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The Complete Pick Property and Reproducing Kernel Hilbert Spaces

Gregory Marx

(ABSTRACT)

We present two approaches towards a characterization of the complete Pick property. We
first discuss the lurking isometry method used in a paper by J.A. Ball, T.T. Trent, and V.
Vinnikov. They show that a nondegenerate, positive kernel has the complete Pick property
if 1/k has one positive square. We also look at the one-point extension approach developed
by P. Quiggin which leads to a sufficient and necessary condition for a positive kernel to
have the complete Pick property. We conclude by connecting the two characterizations of
the complete Pick property.
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Chapter 1

Introduction

1.1 The Classical Nevanlinna-Pick Problem

The classical Nevanlinna-Pick problem is an interpolation problem. We are given a finite
set of points z1, 29, ..., 2z, in the unit disk D and a set of complex numbers wq, ws, ..., w,.
With this data, we must determine conditions for the existence of a holomorphic function
f(2) which interpolates the data

fz)=w;fori=1,2,....n
and maintains norm control

[flloe = sup[f(2)] < 1.
2€D

The classical Nevanlinna-Pick interpolation problem was solved independently by G. Pick in
1916 [9] and R. Nevanlinna in 1919 [6]. The following solution is due to Pick.

Theorem 1.1. There exists an interpolating function f(z) which solves the Nevanlinna-Pick
problem if and only if the Pick matrix

P, = (_1 - wiw_f)n
L =2z ),
is positive (here and in the following positive will be synonymous with positive semi-definite).

We omit the proof of this result here as we solve the problem in more generality later. In
addition to investigating conditions for the existence of an interpolant, Nevanlinna success-
fully characterized the solution set [7] using the Schur algorithm [13]. An account of this
approach to the Nevanlinna-Pick problem can be found in [2].
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1.2 The Pick Problem

In 1967, D. Sarason [11] put the classical Nevanlinna-Pick problem in the context of operator
theory. He formulated and solved a commutant lifting problem and found that the classical
Nevanlinna-Pick problem followed. Later, B. Sz.-Nagy and C. Foias generalized his results
into the Commutant Lifting Theorem.

From the perspective of the interpolation problem, Sarason’s result is important because it
is suited for generalization in ways that the classical approaches are not. Also, it has opened
the door for others to apply operator theory techniques to interpolation problems.

Today, the Pick problem refers to various generalizations of the original interpolation problem
[1]. In the following, we look at these generalized interpolation problems from the perspective
of reproducing kernel Hilbert spaces.

1.3 Chapter Summaries

Chapter 2 - Scalar-Valued Kernels. We discuss the connection between scalar-valued kernels
and there associated reproducing kernel Hilbert spaces. This chapter is an introduction to
the tools and concepts which will be treated in more depth in later chapters. Many results
are presented without proof.

Chapter 3 - Operator-Valued Kernels. We generalize the core results from the previous
chapter with full details and proofs. We discuss multipliers on vector-valued reproducing
kernel Hilbert spaces, and we introduce the interpolation problem which will be the subject
of chapters 4 and 5.

Chapter 4 - Lurking Isometry. We use the lurking isometry method [4] to prove a sufficiency
condition for nondegenerate, positive kernels to have the complete Pick property.

Chapter 5 - One-step Extension. We prove the result of Chapter 4 with a different method.
We find a seemingly different condition (this time necessary and sufficient) and show that
the conditions are in fact the same.



Chapter 2

Scalar Case

2.1 Definitions and Preliminary Results

We will begin by laying out some basic results and terminology to be used in the following
discussion. Let X be a set of points. A positive kernel k is a C-valued function on X x X
such that

> Gicik(zi, z) > 0 (2.1)

i,j=1

for any finite ¢1,¢9,...,¢, € C and 21, 29,...,2, € X.

We may derive a Hilbert space from a positive kernel in the following way. Let H, be the
vector space of finite linear combinations of the functions k, := k(-, z). Define a sesquilinear
form on H, by

<Z aikzi, Z bjkwj>7{0 = Zb_jaik(wj, Zi).

By hypothesis, (-, +),, is positive semidefinite. Suppose f =} a;k., satisfies (f, f) = 0, then

F )] = [(f ko, | < (F F)ad k(w,w) Y2 =0

for all w € X from which we see f is the zero function. We conclude that H, is a pre-Hilbert
space. Take the completion to create a Hilbert space H (k) where we identify f € H(k) as a
function via

f(z) = ([ kz) -



Gregory Marx Chapter 2. Scalar Case 4

A reproducing kernel Hilbert space is a Hilbert space H whose elements are functions on X
such that the point evaluations of the functions are bounded linear functionals (i.e. for any
f(-) € H and z € X, the map ev, : f(-) = f(z) is a bounded linear functional on H). The
preceding construction enables us to associate a reproducing kernel Hilbert space with any
positive kernel.

Before, we saw that we could derive a Hilbert space from a kernel. Now, we will construct a
kernel from a reproducing kernel Hilbert space H. Fix z € X. By the Riesz representation
theorem, we may write the linear functional ev, described above in terms of an inner product
with a fixed vector in ‘H

f(2) = evo(f()) = (f, k) (2.2)

The vector k, € H is called the reproducing kernel at z. Define k: X x X — C by

k(w,z) = (k,, ky) -

The following calculation shows that the function k satisfies the positivity condition (2.1)

n n

Z C_Z'le{?(ZZ‘, Zj) — Z C_icj <kz]'7 kzz>
i,j=1 ,j=1
= Z <cjkaj,cz~k52i>
i,j=1
- <chkzw cik%‘>
j=1 i=1

n 2

Z Cikzi

i=1

>0

Y

and so k is a positive kernel.

Thus, we can construct a kernel from a reproducing kernel Hilbert space, and we can con-
struct a Hilbert space from a kernel. Is there a correspondence between these objects? The
answer is the next theorem.

Theorem 2.1 (E. H. Moore). There is a bijective correspondence between reproducing kernel
Hilbert spaces on X and positive kernels on X.
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In the examples that follow, we will utilize this next proposition to derive kernels from
reproducing kernel Hilbert spaces.

Proposition 2.1. Let H be a reproducing kernel Hilbert space on X, and let {e;};c; be any
orthonormal basis for H. Then

k(z,w) = Zei(w)ei(z). (2.3)

iel

2.2 Examples

To bring these concepts to light, we will look at a few examples of reproducing kernel Hilbert
spaces and kernels.

2.2.1 Hardy space

The Hardy space H? is composed of those holomorphic functions on D with square-summable
Taylor coefficients. The inner product of H? is given by

(fr9) = f)g(n)

where {j(n)}22, and {f(n)}>>, are the Taylor coefficients of f and g respectively

f(z)=>_ f(n)z" and g(z) = > §(n)z".

Consequently, an orthonormal basis on H? is given by {2"}°2,. With (2.3), we compute the
kernel

[e.9]

k(z,w) = Z en(z)en(w)

n=0
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2.2.2 Bergman space

The Bergman space L?(ID) consists of those holomorphic functions which satisfy

= [P ames) < o

where m is Lebesgue area measure. Using the notation of the previous example, the inner
product is

(f,9)= ; _f(%lf({;)j

and an orthonormal basis is {(v/n + 1)z"}>° . Again with (2.3), we compute the kernel

(1—2w)?

Note that the last line of the calculation follows from differentiating the last two lines of the
previous kernel calculation (2.4) (2.5).

2.2.3 Drury-Arveson space

In the previous examples, a description of a reproducing kernel Hilbert space is given from a
function space perspective and the kernel is derived. The Drury-Arveson space H? is more
appropriately introduced in terms of its kernel

1

k(z,w) = m

(2.6)
for z,w € D? (where the dimension d may be countably infinite).

The Drury-Arveson kernel is also called the universal Pick kernel because any kernel with the
complete Pick property, after normalization, can be expressed as the Drury-Arveson kernel
composed with a change of variable ® : X — B [1].



Chapter 3

Vector Case

In this chapter, we generalize and add to the results found in the previous chapter. The
first result relates a kernel with its reproducing kernel Hilbert space and Kolmogorov de-
composition in the operator-valued case. Next, we introduce multipliers in the context of
vector-valued reproducing Hilbert spaces, and in the final section, we discuss the interpola-
tion problem whose solution is the subject of the remaining chapters.

3.1 Organizational Lemma

The result below can be found in [3].

Lemma 3.1. For an operator-valued kernel function given by K(z,w) : X x X — B(}Y),
the following are equivalent.

1. K s a positive kernel on X. For any wy,ws,...,w, € X and y1,Y2,...,Yn € H, we
have the condition

n

D (K (wiy wy)ys, 93y = 0.

ij=1

ii. There exists a Hilbert space H(K) whose elements are Y valued functions on X such
that

a. For each w € X andy € Y fized, the function f(z) = K(x,w)(y) is in H(K).
b. For all f € H(K),

(PO ECw)W))yy = (fw),y)y - (3.1)
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iii. (Kolmogorov decomposition) There exists H : X — B(U,Y) (U auxiliary Hilbert Space)
such that
K(w,z) = H(w)H (). (3.2)

Proof. First, we show (i) implies (ii). Consider the vector space Hy given by Hy = span{{ K (-, z)(y) :
x € X,y € Y}}. Define a sesquilinear form on Hy by extending the map ¢(K (-, z)y, K(-,w)y’) =
(K(w,z)y,y")y by sesquilinearity.

We check that ¢ defines an inner product. For f € Hy, the fact that ¢(f, f) > 0 follows
directly from premise (7). Hence, the sesquilinear form ¢ is semi-definite, and we may apply
the Cauchy-Schwarz inequality. If ¢(f, f) =0 and g € Hy, then

6(f. 9)° < o(f, /)é(g.9) = 0.

If we let g = k(-, w)y, then

= o(f k(- w)y)
= (f(w),y)y

which shows that for all w € X the vector f(w) is perpendicular to y. Thus, f is the zero
vector, and the function ¢ defines an inner product (i.e. positive definite, sesquilinear form)
which we will denote ¢(f, g) = (f, g) y,-

Let H(K) be the Hilbert space completion of Hy, and (ii) follows from our construction.

Next, we show that (ii) implies (iii). Let U = H(K). Define the operator H(w) €
B(H(K),Y) by
H(w)(f) : f = fw).

We find the adjoint of H(w) by direct calculation

(f; H(w) )y = (f(w),y)y = (f, K w) ()
thus H(w)*(y) : y — K(-,w)(y) where we note that K(-,w)(y) € H(K).

The result follows as
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The last step is to show that (iii) implies (i). We check that the operator-valued kernel K is
positive. For any wy,ws,...,w, € X and y1,y2,...,Yn € H,

Z (K (wi, w;)Yj, Yi)g = Z (H (wi) H* (w;)Y;, Vi) o,
= Z (H*(wy)y;, H* (wi)yi)y,
= <Z H*(wj>yj7ZH*(wi>yi>
> 0. !

3.2 Multipliers

Consider a positive kernel k£ and its associated reproducing kernel Hilbert space H (k). In
Chapter 2, we saw that the elements of H (k) are those functions on X such that the point
evaluations of the functions are bounded linear functionals. Here we generalize to the vector-
valued case.

Given a Hilbert space £, we may construct a vector-valued reproducing kernel Hilbert space
with the tensor product H(k) ® £. In Chapter 2, we discussed the scalar case where we
identified f € H(k) as a C-valued function on X by

f(2) = (f kz) -

In the vector case, we identify f € H(k) ® £ as an E-valued function on X by

(f(2),e)e = ([, k: ® 6>H(k)®£ .

For the Hilbert spaces £ and &,, we will denote their associated space of multipliers by

M(E,E) ={W:X — B(E,E) W(z)f(z) € H(k) @ &, for all f(z) € H(k)®E}. (3.3)

We will use My, to denote the multiplication operator given by W € My(&, E,).
Lemma 3.2. If W € My(E,E,), then My, (k. ® e.) = k, @ W*(2)e,.
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Proof. For any f € H(k) and e € £, we have

(f ® e, My (k. @ e.))gyee = (Mw(f ®e), (k: @ e))yayme.
=f(2) (W(2)e, e.)e,
=[(2) (e, W(z)"ex)¢
=(f®e,k; @W(2)"€)yn)pe -

The result follows. O

3.3 The Interpolation Problem

We are given a positive kernel £ on X and separable Hilbert spaces £ and &,. The interpo-
lation problem is to show that given z, 2o, ..., 2, € X and Wy, Wy, ..., W, € B(E,&,) there
exists W € My (&, E,) such that W(z,) = W, and |My| < 1.

Associated with our interpolation data is the Pick matrix

n

P, = ((I = WiW5)k(z, 2)) (3.4)

ig=1"

We say that k£ has the complete Pick property if a positive Pick matrix is necessary and
sufficient to solve the interpolation problem. The necessity side of the argument is simple
and always holds. The sufficiency side of the is more challenging. In general, a positive Pick
matrix does not always imply a solution to the interpolation problem.

In [4], J. Ball, T. Trent, and V. Vinnikov show that if a nondegenerate, positive kernel’s
inverse m has one positive square, then the kernel has the complete Pick property. This
result is presented in Chapter 4.

In [10], P. Quiggin shows that a nondegenerate, positive kernel has the complete Pick prop-
erty if the matrix

F, = (1 _ k(2i, 2n11)k(2n41, Zj))n (3.5)

k(2i, 2)k(2nt1; 2nt1) ij=1

is positive for any finite set of points in X. In [5], S. McCullough shows that the condition
is also necessary. We present these results in Chapter 5.



Chapter 4

Lurking Isometry

In this section, we follow [4] to obtain sufficiency conditions for a positive kernel k& to have
the complete Pick property. First, we need to introduce some new terms. A positive kernel
k is nondegenerate if k(z,z) > 0 for all z € X. We say that the inverse of a positive kernel
has one positive square if

= a(z)a(w) — b(2)b(w)* (4.1)

where a(z) is a scalar-valued function and b(z) is a B(CY, C)-valued function on X (we
associate C¢ with ¢? in the case where d = 00).

For a nondegenerate, positive kernel, we may assume the following normalization

=1-—"0b(z)b(w)". (4.2)

4.1 Principle Result

Theorem 4.1. (Ball-Trent-Vinnikov) Let k be a nondegenerate, positive kernel such that

m has one positive-square, and let W be the operator valued function on X given by

W(z): X — B(E,E,). The following are equivalent:

i. W e My(E,E) with | My||,, < 1.

ii. The kernel Ky (z,w) = k(z,w)(lg, — W(2)W(w)*) is a positive B(E,)-valued kernel
on X.

11
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1. There exists a unitary V' such that
_[A Bl [H PIH
vele o) e - 1
such that W(z) = D + C(I — b(2)A)~'b(z)B.

Remark 4.1. We do not use the nondegenerate character of the kernel k to show (i) < (ii).
The fact that (i) and (ii) are equivalent holds for all positive kernels.

Proof. To show that (i) implies (ii), we use Lemma 3.2.
0< 3 = MMy )k, @ ek, @ )
ij=1

= (b, ®ej ks, @ €) — (M My k., @ €5, ks, @ €;)

ij=1

= Z <k}zj (%9 €j, kzl & 6i> - <I{JZ] & W(zi)W(zj)*ej, k‘zl & €i>

ij=1

= Z <k‘zj & € — W(zi)W(zj)*ej, k’zi ® 6i>
ij=1

=D Kz m) (= W ()W (z) )ej @)
ij=1

We show (ii) implies (i) by working the previous calculation backwards.

The next result is (iii) implies (i) . By (3.2), we may write Ky in terms of its Kolmogorov
decomposition

Kw(z,w) = k(z,w)(lg, = W(z)W(w)*) = H(z)H(w)" (4.3)
where H(z) is a B(H,, &, )-valued function on X and H, is an auxiliary Hilbert space. Divide
by k(z,w) and reorganize

le. = W)W (w)" = H(2)(1 = b(2)b(w)" @ I¢,) H (w)" (4.4)
H(2)H(w)" + W)W (w)" = Ie, + (b(2) ® H(2))(b(w)" @ H(w)"). (4.5)

The map b(w)* ® H(w)* is in C? ® H, which we may interpret as the direct sum ©9H, and
rewrite
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where b(2) = [by(2) -+ by(2)] : C* — C. To be clear, the above is the operator-valued func-
tion on X give by b(-)* @ H(-)* : X — B(&., ®{H,).

Define the map V{ by

v {b(w)*H(w)*e*] . {H(wﬁe*} (4.7)

then by (4.5)

<V0* [b(w)*i(w)*e*} R |:b(2)*]:/(2)*6;:|> _ {Vfé((z))ee} , {g/
H

From this identity, we see that

. (Z {b(ww*iwk)*m]) ' _

k=1

Sl

By linearity and continuity, we may extend V" to an isometry (i.e. the “lurking isometry”)
from

Dy = m{ [b(w) ij) 6*} cwe X and e, € 5*}

onto

_[[H@ye]
Ry, = span { {W(w)*e*] cw € X and e, € 8*} .

If dim(Dy; )+ = dim(Ry; )+, we can extend the isometry Vi : Dyr — Rys to an isometry

e[t S (2

by letting Vif|(p, .)+ equal any isometry from (Dy:)* onto (Ryz)".
0
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d
If it is not the case that dim(Dy;:)* = dim(Ryz)*, extend to @51.% — 7; where H D H,
d
and dim(H © Hy) = oo so that dim ([@5%} o DVO*) = (dim {?] S RVJ) = 00.
From (4.8), we arrive at the following system of equations
A'b(w) H(w) e, + C*e, = H(w) e, (4.9)
B*b(w) H(w)* e + D*e, = W(w) e, (4.10)

for w € X and e, € €&,.

The next step is to use the system of equations above to to solve for W (w) as follows. We
solve for H(w)*e, in (4.9)

H(w)*e, = (I — A*b(w)*)"*C*e, (4.11)

and plug the result into (4.10)

W(w)*(e.) = B*b(w)*(I — A*b(w)*)"'C*e, + D*e,.

Take adjoints, and we have W(-) : X — B(E,&,) given by

W(-) =D +C(I —b(-)A)'b(-)B

We must justify the step (4.11) where we have taken the inverse of I — A*b(w)*. That is, we
must show that this inverse is well defined which is equivalent to showing that [|A*b(w)*|| < 1.
Note that A* is a block of a unitary operator matrix so ||A*|| < 1. The kernel k is assumed
to be nondegenerate over X, and so

F(w.w) =1—b(w)b(w)*.

Thus, b(w)* is a strict contraction and ||A*b(w)*|| < ||A*||||b(w)*]| < 1.

We find that (iii) implies (ii) from the following calculation.
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I-W(EW(w) =1 - (D+C(I—b(z)4)"b(z)B) (D +C(I - b(w)A)—lb(w)B)*
7 (D Lol - b(z)A)—lb(z)B) (D* + B*b(w)*(I — A*b(w)*)‘10*>
=1—DD* — DB*b(w)*(I — A*b(w)*)*C* — O(I — b(2)A)'b(z) BD*
— C(I —b(2)A)'b(2)BB*b(w)* (I — A*b(w)*) 1 C*...

By hypothesis, V* is unitary and given by

. [Ar ] [edn]  [H
=l o [

From this representation, we deduce that

I—-DD*=CC”
I — AA* = BB*
—BD* = AC".

Continue by plugging in

o= OO+ CA*b(w)* (I — A*b(w)*)~1C* + O(I — b(2)A)~1b(2) AC*
— O(I = b(2)A) " "b(2)(I — AA")b(w)* (I — A"b(w)") " C*

= C(1 = b(z)A) (1 = b(2)A)(I — A%b(w)") + (I — b(=) A) A"b(w)"
FB()A(L = A'b()") = b(2)(I — AAT)b(w)") (I = A"b(w)") 'C”
— O(I — b(2)A)™! (1 - b(z)b(w)*) (I — A*b(w)*)~LC™.

From (4.2), we arrive at the equation

k(z,w)(I —W(2)W(w)*) = H(z)H(w)"

where H(z) is the B(H, &, )-valued function over X given by H(z) := C(I —b(z)A)~t. O

4.2 Solution to the Interpolation Problem

Theorem 4.2. A nondegenerate, positive kernel k(z,w) whose inverse has one positive-
square has the complete Pick property (see Section 3.3).

Proof. We assume (4.2), and we must show that the positivity of the Pick matrix is both
necessary and sufficient for the existence of a contractive interpolant.
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We have already shown the necessity side of the argument. Notice that Theorem 4.1 (ii)
implies the positivity of the Pick matrix. Thus, if we assume a contractive interpolant (i.e.
Theorem 4.1 (i) holds), then the Pick matrix (3.4) must be positive.

The difficult part of the argument is to prove sufficiency, but most of the heavy lifting was
performed in the proof of Theorem 4.1.

To prove sufficiency, we are given that the Pick matrix associated with some interpolation
data is positive, and we must show the existence of a contractive interpolant.

The data points z1, 29, . . ., 2, are a finite set contained in X. If we restrict X to these points
by letting X,, = 21, 29, ..., 2,, then we may apply Theorem 4.1 to this finite point set. By
(iii) of the theorem, we find that there exists a unitary

v [A Bl [H] _ [eiH
—|C D||€ E.
such that the interpolant is given by W (z;) = D+ C(I —b(2x)A)"'0(z)B for k = 1,2,...,n.

The final step is to define W : X — B(E,&,) by W(z) = D+ C(I — b(2)A)"'b(2)B. We
observe that b(z) is well defined on all of X, and in turn, the interpolating function W (z) is
defined on X. Thus we have shown that Theorem 4.1 (iii) holds on X which implies (i) (i.e.
| Mw|| <1). We conclude that W is an interpolating contractive multiplier.

]



Chapter 5

One-step Extension

We follow [1] to obtain another solution to the interpolation problem presented in Section 3.3.
In the following discussion, we consider positive kernels which are irreducible. An irreducible,
positive kernel has kernel functions k, that are linearly independent and k(z,w) > 0.

5.1 Another Solution to the Interpolation Problem

Theorem 5.1. (McCullough, Quiggin) Let k be an irreducible, positive kernel on X, and let
E and &, be separable Hilbert spaces. A necessary and sufficient condition for k to have the
complete Pick property is that the matrix

F, = (1 _ M 2 i zn g, Zj))n (5.1)
ij=1

k(zia Zj)k(zn—f—l? ZTH—I)

1s positive for any finite collection of points from X.

Proof. First, we address sufficiency. That is, we assume that (5.1) is positive and show that
a positive Pick matrix implies the existence of a contractive interpolant. Let

D,, :=spani{k, ®e,: 1 <i<n,e, €&} (5.2)
R, :=span{k, ®e:1<i<n,e€cl}.

Define an operator (Mé(}))* : D, = R, by (Mls,n))* Dk, ®@ew = ky, @W(zi) e, for 1 <i<n
and extend to all of D,, by linearity. By Lemma 3.2, if W € My (&, &,) is an interpolant (i.e.
W(z) =W, fori=1,2,...,n), then (My)*|pr = (MJ))* : D" — R™.

If the Pick matrix

P = ((I = WiW})k(z, 2))"

ij=1"

(5.3)

17
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is positive, then by Theorem 4.1, the multiplication operator (Mé[’}))* is a contraction over
D,, (i.e. consider the result of the theorem if X = 2, 29,..., 2,). We will show that given an
additional point z,,1 € X there exists an element W, 1 of B(&,&,) such that if W(z,41) =

W11, the multiplication operator (Mé{}H))* is contractive over D, ;. It can be shown by
a Zorn’s lemma argument for inductive systems due to Kurosh (see [1]) that this process of
one-point extensions is sufficient to prove the existence of a multiplier W on all of X such
that My is contractive.

Again, we know that (M‘(;}))* is a contractive multiplier over D,,. To extend, we must find
aW,i1 € B(E,&,) such that W(z,41) = W,41 and (M&}H))* remains a contraction on D, ;1.

Let W,+1 be arbitrary and presume W(z,41) = W,11. The operator M, is defined with
domain D,,; and range R,1. Decompose the domain and range as direct sums

Dyy1 = D, ® D
RnJrl - 7) EB PJ_

®e:e € &}, and then decompose the operator

oar (4 3 5

The next step is to show that with the appropriate choice of W, 1, the multiplication operator
My is contractive over D,, ;1. To achieve this, we use Parrott’s Lemma [8]. The lemma tells
us that if the D entry of (5.4) is arbitrary then

A

C Y

Thus, we proceed by demonstrating that we can make D arbitrary by our choice of W,
and that the operators A, B, and C' do not depend on W, ;.

where P = span{k

Zn+1

inf Myw)*|| =
oo ) [(Mw)7[| = max{

A B[} (5-5)

Consider the operator D : D;- — P. As the vectors {k., }7" are linearly independent, we may

construct a dual basis {v;}7*! (i.e. (k,,,v;) =& forn=1,...,n+1). By our construction,
the space D# = span{v,.1 ® &, }. Let v,y = ?H cik,,. Observe that ¢, 1 # 0; otherwise

|Uns1|l = 0 which implies v, 1 = 0, a contradiction. Observe next that
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n+1
D(Un+1 ® €*> = Pp <Z Cz‘kzi (24 W:&k)
1

& <kz'i’ kzn+1>
Dy ®ey) = c;———r
( +1 ) ZI: <I{:zn+1 , kzn+1 >

- L -~
D(Un+1 ® 6*) = anJrl &® (Z czﬁv‘/j + Cn+1W;+1> Cx. (56)
1 Zn+17 "Yen41

* *
kepor @ Witew + cnqakz,,, @ W e,

We have not picked W | and ¢,41 # 0, thus the term in parenthesis in (5.6) is arbitrary.
Consequently, the operator D is arbitrary, and we may use the result of Parrott’s Lemma

A] and [A  B] do not depend on W;_,.

(5.5) so long as the operators [C’

The operator {é

does not depend on W,,, . Likewise, the action of the operator [A B} does not depend on
W41 since the operator matrix [A B} = Pp.i(My)* where the projection eliminates terms
containing W, ;.

} is the multiplication operator (M‘g;}))* over the initial domain D,, and

We conclude that Parrott’s Lemma applies

inf : | M3y || = max{

Whny1€B(E,Ex«
A
C

traction by hypothesis (i.e. P, > 0). We need only show that H [A B] H is a contraction.

e

is the same as My, acting on D,, which is a con-

A B} (5.7)

As mentioned before, the operator

Let Q = span{k.,,, ®e, : e, € £} (i.e. the same as P except in the domain D, ). From
our assorted domain and range decompositions, we have

where Ppi(Mw)*Pg = 0 since (Mw)*k., , ® e. = k.., @ W} e, € P. Thus it suffices to
show that || Ppr (Mw)*Pg.|| < 1, or equivalently, the operator P —Pgor My Pp. Ppr (M )* Por
1s positive
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< PQL — PQLMWPPLPPL (MW) PQL)]CZ] X €45, kzl X 6*Z> =
((I = Po)k., @ ey, ks, @ esi) — (I — Po)Mw (I — Pp) My, (I — Po)ks, ® exj, k., ®@ e4;) =

<kz ko) (ksyr bz )
’ kzn ® €x4, kzz ® Cxi - kz]- - ]—kzn ® W*G* s kzi ® W/Z'*e*i
< ( Zn+17 kzn+1> o ’ <kzn+17 k2n+1> o 7
ke ks, .
< ( <Zn+l7 k;Z:jr?> kz"“) N (I - WlW] )6*j7 kzz : €*i> -

<k2j7 kzn+1> <kzn+1’ kZZ>

kzj-ykzi -
A (A

] (I = WW5)ey, ew) =

(b Bz ) (R Bz,

1 - = . koypoke ) (U — WilWi)ew, ewi) =
<kzn+1;kzn+1><kzj;kzi> < ><< j) J >

1 e B B ) (= W),

k(znt1, 2nt1) k(21 25)

We conclude by the calculation above that the operator Pgo — PoMyy PpPp(My)*Pg is
positive when the n-by-n operator-valued matrix F), - P, is positive where F}, is given by
(5.1), P, is given by (5.3), and the dot denotes the Schur product. The Schur product
theorem [12] states that the Schur product (entry-wise) of two positive matrices is a positive
matrix. Therefore, the operator PgoMyy, PpPp(My)*Pg is contractive, and this fact plus
Parrott’s Lemma gives that the multiplier (My )* is a contraction over D,, .

For necessity, we assume that the positive kernel k£ has the complete Pick property and show
that the matrix F), (5.1) is positive. We will proceed by induction. First, consider the base
case n = 1 which gives

k(zl, ZQ)k?(Zl, 22)

Fi=1- .
! k(Z1721)k(22,22)

This value is positive by the Cauchy-Schwarz inequality

<k227 kZl) <kzl7 k22> S <kz17 kz1> <kz27 kz2>

0<1— <kz2v kz1> <k217 k22>
<kzl7 kzl> <k227 kZZ)

0<1- kf(Z1,ZQ)k’(Zl,ZQ).
k(Zl,Zl)k’(ZQ,ZQ)

Next, we assume the matrix F;, is positive and show that F},; is positive using the hypoth-
esis that £ has the complete Pick property.
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Define the (n + 1)-by-(n + 1) matrix H by

k(2 zn41) k(2015 25)
k(zn+1, 2nt1)
k(2 2a1) R (25, 2n11)

k(zni1; 2ns1)

Hij =

Note that we may write
H = cc*

k(zi,2nt1

where ¢ is the vector in C*™! given by ¢; = ). We conclude that H is a rank-one,

[
positive matrix. "

Let G be the (n + 1)-by-(n + 1) matrix given by

H,;

Gii=1———4
J k(zi,zj)

The matrix G is simply F,, with an added 0-column and 0-row

0
F, 0

G =
0 O 0

By hypothesis, the matrix F;, is positive, so the matrix G is positive as well. Consequently,

we may write G as a Gram matrix (i.e. G;; = (vj,v;) = v}v; for some collection of vectors
V; € (CTH_l.

Note that H;; = k(z;, z;)(1 — Gy;) so the matrix K - (J — G) is positive. We now identify
k(2i, 2;)(1 — Gj;) with the entries of the Pick matrix k(z;, 2;)(1 — W;W7) by letting W; = v}
which we interpret as an operator in B(C,C"). Thus, the Pick matrix P, is positive. From
the sufficiency argument above, we found that a consequence of the complete Pick property
is that P,y - F}, ;1 is positive when P, is positive so

OSPn—‘,—l'Fn—i-l:H'Fn—‘,—l-

and

1
OSFn—i—lH(E) :Fn+1

where (&) = é¢*, ¢; = ¢; . O

The next theorem relates the characterizations of the complete Pick property that we have
discussed.
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Theorem 5.2. Let k be a positive, irreducible kernel. Then the matrix F, is positive for
any z1, 2, - - -, zne1 € X if and only if the inverse of k has one positive square.

Proof. First, suppose that F), is positive for any z1, 29, ..., 2,11 € X. Then for any zg € X

) — _k(z,zo)k(zg,w)
(s ) (1 k(z,w>k<zO,ZO>> (58)

is a positive kernel which has the Kolmogorov decomposition kp(z,w) = b(z)b(w)* where
b: X — B(C,H) for some auxiliary Hilbert space H (3.2). We use (5.8) to write m in
terms of kp

]_ o _ - w k’(Z(),Zo)
k(z,w) (1= kp(zw)) k(z, 20)k(z0, w)

(1= ) )

k(20,20)
k(2,20)k(z0,w)

(see [1] for more information on the rescaling of positive kernels). The result follows.

We rescale k in such a way to make the fraction disappear i.e. let k(z, w) = k(z, w)

Next, suppose that the inverse of k£ has one-positive square

k:(zl, ) =1—0b(2)b(w)".
As a result, the matrix
o ( 1 )n+1
k(zi,25) ) ;o
has one positive eigenvalue for any set of points 21, 29, ..., 2,21 € X. We proceed by showing

that L, 1 has one positive eigenvalue if and only if F}, is positive.

Let

A B
L1 = {B* C}

where A = L,,, B is a column, and D is a scalar. The matrix L, is congruent to

" k(zizn41)E(znt1,25)
0 1

k:(zn+l 7Zn+1)

— (5.9)

A— BC1B* 0}

Fn _k(zn+lvzn+l) 0
0 C ’
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so the matrix L, 11 will have the same number of positive, negative, and zero eigenvalues as
(5.9). As the bottom right entry of (5.9) is positive, L, 1 has one positive eigenvalue if and
only if the matrix

—k(2n11; Znt1)
o 5.10
k(2i, 2ng1) k(2041 25) ( |

*k(szrlyZnJrl)
k(zizn41)k(Znt1,25)

is negative (i.e. negative semi-definite). As the rank one matrix is negative,

the matrix (5.10) is negative if and only if F), is positive.

]
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