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(ABSTRACT)

This thesis is concerned with the analysis of a Rectilinear Distance Location Allocation
Problem, where the costs are directly proportional to rectilinear distances and the
amount shipped. The problem is formulated as a Mixed Integer Bilinear Programming
Problem and as a Discrete Location Allocation Problem. Using linear programming re-
laxations constructed via the Reformulation-Linearization Technique (RLT), the latter
formulation is shown to provide stronger lower bounds, and is therefore adopted for
implementation. In addition, cutting planes are developed to further strengthen the lin-
ear programming relaxation. The special structure of the resulting linear program is ex-
ploited in order to get a quick lower bound via a suitable Lagrangian dual formulation.
This lower bounding scheme is embedded within a finitely convergent Branch and Bound
algorithm that enumerates over the location decision variable space. An illustrative ex-
ample and computational experience are provided to demonstrate the efficacy of the

proposed algorithm.
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Chapter 1

INTRODUCTION

1.1 Problem Statement

In many practical situations there exist problems concerned with how to serve a set of
destinations that have fixed and known locations in an optimal fashion. This statement
of a general problem is due to Cooper (1964) : ” Given the location of each destination
its associated demand and a set of shipping costs for the region of interest, determine the
number, location and capacities of sources so as to minimize the total location and
shipping costs ”. In most cases one does not have to deal with the problem in all its
generality but with a certain class of restricted problems. In this research we will consider
a specific location-allocation problem that belongs to a class of restricted problems de-

scribed as follows.

Given the fixed location of n existing facilities or customers on a continuous plane and

their associated demands, we wish to determine the location of m new facilities or
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sources with known capacities and satisfy the demand requirements of the customers at
a minimum total cost. The decisions are where to locate the m sources and how much
shipment to send from each source to each customer, so that the total cost which is as-
sumed to be directly proportional to the amount shipped and the rectilinear distance
over which the shipment occurs is minimized. For convenience, we will also assume
without loss of generality that total supply is equal to the total demand. For unbalanced
situations, a dummy demand point (n + 1), with ¢ .1, = OV/, can be introduced, if nec-
essary, or the methodology developed can be easily modified to treat inequality supply

constraints. This problem can be mathematically stated as follows

m

n
RDLAP : minimize Z Zc,jwy [lx,—ajl + ly,-—bjl]
j=1

i=1j

n
subject to Zw,j= s; i=1,..,m
j=1
m
Yowg=d =1l
i=1
wl-j_>_0 i=1,..m j=1,..,n
where (a, bj): location of demand point j,

s;: supply of source point i,
d;: demand of destination point j,
¢, cost of shipping one unit from source point i to demand point j,
m: number of supply points,
n: number of demand points,
and where the decision variables are:
(x;, y): location of source ¢,

w,: amount shipped from source i/ to destination j

INTRODUCTION 2



For convenience, let us also denote

W = {w=w,;: w satisfies the (transportation) constraints of RDLAP}

The above problem is a Rectilinear Distance Location Allocation Problem (RDLAP). For
a fixed set of locations (xy) i=1,..,m RDLAP reduces to a simple
transportation/allocation problem and for a fixed we W , ie. when the allocations are
known, RDLAP reduces to m pure location (single facility) problems, each of which is
separably solvable in the x; and the y; variables. Furthermore, the median (half-sum) lo-
cation gives the optimal solution. However as shown by Sherali and Nordai (1988) the
combined location-allocation problem is NP-hard even if all the demand points are lo-

cated on a straight line.

It can be shown ( see Francis and White (1974)) that the optimal value of x; and y; for

i=1, ..., m must satisfy the following conditions:

x; = a; for some je{l,..,n}
y; = b; for some je{l,..,n}

Note that the above conditions mean that the rectilinear location problem always has
an optimal solution with the sources located at grid points of vertical and horizontal
lines drawn through the existing facility locations. Also as shown by Wendell and Hurter
(1973) it is only necessary to consider “intersection points” in the convex hull of existing

' facility locations as candidates for optimal source locations.
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1.2 Problem Formulations

1.2.1 Mixed-Integer Bilinear Programming Formulation :

Exploiting the above optimality conditions we can equivalently write

m

X = Za,).i, i=1,..,m

t=1

where
n
Zl,-, = 1 i=1,...,m
1=1
n2
Zy” = | i=1,..,m
=
A,y binary
where n, = number of distinct a; values.

n, number of distinct b; values.

Problem RDLAP can then be restated as follows :
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m n M m n M
MIBLP: minimize ) > > Cowydy + Y. > > Chomm

i=1j=11=1 i=1j=1t=1

My
subject to Ziff: 1 i=1,..m

t=1

Jj=1

m

Zw,- =d, Jj=1,..,n

i=1

w; =0 i=1,..,m j=1,..,n

A;, binary i=1,..,m t=1,..,n

y; binary i=1,..mt=1,..,m
where Ciy = cyla — al Y@, j,

Cszr = ¢y |bt - bji V(ly j’ t)

Problem MIBLP is a special case of the mixed-integer bilinear programming problem,
where the continuous relaxation of the underlying zero-one integer program over the
A,y variables (the “complicating variables”) for a fixed w e W yields a binary optimum.
As noted by Sherali and Adams (1988) problem MIBLP can be equivalently solved as a
bilinear programming problem. Note that the 4,y are not jointly constrained, thereby not
enforcing the fact that optimal source locations belong to the convex hull of existing
facility locations. Although this optimality condition is implied in the integer sense it
does not necessarily hold once the A,y variables are allowed to be continuous over the

interval (0,1). As will be shown later this leads to a considerable weakening in the linear
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programming reformulation-relaxation of problem MIBLP. The following model, due

to the nature of its formulation obviates this difficulty.

1.2.2 RDLAP as a Discrete Location Allocation Problem :

Enumerating the “intersection points”, k =1, ..., K, belonging to the convex hull of ex-

isting facility locations and defining

1 if source 1 is located at point k
Zik = .
0 otherwise

we get the following model:

DLAP : minimize

s
NgE

1] =

i=1j=1lk=1
K
subject to ZZik:l i=1,..,m
k=1
n
Zwy=s, i=1,...,m
J=1
m
ZW{'/:dj J=1, N
i=1
w; =0 i=1,..m j=1,..,n
2, binary i=1,..m k=1,..,K

where Cu = cydu Y(i,Jj, k)

and

dy : 1s the rectilinear distance between existing facility j and point k&
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The aim of this research is to develop a solution procedure for problem RDLAP. The
procedure is a reformulation-linearization based branch and bound algorithm which ex-
ploits the above optimality condition in the partitioning scheme and in deriving tight
lower bounds via the solutions to linear programming relaxations. Upper bounds are

obtained via heuristic procedures.

This study is organized as follows. In Chapter 2 we present a literature review on bilinear
programming problems, and on location allocation problems. Chapter 3 describes the
development of linearization based lower bounds and the cutting plane generation
scheme used. Additionally, the special structure of the lower bounding linear program
is exploited to derive Lagrangian dual based bounds. Conjugate subgradients are used
in order to obtain dual ascents. This technique is shown to provide significant savings
in the amount of effort required to generate the lower bound and is hence adopted for
implementation. Chapter 4 describes the overall algorithm imbedded in a branch and
bound framework and provides an illustrative example. Computational experience is
provided in Chapter 5. Conclusions and suggestions for further research are presented

in Chapter 6.
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Chapter 11

LITERATURE REVIEW

The problem discussed in this study is essentially a bilinear programming problem.
Hence we have grouped our discussion of current literature into two topics namely,

bilinear programming problems and location-allocation problems.

2.1 Bilinear Programming Problems

Consider the following bilinear programming problem as stated in Vaish and Shetty
(1976).
BLP: minimize ¢(x,y) = c¢'x+d'y+x'Cy

subjectto xe X, ={xeR"| Ex <e, x>0}

veY, ={yeR"| Gx <g, y=>0}

where X, and Y, are bounded polytopes.
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Note that the constraint sets defining X, and Y, are disjoint and hence problem BLP is
called a separably constrained bilinear programming problem. Suppose X, and Y, are
nonempty and compact. Then a global minimum is attained at (x, y), where X is a vertex
of X, and y is a vertex of Yo, since ¢(x,y) is linear in x for a fixed y and vice versa. A

point (x, y) is a local star minimum if and only if y solves the problem
min ¢(x ,y): subject to y e Y,

and x solves the problem

min ¢(x,): subject to x € Xo.
Problem BLP is a nonconvex programming problem and hence a local minimum need
not be a global minimum. It is this aspect of the problem that causes the essential diffi-

culty in solution procedures for this problem.

Vaish and Shetty (1976) propose a polytope annexation algorithm for BLP. A sequence
of expanding polytopes are generated such that the global minimum within each
polytope is known. The algorithm terminates when one of the polytopes in the sequence
contains the feasible region X,. At any stage / their procedure requires the generation
of all the facets of a bounded polytope P.,;, = conv[P;|J {v}] where ve R”,v¢P. The
authors recognize the fact that memory requirements might prohibit the implementation
of their algorithm for realistic problems. Another approach for solving problem BLP is
by using the extreme point optimality property, and overcoming local minima by using
a cutting plane based algorithm. Also one would like to specify the cuts only in terms
of the x or y variables in order to preserve the special structure of the sets Y, or Xy, re-
spectively, so that when one of the variables is fixed, the resultant subproblem in the
space of the other variable is easily solvable. Konno (1976) proposed a cutting plane

algorithm for problem BLP. From a local star minimum (x, y) he defines a direction g*
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and obtains the value of a parameter & such that g'x > & cuts off x but does not cut off
solutions (x, y) for which ¢(x,y) <V — ¢, where v is the incumbent solution value and
¢ is some prespecified positive quantity. Thus his method leads to an e-optimal solution.
Gallo and Ulkiicii (1977) give an algorithm for bilinear programming which is along the
lines of Tuy’s algorithm for concave minimization problems (see Pardalos and Rosen
(1987)). In the cutting plane version of their algorithm, cuts are applied in the X, set.

Using duality theory they consider the following equivalent problem.

minimize Y(x,u) = ( ¢’ x+ maximum g’ u )
subject to xe X,
ue Ux) = {G'usd+ Cx, u<0}

From a point x* € Vert(X,), they obtain a point #* by solving

maximize g*u, subject to u € U(x*).
A cut is generated from point x* if there exists an x* e N(x*) (where N(x*) is the set of
neighboring vertices of x* in Xj), such that y(x*, u¥) < y(x*, u*). Otherwise, one has to
move to a point x* e N(x*) which produces a higher objective function value in order
to generate a cut. The original constraint set defining X, is augmented with the cuts

generated in a manner such that at any stage k%,

X, 41 = XN { region feasible to currently generated cuts}.

Convergence of this method is not guaranteed. Vaish and Shetty (1977) propose an in-
finitely convergent algorithm for problem BLP, which yields a global optimal solution.
Using the concept of generalized polars they generate cuts in the x space from a pseudo
global minimum (X, y), a point which satisfies ¢(X , y) < ¢(x', ) for i = 1, ..., m where
xi, i=1,..,m are the adjacent extreme points of x (assuming nondegeneracy), and ' is

the corresponding extreme point of Y, obtained by solving the following linear program
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minimize ¢(x’, y), subject toy e Y..

They then specify a valid cut of the form

Z-’_’izl VpeP
4
jed

in the spirit of Tuy (1964), based on a defined generalized polar set where
pl=u), P = {(xt, u) Ex+u=e x>0, u>0},

and where J is the index set for the nonbasic variables at X. In order to compute the 4,
for j = 1,...m they solve m parametric linear programs over Y, , using a Bolzano
bisection search procedure. A new pseudo global minimum is found over the unexplored
feasible region
Xo () { region feasible to the cuts generated},

and the process is repeated until the entire feasible region has been explored. The au-
thors prove the dominance of their cuts over those generated by Konno (1976). Sherali
and Shetty (1980) propose a finitely convergent algorithm for BLP using polar cuts and
disjunctive face cuts. They first find an extreme face of X; relative to Q (the set of points
feasible to previously generated cuts). If the dimension of the extreme face is greater
than zero then a disjunctive cut which deletes the entire extreme face is developed. If the
extreme face happens to be an extreme point of Xp, a polar cut using negative edge ex-
tensions is developed. The disjunctive face cut makes use of the fact that the global
minimum of BLP occurs at an extreme point of X,. At some point x° of the extreme face
which is not an extreme point of X,, some x or u € P is currently positive but must be

zero at an extreme point of X, which belongs to Q. The cut developed i1s a mathematical
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statement of this disjunction. Suppose an extreme point x of X, which belongs to Q is

at hand. They then solve the problem
minimize ¢(x,y) subject to y € ¥,

to get a point (x,y) which is a vertex of X, x Yo. Searching over N(x) () Q they arrive

at a weak pseudo global minimum (WPGM), (X, y) for which
$(F,7) < ¢(x,y) ¥x' e NZ)NQforanyye ¥,

Based on this solution, they generate a polar cut which is deeper than the cuts developed
in Vaish and Shetty (1977). They also suggest a very efficient method of solving the
parametric linear programs associated with the above cut generation process. This
method is an adaptation of Newton’s procedure and is shown to be more effective than
the Bolzano bisection search technique. The finiteness of the algorithm is ensured be-
cause at any stage one of the two types of cuts is generated and the number of extreme

faces of X, are finite.

Sherali and Alameddine (1990) propose a novel Reformulation-Linearization Technique
(henceforth referred to as the RLT method) for bilinear programming problems of the

form

BLP(JC): minimize ¢(x,y) = c'x+d'y+x'Cy
subject to (x,y)e Z[\ Q

where

Alx + DlySb]
Z=< (x,y):
A2x + D2y= bz
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is a polyhedron in R”+" and

Q={(x,y):0<I<x<u<oo ,0<L<y< U< oo}

is a hyper rectangle in R+~

Note that the x and the y variables are related in the constraints defining the set Z.
Hence BLP(JC) is known as a jointly constrained bilinear programming problem. In
such problems the extreme point optimality property is lost; however, it is known that
an optimal solution occurs at a boundary point of Z (] Q. The RLT method has been
successfully applied to separably constrained bilinear programming problems as well.
Since our problem is separably constrained we direct the interested reader to Pardalos
and Rosen (1987) and Alameddine(1990) for further information on other available ap-

proaches to solving problem BLP(JC).

Our approach to solving the rectilinear distance location-allocation problem considered
in this study is centered around the RLT method. This method consists of two phases,
namely, the Reformulation phase and the Linearization phase. The Reformulation phase
calls for an enumeration of variable factors (of the form [variable - its lower bound] and
[upper bound - the corresponding variable]) to multiply constraints as well as using
constraints to multiply constraints in order to generate new nonlinear constraints. The
Linearization phase uses an appropriate variable substitution strategy in order to
linearize these newly generated constraints. This process transforms the representation
of the nonconvex BLP from the original defining space into a higher dimensional space
associated with a lower bounding linear program (henceforth referred to as LBLP) that
approximates the closure convex hull of feasible solutions to the nonconvex BLP, when

its objective function is accommodated into the constraints. Note that the tightness of
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LBLP is inherently dependent on the tightness of the bounds on the variables. Also note
that given a set of bounds for the variables, a corresponding LBLP can be constructed.
The LBLP is then imbedded in a branch and bound algorithm, where the partitioning is
performed by altering the bounds on the variables, and the corresponding LBLP is
solved at each of the subnodes to yield lower bounds. Since the original constraints and
bounds (which have possibly been further restricted) of problem BLP have been in-
cluded, a feasible solution’ yielding an upper bound on the original objective function
value‘}is at hand whenever any LBLP is solved. A heuristic is employed to further im-
prove this solution. The branch and bound process is continued until it converges to an
optimal solution. Also it has been shown by Sherali and Alameddine (1990) that J

branching on only one set of variables ( x or y ) will not affect the convergence of the

algorithm.

2.1.1 Mixed-Integer Bilinear Programming Problems :

Consider the following mixed-integer bilinear programming problem as stated in Sherali

and Adams (1988)
MIBLP : minimize ¢'x+d'y+x'Cy
subject to xe X
yeY
y binary

where X and Y are nonempty, bounded polyhedral sets.

For a fixed ye Y, Problem MIBLP reduces to a linear program in x, and for a fixed

x € X, it reduces to a zero-one linear integer program in y. In our case the x variables
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correspond to the allocation variables, and the y variables correspond to the location
variables. Furthermore, as stated earlier, the continuous relaxation of the zero-one lin-

ear integer program in y for a fixed x e X, yields a binary y as optimum.

Sherali and Adams (1988) have designed a composite Lagrangian relaxation-implicit
enumeration-cutting plane algorithm for problem MIBLP. The mixed-integer bilinear
program is converted into an appropriate mixed integer program (MIP) by using the
reformulation technique along with an appropriate variable substitution strategy, and
subjected to an automatic reformulation phase, in order to possibly fix some of the y
variables at 0 or 1. A strongest surrogate Benders’ constraint is then generated. In order
to get an optimal set of dual multipliers required for this constraint generation, they do
not solve the continuous relaxation of problem MIP, a large scale linear program even
for a reasonably sized MIBLP. Instead, they use a subgradient optimization scheme on
a Lagrangian dual formulation of the problem, in order to obtain a good quality dual
feasible solution. This is further improved upon by using a dual ascent technique to
provide a near optimal dual solution to get a near-strongest surrogate Benders” con-
straint. Other features of their algorithm include logical tests over Y to improve bounds
on the variables, and the generation of Benders” and disjunctive cuts. The interested

reader is directed to their paper for further details and implementation comments.

2.2 Location-Allocation Problems

A mathematical statement of a location-allocation problem is as follows
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m n
LAP: minimize ) > cpwy d(L;, P)
i=1j=1
subject to we W

Liel i=1,..,m

where d(L:, P)): represents the distance between points L, and P,
P;: is the location of demand point j,
c; cost of shipping one unit from source point i to demand point j,
m: number of supply points,
n: number of demand points,
W: is the set of transportation constraints,
L: is the solution space for the location of sources;
and where the decision variables are:
m: number of sources to be located.,
L, = (x; y): location of source i,

w;: amount shipped from source / to destination j

The distance measures that arise frequently are rectilinear and Euclidean distances.
Other distance measures include the squared Euclidean distance and general ¢, distances
(see Francis et al. (1983)). Also in many practical situations, m is fixed and known. Based
on the characterization of L, the solution space for the location of new facilities,
Location-Allocation problems can be classified into three different categories: Contin-
uous Location-Allocation Problems, Discrete Location-Allocation Problems, and

Location-Allocation Problems on Networks.
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2.2.1 Continuous Location-Allocation Problems :

2.2.1.1 Continuous Location-Allocation Problems Using the Rectilinear Metric

Here the new facility locations are allowed to be points on a continuous plane and the
existing facility (customer) locations are fixed discrete points on the plane. Cooper(1961)
was the first to formulate such location-allocation problems, and suggested some
heuristic solution procedures (see Cooper(1964)). Among these is the alternating
location-allocation heuristic which is widely used to provide starting solutions. In unca-
pacitated location-allocation problems, the sources are assumed to have infinite capac-
ity. Hence, each customer is served by the closest facility. In this context the word
“allocation” refers to the assignment of customers to sources. Using Wendell and
Hurter’s result, Love and Morris (1975) developed a two stage algorithm to solve the
uncapacitated version of the rectilinear distance location-allocation problem exactly. The
first stage uses a set reduction algorithm which reduces the set of all possible optimal
source locations. This has been shown to be equivalent to finding the p-median of a
weighted connected graph. The second stage makes use of a technique to solve p-median
problems in order to determine the optimal locations and allocations. Kuenne and
Soland (1972) developed a branch and bound algorithm for uncapacitated rectilinear
distance location-allocation problems and presented computational results for near op-
timal solutions. A partial assignment of customers to sources is maintained and
branching is done by arbitrarily assigning free customers to sources. Lower bounds are
computed based on these partial solutions using the triangle inequality. Love and Juel
(1982) considered the uncapacitated location-allocation problem with ¢, distances, and

suggested five heuristic solution procedures. These heuristics involve the determination
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of a local optimum and the perturbation of the allocations with the hope of finding im-
proving solutions. Computational experience has been provided for p = 1, i.e., for the
rectilinear norm. Sherali and Shetty (1977) developed a convergent cutting plane algo-
rithm for the capacitated problem. They consider a bilinear programming formulation
of the above problem and develop a polar cutting plane algorithm. The cuts are specified
in terms of the location variables only in order to preserve the special structure of W .
At any stage of their algorithm, they determine an extreme point feasible to previously
generated cuts by solving a phase I type (see Bazaara et al. (1990) ) 0-1 integer program
implicitly. If no feasible solution is found the algorithm terminates with the best found
solution being optimal. Otherwise a search is made among the neighboring extreme
points (excluding those which are not feasible to the cuts) for improving solutions. A
new cut is generated as in Vaish and Shetty (1977). Shetty and Sherali (1980) consider
a more general case in which there exist interactions between new facilities and multiple
products are shipped among facilities. Their procedure has the following advantages over
the procedure in Sherali and Shetty (1977) (a) deeper cuts are developed using negative
edge extensions, (b) a more efficient method is developed for the solution of parametric
transportation problems encountered during the cut generation, and (c) to determine
extreme points of L feasible to the cuts, a simplified version of the extreme point ranking
procedure in Murty (1968) is used. A computationally efficient way of implementing this
modified procedure is also incorporated. Maruchek and Aly (1981) considered the case
where potential customer locations may be more accurately represented as random
points uniformly distributed over rectangular regions, and suggested a branch and bound
procedure to obtain an exact solution. Selim (1979) considered the case where demands
are allowed to be probabilistic as well, and developed solution procedures for problems

employing both rectilinear and Euclidean distance metrics.

LITERATURE REVIEW 18



2.2.1.2 Continuous Location-Allocation Problems Using Other Distance Metrics

Cooper (1972) gave an exact algorithm to solve the capacitated Euclidean distance
location-allocation problem. This involves the enumeration of all the basic feasible sol-
utions of W and solving the associated location problems. He also suggested two
heuristics which are centered around the alternating location allocation procedure.
Murtagh and Niwattisyawong (1982) treated the uncapacitated Euclidean location-
allocation problem as a nonlinear programming problem, and suggested a heuristic
procedure using the commercial software MINOS (see Murtagh and Saunders (1987)).
To get a starting solution they use an initial estimate of the source locations and obtain
the corresponding optimal allocations. They then allow the location and allocation var-
iables to vary simultaneously. Sherali and Tuncbilek (1990) have considered a capaci-
tated squared Euclidean distance location-allocation problem. Using calculus the entire
problem is transformed in terms of the allocation variables and is shown to be equivalent
to a convex maximization problem. The RLT method is applied to this transformed
problem to obtain an Upper Bounding Linear Program (UBLP). This UBLP is imbedded
in a branch and bound framework which implicitly enumerates the extreme points of
W. Branching decisions involve fixing a particular flow variable at a positive level or zero
level. Logical tests are then conducted over the constraints defining W (exploiting the
special structure) in order to further tighten the bounds on the free variables. If neces-
sary, the corresponding UBLP’s at the subnodes are solved (using MINOS as a sub-
routine as in Tuncbilek (1990)). Upper bounds based on the objective function are also
derived. However, the RLT based upper bounds are found to be dominant. The general
idea of our approach is the same, but due to the nature of our problem the solution
methodology is different. More specifically, we do not project onto the allocation vari-

able space, our RLT and cut generation schemes for tightening the underlying linear
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programming relaxations are different, and we perform our partitioning in the location

variable space.

2.2.2 Discrete Location-Allocation Problems :

In continuous location-allocation problems, any point on the plane is a candidate new
facility location. The cost parameters are associated with facilities to be located rather
than the sites at which they are located. Also, the cost functions may not include fixed
costs. In situations where the above limitations are unacceptable, discrete location-
allocation problems arise. The solution set L is finite, discrete, and contains a fixed
number of potential new facility locations. Sherali and Adams (1984) have considered a
specific capacitated, balanced, discrete location-allocation problem, where the set L
consists of m preselected sites, and the objective is to locate m new facilities in a one to
one fashion at these sites, so that the total combined cost of location and allocation is
minimized. There is a fixed cost ¢; associated with locating facility i at site j for each
i =1,..,mandj =1,.. ,m They use Benders’ decomposition strategy on a reformu-
lated version of the problem. This involves projecting the problem onto the space of the
assignment (facility to site) variables, the “complicating variables”. The partitioning
scheme is then incorporated in an implicit enumeration framework. Computational ex-
perience is provided for problems of realistic sizes. Our formulation of the Rectilinear
Distance Location Allocation Problem is based on their suggestion of using the “inter-
section points” to state this problem as a discrete location allocation problem. However,
our solution methodology is based on more recently available techniques to solve

Bilinear Programming Problems. More specifically our lower bounding and cut gener-
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ation schemes are different. For further reading on discrete location problems, the

reader is directed to Francis et al. (1983), Aikens (1985), and Hansen et al. (1987).

2.2.3 Location-Allocation Problems on Networks :

In network location problems the potential source locations are restricted to be on a
network. Locating an emergency service facility along a road network so as to minimize
the maximum response time, locating a plant along a transportation network so as to
minimize the total cost of transportation, are some examples of real life problems. The
two most common problems encountered are “Minimize the total weighted distance to
each customer from its nearest source” (the minisum network location problem), and
“Minimize the maximum weighted distance between a customer and its nearest source”
(the minimax network location problem). Since we are not directly concerned with this
class of problems we refer the reader to Tansel et al. (1983), and Handler and

Mirchandani (1979) for a survey and further details on this class of problems.
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Chapter 111

LOWER-UPPER BOUNDING SCHEMES

This section presents two lower bounding schemes, obtained by applying the RLT
method to the two alternative formulations of problem RDLAP. The development of
upper bounds and cutting planes are also described. Additionally, Lagrangian dual based
bounds are developed, exploiting the special structure of the problem and dual ascents

are obtained using conjugate subgradient based directions.
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3.1 Lower bounds via Formulation MIBLP

For the purpose of the RLT scheme consider the following variable-bound factors

w; 20 i=1,..m j=1,..,n
(uy—wyp) =20 i=1,...,m j=1,..,n
=0 i=1l,.m t=1,..,n
=20 i=lL.m t=1,.,m
(1-4)=0 i=1...m =1 ..,n
(l=yp)=0 i=1,...m t=1,..,n

(1a)
(1)
(1c)
(1d)
(le)
(1)

where 4; = min {s, d} is the upper bound on variable w;, implied by w e W, and con-

sider the following constraint factors.

m
Yk = li=l,m

t=1

&’
Yo = Li=l,m

t=1

n
ZWU = 5 i=1,..,m

j=1

Let us add to problem MIBLP, the following sets of implied constraints :

1. mn constraints obtained by multiplying the # equality in (2a) with wy, j=1, ...

foreachi = 1, ... ,m,

2.  mn constraints obtained by multiplying the i equality in (2b) with wy, j=1, ...

foreachi = 1, ... ,m,
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mn, constraints obtained by multiplying the & equality in (2c¢) with

Aw, t=1,...,m,foreachi=1,..,m,

mn, constraints obtained by multiplying the M equality in (2c¢) with y,, t=1, .., 1,

foreachi=1,...,m,

mnn, constraints (nonnegativity restrictions) obtained by multiplying the  set of j

inequalities in (1a) with A4, t=1,...,m, foreachi=1, ... ,m,

mnn, constraints (nonnegativity restrictions) obtained by multiplying the # set of j

inequalities in (1a) with y,, t=1,...,m, foreach i= 1, ... ,m,

mnn; constraints obtained by multiplying the # set of j inequalities in (1b) with

Aoy t=1,...,n,foreachi=1,.. ,m,

mnn, constraints obtained by multiplying the M set of j inequalities in (1b) with

Yu, t=1,...,m, foreachi=1, ... ,m.

This produces the following equivalent representation :

LOWER-UPPER BOUNDING SCHEMES 24



m n M m n ™
RLTI: minimize ). > Y Chywyhy + D 2. > Cumm
i=1j=11=1 i=1j=11=1
n
subject to ZA,,W,-] - wy;=0 i=1,.,mj=1,..,n (3a)
=1
ny
Zy,-,w,-j - w;=0 i=1,...mj=1,...,n (3b)
t=1
n
ZWUAH - Sillh= 0 = 1, e = 1, ey My (3C)
j=1
n
Zw,-jy“ - syp=0 i=L.mt=1,..,n (3d)
Jj=1
Wil =0 V(i,j, t) (3e)
WiiVir =0 V( i, J ’ t) (3f)
= wWydy+ udy =0 v(i,Jj, D (3g)
- WUA.”"‘}’ u('}.litz 0 V( i, j, t) (3h)
&
{ original constraints of problem MIBLP } (39)

Note the (2a) and (2b) have not been multiplied by (1b), since the resulting constraints
would be implied by (3a), (3b) and (3i). For the same reason (2c) has not been multi-
plied by (le) or (1f). Constraints generated by multiplying (1a) with (le) and (1f) are

clearly implied by (3c) and (3d), respectively, and are hence also not added to RLT 1.

Now, consider the constraint of the type

Wij"*it - Wy - ul-jl,-, > — uU (28)

obtained by multiplying (1b) and (le). From (3a) and (3g) we have
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Wyhis — Wy = Z Zuij’lik

k#t k#t
But from (2a),
- Z Ul = uy — Ay)-
k#1t

Hence, (2¢) is implied, and so, the constraints obtained by multiplying (1b) and (le), or
similarly, by multiplying (1b) and (1f), need not be generated. Also note that (3c), & (3d),

respectively, imply

Wy-/l” + Si)"it > 0
— Wi¥ir + SiVit > 0.

Hence (3g) and (3h) need to be included only for pairs (7, j) such that u; = d,.

Next, in order to eliminate the nonlinearities in problem RLT I, we employ the following

variable substitution :

wydy = Xy (4a)
Wy = Yy (4b)

and subsequently relax the binary restrictions on the A, y variables to write it as the

following lower bounding linear programming problem.
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m n M

n
LPppLp: minimize i Zn: ZC“v,X}ﬁ + Z Z CopYy

i=1j=11=1 i=1lj=11=1

n
subject to ZX"J' —w;=0 i=L. mj=1,.

=

1=1

&’
D Yy —wy=0 i=l.mj=1,..n

=1

n
ZXUt - shy=0 i=l .. mi=1,.,n
j=1

n
Zyzjr —sy=0 i=1..mi=1..,m
iz

~ Xy 4 wydy 20 V(i, j)youy=4d
= Yy +upy, =20 V(i, j)su=4d

D=1 i=l,..m
D=1 i=l.m

j=1

m

Zw,-j=a} Jj=1..n

i=1

w; 20 i=1,...,m j=1,..,n

XVUIZO V(i!j,t)
YtjtZO V(i,j,[)

Problem LPwsp has approximately 2mn? additional linearization variables and approxi-
mately 2mn? + 4mn additional constraints, and is a large scale linear program for even
small location allocation problems. For example, if m=4, n=12, then problem
LPmisLr can have upto 1296 variables and 1386 constraints. This linear programming

problem is a relaxation of problem MIBLP in that for each feasible solution (4, y, w)
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to MIBLP there corresponds a feasible solution (4, y, w, X, Y) to LPwsr with the
same objective value, with X and Y defined as in (4a) and (4b). However, since (4a) and
(4b) do not necessarily hold for any feasible solution (4, y, w, X, Y) to LPump, the
converse is not necessarily true. However, for any feasible solution to LPupr having
binary values of 4 and y, (4) holds and so, LPus.p is equivalent to MIBLP if 4 and y are

restricted to be binary valued.

3.2 Lower bounds via Formulation DLAP

As in the previous case, we can apply the RLT method to problem DLAP and equiv-

alently write it as

n

m K
RLTII: minimize ) ). > Cpowym
im1j=1k=1
K

subject to ZZikw,-j - wy;=0 i=1,.mj=1,..,n
k=1

n
Zwijzik —_ sizik=0 i=1,... "M k=1,...,K
j=1
wyz,kZO V(I,J, k)
—W,-jzlk‘f'uijzikzo V(i9j, k)

&
{ original constraints of problem DLAP }.

Note that the constraints of the type
WyZip — Wi — UgZye = — Uy Y(i, j, k)
obtained by multiplying
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(uyj—wy) = 0and (1 —zy) =0

are not generated since they are implied, as in the previous formulation. Also constraints

of the type

— WyZye + Uyzy = 0

are included only for pairs (i, j) such that u; =d; Yk. We eliminate the nonlinearities in

RLT II by using the following substitution

Wiz = X

and then relax the binary restrictions on the z variables to obtain the following lower

bounding linear program.
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n

m K
LPDLAP: mimimize Z Z Z ljk)(ljk
i=1j=1k=1
K

subjectto ) Xp—wy =0 i=1,..mj=1,..n (5a)

k=1

n

D Xp—sz =0 i=lmk=1..K (5b)
i=1

= Xy + wyzge 20 Vi, j)ouy=d;, Yk (3¢)
K

D=1 i=1,..m (54)
k=1

n

Zwtj=5i i=1,..,m (Se)
j=1

m

Ywy=dy  j=1 . )
i=1

wy =0 i=1,..,m j=1,..,n

22 =0 i=1,..,m k=1,..,K
Xp20 Y (i, j, k)

Again, if z is restricted to be binary valued in LPpiap, the resulting problem is equivalent

to DLAP.

3.3 Upper bounds via a Heuristic Procedure

We use the well known “alternating location-allocation” heuristic in conjunction with
local search, in order to derive upper bounds on problem RDLAP. The optimal allo-
cations corresponding to a given set of source locations are obtained by solving a
transportation problem. For this purpose we use an improved specialized version of

NETFLO, the network flow code developed by Kennington and Helgason (1980). The
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problem of determining optimal source locations given the allocations, as stated before,

is easily solvable.

3.3.1 Heuristic Upper Bounding (HUB) Procedure :

Let L be the polyhedron defining the solution space of the location decision variables.
The heuristic scheme used is as follows :

Step 1: Given a starting location vector L, enter the alternating location-allocation
scheme to obtain a fixed point solution (L, W), where, L is a vertex of L and W is a vertex

of W. Let the corresponding objective function value be v. Proceed to step 2.

Step 2: For each location Lin N(L), the set of neighboring vertices of L in L, solve the
corresponding transportation problem. Let the objective function value be v(f,). If
v(l:) < ¥ return to step 1 with L=TL 1fnosuchLe N(L) exists, then stop; (L, ) is a

weak pseudo global minimum (WPGM), and is the prescribed heuristic solution.

3.4 Comparison of Lower Bounds via Alternative

Formulations

For various sizes of randomly generated problems RDLAP, the problems
LPuie and LPprap were solved using MINOS 5.1. Upper bounds were obtained by
rounding their respective linear programming solutions, to obtain a binary solution, in
the following manner. Given an optimum solution z to LPppap, for each i= 1, ... ,;m we

find
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k' = argmax [Z,],

k=1,...,g§\ W
e
2 Ve

and set z;,» = 1, z4x = 0, V k# k’. The solution z is then used as a starting location

vector for the HUB scheme, in order to produce the desired upper bounding solution.

The results in Table 1 indicate a significant difference between the values of
LPuse and LPprap. This is due to the difference in the nature of the alternative formu-
lations. Also, LPpiap seems to provide better starting solutions for the HUB scheme,
thereby usually resulting in better upper bounds. In the worst case, the value of LPpap
was 15% away from optimality, while that of LPymir was 89% away from optimality.
Note that LPuwmir has at most 2mn? + 3mn variables, and 2mn? + dmn + 3m 4+ n con-
straints and LPpiap has mnk + mn + mK variables, and mnK + mn + mK + 2m + n con-
straints. For K < 2n, LPppap would be smaller in size. The maximum possible value of
K, however, is (n — 2)?, and in our test problems, K was typically of O(mn). This explains
the consistently higher times taken to solve LPpiap. However, as will be seen later, a
conjugate subgradient algorithm which exploits the special structure of LPpiap to derive
Lagrangian dual based lower bounds considerably reduces the amount of effort taken to
obtain a lower bound, while maintaining the quality of bounds. This motivates the

choice of LPprap as the lower bounding linear program adopted by our algorithm.

3.5 Development of Cutting Planes

Recall that DLAP is a Bilinear Programming Problem. Hence polar cutting planes can

be generated as in Shetty and Sherali (1980). Problem DLAP may be stated as follows
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Table 1. Comparison of Lower Bounds via Alternative Formulations

m n L.B; UB, ] LB, UB,; {2

2 4 168.00 168.00 0.28 168.00 168.00 0.27
2 4 80.00 80.00 0.28 80.00 80.00 0.27
2 4 101.00 101.00 0.32 101.00 101.00 0.26
35 65.00 65.00 0.75 65.00 65.00 0.50
35 146.17 300.00 0.78 258.00 258.00 0.82
35 108.21 113.00 0.62 109.66 113.00 0.36
38 324.00 324.00 1.88 324.00 324.00 5.29
38 265.48 331.00 0.78 330.89 334.00 5.57
38 180.25 208.00 2.90 201.65 208.00 4.34
410 148.15 201.00 14.72 197.49 201.00 59.95
410 138.29 363.00 10.04 243.45 283.00 37.78
410 141.25 305.00 9.63 304.00 309.00 44.45
412 ‘ 297.11 548.00 24.40 467.25 480.00 218.04
412 371.37 494.00 17.72 458.31 505.00 72.12
412 259.38 423.00 26.29 421.33 423.00 215.84
512 210.35 294.00 36.14 274.39 294.00 244.96
S12 201.09 325.00 30.09 305.00 305.00 155.63

[.B, i1s the value of LPysip
LB; is the value of LPpiap

LB, 1s the upper bound obtained via IHIUB on the solution to LPws.p
UB; 1s the upper bound obtained via HUB on the solution to LPpiap

1; 15 the time (in cpu secs.) to solve LPyy.p using MINOS 5.1
1; 1s the time (in cpu secs.) to solve LPp 4p using MINOS 5.1
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minimize{ ¢(z,w): zeZ, we W },

where

K
Z = { 20 )z =1, Vi, 220 }
k=1

and where ¢(z,w) is the objective function of DLAP. By the separability of Z, its

vertices of can be characterized as follows

VERT(Z) = x [ VERT Z(i)]

where

K
Z(l) = {(zik Vk): Zz,k= l, Z,‘kZO } Vi

k=1

Now, consider Z(i) for any ie {1,..,m}. We have Z(i)c RX. Let (z, w) be a vertex
of Z x W corresponding to this solution, for each i=1, ... ,;m, some z, is basic and the
remaining zu, k # p are nonbasic, with z, = 1, and zx = 0, Yk # p. The vertices adja-
cent to z correspond to exchanging each zu, k#p, forz, V i=1,...,m. By making
m(K — 1) such switches from a fixed point solution as in heuristic HUB we obtain a
WPGM (z, w). Let vV be the objective function value of the incumbent solution. We now

define the generalized reverse polar set

P = {z:minimum ¢(z, w)=>7}.
we W

Let
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J={(i, k) z is nonbasic in 7},

and let ¢, be the edge direction corresponding to zx, V (i, k)€ J. As in Shetty and

Sherali (1980) we define

Y(iy) = mi:}iem"lflm [oE + Ayl W) ]

Y(y) = minimum [ $(Z — Ay, w) 1.

Note that ¢4 is a column vector of size mK, with only two nonzero elements, namely a
+ 1 in the row corresponding to nonbasic variable z;, and a -1 in the row corresponding

to basic variable z,. Determine
Ay = sup{ly YA =7 )} V¥ G, kel

If k< oo, we put (i, k) in some partitioned subset J; of J. On the other hand, if

A% = oo, we put (i, k) in the set J, = J—J,, and compute
= sup{Ay: ¥(A) 2V } Y (G, K)e .

A valid cutting plane is then given by
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3.5.1 Cut Generation :

Given z, we repeat the following procedure m(K — 1) times, once for each nonbasic
variable zy, i=1,...,m, k=1, ... ,K. Consider some nonbasic variable z;. Increasing z;
simply decreases z,, by the same amount. This corresponds to moving along &, . Hence

we have

n n n
\P(Aik) = mlnlmum [Z Z rjkw,-.jz_,,k -+ ZEUPWIJ + Z E,-jkwijﬂzk - nypwyl,k jl
rij=1 k ji=1 ji=1 j=1
The above transportation problem is solved with 4, fixed at M, a very large number. If
Y(M) < oo we put (i, k) € J;, and determine 4°; by solving a parametric transportation
problem, as in Shetty and Sherali (1980), using Newtons’ search method. Otherwise, if

Y (M) = oo, we put (i, k) e J,, and determine 14, where,

Y(dy) = max1mum [Z Z ZC,jkw,.jz x T+ chjpwif chjkwlj’llk + ZCUP :|

iij=1 Jj=1 i=1

If ¥(M) >V we put 1”4 = oo. Otherwise we search for 1", using Newtons’ method. If
at any stage in the cut generation process, either J; is empty, or 4”4 is zero then we stop
with the conclusion that the incumbent solution is optimal ( see Shetty and Sherali(1980)

for a proof).
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3.6 Deriving Lagrangian Dual Based Bounds

Problem LPpiap has a nice structure for deriving Lagrangian dual based bounds.

Dualizing (5a), we obtain the following Lagrangian dual of LPppap :

maximize 0(6)
S unres.

where 6(d) is given by solving

K n
LDSP(8): 6(8) = minimum i i > [Ce— 61X + i > sy

i=lj=1k=1 i=1j=1
subject to  [All constraints in LPp; 5p except (Sa)],

and where 6 =, Y(i, j) is the set of dual variables associated with the constraints in

(5a).

Problem LDSP(6) is separable into one transportation problem, and mK bounded vari-
able knapsack problems. The w variables can be independently solved for via the trans-
portation problem over w e W, and the X variables can be solved for in terms of the z
variables, which in turn are solved for via trivial knapsack problems. Specifically, given

ad= 3,,- Y (i, j), the associated Lagrangian dual subproblem can be solved as follows.

Step 1 : Solve a transportation problem to obtain

n

0,(6) = minimum )" >" bymy

i=1j=1
Let w' € W be the corresponding optimum obtained.
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Step 2 : For each (i, k), solve Problem P, given by

n
Py minimize Z Xijk[ Eijk - 31} ]
j=1

n
subject to ZXUk =g
j=1
OS/YUkqu Vj=1,...,ﬂ.

Problem P is a bounded variable knapsack problem which can be solved trivially. Let
(X« Y)) be the corresponding optimal solution obtained of objective value v(ik). Deter-

mine

k' = argmin [v(ik)].
k=1,..,K

The optimal value z* of z, to problem LDSP(S) is then given by
o= (g =1Vi, 24 =0Vk#Kk, Yi}.
The corresponding optimal value X*, of X, is now given by
Xy = X2 we VJj, ¥, k).

Denote

m

6,(8) = ) v(ik").

i=1
Then, the lower bound obtained via LDSP(S) is given by

8(5) = 6,(8) + 6,().
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The following algorithm is motivated by the fact that solving LDprap using a straight-
forward simplex based approach can become prohibitively time consuming, especially in
a branch and bound context. Additionally the ease of solving associated subproblems
encourages one to pursue this approach. As demonstrated by Sherali and Myers (1988),
subgradient optimization procedures may fail to converge practically, resulting in a sig-
nificant weakening of the computed lower bound. To eliminate this problem we employ

a conjugate subgradient based strategy.

3.6.1 A Conjugate Subgradient Algorithm for the Lagrangian Dual Problem

Step 0 : Start with 6, =0, and let v be the objective function value of the incumbent
solution to DLAP. Set the iteration counter x = 1, the number of consecutive failures
counter x,= 0, and the step factor a = 1.0. Also, select values for the parameters N =
maximum number of iterations allowed, T = number of blocks into which the N iter-
ations are partitioned, N,= number of iterations in block ¢, Ny= maximum number of
consecutive failures allowed before resetting, and f, = step length parameter in block z.

Take 0' = ¢, and 68(6°) = — oo. Set ¢ =1, and proceed to Step 1.

Step 1 : Solve LDSP(4,), to obtain a lower bound LB, = 6(4,), and the corresponding
solution (w*, X, zr). If |LB,| >(1 —¢)v, STOP; the incumbent solution is e-optimal.

Otherwise, proceed to Step 2.

Step 2 : If 6(d,)> 6(8"), the current iteration has resulted in a success. Set

6'=6,, ==z, X =X,w =w and put k,= 0. Otherwise, the current iteration has re-
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sulted in a failure. Hence, increment the failure counter k, by 1. If x,= N, then set

0, =0, z=2z, X=X, w=w', and set a = af2, and k, = 0. Proceed to Step 3.

Step 3: Compute the subgradient &, of the objective function of LDSP(4,) in the fol-

lowing manner :

K K T
K K K
érc = | Wi ZXT”(’ o g Wpp— sznk

If Il = 0, the subproblem solution is feasible to the equality constraints (5a), and so
(zx, w=, X7) is an optimal solution to LPprap. Since z* is binary, this solution also solves

Problem DLAP. Otherwise, proceed to Step 4.

Step 4: If k=1, or if §, had been reset in Step 2, compute the direction of motion :

S
d —
* [l
Otherwise, take
dx = én + ¢lcdx—1 (7)

where

d = (6K - é,c_ l)

K—1
is the direction of motion at the previous iteration and,

I,
O = a0
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Step 5: Calculate the step size A, at the current iteration as follows

o, [v—LB,]
he = B ®

Compute the new iterate
dK
51c+1 = 61«: + )'k “d “
and proceed to Step 6.

Step 6 : Increment the iteration counter ¥ by 1. If x> N, then STOP. If
K = iN, + 1, then we are at the beginning of a new block, and so, increment ¢ by 1,
r=1

and set « = 1.0. Return to Step 1.

The above algorithm is based on the average direction conjugate subgradient algorithm
(ADS) developed by Sherali and Ulular (1989). To start with we used the following pa-
rameter values :

N=200, N;=10, T=3, Ny=75, N,=75, N;=50, B,=0.75, 5,=0.5,, and f; =0.25,
recommended by them. Based on preliminary runs, we found that N =175, with
N; =25 was more suitable to our problem. Additionally we experimented with the Block
Halving scheme suggested in their paper. This scheme calculates a common step length
for each block, and halves it every N, consecutive failures within the block. However,
we found that calculating the step length at each iteration via (8) enhanced the per-

formance of our algorithm.
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3.7 Model Size Reduction via Logical Tests on the

Strongest Surrogate Constraint

Let the dual variables associated with (Sb), (5c), (5d), (Se), and (5f) be
Ay Tk, o, Pi, and y,, respectively,V (i, j, k). The dual to LPpLap can be written as fol-

lows :

m m n
D(LPppap) : maximize Za, + Zs,-ﬂ,- + Za&yj
I=1 i=1 j=1

Subject to &+ Ay —myu < Cy YV (i, j, k) (9a)
s+ Yty + <0 Y (i, K) (%)

J

=0 Y (i, j, k) with ny =0 V& if ;< d;, Y(i, j)

«, B, v, 6, A unrestricted

where (9a), (9b), (9c) are the constraints written with respect to the X, wy, and zy vari-

ables, respectively, V (i, j, k).

Suppose that the Conjugate Subgradient Algorithm described earlier has been used to

solve the Lagrangian dual, perhaps approximately, and a lower bound 6(4°) is at hand
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along with an incumbent partial dual solution é* and an associated binary z'. The best

dual completion with respect to §° can then be determined as follows :

For each i e {1, ..., m}, solve problem P, V ke {1, ..., K} given by (6) with 5 replaced

by é'. The corresponding optimal value of the dual variable 4, equals 4i, where,

big = Cyr

=0y V(i k)

and where X is the index of the optimal basic variable, i.e., the last variable to be given
a positive value while solving P,. Accordingly, we then compute the values = for the

dual variables = as
* . * * - . .
Tk = maximum {0, 60"" }'ik - Cljk} V(l, I k)
The values o; for the dual variables a; as are now obtained from (9c¢) as
n
* .. /1* Z * .
o = nlzlgllmur]r(l Shiw— ) Wi e Vi

j=1

The above values of the dual variables can be used to derive a strongest surrogate type
constraint on which logical tests can be performed. One such test is the objective func-

tion reduced cost logical test (see Parker and Rardin (1988)).

Surrogating (5a), (5b), (5¢), (5d), (Se), and (5f) using their respective dual multipliers and

grouping the terms of z, X, and the w variables, we get
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e
gl

n m
( - Si}“t'k + Zu,-jnijk + oc)zik + Z

i=1lk=1 Jj=1 i=lj=1k=1

n” n m m n (IO)
D Bity=swy = Y wmt ) shi+ ) dy,

i=1j=1 i=1 i=1 J=1

Note that the right hand side of the above inequality is the objective function of

D(LPprar). Problem DLAP can be rewritten as follows :

minimize Z

m n K
subject to Z— 9 > Tyl = 0 (1)

i=lj=1k=1
{ and the constraints of LPpjap }
z binary.

Adding (10) and (11), and imposing Z < v(1 — ¢) we get the following valid inequality for
DLAP based on e-optimality.

m m K n
W(l—¢) > (Za + Z sBi + Z >+ Z Z(Stlik‘ Z“ij"y‘k"“i)zik“"
i=1k=1 j=1

=1 i=1 J=1

m K m n
Z Z ( C;;k A+ ) Xy + Z Z(éij — Bi— vwy
P i=1j=1

i=1j=1

(12)

n

Now, for the given dual feasible solution (4, A°, ', «', f°, y°), the coefficients of the
X and w variables in (12) are nonnegative, and the first term in (12) equals 8(6°). For

convenience let us denote the coefficients of z; in (10) by

n

O = Sk — Z“zjﬂxjk -, V(i k)
Jj=1
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Then, (10) implies that the following constraint is valid

m K
DD by < W1—e)— 66"
i=1k=1

The logical test can then be done as follows :
Logical Tests

For a given ¢°, determine the best dual completion (é°, 1°, n’, &', B, y*) as described

earlier. For each variable z; which is zero in the solution z°, compute :

n
*

* * *
O = Sk — Z"ij’fijk - %
Jj=1

If
0, =71 —¢)—6(5)

then we can permanently fix the corresponding variable z; at zero, along with the asso-
ciated variables X, V j. The reduced problem is then ready to be used in the branch and

bound algorithm.
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3.8 Computational Experience with the Conjugate

Subgradient Algorithm

In this section we present some preliminary computational experience with the Conju-
gate Subgradient Algorithm (henceforth referred to as Algorithm CSA), and offer com-
parisons with the quality of bounds it produces and the bounds obtained using a
straightforward simplex based approach (using MINOS 5.1) to solve LPprap. We also
report on the effectiveness of the logical tests of Section 3.7. Note that a primal
incumbent solution value, v, is required while calculating the step length in Algorithm
CSA. Also note that a tighter (lower) upper bound, ¥, will cause more z variables to be
fixed at zero during the model reduction stage. Toward this end we generate a maximum
of two distinct WPGM, using the HUB procedure, before executing Step 0 of Algorithm
CSA. In addition, we attempt to improve the incumbent solution as Algorithm CSA
progresses by periodically searching for a fixed point solution as in Step 1 of HUB. A
third WPGM is generated only if the incumbent solution was updated during Algorithm
CSA. Upon termination of Algorithm CSA, if an e¢-optimal solution has not been
provably identified, we enter the model reduction stage where logical tests are performed

on the strongest surrogate constraint as described in Section 3.7.

Table 2 summarizes the results of the test runs. We used ¢ = 0.01 as our stopping cri-
terion as well as for the logical tests. Note the significant reduction in effort to obtain
the required lower bound, while the quality of the bounds remains fairly close to
v( LPprap). For this reason we chose to implement Algorithm CSA in a branch and

bound framework.
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Table 2. Computational Experience with the Conjugate Subgradicnt Algorithm

m n CMLP) 0(5") v theur tesa ton % fixed
2 4 16%.00 166.72 16K8.00 0.03 0.01 0.04 —
24 50.00 79.63 80.00 0.03 0.02 0.05 -
2 4 101.00 99.19 | 101.00 0.03 0.03 0.06 -
35 65.00 64.01 65.00 0.05 0.14 0.19 -
35 258.00 | 25507 | 258.00 0.09 0.01 0.10 -
35 109.66 | 109.56 | 113.00 0.04 0.35 0.39 60.00
38 32400 | 32003 | 324.00 0.39 1.11 1.50 -
38 334.00 | 32678 | 331.00 0.25 1.12 1.37 88.41
38 20165 | 20099 | 208.00 2.46 1.05 1.51 78.43
410 197.49 | 192.55 | 201.00 3.37 3.24 6.61 90.76
410 24345 | 23925 | 259.00 1.77 2.52 4.29 59.13
410 304.00 | 301.37 | 305.00 1.30 0.76 2.06 -
412 467.25 | 465.59 | 480.00 3.79 5.19 8.98 86.51
412 458.31 | 457.19 | 484.00 2.56 3.70 6.26 60.47
412 421.33 | 41805 | 423.00 2.82 3.47 6.29 -
512 27439 | 26299 | 284.00 6.26 6.19 12.45 72.06
512 305.00 | 30130 | 305.00 3.02 1.88 4.90 -

v(LP) is the value of LPpiar

8(6°) is the lower bound obtained at the termination of Algorithm CSA

v 1s the incumbent solution value

Iew 15 the total time (in cpu secs.) to search for heuristic solutions

Icsa is the time (in cpu secs.) to optimize the Lagrangian dual using Algorithm CSA
1., is the total time taken (in cpu secs.)

%% fixed is the percentage of binary vars. fixed at 0 via the logical tests of Section 3.7
a — in the last column indicates that an e-optimal solution was obtained
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Chapter IV

An Implicit Enumeration Algorithm

Recall that problem DLAP is an equivalent representation of Problem RDLAP. Fur-

thermore, at optimality to RDLAP we have :

x; = a; for some je({l,..,n}
yi = b; for some je{l,.., n}

In this chapter, we present a branch and bound algorithm for Problem DLAP which uses
the above optimality characterization for partitioning the problem in the space of the z
variables. A branch and bound tree is developed where each node represents a partial
solution for which the z variables can be divided into two disjoint sets, namely,
Z; = {(i, k):0<z4<1}, and Z’ = {(i, k) : z4 =0 }. Henceforth, we will refer to
variable z, as a free variable if (i, k) € Z;, and as zero fixed if (i, k) € Z°. We will also

denote Z =7Z,\J Z".
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We now describe the principal components of the branch and bound algorithm, and then

present the overall procedure.

4.1 Bounding Step

Given the sets Z, and Z° at some current node of the branch and bound tree, let

K’i = {k:Zt-kGZf}.

Then the corresponding restricted version of LPpiap can be written as follows :

m n
RLPpap: minimize Z Z Z aij;,-k

i=lj=lkek,

subject to Z Xjp—wy =0 i=1,...mj=1,.,n
keK';

n
ZXUk—S,-zik =0 i= 1, m YVke K'i
j=1
— Xy + w2y 20 V(i, j)ou;=d, YkeK,

Zzik=l i=1,..,m

keK';

n

ZWU:S’ i=1,..,m

j=1

m

ng=dj Jj=1,...,n

i=1

w; =0 i=1,..m j=1,...n

ZUCZO i=1,...,m VkEK'i
Xp=0 Y (i,)) VkekK,
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Algorithm CSA can be used to optimize the Lagrangian dual for RLPp_4p, in order to
generate the required lower bound. The restrictions zy =0, Xu=0 Vj, Y (i, k)eZ'

imposed on LPpap to obtain RLPpLap, can be handled implicitly as follows.

At Step 2 of the solution procedure for the Lagrangian dual subproblem, we solve
Problem P, given by (6) only if (i, k) € Z,. This ensures that the optimal solution z’
satisfies zx =0V (i, k) € Z°. In addition, X =0V, V (i, k) € Z° holds automatically.

Step 1, which involves solving for a w e W, remains unaffected.

4.2 Partitioning and Branching Scheme

A partitioning of the problem is performed on the (x, y) location variable space, in
which, given some current bounds (as below) on the variables, some x or y variable is
selected, and its interval is split into two subintervals. Each subinterval then represents
the added restriction on the branch leading to each of the corresponding two subnodes

generated.

Let 2, and Z° denote the index sets of the free and the zero fixed z variables after the
model reduction stage, at node zero, and let the location variable bounds at the current

node in Problem RDLAP be

L
L

i=1,...,m

X Y
Ui i= 1,...,m.

i

A A
A IA

Without loss of generality, we assume that the x and y coordinate values of the existing
facility locations are nonnegative. To start with, at node zero, the above bounds can be

initialized as ;= L; =0, u,= a™, and U, = b™>, where,
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a™™ = maximum {a,}

ke |k,

b™™ = maximum {b,}
ke IK’,"

Note that given any explicitly imposed bounds on the x;, y; variables, the current set of

free variables, Z,, and the current set of zero fixed variables, Z°, can be constructed as
=2 Nz, Z2=2-1
where,
Z7 = {( k) h<a<u, Li<bh<U) (13)

and where (a, bi) are the x, y coordinate values of point k. As the algorithm progresses,
we will be modifying the bounds on the x; and the y; variables, and constructing the sets
Z, and Z’ in order to derive the restricted lower bounding problem via the sets

K.={k:G k)eZ)} Vi

4.3 Branching Variable Selection

Algorithm CSA does not necessarily yield a primal feasible solution to LPpiap, Which
could have been used in the traditional manner to select a branching variable in the
context of a branch and bound procedure. However, it does provide an incumbent dual
solution ¢° and a corresponding binary solution z°, based on which, the problem can be

partitioned as described below.
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For each i=1, ..., m, note that some z;, = 1 is basic, for an index p(i) € {1, ..., K}, and

zx =0 VY k # p(i). The corresponding x;, y; solution is given by :

*i = G

Yi = by

Let v(ik) denote the value of problem Py, i=1,...,m, ke K’; when S5=6. A branching

variable is then selected as follows.

Step 1 : Determine

q € argmin [ v(ip(i)) ] (14)
K =2

Let
I ={i: 1K 22, and w(ip()) = v(gp(q) }

If || =1, then q is uniquely determined, and so, proceed to Step 2. Otherwise, to break

the existing ties, let

I, = {fel,: iK":l = maximum |K',~|}

lEIl

If || =1, let ¢ be the index in I, and proceed to Step 2. Otherwise, arbitrarily select

ge argmax { s;: i € I, }, and proceed to Step 2.

Step 2 : For the selected g € {1, ..., m}, let the bounds on x, and y, at the current node

be given by :
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Xq

Yq

Uy

U,

IA
A A

lq
L,

A

We now partition the bound interval for the x, or the y, variable, by choosing

x, if (u,— ) = (U, — L,), and choosing y, otherwise. Proceed to Step 3.

Step 3 : Suppose that we picked x, as the branching variable, at Step 2 (The case for y,
is symmetric). In order to partition the problem associated with the current node of the

branch and bound tree into two subproblems, we impose the restrictions

new
lp <x; <y,

along one branch, and

along the other branch, where £** and uj** are determined as follows. Let

- +
a4 < Gy, < a;,

(g

where a-, and q; are adjacent a; coordinates from the set K’, , to the immediate left and

right of a,,, respectively, if they exist. Then

new new + .

¢ = G lg o =g, 10 ayy =l <u—ayq
new - new .

u, =a, , lq = dyg) otherwise
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4.4 Other Features of the Algorithm

4.4.1 Logical Tests :

Suppose that the restricted problem RLPp.apr at some current node has been solved, and
a ¢" is at hand along with a corresponding z°. The best dual completion with respect to
¢° can be found as in Section 3.7, and the objective function reduced cost logical test can
be performed to further restrict the problem. Note that if |K’;| =0 for any
ie{l,..,m} at a given node, it can be fathomed since (5a) is violated. Also note that
at any given node the number of transportation problems required for total enumeration

is given by

NT = []ix)l (15)

i=1

Whenever this number is sufficiently small, we totally enumerate all feasible solutions

to the current node subproblem, and fathom this node.

4.4.2 Upper Bounds via an Imbedded Heuristic :

An important issue in branch and bound algorithms is to obtain good quality incumbent

solutions early on in the search process. In our case, the solution to any Lagrangian dual
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subproblem yields a binary z which can be used as a starting solution for the “alternating
location-allocation” heuristic, in order to obtain a fixed point solution. Periodically
(every five iterations) check if the incumbent dual solution has been updated, and if so,
we use the z* solution corresponding to this incumbent é° and find a fixed point solution
to possibly update the incumbent solution. Note that the HUB scheme could be used
instead. However, since the effort involved at Step 2 of HUB is considerable, we use

HUB only at node 0 at which the cutting plane of Section 3.5 is also generated.

4.4.3 Search Strategy :

A depth first (LIFO) strategy is used in the branch and bound algorithm. A partial
solution list PS keeps track of the branch and bound tree using the framework due to
Geoflrion (1967). Each entry / in PS has four attributes. If i < m then it represents the
variable x;, and otherwise, it represents the variable y;_,. The other three attributes are
recorded in additional arrays, say PSB, PSLU, and PSF that accompany PS. They re-
spectively carry the explicitly imposed lower or upper bound on a variable, and an entry
which is a + 1 if this is an imposed upper bound and a — 1 if it is a lower bound, and
an entry which is a +1 if this node is “underlined”, a zero, otherwise, where a node is
underlined, if the descendents of its complementary branch have been fathomed. The
bounds on the opposite side of the current branch are stored in the list PSNB. For ex-

ample if m = 4 and we have imposed the following restrictions in the stated order :

X3 <
n <9
%) > 20

An Implicit Enumeration Algorithm 55



with the complementary branch on the first two nodes having the restrictions x; > 10,
and y, > 12, respectively, and that on the final node being fathomed, then the lists cor-

responding to the above partial solution are as follows :

PS = {3, 5 6}
PSB = {8, 9, 20}
PSLU = {1, 1, -1}
PSF = {0, 0, 1}.
PSNB = { 10, 12, ¢}.

4.4.4 Optimality Criterion :

In order to avoid undue excessive computations involved in sifting through alternative
optimal solutions or close to global optimal solutions, the fathoming criterion used is

as follows :
Bl = (1-¢)¥ (16)

where 0 < e < 1, LB is a valid lower bound at the current node of the branch and bound
tree, and v is the objective function value of the incumbent solution to DLAP. Note that
in (16), the lower bound LB has been rounded up to the lowest integer greater than or
equal to it, assuming all integer data for Problem RDLAP. Hence, when the algorithm
stops, we can claim that the global minimum is within 100 x ¢ % of the current best
solution value. Also, whenever the restricted problem associated with any node is to be
solved to obtain a lower bound, the incumbent dual solution ¢° corresponding to its

parent node is used to provide an advanced start for Algorithm CSA.
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4.5 Summary of the Algorithm

Step 0 : Model Reduction. Initialize the bounds on the x; and the y; variables. Solve
LPprap using Algorithm CSA and go through the model reduction stage of Section 3.7

to determine the sets Z and Z°. Transfer to Step 3.

Step 1 : Logical Tests. Given the current bounds on the (x, y) variables, construct Z}

as
Zf = Zf+ ﬂ i+

where Z7, is given by (13). If for any i, | K"l =0, go to Step 4. Calculate NT, as given
by (15), if NT < mn enumerate all remaining feasible completions, update the incumbent
solution if necessary and go to Step 4. Otherwise, using the given 6°, generate the cor-
responding strongest surrogate constraint and conduct the logical test of Section 3.1 to

further restrict the set of free variables. Proceed to Step 2.

Step 2 : Bounding Step. Using the available é° to provide an advanced start for Algorithm
CSA, derive a lower bound LB on the restricted problem corresponding to Z,. Update
the incumbent solution value v using the imbedded heuristic, if possible. If

[LB] = (1 — &)¥, go to Step 4. Otherwise, proceed to Step 3.

Step 3 : Branching Step. Let z° be the optimal z solution obtained from the most recent
lower bounding problem. Select a branching index ¢, and a branching variable x, or y,

using the rules of Section 4.3, update PS by adding g (or ¢ + m ) to it and setting the
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bounds on the corresponding variable. Update the lists PSB, PSLU, PSF, and PSNB

accordingly, and return to Step 1.

Step 4 : Fathoming Step. Let i be the rightmost nonunderlined entry in PS. If such an
entry does not exist then STOP; the incumbent solution is ¢-optimal. Otherwise, set
PSF(i) = 1 and delete all the entries to the right of 7 in each of the lists. Update the lists

in the following manner :

PSB(/) = PSNB(/)
PSLU(/) = - PSLU().
PSNB(i) = ¢

Determine the current bounds on the (x, y) variables as given by the partial solution list.
Since the é° values corresponding to each node are not being stored, set §° = é;, where

do 1s the ¢ solution corresponding to node 0 and return to Step 1.

4.6 An Illustrative Example
Consider the following problem RDLAP, with m =4 and n = 10. Let
s;=16, 23, 22, 26, fori=1,...,4
and
d=9, 14, 5, 14, 4, 1, 11, 14, 1, l4forj=1,...,10

The existing facility locations are taken as
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(@, b) = (24,0), (5,15), (18,12), (13,4), (20,5),
(0,5), (24,2), (14,10), (22,8), and (8,3) forj=1,...,10

Enumerating the “intersection points” belonging to the convex hull of the above 10 ex-
isting facility locations we have a total of 46 candidate source locations. Figure 1 shows
the enumeration tree for this problem. The nodes are numbered in the order in which
they were generated. The lower bound corresponding to each node k denoted by LB* has
been rounded to the next highest integer and the explicitly imposed restrictions on
(x, y) variables are shown on the branches. In this example the optimality tolerance ¢
was taken to be 0.01. The nodes 4, 6, 7 and 8 were fathomed as their corresponding
lower bound (when rounded up) was within 19, away from the incumbent solution value,
v =201. Node 3 was fathomed by enumerating all its remaining feasible completions.

The optimal locations of the new facilities are
(xp, ) = (5,12), (24,2), (14,10), (5,15) i=1,...,4
The optimal allocations are

W12=14, W13=1, wi6=1’ W21=9, W25=3, W27=11
W33=4, W34=2, W35=1, W38=14, W39=1
Wagqg= 12, Wa10= 14, wl'j=0’ OtherWise.
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v = 201

lLB®l =193

Figure 1. Implicit Enumeration Tree for the lllustrative Example

TLB'l = 93 @ [LB*] = 199
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Chapter V

Computational Experience

In this chapter we present our computational experience with the proposed implicit
enumeration algorithm. Some algorithmic refinements and modifications which were
tested are also referred to in this discussion. We first describe the problem generation
scheme, and then present computational results along with a discussion on the compu-

tational aspects of the algorithm.

5.1 Problem Generation

The following problem generation scheme is due to Sherali and Tuncbilek (1990). Data
for the problems were randomly generated by using a uniformly distributed pseudo ran-
dom number generator. The costs on the shipment routes were assumed to be directly
proportional to the rectilinear distance and the quantity shipped. Distinct sink lo-

cations, (a;, b)), for j = 1,..., n, were also randomly generated with each component being
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an integer lying in the interval [0, 25]. After generating a valid set of sink locations , the
point (@min, bmin) Was taken as the origin, where dmin = irlnn," a;, and bpin = glnnﬁ b, and all
the locations were adjusted accordingly. Integer customer demands were generated over
the interval [1, 15]. To generate the capacity of the m supply centers such that the total

supply is equal to the total demand, the following iterative procedure was used.

Step 0. Set the counter k£ = 0. Generate initial integer supplies, s, for i = 1,..., m, over

the interval [1, [dnwnt/m] ], Where dpu =.rr}ax d. Define ¥ = 3 s, and let &= id,-.
j=1..n =1 Jj=1

t

Proceed to Step 1.

Step 1. If #0 =1,, then stop and use the current supplies. Otherwise, compute r = £,/f",
and set s¢+ = max{l, rs%]} Vi=1,..,m. Increment the counter k by one, and pro-
ceed to Step 2.

m

Step 2. Compute #0 = 3 5. If #¥ < 1, then noting that £, — £ < m, set s « 50 + 1, for
i=1

each i e {1,..., t, — ¥}, and terminate, using these revised supply values. Otherwise, re-

turn to Step 1.

5.2 Computational Results

The proposed algorithm was coded in FORTRAN and was implemented on an IBM
3090 computer. The transportation problems were solved using an improved specialized
version of NETFLO. During the bounding step, if the cumulative execution time ex-

ceeded 370 cpu seconds, the execution of the algorithm was halted prematurely. The
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execution time for the input of the data for the problems and the output of statistics are

not included in the reported total execution time.

Table 3 presents the computational results obtained. For problems with mn < 80, the
optimality criterion ¢ was taken as 0.01, whereas for problems with m»n > 100 it was
taken as 0.05. With our time restriction, the largest problem solved to completion has
(m, n) = (5, 20) for which problem RDLAP has 110 variables and 25 constraints and the
initial lower bounding problem LPppap has over 20000 variables and approximately that
many constraints. However, for the given upper bound on the cumulative execution time
the same problem could not be solved to completion with ¢ =0.01. Note that for
problems where m is “small” compared to #n, for example (m, n) = (3,20) the initial RLT
based lower bound is within 19, away from the optimum thereby leading to a successful
termination at node zero itself. Also note that for larger sized problems, in particular,
fluctuations in computational times for the same sized problems, e.g. for problems 26
and 27, are due to the amount of time required to perform the implicit enumeration
when fathoming does not occur early on in the process, and moreover, the number of
possible source locations K is different. Note the significant increase in computational
effort for problems with m = 5, this is due to the combinatorial nature of the problem,

with the total number of feasible binary solutions being K™.

5.3 Implementation Comments

While solving the restricted problem at each node using Algorithm CSA, we check every
25 iterations for an improvement in the lower bound of at least 1 % of the incumbent

solution value. If such an improvement is not detected then we terminate the solution

Computational Experience 63



100
100
100
100
10°0
10°0
100
100
100
100
10°0
100
100
10°0
100
100
10°0
100
100
10°0

Ly'o9
1$°98

£1°6S
9L°06

vsd¥

81
144

£L

VSOu

0£9
86°CI
6L91
90°¢C
£v°8C
we
1€°6
679
(YA
£€9°0
99°'1
91
YTl
LI
6£°0
o010
61°0
900
00
v0'0

103

Lv'e
$6'9
99°TI1
9L'0
$0°9¢
v6'S
00t
€57
790
100
YT0
vl
6’1
0s'1
SE€'0
10°0
+v1°0
€00
200
10°0

Vs;

1oy, Ju

61
ST

€L

By

2066°0
w60
60L6°0
<0660
9926'0
2906'0
90660
6066'0
6660
0000°1
6£660
¥996°0
6L860
80660
£878°0
61660
0000°'1
60660
0000°T
w660

14

2066'0
(4443
60L6'0
2066'0
99760
2906'0
90660
60660
76660
0000°1
6£66°0
9960
6.86°0
80660
£878°0
61660
00001
60660
00001
w660

ot

<9
134
£9
6t
€€
9
061
911
6¢
133
9
LT
174
0¢

11

<1
(4
[4!
o1
o1
o1
0T
S1
4!
(4

oc oo

T < & v v v o

114
61
81
L1
91

¢t & o < < <

S1

£ (41

o M ™ N o
T v v =~ ®» o 2

(o BN o}

w wojqoid

wipuof|y |[e1eAQ 3P Y dudLRdxy reuonendwo) ‘¢ aqe],

64

Computational Experience



‘b'H UONDIS Ul pauyop se uoldd Ayjewndo

‘v$o 31y ut juads swmn jei0)

vso;

1'€ Uomdag BIA 010Z e Paxl) sajqeliea Lleulq jo afejusdlad oy sifg

‘pasjos si swajqoadgns spou jo Jequinu = VSoy

‘spuooas ndd ul swn UOHNOAXD |B10} = 7

‘SUOTIEDO] 32JNOS JJEPIPUED JO JIQUINU = Y

‘punoj si 4 JUQINDUT [RUL) Y] 910Joq pajesousd sapou Jo Jaqunu = oy  ‘yg) wyiuos|y Aq pawoyie) sapou jo Isquinu H<mn?
‘pawIoyje) SOpPOU Jo JequInU = fuw  ‘pojesausd sapou punoq pue ysuelq Jo Pdqunu = u
“quaquinoul Jeuyj / punoq Jomo] [eRiul = 4 UaqQINOUL [RRIUL / PUNOQ JOMO] [BMIUL = 4 pudday

S0°0 - 1 1 wse 124'] 1 1 1 £€S6'0  ££S6°0 061 0T ¢S 1}
SO0 6L°8L PIT TET 8T°0lE  T1'L8C 1 L11 £€T v6L6'0  V6L6'0 911 ST ¢ 6T
1000 T6'08 6 0C $8'ST LS81 1 11 1T 88960 88960 €9 T S :14
100 - I I 06t 88’1 1 1 1 2066’0 T066°0 tb T € Lz
1000 90TL LIT 9LT 80°€0T  T't6l 1 6¢1 LT 19260 19760 €9 T ¢ 9T
100 - 1 I 65°C (401 1 1 1 0£66'0 0£66°0 L8 S ST
100  T'6S L € ST'S L8'E 14 L €1 09560  Lv06'0 £€C 8 Y 1 <4
1000 009S € 8 ve9C y9°€C I ty S8 69€6'0 6960 o 8 S X4
100 - I I £8°8C 69°¢l 1 1 1 1S66'0 15660 061 0T ¥ (44
1000 90'86 [4 < £8°CT 8T¥1 1 [4 £ 0886’0 08860 911 ST ¥ 1T

3 1q vsiU VSou 0y VSO 1doy Ju 2y @ ot 3 U w wdqoid

ponunuod °g dJqe],

65

Computational Experience



of the current node problem, and branch on this node using the rules of Section 4.3.
Note that although this method increases the number of nodes generated, the effort at
each node is reduced considerably thereby not affecting the overall computational effort.
Furthermore, we compared this method versus performing a fixed number of iterations
of Algorithm CSA at each node, and detected that the latter strategy increased the

computational burden significantly without improving the quality of the bounds.

At any node of the branch and bound tree, the solution §° corresponding to its parent
node is used to provide an advanced start for Algorithm CSA. This is continued until
some node is fathomed. Upon fathoming, the most recent unexplored complementary
branch of the node is explored, and in this case, the solution §° corresponding to node
0 is used to provide an advanced start. Note that this scheme obviates the need for
storing the solution &' corresponding to each node, thereby keeping storage requirements

at a minimum.

In order to tighten the underlying lower bounding problem, we generated a polar cut
from the current best WPGM available after the heuristic upper bounding phase of our
algorithm. This cut was added to the problem and dualized along with the constraints
of (5a). However, in our computational experiments with this strategy, the performance
of the algorithm was not improved significantly, except for some strange instances.
Hence, we did not adopt it for implementation. Recall that the generation of such a
polar cut involves solving »(K — 1) parametric transportation problems and is a com-
putationally expensive task. We also explored the possibility of tightening the lower
bounding problem using more easily available disjunctive cuts. Given a binary solution

z*, for which some z,,; = 1 is basic Vi, the disjunctive cut is given by
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m

ZZ"P(') < (m=1).

i=1
We obtained a collection of these cuts “generated” from the heuristic solutions en-
countered, and dualized them along with the constraints of (Sa). In our computational
experiments with this method the values of the dual multipliers associated with the
disjunctive cuts nearly always turned out to be zero, hence not improving the perform-

ance of the algorithm.

Computational Experience 67



Chapter VI
Conclusions and Recommendations for Further

Research

In this thesis, we have studied the rectilinear distance location allocation problem subject
to transportation constraints. The optimality characterization of the problem was ex-
ploited in order to provide an alternative equivalent formulation of the problem. Using
the reformulation-linearization technique, tight linear programming relaxations were
constructed. Here, various nonlinear implied constraints were first generated using pro-
ducts of original constraints with the variable bound factors, and the resulting nonlinear
terms were subsequently linearized using an appropriate variable substitution strategy
in order to obtain a relaxed linear program. The lower bounds obtained via the alterna-
tive formulations were compared, and the formulation giving tighter lower bounds was

selected based on computational experimentation.

The special structure of the lower bounding problem was exploited in order to derive

Lagrangian dual based lower bounds. This was shown to be dominant over a straight-
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forward simplex based approach for solving the lower bounding problem, and was hence
adopted for implementation. Also, the incumbent dual solution was used to generate a
strongest surrogate type constraint. Logical tests were performed on this in order to
permanently fix a number of binary variables at zero. At node zero, this can be inter-
preted as a model reduction phase. Using the proposed lower bounding scheme, an im-
plicit enumeration algorithm was developed by partitioning the problem in the space of

the original location variables in Problem RDLAP.

We solved problems of size (m, n) = (4, 20) to within 19, of optimality and problems of
size (35, 20) to within 5%, of optimality. We observed that our algorithm is more suitable

for problems in which m is small compared to n. This is typical of real world problems.

Our algorithm in its proposed form handles the single product formulation of the
rectilinear distance location allocation problem. A direct extension of this work would
be to generalize the solution concept for the multi-product case, allowing for interactions

among the sources as well, as in Shetty and Sherali (1980).
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Appendix A

Selected Test Problems

This section presents some test problem data along with their corresponding solutions.

Problem 16 m = 4, n = 10.

s; =128, 18, 22, 22 fori=1,...,4

and

4=2_8, 11, 8, 7, 3, 13, 10, 13, 5, 12forj=1,..., 10

(a, b) = (10,8), (2,17), (13,14), (0,16), (17,0),
(21,14), (15,13), (10,0), (2,0, and (0,2) forj=1,..., 10
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Enumerating the “intersection points” belonging to the convex hull of the above 10 ex-
isting facility locations we have a total of 33 candidate source locations. The value of

the final incumbent soluton v is 259. The optimal locations of the new facilities are

(x;, y) = (15,14), (0,2), (2,16), (10,0) i=1,...,4

The optimal allocations are

W11=8, W13=8, W15=3, w17=1, W]8=8, W22=11, W24=7
W36=13, W37=9, W48=5, W49=5, Wy 10=12, W[j—_-o, otherwise.

Problem 23 m = 5, n = 8.

5=17,3,22,26, 1fori=1,..,5
and

d4=2,6,63,9 14, 5, l4forj=1,..,8

(a_p bj) = (24!23), (599)’ (1870)s (13915)9 (20,12),
(0,4), (24,5), and (14,5) forj=1,...,8

Enumerating the “intersection points” belonging to the convex hull of the above 8 ex-
isting facility locations we have a total of 30 candidate source locations. The value of

the final incumbent soluton v is 238. The optimal locations of the new facilities are
(xl” yt) = (20’12)) (24’23)’ (094)s (1415), (20’12) i= 1! tee s 5
The optimal allocations are
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wip=6, wig=1, wy3=3, w3, =2, wy3=3, wy3;=3, w35=9
W37=5, W46=14, W48=12, W58=1, wfj=0’ otherwise.

Problem 26 m = 5, n = 12.

5;=27, 8, 20, 25, 27 fori=1,...,5

and

=4, 1, 11, 14, 1, 14, 8, 11, 10, 13,7, 13, forj=1,..,12

(a5, by) = (25,10), (6,2), (19,3), (14,3), (21,0), (1,8), (25,6)
(15,1), (23,12), (9, 21), (0, 5) and (15,21) forj=1,...,12

Enumerating the “intersection points” belonging to the convex hull of the above 12 ex-
isting facility locations we have a total of 63 candidate source locations. The value of

the final incumbent soluton v is 284. The optimal locations of the new facilities are
(x ¥y = (14,3), (19,3), (1,8), (23,10), (9,21) i=1,...,§
The optimal allocations are
wia=1, wi3=1, ws=14, wig=11, wye=8, w3 0=13, w3, =7

Wy =4, wys=1, wy;=8, wsg=10,wy ;=2
W53=].0, W56=6, W511=7, W512=4,Wij=0, otherwise.
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Problem 29 m = 5, n = 15.

5;=130, 37, 15, 48, 2 fori=1,...,5

and

4,=38, 11, 10, 13, 7, 13, 10, 3, 8, 10,11, 11, 8, 1, 8 forj=1,..., 15

(ajv bj) = (25’5)7 (6s2)9 (19,10), (14,8)’ (2113)’ (1914)9 (25’23)’ (15’7)
(23,23), (9,5), (0, 1), (15, 18), (12,22), (4,0) and (5,23) forj=1,...,15

Enumerating the “intersection points” belonging to the convex hull of the above 15 ex-
isting facility locations we have a total of 116 candidate source locations. The value of

the final incumbent soluton v is 729. The optimal locations of the new facilities are
(x;, y) = (6,2), (19,8), (1,14), (15,23), (25,5) i=1,...,5
The optimal allocations are

wia=11, wy10=10, w; ; =8, wyjg=1, wy; =8, wy3=10, wy 4 =9, wy5=7
wyg=3, wye=11L, wy =3,wy;5=1, wa=4, wy7;=10
W49=8, W412=11, W413=8, W415=7, W56=2, Wij=0s Othel’WiSC.

Problem 30 m = 5, n = 20.

5=29, 34, 32, 31, 33 fori=1,..,5

and
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=11, 11, 8, 1, 8, 9, 11, §, 15, 1,
3, 5 14, 3, 12, 8, 15, 15, 2, 2forj=1,...,20

(a5, by) = (25,14), (6,23), (19,7), (14,23), (21,5), (1,1)
(25,18), (15,22), (23, 0), (9, 23), (0,12), (15,17)
(12,17), (4,21), (5, 11), (5, 21), (2,17),(10,4)
(8,13), and (3,16) forj=1,...,20

Enumerating the “intersection points” belonging to the convex hull of the above 20 ex-
isting facility locations we have a total of 190 candidate source locations. The value of

the final incumbent soluton v is 746. The optimal locations of the new facilities are
(x5, v = (25,17), (5,4), (2,17), (21,5), (6,22) i=1, ..., 5

The optimal allocations are

wi =11, wia=1, wi;=11, wig=5 w =1, we=9, wy ;5=11, wy 3=14
wyz=38, w3s=8, wio=15,w33=1, wyp=1

wann =3, waia=4, wy3=14, wy =35, wyy9=2,

Wao=2, wso=11, ws4=3, ws5=1, ws15=38, ws;=10, w;; =0, otherwise.
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