)� �a�n�d� �P�R�E�S�S!"� �(�I�I�I�.�6�.�1�)�.� �B�o�t�h� �m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �m�o�r�e� �t�h�o�r�o�u�g�h�l�y� 

�i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �A�l�s�o�,� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �b�o�t�h� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d�s� �(�I�V�.�1�.�1�)� �a�n�d� 

�(�I�V�.�1�.�2�)� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�m�u�l�a�t�i�o�n�s�,� �t�h�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �m�a�t�r�i�x� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�s� 

�s�t�a�t�e�d� �i�n� �S�e�c�t�i�o�n� �I�I�.�2�.� �T�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� �t�h�e� �s�a�m�e� �a�s� �i�n� �S�e�c�t�i�o�n� �I�V�.�3� �a�n�d� �o�n�e� �p�o�i�n�t� �i�s� 

�i�n�i�t�i�a�l�l�y� �o�b�s�e�r�v�e�d� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �(�2�.�5�,� �2�)�.� �S�u�p�p�o�s�e� �t�h�a�t� �t�h�e� �u�s�e�r� �i�s� �f�i�t�t�i�n�g� �a� �s�e�c�o�n�d� �o�r�d�e�r� 

�p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�,� �w�h�i�l�e� �t�h�e� �t�r�u�e� �u�n�d�e�r�l�y�i�n�g� �m�o�d�e�l� �h�a�s� �t�h�e� �s�a�m�e� 

�f�o�r�m� �a�s� �t�h�e� �e�x�a�m�p�l�e� �i�n� �S�e�c�t�i�o�n� �I�V�.�3�,� �t�h�a�t� �i�s� 

� � �y�=� �x�?� �+�x�,�  ��3�(�x�)�-� �1�)�?� �+� �3�5�+� �C�T� �s� �{�s�i�n�(� �7�)� �}�  ��4� �s�i�n�(�*�2�)�|� �+�e� �(�V�.�1�.�1�)� 

�w�h�e�r�e�  ¬� �~� �N�(�O�,� �a ��)� �.� �F�o�r� �t�h�i�s� �s�t�u�d�y�,� �o� �w�a�s� �v�a�r�i�e�d� �b�e�t�w�e�e�n� �0�.�1� �a�n�d� �1�,� �a�n�d� �f�o�r� �e�a�c�h� �v�a�l�u�e� �o�f� �o� �t�h�e� 

�v�a�l�u�e� �o�f� �C�T� �r�a�n�g�e�d� �b�e�t�w�e�e�n� �0�.�1� �a�n�d� �1�.� �B�y� �a�l�t�e�r�i�n�g� �C�T� �i�n� �t�h�i�s� �f�a�s�h�i�o�n�,� �t�h�e� �d�e�g�r�e�e� �o�f� �m�o�d�e�l� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �c�a�n� �b�e� �v�a�r�i�e�d� �f�r�o�m� �w�h�e�r�e� �t�h�e� �u�s�e�r ��s� �m�o�d�e�l� �i�s� �v�e�r�y� �n�e�a�r�l�y� �c�o�r�r�e�c�t� �(�C�T� �=� �0�.�1�)� �t�o� 

�w�h�e�r�e� �t�h�e� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�s� �f�a�i�r�l�y� �s�u�b�s�t�a�n�t�i�a�l� �(�C�T� �=� �1�)�.� �F�i�g�u�r�e� �V�.�1�.�1� �a�n�d� �F�i�g�u�r�e� �V�.�1�.�2� 

�i�l�l�u�s�t�r�a�t�e� �t�h�e� �m�i�n�i�m�a�l� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �w�h�e�n� �C�T� �=� �0�.�1� �f�o�r� �t�h�e� �o�l�d� �a�n�d� �n�e�w� �r�e�g�i�o�n�s� �o�f� 

�i�n�t�e�r�e�s�t�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e� �V�.�1�.�3� �a�n�d� �F�i�g�u�r�e� �V�.�1�.�4� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� �d�e�g�r�e�e� �o�f� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �w�h�e�n� �C�T� �=� �1� �f�o�r� �t�h�e� �s�a�m�e� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t�.� �A� �s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l� �i�s� �n�o�t� 

�u�n�r�e�a�s�o�n�a�b�l�e� �w�h�e�n� �C�T� �=� �0�.�1�,� �b�u�t� �i�s� �a� �p�o�o�r� �m�o�d�e�l� �w�h�e�n� �C�T� �=� �1� �a�l�t�h�o�u�g�h� �c�u�s�t�o�m�a�r�y� �l�a�c�k� �o�f� �f�i�t� 

�t�e�s�t�s� �f�a�i�l� �t�o� �d�e�t�e�c�t� �t�h�i�s�.
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�4�5�.�4�8� �7� �\� �f�;� �H�T�T� 
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�3�4�.�3�8� �-� �h� � � �2�8�.�8�2� �7� 
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�F�I�G�.� �V�.�1�.�4�.� �T�R�U�E� �M�O�D�E�L� �I�N� �N�E�W� �R�E�G�I�O�N� �W�I�T�H� �C�T�=�1� 
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�V�.�2�.� �A�U�G�M�E�N�T�A�T�I�O�N� �U�S�I�N�G� �T�U�E� �B�I�T�V� �M�E�T�H�O�D� 

�P�r�e�l�i�m�i�n�a�r�y� �w�o�r�k� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �\� �s�h�o�u�l�d� �b�e� �s�e�l�e�c�t�e�d� �b�y� �t�h�e� �P�R�E�S�S�*� �m�e�t�h�o�d� �a�n�d� �t�h�a�t� 

�t�h�e� �s�e�l�e�c�t�e�d� �a�u�g�m�e�n�t�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �s�h�o�u�l�d� �i�n�c�o�r�p�o�r�a�t�e� �b�i�a�s� �i�n�t�o� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� 

�T�h�e� �B�I�I�V� �c�r�i�t�e�r�i�o�n� �i�s� �d�e�s�i�g�n�e�d� �t�o� �a�t�t�e�m�p�t� �t�o� �a�c�h�i�e�v�e� �t�h�a�t� �o�b�j�e�c�t�i�v�e�.� �A�s� �s�t�a�t�e�d� �i�n� �S�e�c�t�i�o�n� �I�V�.�3�,� 

�t�h�e� �B�I�I�V� �m�e�t�h�o�d� �i�s� �d�e�s�i�g�n�e�d� �t�o� �b�o�t�h� �m�i�n�i�m�i�z�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�,� �a�s�s�u�m�i�n�g� �t�h�e� 

�c�a�n�d�i�d�a�t�e� �p�o�i�n�t� �h�a�s� �b�e�e�n� �a�u�g�m�e�n�t�e�d�,� �a�n�d� �t�o� �a�u�g�m�e�n�t� �w�h�e�r�e� �t�h�e� �c�u�r�r�e�n�t� �f�i�t� �i�s� �t�h�e� �w�o�r�s�t�.� �T�h�i�s� 

�p�r�o�d�u�c�e�d� �v�e�r�y� �g�o�o�d� �r�e�s�u�l�t�s�,� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� 

�I�n�i�t�i�a�l�l�y�,� �r�e�s�u�l�t�s� �w�e�r�e� �s�t�u�d�i�e�d� �f�o�r� �b�o�t�h� �t�h�e� �d�e�g�r�e�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�e�d� 

�b�y� �C�T� �=� �0�.�1� �a�n�d� �C�T� �=� �1�]�,� �a�n�d� �f�o�r� �o� �v�a�l�u�e�s� �o�f� �0�.�1�,� �0�.�2�,� �0�.�3�,� �0�.�5� �a�n�d� �1�.� �I�n� �a�l�l� �s�i�m�u�l�a�t�i�o�n�s� 

�p�e�r�f�o�r�m�e�d� �a�t� �t�h�i�s� �s�t�a�g�e�.� �a� �b�a�s�i�c� �p�r�o�c�e�d�u�r�e� �w�a�s� �c�o�n�s�i�s�t�e�n�t�l�y� �u�s�e�d�.� �A�l�w�a�y�s� �u�s�i�n�g� �t�h�e� �s�a�m�e� �s�e�e�d� �t�o� 

�g�e�n�e�r�a�t�e� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r�s� �a�n�d� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�e�d� �v�a�l�u�e�s� �o�f� �b�o�t�h� �o� �a�n�d� �C�T� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� 

�t�w�e�n�t�y� �f�i�v�e� �p�o�i�n�t�s� �w�e�r�e� �a�u�g�m�e�n�t�e�d� �s�e�q�u�e�n�t�i�a�l�l�y�,� �o�b�s�e�r�v�i�n�g� �r�e�s�p�o�n�s�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �e�a�c�h� 

�p�o�i�n�t� �u�s�i�n�g� �b�o�t�h� �H�A�T�L�I�N�K� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �R�e�c�a�l�l� �t�h�a�t�,� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �a� 

�s�e�c�o�n�d� �o�r�d�e�r� �m�o�d�e�l�,� �a� �C�T� �v�a�l�u�e� �o�f� �0�.�1� �r�e�p�r�e�s�e�n�t�e�d� �v�e�r�y� �l�i�t�t�l�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �w�h�i�l�e� �a� �C�T� 

�v�a�l�u�e� �o�f� �1� �r�e�p�r�e�s�e�n�t�e�d� �a� �f�a�i�r�l�y� �s�u�b�s�t�a�n�t�i�a�l� �d�e�g�r�e�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� 

�I�n� �t�h�e� �c�a�s�e� �w�h�e�n� �C�T� �=� �0�.�1�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �o� �v�a�l�u�e�,� �t�h�e� �A� �v�a�l�u�e� �w�a�s� �a�l�m�o�s�t� �a�l�w�a�y�s� 

�z�e�r�o�.� �T�h�e� �o�n�l�y� �n�o�n�-�z�e�r�o� �v�a�l�u�e�s� �o�c�c�u�r�r�e�d� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �o� �v�a�l�u�e�s� �w�h�e�n� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �t�h�e� 

�f�i�r�s�t� �f�e�w� �p�o�i�n�t�s�.� �O�b�v�i�o�u�s�l�y�.� �i�f� �t�h�e� �A� �v�a�l�u�e�s� �a�r�e� �a�l�w�a�y�s� �z�e�r�o� �w�h�e�n� �u�s�i�n�g� �H�A�T�L�I�N�K�,� �i�t� �i�s� �r�e�a�l�l�y� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �u�s�i�n�g� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �i�n� �m�o�s�t� �o�f� �t�h�e� �c�a�s�e�s� �s�t�u�d�i�e�d� �w�h�e�n� 

�C�T� �=� �0�.�1�,� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �b�o�t�h� �H�A�T�L�I�N�K�x� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �a�r�e� �t�h�e� 

�s�a�m�e�.� �W�i�t�h� �t�h�e� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �p�r�e�s�e�n�t� �i�n� �t�h�i�s� �c�a�s�e�,� �s�u�c�h� �a� �r�e�s�u�l�t� �i�s� �n�o�t� 

�u�n�e�x�p�e�c�t�e�d�.� 

�A� �m�o�r�e� �i�n�t�e�r�e�s�t�i�n�g� �s�i�t�u�a�t�i�o�n� �o�c�c�u�r�r�e�d� �w�h�e�n� �t�h�e� �C�T� �v�a�l�u�e� �w�a�s� �i�n�c�r�e�a�s�e�d� �t�o� �o�n�e�.� 
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�R�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �o� �v�a�l�u�e�,� �t�h�e� �\� �v�a�l�u�e� �w�a�s� �a�l�w�a�y�s� �b�e�t�w�e�e�n� �0�.�8� �a�n�d� �1�,� �i�n�d�i�c�a�t�i�v�e� �o�f� �a� �l�a�r�g�e�r� 

�a�m�o�u�n�t� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �S�u�c�h� �v�a�l�u�e�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �H�A�T�L�I�N�K� �i�s� �u�s�i�n�g� �r�e�s�u�l�t�s� �f�r�o�m� 

�b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s� �r�e�v�e�a�l� �t�h�a�t�,� �a�f�t�e�r� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �a�t� �m�o�s�t� �o�n�e� �p�o�i�n�t�,� �I�H�A�T�L�I�N�K� �i�s� �a�l�w�a�y�s� �f�i�t�t�i�n�g� �t�h�e� �s�u�r�f�a�c�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �m�e�t�h�o�d�,� �a�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �A�s� �t�h�e� �g�r�a�p�h�s� �i�n� �F�i�g�u�r�e� �V�.�2�.�1� �t�o� �F�i�g�u�r�e� �V�.�2�.�5� 

�i�n�d�i�c�a�t�e�,� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �a�r�e� �t�h�e�n� �a�t� �l�e�a�s�t� �o�n�e�-�t�h�i�r�d� �l�o�w�e�r� �t�h�a�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�E�S�E� �v�a�l�u�e�s� �f�o�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�.� �C�l�e�a�r�l�y�,� �H�A�T�L�I�N�K� �i�s� �w�i�n�n�i�n�g� �i�n� �t�h�e�s�e� �s�i�t�u�a�t�i�o�n�s�.� 

�B�a�s�e�d� �o�n� �t�h�e� �i�n�i�t�i�a�l� �r�e�s�u�l�t�s�,� �m�o�r�e� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �o� �=� �0�.�2� �a�n�d� �1� �a�n�d� 

�C�T� �=� �0�.�2�,� �0�.�5�,� �a�n�d� �0�.�8�.� �T�h�e�s�e� �w�e�r�e� �s�e�l�e�c�t�e�d� �a�s� �i�n�t�e�r�m�e�d�i�a�t�e� �d�e�g�r�e�e�s� �o�f� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �b�e�t�w�e�e�n� 

�C�T� �o�f� �0�.�1� �a�n�d� �1�.� �H�e�r�e�,� �o� �=� �0�.�2� �w�a�s� �s�e�l�e�c�t�e�d� �b�e�c�a�u�s�e� �i�n� �p�r�e�v�i�o�u�s� �s�i�m�u�l�a�t�i�o�n�s� �t�h�i�s� �a�p�p�e�a�r�e�d� �t�o� �b�e� 

�a� �t�r�o�u�b�l�e�s�o�m�e� �n�u�m�b�e�r�.� �W�h�e�n� �a�u�g�m�e�n�t�i�n�g� �b�y� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�s� �d�e�t�a�i�l�e�d� �i�n� 

�A�p�p�e�n�d�i�x� �3�,� �t�h�i�s� �w�a�s� �o�n�e� �o�f� �t�h�e� �o� �v�a�l�u�e�s� �t�h�a�t� �y�i�e�l�d�e�d� �u�n�e�x�p�e�c�t�e�d� �r�e�s�u�l�t�s�.� �W�i�t�h� �C�T� �=� �0�.�1�,� �t�h�e� 

�m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r� �w�a�s� �o�v�e�r�-�e�s�t�i�m�a�t�e�d� �f�o�r� �t�h�e� �f�i�r�s�t� �s�i�x� �o�r� �s�e�v�e�n� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �l�i�k�e�w�i�s�e�,� 

�w�h�e�n� �C�T� �=� �1�,� �H�A�T�L�I�N�K�A� �r�e�q�u�i�r�e�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �s�i�x�t�e�e�n� �p�o�i�n�t�s� �b�e�f�o�r�e� �i�t� �c�o�n�s�i�s�t�e�n�t�l�y� 

�o�u�t�p�e�r�f�o�r�m�e�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �n�e�w� �v�a�l�u�e�s� �o�f� �o� �a�n�d� �C�T� �w�e�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �f�o�r� �t�h�e� �i�n�i�t�i�a�l� �t�e�n� 

�e�x�a�m�p�l�e�s� �s�t�u�d�i�e�d�.� �T�h�e� �o�n�e� �m�a�i�n� �e�x�c�e�p�t�i�o�n� �w�a�s� �t�h�e� �c�a�s�e� �w�h�e�n� �C�T� �=� �0�.�2� �a�n�d� �o� �=� �0�.�2�.� �I�n� �t�h�i�s� 
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�r�e�a�s�o�n�a�b�l�e� �f�a�s�h�i�o�n�.� �W�h�e�n� �t�h�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�s� �s�m�a�l�l�,� �t�h�e� �4� �v�a�l�u�e�s� �t�e�n�d�e�d� �t�o� �b�e� �v�e�r�y� 
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�C�o�n�v�e�r�s�e�l�y�,� �w�h�e�n� �t�h�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �w�a�s� �l�a�r�g�e�r�,� �t�h�e� �1� �v�a�l�u�e�s� �w�e�r�e� �v�e�r�y� �c�l�o�s�e� �t�o� �o�n�e� �a�n�d� 
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�F�r�o�m� �t�h�e�s�e� �i�n�i�t�i�a�l� �s�t�u�d�i�e�s�,� �t�h�e� �B�I�T�V� �m�e�t�h�o�d� �f�o�r� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �a�n�d� �t�h�e� �P�R�E�S�S� �m�e�t�h�o�d� �o�f� 
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�C�h�a�p�t�e�r� �I�V� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �c�o�n�c�e�p�t� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �w�i�t�h� �b�a�t�c�h� �s�i�z�e� �o�f� �n�,� �w�h�e�r�e� �n� �i�s� �n�o�t� 
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�U�s�i�n�g� �e�q�u�a�t�i�o�n� �(�I�V�.�3�.�1�)� �w�i�t�h� �o�@� �=� �|� �a�n�d� �C�T� �=� �0�.�7� �f�o�r� �t�h�e� �t�r�u�e� �m�o�d�e�l�,� �t�w�e�l�v�e� �p�o�i�n�t�s� �w�i�l�l� 
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�b�e� �a�u�g�m�e�n�t�e�d� �u�s�i�n�g� �b�a�t�c�h� �s�i�z�e�s� �o�f� �o�n�e�,� �t�w�o�,� �t�h�r�e�e� �a�n�d� �f�o�u�r�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e� �i�n� �T�a�b�l�e� �V�.�3�.�1�,� �b�a�t�c�h� �s�i�z�e� �o�f� �t�w�o� �i�n� �T�a�b�l�e� �V�.�3�.�2�,� �b�a�t�c�h� �s�i�z�e� �o�f� �t�h�r�e�e� �i�n� �T�a�b�l�e� 

�V�.�3�.�3� �a�n�d� �b�a�t�c�h� �s�i�z�e� �o�f� �f�o�u�r� �i�n� �T�a�b�l�e� �V�.�3�.�4�.� 

�F�i�r�s�t�,� �n�o�t�i�c�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �A� �p�a�r�a�m�e�t�e�r�s� �i�n� �T�a�b�l�e� �V�.�3�.�1� �t�h�r�o�u�g�h� �T�a�b�l�e� �V�.�3�.�4�.� �E�v�e�n� 

�t�h�o�u�g�h� �t�h�e� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �v�a�r�i�e�d� �s�o�m�e�w�h�a�t� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �b�a�t�c�h� �s�i�z�e�,� �e�v�e�n�t�u�a�l�l�y� �A� 

�c�o�n�v�e�r�g�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�9�3�7�.� �T�h�e� �b�a�n�d�w�i�d�t�h� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �f�a�i�r�l�y� �c�o�n�s�i�s�t�e�n�t� �i�n� �t�h�e�s�e� 

�e�x�a�m�p�l�e�s�.� �N�o�t�i�c�e� �a�l�s�o� �t�h�a�t� �w�h�i�l�e� �t�h�e� �E�S�E� �v�a�l�u�e�s� �c�h�a�n�g�e�d� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �b�a�t�c�h� �s�i�z�e�,� �w�i�t�h� 

�t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�w�e�l�v�e� �p�o�i�n�t�s� �t�h�e�s�e� �n�u�m�e�r�i�c�a�l� �m�e�a�s�u�r�e�s� �o�f� �f�i�t� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �H�A�T�L�I�N�K� 

�s�u�r�f�a�c�e� �w�a�s� �a�b�o�u�t� �t�h�e� �s�a�m�e� �r�e�g�a�r�d�l�e�s�s� �o�f� �h�o�w� �o�f�t�e�n� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �»� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� 

�u�p�d�a�t�e�d�.� �T�h�i�s� �a�l�s�o� �a�p�p�l�i�e�s� �t�o� �t�h�e� �c�u�r�v�e�s� �g�e�n�e�r�a�t�e�d� �b�y� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� 

�I�n� �m�o�s�t� �c�a�s�e�s�,� �w�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�w�o� �o�r� �t�h�r�e�e� �o�f� �b�a�t�c�h�e�s� �o�f� �p�o�i�n�t�s�,� �t�h�e� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �h� 

�a�n�d� �A� �t�e�n�d�e�d� �t�o� �c�o�n�v�e�r�g�e� �f�a�i�r�l�y� �q�u�i�c�k�l�y�.� �I�n� �s�u�c�h� �c�a�s�e�s�,� �t�h�e� �e�f�f�e�c�t� �o�f� �b�a�t�c�h� �s�i�z�e� �a�p�p�e�a�r�s� �t�o� 

�d�i�m�i�n�i�s�h� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� 
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�T�a�b�l�e� �V�.�3�.�1�.� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�t�c�h� �o�f� �p�o�i�n�t�s�.� �B�a�t�c�h� �s�i�z�e� �o�f� �1� �a�n�d� �a� �t�o�t�a�l� �o�f� 
�1�2� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� �H� �a�n�d� �L�A�M� �r�e�f�e�r� �t�o� �t�h�e� 
�b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K�.� 

�E�S�E� �V�A�L�U�E�S� 

� � 

�N�U�M� �_�H� �L�A�M� �H�A�T�L�I�N�K�N� �L�S� �K�E�R�N�E�L� 

�0� �0�.�5�0�7� �0�.�0�0�0� �1�6�1�5�.�7� �1�6�1�5�.�7� �1�7�9�.�3� 
�1� �0�.�5�2�5� �1�.�0�0�0� �1�1�8�.�4� �1�8�8�.�7� �1�7�8�.�0� 
�2� �0�.�5�1�7� �1�.�0�0�0� �1�2�0�.�4� �1�7�5�.�5� �1�7�3�.�4� 
�3� �0�.�5�1�9� �1�.�0�0�0� �1�1�0�.�3� �1�8�3�.�9� �1�6�9�.�5� 
�4� �0�.�5�1�5� �0�.�9�3�7� �1�3�9�.�4� �1�9�1�.�6� �1�7�8�.�8� 
�5� �0�.�5�8�3� �0�.�6�2�5� �1�2�7�.�5� �1�5�9�.�1� �1�8�3�.�3� 
�6� �0�.�5�9�1� �0�.�8�7�5� �1�3�0�.�0� �1�5�7�.�8� �2�2�3�.�3� 
�7� �0�.�5�8�3� �0�.�8�7�5� �1�3�2�.�8� �1�5�8�.�7� �2�2�4�.�7� 
�8� �0�.�5�6�4� �0�.�8�7�5� �1�2�3�.�8� �1�5�9�.�2� �2�1�0�.�5� 
�9� �0�.�5�6�3� �0�.�9�3�7� �1�2�1�.�6� �1�5�5�.�9� �2�0�6�.�1� 
�1�0� �0�.�5�6�3� �0�.�9�3�7� �1�2�4�.�5� �1�5�0�.�3� �1�8�8�.�6� 
�1�1� �0�.�5�8�4� �0�.�9�3�7� �1�2�1�.�1� �1�4�9�.�2� �1�8�0�.�4� 
�1�2� �0�.�5�9�0� �0�.�9�3�7� �1�1�5�.�3� �1�4�8�.�7� �1�7�8�.�3� 

�T�a�b�l�e� �V�.�3�.�2�.� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�t�c�h� �o�f� �p�o�i�n�t�s�.� �B�a�t�c�h� �s�i�z�e� �o�f� �2� �a�n�d� �a� �t�o�t�a�l� �o�f� 
�1�2� �p�o�i�n�t�s� �a�u�g�n�i�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� �H�W� �a�n�d� �L�A�M� �r�e�f�e�r� �t�o� �t�h�e� 
�b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K�.� 

�E�S�E� �V�A�L�U�E�S� 

� � 

�N�U�M� �4�H� �L�A�M� �H�A�T�L�I�N�I�G� � �L�.�S� �K�E�R�N�E�L� 

�0� �0�.�5�0�7� �0�.�0�0�0� �1�6�1�5�.�7� �1�6�1�5�.�7� �1�7�9�.�3� 

�y� �0�.�5�1�5� �0�.�9�3�7� �1�3�9�.�4� �1�9�1�.�6� �1�7�8�.�8� 

�;� �0�.�5�9�2� �0�.�6�2�5� �1�9�7�.�9� �1�5�4�.�9� �3�9�3�.�3� 

�:� �0�.�5�9�1� �0�.�8�7�5� �1�3�0�.�5� �1�5�6�.�4� �9�9�3�.�4� 

�0� �0�.�5�7�0� �0�.�9�3�7� �1�1�8�.�4� �1�5�4�.�7� �1�9�8�.�1� 

�1�9� �0�.�5�9�1� �0�.�9�3�7� �1�1�6�.�9� �1�4�8�.�7� �1�7�8�.�2



�T�a�b�l�e� �V�.�3�.�3�.� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�t�c�h� �o�f� �p�o�i�n�t�s�.� �B�a�t�c�h� �s�i�z�e� �o�f� �3� �a�n�d� �a� �t�o�t�a�l� �o�f� 
�1�2� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� �H� �a�n�d� �L�A�M� �r�e�f�e�r� �t�o� �t�h�e� 
�b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K�.� 

�E�S�E� �V�A�L�U�E�S� 

� � 

�N�U�M�_�H� �L�A�M� �H�A�T�L�I�N�K� �_�L�.�S� �K�E�R�N�E�L� 

�0� �0�.�5�0�7� �0�.�0�0�0� �1�6�1�5�.�7� �1�6�1�5�.�7� �1�7�9�.�3� 
�]�  �� �_� �_ ��  ��_ ��  �� 

�9� �_�  ��  �� �_� �_� 

�3� �0�.�5�9�7� �0�.�7�5�0� �1�1�5�.�5� �1�7�5�.�4� �2�1�7�.�1� 
�4� �_� �_� �_�  �� �_� 
�5� �_� �_� �_� �_� 
�6� �0�.�6�0�3� �0�.�7�5�0� �1�4�9�.�6� �1�7�3�.�7� �2�2�3�.�3� 
�7� �_� �_� �_� �_� �_� 
�8� �_� �_� �_� �_� 

�9� �0�.�5�8�3� �0�.�8�7�5� �1�3�9�.�7� �1�6�2�.�4� �2�2�9�.�4� 
�1�0� �-� �-� �-� �~� �-� 
�1�1� �-� �-� �-� �-� �-� 
�1�2� �0�.�5�9�0� �0�.�9�3�7� �1�1�5�.�3� �1�5�3�.�0� �1�9�4�.�0� 

�T�a�b�l�e� �V�.�3�.�4�.� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�t�c�h� �o�f� �p�o�i�n�t�s�.� �B�a�t�c�h� �s�i�z�e� �o�f� �4� �a�n�d� �a� �t�o�t�a�l� �o�f� 
�1�2� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� �H� �a�n�d� �L�A�M� �r�e�f�e�r� �t�o� �t�h�e� 
�b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K�.� 

�E�S�E� �V�A�L�U�E�S� 

� � 

�N�U�M� �_�H� �L�A�M� �H�A�T�L�I�N�K� �_�L�.�S� �K�E�R�N�E�L� 

�0� �0�.�5�0�7� �0�.�0�0�0� �1�6�1�5�.�7� �1�6�1�5�.�7� �1�7�9�.�3� 
�1� �_� �_� �_� �_� �_� 
�9� �_� �_� �_� �_� �_� 
�3� �_� �_� �_� �_� �_� 
�4� �0�.�5�9�6� �0�.�6�2�5� �1�1�2�.�8� �1�6�9�.�9� �2�1�0�.�9� 
�5� �_� �_� �_� �_� �_� 
�6� �_� �_� �_� �_� �_� 
�7� �_� �_� �_� �_� 
�8� �0�.�5�9�2� �0�.�6�2�5� �1�3�1�.�0� �1�6�5�.�9� �2�2�3�.�4� 
�9� �_� �_� �_� �_� 
�1�0� �-�  �� �-� �_� �_� 
�1�1�  �� �-� �-� �-� �_� 
�1�2� �0�.�6�2�4� �0�.�8�7�5� �1�0�9�.�9� �1�5�1�.�8� �1�7�8�.�2



�V�.�4�.� �I�N�T�R�O�D�U�C�T�I�O�N� �T�O� �R�E�P�E�T�I�T�I�O�N�S� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� �4�,� �u�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d�/�o�r� �t�h�e� �B�I�I�T�V� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� 

�r�e�s�u�l�t�e�d� �i�n� �n�e�w� �d�e�s�i�g�n�s� �t�h�a�t� �w�e�r�e� �s�t�o�c�h�a�s�t�i�c� �i�n� �n�a�t�u�r�e�.� �A�n� �o�b�v�i�o�u�s� �c�o�n�c�e�r�n� �i�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�a�u�g�m�e�n�t�e�d� �d�e�s�i�g�n� �i�f� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�s� �r�e�p�e�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n�.� �A�l�l� �o�f� 

�t�h�e� �r�e�s�u�l�t�s� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� �V� �l�o�o�k�e�d� �v�e�r�y� �p�r�o�m�i�s�i�n�g� �f�o�r� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �i�n� 

�t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �P�R�E�S�S�*� �c�r�i�t�e�r�i�o�n� �f�o�r� �s�e�l�e�c�t�i�n�g� �4� �a�n�d� �B�I�I�V� �f�o�r� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s�.� �I�n� 

�t�h�e� �n�e�x�t� �s�t�a�g�e� �o�f� �i�n�v�e�s�t�i�g�a�t�i�o�n�,� �1�0� �r�e�p�e�t�i�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �f�o�r� �s�e�l�e�c�t�e�d� �v�a�l�u�e�s� �o�f� �o� �a�n�d� �C�T�,� 

�a�n�d� �e�a�c�h� �t�i�m�e�,� �t�w�e�l�v�e� �p�o�i�n�t�s� �w�e�r�e� �a�u�g�m�e�n�t�e�d� �w�i�t�h� �a� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �F�o�r� �t�h�e� �1�0� �r�e�p�e�t�i�t�i�o�n�s�,� 

�t�h�e� �m�e�a�n� �a�n�d� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �w�e�r�e� �c�o�m�p�u�t�e�d� �f�o�r� �c�e�r�t�a�i�n� �v�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �t�h�e� 

�c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �a� 

�p�o�i�n�t�,� �t�h�e� �m�a�x�i�m�u�m� �f�i�t�t�e�d� �v�a�l�u�e�,� �a�n�d� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� 

�a�n�d� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�.� �W�i�t�h� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�,� �a�l�l� �o�f� �t�h�e� �a�b�o�v�e� �q�u�a�n�t�i�t�i�e�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d�.� 

�T�h�e� �s�u�m�m�a�r�y� �v�a�l�u�e�s� �w�e�r�e� �i�n�c�l�u�d�e�d� �t�o� �h�e�l�p� �j�u�d�g�e� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �H�A�T�L�I�N�K� 

�a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d� �a�s� �p�r�o�p�o�s�e�d� �a�b�o�v�e�.� 

�F�o�r� �a�l�]� �t�h�e� �r�e�p�e�t�i�t�i�o�n�s� �p�e�r�f�o�r�m�e�d� �h�e�r�e�,� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �w�i�l�l� �b�e� �u�s�e�d� �t�h�a�t� �w�a�s� 

�i�n�t�r�o�d�u�c�e�d� �i�n� �S�e�c�t�i�o�n� �I�V�.�3� �a�n�d� �c�o�n�s�i�s�t�e�n�t�l�y� �u�s�e�d� �i�n� �a�l�l� �t�h�e� �e�x�a�m�p�l�e�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �s�o� 

�f�a�r�.� �A�l�s�o�,� �t�h�e� �t�r�u�e� �m�o�d�e�l� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �k�n�o�w�n� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�s� �(�I�V�.�3�.�1�)�,� �e�x�c�e�p�t� �f�o�r� �t�h�e� 

�d�e�g�r�e�e� �o�f� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �T�h�e� �g�e�n�e�r�a�l� �e�q�u�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

�Y�a�x�?� �4� �x�,�  ��3�¢�x�, �� �1�)�?� �+�3�5� �4� 

�C�T� �{�8� �[�s�i�n� �(�=� �)�  ��4� �s�i�n� �(�a�e�)� �+�  ¬�,� �(�V�.�4�.�1�)� � � 

�w�h�e�r�e� �¢�«� �~� �N�(�0�,�c�7�)�.� �F�u�r�t�h�e�r�,� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �s�e�e�d� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �a�l�l� �c�a�s�e�s� �o�f� �o� �a�n�d� �C�T� �s�t�u�d�i�e�d�.� 

�5�1



�F�o�r� �1�0� �r�e�p�e�t�i�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �s�a�m�e� �o� �a�n�d� �C�T� �v�a�l�u�e�s�,� �e�n�o�u�g�h� �d�i�s�t�i�n�c�t� �r�a�n�d�o�m� �e�r�r�o�r�s� �w�i�l�l� �b�e� 

�g�e�n�e�r�a�t�e�d� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �s�e�e�d� �t�o� �y�i�e�l�d� �s�u�f�f�i�c�i�e�n�t� �o�b�s�e�r�v�e�d� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �c�a�n�d�i�d�a�t�e� 

�p�o�i�n�t�s�.� 

�F�o�r� �t�h�i�s� �p�h�a�s�e� �o�f� �s�t�u�d�y�,� �e�i�g�h�t� �c�a�s�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �V�.�4�.�1�.� �T�h�e�s�e� 

�v�a�l�u�e�s� �o�f� �C�T� �a�n�d� �o� �w�e�r�e� �s�e�l�e�c�t�e�d� �t�o� �a�t�t�e�m�p�t� �t�o� �c�o�v�e�r� �a� �b�r�o�a�d� �r�a�n�g�e� �o�f� �v�a�l�u�e�s� �f�o�r� �b�o�t�h� �v�a�r�i�a�b�l�e�s�.� 

�C�a�s�e�s� �1�,� �2�,� �6�,� �a�n�d� �8� �w�e�r�e� �s�t�u�d�i�e�d� �f�i�r�s�t�.� �F�o�r� �t�h�e� �c�a�s�e�s� �w�h�e�r�e� �C�T� �=� �0�.�1�,� �H�A�T�L�I�N�K� �c�o�n�s�i�s�t�e�n�t�l�y� 

�s�e�l�e�c�t�e�d� �A� �t�o� �e�i�t�h�e�r� �e�q�u�a�l� �0� �o�r� �b�e� �v�e�r�y� �c�l�o�s�e� �t�o� �0�.� �A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �w�e�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� 

�H�A�T�L�I�N�K� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�s� �w�e�r�e� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l� �i�n� �t�e�r�m�s� �o�f� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �E�S�E� 

�v�a�l�u�e�s�,� �f�i�t�t�e�d� �m�a�x�i�m�a�,� �a�n�d� �d�i�s�t�a�n�c�e�s� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�.� �B�e�c�a�u�s�e� �o�f� �t�h�i�s� �b�e�h�a�v�i�o�r�,� �n�o� �f�u�r�t�h�e�r� 

�e�x�a�m�p�l�e�s� �w�i�t�h� �C�T� �=� �0�.�1� �w�e�r�e� �s�t�u�d�i�e�d�.� 

�C�a�s�e� �3� �i�s� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �C�T� �a�n�d� �o� �v�a�l�u�e�s� �s�t�u�d�i�e�d� �t�h�e� �m�o�s�t� �e�x�t�e�n�s�i�v�e�l�y� �i�n� �e�x�a�m�p�l�e�s� 

�i�n� �C�h�a�p�t�e�r� �3� �t�h�r�o�u�g�h� �C�h�a�p�t�e�r� �5� �a�n�d� �i�n� �A�p�p�e�n�d�i�x� �3�.� �C�a�s�e�s� �4�,� �5�,� �a�n�d� �7� �w�e�r�e� �s�t�u�d�i�e�d� �a�s� �f�u�r�t�h�e�r� 

�e�x�a�m�p�l�e�s� �o�f� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �o�.� �C�a�s�e�s� �3� �t�h�r�o�u�g�h� �8� 

�w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� �m�o�r�e� �t�h�o�r�o�u�g�h�l�y� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� �A�s� �s�t�a�t�e�d� �a�b�o�v�e�,� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� 

�i�n�t�e�r�e�s�t� �h�e�r�e� �i�s� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �H�A�T�L�I�N�K� �i�s� �c�o�n�s�i�s�t�e�n�t� �a�c�r�o�s�s� �d�i�f�f�e�r�e�n�t� 

�r�e�p�e�t�i�t�i�o�n�s�.� 

�T�a�b�l�e� �V�.�4�.�1�.� �V�a�l�u�e�s� �o�f� �o� �a�n�d� �C�T� �S�t�u�d�i�e�d� �w�i�t�h� �T�e�n� �R�e�p�e�t�i�t�i�o�n�s� �w�i�t�h� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �C�a�s�e� 
�N�u�m�b�e�r�s�.� 
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�V�.�4�.�A� �C�A�S�E� �3�:� �C�T� �=�0�.�7�&� �0�=�1� 

�S�i�n�c�e� �t�h�i�s� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �C�T� �a�n�d� �o� �v�a�l�u�e�s� �h�a�v�e� �a�l�r�e�a�d�y� �b�e�e�n� �s�t�u�d�i�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�c�h�a�p�t�e�r�s�,� �s�o�m�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �r�e�p�e�t�i�t�i�o�n� �h�a�v�e� �a�l�r�e�a�d�y� �b�e�e�n� �p�r�e�s�e�n�t�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �S�e�c�t�i�o�n� 

�I�V�.�3� �p�r�e�s�e�n�t�e�d� �g�r�a�p�h�s� �o�f� �t�h�e� �f�i�r�s�t� �s�i�x� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �f�o�r� �b�o�t�h� �t�h�e� �H�A�T�L�I�N�K� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�m�e�t�h�o�d�s� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.� �S�e�c�t�i�o�n� �I�V�.�3� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �a�p�p�e�a�r�e�d� �t�o� �b�e� 

�o�u�t�p�e�r�f�o�r�m�i�n�g� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �t�h�e� 

�f�i�r�s�t� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 

�F�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�,� �a�v�e�r�a�g�e� �x�,� �a�n�d� �x�,� �v�a�l�u�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �f�o�r� �t�h�e� �t�e�n� 

�r�e�p�e�t�i�t�i�o�n�s�.� �T�h�i�s� �y�i�e�l�d�s� �w�h�a�t� �c�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�n�  ��a�v�e�r�a�g�e �� �d�e�s�i�g�n�.� �P�l�o�t�s� �o�f� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� 

�f�o�r� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �a�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �F�i�g�u�r�e�s� �V�.�4�.�1� �t�o� �V�.�4�.�3� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�s� �e�x�p�e�c�t�e�d�,� �t�h�e�s�e� �a�p�p�e�a�r� �t�o� �b�e� �v�e�r�y� �d�i�f�f�e�r�e�n�t� �d�e�s�i�g�n�s�.� 

�C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r� �t�h�e� �a�v�e�r�a�g�e� �p�o�i�n�t�s� �r�e�v�e�a�l� �t�h�a�t� 

�t�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r�,� �r�a�n�g�i�n�g� �b�e�t�w�e�e�n� �0� �a�n�d� �0�.�9�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �t�r�u�e� 

�m�a�x�i�m�u�m� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n� �a�n�d� �a�v�e�r�a�g�e�d�.� �I�n� �t�h�i�s� �c�a�s�e�,� �b�o�t�h� �t�h�e� �d�i�s�t�a�n�c�e� �a�n�d� 

�t�h�e� �f�i�t�t�e�d� �v�a�l�u�e� �w�e�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s�.� �T�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �t�h�r�e�e� 

�m�e�t�h�o�d�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�2�.� �T�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �t�e�n�d�e�d� �t�o� �p�e�r�f�o�r�m� �a�b�o�u�t� �t�h�e� �s�a�m�e� 

�i�n� �t�e�r�m�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �a�n�d� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�.� �I�n� �S�e�c�t�i�o�n� �[�V�.�3� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �a�f�t�e�r� �t�h�e� 

�f�i�r�s�t� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �d�r�o�p�p�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �H�A�T�L�I�N�I�K�X� �w�o�r�k�e�d� �b�e�t�t�e�r� �i�n� �e�s�t�i�m�a�t�i�n�g� 

�t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�e� �d�r�o�p� �i�n� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �w�a�s� �c�o�n�s�i�s�t�e�n�t�l�y� �o�b�s�e�r�v�e�d� �o�v�e�r� 

�t�h�e� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s� �p�e�r�f�o�r�m�e�d�,� �a�n�d� �c�a�n� �b�e� �s�e�e�n� �i�n� �t�h�e� �a�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�3�.



�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �V�.�4�.�3�,� �a�f�t�e�r� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �h�a�s� �b�e�e�n� �a�u�g�m�e�n�t�e�d�,� �H�A�T�L�I�N�K� 

�i�s� �a�l�w�a�y�s� �o�u�t�p�e�r�f�o�r�m�i�n�g� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �I�t� �a�p�p�e�a�r�s� 

�t�h�a�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�b�s�e�r�v�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s� �i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �r�e�p�e�t�i�t�i�o�n�s�,� �i�m�p�l�y�i�n�g� �t�h�a�t� 

�a�t� �l�e�a�s�t� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �m�e�t�h�o�d� �i�s� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�i�s�t�e�n�t� �a�c�r�o�s�s� �r�e�p�e�t�i�t�i�o�n�s�.� �A�d�d�i�t�i�o�n�a�l� �e�x�a�m�p�l�e�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �c�o�m�m�o�n� �o�v�e�r� �a� �b�r�o�a�d�e�r� �r�a�n�g�e� �o�f� �C�T� �a�n�d� �o� �v�a�l�u�e�s�.� 
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�T�a�b�l�e� �V�.�4�.�2�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�2�.�7�1� �l�o�c�a�t�e�d� �a�t� 
�(�1�.�2�5�,� �1�.�6�)� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �m�a�x�.� �S�a�r� 

�H�A�T�L�I�N�K� �0�.�5�0�3� �0�.�4�1�4� �3�9�.�8�1�8� �0�.�7�3�7� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�4�4�4� �0�.�2�1�2� �3�9�.�5�8�2� �0�.�3�5�6� 
�k�e�r�n�e�l� �0�.�4�8�4� �0�.�1�9�1� �4�0�.�3�8�2� �0�.�5�2�8� 

�T�a�b�l�e� �V�.�4�.�3�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�.� 

� � 

�N�U�M� �H�A�T�L�I�N�K� �s�,�,� �L�E�A�S�T� �S�Q�.� �s�)�,� �K�E�R�N�E�L� �;�,�,� 

�0� �1�1�3�0�.�7� �5�4�6�.�0� �1�2�9�9�.�5� �2�7�2�.�8� �1�8�1�.�2� �1�8�.�9� 
�1� �2�5�1�.�0� �2�6�8�.�9� �2�1�1�.�7� �2�8�.�3� �1�8�3�.�8� �2�3�.�2� 
�2� �1�2�8�.�0� �1�3�.�2� �1�Y�2�.�7� �1�9�.�1� �1�8�7�.�0� �2�5�.�9� 
�3� �1�3�2�.�0� �2�.�7� �1�7�7�.�2� �2�1�.�9� �1�7�6�.�7� �2�0�.�0� 
�4� �1�4�6�.�0� �2�4�.�5� �1�7�1�.�1� �1�8�.�9� �1�7�5�.�9� �1�8�.�4� 

�5� �1�3�7�.�9� �1�6�.�2� �1�5�9�.�6� �1�0�.�2� �1�7�6�.�6� �1�7�.�2� 
�6� �1�3�0�.�1� �1�9�.�7� �1�6�4�.�2� �9�.�5� �1�8�4�.�5� �2�3�.�7� 
�7� �1�2�5�.�2� �1�6�.�7� �1�7�0�.�8� �1�3�.�6� �1�8�1�.�3� �2�6�.�4� 
�8� �1�1�6�.�8� �1�5�.�7� �1�6�6�.�6� �1�2�.�0� �1�8�8�.�6� �2�3�.�1� 
�9� �1�1�4�.�5� �1�2�.�5� �1�6�4�.�2� �1�0�.�3� �1�8�5�.�1� �1�9�.�0� 
�1�0� �1�1�4�.�7� �1�2�1� �1�6�0�.�3� �1�0�.�3� �1�7�7�.�5� �1�4�.�3� 
�1�1� �1�1�1�.�7� �1�3�.�1� �1�5�9�.�9� �9�.�2� �1�7�4�.�6� �1�6�.�1� 
�1�2� �1�0�6�.�2� �1�1�.�0� �1�5�8�.�3� �8�.�4� �1�6�1�.�3� �1�5�.�5� 
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�V�.�4�.�B� �C�A�S�E� �4�:� �C�T� �=�1�&� �o� �=� �0�.�0�2�5� 

�H�e�r�e�,� �i�t� �w�a�s� �d�e�s�i�r�e�d� �t�o� �s�t�u�d�y� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �m�e�t�h�o�d� �w�i�t�h� �a� �v�e�r�y� 

�s�m�a�l�l� �s�i�g�m�a� �v�a�l�u�e�.� �W�h�e�n� �s�e�l�e�c�t�i�n�g� �d�a�t�a� �l�o�c�a�t�i�o�n�s� �w�i�t�h� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e� �a�s� �d�e�t�a�i�l�e�d� 

�i�n� �A�p�p�e�n�d�i�x� �3�,� �s�m�a�l�l� �o� �v�a�l�u�e�s� �m�e�a�n�t� �t�h�a�t� �H�A�T�L�I�N�K� �r�e�q�u�i�r�e�d� �1�5� �o�r� �1�6� �p�o�i�n�t�s� �t�o� �b�e� �a�d�d�e�d� �t�o� 

�t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x� �b�e�f�o�r�e� �i�t� �y�i�e�l�d�e�d� �l�o�w�e�r� �E�S�E� �v�a�l�u�e�s� �t�h�a�n� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�.� �I�t� �i�s� �h�o�p�e�d� 

�t�h�a�t� �a�u�g�m�e�n�t�a�t�i�o�n� �w�i�t�h� �B�I�I�T�V� �w�i�l�l� �i�m�p�r�o�v�e� �t�h�i�s� �p�r�o�b�l�e�m�.� 

�P�l�o�t�s� �o�f� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� 

�r�e�g�r�e�s�s�i�o�n�s�.� �T�h�e� �p�l�o�t� �o�f� �t�h�e� �H�A�T�L�I�N�K� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�4�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �d�e�s�i�g�n� 

�i�n� �F�i�g�u�r�e� �V�.�4�.�5� �a�n�d� �t�h�e� �k�e�r�n�e�l� �d�e�s�i�g�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�6�.� �I�f� �t�h�e� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �o�f� �t�h�e� 

�l�o�c�a�t�i�o�n�s� �f�o�r� �t�h�e� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �a�r�e� �a�l�l� �z�e�r�o�,� �t�h�e�n� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n� �m�u�s�t� �h�a�v�e� �p�l�a�c�e�d� �a�l�l� �t�h�e� 

�p�o�i�n�t�s� �i�n� �a�n� �i�d�e�n�t�i�c�a�l� �o�r�d�e�r�.� �T�h�i�s� �h�a�s� �o�c�c�u�r�r�e�d� �f�o�r� �b�o�t�h� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �d�e�s�i�g�n�s�.� 

�T�h�e� �d�e�s�i�g�n� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �I�H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�a�s� �m�o�r�e� �v�a�r�i�a�b�l�e�,� �b�u�t� �c�o�m�p�a�r�i�s�o�n�s� �o�f� �t�h�e� 

�a�c�t�u�a�l� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �r�e�v�e�a�l� �t�h�a�t� �i�n� �m�o�s�t� �c�a�s�e�s� �t�h�e� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �w�e�r�e� �t�h�e� �s�a�m�e�.� �T�h�e� 

�a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �v�a�r�i�e�d� �o�c�c�a�s�i�o�n�a�l�l�y�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �t�r�u�e� 

�m�a�x�i�m�u�m� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n� �a�n�d� �a�v�e�r�a�g�e�d�,� �a�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�4�.� �A�g�a�i�n�,� 

�b�o�t�h� �t�h�e� �d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �f�i�t�t�e�d� �v�a�l�u�e� �w�e�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s�.� �F�o�r� �a�l�l� �t�e�n� 

�r�e�p�e�t�i�t�i�o�n�s�,� �w�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �p�o�i�n�t�,� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �d�r�o�p�p�e�d� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �T�h�e� �a�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �r�e�f�l�e�c�t� 

�t�h�i�s�.� �A�g�a�i�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �H�A�T�L�I�N�K� �w�o�r�k�e�d� �b�e�t�t�e�r� �i�n� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�e� 

�a�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�5�.
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�T�a�b�l�e� �V�.�4�.�4�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�4�.�8�6� �l�o�c�a�t�e�d� �a�t� 
�(�1�,� �2�)� �w�i�t�h� �o� �=� �0�.�0�2�5� �a�n�d� �C�T� �=� �1�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �a�x�.� �S�m�a�r� 

�H�A�T�L�I�N�K� �1�.�8�7� �0�.�4�1� �4�1�.�1�9� �0�.�1�3� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�4�0� �0�.�2�1� �4�1�.�1�5� �0�.�0�1� 
�k�e�r�n�e�l� �0�.�0�0� �0�.�0�0� �4�1�.�2�3� �0�.�0�1� 

�T�a�b�l�e� �V�.�4�.�5�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �¢� �=� �0�.�0�2�5� �a�n�d� �C�T� �=� �1�.� 

� � 

�N�U�M� �H�A�T�L�I�N�K� � �s�,�.�,� �L�E�A�S�T� �S�Q�.� �5�s�)�,� �K�E�R�N�E�L� �S�p�e�r� 

�0� �6�2�7�.�5� �1�1�1� �2�5�5�4�.�4� �9�.�2�2� �4�9�5�.�1� �0�.�9�4� 
�1� �2�7�6�.�3� �0�.�6�9� �4�4�5�.�8� �1�.�2�1� �4�8�0�.�9� �1�.�0�5� 
�2� �2�7�5�.�0� �0�.�7�7� �A�0�0�.�5� �0�.�7�9� �4�8�0�.�1� �1�.�0�9� 
�3� �2�4�6�.�2� �1�0�.�5� �A�U�A�.�5� �0�.�8�0� �4�7�3�.�7� �0�.�9�7� 
�4� �2�9�6�.�1� �1�8�.�3� �3�3�7�.�5� �0�.�4�6� �4�5�5�.�8� �0�.�7�0� 

�5� �2�9�0�.�4� �1�7�.�9� �3�1�0�.�7� �0�.�3�5� �4�5�0�.�3� �0�.�7�5� 
�6� �2�9�0�.�2� �2�5�.�1� �3�2�1�.�5� �0�.�3�3� �4�5�1�.�3� �0�.�7�2� 
�7� �2�8�8�.�4� �2�3�.�5� �3�2�3�.�0� �0�.�3�4� �4�4�2�.�6� �0�.�8�1� 
�8� �2�8�8�.�3� �2�4�.�5� �3�3�9�.�0� �0�.�4�4� �4�7�8�.�6� �0�.�9�2� 
�9� �2�9�3�.�4� �2�5�.�0� �3�3�4�.�0� �0�.�4�5� �5�0�2�.�8� �1�.�0�5� 
�1�0�  ��-�2�8�7�.�6� �2�3�.�8� �3�2�7�.�5� �0�.�4�2� �4�7�1�.�5� �0�.�8�8� 
�1� �2�8�8�.�4� �2�6�.�6� �3�1�9�.�6� �0�.�3�3� �4�8�1�.�6� �0�.�9�0� 
�1�2� �-�2�7�8�.�5� �3�5�.�8� �3�1�0�.�1� �0�.�3�1� �4�8�0�.�5� �0�.�7�1� 

�9�3



�V�.�4�C�0� �C�A�S�E�5�:� �C�T�=�1�&�0�=�0�.�1� 

�F�o�r� �t�h�i�s� �c�a�s�e�,� �t�h�e� �o� �v�a�l�u�e� �w�a�s� �s�e�l�e�c�t�e�d� �t�o� �b�e� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�s�.� �T�h�i�s� 

�i�s� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �f�u�r�t�h�e�r� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �H�A�T�L�I�N�K� �a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �w�h�e�n� �t�h�e� �o� 

�v�a�l�u�e�s� �a�r�e� �s�m�a�l�l�.� 

�P�l�o�t�s� �o�f� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� �i�n� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �a�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�7�,� �F�i�g�u�r�e� �V�.�4�.�8�,� �a�n�d� �F�i�g�u�r�e� �V�.�4�.�9�.� �C�o�m�p�a�r�i�s�o�n� �o�f� 

�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r� �t�h�e� �a�v�e�r�a�g�e� �p�o�i�n�t�s� �r�e�v�e�a�l� �t�h�a�t� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�a�n�d� �k�e�r�n�e�l� �d�e�s�i�g�n�s� �w�e�r�e� �a�l�m�o�s�t� �a�l�w�a�y�s� �t�h�e� �s�a�m�e�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�p�e�t�i�t�i�o�n�s�,� �w�h�i�l�e� 

�t�h�e� �H�A�T�L�I�N�K� �d�e�s�i�g�n� �w�a�s� �m�o�r�e� �v�a�r�i�a�b�l�e�.� �F�o�r� �t�h�e� �H�A�T�L�I�N�K� �c�a�s�e�,� �c�o�m�p�a�r�i�s�o�n�s� �o�f� �t�h�e� �a�c�t�u�a�l� 

�p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �r�e�v�e�a�l� �t�h�a�t� �m�o�s�t� �t�i�m�e�s� �t�h�e� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �w�e�r�e� �t�h�e� �s�a�m�e�,� �t�h�e� �p�o�i�n�t�s� 

�v�a�r�y�i�n�g� �o�n�l�y� �i�n� �a� �f�e�w� �c�a�s�e�s�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �T�a�b�l�e� �V�.�4�.�6� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� �f�i�t�t�e�d� 

�m�a�x�i�m�u�m� �a�n�d� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�.� �B�o�t�h� �t�h�e� �d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �f�i�t�t�e�d� �v�a�l�u�e� �w�e�r�e� �a�b�o�u�t� 

�t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �a�n�d�,� �i�n� �t�e�r�m�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �a�n�d� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�,� �t�h�e� �t�h�r�e�e� 

�m�e�t�h�o�d�s� �t�e�n�d�e�d� �t�o� �p�e�r�f�o�r�m� �a�b�o�u�t� �t�h�e� �s�a�m�e�.� �T�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �q�u�i�c�k�l�y� �d�r�o�p�p�e�d� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �A�g�a�i�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� 

�H�A�T�L�I�N�K� �w�a�s� �s�u�p�e�r�i�o�r� �i�n� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �w�a�s� �c�o�n�s�i�s�t�e�n�t�l�y� 

�o�b�s�e�r�v�e�d� �o�v�e�r� �t�h�e� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s� �p�e�r�f�o�r�m�e�d�,� �a�n�d� �c�a�n� �b�e� �s�e�e�n� �i�n� �t�h�e� �a�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�7�.� 

�A�s� �c�a�n� �b�e�e�n� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �V�.�4�.�7�,� �a�f�t�e�r� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �h�a�s� �b�e�e�n� �a�u�g�m�e�n�t�e�d�,� 

�H�A�T�L�I�N�K� �i�s� �a�l�w�a�y�s� �o�u�t�p�e�r�f�o�r�m�i�n�g� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �i�n� �t�e�r�m�s� �o�f� �E�S�E�.� �N�o�t�e� �t�h�e� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s�.� �T�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� 

�a�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� �f�o�r� �e�i�t�h�e�r� �o�f� �t�h�e� �o�t�h�e�r� �t�w�o�.� �C�o�m�p�a�r�i�s�o�n�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �E�S�E� 
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�v�a�l�u�e�s� �f�o�r� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �r�e�p�e�t�i�t�i�o�n�s� �r�e�v�e�a�l� �t�h�a�t� �t�h�o�s�e� �f�o�r� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �t�e�n�d�e�d� �t�o� �v�a�r�y� 

�b�e�t�w�e�e�n� �t�w�o� �d�i�s�t�i�n�c�t� �n�u�m�b�e�r�s� �o�v�e�r� �t�h�e� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s�,� �t�h�u�s� �l�e�a�d�i�n�g� �t�o� �t�h�e� �h�i�g�h�e�r� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n�s�.� �B�o�t�h� �n�u�m�b�e�r�s� �f�r�o�m� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�e�r�e� �l�o�w�e�r� �t�h�a�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�n�u�m�b�e�r�s� �f�o�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.
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�T�a�b�l�e� �V�.�4�.�6�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�4�.�8�6� �l�o�c�a�t�e�d� �a�t� 
�(�1�,� �2�)� �w�i�t�h� �o� �=� �0�.�1� �a�n�d� �C�T� �=� �1�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �m�a�x�.� �S�m�a�r� 

�H�A�T�L�I�N�K� �0�.�9�2� �0�.�5�7� �4�1�.�4�5� �1�.�1�1� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�4�5� �0�.�1�6� �4�1�.�1�7� �0�.�0�5� 
�k�e�r�n�e�l� �0�.�3�0� �0�.�7�9� �4�1�.�2�4� �0�.�0�4� 

�T�a�b�l�e� �V�.�4�.�7�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �0�.�1� �a�n�d� �C�T� �=� �1�.� 

� � 

�N�U�M� �H�A�T�L�I�N�K� �|� �S�p�a�r� �L�E�A�S�T� �S�Q�.� �5�,� �K�E�R�N�E�L� �s�;�,�,� 

�0� �5�7�2�.�5� �6�9�.�8� �2�5�4�7�.�6� �3�7�.�0� �4�9�3�.�3� �3�.�8�5� 
�1� �4�7�5�.�9� �2�5�8�.�4� �4�4�4�.�1� �4�.�8�]� �4�8�1�.�6� �4�.�1�0� 
�2� �2�7�5�.�3� �2�.�6�5� �3�9�9�.�2� �3�.�1�1� �4�8�1�.�5� �4�.�2�6� 
�3� �2�5�8�.�9� �1�7�.�6� �4�0�3�.�3� �3�.�1�7� �4�6�8�.�2� �9�.�9�2� 
�4� �2�6�6�.�7� �2�9�.� �3�3�7�.�7� �1�.�8�9� �4�5�7�.�3� �3�.�0�9� 

�5� �2�6�3�.�6� �3�1�.�7� �3�1�1�.�3� �1�.�4�7� �4�4�9�.�8� �3�.�0�4� 
�6� �2�4�0�.�0� �3�3�.�5� �3�2�1�.�6� �1�.�3�2� �4�5�0�.�3� �2�.�9�0� 
�7� �2�4�3�.�2� �3�2�.�1� �3�2�3�.�1� �1�.�3�4� �4�4�1�.�8� �3�.�4�3� 
�8� �2�4�1�.�3� �3�3�.�0� �3�3�8�.�9� �1�.�7�3� �4�7�7�.�6� �3�.�6�8� 
�9� �2�4�5�.�0� �3�3�.�6� �3�3�3�.�9� �1�.�7�7� �5�0�1�.�3� �4�.�1�3� 
�1�0� �2�4�2�.�9� �3�2�.�6� �3�2�7�.�5� �1�.�6�6� �4�7�0�.�9� �3�.�6�6� 
�i� �2�3�7�.�9� �3�6�.�2� �3�1�9�.�7� �1�.�3�]� �4�8�0�.�3� �3�.�6�0� 
�1�2�.� �2�1�5�.�0� �5�1�.�1� �3�1�0�.�1� �1�2�]� �4�7�9�.�4� �2�.�9�6� 

�9�9



�V�4�.�D� �C�A�S�E�6�:� �C�T�=�1�&�0�=�0�.�2� 

�T�h�e� �v�a�l�u�e� �o�f� �o� �s�e�l�e�c�t�e�d� �f�o�r� �t�h�i�s� �c�a�s�e� �h�a�d� �p�r�o�b�l�e�m�s� �w�h�e�n� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �u�s�i�n�g� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �I�t� �w�a�s� �a�n�t�i�c�i�p�a�t�e�d� �t�h�a�t� �u�s�i�n�g� �B�I�T�V� �a�s� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �c�r�i�t�e�r�i�o�n� 

�w�o�u�l�d� �i�m�p�r�o�v�e� �t�h�e� �r�e�s�u�l�t�s�.� 

�P�l�o�t�s� �o�f� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� �i�n� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K� �(�F�i�g�u�r�e� 

�V�.�4�.�1�0�)�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �(�F�i�g�u�r�e� �V�.�4�.�1�1�)� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �(�F�i�g�u�r�e� �V�.�4�.�1�2�)�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �t�h�e� 

�H�A�T�L�I�N�K� �m�e�t�h�o�d� �c�o�n�s�i�s�t�e�n�t�l�y� �s�e�l�e�c�t�e�d� �t�h�e� �s�a�m�e� �l�o�c�a�t�i�o�n�s� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �p�o�i�n�t�s� �w�e�r�e� 

�a�u�g�m�e�n�t�e�d�.� �F�o�r� �a�l�l� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s�,� �t�h�e� �k�e�r�n�e�l� �m�e�t�h�o�d� �a�l�w�a�y�s� �s�e�l�e�c�t�e�d� �t�h�e� �s�a�m�e� �v�a�l�u�e�s� �i�n� �t�h�e� 

�s�a�m�e� �o�r�d�e�r� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.� �T�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d� �w�a�s� �t�h�e� �m�o�s�t� �v�a�r�i�a�b�l�e� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �o�r�d�e�r� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �t�r�u�e� 

�m�a�x�i�m�u�m� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n� �a�n�d� �a�v�e�r�a�g�e�d�.� �B�o�t�h� �t�h�e� �d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �f�i�t�t�e�d� 

�m�a�x�i�m�u�m� �w�e�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�.� 

�T�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�8�.� �I�n� �t�e�r�m�s� �o�f� �e�s�t�i�m�a�t�i�n�g� 

�a�n�d� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�,� �t�h�e� �t�h�r�e�e� �t�e�c�h�n�i�q�u�e�s� �t�e�n�d�e�d� �t�o� �p�e�r�f�o�r�m� �a�b�o�u�t� �t�h�e� �s�a�m�e�.� �A�l�l� �t�h�r�e�e� 

�m�e�t�h�o�d�s� �p�e�r�f�o�r�m�e�d� �a�b�o�u�t� �e�q�u�a�l�l�y� �w�e�l�l� �i�n� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�,� �a�l�t�h�o�u�g�h� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�r�e�g�r�e�s�s�i�o�n� �h�a�d� �t�h�e� �l�o�w�e�s�t� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� �W�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �p�o�i�n�t�s�,� �t�h�e� 

�E�S�E� �v�a�l�u�e�s� �f�o�r� �H�A�T�L�I�N�K� �d�r�o�p�p�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� 

�m�e�t�h�o�d�s�.� �A�g�a�i�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �I�T�A�T�L�I�N�K� �w�a�s� �s�u�p�e�r�i�o�r� �i�n� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�e� 

�a�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�9�.� 

�A�s� �c�a�n� �b�e�e�n� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �V�.�4�.�9�,� �a�f�t�e�r� �t�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �h�a�s� �b�e�e�n� �a�u�g�m�e�n�t�e�d�,� 

�H�A�T�L�I�N�K� �i�s� �a�l�w�a�y�s� �o�u�t�p�e�r�f�o�r�m�i�n�g� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �i�n� �t�e�r�m�s� �o�f� �E�S�E�.� �I�n� �t�h�i�s� �c�a�s�e�,� 

�t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �f�o�r� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �d�r�o�p�p�e�d� �f�u�r�t�h�e�r� �a�n�d� �f�a�s�t�e�r� �t�h�e�n� �t�h�o�s�e� �f�o�r� 
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�e�i�t�h�e�r� �o�f� �t�h�e� �o�t�h�e�r� �t�w�o� �m�e�t�h�o�d�s�.� �W�i�t�h� �t�h�e� �t�h�i�r�d� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n� �i�n�c�r�e�a�s�e�d� �s�u�b�s�t�a�n�t�i�a�l�l�y� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� 
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�T�a�b�l�e� �V�.�4�.�8�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�4�.�8�6� �l�o�c�a�t�e�d� �a�t� 
�(�1�,� �2�)� �w�i�t�h� �o� �=� �0�.�2� �a�n�d� �C�T� �=� �1�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �m�a�x�.� �S�m�a�r� 

�H�A�T�L�I�N�K� �0�.�6�4� �0�.�2�2� �4�0�.�8�3� �0�.�1�1�7� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�5�0� �0�.�0�0� �4�1�.�1�9� �0�.�0�9�2� 
�k�e�r�n�e�l� �0�.�6�5� �1�.�0�0� �4�1�.�2�7� �0�.�0�6�2� 

�T�a�b�l�e� �V�.�4�.�9�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �0�.�2� �a�n�d� �C�T� �=� �1�.� 

� � 

�N�U�M� �H�A�T�L�I�N�K� � �s�,�,�,� �L�E�A�S�T� �S�Q�.� �s�)�,� �K�E�R�N�E�L� � �5�;�,�,� 

�0� �6�9�6�.�7� �6�4�7�.�9� �2�5�5�2�.�3� �7�4�.�3� �4�9�1�.�2� �7�.�6�5� 
�1� �5�9�2�.�2� �1�3�2�.�4� �1�4�2�.�2� �9�.�5�2� �4�8�1�.�7� �8�.�2�1� 
�2� �2�7�6�.�4� �4�,�0�7� �3�9�7�.�9� �6�.�0�7� �4�8�2�.�1� �8�.�5�0� 
�3� �2�7�5�.�7� �3�.�3�4� �3�9�6�.�2� �1�9�.�8� �4�5�8�.�3� �6�.�2�1� 
�4� �2�4�4�.�6� �4�.�5�7� �3�3�4�.�7� �8�.�5�3� �4�5�9�.�6� �5�.�8�6� 

�5� �2�4�0�.�0� �4�.�4�9� �3�1�1�.�5� �2�.�3�9� �4�5�0�.�3� �6�.�2�5� 
�6� �2�1�9�.�3� �3�.�8�4� �3�2�2�.�0� �2�.�7�7� �4�4�9�.�6� �5�.�8�8� 
�7� �9�2�1�.�8� �4�.�3�3� �3�2�4�.�9� �6�.�7�5� �4�4�1�.�4� �6�.�8�4� 
�8� �2�1�8�.�8� �4�.�1�7� �3�3�8�.�7� �3�.�2�0� �4�7�6�.�9� �7�.�3�7� 
�9� �2�2�2�.�5� �4�.�5�7� �3�3�3�.�6� �3�.�2�3� �4�9�9�.�9� �8�.�2�8� 
�1�0� �2�2�0�.�4� �4�.�9�7� �3�2�6�.�9� �2�.�7�3� �4�7�0�.�8� �7�.�3�9� 
�1�1� �-�2�1�3�.�3� �4�.�5�8� �3�1�8�.�8� �2�.�5�4� �4�7�9�.�0� �7�.�2�6� 
�1�2� �1�8�0�.�4� �3�.�2�5� �3�0�9�.�3� �2�.�1�4� �4�7�8�.�1� �5�.�9�0



�V�.�4�.�E� �C�A�S�E� �7�:� �C�T� �=�1�&�0�=�0�.�5� 

�N�o�w� �@� �i�s� �s�e�t� �t�o� �0�.�5�.� �W�h�e�n� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�,� �t�h�i�s� �v�a�l�u�e� �o�f� 

�o� �w�o�r�k�e�d� �f�a�i�r�l�y� �w�e�l�l� �f�o�r� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� 

�P�l�o�t�s� �o�f� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� �i�n� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �T�h�e� �p�l�o�t� �o�f� �t�h�e� �H�A�T�L�I�N�K� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�3�,� �t�h�e� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �d�e�s�i�g�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�4� �a�n�d� �t�h�e� �k�e�r�n�e�l� �d�e�s�i�g�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�5�.� �F�o�r� �a�l�l� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s�,� 

�t�h�e� �k�e�r�n�e�l� �m�e�t�h�o�d� �a�l�w�a�y�s� �c�o�n�s�i�s�t�e�n�t�l�y� �p�i�c�k�e�d� �t�h�e� �s�a�m�e� �p�o�i�n�t�s� �f�o�r� �a�u�g�m�e�n�t�a�t�i�o�n�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �t�r�u�e� 

�m�a�x�i�m�u�m� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �r�e�p�e�t�i�t�i�o�n�,� �a�v�e�r�a�g�e�d� �a�n�d� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�1�0�.� �I�n� �t�h�i�s� 

�c�a�s�e�,� �b�o�t�h� �t�h�e� �d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �f�i�t�t�e�d� �v�a�l�u�e� �w�e�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s�.� �A�s� �c�a�n� 

�b�e� �s�e�e�n� �f�r�o�m� �t�h�e�s�e� �v�a�l�u�e�s�,� �o�n�c�e� �a�g�a�i�n� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �t�e�n�d�e�d� �t�o� �p�e�r�f�o�r�m� �a�b�o�u�t� �t�h�e� �s�a�m�e� �i�n� 

�t�e�r�m�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �a�n�d� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�.� �F�o�r� �a�l�l� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s� �p�e�r�f�o�r�m�e�d�,� �w�i�t�h� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �p�o�i�n�t�s�,� �t�h�e� �E�S�E� �f�o�r� �H�A�T�L�I�N�K� �d�r�o�p�p�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�m�p�a�r�e�d� �t�o� 

�t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �A�g�a�i�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �H�A�T�L�I�N�K� �w�o�r�k�e�d� �b�e�t�t�e�r� �i�n� 

�e�s�t�i�m�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�1�1�.� 
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�T�a�b�l�e� �V�.�4�.�1�0�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�i�n�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�4�.�8�6� �l�o�c�a�t�e�d� �a�t� 
�(�1�,� �2�)� �w�i�t�h� �o� �=� �0�.�5� �a�n�d� �C�T� �=� �1�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �m�a�x�.� �S�i�a�r� 

�H�A�T�L�I�N�K� �0�.�8�5� �0�.�6�4� �4�1�.�8�5� �0�.�7�3� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�5�0� �0�.�0�0� �4�1�.�3�7� �0�.�3�1� 
�k�e�r�n�e�l� �0�.�8�7� �1�.�0�9� �4�1�.�4�0� �0�.�1�5� 

�T�a�b�l�e� �V�.�4�.�1�1�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �0�.�5� �a�n�d� �C�T� �=� �1�.� 

� � 

�N�U�M� �H�A�T�L�I�N�K� � �s�,�.�,� �L�E�A�S�T� �S�Q�.� �5�s�)�,� �K�E�R�N�E�L� � �S�x�e�y� 

�0� �1�5�6�1�.�3� �1�1�4�6�.�4� �2�5�6�9�.�4� �1�8�7�.�9� �4�8�6�.�8� �1�9�.�0� 
�1� �7�1�0�.�1� �5�1�7�.�5� �4�2�9�.�2� �2�2�.�7� �4�8�1�.�4� �2�0�.�7� 
�2� �2�7�0�.�9� �2�0�.�7� �4�0�0�.�9� �2�2�.�5� �4�8�2�.�4� �2�1�.�7� 
�3� �2�7�3�.�7� �1�9�.�7� �3�5�5�.�0� �3�5�.�0� �4�5�9�.�6� �1�6�.�1� 
�4� �2�4�5�.�1� �8�.�6�2� �3�1�8�.�1� �1�3�.�9� �4�6�1�.�6� �1�4�.�8� 

�5� �2�3�7�.�1� �9�.�7�4� �3�0�9�.�9� �7�.�0�6� �4�5�6�.�4� �1�6�.�5� 
�6� �2�9�5�.�8� �9�.�7�5� �3�2�0�.�4� �7�.�2�7� �4�4�1�.�5� �2�3�.�1� 
�7� �2�9�9�.�0� �1�1�7� �3�3�2�.�3� �1�2�.�3� �4�4�3�.�6� �1�7�.�0� 
�8� �2�2�4�.�4� �1�0�.�7� �3�3�5�.�7� �7�.�2�9� �4�7�7�.�9� �1�8�.�5� 
�9� �2�2�5�.�0� �9�.�8�2� �3�3�1�.�2� �8�.�5�6� �4�9�8�.�8� �1�9�.�9� 
�1�0� �2�1�9�.�8� �1�3�.�5� �3�2�2�.�4� �7�.�8�7� �4�7�2�.�7� �1�9�.�0� 
�1�1� �2�1�1�.�4� �1�7�.�4� �3�1�3�.�1� �5�.�8�7� �4�7�8�.�5� �1�8�.�1� 
�1�2� �1�9�1�.�5� �1�8�.�6� �3�0�7�.�1� �4�.�4�1� �4�7�5�.�5� �1�5�.�0� 

�1�1�0



�V�.�4�F� �C�A�S�E� �8�:� �C�T�=�1�l�&�0�c�=�1� 

�T�h�i�s� �c�a�s�e�,� �w�i�t�h� �o� �=� �1�,� �w�a�s� �t�h�e� �l�a�s�t� �c�a�s�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �p�e�r�f�o�r�m�i�n�g� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s�.� 

�P�r�e�l�i�m�i�n�a�r�y� �s�i�m�u�l�a�t�i�o�n�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �o� �e�v�e�n� �f�u�r�t�h�e�r� �d�i�d� �n�o�t� �a�f�f�e�c�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �H�A�T�L�I�N�I�X� �m�e�t�h�o�d�.� �R�e�m�e�m�b�e�r� �t�h�a�t� �t�h�e� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �o� �w�e�r�e� �s�t�u�d�i�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� 

�b�e�c�a�u�s�e� �o�f� �t�h�e� �t�r�o�u�b�l�e� �o�b�s�e�r�v�e�d� �w�h�e�n� �i�n�i�t�i�a�l�l�y� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �b�y� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� 

�v�a�r�i�a�n�c�e� �m�e�t�h�o�d�.� 

�P�l�o�t�s� �o�f� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� �f�o�r� �a� �t�y�p�i�c�a�l� �d�e�s�i�g�n� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �T�h�e� �p�l�o�t� �o�f� �t�h�e� �H�A�T�L�I�N�K� �d�e�s�i�g�n� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�6�,� �t�h�e� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �d�e�s�i�g�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�7� �a�n�d� �t�h�e� �k�e�r�n�e�l� �d�e�s�i�g�n� �i�n� �F�i�g�u�r�e� �V�.�4�.�1�8�.� 

�A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �a�v�e�r�a�g�e�d� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �a�v�e�r�a�g�e� �d�i�s�t�a�n�c�e� 

�t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�1�2�.� �I�n� �t�h�i�s� �c�a�s�e�,� �b�o�t�h� �t�h�e� 

�d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �f�i�t�t�e�d� �v�a�l�u�e� �w�e�r�e� �a�b�o�u�t� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� 

�t�h�e�s�e� �v�a�l�u�e�s�,� �i�n� �t�e�r�m�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �a�n�d� �l�o�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m�,� �o�n�c�e� �a�g�a�i�n�,� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� 

�t�e�n�d�e�d� �t�o� �p�e�r�f�o�r�m� �a�b�o�u�t� �t�h�e� �s�a�m�e�.� �W�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �p�o�i�n�t�,� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� 

�H�A�T�L�I�N�K� �a�l�w�a�y�s� �d�r�o�p�p�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� 

�A�g�a�i�n�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �H�A�T�L�I�N�I�K� �w�o�r�k�e�d� �b�e�t�t�e�r� �i�n� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �s�u�r�f�a�c�e�.� �T�h�e�s�e� �v�a�l�u�e�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �V�.�4�.�1�3�.� 
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�T�a�b�l�e� �V�.�4�.�1�2�.� �A�v�e�r�a�g�e� �D�i�s�t�a�n�c�e� �B�e�t�w�e�e�n� �t�h�e� �F�i�t�t�e�d� �a�n�d� �T�r�u�e� �M�a�x�i�m�a�,� �t�h�e� �A�v�e�r�a�g�e� �F�i�t�t�e�d� 
�M�a�x�i�m�u�m� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� �D�e�v�i�a�t�i�o�n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �t�e�n� 
�r�e�p�e�t�i�t�i�o�n�s� �a�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �T�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�4�.�8�6� �l�o�c�a�t�e�d� �a�t� 
�(�1�,� �2�)� �w�i�t�h� �o� �=� �l�a�n�d� �C�T� �=� �1�.� 

� � 

�M�E�T�H�O�D� �d�i�s�.� �S�d�i�s� �T�n�l�d�x�.� �S�i�a�r� 

�H�A�T�L�I�N�K� �0�.�6�8� �0�.�6�7� �4�1�,�2�3� �0�.�8�2� 
�l�e�a�s�t� �s�q�u�a�r�e�s� �0�.�4�5� �0�.�1�6� �4�1�.�5�0� �0�.�5�5� 
�k�e�r�n�e�l�]� �0�.�6�5� �1�.�0�0� �4�1�.�7�2� �0�.�4�3� 

�T�a�b�l�e� �V�.�4�.�1�3�.� �A�v�e�r�a�g�e� �E�S�E� �v�a�l�u�e�s� �a�f�t�e�r� �A�u�g�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �S�t�a�n�d�a�r�d� 
�D�e�v�i�a�t�i�o�n�s� �o�f� �E�S�E� �V�a�l�u�e�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�o�i�n�t� �a�u�g�m�e�n�t�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 
�m�e�t�h�o�d�s� �w�i�t�h� �o� �=� �1� �a�n�d� �C�T� �=� �1�.� 
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�V�.�6� �S�U�M�M�A�R�Y� �O�F� �R�E�S�U�L�T�S� �F�R�O�M� �I�N�I�T�I�A�L� �S�I�M�U�L�A�T�I�O�N�S� �A�N�D� �R�E�P�E�T�I�T�I�O�N�S� 

�T�h�i�s� �c�h�a�p�t�e�r� �e�x�p�l�o�r�e�d� �t�h�e� �B�I�I�T�V� �m�e�t�h�o�d� �o�f� �H�A�T�L�I�N�K� �a�u�g�m�e�n�t�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�a�l� �t�e�c�h�n�i�q�u�e� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �t�h�e� �n�e�w� �d�e�s�i�g�n�,� �a�d�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�s� �a�r�e� �d�i�s�c�u�s�s�e�d� 

�f�u�r�t�h�e�r� �i�n� �A�p�p�e�n�d�i�x� �3�.� �T�o� �e�s�t�i�m�a�t�e� �t�h�e� �m�i�x�i�n�g� �p�a�r�a�m�e�t�e�r�,� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �w�e�r�e� 

�p�r�o�p�o�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I� �a�n�d� �d�e�t�a�i�l�e�d� �f�u�r�t�h�e�r� �i�n� �A�p�p�e�n�d�i�x� �3�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �P�R�E�S�S �� �a�n�d� 

�B�I�I�V� �y�i�e�l�d�e�d� �t�h�e� �b�e�s�t� �r�e�s�u�l�t�s� �i�n� �g�e�n�e�r�a�l�,� �a�l�t�h�o�u�g�h� �s�o�m�e� �p�o�t�e�n�t�i�a�l� �p�r�o�b�l�e�m�s� �w�e�r�e� �m�e�n�t�i�o�n�e�d�.� �T�h�e� 

�e�f�f�e�c�t� �o�f� �b�a�t�c�h� �s�i�z�e� �w�a�s� �a�l�s�o� �s�t�u�d�i�e�d� �i�n� �S�e�c�t�i�o�n� �V�.�3�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �w�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� 

�o�f� �e�n�o�u�g�h� �b�a�t�c�h�e�s� �o�f� �p�o�i�n�t�s�,� �t�h�e� �e�f�f�e�c�t� �o�f� �b�a�t�c�h� �s�i�z�e� �a�p�p�e�a�r�s� �t�o� �b�e� �m�i�n�i�m�i�z�e�d�.� 

�T�h�e� �e�i�g�h�t� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �r�e�p�e�t�i�t�i�o�n�s� �s�t�u�d�i�e�d� �i�n� �S�e�c�t�i�o�n� �V�.�4� �a�r�e� �t�y�p�i�c�a�l� �c�a�s�e�s� �a�n�d� �a�l�l� �h�a�d� 

�t�h�e� �s�a�m�e� �b�a�s�i�c� �o�u�t�c�o�m�e�.� �A�s� �s�t�a�t�e�d� �a�b�o�v�e�.� �t�h�e� �c�a�s�e�s� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�r� �o� �v�a�l�u�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� 

�b�e�c�a�u�s�e� �o�f� �t�h�e� �p�e�r�c�e�i�v�e�d� �t�r�o�u�b�l�e� �w�i�t�h� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�h�e�n� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �b�y� 

�i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �B�I�I�V�,� �a�l�w�a�y�s� �t�e�n�d�e�d� 

�t�o� �o�u�t�p�e�r�f�o�r�m� �b�o�t�h� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �w�a�s� �c�o�n�s�i�s�t�e�n�t�l�y� �s�e�e�n� �f�o�r� 

�a�l�l� �t�e�n� �r�e�p�e�t�i�t�i�o�n�s� �i�n� �e�a�c�h� �c�a�s�e� �s�t�u�d�i�e�d�.� �F�o�r� �t�h�e� �c�a�s�e�s� �w�h�e�r�e� �C�T� �=� �0�.�1�,� �H�A�T�L�I�N�K� �a�n�d� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �w�e�r�e� �u�s�u�a�l�l�y� �t�h�e� �s�a�m�e�.� �W�i�t�h� �m�o�r�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� �p�o�i�n�t� �o�r� �t�w�o� 

�a�u�g�m�e�n�t�e�d�,� �H�A�T�L�I�N�K� �a�l�w�a�y�s� �d�i�d� �b�e�t�t�e�r� �t�h�a�n� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�,� �a�t� �l�e�a�s�t� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �i�n� �t�e�r�m�s� �o�f� �l�o�c�a�t�i�n�g� �a�n�d� 

�e�s�t�i�m�a�t�i�n�g� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �t�e�n�d�e�d� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e�,� �a�l�t�h�o�u�g�h� �t�h�e� �s�p�e�c�i�f�i�c� 

�v�a�l�u�e�s� �v�a�r�i�e�d� �s�o�m�e�w�h�a�t� �f�r�o�m� �c�a�s�e� �t�o� �c�a�s�e�.� 

�T�h�e�s�e� �c�a�s�e�s� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �f�r�o�m� �r�u�n� 

�t�o� �r�u�n�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e� �p�r�o�c�e�d�u�r�e� �i�s� �n�o�t� �o�v�e�r�l�y� �v�a�r�i�a�b�l�e� �w�h�e�n� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r�s� �c�h�a�n�g�e�.� 

�T�h�e�s�e� �r�u�n�s� �a�l�s�o� �i�n�d�i�c�a�t�e� �t�h�a�t� �w�h�i�l�e� �t�h�e� �a�u�g�i�n�e�n�t�e�d� �d�e�s�i�g�n� �m�a�y� �v�a�r�y� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �r�a�n�d�o�m� 

�e�r�r�o�r�s�,� �t�h�e� �d�e�s�i�g�n� �s�h�o�u�l�d� �n�o�t� �v�a�r�y� �t�o�o� �m�u�c�h�.� �T�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �a�n�d� �i�t�s� �l�o�c�a�t�i�o�n�,� �a�f�t�e�r� 
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�a�u�g�m�e�n�t�i�n�g� �b�y� �t�h�e� �d�e�s�i�r�e�d� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s�,� �s�h�o�u�l�d� �n�o�t� �c�h�a�n�g�e� �t�o�o� �m�u�c�h� �e�i�t�h�e�r�.� �I�t� �f�u�r�t�h�e�r� 

�a�p�p�e�a�r�s� �t�h�a�t� �u�s�i�n�g� �B�I�T�V� �t�o� �a�u�g�m�e�n�t� �p�o�i�n�t�s� �r�e�m�o�v�e�s� �s�o�m�e� �o�f� �t�h�e� �t�r�o�u�b�l�e� �w�i�t�h� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �o� 

�o�b�s�e�r�v�e�d� �w�h�e�n� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �u�s�i�n�g� �o�n�l�y� �i�n�t�e�g�r�a�t�e�d� �p�r�e�d�i�c�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� 

�i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �A�p�p�e�n�d�i�x� �3�.� 

�T�h�e�s�e� �c�a�s�e�s� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �c�o�m�p�a�r�a�t�i�v�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�,� �d�e�s�p�i�t�e� �i�t�s� 

�s�t�o�c�h�a�s�t�i�c� �n�a�t�u�r�e�.� �A�l�l� �o�f� �t�h�e� �c�a�s�e�s� �s�t�u�d�i�e�d� �h�e�r�e� �f�u�r�t�h�e�r� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �d�e�s�i�r�a�b�i�l�i�t�y� �o�f� �u�s�i�n�g� �t�h�e� 

�p�r�o�p�o�s�e�d� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n�.



�C�H�A�P�T�E�R� �V�I� 

�T�H�E� �H�A�T�L�I�N�K� �P�R�O�C�E�D�U�R�E� �I�N� �M�U�L�T�I�P�L�E� �D�I�M�E�N�S�I�O�N�S� 

�V�I�.�1�0� �I�N�T�R�O�D�U�C�T�I�O�N� 

�T�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �P�R�E�S�S�*� �c�r�i�t�e�r�i�o�n� �f�o�r� 

�s�e�l�e�c�t�i�n�g� �A� �a�n�d� �B�I�I�V� �f�o�r� �a�u�g�m�e�n�t�i�n�g� �p�o�i�n�t�s� �i�s� �v�e�r�y� �p�r�o�m�i�s�i�n�g�.� �T�o� �u�s�e� �t�h�e� �m�e�t�h�o�d� �a�s� �p�r�o�p�o�s�e�d�,� 

�r�e�c�a�l�l� �t�h�a�t� �b�o�t�h� �o�l�d� �a�n�d� �n�e�w� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t� �m�u�s�t� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�s� �w�e�l�l� �a�s� �a�n� �i�n�i�t�i�a�l� �p�o�i�n�t� �i�n� 

�t�h�e� �n�e�w� �r�e�g�i�o�n� �a�n�d� �t�h�e� �d�e�s�i�r�e�d� �b�a�t�c�h� �s�i�z�e�.� �T�h�e� �u�s�e�r� �m�u�s�t� �a�l�s�o� �p�r�o�p�o�s�e� �a� �p�a�r�a�m�e�t�r�i�c� �m�o�d�e�l� �i�n� �t�h�e� 

�h�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �I�n� �t�h�i�s� �s�t�a�g�e� �o�f� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �H�A�T�L�I�N�K�,� �s�e�v�e�r�a�l� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� 

�e�x�a�m�p�l�e�s� �w�i�l�l� �b�e� �s�t�u�d�i�e�d� �w�i�t�h� �t�h�e� �i�n�t�e�n�t�i�o�n� �o�f� �o�b�s�e�r�v�i�n�g� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �H�A�T�L�I�N�K�,� 

�p�a�r�a�m�e�t�r�i�c�,� �a�n�d� �n�o�n�p�a�r�a�m�e�t�r�i�c� �m�e�t�h�o�d�s� �o�f� �a�u�g�m�e�n�t�a�t�i�o�n� �u�s�i�n�g� �B�I�T�V� �i�n� �e�x�a�m�p�l�e�s� �w�h�e�r�e� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�s� �c�a�r�r�i�e�d� �o�u�t� �c�o�m�p�l�e�t�e�l�y�.� �I�n� �s�u�c�h� �a� �c�a�s�e�,� �n�o�t� �o�n�l�y� �i�s� �o�n�e� �a�u�g�m�e�n�t�i�n�g� 

�w�i�t�h� �a� �s�e�t� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �i�n� �s�o�m�e� �s�p�e�c�i�f�i�e�d� �b�a�t�c�h� �s�i�z�e�,� �b�u�t� �a�f�l�e�r� �a�u�g�m�e�n�t�a�t�i�o�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �m�a�x�i�m�u�m� �o�f� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �w�i�l�l� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �f�i�t� �c�o�n�s�i�d�e�r�e�d�.� �I�n� �t�h�e� �t�w�o� 

�d�i�m�e�n�s�i�o�n�a�l� �e�x�a�m�p�l�e�s�.� �p�l�o�t�s� �o�f� �b�o�t�h� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �a�n�d� �c�o�n�t�o�u�r� �p�l�o�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �a� �s�e�t� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �w�e�r�e� �a�u�g�m�e�n�t�e�d� �b�y� �H�A�T�L�I�N�K�,� �l�e�a�s�t� 

�s�q�u�a�r�e�s�,� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�,� �u�s�i�n�g� �s�o�m�e� �s�p�e�c�i�f�i�e�d� �b�a�t�c�h� �s�i�z�e�.� �T�h�e� �o�v�e�r�a�l�l� �f�i�t�s� �a�s� �m�e�a�s�u�r�e�d� �b�y� 

�t�h�e� �E�S�E� �v�a�l�u�e�s� �w�e�r�e� �t�h�e�n� �c�o�m�p�a�r�e�d�,� �a�n�d� �o�n�e� �m�e�t�h�o�d� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �s�u�p�e�r�i�o�r�.� �I�t� �i�s� �h�o�p�e�d� 

�t�h�a�t� �t�h�e� �r�e�s�u�l�t�s� �g�i�v�e�n� �b�y� �t�h�e� �H�A�T�L�I�N�I�X� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �o�u�t�p�e�r�f�o�r�m�s� �t�h�o�s�e� �o�f� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� 
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�a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �F�o�r� �t�h�e� �e�x�a�m�p�l�e�s� �i�n� �t�w�o� �d�i�m�e�n�s�i�o�n�s�,� �p�l�o�t�s� �o�f� �t�h�e� �t�r�u�e� �s�u�r�f�a�c�e�,� 

�H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �s�e�l�e�c�t�e�d� �q�u�a�n�t�i�t�i�e�s� �o�f� 

�a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s�.� �T�h�e�s�e� �e�x�a�m�p�l�e�s� �i�l�l�u�s�t�r�a�t�e� �h�o�w� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �c�a�n� �d�r�a�w� �f�r�o�m� �b�o�t�h� 

�t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �t�o� �p�r�o�d�u�c�e� �a� �b�e�t�t�e�r� �f�i�t� �t�h�a�n� �e�i�t�h�e�r� �t�e�c�h�n�i�q�u�e� �a�l�o�n�e� �i�s� �a�b�l�e� 

�t�o� �p�r�o�d�u�c�e�.� 

�I�n� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�o�l�o�g�y�,� �a�f�t�e�r� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n�,� �n�o�t� �o�n�l�y� 

�i�s� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �i�m�p�o�r�t�a�n�t�,� �b�u�t� �i�t� �i�s� �a�l�s�o� �d�e�s�i�r�a�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e�r�e� �i�s� �a� �r�a�n�g�e� �o�f� 

�o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e�.� �M�a�n�y� �t�i�m�e�s�,� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�e�r� �d�e�s�i�r�e�s� �t�o� �k�n�o�w� �t�h�i�s� �r�a�n�g�e� �o�f� �o�p�e�r�a�t�i�n�g� �v�a�l�u�e�s� �f�o�r� �g�r�e�a�t�e�r� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �s�e�t�t�i�n�g� �t�h�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�o� �a�c�h�i�e�v�e� �r�e�s�p�o�n�s�e� �v�a�l�u�e�s� �c�l�o�s�e� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �o�v�e�r�a�l�l� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �m�a�y� �a�l�s�o� �b�e� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �r�e�s�e�a�r�c�h�e�r�.� 

�V�I�.�2�0� �F�I�R�S�T� �E�X�A�M�P�L�E� �I�N� �T�W�O� �D�I�M�E�N�S�I�O�N�S� 

�T�h�i�s� �e�x�a�m�p�l�e� �t�a�k�e�s� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �e�x�a�m�p�l�e� �i�n�i�t�i�a�l�l�y� �p�r�e�s�e�n�t�e�d� �i�n� �S�e�c�t�i�o�n� �I�V�.�3� �a�n�d� 

�u�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s� �a�n�d� �p�r�o�c�e�e�d�s� �t�o� �f�i�n�d� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�a� �a�n�d� �p�r�e�s�e�n�t� �p�l�o�t�s� �a�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n�.� �B�o�t�h� �o�l�d� �a�n�d� �n�e�w� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t� �a�s� �w�e�l�l� �a�s� �a�n� �i�n�i�t�i�a�l� �p�o�i�n�t� �i�n� 

�t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �b�e�f�o�r�e�.� �U�s�i�n�g� �t�h�e� �s�a�m�e� �e�q�u�a�t�i�o�n� �(�I�V�.�3�.�1�)� �w�i�t�h� �o� �=� �1� 

�a�n�d� �C�T� �=� �0�.�7� �f�o�r� �t�h�e� �t�r�u�e� �m�o�d�e�l�,� �t�w�e�l�v�e� �p�o�i�n�t�s� �w�i�l�l� �b�e� �a�u�g�m�e�n�t�e�d� �u�s�i�n�g� �a� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �T�h�e� 

�t�r�u�e� �m�a�x�i�m�u�m� �i�s� �4�2�.�7�1� �a�n�d� �i�s� �l�o�c�a�t�e�d� �a�t� �(�1�.�2�5�,� �1�.�6�0�)�.� �T�h�i�s� �l�o�c�a�t�i�o�n� �i�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �f�i�t�t�e�d� �m�a�x�i�m�a� �b�y� �f�i�n�d�i�n�g� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �p�o�i�n�t�s�.� �A�f�t�e�r� �e�a�c�h� �p�o�i�n�t� �i�s� 

�a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �f�o�r� �t�h�e� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �s�u�r�f�a�c�e�s� �a�n�d� �t�h�e� 

�d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �f�i�t�t�e�d� �a�n�d� �t�r�u�e� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� �U�n�l�i�k�e� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r� �w�h�e�r�e� �t�e�n� 

�r�e�p�e�t�i�t�i�o�n�s� �w�e�r�e� �s�t�u�d�i�e�d�,� �o�n�l�y� �o�n�e� �r�u�n� �i�s� �p�e�r�f�o�r�m�e�d� �a�n�d� �t�h�e� �p�l�o�t�s� �a�n�d� �g�r�a�p�h�s� �g�e�n�e�r�a�t�e�d� �w�i�l�l� �b�e� 
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�e�x�a�m�i�n�e�d� �t�o� �g�r�a�p�h�i�c�a�l�l�y� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l�]� �r�e�g�r�e�s�s�i�o�n�s� �u�p�o�n� 

�t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� 

�V�I�.�2�.�1� �N�U�M�E�R�I�C�A�L� �C�O�M�P�A�R�I�S�I�O�N�S� �O�F� �F�I�R�S�T� �E�X�A�M�P�L�E� 

�A�u�g�m�e�n�t�a�t�i�o�n� �o�f� �t�w�e�l�v�e� �p�o�i�n�t�s� �y�i�e�l�d�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s� �w�h�i�c�h� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�s� 

�f�o�l�l�o�w�s�:� �H�A�T�L�I�N�K� �i�n� �T�a�b�l�e� �V�I�.�2�.�1�,� �a� �s�e�c�o�n�d� �o�r�d�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�o�d�e�l� �i�n� �T�a�b�l�e� �V�I�.�2�.�2�,� �a�n�d� 

�k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� �i�n� �T�a�b�l�e� �V�I�.�2�.�3�.� �F�o�r� �t�h�e� �H�A�T�L�I�N�K� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�s�,� �p�l�o�t�s� �o�f� �t�h�e� 

�f�i�r�s�t� �s�i�x� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �I�V�.�3�.�1� �a�n�d� �F�i�g�u�r�e� �I�V�.�3�.�2�.� �S�i�m�i�l�a�r� �p�l�o�t�s� �c�a�n� 

�b�e� �m�a�d�e� �f�o�r� �b�o�t�h� �t�h�e� �e�x�t�r�a� �s�i�x� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �f�o�r� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �b�y� �t�h�e� �k�e�r�n�e�l� 

�m�e�t�h�o�d�.� �N�o�t�i�c�e� �t�h�e� �E�S�E� �v�a�l�u�e�s�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�a� �a�n�d� �t�h�e� �d�i�s�t�a�n�c�e�s� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�.� �I�n� 

�t�e�r�m�s� �o�f� �f�i�n�d�i�n�g� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�,� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �p�e�r�f�o�r�m�e�d� �a�b�o�u�t� �e�q�u�a�l�l�y� �w�e�l�l�,� �a�l�t�h�o�u�g�h� 

�t�h�e� �k�e�r�n�e�l� �m�e�t�h�o�d� �d�i�d� �s�l�i�g�h�t�l�y� �b�e�t�t�e�r�,� �b�u�t� �n�o�t� �e�n�o�u�g�h� �t�o� �b�e� �v�e�r�y� �m�e�a�n�i�n�g�f�u�l�.� 

�T�h�e� �d�i�s�t�a�n�c�e�s� �a�r�e� �t�h�e� �s�a�m�e� �a�l�s�o�,� �a�l�t�h�o�u�g�h� �t�h�e� �l�o�c�a�t�i�o�n�s� �d�i�f�f�e�r�e�d� �s�l�i�g�h�t�l�y�.� �A�f�t�e�r� �t�h�e� 

�t�w�e�l�f�t�h� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�,� �H�A�T�L�I�N�K� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �t�o� �b�e� �a�t� 

�(�1�.�0�,� �1�.�0�)�,� �w�h�i�l�e� �b�o�t�h� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s� �p�l�a�c�e�d� �t�h�e� �l�o�c�a�t�i�o�n� �a�t� �(�1�.�5�,� �1�.�0�)�.� 

�W�h�e�n� �c�o�m�p�u�t�i�n�g� �a�n�d� �c�o�m�p�a�r�i�n�g� �d�i�s�t�a�n�c�e�s�,� �a� �g�r�i�d� �o�f� �p�o�i�n�t�s� �i�s� �e�s�t�a�b�l�i�s�h�e�d� �a�n�d� �t�h�e� �f�i�t�t�e�d� 

�m�a�x�i�m�u�m� �i�s� �t�h�e� �l�o�c�a�t�i�o�n� �r�e�s�u�l�t�i�n�g� �i�n� �t�h�e� �l�a�r�g�e�s�t� �p�r�e�d�i�c�t�i�o�n� �v�a�l�u�e�.� �T�h�u�s�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� 

�f�i�n�e�n�e�s�s� �o�f� �t�h�e� �g�r�i�d�,� �t�h�e�r�e� �m�i�g�h�t� �p�o�s�s�i�b�l�y� �b�e� �s�o�m�e� �n�o�n�z�e�r�o� �m�i�n�i�m�u�m� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �f�i�t�t�e�d� 

�a�n�d� �t�r�u�e� �m�a�x�i�m�a�.� �I�n� �s�u�c�h� �c�a�s�e�s�,� �i�t� �m�a�y� �b�e� �i�m�p�o�s�s�i�b�l�e� �f�o�r� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �t�o� �a�t�t�a�i�n� �t�h�e� �l�o�c�a�t�i�o�n� 

�o�f� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �v�a�l�u�e�.� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �a�p�p�e�a�r� �t�o� �p�e�r�f�o�r�m� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �i�n� �t�e�r�m�s� �o�f� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �f�i�t�t�e�d� �a�n�d� �t�r�u�e� 

�m�a�x�i�m�a�.� 

�N�o�t�i�c�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s� �i�n� �t�h�e� �t�a�b�l�e�s�.� �A�f�t�e�r� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�,� 
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�H�A�T�L�I�N�K� �h�a�s� �a� �b�e�t�t�e�r� �o�v�e�r�a�l�l� �f�i�t� �t�h�e�n� �e�i�t�h�e�r� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �o�r� �k�e�r�n�e�l� �m�e�t�h�o�d�s�.� �E�v�e�n� �t�h�o�u�g�h� 

�a�l�l�]� �t�h�r�e�e� �t�e�c�h�n�i�q�u�e�s� �p�e�r�f�o�r�m�e�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l�l�y� �w�e�l�l� �i�n� �t�e�r�m�s� �o�f� �f�i�n�d�i�n�g� �t�h�e� �f�i�t�t�e�d� 

�m�a�x�i�m�u�m� �a�n�d� �i�t�s� �l�o�c�a�t�i�o�n� �i�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m�,� �t�h�e� �H�A�T�L�I�N�K� �s�u�r�f�a�c�e� �w�o�u�l�d� �b�e� 

�t�h�e� �b�e�s�t� �o�n�e� �t�o� �u�s�e� �i�n� �t�e�r�m�s� �o�f� �o�v�e�r�a�l�l� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�i�s� �c�o�u�l�d� �b�e� �i�m�p�o�r�t�a�n�t� �i�f� �o�n�e� �d�e�s�i�r�e�s� �t�o� 

�f�i�n�d� �t�h�e� �o�p�t�i�m�a�l� �r�a�n�g�e� �o�f� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �a�s� �d�e�s�c�r�i�b�e�d� �e�a�r�l�i�e�r�.� �P�i�c�t�u�r�e�s� �a�n�d� �c�o�n�t�o�u�r� �p�l�o�t�s� 

�i�l�l�u�s�t�r�a�t�e� �t�h�a�t� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �d�o�e�s� �i�n�d�e�e�d� �o�u�t�p�e�r�f�o�r�m� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� 

�r�e�g�r�e�s�s�i�o�n�s�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �p�l�o�t�s� �f�r�o�m� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �r�e�v�e�a�l� �t�h�a�t�,� �a�s� �c�o�n�j�e�c�t�u�r�e�d�,� �H�A�T�L�I�N�K� 

�d�r�a�w�s� �f�r�o�m� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s� �t�o� �p�r�o�d�u�c�e� �a� �b�e�t�t�e�r� �o�v�e�r�a�l�l� �f�i�t�.� 
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�T�a�b�l�e� �V�I�.�2�.�1�.� �T�w�e�l�v�e� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �H�A�T�L�I�N�K� �a�n�d� �B�I�I�V� �f�o�r� �E�x�a�m�p�l�e� �1�.� �U�s�i�n�g� �o� �=� �1� 
�a�n�d� �C�T� �=� �0�.�7�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �v�a�l�u�e�s� �s�e�l�e�c�t�e�d� �a�n�d� 

�t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s�,� �l�a�m�b�d�a�s� �a�n�d� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� 
�w�a�s� �a�u�g�m�e�n�t�e�d�.� �M�A�X� �r�e�f�e�r�s� �t�o� �t�h�e� �m�a�x�i�m�u�m� �f�i�t�t�e�d� �v�a�l�u�e� �a�n�d� �D�I�S� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 
�l�o�c�a�t�i�o�n� �o�f� �t�h�e� �f�i�t�t�e�d� �a�n�d� �t�r�u�e� �m�a�x�i�m�a�.� 
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�2� �2�.�5�0�0�0� �2�.�0�0�0�0� �O�1�7� �1�.�0�0� �1�2�0�.�3�8� �3�9�.�1�0� �1�.�1�3� 
�3� �1�.�0�0�0�0� �1�.�0�0�0�0� �5�1�9� �1�.�0�0� �1�1�0�.�2�9� �3�9�.�7�9� �6�5� 
�4� �2�.�5�0�0�0� �0�.�5�0�0�0� �5�1�5� �9�3�7� �1�3�9�.�4�3� �3�9�.�7�9� �A�T� 
�5� �2�.�5�0�0�0� �1�.�0�0�0�0� �5�8�3� �6�2�5� �1�2�7�.�5�5� �3�9�.�9�4� �A�T� 
�6� �0�.�5�0�0�0� �2�.�0�0�0�0� �5�9�1� �8�7�5� �1�2�9�.�8�5� �3�9�.�6�9� �6�5� 
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�8� �2�.�0�0�0�0� �0�.�5�0�0�0� �0�6�4� �8�7�5� �1�2�3�.�7�8� �3�9�.�2�9� �6�5� 
�9� �2�.�0�0�0�0� �0�.�0�0�0�0� �9�6�3� �9�3�7� �1�2�1�.�6�2� �3�9�.�3�2� �6�5� 
�1�0� �1�.�5�0�0�0� �0�.�5�0�0�0� �5�6�3� �9�3�7� �1�2�4�.�5�5� �3�9�.�1�4� �6�5� 
�1�1� �2�.�5�0�0�0� �1�.�5�0�0�0� �5�8�4� �9�3�7� �1�2�1�.�1�5� �3�9�.�0�4� �6�5� 
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�T�a�b�l�e� �V�I�.�2�.�2�.� �T�w�e�l�v�e� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �L�e�a�s�t� �S�q�u�a�r�e�s� �a�n�d� �B�I�I�V� �f�o�r� �E�x�a�m�p�l�e� �1�.� �U�s�i�n�g� 
�o� �=� �1� �a�n�d� �C�T� �=� �0�.�7�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �E�S�E� �v�a�l�u�e�s�.� �T�h�e� �E�S�E� �v�a�l�u�e�s� �a�r�e� 
�c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� �M�A�X� �r�e�f�e�r�s� �t�o� �t�h�e� �m�a�x�i�m�u�m� �f�i�t�t�e�d� �v�a�l�u�e� �a�n�d� 
�D�I�S� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �f�i�t�t�e�d� �a�n�d� �t�r�u�e� �m�a�x�i�m�a�.� 
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�5�D� �2�.�5�0�0�0� �2�.�0�0�0�0� �1�5�9�.�0�8� �3�8�.�7�3� �2�7� 
�6� �2�.�0�0�0�0� �1�.�0�0�0�0� �1�5�7�.�8�4� �3�8�.�8�4� �6�5� 
�7� �1�.�0�0�0�0� �2�.�0�0�0�0� �1�5�8�.�7�4� �3�9�.�2�1� �2�7� 
�8� �0�.�5�0�0�0� �1�.�5�0�0�0� �1�5�9�.�2�2� �3�8�.�9�5� �2�7� 
�9� �1�.�0�0�0�0� �0�.�0�0�0�0� �1�5�5�.�9�4� �3�9�.�1�9� �6�5� 
�1�0� �2�.�0�0�0�0� �0�.�0�0�0�0� �1�5�0�.�3�0� �3�9�.�1�9� �2�7� 
�1�1� �0�.�5�0�0�0� �1�.�V�0�0�0� �1�4�9�.�0�2� �3�9�.�3�3� �2�7� 
�1�2� �1�.�5�0�0�0� �2�.�0�0�0�0� �1�4�8�.�6�9� �3�9�.�1�0� �6�5



�T�a�b�l�e� �V�I�.�2�.�3�.� �T�w�e�l�v�e� �P�o�i�n�t�s� �A�u�g�m�e�n�t�e�d� �U�s�i�n�g� �K�e�r�n�e�l� �a�n�d� �B�I�I�V� �f�o�r� �E�x�a�m�p�l�e� �1�.� �U�s�i�n�g� �o� �=� �1� 
�a�n�d� �C�T� �=� �0�.�7�,� �t�h�i�s� �l�i�s�t�s� �t�h�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �b�a�n�d�w�i�d�t�h� �v�a�l�u�e�s� �s�e�l�e�c�t�e�d� �a�n�d� �t�h�e� �E�S�E� 
�v�a�l�u�e�s�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s� �a�n�d� �E�S�E� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �t�h�e� �g�i�v�e�n� �p�o�i�n�t� �w�a�s� �a�u�g�m�e�n�t�e�d�.� 
�M�A�X� �r�e�f�e�r�s� �t�o� �t�h�e� �m�a�x�i�m�u�m� �f�i�t�t�e�d� �v�a�l�u�e� �a�n�d� �D�I�S� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� 
�f�i�t�t�e�d� �a�n�d� �t�r�u�e� �m�a�x�i�m�a�.� 
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�V�I�1�.�2�.�2� �C�O�M�P�A�R�I�S�O�N� �O�F� �P�L�O�T�S� �O�F� �F�I�T�T�E�D� �S�U�R�F�A�C�E�S� �F�O�R� �T�H�E� �F�I�R�S�T� �E�X�A�M�P�L�E� 

�T�h�e� �f�i�r�s�t� �p�l�o�t� �p�r�e�s�e�n�t�e�d� �i�s� �t�h�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �p�l�o�t� �o�f� �t�h�e� �t�r�u�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �N�e�x�t�,� 

�f�o�r� �e�a�c�h� �o�f� �t�h�e� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s�,� �a�n�d� �k�e�r�n�e�l� �m�e�t�h�o�d�s�,� �t�h�r�e�e� �p�l�o�t�s� �o�f� �t�h�e� �f�i�t� �a�r�e� �p�r�e�s�e�n�t�e�d�.� 

�T�h�e� �f�i�r�s�t� �o�f� �t�h�e�s�e� �p�l�o�t�s� �i�s� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �w�i�t�h� �t�h�e� �i�n�i�t�i�a�l� �d�a�t�a� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �u�s�i�n�g� �t�h�e� �f�i�r�s�t� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �s�e�c�o�n�d� �p�l�o�t� �i�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �c�u�r�v�e� �a�f�t�e�r� 

�s�i�x� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d� �a�n�d� �t�h�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �l�a�m�b�d�a� �p�a�r�a�m�e�t�e�r�s� �h�a�v�e� �b�e�e�n� �u�p�d�a�t�e�d�.� 

�T�h�e� �t�h�i�r�d� �p�l�o�t� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�e�c�o�n�d� �p�l�o�t� �e�x�c�e�p�t� �t�h�a�t� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�.� �A�l�l� 

�t�e�n� �p�l�o�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �V�I�.�2�.�1� �t�h�r�o�u�g�h� �F�i�g�u�r�e� �V�I�.�2�.�1�0�.� 

�A�s� �e�x�p�e�c�t�e�d�,� �b�a�s�e�d� �u�p�o�n� �t�h�e� �E�S�E� �v�a�l�u�e�s� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �p�e�r�f�o�r�m� �q�u�i�t�e� �p�o�o�r�l�y� �w�h�e�n� 

�o�n�l�y� �t�h�e� �i�n�i�t�i�a�l� �d�a�t�a� �i�s� �a�v�a�i�l�a�b�l�e�.� �T�h�i�s� �i�s� �s�e�e�n� �b�y� �c�o�m�p�a�r�i�n�g� �F�i�g�u�r�e�s� �V�I�.�2�.�2�  �� �V�I�.�2�.�4� �t�o� �t�h�e� �t�r�u�e� 

�s�u�r�f�a�c�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �F�i�g�u�r�e� �V�I�.�2�.�1�.� �W�h�i�l�e� �t�h�e� �p�l�o�t�s� �f�o�r� �b�o�t�h� �H�A�T�L�I�N�K� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n� 

�i�n�d�i�c�a�t�e� �s�o�m�e� �c�u�r�v�a�t�u�r�e�,� �t�h�e�y� �d�o� �n�o�t� �c�a�p�t�u�r�e� �m�u�c�h� �o�f� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�r�u�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� 

�T�h�e� �p�l�o�t� �f�r�o�m� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�,� �w�h�i�l�e� �b�e�a�r�i�n�g� �v�e�r�y� �l�i�t�t�l�e� �r�e�s�e�m�b�l�a�n�c�e� �t�o� �t�h�e� �H�A�T�L�I�N�K� 

�a�n�d� �k�e�r�n�e�l� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s�,� �a�l�s�o� �l�o�o�k�s� �q�u�i�t�e� �p�o�o�r�.� �T�h�i�s� �p�l�o�t� �a�l�s�o� �c�a�p�t�u�r�e�s� �v�e�r�y� �l�i�t�t�l�e� �o�f� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�r�u�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �N�o�t�i�c�e� �t�h�a�t� �w�h�i�l�e� �t�h�e� �t�r�u�e� �f�u�n�c�t�i�o�n� �a�t�t�a�i�n�s� �a� �m�a�x�i�m�u�m� �o�f� 

�a�b�o�u�t� �4�3�,� �w�h�i�l�e� �t�h�e� �H�A�T�L�I�N�N� �a�n�d� �k�e�r�n�e�l� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �a�t�t�a�i�n�s� �o�n�e� �a�r�o�u�n�d� �3�8�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�f�i�t�t�e�d� �m�a�x�i�m�u�m� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �5�5� �a�n�d� �i�s� �l�o�c�a�t�e�d� �v�e�r�y� �f�a�r� �f�r�o�m� �t�h�e� �t�r�u�e� �v�a�l�u�e�.� �T�h�i�s� �f�u�r�t�h�e�r� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �i�n� �t�h�i�s� �c�a�s�e�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �i�s� �n�o�t� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n� �e�v�e�n� �a�s� �w�e�l�l� �a�s� �k�e�r�n�e�l� 

�r�e�g�r�e�s�s�i�o�n�.� �A�s� �e�x�p�e�c�t�e�d�,� �w�i�t�h� �n�o� �a�d�d�i�t�i�o�n�a�l� �a�u�g�m�e�n�t�e�d� �p�o�i�n�t�s� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �h�a�v�e� �s�u�b�s�t�a�n�t�i�a�l� 

�d�i�f�f�i�c�u�l�t�l�y� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �t�r�u�e� �s�u�r�f�a�c�e�.� 

�W�h�e�n� �s�i�x� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d� �w�i�t�h� �b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�,� �n�o�t�i�c�e�a�b�l�e� �c�h�a�n�g�e�s� �o�c�c�u�r� 

�i�n� �b�o�t�h� �t�h�e� �H�A�T�L�I�N�K�X� �a�n�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �s�u�r�f�a�c�e�s�.� �T�h�e� �k�e�r�n�e�l� �s�u�r�f�a�c�e� �h�a�s� �c�h�a�n�g�e�d� �v�e�r�y� �l�i�t�t�l�e� 

�f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �f�i�t�,� �b�u�t� �t�h�i�s� �i�s� �n�o�t� �u�n�e�x�p�e�c�t�e�d�,� �g�i�v�e�n� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t� �E�S�E� �v�a�l�u�e�s� 
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�g�e�n�e�r�a�t�e�d� �w�h�e�n� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �t�h�e� �s�i�x� �p�o�i�n�t�s�.� �T�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �f�i�t� �h�a�s� �c�h�a�n�g�e�d� �s�u�b�s�t�a�n�t�i�a�l�l�y� 

�f�r�o�m� �i�t�s� �i�n�i�t�i�a�l� �s�h�a�p�e�.� �I�t� �s�t�i�l�l� �d�o�e�s� �n�o�t� �c�a�p�t�u�r�e� �t�h�e� �t�r�u�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �v�e�r�y� �w�e�l�l�,� �b�u�t� �a�t� �l�e�a�s�t� �i�t� 

�d�o�e�s� �n�o�t� �a�t�t�a�i�n� �a�s� �l�a�r�g�e� �a� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�s� �b�e�f�o�r�e�.� �N�o�w� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �i�s� �c�l�o�s�e�r� �t�o� �3�8� 

�a�n�d� �t�h�e� �o�t�h�e�r� �t�w�o� �m�e�t�h�o�d�s�.� 

�T�h�e� �m�o�s�t� �i�n�t�e�r�e�s�t�i�n�g� �s�u�r�f�a�c�e� �i�s� �t�h�a�t� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �H�A�T�L�I�N�K� �t�e�c�h�n�i�q�u�e�.� �W�i�t�h� �t�h�e� 

�a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �s�i�x� �p�o�i�n�t�s�,� �t�h�e� �H�A�T�L�I�N�K� �s�u�r�f�a�c�e� �i�s� �n�o�w� �s�t�a�r�t�i�n�g� �t�o� �d�e�t�e�c�t� �s�o�m�e� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� 

�t�r�u�e� �c�u�r�v�e�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �i�t� �s�h�o�u�l�d� �a�t�t�a�i�n� �s�o�m�e� �k�i�n�d� �o�f� �m�i�n�i�m�u�m� �a�r�o�u�n�d� �t�h�e� �p�o�i�n�t� �(�2�.�5�,� �0�)�.� 

�T�h�e� �k�e�r�n�e�l� �s�u�r�f�a�c�e� �w�a�s� �n�o�t� �l�o�c�a�t�i�n�g� �t�h�i�s� �m�i�n�i�m�u�m�,� �a�l�t�h�o�u�g�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �d�i�d� �a�p�p�e�a�r� �t�o� �d�r�o�p� �a� 

�l�i�t�t�l�e� �i�n� �t�h�i�s� �r�e�g�i�o�n�.� �T�h�e� �t�r�u�e� �s�u�r�f�a�c�e� �a�l�s�o� �a�t�t�a�i�n�s� �a�n�o�t�h�e�r� �m�i�n�i�m�u�m� �i�n� �t�h�e� �r�e�g�i�o�n� �a�r�o�u�n�d� �(�2�,� �2�)� 

�a�n�d� �H�A�T�L�I�N�K� �v�i�s�u�a�l�l�y� �a�p�p�e�a�r�s� �t�o� �b�e� �d�e�t�e�c�t�i�n�g� �t�h�i�s� �v�a�l�u�e�,� �w�h�i�c�h� �i�s� �o�b�v�i�o�u�s�l�y� �c�o�n�t�r�i�b�u�t�e�d� �b�y� �t�h�e� 

�k�e�r�n�e�l� �p�o�r�t�i�o�n�.� �T�h�i�s� �s�u�r�f�a�c�e� �i�s� �a�l�s�o� �s�t�a�r�t�i�n�g� �t�o� �e�m�p�h�a�s�i�z�e� �t�h�e�  ��r�i�d�g�e �� �t�h�a�t� �o�c�c�u�r�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�w�h�e�r�e� �x�,� �=� �1�.�6�.� �B�y� �c�o�m�p�a�r�i�n�g� �a�l�l� �f�o�u�r� �p�l�o�t�s�,� �o�n�e� �c�a�n� �s�e�e� �t�h�a�t� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �t�h�e� �H�A�T�L�I�N�I�X� �s�u�r�f�a�c�e� �c�o�m�e�s� �c�l�o�s�e�s�t� �t�o� �c�a�p�t�u�r�i�n�g� �t�h�e� �o�v�e�r�a�l�l� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �t�r�u�e� �e�q�u�a�t�i�o�n�,� �a�n�d� �i�s� �d�r�a�w�i�n�g� �o�n� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �t�o� �a�t�t�a�i�n� �a� �b�e�t�t�e�r� 

�f�i�t� �t�h�e�n� �e�i�t�h�e�r� �m�e�t�h�o�d� �a�l�o�n�e� �i�s� �c�a�p�a�b�l�e� �o�f� �d�o�i�n�g�.� �S�u�c�h� �a� �b�e�h�a�v�i�o�r� �i�s� �n�o�t� �u�n�e�x�p�e�c�t�e�d�,� �a�n�d� �i�s� �t�h�e� 

�r�e�a�s�o�n� �w�h�y� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�a�s� �o�r�i�g�i�n�a�l�l�y� �p�r�o�p�o�s�e�d�.� 

�I�t� �w�a�s� �s�p�e�c�u�l�a�t�e�d� �t�h�a�t� �t�h�e� �H�A�T�L�I�N�I�K� �s�u�r�f�a�c�e� �w�o�u�l�d� �i�m�p�r�o�v�e� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �p�o�i�n�t�s� 

�a�u�g�m�e�n�t�e�d�.� �N�o�w�,� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e�,� �c�o�n�s�i�d�e�r� �w�h�a�t� �h�a�p�p�e�n�s� �w�h�e�n� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�r�e� �a�u�g�m�e�n�t�e�d�.� 

�O�n�c�e� �a�g�a�i�n�,� �t�h�e� �k�e�r�n�e�l� �s�u�r�f�a�c�e� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �t�o� �h�a�v�e� �c�h�a�n�g�e�d� �v�e�r�y� �m�u�c�h� �f�r�o�m� �t�h�e� �f�i�t� 

�g�e�n�e�r�a�t�e�d� �b�y� �e�i�t�h�e�r� �t�h�e� �i�n�i�t�i�a�l� �d�a�t�a� �o�r� �t�h�e� �f�i�r�s�t� �s�e�t� �o�f� �s�i�x� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d�.� �A�g�a�i�n�,� �n�o�t�e� �t�h�e� 

�c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �m�e�t�h�o�d�.� �J�u�d�g�i�n�g� �f�r�o�m� �t�h�e� �E�S�E� �v�a�l�u�e�s� �f�o�r� �l�e�a�s�t� 

�s�q�u�a�r�e�s�,� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e� �i�s� �c�a�p�t�u�r�i�n�g� �a� �l�i�t�t�l�e� �b�i�t� �m�o�r�e� �o�f� �t�h�e� �t�r�u�e� �c�u�r�v�e�,� �a�l�t�h�o�u�g�h� �c�a�r�e�f�u�l� 

�c�o�m�p�a�r�i�s�o�n�s� �o�f� �t�h�e� �f�i�t� �w�i�t�h� �s�i�x� �a�n�d� �t�w�e�l�v�e� �p�o�i�n�t�s� �a�u�g�m�e�n�t�e�d� �r�e�v�e�a�l� �t�h�a�t� �t�h�e� �m�o�s�t� �s�u�b�s�t�a�n�t�i�a�l� 

�d�i�f�f�e�r�e�n�c�e� �a�p�p�e�a�r�s� �t�o� �b�e� �a�r�o�u�n�d� �t�h�e� �p�o�i�n�t� �(�2�.�5�,� �2�)�.� 
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�H�A�T�L�I�N�N� �h�a�s� �c�o�n�t�i�n�u�e�d� �t�o� �s�i�g�n�i�f�i�c�a�n�t�l�y� �i�m�p�r�o�v�e� �u�p�o�n� �h�o�w� �w�e�l�l� �i�t� �c�a�p�t�u�r�e�s� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�r�u�e� �s�u�r�f�a�c�e�.� �T�h�e� �m�a�i�n� �p�e�a�k� �a�r�o�u�n�d� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �b�e�c�o�m�i�n�g� �m�o�r�e� 

�p�r�o�m�i�n�e�n�t�,� �a�s� �i�s� �t�h�e�  ��r�i�d�g�e �� �t�h�a�t� �o�c�c�u�r�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �w�h�e�r�e� �x�,� �=� �1�.�6�,� �a�n�d� �t�h�e� �m�i�n�i�m�a� 

�o�c�c�u�r�r�i�n�g� �a�t� �a�l�l� �f�o�u�r� �c�o�r�n�e�r�s� �i�s� �b�e�c�o�m�i�n�g� �a� �l�i�t�t�l�e� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� �i�n� �t�h�e� �H�A�T�L�I�N�K� �s�u�r�f�a�c�e�.� 

�A�l�s�o�,� �t�h�e� �b�e�h�a�v�i�o�r� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �n�e�w� �r�e�g�i�o�n� �i�s� �s�t�a�r�t�i�n�g� �t�o� �m�o�r�e� �c�l�o�s�e�l�y� �r�e�s�e�m�b�l�e� �t�h�e� �t�r�u�e� 

�c�u�r�v�e�.� �N�o�t�i�c�e� �t�h�a�t� �e�v�e�n� �a�f�t�e�r� �t�h�e� �t�w�e�l�v�e� �p�o�i�n�t�s� �h�a�v�e� �b�e�e�n� �a�u�g�m�e�n�t�e�d�,� �n�e�i�t�h�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �n�o�r� 

�k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �c�a�p�t�u�r�e� �t�h�e�s�e� �b�e�h�a�v�i�o�r�s� �a�s� �w�e�l�l� �a�s� �H�A�T�L�I�N�K�.� �B�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �t�h�r�e�e� �t�y�p�e�s� �o�f� 

�r�e�g�r�e�s�s�i�o�n�,� �o�n�c�e� �a�g�a�i�n� �o�n�e� �c�a�n� �s�e�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �b�o�t�h� �t�y�p�e�s� �o�f� �r�e�g�r�e�s�s�i�o�n� �t�o� �t�h�e� �H�A�T�L�I�N�K� 

�s�u�r�f�a�c�e�.� 

�T�h�e� �l�a�r�g�e�s�t� �f�i�t�t�e�d� �v�a�l�u�e�s� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�t�a�n�c�e�s� �t�o� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �f�o�r� �t�h�e� �t�h�r�e�e� 

�m�e�t�h�o�d�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l�.� �F�r�o�m� �t�h�e� �p�l�o�t�s� �o�f� �t�h�e� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �a�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �b�y� 

�t�w�e�l�v�e� �p�o�i�n�t�s�,� �o�n�e� �c�a�n� �s�e�e� �t�h�a�t� �H�A�T�L�I�N�K� �c�a�p�t�u�r�e�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �u�n�d�e�r�l�y�i�n�g� �f�u�n�c�t�i�o�n� �b�e�s�t�.� 

�T�h�i�s� �c�a�n� �b�e� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �r�e�s�e�a�r�c�h�e�r�,� �s�i�n�c�e� �m�a�n�y� �t�i�m�e�s� �o�n�e� �i�s� �i�n�t�e�r�e�s�t�e�d� �i�n� �f�i�n�d�i�n�g� �b�o�t�h� 

�t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�n�d� �s�o�m�e� �r�a�n�g�e� �o�f� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s�.� �T�h�u�s� �H�A�T�L�I�N�K� �i�s� �r�e�c�o�m�m�e�n�d�e�d� 

�o�v�e�r� �e�i�t�h�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �o�r� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s� �s�i�n�c�e� �i�t� �a�p�p�e�a�r�s� �t�o� �h�a�v�e� �t�h�e� �c�a�p�a�b�i�l�i�t�y� �o�f� �d�r�a�w�i�n�g� 

�o�n� �b�o�t�h� �t�y�p�e�s� �o�f� �r�e�g�r�e�s�s�i�o�n� �t�o� �p�r�o�d�u�c�e� �a� �b�e�t�t�e�r� �o�v�e�r�a�l�l� �f�i�t� �t�h�a�n� �e�i�t�h�e�r� �t�e�c�h�n�i�q�u�e� �a�l�o�n�e� �c�a�n� 

�p�r�o�d�u�c�e�.� 

�V�I�.�2�.�3� �C�O�M�P�A�R�I�S�O�N� �O�F� �C�O�N�T�O�U�R� �P�L�O�T�S� �F�O�R� �T�H�E� �F�I�R�S�T� �E�X�A�M�P�L�E� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �p�l�o�t�s� �o�f� �t�h�e� �v�a�r�i�o�u�s� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �w�e�r�e� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s�.� �A�l�t�h�o�u�g�h� �s�o�m�e� �s�e�c�t�i�o�n�s� �o�f� �t�h�e� �g�r�a�p�h�s� �w�e�r�e� �h�a�r�d� �t�o� �s�e�e�,� �i�t� �w�a�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� 

�H�A�T�L�I�N�K� �m�e�t�h�o�d� �w�a�s� �p�r�o�d�u�c�i�n�g� �a� �f�i�t� �s�u�p�e�r�i�o�r� �t�o� �e�i�t�h�e�r� �t�h�a�t� �f�r�o�m� �l�e�a�s�t� �s�q�u�a�r�e�s� �o�r� �k�e�r�n�e�l� 

�r�e�g�r�e�s�s�i�o�n�s�.� �A�s� �e�x�p�e�c�t�e�d�,� �c�o�n�t�o�u�r� �p�l�o�t�s� �f�o�r� �t�h�e� �s�a�m�e� �c�o�n�d�i�t�i�o�n�s� �r�e�v�e�a�l� �a� �s�i�m�i�l�a�r� �s�t�o�r�y�.� �W�i�t�h� �a� 
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�c�o�n�t�o�u�r� �p�l�o�t� �o�f� �t�h�e� �t�r�u�e� �e�q�u�a�t�i�o�n� �s�e�e�n� �i�n� �F�i�g�u�r�e� �V�1�.�2�.�1�1�,� �o�n�e� �c�a�n� �s�e�e� �m�o�r�e� �c�l�e�a�r�l�y� �t�h�e� �m�a�x�i�m�u�m� 

�a�t� �t�h�e� �p�o�i�n�t� �(�1�.�2�5�,� �1�.�6�)� �a�n�d� �t�h�e� �t�w�o� �m�i�n�i�m�a� �a�r�o�u�n�d� �t�h�e� �p�o�i�n�t�s� �(�2�,� �2�)� �a�n�d� �(�2�.�2�,� �0�.�2�5�)�.� �T�h�e� 

�c�o�n�t�o�u�r� �p�l�o�t�s�,� �F�i�g�u�r�e� �V�I�.�2�.�1�1� �t�o� �F�i�g�u�r�e� �V�I�.�2�.�2�0�,� �g�i�v�e� �o�n�e� �a� �d�i�f�f�e�r�e�n�t� �p�e�r�s�p�e�c�t�i�v�e� �o�n� �h�o�w� �w�e�l�l� �t�h�e� 

�v�a�r�i�o�u�s� �f�i�t�t�e�d� �s�u�r�f�a�c�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �t�r�u�e� �s�u�r�f�a�c�e�.� 

�A�s� �e�x�p�e�c�t�e�d� �f�r�o�m� �S�e�c�t�i�o�n� �V�I�.�2�.�2�,� �a�l�l� �t�h�r�e�e� �m�e�t�h�o�d�s� �p�e�r�f�o�r�m� �q�u�i�t�e� �p�o�o�r�l�y� �w�i�t�h� �o�n�l�y� �t�h�e� 

�i�n�i�t�i�a�l� �d�a�t�a�.� �N�o� �m�e�t�h�o�d� �i�s� �d�o�i�n�g� �v�e�r�y� �w�e�l�l� �h�e�r�e� �a�s� �s�e�e�n� �b�y� �c�o�m�p�a�r�i�n�g� �F�i�g�u�r�e� �V�I�.�2�.�1�1�  �� �V�I�.�2�.�1�4� 

�t�o� �F�i�g�u�r�e� �V�I�.�2�.�1�1�.� 

�W�i�t�h� �t�h�e� �a�u�g�m�e�n�t�a�t�i�o�n� �o�f� �s�i�x� �p�o�i�n�t�s�,� �t�h�i�n�g�s� �b�e�g�i�n� �t�o� �c�h�a�n�g�e� �r�a�d�i�c�a�l�l�y�.� �A�s� �e�x�p�e�c�t�e�d�,� �t�h�e� 

�k�e�r�n�e�l� �s�u�r�f�a�c�e� �i�s� �n�o�t� �c�a�p�t�u�r�i�n�g� �v�e�r�y� �w�e�l�l� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� �t�h�e� �v�a�r�i�o�u�s� �m�i�n�i�m�a�.� 

�T�h�e� �f�i�t� �f�r�o�m� �l�e�a�s�t� �s�q�u�a�r�e�s� �i�s� �c�a�p�t�u�r�i�n�g� �t�h�e� �m�a�x�i�m�u�m�,� �b�u�t� �n�o�t�h�i�n�g� �p�e�r�t�a�i�n�i�n�g� �t�o� �t�h�e� �t�w�o� �s�m�a�l�l�e�s�t� 

�v�a�l�u�e�s�.� �H�A�T�L�I�N�K� �i�s� �n�o�t� �o�n�l�y� �f�i�n�d�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� �v�a�l�u�e�,� �b�u�t� �i�s� �a�l�s�o� �s�t�a�r�t�i�n�g� �t�o� 

�d�e�t�e�c�t� �t�h�e� �t�w�o� �m�i�n�i�m�a� �o�c�c�u�r�r�i�n�g� �w�h�e�r�e� �x�,� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2�.� �T�h�e�s�e� �p�o�i�n�t�s� �a�r�e� �s�e�e�n� �i�n� �F�i�g�u�r�e�s� 

�V�I�.�2�.�1�5�  �� �V�I�2�1�7�.� 

�A�f�t�e�r� �a�u�g�m�e�n�t�i�n�g� �w�i�t�h� �t�w�e�l�v�e� �p�o�i�n�t�s�,� �t�h�e� �c�o�n�t�o�u�r� �p�l�o�t�s� �c�h�a�n�g�e� �y�e�t� �a�g�a�i�n�,� �s�e�e� �F�i�g�u�r�e�s� 
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�t�h�e� �s�u�p�e�r�i�o�r�i�t�y� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d� �o�v�e�r� �b�o�t�h� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� 

�V�I�.�3� �S�E�C�O�N�D� �E�X�A�M�P�L�E� �I�N� �T�W�O� �D�I�M�E�N�S�I�O�N�S� 

�F�o�r� �t�h�e� �f�i�r�s�t� �e�x�a�m�p�i�e�,� �t�h�e� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�n� �t�h�e� �m�o�d�e�l� �i�n�v�o�l�v�e�d� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �s�i�n�e� 

�f�u�n�c�t�i�o�n�s�.� �I�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �H�A�T�L�I�N�N�K� �p�r�o�v�i�d�e�d� �i�m�p�r�o�v�e�d� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�t�h�a�n� �e�i�t�h�e�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �o�r� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�s�.� �O�n�e� �m�i�g�h�t� �s�u�s�p�e�c�t� �t�h�a�t� �o�n�l�y� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� 

�t�r�i�g�o�n�o�m�e�t�r�i�c� �f�u�n�c�t�i�o�n�s� �w�o�r�k� �f�o�r� �t�h�e� �m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �T�h�e� �s�e�c�o�n�d� �e�x�a�m�p�l�e� �w�i�l�l� �h�a�v�e� �a� 

�d�i�f�f�e�r�e�n�t� �t�y�p�e� �o�f� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �g�e�n�e�r�a�l� �n�a�t�u�r�e� �o�f� �t�h�e� �H�A�T�L�I�N�K� �m�e�t�h�o�d�.� �A� 

�s�i�m�i�l�a�r� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �f�o�l�l�o�w�e�d�,� �e�x�c�e�p�t� �i�n� �t�h�i�s� �c�a�s�e� �t�h�e� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �i�n� �t�h�e� �m�o�d�e�l� �w�i�l�l� 

�i�n�v�o�l�v�e� �e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n�s�.� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �b�o�t�h� �o�l�d� �a�n�d� �n�e�w� �r�e�g�i�o�n�s� �o�f� �i�n�t�e�r�e�s�t�,� �a�s� �w�e�l�l� �a�s� 

�t�h�e� �i�n�i�t�i�a�l� �p�o�i�n�t� �i�n� �t�h�e� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �w�i�l�l� �b�e� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�.� 

�I�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �(�I�V�.�3�.�1�)�,� �t�h�e� �t�r�u�e� �m�o�d�e�l� �i�s� �n�o�w� �a�s�s�u�m�e�d� �t�o� �b�e� 

�Y� �=� �x�?� �+� �x�,�  ��3� �(�x�,�  �� �1�.�0�5�)�?� �+� �3�5� �+� 

�1� �{�e�x�p� �|� �-�x�?� �+� �4�x�,�  ��(�X�y�)� �+� �A�)�?� �+� �A�(�x�.� �+� �.�4�)�)�  ��4�]�}� �+�  ¬�,� �(�V�I�.�3�.�1�)� 

�w�h�e�r�e� �¢ ¬� �~� �N�(�0�,�1�)�.� �P�l�o�t�s� �o�f� �(�V�I�.�3�.�1�)� �i�n� �t�h�e� �o�l�d� �a�n�d� �n�e�w� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�r�e� �i�n�c�l�u�d�e�d� �a�s� �F�i�g�u�r�e� 

�V�I�.�3�.�1� �a�n�d� �F�i�g�u�r�e� �V�I�.�3�.�2�.� �A�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�.� �t�w�e�l�v�e� �p�o�i�n�t�s� �w�i�l�l� �b�e� �a�u�g�m�e�n�t�e�d� �u�s�i�n�g� �a� 

�b�a�t�c�h� �s�i�z�e� �o�f� �o�n�e�.� �F�o�r� �(�V�I�.�3�.�1�)� �t�h�e� �t�r�u�e� �m�a�x�i�m�u�m� �i�s� �9�4�.�8�3� �a�n�d� �i�s� �l�o�c�a�t�e�d� �a�t� �(�2�.�0�5�,� �1�.�5�5�)�.� �T�h�i�s� 

�l�o�c�a�t�i�o�n� �i�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�a�r�g�e�s�t� �f�i�t�t�e�d� �v�a�l�u�e� �b�y� �f�i�n�d�i�n�g� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�t�w�o� �p�o�i�n�t�s�.� �A�f�t�e�r� �e�a�c�h� �p�o�i�n�t� �s� �a�u�g�m�e�n�t�e�d�,� �t�h�e� �f�i�t�t�e�d� �m�a�x�i�m�u�m� �f�o�r� �t�h�e� �H�A�T�L�I�N�K�,� �l�e�a�s�t� �s�q�u�a�r�e�s� 
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